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winasityvaoba 
 

     maTematikuri modelireba – adamianis inteleqtualuri moRvaweobisa 
da garemo pirobebis aRqmis Sedegad warmoiSva. adamiani Tavidanve 
cdilobda aRewera samyaro, misTvis cnobili kategoriebisa da codnis 
safuZvelze. codnis dagrovebasTan erTad icvleboda Sesabamisi modelic 
da samyaros suraTic. maTematikis ganviTarebam, ganapiroba Sesabamisi 
codnis moqceva da aRwera maTematikis simboloebisa da meTodebis 
farglebSi. ase, TandaTan warmoiSva mecnierebis is mimarTuleba, romelsac 
maTematikur modelirebas vuwodebT.  

 MmaTematikuri modelirebis WerqveS, xSirad aerTianeben, rogorc TviT 
maTematikuri modelebis Sedgenis teqnologiasa da teqnikas, aseve, 
Sesabamisi modelebis analizisa da parametrebis gamoTvlebis meTodebs, 
aseTi midgomiT SeiZleba yvela mecniereba maTematikuri modelirebis 
nawilad vaqcioT. 

  naSromi warmoadgens avtoriseul xedvas maTematikuri modelirebis 
sagnisa da cnebaTa sistemis Sesaxeb. avtori mTlianad iRebs Tavze  
pasuxismgeblobas naSromis yvela punqtsa da struqturaze. naSromSi 
agebulia informatikis struqturuli sqema, rac saSualebas iZleva, 
gamovyoT maTematikuri modelirebis adgili mecnierebis mTlian sistemaSi. 

  maTematikuri modelireba gamoyenebuli maTematikuri aparatis 
mixedviT, iyofa or ZiriTad nawilad: a) uwyveti maTematikuri modelebi da  
b) diskretuli maTematikuri modelebi; Tumca, arseboben g) Sereuli tipis 
rTuli sistemebis -   sinTezuri, maTematikuri modelebic, romlebSic 
gamoiyeneba rogorc uwyveti-kontinualuri simZlavris cvladi parametrebi, 
aseve, diskretuli-Tvladi simZlavris cvladi parametrebic. 
       winamdebare naSromis pirveli tomi warmoadgens Sesavals uwyveti 
maTematikuri modelebis TeoriaSi. es tomi Sedgeba xuTi Tavisagan, 
romlebic ganawilebuli arian or nawilSi.  
       pirveli nawili - Cveulebrivi maTematikuri modelebi, moicavs im 
maTematikur modelebs, romelTa Sesadgenad sakmarisia algebruli da 
Cveulebrivi diferencialuri gantolebebis sistemebi; Seicavs sam Tavs. 
pirvel TavSi mocemulia reaqtoruli sqemebis agebis teqnika, rac 
saSualebas iZleva sistemis sqematuri modelidan gadavideT Sesabamis 
maTematikur modelze; ganxilulia bioqimiuri modelebis agebis teqnika, 
aseve, markovis uwyvet jaWvebTan kavSiri. meore TavSi agebulia ekonomikis 
maTematikuri modelebi, Cveulebrivi maTematikuri modelebis farglebSi. 
mesame TavSi-klasikuri meqanikis maTematikuri modelebi, agebulia 
lagranJisa da hamiltonis gantolebebi materialur wertilTa 
sistemisaTvis, ganxilulia ori da sami sxeulis problema. 
         meore nawili – ganawilebulparametriani maTematikuri modelebi, 
aerTianebs or Tavs. meoTxe TavSi agebulia statistikuri meqanikis 
maTematikuri modelebi; ganxilulia liuvilisa da bolcmanis maTematikuri 
modelebi; tenzoruli aRricxvis bazaze agebulia siTxeebisa da gazebis 
reologiuri gantolebebi. mexuTe TavSi agebulia siTxeebisa da gazebis 
dinamikis maTematikuri modelebi; ganxilulia elastiurobis Teoriis 
modelebis agebis teqnika koSis midgomis farglebSi. 
       avtori madlobas uxdis akademikos arCil frangiSvils, doqtor 
pantiko Tordias da nona Tordias Tanadgomisa da TanamSromlobisaTvis, 
ramac saSualeba momca Semeqmna es naSromi.  
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eZRvneba  
Cemi megobris, profesor  

almasxan guguSvilis naTel xsovnas 
 

Sesavali 
 

 fizikuri, socialur-ekonomikuri, fsiqologiuri an ekologiuri 
procesebis Seswavlisas Cvens winaSe dgeba amocana: didi moculobis 
informaciis gadamuSavebis Sedegad, miviRoT garkveuli optimaluri 
gadawyvetileba. aseT SemTxvevebSi, gansakuTrebul rols TamaSobs 
procesis maTematikuri modelireba. 
 Cvens garSemo arsebuli rTuli procesebis Sesaswavlad, Cven jer 
vagrovebT am procesebTan dakavSirebul yovelgvar informacias. ase rom, 
am etapze Cven saqme gvaqvs codnis mouwesrigebel maragTan. 
  Semdeg, xdeba Segrovili informaciis sistematizacia da 
klasifikacia. am etapze dagrovili codna warmoadgens – moZRvrebas, karl 
lineis tipTa Sesaxeb moZRvrebis analogiurad. 
 Aamis Semdeg, Seiswavleba moZRvrebaSi ganxilul obieqtTa 
ganviTarebisa da urTierTqmedebis ZiriTadi kanonzomierebebi, romlebic 
ZiriTadad dakavSirebulia codnis sxva ufro Rrmad Seswavlil 
sferoebTan, analogiisa da intuiciis gziT, amitom xSirad atareben 
subieqtur-SemoqmedebiT xasiaTs. codnis ganviTarebis am etaps – xelovneba 
ewodeba. 
 Semdeg etapze, xdeba ZiriTad cnebaTa da kanonzomierebaTa mwyobr 
aqsiomatur sistemad Camoyalibeba, rac saSualebas gvaZlevs codnis 
mocemuli sferos farglebSi vawarmooT Sesabamis movlenaTa prognozireba. 
am etapze, Cveni codnaTa maragi iZens mecnierul dones. 
 Tanamedrove maTematikis miRwevebma (fraqtalebis Teoria) saSualeba 
mogvca gagvexsna `mSvenierebis~ arsic. 
 aRmoCnda, rom Cven mogvwons xelovnebis esa Tu is nimuSi, formisa da 
Sinaarsis harmoniis SerwymiT `SemTxveviT-gamoucnobTan~(oqros kveTis 
farglebSi), rac damalulia ucxo damkvirveblis TvalTagan. 
 adamianis mTeli inteleqtualuri moRvaweoba dakavSirebulia mis 
garSemo arsebuli samyaros modelirebasTan. Cveni ganviTarebisa da codnis 
mixedviT, samyaros Sesaxeb Cveni warmodgenebic (samyaros modelebi) 
icvlebian. 
 ganasxvaveben modelirebis sam ZiriTad mimarTulebas. 

a) fizikuri modelireba; 
b) imitaciuri modelireba; 
g) maTematikuri modelireba. 

gansazRvreba: mocemuli procesis sqematur aRweras, rac saSualebas 
iZleva viwinaswarmetyveloT am movlenis ZiriTadi kanonzomierebebi da 
ricxviTi maxasiaTeblebi modelireba ewodeba. 

a) fizikuri modeli – aris naturalur, an masStabebSi Secvlili 
modeli, romelic saSualebas iZleva SeviswavloT procesi 
eqsperimentalurad; 

b) imitaciuri modeli – aris kompiuteruli modeli, romelic 
gaiTamaSebs mocemul process ganmsazRvreli parametrebis sxvadasxva 
mniSvnelobebisaTvis da vizualurad gviCvenebs mosalodnel 
realizaciebs; 
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g) maTematikuri modeli – aris maTematikuri meTodebis erTobliobiT 
procesis ganmsazRvrel parametrebs Soris damyarebuli kavSiri, 
romelic saSualebas iZleva viwinaswarmetyveloT movlenis suraTi, 
ganmsazRvreli parametrebis sxvadsaxva mniSvnelobebisaTvis mocemuli 
sizustiT. 

 umartivesi maTematikuri modelis magaliTia procesis blok-sqema. 
ganvixiloT codnis evoluciis modeli grafis meSveobiT. 
 
 
 
 
 
 
 
 
nax. 1. codnis evoluciis blok-sqema da grafi. 
 
 cxadia, rom moyvanili grafi aris metad gamartivebuli sqematuri, 
radgan yovel etapze xdeba Sebrunebuli procesic, anu, codnis 
mouwesrigebeli maragis moZRvrebad gadaqcevis paralelurad, xdeba codnis 
moculobis gafarTovebac da a.S. ase rom codnis evoluciis grafi ar unda 
iyos orientirebuli. 
 
 
 
 
nax.  2. codnis evoluciis araorientirebuli grafi. 
 
 maTematikuri modelebi modelirebis meTodebis mixedviT iyofian or 
ZiriTad jgufad: a) uwyveti maTematikuri modelebi da b) diskretuli 
maTematikuri modelebi; Tumca, arseboben g) Sereuli tipis, rTuli 
sistemebis - sinTezuri maTematikuri modelebic. 
 magaliTad, codnis evoluciis grafi – diskretuli maTematikuri 
modelia. xolo harmoniuli rxevebis gantoleba, Sesabamisi sawyisi 
pirobebiT: 

02 =+ xx ω&& ,       ( ) 00 xx = ,     ( ) 10 xx =&  

warmoadgens uwyveti maTematikuri modelis magaliTs. 
 maTematikuri modelireba warmoadgens informatikis erT-erT ZiriTad 
nawils. maTematikuri modelirebis adgili kargad Cans informatikis 
struqturis amsaxveli sqemidan #1. 
 
 
 
 
 
 
 
 
 
 
 

1 2 3 4

codnis mouwes-

rigebeli maragi

1

moZRvreba 

2

xelovneba 

3

mecniereba 

4

1 2 3 4
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sqema #1. informatikis struqturuli sqema 
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nawili I 
Cveulebrivi maTematikuri modelebi 

 

Tavi I. reaqtoruli sqemebis teqnikis gamoyeneba modelirebaSi 
 

1.1 ZiriTadi cnebebi 
 

gansazRvreba: maTematikur modelebs, romlebic aRiwerebian 
Cveulebrivi diferencialuri gantolebebiT da Sesabamisi algebruli 
pirobebiT – Cveulebrivi maTematikuri modelebi ewodebaT. 

Cveulebrivi maTematikuri modelebi saSualebas gvaZleven 
miaxlovebiT SeviswavloT rTuli procesebi: qimiaSi, biologiaSi, 
ekologiaSi, politikaSi, fsiqologiaSi, ekonomikaSi, fizikaSi da a.S. 

imisaTvis, rom SevadginoT Cveulebrivi maTematikuri modeli, saWiroa, 
jer SevadginoT konceptualuri (aRweriTi) modeli e.i. gamovyoT  
ZiriTadi – ganmsazRvreli parametrebi da SevadginoT movlenis 
reaqtoruli sqema. 

gansazRvreba: im sqemas, romelic mocemuli movlenis ganmsazRvrel 
parametrebs Soris amyarebs qimiuri reaqciebis magvar kavSirebs, 
reaqtoruli sqema ewodeba. 

Cven ganvixilavT reaqtoruli sqemebis sxvadasxva saxeebs. 
gansazRvreba: reaqtorul sqemas romelic Seicavs mxolod erT 

warmomqmnel elements, monomolekuluri sqema ewodeba. 
ganasxvaveben Seqcevad da Seuqcevad sqemebs. 

a) ganvixiloT Seuqcevadi monomolekuluri sqema: 

BA k⎯→⎯ 1                              (1.1) 
A  - sqemis warmomqmneli elementia; 
B  - sqemis Sedegi; 

1k  - A -dan B -s warmoqmnis siCqarea (reaqciis siCqare). 
 am reaqtoruli sqemis Sesabamisi maTematikuri modelis asagebad, 
SemoviRoT aRniSvnebi: 

a  - aris A  warmomqmneli elementis koncentracia, b  - aris 
warmoqmnili B  elementis koncentracia. 

radgan (1.1) sqemidan gamomdinare, a  - elementis koncentracia mcirde-

ba 1k  siCqariT (e.i. 0<
dt
da

), xolo b  - elementis koncentracia izrdeba igive 

siCqariT  (e.i. 0>
dt
db

) miviRebT Cveulebriv maTematikur models: 

( )
( )⎪

⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=
=

=

−=

0

0

1

1

0
0

bb
aa

ak
dt
db

ak
dt
da

                            (1.2) 

sadac 0a  da 0b  - Sesabamisi koncentraciebis sawyisi mniSvnelobebia. 

 (1.2) – warmoadgens Seuqcevadi monomolekuluri sqemis Sesabamis 
Cveulebriv maTematikur models. 
 
b) exla ganvixiloT Seqcevadi monomolekuluri reaqtoruli sqema: 
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BA
k

k

⎯⎯←
⎯→⎯

−1

1

                            (1.3) 

sadac 1−k  - aris sqemis warmomqmneli elementis aRdgenis siCqare (uku 
reaqciis siCqare). 
 Seqcevadi monomolekuluri reaqtoruli sqemis Sesabamis Cveulebriv 
maTematikur models aqvs saxe: 
 

( )
( )⎪

⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=
=

−=

−=

−

−

0

0

11

11

0
0

bb
aa

bkak
dt
db

akbk
dt
da

                          (1.4) 

 (1.2) – modelis Sesabamisi procesia – radioaqtiuri daSlis reaqcia, 
xolo (1.4) – models Seesabameba magaliTad A  siTxis aorTqleba, 
erTdroulad kondensaciiT B  - orTqlidan. 
 
 
 
 

1.2 bimolekuluri maTematikuri modelebi 
 

gansazRvreba: reaqtorul sqemas ori warmomqmneli elementiT, 
bimolekuluri ewodeba. 

ganasxvaveben Seuqcevad da Seqcevad bimolekulur sqemebs: 
a) ganvixiloT Seuqcevadi bimolekuluri  reaqtoruli sqema: 

CBA k⎯→⎯+ 1                              (1.5) 

ori elementidan A  da B  warmoiqmneba erTi C elementi, 1k  siCqariT. 

Sesabamis maTematikur models aqvs saxe: 

( ) ( ) ( )⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

===

=

−=

−=

000

1

1

1

0;0;0 ccbbaa

abk
dt
dc

abk
dt
db

abk
dt
da

                   (1.6) 

 
b) exla ganvixiloT Seqcevadi bimolekuluri reaqtoruli sqema: 

CBA
k

k

⎯⎯←
⎯→⎯

+
−1

1

                        (1.7) 

Sesabamis maTematikur models aqvs saxe: 



 9 
 

( ) ( ) ( )⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

===

−=

−=

−=

−

−

−

000

11

11

11

0;0;0 ccbbaa

ckabk
dt
dc

abkck
dt
db

abkck
dt
da

                  (1.8) 

 
 
 
 

1.3 trimolekuluri maTematikuri modelebi 
 

gansazRvreba: reaqtorul sqemas sami warmomqmneli elementiT 
trimolekuluri ewodeba. 

ganvixiloT Seqcevadi trimolekuluri sqema: 

CBA
k

k

⎯⎯←
⎯→⎯

+
−1

1

2                         (1.9) 

sadac A  elements aqvs stexeometruli koeficienti ( )AAA +=2 . 
(1.9) sqemis Sesabamis maTematikur models aqvs saxe: 

( ) ( ) ( )⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

===

−=

−=

−=

−

−

−

000

1
2

1

2
11

2
11

0;0;0

2

ccbbaa

ckbak
dt
dc

bakck
dt
db

bakck
dt
da

               (1.10) 

praqtikuli amocanebi, rogorc wesi, ufro rTulia vidre zemoT 
ganxiluli sqemebi. ganvixiloT zogierTi arsebuli Cveulebrivi 
maTematikuri modeli, romelebic ukve klasikas miekuTvnebian. 

 
 
 

1.4 mixaelis-mentenis maTematikuri modeli 
 

mixaelis-mentenis reaqcia erT-erTi yvelaze martivi fermentuli 
reaqciaa; sadac S  - substrati Seuqcevadad gardaiqmneba P  - produqtad 
erTi E  - fermentis meSveobiT da qmnis Seuqcevad SE  - ferment-
substratul kompleqss. 

mixaelis-mentenis reaqciis reaqtorul sqemas aqvs saxe: 
 

          (1.11) 
 
 
Tu, gamoviyenebT zemoT moyvanil meTods, (1.11) reaqtoruli sqema 

SeiZleba miviyvanoT maTematikur modelamde: 
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( )

( )

( ) ( ) ( ) ( )⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪

⎨

⎧

====

=

+−=

++−=

−=

−

−

−

000;0;0 00

2

211

211

11

pceess

ck
dt
dp

ckkesk
dt
dc

ckkesk
dt
de

eskck
dt
ds

              (1.12) 

(1.12) maTematikur models mixaelis-mentenis maTematikur models 
uwodeben. 

 
 
 

1.5 lotka-volteras maTematikuri modeli 
 

sxvadasxva populaciaTa urTierTqmedebis Seswavlis Semdeg, volte-
ram Seadgina ekologiuri procesebis maTematikuri modeli, romelic 
maTematikis TvalsazrisiT, daemTxva lotkas reaqciis meTematikur models. 
 es modeli aRwers or X  da Y  subieqts Soris brZolisa da 
konkurenciis process arsebobisaTvis brZolaSi. cxadia, rom es modeli 
SeiZleba gamoyenebul iqnas ekonomikaSic. 
 lotka-volteras procesis reaqtorul sqemas aqvs saxe: 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

==
⎯→⎯

⎯→⎯+
⎯→⎯+

constBconstA
BY

YYX
XXA

k

k

k

,

2
2

3

2

1

                     (1.13) 

sistema Riaa e.i. xdeba urTierTqmedeba garemosTan ( )BA∧ . 
Sesabamis maTematikur models SevadgenT zemoT Seswavlili meTodiT, 

(1.13) sqemidan gamomdinare. 

( )
( )⎪

⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=
=

−=

−=

0

0

32

21

0
0

yy
xx

ykxyk
dt
dy

xykaxk
dt
dx

                       (1.14) 

(1.14) models lotka-volteras modeli ewodeba. 
 
 
 

1.6 belousov-Jabotinskis maTematikuri modeli 
 

belousov-Jabotinskis reaqcia – aris rxeviTi reaqcia, romelic 
detalurad Seiswavles fildma, kioresma da noiesma. Cven ar CauRrmavdebiT 
amocanis qimiur arss da pirdapir CavwerT reaqciis reaqtorul sqemas: 



 11 
 

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

===
⎯→⎯

+⎯→⎯
+⎯→⎯+

⎯→⎯+
+⎯→⎯+

5,0,,

2
22

2

5

4

3

2

1

fconstPconstA
YfZ
APX

ZXXA
PYX
PXYA

k

k

k

k

k

                   (1.15) 

 
es sistema Riaa radgan A -s umateben imdens ramdenic daakldeba, rom 

SeinarCunon constA = , f -stexeometruli koeficientia. 
(1.15) reaqtoruli sqemis Sesabamis maTematikur models belousov-

Jabotinskis maTematikur models uwodeben: 
 

( ) ( ) ( )⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

===

−=

+−−=

−+−=

000

53

521

2
4321

0,0,0

2

zzyyxx

zkaxk
dt
dz

fzkxykayk
dt
dy

xkaxkxykayk
dt
dx

                   (1.16) 

 
 
 

1.7 prigoJin-lefevris maTematikuri modeli 
 
prigoJin-lefevris modeli aris, ori Sualeduri produqtis mqone 

reaqciis maTematikuri modeli, romelsac aqvs perioduli amonaxsnebi 
parametrebis gansazRvruli mniSvnelobebisaTvis. es modeli agebul iqna im 
maTematikuri meTodebis demonstraciisaTvis, romlebic SemuSavebuli iqna 
q. briuselSi, nobelis premiis laureatis prigoJinis xelmZRvanelobiT, 
amitom, am models zogjer `briuseliators~ uwodeben. 

progoJin-lefevris raqciis reaqtorul sqemas aqvs saxe: 
 

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

====
⎯→⎯

⎯→⎯+
+⎯→⎯+

⎯→⎯

constEconstDconstBconstA
EX

XYX
DYXB

XA

k

k

k

k

,,,

32
4

3

2

1

               (1.17) 

 
es sistemac Riaa e.i. emateba an akldeba A , B , D , E  nivTierebebi ise, 

rom maTi raodenoba SeinarCuneba erT doneze. 
prigoJin-lefevris maTematikur models advilad avagebT (1.17) 

reaqtoruli sqemidan gamomdinare: 
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( )

( ) ( )
⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

==

−=

+−+=

00

2
32

42
2

31

0,0 yyxx

yxkbxk
dt
dy

xkbkyxkak
dt
dx

                      (1.18) 

 
 

1.8 reaqtoruli sqemebis teqnikis gamoyeneba  
kolmogorovis gantolebebis Sesadgenad  

markovis uwyveti jaWvebisaTvis 
 

praqtikaSi xSirad gvxvdeba situacia, roca erTi mdgomareobidan 
sistema SemTxveviT gadadis meore mdgomareobaSi. magaliTad, aparaturis 
nebismieri elementi SeiZleba gamovides wyobidan drois nebismier momentSi, 
misi SekeTebac SieZleba moxdes drois SemTxveviT momentSi da a.S. 

aseTi procesebis aRsawerad gamoiyeneben markovis SemTxveviTi 
procesis reaqtorul sqemas, diskretuli mdgomareobaTa sivrciT da 
uwyveti droiT.  

vTqvaT nSSS ,,, 21 K  - sistemis mdgomareobaTa diskretuli mimdevrobaa, 

e.i. { }nkkS 1=  aris im mdgomareobaTa simravle romelSic SeiZleba iyos Cveni 

sistema drois sxvadsxva momentSi, situaciis mixedviT. 

ama Tu im iS -mdgomareobaSi sistemis yofnis albaToba aRvniSnoT 

( )tpi -Ti. ( )tp ji -aris sistemis iS -mdgomareobidan jS -mdgomareobaSi gadasvlis 

albaToba. 

gansazRvreba: sistemis iS -mdgomareobidan jS -mdgomareobaSi gadasvlis 

albaTobis simkvrive jiλ -ewodeba, Sesabamisi gadasvlis albaTobis 

cvlilebis siCqares, e.i. 
( )

dt
tdp ji

ji =λ                         (1.19) 

cxadia, rom drois mcire tΔ  SualedebisaTvis 

( ) ttp jiji Δ≈ λ                         (1.20) 

Tu jiλ -gadasvlis albaTobaTa simkvriveebi ar arian damokidebuli  

t -droze, maSin markovis process erTgvarovani ewodeba. winaaRmdeg 
SemTxvevaSi araerTgvarovania. 

ganvixiloT mdgomareobaTa orientirebuli grafi (nax. 1.1). maSin Cveu-
lebrivi maTematikuri modelebis, reaqtoruli sqemidan agebis wesis gamo-
yeneba, mogvcems kolmogorovis gantolebaTa sistemas markovis  procesisa-
Tvis, romelic Seesabameba (nax. 1.1).  
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13λ

12λ

32λ

53λ34λ

1S 2S

3S

4S 5S

 
 
 
 
 
 
 
 
 

 
nax. 1.1. mdgomareobaTa orientirebuli grafi 

 
naxazze mocemul grafs (amjerad am grafs vuyurebT rogorc 

reaqtorul sqemas), maSin Sesabamis maTematikur models eqneba saxe: 
 

( )

( )

⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

⎨

⎧

+−=

−=

−+−+=

+=

+−=

335553445
5

445334
4

3353432553113
3

332112
2

11312
1

ppp
dt
dp

pp
dt
dp

ppp
dt
dp

pp
dt
dp

p
dt
dp

λλλ

λλ

λλλλλ

λλ

λλ

               (1.21) 

 

Tu viciT, rom sawyis 0=t  momentSi sistema imyofeboda 1S -mdgo-
mareobaSi, maSin sawyis pirobebs eqnebaT saxe: 

   ( ) 101 =p ;       ( ) ( ) ( ) ( ) 00000 5432 ==== pppp          (1.22) 

(1.21), (1.22) – warmoadgens markovis uwyveti jaWvis nax.1.1-ze mocemuli 
mdgomareobaTa grafis Sesabamis maTematikur models. 

analogiurad, SeiZleba avagoT Cveulebrivi maTematikuri modelebi 
rTuli procesebisaTvis, romlebisTvisac winaswar aigeba Sesabamisi 
mdgomareobaTa mimarTuli grafi. 
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amocenebi da savarjiSoebi  
 

1. aageT mocemuli reaqtoruli sqemis Sesabamisi maTematikuri modelebi: 
 

a) DCBA
k

k

+
⎯⎯←
⎯→⎯

+
−1

1

2 ,     constA = ,     constD = . 

 

b) BACBA k

k

k

232 2

1

1

+⎯→⎯
⎯⎯←
⎯→⎯

+
−

 

 

g) 
⎪
⎩

⎪
⎨

⎧

+⎯→⎯+
+⎯→⎯+

⎯→⎯+

AXBY
BYXA

XYX

k

k

k

23
2

3

3

2

1

      constA = ,      constB = . 

 
 
d)             constE =  
   constD =  

 
 
 
 
 

e)          constE =  
 
 
 
 
 
 

2. aageT markovis SemTxveviTi procesis maTematikuri modeli, 
mdgomareobaTa orientirebuli grafis mixedviT. 

 
a)                               b) 

  
 
  
 
 
 

g)                               d)     
 
 

 
 
 
  
 
 

  

  

31λ

12λ

43λ

1p 2p

4p3p

24λ

   

31λ

12λ
1p 2p 3p23λ

 

 

15λ21λ

43λ

1p

24λ

  

 

3p2p

4p

13λ

35λ

54λ

5p

 

  
23λ

1p

2p 3p

23λ21λ

12λ 13λ

32λ
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e)                                 v)     

 
 
 
 
 
 
 
 
 
 
 
 

z) 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  
21λ

34λ

1p

24λ

 

 

3p2p

4p

23λ

42λ

12λ  

 

31λ

34λ

1p

24λ
 

 

3p

2p

4p

23λ

41λ

12λ

  

35λ 34λ

1p

45λ

 

 

3p

2p 23λ

61λ

12λ

 
 

5p
6p

56λ
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Tavi II 
ekonomikis maTematikuri modelebi 

 
2.1 saqonlis saSualo fasis dadgena regionSi 

 statistikuri meTodiT 
 

 saqonlis saSualo fasis dasadgenad regionSi, gamoiyeneba 
statistikuri meTodi. idealSi, unda vnaxoT yvela savaWro wertili 
mocemuli regionidan, sadac iyideba mocemuli saxis saqoneli da vipovoT 
yvela fasebis saSualo ariTmetikuli. magram, praqtikulad es Znelad 
gansaxorcielebelia, miTumetes, Tu saqme exeba farTo moxmarebis saqonels, 
romlisTvisac savaWro obieqtebis simravle regionSi SeiZleba iyos metad 
didi 1000≥N . 

 aseT SemTxeveaSi, mizanSewonilia movaxdinoT n  obieqtis ( )Nn << , 
sasruli amorCeva~, romlebSidac SeviswavliT mocemuli saqonlis fass. 
amave dros, unda gaviTvaliswinoT Tanabari arCeviTobis principi, e.i. 
amorCeul ` n ~ obieqtTa Soris, mocemuli regionidan yvela raions unda 
hqondes Tanabari warmomadgenloba savaWro obieqtTa proporciulad. 
 amis Semdeg, Cven vswavlobT saqonlis fass am amorCeul n -obieqtebSi 
da vaxdenT miRebuli monacemebis statistikur damuSavebas. 
 vTqvaT 100=n  da  1000=N . SevavsoT Sesabamis monacemTa variaciuli 
mwkrivi im SemTxvevisaTvis, roca vswavlobT puris X  fass,  
f -mniSvnelobaTa gameorebis sixSirea. 

cxrili #1 
 

X  45 T   50 T 55 T 60 T 65 T 70 T 49 T 

f  10 40 5 2 3 10 30 

∑
=

=
n

i
if

1
100 . 

a)pirvel rigSi, saWiroa movaxdinoT variaciuli mwkrivis ranJireba, e.i. X  
monacemebi unda ganvalagoT zrdadobis an klebadobis mixedviT (cxrili 
#2):  

cxrili #2 
 

X  45    49  50  55 60 65 70 

f  10 30 40 5 2 3 10 

b) exla gamovTvaloT variaciuli mwkrivis saSualo maxasiaTeblebi: 
mediana, moda da saSualo mniSvneloba. 

 gansazRvreba: ranJirebuli variaciuli mwkrivis mniSvnelobaTa ix  
mimdevrobis Sua wertils – mediana ewodeba. aRiniSneba MeX  - simboloTi. 
 e.i. cxrili #2-dan gamomdinare, davaskvniT rom  

50=MeX                           (2.1) 

 gansazRvreba: ranJirebuli variaciuli mwkrivis Sesaswavli X  sidi-
dis moda ewodeba X -is im mniSvnelobas, romelsac yvelaze didi f  
sixSire Seesabameba (anu fasis im mniSvnelobas, romelic yvelaze xSirad 
gvxvdeba Sesaswavl amorCeul n  savaWro obieqtebs Soris). aRiniSneba MoX . 
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 gansazRvrebidan gamomdinare, cxadia rom cxrili #2-dan sixSiris 

udidesi maCvenebeli 40max =f , Seesabameba saqonlis X  fasis Semdeg mniSvne-

lobas 50=X , e.i. 
50=MoX .                       (2.2)  

 gansazRvreba: variaciuli mwkrivis Sesaswavli X  sididis saSualo 
mniSvneloba gamoiTvleba formuliT: 

∑

∑
−

=

−

== 1

0

1

0
k

i
i

k

i
ii

f

fX
X saS                          (2.3) 

sadac k  aris X -is gansxvavebul mniSvnelobaTa saerTo raodenoba. 
 Cveni magaliTis SemTxvevaSi 7=k , e.i. 

1.526

0

6

0 ==

∑

∑

=

=

i
i

i
ii

f

fX
X saS                     (2.4) 

g) exla unda SeviswavloT X  sididis gabnevis xarisxi saSualo 
mniSvnelobasTan SedarebiT. 
 gabnevis xarisxis maxasiaTeblebia: dispersia da riski. 
 gansazRvreba: Sesaswavli X  sididis, saSualo X  mniSvnelobidan 
gadaxris kvadratis saSualo mniSvnelobas, X  sididis gabnevis dispersia 
ewodeba. 
 dispersia 2S  gamoiTvleba formuliT: 

( )

∑

∑
−

=

−

=

−
= 1

0

1

0

2

2 k

i
i

k

i
ii

f

fXX
S

saS

                       (2.5) 

Cveni magaliTis SemTxvevaSi: 

( )
39.482 6

0

6

0

2

=
−

=

∑

∑

=

=

i
i

i
ii

f

fXX
S

saS

                   (2.6) 

dispersias aqvs kvadratuli ganzomileba X -Tan SedarebiT, amitom 
ganixileba gabnevis meore maxasiaTebeli romelsac S  - risks an saSualo 
kvadratul gadaxras uwodeben da gamoiTvleba formuliT: 

2SS =                            (2.7) 
Cveni amocanis SemTxvevaSi 

956.6=S                         (2.8) 
variaciuli mwkrivis Seswavlisas, didi mniSvneloba aqvs Sesaswavli 

sididis cvlilebis maxasiaTeblebis gamoTvlas, rogoric arian: variaciis 
koeficienti da gaqaneba. 

gansazRvreba: Sesaswavli X -sididis mniSvnelobaTa gaqaneba ewodeba 
sxvaobas, mis maqsimalur da minimalur mniSvnelobebs Soris. aRiniSneba 

RaX . 

minmax XXRaX −=                     (2.9) 

Cveni amocanis pirobebSi (cxili #2), gveqneba 

254570 =−=RaX                    (2.10) 
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gansazRvreba: Sesaswavli X -sididis variaciis ν  koeficienti 
warmoadgens Sesaswavli sididis gazomvis sizustis procentul(fardobiT) 
maxasiaTebels da gamoiTvleba formuliT: 

%100.
saSX
S

=ν                       (2.11) 

Cveni amocanis pirobebSi gveqneba: 

352.13≈ν ;                       (2.12) 

iTvleba, rom variaciuli mwkrivi realuria, Tu %15≤ν . Tu %100≥ν  
es niSnavs imas, rom an cxrilia Sedgenili arasworad an mocemuli amocana 
ar ixsneba statistikaSi. 

imisaTvis, rom gadavideT amorCevis saSX -mniSvnelobidan, saSualo 

saSXR  fasze mTeli regionis masStabiT(generaluri erTobliobisaTvis), 

saWiroa gamoviyenoT formulebi. 

    a) Tu 1<<
N
n

, maSin
n
SXXR

n
SX +≤≤− saSsaSsaS ;                (2.13) 

       

b) Tu  9.05.0 ≤≤
N
n

, maSin    

⎟
⎠
⎞

⎜
⎝
⎛ −+≤≤⎟

⎠
⎞

⎜
⎝
⎛ −−

N
n

n
SXXR

N
n

n
SX 11

22

saSsaSsaS  .                    (2.14) 

                                    .  
Cven SemTxvevaSi moqmedebs formula (2.13) 

4.51=−
n
SX saS ; 

8.52=+
n
SX saS . 

monacemTa statistikuri damuSavebisas, did rols TamaSoben 
grafikuli meTodebic. 

gansazRvreba: f -sixSireebis X -mniSvnelobebze damokidebulebis 

grafiks, sixSireTa poligoni ewodeba. 
 
 

            
nax. 2.1 sixSireTa poligoni 

monacemTa mniSvnelobebis ganawilebis kanonis dasaxasiTeblad 

ganixilaven: asimetriulobis μ  koeficients da E -eqscess. 

X

f
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gansazRvreba:  asimetriulobis koeficienti 0=Xμ  - Tu ganawilebis 

funqcia simetriulia, 0>Xμ  - Tu simetria irRveva modis marjvniv da 

0<Xμ  - Tu simetria  irRveva marcxena mxares.  
   asimetriulobis koeficienti gamoiTvleba formuliT:  

              

( )

∑

∑
−

=

−

=

−
= 1

0

3

31

0
k

i
i

i

k

i
i

fS

fXX
X

saS

μ                        (2.15) 

   Cveni amocanis pirobebSi:  

  8.1≈Xμ                            (2.16) 

gansazRvreba:  Tu X -sididis ganawilebis grafiki emTxveva gausis 

normaluri ganawilebis grafiks, maSin eqscesi 0=EX , Tu X -sidideE 

ufro swrafad icvleba, maSin 0>EX , xolo Tu ufro nela, maSin 0<EX .  

   eqscesi EX  – gamoiTvleba formuliT:  

       

( )
31

0

4

41

0
saS

−
−

=

∑

∑
−

=

−

=
k

i
i

i

k

i
i

fS

fXX
EX .                  (2.17) 

9.1=EX  
  
 

                  
nax. 2.2 eqscesis gansazRvrebisaTvis 

 
nax. 2.3. asimetriulobis koeficientis gansazRvrisaTvis 

X

N  

0>xμ  0<xμ

0=xμ

X
 

N 
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2.2. sainvesticio proeqtis rentabelobisa 
da riskis gamoTvla 

 
ganvixiloT sainvesticio proeqtis rentabelobisa da riskis cnebebi 

konkretuli amocanis pirobebSi.   
gansazRvreba: mosalodneli Semosavlis fuladi raodenobis maCveneb-

lis fardobas sainvesticio kapitalis moculobasTan, investiciis rentabe-
lobis maCvenebeli ewodeba.  
   mag. Tu Cvens proeqts esaWiroeba $20 aTasi da mosalodneli Semosavalia 
$30 aTasi, maSin rentabelobis maCvenebeli  

5.1
20
30Re ==X                      (2.18) 

amocana. proeqtSi $20 aTasi dolaris investirebisas mosalodnelia 

30% wliuri mogeba. magram imis albaToba, rom proeqti CaiSleba 05.0=p . 

SeiswavleT rentabeloba da proeqtis riski.  
amoxsna: $20 aTasi dolaris investirebisas, warmatebis SemTxvevaSi, 

wlis bolos gveqneba 260003,1200003,02000020000 =⋅=⋅+  dolari, winaaRmdeg 
SemTxvevaSi, davkargavT 20 000 dolars. SevadginoT Semosavlis ganawilebis 
funqcia: 

                     cxrili #3 

X  26000 0 
p  0,95 0,05 

 saSualo mosalodneli Tanxa gamoiTvleba, rogorc X -SemTxveviTi 

sididis maTematikuri lodini MX : 

  ∑ =⋅+⋅== 2470005,0095,026000ii pXMX ($) 
proeqtis rentabeloba iqneba: 

 2,1
20000
24700

20000
Re ≈==

MXX                    (2.19) 

dispersia gamoiTvleba frmuliT: 

( ) ( ) 3211000005,024700095,024700260002 22 =⋅−+⋅−=S     (2.20) 
riski (saSualo kvadratuli gadaxra) iqneba: 

569.56662 == SS                        (2.21) 
variacis koeficienti (riskis fardobiTi maCvenebeli) 

%100⋅=
MX
Sν        (2.22) 

                   %9.22=ν  
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2.3. ori alternatiuli sainvesticio 
proeqtis Sedarebis teqnologia 

 
  gansazRvreba: or sainvesticio proeqts ewodebaT alternatiuli, Tu, 
maTgan erT-erTis investireba, gamoricxavs meoris investirebas. 

ori proeqtis alternatiulobis SemTxvevaSi, xdeba maTi 
rentabelobis maCveneblisa da rikis gamoTvla.  

a) Tu orive proeqts aqvs erTnairi rentabelobis maCvenebeli, maSin 
airCeva is, romelsac Seesabameba naklebi riski; 

b) Tu orive proeqts aqvs erTnairi riski, maSin airCeva is, romelic 
ufro rentabeluria.  

g) Tu erTi maTganis rentabeloba metia meoreze da riski naklebia          
meoreze, airCeva pirveli proeqti; 

d) Tu pirvelis rentabeloba metia meorisaze, magram riskic metia 
meorisaze, maSin unda daiTvalos variaciis koeficientebi da 
SevadaroT am proeqtebis upiratesobani. am SemTxvevaSi menejers aaqvs 
subieqturad gadawyvetis SesaClebloba garkveul farglebSi. 

       
ganvixiloT konkretuli amocana. 

mocemulia ori alternatiuli proeqti A Ada B . A  proeqti moiTxovs 
$100 aTas, 25% wliur mogebis pirobiT, proeqtis CaSlis albaToba 

011,0=Ap .  B  proeqti moiTxovs $250 aTas, 30% wliuri mogebis pirobiT, 

proeqtis CaSlis albaToba  012,0=Bp . 

romeli proeqtia ufro mizanSewonili investirebisaTvis?  
amoxsna: orive proeqtisaTvis unda Sedges ganawilebis funqciebi da 

cal-calke daiTvalos rentabeloba Sesabamisi riskebiT.  
                cxrili #3 

                 
   

 
saSualo Semosavali A–proeqtidan MA iqneba                                         

∑
=

==
1

0

625.123
i

iiPAAMA  

rentabeloba  A -dan iqneba RA ,   

236.1
000100

Re ==
MAA   

dispersia 

( ) ( )∑
=

=−⋅=−=
1

0

22 98.169989.0625.12325,11002
i

ii PAMAAAS  

riski A -dan iqneba SA , 
04.132 == ASSA  

%5.10100 =⋅=
MA
SAAν  

 
                       
 

A 25.1100 ⋅ aT 0 

PA 989.0  011.0  
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               cxrili #4 
 

 
 
 

saSualo Semosavali B -proeqtidan iqneba MB  

∑
=

==
1

0

1.321
i

iiPBBMB  

rentabeloba B -dan iqneba RB  

284.1
250000

Re ==
MBB  

dispersia 

( ) ( )∑
=

=−⋅=−=
1

0

22 12523988.01.3213,12502
i

ii PBMBBBS  

riski B -dan iqneba SB , 

39.352 == BSSB  

%02.11100 =⋅=
MB
SBBν  

 
 

ESesadareblad SevadginoT cxrili 
                        cxrili #5 

                       arCevis upiratesoba 
ARe  Aν  1.236 10.5% 

BRe  Bν  1.284 11.02% 

rogorc vxedavT es proeqtebi daaxlovebiT Tanabrad rentabeluri da 
nakleb riskiania.  

 
 
 
       

2.4. dagrTaSorisi balansis leontievis maTematikuri modeli 
 
ganvixiloT dagrTaSoris balansiis amocana, romlis arsic imaSi 

mdgomareobs, rom mimdinare wlis balansiis monacemebisa da garkveuli 
dargebis upiratesi ganviTarebis aucileblobis pirobebSi sworad 
davgegmoT momavali wlis saerTo gamoSveba TiToeuli dargisaTvis, 
regionisa Tu saxelmwifos farglebSi.  

simartivisaTvis ganvixiloT samdargiani balansi da SeviswavloT   
Sesabamisi dargTaSorisi balansi leontievis maTematikuri modelis 
bazaze.  

amocana: 2003 wels samma dargma: soflis meurneoba, manqanaTmSeneb-
loba, energetika saSualeba mogvca Segvedgina dargTaSorisi balansi 
(cxrili #6):  

                                                                    
 
 
 

B  30.1250 ⋅ aT 0 

PB  988.0  012.0  
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                                                                    cxrili #6 

                                              

ipoveT mTliani gamoSvebis axali ix -gegma 2004 wlisaTvis, Tu soflis 

meurneobis saboloo iy - produqti unda gaizardos 10%-iT, manqanaT-

mSeneblobisa-20%-iT, xolo energetika- 8%-iT.  

amoxsna:  vTqvaT, ix -aris  i -uri dargis mTliani gamoSvebuli 

produqciis moculoba fulad gamosaxulebaSi, jix -aris  i -uri dargis  

produqciis is moculoba, romelic gamoiyeneba j -uri dargis warmoebaSi,     
iy -aris saboloo produqcis moculoba i -uri dargisaTvis, romelic 

gamoiyeneba arawarmoebiTi daniSnulebiT fulad gamosaxulebaSi.  
maSin, leontievis dargTaSorisi balansis gantolebas aqvs saxe:               

∑
=

+=
n

j
jijii yxx

1
,                         (2.23) 

 SemovliTi aRniSvna: 

j

ji
ji x
x

a =                              (2.24) 

 jia -aris i -uri dargis produqciis is moculoba, romelic saWiroa 

erTeuli moculobis produqciis Sesaqmnelad j -ur dargSi, ( )jia -matricas 

teqnologiuri matricas uwodeben.  

( ) ( )⇒∧ 24.223.2  

∑
=

+=
n

j
ijjii yxax

1

                      (2.25) 

Tu, SemoviRebT matricul aRniSvnebs 

    

⎟⎟
⎟
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⎞
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⎝

⎛
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x
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X
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⎟
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⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=
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n

n
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A

K
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K

K
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22221
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⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

ny

y
y

Y
M
2

1

 

maSin (2.25) gadaiwereba saxiT: 

 YXAX +⋅=                           (2.27) 
am gantolebidan unda vipovoT X -matrica, 

moxmareba 
 
 
# 

 soflis 
meorneoba

manqanaTmSene
bloba 

energetik
a 

saboloo 
produqti 

iy  

mTliani 
gamoSveb

a 

ix  

1 soflis 
meorneoba 

1011 =x  2012 =x  3013 =x  401 =y  1001 =x  

2 manqanaTmSen.
 

3021 =x  2022 =x  1023 =x  302 =y  902 =x  w
ar

mo
eb

a 

3 energetika 
 

2031 =x  3032 =x  2033 =x  503 =y  1203 =x  
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              ( ) ( ) YAEXYXAE ⋅−=⇒=⋅− −1
                 (2.28) 

 es aris leontievis formula, romelic iZleva dargTaSorisi 
balansis amocanis amoxsnas.  
 Cveni amocanis SemTxvevaSi,  

   

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⋅
⋅
⋅

=
08,150
2,130
1,140

Y ,    

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

100
010
001

E       

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

120
20

90
30

100
20

120
10

90
20

100
30

120
30

90
20

100
10

A        (2.29) 

maSin, saZebni gegma iqneba  

( ) YAEX ⋅−= −1
 

anu                        

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

919.132
481.103
362.111

X                        (2.30) 

 
 
 
 
 
 

2.5. wrfivi daprogramebis amocana 
 

  Sps cexma unda gamouSvas sami tipis sul 100 erTeuli moculobis 
produqcia. TiToeuli saxis produqcia unda iyos aranakleb 20 erTeuli. 
produqciis TiToeuli erTeulze tipis mixedviT, ixarjeba Sesabamisad 4, 
3.4 da 2 kg metali, romlis saerTo maragic 340 kg-ia, aseve 4.75, 11 da 2 kg 
plastmasi, romlis saerTo maragic 700 kg-ia. TiToeuli tipis ra 
moculobis produqcia unda iyos gamoSvebuli,  rom miviRoT maqsimaluri 
amonagebi Tanxa, Tu TiToeuli tipis erTeuli moculobis produqciis fasi 
aris 4, 3 da 2 dolari? 
 amoxsna: SevadginoT maTematikuri modeli. 

1x -pirveli tipis produqciis gamosaSvebi moculobaa, 

2x -meore tipis, 

3x -mesame tipis. 
maSin, mizan-funqcas eqneba saxe: 

( ) 3223143,2,1 xxxxxxf ⋅+⋅+⋅=                    (2.31)  

 am funqciam unda miiRos maqsimaluri mniSvneloba, radgan is 
gamosaxavs saerTo amonagebi Tanxis sidides. 

    amas garda, 1x , 2x , 3x  - cvladebi unda akmayofilebdnen Semofargvlis  
pirobebs, romlebic gamomdinareoben amocanis pirobidan: 

            

⎪
⎪
⎩

⎪⎪
⎨

⎧

≤⋅+⋅+⋅
≤⋅+⋅+⋅

=++
≥≥≥

70032211175.4
3403224.314

100321
203202201

xxx
xxx

xxx
xxx

                     (2.32) 
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maSasadame, miviReT wrfivi programirebis amocana:  

 vipovoT iseTi  1x , 2x , 3x  mniSvnelobebi, romlebic akmayofileben 
(2.32) Semofarglis pirobebs da romelTaTvisac (2.31) mizan-funqcia iRebs 
maqsimalur mniSvnelobas. 
  es amocana Mathcad-2001-Si ixsneba advilad, Tu SevadgenT Sesabamis 
programas:  

     ( ) 3223143,2,1 xxxxxxf ⋅+⋅+⋅=                     mizan-funqcia 

     1:1 =x    1:2 =x     1:3 =x                nebismieri sawyisi pirobebi 
     Given                               amonaxsnis bloki M Mathcad-2001-Si               

     

70032211175.4
3403224.314

100321
203202201

≤⋅+⋅+⋅
≤⋅+⋅+⋅

=++
≥≥≥

xxx
xxx

xxx
xxx

              Semofargvlis pirobebi           

     ( )3,2,1,: xxxfMaximizeR =              maqsimumis povna MMathcad-Si 

     

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

24
20
56

R                                     amonaxsni 

e.i. 561=x , 202 =x , 243 =x . 
 wrfivi daprogramebis amocanaze da Sesabamis modelze daiyvanebian 
sxvadasxva tipis ekonomikuri amocanebi: 

a) satransporto amocana; 
b) saarsebo minimumis povnis amocana; 
g) resursebis optimalurad ganawilebis amocana; 
d) dasaTesi savargulebis optimalurad ganawilebis amocana 
da a.S. 

 Cven am amocanebze ar gavCerdebiT, radgan isini arian Sesabamisi 
sagnis obieqtebi, Seiswavlebian sagnebSi: operaciis kvleva da optimizaciis 
meTodebi. 
 
 
 
 
 

 
 

2.6. saerTaSoriso vaWrobis maTematikuri  
modeli 

 
 vTqvaT, saerTaSoriso vaWrobaSi monawileoben n -raodenobis 
sxvadasxva qveynebi nSSS K,, 21 , romelTa Sesabamisi erovnuli Semosavalic 

aris nxxx K,, 21 . SemoviRoT aRniSvna: jia -aris jS -qveynis erovnuli 

Semosavlis nawili, romelic ixarjeba iS -qveynis produqciis SesaZenad. 

CavTvaloT, rom mTeli erovnuli Semosavali ixarjeba an Sida an 
importuli produqciis SesaZenad, e.i.  
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∑
=

=
n

i
jia

1

1 ,      nj ,1=                    (2.33) 

ganvixiloT A  matrica 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

nnnn

n

n

aaa

aaa
aaa

A

K

KKKK

K

K

21

22221

11211

                    (2.34)        

am matricas saerTaSoriso vaWrobis struqturul matricas uwodeben.  
(2.33)- dan gamomdinare,  A -matriciis nebismieri svetis elementebis 

ricxvi 1-is tolia.  

nebismieri iS -qveynis amonagebi Sida da gare vaWrobidan Seadgens 

      j

n

j
jinniiii xaxaxaxaP ∑

=

=+++=
1

2211 K                    (2.35) 

sbalansirebuli vaWrobisaTvis aucilebelia, rom nebismieri iS -

qveynisaTvis vaWroba iyos aradeficituri, anu amonagebi iP  unda iyos ara 

naklebi vidre danaxarji erovnuli Semosavali iX , e.i. 

 ii XP≥                              (2.36) 

 mkacri utoloba (2.36)-Si SeuZlebelia, radgan yvela qveyana vaWrobaSi 
mogebuli ver iqneba, Tu viRaca igebs, e.i. sxva viRaca agebs.  
 es imas niSnavs, rom Tu gvinda humanuri da sbalansirebuli vaWroba, 
maSin idealSi (2.36)-Si unda iyos tolobebi:  

ii XP=  H                         (2.37) 

es tolobebi matriculad Caiwereba Semdegnairad:  
XXA =                            (2.38) 

e.i. saerTaSoriso vaWrobis mocemuli struqturuli A  matricis 
pirobebSi, movaWre qveynebis erovnuli Semosavlebis sapovnelad, unda 
vipovoT vaWrobis struqturuli matricis is sakuTrivi X -vektori, 
romelic Seesabameba 1=λ  sakuTriv ricxvs.  
   ganvixiloT magaliTi:  

 mocemulia sagareo vaWrobis struqturuli matrica sami 321 ,, SSS  

qveynisaTvis:    

           

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

0
4
1

3
1

2
1

2
1

3
1

2
1

4
1

3
1

A   

ipoveT am qveynebis erovnuli Semosavlebis iseTi 321 :: xxx  

Tanafardoba, romlis drosac SesaZlebelia maT Soris sbalansireirebuli 
vaWroba. 
  amoxsna:  

         XXA =⋅                           (2.38) 

e.i.                           ( ) 0=⋅− XEA                         (2.39) 
miviReT sistema:  
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⎪
⎪
⎪

⎩
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⎪

⎨

⎧
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=+−

=++−
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3
1
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1
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1

0
2
1
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321

321

xxx

xxx

xxx

                   (2.40) 

am sistemis determinanti 0=−EA , e.i. 2≤rangA        

0
4
1

12
3

12
1

3
1

2
1

3
1

4
1

3
2

≠==−=
−

−
    e.i. 2=rangA  

cx =3  , maSin (2.40)-dan miviRebT, rom cx 22 =  da cx
2
3

1 = . 

e.i. am qveynebs Soris udeficito vaWroba SesaZlebelia im SemTxveva-
Si, Tu maTi erovnuli Semosavlebi akmayofileben pirobas:  

   2:4:3:2:
2
3:: 321 == cccxxx                    (2.41) 

P . S . rogorc vxedavT saerTaSoriso vaWroba mxolod idealSia yvelasTvis 
sasargeblo. ZiriTadad, es aris erTi  qveynis mier meore qveyanaze ekono-
mikuri zewolis iaraRi da warmoadgens ekonomikuri omis erT-erT 
mniSvnelovan nawils. 
 
 
 
 
 

 
2.7. aqciebis fasis prognozireba umcires kvadratTa meTodiT 

 
vTqvaT mocemuli gvaqvs cxrili aqciebis y -fasis cvlilebisa x  

Tveebis mixedviT da gvinda viwinaswarmetyveloT fasis mniSvneloba 
uaxloes XI, XII momaval TveebSi.  

                                                        cxrili #7  
x  1 2 3 4 5 6 7 8 9 10 11 12 

y  20 15 14 18 20 19 20 20 14 18 ? ? 

am amocanis amosaxsnelad gamoviyenoT umcires kvadratTa meTodi (wrfivi 
regresia). 
   amoxsna:  
 amovxsnaT jer amocana zogadi monacemebiT:  
                                                    cxrili #8 

  x    1x    2x    K   nx  

  y    1y    2y    K   ny  
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nax. 2.4. wrfivi regresia 

 

cxrili #8, sibrtyeze gvaZlevs eqsperimentalur wertilTa ( )ii yx , -

simravles. Cven unda vipovoT iseTi bxky +⋅=  wrfe, romelic  ”saukeTesod“ 
uaxlovdeba am eqsperimentul wertilTa erTobliobas. saukeTesod 
miaxlovebis kriteriumad  unda aviRoT gausis diskretuli normis minimumi:  

( ) min)(,1
1

2

1

2 →−+== ∑∑
==

n

i
ii

n

i
i ybkxrbkI               (2.42) 

ir -aris sxvaoba, fasis Teoriul da eqsperimentalur mniSvnelobebs Soris. 

(2.42)-Si, ( ) 2),(1, bkIbkI = -funqciam unda miiRos minimaluri mniSvneloba. maSin, 
fermas Teoremis ZaliT miviRebT, rom  

⎪
⎩

⎪
⎨

⎧

=
∂
∂

=
∂
∂

0

0

b
I
k
I

                          (2.43) 

(2.43)-gadaiwereba saxiT: 

⎪
⎪
⎩

⎪⎪
⎨

⎧

=⋅+

=+

∑ ∑

∑ ∑ ∑

= =

= = =
n
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i
ii

n

i

n

i

n

i
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ybnxk

yxxbxk

1 1

1 1 1

2

                   (2.44) 

 am sistemis ( )bk ,  amonaxsni gvaZlevs, swored, im optimalur Teoriul 

bxky +⋅=  funqcias, romelic saSualebas gvaZlevs viwinaswarmetyveloT 

aqciis fasis mniSvneloba, roca 11=x  an 12=x . 
 Cveni magaliTis SemTxvevaSi, 

( ) 133.1811 =y                         (2.45) 

( ) 194.1812 =y                         (2.46) 

 
 
 
 

 
 
 

1x

1y  1r
3r

2r

1−nr

2−nr
nr

y  

bkxy +=  
x  
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2.8. keinsis maTematikuri modeli 
 

 “didi depresiis” dasawyisi iyo is movlena, roca erTi dRis 
ganmavlobaSi amerikis fasiani qaRaldebis fasi katastrofulad daeca. 
mogvianebiT am dRes “Savi orSabaTi” uwodes. am dRidan mieca dasabami 
keinsis makroekonomikur koncefcias, romlis mixedviTac – warmoeba, 
ganawileba da gasavali erovnul meorneobaSi ganisazRvrebian erTi 
agregirebuli faqtoriT – erovnuli SemosavliT. erovnuli Semosavali 
ganisazRvreba efeqturi moTxovnilebiT, anu moTxovniT. makroekonomikur 
Teorias, xSirad, Semosavlebis Teorias uwodeben. “didi depresia” 
aRiniSneba keinsis Teoriis aRiarebiT da aqedan daido dasabami 
maTematikurma makroekonomikam. 
 ganvixiloT erovnuli Semosavlis efeqturi moTxovnilebis meSveobiT 
gansazRvris meqanizmi. 
 efeqturi moTxovnilebis meqanizmi ambobs, rom drois mcire 
SualedebisaTvis, roca warmoebis saSualebebi fiqsirebulia, erovnuli 
Semosavali ganisazRvreba im faqtorebiT, romlebic damokidebulia 
moTxovnaze. 
 SevadginoT Sesabamisi maTematikuri modeli. jamuri efeqturi 

moTxovnileba D , ganisazRvreba, rogorc C  - moxmarebisa da I  - 
intensivobis jami: 

ICD +=                           (2.47) 
momxmarebelTa moTxovna SeiZleba warmovadginoT formiT: 

AXC +⋅=α       ( )10 <<α              (2.48) 

sadac C -moxmareba aris X  erovnuli Semosavlis wrfivi funqcia, 

=A (saarsebo minimumi)×(mcxovrebTa ricxvi), xolo α -moxmarebisaken 

swrafvis koeficienti ( A -s xSirad bazur moxmarebis maCvenebels uwodeben). 
P.S. C=Consumption (moxmareba), I=Investment (kapitaldabandeba), D=Demand 
(moTxovna) 

investiciebis sapovnelad visargebloT investiciebis damoukideblo-
bis xasiaTis hipoTeziT, romlis mixedviTac investiciebis done 
ganisazRvreba warmoebis grZelvadiani mosalodnelobiT, romelic araa 
gansakuTrebulad damokidebuli Semosavlebze mokle droSi. 

 wonasworuli erovnuli 
∗X -Semosavali, romelic Seesabameba 

moTxovnilebisa da winadadebis tolobas 

 
∗= XD                         (2.49) 

ganisazRvreba rogorc  
∗=+ XIC                       (2.50) 

gantolebis amonaxsni, romelic miireba (2.47)∧(2.49)-dan. Tu, gaviTvaliswi-
nebT (2.48), maSin miviRebT gantolebas: 

∗∗ =++⋅ XIAXα                   (2.51) 
aqedan miviRebT, rom  

( ) ∗−=+ XIA α1                    (2.52) 
romelic saSualebas gvaZlevs vipovoT wonasworuli erovnuli Semosavali 

∗X : 

( ) ( )IAX +⋅−= −∗ 11 α                   (2.53) 



 31 
 

gansazRvreba: gamosaxulebas ( ) 11 −−α –romelic gviCvenebs, Tu 
ramdenad izrdeba erovnuli Semosavali, investiciebis mocemuli zrdis 
pirobebSi, investiciebis multiplikatori ewodeba. 

wonasworobis 
∗X -moculoba, Seesabameba im erovnul Semosavals, 

romlis drosac dakmayofilebulia mewarmeTa da kerZo meurneTa 
interesebi, magram ar Seesabameba im dones, roca daZleulia umuSevroba. 
amitom, saxelmwifo yovelTvis unda cdilobdes gazardos erovnuli 

Semosavali ise, rom 
∗> XX f , investiciebis mozidvis meSveobiT. 

 
2.9. samuelson-hiksis modeli 

 
Tumca, drois didi SualedisaTvis ekonomikas aqvs gazrdis 

tendencia, magram misi ganviTarebisaTvis damaxasiaTebelia talRuri buneba, 
romlis gamoc erovnuli Semosavali xan izrdeba da xan mcirdeba. 

ekonomikuri dinamikisaTvis damaxasiaTebeli talRuri bunebis 
Sesaswavlad, samuelsonma da hiksma Seadgines Sesabamisis maTematikuri 
modeli. am modelSi  

X -is rxevis meqanizmi axsnilia aqseleraciis principisa da 
multiplikatoris koncefciiT. 

aqseleraciis principi ambobs, rom investirebis masStabebi 
damokidebulia saboloo produqtze moTxovnis zrdis tempze. investiciuri 
moTxovna saboloo produqciis moTxovnis proporciulia. proporciulobis 
koeficients, aqseleraciis faqtors uwodeben. samuelson-hiksis modelSi 
aqseleraciis principze damyarebul investiciebis gantolebas aqvs saxe: 

( ) ( ) ( )( )21 −−−= tXtXtI β                  (2.54) 

sadac β -aqseleraciis koeficientia (faqtoria). 

 ( )tC -moxmarebis gamosaTvlelad gamoviyenoT misi wrfivi damokide-

buleba X  moTxovnaze, sadac ganvixilavT erT periodian lags 
(dagvianebas): 

( ) ( ) AtXtC +−⋅= 1α                    (2.55) 
aqac, iseve rogorc keinsis modelSi 

( )1,0∈α ,     =A (saarsebo minimumi)×(mcxovrebTa raodenoba)                     
(2.56) 
Tu gaviTvaliswinebT moTxovnisa da winadadebis wonasworobis pirobas, 
miviRebT gantolebas 

( ) ( ) ( )tItCtX +=                    (2.57) 

am tolobaSi Tu SevitanT ( )tC -s (2.55)-dan da ( )tI -s (2.54)-dan miviRebT: 

( ) ( ) ( ) ( ) AtXtXtX +−⋅−−⋅+= 21 ββα           (2.58) 
am gantolebas samuelson-hiksis maTematikuri modeli ewodeba. 

aqseleraciis β -koeficientis mixedviT, ekonomikuri ganviTarebis 
dinamikam SeiZleba migviyvanos qrobad rxevebze an rxevebze, mzardi 
amplitudiT. 
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Aamocanebi da savarjiSoebi 

1. pomidoris fasis dasadgenad 1000=N  generaluri erTobliobidan 

gakeTda savaWro wertilebis 100=n  moculobis amorCeva da 
Sedgenil iqna variaciuli mwkrivi 

X  70    60  50 40 65 55 45 

f  40 10 40 2 3 3 2 

ipoveT: amorCevis fasis saSualo mniSvneloba, mediana, moda, dispersia, 
riski, variaciis koeficienti generaluri erTobliobis 
saSualo fasi. 

        aageT sixSireTa ganawilebis poligoni, gamoTvaleT asimetriis 
koeficienti da eqscesi. 

2. gamoTvaleT A proeqtis rentabeloba, riski da mosalodneli mogeba, 

Tu savaWro investiciaa I , wliuri namatia %Δ , xolo proeqtis 
CafuSvis albaToba p : 

a) =I $20⋅103,          %30=Δ ,    1,0=p  

b) =I $30⋅103,          %25=Δ ,    02,0=p  

g) =I $40 aTasi,      %20=Δ ,    03,0=p  

d) =I $35 aTasi,      %25=Δ ,    4,0=p  

e) =I $45 aTasi,       %15=Δ ,    001,0=p  

v) =I $100 aTasi,     %10=Δ ,    002,0=p  

z) =I $200 aTasi,     %12=Δ ,    001,0=p  

3. SeadareT ori alternatiuli A da B  proeqti, Tu IBIA, -arian moT-

xovnili investiciebis moculobebi; BA ΔΔ , -arian Sesabamisi wliuri 

namatis procentebi; xolo PBPA, -arian Sesabamisi proeqtebis CafuSvis 

albaTobebi: 
a) 

A IA=$30 %15=ΔA  03.0=PA  

B  IB =$40 %17=ΔA  01.0=PB  
 
b) 

A IA=$50 %18=ΔA  01.0=PA  

B  IB =$60 %16=ΔA  01.0=PB  
g) 

A IA=$60 %19=ΔA  01.0=PA  

B  IB =$70 %17=ΔA  07.0=PB  
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4. mimdinare wlis dargTaSorisi balansis cxrilis meSveobiT, SeadgineT 
momavali wlis gamoSvebis gegma dargebis mixedviT ise rom, pirveli 
dargis saboloo produqti gaizardos 15%-iT, meore dargisa Semcirdes 
5%-iT, mesame dargisa darCes Zvel doneze: 
a) 

moxmareba  
1 2 3 

saboloo 
produqti

mTliani 
gamoSveba 

1 20 40 40 50 150 
2 40 20 40 60 160 

w
ar

mo
eb

a 

3 80 10 10 55 155 
b) 

 
1 2 3 

saboloo 
produqti

mTliani 
gamoSveba 

1 100 200 300 100 700 
2 200 100 300 200 800 
3 300 100 200 300 900 

g) 
 

1 2 3 
saboloo 
produqti

mTliani 
gamoSveba 

1 40 60 200 100 400 
2 200 40 60 100 400 
3 60 200 40 100 400 

 
5. miiyvaneT amocanebi wrfivi daprogramebis modelze da amoxseniT 
Mathcad-2001-is gamoyenebiT 
a) fermaSi Zroxebis kvebis racioni  Sedgeba sami produqtisagan: Tiva, 
silosi da koncentratebi, romlebic Seicaven cilebs, kalciums da 
vitaminebs. ricxviTi monacemebi mocemulia cxrilSi. erT Zroxaze 
gaTvliT dRe-RameSi cilebisa da kalciumis normatiuli raodenoba 
2000g da 210g Sesabamisad. vitaminebis Semcveloba mkacrad dozirebulia 
da Seadgens 87 mg dRe-RameSi. 
 SeadgineT yvelaze iafi racioni, Tu 1 kg Tiva Rirs $1.5, silosi -$2, 
koncentrati - $6. 

produqti sakvebi nivTierebebi 
 cilebi kalciumi g/kg vitaminebi mg/kg 

Tiva 5011 =a  1021 =a  231 =a  

silosi 7012 =a  622 =a  332 =a  

koncentrati 18013 =a  323 =a  133 =a  

 

amoxsna:   min625,1 321 →++ xxx  

          20001807050 321 ≥++ xxx  

          2103610 321 ≥++ xxx  

          8732 321 =++ xxx  

          01 >x   02 >x    03 >x  

pasuxi: 61 =x kg Tiva; 252 =x kg silosi; 03 =x kg koncentrati. 
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6. sami qveynis vaWrobis A -struqturuli matricis saSualebiT, da-
adgineT dabalansebuli – udeficito vaWrobisaTvis aucilebeli Tana-
fardoba am qveynebis erovnul SemosavlebSi: 

a)   

⎟
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⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝
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4
1

3
10

2
1

3
1

2
1

4
1

3
1

2
1

A               b)   
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⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛
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4
1

4
1

2
1

2
1

4
1

6
1

4
1

2
1

3
1

A  

g)   

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

0
7
1

5
1

6
5

7
4

5
3

6
1

7
2

5
1

A               d)   

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

7
3

5
1

2
1

7
3

5
3

4
1

7
1

5
1

4
1

A  

 
7. ipoveT dolaris kursi noembersa da dekemberSi Tu wina Tveebis kursi 
mocemulia cxrilSi: 
a) 

X  1 2 3 4 5 6 7 8 9 10 11 12 

Y  2.1 2.0 1.8 1.9 1.9 1.8 1.7 1.7 1.8 1.8 ? ? 
b) 

X  1 2 3 4 5 6 7 8 9 10 11 12 

Y  2.1 2.0 1.8 1.9 1.9 1.8 1.7 1.72 1.8 1.81 ? ? 
 
8. gamoTvaleT keinsis modelis pirobebSi X - erovnuli Semosvali, Tu 
moxmarebisken swrafvis fsiqologiuri koeficientia α , saarsebo 
minimumia 184 lari, mosaxleobis raodenobaa 1.5 milioni, xolo 
investiciebis moculobaa I : 
a) 5.0=α ;  20000000=I  lari 
b) 5.0=α ;  100000000=I  lari 
g) 6.0=α ;  100000000=I  lari 
d) 7.0=α ;  100000000=I  lari 
e) 8.0=α ;  100000000=I  lari 
 
9. samuelson-xiksis modelis pirobebSi Mathcad-2001-is gamoyenebiT 
ipoveT  
β -aqseleraciis koeficientis is mniSvneloba: a) roca erovnuli 
Semosavlis mniSvneloba asrulebs milevad rxevebs; b) roca misi 
amplituda izrdeba, Tu 

9.1. 5.0=α ;  8105,1 ⋅=A ; 

9.2. 6.0=α ;  8105,1 ⋅=A ; 

9.3. 7.0=α ;  8105,1 ⋅=A ; 

9.4. 8.0=α ;  8105,1 ⋅=A ; 

9.5. 9.0=α ;  8105,1 ⋅=A . 
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Tavi 3 
 

klasikuri meqanikis maTematikuri modelebi 
 

3.1. materialuri wertilis cneba da dinamikis gantolebebi. n-sxeulis 
problemis maTematikuri modeli. lanJevenis maTematikuri modeli 

 
 gansazRvreba: sxeuls, romlis zomebic SeiZleba ugulebelvyoT 
mocemuli amocanis pirobebSi, materialuri wertili ewodeba. mag: 
planetebis urTierTis mimarT moZraobis Sesaswavlad, isini SeiZleba 
CavTvaloT materialur wertilebad, romelTac gaaCniaT Sesabamisi 

planetis toli masebi- im , magram, Tu gvainteresebs planetis brunviTi 

moZraobis modelireba sakuTari RerZis garSemo, mas ukve ver CavTvliT 
materialur wertilad da iZulebuli varT, sxva gzebi veZioT Sesabamisi 
procesebis maTematikuri modelebis Sesadgenad. 
 Tanamedrove teqnikis miRwevebi mTlianad (TviTmfrinavebi, raketebi, 
manqana-meqanizmebi, mSeneblobebis proeqtireba da a.S.) emyareba klasikur-
niutonur meqanikas. 
 klasikuri meqanikis safuZvels Seadgenen niutonis kanonebi, 
romlebic emyarebian eqsperimentebs da saR-metafizikur azrovnebas.  
 ganvixiloT niutonis kanonebi: 
 a) niutonis pirveli kanoni: 
 Tu sxeulze ar moqmedeben sxva sxeulebi, an maTi moqmedeba 
kompensirebulia, maSin sxeuli an uZravia an moZraobs Tanabrad da 
wrfivad; 

anu Tu F
r
(Zalebis jami)=0, maSin a

r
(aCqareba)=0. 

SeniSvna: es kanoni ZalaSia, mxolod maSin roca dakvirvebas vawarmoebT 
iseTi aTvlis sistemebis mimarT, romlebic moZraoben aCqarebis gareSe. 
aseT aTvlis sistemebs inerciul aTvlis sistemebs uwodeben.  
 b) niutonis meore kanoni:  
 aCqareba, romliTac moZraobs sxeuli pirdapirproporciulia 
moZraobis gamomwvevi Zalisa da ukuproporciulia sxeulis masisa: 
 

              
m
Fa
r

r
=                                                   (3.1) 

 
am kanonidan gamomdinareobs, rom 
 

              amF rr
⋅=                                                                                              (3.2) 

 
SeniSvna: niutonis meore kanonic ZalaSia mxolod inerciuli 
sistemebisTvis. 
  

g) niutonis mesame kanoni: 

 ori sxeulis urTierTqmedebisas, 12F
r

-Zala romliTac pirveli sxeuli 

moqmedebs meoreze, sididiT tolia da mimarTulia 21F
r

-Zalis sapirispirod, 
romliTac meore sxeuli moqmedebs pirvelze. anu: 
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               2112 FF
rr

−=                                                                                              (3.3) 
 
SeniSvna: es kanoni ZalaSia, Tu urTierTqmedeba xorcieldeba myisierad, 
magram realurad, sxeulTa Sejaxebisas deformacia gadaecema sasruli 
siCqariT. 
 klasikuri meqanikis ZiriTadi kanonia niutonis meore kanoni: 
 

              FP
dt
d rr

=                                                                                                    (3.4) 

 
sadac vMP rr

⋅= -impulsia, F
r

-Zala. es kanoni ZalaSia inerciuli 
sistemebisaTvis. 
 Tu sxeulis masa M=const mudmivia, maSin (3.4) moZraobis gantoleba 
miiRebs saxes: 
 

              F
dt
rdM

dt
vdM

rrr

==⋅ 2

2

                                                                               (3.5) 

 
d) msoflio mizidulobis kanoni: 

 planetebis urTierTqmedebis Sesaswavlad didi mniSvneloba aqvs am 

kanons, romlis Tanaxmadac: bunebaSi nebismieri 1M -masis sxeuli miizidavs 

nebismier sxva 2M -masis sxeuls ZaliT, romelic pirdapirproporciulia am 

masebis namravlisa da ukuproporciulia am masebis centrebs Soris 

manZilis )( 2r  kvadratisa: 
 

               r
r
MMr

r
MMF r

r
r

r
r

⋅
⋅⋅

−=⋅
⋅⋅

−= 3
21

122
21

12
γγ                                               (3.6) 

 
sadac 111067,6 −⋅=γ  nm 2 /km 2 -universaluri gravitaciuli mudmivaa,  

12r
r -erTeuli sigrZis veqtoria, romelic mimarTulia 1M -dan 2M -saken. 

r
rr r

r
r

=12  

 mocemuli gamartivebuli modelebis pirobebSi ganvixiloT, rigi 
saintereso faqtebisa. 
 

amocana 3.1.1. xelovnuri Tanamgzavris moZaraoba dedamiwis garSemo, 
wriul orbitaze.  

vTqvaT Tanamgzavris moZraobis mimarTuleba emTxveva dedamiwis 
brunvis mimarTulebas. Tanamgzavris orbitis r-radiusis ra 
mniSvnelobisaTvis moeCveneba dedamiwaze myof damkvirvebels Tanamgzavri 
uZravad? 

 
amoxsna: wriuli orbitisaTvis mizidulobis Zala unda udrides 

centriskenul Zalas sididiT da mimarTulebiT unda iyos misi sapirispiro, 
e.i.  

                        rM
r
MM

tt
td ⋅= 2

2 ω
γ  

                                         (3.7) 
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sadac dM -dedamiwis masaa, tM -Tanamgzavris masa, tω -Tanamgzavris 

kuTxuri siCqare. am gantolebidan gamomdinareobs, rom 
 

        2

2

2
3

)2( π
γ

ω
γ td

t

d TMM
r

⋅
==

  
                                                                                 (3.8) 

sadac tT -Tanamgzavris brunvis periodia, 271098,5 ⋅=dM dn 

imisaTvis, rom dedamiwaze myofma damkvirvebelma ver SeniSnos 

Tanamgzavris brunva, saWiroa rom Tanamgzavris kuTxuri siCqare tω  iyos 
toli dedamiwis brunvis dω -kuTxuri siCqarisa, anu  

 

             dt ωω =                                                                                                 (3.9) 
 magram 

              41064,8
22
⋅

==
ππω

d
d T

wm 1− = 5103,7 −⋅ wm 1−                                           (3.10) 

 maSin 

               25

278
3

)103,7(
)1098,5()1067,6(

−

−

⋅
⋅⋅⋅

=r sm 3 271075 ⋅≈ sm 3                              (3.11) 

 anu  

              9102,4 ⋅≈r sm 3                                                                                     (3.12) 
 
 radgan dedamiwis radiusi Rd

81038,6 ⋅≈ sm. (3.12) manZili warmoadgens 
mTvaremde manZilis 1/10-s. 
 
 amocana 3.1.2. planetebis moZraobis traeqtoriis dadgena. planetebi 
urTierTqmedeben msoflio mizidulobis kanoniT (3.6). ipoveT n-planetis 

moZraobis traeqtoriebi, Tu mocemulia maTi sawyisi ganlagebani 0)0( ii rr rr
=  

da sawyisi siCqareebi 0)0( ii vr rr
& = . 

 Sesabamisi maTematikuri modelis Sesadgenad visargebloT dinamikis 

gantolebebiT (3.5), sadac moZraobis gamomwvevi F
r
-Zalebi warmoadgenen 

msoflio mizidulobis (3.6) gravitaciul Zalebs: 
 

               

′
−= ∑

=

n

j
ij

ij

j
i

i
i r

r

M
M

dt
rd

M
1

32

2 r
r

 γ                                                                (3.13) 

 
sadac Strixi jamis simboloSi gamoricxavs im SemTxvevas, roca i=j;  
 jiij rrr rrr

−= , sadac  ijr
r
-aris i-wertilidan j-saken mimarTuli veqtori.  

(3.13)-modelis gasamartiveblad Strixiani jami gavyoT or nawilad: 
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i
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1

1
32

2 rr
r

  γγ     .                         (3.14) 

sawyis pirobebs aqvT saxe: 
 

               0)0( ii rr rr
=                                                                                            (3.15) 
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                                        0)0( ii vr rr
& =                                                                                           (3.16) 

am modelis realizacia saWiroa kompiuterze. 
 
 

amocana 3.1.3. SeadgineT ori sxeuli problemis maTematikuri modeli. 
vTqvaT erTi sxeulia dedamiwa meore sxeulia mTvare. SeadgineT am 
planetebis moZraobis maTematikuri modeli. 

 
 amoxsna:  
 

 
nax. 3.1. dedamiwis moqmedeba mTvareze 

 
ganvixiloT moZraoba dedamiwis mimarT e.i. CavTvaloT, rom dedamiwa 

uZravia da mTvare moZraobs dedamiwis mizidulobis Zalis gavleniT:  
  

          

⎪
⎪
⎪

⎭

⎪⎪
⎪

⎬

⎫

⋅−=⇒−=

⋅−=⇒−=

r
yFF

r
y

F

F

r
xFF

r
x

F
F

y
y

x
x

r
r

rr

r

r
r

rr

r

                                                                          (3.17) 

 

Tu gaviTvaliswinebT, rom 2r
MM

F mtd
r
⋅

= γ  miviRebT, rom  

 

r
yF

F
r

xF

y

y

x x

mTvare 

dedamiwa 
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63,1)0(
0)0(

0)0(
5,0)0(

=
=
=
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y

x

v
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y
x

                   (3.18) 

 
 
 
 
 amocana 3.1.4. SeadgineT n-sxeulis problemis maTematikuri modeli. 
moaxdineT gaTvlebi Cveni mzis sistemis planetebisaTvis.  
 
 amoxsna: wina amocanidan gamomdinare, SegviZlia vTqvaT, rom i-uri 
planetis j-ur planetaze moqmed Zalis x-mdgeneli iqneba: 

)(3 ji

ij

ji xx
r

MM
−⋅

⋅⋅−
r

γ
. Tu gaviTvaliswinebT yvela sxva planetebTan 

urTierTqmedebis Zalebs da SevkribavT, miviRebT: 
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                                                                     (3.19) 

 
Strixi jamis simbolosTan niSnavs, rom gamoiricxeba is SemTxvevebi, 

roca i=j(planeta Tavis Tavs ar izidavs). (3.19) models unda mivuerToT 
Sesabamisi sawyisi pirobebi:        
 

            
⎩
⎨
⎧

===
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000

000

)0(;)0(;)0(
)0(;)0(;)0(

iziziyiyixix
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CavweroT gantolebaTa sistema normaluri saxiT: 
  

31: K=i  ;  31: K=j    222 )()()( jijijiij zzyyxxr −+−+−=                                 (3.20) 

 
dt
dx

u i
i =                                                                                                                           (3.21) 
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 amocana 3.1.5. lanJevenis maTematikuri modeli. SeadgineT nawilakis 
siTxeSi moZraobis maTematikuri modeli. siTxeSi moZraobisas nawilakze 
moqmedebs siCqaris proporciuli Zala. amas garda adgili aqvs SemTxveviT 

siTbur SeSfoTebebs m
→

X (t). 
 
 amoxsna: lanJevenis maTematikur models aqvs saxe: 
  

 flst FF
dt
pd rrr

+=  .                                                      (3.26) 

sadac stF
r

-stoqsis winaaRmdegobis Zalaa; 
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 flF
r

-SemTxveviTi fluqtuaciebisgan gamowveuli Zalaa; 

 vmFst
rr

γ−=  ; )(tXmFfl
rr

⋅= ;  
ase, rom lanJevenis maTematikur models aqvs saxe: 
 )(tmXvmvm +−=   γ&  ; 
Tu movaxdenT Sekvecas, miviRebT: 
 )(tXvv +⋅−= γ& .                                                                                                          (3.27) 
 
sadac γ -erTeuli masisaTvis gadaangariSebuli xaxunis koeficientia,  

X(t)-fluqtuaciuri Zalis mdgenelia da maSasadame misi saSualo 

mniSvneloba nulis tolia 0)( =tX . 
lanJevenis (3.27) gantolebis zust amonaxsns aqvs saxe:  

 ∫ ⋅⋅=− ⋅⋅−⋅−
t

xtt dxxXeeevtv
0

)()0()( γγγ
  .                                                                (3.28) 

 
  
 amocana 3.1.6. seluri nakadis dinamika 
  

modeli #1 
 

 
 
 

                                 
 
 
 
 
 
 
 

 
nax. 3.2. seluri nakadis dinamika 

  
     
 niutonis meore kanons simZimis O-centrisTvis aqvs saxe: 
 

 Ψ⋅−Ψ=⋅ cossin0 mgMgWM μ ,                                     (3.29) 

maSin 

 )cos(sin0 Ψ⋅−Ψ= μgW .                                              (3.30) 
sadac 0W -seluri masis O-simZimis centris aCqarebaa, g-Tavisufali vardnis 

aCqarebaa, Ψ -ferdobis horizontisadmi daxris kuTxea, μ -xaxunis 

koeficientia selur masasa da ferdobis uZrav nawils Soris.  
 formula (3.30)-dan gamomdinareobs, rom: 

a) Tu Ψ= tgμ , maSin W=0 da maSasadame moZraoba xdeba mudmivi 

siCqariT, radgan 00 vconstvvW ==⇒== & , amasTan moZraoba 

iqneba wrfis gaswvriv, radganac 

RFxax ⋅= μ

ΨcosMg

Mg 

ΨsinMg

Ψ

Ψ

R
r
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               0vr
dt
drv === & ;                                              (3.31) 

aqedan 

               00 rtvr +=  .                                                                       (3.32) 
b) Tu Ψ≠ tgμ , maSin moZraoba aris Tanabrad aCqarebuli da W-

aCqareba gamoiTvleba (3.30) formuliT, gamovTvaloT siCqare v, 
formulidan 

         )cos(sin Ψ⋅−Ψ== μgvW &  .                                  (3.33) 
cxadia rom 

          0)cos(sin)( vtgtv +⋅Ψ⋅−Ψ= μ  .                               (3.34) 

sadac )0(0 vv =  sawyisi siCqarea. 

radgan 
dt
drv = , cxadia, rom moZraobis kanons eqneba saxe: 

 00

2

)cos(sin
2

)( rtvgttr ++Ψ⋅−Ψ= μ .                                     (3.35) 

sadac 0v -simZimis centris sawyisi mdebareobaa. 

 
modeli #2 

 
 exla vTqvaT, rom siCqare imdenad didia rom gasaTvaliswinebelia 
haeris aerodinamikuri winaaRmdegobac (e.i. davuSvaT 100≥v km/sT), maSin 
haeris winaaRmdegobis Zala iqneba siCqaris kvadratis proporciuli da 
mimarTuli iqneba moZraobis sawinaaRmdegod, 

 2
1  vkMgF = ,   2

1

av
k = ,   100≥av km/sT .                                  (3.36) 

niutonis meore kanons eqneba saxe: 

 2cossin kMgvMgMgWM −Ψ⋅−Ψ=⋅ μ .                                       (3.37) 
maSin siCqarisTvis gvaqvs gantoleba:  

 )cos(sin 2vkg
dt
dv

⋅−Ψ⋅−Ψ= μ  ;                                        (3.39) 

0)0( vv = - sawyisi pirobiT .                                         (3.40) 

amovxsnaT (3.39)-(3.40) koSis amocana(davaleba studentebs): 
  
 a) Mathcad-2001 PRO-s gamoyenebiT, μ -xaxunis koeficientisa da            

k-proporciulobis sxvadasxva mniSvnelobebisaTvis, 05,001,0 −÷μ ; 9,001,0 −÷k  
 b) moZraobis kanonis dasadgenad gvaqvs koSis amocana: 
  

 )cos(sin 2
2

2

vkg
dt
vd

⋅−Ψ⋅−Ψ= μ ;                                        (3.41) 

 0)0( vv =   ;                                                          (3.42) 

 0)0( rr =   .                                                          (3.43) 

CavweroT (3.41) amocana normaluri saxiT da (3.42)-(3.43) pirobebSi da 
amovxsnaT koSis amocana Mathcad-2001 PRO-s farglebSi. 
 

 
 
 



 44 
 

maT. modeli #3 
 

 wina modelebi iyvnen metismetad gamartivebulebi, exla TandaTanobiT 
SevitanoT dazustebebi. am etapze CavTvaloT rom μ -xaxunis koeficienti 

damokidebulia ferdobis r-koordinatze stoqastikurad,  
 )(sin 2 rf=μ ;                                                         (3.44) 
sadac )(rf -normalurad ganawilebuli SemTxveviTi sididea, r-is mixedviT, 

[ );0 lr∈ , [ ]1;0∈μ ,  410−=k km/sT 
maSin gvaqvs moZraobis gantoleba: 

 )cos)(sin(sin 22 rkrfgr &&& ⋅−Ψ⋅−Ψ= ;                                     (3.45) 
 0)0( =r&  ;                                                             (3.46) 

 0)0( =r   .                                                            (3.47) 
gadavweroT (3.45)-(3.47) koSis amocana normaluri formiT: 
 vr =&  ;                                                               (3.48) 

 ))(sin(sin 22 vkrfgv ⋅−−Ψ=& ;                                           (3.49) 
 0)0( =v  ;                                                                                                                           (3.50) 
 0)0( =r  .                                                             (3.51) 

(davaleba studentebs): (3.48)-(3.51) amocana amovxsnaT Mathcad-2001 PRO-s 
meSveobiT, avagoT r(t) da v(t) grafikebi, agreTve v(r)-grafiki, roca [ ]lr ;0∈  

 
 modeli #4(davaleba studentebs) 

 
 exla, SevecadoT gaviTvaliswinoT masis cvlilebac moZraobisas. 
seluri masa waritacebs gzaze grunts Tu misi kinetikuri energia metia    

+0E -kritikulze; xolo Tu kinetikuri energia naklebia +0E - kritikulze, 

maSin xdeba masis daleqva anu moZravi masis Semcireba.  
 

modeli #5(davaleba studentebs) 
 

 exla gaviTvaliswinoT is faqtic, rom seluri nakadi miedineba ara 
erTidaigive daxrilobis ferdobze, aramed Ψ -daxriloba icvleba 
wertilis r-koordinatis mixedviT, e.i. ).(rΨ=Ψ  
 mocemuli Ψ (r)-funqciis pirobebSi amoxseniT koSis amocana modelis 
bazaze.  
 SesaZlebelia Ψ (r) damokidebuleba vipovoT umcires kvadratTa 
meTodiT, ganzogadoebuli wrfivi regresiis pirobebSi.  

 
 
nax. 3.3. cvladi daxrilobis mTis ferdobis sqema 

5Ψ

4Ψ−

3Ψ

2Ψ

1Ψ  
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Mathcad-2001 PRO-s bazaze SeiswavleT amocana cvladi Ψ (r)-funqciiT 
 
 
 
 3..2 myari sxeulis dinamikis maTematikuri modeli.  
 
 gansazRvreba: materialuri i - wertilis impulsis momenti O 
wertilis mimarT, ewodeba veqtorul namravls: 
 

 vMrprJ rrrrr
⋅×=×=  .                                                                                                        (3.21) 

sadac p-impulsia (nax.3.4.)  

 
nax 3.4. materialuri i -wertilis J

r
 momenti O-wertilis mimarT 

 
 

 gansazRvreba: materialur i- wertilze moqmedi F
r
 Zalis brunviTi 

momenti ewodeba veqtorul N
r
namravls: 

 FrN
rrr

×= ,                                                            (3.22) 
sadac F

r
-Zalaa. 

 (3.21)-is diferencirebiT miviRebT:  

 
dt
pdrp

dt
rdpr

dt
d

dt
Jd r

rr
r

rr
r

×+×=×= )(  ;                                        (3.23) 

radgan 

 0=⋅×=× vMvp
dt
rd rr
r

.                                                   (3.24) 

da amasTan erTad adgili aqvs niutonis meore kanons 

 F
dt
pd rr

= .                                                              (3.25) 

(3.23)-dan miviRebT, rom  

 NFr
dt
pdr

dt
Jd rrr

r
r

r

=×=×=  .                                               (3.26) 

e.i. impulsis J
r
 momentis cvlilebis siCqare brunvis momentis tolia. 

exla ganvixiloT materialur wertilTa sistemis momentis impulsis 
cvlilebis siCqare.  

O

J
r

rr
pr
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materialur wertilTa sistemis impulsis jamuri (nakrebi) momenti  

J
r
-gamoiTvleba formuliT: 

∑
=

×⋅=
N

n
nnn vrMJ

1

rrr
.                                                     (3.27) 

 cxadia, rom J
r
-s sidide damokidebulia aTvlis O-wertilis arCevaze. 

Tu csR . -iT avRniSnavT materialur wertilTa sistemis simZimis centris  

radius – veqtors, arCeuli aTvlis sistemis mimarT, miviRebT: 

 ∑ ∑
= =

×+=×+×−=
N

n

N

n
cscsncsnncsnn pRJvRMvRrMJ

1 1
.... )( rrrrrrrrr

;                      (3.28) 

sadac csJ .

r
-wertilTa sistemis impulsis nakrebi momentia simZimis centris 

mimarT, ∑
=

=
N

n
nnvMP

1

rr
-sistemis sruli impulsia. PR cs

rr
×. -simZimis centris 

impulsis nakrebi momentia aTvlis O-sistemis mimarT. 
 Tu, aTvlis sistemad avirCevT simZimis centrs, maSin 

 gare
cs N

dt
Jd r
r

=.  .                                                         (3.29) 

 Siga Zalebis momentebi erTmaneTs awonasworeben, amitom (3.29)-is 
marjvena nawilSi gvaqvs gare Zalebis brunvis momentebis jami (nakrebi 
brunvis momenti). 
 simZimis centris sapovnelad viyenebT formulas: 

 
∑
∑ ⋅

=
n

nn
cs M

rM
R .

r
.                                                       (3.30) 

 n-uri materialuri wertilis wiriTi siCqare aTvlis O-wertilis 
mimarT gamoiTvleba formuliT: 

 nn rv rrr
×= ω .                                                          (3.31) 

maSin miviRebT, rom  

 ∑ ∑ ××=×= )( nnnnnn rrMvrMJ rrrrrr
ω .                                      (3.32) 

rogorc viciT veqtoruli analizidan:  

)()( BACCABCBA
rrrrrrrrr

⋅⋅−⋅⋅=××  ;                                         (3.33) 

 nrA rr
→         ω

rr
→B        nrC rr

→   ;   
maSin 

 )()( 2 ωωω
rrrrrrr

⋅⋅−⋅=×× nnnnn rrrrr  ;                                         (3.34) 

Tu SevitanT (3.34)-s (3.32)-Si miviRebT: 

 [ ]∑ ⋅−⋅= ωω
rrrrr

nnnn rrrMJ (2  .                                             (3.35) 

ganvixiloT, am veqtoris komponenti x-RerZze 
∑ ∑ ∑∑∑ ∑ −⋅−−=⋅−= nnnznnnynnxnnxnnnnnxx zxMyxMxMrMrxMrMJ ωωωωωω 222 )(

rr .   (3.36) 
aseTive gamosaxulebebi gveqneba yJ  da zJ -Tvisac.  

 Cven vxedavT, rom (3.36) Seicavs inerciul koeficientebs, romlebic 
damokidebuli arian masebis ganawilebaze koordinatTa RerZis mimarT: 
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⎪
⎪
⎭

⎪⎪
⎬

⎫

−=

−=

−=

∑
∑
∑

nnnxz

nnnxy

nnnxx

zxMI

yxMI

xrMI )( 22

   .                                              (3.37) 

analogiurad Caiwereba yJ  da zJ -is Sesabamisi koeficientebi: 

 
⎪
⎭

⎪
⎬

⎫

++=

++=

++=

zzzyzyxzxz

zyzyyyxyxy

zxzyxyxxxx

IIIJ

IIIJ

IIIJ

ωωω

ωωω

ωωω

.                                        (3.38) 

anu 

 ∑
=

=
3

1k
kiki IJ ω . 

 
 myari sxeuli SegviZlia ganvixiloT, rogorc erTmaneTis mimarT 
uZrav wertilTa erToblioba. 
 inerciul sistemaSi moZraobis gantolebas aqvs saxe (3.26) 

 N
dt
Jd r
r

= .                                                              (3.39) 

 inerciuli ijI -koeficientebi martivad gamoiTvlebian im koordinatTa 

sistemaSi, romlebic moTavsebulia mbrunav sxeulSi, romelTanac 
dakavSirebulia arainerciuli sistema. rogorc viciT, inerciuli 
sistemidan mbrunav sistemaSi veqtoris gadasayvanad gamoiyeneba formula: 

J
dt
Jd

dt
Jd

in

r
rr

×+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ω .                                                          (3.40) 

 
sadac ω -aris mbrunavi koordinatTa sistemis kuTxuri siCqare. maSin, 
moZraobis (3.39) gantoleba miiRebs saxes: 
 

NJ
dt
Jd rr
r

=×+ω .                                                              (3.41) 

 

sadac J
r
-aris gamoTvlili mbrunav koordinatTa sistemis mimarT. vTqvaT, 

koordinatTa ReZebi mimarTulia mTavari RerZebis mimarT, maSin (3.38) 
Tanadobebi miiReben martiv saxes: 
 

1111 ωIJ = ;        2222 ωIJ = ;          3333 ωIJ =  .                                                                            (3.42) 
 
da (3.41) gvaZlevs eileris gantolebebs myari sxeulisaTvis. 
 

⎪
⎪
⎪

⎭

⎪
⎪
⎪

⎬

⎫

=−+

=−+

=−+

3211122
3

3

2313311
2

2

1322233
1

1

)(

)(

)(

NII
dt
d

I

NII
dt
d

I

NII
dt
d

I

ωω
ω

ωω
ω

ωω
ω

  .                                                                                              (3.43) 



 48 
 

 
 exla, ganvixiloT sxeulis(materialuri wertilis) moZraoba 
arainerciuli sistemebis mimarT. 
 inerciul sistemaSi niutonis meore kanoni CavweroT Semdegi saxiT: 

r
U

dt
dv

m
∂
∂

−=0  .                                                                                                                       (3.44) 

sadac U-moqmedi gare Zalebis potencialia, 0v -materialuri wertilis 

siCqarea absoluturi (uZravi) koordinatTa sistemis mimarT. 

 vTqvaT, gvaqvs k ′ -koordinatTa sistema, romelic 0k -is mimarT 

moZraobs )(tvr -siCqariT (gadataniTi moZraoba). siCqareebi 0v
r
 da v ′r  am 

koordinatTa 0k  da k ′ sistemebis mimarT dakavSirebulni arian tolobiT: 

)(0 tvvv rrr
+′= .                                                                                                                          (3.45) 

Tu, SevitanT siCqaris 0v -mniSvnelobas (3.44)-Si, miviRebT: 

)(tWm
r
U

dt
vdm

rr

−
∂
∂

−=
′

.                                                                                                          (3.46)   

sadac 
dt
vdtW
rr

=)( -aris k’-koordinatTa sistemis gadataniTi moZraobis 

aCqareba.SemoviRoT axali k koordinatTa sistema, romlis saTavec emTxveva        
k ′ -sistemis saTaves, magram k-sistema brunavs k ′ -s mimarT )(tΩ -kuTxuri 

siCqariT, xolo 0k -is mimarT k-sistema asrulebs rogorc gadataniT aseve 

brunviT moZraobasac.  
 k ′ -sistemis mimarT moZraobis siCqare v ′r  Sedgeba, vr -siCqarisagan k-s 
mimarT da [ ]rr,Ω  brunvis siCqarisagan k-sistemasTan erTad: 

[ ]rvv rrrr ,Ω+=′  .                                                            (3.47) 
Tu SevitanT (3.47)-s (3.46)-Si, miviRebT: 

[ ]r
dt
dmtWm

r
U

dt
vdm rrrr

,)( Ω−−
∂
∂

−=
′

 .                                                                                     (3.48) 

movaxdinoT gamartiveba 

[ ] [ ] [ ] [ ] [ ][ ][ ] [ ] [ ] [ ][ ]ΩΩ+Ω+Ω=Ω+Ω−Ω=Ω−Ω−=Ω
rrrr&rrrrrr

&r&r
rr&rrr

,,2,,2,,,,, rvrrvrrrr
dt
d  ;                    (3.49) 

maSin (3.48) miiRebs saxes: 

[ ] [ ] [ ][ ]ΩΩ+Ω+Ω+−
∂
∂

−=
′ rrrrr&rrrr

,,2,)( rmvmrmtWm
r
U

dt
vdm  .                          (3.50) 

[ ]Ω&rr,rm -aris Zala, romelic dakavSirebulia brunvis araTanabar 
moZraobasTan, 

[ ]Ωrr,2 vm -koriolisis Zalaa, 

[ ][ ]ΩΩ
rrr ,rm - aris centriskenuli Zala. 

 
 

3.3. safreni aparatis moZraobis maTematikuri modeli 
 

 safreni aparatebi: raketa,frTiani raketa, kosmosuri xomaldi, 
kosmosuri TviTmfrinavi da a.S. dakavSirebulni arian erTmaneTTan 
moZraobis erTnairi kanonzomierebiT, romlebic ganisazRvrebian, wevis 
traeqtoriisa da siCqaris cvlilebiT.  
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 radgan wevis Zala damokidebulia sawvavis wvaze, raketis masa 
icvleba drois mixedviT. atmosferoSi moZrav safren aparatze moqmedi 
aerodinamikuri datvirTvebi, damokidebulia moZraobis siCqaresa da 
atmosferos simkvriveze. saWiroa, gaTvaliswinebul iqnas simkvrivis 
cvlileba 0-dan 150km simaRleze, raTa gaTvlil iqnas aparatze zRvruli 
datvirTvebis sidideebi. gamoviyenoT safreni aparatis moZraobis 
gantolebebi. CavTvaloT, rom drois t - momentSi safreni aparati 
warmoadgens myar sxeuls, romelzedac moqmedeben:  

a) gare Zalebi ∑
i

iF
r

, b) Zravis wevis P
r
-Zala, g) koriolisis Zala kF

r
  

 raketis simZimis centris moZraobis gantolebas aqvs saxe: 

[ ]∑ ++++=
i

crcrkic vmWmFPFWm rrrrrrr
,2 ω .                                      (3.51) 

crW
r

-aris simZimis centris aCqareba raketis korpusis mimarT, crv
r -simZimis 

centris siCqarea raketis korpusis mimarT. simZimis centris gadaadgilebis 
siCqare da aCqareba korpusis mimarT, mcirea da amitom isini SeiZleba 
ugulebelvyoT, maSin miviRebT simZimis centris moZraobis gantolebas:  

∑ ++=
i

kic FPFWm
rrrr

.                                                      (3.52) 

 
 
 exla ganvixiloT raketis moZraoba simZimis centris mimarT 
 
 raketis impulsis momenti (kinetikuri momenti) simZimis centris 
mimarT gamoiTvleba formuliT: 

ω
rr

⋅= IJ c ;                                                                (3.53) 
sadac I-inerciis tenzoria (Seesabameba matrica ijI ), ω

r -raketis brunvis 
kuTxuri siCqarea.  
 moZraobis gantolebas aqvs saxe (3.41): 

[ ] cc
c NJ
dt
Jd rrr
r

=×+ ω  .                                                                                                               (3.54) 

sadac 
dt
Jd c

r

-kinetikuri momentis warmoebulia mbrunav koordinatTa sistemis 

mimarT, romelic brunavs raketasTan erTad, cN
r

-nakrebi momentia yvela gare 

Zalebis, koriolisis Zalis da wevis Zalisa.  

∑ ++=
i

ckcpcic NNNN
rrrr

.                                                                                                       (3.55) 

drois mocemul momentSi I=const, amitom gvaqvs gantoleba: 

dt
dI

dt
Jd c ω

rr

=  .                                                                                                                          (3.56) 

maSin, (3.54)-dan miviRebT, rom  

[ ] cNI
dt
dI

rrr
r

=+ ωωω ,     .                                                                                                           (3.57) 

Tu, SemoviRebT aRniSvnas 

[ ]ωω
rrrr
INN c ,−=∑    ,                                                                                                              (3.58) 

maSin, (3.57) gadaiwereba saxiT: 
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∑
− ⋅= NI

dt
d rr

1ω   .                                                                                                                       (3.59) 

 
 
 exla ganvixiloT is Zalebi da momentebi, romlebic moqmedeben 
safren aparatze atmosferoSi frenisas. 
  
 atmosferoSi frenisas, safren aparatze moqmedeben Zalebi da 
momentebi, romlebic gamowveulni arian haeris garsdenisagan. wnevis 

centrSi moqmed ∑= isr FF
r

Zalas, srul aerodinamikur Zalas eZaxian. 

romelsac, rogorc wesi gadaitanen xolme simZimis centrSi da umateben 

Sesabamis moments. nakreb moments simZimis centris mimarT srN
r

- s srul 

aerodinamikur moments uwodeben. 
 sruli aerodinamikuri Zalis mdgenelebis koeficientebs da sruli 
aerodinamikuri momentis mdgenelebis koeficientebs pouloben 
aerodinamikur milSi Sebervis eqsperimentebisa da ricxviTi gaTvlebis 
meSveobiT. es koeficientebi SeiZleba dazustdes safreni gamocdis 
meSveobiTac.  
 srul aerodinamikur Zalas Slian safren aparatTan Tanmxvedr 
koordinatTa sistemis mimarT, an siCqaris RerZebis mimarT, xolo srul 
aerodinamikur moments – mxolod Tanmxvedri koordinatTa sistemis mimarT.  
 Tanmxvedri koordinatTa sistemis saTave – moTavsebulia simZimis 
centrSi (korpusis), Ox-RerZi mimarTulia safreni aparatis RerZis gaswvriv 
moZraobis mimarTulebiT(nax 3.5.), Oy-RerZi mimarTulia vertikalurad zeviT 
safreni aparatis mimarT, xolo Oz-RerZi mimarTulia frenis mimarTulebis 
ganivad, ise rom Oxyz-sistema iyos marjvena sistema.  
 

 
 

nax. 3.5. Tanmxvedri koordinatTa sistema 
 

 siCqariTi sistemis saTave moTavsebulia safreni aparatis simZimis 
centrSi, Ox-RerZis mimarTulia frenis siCqaris mimarTulebiT, amwevi 
Zalis Oy-RerZi mimarTulia aparatis simetriis sibrtyeSi, xolo gverdiTi 
Oz-RerZi mimarTulia ise rom Oxyz-iyos marjvena sistema.  

X

Y

ZO
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),,( .....sin. dzgvdzamtstSsr ZYXF =
r

;                                                                                              (3.60) 

.sin.tSX -Subluri winaaRmdegobis Zalaa; 

..dzamtsY -amwevi Zalaa; 

..dzgvZ -gverdiTi Zala. 

SqCX xtS ⋅⋅=.sin. ,   SqCY ydzamts ⋅⋅=.. ,   SqCZ zdzgv ⋅⋅=.. .                                             (3.61) 
sadac xC , yC , zC -winaaRmdegobis, amwevi Zalis da gverdiTi Zalis 

uganzomilebo aerodinamikuri koeficientebia;  

2

2vq  ρ
= -siCqaris nakadia Semxvedri haeris nakadisTvis, ρ -haeris simkvrivea,  

v-garsdenis siCqarea, S-maxasiaTebeli farTia (frTis farTobia kosmosuri 
TviTmfrinavisTvis an midelia – raketis yvelaze didi kveTis farTobi). 
 aerodinamikuri koeficientebi damikidebulni arian safreni aparatis 

formaze, mis orientaciaze garsdenis vr -siCqaris mimarT, maxis 
a
vM =  

ricxvze da reinoldsis 
ν
lv ⋅

=Re  ricxvze. a -bgeris siCqarea, ν -haeris 

siblantis kinematikuri koeficientia, l -maxasiaTebeli sigrZe 
(TviTmfrinavisaTvis – frTis saSualo qordaa, raketisaTvis – misi 
sigrZea).  

 amwevi Zalis aerodinamikuri yC -koeficienti TiTqmis wrfivadaa 

damokidebuli ieriSis α –kuTxeze. 

αα ⋅= yy CC  ;                                                                                                                        (3.62) 

sadac 
α

α

∂

∂
= y

y

C
C . 

 bgeramdeli frenis siCqareebisaTvis (M<1), aerodinamikuri 

warmoebuli 
α
yC -rogorc wesi, ufro meti sididisaa vidre hiperbgeriTi 

(M>8) siCqareebisaTvis. frenis simaRle TiTqmis ar moqmedebs 
α
yC -s 

sidideze.  

 aerodinamikuri xarisxis 
x

y

C
C

k =  sidide damokidebulia M-maxis 

ricxvsa da ieriSis α -kuTxis sidideze. magaliTad, hiperbgeriTi 
aerodinamikuri xarisxi, TviTmfrinavis tipis safreni aparatisaTvis 9,1≈k , 

xolo bgeramdeli aerodinamikuri xarisxis aseTi apartisaTvis 5,4≈k .   
 Sublur xC -koeficientsa da yC -amwevi Zalis koeficients Soris 

damokidebuleba daaxloebiT paraboluria: 
2

0 yyxx CACC ⋅+≈                                                                                                                  (3.63) 
sadac 0xC -Subluri winaaRmdegobis koeficientis tolia, roca amwevi Zalis 

koeficienti yC =0, yA -raRac koeficientia (eqsperimentuli) 

 gverdiTi Zalis zC -TiTqmis wrfivadaa damokidebuli dacurebis  

  β -kuTxeze: 
 

ββ ⋅= zz CC  .                                                                                                                         (3.64) 
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sadac 

β
β

∂
∂

= z
z

C
C .                                                              (3.65) 

 sruli aerodinamikuri srN
r

-momenti rogorc wesi ganixileba 

Tanmxvedr koordinatTa sistemis mimarT. 

),,( zyxsr NNNN =
r

.                                                                                                                (3.66) 
am mdgenelebs, Sesbamisad uwodeben krenis xN -moments, riskaniis - yN  

moments da tangaJis - zN  moments. isini gamoiTvlebian formulebiT: 

lSqmN xx ⋅⋅⋅= ,   lSqmN yy ⋅⋅⋅= ,  lSqmN zz ⋅⋅⋅=   ,                                                  (3.67) 
sadac xm , ym , zm -arian sruli aerodinamikuri momentis uganzomilebo 

koeficientebi.  
 krenisa da riskaniis momentis koeficientebi ZiriTadad damokidebuli 
arian dacurebis β -kuTxesa da maxis M-ricxvze, amasTan  

ββ ⋅= xx mm ;    ββ ⋅= yy mm ;                                                                                                 (3.68) 
sadac 

β
β

∂
∂

= x
x

m
m  ;      

β
β

∂

∂
= y

y

m
m  .                                                                                                  (3.69) 

 tangaJis momentis koeficienti damokidebulia ieriSis α -kuTxesa da 
maxis M-ricxvze.  
 
 

3.4. ganzogadoebuli koordinatebi da lagranJis maTematikuri modeli 
matrialur wertilTa dinamikis aRsawerad. hamiltonis modeli. puasonis 

frCxilebi 
 
 ZiriTadi cnebebi: sivrceSi materialuri wertilis mdgomareobis 
dasaxasiaTeblad gamoiyeneba rr  radius-veqtori, romlis koordinatebic 
emTxveva am wertilis dekartul koordinatebs ),,( zyxrr . amas garda, 

materialuri wertilis dinamikis dasaxasiaTeblad gamoiyeneba )(trv &
r
=  

siCqare da )(trW &&
r
=  aCqareba. Tu mocemuli gvaqvs n-materialuri wertili, 

maSin maTi ganlagebis dasaxasiaTeblad dagvWirdeba n-radius-veqtori da 
maSasadame,   3n -koordinati. 
 gansazRvreba: im parametrebis minimalur raodenobas, romlebic 
calsaxad axasiaTeben sistemis ganlagebas – misi Tavisuflebis xarisxis 
ricxvi ewodeba. 
 n-materialuri wertilis SemTxvevaSi, sistemis Tavisuflebis xarisxi 
3 n -is tolia. es parametrebi araa aucilebeli rom iyvnen wertilTa 
dekartis koordinatebi.  

 gansazRvreba: nebismier sqqq ,,, 21 K -parametrebis erTobliobas, 

romlebic calsaxad axasiaTeben-sistemis ganlagebas, S-Tavisuflebis 
xarisxis mqone sistemis ganzogadoebuli koordinatebi ewodebaT, xolo 
warmoebulebs  

iq& -ganzogadoebuli siCqareebi. sistemis meqanikuri ganlagebis codna araa 

sakmarisi imis gasagebad, Tu ra mdgomareoba eqneba mas drois sxva 
momentSi. eqsperimentebiT dadginda, rom meqanikuri sistemis mdgomareobis 
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sapovnelad drois mocemul momentSi, unda vicodeT sawyisi )0(iq -ganlageba 

da sawyisi  

)0(iq& -siCqareebi. am ori ZiriTadi parametris codna saSualebas gvaZlevs 

vipovoT iq&& -aCqarebebic drois nebismier momentSi, rac dgindeba 

maTematikuri aparatis meSveobiT. 
 gansazRvreba: gantolebebs, romlebic aCqarebas akavSireben 
koordinatebTan da siCqareebTan – moZraobis gantolebebi ewodebaT.  
 )(tq -parametrebis mimarT, moZraobis gantoleba – diferencialur 
gantolebas warmoadgens.  
 hamiltonis principi: nebismieri meqanikuri sistema xasiaTdeba 

funqciiT ),,,,,,( 2121 ss qqqqqqL &K&&K , ise rom, Tu drois 1t  da 2t  momentebSi 

sistema imyofeboda Sesabamisad )1(q  da )2(q  mdgomareobaSi, maSin ( 1t , 2t )-
SualedSi sistema moZraobs ise, rom integrali 
 

 ∫=
2

1

),(
t

t

dtqqLS &  iRebs eqstremalur mniSvnelobas. 

 L-funqcias, lagranJis funqcias uwodeben. 
 hamiltonis principis meSveobiT gamoviyvanT moZraobis 
diferencialur gantolebas.  
 simartivisaTvis, ganvixiloT iseTi sistema, romlis Tavisuflebis 
xarisxic erTis tolia, ase rom sapovnia mxolod erTi )(tq  funqcia, 
romelic eqstremalur mniSvnelobas aniWebs integrals lagranJianidan.  
 vTqvaT, )(tqq =  Cveni saZebari funqciaa, maSin nebismieri sxva funqcia, 

sadac )(tq σ -mcire nazrdia,  
)()( tqtq  σ+ ;                                                             (3.70) 

daarRvevs eqstremumis arsebobis pirobebs. radgan 1t  da 2t  momentSi yvela 

gansaxilvelma funqciam unda miiRos Sesabamisad )1(q  da )2(q  mniSvnelobebi, 
miviRebT rom  

         0)()( 21 == tqtq   σσ .                                                (3.71) 
gamovTvaloT integralis cvlileba, roca )(tq  icvleba )()( tqtq  σ+ -
funqciiT: 

∫ ∫−++=
2

1

2

1

),(),(
t

t

t

t

dtqqLdtqqqqLS &&&   σσσ .                                     (3.72) 

 eqstremumis arsebobis aucilebeli pirobaa, rom pirveli variacia 
iyos nulis toil, e.i.  

=S σ 0.                                                                  (3.73) 
Tu (3.72) sxvaobaSi movaxdenT varirebas, miviRebT:  

∫ =
∂
∂

+
∂
∂

=
2

1

0)(
t

t

dtq
q
Lq

q
LS &

&
   σσσ .                                           (3.74) 

aq ugulvebelyofilia ufro maRali rigis usasrulod mcireebi anu 

K&& ;;;; 3322 qqqq     σσσσ  
Tu gaviTvaliswinebT, rom  

     q
dt
dq   σσ =& .                                                      (3.75) 
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miviRebT 

     ∫ =⋅
∂
∂

+
∂
∂2

1

0)(
t

t

dtq
dt
d

q
Lq

q
L   σσ

&
.                                      (3.76) 

meore wevris nawilobiTi integrebiT miviRebT, rom  

∫∫ =
∂
∂

−
∂
∂

+
∂
∂

=
2

1

2

1

0)(
t

t

t

t
qdt

q
L

dt
d

q
Lq

q
LS    σσσ

&&
.                                     (3.77) 

(3.71)-pirobis gamo pirveli Sesakrebi nulis tolia. integrali ki nuli 
unda iyos q σ -s nebismieri mniSvnelobisaTvis, es ki SeiZleba mxolod 

maSin, roca integralqveSa gamosaxuleba nulis tolia: 

 0=
∂
∂

−
∂
∂

q
L

dt
d

q
L

&
.                                                        (3.78) 

am gantolebas weren saxiT: 

0=
∂
∂

−
∂
∂

q
L

q
L

dt
d

&
                                                               (3.79) 

da uwodeben lagranJis gantolebas.  
SeniSvna: a) Tu gvaqvs S-Tavisuflebis xarisxis mqone sistema, maSin miiReba 
lagranJis modeli formiT: 

0=
∂
∂

−
∂
∂

ii q
L

q
L

dt
d

&
;      Si ,1= .                                                    (3.80) 

b) Tu Cven gvaqvs S-wertilTa sistema, maSin lagranJians aqvs saxe: 

 ∑
=

−=
S

i
S

ii rrrUvmL
1

21

2

),,(
2

r
K

rr .                                               (3.81) 

sadac U-aris sistemis wertilebis urTierTqmedebis potencialuri energia. 

Tu, gaviTvaliswinebT imas, rom dekartis koordinatTa sistemaSi ii rq =  da 

iii vrq == && , maSin (3.80) gadaiwereba formiT: 

  
ii r
L

v
L

dt
d

∂
∂

=
∂
∂ .                                                         (3.82) 

xolo (3.81)-is gaTvaliswinebiT, miviRebT cnobil niutonis meore kanons:  

 
i

i
i r

U
dt
dv

m
∂
∂

−= .                                                         (3.83) 

sadac i
i

F
r
U

=
∂
∂

− -aris i-ur wertilze moqmedi Zalebis tolqmedi. 

g) Tu gavixsenebT niutonis meore kanons 

FP
dt
d rr

= .                                                           (3.84) 

misi Sedareba (3.80) lagranJis gantolebasTan, gvaZlevs  

i
i q

LP
&∂
∂

=      da  
i

i q
LF

∂
∂

= .                                                   

anu 
iq
L
&∂
∂ -ganzogadoebuli impulsebia, xolo 

iq
L

∂
∂

-ganzogadoebuli Zalebia. 

d) lagranJis maTematikuri modeli materialur wertilTa sistemas 

Seiswavlis ganzogadoebuli koordinatebisa iq da ganzogadoebuli          

iq& -siCqareebis mixedviT. 
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 arsebobs sxva midgomac, roca gantolebebi Caiwereba iq  
ganzogadoebuli koordinatebisa da iP -impulsebis mixedviT. am midgomas 

gvaZlevs hamiltonis maTematikuri modeli.  
 hamiltonis funqcia H(p,q)-warmoadgens meqanikuri sistemis energias, 
romelic Cawerilia (p,q) cvladebSi:  

∑
=

−=
n

i
ii LqpqpH

1

),( & ;                                                      (3.85) 

marTlac 

∑∑∑
===

+=−−=
n

i
n

ii
n

i
n

ii
n

i
ii rrrU

vm
rrrU

vm
vmqpH

1
21

2

1
21

2

1

2 ),,(
2

)),,(
2

(),( r
K

rrr
K

rr .           (3.86) 

hamiltonis gantolebis gamosayvanad, vipovoT lagranJianis sruli 
diferenciali: 

i
i

ii
i

i
i

i
ii

i
i

qdpqdpqd
q
Ldq

q
LdL &&

& ∑∑∑∑ +=
∂
∂

+
∂
∂

=
⋅

.                               (3.87) 

i
i

i qdp∑
⋅

-niutonis meore kanonidan, i
i

i qdp &∑ -ganzogadoebuli impulsebia. 

gardavqmnaT meore Sesakrebi: 

∑∑∑ −=
i

iii
i

ii
i

i dpqqdpdqdp &&& )( .                                              (3.88)       

maSin (3.87)-dan miviRebT, rom  

∑ ∑ ∑+−=−=
⋅

i i i
iiiiiii dpqdqpLqpddH && )( ;                                     (3.89) 

anu (3.85)-is ZaliT: 

∑ ∑+−=
⋅

i i
iiiii dpqdqpdH & .                                                    (3.90) 

sruli diferencialis ganmartebis ZaliT (3.90)-dan miviRebT hamiltonis 
gantolebebs: 

i
i p

Hq
∂
∂

=& ,  
i

i q
Hp
∂
∂

−=
⋅

.                                                          (3.91) 

e) puasonis frCxilebi. vTqvaT f(p,q,t)-raRac funqciaa. SevadginoT misi 
sruli warmoebuli: 

)( i
ii

i
i

q
q
fP

P
f

t
f

dt
df

&&
∂
∂

+
∂
∂

+
∂
∂

= ∑ ;                                                    (3.92) 

Tu iq&  da iP&  cvladebs SevcvliT hamiltonis (3.91) gantolebidan miviRebT: 

{ }fH
t
f

dt
df

⋅+
∂
∂

= ;                                                              (3.93) 

sadac 

{ } )(
iiii p
f

q
H

q
f

p
HfH

∂
∂

⋅
∂
∂

−
∂
∂

⋅
∂
∂

=⋅ ∑ ;                                                  (3.94) 

(3.94)-gamosaxulebas puasonis frCxilebs uwodeben.  
Tu, f-funqcia ar aris cxadad damokidebuli t-droze maSin 
{ } 0=⋅ fH .                                                                     (3.95) 
 nebismieri ori, f da g funciebis puasonis frCxilebi ganimarteba 
analogiurad: 
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{ } )(
iiii P
g

q
f

q
g

P
fgf

∂
∂

⋅
∂
∂

−
∂
∂

⋅
∂
∂

=⋅ ∑ .                                                (3.96) 

puasonis frCxilebs aqvT Semdegi Tvisebebi(davaleba studentebs-
daamtkiceT): 

1. { } { }fggf ⋅−=⋅ ;                                                                                                                    (3.97) 
2. { } 0=⋅ cf ;                                                                                                                               (3.98) 
3. { } { } { }gfgfgff ⋅+⋅=+ 2121 , ;                                                                                                (3.99) 
4. { } { } { }gffgffgff ⋅+⋅= 122121 , ;                                                 (3.100) 

5. { }
⎭
⎬
⎫

⎩
⎨
⎧

∂
∂

+
⎭
⎬
⎫

⎩
⎨
⎧
∂
∂

=
∂
∂

t
gfg

t
ffg

t
;                                                    (3.101) 

6. { }
i

i P
fqf

∂
∂

=⋅ ;                                                                 (3.102) 

7. { }
i

i q
fPf

∂
∂

−=⋅  ;                                                                                                                      (3.103) 

8. { } 0=kiqq  , { } 0=ki PP ,  { } ikkiqP σ= ;                                                                                    (3.104) 
9. iakobis igiveoba 

{ }{ } { }{ } { }{ } 0=++ fghhfgghf .                                                                                                   (3.105) 
 
P.S. puasonis frCxilebis cneba M-mravalsaxeobaze gansazRvrul wrfiv 
veqtorul vels, aqcevs lis algebrad. 
 gansazRvreba: lis algebra ewodeba wrfiv sivrces, maszed 
gansazRvruli oradwrfivi iribsimetriuli operaciiT LLL →× , romelic 
akmayofilebs iakobis igiveobas.  
P.S. lis algebris cneba farTod gamoiyeneba dinamikuri sistemebis 
TeoriaSi. 
 

3.5. giroskopuli sistemebis maTematikuri  
modelireba 

 
 gansazRvreba: giroskopi ewodeba myar sxeuls, romelic imyofeba 
brunviT moZraobaSi.  
 es imas niSnavs, rom realurad mbrunavi sxulis deformaciebi imdenad 
mcirea, rom ver axdens sagrZnob gavlenas sxeulis brunviT moZraobaze. 
 ra Tqma unda, es daSveba saSualebas iZleva, SevadginoT Cveulebrivi 
maTematikuri modeli (Cveulebrivi diferencialuri gantolebebiT), maSin 
roca deformaciebis gaTvaliswineba mogvcemda ganawilebulparametrebian 
maTematikur models (kerZo warmoebulebian gantolebebs). 
 myari sxeulis brunviTi moZraobis maTematikuri modeli Cven ukve 
ganvixileT. exla, Semogvyavs Sesabamisi cnebebi da unda aRvniSnoT maTi 
farTo gamoyenebani navigaciaSi: TviTmfrinavebis, raketebisa da sazRvao 
xomaldebis samarTavad.  
 giroskopis magaliTs warmoadgens: Cikori (bzriala), badro, mfrinavi 
Wurvi, bumerangi, haerSi myofi fexburTis burTi da a.S. giroskopebis 
Teoria, konstruireba da maTi damzadebis teqnologia metad mniSvnelovani 
samxedro dargebia da arsebobs bevri saintereso saxelmZRvanelo am 
mimarTulebiT. Tumca, am dargSi ufro metad CaRrmaveba ar Sedis Cveni 
interesebis sferoSi. 
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amocanebi da savarjiSoebi 
 
 

1. rogoria dedamiwis centris mzis garSemo orbitaze moZraobis 

siCqare? (CaTvaleT, rom orbita wriulia, orbitis radiusi 231049,1 ⋅=r sm, 

dedamiwis masa 271098,5 ⋅=dM g, mzis masa 331099,1 ⋅=mM g 

pasuxi: 6100,3 ⋅ sm/wm 
 

2. SeadgineT mTvaris dedamiwis garSemo moZraobis maTematikuri 
modeli da kompiuteri meSveobiT SiswavleT moZraobis traeqtoria, Tu 
sawyis momentSi dedamiwa imyofeba koordinatTa saTaveSi da warmoadgens 
aTvlis sistemas, xolo mTvare imyofeba (x(0);y(0)) wertilSi da misi 

siCqarea )0(),0( yx vv : (mTvaris masa 251034,7 ⋅=mtM g), (mzis moqmedeba 

ugulvebelyaviT) 
 

a)   0)0(5,0)0( == yx               

     63,1)0(0)0( == yx vv  

b)   0)0(0,2)0( == yx               

     0,3)0(0)0( == yx vv  

g)   0)0(0,3)0( == yx               

     1)0(1)0( == yx vv  

 
3. SeadgineT mzis, mTvarisa da dedamiwis moZraobis maTematikuri 

modeli da kompiuteri meSveobiT SeiswavleT moZraobis traeqtoriebi 
mzesTan dakavSirebul aTvlis sistemaSi. 
 

4. SeiswavleT neptunis, iupiteris, uranis, veneras, merkuris, marsis, 
dedamiwis, saturnis, plutonis moZraoba mzis garSemo cal-calke, xolo 
Semdeg gaiTvaliswineT maTi urTierTgavlena da SeecadeT aagoT mzis 
sistemis planetebis moZraobis Sesabamisi maTematikuri modeli. am 
planetebis ganlagebis Sesaxeb drois sawyis momentSi, isargebleT tqvens 
mier internetiT mopovebuli informaciiT, aseve moipoveT maTi saSualo 
sawyisi siCqareebis Sesaxeb informaciac.    
 
 5. a) ipoveT birTvis precesia, Tu maszed ar moqmedeben mabrunebeli  

N
r

-momentebi. 
 amoxsna: radgan birTvi erTgvarovania 321 III == , amitom Tu 0=N

r
, 

maSin eileris (3.43) gantolebebidan miviRebT, rom const=ω  e.i. an uZravia 
an brunavs mudmivi siCqariT. 
 b) ipoveT simetriuli bzrialas moZraobis kanoni.  

 amoxsna: radgan bzriala (Cikori) simetriulia 321 III ≠= , Tu ar 

moqmedeben mabrunebeli momentebi N
r

, maSin eileris (3.43) gantolebebidan 
miviRebT, rom  
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⎭
⎬
⎫

=Ω+
=Ω+

0
0

12

21

ωω
ωω

&

&
;   sadac   3

1

13 ω⋅
−

=Ω
I
II

. 

am sistemis amonaxsns aqvs saxe: 
⎪
⎩

⎪
⎨

⎧

=
Ω=
Ω=

const
tA
tA

3

2

1

sin
cos

ω
ω
ω

  .                                                        (*) 

rac imas niSnavs, rom bzriala brunavs Cikoris RerZis garSemo 3ω -kuTxuri 

siCqariT da Ω -kuTxuri siCqariT brunavs TviT RerZi A-radiusis wrewirze. 

P.S. dedamiwisaTvis 31 II ≠ , radgan dedamiwa ar warmoadgens zust 

sferos. simetriuli bzrialas (*) tipis rxevebi aRmoCenili iqna 
dedamiwisaTvis eqsperimentulad, rasac ganedis variacias uwodeben. 
 
 6. ipoveT raketis moZraobis kanoni (simZimis centris moZraoba), Tu 

raketa gaisroles horizontisadmi α -kuTxiT misi masaa 0m , wevis Zalaa P, 
winaaRmdegobis Zala (haeris) aris 2

sin kvFt = , koriolisis Zala 

ugulvebelyaviT. (α =90); )( 2
0 kvPmg
dt
dvm −+−= -modeli. 

 

a) 0m =300kg;  8,9≈g m/wm 2 ;    k=0,02;  3400 =v m/wm. 

b) 0m =300kg;  8,9≈g m/wm 2 ;    k=0,02;  4000 =v m/wm. 

g) 0m =300kg;  8,9≈g m/wm 2 ;    k=0,02;  8000 =v m/wm. 

 
7. SeadgineT maTematikuri modeli im SemTxvevisaTvis, Tu raketas 

isvrian 90≠α  kuTxiT. gamoTvaleT traeqtoria, dacemis dro da adgili. 
8. SeadgineT raketis korpusis moZraobis maTematikuri modeli 

simZimis centris mimarT da gamoTvaleT ω -kuTxuri siCqare (3.59) modelidan 
gamomdinare. monacemebi airCieT TviTon saRi azridan gamomdinare 
(dasabuTebulad) da moiZieT Sesabamisi informacia internetSi. 
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nawili II  
ganawilebulparametriani maTematikuri modelebi 

 
Tavi 4 

mravalnawilakiani sistemebis maTematikuri modelireba 
klasikur meqanikaSi 

 
4.1. liuvilis maTematikuri modeli 

 
  im SemTxvevaSi, roca sistema Sedgeba metad mravalricxovani 
nawilakebisagan, TiTouli nawilakisaTvis lagranJis gantolebis Cawera, an 
moZraobis gantolebis romelime sxva formiT Cawera, ar gvaZlevs saimedo 
Sedegs, radgan kompiuteris operatiul mexsierebac Semofarglulia, 
amasTan SeuZlebelia sawyisi pirobebis zusti codnac.  
 aseT SemTxvevaSi, magaliTad, Tu saqme gvaqvs gazTan, siTxesTan, an 
deformirebad sxeulTan, romlebic uamravi molekulebisagan Sedgeba, Cven 
ver gamoviyenebT pirdapir, im modulebs, romlebic ganvixileT wina TavSi. 
amitom, unda veZioT sxva maxasiaTeblebi da ganmsazRvreli parametrebi, 
romlebic Sesaswavl garemos ara molekulur doneze, aramed ufro 
globaluri – saSualo maxasiaTeblebis doneze warmoadgenen, an 
ganvixiloT sistemis albaTuri, statistikuri maxasiaTeblebi.  
 sistemis, albaTuri, statistikuri maxasiaTeblebiT modelirebas 
axdenen ststistikur meqanikasa da kvantur fizikaSi. 
 ganvixiloT, hamiltonis gantolebebi 

i
i p

Hq
∂
∂

=
•

   ,   
i

i q
Hp
∂
∂

−=
•

.                                                                              (4.1) 

n-materialuri wertilisaTvis, rodesac n-imdenad didia, rom 

wertilTa sawyisi ganlagebani )0(iq  da maTi sawyisi impulsebi )0(ip  - 

ganisazRvrebian mxolod garkveuli albaTobiT, garkveul sazRvrebSi 

magaliTad, 1sm 3  gazi normalur pirobebSi Seicavs daaxloebiT 10 23  
molekulas, amitom cxadia, rom SeuZlebelia maTi zusti ganlagebisa da 
impulsebis dadgena.  

Tu Ctqpf N =),,(
rrr

-aris (4.1) sistemis pirveli integrali anu Tu is 

Seesabameba, mocemuli sistemis realur moZraobas, maSin sistemis 
moZraobisas is rCeba mudmivi, e.i.  

0=
dt
df N .                                                                  (4.2) 

 magram, Tu gavSliT (4.2) tolobas sruli warmoebulis formuliT, 
miviRebT gantolebas: 

∑ =
∂
∂

+
∂
∂

+
i

i
i

N
i

i

NN p
p
f

q
q
f

dt
df

0)( && .                                                (4.3) 

 am gantolebaSi, Tu SevitanT (4.1) formulebs, miviRebT 

∑ =
∂
∂
⋅

∂
∂

−
∂
∂
⋅

∂
∂

+
i ii

N

ii

NN

q
H

p
f

p
H

q
f

dt
df

0)( .                                            (4.4) 

am gantolebas liuvilis gantolebas uwodeben. Tu gamoviyenebT 
puasonis frCxilebis cnebas, liuvilis (4.4) gantoleba gadaiwereba saxiT: 
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{ } 0=⋅+ fH
dt
df N .                                                           (4.5) 

Tu, gaviTvaliswinebT sistemis statistikur ganxilvas da Nf -funqcias 

ganvixilavT, rogorc SesaZlo sawyisi monacemebis ganawilebis simkvrives, 
maSin (4.5) liuvilis modeli, swored is modelia, romelic safuZvlad 
udevs mTel statistikur meqanikas.  
 (4.5)-modeli aRwers, (p,q)---(p+dp, q+dq) fazur sivrceSi, sistemis yofnis  
Nf -albaTobis simkvrivis ganawilebas drois mixedviT Tu ar xdeba sxva-

dasxva nawilakebis urTierTSejaxeba. xolo, Tu gvinda gaviTvaliswinoT 
sistemaSi Semavali materialuri wertilebis Sejaxebebic, maSin unda 
mivmarToT bolcmanis maTematikur models. 
 

4.2. bolcmanis maTematikuri modeli 
 

 ganvixiloT gazi, romelic Seicavs N-erTnair molekulas, romlebic 
moTavsebuli arian V moculobis WurWelSi. dauSvaT, rom molekulebi 
warmoadgenen idealurad drekad burTulebs. Sejaxebisas, molekulebis 
sruli energia da impulsi inaxeba (ar icvleba). gazis simkvrive imdenad 
mcirea, rom ori molekulis Sejaxebaze, mezobeli molekulebi ar 
moqmedeben. amasTan, Cven SemovifarglebiT TiTqmis idealuri gaziT.  

 avRniSnoT vdvf N
rr)( -im molekulebis raodenoba )( N≤  romelTa 

siCqareebis komponentebic moTavsebuli arian xv  da xx dvv + , yv  da yy dvv + , 

zv  da zz dvv + -s Soris. )(vf N
r
- funqcias uwodeben siCqareebis ganawilebis 

funqcias. ganvixiloT erTgvarovani da izotropiuli gazi da ugulvebel-
yoT gareSe moqmedi Zalebi. aseT SemTxvevaSi, ganawilebis funqcia araa 
damokidebuli sivrciT koordinatebze da damokidebulia, mxolod siCqaris 

sidideze, e.i.  )()( 2vfvf NN =
r

. ganawilebis funqciis normirebis pirobas aqvs 

saxe: 

∫
+∞

∞−
= Nvdvf N

rr)( .                                                         (4.6) 

cxadia, rom usasrulo siCqareebi ar arsebobs, amitom Nf -funqcia unda 

qrebodes ∞± -saken )(vr -s miswrafebisas. gazi imyofeba molekuluri qaosis 
mdgomareobaSi. ganvixilavT mxolod iseT SemTxvevas, roca ejaxeba ori 
molekula. (e.i. sami molekulis an metis erTdrouli dajaxeba ar 

ganixileba). vTqvaT, dajaxebamde molekulebs hqondaT vr  da 1v
r
 siCqareebi. 

dajaxebis Semdeg, maTi siCqareebia v ′r  da 1v ′
r
. vgulisxmobT, rom maSin erT-

erTi uaxlovdeba meores vvg rrr
−= 1  fardobiTi siCqariT da scildeba mas 

vvg ′−=′
rrr

1  siCqariT. dajaxebis mimarTuleba avRniSnoT erTeulovani nr -
veqtoriT, mimarTulia gr  da g ′r -s Soris kuTxis biseqtrisis gaswvriv. maSin,  

)( gnnvv rrrrr
⋅+=′  ;    gg ′= ;                                                  (4.7) 

)(11 gnnvv rrrrr
⋅+=′ .                                                            (4.8) 

Tu, gamovTvliT (4.7) da (4.8) gardaqmnis iakobians mocemuli nr  da gr  
veqtorebisaTvis, miviRebT rom  

11 vdvdvdvd ′′=
rrrr .                                                              (4.9) 

ase, rom siCqareebis fazur sivrceSi elementaruli moculoba dajaxebis 
mimarT invariantulia.  
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 ganvixiloT nawilak-samiznis zedapiris koncentruli sfero romlis 
radiusicaa a  da avagoT Sejaxebis cilindri, romlis fuZec mdebareobs 
sferos zedapirze da centrebis xazze. cilindris msaxveli paraleluria 
pirveli nawilakis siCqarisa dajaxebamde. vTqvaT, daxrili cilindris 

fuZis farTobia ΦΨΨ dda sin2  , xolo msaxvelis sigrZea 1wm g× . drois 
erTeulis ganmavlobaSi samiznes daejaxebian yvela nawilakebi, romelTa 

siCqareebic moTavsebulia ),( 111 vdvv rrr
+  SualedSi, xolo centrebi vardebian 

am cilindrSi. aseTi nawilakebis raodenobaa vdvf N
rr)(  gamravlebuli 

cilindris moculobaze: 

Ω⋅=ΦΨΨΨ⋅ dggIvdvfddagvdvf NN ),()(cos)sin()( 2 θrrrr ;                         (4.10) 
sadac 

Φ=Ω ddd θθsin ;                                                           (4.11) 
 θ -gabnevis kuTxea, 

 ),( gI θπ ⋅ - gabnevis kveTia, romelic Cvens SemTxvevaSi udris 4
2aπ  

 aseTi gabnevis centrebis raodenoba, anu im molekulebis raodenoba, 

romelTa siCqareebic moTavsebulia ),( 111 vdvv rrr
+  SualedSi, udris vdvf N

rr)( . 
amitom, aRniSnuli tipis dajaxebaTa raodenoba drois erTeulSi iqneba: 

Ω⋅= dggIvdvdvfvfA NN ),()()( 11 θrrrr .                                           (4.12) 
arseboben, agreTve mocemuli dajaxebebis Seqceuli dajaxebebic, romelTa 
raodenoba: 

Ω⋅′′′′= dggIvdvdvfvfB NN ),()()( 11 θrrrr .                                          (4.13) 

ganawilebis funqciis sruli cvlileba vd
dt
df N r

 iqneba B-A sxvaobis 

integrali 1v
r , 1v ′

r
 da kuTxeebis mixedviT:  

Ω−′′= ∫ dvdggIffff
dt
df

NNNN
N

111 ),()( rθ .                                         (4.14) 

sadac )(vff NN
r

= , )( 11 vff NN
r

= , )(vff NN ′=′
r , )( 11 vff NN ′=′ r .                    (4.15) 

(4.14) gantolebas bolcmanis gantolebas uwodeben. 
 statikuri meqanikis ZiriTadi amocanaa, gamosaxos makroskopuli 
sidideebi: T-temperatura, p-wneva,  ρ -simkvrive da a.S. ganawilebis 

albaTobaTa Nf  simkvrivis meSveobiT fazur sivrceSi. Sesabamisi teqnika 

moiTxovs ganzogadoebuli funqciebis codnas, rac sakmaod rTulia, amitom 
uwyvet tanTa meqanikis modelebis Sesadgenad Cven gamoviyenebT tenzorul 
aRricxvas da Senaxvis kanonebs.  
 

4.3. tenzoruli aRricxvis elementebi 
 
 tenzoruli algebra aris veqtoruli aRricxvis ganzogadoeba 
mrudwiruli koordinatebis SemTxvevaSi. tenzoruli aRniSvnebi saSualebas 
gvaZleven gavamartivoT uwyvet tanTa maTematikuri modelebi.  

 tenzorul algebraSi ar  - veqtoris komponentebis aRsawerad 
gamoiyeneben simbolur aRniSvnebs:  

 ia  da ia  ;                                                           (4.16) 

 Tu indeqsebi Cawerilia zemoT – maSin maT uwodeben a
r
-veqtoris  
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ia -kontravariantul komponentebs, xolo Tu, indeqsebi Cawerilia qvemoT, 

maSin maT uwodeben a
r
-veqtoris ia -kovariantul komponentebs.  

 tenzoris, kontravariantuli da kovariantuli komponentebis 

gansasazRvrad, ganvixiloT erTi 
iθ -mrudwiruli koordinatTa sistemidan 

meore 
ix -koordinatTa sistemaze gadasvlis formulebi. 

                                 

nax. 4.1. 
iθ da 

ix  mrudwiruli koordinatTa sistemebia 
 
vTqvaT, gardaqmnis formulebs aqvs saxe: 

⎪
⎭

⎪
⎬

⎫

=

=

=

),,(
),,(
),,(

32133

32122

32111

θθθ

θθθ

θθθ

xx
xx
xx

.                                                      (4.17) 

es sami formula simboluri aRniSvnebiT Caiwereba erT striqonSi: 

),,( 321 θθθii xx =                                                          (4.18) 
 CavTvaloT, rom (4.18) gardaqmnebi arian, urTierTcalsaxa da ormxriv 
uwyvetni (homeomorfizmi), P-wertilis midamoSi. maSin, cxadia rom 
gardaqmnis iakobiani am wertilSi gansxvavdeba nulisagan, anu 

i

ixJ
θ∂
∂

=  ,       0det ≠J .                                                    (4.19) 

 am SemTxvevaSi, aracxadi funqciis Sesaxeb Teoremis ZaliT, (4.18) 

formulebi SeiZleba SevabrunoT P-wertilis midamoSi, anu amovxsnaT 
iθ -

koordinatebis mimarT, 

),,( 321 xxxii θθ =                                                        (4.20) 
(4.18) formulebis bazaze, davadginoT Tu rogor gardaiqmnebian Sesabamisi 
koordinatebis diferencialebi.  

      3IRP∈  wertilis midamoSi, (4.18)-dan miviRebT: 

3
3

2
21

1
1 θ

θ
θ

θ
θ

θ
dxdxdxdx

iii
i

∂
∂

+
∂
∂

+
∂
∂

= .                                          (4.21) 

simboluri aRniSvnebis meSveobiT (4.21) gadaiwereba mokled: 

j
j

i
i dxdx θ

θ∂
∂

= .                                                            (4.22) 

O 

3θ
2θ

1θ

O 

3x 2x

x
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 am formulaSi gamoyenebulia ainStainis SeTanxmeba Sejamebis Sesaxeb, 
e.i. roca romelime Canaweris erT wevrSi, orjer meordeba romelime 

indeqsi, maSin igulisxmeba rom am j-indeqsiT xdeba Sejameba 3,1=j . 
 gansazRvreba: im j-indeqss, romliTac xdeba Sejameba – yru indeqsi 
ewodeba.  
 zogadobis SeuzRudavad, yru indeqsi SeiZleba Seicvalos nebismieri 
sxva indeqsiT, romelic ar gvxvdeba mocemul CanawerSi.  
 gansazRvreba: im indeqss, romelic erTwevrSi ar meordeba 
Tavisufali indeqsi ewodeba.  
 (4.22)-CanawerSi i-aris Tavisufali indeqsi, j-yru indeqsia.  
gansazRvreba: tenzoris komponentebis Tavisufal indeqsTa ricxvs – 
tenzoris rangi ewodeba.  

magaliTad: ia  da ia - pirveli rangis tenzoris (rangis) komponentebia; 

        
j
i

ij
ij aaa ,, -meore rangis tenzoris komponentebia ),,( 321 xxxϕ -

skalaruli funqcia, anu, nul-rangis tenzoria. 

 gansazRvreba:  P-wertilSi gansazRvrul 
ia -sidideebs ewodebaT 

pirveli rangis tenzoris (veqtoris) kontravariantuli komponentebi, Tu 
koordinatTa sistemis Secvlisas, isini gardaiqmnebian, iseve, rogorc 

gardaqmnis formulebis (4.22) diferencialebi, anu, Tu Zvel sistemaSi 
ja  

da axal sistemaSi 
ia′ -komponentebi dakavSirebuli arian TanadobiT: 

j
j

i
i axa

θ∂
∂

=′ .                                                            (4.23) 

imisaTvis, rom gavigoT kontravariantuli komponentebis arsi, avagoT 
mrudwiruli koordinatTa sistema (nax. 4.2) P-wertilSi, sadac modebulia  

ar -veqtori.  
                                      

 
nax. 4.2. a

r
-veqtoris kontravariantuli komponentebis geometriuli 

inetrpretacia 
 

 gavavloT mrudwiruli 
ix -RerZebis mxebebi P-wertilSi. maSin a

r
-

veqtoris kontravariantuli komponentebi warmoadgenen am veqtoris 
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orTogonalur proeqciebs 
ia , Sesabamisi mrudwiruli RerZebis mxebis 

mimarTulebebze, romlebic gavlebulebi arian P-wertilSi. 
 meore rangis tenzoris kontravariantuli komponentebic 
gardaiqmnebian (4.23) formulebis analogiurad.  

 gansazRvreba: P-wertilSi gansazRvrul 
ijσ -sidideebs ewodebaT meore 

rangis tenzoris kontravariantuli komponentebi, Tu koordinatTa 
Secvlisas, isini gardaiqmnebian formulebiT: 

mn
n

j

m

i
ij xx σ

θθ
σ

∂
∂
⋅

∂
∂

=′ .                                                   (4.24) 

am formulebSi ainStainis SeTanxmebis Tanaxmad, igulisxmeba ormagi 
Sejameba m da n yru indeqsebiT, xolo i da j – Tavisufali indeqsebia. 
 ufro maRali rangis tenzoris kontravariantuli komponentebi 
ganisazRvrebian analogiurad.  
 exla ganvixiloT tenzorebis kovariantuli komponentebi. amisaTvis, 
dagvWirdeba ϕ -funqciis gradientis gardaqmnis formulebis Seswavla. Tu, 

mocemuli gvaqvs ),,( 321 xxxϕ - skalaruli funqcia, maSin misi gradienti 

simboluri aRniSvnebiT Caiwereba Semdegnairad:  

jx∂
∂ϕ

.                                                                  (4.25)               

cxadia rom 

i

j

ji

x
x θ
ϕ

θ
ϕ

∂
∂
⋅

∂
∂

=
∂
∂

.                                                       (4.26) 

(4.26) – formulaSi igulisxmeba Sejameba j-yru indeqsiT (es aris rTuli 
funqciis warmoebuli), i-Tavisufali indeqsia. 

gansazRvreba: P-wertilSi gansazRvrul ia  - sidideebs ewodebaT pirveli 

rangis tenzoris (veqtoris) kovariantuli komponentebi, Tu koordinatTa 

mrudwiruli RerZebis gardaqmnisas, Zvel koordinatTa sistemaSi ja da 

axal koordinatTa sistemaSi ia′  dakavSirebuli arian erTmaneTTan 

skalaruli funqciis gradientis gardaqmnis (4.26) formulebis msgavsad: 

ji

j

i axa
θ∂
∂

=′ .                                                             (4.27) 

am formulebSi j-yru indeqsia (xdeba Sejameba am indeqsiT), i-Tavisufali 
indeqsia. 
 meore rangis tenzoris kovariantuli komponentebis gansazRvrisTvis 
gamoiyeneba (4.27) formulebis msgavsi gardaqmnebi. 

gansazRvreba: P-wertilSi gansazRvruli ijσ  sidideebs ewodebaT meore 

rangis kovariantuli komponentebi, Tu koordinatTa gardaqmnisas isini 
gardaiqmnebian formulebiT: 

mnj

n

i

m

ij
xx σ
θθ

σ
∂
∂
⋅

∂
∂

=′  .                                                     (4.28) 

am formulebSi m da n yru indeqsebia (ormagi jamia), xolo i da j – 
Tavisufali indeqsebia. 
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 pirveli rangis tenzoris (veqtoris) kovariantuli komponentebis 
geometriuli azris asaxsnelad, ganvixiloT nax. 4.3 pirveli rangis 
tenzori, anu, 

ar -veqtori modebulia P-wertilSi.  
 
 
 

 
nax. 4.3. a

r
-veqtoris kovariantuli komponentebis geometriuli 

interpretacia 
 

ar -veqtoris 1a  - kovariantuli komponenta warmoadgens a
r
-veqtoris 

orTagonalur proeqcias 
2x  da 

3x  RerZebze moWimuli minimaluri 
zedapiris P-wertilSi aRmarTul dadebiT normalur (perpendikular) 
mimarTulebaze,  

[ ]321

32

1 ˆˆˆ
ˆˆˆ
eee
eee ×

= ;                                                           (4.29) 

aq 321 ˆ,ˆ,ˆ eee - P-wertilSi gansazRvruli kontravariantuli bazisia 321 ,, xxOx  
mrudwiruli koordinatTa sistemisaTvis, romelTac aqvs RerZebisadmi mxebi 

mimarTuleba, 321 ˆ,ˆ,ˆ eee  - Sesabamisi kovariantuli bazisia, sadac 

[ ]321

13

2 ˆˆˆ
ˆˆˆ
eee
eee ×

=    ,     [ ]321

21

3 ˆˆˆ
ˆˆˆ
eee
eee ×

= .                                         (4.30) 

xolo [ ]321 ˆˆˆ eee  - kontravariantuli bazisis veqtorebis Sereuli namravlia.  

 maSasadame, sabolood SegviZlia vTqavT, rom ar -veqtoris, ia -

kovariantuli komponentebi warmoadgenen ar -veqtoris orTogonalur 
proeqciebs, Sesabamisi  

iê - kovariantuli bazisis veqtoris mimarTulebaze. 

P.S.  Tu gamoviyenebT (4.28) gardaqmnis formulebis analogiur formulebs, 
SegviZlia SemoviyvanoT ufro maRali rangis tenzorebis kovariantuli 
komponentebis cnebac.  
 zogjer, ganixilaven tenzoris Sereul komponentebs, e.i. iseT 
komponentebs, romlebsac zogierTi indeqsi aqvT kovariantuli da zogic 
kontravariantuli.  
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 ganvixiloT mesame rangis tenzoris Sereuli komponentebi.  

gansazRvreba: P-wertilSi gansazRvruli 
..

.
m
nqT -sidideebs ewodebaT mesame 

rangis tenzoris Sereuli komponentebi, Tu koordinatTa gardaqmnisas, 
isini gardaiqmnebian formulebiT: 

..
.

..
.

m
nqp

q

s

n

m

r
r
sp Txx

x
T ⋅

∂
∂

⋅
∂
∂
⋅

∂
∂

=′
θθ

θ
.                                         (4.31) 

SeniSnva: am komponentebSi s da p –kovariantuli indeqsebia, r-
kontravariantuli. marjvena mxareSi, igulisxmeba Sejameba sami indeqsiT 
(sammagi jami) m, n da q.  
 

 
 
 

4.4. simboluri aRniSvnebi 
 

 maTematikuri modelebis kompaqturad Casawerad iyeneben simbolur 
aRniSnvebs (xSirad ganixilaven dekartul tenzorebs). 
 ganvixiloT velis Teoriis operatorebi (rogorc dekartuli 
tenzorebi, sadac ar ansxvaveben kontravariantul da kovariantul 
komponentebs): 
skalaruli velis gradienti 

⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

∂
∂

∂
∂

≡ 321
321 ,,),,(

xxx
xxxgrad

def ϕϕϕϕ .                                      (4.32) 

simboluri aRniSvnebiT Caiwereba Semdegnairad:   i,ϕ                  (4.33)                            
maSasadame, 

 11, x∂
∂

=
ϕϕ  ;  22, x∂

∂
=

ϕϕ  ;  33, x∂
∂

=
ϕϕ .                                  (4.34) 

analogiurad, v
r
-veqtoruli velis divergencia,  

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

≡ 1

3

1

2

1

1

x
v

x
v

x
vvdiv

defr
.                                          (4.35) 

simboluri aRniSvnebiT Caiwereba ase:  i
iv .,                            (4.36) 

aq i-yru indeqsia (igulisxmeba Sejameba i-indeqsiT). 

 veqtoruli v
r
-velis rotori, rogorc viciT gamoiTvleba 

determinantiT: 

 
321

321

321 ˆˆˆ

vvv
xxx

eee
vrot
def

∂
∂

∂
∂

∂
∂

≡
r

.                                           (4.37) 

am operatoris Casawerad simboluri formiT, unda ganvixiloT levi-Civitas 

fsevdotenzori, romlis kovariantuli ijkε -komponentebic ganisazRvrebian 

formuliT: 
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⎪
⎩

⎪
⎨

⎧
−=

,0
,1

,1

ijkε                          Sesabamisad,                                                         (4.38) 

Tu, (i,j,k) luwi Casmaa (gadanacvleba) (1,2,3)-dan; 
Tu, (i,j,k) kenti Casmaa (gadanacvleba) (1,2,3)-dan; 
Tu, (i,j,k)-Si, romelime ori an samive indeqsi erTmaneTis tolia. 

magaliTad: 1312 =ε , 1132 −=ε , 0122 =ε     da a.S.  

 levi-Civitas fsevdotenzoris ijkε -komponentebi, saSualebas gvaZleven 

kompaqturad CavweroT ori veqtoris veqtoruli namravli. magaliTad, Tu  

bac
rrr

×= ;                                                        (4.39) 
maSin 

 kjijki bac ε= .                                                     (4.40) 
 
aseve, sami veqtoris Sereuli namravli,  

 [ ]
321

321

321

)(
ccc
bbb
aaa

bacbacba kjijk ===⋅×= ελ rrrrrr
.                     (4.41) 

maSasadame, levi-Civitas tenzoris kovariantuli komponentebis meSveobiT, 
mokled Caiwereba veqtoruli namravli, Sereuli namravli da aseve 
determinantic.  

 radagan veqtoruli v
r
-velis rotori warmoadgens nabla  

ν
r
-operatorisa da v

r
-veqtoris, veqtorul namravls 

vvrot rrr
×=ν                                                           (4.42) 

simbolurad, velis rotoris komponentebi Caiwerebian formuliT: 

 jkijki vvrot ,)( ε=r
.                                                (4.43) 

ganvixiloT exla, laplasis Δ -operatori: 

 2
3

2

2
2

2

2
1

2

xxx ∂
∂

+
∂
∂

+
∂
∂

=Δ
ϕϕϕϕ .                                         (4.44) 

simbolurad, Caiwereba formiT  ii,ϕϕ =Δ .                         (4.45) 
aq i-yru (munji) indeqsia e.i. igulisxmeba Sejameba. 
 simbolur aRniSnvebSi gawarmoebis operatori aRiniSneba mZimeTi, 
yvela indeqsi romelic mZimes moyveba, warmoadgens im cvladis indeqss, 
romliTac xdeba gawarmoeba. magaliTad: 

 ij
ji

T
xx
T

,

2

=
∂∂

∂
 ;  mnij

nm

ij

xx ,

2

σ
σ

=
∂∂

∂
.                          (4.46) 
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4.5. operatorebi tenzorebze. metrikuli tenzorebi. 
 

gansazRvreba: ori tenzoris gare namravli ewodeba iseT tenzors, romlis 
komponentebic warmoadgenen Tanamamravli tenzorebis komponentebis yvela 
SesaZlo namravls. magaliTad: 

 ijji Tba =⋅         ijkjki TTv =⋅ .       
P.S. gare namravlis rangi warmoadgens TanamamravlTa rangebis jams.  

 211 =+=+= jiij rangbrangarangT  

gansazRvreba: tenzoris naxvevis operacia, ewodeba iseT operacias, roca 
erTmaneTs utoldeba romelime ori indeqsi da xdeba Sejameba am indeqsiT.  

magaliTad: ijkε -tenzoris komponentebze naxvevis operacia mogvcems: 

ijjijiiik εεε ∨∨ . 
P.S. naxvevis operaciis Sedegad, tenzoris rangi mcirdeba oriT.  

magaliTad: meore rangis tenzoris naxvevi – skalaruli funqciaa, ijσ -s 

naxvevia iiσ -skalari.  

gansazRvreba: ori tenzoris Siga namravli, ewodeba iseT namravls, 
romelzedac moqmedebs iseTi naxvevis operacia, rom utoldebian romelime 
ori indeqsi sxvadasxva Tanamamravlebidan.  

magaliTad: Tu gvaqvs ori veqtori (pirveli rangis tenzorebi) a
r
 da b

r
, 

maSin maTi gare namravlia jiba , xolo Siga namravli iqneba: iiba -e.i. 

skalaruli namravli.  
 maRali rangis tenzorebs gaaCniaT ramodenime Siga namravli. 

magaliTad: Zabvis- ijσ  tenzorisa da deformaciis mnε  tenzorebisaTvis, 

gvaqvs Siga namravlebi: 

inijεσ   ; miijεσ   ;   jnijεσ   ;  mjijεσ .                                         (4.47) 
 

metrikuli tenzoris Semosatanad, ganvixiloT 
3IR -Si maxlobeli 

wertilebi P(x) da Q(x+dx). am or wertils Soris manZilis diferencialis 
kvadrati, dekartis marTkuTxa koordinatTa sistemaSi aris: 

2322212 )()()( dxdxdxds ++= .                                           (4.48) 
simbolur aRniSvnebSi gvaqvs Canaweri: 

ii dxdxds =2 .                                                           (4.49) 
Tu, gadavalT mrudwiruli koordinatTa sistemaSi  

q
q

i
i dxdx θ

θ∂
∂

=    da 
p

p

i
i dxdx θ

θ∂
∂

= .                                   (4.50) 

maSin (4.49) miiRebs saxes: 

pq
p

i

q

i
p

p

i
q

q

i

ddxxdxdxds θθ
θθ

θ
θ

θ
θ ∂

∂
∂
∂

=
∂
∂

⋅
∂
∂

=2
.                         (4.51) 

SemoviRoT aRniSvnebi: 
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p

i

q

i

qp
xxg
θθ ∂
∂

∂
∂

= .                                                         (4.52) 

qpg -warmoadgenen meore rangis tenzoris komponentebs, romelsac metrikul 

tenzors uwodeben.  
 or maxlobel wertils Soris manZilis (4.51) kvadrati, (4.52)-
metrikuli tenzoris meSveobiT moicema mrudwirul koordinatTa sistemaSi:  

ji
ij ddgds θθ=2

.                                                       (4.53) 
gansazRvreba: mravalsaxeobas, sadac metrika (manZili) ganisazRvreba 
dadebiTad-gansazRvruli (4.53) kvadratuli diferencialuri formiT-rimanis 
mravalsaxeoba ewodeba. 
 rimanis mravalsaxeobaSi ar arsebobs erTiani dekartis koordinatTa 
sistema mTeli sivrcisaTvis da es aris sivrcis Sinagani Tviseba. or 
wertils Soris umoklesi manZili, rimanis mravasaxeobaSi SeiZleba iyos 
raRac mrudi (da ara wrfis monakveTi), romelsac geodeziur wirs 
uwodeben. es cneba SemoiRo gausma, romelic swavlobda sferos zedapirze 
manZilebis gamoTvlis amocanas (dedamiwisTvis). 

 zogad SemTxvevaSi metrikuli tenzoris ijg  komponentebi 

damokidebuli arian sivrciT koordinatebze. Tu, metrikuli tenzori ar 
aris damokidebuli sivrciT cvladebze, maSin aseT sivrces erTgvarovan 
rimanis mravasaxeobas uwodeben.  
 imis miuxedavad, rom rimanis sivrceSi, sazogadod, SeuZlebelia 
erTiani dekartuli koordinatTa sistemis Semotana, am sivrcis nebismieri 
wertilisaTvis SegviZlia SemoviRoT lokaluri(adgilobrivi) dekartis 
marTkuTxa koordinatTa sistema, romelic mogvcems saSualebas 
SeviswavloT am wertilis maxlobeli areebis geometria. aseT areebs – 
ruqebs uwodeben, xolo ruqebis erTobliobas uwodeben rimanis sivrcis 
atlass. 

 metrikuli tenzoris kjg -kontravariantuli komponentebi 
ganisazRvrebian formuliT: 

k
i

jk
ji

kj
ij gggg δ== .                                                      (4.54) 

sadac k
iδ –kronekeris tenzoris Sereuli komponentebia. (4.54) tolobidan 

Cans, rom metrikuli tenzoris kontravariantuli komponentebis kjg -
matrica, warmoadgens misi ijg -kovariantuli komponentebis matricis 

Sebrunebul matricas.   
 metrikuli tenzoris komponentebi saSualebas gvaZleven SemoviRoT 
indeqsTa Jonglirebis operacia, anu maTi awev-dawevis operacia. 
magaliTad:  

i
kkj

ij TTg =  ;                                                               (4.55) 

jmn
i
mnij TTg = .                                                              (4.56) 

 Semdgomi, maTematikuri modelebis gansaxilvelad, CvenTvis sakmarisia 
dekartuli tenzorebis ganxilva.  
gansazRvreba: iseT tenzorebs, romelTaTvisac ganixileba koordinatTaA 
sistemis mxolod orTogonaluri gardaqmnebi, dekartuli tenzorebi 
ewodebaT.  
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 dekartuli tenzorebisaTvis, metrikuli tenzoris komponentebi 
emTxvevian kronekeris tenzoris komponentebs: 

ijijg δ= ;                                                               (4.57) 
sadac   

 
⎩
⎨
⎧

=
0
1

ijδ    

Sesabamisad, 
            Tu, i=j ;  
            Tu, i≠ j. 
anu ijδ -komponentebi adgenen erTeulovan matricas.  

SeniSvna: dekartuli tenzorebisaTvis kontravariantuli da kovariantuli 
komponentebi erTmaneTs emTxvevian.  

Cven (am TavSi) gamoviyenebT, mxolod dekartul tenzorebs, radgan 
aradekartuli tenzorebi gamoiyenebian, mxolod specialuri, rTuli 
modelebisaTvis fardobiTobis Teoriasa da garsTa TeoriaSi.  
 

4.6 meore rangis tenzoris invariantebi. 
Hhamilton-kelis Teorema 

 
 ganvixiloT, meore rangis T tenzoris Siga namravli, pirveli rangis 
n tenzorze: 
  nTv rr

⋅= ;                                                                  (4.58)  
es toloba komponentebSi miiRebs saxes: 

   jiji nTv ⋅= ;                                                              (4.59)           

 meore rangis T tenzors SeiZleba SevxedoT, rogorc wrfiv 
operators, romelic moqmedebs nr  veqtorul velze da gvaZlevs axal 
vr veqtorul vels.  
ismis kiTxva: arseboben, Tu ara iseTi nr  veqtorebi, romlebic wrfivi T 
operatoris moqmedebis Semdeg, ar icvlian moqmedebis wrfes, anu  
λ –invariantulni arian T operatoris mimarT? 

pasuxi: Tu nr  veqtori invariantulia T operatoris mimarT, maSin nv r
bb

r
 anu 

ji nv ⋅= λ ;                                                                 (4.60) 
sadac λ –nulisgan gansxvavebuli ricxvia, maSin  

    jjij nnT ⋅= λ .                                                          (4.61) 
aseT, invariantul mimarTulebebs, meore rangis T tenzoris mTavar 
mimarTulebebs uwodeben, xolo Sesabamis λ -ricxvebs, mTavari 
mimarTulebis Sesabamis sakuTriv ricxvebs (mnisvnelobebs) eZaxian.    
cxadia, rom 

 jiji nn ⋅= δ ;                                                              (4.62) 
 amitom, Tu SevitanT (4.61)-Si, gadavitanT marcxena mxareSi da 

frCxilebs gareT gavitanT jn -s, miviRebT wrfiv gantolebaTa erTgvarovan 

sistemas jn -is mimarT: 

  0)( =− jijij nT λδ .                                                        (4.63) 
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 es aris wrfivi erTgvarovani gantolebaTa sistema. imisaTvis, rom mas 

hqondes aranulovani jn  amonaxsni, aucilebelia da sakmarisi, rom adgili 

hqondes gantolebas: 

0=− ijijT λδ .                                                             (4.64) 
am gantolebas saukunovan(maxasiaTebel) gantolebas uwodeben, radgan is 
Semovida ganxilvaSi cis meqanikis amocanebidan (planetaTa orbitebis 
saukunovani cvlilebebis Seswavlidan). gaSlilad (4.64) gantoleba 
Caiwereba ase: 

023 =−⋅+⋅− TTT IIIIII λλλ .                                                  (4.65) 
am gantolebas, maxasiaTebel gantolebas uwodeben, xolo skalaruli 

koeficientebi TI , TII  da TIII  warmoadgenen ijT -meore rangis tenzoris 

invariantebs. 

 ijjjT trTTI ==         (matricis kvali)                                     (4.66) 

 )(
2
1

ijijjjiiT TTTTII −=    (meore invarianti)                                   (4.67) 

ijijT TTIII det==       (mesame invarianti)                                   (4.68) 

(4.65) gantolebis 1λ , 2λ , 3λ  - fesvebs, ijT -tenzoris mTavari (sakuTrivi) 

mniSvnelobebi ewodebaT.  
simetriul tenzorebs (namdvil ricxvTa simravles zemoT), yovelTvis 

aqvs namdvili sakuTrivi mniSvnelobebi. Tu, isini, yvela gansxvavebulia 
erTmaneTisagan, maSin, maTi Sesabamisi mTavari mimarTulebebi 
urTierTperpendikularulia.  

mTavar RerZebSi, meore rangis tenzors aqvs saxe: 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=∗

3

2

1

00
00
00

λ
λ

λ
T  .                                                         (4.69) 

Tu, 21 λλ = , maSin tenzoris diagonaluri saxe araa damokidebuli maTi 

Sesabamisi mimarTulebebis arCevaze da damokidebulia mxolod 3λ -is 
Sesabamis mimarTulebaze. Tu 1λ = 2λ = 3λ  maSin yvela mimarTuleba mTavari 

mimarTulebaa. 

321 xxOx -dan, mTavar ∗∗∗
321 xxOx  RerZebze, gadasvlis matricas aqvs saxe: 

 
 

1x  2x  3x  
∗
1x  )1(

111 na =  )1(
212 na =  )1(

313 na =  
∗
2x  )2(

121 na =  )2(
222 na =  )2(

323 na =  
∗
3x  )3(

131 na =  )3(
232 na =  )3(

333 na =  

sadac )( j
in aris j-iuri mTavari mimarTulebis mimmarTveli kosinusebi. 

imisaTvis, rom ijT -meore rangis tenzoris komponentebi gadaviyvanoT 

mTavar mimarTulebebSi ∗T , saWiroa gamoviyenoT gardaqmna: 
TATAT ⋅⋅=∗  .                                                             (4.70) 

sadac 
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⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

=
)3(

3
)3(

2
)3(

1

)2(
3

)2(
2

)2(
1

)1(
3

)1(
2

)1(
1

nnn
nnn
nnn

A   .                                                    (4.71) 

gadasvlis matricaa, xolo TA -misi transponirebuli matrica. pirvel 

striqonSi (4.71) gvaqvs pirveli 1λ  sakuTrivi ricxvis Sesabamisi sakuTrivi 

veqtoris komponentebi, meoreSi 2λ -is Sesabamisi sakuTrivi veqtoris 

komponentebi, xolo mesameSi, 3λ -is Sesabamisi sakuTrivi veqtoris 

komponentebi.  
 

hamilton-kelis Teorema 
  
 meore rangis tenzoris komponentebis matrica akmayofilebs Tavis 
saukunovan (maxasiaTebel) gantolebas.  
damtkiceba: meore rangis tenzoris komponentebis matrica gadaviyvanoT 
mTavar RerZebSi, maSin mas eqneba saxe: 

   
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=∗

3

2

1

00
00
00

λ
λ

λ
T  .                                                       (4.72) 

ganvixiloT misi kvadrati, maSin miviRebT ∗∗∗ ⋅= TTT 2
 da maSasadame, 

  ( )
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

=∗

3
2

2
2

1
2

2

00
00
00

λ
λ

λ
T .                                                    (4.73) 

aseve vpoulobT, rom ∗∗∗ ⋅= TTT 23 )()(  da 

  ( )
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

=∗

3
3

2
3

1
3

3

00
00
00

λ
λ

λ
T .                                                     (4.74) 

Tu, SevadarebT (4.69), (4.72), (4.73), (4.74) davinaxavT, rom tenzors da mis 
xarisxebs erTnairi sakuTrivi (mTavari) mimarTulebebi aqvT. yvela 
sakuTrivi mniSvnelobebi akmayofileben (4.65) maxasiaTebel gantolebas, 
amitom TviT T tenzoric akmayofilebs maxasiaTebel gantolebas  

  023 =⋅+⋅−⋅− EIIITIITIT TijTijTij .                                            (4.75) 
sadac EE-erTeulovani matricaa.  
am Tanadobas Hhamilton-kelis Tanadoba ewodeba.  
Sedegi: (4.75)-dan gamomdinareobs, rom 

  EIIITIITIT TijTijTij ⋅+⋅−⋅= 23)( ;                                             (4.76) 

Tu, gavamravlebT (4.76) tolobas ijT -ze, miviRebT  

EIIIITIIIIIITIII

TIIITIIEIIITIITIITIIITIITIT

TTijTTTijTT

ijTijTTijTijTTijTijTijTij

⋅⋅+⋅−+−=

=⋅+⋅−⋅+⋅−⋅⋅=⋅+⋅−⋅=

)()(

)()(
22

22234

     

(4.77) 
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kidev erTxel Tu gavamravlebT (4.77) tolobas ijT -ze miviRebT 
5)( ijT -s 

gamosaxulebas, Tu gamoviyenebT wina formulebs miviRebT sabolood, rom 
meore rangis tenzoris komponentebis matricis nebismier xarisxs aqvs saxe: 

2
210 ))(,,(),,(),,()( ijTTTijTTTTTT

n
ij TIIIIIITIIIIIIEIIIIIIT ϕϕϕ +⋅+⋅= .  (4.78) 

 
 simboluri aRniSvnebiT integraluri formulebi Caiwereba 
Semdegnairad: 
 stoqsis Teorema: 

 ∫∫∫ =
s jkijkic ii dsFndxF ,ε                                              (4.79) 

  
      gausis Teorema: 

 ∫ ∫Ω Ω∂
⋅= dsnvdv iiii ω,                                               (4.80) 

 
 

4.7. Zabvisa da deformaciis tenzorebi 
 

 uwyvet tanTa meqanikis maTematikuri modelebi emyarebian iseT 
ZiriTad cnebebs, rogoricaa Zabva da deformacia.  
 Zabvis σ -tenzori – meore rangis tenzoria, anu mas gaaCnia 
komponentebisagan Semdgari matrica: 

( )
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
==

333231

232221

131211

σσσ
σσσ
σσσ

σσ ij .                                                  (4.81) 

 am matricaSi, diagonalur 11σ , 22σ , 33σ -komponentebs normaluri Zabvebi 

ewodebaT, radgan isini iwveven gaWimva-SekumSvis deformacias.  
 Zabvis tenzoris danarCen komponentebs, mxeb Zabvebs uwodeben da isini 
iwveven sxeulis formis cvlilebas.  
 Zabvis tenzoris cneba – ganazogadoebs, meqanikuri Zabvis cnebas 
sivrciTi sxeulisaTvis. amitom, jer ganvixiloT meqanikuri Zabvis cneba: 
 gansazRvreba: meqanikuri Zabva σ –aris sidide, romelic izomeba 

zedapiris nr  normalis mimarTulebiT S-farTis erTeulze moqmedi nF –Zalis 

sididiT.  

S
Fn=σ .                                                                   (4.82) 

 

                                       
nax. 4.4. meqanikuri Zabva 
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sruliad analogiurad, deformaciis ( )ε -tenzoris cneba warmoadgens, Zelis 
fardobiTi ε -wagrZelebis cnebis sivrcul ganzogadoebas. 

gansazRvreba: Zelis fardobiT ε -wagrZelebas deformacia ewodeba. 
deformacia Zelis gaWimvisas gamoiTvleba formuliT: 

0

0

l
ll −

=ε .                                                                  (4.86) 

 

 
 

deformaciis tenzors 
3IR -Si Seesabameba komponentebis matrica 

( )
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
==

333231

232221

131211

εεε
εεε
εεε

εε ij .                                                    (4.84) 

aq, iseve rogorc Zabvis tenzoris SemTxvevaSi, 11ε , 22ε , 33ε -normaluri 

deformaciaa, anu gaWimva-SekumSvis deformacia, xolo danarCeni 
komponentebi Seesabamebian formis cvlilebas, maT mxebi deformaciebi, 
zogjer Zvris deformaciebi ewodebaT.  

rogorc fizikidan viciT, mcire deformaciebis SemTxvevaSi ( 1<<ε ) 
drekadi sxeulebi emorCilebian hukis kanons: 

εσ ⋅= E ;                                                                               (4.85) 
sadac E-iungis modulia. iungis moduli im Zabvis tolia, romelic iwvevs 

erTeulovan deformacias, anu sigrZis gaormagebas ( 021 le =⇔=ε ) 
hukis kanons zogjer Caweren ase: 

S
ll

E
S
Fn 0−

⋅= ;                                                              (4.86) 

 Tu, Cven gvinda ganvazogadoT hukis kanoni sivrculi SemTxvevisaTvis, 
unda CavweroT wrfivi damokidebuleba Zabvisa da deformaciis tenzorebs 
Soris: 

 mnijmnij A εσ = .                                                      (4.87) 
(4.85)-tolobidan gansxvavebiT ,sadac sakmarisi iyo masalis Tvisebebidan 
gamomdinare, gvepova erTi E-mudmivi (eqsperimentebiT), sivrcul (4.87) 
SemTxvevaSi gvaqvs 81 mudmivi (Tu masala erTgvarovania, Tu arada, 
sazogadod, 81-funqcia koordinatebze da droze damokidebuli), romelTa 
raodenobac izotropuli masalebisaTvis (roca masalis Tviseba araa 
damokidebuli mimarTulebaze) dadis 2 mudmivamde, ase rom gvaqvs λ  da μ  

egreTwodebuli lames mudmivebi. am mudmivebs aqvT sxvadasxva mniSvneloba, 
sxvadasxva masalisaTvis da maSasadame, damokidebulia masalis gvarobaze.  



 76 
 

 Zabvisa da deformaciis tenzorebis komponentebis fizikuri azris 
asaxsnelad, ganvixiloT drekadi masalidan amoWrili kubi nax. 4.5.  
 

 
nax. 4.5. Zabvis tenzoris komponentebis meqanikuri azris interpretacia 
 

am naxazidan Cans, rom ijσ -aris Zabvis komponenti, romelic moqmedebs i-uri 
RerZebis normalur farTze, j-uri RerZis mimarTulebiT. aseTivea 
,deformaciis tenzoris komponentebis meqanikuri azric.  
 zogjer, cdiloben gamoyon saSualo normaluri Zabvebi da mxebi 
Zabvebi. am mizniT, Zabvis tenzors warmoadgenen sferuli da deviatoruli 
nawilebis jamis saxiT.  
 gansazRvreba: Zabvis tenzoris sferuli nawili ewodeba tenzors, 
romlis komponentebic moicema matriciT: 
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σ ;                                            (4.88) 

sadac 
33

332211
.

σσσσ
σ

++
==−= ii

ср p  - saSualo normaluri Zabvaa. 

gansazRvreba: Zabvis tenzoris deviatoruli nawili ewodeba tenzors, 
romelic avsebs sferul tenzors, Zabvis srul tenzoramde, anu 
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;                                 (4.89) 

ase, rom Zabvis tenzori simbolur aRniSvnebSi SeiZleba CavweroT formiT: 

 ijij
kk

ij S+⋅= δ
σ

σ
3

.                                                   (4.90) 

advilad dasamtkicebelia, rom Zabvis tenzoris deviatoris pirveli 
invarianti nulis tolia (marTlac (4.89)-is mTavar diagonalze mdgari 
wevrebis jami nulis tolia).  
 analogiurad, deformaciis tenzoris komponentebic SeiZleba 
warmovadginoT sferuli da deviatoruli nawilebis jamis saxiT.  
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 ijij
kk

ij e+⋅= δεε
3 .                                                       (4.91) 

sadac ije -deformaciis tenzoris deviatoris komponentebia.  

Tu, gamoviyenebT (4.91) formulas hukis kanonisTvis izotropuli masali 
SemTxvevaSi, maSin (4.87) gadaiwereba formiT: 

 ijijkkij μεδλεσ 2+= .                                               (4.92) 
mcire deformaciis SemTxvevaSi, e.i. roca gadaadgilebis gradientebi 
gacilebiT mcirea erTze, deformaciis tenzorisa da gadaadgilebis 
gradientis komponentebi dakavSirebuli arian TanadobiT: 

 )(
2
1

,, ijjiij uu +=ε ;                                                    (4.93) 

sadac iu -gadaadgilebis veqtoris komponentia. 

xolo Tu, deformaciebi araa mcire, anu gvaqvs sasruli deformaciebi, 
maSin (4.93)-is magivrad gvaqvs fizikurad arawrfivi deformaciebi. (eileris 
deformaciis tenzori) 

 )(
2
1

,,,, jkikijjiij uuuu ⋅−+=ε .                                           (4.94) 

Tu, drekadobis Teorias avagebT hukis (4.92) kanonze da deformaciis (4.93) 
tenzorze miviRebT wrfiv maTematikur models, xolo Tu gamoviyenebT 
eileris arawrfivi deformaciis tenzors, miviRebT arawrfivi drekadobis 
maTematikur models, miuxedavad hukis kanonis wrfivi xasiaTisa. 
sinamdvileSi, masalaTa umravlesobas aqvs Tavisi deformaciis wesi 
(damokidebuleba Zabvebsa da deformaciebs Soris), romelsac reologias 
uwodeben zogjer. masalaTa reologiis dasadgenad saWiroa eqsperimentebis 
Catareba da Sedegebis statistikuri damuSaveba.  
 

4.8. hukis ganzogadoebuli kanoni da mudmivaTa matricebi, 
drekadi sxeulis Tvisebebis simetriis xarisxis mixedviT 

 
 wrfivad-drekadi masalebisaTvis hukis ganzogadoebuli kanoni 

gvaZlevs kavSirs Zabvis tenzoris ijσ  komponentebsa da deformaciis 

tenzoris ijε  komponentebs Soris:  

 mnijmnij A εσ = .                                                       (4.95) 
erTgvarovani masalebisaTvis ijmnA  mudmivebisagan Semdgari matrices 

komponentebi ar arian damokidebuli sivrciT cvladebze. maTi raodenobaa 
81. Tu, gaviTvaliswinebT Zabvis tenzorisa da deformaciis tenzoris 
simetriulobas.: 

 jiij σσ =     da    nmmn εε = ;                                        (4.96) 
miviRebT, rom 

 jimnijmn AA =   da  jinmijmn AA =                                       (4.97) 

e.i. damokidebul mudmivaTa ricxvi 81-dan mcirdeba 36-mde. 
Tu arsebobs deformaciis W energies funqcia, anu  

ij
ij

W
ε

σ
∂
∂

= ;                                                           (4.98) 
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sadac  

 mnjiijmnAW εε
2
1

= ;                                                   (4.99) 

maSin, koeficientebis ijmnA -matricas moeTxoveba simetriis ufro maRali 

xarisxi, e.i. 

 jinmijmn AA = .                                                        (4.100) 
am tolobis (4.100) gaTvaliswinebiT, damoukidebel mudmivaTa raodenoba 

ijmnA -matricaSi mcirdeba da xdeba 13.  

gansazRvreba: drekad masalas, romlis elastiurobis Tvisebebic 
simetriulia romelime sami urTierTmarTobuli sibrtyeebis mimarT 
orTotropiuli masala (sxeuli) ewodeba.  
 orTotropiuli masalisaTvis damoukidebel mudmivaTa ricxvi aris 12. 
xolo Tu, orTotropiuli masalisaTvis arsebobs deformaciis energiis 
(4.99) funqcia, maSin mudmivTa ricxvia 9.  
 cxadia, rom rac metia aranulovan damoukidebel mudmivaTa 

raodenoba ijmnA  matricaSi, miT ufro rTuli iqneba Sesabamisi masalis 

muSaobis maTematikuri modeli.  
 mudmivaTa didi raodenoba damaxasiaTebelia kompozituri 
masalebisaTvis. amitom, kompozitTa meqanikis maTematikuri modelebi ufro 
rTulia, vidre izotropiuli masalebis meqanika.  

 izotropiuli, drekadi masalebisaTvis ijmnA  matrica Seicavs mxolod 

or mudmiv elements, romelTac λ  da μ  lames mudmivebs uwodeben.  

hukis kanons izotropuli masalisaTvis aqvs saxe: 

 ijijkkij μεδλεσ 2+=  .                                              (4.101) 

 am formulis gadasawerad iungisa E da puasonis υ  mudmivebis 

meSveobiT, ganvixiloT erTganzomilebiani Zelis gaWimvis amocana 1Ox -

RerZis gaswvriv, maSin iungis E-moduli da puasonis υ -koeficienti 
warmoadgenen proporciulobis koeficientebs, E-sigrZivi deformaciisas da 
υ -ganivi deformacisas: 

 1111 εσ ⋅= E   ∧   113322 υεεε −==  .                                       (4.102) 

am tolobebisa da (4.101)-is gaTvaliswinebiT, zogadi izotropiuli 
masalisaTvis miviRebT hukis kanons Semdegi saxiT: 

 )
21

(
1 ijkkijij

E δε
υ

υε
υ

σ ⋅
−

+
+

= .                                    (4.103) 

rogorc ukve aRvniSneT adre, hukis kanoni axasiaTebs wrfivad-drekadi 
izotropiuli masalis elastiur Tvisebebs, amitom mas zogjer elastiuri 
(drekadi) masalis reologiur gantolebasac uwodeben mcire 
deformaciebis ( 1<<ε ) SemTxvevaSi.  
 elastiuri (drekadi) masalis muSaobis maTematikuri modelis 
Sesaqmnelad reologiuri gantoleba, is ZiriTadi gantolebaa, romelic 
aRwers Sesaswavli masalis elastiur Tvisebebs da romelic dgindeba, 
eqsperimentuli masalebis statistikuri gadamuSavebis Sedegad.  
umeteswilad, mcire deformaciebis SemTxvevaSi, reologiur gantolebas 
aqvs saxe: 

 ( )ijij f εσ =  ;                                                         (4.104) 
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sadac f-funqciis konkretuli saxe dgindeba fizikuri eqsperimentebis 
Sedegad.  

ufro zogad SemTxvevaSi, roca ganixileba rTuli reologiis mqone 
masalebi, gamoiyeneba zogadi saxis reologiuri kanoni: 

 

0),,,,,,,,,,,( 321 =txxxF ijijijijijij K&&&K&&& εεεσσσ .                          (4.105) 
F-funqciis konkretuli saxe damokidebulia Sesaswavli masalis elastiur 
da blant-plastikur Tvisebebze.  
 am funqciis konkretuli saxis dasadgenad iyeneben fizikur 
eqsperimentebs da miRebuli Sedegebis statistikuri damuSavebiT adgenen 
umartivesi procesebis SemTxvevisaTvis (4.105) tipis Tanadobas da Semdeg 
xdeba am TanadobaTa ganzogadoeba da miRebuli rTuli modeliT testuri 
amocanebis Seswavla modelis adekvaturobis dasadgenad. 
 

4.9. niutonis ganzogadoebuli kanoni siTxeebisaTvis 
 

 wylisa da sxva blanti siTxeebisaTvis, niutonma cdebiT daadgina 
kanoni: 

 
dy
dvμτ = ;                                                           (4.106) 

sadac τ -Zvris mxebi Zabvaa siTxis fenebs Soris, romelsac adgili aqvs 
siTxis siblantis gamo; μ -siblantis koeficientia, v -siTxis siCqare nax. 4.6. 

 

 
nax. 4.6. blanti siTxis moZraobis siCqaris epiura 

 
rogorc (4.106) formulidan Cans ,mxeb Zabvebsa da siCqaris gradients Soris 
damokidebuleba aris wrfivi. (4.106) aris hukis kanonis analogi: 
 εσ ⋅= E                                                            (4.107) 
Tumca, hukis kanoni iZleva reologiur Tanadobas wrfivad-drekadi 
masalebisaTvis, xolo (4.106) aRwers ukumSvadi niutonuri blanti siTxis 
reologias.  
niutonis ganzogadoebul kanons blanti siTxeebisaTvis aqvs saxe: 

 mnijmnij DB=σ ;                                                     (4.108) 
sadac ijijD ε&= -deformaciis sicqaris tenzoris komponentebia,  

 ijmnB -siTxis Tvisebebze damokidebuli mudmivaTa matrica 81 

komponentiT. damoukidebel mudmivaTa raodenoba, damokidebulia, iseve 
rogorc drekadi masalis SemTxvevaSi, siTxis Sinagani, fizikuri Tvisebebis 
simetriis xarisxze.  
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 izotropuli, blanti ukumSvadi siTxisaTvis ijmnB -matricaSi gvaqvs 

mxolod ori ∗λ  da ∗μ  damoukidebeli mudmiva (siblantis koeficienti) da 
(4.108) niutonis reologiuri kanoni, am SemTxvevaSi, Caiwereba formiT: 

 ijijkkijij DDp ⋅++−= ∗∗ μδλδσ 2  ;                                  (4.109) 

sadac p-hidrostatikuri wnevaa, 
 ijD -deformaciis siCqaris tenzoris komponentebia, romlebic miiRebian 

Sesabamisi deformaciis tenzoris gawarmoebiT droiT, maSasadame 

 )(
2
1

,, ijjiijij vvD +== ε& ;                                                (4.110) 

sadac iv -siTxis nakadis siCqaris veqtoris komponentebia 

 
4.10. nolis Teorema. reineris drekadi masala. reiner-rivlinis siTxis 
reologiuri gantoleba. masalebi mexsierebiT. ganzomilebaTa meTodi 

 
 arseboben masalebi ufro rTuli reologiiT, vidre wrfivad-drekadi 
masalebi da niutonuri siTxeebi.  
 ganvixiloT ufro zogadi damokidebuleba Zabvis tenzorsa da 
deformaciis tenzors Soris (elastiuri masalebisaTvis). 

 ( )ijij f εσ =                                                          (4.111) 

da damokidebuleba Zabvis tenzorsa da deformaciis siCqaris tenzors 
Soris (blanti siTxeebisaTvis): 

 ( )ijij Dg=σ .                                                         (4.112) 
rogorc vxedavT, (4.111) da (4.112) Tumca Seexebian sxvadasxva tipis 
procesebs, isini iZlevian funqcionalur damokidebulebas or meore rangis 
tenzors Soris da aqvT erTnairi maTematikuri struqtura. 
 izotropiuli areebisaTvis (masalebi, siTxeebi, gazebi....), (4.111) da 
(4.112) unda akmayofilebdnen garkveul invariantobis pirobebs, romlebic 
gamomdinareoben meore rangis tenzoris komponentebis Tvisebebisagan. 
 (4.111) da (4.112) tipis TanadobaTa zogadi saxis dasadgenad nolma 
daamtkica Teorema:  
nolis Teorema: Tu, gvaqvs funqcionaluri damokidebuleba ori meore 

rangis tenzoris komponentebs Soris ( )(Ω∈ ∞Cf ), 
 ( )ijij f εσ = ;                                                         (4.113) 
maSin, es damokidebuleba yvelaze zogad SemTxvevaSi iqneba Semdegi saxis: 

 
2

210 )( ijijijij MMM εεδσ ++= .                                    (4.114) 
damtkiceba: gavSaloT (4.113) teiloris mwkrivad ( )ijε -s mimarT, miviRebT: 

 
k

ij
k

kijijijijij MMMMM )()()(
0

3
3

2
210 εεεεδσ ∑

∞

=

⋅=++++= K ;     (4.115) 

sadac ),,( εεεϕ IIIIIIM kk = ;                                           (4.116) 

 iiI εε = ;                                                          (4.117) 

 jiijII εεε 3
1

= ;                                                     (4.118) 
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 kijkijIII εεεε 3
1

= .                                                  (4.119) 

Hhamilton-kelis Teoremis Tanaxmad yoveli meore rangis tenzoris 
komponentebis matrica, akmayofilebs Tavis maxasiaTebel gantolebas, 

saidanac SegviZlia vipovoT 
3
ijε , rogorc ufro dabali xarisxebis wrfivi 

kombinacia: 

 ijijijij IIIIII δεεε εεε ⋅+−= )()( 23
.                               (4.120) 

Tu gavamravlebT (4.120) tolobas ijε -ze da 
3
ijε -isaTvis gamoviyenebT (4.120) 

gamosaxulebas, maSin 
4)( ijε -gamoisaxeba ijε -s xarisxebis wrfivi 

kombinaciiT, romelTa xarisxi ar aRemateba ors. Tu gavagrZelebT am 

process, analogiurad miviRebT rom nebismieri xarisxi 
n

ij )(ε , im 

xarisxebis wrfivi kombinaciiT, romelTa xarisxi ar aRemateba ors, xolo 

koeficientebi iqnebian ijε -s invariantebze damokidebuli kϕ -mravalwevrebi, 

ase rom 

kjikijijij IIIIIIIIIIIIIIIIII εεϕεϕδϕσ εεεεεεεεε ),,(),,(),,( 210 ++=  .      (4.121) 
rac niSnavs (4.114) dasamtkicebels. 
 gansazRvreba: drekad (elastiur) masalebs, romelTaTvisac 
reologiur kanons aqvs (4.121) saxe, reineris drekadi masala ewodebaT. 
 SeniSvna: hukis wrfivad-drekadi masala, reineris drekadi masalis 

kerZo SemTxvevaa, miiReba, roca 02 ≡ϕ . (4.121) reologiur tolobaSi 

kvadratuli 2ϕ -wevri saSualebas gvaZlevs SevadginoT iseTi kompozituri 

masalebis muSaobis maTematikuri modeli, romlebic sigrZivi gaWimvisas 
SeiZleba gaizardon sisqeSic. 
 Tu, nolis Teoremas gamoviyenebT (4.112) TanadobisaTvis, miviRebT 
reologiur gantolebas reiner-rivlinis blanti siTxeebisaTvis: 

kjikDDDijDDDijDDDij DDIIIIIIDIIIIIIIIIIII ),,(),,(),,( 210 ψψδψσ ++= .   
(4.122) 

sadac DDD IIIIII ,, -deformaciis siCqaris komponentebis ijD  matrices 

invariantebia.  
gansazRvreba: siTxeebs, romlebic emorCilebian (4.122) reologiur 

kanons reiner-rivlinis blanti siTxeebi ewodebaT.  
SeniSvna: niutonuri siTxeebi warmoadgenen reiner-rivlinis siTxeebis 

kerZo SemTxvevas, miiRebian roca 02 ≡ψ . 
(4.122) reologiur tolobaSi, kvadratuli 2ψ  wevri iZleva saSualebas 

SevadginoT iseTi siTxeebis maTematikuri modelebi, romelTac axasiaTebT 
dilataciis Tviseba, anu fxvieri, siTxiT gaJRenTili masalebis Tviseba 
`isunTqon~ moZraobisas (moZraobiadmi perpendikularuli-ganivi 
mimarTulebiT). 
 ufro rTuli reologiis mqone masalebis muSaobis maTematikuri 
modelis Sesadgenad, iyeneben rivlinis reologiur kanons. rivlinma 
dauSva, rom rigi rTuli reologiis masalebi TavisSi aerTianeben rogorc 
drekad aseve siblantis Tvisebebs, anu gvaqvs damokidebuleba: 

 ( )ijijij Df ,εσ =  .                                                      (4.123) 
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rivlinma gamoiyena Hhamilton-kelis ganzogadoebuli Teorema da daamtkica 
(daamtkiceT TviTon), rom (4.123) reologiur kanons, yvelaze ufro zogad 
SemTxvevaSi aqvs saxe:  

))()()()((

))()(())()((

)()()(

2222
8

22
7

22
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2

43
2

210

ijijijij

ijijijijijijijij

kjikkjikijijijijijij

DDM

DDMDDM

DDMDMDMMMM

εε

εεεε

εεεεδσ

⋅+⋅+

+⋅+⋅+++

+++++++=

 (4.124) 

sadac ),,,,,( DDDik IIIIIIIIIIIIFM εεε= . 
 
 trusdelma, igive meTodikis gamoyenebiT, aago hipo-drekadi masalebis 
muSaobis Sesabamisi reologiuri gantoleba: 

 ),( ijijij Df σσ =& .                                                      (4.125) 
 
iseTi masalebisaTvis, romelTac axasiaTebT blanti-elastiuroba (masalebi 
mexsierebiT, sxvanairad rom vTqvaT – cocvadi masalebi), reologiur 
kanons, aqvs saxe: 

 ),,( ijijij Dtf εσ = .                                                     (4.126) 
aseTi masalebisaTvis ganixileba reologiuri gantoleba formiT: 

 τ
τ
ε

τσ d
d
d

tCt mn
t

ijmnij )()( −= ∫
∞−

;                                       (4.127) 

sadac )(tijmnε -masalis relaqsaciis funqciaa. 

 zogjer (4.127)-is nacvlad ixilaven reologiur gantolebas formiT: 

 τ
τ
στε d
d
dtJt mn

t

ijmnij )()( −= ∫
∞−

 ;                                       (4.128) 

sadac ijmnJ -cocvadobis funqciaa. 

 
 praqtikuli gamoyenebis TvalsazrisiT, yvelaze ufro zogad 
reologiur kanons aqvs saxe: 

 0),,,,,,( =ijijijijijijtF εσεσεσ &&&&&& .                                    (4.129) 
sadac ijij D=ε& -deformaciis siCqaris tenzoris komponentebia. (meoreze ufro 

maRali rigis warmoebulebi arTuleben analizs, magram sanacvlod ar 
iZlevian arafers). 
P.S.    reologiuri kanonis dadgena xdeba eqsperimentis meSveobiT, rasac win 
uZRvis procesebisa da masalebis mecnieruli analizi. eqsperimentuli 
masalebis damuSaveba ki xdeba statistikis meSveobiT.  
 eqsperimentebis Catarebis meTodika da Sedegebis damuSavebis teqnika, 
calke Seswavlis sagania adamianis inteleqtualuri moRvaweobis ama Tu im 

sferoSi, amitom am sakiTxze Cven aRar SevCerdebiT (ar ganvixilavT π -
Teoremas, romelic bukingems ekuTvnis).  
 maTematikuri modelirebisas, zogjer iyeneben ganzomilebaTa meTods 

(kerZo SemTxvevaa π -Teoremis). 
 am meTodis gasacnobad, ganvixiloT konkretuli magaliTi: daadgineT 
kavSiri, maTematikuri qanqaras rxevis T-periodsa, Zafis l-sigrZesa da 
Tavisufali vardnis g-aCqarebas Soris.  
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amoxsna: dauSvaT hipoTeza, rom am kavSirs aqvs saxe 

 
βα glKT ⋅⋅= .                                                    (4.130) 

sadac α  da β  sidideebs davadgenT im pirobebidan, rom (4.130) tolobaSi, 

marcxena da marjvena nawilebis ganzomilebebi unda iyvnen erTnairni, K-
mudmivi uganzomilebo sididea, romlis sapovneladac saWiroa 
eqsperimentebis Catareba.  

 ][][][ βα glT ⋅=  ;                                                   (4.131) 
anu 

 
βα ][][][ glT ⋅= .                                                    (4.132) 

gamoviyenoT ganzomilebaTa saerTaSoriso SI-sistema, maSin 
][T =wm;  ][l =m;  ][g =mxwm 2−                                            (4.133) 

Tu, (4.133)-s SevitanoT (4.132)-Si, miviRebT:  

 wm=m ⋅α (mwm 2− ) β
                                                      (4.134) 

anu  

 wm=m ⋅+βα
wm

β2−
                                                      (4.135) 

(4.135)-dan, Tu gavutolebT erTnairi ganzomilebebis xarisxebs, marcxena da 
marjvena nawilSi, miviRebT: 

 
⎩
⎨
⎧

=+
=−

0
12

βα
β

                                                           (4.136) 

am sistemis amonaxsnebia: 

 
2
1

−=β   ;   
2
1

=α                                                      (4.137) 

Tu, (4.137) amonaxsnebs CavsvamT (4.130) tolobaSi, miviRebT: 

  
2
1

2
1

−
⋅⋅= glKT ;                                                   (4.138) 

anu 

 g
lKT ⋅= .                                                       (4.139) 

rac mogvagonebs skolis fizikis kursidan cnobil formulas 
 K-koeficientis dasadgenad exla unda Catardes eqsperimenti 
maTematikur qanqaraze. rac saSualebas mogvcems vipovoT (4.130) Tanadoba 
sabolood. es eqsperimenti studentobisTvis kargi savarjiSoa. Tumca, 
martivad Casatarebelia, magram K-s sapovnelad saWiroa cdis 
ramodenimejer gameoreba da Semdeg Sedegebis statistikurad damuSaveba.  
 analogiur mosazrebebs, xSirad iyeneben, ufro rTuli reologiuri 
kanonebis dasadgenadac. 
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amocanebi da savarjiSoebi 
 
1. ipoveT hamiltonis H-funqcia erTi materialuri wertilisaTvis dekartis 
marTkuTxa koordinatebSi.  

pasuxi: ),,()(
2
1 222 zyxUppp
m

H zyx +++= .             (SeamowmeT!) 

2. rodis emTxveva, bolcmanis gantoleba liuvilis gantolebas? 

3. samganzomilebian sivrceSi IR 3 , warmoadgineT: ijjiijiijijjii SbaTaRBA ,,,,  

tenzorebi, komponentebis meSveobiT.  

4. daamtkiceT, gansazRvrebidan gamomdinare, rom levi-Civitas ijkε -tenzoris 

komponentebi akmayofileben pirobebs: 

a) 6=kijijkεε ;      b) 0=kjijk aaε . 
5. dekartis koordinatebsa da sferul 321 ,, θθθ  koordinatebs Soris gvaqvs 

kavSiri: 

 
⎪
⎩

⎪
⎨

⎧

=
=
=

213

3212

3211

cos
sinsin
cossin

θθ
θθθ
θθθ

x
x
x

. 

ipoveT, 
q

i

p

i
pq

xxg
θθ ∂
∂

∂
∂

= - metrikuli tenzoris komponentebi sferul 321 ,, θθθ  

koordinatTa sistemaSi.  
6. ipoveT dekartuli T-tenzoris mTavari mniSvnelobebi da mTavari 
mimarTulebebi, Tu is mocemulia matriciT: 

 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

−
=

100
031
013

)( ijT . 

7. Hhamilton-kelis Teoremis gamoyenebiT ipoveT 4B , Tu B-tenzoris 
komponentebi moicemian matriciT: 

 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−−

−
=

201
030
101

)( ijB . 

8. elastiur (drekad) sxeulebSi Zabvebis ganawileba moicema Zabvis 
tenzoriT: 

 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−−
−⋅

=
2
3

2
3
21

2
2

1
2
22

2
1

200
03/)3()1(
0)1(

)(
x

xxxx
xxxx

ijσ . 

ipoveT, Zabvis tenzoris deviatoris mTavari mniSvnelobebi  

)2,0,( aaP -wertilSi. 
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Tavi 5 
uwyvet tanTa meqanikis maTematikuri modelebi 

 
5.1. drekadobis(elastiurobis) Teoriis maTematikuri modelebi. lames 
modeli. beltrami-miCelas modeli. reineris modeli. Termodrekadobis 

amocana. 
 

drekadi(elastiuri) masalebisaTvis, fizikuri eqsperimentebis 
meSveobiT adgenen daZabul-deformirebuli mdgomareobis reologiur 
kanons. 

Wrfivad-drekadi masalebisaTvis, izotropiul SemTxvevaSi gvaqvs 
reologiuri Tanadoba, romelsac hukis kanons uwodeben. 

ijijkkij μεδλεσ 2+=  .                                            (5.1) 

ufro rTuli modelebidan, xSirad gamoiyeneba reineris drekadi 
masalis reologiuri gantoleba 

kjikijijij εεϕεϕδϕσ 210 ++=  .                                      (5.2) 

sadac iϕ - deformaciis tenzoris komponentebis matricis invariantebze 

damokidebuli funqciebia. 
Cven adre ganvixileT ufro rTuli reologiuri gantolebebic(4.129), 

magram uwyvet tanTa meqanikaSi, maTematikuri modelebis Sesadgenad 
mxolod reologiuri kanoni araa sakmarisi. 

saWiroa: wonasworobis(an dinamikis) gantoleba, kinematikuri 
Tanadobani da sasazRvro(an sasazRvro da sawyisi) pirobebi. 

ganvixiloT izotropiuli masalebisaTvis elastiuri muSaobis 
sxvadasxva maTematikuri modelebi: 

a) wrfivad-drekadi izotropiuli masalebisaTvis 
statikis(wonasworobis) amocana ismeba Semdegnairad: 

wonasworobis gantoleba koSis formiT: 

0, =+ ijij bρσ  ,                                                    (5.3) 

sadac ρ - elastiuri masalis simkvrivea, 

b – erTeul moculobaze moqmedi gareSe Zalis veqtoris komponentebia; 
kinematikuri Tanadobebi mcire deformaciebis (ε <<1) SemTxvevaSi: 

)(
2
1

,, ijjiij uu +=ε ;                                                  (5.4) 

hukis reologiuri gantoleba: 

ijijkkij μεδλεσ 2+=  .                                                (5.5)  

(5.3),(5.4) da (5.5) gantolebebi unda dakmayofildes elastiuri Ω  
masalis nebismier wertilSi. amasTan, aucilebelia sasazRvro 

pirobebic Ω - aris Ω∂ - sazRvris nebismieri wertilisaTvis. 
sasazRvro pirobebis mixedviT statikaSi ganixileba sami tipis amocana: 

     a.1) sazRvris TiToeul wertilSi mocemulia gadaadgilebebi: 

),,( 321 xxxgui =Ω∂ ;                                                 (5.6) 

aseT SemTxvevaSi, mizanSewonilia gardavqmnaT (5.3),(5.4) da (5.5) amocana 
ise, rom gvqondes erTi gantoleba gadaadgilebebis mimarT Sesabamisi 
sasazRvro (5.6) pirobebiT. 

amisaTvis (5.4) CavsvaT (5.5)-Si da miRebuli Sedegi SevitanoT (5.3)-Si. 
marTlac, Tu (5.4)-s CavsvamT (5.5)-Si miviRebT 
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)()(
2
12)(

2
1

,,,,,,, ijjiijkkijjiijkkkkij uuuuuuu ++=+++= μδλμδλσ  ;            (5.7) 

Tu, am gamosaxulebas SevitanT dinamikis (5.3) gantolebaSi, miviRebT 

0)( ,,, =+++ iijjjjiijkjk buuu ρμδλ ,                                        (5.8) 

anu, Tu gavamartivebT gveqneba gantoleba gadaadgilebebisaTvis 

0)( ,, =+++ ijijjji buu ρμλμ  .                                          (5.9) 

am gantolebas lames gantolebas uwodeben, zogjer ki navie-koSis 
models. 

Aam gantolebebisaTvis ganixileba dirixles (5.6)amocana. 
P.S. (5.6) – araerTgvarovani sasazRvro pirobebi SegviZlia 
gavanuloT(vaqcioT erTgvarovan sasazRvro amocanad) Tu, movaxdenT 
cvladTa gardaqmnas 

),,( 321 xxxgvu ii += .                                                (5.10) 

maSin (5.9) gantoleba gadaiwereba iv -s mimarT da sasazRvro (5.6) 

pirobebi miiReben erTgvarovan formas 

0 =Ω∂iv ,                                                           (5.11) 

rac aadvilebs amocanis amoxsnas; 
a.2) meore tipis sasazRvro amocana miiReba im SemTxvevaSi, roca 

mocemulia Zabvebi sazRvris yoveli wertilisaTvis: 

ijij n 0 )( σσ =Ω∂ .                                                      (5.12) 

am SemTxvevaSi, hukis kanonis, wonasworobis gantolebisa da   
sen-venanis pirobebidan SesaZlebeli deformaciebisaTvis 

0,,,, =−−+ ikjmjmikijkmkmij εεεε ,                                          (5.13) 

miiReba elastiurobis gantoleba Zabvebis mimarT: 

0
1

)(
1

1
,,,,, =

−
+++

+
+ kkijijjiijkkkkij bbb ρδ

ν
νρσ

ν
σ .                          (5.14) 

am gantolebas beltrami-miCelas gantolebas uwodeben. 
beltrami-miCelas gantolebebiT daZabul-deformirebuli mdgomareobis 
Sesaswavlad (5.14) gantolebas xsnian (5.12) pirobebSi, (5.3) wonasworobis 
gantolebebis gaTvaliswinebiT. 
     a.3) mesame tipis amocana – es aris Sereuli tipis amocana, roca 

sazRvris erT 1Ω∂ - nawilze mocemulia gadaadgilebebi, xolo meore  

2Ω∂ - nawilze mocemulia Zabvebi da 

21 Ω∂∪Ω∂=Ω∂ .                                                         (5.15) 

amasTan, moiTxoveba ganisazRvros Zabvebi da deformaciebi Ω - aris 
nebismieri wertilisaTvis. 

am SemTxvevaSi, xsnian amocanas zogadi saxiT: 

0, =+ ijij bρσ ;                                                       (5.16) 

)(
2
1

,, ijjiij uu +=ε ;                                                    (5.17) 

ijijkkij μεδλεσ 2+= ;                                                   (5.18) 

),,()( 321  1
xxxgui =Ω∂ ;                                                 (5.19) 

     ijij n 0 2
)( σσ =Ω∂ .                                                      (5.20) 
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b) exla ganvixiloT dinamikis amocanebis maTematikuri modelireba. 
   

    aseT SemTxvevebSi, Cven vixilavT dinamikis gantolebas koSis formiT: 
..

, iijij ub ρρσ =+ ;                                                          (5.21) 

kinematikur Tanadobebs: 

)(
2
1

,, ijjiij uu +=ε ;                                                         (5.22) 

reologiur kanons(hukis kanoni); 

ijijkkij μεδλεσ 2+= .                                                        (5.23) 

statikis amocanebisagan gansxvavebiT, dinamikis Seswavlisas sasazRvro 
pirobebTan erTad ganixilaven sawyis pirobebsac. 

b.1) Tu gvaqvs amocana sazRvarze mocemuli gadaadgilebebiT, viyenebT 
lames matematikur models: 

..

,, )( iijijjji ubuu ρρμλμ =+++ ;                                               (5.24) 

amave dros, gvaqvs sasazRvro pirobebi 

),,,()( 321  1
txxxgu ii =Ω∂ ;                                                    (5.25)  

da sawyisi pirobebi 

),,()( 3210 xxxfu iti == .                                                      (5.26) 

b.2) rTuli reologiis masalebisaTvis xSirad iyeneben reineris 
elastiuri masalis maTematikur models(kompozitebi, selebi, zvavebi, 
mravalfaziani masalebi da a.S.), romelsac aqvs saxe: 
dinamikis gantoleba 

..

, iijij ub ρρσ =+ ;                                                          (5.27) 

kinematikuri Tanadobebi 

)(
2
1

,, ijjiij uu +=ε
                                                          (5.28) 

reineris reologiuri gantoleba 

kjikijijij εεϕεϕδϕσ 210 ++= ;                                                  (5.29) 

sadac  

      iϕ - deformaciis tenzoris komponentebis matricis invariantebze 

damokidebuli funqciebia. 
am funqciebis konkretuli saxe dgindeba xangrZlivi da mZime 

eqsperimentebis Sedegad. 
sasazRvro da sawyisi pirobebi aq ismeba iseTive saxiT, rogorc  
wrfivad-drekadi masalebis SemTxvevaSi (5.25), (5.26). 

b.3) wrfivad-drekadi masalis Termodrekadi muSaobis maTematikuri 
modeli. 

wrfivad-drekadi masalis Termodrekadi musaobis SemTxvevaSi, aseve 
moqmedebs dinamikis gantoleba koSis formiT 

..

, iijij ub ρρσ =+ ;                                                     (5.30) 

kinematikuri Tanadobebi 

)(
2
1

,, ijjiij uu +=ε
                                                     (5.31)   

 damatebiT, ganixileba Sesabamisi reologiuri kanoni  

ijijijkkij TT δαλλμεδλεσ )()23(2 0−+−+= ;                               (5.32) 
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sadac  
      α - wrfivi gafarTovebis temperaturuli koeficientia; 

      0T - elastiuri masalis sawyisi temperatura; 

      λ  da μ  - lames koeficientebia, romlebic axasiaTeben masalis 

Tvisebebs deformaciebis TvalsazrisiT; 
da energiis gantoleba 

..
(v)

, )23(c kkii TTkT εαμλρ ++=  ;                                           (5.33) 

sadac 
           k – masalis siTbogamtarobis koeficientia; 

     )(vc - kuTri siTbotevadobaa mudmivi deformaciis(moculobis) 
pirobebSi. 

am maTematikur modelSi ucnobebia: ijij εσ ,  da T . 

ucnobebis sapovnelad agebul gantolebaTa (5.30) – (5.33) sistemas, unda 
mivuerToT Sesabamisi sasazRvro da sawyisi pirobebi. 
 
 
 
5.2. siTxeTa dinamikis maTematikuri modelebi. Navie-stoqs-diugemis modeli. 
gantolebaTa Cawera uganzomilebo formiT. navie-stoqsisa da eileris 
maTematikuri modelebi.  
 

siTxeTa dinamikas Seiswavlis hidroaeromeqanika. iseve, rogorc 
drekadi(elastiuri) masalebis SemTxvevaSi, hidroaeromeqanikaSic, siTxisa 
da gazis dinamikis maTematikuri modelireba iwyeba eqsperimentebiT, 
mocemuli siTxis(gazis anu airis) reologiuri kanonis dasadgenad. 

niutonuri siTxeebisaTvis gvaqvs niutonis ganzogadoebuli 
reologiuri kanoni: 

mnijmnij DB=σ  ;                                                     (5.35) 

sadac  

      
.

mnmnD ε=  deformaciis siCqaris tenzoris komponentebia.  

Tu siTxe erTgvarovania, maSin ijmnB - mudmivi sidideebisagan Sedgeba, 

romlebic axasiaTeben mocemuli siTxis blant Tvisebebs. 
Tu, ganvixilavT  izotropiul niutonur siTxes, maSin mudmivaTa 

matricaSi 81 komponentidan mxolod oria *λ  da *μ damoukidebeli. 
Sesabamis reologiur kanons aqvs saxe: 

ijijkkijij DDp ** 2μδλδσ ++−=  ;                                       (5.36) 

sadac 
*λ  da *μ - siTxis siblantis dinamiuri koeficientebia. 

saSualo normaluri Zabva iqneba: 

iiiiii DpDp *** )23(
3
1

3
1 χμλσ +−=++−=  ;                              (5.37) 

sadac *χ - siblantis sivrculi koeficientia. 
Tu, miviRebT stoqsis pirobas da davuSvebT, rom 

*χ = 0,                                                            (5.38) 
maSin (4.176)-dan miviRebT, rom 
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pii −=σ
3
1

,                                                         (5.39) 

anu, hidrostatikuri wneva blant siTxeSi, wonasworobis pirobebSi 
saSualo normaluri Zabvis tolia da mimarTulia siTxis SigniT.                     
amiT aixsneba siTxis wveTis wonasworoba sibrtyeze. aseT SemTxvevaSi, 
Termodinamikuri wneva – mTlianad ganisazRvreba meqanikuri sidideebiT. 

garda reologiuri (5.36) kanonisa, maTematikuri modelis asagebad 
izotropiuli niutonuri siTxeebisaTvis, saWiroa: moZraobis gantolebebi 
koSis formiT, masis Senaxvis(uwyvetobis) gantoleba, energies Senaxvis 
kanoni da mdgomareobis gantoleba. 
moZraobis gantolebas koSis formiT aqvs saxe 

.

, iijji vb ρρσ =+ ;                                                    (5.40) 

sadac iv - siTxis nawilakebis moZraobis siCqaris veqtoris 

komponentebia. 
uwyvetobis gantoleba Caiwereba formiT: 

0,

.
=+ iivρρ .                                                         (5.41) 

energiis Senaxvis kanons aqvs forma: 
.

,
11 ZCDU iiijij +−=
ρ

σ
ρ

;                                              (5.42) 

sadac 
UUU – Sinagani energiaa, Ci- siTburi nakadis veqtoris komponentebia, 

romelic gadis siTbogamtarobis xarjze, drois erTeulSi, erTeul 
farTSi, Z – erTeul droSi gamosxivebuli siTbos mudmivaa, gaangariSebuli 
masis erTeulze. 
mdgomareobis gantoleba(eqsperimentebidan) Caiwereba ase: 

),( Tpp ρ= .                                                         (5.43) 
Tu, saWiroa siTburi efeqtebis gaTvaliswinebac, rac xSirad gvxvdeba 

praqtikaSi, maSin (5.36),(5.40) – (5.43) gantolebaTa sistemas unda mivuerToT 
furies siTbogamtarobis gantoleba da kaloriuli gantoleba. 
furies siTbogamtarobis gantolebas Caweren mokled: 

ii kTC ,−=                                                            (5.44) 

sadac k – siTbogamtarobis koeficientia. 
kaloriuli gantoleba Caiwereba eqsperimentebze dayrdnobiT 

).,( TUU ρ=                                                          (5.45) 
miiReba 16 gantoleba 16 ucnobiT, anu sistema aris Caketili. am 

gantolebaTa sistemas miuerTeben sasazRvro da sawyis pirobebs. 
hidrodinamikaSi, blanti siTxisaTvis gamoiyeneba specifikuri 

sasazRvro pirobebi, romelTac siTxis mikvris pirobebs uwodeben: 

0 )( =Ω∂iv .                                                           (5.46) 

 
 
a) navie – stoqs – diugemis gantoleba. 
ganvixiloT blanti siTxis maTematikuri modeli im SemTxvevisaTvis, 

roca siTburi efeqtebi imdenad umniSvneloa, rom SeiZleba ugulebelvyoT. 
 

Tu, kinematikur Tanadobebs: 
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)(
2
1

,, ijjiij vvD += ;                                                   (5.47) 

SevitanT niutonis (5.36) reologiur gantolebaSi, miviRebT 

).(

)(
2
12)(

2
1

,,
*

,
*

,,
*

,,
*

ijjiijkkij

ijjikkkkijij

vvvp

vvvvp

+++−=

=++++−=

μδλδ

μλδσ
                          (5.48) 

Semdeg, (5.48) gantolebas Tu SevitanT moZraobis (5.40) gantolebaSi, 
gveqneba: 

ijijjjiijkjkii bvvvpv ρμδλρ ++++−= )( .,
*

,
*

,

.
.                               (5.49) 

anu, sabolood 

ijjijijii bvvpv ρμμλρ ++++−= ,
*

,
**

,

.
)( ;                                  (5.50) 

am (5.50) gantolebas navie – stoqs – diugemis gantoleba ewodeba 
blanti siTxeebisaTvis. 
P.S. Tu siTxe ukumSavia(rogorc wyali), maSin 

 0 , =iiv .                                                            (5.51) 

 

 

b) navie – stoqsis gantoleba ukumSi siTxeebisaTvis. 

Tu ganvixilavT ukumS siTxeebs, maSin siTxis ukumSvadobis (5.51) 

pirobis gaTvaliswinebiT (5.50) – dan miviRebT navie – stoqsis maTematikur 

models: 

ijjiii bvpv ρμρ ++−= ,
*

,

.
;                                              (5.52) 

0 , =iiv ;                                                             (5.53) 

0 )( =Ω∂iv ;                                                           (5.54) 

00 )( iti vv == .                                                          (5.55) 

miRebuli (5.52) – (5.55) maTematikuri modeli aRwers blanti, ukumSi 
siTxis moZraobas Ω  - areSi, Ω∂ - sazRvriT. 

 

 
g) navie – stoqsis gantoleba gazebisaTvis. 
Tu navie – stoqs – diugemis modelSi, gaviTvaliswinebT stoqsis 

pirobas  

**

3
2 μλ −=

                                                          (5.56) 
maSin, miviRebT navie – stoqsis gantolebas gazebisaTvis: 

ijijjjiii bvvpv ρμμρ +++−= ,
*

,
*

,

.

3
1

.                                       (5.57) 

am gantolebas unda mivuerToT mdgomareobis (5.43) gantoleba, energiis 
(5.42) gantoleba da uwyvetobis (5.41) gantoleba(Tu ara gvaqvs siTburi 
efeqtebi). 

 
d) gantolebaTa Cawera uganzomilebo saxiT. 
simartivisaTvis, ganvixiloT organzomilebiani, blanti, ukumSi siTxis 

dineba. Sesabamisi maTematikuri modeli gadavweroT uganzomilebo saxiT da 



 92 
 

davadginoT msgavsebis kriteriumebi, dinebaTa fizikuri modelebis 
Sesadgenad (eqsperimentebis Casatareblad). 
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 0 )( =Ω∂iv ;                                                       (5.61) 

00 )( iti vv == .                                                       (5.62) 

Tu (5.58) – (5.62) gantolebebSi gadavalT uganzomilebo Strixian 
cvladebze formulebiT: 
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maSin, miviRebT amocanas: 
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Tu, (5.64) – (5.68) gantolebebSi SemoviRebT aRniSvnebs 
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da aRar davwerT Strixebs, miviRebT maTematikur models uganzomilebo 
formiT: 
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 1001 )( vv t ==   ;     2002 )( vv t ==  ;                                    (5.73) 

 0)( =Ω∂iv  .                                                       (5.74)   

mudmiv koeficients Re – reinoldsis ricxvi ewodeba, xolo 
Fr – frudis ricxvia. 

imisaTvis rom, sxvadasxva masStabis ori modeli iyos eqvivalenturi, 
maT Soris unda arsebobdes msgavseba. cxadia, rom ori modeli msgavsi 
iqneba, Tu modelis reJimis ganmsazRvreli mudmivi koeficientebi 
(Re da Fr), iqnebian Sesabamisad tolebi, anu, Tu 
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21 ReRe = ;    21 FrFr = .                                                 (5.75) 
am pirobebis erTdroulad dacva ki Zalzed rTulia, gansakuTrebiT im 

amocanebSi, sadac mniSvneloba aqvs simZimis Zalis gavlenas. 
modelebis matematikurad gamosakvlevad, maT rogorc wesi, gadaweren 
uganzomilebo formiT. GgaTvlebis Sedegebis praqtikaSi gadasatanad 
iyeneben Sesabamisi gadasvlis formulebs (5.63). 
 

 
 
e) eileris maTematikuri modeli idealuri siTxeebisaTvis. 
 

ganvixiloT blanti, ukumSvadi siTxis dinamika im SemTxvevaSi, roca 
reinoldsis ricxvi izrdeba. eqsperimentebiT dadgenilia, rom mocemuli 
amocanis pirobebSi, arsebobs reinoldsis ricxvis kritikuli mniSvneloba, 

ise rom, Tu krReRe ≤  gvaqvs laminaruli(fenovani) dineba, xolo, Tu 

krReRe ≥  gvaqvs fenebis Sereva-difuzia, am reJims turbulenturi dineba 

ewodeba.  
Tu ganvixilavT dinebas, romlis drosac ∞→Re , miviRebT iseT 

turbulentur dinebas, romlis drosac ganviTarebuli difuziis gamo, 
siblantis Tvisebas aRar aqvs fizikuri gavlena, anu dineba SeiZleba 
ganxiluli iyos, rogorc iseTi siTxis dineba, romlis fenebs Sorisac ara 
gvaqvs xaxunis Zala(aseT siTxeebs idealurs uwodeben). 

idealuri siTxis dinamikis maTematikuri modeli SeiZleba miviRoT 
blanti siTxis modelidan, Tu movaxdenT Sesabamis zRvarze gadasvlas im 
pirobiT, rom ∞→Re . maSin, (5.70) –(5.74) maTematikuri modeli miiRebs saxes 
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    00)( iti vv == ;                                                        (5.79) 
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Ω∂n
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  maTematikur models, romelic moicema (5.76) – (5.80) saxiT eileris 
modeli ewodeba.  
 
 

5.3. uwyvet garemoSi siTbos ganawilebis maTematikuri 
modelireba(difuziis gantoleba). 
 

ganvixiloT, 3R  - Si raime uwyveti Ω  garemo(siTxe, gazi, elastiuri 
masala ...), Ω∂ …sazRvriT. 

fizikis kursidan viciT, rom drois tΔ  monakveTSi, Ω∂  zedapirs 
gasWolavs QΔ  raodenobis siTbo, romelic gamoiTvleba zedapiruli 
integraliT: 
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tdS
n
TkQ Δ
∂
∂

=Δ ∫∫
Ω∂

 ;                                                 (5.81) 

sadac 
       n – aris sazRvris garenormali (x,y,z)  wertilSi; 
       k – Sida siTbogamtarobis koeficientia. 
vTqvaT, adgili aqvs uwyveti garemos(masalis) gacivebis process, maSin 

0≤
∂
∂
n
T

;                                                           (5.82) 

da maSasadame, (5.81) miiRebs saxes 

tdS
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TkQ Δ
∂
∂

−=Δ ∫∫
Ω∂

 1 .                                                 (5.83) 

Ω∂ - sazRvris zedapirs gadakveTs  1QΔ  - siTbos raodenoba, romelic 

dakarga Ω  moculobis uwyvetma garemom(masalam). 
Ω  moculobis m masisa da c kuTri siTbotevadobis, ρ  simkvrivis 

garemo gascems  2QΔ  siTbos raodenobas, romelic gamoiTvleba jeradi 
integraliT 

 [ ] ωρ∫∫∫
Ω

−Δ+−=Δ dtxxxTttxxxTcQ ),.,(),,,( 3213212 ;                      (5.84)  

uaryofiTi niSani miuTiTebs imaze, rom xdeba masalis gaciveba. Tu 
ueyveti garemos SigniT arian siTbos ganawilebuli wyaroebi 

),,( 321 xxxI kuTri simZlavreebiT, maSin tΔ  droSi wyaroebis mier 

gamomuSavebuli siTbos  3QΔ  raodenoba iqneba: 

∫∫∫
Ω

Δ=Δ tdtxxxIQ ω),,,( 3213 .                                           (5.85) 

siTburi balansis gantolebas aqvs saxe: 

321 QQQ Δ+Δ=Δ  ;                                                   (5.86) 

aqedan miviRebT, rom 
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da 
→

= SddSn0 , advilad miviRebT, rom 
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magram, gausis formulis Tanaxmad 
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Tu (5.88) – (5.90)-s, SevitanT (5.87)-Si miviRebT  

[ ]

∫∫∫

∫∫∫∫∫∫

Ω

ΩΩ

Δ+

+−Δ+−=Δ−

tdtxxxI

dtxxxTttxxxTctdkgradTdiv

ω

ωρω

),,(

),,,(),,,()(

321

321321

  ;      (5.91) 



 95 
 

Tu, yvela integralqveSa gamosaxulebas erTi integralis qveS 
movaqcevT, gavyofT tΔ -ze da gadavalT zRvarze, roca ,0→Δt  miviRebT 

0),,,()( 321 =+
∂
∂

−⋅ txxxI
t
TcgradTkdiv ρ .                                 (5.92) 

am gantolebas siTbosgamtarobis(difuziis) gantolebas uwodeben.  
am gantolebaSi 

).,,,,(fc      );,,,,( 32123211 txxxTtxxxTfk ==                                (5.93) 

e.i. (5.92), (5.93) zogad SemTxvevaSi gvaZlevs arawrfiv models.  
Tu, davuSvebT, rom 

const,c    =∧= constk                                                   (5.94) 
maSin, miviRebT wrfiv gantolebas erTgvarovani garemosaTvis: 

),,,( 321 txxxI
t
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sadac 

       ii ,TT   ; =Δ=
k
cρς                                               (5.96) 

Tu, uwyvet garemoSi ar arian ganawilebuli siTburi wyaroebi, maSin  
(5.95) gantoleba miiRebs saxes 

t
TT
∂
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=Δ ς .                                                           (5.97) 

 
 
 
5.4. masalaTa plastikuri muSaobis maTematikuri modelireba 
 

drekadi(elastiuri) masalebi, modebuli datvirTvebisagan(Zalebisagan) 
ganTavisuflebis Semdeg, mTlianad aRidgenen Tavis sawyis 
aradeformirebul mdgomareobas. magram, arseboben elastiuri masalebi, 
romlebic nawilobriv inarCuneben daZabul – deformirebul mdgomareobas, 
modebuli datvirTvebis moxsnis Semdegac. aseT masalebs plastikuri 
masalebi ewodebaT, xolo narCen deformaciebs – plastikuri 
deformaciebi.  

plastikuri deformaciebi warmoiSobian deformirebad masalaSi, roca 

Zabvis intensivoba miiRebs garkveul yσ - mniSvnelobas, romelsac 

drekadobis zRvari an denadobis zRvari ewodeba. 
plastikuri masalebis muSaobis maTematikuri modelis Sesadgenad, 

saWiroa dadgindes Sesabamisi reologiuri Tanadoba da is pirobebi, 
romlis drosac iwyeba plastikuri deformaciebi. mikroskopiul doneze 
plastikuri deformaciebis Seswavla aris myari sxeulis fizikis amocana, 
Cven ki, SeviswavliT makroskopiul fenomenologiur midgomas. 

plastikur zonaSi muSaobisas(siTxeebisagan gansxvavebiT), masalebisa-
Tvis damaxasiaTebelia mxebi Zabvebis arseboba maSinac, roca misi 
nawilakebi ar moZraoben. 

plastikuri musaobisaTvis damaxasiaTebeli cnebebi ganvixiloT 
hipoTeturi – plastikuri masalis, Zabva – deformaciebis diagramis 
meSveobiT, romelic igeba masalis laboratoriuli Seswavlisas  
gaWimva – SekumSvis deformaciaze(aseve Zvris deformaciaze) (nax. 5.1). 
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nax. 5.1. plastikuri masalis muSaobis daZabul – 

deformirebulimdgomareobis diagrama. 
 
am naxazze σ - pirobiTi Zabvaa(Zala gayofili sawyis kveTze); 

xolo ε - an teqnikuri fardobiTi deformaciaa 

0

0

L
LL

e
−

==ε ,                                                    (5.98) 

sadac 
      L – nimuSis sigrZea,  
      L0 – sawyisi sigrZea; 

an naturaluri(logariTmuli) deformaciaa 

).(
2

)1ln(ln 3
2

0

eOeee
L
L

+−=+==ε                                        (5.99) 

mcire deformaciebis SemTxvevaSi, deformaciis es ori maxasiaTebeli 
erTmaneTs emTxveva( e=ε ). 

naxazze P – wertili, romelic Seesabameba drekadobis zRvars, 
diagramas yofs or nawilad: drekad zonad(lurji grafiki) da 
plastikur(wiTeli grafiki) zonad. 

zogjer, plastikur zonad iReben iseTi J – wertilidan, roca mxebis 
daxriloba Seadgens 50%-s sawyis daxrilobasTan SedarebiT(denadobis 
jonsonis zRvari). 

P – wertilamde(wrfivi drekadobis zona - lurji), Zabvebsa da 
deformaciebs Soris arsebobs urTierTcalsaxa damokidebuleba, amitom 
Zabvebis moxsnisas masala aRidgens sawyis mdgomareobas. 

plastikur zonaSi(P – wertilis marjvniv – wiTeli),situacia icvleba. 
magaliTad, Tu B – wertilSi daviwyebT gantvirTvas(TandaTan movxsniT 
moqmed Zabvebs), maSin gantvirTvis mrudi, romelic Sesabamis daZabul – 
deformirebul mdgomareobas aRwers gayveba BC – wrfes, romelic 
praqtikulad paraleluria OP – wrfivi drekadobis zonis mrudis nawilisa. 

C – wertilSi, sadac 0=σ , Cven gvaqvs narCeni  pε - deformacia. naxazze Eε - 

ε  

yσ  

pε Eε

σ  

P

B

C
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aRniSnavs deformaciis drekad nawils(romelic mTlianad aRdgeba Zalebis 
moxsnis Semdeg). xelaxla datvirTvisas mdgomareobis mrudi C – wertilidan 
wava B – sken, magram ar gauyveba BC – s da ar moxvdeba zustad B – 
wertilSi, radgan datvirTva – gantvirTvisas xdeba energiis 
disipacia(xarjva) da maSasadame, gveqneba histerezisis mrudi. 
B – wertilSi dabrunebisas, deformaciebis gasazrdelad saWiroa Zabvis 
gazrda, am movlenas masalis gamyarebas uwodeben. cxadia, rom plastikur 
zonaSi Zabva damokidebulia datvirTva – gantvirTvisa da deformaciis 
mTel istoriaze. 
P.S. a) plastikuri deformaciebi Zlieraa damokidebuli temperaturaze, 
magram maTematikuri modelirebisas(simartivisaTvis) Tvlian, rom 
temperatura mudmivia da ganixileba izoTermuli plastikuri 
deformaciebi; 

b) aseve(simartivisaTvis), plastikurobis TeoriaSi, datvirTva – 
gantvirTvis siCqarec ar miiReba mxedvelobaSi da Tvlian, rom plastikuri 
deformaciebi araa damokidebuli droze(am mimarTulebiT elastiurobis 
modelebis dasazusteblad, plastikurobis Teoriis paralelurad, 
ganixilaven masalis cocvadobisa da relaqsaciis maTematikur modelebs). 
 

 
5.4.1. plastikuri deformaciebis warmoSobis kriteriumebi. 

 
plastikurobis kriteriumebi ganazogadeben drekadobis zRvaris cnebas 

samganzomilebiani SemTxvevebisaTvis. plastikurobis kriteriumebi 
gvaZleven gantolebebs, romlebsac unda akmayofilebdnen Zabvis tenzoris 
komponentebi, imisaTvis rom daiwyos plastikuri dineba: 

yij Cf =)(1 σ ;                                                         (5.100) 

sadac 

      yC - plastikuri dinebis mudmivaa mocemuli masalisaTvis. 

zogjer (5.100) Tanadoba Caiwereba erTgvarovani formiT 

0)(2 =ijf σ ;                                                          (5.101) 

aseT SemTxvevaSi, 2f - funqcias denadobis funqcias uwodeben. 
yvelaze ufro gavrcelebuli da maTematikurad martivi, 

plastikurobis kriteriumebia: treskis kriteriumi da mizesis kriteriumi. 
ganvixiloT TiToeuli maTgani cal – calke: 

a) treskis kriteriumi: plastikuri denadoba iwyeba maSin, rodesac 

maqsimaluri mxebi Zabvebi aRweven kritikul yC - mniSvnelobas. 

Tu 321  , , σσσ  Zabvis tenzoris mTavari mniSvnelobebia da  

321 σσσ ≥≥ ;                                                             (5.102) 

maSin treskis kriteriums aqvs saxe: 

;
2

)(
2
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31
y

y constC
σ

σσ ===−                                               (5.103) 

anu 

    .31 yσσσ =−                                                          (5.104) 
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b) mizesis kriteriumi: plastikuri denadoba iwyeba maSin, rodesac Zabvis 

tenzoris deviatoris meore invarianti aRwevs kritikul yC -mniSvnelobas. 

maTematikurad mizesis kriteriumi Caiwereba Semdegnairad: 
22

13
2

32
2

21 26)()()( yyC σσσσσσσ =⋅=−+−+− .                         (5.105) 

 

 
P.S. plastikuri masalebisaTvis erTiani Teoria jer-jerobiT ar 

arsebobs, arsebobs rigi miaxlovebiTi teqnikuri Teoriebisa, romelTa 
gamoyenebac Semoifargleba Sesabamisi masalebiT da romelTa aRwerac 
moicema Sesabamis specialur kursebSi. 
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