
 

T.obgaZe, a.frangiSvili, a.truskinovski 
 
 
 
          

 
 

cocxali sistemebis analizis 
meTodebi 

 
damxmare saxelmZRvanelo 

 

fraqtalebi 
 

III  tomi  
 

 
 
 
 
 
 



საქართველოს ტექნიკური უნივერსიტეტი 

 

 
თამაზ ობგაძე, არჩილ ფრანგიშვილი, ალექსანდრე 

ტრუსკინოვსკი 

 

 

 

 

 

 

ცოცხალი სისტემების ანალიზის მეთოდები 
 

ფრაქტალები 

დამხმარე სახელმძღვანელო 

III 

 

 

 

 

 

 

 

 

 

 

თბილისი 

2016 



 
უაკ 517.958 
 
 
 
 

დამხმარე სახელმძღვანელოს საფუძვლად დაედო ავტორების მიერ 

მრავალი წლის განმავლობაში ჩატარებული კვლევის შედეგები. ამ 

ტომში განხილულია ცოცხალი სისტემის კონსტრუირების 

ფრაქტალური მეთოდები, გეომეტრიულად კონსტრუირებადი 

ფრაქტალები; იტერირებად ფუნქციათა სისტემები; ფრაქტალურ-

ვეივლეტური მეთოდების გამოყენება სიგნალების კოდირებისა და 

დეკოდირებისას; შესწავლილია დინამიკური ფრაქტალები, რომლებიც 

დაკავშირებულია კვადრატულ ასახვებთან კომპლექსურ არეში. 

მოყვანილია ჟულიას სიმრავლეების აგებისა და მანდელბროტის 

სიმრავლის ფორმირების პროგრამები. 

ნაშრომი განკუთვნილია სტუ-ს ინფორმატიკისა და მართვის 

სისტემების ფაკულტეტის მაგისტრატურისა და დოქტორანტურის 

სტუდენტებისათვის. 
 

 
 
 

რეცენზენტები:       ასოც. პროფესორი  ია მოსაშვილი, 

 

                                   აკადემიური დოქტორი  ლაშა იაშვილი 

 

   

 

 

sagamomcemlo saxli “teqnikuri universiteti”, 2016 

 

ISBN 978-9941-20-470-8 (ყველა ტომი)                                                 

ISBN 978-9941-20-700-6 (მესამე ნაწილი) 
 

 

C 



Sesavali 

mecnierebi samyaros kvlevisa da modelirebis procesSi, 

rogorc wesi, yuradRebas amaxvilebdnen iseT simravleebsa da 

funqciebze, romlebisTvisac advili gamosayenebelia 

gamoTvlis klasikuri meTodebi. iseT funqciebs ki, romlebic 

ar iyo saTanado sigluvis matarebeli anu regularuli, 

xSirad Tvlidnen paTologiebad da saTanado yuradRebas ar 

uTmobdnen. Mmcire dro gavida, rac situacia Seicvala da 

aragluvma funqciebma Tu simravleebma didi popularoba 

moipova, rac ganpirobebulia bunebaSi mimdinare procesebis 

kompiuteriT zustad aRweris aucileblobiT. benua 

mandelbrotis fraqtaluri geometria [1] swored aseTi 

araregularuli simravleebis SeswavliTaa dakavebuli. 

fraqtaluri geometriis ZiriTadi cnebaa fraqtali, romlis 

warmoSoba mniSvnelovnadaa dakavSirebuli kompiuteruli 

modelirebis amocanebTan. mniSvnelovania fraqtalebis 

gamoyeneba informaciis SekumSvisa da kompiuteruli dizainis 

sferoSi. didi xani araa, rac fraqtalebis saSualebiT 

aRiwera wylis gruntSi filtraciis traeqtoriebi, Weqa-

quxilis dros caze warmoqmnili naTeba, xis totebis zrdis 

dinamika, adamianis Sinagani organoebis, fsiqikisa da 

organizaciuli sistemebis fraqtaluri struqtura. 

amJamad ar arsebobs, maTematikis TvalsazrisiT, fraqta-

lis zusti gansazRvreba. leveries [2] azriT, fraqtali aris 
geometriuli figura, romelSic erTi da igive geometriuli 

fragmenti meordeba sxvadasxva masStabSi Semcirebisas. aseTi 

fraqtalebi wrfivi (afinuri) kumSvadi msgavsebis asaxviT 

miiyvaneba “uZrav wertilamde”, romlis sawyissac konstruq-

ciul dedafraqtals vuwodebT. 

arsebobs sxva tipis fraqtalic, romelic arawrfiv 

dinamikur sistemebSi warmoiqmneba da amitom mas, zogjer, 

dinamikur fraqtals uwodeben [3]. masac axasiaTebs “masStabu-

ri invariantoba”, Tumca mxolod miaxloebiT. orive tipis 

fraqtalis erTdroulad aRsawerad benua mandelbrotma 

mogvca fraqtalis Semdegi gansazRvreba: “fraqtali iseTi 



simravlea, romlis topologiuri ganzomileba naklebia, 

vidre misi hausdorfis (fraqtaluri) ganzomileba”. 

cxadia, am gansazRvrebas damatebiTi ganmarteba sWirdeba, 

romelsac mogvianebiT gavakeTebT. pirveli ganmartebiT, cneba 

“fraqtali” warmodgeba laTinuri sityvidan “fractus”, rac 

damsxvreuls niSnavs. meore gansazRvrebaSi es cneba 

dakavSirebulia inglisur sityvasTan “fractional”, rac 

wiladurs niSnavs. 

dinamikuri fraqtali 1918 wels aRwera frangma maTema-

tikosma gaston Juliam [4]. maSin kompiuterebi ar arsebobda 

da Sesabamisi geometriuli ilustraciebi mxolod 

mogvianebiT gamoCnda [5]. 

aRmoCnda, rom xismagvar regularul maTematikur fraq-

talSi Tu SevitanT SemTxveviT SeSfoTebebs, miviRebT 

namdvili xis models. fraqtalebs iyeneben rTuli, sxvadasxva 

tipis signalebis klasifikaciisaTvis, gamoiyeneba aseve 

ekonomikaSi valutis kursis rxevebis Seswavlisas, 

hidroaeromeqanikaSi turbulenturi dinebis aRsawerad, 

gruntSi siTxis filtraciis dros traeqtoriebis aRsawerad. 

fraqtalismagvari simravleebia Rrublis sazRvari, zRvis 

sanapiro, dedamiwis rRvevis wirebi, gul-sisxlZarRvTa 

sistema, Sinagani organoebis struqtura. gamoiyeneba qaosis 

TeoriaSi da a.S. 

 

 

 

 

 

 

 



I Tavi. geometriulad konstruirebadi fraqtali. 

fraqtali da poziciuri Tvlis sistema 

 

rogorc ukve aRvniSneT, amJamad ar arsebobs, maTematikis 

TvalsazrisiT, fraqtalis zusti gansazRvreba. leveries [2] 

ganmartebiT, fraqtali aris geometriuli figura, romelSic 

erTi da igive geometriuli fragmenti masStaburad 

Semcirebisas sxvadasxva masStabSi meordeba. aseTi 

fraqtalebi wrfivi (afinuri) kumSvadi msgavsebis asaxviT 

miiyvaneba “uZrav wertilamde”. rogorc viciT, naturalur 

ricxvTa simravle usasruloa, amitom TiToeuli ricxvisaTvis 

sxvadasxva simbolos SemoReba arapraqtikulia. aqedan 

gamomdinare, SemuSavebul iqna poziciuri Tvlis sistemebi, 

romlebic sasruli raodenobis simboloTa meSveobiT gverds 

uvlis am sirTules naturaluri ricxvebis sxvadasxva 

poziciaSi ganlagebiT da TiToeuli poziciisaTvis garkveuli 

Sinaarsis miniWebiT. amitom uwodeben am sistemebs poziciurs. 

imis mixedviT, Tu ricxvebis Casawerad ramden simbolos 

viyenebT, ganasxvaveben orobiT, rvaobiT, aTobiT, ocobiT, 

samocobiT da a.S. ricxviT sistemebs. 

 

 

 

 

1.1. poziciuri sistemebis xismagvari struqtura 
ganvixiloT fraqtal “dendritis” erT-erTi saxe _  

orobiTi xe. sityva dendriti warmodgeba berZnuli 

sityvisagan “dendron” , rac xes niSnavs. 



 

nax. 1.1. orobiTi xe 

es saxeli savsebiT Seesabameba am fraqtals, radgan misi 

struqtura Zlier waagavs xis struqturas: ZiriTadi Rerodan 

gamodis ori toti, romelTagan TiToeuli masStabSi ufro 

mcire Rero xdeba Semdgomi datotvisaTvis da a.S. Tu am 

process gavagrZelebT usasrulod, maSin gveqneba doneTa 

usasrulo raodenoba (nax.1.1). am naxazze  TvalSisacemia maTi 

msgavseba sxvadasxva masStabSi. Semcirebis masStabi arCeulia 

0.5. vertikaluri Reroebis raodenoba ormagdeba yovel 

momdevno doneze, xolo maTi sigrZeebi orjer klebulobs. 

horizontaluri xazebi orjer ufro grZelia wina donis 

vertikalur RerosTan SedarebiT. rac ufro zemoTaa totebi, 

miT mWidroa maTi ganlageba. simravlis or-or elementad 

dajgufeba an dayofa damaxasiaTebelia Tvlis orobiTi 

sistemisaTvis (aTobiTi sistemisaTvis damaxasiaTebelia aT-aT 

elementad dajgufeba). 1.1 nax-ze warmodgenilia orobiTi 

sistemis geometriuli interpretacia fraqtal-dendritis 

formiT. am fraqtalis warmomqmnel sawyis fragments -- 

elements dedafraqtals vuwodebT. N1.1 nax-ze gamosaxul 

dendritis dedafraqtals eqneba 1.2 nax-ze mocemuli saxe. 



 

nax. 1.2. orobiTi xis dedafraqtali 

aTobiTi sistema, romliTac  vsargeblobT, indoelebma 

SeimuSaves 14 saukunis win, xolo Cinelebma ufro adre. 

Tanamedrove aTwiladebi evropaSi simon stevinma miiRo 

meTeqvsmete saukuneSi. aTobiTi sistema moqnilia da praqti-

kuli. am sistemaSi nebismieri ricxvi SegviZlia CavweroT 10-is 

xarisxis meSveobiT: 

2016 = 2 ∙ 103 + 0 ∙ 102 + 1 ∙ 101 + 6 ∙ 100.                  (1.1) 

aTobiTi sistemis gavrceleba albaT dakavSirebulia im 

faqtTan, rom adamians aqvs 10 TiTi. SeiZleba sxva planetaze 

cxovrobdes xalxi, romelTac 8 TiTi aqvT da maTTvis ufro 

bunebrivia rvaobiTi sistema. 

unda aRiniSnos, rom aTobiT sistemas, rogorc nebismier 

sxvas, naklic aqvs. Tundac is, rom  wiladi 
1

3
 ver gamoixateba 

sasruli aTwiladiT da iZulebuli varT davjerdeT mis 

miaxloebiT mniSvnelobas. 

daaxloebiT 5000 wlis win Sumerebma mesopotamiaSi 

SeimuSaves samocobiTi sistema, romelic akmayofilebda maT 

moTxovnebs agrokulturasa da astrologiaSi. Cven dResac 

vsargeblobT am sistemiT drois gamoTvlisas: gvaqvs saaTSi 

60 wuTi, wuTSi - 60 wami. aseve, kuTxeebis gazomvisas 1° = 60′; 

1′ = 60′′. 

maias tomebi sargeblobdnen ocobiTi sistemiT (xelebisa 

da fexebis TiTebis raodenobis Sesabamisad). es sistema 

damaxasiaTebelia qarTvelebisTvisac, radgan viyenebT ricxvTa 

dasaxelebebs: ormoci_ori oci, samoci_sami oci. . .  



amJamad, mTeli msoflio sargeblobs aTobiTi sistemiT, 

xolo kompiuterebSi orobiTi sistema gamoiyeneba. 

 

1.1.1. orobiTi sistema 
orobiT sistemaSi ricxvis Casawerad ori simbolo 

gamoiyeneba: 0 da 1. magaliTad: 

110 = 12, 210 = 102,  310 = 112, 410 = 1002, 510 = 1012, 

610 = 1102, 710 = 1112, 810 = 10002, 910 = 10012. 

orobiTi sistemidan ricxvi rom gadaviyvanoT aTobiT 

sistemaSi, saWiroa warmovadginoT 2-is xarisxebad da 

gamovTvaloT. magaliTad, 

1011012 = 1 ∙ 25 + 0 ∙ 24 + 1 ∙ 23 + 1 ∙ 22 + 0 ∙ 21 + 1 ∙ 20      (1.2) 

1011012 = 4510                                          (1.3) 

Sesabamisad, aTobiTi sistemidan ricxvi orobiTSi rom 

gadaviyvanoT unda warmovadginoT is 2-is xarisxebad da 

mimdevrobiT amovweroT warmodgenis koeficientebi. 1-el 

cxrilSi warmodgenilia orobiTi gamravlebis tabula. 

cxrili 1 

X 0 1 
0 0 0 
1 0 1 

 

1.1.2. samobiTi sistema 
samobiT sistemaSi ricxvis Casawerad sami simbolo 

gamoiyeneba: 0; 1; 2. magaliTad, 

1 ∙ 3 + 2 ∙ 30 = 123 = 510.                                  (1.4) 

1 ∙ 32 + 2 ∙ 31 + 1 ∙ 30 = 1213 = 1610.                        (1.5) 



rogorc vxedavT, aq ricxvi warmodgeba samis xarisxebis 

mixedviT. samobiT sistemaSi gamravlebis tabula mocemulia 

me-2 cxrilSi. 

cxrili 2 

X 0 1 2 
0 0 0 0 
1 0 1 2 
2 0 2 1 

 

avagoT samobiTi sistemis Sesabamisi dendriti  

 

nax. 1.3. samobiTi dendriti 

am naxazze 0 sawyisi wertilia, saidanac erTmaneTisadmi 

120°-iani kuTxiT gamodis sami Rero, romelTa boloebi 

Semdgom etapze Tavad xdeba sawyisi wertili da sami Reros 

mSobeli da a.S. mimarTulebas marjvniv aRvniSnavT “0”-iT, 

marcxniv da zemoT – “1”, marcxniv da qvemoT – “2”-iT. samobiTi 

dendritis dedafraqtals aqvs 1.4 nax-ze warmodgenili saxe. 



 

nax. 1.4. samobiTi dendritis dedafraqtali 

 am algoriTmidan gamomdinare, SegviZlia samobiTi 

dendriti avagoT kompiuterSic (nax.1.5). 

 

nax. 1.5. samobiTi dendriti 

 

1.2. serpinskis fraqtaluri xaliCa 
polonelma maTematikosma vaclav serpinskim 1915 wels 

Seqmna lamazi maTematikuri obieqti, romelic Zalze waagavs 

samobiT dendrits. am obieqts serpinskis fraqtalur xaliCas 

uwodeben.  

mis agebas viwyebT tolgverda samkuTxedidan, sadac 

amovWriT gverdebis Sua wertilebis SeerTebiT miRebul 

samkuTxeds. igive moqmedebas vasrulebT darCenil sam 



samkuTxedze da am process usasrulod vagrZelebT (nax.1.6 

_1.7). 

 

nax. 1.6. serpinskis fraqtaluri xaliCis agebis dawyebiTi etapi 

 

 

nax. 1.7. serpinskis fraqtaluri xaliCa 

serpinskis fraqtaluri xaliCis dedafraqtalia 

tolgverda samkuTxedi da misgan mamafraqtalis moqmedebiT 

(Sua samkuTxedis amoWriT) miiReba serpinskis fraqtaluri 

xaliCis warmomqmneli elementi (nax.1.8). 



 

nax. 1.8. serpinskis xaliCis warmomqmneli elementi 

 

1.3. kantoris fraqtali 
 

simravleTa Teoriis erT-erTma Semqmnelma  georg 

kantorma Seiswavla saintereso simravle, romelsac kantoris 

simravles uwodebdnen. Cven ki kantoris fraqtals vuwodebT. 

kantoris fraqtalis asagebad ganixilaven erTeulovani 

sigrZis monakveTs. sawyis etapze dayofen sam tol nawilad da 

amoWrian Sua (
1

3
;

2

3
) monakveTs. Semdeg darCenili ori 

monakveTidan amoaWrian Sua mesameds. es procesi grZeldeba 

usasrulod. zRvarSi miRebul wertilTa simravles kantoris 

fraqtals uwodeben (nax.1.9). 

 

nax.1.9. kantoris fraqtali 

kantoris fraqtalis dedafraqtals aqvs saxe (nax.1.10): 



nax. 1.10. kantoris fraqtalis warmomqmneli elementi, romelic miiReba 

kantoris dedafraqtalidan (monakveTi [0;1]) Sua monakveTis amoWriT 

(mamafraqtali)  

cxadia, rom sami bijis Semdeg gveqneba 23 = 8 monakveTi, 

romelTagan TiToeulis sigrZea 3−3 =
1

27
. 𝑛 bijis Semdeg 

miviRebT 2𝑛 monakveTs, romelTagan TiToeulis sigrZea 3−𝑛 . 

e.i.  darCenili monakveTebis saerTo sigrZea (
2

3
)

𝑛
. gasagebia 

rom, roca 𝑛 → ∞, darCenili monakveTebis saerTo sigrZe 

nulisken miiswrafvis. es niSnavs, rom kantoris simravlis 

lebegis zoma nulis tolia da, maSasadame, misi topologiuri 

ganzomilebac nulovania. arsebobs ganzomilebis gansazRvris 

sxva wesic, romlis mixedviT kantoris fraqtalis 

ganzomilebaa 0.6309. es ganzomileba wiladuria (araa mTeli 

ricxvi). aqedan warmodgeba fraqtaluri ganzomilebis cnebac. 

 

 

 

 

 

 

 

 

 

 



II Tavi. fraqtaluri simravleebis ganzomilebis 

eqsperimentuli gansazRvra 

fraqtalis ganzomileba SeიZleba ganisazRvros eqsperi-

mentidan gamomdinare, romelic riCardsonma Caatara didi 

britaneTis sanapiro zolis sigrZis gansazRvrisTvis. 

2.1. riCardsonis eqsperimenti 

fraqtalebisadmi didi yuradReba ganapiroba benua 

mandelbrotis naSromebma [1],[6],[7]. mandelbrotis warmateba 

mniSvnelovnad damokidebulia misi winamorbedis, cnobil 

meteorolog riCardsonis naSromebზე [8].  

riCardsonis naSromSi, romelic 1961 wels, misi sikvdilis 

Semdeg gamoqveynda, mandelbrotma aRmoaCina britaneTis 

sanapiro zolis sigrZis gamosaTvleli formula. riCardsonma 

SeniSna, rom gazomvis sizuste mniSvnelovnadaa damokidebuli 

rukis masStabze. Tu rukaze avirCevT raime sigrZis erTeuls 

da farglis meSveobiT gavzomavT ramdenjer eteva es 

monakveTi sanapiro zolis konturSi, miviRebT, rom 𝑆 = 𝑁 ∙ 𝑎, 

sadac 𝑁konturis mTlianad Semosavlelad aucilebeli 

bijebis raodenobaa, 𝑎_bijis sigrZe. sigrZis erTeulis 

Semcirebisas, cxadia, sanapiro zolis sigrZis mniSvneloba 

izrdeba, radgan sul ufro meti mixveul-moxveuli sigrZeebis 

damateba xdeba.  gazomvebis Sedegad riCardsonma SeniSna, rom 

sanapiro zolis sigrZis logariTmebsa da sigrZis masStabis 

logariTmebis mniSvnelobebs Soris wrfivi damokidebulebaa. 

man aago wrfivi regresiis wrfe da daadgina misi daxriloba 

(nax. 2.1), ramac saSualeba misca ganesazRvra sanapiro zolis 

konturis fraqtaluri ganzomileba. 2.1 sur-ze mocemulia 

sanapiro zolis realuri saxe. 



 

sur. 2.1. kunZulis sanapiro zoli 

 

nax. 2.1. riCardsonis eqsperimentis Sedegi 

regresiis gantolebas aqvs saxe: 

ln 𝑆 = −0.22 ∙ ln 𝑎 + ln 𝑆1,                                  (2.1) 



sadac 𝑆1 aris sanapiro zolis sigrZe, roca sigrZis 

erTeulad miRebuli iyo 𝑎 = 1km. (2.1) formulis amoxsniT 

miviRebT Semdeg gamosaxulebas: 

𝑆 = 𝑆1 ∙ 𝑎−0.22.                      (2.2) 

es formula SegviZlia gadavweroT formiT: 

𝑆 = 𝑆1 ∙ (
1

𝑎
)

0.22
.                        (2.3) 

am formulidan naTlad Cans, rom Tu sigrZis erTeuls 𝑎 

SevamcirebT 32-jer, maSin sanapiros sigrZe daaxloebiT  2-jer 

gaizrdeba. roca 𝑎 → 0, maSin 𝑆 → ∞, magram realurad sigrZe 

usasrulo ar iqneba, radgan sigrZis erTeulis Semcireba 

garkveuli bijis Semdeg aRar gamoiwvevs sanapiro zolis 

sigrZis Secvlas (aRar gveqneba damatebiTi mixveul-

moxveulebi sazRvris konturSi).  

sasargeblo iqneboda konturis mrudwirulobisTvis 

gvqonoda raRac ricxviTi maxasiaTebeli. Mmandelbrotma (2.3) 

formulaSi xarisxis maCvenebels erTi daamata da miiRo 

ricxvi 𝐷, romelsac sanapiros konturis fraqtaluri 

ganzomileba uwoda (am SemTxvevaSi D = 1.22). 

 

2.2. fraqtaluri ganzomilebis cneba 

maTematikaSi arsebobs simravlis ganzomilebis gansaz-

Rvrebis sxvadasxva wesi, maTgan yvelaze popularulia a. pu-

ankares topologiuri ganzomilebis gansazRvreba, romlis 

mixedviT carieli simravlis ganzomilebaa “-1”, Semdgomi 

simravleebisaTvis ki ganzomileba ganimarteba maTematikuri 

induqciis meTodiT: Tu viciT, ra aris “n-1”, maSin simravlis 

ganzomileba “n” SeiZleba warmovadginoT ragind mcire “n-1”-

ganzomilebiani simravleebis saSualebiT da ar SegviZlia 

warmovadginoT “n-2”-ganzomilebiani simravleebiT. am 

ganmartebidan gamomdinare, wertils, wrfes, zedapirs, 

Sesabamisad, aqvs 0; 1 da 2 topologiuri ganzomileba. 



mogvianebiT  ganzomilebis ufro zusti ganmarteba mogvca 

brauerma, aseve ganzomilebis sxva ganmartebebi SemoiRes 

hausdorfma, bezikoviCma da kolmogorovma, romelTa 

gansazRvrebebi  moicavs wiladuri ganzomilebis sivrceeb-sac. 

davubrundeT riCardsonis eqsperimentebs. Tu rukaze 

avirCevT raime sigrZis erTeuls da gavzomavT farglis 

meSveobiT ramdenjer eteva es monakveTi sanapiro zolis 

konturSi, miviRebT, rom 𝑆 = 𝑁 ∙ 𝑎, sadac 𝑁 konturis mTlianad 

Semosavlelad aucilebeli bijebis (texilis monakveTebis) 

raodenobaa, sigrZis erTeuli _ 𝑎. mandelbrotis 

gansazRvrebis Tanaxmad, texilis “fraqtalu-ri ganzomileba 

𝑫” tolia: 

𝐷 = lim
𝑛→∞

ln 𝑁

ln
1

𝑎

.                                        (2.4) 

cxadia, rom 𝐷 aris sanapiro zolis wiris “mixvev-

moxvevis” ricxviTi maxasiaTebeli. Tu 𝑎 bijis Semdgomi Se-

mcirebisas (2.4) formulaSi Semavali wiladis mniSvneloba ar 

icvleba,  formula miiRebs saxes: 

𝐷 =
ln 𝑁

ln
1

𝑎

                                               (2.5) 

anu 

𝑁 = (
1

𝑎
)

𝐷
.                                             (2.6) 

Tu gavixsenebT, rom 𝑆 = 𝑁 ∙ 𝑎, maSin  

𝑆 = (
1

𝑎
)

𝐷−1
.                                             (2.7) 

es formula gviCvenebs,  rogor icvleba sanapiro zolis 

sigrZis gazomili 𝑆 mniSvneloba, gazomvis 𝑎 masStabis 

mixedviT. 

2.3. koxis “dafraqtalebuli” wiri 



koxis dafraqtalebuli wiris asagebad viqceviT ise,  

rogorc kantoris fraqtalis agebis dros. gansxvaveba isaa, 

rom sawyisi erTeulovani sigrZis monakveTis amoWrili Sua 

nawili ki ar uqmdeba, aramed  tolgverda samkuTxedamde 

Seivseba qveda gverdis gareSe (mamafraqtali), (nax. 2.2) da es 

procesi gagrZeldeba miRebuli texilis yvela 

monakveTisaTvis. 

 

nax. 2.2. koxis dafraqtalebuli wiris agebis algoriTmis sqema 

koxis algoriTmiT, monakveTis dedafraqtalidan ([0;1] 

monakveTidan) mamafraqtalis (monakveTis amoWrili Sua 

nawilis nacvlad Casmuli, amozneqili ori monakveTi) 

zemoqmedebiT miRebul dafraqtalebul wirs aqvs saxe: 

 

nax.2.3. koxis dafraqtalebuli wiri 

vipovoT koxis dafraqtalebuli wiris fraqtaluri 

ganzomileba (2.5) formulis meSveobiT. radgan sawyisi 



monakveTis sigrZea 1, pirveli bijis Semdeg miRebuli 

TiToeuli fragmentis (monakveTis) sigrZe iqneba 
1

3
 da, 

maSasadame, oTxive monakveTi erTad mogvcems 𝑆 =
4

3
 sigrZes. 

Semdegi biji mogvcems 16 monakveTs, romelTagan TiToeulis 

sigrZe iqneba 
1

9
 da, maSasadame, miRebuli wiris sigrZea 𝑆 =

16

9
=

(
4

3
)

2
 da a.S. aqedan gamomdinare, (2.5) formulidan miviRebT, rom 

𝐷 =
ln 4

ln 3
=

ln 42

ln 32
=  …                                      (2.8) 

rac niSnavs, rom koxis dafraqtalebuli wiris ganzomileba 

 𝐷 ≈ 1.26. 

advili SesamCnevia, rom koxis dafraqtalebul wirs 

TviTmsgavseba axasiaTebs: misi yoveli nawili, romelic Semdeg 

bijze miiReba, aris masStabSi Semcirebuli wina bijis wiris 

asli. 

fraqtaluri wiriT SegviZlia avagoT realuri qviSis 

qariSxlis sazRvris modelic (sur. 2.2): 

 

sur. 2.2. erayis erT-erT qalaqs uaxlovdeba qviSis qariSxali  

2.3.1. koxis dafraqtalebuli kunZuli 

Tu koxis dedafraqtalad aviRebT raime wesier mraval-

kuTxeds (magaliTad, wesier samkuTxeds) da mis Semadgenel 



yovel monakveTze vimoqmedebT koxis gareT mimarTuli 

mamafraqtaliT, miviRebT koxis dafraqtalebul kunZuls (nax. 

2.4), xolo Tu vimoqmedebT SigniT mimarTuli mamafraq-taliT, 

miviRebT koxis dafraqtalebul kunZuls (nax. 2.5) Semdegi 

formiT: 

 

nax. 2.4. koxis dafraqtalebuli kunZuli gareT mimarTuli 

mamafraqtaliT 

 

nax. 2.5. koxis dafraqtalebuli kunZuli SigniT mimarTuli 

mamafraqtaliT 

 bunebaSi gvxvdeba cocxali sistemebi, romlebsac waagavs 

koxis kunZuli (sur. 2.3). 



 

sur. 2.3. xveuli kombosto 

 

2.3.2. minkovskis fraqtali 

minkovskis fraqtalisaTvis gvaqvs dedafraqtali  

(nax. 2.6) da mamafraqtali (nax. 2.7). 

 

nax. 2.6. minkovskis dedafraqtali 

 

nax. 2.7. minkovskis mamafraqtali 



Tu mamafraqtaliT vimoqmedebT minkovskis dedafraq-talze 

da Semdeg TiToeul miRebul monakveTs ganvixilavT 

dedafraqtalad, maTzec vimoqmedebT minkovskis mama-

fraqtaliT da a.S., oTxi bijis Semdeg miviRebT minkovskis 

fraqtals Semdegi formiT (nax. 2.8): 

 

nax. 2.8. minkovskis fraqtali 

minkovskis fraqtalis ganzomilebas gamovTvliT (2.5) 

formuliT: 

𝐷 =
ln 𝑁

ln
1

𝑎

=
ln 𝑁2

− ln 𝑎2
=

ln 8

ln
1

0.25

= 1.5.                             (2.9) 

 

2.3.3. fraqtaluri kunZuli 

vTqvaT, dedafraqtalia kvadrati wveroebiT (±1; ±1)  

wertilebSi (nax. 2.9), xolo mamafraqtali_2.10 nax-ze mocemuli 

fragmenti  

 

nax. 2.9. kvadrati wveroebiT (±1; ±1) wertilebSi 



 

nax. 2.10. mamafraqtali Sualeduri wertilebiT (0.4; 0.2) da (0.6; −0.2) 

maSin miviRebT fraqtalur kunZuls (nax. 2.11): 

 

nax. 2.11. fraqtaluri kunZuli 

 

2.3.4. minkovskis fraqtaluri kunZuli 

dedafraqtalad aviRoT isev kvadrati wveroebiT (±1; ±1), 

wertilebSi (nax. 2.12), xolo mamafraqtalad_2.13 nax-ze 

mocemuli fragmenti.  

 

nax. 2.12. kvadrati wveroebiT (±1; ±1) wertilebSi 

 

nax. 2.13. minkovskis mamafraqtali Sualeduri wertilebiT (0.25; 0.25) 

da (0.75; −0.25) 

agebul minkovskis fraqtalur kunZuls aqvs forma 

(nax.2.14): 



 

nax. 2.14. minkovskis fraqtaluri kunZuli 

 

minkovskis fraqtaliT SegviZlia mivuaxlovdeT mcenaris - 

krasula budas taZris formas (sur. 2.4). 

 

sur. 2.4. krasula budas taZari 

 

2.3.5. fiordebis fraqtaluri kunZuli 



Tu dedafraqtali kvlav kvadratia wveroebiT (±1; ±1) 

wertilebSi (nax. 2.15), xolo mamafraqtali 2.16 nax-ze moce-

muli fragmenti  

 

 

nax. 2.15. kvadrati wveroebiT (±1; ±1) wertilebSi 

 

 

nax. 2.16. fiordis mamafraqtali Sualeduri wveroebiT (0.3; 0.3) da 

(0.7; −0.3) 

Sesabamis fiordis fraqtalur kunZuls eqneba saxe (nax. 

2.17): 

 

nax. 2.17. fiordis fraqtaluri kunZuli 

bunebaSi xSirad gvxvdeba sxvadasxva fraqtaluri for-mis 

obieqtebi (sur. 2.5, sur 2.6). 



 

sur. 2.5. FfrTis formis Rrublis fraqtali warmoiqmneba   7-10km 

simaRleze, aRmavali haeris masebis atmosferuli frontis gacivebisas 

 

sur. 2.6. yinulis bunebrivi fraqtali 

 

2.3.6. yinulis fraqtaluri kvadrati 

ganvixiloT dedafraqtalad kvadrati wveroebiT (±1; ±1) 

wertilebSi (nax. 2.18), xolo mamafraqtalad _ fragmenti (nax. 

2.19) sami Sualeduri wertiliT: (0.5; 0), (0.5; 0.33) da (0.5; 0). 



 

nax. 2.18. dedafraqtali 

 

nax. 2.19. mamafraqtali Sualeduri wveroebiT (0.5; 0), (0.5; 0.33) da 

(0.5; 0) wertilebSi  

Sesabamis yinulis fraqtalur kvadrats eqneba Semdegi 

saxe (nax. 2.20): 

 

nax. 2.20. yinulis fraqtaluri kvadrati 

Sesabamisi bunebrivi fraqtalia Tovlis fifqi (sur. 2.7) 



 

sur. 2.7. Tovlis fifqis yinulis fraqtali 

2.3.7. yinulis fraqtaluri samkuTxedi 

dedafraqtalad ganvixiloT tolgverda samkuTxedi 

wveroebiT (0; 0), (0.5; 0.85) da (0; 1) wertilebSi (nax. 2.21), xolo 

mamafraqtalad fragmenti (nax. 2.22) Sualeduri wveroebiT 

(0.5; 0), (0.375; 0.2165) da (0.625; 0.2165) werti-lebSi. 

 

nax. 2.21. dedafraqtali 

 



 

nax. 2.22. mamafraqtali 

Sesabamis yinulis fraqtalur samkuTxeds eqneba saxe (nax. 

2.23): 

 

nax. 2.23. yinulis fraqtaluri samkuTxedi 

 

sur. 2.8. wvimis  wylis orTqlisagan Sedgenili  fraqtali, 

warmoiqmneba 0.5 - 2km simaRleze 



 

sur. 2.8. yinulis nawilakebisagan Sedgenili Rrublis fraqtali, 

warmoiqmneba 8km simaRleze 

  

2.3.8. geometriulad konstruirebadi fraqtalis 

agebis algoriTmi 

zemoT ganxiluli geometriulad konstruirebadi fraq-

talebis agebis magaliTebidan gamomdinare SegviZlia ava-goT 

zogadi algoriTmi. 

vTqvaT, dedafraqtali Sedgeba 𝑛 raodenobis monakve-

Tisgan, xolo mamafraqtalis fragmenti moicavs 𝑚 monakveTs. 

dedafraqtalisa da mamafraqtalis monakveTebis boloebis 

koordinatebi iTvleba, rom winaswaraa gansazR-vruli. vTqvaT, 

mocemulia mamafraqtali (nax. 2.24) 

 



nax. 2.24. mamafraqtali 

𝑂(0; 0) wertili koordinatTa saTavea,  𝐸 wertilebis 

koordinatebia (1; 0), Sualeduri wveroebis koordinatebi 

𝑃1(0.4; 0.2), 𝑃2(0.6; −0.2), maSin 𝑂𝑃1 = 𝑃1𝑃2 = 𝑃2𝐸 =
1

√5
. 

dedafraqtalad ganvixiloT kvadrati (1; 1), (−1; 1), 

(−1; −1), (1; −1) wveroebiT.  Tu bijebis raodenobaa 𝑘, maSin 𝑂𝐸 

mamafraqtalis moqmedebiT dedafraqtalis yovel monakveTze 

miviRebT 𝑚𝑘 − 1 wveros mqone texils. am texilis wveroebis 

koordinatebi gamoiTvleba msgavsebis gardaqmniT: 

{
𝑥′ = (𝑥2 − 𝑥1) ∙ 𝑥 − (𝑦2 − 𝑦1) ∙ 𝑦 + 𝑥1

𝑦′ = (𝑦2 − 𝑦1) ∙ 𝑥 + (𝑥2 − 𝑥1) ∙ 𝑦 + 𝑦1
        (2.10) 

 

nax. 2.25. msgavsebis gardaqmna 

am gardaqmnis geometriuli interpretacia 2.25 naxazzea 

mocemuli. Sesabamisad, gvaqvs asaxva: 𝑂(0; 0) → 𝑂′(𝑥1; 𝑦1), 

𝐸(1; 0) → 𝐸′(𝑥2; 𝑦2), 𝑃(𝑥; 𝑦) → 𝑃′(𝑥′; 𝑦′). 

TviTmsgavseba kargad Cans analizurad agebul [5] man-

delbrotis fraqtalSi (nax. 2.26). 



 

nax. 2.26. mandelbrotis fraqtali 

 

 

 

 

 

 

 

 

 

 

 

 



III Tavi. spiralebi, xeebi da varskvlavebi 

piTagoram daamtkica Tavisi saxelganTqmuli Teorema, 

romlisTvisac marTkuTxa samkuTxedis gverdebze aago 

kvadratebi. amJamad am figuridan warmoiqmna “xe”. arqimedis 

yuradReba miipyro spiralurma formam da man traqtatic ki 

miuZRvna spirals. erT-erTi tipis spirals arqimedis saxeli 

hqvia. spirali cocxali sistemis asagebi aguris rols 

asrulebs. cnobilia, rom lokokina Tavis saxls agebs 

spiraluri fragmentebis meSveobiT. ujredis birTvi Sedgeba 

ormagi gadajaWvuli spiraluri fragmentiT _ dizoqsiribo-

nukleinis mJavas struqturiT, romelic formirebadi cocxali 

sistemis genetikur kods Seicavs. aseve, xSirad spiraluri 

forma aqvs ganviTarebis garkveul etapze myof galaqtikasac. 

3.1. spiralebi 

arsebobs sami tipis spirali:  

a) daxveuli Zafis gaxsnisas Zafis gaWimuli bolos mier 

sivrceSi aRwerili;   

b) arqimedis; 

g) logariTmuli zrdis.  

ganvixiloT TiToeuli cal-calke: 

a) tipis spiralis aRsawerad mivmarToT 3.1 naxazs. 

 

nax. 3.1. Zafis naxvevis gaSlisas misi gaWimuli bolo asrulebs 

brunviT moZraobas wagrZelebiT 

advili misaxvedria, rom Tu Zafis bolos sawyisi 

mdgomareobaa 𝐴𝑖, xolo momdevno _ 𝐴𝑖+1, maSin radius-veqtori 



𝑂𝐴𝑖 Semobrundeba 𝑂𝐴𝑖+1 mdgomareobaSi 𝜑 kuTxiT, xolo misi 

sawyisi sigrZe garkveulad wagrZeldeba 𝑘-jer anu 𝑟𝑖+1 = 𝑘 ∙ 𝑟𝑖 . 

aqedan gamomdinare, radgan 𝑂𝐴𝑖 radius-veqtoris abscisTa 

RerZTan daxris kuTxea 𝜗𝑖, gveqneba tolobebi: 

𝑥𝑖+1 = 𝑘 ∙ 𝑟𝑖 ∙ cos(𝜗𝑖 + 𝜑) = 𝑘 ∙ 𝑟𝑖 ∙ (cos 𝜗𝑖 ∙ cos 𝜑 − sin 𝜗𝑖 ∙ sin 𝜑); (3.1) 

𝑦𝑖+1 = 𝑘 ∙ 𝑟𝑖 ∙ sin(𝜗𝑖 + 𝜑) = 𝑘 ∙ 𝑟𝑖 ∙ (sin 𝜗𝑖 ∙ cos 𝜑 + cos 𝜗𝑖 ∙ sin 𝜑), (3.2) 

magram 

𝑥𝑖 = 𝑟𝑖 ∙ cos 𝜗𝑖 da 𝑦𝑖 = 𝑟𝑖 ∙ sin 𝜗𝑖 .                           (3.3) 

aqedan gamomdinare miviRebT, rom 

𝑥𝑖+1 = 𝑘 ∙ (𝑥𝑖 ∙ cos 𝜑 − 𝑦𝑖 ∙ sin 𝜑),                          (3.4) 

𝑦𝑖+1 = 𝑘 ∙ (𝑦𝑖 ∙ cos 𝜑 + 𝑥𝑖 ∙ sin 𝜑).                           (3.5) 

amrigad, miviReT spirali, romelic yovel bijze saaTis 

isris sapirispiro mimarTulebiT mobrundeba 𝜑 kuTxiT da, 

Sesabamisad, koordinatTa saTaves 𝑘-jer daSordeba (nax. 3.2). 

 

nax. 3.2. a) tipis spirali 

b) arqimedis spirali (nax. 3.3) 

arqimedis spirali polarul koordinatebSi Caiwereba 

formiT: 

𝑟 = 𝑘 ∙ 𝜑,                                        (3.6) 

sadac 𝑘 > 0 mudmivi ricxvia da  garkveul SesabamisobaSia 

mezobel xveulebs Soris manZilTan, xolo 𝜑 Sesabamisi 



mobrunebis kuTxea. marTlac, radgan 𝑟 aris manZili spiralis 

romelime wertilidan polusamde, avirCioT wertili pirvel 

xveulze, roca 𝜑 = 2𝜋 anu 𝑟 = 𝑘 ∙ 2𝜋, spiralis kidev erTxel 

Semobrunebisas gveqneba 𝜑1 = 4𝜋 da 𝑟1 = 𝑘 ∙ 4𝜋; maSin manZili 

mezobel xveulebs Soris iqneba: ∆𝑟 = 𝑟1 − 𝑟 = 4𝜋 ∙ 𝑘 − 2𝜋 ∙ 𝑘 = 2𝜋 ∙

𝑘. 

 

nax. 3.3. arqimedis spirali 

 

sur. 3.1. cocxali fraqtali _ spiraluri sukulenti 

g) logariTmuli zrdis spirali (nax. 3.4) 

polarul koordinatebSi logariTmuli zrdis spirals 

aqvs saxe: 



ln 𝑟 = 𝑘 ∙ 𝜑 ⟺ 𝑟 = 𝑟0 ∙ 𝑒𝑘∙𝜑.                               (3.7) 

logariTmuli spiralisaTvis (nax. 3.4) damaxasiaTebelia  

saintereso Tvisebebi. Tu ganvixilavT spiralis brunvas 

Tanabari siCqariT saaTis isris sapirispiro mimarTulebiT da 

Sesabamis sam mimdevrobiT mdgomareobas (nax. 3.5), maSin: 

ln
𝑟3

𝑟2
= ln

𝑟2

𝑟1
⟺

𝑟3

𝑟2
=

𝑟2

𝑟1
⟺ 𝑟2

2 = 𝑟1 ∙ 𝑟3.                       (3.8) 

 

a) 𝑘 > 0                     b) 𝑘 < 0 

nax. 3.4. logariTmuli spirali (daxvevis mimarTuleba damokidebulia 𝑘 

koeficientis niSanze. Tu  uaryofiTia, maSin daxvevis mimarTuleba 

daemTxveva saaTis isris mimarTulebas) 

 

nax. 3.5. logariTmuli spiralis sami mimdevrobiTi wertili 

sxvanairad rom vTqvaT, 𝑟1;  𝑟2;  𝑟3 adgens geometriul 

progresias. iakob bernulim am spirals “saswaulebrivi” 

uwoda, radgan aRmoaCina misi masStaburi invariantobis 

Tviseba (TviTmsgavseba) anu spiralis masStaburi Semcireba 
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gvaZlevs igive Sedegs, rasac misi mobruneba raime 𝛼 kuTxiT. 

marTlac 

𝑟 = 𝑟0 ∙ 𝑒𝑘∙(𝜑−𝛼) = 𝑟0 ∙ 𝑒−𝑘∙𝛼 ∙ 𝑒𝑘∙𝜑 = 𝑟0̅ ∙ 𝑒𝑘∙𝜑.               (3.9) 

imdenad ganacvifra am faqtma bernuli, rom mis saflavze 

gaakeTes warwera “Eadem mutata resugo”, rac niSnavs “me 

ucvlelad aRvdgebi”. 

SegviZlia SevniSnoT, rom bunebaSi farTodaa gavrcele-

buli spiraluri fraqtalis formebi (sur: 3.1 _ 3.7).  

 

sur. 3.2. lokokinas saxlis fraqtali (𝑘 < 0) 

 

sur. 3.3. lokokinas saxlis logariTmuli, spiraluri fraqtali (Wrili) 



 

sur. 3.4. mzesumziras logariTmuli spiraluri fraqtali (𝑘 > 0) 

 

sur. 3.5. georginas spiraluri fraqtali 

 

sur. 3.6. kombostos foTlebis ZarRvebi qmnis logariTmul, 

spiralur fraqtals (𝑘 < 0) 



 

sur. 3.7. galaqtikis spiraluri fraqtali (𝑘 < 0) 

 

3.2. piTagoras fraqtaluri xe 

 piTagoras Teoremis Tanaxmad, marTkuTxa samkuTxedis 
hipotenuzis sigrZis kvadrati udris kaTetebis sigrZeTa 
kvadratebis jams. aqedan gamomdinare, ganvixiloT 

erTeulovani farTobis mqone kvadrati, rogorc 

dedafraqtali _ nomeri 1 (nax. 3.6), xolo mamafraqtali iyos 

mis zeda gverdze hipotenuziT dayrdnobili tolferda 

marTkuTxa samkuTxedi kaTetebze agebuli kvadratebiT _ 

nomeri 2 da 3, Semdeg  procesi meordeba TiToeuli  axali 

kvadratisaTvis da a.S. advili misaxvedria, rom 2 da 3 _ 

nomriani kvadratebis farTobTa jamic 1 iqneba. igive faqts 

eqneba adgili sxva kvadratebisTvisac. 

 

nax. 3.6. piTagoras fraqtaluri xis agebis dawyebiTi etapebi 



Tu davakvirdebiT 3.6 naxazs, vnaxavT, rom kvadratze 𝑛 

indeqsiT dayrdnobilia tolferda marTkuTxa samkuTxedi, 

romlis kaTetebze izrdeba ufro mcire sididis ori 

kvadrati. marcxniv mdgomi kvadratis indeqsia 2𝑛, xolo 

marjvniv mdgomi kvadratisa _  (2𝑛 + 1). yovel doneze 

arsebuli kvadratebis farTobTa jami sawyisi kvadratis 

farTobis tolia anu Tu aviRebT kvadratebs 8;9;10;11;12;13;14;15 

nomrebiT, aRmovaCenT, rom maTi farTobebis jamic erTis 

toli iqneba. Tu am process gavagrZelebT, maSin miviRebT 

piTagoras fraqtalur xes (nax. 3.7). 

 

nax. 3.7. piTagoras fraqtaluri xe 

 

sur. 3.8. magniumis xelovnuri dendriti, romelic miiReba magniumis 

orTqlis kondensaciiT civ zedapirze. Zalian hgavs naZvis girCebis 

grovas 

 

 



3.2.1. piTagoras spiraluri fraqtaluri xe 

piTagoras spiraluri fraqtaluri xe aris piTagoras 

fraqtaluri xis ganzogadeba. misi agebis algoriTmi 

mocemulia 3.8 nax-ze. 

 

nax. 3.8. piTagoras spiraluri fraqtaluri xis agebis algoriTmi 

fraqtali warmoiqmneba TiToeul bijze, marjvena mxri-dan 

kvadratis damatebiT, xolo logariTmuli spirali (texili) 

msgavsebis gardaqmniT, romelic  Semobrundeba 𝛼 kuTxiT da 

masStaburi SemcirebiT cos 𝛼-jer. Aaseve SegviZlia ganvixiloT 

msgavsebis gardaqmna, romelic moqmedebs marcxena 

mxridan_mobruneba (
𝜋

2
− 𝛼) kuTxiT da masStaburi Semcireba 

sin 𝛼-jer. maSin miviRebT spiralur fraqtalur xes (nax. 3.9), 

sadac 𝛼 =
𝜋

6
  [2]. 

 

nax. 3.9. spiraluri fraqtaluri xe 



Tu gavamartivebT piTagoras spiraluri fraqtaluri xis 

agebis algoriTms _ ukuvagdebT kvadratebs da davxatavT 

mxolod im monakveTebs, romlebic samkuTxedebis “centrebs” 

aerTebs, xolo samkuTxedebs aRar davxatavT, miviRebT 

piTagoras spiralur, gaSiSvlebul fraqtalur xes (nax. 3.10 _ 

3.11). 

 

nax. 3.10. piTagoras spiraluri gaSiSvlebuli, fraqtaluri xis 

agebis sawyisi bijebi 

 

nax. 3.11. piTagoras spiraluri gaSiSvlebuli fraqtaluri xe 

mandelbrotis wignSi [1] ganxilulia fraqtaluri xis sxva 

variantebic (nax. 3.12 - 3.13). 



 

nax. 3.12. mandelbrotis fraqtaluri xis dedafraqtali da zemoTa 

agregati (mamafraqtali) 

 

nax. 3.13. mandelbrotis fraqtaluri xe 

mandelbrotma aago realuri fraqtaluri xis modelic, 

romelic gamosaxulia 3.14 da 3.15 naxazebze. 



 

nax. 3.14. realuri fraqtaluri xis modeli 

 

nax. 3.15. realuri fraqtaluri xe 

ganvixiloT Sesabamisi bunebrivi fraqtalebis suraTebi: 

(sur. 3.8-3.19): 



 

sur. 3.9. dedamiwis zedapiris suraTebi kosmosidan, gvaZlevs 

fraqtaluri formis landSafts 

 

sur. 3.10. Txevadi an airadi nivTierebis kristalizaciiT 

warmoqmnili mineralis fraqtali 



 

sur. 3.11. qviSis diunis wyliT nawilobrivi morecxvis Sedegad 

warmoqmnili fraqtali 

 

 

 

sur. 3.12. xis totebi _ bunebrivi fraqtali 



 

sur. 3.13. xis totebi iyofa orad, Semdeg bijze TiToeuli toti 

kvlav iyofa da a.S. garkveul sasrul raodenobamde (rogorc mis 

genetikur programaSia Cadebuli). es dendritis tipis fraqtalia 

 

sur. 3.14. baobabi aseve fraqtaluri kanoniT itoteba, Tumca yvela 

xes Tavisi genetikuri kodi (datotvis wesi) aqvs  



 

sur. 3.15. vulkanidan amofrqveuli gacivebuli lavis mier Seqmnili 

dinebis fraqtalur forma 

 

sur. 3.16. mcenareTa fraqtaluri formaa dendriti 



 

sur. 3.17. adamianis tvinis sisxlZarRvTa sistema dendritia 

 

sur. 3.18. mdinareTa datotvis fraqtali dendritia 



 

sur. 3.19. marjnis fraqtali dendritia 

 

3.3. varskvlavebi 

ganvixiloT varskvlavuri fraqtali, romelic Sedgeba 

xuTqimiani varskvlavisagan 5 SedarebiT mcire girlandiT, 

romlebic ufro mcire masStabis varskvlavebs Seadgens da 

TiToeulis oTx wveroze ufro mcire zomis varskvlavebia 

ganlagebuli. Teoriulad es procesi usasruloa (nax. 3.16). 



 

nax. 3.16. varskvlavuri fraqtali 

ganvixiloT bunebrivi varskvlavuri tipis fraqtalebi 

(sur. 3.20-3.23). 

 

sur. 3.20. mcenaris fesvTa varskvlavuri fraqtali  

 



 

sur. 3.21. filtvi Seicavs erTmaneTSi gadajaWvul sam fraqtals: 

sasunTqi, sisxlZarRvTa venozuri sisxlis da arteriuli sisxlis  

 

sur. 3.22. amazonis wylis SroSani 



 

sur. 3.23. baobabis datotvis sistema hgavs sisxlZarRvTa sistemas 



IV Tavi. geometriulad konstruirebadi 

fraqtalebis gardaqmnis analizi 

kompiuterSi geometriulad konstruirebadi fraqta-lebis 

asagebad, xSirad, gamoiyeneba afinur gardaqmnaTa 

naxevarjgufi. sibrtyeze afinuri gardaqmnaa: gaWimva-kumSvis, 

mobrunebisa da simetriis asaxva.  

4.1. invariantuli gardaqmna 

umartives SemTxvevaSi, afinuri gardaqmna aris masStabSi 

Semcirebisa da mobrunebis wrfiv  asaxvaTa kompozicia: 

(𝑥; 𝑦) → (𝑥′; 𝑦′),                                        (4.1) 

romelic Caiwereba formulebiT: 

{
𝑥′ = 𝑎 ∙ 𝑥 + 𝑏 ∙ 𝑦

𝑦′ = 𝑐 ∙ 𝑥 + 𝑑 ∙ 𝑦
        𝐴 = (𝑎   𝑏

𝑐   𝑑
).                            (4.2) 

(4.2) gardaqmnas, gardaqmnis 𝐴 matriciT aRvniSnavT 𝑇 

asoTi. 

Tu sibrtye aisaxeba Tavis Tavze ise, rom 𝑥′ = 𝑥 da 𝑦′ = 𝑦, 

maSin (4.2) gardaqmnis formulebidan  

{
𝑥 = 𝑎 ∙ 𝑥 + 𝑏 ∙ 𝑦
𝑦 = 𝑐 ∙ 𝑥 + 𝑑 ∙ 𝑦

⟺ {
(𝑎 − 1) ∙ 𝑥 + 𝑏 ∙ 𝑦 = 0

𝑐 ∙ 𝑥 + (𝑑 − 1) ∙ 𝑦 = 0
⟹ {

𝑥 = 0
𝑦 = 0

     (4.3) 

maSasadame sibrtyis Tavis Tavze asaxvisas gvaqvs 

erTaderTi uZravi wertili 𝑂(0; 0). am uZravi wertilis tipis 

dasadgenad amovxsnaT 𝐴 matricis maxasiaTebeli gantoleba: 

𝜆2 − (𝑎 + 𝑑) ∙ 𝜆 + Δ = 0,                                  (4.4) 

sadac Δ = 𝑑𝑒𝑡𝐴.   

gvaqvs oTxi SemTxveva: 

1. Tu |𝜆1| < 1 da |𝜆2| < 1, maSin 𝑂 wertili mdgradia; 

2. Tu |𝜆1| < 1 da |𝜆2| > 1, maSin O 𝑂 unagira (hiperboluri) 

wertilia; 



3. Tu |𝜆1| = 1 da |𝜆2| = 1, maSin O 𝑂 elifsuri wertilia; 

4. Tu |𝜆1| > 1 da |𝜆2| > 1, maSin O 𝑂 aramdgradi wertilia. 

amboben, rom 𝑇 asaxva inaxavs farTobs, Tu |𝑑𝑒𝑡𝐴| = 1. am 

SemTxvevaSi, cxadia, rom |𝜆1| ∙ |𝜆2| = 1. farTobis Semnaxveli 

asaxvis uZravi wertili SeiZleba mxolod elifsuri an 

hiperboluri tipis iyos.  

ganvixiloT farTobis Semnaxveli asaxva (nax. 4.1) 

 
nax. 4.1. 𝑆farTobis Semnaxveli asaxva 

Teorema. arsebobs aragadagvarebuli wrfivi asaxva (𝑥; 𝑦) →

(𝑥′; 𝑦′), romelic SegviZlia CavweroT formiT: 

{
𝑥′ = 𝑥 ∙ cos 𝛼 − 𝑦 ∙ sin 𝛼

𝑦′ = 𝑥 ∙ sin 𝛼 + 𝑦 ∙ cos 𝛼
                                 (4.5) 

sadac 𝛼 mobrunebis kuTxea, Tu |𝜆1| = 1, |𝜆2| = 1 da Δ = 1. 

 

4.2. mobruneba 
 

ganvixiloT saaTis isris sapirispiro mimarTulebiT 

(gaWimvva-SekumSvis gareSe) 𝛼 kuTxiT mobrunebis gardaqmna. 

aseTi gardaqmna mocemulia (4.5) formulebiT. am gardaqmnis 

iakobiani 1-is tolia. es formulebi asaxavs sibrtyis 

mobrunebas koordinatTa saTavis irgvliv. 



 asaxva, romelic sibrtyis raime (𝑥0, 𝑦0) (uZravi) werti-lis 

garSemo, saaTis isris sapirispiro mimarTulebiT 𝛼 kuTxiT 

mobrunebisas miiReba iqneba: 

{
𝑥′ = (𝑥 − 𝑥0) ∙ cos 𝛼 − (𝑦 − 𝑦0) ∙ sin 𝛼 + 𝑥0

𝑦′ = (𝑥 − 𝑥0) ∙ sin 𝛼 + (𝑦 − 𝑦0) ∙ cos 𝛼 + 𝑦0
             (4.6) 

 

4.3. gaWimva-SekumSvis gardaqmna 
 

gaWimva-SekumSvis gardaqmna dakavSirebulia masStabis 

cvlilebasTan. centraluri gaWimva-SekumSvis gardaqmna 𝑂(0; 0) 

koordinatTa saTavis mimarT 𝑘 gaWimva-SekumSvis 

maxasiaTebliT ase gamoisaxeba: 

{
𝑥′ = 𝑘 ∙ 𝑥
𝑦′ = 𝑘 ∙ 𝑦

                            (4.7) 

gaWimva-SekumSvis gardaqmna 𝑀(𝑥0; 𝑦0) wertilis mimarT 𝑘 

maxasiaTebliT ki 

{
𝑥′ = 𝑘 ∙ (𝑥 − 𝑥0) + 𝑥0

𝑦′ = 𝑘 ∙ (𝑦 − 𝑦0) + 𝑦0
                                      (4.8) 

roca |𝑘| > 1, es gardaqmnebi aRwers gaWimvis asaxvas, Tu 

|𝑘| < 1, gvaqvs SekumSvis asaxva. Tu 𝑘 = −1, gvaqvs  arekvla 

𝑀(𝑥0; 𝑦0) wertilis mimarT anu mobruneba 180°-iani kuTxiT 

saaTis isris sapirispiro mimarTulebiT. 

 

4.4. mobrunebisa da Gcentris mimarT gaWimva-SekumSvis 

gardaqmnaTa kompozicia 

 
kompiuterSi geometriulad konstruirebadi fraqtale-bis 

asagebad xSirad gamoiyeneba mobrunebisa da centris mimarT 

gaWimva-SekumSvis gardaqmnaTa kompozicia. aq ganmsazRvrelia: 

mobrunebis kuTxe, centris mdebareoba da masStabirebis 

koeficienti. 4.2 nax-ze gamosaxulia mobru-neba, gaWimva-

SekumSvis operaciis Sedegi koordinatTa 𝑂(0; 0) saTavis 

mimarT: 



 
nax. 4.2. mobrunebisa da Gcentris mimarT gaWimva-SekumSvis 

gardaqmnaTa kompozicia 

romelic moicema Semdegi gardaqmniT 

{
𝑥′ = 𝑎 ∙ 𝑥 − 𝑏 ∙ 𝑦

𝑦′ = 𝑏 ∙ 𝑥 + 𝑎 ∙ 𝑦
     ∆= |

𝑎 −𝑏
𝑏 𝑎

|.                        (4.9) 

∆ gamosaxavs gaWimva-SekumSvis sidides. roca ∆> 1, gvaqvs 

gaWimva, ∆< 1-is SemTxvevaSi _ SekumSva. Tu gvaqvs mobruneba, 

gaWimva-SekumSvis gardaqmna, romlis drosac 𝐸(1; 0) aisaxeba 

𝐸′(𝑎; 𝑏) wertilSi (nax. 4.3), masStabirebis koeficienti iqneba: 

𝑘 =
𝑂𝐸′

𝑂𝐸
= √𝑎2 + 𝑏2.                                        (4.10) 

am asaxvisas mobrunebis kuTxea 𝛼, romelic akmayofi-lebs 

tolobebs: 

cos 𝛼 =
𝑂𝐴

𝑂𝐸′
=

𝑎

√𝑎2+𝑏2
,  sin 𝛼 =

𝐴𝐸′

𝑂𝐸′
=

𝑏

√𝑎2+𝑏2
.                    (4.11) 

 

 



 

nax. 4.3. mobruneba, gaWimva-SekumSvis gardaqmna 

Tu gvinda CavweroT mobruneba, gaWimva-SekumSvis gardaqmna 

nebismieri 𝑀(𝑥0; 𝑦0) wertilis mimarT, maSin unda visargebloT 

gardaqmniT: 

{
𝑥′ = 𝑎 ∙ 𝑥 − 𝑏 ∙ 𝑦 + 𝑥0

𝑦′ = 𝑏 ∙ 𝑥 + 𝑎 ∙ 𝑦 + 𝑦0
                              (4.12) 

am gardaqmnebis safuZvelze igeba Sesabamisi fraqtalebi 

(nax. 4.4 _ 4.5). 

 

nax. 4.4. mobruneba-SekumSvis gardaqmniT miRebuli fraqtali 



 

nax. 4.5. ormagi mobruneba-SekumSvis gardaqmniT miRebuli fraqtali 

bunebaSi gvxvdeba msgavsi fraqtalebic (sur. 4.1): 

 

sur. 4.1. kaqtusi 

 



4.5. simetriis gardaqmna 
 

simetriis 𝑆 asaxva SegviZlia ganvmartoT tolobiT: 

𝑆2 = 𝐸,                                              (4.13) 

sadac 𝐸 igivuri gardaqmnaa. marTlac, mocemuli figuris 

simetriuli figuris simetriis gardaqmna gvabrunebs mocemul 

figurasTan (nax. 4.6) 

 

nax. 4.6. RerZis mimarT simetriis gardaqmna 

fraqtalebis konstruirebis dros simetriis gardaqmna 

umeteswilad gvxvdeba SekumSvis asaxvasTan kompoziciaSi. 

SekumSvis asaxvisas gvaqvs SekumSvis uZravi centri da 

masStabirebis koeficienti, xolo simetriis asaxvisas ori 

uZravi urTierTperpendikularuli wrfe. 

Tu uZravi centria koordinatTa saTave 𝑂(0; 0), maSin gvaqvs 

gardaqmna: 

{
𝑥′ = 𝑘 ∙ 𝑥

𝑦′ = −𝑘 ∙ 𝑦
                                        (4.14) 

ufro zogad SemTxvevaSi, roca gvaqvs uZravi 𝑀(𝑥0; 𝑦0) 

centri, SekumSva-simetriis asaxva moicema gardaqmnebiT: 

{
𝑥′ = 𝑎 ∙ 𝑥 + 𝑏 ∙ 𝑦 + 𝑥0

𝑦′ = 𝑏 ∙ 𝑥 − 𝑎 ∙ 𝑦 + 𝑦0
                                (4.15) 

sadac masStabirebis koeficientia 𝑘 = √𝑎2 + 𝑏2. 



SekumSva-simetriis asaxvaTa kompozicia farTod 

gamoiyeneba fraqtalebis agebisas (nax. 4.7 - 4.9): 

 

nax. 4.7. SekumSva-simetriis asaxvaTa kompozicia koxis fraqtalSi 

 

nax. 4.8. SekumSva-simetriis asaxvaTa kompozicia dendritis 

fraqtalSi 



 

nax. 4.9. fraqtali, romelic miiReba mobruneba-SekumSvisa da 

SekumSva-simetriis asaxvaTa kompoziciiT 

 

sur. 4.1. blanti siTxiT cilindris garsdenisas miiReba turbulenturi 

kvali, romelic rRvevis ubnebSi bunebriv fraqtals qmnis 



 

sur. 4.2. Weqa-quxilis dros caze gamosaxuli fraqtali 

 

sur. 4.3. Tovlis zvavis fraqtali cocxali sistemaa 



 
sur. 4.4. Tergis CanCqeris fraqtali 

 

sur. 4.5. lorwomis kldis dafraqtalebuli zedapiri qsnis xeobaSi 



 

sur. 4.6. cxavatis (qsnis xeobaSi) gamSrali Tixis zeda fenis 

fraqtali, romelic Zalian waagavs kanis teqsturasa da mcenareTa 

foTlebis aRnagobas 

 

sur. 4.7. wylisa da miwis urTierTqmedebiT Camoyalibebuli 

kavkasionis mTaTa fraqtaluri landSafti 



 

sur. 4.8. “iupiteris Tvalis fraqtali”. iupiteri airad 

mdgomareobaSi myofi planetaa. es Tvalebi misi atmosferos dinamikuri 

warmonaqmnia 

 

4.6.  geometriulad konstruirebadi idealuri 

fraqtalis dinamikuri struqtura 
 

geometriulad konstruirebadi idealuri fraqtali 
SegviZlia warmovadginoT zogadi formuliT: 

𝐺𝐾𝐼𝐹𝑅𝐴𝐶𝑇𝐴𝐿 ≝ 𝐹𝑟(𝑚, 𝑓, 𝑔𝑒𝑘𝑒𝑣),                          (4.16) 

sadac 𝑚 dedafraqtalia (sawyisi simravle), 𝑓 _ mamafraqta-li 

(yovel bijze dasamatebeli geometriuli agregati), xolo 

𝑔𝑒𝑘𝑒𝑣    parametri fraqtalis evoluciis genetikuri kodia, 

romelic miuTiTebs, ramdeni biji keTdeba msgavsebis 

principiT agebisas da rogoria fraqtalis zrdis kanonis 

genetika (evoluciis wesi).  



fraqtals idealurs vuwodebT, radgan mxedvelobaSi ar 

miiReba garemo pirobebis SemTxveviTi 𝐑𝐍𝐃 zemoqmedeba 

fraqtalis evoluciis geometriaze. 

amgvarad, warmodgenili fraqtalebi farTod gamoiye-neba 

cocxali sistemebis modelirebisas. 

Tu viciT dedafraqtalis, mamafraqtalisa da genetiku-ri 

kodis saxe, SegviZlia avagoT geometriulad konstru-irebadi 

idealuri fraqtali. aseTi amocanis amosaxsnelad arsebobs 

Sesabamisi algoriTmebic.  

 gacilebiT mniSvnelovania iseTi algoriTmis damuSaveba, 

romelic amoxsnis Sebrunebul amocanas anu roca viciT 

cocxali sistemis geometriuli forma, rogor davadginoT 

Sesabamisi dedafraqtali, mamafraqtali da genetikuri kodi. 

marTlac, cnobilia, rom adamianis Sinagani organoebi 

warmoadgens fraqtalebs, romelTagan TiToeuls aqvs Tavisi 

dedafraqtali, mamafraqtali da genetikuri kodi; maTi codna 

gagviadvilebda Sinagani organoebis laboratoriul 

pirobebSi aRdgenis problemas da daavadebuli organoebis 

Secvlas. cnobilia, rom kibosac fraqtaluri struqtura aqvs. 

Tu SevZlebT misi dedafraqtalis, mamafraqtalisa da 

genetikuri kodis dadgenas, maSin gvecodineba, rogor 

vebrZoloT am daavadebas ufro efeqturad, vidre es dResaa 

SesaZlebeli. 

Aase, rom geometriulad konstruirebadi idealuri 

fraqtalebis saxeTa gamocnobis amocana, rac niSnavs misi 

agebis Sebrunebuli algoriTmis dadgenas, metad 

mniSvnelovania praqtikuli medicinis TvalsazrisiTac. 

 

 

4.7. metrikuli sivrcis afinuri gardaqmna 
 

ganvixiloT 𝑋 sivrce. vTqvaT, am sivrceSi gvaqvs 𝑋 × 𝑋 

dekartul namravlze gansazRvruli namdvili cvladis 𝑑(𝑥, 𝑦) 

funqcia ise, rom adgili aqvs aqsiomebs: 

a) 𝑑(𝑥, 𝑦) ≥ 0; ∀(𝑥, 𝑦) ∈ 𝑋 × 𝑋;                    (4.17)            

b) 𝑑(𝑥, 𝑦) = 0 ⟹ (𝑥 = 𝑦);                        (4.18) 



g) 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥);                             (4.19)        

d) 𝑑(𝑥, 𝑧) ≤ 𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧); ∀𝑥, 𝑦, 𝑧 ∈ 𝑋,          (4.20) 

maSin (𝑋, 𝑑) wyvils metrikul sivrces uwodeben. sxvanairad 

rom vTqvaT, metrikuli sivrce aris simravle, masze 

gansazRvruli metrikis (manZilis) cnebiT. 

vTqvaT, mocemulia (𝑋, 𝑑) metrikuli sivrce. 𝑇 asaxvas 

ewodeba kumSvadi (SekumSva), Tu arsebobs iseTi 0 < 𝑠 < 1 

ricxvi, rom adgili aqvs utolobas: 

𝑑(𝑇(𝑥), 𝑇(𝑦)) ≤ 𝑠 ∙ 𝑑(𝑥, 𝑦),                          (4.21)         

rac  niSnavs, rom kumSvad asaxvas nebismieri ori wertili 

gadahyavs iseT sxva or wertilSi, romelTa Sorisac manZili 

ufro naklebia, vidre  asaxvamde iyo. 

kumSvadi asaxvebi saSualebas gvaZleves vimsjeloT 

asaxvaTa uZrav wertilebze. f(𝑥) asaxvis uZravi wertili 

ewodeba iseT 𝑥 = 𝑥0 wertils, romlisTvisac adgili aqvs 

tolobas: 

𝑓(𝑥0) = 𝑥0.                                           (4.22) 

advili misaxvedria, rom 𝑓(𝑥) funqcia mogvcems kumSvad 

asaxvas, Tu adgili aqvs utolobas: 

|f ′(x)| < 𝑠 < 1.                                         (4.23)      

Tu 𝑓(𝑥) kumSvadi asaxvaa, maSin erTbijian iteraciul 

sqemas cnobili sawyisi 𝑥0 miaxloebiT 

𝑥𝑛 = 𝑓(𝑥𝑛−1), 𝑛 ∈ ℕ,                                    (4.24) 

aqvs uZravi wertili 𝑥 = 𝜉 anu 𝑓(𝜉) = 𝜉,  

sadac  

lim
𝑛→∞

𝑥𝑛 = 𝜉.                                         (4.25)     

magaliTi. ganvixiloT 𝑓(𝑥) = 0.75 ∙ cos 𝑥 funqcia [0;
𝜋

4
] SualedSi. 

es funqcia SemosazRvrulia da uwyveti am SualedSi. amasTan, 

|𝑓′(𝑥)| = 0.75|sin 𝑥| ≤ 0.75 < 1, rac niSnavs rom Sesabamisi 

erTbijiani iteraciuli sqema: 𝑥𝑛 = 𝑓(𝑥𝑛−1), 

 𝑛 ∈ ℕ, 𝑥0 = 0.26 sawyisi miaxloebiT krebadia uZravi 

wertilisaken (nax. 4.10). 



 

nax. 4.10. obobas qselismagvari diagrama erTbijiani iteraciuli 

sqemisaTvis 

 

axla gadavideT metrikuli sivrcis afinur gardaqmnaze. 

metrikuli sivrcis wrfiv gardaqmnas Semdgomi gadatanis 

asaxviT afinuri gardaqmna ewodeba. 

metrikuli ℝ𝑛sivrcis 𝐿 gardaqmnas wrfivi ewodeba, Tu 

metrikuli sivrcis nebismieri 𝒙 da 𝒚 ori elementisaTvis da 

𝜆, 𝜇 namdvili ricxvebisaTvis adgili aqvs tolobas: 

𝐿(𝜆𝒙 + 𝜇𝒚) = 𝜆𝐿(𝒙) + 𝜇𝐿(𝒚).                           (4.26) 

Tu 𝐿 wrfivi gardaqmnaa, maSin adgili aqvs mis matricul 

warmodgenas: 

𝐿(𝑥) = 𝐴 ∙ 𝑥.                                           (4.27) 

gadatanis 𝐓 gardaqmna ganisazRvreba tolobiT: 

𝑇(𝒙) = 𝒙 + 𝒂,   𝑥 ∈ ℝ𝑛,                                 (4.28) 

sadac 𝒂 gadatanis mudmivi veqtoria. 
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amgvarad, afinuri gardaqmna, zogadad, SegviZlia CavweroT 

saxiT: 

𝑇(𝒙) = 𝐴 ∙ 𝒙 + 𝒂.                                        (4.29) 

ℝ2 sibrtyis gardaqmnis SemTxvevaSi afinuri gardaqmna 

moicema eqvsi mudmivis (𝛼1; 𝛽1; 𝛼2; 𝛽2; 𝛾1; 𝛾2) meSveobiT: 

𝑇 ((𝑥1
𝑦1

)) = (
𝑥1

′

𝑦1
′ ) = (

𝛼1 𝛽1

𝛼2 𝛽2
) ∙ (

𝑥1

𝑦1
) + (

𝛾1

𝛾2
).                   (4.30) 

gardaqmna (4.30) adidebs (𝛿 > 1) an amcirebs mravalkuT-

xedis farTobs (𝛿 < 1) 𝛿-jer imis mixedviT, rogoria gardaq-

mnis 

𝛿 = 𝑑𝑒𝑡 (
𝛼1 𝛽1

𝛼2 𝛽2
)                                    (4.31) 

matricis determinanti.  

 

4.8. manZili metrikuli sivrcis qvesimravleebs Soris 
 

ganvixiloT (𝑋, 𝑑) metrikuli sivrce. 

gansazRvreba. vambobT, rom 𝑋 metrikuli sivrcis 

wertilTa mimdevroba {𝑥𝑛}𝑛=0
∞  krebadia 𝑎 ∈ 𝑋 wertilisaken, Tu 

lim
𝑛→∞

𝑑(𝑥𝑛, 𝑎) = 0. 

gansazRvreba. vambobT, rom 𝑋 metrikuli sivrcis 

wertilTa mimdevroba {𝑥𝑛}𝑛=0
∞  aris fundamenturi anu koSis 

mimdevroba, Tu lim
𝑛→∞

lim
𝑚→∞

𝑑(𝑥𝑛, 𝑥𝑚) = 0. 

cxadia, metrikul sivrceSi yoveli krebadi mimdevroba 

koSis mimdevrobaa, Tumca Sebrunebuli debuleba araa 

yovelTvis WeSmariti anu yoveli fundamenturi mimdevroba 

sazogadod araa krebadi. 

gansazRvreba. metrikul sivrces ewodeba sruli, Tu masSi 

yoveli fundamenturi mimdevroba krebadia. 

gansazRvreba. (𝑋, 𝑑) metrikuli sivrcis 𝐴 qvesimravles 

ewodeba Caketili (𝑋, 𝑑) sivrceSi, Tu is Seicavs misi 

fundamenturi mimdevrobebis yvela zRvariT wertils. 

gansazRvreba.  (𝑋, 𝑑) metrikul sivrces ewodeba kompaqturi, 

Tu misi wertilebis nebismieri {𝑥𝑛}𝑛=0
∞  mimdevrobidan 

SegviZlia gamovyoT krebadi qvemimdevroba. 



𝐏. 𝐒.  Tu ℝ𝐧  sawyisi metrikuli sivrcea, maSin misi qvesim-

ravlis kompaqturobisaTvis aucilebelia da sakmarisi, rom is 

iyos Caketili da SemosazRvruli.  

vTqvaT, mocemulia (X, d) sruli metrikuli sivrce. 

SemoviRoT aRniSvna: K(X)-iT aRvniSnoT X simravlis yvela 

kompaqturi qvesivrce. ganvsazRvroT umoklesi manZili 𝐗 

simravlis raime 𝐱 ∈ 𝐗 wertilsa da 𝐊(𝐗) qvesivrcis raime 𝐁 ∈

𝐊(𝐗) kompaqtur simravles Soris: 

d(x; B) = min{d(x; y): y ∈ B}.                          (4.32) 

axla ukve SegviZlia ganvsazRvroT manZili or kompaqtur 

𝐀 da 𝐁 simravles Soris: 

𝑑(𝐴; 𝐵) = 𝑚𝑎𝑥{𝑑(𝑥; 𝐵): 𝑥 ∈ 𝐴}.                           (4.32) 

advili Sesamowmebelia, rom  

𝑑(𝐴; 𝐵) ≠ 𝑑(𝐵; 𝐴).                                      (4.33) 

am faqtis gamosworeba SeiZleba, Tu SemoviRebT manZilis 

axal ℎ(𝐴; 𝐵) cnebas:  

𝒉(𝑨; 𝑩) = 𝒎𝒂𝒙{𝒅(𝑨; 𝑩); 𝒅(𝑩; 𝑨)}.                         (4.34) 

axla ukve sruldeba metrikis simetriulobis Tviseba: 

𝑑(𝐴; 𝐵) = 𝑑(𝐵; 𝐴)                                     (4.35) 

da ℎ(𝐴; 𝐵) aris 𝑲(𝑿) sivrcis metrika. am metrikas hausdorfis 

metrika, xolo (𝐾(𝑋), ℎ) sivrces hausdorfis metrikuli sivrce 

ewodeba. barnslim am sivrces “fraqtalebis sacxovrisi” 

uwoda. es sruli metrikuli sivrcea. im SemTxvevaSi, roca ℝ2  

sawyisi metrikuli sivrcea,  Sesabamis kompaqtur 

qvesimravleTa simravles mokled 𝐾(ℝ2)   aRniSnaven. 

 

 

 

 

 

 

 



V Tavi. gamosaxulebis fraqtaluri SekumSva 
 

cifruli gamosaxulebebis gamoyenebis farTo diapazo-nis 

gamo cifrul kamerebSi, skanerebSi, printerebSi aseve 

samxedro interesebisaTvis telemetriuli monacemebis 

damuSavebis sferoSi, adgilis gamosaxulebis arqivirebisa-

Tvis, Tavdacvis RonisZiebebis modelirebisaTvis da a.S. didi 

gamoyeneba pova gamosaxulebaTa SekumSvis, Senaxvisa da 

aRdgenis yvelaze ufro Tanamedrove meTodebis damuSavebam, 

rac fraqtalebisa da veivletebis gamoyenebas eyrdnoba. 

monacemTa struqturis dadgena metad mniSvnelovania maTi 

efeqturad warmodgenisa da Senaxvis saqmeSi. fraqtaluri 

kodirebisa da veivlet-gardaqmnis meTodebi iyenebs or 

sxvadasxva midgomas monacemTa struqturis dasadgenad. 

barnslma da slounma pirvelebma [11] SeniSnes kavSiri 

iterirebad funqciaTa sistemis Teoriasa da gamosaxulebaTa 

SekumSvis problemas Soris. jekvinma [11] SeimuSava monacemTa 

fraqtaluri kodirebis meTodi, sadac gamoiyeneba 

gamosaxulebis domenur da rangul blokTa sistemebi. am 

meTodidan gamomdinare, gamosaxulebas yofen erTmaneTTan 

araTanamkveT rangul qvegamosaxulebebad da gansazRvraven 

erTmaneTTan TanamkveT domenur qvegamosaxu-lebaTa sistemas. 

yoveli ranguli blokisaTvis kodirebis algoriTmi poulobs 

Sesabamis domenur bloksa da afinur gardaqmnas, romelic am 

domenur bloks asaxavs mocemul rangul blokze. amgvarad, 

gamosaxulebis struqtura aisaxeba domenuri, ranguli 

blokebis sistemebsa da Sesabamis afinur gardaqmnebze. 

amJamad, mimdinareobs kvlevebi gamosaxulebis fraqtaluri 

SekumSvis drois SemcirebisaTvis. 

gamosaxulebis SekumSvis veivlet-meTodebi iyenebs 

veivlet-gardaqmnebs, rac saSualebas iZleva gamosaxuleba 

gavfiltroT zedmeti monacemebisagan da efeqturi kodireba 

movaxdinoT. 

gamosaxulebis SekumSvis kombinirebuli veivlet-

fraqtaluri meTodebi iyenebs fraqtaluri SekumSvis domenur-

ranguli gardaqmnis ideas veivlet-filtris qvexeebisaTvis. 



Sedegad viRebT SekumSvis koeficientisa da dekodirebuli 

gamosaxulebis ukeTes xarisxs. 

maTematikis TvalsazrisiT, Sav-TeTri gamosaxuleba 

SegviZlia warmovadginoT, rogorc ori namdvili cvladis 

funqcia 𝑧 = 𝑓(𝑥, 𝑦), romelic gansazRvrulia marTkuTxedze 

𝐷(𝑓) = {((𝑥; 𝑦)|(𝑎 ≤ 𝑥 ≤ 𝑏) ∧ (𝑐 ≤ 𝑦 ≤ 𝑑))} an kvadratze  𝐷(𝑓) =

{((𝑥; 𝑦)|(𝑎 ≤ 𝑥 ≤ 𝑏) ∧ (𝑎 ≤ 𝑦 ≤ 𝑏))}. radgan gamosaxulebam “ar 

icis” sakuTari gansazRvris are, CavTvaloT, rom gansazRvris 

area erTeuli sigrZis gverdis mqone kvadrati 𝐷(𝑓) =

{((𝑥; 𝑦)|(0 ≤ 𝑥 ≤ 1) ∧ (0 ≤ 𝑦 ≤ 1))}. maSin gamosaxulebis gradacia 

moicema Sesabamisi 𝑧 = 𝑓(𝑥, 𝑦) funqciiT (sadac gamosaxulebis 

met simkveTres ufro didi ricxviTi mniSvnelobebi 

Seesabameba). Sesabamisad, Tu gvinda feradi gamosaxulebis 

gamosaxva, maSin dagvWirdeba sibrtyeze gansazRvruli veqtor-

funqciebi. arsebobs warmodgenis ramdenime saSualeba. 

kompiuterSi feri warmoidgineba, rogorc sami feris: wiTlis, 

mwvanis da lurjis kombinacia (𝑅𝐺𝐵). printerSi Savis garda 

gamoiyeneba: cisferi, wiTeli da yviTeli ferebis kombinacia 

(𝐶𝑀𝑌𝐾). nebismier SemTxvevaSi feri warmoidgineba, rogorc 

sami feris kombinacia anu yovel wertilSi gansazRvrulia 

veqtori. 

adamianis mier gamosaxulebis aRqma  analoguri procesia, 

xolo kompiuteruli samyaro – cifruli samyaro. Sav-TeTri 

gamosaxuleba kompiuterSi arauaryofiTi ricxvebis 

organzomilebiani masivia, masivis TiToeuli elementi – 

gamosaxulebis erTi pikseli. TiToeuli pikselisaTvis 

SegviZlia gamoviyenoT 8 biti (Tanrigi). 

 

 

 

 

 

 

 

 

 



5.1. gamosaxulebis SekumSvis amocana 
 

gamosaxulebis SekumSvis procesi SegviZlia gamovsaxoT 

Semdegi blok-sqemiT (nax. 5.1): 

 
 

nax. 5.1. gamosaxulebis SekumSvis procesis blok-sqema 

 

cifruli gamosaxuleba – pikselTa mniSvnelobebis masivi, 

romelic ricxviTi matriciთ gamoisaxeba. gamosaxu-lebis 
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SekumSvis operacia ori ZiriTadi nawilisagan Sedgeba: 

kodireba da dekodireba. 

kodireba gardaqmnis sawyis ricxviT masivs ise, rom man 

rac SeiZleba naklebi mexsiereba daikavos kompiuterSi. 

dekodireba aRadgens sawyis gamosaxulebas kodirebuli-

dan (Sebrunebuli gardaqmniT). Tu dekodirebuli gamosaxu-

leba zustad emTxveva sawyis gamosaxulebas, maSin amboben, 

rom kodireba-dekodirebis algoriTmi aris algoriTmi 

danakargis gareSe. Tu dekodirebuli gamosaxuleba 

gansxvavdeba sawyisi gamosaxulebisagan, maSin amboben, rom 

gvaqvs algoriTmi danakargebiT.  

SekumSvis sxva umravles meTodebTan erTad, fraqta-luri 

da veivlet-meTodebic warmoadgenს algoriTmebs danakar-

gebiT. arsebobs, monacemTa SekumSvis ori xerxi: 

a) SegviZlia SevamciroT monacemebi maTi gafiltvris 

saSualebiT, maSin Semcirdeba maT Sesanaxad saWiro 

bitebis raodenobac;  

b) an davamrgvaloT ricxvebi mocemul masivebSi da 

amiT SevamciroT Sesanaxad aucilebeli mexsiereba.  

srul sqemebSi gamoiyeneba SekumSvis orive meTodi.  

monacemTa SekumSvisaTvis ჰოfmanma SeimuSava entropi-uli 

meTodi, romelic amowmebs cifrul monacemTa ganawilebis 

struqturas. ricxviT mniSvnelobebs, romlebic masivSi xSirad 

gvxvdeba, Seusabameben naklebi raodenobis bitebs, xolo im 

mniSvnelobebs, romelic ufro iSviaTad gvxvdeba, Seusabameben 

ufro met bitebs. entropiul midgomas iyenebs ariTmetikuli 

kodirebis meTodic. 

praqtikaSi mizanSewonilia yvela am meTodis sinTezurad 

gamoyeneba, raTa yvela midgomis dadebiTi mxare iqnეs 

gamoyenebuli gamosaxulebis efeqturi kodirebisaTvis. 

monacemTa fraqtaluri SekumSvisaTvis mniSvnelovan rols 

ასრულებს ჰaTCinsonisa [12] da barnslis [13] iterire-bad 

funqciaTa Teoria. ganvixiloT iterirebad funqciaTa 

sistemebi (𝐈𝐅𝐒) da maTi gamoyeneba. 

 



5.2. iterirebad funqciaTa sistemebi 
 

sibrtyis afinuri gardaqmnis ganxilvisas miიღება 

gardaqmnis formulebi (4.30), romlebic damokidebulia eqvs 

Tavisufal cvladze. aqedan gamomdinare,  Tu gvinda brtyeli 

figuris sami sxvadasxva wertilis koordinatebi 

(𝑥1; 𝑦1); (𝑥2; 𝑦2); (𝑥3; 𝑦3) avsaxoT^sxva, gansxvavebul sam 

wertilSi (𝑥1
′ ; 𝑦1

′ ); (𝑥2
′ ; 𝑦2

′ ); (𝑥3
′ ; 𝑦3

′ ), maSin calsaxad ganisazRvreba 

gardaqmnis eqvsi cvladis mniSvnelobebi gantolebebidan: 

(

𝑥1 𝑦1 1
𝑥2 𝑦2 1
𝑥3 𝑦3 1

) ∙ (

𝛼1

𝛽1

𝛾1

) = (

𝑥1
′

𝑥2
′

𝑥3
′
),                                (5.1) 

(

𝑥1 𝑦1 1
𝑥2 𝑦2 1
𝑥3 𝑦3 1

) ∙ (

𝛼2

𝛽2

𝛾2

) = (

𝑦1
′

𝑦2
′

𝑦3
′
).                                (5.2) 

avagoT ℝ2 sibrtyis afinuri gardaqmnebi 

𝑇 ((𝑥1
𝑦1

)) = (
𝑥1

′

𝑦1
′ ) = (

𝛼1 𝛽1

𝛼2 𝛽2
) ∙ (

𝑥1

𝑦1
) + (

𝛾1

𝛾2
),                   (5.3) 

romlebic saSualebas mogvcemს avagoT serpinskis fraqta-

luri xaliCa (nax. 5.2). 

 

nax. 5.2. serpinskis fraqtaluri xaliCis deda da mamafraqtalebi 

naxazze kargad Cans, rom erTi Δ𝐴𝐵𝐶 samkuTxedi icvleba 

sami Δ𝐷𝐶𝐹, Δ𝐴𝐷𝐸 da Δ𝐸𝐹𝐵    samkuTxediT. aqvea miTiTe-buli 

wveroTa Sesabamisi koordinatebi. Cveni amocanaa vipovoT is 

afinuri gardaqmnebi, romlebic did samkuTxeds gadasaxavს sam 

mcire samkuTxedad. 



es afinuri gardaqmnebiა: 

Δ𝐴𝐵𝐶 ⟹  Δ𝐴𝐷𝐸: (
𝑥1

′

𝑥2
′ ) = (

1

2
0

0
1

2

) (
𝑥1

𝑥2
) + (

0
0

);              (5.4) 

𝐶 ⟹ 𝐷:  (

1

4

√3

4

) = (

1

2
0

0
1

2

) (

1

2

√3

2

) + (
0
0

).                      (5.5) 

aseve mowmdeba sxva wertilebis asaxvebic: 

Δ𝐴𝐵𝐶 ⟹ 𝐸𝐹𝐵:  (
𝑥1

′

𝑥2
′ ) = (

1

2
0

0
1

2

) (
𝑥1

𝑥2
) + (

1

2

0
);                (5.6) 

𝐶 ⟹ 𝐹: (

3

4

√3

4

) = (

1

2
0

0
1

2

) (

1

2

√3

2

) + (
1

2

0
).                     (5.7) 

dasasrul 

Δ𝐴𝐵𝐶 ⟹ 𝐷𝐶𝐹: (
𝑥1

′

𝑥2
′ ) = (

1

2
0

0
1

2

) (
𝑥1

𝑥2
) + (

1

4

√3

4

);              (5.8) 

𝐶 ⟹ 𝐶: (

1

2

√3

2

) = (

1

2
0

0
1

2

) (

1

2

√3

2

) + (

1

4

√3

4

).                   (5.9) 

mxedvelobaSi miiReba, rom didi samkuTxedis farTobi 

yovel bijze 𝐷 = 𝑑𝑒𝑡 (

1

2
0

0
1

2

) = 4-jer mcirdeba. procesis 

geometriulad gamosaxvisaTvis afinuri asaxvebi unda 

gavimeoroT yoveli axlad warmoqmnili patara samkuTxedi-

saTvis da Sedegebi gamovxazoT sawyisi samkuTxedis naxazze. 

amisaTvis dagvWirdeba kidev oTxi tipis asaxva: mobruneba ϑ 

kuTxiT, simetriis asaxva 𝑂𝑋 RerZis mimarT, 𝑂𝑌 RerZis mimarT 

da centruli simetria koordinatTa saTavis mimarT. es 

asaxvebi, Sesabamisad, moicema asaxvis matricebiT: 

(
cos 𝜗 − sin 𝜗
sin 𝜗 cos 𝜗

), (
1 0
0 −1

), (
−1 0
0 1

), (
−1 0
0 −1

).          (5.10) 

es algoriTmi advilad realizebadia 𝑀𝑎𝑡𝑙𝑎𝑏 garemoSi. 

 

 



5.2.1. gamosaxulebis kodirebis magaliTi 
 

ganvixiloT gvimris orobiTi tipis gamosaxuleba  

(nax. 5.3), sadac pikselis mniSvnelobaa: 0 an 1. 

 
nax. 5.3. gvimris orobiTi tipis gamosaxuleba 

 

am gamosaxulebas axasiaTebs TviTmsgavseba anu 

fraqtaluri struqtura. misi fraqtaluri kodirebisaTvis 

sakmarisia oTxi obieqtis kodireba, romelTagan TiToeuli 

xasiaTdeba sami ricxviT: pirveli obieqtia qveda marcxena 

totis momcveli minimaluri zomis samkuTxedi (sami wveroTi), 

meore qveda marjvena totis momcveli minimaluri samkuTxedi 

(sami wveroTi), mesame qvemo datotvidan momdevno datotvamde 

arsebuli Reros monakveTi (ori datotvis wertili da maT 

Soris Sua wertili) da meoTxe zeda wveros momcveli 

minimaluri samkuTxedi (sami wveroTi). aqedan gamomdinare, am 

gamosaxulebis fraqtaluri kodirebisaTvis sakmarisia 24 

ricxvis Senaxva. marTlac, samkuTxedis afinur gardaqmnas 

სWirdeba 6 ricxvi (5.1-5.2), 4 triadis (sami wertilis) gadasaxvas 

4 ∙ 6 = 24 piqseli. es aadvilebs gamosaxulebis kodirebas. 

danarCeni totebis miReba xdeba afinuri, TviTmsgavsebis 

principidan gamomdinare, radgan gvimris totebი erTnairi 

geometriuli agebulebisaa da mxolod masStabiT gansxvavdebა. 

sazogadod, yvela gamosaxulebas ara aqvs fraqtaluri 



struqtura da unda veZeboT ganmeorebadi fragmentebi, raTa 

gavimartivoT gamosaxulebis kodireba. 

 

 

5.2.2. 𝑰𝑭𝑺 funqciaTa sistemebi ჰausdorfis sivrceSi 
 

Ffraqtalurი gamosaxulebebი ganvixilოT (𝐾(𝑋); ℎ) 

ჰausdorfis sivrceSi. ganvsazRvroT kumSvadi asaxvebis 

specialuri saxe, romelic moqmedebs gamosaxulebaze anu 

(𝐾(𝑋); ℎ) sivrcis elementebze. 

vTqvaT, {𝑤1, 𝑤2, … 𝑤𝑁} aris (𝑋, 𝑑) metrikuli sivrcis kumSvad 

asaxvaTa sasruli raodenoba kumSvis Sesabamisi 𝑠1, 𝑠2, … 𝑠𝑁 

koeficientebiT, sadac 𝑠𝑖 ∈ [0; 1). SemoviRoT 𝑊 asaxva, romelic 

moqmedebs 𝑋 sivrcis kompaqtur qvesimravleebze (anu 

𝐾(𝑋)elementebze):  

𝑊(𝐵) = 𝑤1(𝐵) ∪ 𝑤2(𝐵) ∪  … ∪ 𝑤𝑁(𝐵) = ⋃ 𝑤𝑁(𝐵)𝑁
𝑖=1 ,  ∀𝐵 ∈ 𝐾(𝑋).  (5.11) 

maSasadame, 𝑊: 𝐾(𝑋) → 𝐾(𝑋) aris kumSvadi asaxva 

(𝐾(𝑋); ℎ) ჰausdorfis sivrceSi 𝑠 kumSvis koeficientiT, sadac 

𝑠 = 𝑚𝑎𝑥{𝑠1, 𝑠2, … , 𝑠𝑁} da adgili aqvs utolobas: 

ℎ(𝑊(𝐵), 𝑊(𝐶)) ≤ 𝑠 ∙ ℎ(𝐵, 𝐶)∀𝐵, 𝐶 ∈ 𝐾(𝑋).                (5.12) 

𝐏. 𝐒. iterirebad funqciaTa (𝐈𝐅𝐒) sistema Sedgeba sruli 

metrikuli (𝐗, 𝐝) sivrcisa da sasruli raodenobis kumSvadi 

asaxvebisagan. aseTi asaxvebisaTvis ixmareba aRniSvna {𝐗, 𝐰𝐢: 𝐢 =

𝟏, 𝐍̅̅ ̅̅ ̅}. 

kumSvadi asaxvebi SegviZlia gamoviyenoT iterirebadi 

funqciebisaTvisac. gamosaxulebas, romelic 𝑰𝑭𝑺 asaxvis 

erTaderTi uZravi wertiliა, atraqtori ewodeba. barnslim 

Camoayaliba Teorema ჰausdorfis metrikul sivrceSi kumSvadi 

asaxvebis Sesaxeb da kolaJis Teorema uwoda. 

kolaJis Teorema. vTqvaT, 𝐿 aris wertili 𝐿 ∈ 𝐾(𝑋). 

mocemulia 휀 > 0 mudmivაs raRac mniSvneloba. avirCioT IFS 

funqciaTa sistema {X, wi: i = 1, N̅̅ ̅̅ ̅} kumSvis 𝑠 koeficientiT  

(0 < 𝑠 < 1) ise, rom adgili ჰqondes utolobas: 



h(L, ⋃ wN(L)N
i=1 ) ≤ ε,                                (5.13) 

maSin  

ℎ(𝐿, 𝐴) ≤ (1 − 𝑠)−1 ∙ ℎ(L, ⋃ wN(L)N
i=1 ) ≤

1−𝑠
,                   (5.14) 

sadac 𝐴 aris IFS funqciaTa sistemis atraqtori.      

radgan 𝐴 atraqtori aris IFS iteraciaTa usasrulo 

raodenobis Sedegi, cxadia is fraqtalia. kolaJis Teorema 

gvaZlevs algoriTms gamosaxulebis Sesabamisi fraqtalebis 

asagebad. es naTlad gamoCnda gvimris orobiTi fraqtalis 

agebisas. 

 

5.3. gamosaxulebis fraqtaluri kodireba Sav-TeTr 

ferebSi 

iseTi gamosaxuleba, rogoricaa gvimris orobiTi 

gamosaxuleba, SegviZlia avagoT SedarebiT martivi IFS 

funqciaTa sistemis safuZvelze, radgan mas axasiaTebs 

globaluri TviTmsgavseba. es niSnavs, rom mTliani 

gamosaxuleba Sedgeba misi an misi nawilebis msgavsi 

masStabSi Semcirebuli fragmentebisagan. amasTan, aseTi 

gamosaxuleba  orobiTi tipis gamosaxulebaa, radgan mis 

yovel piqsels aqvs 1 an 0 mniSvneloba. realur obieqtTa 

umravlesobas ara aqvs TviTmsgavsebis Tviseba, ufro metic 

maTi umravlesoba araa orobiTi tipis anu yoveli piqseli 

mniSvnelobebs iRebs  garkveul diapazonSi Sav-TeTri 

gamosaxulebebisaTvis an xasiaTdeba veqtoriT feradi 

gamosaxulebis SemTxvevaSi. am SemTxvevaSi dagvWirdeba IFS 

sistemaze ufro zogadi sistema. 

rogorc aRvniSneT, Sav-TeTri tipis gamosaxuleba Segvi-

Zlia ganvixiloT, rogorc 𝐼2 = 𝐼 × 𝐼 kvadratze gansazRvru-li 

ori namdvili cvladis funqcia 𝑓(𝑥, 𝑦) anu 

𝑓: 𝐼2 → {1,2, … , 𝑁} ⊂ ℝ,                              (5.15) 

sadac 𝑁 Savi feris gradaciaTa raodenobaa.  SegviZlia am 

tipis funqciaTa simravleze SemoviRoT metrika: 



𝑑2(𝑓, 𝑔) = (∫ ∫ |𝑓(𝑥, 𝑦) − 𝑔(𝑥, 𝑦)|2𝑑𝑥𝑑𝑦
𝑁

1

𝑁

1
)

1

2
.               (5.16) 

aqedan gamomdinare, ganvixilavT kvadratiT integrire-bad 

𝑭 srul metrikul sivrces. am sivrcisaTvis adgili aqvs 

Teoremas kumSvadi asaxvis Sesaxeb. 

 Gგanvixilოთ cifruli gamosaxulebebi. 𝑛 × 𝑚 zomis 

cifruli gamosaxuleba aris 𝑓𝑖,𝑗 matrica, sadac 𝑖 = 1, 𝑛̅̅ ̅̅ ̅ da 𝑗 =

1, 𝑚̅̅ ̅̅ ̅̅ , xolo 𝑓𝑖,𝑗 = 𝑓(𝑥𝑖 , 𝑦𝑗). aseT SemTxvevaSi vambobT, rom gvaqvs 

gausis diskretuli metrika: 

𝑑𝑑𝐺(𝑓, 𝑔) = [∑ ∑ |𝑓(𝑥𝑖 , 𝑦𝑗) − 𝑔(𝑥𝑖 , 𝑦𝑗)|
2𝑚

𝑗=1
𝑛
𝑖=1 ]

1

2
.             (5.17) 

 

5.3.1. alag-alag gansazRvruli iterirebad funqciaTa 

sistema 

gamosaxulebis fraqtaluri SekumSvisaTvis gamoiyeneba 

specialuri tipis alag-alag gansazRvruli iterirebad 

funqciaTa sistema (𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑒𝑑 𝑖𝑡𝑒𝑟𝑎𝑡𝑒𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑠𝑦𝑠𝑡𝑒𝑚 − 𝑃𝐼𝐹𝑆). es 

sistema Sedgeba sruli metrikuli 𝑋 sivrcis, misi 𝐷𝑖 ⊂ 𝑋, 𝑖 =

1, 𝑛̅̅ ̅̅ ̅ qvesimravleebisa da kumSvadi 𝑤𝑖: 𝐷𝑖 → 𝑋, 𝑖 = 1, 𝑛̅̅ ̅̅ ̅ 

asaxvebisagan. 

 

5.3.2. Sav-TeTri gradaciis gamosaxulebis afinuri 

asaxva 

vTqvaT, gvaqvs erTeulovani kvadratis afinuri asaxva 

Tavis Tavze: 

𝑤�̃�: 𝐼
2 → 𝐼2.                                           (5.18) 

sxvanairad rom vTqvaT, gvaqvs 2 × 2 zomis 𝐴𝑖 matricisa da 

2 × 1 zomis 𝑏𝑖 veqtorisaTvis afinuri asaxvis Canaweri: 



𝑤�̃�(𝑥, 𝑦) = 𝐴𝑖 (
𝑥
𝑦) + 𝑏𝑖 .                                  (5.19) 

vTqvaT, 𝐷𝑖 ⊂ 𝐼2 aris erTeulovani kvadratis raRac 

qvesimravle, xolo 𝑅𝑖 𝑤�̃� asaxvis saxe misi 𝐷𝑖 qvesimravleze 

moqmedebisas, maSin 𝑤�̃�(𝐷𝑖) = 𝑅𝑖 . exla ukve SegviZlia CavweroT 

𝑓(𝑥, 𝑦) funqciaze moqmedi 𝑤𝑖: 𝐹 → 𝐹 asaxva:  

𝑤𝑖(𝑓)(𝑥, 𝑦) = 𝑠𝑖 ∙ 𝑓 (𝑤�̃�
−1(𝑥, 𝑦)) + 𝑜𝑖 .                      (5.20) 

𝑠𝑖 konstantazea damokidebuli gamosaxulebis kontras-

tuloba. oi gamosaxulebis sikaSkaSes marTavs. 

wĩ asaxvas wi asaxvis sivrcul mdgenels uwodeben. (5.20) 

asaxva is bazuri asaxvaa, romelsac iyeneben Sav-TeTri 

gradaciis gamosaxulebis fraqtaluri kodirebisas. 

exla ganvixiloT Sav-TeTri gradaciis gamosaxulebis 

kumSvadi asaxva. imisaTvis, rom 𝑤𝑖: 𝐹 → 𝐹 asaxva iyos kumSvadi, 

unda Sesruldes utoloba: 

𝑑2(𝑤𝑖(𝑓), 𝑤𝑖(𝑔)) ≤ 𝑠 ∙ 𝑑2(𝑓, 𝑔),                           (5.21) 

sadac 𝑠 ∈ (0,1). Tu gamoviyenebT cvladTa gardaqmnas (5.16) 

orjerad integralSi, maSin [11] 

𝑑2
2(𝑤𝑖(𝑓), 𝑤𝑖(𝑔)) ≤ |𝑠𝑖|2 ∙ |𝑑𝑒𝑡𝐴𝑖| ∙ 𝑑2

2(𝑓, 𝑔),                   (5.22) 

sadac  𝐴𝑖 aris 𝑤𝑖 gardaqmnis matrica,  𝑑𝑒𝑡𝐴𝑖 _ gardaqmnis 

matricis determinanti,  𝑠𝑖 _ kumSvis koeficienti.   

5.3.3. Sav-TeTri gradaciis gamosaxulebis kumSvadi 

asaxva 

erTeulovani 𝐼2 kvadrati davfaroT ranguli blokebis 

{𝑅𝑖} simravliT ise, rom 

𝐼2 = ⋃ 𝑅𝑖,                                             (5.23) 

𝑅𝑖 ⋂ 𝑅𝑗 = 0.                                             (5.24) 

vTqvaT, 𝑤�̃� aris alag-alag gansazRvruli iterirebad 

funqciaTa sistema 𝑃𝐼𝐹𝑆: 

𝑤�̃� ∶  𝐷𝑖 → 𝑅𝑖,                                          (5.25) 



Aაse, rom 𝐷𝑖 domenuri area 𝐷𝑖 ⊂ 𝐼2,romlebic SeiZleba 

gadaikveTos. 𝑤�̃� asaxva 𝐷𝑖 domenebs asaxavs rangul 𝑅𝑖 

simravleebze. domenebi SeiZleba ikveTebodes kidec, xolo 

ranguli areebi mTlianad faravს erTeulovan kvadrats. 

TiToeuli 𝑤�̃� asaxvisaTvis ganvsazRvravT Sesabamis 𝑤𝑖 

asaxvas gamosaxulebaTa 𝐹 simravleze: 

𝑤𝑖(𝑓)(𝑥, 𝑦) = 𝑠𝑖 ⋅ 𝑓 (𝑤�̃�
−1(𝑥, 𝑦)) + 𝑜𝑖,                    (5.26) 

sadac 𝑠𝑖 ise airCeva, rom 𝑤𝑖 iyos kumSvadi asaxva. axla 

ganvsazRvroT 𝑊: 𝐹 → 𝐹:  

𝑊(𝑓)(𝑥, 𝑦) = 𝑤𝑖(𝑓)(𝑥, 𝑦), ∀(𝑥, 𝑦) ∈ 𝑅𝑖 .                       (5.27) 

radgan ranguli areebi mTlianad faravს erTeulovan 

kvadrats, 𝑊 asaxva moqmedebs mTel erTeulovan kvadratze da, 

Sesabamisad, 𝑊(𝑓) aris kumSvadi gamosaxuleba. kumSvadi 

asaxvebis Teoremidan viciT, rom gveqneba erTaderTi uZravi 

wertili: 

𝑊(𝑓𝑤) = 𝑓𝑤 .                                          (5.28) 

Teorema kumSvadi asaxvebis Sesaxeb aris bazurი 

gamosaxulebaTa fraqtaluri kodirebis saqmeSi. marTlac, Tu 

gvaqvs 𝑓 cifruli gamosaxuleba, maSin veZebT iseT kumSvad 𝑊 

asaxvas, rom misi uZravi wertili 𝑓𝑤 axlos iyos 𝑓 sawyis 

gamosaxulebasTan. Tu 𝑊 Seicavs mTel informacias 𝑓𝑤-s 

misaRebad da Tu 𝑊 ikavebs ufro mcire adgils, vidre sawyisi 

cifruli gamosaxuleba, maSin migviRwevia cifruli 

informaciis fraqtaluri SekumSvisaTvis. aqac kolaJis 

Teorema saSualebas iZleva fraqtaluri kodireba movaxdinoT 

erT bijze da aRar gvWirdeba iteraciaTa usasrulo 

raodenoba. 

 

 

 

 

 

 

 

 



VI Tavi. gamosaxulebis SekumSva veivletebiT 

 
gamosaxulebaTa SekumSva veivletebis meSveobiT, 

gardaqmnaTa meTodebis nairsaxeobaა da ramdenadme 

gansxvavdeba fraqtaluri meTodisagan. Tumca, am ori tipis 

meTods Soris mWidro kavSiriა. fraqtaluri meTodi iyenebs 

sxvadasxva masStabSi ganxiluli gamosaxulebis TviTmsga-

vsebis Tvisebas, raTa Seamciros Sesanaxi informaciis 

moculoba maSin, roca veivlet-meTodi iyenebs gardaqmnili 

gamosaxulebis monacemTa zedmetad masStaburobis Tvisebas. 

amitom, gamosaxulebis SekumSvis Sereuli, fraqtalur-

veivleturi meTodi iyenebs fraqtalur meTods veivlet-

gardaqmniT miRebuli gamosaxulebis mimarT. 

 

6.1. veivletebi da signalebis maTematikuri 

modelireba 
 

veivletebi aris gansakuTrebuli tipis funqciis zogadi 

dasaxeleba, romelსac aqvს mokle talRaTa paketis saxe, 

nulovani integraluri mniSvnelobiT da garkveuli, zogjer 

rTuli formiT, romelsac lokaluri Zvra da masStabireba 

axasiaTebs. 

veivletebi აigeba specialuri bazisuri funqciebis 

meSveobiT, romlebic garkveul pirobebs akmayofilebs. veiv-

letebis erTobliobas SeuZlia funqciisa da signalebis 

miaxloeba zustad an garkveuli sizustiT. veivletebi 

saSualebas iZleva gamosaxulebebi davamuSaoT, gavukeToT 

dekompozicia, restavracia da identifikacia; aseve gavfil-

troT xmaurisagan, SevkumSoT failebi, romlebic ricxviT 

monacemebsa da gamosaxulebebs Seicavs.  

veivletebis cneba SemoiRes  grosmanმა da morleმ 80-iani 

wlebSi [14]. amJamad, veivletebi farTod gamoiyeneba saxeTa 

amocnobis amocanebSi, sxvadasxva tipis signalebis 



damuSavebisa da sinTezis amocanebSi, turbulenturi vele-bis 

Tvisebebis SeswavlisaTvis da a.S. 

veivlet-gardaqmna mdgomareobs imaSi, rom signals 

daSlian solitonisebri funqciebisagan Semdgari masStabu-ri 

da wanacvlebuli bazisis mimarT. bazisis TiToeuli funqcia 

axasiaTebs rogorc garkveul sivrciT (droiT) sixSires, aseve 

mis lokalizacias fizikur sivrceSi (droSi). 

signalebis analizis tradiciuli furies gardaqmnisgan 

gansxvavebiT veivlet-gardaqmna gvaZlevs erTganzomilebiani 

signalis organzomiლebian sixSire-koordinatad warmodge-nas. 

Sedegad, saSualeba gveZleva SeviswavloT signali, 

erTdroulad, fizikur da speqtrul sivrceSi. 

cnobilia mokle, maRalsixSiriani an lokalizebulი 

maRalsixSiriani signalebis damuSavebis sirTule. aseTi 

monacemebis adekvaturi gaSifrvisaTvis saWiroa iseTi bazisi, 

romlis elementebi iZleva maRali sixSris rxevebis aRweras 

da aseve kargad lokalizebulia sivrceSi (droSi). veivletebi 

saSualebas gvaZlevs davamuSaoT aseTi signalebi moZravi 

sixSire-drois fanjriT. amis gamo, zogjer veivletebs 

maTematikur mikroskopsac uwodeben. signalebis warmodgenisas 

mniSvnelovania vipovoT iseTi warmodgena, romelic garkveuli 

azriT  optimaluri iqneba. sasurvelia signalis iseTi 

warmodgena, romelic Seinar-Cunebs signalis yvela Tvisebas. 

aseTi warmodgena SeiZleba x signalis dekompoziciiT, 

elementaruli xi  signalebiT: 


i

ixx ,                           (6.1) 

sadac xi elementaruli funqciebia. ufro metic, sasurvelia, 

rom am funqciebs hqondeს garkveuli fizikuri interpretacia. 

signalis dekompozicia unda Sesruldes swrafi algoriTmiT, 

winaaRmdeg SemTxvevaSi mas mxolod Teoriuli Rirebuleba 

eqneboda. dekompoziciisas unda amoixsnas aproqsimaciis 

amocana anu dekompoziciis Sedegi rac SeiZleba axlos unda 



iyos sawyis signalTan. es unda ganxorcieldes, rac SeiZleba 

naklebi raodenobis elementaruli blokebis gamoyenebiT. 

sxvadasxva “optikuri daSvebiT” analizis koncefcia 

saSualebas mogvcems SevasruloT es moTxovnebi bunebrivad, 

sawyisi uxeSi aproqsimaciis TandaTanobiTi dazustebiT, 

detalebis mimdevrobiTi damatebiT. aseTi amocanis klasikur 

gadawyvetas gvaZlevs furies gardaqmna rogorc uwyveti, aseve 

wyvetili droiT. SemuSavebulia furies swrafi gardaqmnis 

mravali algoriTmi. miuxedavad imisa, rom es sxvadasxva 

algoriTmiT amoixsneba, TiToeulisTvis damaxasiaTebelia 

erTi da igive maTematikuri aparatis gamoyeneba. 

Tu mocemulia erTsixSiriani signali tie  , maSin furies 

gardaqmnaze damyarebuli meTodebi saSualebas mogvcems 

sixSireze vipovoT signalis piki. Tu signali or sinusoidas 

mainc Seicavs, gansazRvruls sxvadasxva droiT intervalze, 

maSin warmoiSoba problema. miiReba ori piki drois 

lokalizaciis gareSe. aqedan gamomdinareobs signalis 

sixSire-dro cvladebSi warmodgenis aucilebloba, romelic 

saSualebas mogvcemda migveRo lokaluri informacia 

signalis Sesaxeb  rogorc sixSiriT, aseve  droiთ areSi. 

cxadia, rom saWiroa ufro lokalizebuli bazisuri 

funqciebi, vidre sinusoidaa. amitom ganixilaven e.w. fanjrebs 

tt sin)( ,                                               (6.2) 

sadac )(t  fanjris funqciaa, romelic drois lokali-zacias 

iZleva. aseT gardaqmnas fanjrul furies gardaqmnas 

uwodeben. miRebuli elementaruli blokebi sixSire-dro 

sibrtyes garkveul nawilebad yofს. aseT situaciaSi, 

heizenbergis principidan gamomdinare, SeuZlebelia mivaRwioT 

erTnairad karg droiT da sixSiriT lokalizacias. sixSirisa 

da drois daSvebebi Semoifarg-leba heizenbergis utolobiT: 

4

1
 ft .                                            (6.3) 



veivlet-analizi SedarebiT axali  cnebaa, amitom misi 

gadmocemisas gamoiyeneba furies analizis paraleluri gan-

xilva. 

vTqvaT, )2;0(2 L  aris )2;0(  SualedSi gansazRvruli, 

kvadratiT integrirebad funqciaTa simravle (funqciona-luri 

sivrce) anu 


2

0

2
)( dxxf < .                                                  (6.4) 

es alag-alag uwyveti funqciebis simravlis gansazR-

vrebaa. is SeiZleba periodul funqciamde SevavsoT namdvil 

ricxvTa R simravleSi  

f(x)=f(x-2 ),   .x                                                                               (6.5) 

nebismieri 2 - periodiani kvadratiT integrirebadi 

)2;0()( 2 Lxf   funqcia SeiZleba warmovadginoT furies mwkriviT 







n

inx

neCxf )( .                                         (6.6) 

sadac nC   mudmivi ricxvebia da  







2

0

)(
2

1
dxexfC inx

n                                     (6.7) 

amave dros  (6.6) mwkrivi Tanabrad krebadia  anu 

  


2

0

2

,

0)(lim dxeCxf
N

Mn

inx

n
NM

.                               (6.8) 

unda aRiniSnos, rom  

. . . .,-1,0,1, . .n   ,)(  inx

n exW                                  (6.9) 

funqciebi adgens orTonormirebul baziss )2;0(2 L sivr-

ceSi. bazisuri funqciebi miiReba erTaderTi ixexW )( funqciis 

masStaburi cvlilebiT ise, rom 

).()( nxWxWn                                            (6.10) 



am moqmedebas integralur gafarToebas uwodeben.  

P.S. )2;0(2 L  nebismieri kvadratiT integrirebadi funqcia Seg-

viZlia warmovadginoT ixexW )(  bazisuri funqciis )()( nxWxWn   

integraluri gafarToebis superpoziciiT. 

radgan (6.9) bazisi orTonormirebulia, adgili aqvs 

parsevalis tolobas: 
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0

22
)(

2

1

n

nCdxxf .                                  (6.11) 

)(xf  funqciis warmodgena veivletebis meSveobiT. 

ganvixiloT kvadratiT integrirebadi funqciebis  )(2 RL  

funqcionaluri sivrce, sadac 






dxxf
2

)( .                                          (6.12) 

)(2 RL  da )2;0(2 L  funqcionaluri sivrceebi mniSvnelovnad 

gansxvavdeba erTmaneTisagan. kerZod, )(2 RL sivrcis nebismieri 

funqciis saSualo lokaluri mniSvneloba miiswrafvis 

nulisken. amitom, sinusoiduri talRa ar ekuTvnis )(2 RL -s da, 

maSasadame, )(xWn  ar SeiZleba   iyos am funqcionaluri 

sivrcis bazisi. vipovoT martivi funqciebi )(2 RL  bazisis 

konstruirebisaTvis. bazisis warmomqmneli funqcia unda 

miiswrafodes nulisken orive mimarTulebiT. veivleti patara 

talRas niSnavs. 

rogorc )2;0(2 L  sivrcis SemTxvevaSi, )(2 RL -Sic Seve-cadoT 

avagoT bazisi erTi )(x  warmomqmneli funqciis  

meSveobiT (is SeiZleba iyos ramdenime_sixSiriani an 

erT_sixSiriani veivleti). Tu veivleti swrafad miiswrafvis 

nulisken, am funqciebiT rogor davfaroT mTeli ricxviTi 

RerZi? yvelaze martivad es SeiZleba gavakeToT k sididiT 

wanacvlebis operaciis meSveobiT anu gveqneba )( kx  . am 

operacias integralur Zvras uwodeben. ganvixiloT 



sinusoiduri sixSiris analogi, romelsac martivad 

warmovadgenT oris xarisxiT: 

)2( kxj  ,                                (6.13) 

sadac j ; k mTeli ricxvebia. 

radgan 






 dxxfxf 2)()( ,                             (6.14) 

amitom 

)(2)2( 2 xkx

j

j 


 .                                  (6.15) 

maSin orTonormirebul veivlet-baziss eqneba saxe: 

)2(2 2 kxj

j

jk   .                                    (6.16) 

sazogadod, veivlets ewodeba orTogonaluri, Tu 

Sesabamisi veivlet-bazisi jk  akmayofilebs pirobebs: 

kmjllmjk   ; .                                       (6.17) 

maSin )()( 2 RLxf   adgili aqvs veivlet-warmodgenas: 

 









j k

jkjk xCxf ).()(                               (6.18) 

am jeradi mwkrivis Tanabari krebadoba Caiwereba Semdegi 

zRvriT: 
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Cf  .                           (6.19) 

yvelaze martivი orTogonalurი veivleti ჰaaris veiv-

letia :)(xH  
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)( xxH                             (6.20) 

 

6.2. integraluri veivlet-gardaqmna 

ganvixiloT veivletebi zogad SemTxvevaSi, roca masSta-

buri cvlileba ar aris aucileblad oris xarisxi. aseve, 

ganvixiloT nebismieri wanacvleba. erTi warmomqmneli )(x

veivlet-funqciis integraluri a  gafarToebiT da b  wanacv-

lebiT SesaZlebelia konstruireba gavukeToT nebismier 

funqcias )(2 RL  funqcionaluri sivrcidan. 

)(L R,ba,   ),()( 2
2

1

, R
a

bx
axba 





 .                     (6.21) 

am formuliთ SegviZlia avagoT integraluri veivlet-

gardaqmna: 
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 ,            (6.22) 

sadac   funqcias veivletis dedafunqcias (warmomშობs) 

uwodeben. 

(6.22) formulaSi )(b, xa  funqcia igive rols asrulebs, 

rasac  tie  funqcia furies gardaqmnaSi. 

Tu gavagrZelebT analogiis Zebnas furies gardaqmnasTan, 

maSin (6.23) formulaSi f(x) funqciis veivletebiT warmodgenis  

jkC   koeficientebi  

 









j k
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j

jk kxCxf )2(2)( 2                             (6.23) 

gamoiTvleba Semdegi formuliT: 



jkjk fC ; .                                          (6.24) 

am tolobebidan gamomdinare, integraluri veivlet-

gardaqmnebis safuZvelze, SegviZlia  davweroT: 
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6.3.  veivletisa da veivlet-gardaqmnis Tvisebebi 

veivlet-gardaqmna saSualebas gvaZlevs signali ganvixi-

loT solitonisebri funqciebisagan Sedgenili bazisis 

mimarT. ganvsazRvroT is ZiriTadi Tvisebebi, romlebic unda 

hqondeT solitonisebr (warmomSob) )(x  dedafunqciebs 

(veivletebs), raTa ganxilul iqnes rogorc veivletebi. 

lokalizacia 

veivlet-gardaqmna, furies gardaqmnisgan gansxvavebiT, 

iyenebs iseT bazisur (warmomSob) dedafunqcias, romelic 

lokalizebulia sivrcis (drois) SemosazRvrul areSi. 

veivleti lokalizebuli unda iyos rogorc fizikur, aseve 

speqtrul  sivrceSi, rogorc wesi, 2 kx . 

nulovani saSualo mniSvneloba 

 niSnavs, rom  






 0)( dxx .                                           (6.26) 

amocanebis ganxilvisas zogjer moiTxoveba ufro mkacri 

pirobac: 






 0)( dxxxm .                                        (6.27) 

aseT veivlets m  rigis veivlets uwodeben, romelic maSin 

ganixileba, roca saWiroa veivletis warmoebulebis ganxilva,  

m  rigis CaTvliT. 



SemosazRvruloba  moicema pirobiT: 






dxx
2

)( .                                          (6.28) 

kargi lokalizacia da SemosazRvruloba ganisazRvreba 

Semdegi formuliT: 

n
x

x



1

1
)(                                           (6.29) 

an Sesabamisi furie-gardaqmnisaTvis 

n
k 01

1
)(









,                                      (6.30) 

sadac 0  veivletis dominanturi sixSirea. 

Aaxla ganvixiloT veivlet-gardaqmnis Tvisebebi: 

SemoviRoT aRniSvnebi: 

  ),( )( ),( bawfwbafW  .                              (6.31) 

veivlet-gardaqmnis operatoris wrfivobis Tviseba 

  ),(),()()()()( 212121 bawbawfwfwxfxfw   .          (6.32) 

invariantuloba wanacvlebis operaciis mimarT 

  ),()( 00 bbawbxfw  .                                  (6.33) 

 

invariantuloba masStabis cvlilebis mimarT  
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 energiis Senaxvis Tviseba 

veivlet-gardaqmnisTvis adgili aqvs parsevalis tolo-bis 

analogs: 
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saidanac gamomdinareobs, rom 
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6.4. veivlet-funqciebis kerZo SemTxvevebi 

ganvixiloT veivlet-funqciebis konkretuli saxeebi: 

meqsikuri qudi (maaris veivleti) 

ase uwodeben funqcias, romelic miiReba gausis funqciis 

orjer gawarmoebiT 

22

2

)1()(

t

ett


 .                                       (6.36) 

meqsikuri qudis grafiki mocemulia 6.1 nax-ze. 

 

nax.6.1. maaris veivleti - meqsikuri qudi 

Sesabamis veivlet-baziss eqneba saxe: 

)2(2 2 kxj

j

jk   .                                    (6.37) 

damasStabebisa da wanacvlebis grafikuli ilustracia 

maaris veivletisaTvis mocemulia 6.2 nax-ze. 
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nax. 6.2. damasStabebisa  da wanacvlebis grafikuli ilustracia 

 

zogjer iyeneben gadabrunebul meqsikur quds, romelic 

moicema formuliT: 
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 .                                      (6.38) 

gadabrunebuli meqsikuri qudi mocemulia 6.3. nax-ze. 
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nax. 6.3. maaris veivleti _ gadabrunebuli meqsikuri qudi 

Sesabamis veivlet-baziss eqneba saxe: 

)2(121 2 kxj

j

jk   .                                       (6.39) 

haaris veivleti 

signalebis dekompoziciisa da rekonstruqciisaTvis 

xSirad  iyeneben haaris veivletebs, romelTa warmomqmnel 

(deda) funqcias aqvs saxe (nax. 6.4): 
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)( xxH                           (6.40) 

 

nax. 6.4. haaris veivleti 

Sesabamis veivlet-baziss eqneba saxe:  

)2(2 2 kxjH

j

jk
H   .                                  (6.41) 

advili Sesamowmebelia, rom nebismieri ori H

mn   H

jk  

funqcia veivlet-bazisidan, romlebic miiReba haaris deda-

funqciidan,  
m2

1
 ,

2

1
j

 integraluri gafarToebisa da 
m2

n
 ,

2 j

k

wanacvlebis Semdeg  orTonormaluria erTmaneTis mimarT anu 

adgili aqvs tolobas: 

knjmmn
H

jk
H   ; .                                   (6.42) 
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P.S. haaris bazisis uaryofiTi mxarea is, rom es veivleti 

arasimetriuliა da gluvi, Tumca zogierT amocanaSi 

signalebis damuSavebisas es umniSvneloa. amdenad, haaris 

veivletebs xSirad iyeneben praqtikaSi. 

ufro xSirad iyeneben haaris veivletis msgavs simetriul 

warmomqmnel veivlets (dedafunqcias), romelsac frangul 

quds uwodeben. 

frangul qudi 

am veivlets Caweren Semdegი  saxiT: 
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xF                                 (6.43) 

 

nax. 6.5. veivleti _ franguli qudi 

Sesabamis veivlet-baziss eqneba saxe: 

)2(2 2 kxjF

j

jk
F   .                                  (6.44) 

ufro rTuli, organzomilebiani signalebisaTvis garda 

wanacvlebisa da damasStabebisa, saWiroa gaviTvaliswinoT 

mobrunebac. 

veivlet-gardaqmnebi farTod gamoiyeneba signalebis 

filtraciisa da SekumSvisaTvis [14_15]. 
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maRali rigis veivletebisaTvis, warmomqmneli deda- 

veivletis asagebad, rogorc wesi, gamoiyeneba Sesabamisi 

filtraciis koeficientebis gamoTvlis iteraciuli, 

funqciuri gantolebebi, romelTaTvisac aucilebelia 

Semqmneli, mamaveivletebis ageba. Aაse aigeba, magaliTad, 

dobeSis meoTxe rigis veivleti [14_16].  

 

6.5. veivlet-analizi Mathcad-is bazaze 

vTqvaT, mocemulia signali )(ts , romlis energia Semosaz-

Rvrulia anu 

 
R

dtts )(2 .                                           (6.45) 

am signalis pirdapiri veivlet-gardaqmna, furies 

gardaqmnis analogiurad, moicema Sesabamisi veivlet-

koeficientebis meSveobiT: 

 






 


R

dt
a

bt
tstbatsbaC  )(),,(),(),( .                     (6.46) 

ase, rom veivlet-koeficientebi moicema signalisa da 

mocemuli saxis veivlet-funqciis skalaruli namravliT. 

ganvixiloT veivlet-gardaqmnis magaliTebi: 

1) mocemul signals aqvs simetriuli marTkuTxa impul-

sebis saxe _ meandra. Mmoicemა analizuri formuliT: 

))04.0(sin()( tsignts  .                                    (6.47) 

grafikulad, meandras tipis signali mocemulia  

6.6 nax-ze. 



 

nax. 6.6. meandras grafikuli saxe 

avagoT am signalis pirdapiri veivlet-gardaqmna da 

speqtrograma maaris warmomqmneli veivlet-funqciis meSveobiT 

Matcad 2001-is bazaze: 
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nax. 6.7.  meandras tipis signalis speqtrograma 

 

2) mocemul signals aqvs sinus-kubis saxe anu 

3)1.0sin()( tts  .                                        (6.48) 

grafikulad am tipis signali mocemulia 6.8 nax-ze. 

 

nax. 6.8. sinus-kubis grafikuli saxe 

avagoT am signalis pirdapiri veivlet-gardaqmna da 

speqtrograma, maaris warmomqmneli veivlet-funqciis meSve-

obiT Matcad 2001-is bazaze: 
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nax. 6.9. sinus-kubis speqtrograma 

im SemTxvevაSi, roca gvaqvs perioduli signali, umjo-

besia gamoviyenoT furies gardaqmnebi. roca signali 

xasiaTdeba sivrciTi an droiTi lokalizaciiT, maSin 

veivlet-gardaqmna yvelaze ufro zustia. es upiratesoba 

mkveTrad Cans bgeriTi da gamosaxulebaTa signalebis 

SemTxvevebSi. 
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6.6. veivlet-gardaqmnebi da signalebis gafiltვრa 

Mathcad-is bazaze 

signalebi SeiZleba warmovadginoT, rogorc misi uxeSi 

miaxloebisa da damazustebel (ufro detalur) warmodgenaTa 

jami. am procesis realizaciisaTvis orTogonaluri 

veivletebi gamoiyeneba, romelic aigeba multimasStaburi 

(multiresolution) analiziT. es analizi emyareba Semdeg ZiriTad 

faqtebs: 

 signalebis V sivrce SeiZleba daiyos iseT 

ierarqiul Vj qvesivrceebad, romlebiც erTmaneTს ar 
kveTs da romelTa gaerTianeba zRvarSi L2(R) sivrces 
iZleva; 

 nebismieri jVts )(  funqciisaTvis, misi SekumSuli 

versia Vj-1  qvesivrces ekuTvnis; 

 arsebobs iseTi 0)( Vx   funqcia, romlisTvisac misi 

)()(,0 kxxk  wanacvleba Seadgens orTonormirebul 

baziss V0 sivrceSi. 

თუ )(,0 tk  funqciebi adgens orTonormirebul baziss V0 

sivrceSi, maSin  

)2(2)( 2/

, ktt jj

kj                                 (6.49) 

ფunqciebi adgenს ოrTonormirebul baziss L2(R) sivrceSi. am 

funqciebs Semqmnel, mamaveivletebs uwodeben. isini 

mamasStabirebeli funqciebia, radgan qmniს Tavis msgavs 

funqciebs sxvadasxva masStabSi. e.i. s(t) signali SeiZleba 

warmodgenil iqnეs, rogorc misi Vj subqvesivrceSi 

Taნაmimdevruli miaxloebis zRvari: 

)(lim)( tsts j
j 

 .                                          (6.50) 

rogorc wesi, signalis dekompoziciis wesidan 

gamomdinare, j-s didi mniSvnelobisaTvis miiReba uxeSi 

miaxloebebi, xolo mcire mniSvnelobisaTvis _ ufro zusti 

miaxloebebi. 



signalis aproqsimacias Seesabameba iteraciuli formula: 
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kjj tkjCts )(),()( , ,                                 (6.51) 
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k ktht )2(2)(0,0  .                                 (6.52) 

zogad SemTxvevaSi, signalis rekonstruqcia nj   daSvebis 

doneze xorcieldeba formuliT:  
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kjkj tdtats )()()( ,,,  ,                       (6.53) 

sadac kjn
a ,  aproqsimaciis koeficientebia; - damazustebeli 

koeficientebi; )(, tkjn
  _ Semqmneli mamaveivleti; )(tk  _ 

warmomqmneli, dedaveivleti.  

signalis mTliani aRdgena SesaZlebelia, Tu  

   









k

k kth
t

Zk )(2
2
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am gantolebas damazustebeli (refinement) ewodeba. 

magaliTi. ჰaaris veivletisaTvis 
2

1
21  hh . 
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სadac 0,0C  aris signalis dabalsixSiriani nawilis  koefi-

cienti; kjd , _ signalis maRalsixSiriani nawilis koeficiente-

bis matrica; )(t  _ mamaveivleti; )(, tkj  _  dedaveivleti. 

vTqvaT, gvaqvs signali  2;1;0;1;2;3;0;1 y , romelic gansazRvru-

lia  1,02L sivrceSi. 

Tu gamoviyenebT ჰaaris veivlets da dekompoziciis (6.55) 

formulas, maSin miviRebT matricas: 

kjd ,
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d

d

c

.                (6.56) 

am tolobis marjvena nawilis did matricaSi  

 pirveli sveti aris masStabirebis )(t  funqcia; 

 meore sveti - ჰaaris veivleti; 

 mesame da meoTxe svetebi - signalis pirveli donis 
warmodgenis ricxviTi mniSvnelobebi; 

 mexuTe - merve svetebi Seesabamebა signalis meore 
donis warmodgenas. 

ase rom, tolobis marjvena nawilis ucnobi matricis 

gamosaTvlelad saWiroa (6.56) matriculi gantolebis amoxsna. 

roca Semomavali signalis ricxviTi mniSvnelobebis 

raodenoba sakmaod didia, veivlet-koeficientebi gamoiTv-leba 

filtraciis meTodebiT. 

ganvixiloT Semomavali signalis dekompoziciis  

(filtraciis) algoriTmi: 

 
n

nk aknhHa )2()( ;                                   (6.57) 

 
n

nk akngGa )2()( ,                                  (6.58) 

სadac Ha _ signalis dabalsixSiriani  filtraciis opera-

toria; Ga  _ signalis maRalsixSiriani filtraciis ope-

ratori; h  _ veivlet-filtvris dabalsixSiriani koefici-

entebis veqtori; g  _ veivlet-filtris maRallsixSiriani 

koeficientebis veqtori. 

cnobilia, rom ჰaaris veivlet-filtris SemTxvevaSi  
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1
21  hh  ;  
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1
21  gg .                            (6.59) 

am faqtebis gaTvaliswinebiT  movaxdinoT Semomavali y

signalis dekompozicia: 
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dekompoziciis pirvel doneze signalis dabalsixSi-riani 

mdgenelisaTvis, (6.57) gamosaxulebis gaTvaliswinebiT, 

miviRebT: 

. 

analogiurad, (6.58) gamosaxulebis safuZvelze Segvi-Zlia 

vipovoT  signalis Sesabamisi maRalsixSiriani mdgene-lic. 

Semdeg, dekompoziciis meore doneze, signalis dabalsi-

xSiriani mdgenelisaTvis miviRebT: 
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Sesabamisad, dekompoziciis mesame doneze  
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amrigad, Semomavali signali  2;1;0;1;2;3;0;1 y  gardaiqmneba 

axal 







 2;2;1;1;

2

1
;

2

1
;

2

3
;

2

1
 veqtorad, romlis komponen-

tebis raodenoba emTxveva Semomavali signalis elementebis 
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raodenobas, Tumca energiis ZiriTadi nawili moqceulia 

komponentebis SedarebiT mcire raodenobis elementebSi. Tu 

SemTxveviTi SeSfoTebis zRvrul mniSvnelobad aviRebT 0.9, 

miviRebT axal veqtors: 









 2 ;2 ;1 ;1 ;0 ;0 ;

2

3
 ;0 . rac niSnavs, rom koeficientebis nawili 

atarebs umniSvnelo informacias da maTi mniSvnelo-bebi 

SegviZlia nulad CavTvaloT. 

Semdeg Sesabamisi Semomavali signalis aRsadgenad unda 

visargebloT operatorebiT: 

 
k

nn aknhHa )2()( * ,                                (6.60) 

 
k

nn akngGa )2()( * .                                 (6.61) 

P.S. es algoriTmi amartivebs signalis filtraciis algo-

riTms. 

ganvixiloT am signalis veivlet-gardaqmna da 

ukugardaqmna Mathcad-is bazaze (nax. 6.10). 

                

      

 

y

1

0

3

2

1

0

1

2

























 W wave y( ) h iwave W( )

i 0 7



 

nax. 6.10.  signalis veivlet-filtracia, analiz-sinTezi 

rogorc vxedavT, eqsperimentuli da veivlet-filtriT 

sinTezirebuli signalebi erTmaneTs emTxveva. 

 

6.7. Sereuli fraqtalur-veivleturi kodireba 

TviTmsgavsebis arseboba fraqtalis ZiriTadi Tvisebaa. 

veivletebi ki saSualebas gvaZlevს gaviTvaliswinoT 

masStaburi efeqtebi, amdenad isini fraqtalis analizis 

bunebrivi instrumentia. Aamitomaa, rom gamosaxulebaTa 

SekumSvisaTvis, umeteswilad, Sereul fraqtalur-veivletur 

meTodebs iyeneben. 
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VII Tavi. dinamikuri fraqtalebi 
 

fraqtalTa samyaro metad farToa da mravalferovani. 

fraqtalebs vxvdebiT meqanikasa da akustikaSi, qimiasa da 

biologiaSi. axali ricxviTi meTodebi saSualebas iZleva 

Tavidan aviciloT mosalodneli socialuri katastrofebic. 

sinergetikis specialistebi ukve darwmundnen, rom qimiuri, 

fizikuri, biologiuri da socialur-ekonomikuri procesebi 

ufro zustad aRiwereba fraqtaluri struqturebiT, vidre 

klasikuri uwyveti da gluvi funqciebiT. fraqtalebi axali 

mimarTuleba gaxda xelovnebaSic, sadac maTi saSualebiT 

iqmneba saocrad lamazi da mimzidveli suraTebi. Tumca, Cveni 

interesebis sferoa is maTematikuri kanonzomierebebi, rac 

dakavSirebulia fraqtalebTan. 

 

 

 

7.1. diskretuli dinamikuri fraqtalebi 
 

fraqtalis ZiriTadi maxasiaTebelia TviTmsgavsebis 

Tviseba, rac mamafraqtalisa da genetikuri kodis meSveoboT 

gamoixateba da saSualebas iZleva dedafraqtalidan 

Sesabamisi rekursiiT (rekurentuli formuliT) [20] miviRoT 

dinamikuri fraqtali.  

ganvixiloT 𝑧 = 𝑥 + 𝑖𝑦 kompleqsuri cvladi da kompleq-

suri ricxvi 𝑐 = 𝑎 + 𝑖𝑏 da SevadginoT rekurentuli formula: 

𝑧𝑛+1 = 𝑧𝑛
2 + 𝑐,                                         (7.1) 

romelic SegviZlia gadavweroT sxva saxiTac, Tu gamovyofT 

namdvil da warmosaxviT nawilebs, marTlac 

𝑥𝑛+1 + 𝑖𝑦𝑛+1 = (𝑥𝑛 + 𝑖𝑦𝑛)2 + 𝑎 + 𝑖𝑏                            (7.2) 

anu 

𝑥𝑛+1 = 𝑥𝑛
2 − 𝑦𝑛

2 + 𝑎,                                          (7.3) 

𝑦𝑛+1 = 2𝑥𝑛𝑦𝑛 + 𝑏.                                          (7.4) 



ganvixiloT konkretuli SemTxveva, roca 

𝑥0 = 0,   𝑦0 = 0,   𝑎 = −0.1194,   𝑏 = 0.6289.                     (7.5) 

SevadginoT programa da gamovTvaloT (𝑥𝑖 , 𝑦𝑖) wertilebis 

mniSvnelobebi 𝑖 = 1,100̅̅ ̅̅ ̅̅ ̅, romlis grafikuli gamosaxuleba 

mocemulia 7.1 nax-ze, xolo Sesabamisi sistemis fazuri 

portreti 7.1  a nax-ze.   

SevadginoT Sesabamisi programa da vawarmooT gamoTvla 

Mathcad programis bazaze: 

 

 

 

 

 

nax. 7.1. diskretuli dinamikuri sistemis dinamika, roca 

 𝑎 = −0.1194,   𝑏 = 0.6289 
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nax. 7.1a. diskretuli dinamikuri fraqtalis orbita, roca 

 𝑎 = −0.1194,   𝑏 = 0.6289 

analogiurad, Tu (a ;b) parametrebis mniSvnelobebia: 

𝑎 = −0.1244,   𝑏 = 0.756, gveqneba periodulad cvladi dinamikuri 

sistema (nax.7.2), xolo Sesabamis fazur portrets eqneba 7.2a 

nax-ze mocemuli saxe.  

 

 

 

nax. 7.2. diskretuli dinamikuri sistemis dinamika, roca 

 𝑎 = −0.1244,   𝑏 = 0.756 

 

0 20 40 60 80 100
1

0.5

0

0.5

Xi

i

0.5 0 0.5
0

0.2

0.4

0.6

0.8

Y

X

0 20 40 60 80 100
0.5

0

0.5

1

Yi

i



 

nax. 7.2a. diskretuli sami periodis mqone dinamikuri sistemis 

orbita, roca 𝑎 = −0.1244,   𝑏 = 0.756 

Tu (a ;b) parametrebis mniSvnelobebia: 

 𝑎 = −0.237,   𝑏 = 0.75,  

 

nax. 7.3. diskretuli qaosuri sistemis dinamika, roca  

𝑎 = −0.237,   𝑏 = 0.75 
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gveqneba qaosuri dinamikuri sistema (nax. 7.3) Sesabamisi 

fazuri portretiT (nax. 7.3a). 

 

nax. 7.3a. diskretuli qaosuri, usasrulobisaken mimavali sistemis 

orbita, roca  𝑎 = −0.237,   𝑏 = 0.75 

 

Tu (a;b) parametrebis mniSvnelobebia: 𝑎 = 0.25,   𝑏 = 0.49, 

maSin gvqneba fraqtaluri centrisken mimavali sistemis 

dinamika (nax. 7.4), romlis fazur portrets aqvs fraqtalu-ri 

orbitis saxe (nax. 7.4a). 
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nax. 7.4.a. fraqtaluri centrisken mimavali sistema 

 

nax. 7.4a. fraqtaluri centrisken krebadi sistemis orbita, roca 𝑎 =

0.25,   𝑏 = 0.49 

Tu ganvixilavT (a ;b) parametrebis mniSvnelobebs: 𝑎 =

0.25,   𝑏 = 0.45, maSin kvlav gvaqvs centrisken krebadi 
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dinamikuri sistema (nax. 7.5), Sesabamisi (nax. 7.5a) fazuri 

portretiT.   

 

 
 

nax. 7.5. fraqtaluri centrisken mimavali sistemis dinamika, roca 

𝑎 = 0.25,   𝑏 = 0.45 
  

nax. 7.5a. fraqtaluri centrisken krebadi sistemis orbita, roca 𝑎 =

0.25,   𝑏 = 0.45 

 

ganvixiloT (a ;b) parametrebis mniSvnelobebi: 
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𝑎 = −0.7,   𝑏 = 0.08, maSin kvlav gvaqvs centrisaken krebadi 

dinamikuri sistema (nax. 7.6), Sesabamisi (nax. 7.6a) fazuri 

portretiT, romelic gamosaxavs dinamikuri sistemis orbitas. 

 

 

nax. 7.6. fraqtaluri centrisken mimavali sistemis dinamika, roca 

 𝑎 = −0.7,   𝑏 = 0.08 
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nax. 7.6a. fraqtaluri centrisken krebadi sistemis orbita, roca  𝑎 =

−0.7,   𝑏 = 0.08 

 

ganvixiloT (a ;b) parametrebis mniSvnelobebi: 

𝑎 = 0.37,   𝑏 = −0.24, maSin kvlav gvaqvs centrisken krebadi 

dinamikuri sistema (nax. 7.7), Sesabamisi (nax. 7.7a) fazuri 

portretiT, romelic gamosaxavs dinamikuri sistemis orbitas. 
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nax. 7.7. fraqtaluri centrisken mimavali sistemis dinamika, roca 

𝑎 = 0.37,   𝑏 = −0.24  

nax. 7.7a. fraqtaluri centrisken krebadi sistemis orbita, roca 

  𝑎 = 0.37,   𝑏 = −0.24 
 

ganvixiloT (a ;b) parametrebis mniSvnelobebi: 
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𝑎 = −0.4161,   𝑏 = 0.5, maSin kvlav gvaqvs centrisaken krebadi 

dinamikuri sistema (nax. 7.8), Sesabamisi (nax. 7.8a) fazuri 

portretiT, romelic gamosaxavs dinamikuri sistemis orbitas. 

 

 

nax. 7.8. fraqtaluri centrisken mimavali sistemis dinamika, roca 

𝑎 = −0.4161,   𝑏 = 0.5 
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nax. 7.8a. fraqtaluri centrisken krebadi sistemis orbita, roca 

 𝑎 = −0.4161,   𝑏 = 0.5  

 

ganvixiloT (7.3), (7.4) iteraciuli formulebiT mocemuli 

diskretuli dinamikuri sistemis (x,y) orbitebi, romlebic 

warmoiSoba sistemis sxvadasxva sawyisi (a,b) pirobebis 

SemTxvevaSi. 7.1 a nax-ze  mocemulia diskretuli dinamikuri 
fraqtali, romelic warmoiSoba (7.5) sawyisi pirobebis 

SemTxvevaSi da miiswrafvis (-0.2381; 0.4242) mizidulobis 

centrisken. 7.2 a nax-ze  mocemuli orbita araa fraqtali, is 

perioduli orbitaa  sami periodiT, Tumca misi sawyisi 

pirobebi didad ar gansxvavdeba 7.1 a fraqtalis sawyisi 

pirobebisagan. 7.3 a nax-ze mocemulia usasrulobisken mimavali 

iteraciuli orbita, romelic qaosur sistemas Seesabameba. 

amrigad, Cven ganvixileT sami sxvadasxva tipis orbita: 

a)fraqtaluri, mizidulobis centrisken mimavali (nax. 7.1a; 7.4a; 

7.8a); b) perioduli  (nax. 7.2a ; g) qaosuri, usasrulobisken 

mimavali (nax. 7.3a). 
yvelaze met yuradRebas fraqtaluri orbitebi imsaxurebs. 
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7.2. fraqtaluri orbitebi da Julias simravleebi 
 

ganvixiloT ufro detalurad (7.1) diskretuli dinami-

kuri sistema, raTa gaverkveT, ratomaa sawyis monacemebsa da 

parametris arCevaze damokidebuli sami sxvadasxva tipis 

orbita. 

am problemis Seswavlis mizniT ganvixiloT, (7.1) 

dinamikuri sistemis msgavsi, namdvili cvladis (7.6) 

dinamikuri sistema: 

𝑓(𝑥):  𝑥𝑛+1 = 𝑥𝑛
2 + 𝑎,     𝑎 = 𝑐𝑜𝑛𝑠𝑡.                          (7.6) 

davuSvaT, rom 𝑎 = 0, maSin (7.6) sistema miiRebs saxes: 

𝑥𝑛+1 = 𝑥𝑛
2.                                              (7.7) 

am sistemis uZravi (wonasworobis) wertilebis 

gansazRvrisas unda vigulisxmoT, rom  

𝑥𝑛+1 = 𝑥𝑛 = 𝑥0.                                        (7.8) 

maSin (7.7) iteraciuli formulidan miviRebT, rom 

𝑥0 = 𝑥0
2 anu 𝑥0 = 0 ∨  𝑥0 = 1 ∨ 𝑥0 = ∞ .                    (7.9) 

rac niSnavs, rom (7.7) dinamikur sistemas aqvs sami 

wertili :  𝑥0 = 0,   𝑥0 = ∞  da  𝑥0 = 1. 

SeviswavloT maTi mdgradobis sakiTxi. amisaTvis, wonas-

worobis wertils unda mivceT mcire nazardi 0 < 𝛿𝑛 ≪ 1 da 

((7.7) sistemidan gamomdinare) SeviswavloT nazrdis dinamika. 

Tu is izrdeba, maSin Sesabamisi wertili araa mdgradi, Tu 

nulisken miiswrafvis, maSin gvaqvs mdgradoba. ganvixiloT 

cal-calke wonasworobis wertilebis mdgradobis sakiTxebi. 

a) 𝑥0 = 0, maSin ganvixilavT am wertilis SeSfoTebas anu 

𝑥𝑛 = 0 + 𝛿𝑛.                                          (7.10)  

Tu gaviTvaliswinebT (7.7) sistemis saxes, gveqneba: 

𝛿𝑛+1 = 𝛿𝑛
2.                                              (7.11) 

rac niSnavs, rom 
𝛿𝑛+1

𝛿𝑛
= 𝛿𝑛 ≪ 1,                                          (7.12) 

maSasadame, 

lim
𝑛→∞

𝛿𝑛 = 0.                                          (7.13) 



e.i. wonasworobis wertili 𝑥0 = 0 mdgradia. rac niSnavs, 

rom Tu sistemis sawyis mdebareobad aviRebT |𝑥0| < 1 

mniSvnelobas, maSin sistemas aqvs fraqtaluri mizidvis 

centri 𝑥 = 0 da nebismieri aseTi |𝑥0| < 1 sawyisi pirobis 

SemTxvevaSi misi orbita miizideba am centris mier. aseve, 

mizidulobis centria 𝑥0 = ∞  da misken miizideba iseTi 

wertilebis orbitebi, romelTaTvisac |𝑥0| > 1.  

b) 𝑥0 = 1, maSin ganvixilavT am wertilis SeSfoTebas anu 

𝑥𝑛 = 1 + 𝛿𝑛.                                         (7.14) 

Tu gaviTvaliswinebT (7.7) sistemis saxes, gveqneba: 

1 + 𝛿𝑛+1 = (1 + 𝛿𝑛)2                                    (7.15) 

anu 

1 + 𝛿𝑛+1 = 1 + 2𝛿𝑛 + 𝛿𝑛
2,                                (7.16) 

maSin 
𝛿𝑛+1

𝛿𝑛
= 2 + 𝛿𝑛.                                          (7.17) 

da radgan 0 < 𝛿𝑛 ≪ 1, miviRebT, rom 

lim
𝑛→∞

𝛿𝑛 = ∞.                                         (7.18) 

rac niSnavs, rom 𝑥0 = 1 wonasworobis wertili araa 

mdgradi.  

g) Tu sistemis sawyisi mdgomareobaa 𝑥0 = 1, maSin mcire 

SeSfoTebac ki sakmarisia, rom sistemis orbita wavides 

usasrulobaSi, Tumca SeSfoTebis ararsebobis SemTxvevaSi, 

sistema iZleva periodul process. Tu sawyisi mniSvneloba 

|𝑥0| > 1, maSin sistema iZleva usasrulobaSi mimaval orbitas. 

es sami SemTxveva Seesabameba 7.1a_7.3a naxazebze mocemul 

sam SemTxvevas.  

Eexla ganvixiloTkompleqsuri cvladebis SemTxveva (7.1). 

𝑧𝑛+1 = 𝑧𝑛
2 + 𝑐.                                         (7.19) 

Tu iteraciis romelime bijze |𝑧𝑛| > 1, maSin funqcia 

mogvcems usasrulobaSi mimaval orbitas. arsebobs zRvruli 

SemTxveva |𝑧𝑛| = 1;   𝑐 = 0.  

magaliTad, Tu 𝑥0 = cos 1;  𝑦0 = sin 1, maSin wertilebi 

lagdeba erTeulovani radiusis wrewirze, Tumca ramdenime 

bijis Semdeg TandaTan scildeba mas (nax. 7.9, nax. 7.9a). 

iTvleba, rom wrewirze mdebare wertilebi aramdgradia da an 



mogvcems usasrulobaSi mimaval orbitas, an miizideba wris 

romelime Siga wertilis mier. 

 

 

nax. 7.9. sistemis dinamika, roca |𝑧𝑛| = 1;   𝑐 = 0 
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nax. 7.9a. diskretuli dinamikuri sistemis orbita, roca |𝑧𝑛| = 1;   𝑐 = 0 

 

𝑓(𝑧) funqciis 𝑱(𝒇) Julias simravle ewodeba im 𝐳 

wertilebis simravlis sazRvars, romelTa orbita 

usasrulobisken midis 𝐧-Tan erTad [3]. 

𝐽(𝑓) = 𝜕 {𝑧: lim
𝑛→∞

𝑧𝑛 → ∞}                           (7.20) 

an sxvanairad 

𝐉(𝐟) Julias simravle aris 𝐟 funqciis yvela mizidulobis 

wonasworobis wertilis (maT Soris ∞-is) mizidulobis velis 

sazRvari. 

umartivesi zn+1 = zn
2 sistemisaTvis Julias simravles aqvs 

saxe : |z| = 1. aq gvaqvs qaosi, Tumca es simravle ar 

warmoadgens fraqtals, magram, rogorc wesi, Julias simravle 

fraqtalia [21], amitom mocemuli c-sTvis ganixilaven z-is iseT 

mniSvnelobebs, romelTaTvisac |z| < 2 da Sesabamisi 

wertilebis simravles Julias HSiga simravles uwodeben. 

iTvleba, rom Tu |z| > 2, maSin Sesabamisi orbita midis 
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usasrulobisken. Julias Siga simravlis sazRvars Julias 

wirs uwodeben. xolo Julias wiris damatebiT simravles - 

fatus simravles [4],[22]. 

7.1a nax-ze gamosaxuli diskretuli dinamikuri sistemis 

Sesabamis Julias simravles aqvs 7.10 naxazze mocemuli saxe. 

 
nax. 7.10. diskretuli dinamikuri sistemis Julias simravle, romlis 

orbita gamosaxulia 7.1a nax-ze  

 

ganvixiloT 𝐳𝐧+𝟏 = 𝐳𝐧
𝟐 + 𝐜 sqemisaTvis Julias Siga simrav-

lis agebis programa fsevdokodebSi, sadac 𝐜 = 𝐚 + 𝐢𝐛: 

 

monacemebis Setana: 

𝑎 , 𝑏  

(𝑐, 𝑑) (fanjris centri) 

𝑠 (fanjris zomebi) 

𝑝 (piqselebis raodenoba fanjris yovel gverdSi) 

Sedegebis gamotana: 

Julias Siga simravlis gamosaxva 

inicializacia: 

grafikuli ekranis fanjris zomebia: [𝑐 −
𝑠

2
, 𝑐 +

𝑠

2
] × [𝑑 −

𝑠

2
, 𝑑 +

𝑠

2
] 

bijebi: 

for m = 1 to p 



𝑥0 = 𝑐 −
𝑠

2
+

𝑚𝑠

𝑝
 

𝑓𝑜𝑟 𝑛 = 1 𝑡𝑜 𝑝 

𝑦0 = 𝑑 −
𝑠

2
+

𝑛𝑠

𝑝
 

𝑥 = 𝑥0 

𝑦 = 𝑦0 

𝑧 = 0 

𝑖𝑡𝑒𝑟 = 1 

𝑤ℎ𝑖𝑙𝑒  𝑖𝑡𝑒𝑟 < 20 

𝑖𝑡𝑒𝑟 = 𝑖𝑡𝑒𝑟 + 1 

𝑥1 = 𝑥2 − 𝑦2 + 𝑎 

𝑦1 = 2𝑥𝑦 + 𝑏 

𝑥 = 𝑥1 

𝑦 = 𝑦1 

𝑧 = 𝑥2 + 𝑦2 

𝑖𝑓 𝑧 > 4 ciklidan gamosvla, 𝑒𝑛𝑑 𝑖𝑓 

𝑒𝑛𝑑 𝑊ℎ𝑖𝑙𝑒 

𝑖𝑓 𝑧 < 4 avagoT wertilebi (𝑥0, 𝑦0), 𝑒𝑛𝑑 𝑖𝑓 

𝑒𝑛𝑑 𝑓𝑜𝑟 

𝑒𝑛𝑑 𝑓𝑜𝑟 

ufro xSirad ganixilaven Julias Siga simravlis 

sazRvars da  uwodeben Julias wirs, romelTa magaliTebi 

gamosaxulia 7.1 - 7.14 naxazebze.  

 

 
nax. 7.11. Julias wiri. paraboluri SemTxveva, roca 𝑐 = −0.48 − 0.53𝑖 

 

am SemTxvevaSi fazuri portreti varskvlavis formis 

orbitaa (nax. 7.11a). 



 

nax. 7.11a. fazuri portreti varskvlavis formis orbita, roca 

 𝑐 = −0.48 − 0.53𝑖 

 

 
nax. 7.12. Julias wiri. Ddendriti, roca 𝑐 = 𝑖 

0.7 0.6 0.5 0.4 0.3 0.2 0.1 0
1

0.5

0

Y

X



 
nax. 7.13. Julias wiri, roca 𝑐 = 0.32 + 0.043𝑖 

 
nax. 7.14. diskretuli sami periodis mqone dinamikuri sistemis 

Julias simravle, romlis orbita gamosaxulia 7.2 a nax-ze 

 



7.3. mandelbrotis simravle 
 

rogorc  viciT, 𝑓(𝑧) = 𝑧2 + 𝑐 funqciis Julias simravle 

SeiZleba iyos sxvadasaxva tipis imis mixedviT, Tu rogoria 𝑐 

parametris mniSvneloba. amis miuxedavad, am funqciisaTvis 

arsebobs mxolod ori tipis Julias simravle: a) bmuli 

simravle; b) sruliad arabmuli. bmuli Julias simravleebi 

erTmaneTisagan SeiZleba Zalian gansxvavdebodes vizualuri 

TvalsazrisiT. erTni SeiZleba iyos Sekruli wirebi 

fraqtaluri struqturiT, rogorc, magaliTad, 0 < |𝑐| < 0.25 

SemTxvevaSi; xolo sruliad arabmul Julias simravleebs aqvs 

kantoris mtveris geometriuli struqtura (nax. 7.15, nax. 7.16). 

 
nax. 7.15. Julias simravle, roca 𝑐 = 0.5 

 

 
nax. 7.16. Julias simravle, roca 𝑐 = 0.31 + 0.04𝑖 

 

mocemuli 𝑓(𝑧) = 𝑧2 + 𝑐 funqciis Julias simravlis tipis 

indikatori aris misi mandelbrotis simravle, romlis yvela 

Siga 𝑐 wertils Seesabameba bmuli Julias simravle (nax. 7.17). 



 
 

nax. 7.17. mandelbrotis simravle 

 

mandelbrotis simravlis yovel 𝒄 wertils Seesabameba 

bmuli Julias simravle,  xolo mis damatebiT simravles – 

sruliad arabmuli Julias simravle  (kantoris mtveri). 

gansazRvreba. 𝑓(𝑧) = 𝑧2 + 𝑐 funqciis mandelbrotis 

simravle ewodeba iseTi 𝑐 ∈ ℂ kompleqsuri ricxvebis 

simravles, romlebisTvisac 0 wertilis orbitebi Semosaz-

Rvrulia. 

axla SevadginoT 𝑓(𝑧) = 𝑧2 + 𝑐 funqciis mandelbrotis 

simravlis agebis programa fsevdokodebSi: 

monacemebis Setana: 

(𝑖, 𝑗) (fanjris centri, mag, (0 ; 0)) 

𝑠 (fanjris zomebi 𝑠 × 𝑠) 

𝑝 (piqselebis raodenoba fanjris yovel gverdSi) 

𝑖𝑡𝑒𝑟 (iteraciaTa raodenoba) 

Sedegebis gamotana: 

mandelbrotis simravlis gamosaxva 

inicializacia: 

grafikuli ekranis fanjris zomebia: [i −
s

2
, i +

s

2
] × [j −

s

2
, j +

s

2
] 

bijebi: 

 

for m = 1 to p 

𝑎 = 𝑖 −
𝑠

2
+

𝑚𝑠

𝑝
 

𝑓𝑜𝑟 𝑛 = 1 𝑡𝑜 𝑝 



𝑏 = 𝑗 −
𝑠

2
+

𝑛𝑠

𝑝
 

𝑥 = 0 

𝑦 = 0 

𝑖𝑡𝑒𝑟 = 1 

𝑤ℎ𝑖𝑙𝑒 𝑖𝑡𝑒𝑟 ≤ 20 

𝑖𝑡𝑒𝑟 = 𝑖𝑡𝑒𝑟 + 1 

𝑥1 = 𝑥2 − 𝑦2 + 𝑎 

𝑦1 = 2𝑥𝑦 + 𝑏 

𝑥 = 𝑥1 

𝑦 = 𝑦1 

𝑧 = 𝑥2 + 𝑦2 

𝑖𝑓 𝑧 > 4, ciklidan gamosvla, 𝑒𝑛𝑑 𝑖𝑓 

𝑒𝑛𝑑 𝑤ℎ𝑖𝑙𝑒 

𝑖𝑓 𝑧 < 4 

𝑝𝑙𝑜𝑡(𝑎; 𝑏) 

𝑒𝑛𝑑 𝑖𝑓 

𝑒𝑛𝑑 𝑓𝑜𝑟 

𝑒𝑛𝑑 𝑓𝑜𝑟 
 

rogorc vxedavT, iseTi martivi erTbijiani iteraciuli 

sistemebisaTvisac ki, rogoricaa kvadratuli asaxviT warmo-

qmnili sqema, damaxasiaTebelia geometriulad araregula-

ruli reJimebis arseboba. Tumca, cocxali sistemebisaTvis 

damaxasiaTebeli „arCevanis Tavisufleba“ (asaxvis dakavSire-ba 

SemTxveviT procesebTan) ganapirobebs fraqtaluri 

portretebis mravalferovnebas. 
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