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of General Linear Boundary Value Problems
for Systems of Linear Impulsive Differential Equations
with Infinity Points of Impulse Actions
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In the presentation, we consider the well-posed question for the general linear boundary value
problem for the impulsive differential systems

dx

o= Py(t)x + qo(t) for a.a. t € I\ T, (1)
z(n+) —x(n—) = Go(n)z(n) +uo(m) (1=1,2,...); (2)
EQ(IL’) = Cp, (3)

where I = [a,b] C R, Py € L(I;R™™), qo € L(I;R"), Go € B(T;R™™"), ug € B(T;R"), T =
{r,7m0,...}ynel (l=12,...),n#mnifl#k (l,k=1,2,...), {op : BV(I; R") — R" is a linear
vector-functional, bounded with respect to the norm ||. s, and ¢y € R™.

Along with the impulsive general boundary (1)—(3), consider the sequence of problems

d
chtC = Pu(t) + gm(t) for aa. t€ I\ T, (1m)
a(n+) —2(n-) = Gu(n)z(n) + um(n) (=1,2,...); (2m)
U (7) = cm (3m)
(m = 1,2,...), where Py € L(I;R™"), g € L(I;RY), Gm € B(T;R™"), u,, € B(T;R"),
lm, : BV(I;R™) — R” is a linear vector-functional, bounded with respect to the norm || - ||, and

cm ER" (m=1,2,...).

We give the necessary and sufficient conditions (as well, some effective sufficient conditions)
for the existence of a unique solution for problem (1,,)—(3,,) for every sufficiently large m and the
nearness these solutions to the solution of problem (1)—(3). The problem quite fully is already
investigated in [3] (see also the references therein). Such problem was studied in [3-5] for linear
ordinary differential systems.

Similar problem is investigated in [2] (see also the references therein) for the initial problems
for linear impulsive systems.

A number of issues of the theory of linear systems of differential equations with impulsive effect
have been studied sufficiently well [1-3,6] (see also the references therein).

The use will be made of the following notation and definitions.

R =] — oo, +oo[. R™™ is the space of all real n x m matrices X = (:UZJ)ZL’;L with the norm

n
| X| = max ) |xi;|. I, is the identity n x n-matrix.
= i=1

geeey



4 International Workshop QUALITDE — 2020, December 19 — 21, 2020, Tbilisi, Georgia

R™ = R"*! is the space of all real column n-vectors z = (z;)"_;.
X(t—) and X(t+) are, respectively, the left and the right limits of the matrix-function X :
[a,b] — R™ ™ at the point t.

b
\/(X) is the sum of total variations on [a, b] of the components of the matrix-function X.
a

BV ({[a, b]; R™*™) is the space of all bounded variation matrix-functions X : [a,b] — R™*™, with
the norm || X ||oc = sup{||X(¢)|| : t € [a,b]}.
AC([a, b]; R™ ™) is the set of all absolutely continuous matrix-functions.

AC e (J; R™™™) where J C R, is the set of all matrix-functions whose restrictions to an arbitrary
closed interval [a, b] from J belong to AC([a, b]; D).

BVACyoe(I, T; R™™) = BV (I; R™™) 0 ACpo(I \ T; R™X™).
+00o

B(T;R™™) is the set of all matrix-functions G : T'— R™*™ such that > [|G(7)|| < 4o0;
=1

[11€]|| is the norm of a linear bounded vector-functional /.

For the corresponding matrix-functions X, Y and Z, we set

t

BL(X;Y,Z)(t)E/X(T)Y(T)dT—i— Z X(n+) Z(m).

a Tle[avt[
Everywhere, we assume that

lim ¢, (z) ={lo(x) for x € BV(L;R"™), limsup ||[lm]|| < +oo
m——+0o0

and det(I,, + G(r)) #0 (1 =1,2,...).
The last inequalities guarantee the unique solvability of the Cauchy problem for the impulsive
system (1), (2) (see [2,6]).

Definition 1. A vector-function x € ACj,.(I \ T;R") is said to be a solution of system (1), (2)
if 2/(t) = P(t)x(t) + q(t) for a.a. t € I\ T and there exist onesided limits z(r;—) and z(7+)
(I1=1,2,...) satisfying equalities (2).

Without loss of generality, we can assume that the solution z of the impulsive differential
system (1), (2) is continuous from the left at the points of the impulses actions 7, (I = 1,2,...),
ie, z(n)=z(n—) (1=1,2,...).

Let zy be a unique solution of problem (1)—(3) (about existence conditions see, for example,
[1,3,6]).

We give the necessary and sufficient and effective sufficient conditions for the boundary value
problem (1,,)—(3;,) to have a unique solution z,, for any sufficiently large m and

im0l = 0. (4)
Remark 1. If we consider the case where for every natural m, the impulses points depend on m
in the impulsive systems (1,,,), (2,,) (m = 1,2,...), in particular, the linear algebraic system (2,,)
has the form
x(nm+) - x(nm—) = Gm(nm)x(nm) + um(nm) (l =1,2,... ),

where 7, € I (I = 1,2,...), then the last general case will be reduced to case (2,,) using the
following conception given in [2,3].
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Along with systems (1), (2) and (1,,,), (2,) (m = 1,2,...), we consider the corresponding ho-
mogeneous systems

dx
dt
z(n+) —z(n—) = Gu(n)z(n) (1=1,2,...). (2m0)

= Pn(t)r fora.a. teI\T, (1mo)

Definition 2. We say that the sequence (P, ¢m; Gm, Um;¥m) (m = 1,2,...) belongs to the set
S(Py, qo; Go, ug; Lo) if for every ¢g € R™ and ¢,,, € R™ (m = 1,2,...), satisfying condition lim ¢,, =

k—+o00
co, problem (1,,)—(3,,) has a unique solution z,, for any sufficiently large m and condition (4) holds.

Theorem 1. The inclusion

(P @ Gy umi b)) | € S(Po, qo; Go, uo; Lo) (5)

holds if and only if there exists a sequence H,, € BVAC,.(I,T;R™*™) (m = 0,1,...) such that
condition

hmsup\/ m + B(Hp; P, Gm)) < +00 (6)
m—+00 a
holds, and conditions
il Hrn(®) = I "
1*13;? B (Hmapva )( ) BL(IH7P07G0)(t)7

Lm  B,(Hpm; Gm, um)(t) = B,(In; qo, uo)(t)

m—-+00

hold uniformly on I.

Theorem 2. Let det(l,, + Gn(m)) #0 (1 =1,2,...; m =0,1,...). Then inclusion (5) holds if
and only if the conditions

m——+oo m
t t
. —1
mgrgoo( [ @ty ars Z{t[X () umm)) Juo(ryar+ Z[t[uom
a Ti€la a T1€|a,

hold uniformly on I, where X,, is the fundamental matriz of the homogeneous system (1mo), (2mo)
(m=1,2,...).

Remark 2. Note that condition (6) holds if

b oo
lim sup (/ | Hy (8) + Hy(8) P () || dt + Z \ldoHp (1) + Hm(Tl—l-)Gm(Tl)H) < +o0.

m——+00 =1

Now we give some effective sufficient conditions guaranteeing inclusion (5).
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Theorem 3. Let the condition

hmsup</||P ||dt+2||G T ||> < 400

=1

hold and let the conditions

t

t
anEOO(/Pm(T) dr+ Yy Gm(n)) :/PO(T) dr+ Y Go(m),
a m€lat] a m€lat]
t

mgrfw(/qm(f) dr+ Y um(n)> =/tqo(T)dT+ > uoln)

a Tle[avt[ Tle[a7t[
hold uniformly on I. Then inclusion (5) holds.

Corollary 1. Let (6) hold and let conditions (7),

t t t

lim Hm(T)Pm(T)dT:/PQ(T)dT, lim H,,(1)q (T)dT:/qo(T) dr

m—r—+00 m—-+00
a a a

hold uniformly on I, and the conditions

lim Gpn(n)=Go(n) and lm upy(7) = ue(n)

m——+00 m——+00

hold uniformly on T, where H,, € BVACj,.(I,T;R™"™) (m =1,2,...). Let, moreover, either

m—r—+00 m——+00

hmsupz |G ()| + lum (7)) < 400 or hmsupZHH (m+) — Hp (1) < 4o0.
=1

Then inclusion (5) holds.

Corollary 2. Let condition (6) hold and let the conditions

mgrﬁm(/p yir+ S G n): B(t) - Bla),

7€ a,t]
t

mgl—r&-loo</th(T)Pm(T) dr+ > (B(m+) = Gm(m+)) Gm(m >:/P0 Ydr+ Y Goln),

T1€]a,t] T1Ea,t]
mgg@(/H T) qm(T) dT+ z{:t[ (m+)— (Tl+))um(Tz)) :/QO T) dr+ z{:t[uo )
TIE|Q TI€|Q,

to
hold uniformly on I, where B € BVAC,.(I,T;R"*") and

t

Hm(t)zln—/Pm(T)dT— S G(m) + B(t) - Bla) (m=1,2,...).

a Tle[art[

Then inclusion (5) holds.



International Workshop QUALITDE — 2020, December 19 — 21, 2020, Tbilisi, Georgia 7

References

1]

M. Ashordia, On the general and multipoint boundary value problems for linear systems of
generalized ordinary differential equations, linear impulse and linear difference systems. Mem.
Differential Equations Math. Phys. 36 (2005), 1-80.

M. Ashordia, The initial problem for linear systems of generalized ordinary differential equa-
tions, linear impulsive and ordinary differential systems. Numerical solvability. Mem. Differ.
Equ. Math. Phys. 78 (2019), 1-162.

M. Ashordia, Systems of Generalized Ordinary Differential Equations, Linear Impulsive Dif-
ferential and Ordinary Differential Systems. Numerical Solvability. Mem. Differ. Equ. Math.
Phys. 81 (2020), 1-184.

I. Kiguradze, The Initial Value Problem and Boundary Value Problems for Systems of Ordinary
Differential Equations. Vol. 1. Linear Theory. (Russian) Metsniereba, Thilisi, 1997.

M. A. Krasnosel’skii and S. G. Krein, On the principle of averaging in nonlinear mechanics.
(Russian) Uspehi Mat. Nauk (N.S.) 10 (1955), no. 3(65), 147-152.

N. A. Perestyuk, V. A. Plotnikov, A. M. Samoilenko and N. V. Skripnik, Differential Equations
with Impulse Effects. Multivalued Right-Hand Sides with Discontinuities. De Gruyter Studies
in Mathematics, 40. Walter de Gruyter & Co., Berlin, 2011.



8 International Workshop QUALITDE — 2020, December 19 — 21, 2020, Tbilisi, Georgia

On Well-Possedness of General Linear
Boundary Value Problems for High Order Ordinary
Linear Differential Equations

Malkhaz Ashordia':2

LA. Razmadze Mathematical Institute of 1. Javakhishvili Tbiisi State University, Tbilisi, Georgia;
2Sokhumi State University, Tbilisi, Georgia
E-mails: malkhaz.ashordia@tsu.ge, M.Ashordia@sou.edu.ge

Nestan Kekelia

Sokhumi State University, Tbilisi, Georgia
E-mail: N.Kekelia@sou.edu.ge

We consider the question on the well-posedness of the boundary value problem

Zpl D 4 po(t) foraa. tel, (1)
Ei(u,u,...,u(” M =cio (i=1,...,n), (2)
where I = [a,b] is an arbitrary closed interval from R, p; € L(I;R) (I = 0,...,n), ¢ € R

(i =1,...,n), and £ : AC®™Y(I;R) — R (i = 1,...,n) are linear bounded functionals with

respect to the norm
n
lullac =Y [l 1]
j=1

Here AC™V(I;R) is the set of all functions u : I — R such that the derivatives ul?) (j =
0,...,n—1) are absolutely continuous functions on I, i.e., such that /) € AC(I;R) (j =0,...,n—
1), and ||v||. = max{|v(¢)| : t € I} for every continuous function v : I — R.

By |[4]|| we denote the usual norm of the linear operator ¢.

Under a solution of the differential equation (1) we understand a function v € AC™~D(I;R)
such that

Zpl t) + po(t) for a.a. t €.

Let up be the unique solution of the Cauchy problem (1), (2).
Along with problem (1), (2) consider the sequence of problems

Zpuc D 4 por(t) for a.a. tel, (1)

E’ik‘(uaua"-au(n 1)):Ci/€ (i:]-’"'an)’ (2]€>

(k = 1,2,...), where py, € L(I; R) (l=0,...,n), ¢ € RE=1...,n k=1,2,...), and
b : AC DV(ILR) =R (i=1,...,n; k = ) are linear bounded functionals.
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Definition. We say that the sequence (pig,...,Pnk,DPok; liks- -, k) (K = 1,2,...) belongs to
the set S(p1,...,Pn,p0;l1,--.,4,) if for every c;p € R (i = 1,...,n) and a sequence ¢;; € R
(i=1,...,n; k=1,2,...), satisfying the condition

lim Cik = Cj0 (izl,...,n), (3)

k—+o0

the boundary value problem (1), (2) has the unique solution wuy for any natural k& and
. (i—1) n _ (i—1) .
lim w, (t)=uy '(t) (i=1,...,n) (4)

uniformly on I.

Along with equations (1) and (1x) (kK = 1,2,...) we consider the corresponding homogeneous
equations

u( = Zpl(t)u(i_l) fora.a tel (1o)

and

me Jul=Y for aa t el (Lor)

(k=1,2,...).
If the functions v; € AC"~U(I;R) (i = 1,...,n), then by

wo(vr, - -, 0a)(t) = det (0! (#))11_y)

we denote the so called Wronskii’s determinant, and by wy(v1,...,v,)(t) (¢,l =1,...,n) we denote
the cofactor of the il-element of wg(vy,...,vy).
Letw (I=1,...,n)and uy, I =1,...,n; k=1,2,...) be the fundamental systems of solutions

of the homogeneous systems (1p) and (20x) (k= 1,2,...), respectively.
Below we give necessary and sufficient conditions, as well some sufficient conditions, guarantee-
ing the inclusion

((plka s 7pnk7p0k;£1k’7 s aénk‘))]jj € S(pla s apn,po;gla s >€n) (5)

Theorem 1. Let the functions py € L(I;R) (I =0,...,n), pix € L(I;R) (1=0,...,n; k=1,2,...)
and let the linear functionals €;, ly, (i=1,...,n; k=1,2,...) be such that the conditions
khrf Ci(uy !y u ™) = f(u, s u™ ) for we ACD(LR) (i=1,...,n), (6)
—+00

limsup ||[lik]|| < +o0 (i=1,...,n) (7)
k—+o00

hold. Then inclusion (5) holds if and only if there exists a sequence of functions h;, hix € AC(I; R)
(i,l=1,...,n; k=1,2,...) such that the conditions

inf {| det((ha(t))7,1)] - tE€ T} >0 (8)

and
b

lim sup /
k—>+oo

() + i1 () sl = 1) + hyni(8) pu(8)] dt < +o00 (9)
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hold, and the conditions

k—+o0
and
t t
lim /hmk<7)plk(7) dr — /hm(T)pl(T) dr (i=1,....m:1=0,....n)
k——+oco

hold uniformly on I.

Theorem 2. Let the functions py € L(I;R) (I =0,...,n), pix € L(I;R) (I1=0,...,n; k=1,2,...)
and let the linear functionals C;, Uiy, (i =1,...,n; k=1,2,...) be such that conditions (6) and (7)
hold. Then inclusion (5) holds if and only if the conditions

lim wl V) =ul"V @) G1=1,...,n)

k——+o0
and
[ winl () [ win )(7)
. Win\Ulk,y - - Unk)\T Win\UL, - - -, Up )T .
1 dr = dr (i=1,.... 11
kﬁHJrnoo wo(ulk,...,unk)(T) pOk(T) T /wo(ul,...,un)(T) pO( ) g (Z n) ( )

hold uniformly on I.

Theorem 3. Let the functionsp; € L(I;R) (I1=0,...,n), pix € L(I;R) I =0,...,n; k=1,2,...)
and let the linear functionals U;, by, (i=1,...,n; k=1,2,...) be such that conditions (6), (7) and

hmsup/”plk |dt <400 (I=1,...,n)

k—+o0

hold, and the condition

t t

kli)Ifoo/plk(T)dT:/pl(T)dT ((=0,...,n)

a a

hold uniformly on I. Then the boundary value problem (1i),(2x) has the unique solution uy for
any natural k and condition (4) holds uniformly on I.

Corollary 1. Let the functionsp; € L(I;R) (1=0,...,n), pix € L(I;R) (1=0,...,n; k=1,2,...)
and let the linear functionals C;, Cy, (i=1,...,n; k=1,2,...) be such that conditions (3), (6), (7)
and (9) hold, and conditions (10) and

t t
lim Pt (T)p1ie (T :/pf )ydr (i=1,...,n;1=0,...,n)

k——+o0
a

hold uniformly on I, where p; € L(I;R) (I = 0,...,n); hy, har € AC(I;R) (i,l = 1,...,n;
k=1,2,...). Then the inclusion

+
((plkn o apnknpOk’;Elk‘v cee 7£nk‘))kzo<; € 8(291 _pi(a « oy Pn _p;‘;?po _pz()agla .. 7£n)

holds.
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Remark. In Theorem 2 and Corollary 1, without loss of generality we can assume that h;;(t) =1
and hy(t) =0 (i #1;4,l=1,...,n). So condition (8) is valid evidently.

Remark. If n =2 in Theorem 3, then condition (11) has the form

- (7)o () I S R
kLJroo J w1 (7 )by (1) — ugp (1)), (1) d a/ w (T)ub (1) — ua(T)u) (1) dr,
- u1(7)pok(7) - u(7)po(7) -
kL—‘roo a/ g (T) (1) — uop (T)u],(T) d a/ wy (T)uhy (1) — ua(T)u) (1) dr.

In the equalities we can take ugy instead of ujy (K =1,2,...) and usy instead of uy.

For the proof we use the well-know concept. It is well known that if the function u is a solution
of problem (1), (2), then the vector-function z = (x;),, ; = u™1 (i = 1,...,n) is a solution of
the following general linear boundary value problem for system of ordinary differential equations

dx

T P(t)z +q(1),

0(x) = co,

where the matrix- and vector-functions P(t) = (pu(t))},=; and q(t) = (g:(t));L; are defined, re-
spectively, by

pa(t) =0, piimi=1l (I#i+1i=1,...,n—1;1=1,...,n),
pnz(t)E it) (=1,. );
g(t)=0 (i=1,...,n=1), ¢ (t) po(t);
€($)=(fz(u7uw- uI)) ( = (@)L co = (o)

Analogously, problem (1), (2;) can be rewritten in the form of the last type problem for every
natural k. So, using the results contained in [1-3] we get the results given above.
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In [0,7] we consider the multi-point problem for the second order differential equation with
piecewise-constant argument of generalized type

&= a1(t)a(t) + a2 (t)2(t) + az(t)E(v(t)) + aa(t)z(v(t)) + (1), (1)
N
> {bii(6;) + caja(6;)} = du, (2)
)=0
jN
> {bo#(0;) + o5 (65)} = da, (3)
=0

where x(t) is unknown function, the functions a;(t), i = 1,4 and f(t) are continuous on [0,7T];
0=60) <O < ---<Oy_1<Ony=T, 9]' < Cj < 9j+1 forall 5 =0,1,--- ,N — 1 ’y(t) = Cj if
te€0j,0i11), 7 =0,N —1; byj, csj and d, are constants, where s =1,2; j =0, N.

A solution to problem (1)—(3) is a function z(¢), twice continuously differentiable on [0, 77, it
satisfies equation (1) and the multi-point conditions (2), (3).

The study of differential equations with piecewise-constant argument began with the works by
Cook, Busenberg, Wiener, and Shah [11-13,27,28]. Many researchers have extensively studied the
questions of the existence and uniqueness of solutions, oscillations and stability, integral manifolds
and periodic solutions, etc. Differential equations with piecewise-constant argument have been used
to develop various models in biology, mechanics, and electronics.

When models are described by differential equations with piecewise-constant argument, the
deviation of the argument values is always constant and equal to one, since the greatest integer
function is taken as the deviation of the argument. But this approach can contradict real phenom-
ena. In the works by Akhmet [2—4], the greatest integer function as deviating argument was replaced
by an arbitrary piecewise constant function. Thus, differential equations with piecewise-constant
argument of generalized type are more suitable for modeling and solving various application prob-
lems, including areas of neural networks, discontinuous dynamical systems, hybrid systems, etc. To
date, the theory of differential equations with piecewise-constant argument of generalized type on
the entire axis has been developed and their applications have been implemented. The results were
extended to periodic impulse systems of differential equations with piecewise-constant argument
of generalized type [5-10]. Along with the study of various properties of differential equations
with piecewise-constant argument, a number of authors investigated the questions of solvability
and construction of solutions to boundary value problems for these equations on a finite inter-
val [14,19-23,25,26,29-31]. Particular attention was paid to periodic and multi-point problems for
second order differential equations with piecewise-constant argument due to their wide application
to natural sciences and engineering [1,18,24].

Although the theory of boundary value problems for differential equations with piecewise-
constant argument has been developed by a number of researchers, the question of solvability
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of boundary value problems for systems of differential equations with piecewise-constant argument
of generalized type on a finite interval still remains open.

Therefore, the questions of solvability of boundary value problems for such equations are of
great importance and relevance. The construction of new general solutions to second order differ-
ential equations with piecewise-constant argument of generalized type and investigation into their
properties provides an opportunity to solve new classes of problems.

In the present paper, the ideas and results of [15-17] are extended to second order differential
equations with piecewise-constant argument of generalized type. We study conditions for unique
solvability of multi-point problem for second order differential equation with piecewise-constant
argument of generalized type (1)—(3) and construct the algorithms for finding its solution. For this
we use the Dzhumabaev parameterization method [15]. The results can be used in the numerical
solving of application problems [16].

At first, we introduce new functions () (¢) = z(t), 2(?(t) = &(t) and rewrite problem (1)—(3)
in the following form

2= A(t)z(t) + Ao()2(v(1)) + 9(t), (4)
ﬁ;Cjz(aj) =d, (5)

where z(t) = col(z)(t), 22 (1)) is unknov]v; vector function,
10= (ol ) 4= (asty an) %0

_ Clj b1j ':OiN d:<d1>
’ (CQJ sz)’ TR dy)

A solution to problem (4), (5) is a two-dimensional vector function z(¢) which is continuously
differentiable on [0, T, it satisfies system (4) and the multi-point condition (5).

Il
VY
kﬁ
=<
~_—

N
Denote by Ay a partition of the interval [0,7): [0,7) = U [0r—1,0,) by lines t = 6;, j =
r=1

1,N — 1. Let z:(t) be a restriction of function z(¢) on rth interval [0,_1,6,), i.e. z.(t) = z(t) for
t €[0,-1,0,), r=1,N. Then problem (4), (5) reduce to the following equivalent problem

Zr = A(t) 2z, (t) + Ao(t)2r (Gr—1) + g(t), t € [0p—1,6,), T=1,N, (6)
N-1
Z Cjzj+]_ (9]) +Cyn t—1>i’1r“r10 ZN(t) =d, (7)
=0
lim z,(t) = 2p+1(6p), p=1,N—1. (8)
t—0,—0

In (4) we take into account that v(t) = (; if t € [0;,0;11), 7 = 0,N — 1. Condition (8) is the
continuity condition of function z(t) on the interior lines ¢t =t¢,, p=10,1,2,...,N — 1.

Introduce additional parameters A, = z,(¢,—1) for all r = 1, N. On every rth interval we change
function z,(t) by u,(t) = z(t) = A\, r=1,N.

Then, from (6)—(8), we obtain the following problem with parameters

Uy = A(t)u,r(t) + [A(t) + Ao(O)| A + g(t), t € [0,-1,0,), up((—1) =0, 7=1,N, (9)
N-—1 N—-1
Z;J Cj)\j+1 + E:O CjUj+1(9j) + CnAN +Cn tiiZIEOUN(t) =d, (10)
J= J=
Ap+ lim z,(t) = A1 + 2p1(0p), p=1,N — 1. (11)

t—0,—0
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Problems (9) are the Cauchy problems for a system of ordinary differential equations with param-
eters. Conditions (10), (11) are the relations for determining unknown parameters A, r =1, N.

Let X,(t) be a fundamental matrix of differential equation u, = A(t)u,(t) for t € [0,_1,6,),
r =1, N. Then, solutions of the Cauchy problems (9) have the following form

() = X (8) / XU )[A(F) + Ag(r)] dr,

/X Ndr, te 01,0, r=TN.  (12)

Substituting right-hand side of (12) for t =6, j =0, N — 1, ¢t =T to (10), (11), we have
N-1 N-1
CilI + Dj+1(05)]Aj+1 + On[I + Dn(T =d— Z CjFj11(0;) — CNFn(T), (13)
J=0 J=

[I+ Dp(gp)p‘P - [I + DP+1(QP)]AP+1 FPJFI(QP) Fp(ep)a p= 17N - 17 (14)

where [ is a unit matrix,

D, (t) = X, (1) / XN (1)[A(r) + Ao(r)] dr,

F.(t) = X, (1) / Xr_l(T)g(T) dr, t€[0,-1,0,), r=1,N.

We rewrite equations (13), (14) in the following form
Q(AN)N = F(Ay), e R*N. (15)

Definition 1. Problem (1)—(3) is called uniquely solvable if, for any triple (f(t),d1,d2), where
f(t) € C([0,T],R) and dy,d2 € R, it has a unique solution.

Theorem 1. Problem (1)—(3) is solvable if and only if the vector F(Ay) is orthogonal to the kernel
of the transposed matriz (Q(AN))’, i.e., for any £ € Ker(Q(AN))', the following equality is true:
(F(AN),&) =0, where (-,-) is the scalar product in R?N.

Theorem 2. Problem (1)—(3) is uniquely solvable if and only if the (2N x 2N) matriz Q(An) is
invertible.
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Abstract. For generalized Emden—Fowler type equations we obtain conditions on initial values
providing uniqueness or non-uniqueness of solutions.

1 Introduction and Basic Notation

Consider the equation
ko, /1k
y" = vy, )lyl2 Y2, (1.1)
where |a|% denotes |a|’ sgna and a positive continuous function p is locally Lipschitz continuous in
the last two arguments. The real constants kg and k; are positive.

Given any x9,¥0,y1 € R, equation (1.1) has a solution defined in a neighborhood of zyp € R
and satisfying the initial conditions

y(xo) = yo, ¥'(x0) =u1. (1.2)

Our purpose is to know whether or not the above solution is unique. To obtain results, we use
some methods of [1]. In some simple cases the results coincide with those of [2] and [3].
Without loss of generality, suppose xg = 0. Put

po =p(0,0,0) >0,
pm(X) =inf {p(z,u,v) : |z| < X, |u| <X, o] < X},
pm(X) = sup {p(x,u,v) el <X Jul < X, |u| < X},

and note that p,,(X) — po and pas(X) — pg as X — +0.
Since p is locally Lipschitz continuous in the last two arguments, we may assume it to satisfy
the inequalities

Ip(z,u,v) — p(z,w,v)| < poAx|u—w| and [p(z,u,v) — p(z,u,w)| < poAx|v — w|

for some Ax > 0 and for all real z,u,v,w € [-X; X].

2 Main Results

Theorem 2.1. If kg € (0;1),

), yo = 0, y1 # 0, then in a neighborhood of 0 equation (1.1) has a
unique solution satisfying (1.2).
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Theorem 2.2. If k; € (0;1), yo # 0, y1 = 0, then equation (1.1) has at least two solutions
satisfying (1.2) and differing at points arbitrarily close to 0.

Theorem 2.3. If kg >0, k1 >0, ko + k1 > 1, yo = y1 = 0, then in a neighborhood of 0 equation
(1.1) has a unique solution satisfying (1.2).

Theorem 2.4. If ko, k1,ko + k1 € (0;1) and yo = y1 = 0, then in a neighborhood of 0 equation
(1.1) has at least two solutions satisfying (1.2) and differing at points arbitrarily close to 0.

3 Proofs

Proof of Theorem 2.1. According to the equation and initial conditions, we have

n
[y
0

T

y() Z/y'(f)d§ and y'($)=y1+jp<n ]y( §)dé, y )
0 0 0

The last expression can be written as F(y',y',y/,y)(x), where

z n
F(Ul,UQ,U3,U4)(.’IJ) =y + /p<777/ ( d£7u2 >
0 0

for any continuous functions w1, ug, us, uq.

Suppose y and z are different solutions to (1.1), (1.2). There exists a segment [—X; X] with
0 < X < 1 such that both y/(z)/y1 and 2/(z)/y; are contained in [3 ;2] for any z € [—X; X].

Put 6 = sup{|y/(z) — 2/(z)| : = € [-X; X]}. We have

ks

n

ko
/ U3 df
+

0

lus(n) |5 dn

y (z) — 2'(z)| = IF v,y Y ) () — F(, 2,2 2 ) ()]
\Fy v ) (@) = Fy 'y, ) (@) + |[F Yy, 2 ) () — Fy Y, 2 2 (2)]
+ ‘F y 'Y 72,72 )(l‘) - F(y/,Z/,Z/,Z,)(ZU)‘ + |F(ylvzlazlvz/)(x) - F(Zlazlazl)zl)(w)"

Now we estimate, on [—X; X], each summand of the last sum. For the second one, we use the
inequality

kla — 0|

Ha\]j[ — o] < min{[al o1 whenever 0 < k <1 and sgna =sgnb # 0.

So,

L
ko+1

< X -poAxo - ‘2y1X’k0 . ’2y1‘k1
< X - Xpodxd - [2y1 X |Fo - |29 P

9 [1-k
Xkﬁl‘ﬁ‘ "5 (25,

Now we choose X > 0 small enough to make each right-hand side of the four inequalities less than
d/8. This yields |y (z) — 2/(z)| < /2 on [-X; X], contradicting to the definition of ¢. O
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Proof of Theorem 2.2. Without loss of generality we assume gy > 0.
The first solution to (1.1), (1.2) is evident: y = yo. To find another one, put oo = ﬁ > 1 and
consider the first-order 2-dimensional system

y'(z) = |v(z)]*,
ko

v(@) = PO oy (o). o))

with the initial conditions y(0) = yo, v(0) = 0.

Since yp # 0, this initial value problem is regular in a neighborhood of the point (0, yo,0)
regardless of whether or not kg is less than 1. Hence the problem has a solution defined in a
neighborhood of 0. It follows from the second equation of the system that v’(0) # 0 and therefore
y'(z), which equals |v(z)|, vanishes at 0 but cannot be identically zero in any neighborhood of 0.
So, y cannot be constant.

Further, y(z), v(z), and y'(x) are positive for z > 0 and

1" — a—1 y(x)ko ay ./ (a—1)/c ko /
y () = av(z) - P(,y(2),0(2)%) =y (2) y(x)*p(z,y(x), ' (x)).

Since (v —1)/a = kq, the function y(x) is a solution to (1.1), (1.2) other than the constant one. [

Proof of Theorem 2.3. The existence of a solution is evident even without the Peano existence
theorem since y = 0 surely satisfies both (1.1) and (1.2). So, we have to prove that no other solution
exists in a sufficiently small neighborhood of 0.

First, consider constant-sign solutions to (1.1), (1.2) with constant-sign derivative in a half-
neighborhood of 0. Here we have the following equivalences for such solutions (as  — 0):

y" (@) ()17~ po ly(2) 50 o (),

1 / n/ Npio k:0+1l fk:2
(log|y|seny’) (z) kOH(!y\ )(z) if k=2,

(|y/ i_kl)/($) - (2 — k:1)p0 (Iy\kOH)’(a:) if kl 75 9
kﬁo +1
The right-hand sides of the two last equivalences are the derivatives of bounded functions. The
same must be true for equivalent functions. But in the case k1 > 2, the left-hand sides are the
derivatives of unbounded functions. Because of this contradiction, we go on with the case k1 < 2
only. By L’Hopital’s rule, the last equivalence invokes

(2 — k1)po

/ 2—ky ~ ko+1
Y (@)|5 o1 ly(z) "™,
v~ () et
0
2—-k 1/(2—k1)
(log |y| sgny)’(z) ~ ((k;[)Jrlip()) if ko+1=2—k,

L (ho+1)/(2—k)\ !y (2= k)po\V/ Gk ko + 1Y B
(lyl< ) (x) (7k0+1 ) (1 2_k1) if ko+1#£2— k.

By the conditions of the theorem, the exponent of |y|, in the last equivalence, which equals

]450-}-1_1—]{?0—]{;1

1— —
2—Kk 2—k
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is negative. Hence, the left-hand sides of the last two equivalences are the derivatives of un-
bounded functions but are equivalent to finite constants. This contradiction shows that in any
half-neighborhood of 0 there is no constant-sign solution to (1.1), (1.2) with constant-sign deriva-
tive, besides the trivial solution y = 0.

Now, what about non-constant-sign solutions? If such a solution pretends to disprove the
statement of the theorem, its domain must include a monotonic sequence of disjoint intervals
(a;;bj) such that

(i) y(z)y'(x) # 0 on (aj; b)),
(i) y(a)y'(az) =0,
(iii) y(bs)y'(bs) =0,
(iv) a;j - 0 and b; — 0 as j — oo.

Note that neither y(a;) = y'(a;) = 0 nor y(b;) = ¥/(b;) = 0 can hold because of the first part
of our proof. Neither y(a;) = y(b;) = 0 nor y (a]) = y/(bj) = 0 can hold because of condition (i),
Rolle’s lemma, and equation (1.1). If y(a;) = 0 and y (aj) > 0, then, according to (1.1), we have
y(z) >0, y'(z) > 0, and y”(x) > 0 on (a;;b;), which makes (iii) impossible. Similarly, if y(b;) =0
and y/(b;) > 0, then we have y(z) <0, ¢'(z) > 0, and y"(z) < 0 on (a;;b;), which also makes (iii)
impossible. So, only the cases y(a;) = 0, y'(a;) <0, y(b;) <0, ' (b;j) = 0 and y(a;) > 0, y'(a;) =0,
y(bj) =0, ¥/ (b;) < 0 are possible. A pair of such segments can match at a common end-point with

y(x) = 0. But outside their union the solution can only stay constant or move away from zero.
Thus, it cannot satisfy (1.2). O

Proof of Theorem 2.4. The first solution to (1.1), (1.2) is y = 0. To find another one, put
B =7 k2+1k > 1 and consider the operators acting on the space of positive continuous functions
by the followmg formulae with v € C[0; X], X > 0, and z € [0; X]:

P(u)(z) = p(x,Y (u)(z), z"u(x)),
Qu)(z) =Y (u)(2)"* - (2 u(@)™ - P(u)(w),

T

mewz-ﬂ/wa@w.
0

8

The last one can be well defined also for x = 0 and can be shown to be a contraction. Thus, F' has
a unique fixed point, i.e. a positive continuous function w on [0; X] such that F'(u) = u.

Consider the function y = Y (u). According to the definition of the operator Y, we have
y(0) = ¢/(0) = 0. Further,

wm:ﬂwmzﬁﬂwm:/QWWMs
0

whence

y'() = Qy)(x) = Y (u)(2)™ - (¢Pu(x))* - P(u)(x)
= y(@)™y ()" p(z, Y (u) (), 2"u(z)) = y(x)"y (2)" p(z, y(x), ' (2)).
So, y is a solution to (1.1), (1.2). It is positive on (0; X| and therefore is just another solution from
the statement of the theorem. O
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4 Summary

n=2 0,0 Yy, 0 0,v: |YyW
o >1,k > 1 U U U U
o<1,k >1| U:Th2.3 U U:Th21 | U
ko>1,k <1 | U:Th2.3 | N:Th2.2 U U

ko+ki >1,ky <1,k <1| U:Th2.3 | N:Th22 | U:Th2.1 | U

ko+ k<1 N:Th24 | N:Th2.2 | U:Th2.1 | U

The first column of the above table contains conditions on the positive coefficients k;. The
first row describes initial data, y(0) and 3/(0), with Yj and Y7 denoting any non-zero value. In the
main part of the table, “U” denotes the uniqueness of solutions to (1.1), (1.2) under the related
conditions. “N” denotes non-uniqueness. These labels are followed by references to the related
theorems. If not, then the classical existence and uniqueness theorem is implied.

Remark. Asymptotic behavior of unbounded solutions to equation (1.1) with additional conditions
0 < py < p(z,u,v) < p* < oo, for some p,,p* € R and all (z,u,v) € R?,

is obtained in [4]. Asymptotic behavior of the first derivatives of bounded solutions is described
in [5].
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Let a finite interval [a,b] C R and parameters {m,n,r [} C N, 1 < p < oo, be given. By
Wit = Wit ([a,b); C) := {y € C"*"1[a,b] : y"+7=D € AC(a,b], y"*") € L,[a,b]} we denote a

complex Sobolev space and set Wz? := L,. This space is a Banach one with respect to the norm

n+r—1
[Yllntrp = Z ”y(k)Hp"i' Hy(n—i_r)HPv
k=0
where || - ||, is the norm in space Ly([a,b};C). Similarly, by (W;*")™ = W}*"([a,b];C™)

and (WpHn)m>m .= Wit ([a, b]; C™*™) we denote Sobolev spaces of vector-valued functions and
matrix-valued functions, respectively, whose elements belong to the function space W;‘”.
We consider the following linear boundary-value problem

(Ly)(8) =y (&) + D Ay (Oy" () = f(1), t € (a,b), (1)
j=1

By =c, (2)

where the matrix-valued functions A,_;(-) € (W)™, the vector-valued function f(-) € (W)™,

the vector ¢ € C!, the linear continuous operator
B:(Wytnm — ! (3)

are arbitrarily chosen; and the vector-valued function y(-) € (W,*")™ is unknown.

We represent vectors and vector-valued functions in the form of columns. A solution to the
boundary-value problem (1), (2) is understood as a vector-valued function y(-) € (W;*")™ satis-
fying equation (1) almost everywhere on (a,b) (everywhere for n > 2) and equality (2) specifying [
scalar boundary conditions. The solutions of equation (1) fill the space (W)™ if its right-hand
side f(-) runs through the space (Wj)™. Hence, the boundary condition (2) with continuous
operator (3) is the most general condition for this equation.

It includes all known types of classical boundary conditions, namely, the Cauchy problem, two-
and multi-point problems, integral and mixed problems, and numerous nonclassical problems. The
last class of problems may contain derivatives (generally fractional) y*¥)(-) with 0 < k < n +r.

For 1 < p < oo, every operator B in (3) admits a unique analytic representation

n+r—1 b

By= Y @+ [ @@y dn o) e 1

k=0 o

where the matrices oy, € C"™*™ and the matrix-valued function @(-) € L ([a,b]; C™™*™), 1/p +

1/p=1.
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For p = oo this formula also defines an operator B : (W)™ — C"™. However, there exist
other operators from this class generated by the integrals over finitely additive measures.

With the generic inhomogeneous boundary-value problem (1), (2), we associate a linear contin-
uous operator in pair of Banach spaces

(L,B) : (W)™ — (W)™ x C. (4)

Recall that a linear continuous operator T: X — Y, where X and Y are Banach spaces, is called
a Fredholm operator if its kernel ker 7" and cokernel Y/T'(X) are finite-dimensional. If operator T
is Fredholm, then its range T'(X) is closed in Y and the index

ind7T :=dimker T — dim(Y/T'(X)) € Z
is finite.
Theorem 1. The linear operator (4) is a bounded Fredholm operator with index mr — 1.

Theorem 1 allows the next specification.
For each number k € {1,...,r}, we consider the family of the matrix Cauchy problems:

v (t) + ZAr_j(t)Yk(r_j) (t) = Op, t € (a,b),
j=1

with the initial conditions
- .
Yk(j () = Ok jlm, jE{1l,...,7}.

Here, Y () is an unknown m x m matrix-valued function, and dy, ; is the Kronecker symbol.
By [BY}] we denote the numerical m x [ matrix, in which j-th column is the result of action of
the operator B on the j-th column of the matrix-valued function Yj(-).

Definition 1. A block rectangular numerical matrix M (L, B) := ([BYp],.. ., [BY,_1]) € C™™*! is
characteristic to the inhomogeneous boundary-value problem (1), (2). It consists of r rectangular
block columns [BY;(-)] € C™*L.

Here mr is the number of scalar differential equations of system (1), and [ is the number of
scalar boundary conditions.

Theorem 2. The dimensions of the kernel and cokernel of operator (4) are equal to the dimensions
of the kernel and cokernel of the characteristic matriz M (L, B), respectively.

Theorem 2 implies a criterion for the invertibility of the operator (4).

Corollary 1. The operator (L, B) is invertible if and only if | = mr and the matriz M (L, B) is
nondegenerate.

With problem (1), (2), we consider the sequence of boundary-value problems

L(k)y(t7 k) = y(r) (t7 k) + i Ar—j(tv k)y(rij)(tv k) = f(t7 k)? le (aa b)? (5)
j=1
B(k)y(-,k) =c(k), k€N, (6)

where the matrix-valued functions A,_;(-,k), the vector-valued function f(-,k), the vector c(k),
and a linear continuous operator B(k) satisfy the above conditions to problem (1), (2).
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With the boundary-value problem (5), (6), we associate a sequence of linear continuous operators

(L(k), B(k)) : (W)™ — (W)™ x C!

and a sequence of characteristic matrices depending on the parameter £k € N
ML), B() = ([BO)Yo( -, ()], .. [BOR)Y (-, (k)] ) © ©™7.

We now formulate a sufficient condition for the convergence of the characteristic matrices
M(L(k), B(k)) to the matrix M (L, B).

Theorem 3. If the sequence of operators (L(k), B(k)) converges strongly to the operator (L, B)
for k — oo, then the sequence of characteristic matrices M (L(k), B(k)) converges to the matrix
M(L, B).

Theorem 3 implies the next result.

Corollary 2. Under the assumptions from Theorem 3, the following inequalities hold for sufficiently
large k:

dimker(L(k), B(k)) < dimker(L, B),
dim coker(L(k), B(k)) < dim coker(L, B).

In particular:

1. If I = mr and the operator (L, B) is reversible, then the operators (L(k), B(k)) are also
reversible for large k.

2. If the boundary-value problem (1), (2) has a solution for any values of the right-hand sides,
then the boundary-value problems (5), (6) also have a solution for large k.

3. If the boundary-value problem (1), (2) has a unique solution, then the problems (5), (6) also
have a unique solution for each sufficiently large k.

Let us consider parameterized by number € € [0,¢q), 9 > 0, linear boundary-value problem

L(S)y(t, 5) = y(r) (t’ 5) + zr: AT*j(tv 5)y(T_j)(tv 6) = f(tv 5)7 te (a’v b)? (7>
j=1
B(e)y(-;¢e) = c(e), (8)

where for every fixed ¢ the matrix-valued functions A, ;(-;¢) € (W;)™*™, the vector-valued
function f(-;¢) € (W)™, the vector c(e) € C'™, B(e) is the linear continuous operator B(e) :
(WpHr)™ — €™, and the solution (the unknown vector-valued function) y(-;e) € (W;+")™.

It follows from Theorem 1 that the boundary-value problem (7),(8) is a Fredholm one with
index zero.

Definition 2. A solution to the boundary-value problem (7),(8) depends continuously on the
parameter € at ¢ = 0 if the following two conditions are satisfied:

(*) there exists a positive number €1 < g such that for any ¢ € [0,¢;) and arbitrary chosen
right-hand sides f(-;¢) € (W)™ and c(e) € C™ this problem has a unique solution y(-;¢)
that belongs to the space (W;'*")™;
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(#*) the convergence of the right-hand sides f(-;¢) — f(-;0) in (W)™ and ¢(e) — ¢(0) in C™

as € — 04 implies the convergence of the solutions y(-;¢) — y(-;0) in (Wy+7)™
Consider the following conditions as € — 0+:
(0) the limiting homogeneous boundary-value problem
L(0)y(t,0) =0, t€ (a,b), B0O)y(-,0)=0
has only the trivial solution;
(I) Ar—j(-5¢) = Ar—;(+;0) in the space (W)™ for each number j € {1,...,7};
(II) B(e)y — B(0)y in the space C™ for every y € (W)™,

Theorem 4. A solution to the boundary-value problem (7),(8) depends continuously on the pa-
rameter € at € = 0 if and only if this problem satisfies condition (0) and the conditions (I) and

(11).

We supplement our result with a two-sided estimate of the error ||y(-;0) — y(-;€)|lntrp of the
solution y( - ;¢) via its discrepancy

dnp(e) = | L(e)y(-50) = f(-:9),, + [ BEw(-:0) — ()]

(C'rm'
Here, we interpret y(-;0) as an approximate solution to problem (7), (8).

Theorem 5. Suppose that the boundary-value problem (7), (8) satisfies conditions (0), (I) and (II).
Then there exist positive numbers 9 < €1 and 71, 2 such that, for any € € (0,e2), the following
two-sided estimate is true:

M dnp(e) < [ly(-:0) —y(-39)]], 1, < 12dnple)s
where the quantities €2, 1, and 2 do not depend of y( ;&) and y(-;0).

Thus, the error and discrepancy of the solution y(-;¢) to the boundary-value problem (7), (8)
are of the same degree of smallness.

The results are published in [1,3-7]. The most general class of multi-point boundary-value
problems for systems of linear ordinary differential equations of an arbitrary order is considered
in [2].
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1 Introduction
For a given integer n > 2 let M,, denote the class of linear differential systems
t=Alt)z, x € R", teRL =]0,+00), (1.1)

with continuous bounded coefficients defined on Ry. Let us denote by Aj(A) < -+ < A\, (A) the
Lyapunov exponents [7, p. 561], [1, p. 38] of system (1.1), by A(4A) = (A(A),...,\(A)) their
spectrum, and by es(A) its exponential stability index (i.e. the dimension of the linear subspace of
solutions to this system that have negative characteristic exponents). In what follows, we identify
system (1.1) with its defining function A(-) and therefore write A € M,,.

In his seminal paper [10] O. Perron constructed an example of a system A € My for which there
exists an exponentially decaying perturbation @ : Ry — R2*2 such that the perturbed system

i=(A®t)+Qt)x, reR? tecRy,
has the Lyapunov exponents
A2(A+Q) > A(A) and M (A+ Q) = M (A). (1.2)

The largest Lyapunov exponent A\2(A) of the unperturbed system A in Perron’s example is positive,
and hence this system is unstable and so is the perturbed one. In fact, the same example can be
slightly modified to demonstrate the phenomenon of loss of stability in a linear system under
exponentially decaying perturbation of its coefficients. Let o0 € (A2(A4), \a(A + Q)). Then for the
modified system A=A- ols, where [5 is the (2 x 2) identity matrix, we have

es(A) =2 and es(A+Q) = 1.

Thus, the system Ais exponentially stable, whereas the perturbed system E+Q is only conditionally
exponentially stable.

O. Perron also constructed [9] an example of a system A € My with negative Laypunov ex-
ponents and its quadratic perturbation f(z) such that the perturbed system @ = A(t)x + f(z)
possesses the following property: the characteristic exponent of any nontrivial solution starting at
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the line £; = 0 is the same as for the unperturbed system, while the characteristic exponent of any
solution starting outside the line x1 = 0 is greater than a certain positive number.

These examples by Perron served as a starting point for numerous studies of the effect of
various classes of linear and nonliner perturbations on the Lyapunov exponents of systems in M,,.
The results obtained in this direction constitute an essential part of the modern theory of Lyapunov
exponents. The effect of change of Lyapunov exponents of a system in M,, under one or another
“small” perturbation was called in the monograph [6, Ch. 4] the Perron effect. Starting with
the paper [5], the term is being used only for situations when perturbations do not decrease the
Lyapunov exponents of the original system (in what follows, we will adhere to this terminology).
Unlike the papers [5,6], which study the Perron effect under higher-order perturbations, and along
the lines of the paper [10] we investigate linear vanishing at infinity perturbations of the coefficient
matrix of a system in M,, and call this effect “linear Perron”.

It is worth noting that the perturbation matrix constructed in paper [10] is of the form Q(t) =
1Qo(t), where 1 is a real parameter; it is established there that for each p # 0 relations(1.2) hold.
With this in mind, given a metric space M we consider families of linear systems of the form

= (A{t)+Q(t,n)x, zeR", teRy, (1.3)

where A € M,, and Q(-, -) : Ry x M — R™*™ is jointly continuous matrix-valued function. For
each fixed value of the parameter u € M we get a linear differential system with continuous bounded
coefficients whose Lyapunov exponents will be denoted by A\ (pu; A+ Q) < -+ < Ap(; A + Q).
Therefore, the Lyapunov exponents of family (1.3) are functions of the parameter u € M. In
particular, the spectrum of family(1.3) is defined to be the vector function A(-; A+Q) = (A1 (-; A+
Q). \(A+Q)): M — R

2 Statement of the problem. Main result

We will denote by &,(M) the class of jointly continuous matrix-valued functions @ : Ry x M —
R™* ™ gsatisfying the estimate

||Q(t>:u)|| < CQ eXp(—O'Qt), (tvﬂ) € R+ X Ma

with Cg and o being positive constants (different for each function Q).

For a system A € M,, we will denote by &,[A](M) the class of those @ € &,(M) that do not
descrease its Lyapunov exponents, i.e. for any A € M,, and its perturbation Q € &,[A](M) the
inequalities

inf \i(p; A4+Q) = Ni(4), i=1,...,n,
pneM

hold. Clearly, for any A € M,, the class &,[A](M) is nonempty since identically zero matrix belongs
to it.

The problem to be solved is to obtain for each n > 2 and each metric space M a complete
description of the class of pairs (A(A),A(-; A+ Q)) composed of the spectrum A(A) € R™ of a
system A € M,, and the spectrum A(-; A+ Q) : M — R" of a family A + @), where A ranges over
M,, and matrix-valued function @ ranges over the class £,[A](M) for each A, i.e. of the class

&, (M) = {(A(A), A A+ Q) | A€ My, Q€ EAI(M)}.
Note that a complete description of the class

A& (M) = {A(-;A+Q) | Ae My, Q¢ En[A](M)},
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composed of the second elements of the pairs in the class IIE, (M) immediately follows from the
result of [3].

Obviously, the solution of the stated problem would contain as a special case Perron’s example
and describe from a descriptive set theoretic standpoint all possible situations in which an exponen-
tially stable linear system gets unstable under parametric exponentially vanishing perturbations.
For instance, it follows from the theorem presented below that there exists a system A € My with
the largest Laypunov exponent A\y(A) = —1 and its perturbation @) € £[A](R) such that the largest
Laypunov exponent \o(A + @) of the perturbed system equals —1 for a rational p and 1 for an
irrational pu.

The direction in the theory of Lyapunov exponents dealing with the dependence of asymp-
totic properties and characteristics of parametric differential systems on the parameter is due to
V. M. Millionshchikov, who initiated systematic research in this direction with a series of papers, of
which we only mention the paper [8]. We are also indebted to him for understanding that the lan-
guage of the Baire theory of discontinuous functions is adequate for describing such a dependence.
We emphasize that here one speaks of a complete description of all possible types of behavior of
some properties or characteristics of a system under changes in the system parameters as opposed
to establishing sufficient conditions for one or another type of their behavior. Since then, quite a
few results have been obtained in this vein.

Let us recall that a function f : M — R is said [4, pp. 266-267] to be of the class (*,Gy) if for
each r € R the preimage f~!([r, +00)) of the half-interval [r, +00) is a Gs-set of the metric space
M. In particular, the class (*,Gs) is a subclass of the second Baire class [4, p. 294].

A complete description of the class IIE,, (M) for any n > 2 and metric space M is given by the
following statement [2].

Theorem. Letn > 2 be an integer and M a metric space. A pair (I, F(-)), withl = (l1,...,l,) € R"
and F(-) = (fi(+),..., fu(+)) : M — R", belongs to the class IIE, (M) if and only if the following
conditions are met:

1 ll ln;

Ji(p) <+ < fulp) for all pe M;
filpw) =1 forallpe M andi=1,...,n;

2

(1)
(2)
(3)
(4) for each i =1,...,n the function f;(-): M — R is bounded and is of the class (*,Gs).

Corollary 2.1. Let n > 2 be an integer and M an interval in the real line. Then for each pair
(I,F(-)) € IIE, (M) there exists a system A € M, and its perturbation Q € E,[A](R) analytical in
parameter such that A(A) =1 and A(-; A+ Q) =

Let Z, = {0,...,n}. We define the function es(-;A) : M — Z, assigning to each u € M
the exponential stability index of system (1.3). There naturally arises the problem of describing
the class of pairs composed of the exponential stability index es(A) € Z,, of a system A and the
exponential stability index es(-; A+ Q) : M — Z,, of a family A + @, i.e. of the class

TE (M) = {(es(A),es( GA+YQ) | AeM,, Q¢ En[A](M)}.
The solution is provided by the following statement.

Corollary 2.2. Let n > 2 be an integer and M a metric space. A pair (d, f(-)), where d € Z, and
[+ M — Z,, belongs to the class TE, (M) if and only if f(p) < d for all uw € M and the function
(—f) is of the class (*,Gs).
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Abstract. In this paper we study a problem for Poisson’s equation when on opposite sides of
rectangular domain are given the Dirichlet conditions, while on the rest two sides are given integral
type nonlocal constraints. We prove the existence and uniqueness of a solution in the weighted
Sobolev space.

Let Q = {z = (x1,22) : 0 <z <!, k=1,2} be a square with boundary I".
We seek in €2 a solution to Poisson’s equation

Au=—f(), 79, (1)
which satisfies the following Dirichlet homogeneous conditions
u(x1,0) = u(z1,0) =0, 0<x; <y, (2)

and the integral type nonlocal conditions

3)

DO | =~

9 l
/u( )dxy =0, /u Ydry =0, <a2 <1, 0<¢<
0 1=¢

By L2(2, p) we denote a weighted Lebesgue space of all real-valued functions u(z) on Q with the
inner product and the norm

(u,0), = / puvdz, |ull, = (u,u)Y2.
Q
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Denote by W1(€2, p) a linear set of all functions Ly(2, p) whose first order derivatives (in general
sense) belong to La(€, p). It is a normalized space with the norm

1 2
Nl = (ull? + ul? )2,

R

Let us choose a weight function p(z) in the following form

T

?a nglgga ,
plx) =4 1L, <o <l—¢ 0<&<g,
i S B
£
and define an operator in the form
1
/ (t,x2)d 0<z <&,
¢
’ l
Go(z) =  v(x), E<m<l=¢ 0<¢< 7
[ 1 /
_;:1 v(x)—g v(t,ze)dt, 1 —§& <z <I.
x

We say that function u € W(Q, p) is a weak solution of problem (1)—(3) if the relation

a(u,v) = (f.Gv) Yo e Whp) (4)
holds, where
ou Ov ou ov
alw,0) = (5, aTcl)p (3 o) (5)

Equation (4) can be formally obtained from (1) by taking into account conditions (2), (3).
In the case u = v for estimate of the second addend of (5) we use the following proposition.

Lemma 1. If the function v defined on the segment [0;1] satisfies the nonlocal conditions (3), then
the following identity
l
/ p(x)v(x) dxy
0

Indeed, v = @ satisfies the nonlocal conditions. Besides, we take into account the equalities
implied from the deﬁmtlon of the operator G

o — _
=
=
Q

holds.

9 1 1 91€
/v(xl,xg) /v(t,xg) dtdxy = % (/v(t,xg) dt) =0,
0 0 0 z1=0
l l l 9|l
v(ml,xg)/v(t,xg) dtdx; = —% </U(t, xg)dt> =0.
- 1 1 z1=l—¢
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In view of the following equalities

0 ov 0%u ou Ov

<z — o dzy d TR grrd
oy OV =P gy 8:61 Glv dzy dry = / R
Q

*
one can prove that the bilinear form a(u,v) is both continuous and coercive on u € W3(€, p), while
the linear form (f, Gv) is continuous on the same space.

Lemma 2. For any function u € W3(Q, p), the estimate

1s valid.

Proof. For simplicity let us write v’ instead of du/0x;. Let

I3 — l
J::—/x1du2+/<—x1 du2+/ (I —x1) du”. (6)
0 3 =

It is easy to verify that

l

/u2 dry = J + é [u?(&) + u?(1 = &)]. (7)

0
Rewrite (6) as follows
¢

3
J = —2/x1u'uda:1—|—2/ f—ml u'uda:1+2
0 ¢ -

l
/ (I —x) wudry.
—

I—¢ ¢

/u2dx1—|—2/ SRk u)Qdacl]
3 13

Whence, by use of e-inequality, we obtain

<[} fran s aran) |

l

+[1/udx1—|—2/l—x1 (u )dx]

I—¢ I—¢

DO |

N |

Now let us estimate the values u(&), u(l — &),

et - 9P = ( /l <Z—x1>u'dm> <&

—¢ 1—

(I — a:l)(u’)2 dx1,

A S—

l
l &
W2(1— &) < % /(l—wl)(u’)2dx1; W2(€) < ;/xl(u’)2dx1.
0
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Finally, from (7) it follows

l I3 -£ l
1
2/u2dx1§2/:5 dm1+2/ *—561 )ng:1+2/(l—x1)2(u')2dx1
0 0 3 =€
¢ !
l l
+ 1 z1(v)? day —l— (1 — z1)(u)?* dan,
0 l 13

which confirms Lemma 2.
Thus, all the conditions of the Lax-Milgram lemma are fulfilled. Therefore, problem (1)—(3)

*
has a unique weak solution from Wi(, p).
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The differential equation

y" = aop(t)eo(y)er1(y') exp (R(|In [yy'l])), (1)

where ap € {—1,1}, p: [a,w[—]0, 400 (—00 < a < w < 4+00), ¢; : Ay, —]0,400[ are continuous
functions, Y; € {0,+o00} (i = 0,1), Ay, is a one-sided neighborhood of Y;, every function ¢;(2)
(1 =0,1) is a regularly varying function as z — Y; (2 € Ay;) of order oy, 09 + 01 # 1, 01 # 0,
the function R :]0,+oo[ — ]0, +00] is continuously differentiable and regularly varying on infinity
of the order u, 0 < p < 1, the derivative function of the function R is monotone, is considered in
the work.

Definition. A solution y of equation (1) is called B, (Yp, Y1, Ao) if it is defined on [tg,w[C [a,w]|
and s

limyW(t) =Y; (i=0,1), lim W) _

thw ttw y(t)y" (1)

A lot of works (see, for example, [3,4]) have been devoted to the establishing asymptotic
representations of P, (Yp, Y1, Ag)-solutions of equations of the form (1), in which R = 0. The
P,(Yp, Y1, \g)-solutions of equation (1) are regularly varying functions as ¢ 1T w of index /\3‘31 if
Ao € R\ {0,1}. The asymptotic properties and necessary and sufficient conditions of existence of
such solutions of equation (1) have been obtained in [1].

The case \g = o is one of the most difficult cases because in this case such solutions or their
derivatives are slowly varying functions as ¢ T w. Some results about asymptotic properties and
existence of P, (Yp, Y1, Ag)-solutions of equation (1) in the special case are presented in the work.

We say that a slowly varying as z — Y (z € Ay) function 6 : Ay —]0;+oo] satisfies the
condition S if for any continuous differentiable function L : Ay, —]0; 4+o00[ such that

2L (2)
li =0
zg% L(z) ’
zEAYZ_

the next equality
O(zL(2)) =0O(2)(1 +0(1)) istrueas z =Y (z € Ay)
holds.

Let us introduce the following notations

t as w = +00, e .
w,(t) = O;(z) = pi(2)|z|7% (1 =0,1),
0 {t_w ST e =a T =0
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¢ a if /p( ) dT = 400
I(t) = ag /p(T) dr, A, = a,
Aw w if /p( )dr < 400

In case ltle |7, ()| sign y) = Yy we put
w

Io(t) = ao / P(7) | (7)1 (|, (7)  sign o) i,

AL
it [ o0 (07 @0 (1) sign 18) dt =
AOZ b
o it [ polm (Ol o(nOls8) di < -+,
\ b

N(t) = aop(t)|me ()| 00 (|70 (t) | sign yg) -
Here b1, ba € [a;w] are chosen in such a way that ﬁfjﬁi € Ay, ast € [by;w] and |, (7)|signy) € Ay,
as t € [ba;wl.
The next three theorems are devoted to establishing P, (Yp, Y1, £00)-solutions of equation (1).
First two cases are obtained in [2]. The first derivatives of such solutions are slowly varying functions
as t T w, the fact creates difficulties in investigation of such solutions.

Theorem 1. For the existence of P,,(Yo, Y1, £00)-solutions of equation (1) the following conditions
are necessary

+ ) =
Yo:{ PO fw=oo il > 0 as t € [a,u. (2)

0 if w < +o0,
If the function pq satisfies the condition S and
(11 |7, (D)) o (£
(L XOIAD
ttw 7w (8)I)(1)

then (2) together with the mext conditions are necessary and sufficient for the existence of
P, (Yo, Y1, +00)-solutions of equation (1):

1 LI (t
lim 42| Io(t)|7=o0—o1 = Y7, lim T (®) _ 0, (1 —09—01)Io(t) >0 as t € [by,w|.
ttw tTw Io(t)

=0, (3)

For such solutions the next asymptotic representations take place ast T w

sowere e
) exp(R( Iy — 70T @ oLy =2 el
)

Theorem 2. If in (1) the function p is a continuously differentiable function, the function @
satisfies the condition S and
)N (t
L mON'()

tw R’(\lnlm( )IDN ()

=0, (4)
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then together with (2) the following conditions are necessary and sufficient for the existence of
P, (Y, Y1, 00)-solutions of equation (1):

Rthmu))>:§ﬁ, aoy?(1 — o0 — o1) In |mu(£)] > 0 as t € [a,w].

lim 1,0 <7
limyrexp (3— — I

For such solutions the next asymptotic representations take place ast 1T w

ly' ()]~ [1—00—0a1N(?) y'(t) 1
— 1+ 0(1)], = 1+ o(1)].
)R ly@y @) Bwmon O e T wm e
Theorem 3. If in (1) the function p is a continuously differentiable function, the function ¢
satisfies the condition S and

lim 7w (E)N'(t)

o RN - 70 )

then together with (2) the following conditions are necessary and sufficient for the existence of
P, (Y, Y1, 00)-solutions of equation (1):

1

7R(|ln|7rw(t)]|)>:Y1, oy} (MA41)(1—0og—01) In |7, (t)| >0 as t€[a,w|.
1 — 00— 01

lim { ex (
PEo Yy exp
For such solutions the next asymptotic representations take place ast T w

ly' (&)~ _ =00 —ai[N@)(M+1)
p1(y' (1) exp(R(| In |y(t)y'(1)]]) RI(|In |, (£)]])
t

:W1 1+ o(1)].

[T+ o(1)];

~—
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In the space La[a,b], we consider a perturbed linear boundary-value problem for a weakly
singular integral equation

b b

(1) — / K(t, s)n(s)ds = f(1)+¢ / R(t, $)a(s) ds, (1)

le(-) =a+eJx(-). (2)

We establish conditions for the bifurcation of solutions of the boundary-value problem (1), (2)
and determine the structure of these solutions under the condition that the generating boundary-
value problem

b
- /K(t, s)x(s)ds = f(t), lz(-) =« (3)

is unsolvable. _

Here, K(t,s) = ﬁl( |3 and K(t,s) = ﬁl(t ‘g , where H(t,s), H(t,s) are functions bounded in the
domain [a,b] X [a,b], 0 < v < 1,0 < B <1, f € Lafa,b], I = col(ly,la,...,l,) : La]a,b] — RP,
J = col(Ji, Ja, ..., Jp) : LaJa,b] — RP are bounded linear functionals, I,,, J,, : Laofa,b] = R, v =1, p,
a = col(ar,as,...,0p) € RP and € < 1 is a small parameter.

By using the results obtained in [2], we show that the study of the problem of appearance of
solutions of the boundary-value problem (1), (2) reduces to the corresponding task for the perturbed

boundary-value problem for the Fredholm integral equation

b

= fult) +> € / RE(t, s)x(s) ds, (4)
k=0 a

nlb n—1 nlb
/R ds,

+Z/R0ts s)ds + skz
k=1 m=k

where RF(t,s), k = 0,n, are the sums of C¥ kernels of all possible products of n — k integral

operators K and k integral operators K

d d
rt—sw o |t— srﬂ

We apply the approach described in [3] to the study of the boundary-value problem (4), (2) and
show that it can be reduced to the operator equation. Let {y;(t)}2; be a complete orthonormal
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system of functions in La[a,b]. We introduce the notation

b b b
xi_/x(t)tpi(t)dt, aij_//Kn(t,S)%(t)%(S) dt ds,

a
n—1 b b
ﬁ:}j//%ﬁ@ﬂ@Mﬂ%ﬁ,k:m%ﬁ
m=k o
By using this notation in the boundary-value problem (4), (2), we obtain the operator equation:
n—1 n
Uz:q+25qu+Z€kUkz, (5)

k=1 k=1

where

_ A _ A _ Ag _
U—[W], Ul—[WJ, Uk—[o},k—ln,

_ 19 _ |9 1
q_|:Oé:|7 Qk_|:0:|a k_lvn 17

where the vectors z, g, gr, k = 1,n — 1 and the matrices W, Wy, A, Ay, k = 1,n have the form

z:col(xl, T2, ..., T ), g:col(fl, fo, ..y fis ),
g = col (ff, i T 8 ), W =1®(-), W;=Jd(-),
1-— all —ai2 e —ai; e alfl a]fQ e a’fi
—ag1 1 —asy ... —ag; 0/2“1 (1152 agi
A= ... ey A= ]
— Q41 — Qa2 B e (077 2N afl an e (IZ

O(t) = (p1(t), (1), .., i), ... ).
The generating equation for the operator equation (5) has the form
Uz=q. (6)

The operator A : fo — {5 appearing on the left-hand side of the operator equation (6) has the
form A =1 — A, where I : {5 — {5 is the identity operator and A : £5 — {5 is a compact operator.
Hence, according to S. Krein’s classification, the operator A : f5 — f5 is a Fredholm operator of
index zero (dimker A = dimker A* < 0o) and the operator U : fo — 5 x RP is a Fredholm operator
of nonzero index (dimker U < oo, dimker U* < 00).

The following statement is true for equation (6) (see [4]).
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Theorem 1. The homogeneous equation (6) (¢ = 0) possesses a da-parameter family of solutions
z € £y,
z = PATPQd2 Cdy VCdQ S ]Rd2.

The inhomogeneous equation (6) is solvable if and only if the following r+dy linearly independent
conditions are satisfied:
Ppyg =0, Pgy (a—WATg) =0,

and the equation possesses a do-parameter family of solutions z € £y of the form
z= Py, Po, ca, + Py QY (a—WATg)+Atg Veq, € R,

Here, Q = WPy, is a (p x r)-matrix, Py, (Pyx) is a matrix formed by a complete system of r linearly

independent columns (rows) of the matrix projector Py (Pa~), where Py (Pa~) is the projector onto

the kernel (cokernel) of the matrix A, and Py, (Pqy; ) is a matrix formed by the complete system
1

of dy (dy) linearly independent columns (rows) of the matrix projector Pgy (Pg+), where Py (Pg+)
is the projector onto the kernel (cokernel) of the matrix @ and AT (Q%) is the pseudoinverse
Moore—Penrose matrix for the matrix A (Q).

We now determine the conditions required for the bifurcation of solutions of the perturbed
inhomogeneous boundary-value problem (1), (2) and study the structure of these solutions under
the conditions that the solution of the homogeneous generating the boundary-value problem (3)
(f(t) = 0, a = 0) is not unique, i.e. (see [2]), Pp, Py,, # 0, and that the inhomogeneous generating
boundary-value problem (3) is unsolvable.

It is known (see [9]) that small perturbations preserve the Fredholm property of the operator,

n
i.e., the operator (U - > EkUk) is a Fredholm operator with nonzero index. This enables one
k=1

to investigate equation (5) by the methods of the theory of perturbed operator boundary-value
problems with Fredholm linear part (see, e.g., [1,4,11]) obtained as a generalization of the classical
methods of the perturbation theory of periodic boundary-value problems in the theory of oscillations
(see [5,7,8,10]).

The analysis of the appearance of solutions of equation (5) is closely connected with the ((r +
dy) X dg)-matrix
Pp: A1 Pa, P,

By =
Pos (Wi = WATA) Py, Po,,

)

constructed by using the coefficients of equation (5).
We introduce an ((r +dp) x (r + dy))-matrix Ppg, which is a projector onto the cokernel of the
matrix By and a matrix

—Pa; 0

G= 1 p . WAt —p
Q;, Q;,

i

formed by r + d; rows and infinitely many columns. Moreover, as the matrix By, it is completely
determined by the coefficients of equation (5).

By the Vishik-Lyusternik method (see [12]), we find efficient conditions for the coefficients
guaranteeing the appearance of a family of solutions of the perturbed linear boundary-value problem
(5) in the form of a Laurent series in powers of the small parameter ¢ with singularity at the point
e=0.

The results obtained for the perturbed equations (5) enable us to establish the conditions
for the existence of a ds-parameter family of solutions of the original perturbed boundary-value
problem (1),(2). Indeed, if the boundary-value problem (1), (2) possesses at least one solution,
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then, according to the Riesz—Fischer theorem, one can find an element x € Ls[a, b] such that the
quantities z;, i = 1,00, determined from equation (5) are the Fourier coefficients of this elements,
i.e., the following representation is true:

z(t) = ()2 (7)

As in [6], we conclude that the element z(t) given by relations (7) is the required ds-parameter
family of solutions of the original boundary-value problem (1), (2). Therefore, the following state-
ment is true.

Theorem 2. Suppose that the generating boundary-value problem (3) is unsolvable. If conditions
PArPQdQ #0, PB(’)‘G =0,

are satisfied, then the boundary-value problem (1), (2) has a da-parameter family of solutions in the
form of series with singularity at the point € = 0 convergent for sufficiently small fized € € (0,e,].
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We consider two-point boundary value problems for higher order linear ordinary differential
equations

M (@) + pt(H)a(t) —p~(t)z(t) = f(t), € [a,b],
zM(0) =0, i=0,...,m—1, (1)
zU)(1) =0, j=0,...,n—m—1,

where n, m are positive integer, n > m; f € L[a,b], p=p"T —p~ € [a, ],

_Jp@®) i p(t) =0, _ o J-p(t) if pt) <O,
P = {0 it p(t) <0, © t)= {o if p(t) >0,

L[a,b] is the space of Lebesgue integrable functions with the standard norm. Together with (1),
we will consider some more general problems.

It is a rather common case, when problem (1) has a unique solution for all functions p* (or for
all functions p~) with a fixed another function p~ (or p*). So, our aim is to find some conditions to
our boundary value problem (1) to be uniquely solvable for all integrable non-negative coefficients
pT (or for all nonnegative coefficients p~).

In this report, we would like to remind about some classical results by F. R. Gantmacher,
M. G. Krein, S. Karlin, A. Yu. Levin [1-5]. These results allow us to find required conditions in a
very simple way. For higher-order equations, we don’t know another proof of these conditions, for
example, by means of mathematical analysis only.

A continuous function G(-, -) : [a,b] X [a,b] — R is called a totally positive kernel [3] if all
determinants

Gt t1) ... G(t1,ty)

are positive for all ordered sets of points a < t; < --- <t < b for all integer positive numbers k.
It is very hard to check this property directly. Fortunately, Green functions of many boundary
value problems for ordinary differential equations possess this property. Now we can formulate a
well-known statement on the spectrum of integral operators with totally positive kernels.
Let G(t, s) be a totally positive kernel, Cla,b] be the space of real continuous functions with
the standard norm.
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Consider the integral operator G : Cla,b] — C]a, b]

b
(Ga) (1) = / G(t, )z (s) ds, t € [a,b]. @)

Theorem 1 (Sturm, Kellogg, Gantmacher, Krein, Karlin, Levin, Stepanov). The spectrum of the
operators G is a subset of the set [0, 00).

In the symmetric case, oscillating properties of the spectrum were known to Kellogg and Sturm.
F. R. Gantmacher and M. G. Krein [1] showed that kernels could be non-symmetric and proved
oscillation properties of the spectrum of many boundary value problems. Here we need only the
positivity of the spectrum and we do not mention all remarkable oscillation properties. So, if the
kernel G(t, s) is totally positive, then the non-zero spectrum of operator (2) is positive. The next
obvious step is only a more general formulation.

Let G(t,s) be a totally positive kernel, € L[a, b], 7(t) > 0, t € [a,b].

Consider the integral operator G, : Cla, b] — Cla, b]

b
(Gra)(t) = / G(t,s)r(s)z(s) ds, t € [a,b]
Theorem 2 (Sturm-Kellogg-Gantmacher—Krein). The spectrum of the operators G, is a subset
of the set [0, 00).

Therefore, in this case all characteristic values A\ of the equation

b
x(t) = )\/G(t, s)r(s)z(s)ds, t € [a,b],

are positive.
Now consider two-point boundary value problems for linear higher order ordinary differential
equations

(La)(t) = & (1) + pr ()2 (8) + - + pa(t)2(t) = f(1),

k;i—1
o= e (@) + 2 (@), i=1,...,m,
k=0

ki—1

k=0
where p; € L|a,b]; f € L[a, b]; n, m, n > m, are positive integers; k; € {0,1,...,n—1},i=1,...,n.
Denote ¢ = {{1,...,4,}.

Theorem 3. If r € L{a,b], r(t) > 0, t € [a,b], and the Green function G(t,s) of this problem (3)
s a totally positive kernel, then problem

{<Lw><t> +r(t)z(t) = f(t), t€ [a,b],

lx =0, @

is uniquely solvable.
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Proof. For f =0, (4) is equivalent to the integral equation

b

x(t) = )\/G(t, s)r(s)z(s)ds, t € [a,b], (5)

a

where A = —1. All eigenvalues of (5) are positive, therefore, problem (4) is uniquely solvable. [J
Together with the differential operator L, we consider operators L™ and L™:

(L) (1)

(L7z)(t)

Theorem 4. Let GT(t,s) be the Green function of the problem Ltx = f, bz = 0. If —G*(t,s) is
a totally positive kernel, then the problem

{(Lx)(t) = f(t),

e () + pr()xVE) + -+ ph()a(t), t € [a,b],
2™ () + pr(®)z" V() + - — p ()(t), t € [a,b].

(6)

fﬂ}:O, ’iZl,...,’l’L,

is uniquely solvable for all non-negative functions p, € L[a,b].

Theorem 5. Let G (t,s) be the Green function of the problem L=z = f, bz = 0. If G~ (t,s)
is a totally positive kernel, then problem (6) is uniquely solvable for all non-negative functions
+

p, € Lia,b].

We say that the differential operator L (or the equation Lz = 0) is non-oscillating on the
interval [a, b] if every non-trivial solution has no more than n — 1 zeros in the interval [a, b] taking
into account the multiplicity of the zeros. Hartman-Levin’s criterion for non-oscillation can be
found, for example, in [4].

Theorem 6 (Gantmacher—Krein, see [4,5]). Let Lz = 0 be non-oscillating, G(t,s) the Green
function of the problem

(Lx)(t) = f(),
z0V(@)=0, i=1,...,m,

Vb)) =0, i=1,...,n—m.
Then (—1)""™G(t, s) is a totally positive kernel.

Let the operator L be non-oscillating. Then L has the Polia—Mammana decomposition

I d d
T=T0—"]— " Tp1—T
0 dt 1 dt n—1 dt )
where 7;, i = 0,...,n, are sufficiently smooth positive functions. Let G(t, s) be the Green function
of the uniquely solvable problem
((L)(t) = f, t€la,b],

n
Zaik(Dk—l)(a) =0, i=1,...,m,
k=1

> Bik(Dr-1)(b) =0, i=1,...,n—m,
k=1

where f € L|a,b]; Doz = x, Dyx = % (rn—g+1Dk—12), k =1,...,n; n, m, n > m, positive integers.
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Theorem 7 (Kalafatnyantmacher Krein, see [4,5]). If all m- th order minors of the matriz
[|[(—1)F alkﬂl L and all (n — m)-th order minors of Hﬁlka L

have the same sign, then
n m )
(=) "G, 8) zs a totally positive kernel.

Theorem 8 (Levin—Stepanov, see [4,5]). Let G(t,s) be the Green function of the uniquely solvable
problem

((Ll‘)(t) = f(t), t € [a,0],
Zz: virz® (@) + 2% (), i=1,...,m,
k=0

3 qia® ) + 2 b), i=1,...,n—m,

ng=Ni: ki <k,ji=1,....,n}, h=2(b—a).
Ifnk>/€,k:o,1,...,n—2; and

n b =, .

k-1 ki—k _ 1 . _
> h /lpk(t)\dt<2, > yinlh <g.i=Ll..n,
k=1 ; k=0

then (—1)""™G(t,s) is a totally positive kernel.

Example 1. The focal boundary value problem

() + (=1)"mp(t)z(t) = f(t),
’(a)zo, i=0,....m—1,
@ (b) =0, i=m,...,n—1,

is uniquely solvable if p(t) >0, t € [a,b], p € L[a, b).
Example 2. Let p* € L[a,b], p* >0, t € [a,b], and
24 - 256 _ 24 - 256

OSP_(t)Sma p@)im- (7)
Then the problem
W (t) + pt(Ha(t) — p~ (Ha(t) = f(2),
z(a) =0, @(a)=0,
2(b) =0, @(b) =0,

s uniquely solvable. »
The constant in conditions (7) are better than the constant =L which follows from Wirtinger’s
inequality.

The conclusion: the classical results on totally positive kernels could be very useful for boundary
value problems for ordinary differential equations.
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We consider the following differential equation

y" = aop(t)o(y)e1(y). (1)

In this equation «p € {—1;1}, functions p : [a,w[—]0, +o0] (-0 < a < w < +00) and ¢; : Ay, —
10, +o00[ (i € {0,1}) are continuous, Y; € {0, +00}, Ay; is either the interval [y?, Y;[ or the interval
Vi, 9] fY; = 400 (V; = —o0), we put y? > 0 (y? < 0).

We also suppose that function ¢ is a regularly varying as y — Y7 function of index o7 [10, p. 10-
15], function ¢ is twice continuously differentiable on Ay, and satisfies the next conditions

wo(y) o (y)

wy? - @)

. . 0
906(3/) 7& 0 as ye AYm lim C,DU(Q) S {Oa —|—OO}, lim

y—Yq y—Yp ((P
YEAY, YEAY,

o~

It follows from the above conditions (2) that the function ¢g and its derivative of the first order are
rapidly varying functions as the argument tends to Yy [10, p. 15]. Thus, the investigated differential
equation contains the product of regularly and rapidly varying nonlinearities in its right-hand side.

The equations of the form (1) often appear in practice, for example, in the theory of burning,
when we consider the electrostatic potential in a spherical volume of plasma of products of burning.
First important results in this direction have been obtained in the works by V. M. Evtukhov for
the equation of the investigated type in the case when oo(y) = |y|” and ¢1(y) = |[¢/|*.

For the equation of the form (1), both functions ¢y and ¢; of which are regularly varying
functions of orders oy and o correspondingly (o¢ 4+ o1 # 1) as their arguments tend to zero or to
infinity, the asymptotic behavior of some class of solutions have been investigated in the works by
M. O. Belozerova [5].

During investigations of distribution of electrostatic potential in a cylindrical plasma volume of
combustion products, differential equation of the investigated type arises, in which ¢o(y) = exp(oy),
o1(y) = |y}, ap € {~1,1}, 0, A € R, o # 0, function p : [a,w[—]0, +oo] (—o0 < a < w < +00) is
a continuously differentiable function. Under some restrictions on the function p(¢) certain results
for the asymptotic behavior of all regular solutions of this equation have been obtained in works
by V. M. Evtukhov and N. G. Dric (see [7], for example).

Equations, that contain in their right-hand side the product of functions ¢g(y) and ¢1(y’), the
first one of which is a rapidly varying function as y — Yy (y € Ay,), and the second one is a
regularly varying function as v’ — Y1 (v € Ay, ), in general case have not been investigated before.
Thus, equation (1) plays an important role in the development of a qualitative theory of differential
equations.

The main aim of the article is the investigation of conditions for the existence of following class
of solutions of equation (1).
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Definition 1. A solution y of equation (1), defined on the interval [to,w[C [a,w], is called
P, (Y, Y1, \g)-solution (—oo < A\g < 400) if the following conditions take place

NG
A Y Oy

This class of solutions was defined in the work of V. M. Evtukhov [3] for the n-th order dif-
ferential equations of Emden—Fowler type and was concretized for the second-order equation. Due
to the asymptotic properties of functions in the class of P, (Yp, Y7, \g)-solutions [4], every such
solution belongs to one of four non-intersecting sets according to the value of Ao : A\g € R\ {0, 1},
A =0, A\g = 1, A\g = +oo. In this article we consider the case Ay = *oo of such solutions, every
P, (Yy, Y1, +00)-solution and its derivative satisfy the following limit relations

w POV g Oy
the  y(t) Tt y(t)

YW lto,wl= Ay, TimyP() =Y, (i1=0,1),

(3)

This class of B, (Yp, Y1, £00)-solutions for equations of the form (1) is one of the most difficult
to study due to the fact that the second-order derivative is not explicitly expressed through the
first-order derivative. From (3) it means that the derivative of the first order of each such solution
is a slowly varying function as ¢ 1 w.

From conditions (2) it also follows that the function ¢ and its first-order derivative belong to
the class I'y, (Zp), that was introduced in the works of V. M. Evtukhov and A. G. Chernikova [6]
as a generalization of the class I' (L. Khan, see, for example, [1, p. 75]). The properties of the class
Iy, (Zp) were used to get our results.

To formulate the main results, we introduce the following definitions.

Definition 2. Let Y € {0,000}, Ay is some one-sided neighborhood of Y. Continuous-differentiable
function L : Ay —]0,+o0[ is called [9, p. 2-3] a normalized slowly varying function as z — Y
(z € Ay) if the next statement is valid

Ll
lim yL W _y,
o Liy)

Definition 3. We say that a slowly varying as z — Y (z € Ay) function 6 : Ay — |0, +o0] satisfies
the condition S as z — Y, if for any continuous differentiable normalized slowly varying as z — Y
(z € Ay) function L : Ay, —]0, +00[ the next relation is valid

0(zL(2)) =0(2z)(1+0(1)) as z—=Y (z € Ay).

Condition S is satisfied, for example, for such functions as In |y|, | In |y||* (¢ € R), Inln|y|.
The following theorem is obtained in our previous work [2] and contains a necessary conditions
for the existence of the P, (Y, Y1, +00)-solution of equation (1).

Theorem 1 ([2]). Let for equation (1) o1 # 1, the function ¢1(y')|y'|~" satisfy the condition S
asy — Y1 (¥ € Ay,). Then each P,(Yp,Y1,+00)-solution of the differential equation (1) can be
represented as

y(t) = () L(t),

where L : [to,w[— R is twice continuously differentiable on Ay, and satisfies the next conditions
yomu(t)L(t) >0, L'(t) #0 as t € [t1,w] (to <t < w),

SOt
ltle L(t) € {0; £o0}, ltiTmﬂw(t)L(t) =Y, limM

tTw L(t) =0 (4)
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Thus, in the case of the existence of a finite or infinite limit

o T DL ()

te L) (5)
the following relations take place
L)L (t
I#SW(L?(t)() =—1, apl'(t)>0 as t € [t;,w] (to <t <w), (6)
L'(t
p(t) = aol(?) [1+0(1)] as t+w.

P1(L(t))eo(ma(t)L(t))
Let us introduce the following definition.

Definition 4. We say that the condition N is satisfied for equation (1) if for some continuously
differentiable function L(t) : [to,w[— R (to € [a,w]), which satisfies conditions (4)—(6), the following
representation takes place

aoL'(t)
p1(L(t))po(me (t)L(t))

where r(t) : [tg,w[—] — 1, +00[ is a continuous function that tends to zero as t 1 w.

p(t) = [1+r()],

For equation (1), in previous works [2] the necessary and sufficient conditions for the existence of
the investigated class of P, (Yp, Y1, +00)-solutions were established in case of the existence of some
infinite limit. In this work we establish sufficient conditions for the existence of P, (Yp, Y1, +00)-
solutions of equation (1) in case this limit equals nonzero real number. We also have found the
asymptotic representations of such solutions and its first order derivatives as ¢ 7 w and indicated
the number of such solutions.

To formulate the sufficient conditions for the existence of the P, (Yp, Y1, £00)-solution of equa-
tion (1), let us introduce some notations:

po = signp(y),  01(y') = 1 ()Y,
PO
L2 (1) (mu () L(1)) (o)
HIt) = 0(t) = 20 ,
L@)eo(m(t)L(E)) (88)? ] r00
r(t) =1+ R o) 24 el

For these functions the following statements are fulfilled:

1)
li =1 =1. limH(t) =+ li —
lim ey (t) =limey(t) =1, HmH(t) = xoo, limg (t) =0,
2) If the limit
L(t) H'(t
lim /()_ ()3
i L'(t) | H(1)|2

exists, then

L L) H(D)

ttw L'(t) ' ]H(t)\% =0 Q
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The sufficient conditions for the existence of P, (Yp, Y7, £00)-solutions of equation (1) in case

. mw(t)L(t) 1
lim ———2|H ==+
Ly POl = e
were found in [2].
In this work we suppose that

()L (2) 1

lim ———>|H(t)|2 = .

im " HO =, 0. < bl < +oo (8)

The sufficient conditions for this case are formulated in the following theorem.

Theorem 2. Let for equation (1) o1 # 1, the function p1(y')|y'|~7" satisfy the condition S as
y = Y1 (v € Ay,), the conditions N, (7) and (8) hold. Then

- in case appy > 0, the differential equation (1) has a one-parametric family of P,,(Yy, Y1, £00)-
solutions;

- in case appo < 0 and yJagym,(t) < 0, the differential equation (1) has a two-parametric
family of P, (Y, Y1, +00)-solutions;

- in case apuy < 0 and ydagym,(t) > 0, the differential equation (1) has at least one of
P, (Yo, Y1, £00)-solutions.

For each of such solutions the following asymptotic representations take place ast T w,

Po(mu(t)L(t)
L)
+H()|72 - o(1)].

y(t) = mo(t) - L(1) +

Y (t) = [L(t) + mu(t) - L' (1)

—

—
—

For the equation under the investigation the question of the active existence of P, (Yp, Y7, +00)-
solutions, that have the obtained asymptotic representations, has been reduced to the question of
the existence of infinitely small as arguments tend to w solutions of the corresponding, equivalent to
the investigated equation, systems of non-autonomous quasi-linear differential equations that admit
applications of the known results from the works of V. M. Evtukhov and A. M. Samoilenko [8].
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We investigate the problem of finding solutions [1]
y(t) € D*[a;b], y'(t) € L2[a; 0]

of the linear Noetherian (n # v) boundary value problem for a system of linear integral-differential
equations of Fredholm type with degenerate kernel

b
A(t)y'(t) = B(t)y(t) + ©(t) /F(y(S),y’(S),S) ds+ f(t), ty(-) =a, acRP. (1)

a

We seek a solution of the Noetherian boundary value problem (1) in a small neighborhood of the
solution

yo(t) € D?*[a;b], yo(t) € L*[asb]

of the generating problem

A()yo(t) = Bt)yo(t) + f(£), Lyo(+) = o (2)

Here

A(t), B(t) € L2 ynlasb] = L2[a; b] @ R™", (1) € L2, [asb], F(£) € L¥a;b].

We assume that the matrix A(t) is, generally speaking, rectangular: m # n. It can be square,
but singular. Assume that the function F(y(t),y(t),t) is linear with respect to unknown y(t) in a
small neighborhood of the generating solutions and with respect to the derivative y/(¢) in a small
neighborhood of the function y;(¢). In addition, we assume that the function F(y(t),y'(t),t) is
continuous in the independent variable ¢ on the segment [a, b];

Oy(-) : D?[a; b] — RP

is a linear bounded vector functional defined on a space D?[a;b]. The problem of finding solu-
tions of the boundary value problem (1) in case A(t) = I, was solved by A. M. Samoilenko and
A. A. Boichuk [7]. Thus, the boundary value problem (1) is a generalization of the problem solved
by A. M. Samoilenko and A. A. Boichuk.

We investigate the problem of finding solutions of the linear Noetherian boundary value problem
(2) in the paper [9]. Under the condition

Pp«(t) =0, rank A(t) :=00=m <n (3)
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we arrive at the problem of construction of solutions of the linear differential-algebraic system [9]
¢ = AT () B(t)z + Fo(t, vo(t)); (4)
here,
Solt, wo(t)) = AT()f(t) + Pa,, (t)ro(t),

A*(t) is a pseudoinverse (by Moore-Penrose) matrix [1], vo(t) € L?[a;b] is an arbitrary vector
function. In addition, P4« is a matrix-orthoprojector [1]:

Pas(t) : R™ — N(A*(1)),

Pa,, (t) is an (n X pg)-matrix composed of py linearly independent columns of the (n X n)-matrix-
orthoprojector:

Pa(t) : R™ — N(A(t)).

By analogy with the classification of pulse boundary-value problems [1-3,8] we say in the (3), that,
system of linear integral-differential equations is nonsingular. Denote by X (¢) normal fundamental
matrix

X'(t) = AT ()BMX(t), X(a)= In.

Substituting the general solution of the system of linear integral-differential equations (3) into the
boundary condition (1), we arrive at the linear algebraic equation

Qc=LK[f(s)](-). ()

In the critical case
Po« #0, Q:=(X(-)¢€ RP*™

equation (5) is solvable iff
Po;{a = tK[f(s)I(-)} = 0. (6)

Here, Pg+ is an (d x p)-matrix composed of d linearly independent rows of the (p x p)-matrix-
orthoprojector:
Po- : RP = N(Q).

Thus, the following lemma is proved [9].

Lemma 1. In the critical case P+ # 0, the nonsingular differential-algebraic boundary value
problem (2) is solvable iff (6) holds. In the critical case, the nonsingular differential-algebraic
boundary value problem (2) has a solution of the form

yO(t7Cr) = Xr(t)cr + G[f(S), Oé](t), Xr(t) = X(t)PQM cr € Rr’

which depends on the arbitrary vector-function vy(t) € L%[a;b]. Here, Py, is an (p x r)-matriz
composed of v linearly independent columns of the (p x p)-matriz-orthoprojector: Pg : RP — N(Q);

Glf(s);al(t) == X(1)Q " {o — LK [f(s)](-)} + K[f(s)](t)

is the generalized Green operator of the linear integral-differential problem (1);

K[f(s)](t) = X(¢) /XI(S)SO(S, vo(s))ds

is the generalized Green operator of the Cauchy problem for the integral-differential system (3).



54 International Workshop QUALITDE — 2020, December 19 — 21, 2020, Tbilisi, Georgia

In problem (1) we perform the substitution y(¢) = yo(t, ¢;) + 2(t). For
z(t) € D?[a; b], 2'(t) € L2[a;b], x(t,u,v) = Xo(t)u + ¥(t)v

we obtain the problem
b
At)2'(t) = B(t)z(t) + (t) /F(y(s),y/(s), s)ds, fx(-)=0.

Here,
b

RS /F(y(s),y/(s),s) ds e R1, uweR" Y(t):= K[P(s)](t) € D?qu[a;b].

Denote the matrix
Q:=[Q; R e R R .= (W(.) € RP*1

and P, € R@+M)xP composed of p linearly independent columns of the matrix-orthoprojector Py:
Py : RT" — N(Q).

Substituting the general solution of the system of the linear integral-differential system (1) into the
boundary condition (1), we arrive at the linear algebraic equation

Qu+Ru=0, R:=(T(-)eRP*,

Using the continuous differentiability of the function F'(y(t),y'(t),t) with respect to unknown y(¢)
in a small neighborhood of the generating solutions and with respect to the derivative y'(¢) in a
small neighborhood of the function y;(t), we expand this function

F(yt),y'(t),t) = Ar(t)y(t) + A2(t)y/(t), Ai(t) == F,(y(t),y'(t),t), Aa(t) := F,(y(t),y'(t),1).

Applying Lemma 1 to the boundary value problem (1), we obtain equation

b
BO Cp + 1/J(Cr) = 07 / yO t CT + AQ( )y6<t7cT>] dt? (7)

where
b

By := / {Al(t) [X(E) Py + (1) Pa) + Ay(t) [X' (1) Py + U/ (1) P } dt — P,

In the critical case Pp; # 0, equation (6) is solvable iff
Pgsip(cr) = 0. (8)

Here,
Pg: : RT — N(Bj), Pg, : R” = N(By)

is matrices-orthoprojectors. Under condition (8) and only under it nonsingular system of linear
integral-differential equations (1) has a solution of the form

y(t,cy) = Yu(t)ey + G[®(s);v0(s)](t), cu € RH,
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which depends on the arbitrary vector-function vy (t) € L?[a;b]. Here,

b

GlR(s)im(s))(t) = GLF(s):al(t) = BF [ [AOGL):al(t) + Ax(OG'[F(s): 1) de

a

is the generalized Green operator of the linear integral-differential problem (1), where Y),(t) is an
(n x p)-matrix composed of y linearly independent columns of the matrix:

[Xo(t) = [Xo(t) Py + W (1) Po] By [A1(1) X, (0); Ax()X1(0)] s [X (1) Py + (1) P3] P, |-

Thus, the following theorem is proved.

Theorem 1. In the critical case, under condition (6) the nonsingular integral-differential boundary
value problem (3) has a solution of the form

yo(t,cr) = Xo(t)er + G[f(s);a](t), Xi(t) := X(1)Pg,, ¢ €R,

which depends on the arbitrary vector-function vo(t) € L%[a;b]. Under condition (8) and only under
it the general solution of the nonsingular integral-differential boundary value problem (1)

y(t,c) = Yu(t)ew + GLO(s): no(s)](8), e, € R

is determined by the generalized Green operator of the nonsingular integral-differential boundary
value problem (1).

The proposed scheme of studies of the nonsingular integral-differential boundary value prob-
lem (1) can be transferred analogously to [1,5,6] onto nonlinear nonsingular integral-differential
boundary value problem. On the other hand, in the case of nonsolvability, the nonsingular integral-
differential boundary value problems can be regularized analogously [4,10].
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A large number of works are devoted to the study of various questions of control theory for
ordinary periodic differential systems (see, for example, [6,11,12] and others). For almost periodic
control systems, such studies are significantly complicated. In this direction, we can note the results
of [5,9,10], a characteristic feature of which is the consideration of the so-called regular case, when
a priori it is assumed that the frequencies of the system itself and its solutions coincide.

At the same time, as shown by J. Kurzweil and O. Vejvoda [7], the system of ordinary differential
almost periodic equations can admit such solutions that the intersection of the frequency modules
of the solution and the system is trivial. This result allows us to assume that there exist systems
with a very difference spectrum of frequencies, including asynchronous.

In [1], the control problem of the asynchronous spectrum for periodic systems was first formu-
lated. A series of conditions for its solvability are given in the monograph [2, Ch. III]. Similar
questions for quasiperiodic systems were studied in [3]. The control problem of the asynchronous
spectrum of linear almost periodic systems was formulated in [4] and the case of trivial mean value
of the coefficient matrix is considered.

Now we study the solvability of the control problem of the asynchronous spectrum of linear
almost periodic systems for which the mean value of the coefficient matrix is diagonal.

Let f(t) be a real almost periodic (Borh) function [2]. The mean value of an almost periodic
function f(t) is determined by the equality

T
F=pm Lo
0

The modulus (frequency modulus) Mod(f) of an almost periodic function f(¢) is the smallest
additive group of real numbers that contains all the Fourier exponents (frequencies) of this function.
Let be g(t,z) a vector-function that is almost periodic in uniformly relative to some compact set.
J. Kurzweil and O Vejvoda proved that the system of ordinary differential equations

= g(t,x)

can have an almost periodic solution z(t) such that the intersection of the frequency modules of
the solution and the right-hand side is trivial, i.e.

Mod(z) N Mod(g) = {0}.

In what follows, such almost periodic solutions will be called strongly irregular.
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Consider the linear non-stationary control system
t=A(t)r+ Bu, teR, x€R", n>2, (1)

where z is the phase vector of the system, u is the input, B is the constant n x n-matrix under
control, A(t) is a continuous almost periodic matrix with a modulus of frequencies Mod(A). Suppose
that the control is specified in the form of a feedback linear in the phase variables

u=U(t)x

with a continuous almost periodic n x n-matrix U(¢) (feedback coefficient), the frequency modulus
of which is contained in the frequency modulus of the coefficient matrix, i.e.,

Mod(U) € Mod(A).

It is required to obtain conditions on the right-hand side of system (1) such that for any choice
of the feedback coefficient from the indicated admissible set, the closed-loop system

& = (A(t) + BU(t))z,

does not have a strongly irregular almost periodic solution, the frequency spectrum of which con-
tains a given subset (target set). In other words, for system (1) it is necessary to find the conditions
for the unsolvability of the problem of control of the asynchronous spectrum.

We suppose that the coefficient matrix has a diagonal average value, i.e.,

A =diag(@n, ..., dpn), a3 + a2, #0. (2)
Consider the case when the matrix under control is singular, i.e.
rank B=r (1 <r<n), (3)

moreover, its first rows are zero. Let us denote by B, , the matrix composed of the remaining
rows of the matrix B. The rank of the matrix B, , is also equal to r. Taking into account the
representation (3) of the matrix B, the matrix of coefficients A(t) is divided into four blocks of the
corresponding dimensions (indicated by the subscripts):

11 12
AR AP
AP @) AP )

Ty

A(t) =

Taking into account condition (2), we write the average value of the coefficient matrix in the form

(A
o A
where E&ly = diag(ai1, ..., ddd), 293 ) — diag(@g+1d+1,- - -, Gnn). Then the oscillating part of the

coefficient matrix is also represented in the following block form:

~ -~ d.d d,r
A=A —-A=| © .
AR AT

Denote by ¢ the column rank of a rectangular d x n-matrix (ﬁélcll) Agf)).

The following theorem holds.

Theorem. Let conditions (3) and the equality ¢ = n hold. Then the problem of control of the
asynchronous spectrum of system (1) has no solution.
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1 Introduction

We present a complete overview on the qualitative behavior of solutions of the half-linear equation
(a(t)|2'|*sgnz’) — b(t)|z|* sgnz = 0, (1.1)

where « is a positive constant and the functions a, b are continuous and positive for ¢t >ty > 0.

Equation (1.1) comes out in studying radial solutions of equations with p-Laplacian operator
and have been widely investigated in the literature.

The study on the qualitative behavior of solutions of (1.1), especially as concerns the classi-
fication of solutions, the existence of monotone bounded or unbounded solutions, the growth at
infinity or the decay at zero of solutions, has a long history. Many of the results obtained in these
fields have been obtained for more general equations and it would be impossible to mention all of
them. As regards in particular the half-linear case, we recall the pioneering works of Elbert and
Mirzov [13,25] and we refer the reader for more details to the monographs [12,26] and references
therein.

Interesting contributions are due to the Georgian and Russian mathematical school. Almost
all of these papers concern very general differential equations, which include, in particular, the
Emden-Fowler equation or the Thomas-Fermi equation, see [4,6,7,16,18,22,28]. Recently, other
developments are given by the Japanese mathematical school, see [14,15,19,20,27,30] under different
point of view.

Our aim here is to present a complete overview, quadro completo, to the asymptotic behavior
of solutions of (1.1). This result is a generalization of the one corresponding for the linear equation
with Sturm-Liouville differential operator, see, e.g. [5]. In particular, we show that when the
functions a, b have, roughly speaking, a power behavior near infinity, then the complete overview is
the same as for the linear equation. Our approach follows that one in [1-3], even if here the results
are more complete and the method is slightly different.

2 Basic properties

Following the linear case, we introduce a classification of solutions of (1.1), which is based on the
one in [1-3], with minor modifications. We note that a slightly different classification of solutions of
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an equation, which includes (1.1), has been used in [27] under the additional assumption o~/ ¢
L'[tg,00) and in [30] in the opposite situation a='/® € L'[ty,00). Passing from the linear case
to the half-linear one, it is well-known that several basic differences arise, see, e.g., [12, Section
1.3]. In particular, the set of solutions of (1.1), @ # 1, is not a linear space, the Jacobi-Liouville
identity for the Wronskian and the variation of constant principle fail to hold for (1.1) with o # 1.
Independently of this fact, there are also a lot of similarities in asymptotic behavior of solutions.
Recall that any nontrivial solution x of (1.1) is defined on the whole interval [to, co) and satisfies
sup |z(t)| > 0 for any 7 > to. Moreover, the Cauchy problem for (1.1) is uniquely solvable for
te|T,00
arEy Cz)uple of initial data. In other words, given T" > tg and xg,z1 € R, there exists a unique
solution z of (1.1) satisfying z(7T') = xg, /(T) = x1 and x is defined on the whole interval [tg, 00).
Consequently, z = 0 if and only if 2y = z; = 0. Further, equation (1.1) is disconjugate on [tg, c0),
that is any nontrivial solution of (1.1) has at most one zero on [tg, 00). Hence, (1.1) is nonoscillatory.
The following holds.

Theorem 2.1. The set of nontrivial solutions of (1.1) may be divided into two classes

M* = {= solution of (1.1): Ity >t : x(t)a'(t) > 0 fort >t,},

M~ = {= solution of (1.1): z(t)a'(t) <0 fort > to},
and both classes are nonempty. In particular, solutions x of (1.1), satisfying either x(T) = 0,
2(T) >0 orz(T) >0, 2/(T) =0 at some T > tg, are positive increasing on (T, 00) and belong to

the class MY, Further, if a solution of (1.1) in the class Mt is bounded, then every solution in the
class M is bounded, too.

The proof of Theorem 2.1 follows an idea used by Mambriani to solve the well-known Thomas-
Fermi problem, see [29, Chapter XII, Section 5.]. An alternative proof can be found in [7].

The asymptotic behavior of solutions of (1.1) depends on the four integrals

t

Jp = 7a_1/a(t)< / b(r) dr> v dt, Jo= 7@‘1/0‘(75) (/Oob(r) dr) e dt,

Y = 7b(t)</ooa1/a(r) dr)a dt, Yy = 7b(t)< /t a ' (r) dr)a dt.

A complete classification of solutions (1.1) require a preliminary analysis of mutual behavior of
these integrals. Using some integral inequalities, we get the following.

Lemma 2.1 ( [11]). If o > 1, then
YQZOO:>J2:OO, YI=00 — J; = 0.

If0 < a <1, then
o= = Yo=00, Ji=00 = Y] =00.

Lemma 2.1 can be viewed as an extension of the Fubini theorem. Indeed, when o« = 1, we have
J1=Y, Jo=Ys. (2.1)

By virtue of Lemma 2.1, the possible cases concerning the convergence of integrals J;, Y;, 7 = 1,2,
are the following eight:



62 International Workshop QUALITDE — 2020, December 19 — 21, 2020, Tbilisi, Georgia

(C1): J1 =00, Jy =00, Y] =00, Yo = 00, a > 0;
(Cq): Jp =00, Jy < 00, Y] =00, Yo < 00, a > 0
(C3): J1 < 00, Jy =00, Y] < 00, Yo =00, a> 0
(Cyq): J1 <00, Jy <00, Y] <00, Yo < o0, a>0.
(C5): J1 =00, Jy =00, Y] =00, Y2 < 00, a>1;
(Cg): J1 =00, Jy =00, Y] <00, Yo =00, a>1;
(C7): Ji =00, Ja<o00,Y1 =00,Ya=00,0< <]
(Cg): J1 <o0, Ja=00,Y1 =00,Ya=00,0<a<]1.

All cases (Cy), n = 1,...,8, may occur, as examples below. Cases (C1)—(Cy), may occur for
any a > 0. Cases (C5) and (Cg) may occur only when o > 1, and cases (C7), (Cg) only when
0 < a < 1. Thus, cases (C5)—(Csg), do not occur in the linear case and so, roughly speaking, they
are typical for the half-linear case. When a = 1, that is for the linear equation, the possible cases
are only the four cases (C1)—(C4). Moreover, in view of (2.1), for the linear equation the integrals
Y71 and Y2 do not play any role.

3 A complete overview

A precise and complete classification of solutions x of (1.1) may be done by considering also the
asymptotic behavior of the quasiderivative z!), that is the function z*(¢) = a(t)|2/(t)|* sgn a’(t).
Any solution of (1.1) in the class Mt belongs to one of the following four subclasses:

t—o00 t—o00

M, :{x€M+: lim |z(t)] = co, lim | ()|:oo},

reEM": hm z(t)] = oo, lim |z ()|<oo},

t—ro0

t—o00

{J: e M*: lim |z(t)] < oo, lim |zl (t)| = oo},
t—o0
+ _ . : [1] }
My, = {xeM : tlgglo\x(t)|<oo, tlggl@b; ()] < o0p.
Similarly, any solution of (1.1) in the class M~ belongs to one of the following four subclasses:

My, = {w e M Jim a(t) #0, lim 21(t) £ 0},

—00 t—o00

M, = {:1; eM™: lim z(t) #0, lim zlU(t) = 0},

t—o00 t—o00

M, , = {x eM™: lim z(t) =0, lim 21 (t) # 0}’

B t—o00 t—o0
M—:{ M~ i =0, lim 2l :}.

0.0 x € tiglox(t) 0, Jim (t)=0
Unbounded solutions x of (1.1) are also called either strongly increasing (as t — o0) or regular
increasing (as t — o0), according to x € MOO o Or x € M7 00,07 respectively. Such a terminology
originates from the Georgian mathematical chool see [18, 22] Indeed, when a(t) = 1, for any
unbounded eventually positive solutions x, we have either

t t
0 2(t)

m—==o00 or lim —==1/,, 0</{,; < o0,
t—oo t—oo ¢
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according to x is strongly increasing or regular increasing, respectively. Analogously, solutions x of
(1.1) such that lim;_,~ x(t) = 0 are called either strongly decaying or regular decaying (as t — o0),
according to x € Mo_, 0> or T € M, respectively. Sometimes, solutions in the subclasses Mjo,oo and

M, are called extremal solutions.
The following result gives a complete overview of the asymptotic behavior of solutions of (1.1).

Theorem 3.1. For the half-linear equation (1.1) we have Mt # @&, M~ # &. Further,
(1) If (C1) holds, then M" = ML, . # @ and M~ = M, # .
(2) If (C2) holds, then Mt = M, # @ and M~ = M, # @.
( ) holds, then MT = MZOO # @ and M~ =M, # 2.
(4) If (Cy) holds, then Mt = I\\/JIZZ # 0, M, # 2, M, # @, Mg, # & and My, = .
(5) If (Cs) holds, then Mt = M:o,z # @ and M~ =My, # 2.
( ) holds, then M" = MY,  # & and M~ = My, # 2.
(7) If (C7) holds, then M™ = M{,  # @ and M~ =M, # .
(8) If (Cs) holds, then M™ = M/ # @ and M~ = M, # .

A complete proof of Theorem 3.1 can be found in a forthcoming monograph [8, Chapter V]. It is
based on several tools. In particular, we use the Tychonoff fixed point theorem, certain functional
integral inequalities jointly with a comparison between (1.1) and the equation

1 N1/« / ! 1 1/c .
(bl/a(t) ] sgn ') at/agp) /*sgnz =0, (3.1)

which comes from (1.1) replacing a by b=V , b by =/ and a with a~!. Equation (3.1) is called
reciprocal equation to (1.1) and its role in studying the qualitative behavior of solutions of (1.1)
is described by the Reciprocity Principle, see, e.g., [2,12]. In particular, observe that the integrals
J1 and Jo read for (3.1) as Y2 and Y7, respectively. Further, also some interesting properties of
solutions of (1.1) are also used in the proof, like the property that two solutions of (1.1) can cross at
most at one point T' > tg, whereby the case T' = oo is included, when these solutions are bounded.

Theorem 3.1 extends [3, Theorem 1] by giving the complete classification of solutions. Alterna-
tive proofs of some claims of Theorem 3.1 can be found in [3, Theorem 1], too.

4 Examples

Example 4.1. Consider the half-linear equation (1.1) and let there exist p, v € R such that

t b(t
lim a(t) = Uoo, lim b(t) = boo; Goo,boo € (0,00). (4.1)

t—oo tH t—oo tY
Using a standard calculation and Lemma 2.1 we have
Ji=00 <= Y1 =00 and Jy =0 < Yy = 0.

Consequently, when (4.1) holds, the possible cases concerning the convergence of integrals J;, Y;,
i =1,2, are the four cases (C1)—(Cy). In other words, in this case the integrals Y7, Y2 do not play
any role. Hence, the situation is exactly the one which happens in the linear case.
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Example 4.2. Consider the half-linear equation for ¢ > ¢y > 0,
(e*3t(x')3)/ —t%e ¥y = 0. (4.2)

For equation (4.2) we have

T T 3
Y7 = lim t2e3t</er dr> dt =
T—o0
t

to

Hence, by virtue of Lemma 2.1 we get J; = oo. Moreover, we have

00 00 1/3 0o 00 1/3
Jy = /et(/TQeBT dr) dt > / </7"2 dr) dt = oo, (4.3)
t

to t to

and
oo

00 t 3
Y, = /t263t</e7" dr) dt < /t2 dt < oo. (4.4)
to to to

Thus, for equation (4.2) the case (Cs) holds and so, in view of Theorem 3.1, we obtain M =
M7, , # @ and M~ = Mg, # @.

Example 4.3. Consider the half-linear equation for ¢ > ¢y > 0,
(t2/3et|x'|1/3sgnaj')/ —ef|z|Y3sgnx = 0. (4.5)

For equation (4.5) we have Jy = co. Hence, by virtue of Lemma 2.1 we get Yo = co. Using (4.3)
and (4.4) we get J; < oo and Y] = co. Then, for equation (4.5) the case (Cg) holds and so, in view
of Theorem 3.1 we obtain M™ = I\/JIJr # @ and M~ = Mg, # @. Observe that equation (4.5) is
the reciprocal equation to (4.2). Hence the classification of its solutions can be obtained also using
the results in Example 4.2 and the Reciprocity principle.

Example 4.4. Consider the half-linear equations for ¢ > ¢y > 1,
(=’ 112 sgn :z')/ — 732 (log t)2/3)z|" 2 sgnx = 0 (4.6)
and
(t3(10g £)*3(2")? sgn x’), —z%sgnz = 0. (4.7)

A standard calculation gives for equation (4.6) that Jy < oo, Yo = 0o and Y; = oco. Thus,
Lemma 2.1 yields J; = oo and the case (C7) holds. Applying Theorem 3.1 we obtain for equation
(4.6) Mt =M% oo 7P and M~ =M, # @.

Now, consider equation (4.7). Since this equation is the reciprocal equation to (4.6), for equation
(4.7) we have J; = Jo = Y5 = 0o and Y] < co. Thus, for equation (4.7) the case (Cs) holds and by
Theorem 3.1 we get M* = MZ,  # @ and M~ =M, # 2.

Some applications of Theorem 3.1 to the nonlinear differential equation
(a(t)|2’|*sgna’)" — b(t)F(z) = 0,

where the weight b has indefinite sign and F' is a continuous function on R such that wF'(u) > 0
for u # 0, can be found in [9,10].
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Consider the differential equation

/

y" = aop(t)e(y), (1)

where a9 € {—1,1}, p : [a,w][—]0,400[ is a continuous function, y < a < w < +00, ¢ : Ay, —
10, +o0[ is a continuously differentiable function such that

. or 0, . "
O (y) #0 for y € Ay,, lim ¢(y) = lim w =1, (2)
y—0 or +OO, y—Yp SQ (y)
yGAYO yEAYO

Yy equals either zero or +o00, Ay, is some one-sided neighborhood of Y.
From the identity

!/

S

"(y
©"(Y)ply) (505

Py (L) 1 fory € Ay
)

=
~—

b

and conditions (2) it follows that

/ /! /
#y) ('0/ ) for y — Yy (y € Ay,) and lim ye'(y)
vy) ') o e(y)

0

This means that in the considered equation the continuous function ¢ and its first order derivatives
are (see [8, Ch. 3, §3.4, Lemmas 3.2, 3.3, pp. 91-92]) rapidly changing as y — Yj.

For two-term differential equations of the form (1) with nonlinearities satisfying condition (2),
the asymptotic properties of solutions were studied in the works of M. Maric [8], V. M. Evtukhov
and his students N. G. Drik, V. M. Kharkov, A. G. Chernikova [3-5].

In the works of V. M. Evtukhov, A. G. Chernikova [3] for the differential equation (1) of the
second order in the case, when ¢ is a rapidly changing function as t — +00, the asymptotic prop-
erties of the so-called P, (Yp, Ag)-solutions were studied. In this work, we propose the distribution
of these results to third-order differential equations.

Definition 1. Solution y of equation (1) is called P, (Yp, Ag)-solution, where —oco < A\g < 400, if
it is specified on the interval [to,w[C [a,w[ and satisfies the following conditions

y(t) € Ay,, where t € [to,w][,

0
lmy(t) =Yy, limy®@) =" 7 k=12 lim—2_2 __ ).
rou y( ) 0 o Yy ( ) {or +o0, thw y”’(t)y'(t) 0
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The goal of this work is to establish the necessary and sufficient conditions for the existence
for equation (1) of (Y, Ag)-solutions in the non-singular case, when A\g € R\ {0, 1, %}, and in the
singular case, when \g = 1, as well as asymptotic for ¢ 1 w representations for such solutions and
their derivatives up to the second order.

Without loss of generality, we will further assume that

Av — [yo, Yo[ if Ay, is a left neighborhood of Yp,
Yo~ 1Y0,%0] if Ay, is a right neighborhood of Yy,

where yp € R is such that |yp| < 1 when Yy = 0, and yp > 1 (yo < —1), when Yy = +oo (when
Yy = —0).
The function f : Ay, — R\{0}, satisfying condition (2), when Yy = o0, and 1i1_{1 fy) = +o0,
Yy—T00
belongs to the class I'y, (Zp) of the functions ¢ : Ay, —]0,+o0[, where Yy equals either zero or
+00, and Ay, is a one-sided neighborhood of Y, for which

. 0,

lim (y) = Zo = { (3)
y—=Yp or oo,
yEAYO

which extends the class of function I', introduced by L. Khan (see, for example, [6, Ch. 3, p. 3.10,
p. 175]).

If f € I'y,(Zy) with the complementary function g, and, moreover, is continuous and strictly
monotone, then there exists a continuous strictly monotone inverse function f=1 : A Zo — Ay,
where

[207 ZO[ ) .
Azy = { 7 20 = f(yo), Zo= lim f(y).
or ] 0720]7 yeA;)O

We introduce the necessary auxiliary notation. We assume that the domain of the function ¢
in equation (1) is determined by formula (3). Next, we set

1 if Ay, = [yo, Yol,

. / .
po = signy'(y), vo =signyo, v = .
{_1 if AYO :]}/an(]]?

and introduce the functions

A

g
—~
3
~—
o]
—~
3
~—
U
=
b
—~
£
I
UU\@
U
V)

©(s)
where
t it w= 400,
Ty =
t—w if w< 4o,
w Yo
w if /773(7')10(7) dt = const, Yy if /dS = const
. B_ J ©(s)

a if /773(7’)})(7’) dr = o0, yo if [ % = const.

Yo
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Considering the definition of P, (Yp, Ag)-solutions of the differential equation (1), we note that
the numbers vy, v1, vo and g determine the signs of any P, (Yp, \g)-solutions of its first, second
and third derivatives (respectively) in some left neighborhood of w. It is clear that the condition

1 <0, if Yp =0, w1 >0, if Yy = Fo0,

is necessary for the existence of such solutions.
Now we turn our attention to some properties of the function ®. It retains a sign on the
interval Ay, tends either to zero or 0o when y — Y{ and increasing by Ay, because on this

interval ®'(y) L > 0. Therefore, for it there is an inverse function =1 : Az — Ay,, where

o)
due to the second of conditions (2) and the monotone increase of ®~1,
0 Zo| for Ay, = [yo, ¥
Zo= lim ®(y) = ; Ay = [20, Zo[ for Ay = [yo, Yo, 20 = o(y0).
yy::;% or —+oo, ]Z[), Zo] for Ayo :]Yb, yo],

For A\g € R\ {0;1; 3} we also introduce auxiliary functions:

ao(o — 1278 (D) (2 (ap 25 (A — 1) (1))
Q(t) = _ Do—1)2 5
)\(]CI) 1(0&0 0)\701](25))
~1( gy, Go=1)? D=1 (o Qo=D)?
- 2 Hap ol J(t))so@(ql;( o Qoc J<t>>)7
(@1 (ap Yo (1))

For equation (1) the following assertions take place.

Theorem 1. Let Ao € R\ {0;1; %} Then for the existence for the differential equation (1) of
P, (Yo, \o)-solutions, it is necessary to comply with the conditions

apridg >0, i (2X0 — 1)(Ao)mw(t) > 0 and agporoJ(t) <0 for t € (a,w), (4)
ap . . Tu(t)J'(t) ) 200 — 1
—1 t)=2p, lim———+== 1 t) = .
no to 7O = TG T WA= R ®)

Moreover, for each such solution, the following asymptotic representations take place:

—1)2 o
y(t) = @~ (ag (/\0/\01) Jm) |1+ H((lt))} for t 1w, (6)
1) & (e Qo gt
Jo = Qo DT HTO oy for e @
o (I)—l a (Ao—l)QJt
y'(t) = )\Ei\j)\_o 1)21) ( 07T2 (/\to) (®) [1+0(1)] for t 1 w.

Theorem 2. Let \g € R\ {0;1;1}, conditions (4), (5) met, there exist a finite or equal to oo
limt

and there exist the limit
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Then, the differential equation (1) has at least one P,(Yp, \o)-solution, which allows for t 1 w
the asymptotic representations

L o1 of)
y(t) = @7 (a0 = T0) [1+ 5 |
_ _ 2
/)= ot s (a0 P o) o) 0
2 ,
/) = e e (a0 )+ o)

and in the case when
f0Ao(2A0 — 1)(Ag — 1) <0 for t € (a,w),

the differential equation (1) has a one-parameter family of P,(Yy, \o)-solutions, but in the case
when

poAo(2A0 — 1) (Ao — 1) >0 for t € (a,w),

the differential equation (1) has a two-parameter family of P,,(Yo, Ao)-solutions with representations
(6), (7), and such that the first and second order derivatives allow the asymptotic representations (8).

Introduce the functions

! 51503 (s)
where
( w Yo
1 . ds
w if /ps (1) dT < 400, Yo if /21 = const,
S lslBeb(s)
Ay = % B, = Yo d
. 1
o it [phr)dr =0, woit [ e
S AT

Consider the definition of P, (Yp, 1)-solutions of the differential equation (1). It is clear that the
conditions
vr1 <0, if Yo=0, v >0, if Yy =+o0o,

and
viag <0, for hTmy(t) 0, wrap>0, for hTmy(t) +o0,
w w
are necessary for the existence of such solutions. For Ao = 1, we also introduce the auxiliary
functions
ooy Jg(t)
Q1(t) = 2 1 )

%uéwmhwﬁwuqﬂmhw»
O (i (8)¢ (D7 (11 i (1))
p(@T (1A (1))

9

Ja(t) =

B—

t
P(r) (@7 (11 Ty (7)) dr. sz/bwmn
Az
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where
to if /p(T)gp(@l_l(VlJl(T)))dT: +o00, to if /JQ(T) dr = 400,
A2 == t20.) A3 = tgw
w if /p(T)gp((Dll(l/lJl(T)))dT < 00, w if /JQ(T) dr < 400,
to \ 3
to,13 € [a,w].

For equation (1) the following assertions take place.

Theorem 3. For the existence for the differential equation (1) of P, (Yo, 1)-solutions it is necessary
to comply with the conditions

apry > 0, porrJi(t) <0 for t €la,w|,

/ -1
wlim (1) = Zo, lim ”“’f]?éﬁ(t) = oo, Tmar() =1, tim " “0((1)1( }Qy(lt‘)])lz(t)))‘]g(t)
Moreover, for each solution, there take place the asymptotic representations for t T w
o(1) }
Hi(t))
Y (8) = nips (005 (27 (1 11 (D) (7 (1111 (1))
y'(t) = ao2(t)[1 + o(1)].

Similarly to Theorem 2, we prove a sufficient condition for the existence of B, (Yp, 1)-solutions.

=1.

y(t) = B (a0(ho — DI (H) 1+

Wl

[1+o(1)],
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1 Introduction
Consider the Sturm—Liouville problem

v +Q(x)y+ My =0, xe€(0,1), (1.1)
y(0) = y(1) =0, (1.2)

where @ belongs to the set T, 5., of all measurable locally integrable on (0,1) functions with
non-negative values such that the following integral conditions hold

1
/1’ 1_1‘/3627( ) .1'21, 075776R7 7#07 (13)
0

z(1—2)Q(z)dr < 0.

o _

A function y is a solution to problem (1.1),(1.2) if it is absolutely continuous on the segment
[0,1], satisfies (1.2), its derivative y’ is absolutely continuous on any segment [p,1 — p], where
0<p< % , and equality (1.1) holds almost everywhere in the interval (0, 1).

This work is a continuation of studies of estimates for the first eigenvalue of the Sturm-Liouville
problem with the equation y” + AQ(z)y = 0, Dirichlet boundary conditions, and a non-negative
summable on [0,1] potential @ satisfying the condition [|@l|r, 1) = 1, v # 0, initiated by
Y. V. Egorov and V. A. Kondratiev in [1]. We study a problem of that kind provided the in-
tegral conditions contain weight functions.

Forvy <0, a<2y—-1, —o< < 4+0ory <0, 8<2y—1, —0 < a < 400, the set
To~ is empty and the first eigenvalue of problem (1.1),(1.2) does not exist. For other values of
a, B,7,v # 0, denote

Ma’gﬁ = sup /\1(@)
QETQVBV.Y

2 Main results

It [2], the following theorem was proved.

Theorem 2.1. If0 <y <1, a,8> 2y —1, then My~ < 2.
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In the proof of this theorem it was supposed that for any 0 < v < 1, o, 8 > 27 — 1 we have
Muyg~ = 72, that is, for any sufficiently small ¢ > 0 there exists a function Q € 14,3,y such that
A1(Q) > (7 — €)%, Under this assumption we got a contradiction with condition (1.3), namely, it
was proved that in this case there exists a positive constant C, depending on «, f3, 7y, such that

1
/aza(l —2)PQ" (z)dx < CeM
0

where

Let us prove the following
Theorem 2.2. If o, 3 > 1, then M, g1 < 2.

Proof. Suppose that M, g1 = 2, o, B> 1.
Let 0 < v < 1. By the Holder inequality, we have

1 1
/:n ) Q7 (z) dx<</:z‘ (1-2)’Q(x)d )7.
0 0

Then

(

Note that, for 0 < v < 1, the inequality ay > 2v — 1 holds if and only if a > 1. Similarly,
By >2y—1ifand only if 8 > 1.

Denote by Tyoy,8+, & set of measurable non-negative locally integrable on (0,1) functions @
such that

2971 — )P Q7 (z) > /Ix 1—2)°Q(z)dz = 1. (2.1)
0

O\H

1
<O/x (1-2)"Q"(x)d > < 1.

Toz,ﬁ,l - Ta%ﬁ%v-

By virtue of (2.1),

If we suppose that

Magi= sup M(Q) =7,
QGTQ,B,l

then for 0 < v < 1, we also have

Moy pyy = sUP M(Q) = w2
QeTa%B%’Y

IfMypg1= sup M(Q)= 72, then for any ¢ > 0 there exists a function Q, € T 5,1 such that
QGTO(,B,I

M(Qy) > (m—e)2
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This function @, belongs to fa%g,w either and following the proof of Theorem 2.1, we can find a
positive constant C, depending on «, (3, , such that

1
/wm(l —2)PQ, 7 (x) de < CeM
0

where ) . ) .
M:min{(av— vy (By—2v+ )7}.
1—v+ay 1—v+pBy
Suppose that M = % (in case M = % the proof is similar). For any 0 < v < 1,

a > 1, we have ay > 2v — 1 and M is positive.
(ay—=2y+1)y
Note that for a fixed a > 1, if v approaches 1, the exponent of ¢ 1-7+ov  approaches a concrete

positive number == 1

As soon as vy tends to 1, the factor C, depending on «, 3,7, tends to some constant C. Let us
choose € in such a way that the following inequality

holds.
Then we get a contradiction

1 1
/x (1—2)PQ(x) da:—hm(/a: (1—2)"Q(z)d ) <05 <
0 0

1 1
Note that, while v increases from 0 to 1, the integral ( [ (1 —2)P7Q(2) dw) 7 also increases.
0

Indeed, if y; < 2, then by virtue of the Holder inequality, since % > 1, we have

71

1 1
/ a’Yl 5’71@“/1 dx < </ a2 1 _ a: 5“/2@’72( )dl’) 72
0 0

<0/ 2N (1 — )P (2) ) (0/ 22 (1 = )2 Q7 (2) d >”2. 0
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Let us consider the Robin eigenvalue problem
Au+Iu=0, e, (1)
(50 + )
5, T U

Here Q C R", n > 2, is a bounded domain with the sufficiently smooth boundary I". We denote by
A(a) the first eigenvalue of problem (1), (2). Consider also the Dirichlet eigenvalue problem

=0, aeR. (2)
zel

Au+du=0, €, (3)

u|mer =0. (4)

Let AP be the first eigenvalue of problem (3), (4), and u’(z) be the first Dirichlet eigenfunction,
satisfying HU1D||L2(Q) =1.
In the papers [1-5] we get the following statement.

Theorem 1. The eigenvalue )\f'(a) satisfies the asymptotic representation

M) = AP — a0t —apa 2 4+ 0(a7?), a — 4o, (5)
ouP\2 oud ov
a1 = / (W) dS, a9 = / Wa ds. (6)
r T

The function v € HY(Q) is a solution of the boundary value problem

D2
Av—l—)\?v:/(aaulj> dsuP, ze€Q, (7)
r
ouP
Vher ==, (8)

satisfying the condition

(/mfdx:& (9)

Q

Problem (7)—(9) has a unique solution.

In this paper we establish two-sided estimates for the coefficient a; in formula (5).
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Theorem 2. Let Q C Bg,(0) = {x € R": |z| < Ry} and b(x) = (b1(x),...,bn(x)) € CL(Q) be a
vector function. Then the following estimates hold:

27
< <4 inf 1)x;j A Q) — . 1
o ax n belc{ll(ﬁ)i,jgllz?.{-,n [1(64)a ||C’(Q)>\1 ) Hf(x)HC(Q) igg‘f(i’?)’ (10)

blr=v
Definition. We call I a strictly star-shaped surface if the inequality (v, 2) > 0 holds for all z € T.
Theorem 3. Let I' be a strictly star-shaped surface. Then the following estimate holds:

2\P
<=1 1
= inf (v, x) (11)
zell

Let us note that for 2 = Bg,(0) it follows from (10), (11) that a; = % .

Proof. By direct computation we have the following equality for solutions of problem (3), (4):

n

/(b, V2 ds = / (2 Z (bi) e, Uy Uge; + divb(/\u2 - |Vu|2)) dzx. (12)

i o dd=l

Using (12) for b|r = v, we get

/u ds—/(b v)u2 d3<2/ Z i) Uy U da:+/|d1vb\ (|Vul® + M?) da. (13)

T T 3,j=1
We have
n
D i)y tate; < x| (Bi)a lloy D Jte] sy

ij=1 " ij=1

= max [z, (Z]um) <n,max ([0l VP, zeQ. (14)

Now, combine (13), (14) and the inequality

| divb| < n_max 100)z; o), = €9,

we get

/u ds < max H(bi)xjuc(ﬁ) <3n/|Vu|2dg:+)\/u2dx>. (15)
r Q

1,7=1,..
Q

/Vu|2dx:)\/u2 dx. (16)
Q Q

It follows from (3), (4) that

Therefore, by (15) and (16),

/u ds <4n max ](bi)xj\C(Q)A/UQ dzx. (17)
r

1,7=1,..
Q
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Taking u = u?’ with ”UlDHLZ(Q) =1, we get from (6) and (17) the upper estimate (10).
Let us prove now the lower estimate (10). We have the Rellich equality for normalized in L (12)
eigenfunctions of problem (3), (4) (see [6,7]):

A= ;/(m,y)uz ds. (18)

r

Therefore,

2\ = /(w,u)uz ds < [ |zju?ds < Sup/ug ds < Ro/uz ds.
r r Ty r

Now, for u = uP’ we obtain

alz—l. L]
0

The proof of Theorem 3 is based on the Rellich equality (18) for u{j in a strictly star-shaped
domain §2.
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1 Introduction and setting of the problem

It is known that the local characteristics of processes in micro-inhomogeneous medium contain
functions of the form a(%), where € > 0 is a small parameter. Passing to averaged parameters is
an effective tool for studying such processes [10]. Such a procedure for parabolic operators was
justified in [7]. Optimal control problems for parabolic equations with fast oscillating functions in
the coefficients were investigated in [1,6,12,14]. General questions of the solvability of systems of the
reaction-diffusion type were investigated in [4,9,13]. In this paper, we consider the optimal control
problem on semi-axis for the reaction - diffusion equation with a coercive objective functional,
whose coefficients contain fast oscillating functions.

More precisely, let @ C R™ be a bounded domain, ¢ € (0,1) be a small parameter. In the
cylinder @ = (0, 00) x €2, the controlled process is described by the evolutionary system

?;i =div [a(%)Vy} — b(g)f(y) +u(t, x),
Vlon = )
Yl = vo(),
ueU C L*Q), (1.2)
J(y,u) = /qg(t,x,y(t,z))y(t,x) dtdx + 7/u2(t,az) dtdex — inf, ~ > 0. (1.3)
Q Q

Under natural assumptions on parameters we prove the following limit equality
J(ysvﬂe) — J(ya ﬂ)7 € — 07

where {7°,u°} and {y,u} are optimal processes of the perturbed problem (1.1)-(1.3) and the
corresponding averaged problem.

2 Main results

We will consider the optimal control problem (1.1)—(1.3) under following assumptions:
a is a measurable, periodic, symmetric matrix satisfying the condition of uniform ellipticity and

boundedness
n

n n
Ve eR" VneR" 1/12771-2 < Z aij(z)nin; < 1/227],-2, (2.1)

i=1 ij=1 i=1
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b € L>°(R"™) is non-negative, bounded, periodic function,
dby >0, dbp >0, VseR boSb(S)Sbl, (2.2)
nonlinearity f € C(R) satisfies the standard conditions of sign and growth:

Ja>0, C>0, p>2: VseR, f(s)-s>als, |f(s)]§C(1+|5]p_1), (2.3)
U is convex, closed set in L*(Q), 0 € U.

The function g. : @ x R — R is a Carathéodory function, and there exist a constant K > 0
independent of ¢ € (0,1) and non-negative functions K; € L'(Q), K2 € L*(Q) such that

G(t,2,8)§ > —Ki(t,2), [ge(t, 2, 8)| < K[¢] + Ka(t, x). (2.4)

Under conditions (2.1)—(2.3), it is known [13] that for any ¢ > 0, Vu € L?(Q), V5 € L?(%),
problem (1.1) has at least one solution y = y(¢, ) in the class

W= {y € L*(0,00; HY () : % e L*(0, oo;H—l(Q))}.

Moreover, each solution (1.1) from W belongs to C([0,00); L%(Q)).

Theorem 2.1. Under conditions (2.1)—~(2.4) the optimal control problem (1.1)—(1.3) has a solution
{y=,w°}.

Now let us discuss averaged problem (e = 0).

We assume that a constant, positive defined matrix @ is averaged for a(Z) [10], the number b is
the mean value of a periodic function b(x), and there exists a Carathéodory function ¢ : @ xR —— R
such that

Vr >0 q(t,z, &) — q(t,x, &) weakly in L*(Q) uniformly with respect to [¢] < 7. (2.5)

Consider problem (1.1)—(1.3) with averaged coefficients

gt = div[aVy] — bf(y) + u(t, z),
Ylpo =0, (2.6)
y‘t:O = y0(@),
uweUC L*Qr), (2.7)
J(y,u) = /q(t,x, (t,x))y(t,x dac—}—w/uQ ) dt dv — inf . (2.8)
Q Q

Using convergence (2.5), it is easy to show that the function ¢. : @ xR — R satisfies inequalities
(2.4). Then, by Theorem 2.1, we can assert that problem (2.6)—(2.8) has a solution {y, u}.
We will assume the following additional condition:

for any w € U problem (2.6) has a unique solution. (2.9)

Condition (2.9) will take place if f € C1(R) and f(s) > —Cs [13], or b- f(s) = 0
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Theorem 2.2. Let conditions (2.1)-(2.4), (2.5), (2.9) be satisfied, and in (2.3) we have

2, if n >3,
p=1.3, if n=2, (2.10)
4, if n=1.

Let also for some number | > 0 the following condition be fulfilled
|0 (t,2,61) = ¢e(t, 2, &2)| < &1 — &l (2.11)
Then the limit relation is true
J(y©,u®) — J(y,u), e =0,

where {g¢,u°} and {y,u} are optimal processes in problems (1.1)—(1.3) and (2.6)—(2.8).
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The differential equation )

%—I—u(mz—l)%—i—x:O (1)
depending on the real parameter p has been introduced by the Dutch engineer and physicist
Balthasar van der Pol [4] in 1926 to describe self-oscillations in a triod circuit. If we replace ¢
by —t and p by —p, then equation (1) remains invariant. Thus, to study the phase portrait of
equation (1) we can restrict ourselves to the case p > 0. It is well-known (see, e.g., [3]) that (1)
has for ;1 > 0 a unique limit cycle I'(1) which is orbitally stable and hyperbolic. For small pu,
the periodic solutions = = p(t, u) describing the limit cycle I'(u) behave like the solution of the
harmonic oscillator, for large p, p(¢, 1) represents a relaxation oscillation. In what follows we derive
differential systems which distinguish in their structure but whose phase portraits are topologically
equivalent to that of the van der Pol equation (1). The reason to do this consists in the intension
to find the most suitable form for studying the localization and the shape of the limit cycle for
arbitrary values of the parameter.

The main tool for our investigation is the method of Dulac-Cherkas functions which was intro-
duced by L. A. Cherkas in 1997 [1] as a generalization of Dulac method [2]. We recall the definition
of Dulac—Cherkas function for the planar autonomous differential system

dx dy
in some open region G C R?, where P,@Q € C'(G,R) and X is the vector field defined by (2).

Definition 1. A function ¥ € C'(G,R) is called the Dulac-Cherkas function of system (2) in G if
there exists a real number x # 0 such that

O(x,y, k) := (grad ¥, X) + k¥ divX >0 (<0) in G. (3)
In case k = 1, ¥ is a Dulac function.

Remark 1. Condition (3) can be relaxed by assuming that ® may vanish in G on a set of measure
zero, and that no oval of this set is a limit cycle of (2).

For the sequel we introduce the subset W of G defined by W := {(z,y) € G: ¥(z,y) = 0}.
The following theorem can be found in [1,2].
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Theorem 1. Let ¥ be a Dulac—Cherkas function of (2) in G. Then any limit cycle I' of (2) located
entirely in G has the following properties:

(i) T does not intersect W;
(ii) T 4s hyperbolic;
(iii) the stability of T is determined by the sign of the expression k®W¥ on T.

Property (ii) has the strong consequence that the existence of a Dulac—Cherkas function implies
that system (2) has no multiple limit cycle.

Theorem 2. Let ¥ be a Dulac—Cherkas function of (2) in G such that the set W contains some
oval Wy with the property that the open region Gy bounded by Wy belongs to G and that Go N W is
empty. Then there is no limit cycle in Gy.

Corollary 1. Under the assumptions of Theorem 2, Wy can be used as interior boundary of a
possible Poincaré—Bendizson annulus.

The following result is also known [2].

Theorem 3. Let G be a simply connected region where ¥ is a Dulac—Cherkas function of (2) such
that W consists of one oval in G. Then system (2) has at most one limit cycle in G.

Now we note that (1) can be rewritten as the system

dr y
dt ’ (4)
dy 2
o = el =1y
of Liénard type. The goal of our investigation is to construct Dulac—Cherkas functions for systems
equivalent to the van der Pol system (4) such that the zero-set of these functions consists of
a unique oval which can be used by Corollary 1 as interior boundary of a Poincaré—Bendixson
annulus containing the unique limit cycle of the corresponding system. At the same time we
study the problem whether a Dulac—Cherkas function for an equivalent system can be obtained by
applying the equivalence relation to the known Dulac—Cherkas function. We start with the original
van der Pol system.

Lemma 1. The functions
Vo(w,y) =2 — 1+ (5)

and
3

8 x 5
— - - 6
3+u(x 3)y+y (6)

are Dulac—Cherkas functions for system (4) in R? for u > 0.

\Ijb(m7 Y, :u) = xZ

The corresponding expressions (3) read
q)a(wv _27/’0 - 2“(1.2 - 1)2 > 0,

2
(7, ~1,p) = 5 p(a® = 2)* >0

for k = —2 and kK = —1, accordingly.
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Remark 2. The zero-sets W, and Wy (p) of the functions W, (z,y) and ¥y(z,y, ) consist of a
unique oval for 4 > 0. Thus, these ovals can be used as interior boundaries for a Poincaré-
Bendixson annulus. We note that the parameter dependent oval W (i) represent for small p a
better approximation of the van der Pol limit cycle I'(u).

For the first time the function ¥, (z,y) was constructed by L. A. Cherkas in the paper [1]. Next
we consider the system

 _ -y
Wzt (-
dt ’

which we obtain from system (4) by the scaling z = \/u 2,y = \/iy. The representations (4) and
(7) are especially useful for small p: if p crosses the value 0, the unique limit cycle I'() in system
(4) bifurcates from the family of circles with center at the origin, while in system (7) the limit
cycle I'(u) bifurcates from the origin (Hopf bifurcation). We note that in the case u = 0 the phase
portraits of these systems are not topologically equivalent.

Lemma 2. The functions

Uo(T, 7, 1) =T + 5 — (8)
and
= 2,2 8 TN
Uy (T,7, 1) =T 47 —gwr(/wr—g)y 9)

are Dulac—Cherkas functions for system (7) in R? for u > 0.

Both ovals corresponding to the functions (8) and (9) can be used as interior boundaries for a
Poincaré-Bendixson annulus. Now we study the singularly perturbed system

dr (10)
2
- - -1
which we get from system (4) by the scaling t+ = p7 and using the notation ¢ = 1/u2. In the
case u = 1 both system coincide such that the functions ¥, and ¥, defined in (5) and (6) are also
Dulac—Cherkas functions of system (7). For p # 1, this scaling changes not only the velocity running
along the trajectories but also the vector field such that ¥, and ¥, are not longer Dulac—Cherkas
functions of system (7).

Lemma 3. The functions
U, (z,y,e) =22 — 14 ey?
and 5
8 x
Uy(z,y, ) = x? — 3 + (x — E)y + ey?

are Dulac—Cherkas functions for system (10) in R? for e > 0.
In the similar way we derive the following results for three other van der Pol equivalent systems.

Lemma 4. The function

3

(&, m,p) =& — g +u(n— %>5+n2
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is a Dulac—Cherkas function for system

s _ _
dt - 777
dn _ 773)
T M(ﬁ + 3 +¢
in R? for u > 0.
Lemma 5. The function
- —92 8 i 73 —
V(Emp) =8 —cp+ (;m - 1)5
3 3
18 a Dulac—Cherkas function for system
e _
da "
dj _ - 7’
g =St =g

in R? for > 0.

Lemma 6. The function

8
U(Ene) =@+t~ e+ (n- )¢

is a Dulac—Cherkas function for system

a _
dr s
dn n?
S N A

in R? for e > 0.

Finally for the van der Pol system we present an approach for the construction of an outer
boundary for the Poincaré-Bendixson annulus which does not require an approximation of any
orbit.

Theorem 4. The algebraic ovales

Pyt =1
and
2 2 2
2 x) ov2 M 4 B g _
2- 2 )41 L e -
y~|—uyaz< 3 + (14 p%)z TR C(u) =0

form a global algebraic Poincaré-Bendizson annulus for system (4).

In the proof of this theorem we describe a way how the function C(u) depending on the pa-
rameter p can be selected. Our approach implies the uniqueness of a limit cycle in the constructed
Poincaré-Bendixson annulus.
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The deterministic McKendrick-von Foerster model

0 0

8—? + a—z =—m(t,a)u (t,a>0) (1)
is widely used to examine age-structured populations [2,4,6]. It is usually equipped with the initial
condition

u(0,a) = x(a) 2 0

and the non-local boundary condition
u(t,0) = b(t) = / B(t. a)u(t, a) da > 0.
0

Here u(t,a) is the size (density) of a certain population of a given age a > 0 at time ¢t > 0,
m(t,a) > 0 is the per capita mortality rate and b(¢) is the birth function that depends on the
age-structured size of the population and the per capita birth rate (¢, a).

Eq. (1) is a balance equation that can be derived from the basic biophysical principles by letting
the increments in time and age be infinitely small and under the assumption that the population
is isolated. This explains why the McKendrik-von Foester equation is a source of many specific
population models. However, this equation does not take into account stochastic effects, like
demographic and environmental fluctuations, which are of importance in any realistic description
of population dynamics.

In this presentation, the following stochastic version of this model

ou L+ ou
ot Oa
is considered. Here ©(t) is a stochastic noise which is represented by the formal (generalized)

derivative of a continuous scalar stochastic process v(t) defined on the given filtered probability
space

= —(m(t,a) + 2(t))u (t,a>0) (2)

(Q,F, (Fi)e=0,P)
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with the probability measure P on the o-algebra F of subsets of {2 and an increasing sequence
of o-subalgebras F; of F, where all the introduced c-algebras are complete with respect to the
measure P.

The aim of the presentation is to deduce the equations for the total size of the juveniles J(t)
and the adults A(t)

J(t) = /u(t,a) da and A(t) = /u(t,a) da, (3)
0 T

where 7 > 0 is the maturation time [6].
In the assumptions below, the following definition is used.

Definition. A real-valued (deterministic) function a(t,x,y), t > 0, z,y € (—o0,00) belongs class
L if it is measurable (as a function of three variables) and satisfies the uniform Lipschitz condition
with respect to = and y:

la(t, x1,y1) — alt, z2,y2)| < Lz — y1] + |z2 — 32])
forall t > 0, z,y € (—o0, 00).
The restrictions on the coefficients in (2) can be summarized as follows:

(A1) The mortality rate m(t,a) is defined as

m(t. @) = {mj(t) — (6, T(1), A)), 0<a<T .

ma(t) == pa(t, J(t), A(t)), a>T,

where py and 4 are class L functions (that is, they are independent of the age a) and 7 > 0
is the maturation time.

(A2) The function x(a) > 0 (the initial age distribution at time ¢ = 0) is cadlag and satisfies the

condition
oo

/sup X(s)da < 0.

s>a

In practical applications, the function x has a compact support, so that this assumption will
be trivially satisfied.

(A3) At any time ¢, the birth rate function § is defined as

0, 0<a<T,
ﬁ<t7a) - {,BA(t) — 5A(t7j(t)7A(t)), a T,

where B4 is a class L function independent of the age a, and by definition, the birth rate of
the juvenile population (i.e. 3y) is equal to 0.

(A4) The stochastic process v is defined as

() = / A(s,J(s), A(s)) dB(s),
0

where B is the scalar Brownian motion and -y is a class L function.
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Below is the main result of the presentation.

Theorem 1. If assumptions (A1l)—(A4) are fulfilled, then the aggregated age variables (3), together
with the auziliary variable X (t), satisfy the system

dJ(t) = Balt, J(t), A())A(t) dt — p(t, J(t), A(t))J(t) dt
—D{t, J(-),A(-), X () }Balt =7, J(t —7), A(t — 7)) A(t — 7) dt
+ (¢, At), J(£)J(t)dB(t) (t =),
dA(t) = —palt, J(t), A(t))A(t) dt
+D{t, J(-),A(-), X ()} Ba(t, J(t —7), At — 7)) A(t — 7) dt
+7(t, J(t), A(t))A(t)dB(t) (t=T7), (5)
dX (1) = (¢, J(¢), A(t)) X (t) dB(t),

where
t

DﬁJwLA«xxx»}:wp{—/IU@J@xA@»w}me”@—T>

t—7

s an integral operator standing for the distributed delay in the equation.
This system satisfies the initial conditions

J(t) = Jo(t), A(t) = Ao(t), X(t) = Xo(t) (¢ €[0,7]),

where Jo(-), Ao(+) and Xo(t) are Fr-measurable, continuous stochastic processes satisfying the
following system of stochastic integro-differential equations on the interval [0, T]:

dJo(t) = =D{t, Jo(-), Ao(-) } dt + Ba(t, Jo(t), Ao(t)) Ao(t) dt — pus(t, Jo(t), Ao(t))Jo(t) dt
+7(t, Ao( ), Jo(t))Jo(t) dB(1),

dAo(t) = D{t, Jo(-), Ao(-) } dt — pa(t, Jo(t), Ao(t)) Ao(t) dt

+7(t, Jo( ), Ao(t))Ao(t) dB(t),

dXo(t) = (t, Jo(t), Ao(t)) Xo(t) dB(2),

and
Dﬁa%«x&mxxm»}=n7—mmp{—/pxahwx%&»@}Mﬁ»
0

The initial conditions for the latter system are given by

J(0) = /Tu(O, s)ds = /Tx(s) ds,
0 0

A(0) /Oo (0,s)ds = 7)((3) ds,
' X(0)=1 '

The proof of this result can be found in [5].
Consider some biologically important stochastic models which can be obtained from Theorem 1.
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Example 1: the stochastic counterpart of the recruitment-delayed model.
The following equation is widely used in population dynamics (see, e.g., the monograph [3] or the
review paper [1]):
A'(t) = B(A(t — 7)) — D(A(1)),

where A(t) is the size of the adult population and B and D are the birth and death functions,
respectively.

Let us deduce a stochastic counterpart of this model starting from the McKendrik-von Foerster
equation (2). Assume that

“J(t)v 0<a<m,
m(t,a) =
pa(A(t), azr,
and the birth rate is given by
0, 0<a<T,
B(t,a) = (6)
Ba(A(t), a=>rT,

where S4(A), A € (—o0,0), is a continuously differentiable function, which satisfies the assumption
B4(A) <0 for A>0.

t
The coefficient 7 in (A4) is a function of ¢, so that v(t) = [ ~(s) dB(s), and satisfies the condition
0

v(t) > m > 0. Then we get
QA(t) = —pa(A() A(t) dt + alt, T)BA(A(E — 7)) At — 7) dt +(£) A(t) dB(D),

for t > 7, where
¢

a(t,T):eXp{— /uj(s)ds+y(t)—u(t—7)—;/tﬂs)ds}. (7)

t—1 t

Example 2: the stochastic counterpart of Nicholson’s blowflies model.
The most celebrated model of the deterministic population dynamics is Nicholson’s blowflies model
and its generalizations (see, e.g., the review paper [1] and the references therein)

A'(t) = —maA(t) + poA(t — ) exp { — A(t)}.

Consider Eq. (5) for the adult population with the mortality rate m(¢,a) and the birth rate
B(t,a) given by (4) and (6), respectively. Assume also that v = v(t) > m > 0. Then we get the
following stochastic version of the generalized Nicholson’s blowflies delay equation:

dA(t) = —maA(t) dt + a(t, 7)Ba(A(t — 7)) A(t — 1) dt + YA A(t) dB(2), (8)

where «a(t,7) is given by (7). Notice that this equation differs from that studied in [7], where an
additive stochastic noise was appended to the deterministic blowflies model:

dA(t) = —maA(t) dt + poA(t — 7) exp { — OA(t — 7)} dt + 6A(t) dB(t). (9)

The main difference between Eq.(9), obtained by automatically adding a stochastic noise,
and Eq. (8) obtained from the stochastic McKendrik-von Foester model (2) is the presence of the
stochastic process «(t,7), which represents an intrinsic multiplicative stochastic noise. This ran-
dom coefficient depends explicitly on the noise fyB, which we added to the mortality rate in (2),
and explains how random fluctuations in the population’s mortality influence fluctuations in the
birth function. This dependence is disregarded in Eq.(9). Note that as long as the noise 'yB is
non-zero, we will always get a nontrivial random « in front of the deterministic birth function 54.

In addition, starting with (2) will always produce a random initial condition A(t) = pa(t),
0 <t <, as it was shown in the previous section.
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Consider the linear differential systems
&= Az, zeR? t>t, (1)

with bounded infinitely differentiable coefficients and characteristic exponents Aj(A) < A2(A) < 0,
being linear approximations for the nonlinear systems

gy=Alt)y+ f(t,y), yeR? t>to, (2)

likewise with infinitely differentiable so-called m-perturbations f(¢,y) of order m > 1 of smallness
in the neighbourhood of the origin and possible growth outside of it:

IF &)l < Crllyl™. y € R?, ¢ > to. (3)

The known Perron’s effect [7], [6, p. 50-51] of value change of characteristic exponents states the
existence of systems (1) and (2) with 2-perturbation (3) such that all nontrivial solutions of system
(2) turn out to be infinitely continuable and their characteristic exponents take only two values: one
is negative, coinciding with the higher exponent \y(A) < 0 of the system of linear approximation
(1) and the other one is positive (calculated incidentally in [3, p. 13-15]). Considering this effect as
not full (not all nontrivial solutions of the perturbed system (2) take positive exponents), a great
number of works were devoted to the investigation of its full version (all nontrivial solutions of
system (2) are infinitely continuable to the right and have finite positive exponents (see our last
works [4,5]).

In particular, in these works we have obtained the above-mentioned full Perron’s effect corre-
sponding to various types of the collection A(A, f) C (0,+00) of Lyapunov’s characteristic expo-
nents of all nontrivial solutions of the nonlinear system (2) with m-perturbation (3) for any fixed
m > 1. In our last works, these bounded collections A(A, f) C (0,4+00) are completely described
by Suslin’s sets.

Noteworthy are the results, not connected with Perron’s effect: for the exponentially stable
systems (2) with perturbations (3) the collections Ag(A4, f) C (—o0,0) of characteristic exponents
of all their nontrivial solutions, emanating from a sufficiently small neighbourhood of the origin, of
positive measure are realized in [2], whereas in [1] they are completely described by Suslin’s sets.

In investigating the above (not full) Perron’s effect, when all nontrivial solutions (¢, ¢), y(tg, ¢) =
c € R?\ {0} are infinitely continuable and have finite positive as well as negative Lyapunov’s
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exponents A[y(-,c)], forming respectively non-empty (one-element) sets Ay (A, f) and A_(A, f)
and all their collection A(A, f) = AL (A, f) UA_(A, f), there arises, in particular, the question
to what extent they may be common simultaneously (for one system (2)). The answer, as a
consequence of a more general result, is obtained in the present report.

Here, for a countable number of uniformly bounded arbitrary Suslin’s sets Si, ¥ € N and a
partitioning of a plane of initial values of solutions into the same number of domains and segments
IT;, we have constructed systems (1) and (2) with m-perturbation (3) such that the characteristic
exponents A[y( -, ¢)] of nontrivial solutions of system (2) with the initial values ¢ € II; make up the
sets Sk, and the whole collection of exponents A(A, f) of nontrivial solutions of that system is the

union |J Sk. The consequence of that common result is the realization of the cases for: a finite
keN
number of arbitrary bounded Suslin’s sets; two arbitrary, likewise bounded, Suslin’s sets

Sy C (0,400), S_ C (—o00,0),

forming the collection A(A4, f) = Sy U S_ of characteristic exponents of some system (2).
The following theorem is valid.

Theorem 1. For any parameters m > 1, A1 < Ao < 0 and any two sequences Sy, n € N, i = 1,2,
uniformly bounded by Suslin’s sets

Sln C [)\1 +€,b1], SQn C [max{)\Q +8,b1},b2], n c N,

with number € > 0, which are the sets of values respectively of the functions Bin(-) and Ban(-) of
the 1st Baire class on every of the half-intervals (n — 1,n] and [—n,—n + 1), there exist:

1) a system of linear approximation (1) with bounded infinitely differentiable coefficients and
characteristic exponents \i(A) = A, i = 1,2;

2) an infinitely differentiable m-perturbation f(t,y) such that all nontrivial solutions y(t,c) with
the initial conditions

y(to,c) = (c1,¢c2) € R?\ {0}

of the perturbed system (2) are infinitely continuable to the right, and their characteristic
exponents Ny( -, c)] form for every n € N the collections

PG 0] el € (- 1nl} = i,
(Ao« leal € (0= Ll } = Sus A = i

on every of the above-mentioned intervals separately.
The theorem below gives us the answer to the question posed at the beginning of our report.

Theorem 2. For any parameters m > 1, A\ < Ao < 0 and arbitrary bounded Suslin’s sets S_ C
(—00,0) and S+ C (0,4+00) there exist the nonlinear system (2) with the linear approximation (1),
having characteristic exponents X\i(A) = X\;, i = 1,2, and m-perturbation (3) such that all nontrivial
solutions y(t, c) are infinitely continuable and their Lyapunov’s exponents Ny( -, c)] form the sets

Ay(-,e)] s e=(c1,0) £0} =S-, {Aly(-,¢)]: 2 #0} = 5.

This theorem is a direct consequence of Theorem 1 and its proof.
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A lot of scientific works are dedicated to the investigation and numerical resolution of integro-
differential models (see, for example, [2,7,9,11,16] and the references therein).

One type of nonlinear integro-differential parabolic model is obtained at the mathematical
simulation of processes of electromagnetic field penetration into a substance. Based on Maxwell
system [12], the mentioned model at first appeared in [3]. The integro-differential system obtained
in [3] describes many other processes as well (see, for example, [7,9] and the references therein).
Equations and systems of such types still yield to the investigation for special cases. In this direction
the latest and rather complete bibliography can be found in the following monographs [7,9].

The purpose of this note is to analyze degenerate one-dimensional case of such type equations.
Unique solvability and convergence of the constructed semi-discrete scheme with respect to the
spatial derivative and fully discrete finite difference scheme are studied.

The investigated problem has the following form. In the rectangle @ = (0,1) x (0, 7], where T
is a fixed positive constant, we consider the following initial-boundary value problem:

RN § 1 NCC [
U0,t) =U(1,t) =0, tel0,T], (2)
U(z,0) = Up(z), z € [0,1]. (3)

Here f = f(z,t), Up = Up(z) are given functions of their arguments and U = U(z,t) is an
unknown function. It is necessary to mention that (1) is a degenerate type parabolic equation with
integro-differential and p-Laplacian (p = 4) terms. Let us note that for non-degenerate variants of
(1)—(3) type problem for more general nonlinearities are studied in [4]. Many works are devoted
to the investigation of multi-dimensional cases of such type equations and systems as well (see,
for example, [1,5,7-10,13] and the references therein). We would also like to note that in recent
years special attention has been paid to the construction and investigation of splitting models for
this type and their generalized variants of multi-dimensional integro-differential equations (see, for
example, [7,8] and the references therein).

As it was already mentioned, (1) type models arise, on the one hand, when solving real applied
problems, and on the other hand, as a natural generalization of some nonlinear parabolic equations
and systems studied, for example, in [14,15] and in many other works as well.

Problems of (1)—(3) type at first were studied in [10], where the monotonicity of the considered
operator is proved and the unique solvability is obtained.

Applying one modification of compactness method developed in [15] (see also [14]) the following
uniqueness and existence statement takes place [5].
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Theorem 1. If f € WH(Q), f(x,0) =0, Uy € W(0,1), then there exists the unique solution U of
problem (1)—(3) satisfying the following properties:

U € Ly (0,T;Wi(0,1) n\W2(0, 1)), 0U/dt € Lo(Q), VT —0°U/dtx € La(Q).

Here usual well-known spaces are used.

In order to describe the space-discretization for problem (1)-(3), let us introduce nets: wy =
{zi=1ih,i=1,2,.... M — 1}, w, = {x; =th, i=0,1,..., M} with h = 1/M. The boundaries are
specified by i = 0 and ¢ = M. The semi-discrete approximation at (z;,t) is designed by u; = w;(t).
The exact solution of problem (1)—(3) at point (x;,t) is denoted by U; = U;(t).

Approximating the space derivatives by a forward and backward differences

Ui+l — U Ui — Ui—1
Ug i = Uz i

TR WS T

let us correspond the following semi-discrete scheme to problem (1)—(3):

t
duz {[/ uz) dr +( u“)2]u”’i} = flait), i=1,...,M—1, (4)
0 Tt

UO(t) = uM(t) =0, te [O,T], (5)
Ui(o):UO,i7 iZO,l,...,M, (6)

which approximates problem (1)—(3) on smooth solutions with the first order of accuracy with
respect to spatial step h.

The semi-discrete scheme (4)—(6) represent a Cauchy problem for nonlinear system of ordi-
nary integro-differential equations. It is stable with respect to initial data and right-hand side of
equation (4) in the norm

M-1
1/2
lully = (u,w)/?, (o)=Y wwih.
=1

It is not difficult to obtain following estimate for (4)—(6):

Julft + [ Ihuslfp dr < C.
where the norm under integral is

M
||u]|i = (uau]h = Zuzuzh
1=1

Here C' denotes the positive constant independent of the mesh parameter h. This estimate gives
the above-mentioned stability as well as the global existence of a solution to problem (4)—(6).

Here in Theorem 2 and below in Theorem 3, using an approach of the work [6] for investigation
of finite-difference scheme, the convergence of the approximate solutions are proved.

The following statement takes place.

Theorem 2. The solution u(t) = (uy
converges to the solution U(t) = (Uy(t),
as h — 0.

(t),ua(t),...,urp—1(t)) of the semi-discrete scheme (4)—(6)
Us t),...,UM_l( )) of problem (1)—(3) in the norm || - ||
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In order to describe the fully discrete analog of problem (1)-(3), let us construct grid on the
rectangle Q. For using the time-discretization in equation (1), the net is introduced as follows
wr ={tj =47, 7=0,1,...,J}, with 7 = T/J and @y, = ©p, X wr, u] = u(z;, ;).

Let us correspond the following implicit finite difference scheme to problem (1)—(3)), where the
term with time derivative in (4) is approximated using the forward finite difference formula:

W g+l . . .
R {0S N Ao LA S AN RS T R RS S R
k=1 Lot
wb=ul, =0, j=0,1,...,J, (8)
w) =Ugy, i=0,1,..., M. 9)

Thus, the system of nonlinear algebraic equations (7)—(9) is obtained, which approximates
problem (1)—(3) on sufficiently smooth solution with the first order of accuracy with respect to
time and spatial steps 7 and h.

The following estimate can be obtained easily for the finite difference scheme (7)—(9):

J
I+ D Izl
ozms, I+ Y Ihfer <.

which guarantees the stability and solvability of the scheme (7)—(9). It is proved also that system
(7)—(9) has a unique solution.

Here C represents positive constant independent from time and spatial steps 7 and h.

The following main conclusion is valid for scheme (7)—(9).

Theorem 3. The solution u? = (u{,ué, ... 7“?\471)7 j=1,2,...,J of the difference scheme (7)—(9)
converges to the solution U7 = (U, U3, ..., U3, 1), j =1,2,...,J of problem (1)~(3) in the norm
| - |ln as ™ — 0 and h — 0.

Note that for solving the difference scheme (7)—(9) the Newton iterative process is used. Various
numerical experiments are done. These experiments agree with theoretical research.

It is very interesting to look for assumptions on the data of the considered problem (1)—(3) that
provide the regularity for the solution U(x,t), which is required for obtaining rates of convergence
in Theorems 2 and 3 as well as the optimal rates of convergence. It is important also to study more
general nonlinearities for such kind degenerate and non-degenerate models.
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We consider second order half-linear differential equations of the form

(P(t)pa(') + q(t)palz) =0, (A)

where a > 0 is a constant, p(t) and ¢(t) are positive continuous functions on [a,0), a = 0, and
Yo (u) is an odd function on R defined by

alu) = |ul*tu = ju[*sgnu, ueR.

It is known that all proper solutions of (A) are oscillatory, or else nonoscillatory. Equation (A)
itself is said to be oscillatory (or nonoscillatory) if all of its proper solutions are oscillatory (or
nonoscillatory). We are concerned exclusively with the nonoscillatory equation (A) with p(¢) and
q(t) satisfying the conditions

/p(t); dt = oo and /q(t) dt < oo. (1)
Extensive use is made of the functions P, (t) and p(t) defined by
¢

Po(t) = / p(s)"wds, p(t) = 7q<s> ds.

a

The purpose of this paper is to report to the QUALITDE — 2020 a result that has recently
been obtained in our efforts to gain precise information about the overall structure of solutions of
nonoscillatory equations of the form (A).

We begin by noting that a simple criterion for nonoscillation of (A) is given by

«

Pa(t)p(t)s < 7=

for all large t.
e
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Putting Dz (t) = p(t)pa(2'(t)), we call it the quasi-derivative of z(t). Let x(t) be a nonocillatory

solution of (A). Because of (1) both z(t) and D,x(t) are of the same sign and have the limits

x(00) = tlim z(t) and Dyx(o0) = tlim D,xz(t) in the extended real number system. There are three
— 00 —00

patterns of the pair {z(00), Dyx(00)}, namely,
(i) |z(o0)| = 00, 0 < |Dqz(00)| < 005

(ii) |z(00)| = 00, Dy (0c0) = 0;

(iii) 0 < |z(00)| < 00, Doz (00) = 0.

A solution of (A) satisfying (i), (ii) or (iii) are named, respectively, a mazimal, minimal, or inter-
mediate solution. If x(t) is a nonoscillatory solution of (A), then the functions wu(t), v(t) defined by

Dy x(t) x(t)
u(t) = 2222 ()= ————
W= oy " T Da)
satisfy the first order differential equations
W = —q(t) — ap(t) < lul" T, (R1)
_1 1 o
o = —p(t) e — ~q(t)]o]F. (R2)

Conversely, it is shown that if (R1) or (R2) has a global solution, then (A) possesses a nonoscillatory
solution. Our study was motivated by the ambitious conjecture that all nonoscillatory solutions
can be reproduced from appropriate global solutions of (R1) or (R2). Equations (R1) and (R2) are
referred to as the generalized Riccati differential equations (Riccati equations for short) associated
with equation (A).

It turns out that the existence of these three types of solutions of (A) essentially depends on
the convergence or divergence of the integrals

I= / p(t) " ap(t)a dt and J = / q(t) Pa(t)” dt. (2)

Let us distinguish the following four cases:
(i) I<oo ANJ<oo; (i) T=0c0 AT <o0; (ili) I<oo AJ=00; (iv) =00 ANJ =00. (3)

Notice that (ii) holds only if @ > 1 and that (iii) holds only if o < 1.
Analysis of the first three cases in (3) can be made without difficulty and leads to the following
expected result.

Theorem 1. If (3)-(i) holds, then (A) possesses a mazimal solution and a minimal solution.
Theorem 2. If (3)-(ii) holds, then (A) possesses a mazximal solution and an intermediate solution.
Theorem 3. If (3)-(iii) holds, then (A) possesses a minimal solution and an intermediate solution.

What is anticipated for the case (3)-(iv) is the existence of at least one intermediate solution of
(A). This, however, seems to be difficult to prove, and for now we have to be content with giving
a less general result on the basis of the inequality

oo
_1 1+L
p(t)"ap(t) e dt < oo,
a

which is a necessary condition for nonoscillation of (A).
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Theorem 4. Let (3)-(iv) hold. (A) possesses an intermediate solution if

[e.o]

/p(t)_flxp(t)Hi ds £ (1+ a)_l_ép(t) for all large t. (4)

a

Taking into account the duality between the integrals I and J in (2), one can formulate the
following theorem which is also true.

Theorem 5. Let (3)-(iv) hold. (A) possesses an intermediate solution if

t

1+a
1+a < -
/q(s)Pa(s) ds = (1 n a) P,(t) for all large t.

a

Example. Let (Ag) denote a special case of (A) with ¢(t) given by

«o Ita 1
D= (=) PO TR
o) = (72-) ot Rt
It is clear that p(t) and q(t) satisfy (3)-(iv) and both Theorems 4 and 5 are applicable to (Ag).
Notice that (Ap) has an exact intermediate solution zo(t) = P,(t)T+e.

The feature of our work is that all the solutions of (A) mentioned in the above theorems are re-
produced from appropriate global solutions of the Riccati equations (R1) and (R2) whose existence
is established by means of fixed point techniques. Such a systematic attempt at reproduction of
nonoscillatory solutions of (A) from global solutions of the associated Riccati equations was under-
taken for the first time by the present authors [2]. The merit of our approach is that the solutions
sought can be represented as explicit exponential-integral formulas in terms of global solutions of
(R1) or (R2).

It should be emphasized that some of the results presented here are already known (see, e.g., [1]),
but our purpose is to show that an entirely different approach can be used to develop a systematic
existence theory of nonoscillatory solutions for second order half-linear differential equations.

Remark. Needless to say, entirely parallel results can also be obtained for the nonoscillatory
equation (A) with p(¢) and ¢(t) satisfying

7p(t)—é dt < 0o and 7q(t) dt = co. (5)

Our article devoted to the study of two types of nonoscillation for equation (A) satisfying (1) and
(5) combined will be published in the near future.
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In the plane of independent variables x and y consider quasilinear Karman’s equation, arising
in a variety of physical problems such as nonlinear vibrations, and irrotational transonic flows of
baritropic gas [1-4,6,12],

(Ug) Uz — Uyy = 0. (1)

Equation (1) is considered in the class of hyperbolic solutions which in this case is determined

by the condition
uy > 0. (2)

Let
«

m::m, —2# a€R:=(—o00,+0). (3)

Theorem. If the condition m € N := {1,2,3,...} is fulfilled, then the general classical solution
u € C? of equation (1) is given by the formulas
o’ F(X)-G(Y)
oxmaym X-Y ’
an—Z F' X) _ G/(Y)
oxXm-1gym-1 X-Y

T = (X _ Y)2m+1

y =m[2(1 - 2m)]*"

)

m m—1 m H2m—2 F/(X) . G,(Y)
u=m[2(1—2m))? {(2m S — ) T — 1
m-1 9" F(X)-G(Y) _
S 2m — 1 9Xm—29ym-1 X_V for m=23,...
and
r=—=2[F(X) =G|+ [F(X)+G )X -Y),
4F'(X) - C'(Y)]
B X—-vy (5)
_AYF(X) - XG'(Y)] ,
U= X_v for m=1.

Here F,G € C™L are arbitrary functions with respect to the variables X and Y, respectively.

Proof. Let us introduce the Riemann invariants of equation (1) as independent variables

a+2

pz,

X =
Q+oz+2
2 a+2

Y=0— —"—_p =2
4 a+2p ’
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in terms of which equation (1) can be rewritten in the form of a system of equations of the first
order [7,8]
X, —p2 X, =0,
o (7)
Y, +p2Y, =0.
Here p := u,, q := uy.
In system (7), we choose X and Y as the independent variables, while z(X,Y’) and y(X,Y) as
the desired functions. Applying the formulas of differentiation of implicit functions of two variables

rx = DY,, xy=-DXy, yx=-DY,, yy=DX,,

where D := g(()?yy)) is the Jacobian of transformation, from system (7) we obtain

xy —p2yx =0,

zy +p2yy =0.

Here p? = {M(X - Y)}gm due (2), (3) and (6).
Eliminating the function y(X,Y’) from system (8) we obtain that the function z(X,Y") satisfies
the Euler-Poisson-Darboux-Riemann equation [4,10]

m m
S
X-v X x_v

rxy + zy = 0. 9)

By a similar way for the function y(X,Y) we get

m m
~ —0. 1
YXy X—YyX+X—YyY 0 (10)

General solutions of equations (9) and (10) under the conditions of the theorem have the
following form [9, 11]

T = (X o Y)2m+1

)

0?m  Fi(X) - G(Y)
dXmoym X-Y

_ o*m—2 Fy(X) — Ga(Y)
9Xm-lgym—1 X-Y ’

(11)

Y

respectively. Here ', G € C™2 and Fy, Gy € C™*! are arbitrary functions.
Taking into account (11), satisfying system (8), we get

(X)) =m[2(1 —2m))*"F{(X), G2(Y)=m[2(1 - 2m)]*" G\ (Y). (12)
Further, to obtain the final form of the function u, due (3), (6) and (8) we have
du=pdzr+qdy
at2 a2
=plexdX +oydY)+qlyx dX +yydY)=(¢+p 2 JyxdX +(¢—p 2 Jyy dY
—1 —1
:(m X4+ Y)deX+< m x4 Y)Z/YdY7

2m —1 2m —1 2m —1 2m —1
whence
m—1 m m m—1
UX_(zm—1X+2m—1Y)yX’ UY_(zm—1X+2m—1Y>yY‘ (13)
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By virtue of the first equality in (13), we obtain

m—1
U(X,Y):2m_1/XdeX+2m_1Yy+cp(Y)
m—1 m
= Xy — dX Y Y 14
2m_1< y /y >+2m_1 y+eY), (14)

where ¢ is an arbitrary function.
According to the second equality from (13), for definition of the function ¢, we get

m—1 m , m m—1
CT— <XyY—/deX>+2m_1(y+YyY)+<P(Y)—<2m_1X+2m_1Y)yY- (15)

By virtue of (10), we obtain

Y - X Y - X 1
/yde=/< yxy+yx>dX= - yy+m/yde+y.

m

Thus, we have

Y - X
/yde: yy—i—mTilyform;él.

m—1

Taking into account the latter equality, from (15) we obtain
d(Y)=0 = p=const for m=23,.... (16)
Analogously, from (14) for m = 1, we get
UX,Y)=Yy+pY). (17)
According to the second equality from (13) for m = 1, for definition of the function ¢, we get
V)= (X =Yy —y=-G(Y) = ¢(Y) =—-Go(Y). (18)
Now, introducing the notation F' := Fij, G := G; and taking into account (11), (12), (14), (16)—(18),
we obtain (4) and (5), respectively. O

Remark. In the case m = 1, i.e. for o = —4, the solution (5) of equation (1) by the method of
Lee’s group has been obtained in [5].
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In the domain Dy : 0 < x <, 0 <t < T, of the plane O,; of independent variables x, ¢
consider a hyperbolic system of the following form

uy — Augy = F(x,t), (x,t) € Dr, (1)

where A is a symmetric positively defined constant square matrix of order n, F =
(Fy(z,t), ..., Fp(z,t)) is given and u = (ui(x,t),. .., uy(z,t)) — unknown vector-functions, n > 2.

For system (1) consider an initial-boundary problem with the following statement: in the domain
Dr find a solution u = u(z,t) to system (1) that satisfies the following initial conditions

u(z,0) = p(x), u(z,0)=1¢(x), 0<z<I, (2)
and the boundary conditions

u(0,t) = m(t), w(l,t)=pa2(t), 0<t <T, (3)
where

v =(p1(@), .- on(@)), = (1(@), . Pu(@)), pait) = (par(t), ..., pin(t)), i=1,2,

are given vector-functions.
As is known, problem (1), (2), (3) is posed correctly. We consider generalized solutions u of this

problem in the space Cy(D7) in the sense of the theory of distribution. Here the space Co(Dr) is
obtained by completion of the space C'(Dr) with respect to the norm

lalley e = il + ez, 0)llcqon,

and consists of continuous vector-functions u from D7 having continuous classical derivative u; for
t =0, z €[0,]]. In this case, from the data of problem (1), (2),(3), i.e. from ¢, ¥, p1, po and F,
we require that

peC([0,1), veC(0,1]), pieCo(0,T]), i=1,2 FeC(Dr), (4)
and at the points O(0,0) and O1(0, 0) there are valid the following necessary conditions of agreement
11(0) = ¥(0), p2(0) = @(l), 11(0) =(0), w(0) = (1), (5)

where the space Cy([0,77]) is obtained by completion of the space C*([0,7]) with respect to the
norm

leelles o) = llelleqom + ' (0)]]
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and consists of the traces of vector-functions from the space Co(Dr) on the side {x =0, 0 <t < T}
of the rectangle Dr. At fulfillment of conditions (4), (5), problem (1), (2), (3) has a unique solution
u in the space Co(D7). This solution will be a classical solution in the space C2(Dr) if instead of
(4) we require that

o e C*([0,1]), v e 0,1]), p € C*[0,T)), i=1,2; FeCYDy),

besides, in this case, at the points O(0,0) and O1(0,0), together with (5) should be additionally
fulfilled the following conditions of agreement

11 (0) = Ag”"(0) = F(0,0), p5(0) — Ap"(1) = F(1,0).

Problem (1), (2), (3) is said to be controllable, if for “arbitrary” initial data ¢, 1) and the right-
hand side F' of system (1), there exist appropriate “control” vector-functions p1 and pg such that
the solution of problem (1), (2), (3) satisfies the conditions

w(z,T) = u(z,T) =0, z € [0,1]. (6)

Denote by k; the characteristic numbers of the matrix A, and by v; — the corresponding eigen-

vectors, i.e. Av; = k;jv;. i =1,...,n. According to our requirements imposed on the matrix A we
have

ki= M2, \j=const>0, i=1,...,n. (7)

Due to (7) the hyperbolic system (1) has the following families of characteristic lines

T+ M\t =const and x — N\t =const, i=1,...,n.
Denote by K a square matrix of order n whose columns are vectors vy,...,v,. It is obvious
that det K # 0 and denote by w1, ..., w, the components of the vector K~ u where v is a solution

of system (1).

Denote by PiP{PiP; the characteristic parallelogram whose sides PiP{ and P§Pi belong to the
family of characteristic lines  — \;t = const, while sides P{ P4 and P{P% belong to the characteristic
lines « + A\;t = const, besides, the coordinate of point Pg with respect to the variable t exceeds the

coordinates of the rest points P}, Pi and P§ with respect to the same variable, i = 1,...,n.
Generalized Asgeirsson principle: for the components wr, ..., w, of the vector K ~'u, where
u € Co(Dr) is a generalized solution of system (1), the following equalities
. . v . 1 .
wi(P§) = wi(P{) + wi(P§) — wi(P§) + / K-\F(x,t) dudt, i=1,....n,
ripiPiP;

are valid, where PP} PiPi is an arbitrary characteristic parallelogram lying in Dr.
Below, for simplicity of presentation we will assume that F' = 0.

Remark 1. If T = /\%, 1 < i < n, then for existence of the solution u = u(z,t) € Co(Dr) of
problem (1), (2), (3), satisfying condition (6) it is necessary that the data of this problem ¢ and 1
satisfy the following condition

l

@@+@@+i/w@%:u (8)
0

where

@/:(@/17'”79’571):-[{71@7 J:(le"aq;n):Kilw'
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The proof of the following theorem is based on the generalized Asgeirsson principle.

Theorem. Let T > Ty = Jnax )\% and the vector-functions ¢ € C([0,1]), ¥ € C([0,1]) be given

which satisfy conditions (8) for i = 1,...,n. Then there exist vector-functions py, us € Co([0,T))
satisfying the condition of agreement (5) such that the solution u € Co(Dr) of problem (1), (2), (3)
satisfies condition (6).

Remark 2. If T' < Tp = max /\Lﬁ then not for all ¢ € C([0,1]), v € C([0,1]) problem (1),(2),(3)

is exactly controllable.

Remark 3. At fulfillment of the conditions of the above theorem, uniqueness of the vector-functions
w1 and ps will hold when Ag := A1 =X =---= A\, for T =Ty = /\l—o and violated when T > \g.
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On a finite interval [a, b], we consider the differential equation

u” = p(t)u+q(t) (1)

with one of the following two types boundary conditions:

u(a) = 0/ (a) + c1,  w(b) = lou/(b) + c2; (2)
u'(a) = liu(a) +c1,  u'(b) = lou(b) + co, (3)

where p, q : [a,b] — R are Lebesgue integrable functions, and ¢; and ¢; (i = 1,2) are real numbers.

If ¢ = ¢5 = 0, then problems (1), (2) and (1), (3) are the Dirichlet and the Neumann problems,
respectively, to the investigation of which a wide literature is devoted (see, e.g. [1-3,6,7] and the
references therein). If [¢;| 4 |f2| is a sufficiently small positive number, then the above mentioned
problems we naturally call Dirichlet and Neumann type problems.

In case, where 1 > 0, £» < 0, the optimal in a certain sense sufficient conditions for the unique
solvability of problem (1), (3) are established in [4].

In the general case both problem (1), (2) and problem (1), (3) still remain little studied. The
results given in this report fill to some extent the existing gap.

Below we use the following notation.

x|+

b
b = 0 = T el = [ bt at

Theorem 1. If¢1 >0, {5 <0, and

b
Jt—artp-t-p)-d<b-at bt (4)

a

then problem (1), (2) has one and only one solution.

Example 1. Introduce depending on a positive parameter v functions

ky(x) = (y+3)2" — 2Pt for 0< 2 <1, ky(2) =k (2—1x) for 1 <z <2,

v+2

v%x)zzexp(— ) for 0<z<1, vy(r)=v,(2—2) for 1 <z <2.
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For an arbitrarily fixed € €]0,1[, set

2
1= b= (b-a)/@-277) for = b,

_ 2(t—a)+b—a
p(t) = —(b—a) 21@( 20— a) ) for a <t <b.
Then
b

/(t At ) (b=t — L) [p(B)]_dt < (1+2)(b—a+ b1 —bs). (5)

On the other hand, the homogeneous problem
"= p(t)u, (Lo)
u(a) = (11 (a), u(b) = /() (20)

has a nontrivial solution

u(t) = U7<2(t ;(Z)—+al; — a).

Consequently, condition (4) is unimprovable in the sense that it cannot be replaced by condition
(5) no matter how small € > 0 is.

Theorem 2. If the inequalities

£1>20, 0<lo<b—a-+/, b—a+€1—€2+||p|]>0, (6)
b b
/(t—a+€1)[p(t)]_dt§1, eQ/(t—a+el)[p(t)]+dt§b—a+z1—z2 (7)

hold, then problem (1), (2) has one and only one solution.

Remark 1. Condition (6) cannot be replaced by the condition
01 >0, 0<ly<b—a+/,
since if /3 = b —a + ¢; and ||p|| = 0, then problem (1g), (20) has a nontrivial solution
u(t) =41+t —a.

Example 2. Let

cel0A], b=tr =2 p(t)E( c )2.

€ b—a
Then along with (6) the condition
b b
[e—arabol-da<t 6 [t-a+p@ld<a+ob-art-6) ©

is satisfied. Nevertheless, problem (1p), (20) has a nontrivial solution

z-:(t—a)>‘

u(t)zexp( —

Therefore, condition (7) cannot be replaced by condition (8) no matter how small € > 0 is.
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Theorem 3. If the conditions

by >0, >0, Lo+ |p|| >0, 9)
b
/<1+el<ta))(bt)[p(t)]dtgwl(ba), (10)
' b
2 —|—/(1—|—€2(t—a))[p(t)}+ dt < f (11)

a

are satisfied, then problem (1), (3) has one and only one solution.

Remark 2. The inequality ¢2 + ||p|| > 0 cannot be omitted from condition (9). Indeed, if ||p|| =0
and fo = ¢; = 0, then conditions (10),(11) hold but nevertheless equation (1p) has a nontrivial
solution

satisfying the homogeneous boundary conditions
u'(a) = lu(a), o' (b) = Lau(b). (30)

Example 3. Introduce the function

rz) = exp(z) — exp(—z)

= exp(a) + exp(—a)) 72"

For an arbitrarily given ¢ €]0,1[, we choose § > 0 such that

14 6%7(8) < (1 +¢)r(6).

Let

J \2 r(d
pt)= (=) h=0. egzb(_)aa?

Then conditions (9), (10) hold, and instead of (11) the inequality

b
0+ /(1 Flo(t — a))[p(t)]s dt < (1+ )b (12)

a

is satisfied. On the other hand, the homogeneous problem (1y), (3¢p) has a nontrivial solution

e =)

Consequently, condition (10) is unimprovable in the sense that it cannot be replaced by condition
(12) no matter how small € > 0 is.
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On a finite interval ]a, b[, we consider the linear differential equation

v’ = p(t)u, (1)
where p :]a,b[— R is a measurable function, satisfying the condition

b

/(t — a)(b—)[p(t)] dt < +oo. @)

a

We are mainly interested in the case where the function p has nonintegrable singularity at least
at one of the boundary points of the interval |a, b[, i.e. the case, where

b
/p(t)ydt - +oo.

A continuous function w : [a,b] — R is said to be a solution to equation (1) if it is absolutely
continuous together with «’ on every closed interval contained in ]a, b[ and satisfies equation (1)
almost everywhere on |a, b].

Following A. Wintner [5], we call equation (1) to be disconjugate on [a, b] if its every nontrivial
solution has no more than one zero on this interval.

In this report, we give unimprovable in a certain sense conditions under which equation (1) is
disconjugate on [a,b], or every its nontrivial solution has no more than two zeros on [a,b]. They
are generalizations of the classical results by Lyapunov [4] and Hartman-Wintner [2] (see also [1],
Ch. XL, § 5).

We use the following notations.

2] —

[z] -

C([a,b]) and L([a, b)) are the spaces of continuous on [a, b] and Lebesgue integrable on [a, b] real
functions, respectively;

Lio.(]a, b]) is the space of real functions which are Lebesgue integrable on every closed interval
contained in |a, b[;

Flt—a)ts—1)

L) = [ (- o)l Be) = [ )
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where the numbers ¢ €]a,b[ and 3 € ]a, b| are chosen so that

t1

o / "

to b
[ - [

If for some tg # t1 the equality

to

b
= ap)-di= [©-vlp)-a

a

is satisfied, then
t1

/(t — a)p(t)]_ dt = 0.

to

Consequently, for every function p € Lj,.(]a, b[), satisfying condition (2), the number I;(p) is defined

uniquely.

If [p(t)]— # 0, then the number ¢ is defined uniquely from equality (3), and thus the number

I5(p) is defined uniquely as well.
Moreover, if [p(t)]— # 0 and (2) holds, then

b

</“t‘a D (o)) dt.

If [p(t)]—- # 0 and p € L([a,b]), then

b b

hip) <[], * o)

It has been proved by A. M. Lyapunov [4] that if p € C([a,b]) and

b

Jin-ar< 2

a

then equation (1) is disconjugate. Hence it easily follows that if

b

Jiwten-de < 2

a

then every nontrivial solution to equation (1) has no more than two zeros.

It has been shown by P. Hartman and A. Wintner [2] that equation (1) is disconjugate if

p € C([a,b]) and instead of (6) the more general condition

b
/(t —a)(b-t)[pt)-dt<b—a
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is satisfied. This result is valid also for a singular case, when the function p € Ljy.(]a,b]) satisfies
condition (2) (see [3], Lemma 2.5).
We prove the following theorems.

Theorem 1. If along with (2) the condition

Li(p) <1 (7)
holds, then equation (1) is disconjugate.

Theorem 2. If along with (2) the condition

I(p) <1 (8)
holds, then every nontrivial solution to equation (1) has no more than two zeros on [a,b).

According to inequalities (4) and (5), Theorems 1 and 2 are generalizations of the above men-
tioned results by Lyapunov and Hartman-Wintner.

Remark 1. Inequality (7) in Theorem 1 (inequality (8) in Theorem 2) is unimprovable in the sense
that it cannot be replaced by the inequality I;(p) < 1 + ¢ (by the inequality I2(p) < 1+ €) no
matter how small € > 0 would be.

Remark 2. For inequality (7) to be satisfied, it is sufficient that for some t( € ]a, b[ the inequalities

to

b
Je-apel-d<r [o-npe)-d<

a

hold. And if for some g € ]a,b] the inequalities

to to
/(t —a)(tg —t)[p(t)]- dt <ty — a, /(t —t0)(b—t)[p(t)]-dt <b—ty

are satisfied, then inequality (8) is also satisfied.

Theorems 1 and 2 yield new and optimal in a certain sense conditions guaranteeing the unique
solvability of the Dirichlet singular boundary value problem

u” = p(t)u+q(t), (9)
u(a) =c1, u(b) = e, (10)

where p, ¢ € Li,c(Ja,b]), and ¢; € R (i = 1,2).
Theorem 3. If along with (2) and (7) the condition

b

/(t — a)(b - D)q(t)] dt < +oo (11)

a

is satisfied, then problem (9), (10) has one and only one solution.
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Example 1. Let a < 2,

2 \2-« b—a—|b —2t1\
5:(2—a)(b_a) , p(t)z—d( ¢ ]2—|—a |) for a <t <0,

and let g be the function satisfying condition (11). Then

b

[t - 0ip(e)-de -

a

4—«
33—«

(b—a)>b—a,

i.e. the Lyapunov-Hartman—Wintner condition is violated. On the other hand,

and by Theorem 3 problem (9), (10) is uniquely solvable.

Theorem 4. Let conditions (2), (8), and (11) hold and there exist a function pg € Lioc(]a, b]) such
that
p(t) <po(t) <0 for a<t<b, mes{tela,bl: p(t) <po(t)} >0,

and the boundary value problem
u” = po(t)u; u(a) =0, u(d) =0

has a positive on the open interval |a,b| solution. Then problem (9),(10) has one and only one
solution.
Corollary 1. Let
2
p(t) < _<bi7a> for a <t <b,

and let conditions (2), (8), and (11) be satisfied. Then problem (9),(10) has one and only one
solution.

Example 2. Let o < —2,

O R
- () (e

and let ¢ be the function satisfying condition (11). Then I3(p) < 1, and according to the above
corollary problem (9), (10) has one and only one solution.

> for a <t < b,
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Let © = (0,w1) x (0,w2) X (0,ws) be an open rectangular box, and let E be an orthogonally
convex piecewise smooth domain inscribed in €.

A set G € R" is defined to be orthogonally convex if, for every line L that is parallel to one
of standard basis vectors, the intersection of G with L is empty, a point, or a single segment.

In the domain E consider the boundary value problem

(222 — Zpa(x)u(a) + q(x), (1)

a<2

@00 1y = v2(X)2(x), u

uvi|,y =i(X)Yi(x), @200 |, o = v3(x)e3(x).  (2)

Here x = (21,2, 23), 2 = (2,2,2), @ = (a1, a2, a3) is a multi-index,

o +aztas u(x)

() -z =4
wx) Ozt 0x5? 025’

OF is the boundary of E, and v(x) = (v1(x), v2(x),v2(x)) is the outward unit normal vector at
point x € E, pa € C(E) (a < 2), ¢ € C(E), ¢; € C**2(E) and E is the closure of E.

By a solution of problem (1),(2) we understand a classical solution, i.e., a function u €
C?*22(E) N C*29(E) satisfying equation (1) and the boundary conditions (2) everywhere in E
and OF, respectively.

C?22(E) is the space of continuous functions u : E — R having continuous partial derivatives
u® (a < 2).

Throughout the paper the following notations will be used.

0=(0,0,0), 1=(1,1,1).

a = (a1, a2,a3) < B = (B1,02,03) < a; < B; (i =1,2,3) and o # 8.

o = (Oél,OéQ,Oég) < IB = (ﬁ17/82753) — a< 167 or @ = 16

Jeull = [en] +faz] + o,

Yo ={a<2: o =2forsomeiec{1,23}}

Oz ={a<2: ||ais odd}.

suppa = {i | a; > 0}.

Xa = (x(1)x1, x(a2)z2, x(a3)xs3), where x(a) =0 if @« =0, and x(a) =1 if o > 0.

xq Will be identified with (z;,,...,x; ), where {i1,...,9} = supp .
Xa = X — Xa-
o - LIy UEI= 1)

H(f)(x) is the Hessian matrix of function f at point x.
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Along with problem (1), (2) consider the corresponding homogeneous problem

a2 = 37 (xu), (1)
a<2
uyl‘aE =0, u(2:0:0) I/Q‘BE =0, u(220) Vg}aE =0. (20)

Two-dimensional versions of problem (1), (2) were studied in [1-4]. The case of a characteristic
rectangle was considered [1] and [2]. In [3] and [4] two-dimensional problems were considered in a
orthogonally convex smooth domains.

Orthogonal convexity and smoothness of a domain are essential requirements and cannot be
relaxed. Examples attesting the paramount importance of orthogonal convexity and smoothness of
a domain were introduced in Remarks 1 and 2 of [4]. Similar examples can be easily constructed
for the three-dimensional case.

Characteristic rectangles were the only admissible piecewise smooth domains for two-dimensional
problems. In the three-dimensional case admissible piecewise smooth domains consist of character-
istic rectangular boxes and right cylinders with an orthogonally convex smooth base.

We study problem (1), (2) in the following three cases: characteristic rectangular box; a right
cylinder with an orthogonally convex smooth base; an orthogonally convex smooth domain.

It is not difficult to show that the problem

u(27070)

uul‘aE = v1(x)Y1(x), VQ‘E)E = 1o(x)2(x), u(320) Vg‘aE = v3(x)3(x)

is uniquely solvable in all three aforementioned cases. Consequently, without loss of generality,
problem (1), (2) can always be reduced to the problem with the zero boundary conditions.
Due to this fact, for the sake of technical simplicity, all results will be formulated for problem

(1), (20)-

Case I: Characteristic Rectangular Box. Let EF = ). For the rectangular box 2 the boundary
conditions (2¢) receive the form

U(O’Wl,xl,ﬂ@) — 07 U(2’0’0)(J}1,O'LL)2,1'2) = 07 U(272’0)(ZE1,$2, O'OJ3) =0 (U = Oa ]-)
It is easy to see that the latter conditions are equivalent to the following ones
u(lowr,x1,22) =0, wu(xy,0we,z2) =0, u(z1,r2,0w3) =0 (0 =0,1). (3)

Theorem 1. Let
Pa(X) = pa(Xa) if a € Yo N O2,

and let the following inequalities hold:

7T2 7T2 772
P220(X) = p220(w3) > ——5, p202(X) = poo2(22) > ——5, po22(X) = po22(r1) > ——, (4)
w3 Wy wi
P W2 2, .2
w3 WHw waows
p220(m3) ‘|’P202(f’32) +p200( X) ;43 + ’P211(X)’ 2 <1, (5)
" 2 2, .2
3 w? wiw wiws3
Paao(T3) =5 2 +P022(951) +p020( ) ;43 + |pr21(x)| SO L, (6)
2 2 2, .2
w) wWiw. wiw?2
p202(:z2) +p022(:c1) +p002( X) ;42 + ’P112(X)’ 2 <L (7)

Then problem (1), (3) has the Fredholm property, i.e.:
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(i) problem (1p), (3) has a finite dimensional space of solutions;
(ii) problem (1), (3) is uniquely solvable if and only if problem (1¢), (3) has only the trivial solution.
Furthermore, every solution of problem (1), (3) belongs to C*%2(Q).

Remark 1. The strict inequalities (4)—(7) are sharp and cannot be replaced by nonstrict ones.
Violation of at least one of the above inequalities can lead to the loss of the Fredholm property of
problem (1), (2). To verify this, consider the problem

w22 = (—1)lellyy2e) 4y — sin 2y sin 29 sin 23 ¢(Ra ), (8)

u(lom,x,2) =0, wu(ri,om x2) =0, u(xy,x9,0m)=0 (6 =0,1) (9)

in the domain £ = (0, 7)x (0,7) x (0, 7). Here 0 < a < 1, and ¢ is an arbitrary non-differentiable
continuous function. The problem satisfies all of the inequalities (4)—(7) except the one for the
coefficient pog: instead of (—1)I1%lpyy > 1 we have (—1)l®lpy,, = 1. As a result, problem (8), (9)
does not have the Fredholm property. Indeed, despite the fact that the homogeneous problem

u(lom,xy,22) =0, wu(ry,omx2) =0, u(xy,x9,0m)=0 (6 =0,1)
has only the trivial solution, problem (8), (9) has the unique weak solution
u(z) = sinxy sin zg sin z3 ¢(Xe,),
which is not a classical solution due to non-differentiability of the function q.

Consider the equation

w222 — me(g;a)u@a) + Z Pa(Za)ul® + g(x). (10)
a<l a€04
Corollary 1. Let
(—D)l*lpye(Ra) = 0 for a < 1. (11)

Then problem (10), (3) is uniquely solvable.

Case II: Right Cylinder. Let E = {(z1,22,23) € Q: (z1,22) € G, z3 € (0,ws3)}, where G is
an orthogonally convexr open domain with C? boundary inscribed in the rectangle (0,w1) x (0,ws),
i.e.,

G = {(.1‘1,$2) c0: xr1 € (O,wl), To € (’71(33‘1),’)/2(331))}
= {(IL‘l,l‘Q) €Q: a9 € (0,ws), 1 € (7’]1(1’2),772(IE2))}, (12)

and v; € C([0,w1]) N C?((0,w1)), n; € C([0,ws]) N C?((0,ws)) (i =1,2).
In the right cylinder FE consider the following equations

w22 = P220 (953)“(2’2’0) +p202(1‘2)u(2’0’2) +p200(X)U(2’0’0) +Po20 (X)U(O’Q’O) +poo2(x2, 333)U(0’0’2)
+ Y pa(x)u® +¢(x), (13)
a<l
w22 = poog(23)u?20 4 poga (22)u?0? + pogg(a1)u O3

+ p200 () U0 4 poog (23)u 0 4 poga (22)u %% + pooo (22, 23)u + ¢(x) (14)
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and
w(222) — = pago(a3)u (22,0) 4 P20z (22)u (2,0,2) + poza(z1)u (0,2,2)
+p200( ) (2,2,0) —|—p020(([;3)u( 12,0) +p002($2)u(0’0’2)
a<l

In view of (12), conditions (2¢) receive the form

w00 2y i (w1, 23), 3) = 0,

w20 (@1, 2o, 7i(21,22)) = 0 (i = 1,2). (16)

u(Ci(x2, x3), x2,23) =0,

Theorem 2. Let the following inequalities hold:

p220(23) > 0, pao2(z2) >0, p2oo(x) <0, po2o(x) <0, pooz(w2,23) < 0.
Then problem (13), (16) has the Fredholm property.

Theorem 3. Let G be a convex domain, i.e.,

(=) (z1) >0 for z1 € (0,wy) (i=1,2) (17)
and

(1) 'nf(z2) >0 for z € (0,ws) (i =1,2), (18)
and let

pa2o(x3) >0,  pao2(z2) >0, p2g2(z1) >0, (19)

p200(x) <0, po2o(x3) <0, pooa(x2) <0, (20)

Pooo (2, 23) > 0.

Then problem (14), (16) is uniquely solvable.
Furthermore, if G is strongly convex, i.e.,

(=1)" 19/ (x1) > 0 for x1 € (0,w1) (i=1,2) (21)
and

(=1) 1y (z9) > 0 for zo € (0,ws) (i =1,2), (22)

then the solution of problem (14), (16) belongs to C**2(E).

Corollary 2. Let inequalities (17)—(20) hold. Then problem (15), (16) has the Fredholm property.
Furthermore, if inequalities (21) and (22) hold, then every solution of problem (15), (16) belongs to
C?*22(E).

Case III: Smooth Domain. Let E be an orthogonally convex open domain with C%2? boundary
inscribed in the characteristic box §2, i.e.,

E = {(z1,32,23) € Q: (21,32) € G12, 23 € (1(w1,22),72(71,22)) }
= {(w1,22,23) € Q: (w1,23) € Gi3, 2 € (M (21, 33),m2(21, 33)) }
= {(z1,m2,23) € Q: (2,33) € Gi3, 71 € (C1(w2,23), 22, 73)) },
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where v; € 0(612) N 02’2(G12), n; € 0(613) N 02’2(G13), G € C(égg) N 02’2(G23) (i =1,2), and
G112, G13 and Ga3 are orthogonally convex smooth open domains inscribed in (0,w;) X (0,ws),
(0,w1) x (0,ws3) and (0,ws) x (0,ws), respectively.

In the domain E consider the following equations:

ul®22) = oo (x)ul??0) + pygo (1, 23)ul>0 + 3 " pa (x)ul™ + ¢(x), (24)
a<l

u(27212) — p220(x3)u(2’270) + p202 ($2)u(270’2)

+ p200(3)u 300 poog (23)ul®29 4 pogg (22)u®0? 4 pogo (g, 23)u + ¢(x) (25)
and

+ Z Pa(x)ul® + ¢(x). (26)

a<l

In view of (23), conditions (2¢) receive the form

u(Gi(we, w3), w2, w3) =0, w00 (2y,mi(x1,23), 23) =0,
w20 (1,29, 7i(21,22)) = 0 (i = 1,2). (27)

Theorem 4. Let the following inequalities hold:

p220(x) > 0,
p200(w1,23) < 0.

Then problem (24), (27) has the Fredholm property.

Theorem 5. Let E be a convex domain, i.e., let

(=) H[vy;|(x1,22) be positive semi-definite for (z1,z2) € Gia (i =1,2), (28)
(=) H[n](x1, x3) be positive semi-definite for (z1,z3) € Gz (i = 1,2), (29)
(—l)i_lH[Q]($2,$3) be positive semi-definite for (xa,x3) € Gaz (i = 1,2), (30)

and let
p220(23) >0,  pao2(z2) >0, (31)
P200(x) <0, po2o(x3) <0, poo2(z2) <0, (32)

Pooo(w2,x3) > 0.

Then problem (25), (27) is uniquely solvable.
Furthermore, if E is strongly convezx, i.e.,

(—1)i_1H[%-](x1,x2) is positive definite for (r1,x2) € G12 (i =1,2), (33)
(—l)ile[m] (x1,x3) is positive definite for (x1,x3) € Gig (i =1,2), (34)
(=1)YH[G) (29, 23) is positive definite for (x2,x3) € Gag (i =1,2), (35)

then the solution of problem (25), (27) belongs to C%*2(E).
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Corollary 3. Let conditions (28)—(32) hold. Then problem (26), (27) has the Fredholm property.
Furthermore, if conditions (33)—(35) hold, then every solution of problem (26),(27) belongs to
C*22(E).

Remark 2. In a strongly convex domain the boundary conditions (2) are equivalent to the bound-
ary conditions

“‘aE = ¢1(X)a 200 |8E '¢2(X), U(2’2’0)|8E = ¢3(X).

Remark 3. Without the requirement that the domain F be strongly convex the solution of problem
(1), (2) may not belong to C*22(E).
As an example, in the domain E = {(x1,72,73) : 2 + 23 + 23 < 1} consider the problem

(2,272) — 0’ (36)

u‘aE =0, u®%0 ‘6E 2, w0 ‘dE 0. (37)

F is a convex domain. However, F is not strongly convex, since the Hessian matrices mentioned in
Theorem 5 are positive semi-definite rather than positive definite along the three "main meridians”

4 .4 4 .4 4 .4
T+ x5 7 Ty + x5 . and T + x3
Ir3 = 0 To = 0 Ir = 0
As a result, the unique solution of problem (36), (37) u(x) = % — \/1 — 23 — 23 does not belong

to C>22(E) since u®19) and u(%%1 are discontinuous along the third “main meridian”.

It is worth noticing that problem (36), (37) considered in the unit ball £ = {(x1,x9,23) :
2% + 23 + 23 < 1} has a unique solution u(x) = 23 + 23 + 23 — 1 which belongs to C*?2(E). Such
contrast is explained by the fact that the unit ball is a strongly convex domain.
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The process of electromagnetic field propagation into a substance, its mathematical modeling,
investigation, and numerical solution belong to one of the most important tasks in applied math-
ematics. As a rule, this process is accompanied by the release of thermal energy, which causes
changes in the permeability of the medium and affects the diffusion process since the coefficient
of conductivity of the medium significantly depends on temperature. Mathematical simulation of
the mentioned process, like many other applied problems, results in nonlinear partial differential
and integro-differential equations and systems of those equations. In a quasistationary case the
corresponding system of the Maxwell equations has the following form [12]:

88—]3 = —rot(vy, rot H), (1)
cy % = v (rot H)?, (2)

where H = (Hy, Ha, H3) is a vector of the magnetic field, 6 is temperature, ¢, and v, characterize
the heat capacity and electrical conductivity of the medium. Equation (1) describes the propagation
of the magnetic field in the medium whereas equation (2) expresses a change of the temperature due
to the Joule heating. Assume that coefficients of thermal heat capacity and electrical conductivity
of the substance depending on temperature. In this case, as it is shown in [3], system (1), (2) can
be reduced to the following nonlinear parabolic type integro-differential model

t
%—?:—rot [a(/|rotH2dT>rotH]. (3)
0

Let us note that the above-mentioned integro-differential model (3) is complex and only par-
ticular classes are investigated (see, for example, [1-11,13-15,17, 18] and the references therein).
Consider the case when all three components of the magnetic field vector are functions of time and
one spatial variable H; = H;(x,t), i = 1,2,3. Thus, in this case we have:

rot H = (0, —8;?, %),

rot(a(S) rot H) = (0, _a% <a(S) %), _% (a(S) aaff‘)),

where

S(et) - / (22 (22,
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and system (3) takes the following form:

OH,
o 0
OHy 0 OH2\2 = (OHz3\2 OH2|
mm[( [(ax) *(m”“)ax]—o’ (1)

OH3 0
ot oz |”

Our goal is to study the convergence of the finite difference scheme for the following initial-
boundary value problem posed for the nonlinear integro-differential system (4) with source terms
and known right-hand sides:

[(22)"+ (G2)] ) 2] <o

O\w O\‘,w

% + g1(Hy) = f1,
881212 - = {a(/ [ 8H2 3;5»)2] dr) 66112] + g2(H2) = fo, 5)
0
% [a(/ {(81{2 8;;3)2] dr) % + g3(H3) = f3,
0
Ho(0,1) = Hy(1,4) = Hy(0,¢) = Hy(1,£) =0, ¢ >0, (6)
Hy(z,0) = Hyo(x), Ha(x,0)= Hoo(z), Hs(x,0)= Hso(z), =€ [0,1], (7)

where Hyg, i, fi, © = 1,2,3 are given functions and g; are monotonically increased and positively
defined functions.

Due to the fact that the last two equations of system (5) are strongly connected to each other,
we will consider these equation jointly, whereas the first equation will be considered independently.

Let us correspond the finite difference scheme for problem (5)—(7). On [0, 1] x [0, T let us intro-
duce a net with mesh points denoted by (z;,t;) = (ih,j7), where ¢ = 0,1,...,M; j =0,1,...,N
with h = 1/M, 7 = T/N. The initial line is denoted by j = 0. The discrete approximation at
(z;,t;) is designed by (u] v w; 7) and the exact solution to problem (5)—(7)) by (H?., HJ Hj ;). We

30 Y 120 7524
will use the following known notations [16] of forward and backward derivatives:

and inner products and corresponding norms:

r],y —thyz, rj,y —th yl,

1= 5., =
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For problem (5)—(7) let us consider the following finite difference scheme:

J+1 J
B g @l =

Syl J+1 ) 1
. ] N N n n .
: - {Q<TZ [(v50)* + (wr,z’)Q])”i,i } T 92 (“z] ) = [
T k=1 0
witt —w] A ko2 k2 +1 +1 j (8)
— = {G(TZ [(%z) + (wz ;) ])w;z } + 93 (wf ) = fé,ia
T k=1 0
i=1,2,... M—1;, j=01,...,N—1,
vg:vngwgzwngo,ij,l,...,N,

0
U,

0 0 ,
= Hyoi, v; =Hs;, wv; =Hz,, 1=0,1,..., M.

Multiplying equations in (8) scalarly by u/*!, /71 and w/t!, respectively, it is not difficult to
get the inequalities:

n n
luml| < €, o™+ ed]Pr < € flw" P+ lwd]Pr < C, n=1,2,...,N, 9)
j=1 j=1

where here and below C' is a positive constant independent from 7 and h.
The a priori estimates (9) guarantee the stability of scheme (8). The main statement of this
note can be stated as follows.

Theorem. If a = a(S) > a9 = Const > 0, d/(S) > 0, ”"(S) < 0 and g;, i = 1,2,3 are
positively defined and monotonically increased functions, and problem (5)—(7) has a sufficiently
smooth solution, then the solution of the difference scheme (8) tends to the solution of the continuous
problem (5)—(7) as T — 0, h — 0 and the following estimates are true:

I = H{| < C(r), |l = H}|| <C(r+h), |lw’ —Hi|| < Cl7 +h).

We have carried out numerous numerical experiments for problem (5)—(7) with different kind
of right hand sides and initial-boundary conditions. Results of numerical experiments confirmed
findings in the above-stated theorem.
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1 Introduction

Consider solutions with positive initial data to differential equation with general power-law non-
linearity

v = p(a,y, gy Ly T sy y - M), (1.1)
with n > 2, positive real nonlinearity exponents kg, k1, ..., k,_1 and positive continuous in x and
Lipschitz continuous in ug, u1, . .., un—1 bounded function p(ug,uy, ..., Up—1).

The results on qualitative behavior and asymptotic estimates of positive increasing solutions for
higher order nonlinear differential equations were obtained by I. T. Kiguradze and T. A. Chanturia
in [9]. Questions on qualitative and asymptotic behavior of solutions to higher order Emden—Fowler
differential equations (k; = - -+ = k,—1 = 0) were studied by I. V. Astashova in [1,4-6].

In the case n = 2 the results on qualitative behavior of solutions can be found in [10], and
asymptotic behavior was studied in [11].

Equation (1.1) in the case n = 3, kg > 0, kg # 1, k1 = ko = 0, was studied by I. Astashova
in [1, Chapters 6-8]. In particular, asymptotic classification of solutions to such equations was
given in [3, 6], and proved in [2]. Qualitative properties of solutions in the case n = 3, kg > 0,
k1 > 0, ko > 0 were studied in [12]. In this paper several results are generalized for higher order
differential equations with general power-law nonlinearity.

For higher order differential equations, nonlinear with respect to derivatives of solutions, the
asymptotic behavior of certain types of solutions was studied by V. M. Evtukhov, A. M. Klopot
in [7,8].

2 On the behavior of solutions

For equations of second- and third-order the following results on qualitative behavior of solutions
with positive initial data were obtained.

Theorem 2.1 ([10]). Suppose n = 2 and ko + k1 > 1. Let the function p(z,u,v) be continuous
in x, Lipschitz continuous in u, v and satisfy the inequality p(x,u,v) > m > 0. Then there exists
a constant ¢ = ((m, ko, k1) such that any maximally extended solution y(x) to equation (1.1),
satisfying at some point xo the conditions y(xg) > 0, y'(xg) = y1 > 0, has a finite right domain
boundary x* satisfying the estimate

_ ko+k1—1
* ko+1
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Theorem 2.2 ([12]). Suppose n = 3 and ko + ki + ko > 1. Let the function p(x,u,v,w) be
continuous, Lipschitz continuous in u, v, w and satisfy the inequality p(z,u,v,w) > m > 0. Then
there exists a constant ¥ = p(m, ko, k1,ks) such that any mazimally extended solution y(x) to
equation (1.1), satisfying at some point xg the conditions y(xo) > 0, y'(xg) >0, y"'(z9) = y2 > 0,
has a finite right domain boundary x* satisfying the estimate

_ ko+k1+ko—1
* 2kg+k1+1
T —x0 < YPYy .

Consider now the asymptotic behavior of solutions with positive initial data to second- and
third order equations. For second order equation the result is also obtained for general form of
p(x,u,v) in [11].

Theorem 2.3 ([11]). Suppose n =2 and ko + k1 > 1, k1 < 2. Let p(x,u,v) = pg > 0, and let z*
be a right boundary of the domain of an inextensible solution y(x) to (1.1) satisfying at some point
xo the conditions y(xo) > 0, y'(zg) > 0. Then

y=Cx*—2)"“(1+0(1)), v = 2" =0,
where
o 2—k
N ko+ k1 —1
Theorem 2.4. Supposen = 3 and ko+ki1+ks > 1, ks <1, k1+2ke < 3. Let p(z,u,v,w) = pg > 0,

and let x* be a right boundary of the domain of an inextensible solution y(x) to (1.1) satisfying at
some point xy the conditions y(xzg) > 0, y'(x0) > 0, y”"(zo) > 0. Then

. o' o+ 1!>ko+i1—1

> 0, Cz( .

y=C(z*—x)"“(1+0(1)), v = 2" =0,

where

33—k — 2k
kot ki ko —1

«

-0 o (|a|1k’1k2|a+1|1k2|a+2|>ko+kll+kgl
9y - .
Po

It turns out that it is possible to generalize the above results for the higher order equation (1.1).
Denote

n—1 n—1
K=Y ki 2= ikn 1
i=0 i=1
Theorem 2.5. Suppose n > 2, K > 1. Let the function p(ug,u1,...,un—1) be continuous in x,
Lipschitz continuous in ug, ..., U,—1 and satisfy the inequality

(@, 9,y ..y V) >m > 0.

Then there exists a constant & = £(n,m, ko, ..., kn—1) such that any mazimally extended solution
y(x) to (1.1), satisfying at some point xq the conditions y(zo) > 0, i/ (zg) > 0,...,y" 2 (x9) > 0,
y(”*l)(xo) = yYn—1 > 0, has a finite right domain boundary x* satisfying the estimate

K—-1

* T
=z <8y,

The following theorem states the existence of a solution in the form y = C(z* — z)™¢ to
equation (1.1) with constant potential p(z,y,%/, ...,y D) = (=1)" po.

n—1
Denote 32 = ) ik;.
i=1
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Theorem 2.6. Letn > 2, pg > 0 and K > 1. Then equation

y™ = (=1 poly[Foly -y sgn(yy ) (2.1)

has a solution y = C(x* — x)~%, where * < oo is the right domain boundary,

n—1
n—1 1- > ks
[T la+if =t oo _
o= (=0 K-t g T F
N Po ’ N K-1 '

Note that the higher order Emden—Fowler equation
y™ =polylFseny, n>2, k>1, po>0

for any =* € R has the solution y = C'(z* — z)~* with

o= C:(a(a+1)-..(a+n2)(a+n1)>,€117
E—-1 20
which corresponds to the result obtained in Theorem 2.6 with ky = -+ = k,—1 = 0 (see [1, 5.1]).

The existence of solutions to equation (1.1) which is equivalent to C(z* —z)™* as ¢ — 2* — 0
in general case is an open problem. For n = 2 this problem was solved in [11], and for n > 3,
ki =---=kp—1 =0 it was solved in [1, Chapter 5] and [4, 6].
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The problem of optimal control at a finite time interval for a system of differential equations
with impulse action at fixed moments times and also the corresponding averaged system of ordi-
nary differential equations are considered. The existence of optimal control of exact problem and
averaged problem is proved, and also it is established that optimal control of averaged task carries
out the approximate optimal synthesis of exact problem.

1 Introduction

In this paper, for the system of differential equations with impulse action at fixed moments of time,
the problem of optimal control is considered:

= e[A(t,2) + B(t,x)u], t £, z:12z(§> te {oé),

4 (T
Al = eh(a(t).v), i=12....i(7), (1.1)

x(0,u(0),v;) = xo, t; < tiy1,

where € > 0 is a small parameter, ¢t > 0, T > 0 is some constant value, x € D is a phase n-
dimensional vector, D is a region in R", u € U is a vector of control, U is convex and closed set
in R™, 0 € U, i(t) is the number of pulses on [0,¢): t1,t2,...,tn,... s bi(Tys and ¢, — 00, n — o0;
v, €V,i=1,2,... ,i(%), are impulse control vectors, V is a closed set in R". With respect to the
moments of impulsive action, we assume that there exists a constant C' > 0 such that for ¢ > 0,

i(t) < Ct.

A is an n-dimensional vector-function, B is an n X m-dimensional matrix, I;(z,v) is an n-
dimensional vector function.

Control u = u(t) = (ui(t),ua(t),...,un(t)) and v = v; = (vi1,vi2,...,vy) wWill be considered
admissible for problem (1.1), if
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(al) u(t) € Ly(0, %) for some p > 1;
(a2) u(t) e U at t € [0, %], almost everywhere;

a3) there exists 9 > 0 such that for 0 < € < gg the solution z(t,u,v) of the Cauchy problem
(1.1) has defined by ¢ € [0, Z], where & is independent of u(t) and v;

(ad) v; € V;

(ab) for each sequence of control vectors v; € V' there exists the vector vg € V' such that v; — vy,
i — o0, uniformly for all controls, that is, for arbitrary 6 > 0 there is a constant Ny,
independent of v;, vy and such that for all i > Ny the inequality |v; — vo| < J is satisfied.

It should be noted that condition a5) is obviously satisfied if there exists a sequence {a;}
independent of v;: a; — 0, i — oo, such that |v; — vg| < a;.

We denote the set of valid controls by €.

By | - | we denote the norm of vector in Euclidean space, and through || - || we denote the norm
of the matrix consistent with the norm of the vector. In this paper, the averaging method is applied
to optimal control problems. The main role here is to justify the closeness of the solutions of the
exact and average problems. This type of results for impulse systems was first obtained in [5] and
further developed in the works of many scientists and applied to optimal control problems (see, for
example, [4], where is comprehensive bibliography).

In works [3,7, 8], another approach was developed to apply the averaging method to optimal
control problems, where the control function was considered a fixed parameter when averaging.
This approach had applied to the problems of optimal control of functional-differential equations
in [2].

2 Formulation of the problem and the main result

The problem of optimal control to be solved in the work is to find such allowable controls () and
v; that minimize the functional

Je(u,v) =¢ [[Clt,x) + F(tu)dt+e Y Wi(a(t),vi),

o<t;<T

O\NH

here C, F, 1; are continuous in the set of variables of function, with C' > 0, F' and ; satisfy the
conditions:
F(t,u) is defined for t > 0, u € U, convex on u, and for some a > 0:

F(t,’LL) > a|u‘p7 ¢Z(tav) > a|U|p7

where p > 1 from condition al) and for some K > 0 there exists g9 > 0 such that ¢ < g the
inequality

T
a/F(t,O)dth
0

holds.
With respect to system (1.1), we assume that the following conditions are fulfilled:
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1.1) there are such Ag(z), Bo(x) and Cy(x), for which uniformly over z € D the boundaries exist
(averaging conditions):

T
) 1
%&‘T/A(t,x)dt—Ao(x) =0,
0
. T
jlgréo‘T/C(t,x)dt—Co(:r) =0,
0

T—o0

T
1
lim T / |B(t,z) — Bo(z)||?dt =0,
0

where ¢ is determined from the condition % + é =1;

1.2) the vector function A(t,z) and the matrix function B(t,x) are defined, measurable by t for
each z, the function C(t,z) is defined and is continuous at t > 0, z € D;

1.3) the functions A(t,z), B(t,x) and C(t,x) are Lipschitz’s functions on x with constant L in
domain D;

1.4) the functions I;(z,v), ¥;(z,v), i = 1,2,...,i(t), are continuous on the set of variables;

1.5) the functions ¢;(z,v), i = 1,2,...,i(t), are bounded by the constant M at ¢t > 0, z € D,
veV;

1.6) the functions I;(z,v), ¥;(x,v), i = 1,2,...,i(t), are Lipschitz’s functions on x with constant
L in the domain D and uniformly continuous on v in the domain of definition;

1.7) for the functions A(t,z), B(t,x), C(t,z) and I;(z,v), i = 1,2,...,1’(%), the conditions of
linear growth are fulfilled, i.e., there is a constant K > 0 such that for t > 0 and x € D the
followings inequalities are fulfilled:

A(t,2)| < KL+ Jel), | Bta)]l < K(1+[]), [5] < K1+ |e]), [C(t,2)] < K(1+ ).

Let the averaging conditions also be satisfied:

1.8) uniformly for z € D, w € U, v € V there are boundaries:

1
lim — Z Ii(z,v) = Iy(x,v),

§—00 8

0<t;<s

.1

lim = 37 wi(z,v) = oz, v).
0<t;<s

Problem (1.1) on the interval [0, %] will correspond to the following averaged problem:

= ¢e[Ao(y) + Bo(y)u + Io(y,w0)], te [07 §>, (2.1)
y(O,ﬁ(O),ﬁl(O)) = X0,

where @ is the allowable control of the averaging problem (2.1), that satisfies the same conditions
as the allowable control of the exact problem (1.1), and vy for each v; is selected from condition a5).
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The set of admissible controls (u(t),vg) of problem (2.1) is denoted by Q. The quality criterion
of the problem of averaging is as follows:

JJ%W=€/R%@®%+ﬂtw+wdmmmﬂﬁ-
0

Let’s denote
JF = inf  J:(u,v),
€ (u(t%,I})l)GQ E(u U)

= inf J.(@w,0).
(u(t),v0)EQ «(#7)

=k
g

The purpose of this work is to prove for the problem of optimal control the following statement:
for an arbitrary n > 0 there is €9 = £¢(n) such that for € < gg the inequality

| J2 = J(@", )| <

holds; w*, v{ is the optimal control pair for the problem of averaging, i.e., the optimal control of
the problem of averaging is almost optimal for the exact one.
For the averaged system (2.1) we assume that the following condition is fulfilled:

(A) If the control w satisfies the estimate

T
5/|u(t)\dt <R
0

where R > 0 does not depend on ¢, @, then there is g = £¢(R) such that for 0 < € < ¢ the
solution of the averaged Cauchy problem y(¢, %, vg) for t € [0, %] lies in the region D together
with some p-neighborhood, and p does not depend on ¢, u, vy.

The following theorem holds.

Theorem. Under conditions 1.1)-1.7) and condition (A) there exists g > 0 such that for 0 < e < g
the exact and averaged control problems have solutions, and for an arbitrary n > O there exists
e1 = ¢e1(n) < gg such that for 0 < e < €1 the inequality

T~ Je@ )| <

is fulfilled, where (u*,vy) is the optimal control of the averaging system.
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Consider the differential equation

y' = f(t,u.y), (1)

where f : [a,w[ XAy, X Ay, — R is a continuous function, —oo < a < w < 400, Ay, (i € {0,1}) is
a one-side neighborhood of Y; and Y; (i € {0,1}) is either 0 or +oo. We assume that the numbers
wi (i =0,1) given by the formula

1 if either Y; = 400, or Y; = 0 and Ay, is a right neighborhood of the point 0,
pi —1 if either Y; = —o0, or Y¥; = 0 and Ay; is a left neighborhood of the point 0

satisfy the relations
pop1 > 0 for Yy =+oo and pouy <0 for Yy =0. (2)

Conditions (2) are necessary for the existence of solutions of equation (1) defined in the left neigh-
borhood of w and satisfying the conditions

yD(t) € Ay, for t € [to,w], ltiTmy(i)(t) =Y (i=0,1). (3)
w
Among the strictly monotonic, together with the derivatives of the first order, in some left

neighborhood of w of solutions of equation (1) we can single out only solutions admitting either
representations of the form

y(t) = co+o(1), y(t) = mu(t)ler +o(1)] as t1w, (4)

where ¢g, ¢1 are nonzero real constants, or satisfying conditions (3).

The question of whether equation (1) has solutions with representations (4) can be, in general,
solved using either for w = +o00 a theorem from monograph [3, Ch. II, § 8, p. 207] or for w < 400
ideas laid down in the work [1].

One of the classes of equation (1) solutions with properties (3) that admits asymptotic repre-
sentations is the class of B, (Yp, Y1, Ao)-solutions.

Definition 1. A solution y of equation (1) on the interval [to,w[C [a,w] is called P, (Y, Y1, Ao)-
solution, where —oo < Ay < +o0, if, in addition to (3), it satisfies the condition

WP
@~
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Depending on Ao these solutions have different asymptotic properties. For Ao € R\ {0,1} in [2]
such ratios

/ /!
lim T (t)y (1) _ Ao  lim 7w (t)y" (t) _ 1 7
ttw y(t) Ao —1 ttw y’(t) Ao —1
where
t if w=
mt) = LT
t—w if w< 4o,

are established.

Definition 2. We say that a function f satisfies condition (F'N)), for A\g € R\ {0,1} if there
exist a number ap € {—1,1}, a continuous function p : [a,w[—]0,+o0c[ and twice continuously
differentiable function ¢q : Ay, — |0, +0o0o[, satisfying the conditions

po(y) 70, lim po(y) = ¢o € {0, 00}, lim PoWael) _ (5)

0
y—=Yo / 2
e (o)
such that, for arbitrary continuously differentiable functions z; : [a,w[— Ay, (i = 0,1) satisfying
the conditions

limz(t)=Y; (i=0,1),
tTw

/
lim ™o (H)z0(*) = A0 ,  lim = ,
ttw Zo(t) Ao —1 tw 21 (t) Ao — 1

one has representation

f(t, 20(t), 21(8)) = cop(t)po(z0(t))[1 + o(1)] as t 1w (6)

Note that the choice of ag and the functions p and g in Definition 2 depends on the choice of
Ao € R\ {0, 1}. Tt is also obvious that the numbers pg, p1 determine the signs of any P, (Yp, Y1, \o)-
solution of equation (1) and its derivative in a left neighborhood of w. Moreover, under condition
(F'N)), sign of second derivative of any P,,(Yp, Y1, Ao)-solution of equation (1) in a left neighborhood
of w coincides with the value . Then taking into account (2), we have

aopy >0 for Y3 = +o0o and apuy <0 for Y7 =0. (7)
We choose a number b € Ay, such that the inequality
bl <1 for Yo=0, b>1 (b<—1) for Yy =400 (Yo =—00)
is respected and put

Ay, (b) = [b,Yp] if Ay, is a left neighborhood of Yy,
Ay, (b) =1Yp,b] if Ay, is a right neighborhood of Yjp.

Now we introduce auxiliary functions and notation as follows:

Yo d
, boif / ’ - = too,
ds wo(s)
®: Ay, (b)) > R, & ):/ , B= %
900(3) ds
B Yy if / = const,
/ vo(s)
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y—Yo

0 if B= &0, it B t
= 111m = > s =
Y 400 i and pop1 L2 L i -

—oo if B="b and pop1 <0,

' a if /Trw(r)p(T) dr = +o0,
I@Z/mﬁMﬂ% A= 2,
A

w if /WW(T)p(T) dr = const.

a

Theorem 1. Let Ao € R\ {0,1} and let the function f satisfy condition (F'N)y,. Then, for the
existence of P, (Yo, Y1, Ao)-solutions of the differential equation (1), it is necessary that the sign
conditions (2), (7),

Oéopto)\o > 0, ,lto,ul)\()()\o — 1)7Tw(t) > 0, Oéo,ttz()\o — 1)I(t) <0 fO’/“ t e [a,w[

and

. _ o me®I() o @00 = DT OpO)po(Y (1) _ Ao
Wm0 =2 Ty T W 0 SRt

hold, where
Y(t) =2 (ag(ho — 1)I(1)).

Moreover, each solution of this kind admits the asymptotic representations

y'(t) Ao(1 +0(1))
eo(y(t)) (Ao = DI(?)

Remark 1. Asymptotic representations of P, (Yp, Y1, Ag)-solutions of equation (1) can be written
explicitly

— ao(h — Dma(Op(O)[L+o(L)],  ¢h(y(t) = s ttw.

v =YL+ ). v =2 T o)
where
YY)
HO = =@
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Let us consider the system of ordinary differential equations
A(2)Y' = B(2)Y + f(z,Y,Y’), (1)

where the matrices A : D1 — CP*P, B : Dy — CP*P, Dy ={z: |z| < Ry, Ry >0} C C, Dyp =
Dy \ {0}, matrix A = A(z) is analytical in the domain D;, matrix B = B(z) is analytical in the
domain Dy, rang A(z) = p in the domain z € Dy, ACY(2)B(z) is analytical matrix in the domain
D1y and has pole of order d € N in the point z = 0, the vector-function f : D1 xG1x Gy — CP, where
domains G C CP, 0 € Gi, k = 1,2, the vector-function f = f(z,Y,Y”) is analytical in the domain
D1 x G x Gag, Gro = G\ {0}, k = 1,2, the decomposition of the vector function f = f(z,Y,Y”)
to a convergent power series around the point (0,0,0) has no free and linear members.

Let us study question on the existence of analytic solutions of the Cauchy problem for system
(1) with the initial condition

Y =0, 2z—0, z¢€ Dy,

and the additional condition
Y/%O, z— 0, z € Dy.

According to these assumptions, system (1) takes the form
Y’ = PA()Y + 2 HO (2, Y, V), (2)
where P(?)(z) is an analytical matrix in the domain D, H® = H® (2 Y,Y’) is an analytical
vector-function in the domain D x G x Gs.

Definition 1. Let’s define that the vector-function z*H®(z,Y,Y”) has the property Vi near the
point (0,0,0) if this neighborhood component vector function z?H (2)(2, Y,Y’) may be decomposed
into convergent series form

[o¢]
SHP (YY) = Y CRPeYIEYY =T
s+|l1+q|=2

(2.9) . _ T

where C’Slq] eC,j=1,p.
Lemma. Ifin system (2) vector-function 24 H® (2,Y,Y") has the property Vi near the point (0,0,0),

then system (2) can be uniquely reduced to the system of the type

2y = PO )Y + FA(2Y), (3)
where P (2) is an analytical matriz in the domain Dy C Dy, 0€ Dy, F@ = FO(2,Y) is an
analytical vector-function in the domain D1 x G1 C Dy x G1, (0,0) € Dy x Gy, F® (0,0) = 0. For

convenience, we assume that the matriz P2 is analytical in the domain Dy, and the vector-function
F2) g analytical in the domain D1 x G1.
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For arbitrarily fixed t; € (0, Ry], v1,v2 € R, v1 < vy, introduce a set I(t;) = {(t,v) € R%: t €
(0,t1), v € (v1,v2)}. For z = z(t,v) = te’, the set I(t;) C R? refers to the set I(t;) C C: I(t;) =
{z=te €C: t€(0,t1), v & (v,v2)}.

Definition 2. Let p,g : I(t1) — [0, +00). Let’s define that the function p has the property Q;
regarding the function g on the condition v = vy € (v1,v2), if the function p = p(¢, vp) is a function
of higher order of smallness relative to the function g = g(¢,vg) on the condition ¢ — +0.

Definition 3. Let p,g : I(t;) — [0,+00). Let’s define that the function p has the property Qo
regarding the function g on the set I(t;), if there exist C; > 0, Cy > 0 such that on the set I(t;)
the inequality

Clg(tv U) < p(t, U) < CZQ(ta U)

is satisfied.

Introduce the auxiliary vector function ¢(z) = col(e1(2),...,¢p(2)), ¢ : I(t1) — CP, and
P(t,v) = col(P1(t,v), ..., ¢¥p(t,v)), ¥j : I(t;) = [0;400), j = 1,p, on the condition z = z(t,v) =
te®, ¥i(t,v) = |pj(2(t,v))], 7 = 1,p, functions 1, j = 1,p are really values functions of real
variables t, v.

For a fixed v = vy we introduce

Y(a(t00) = Y(), Y()=Yi(t) + iV (),
PA(z(t,00) = B (07 oy = PP @) +iP2 (1), PO®) = [ OIF s s =1,2,
F® (2(t,00),Y (2 <t w))) = FO(t,Y1,Y2),

FOWY,Ys) = col (FP(t,Y1,Ya), ..., ED(, 11, Y2)),
FP (.1, Y2) = F; (t,Yl,Y2)+iF2§)(t,Y1,)72), ji=Tp,

functions p( )( t), j,k = 1,p, s = 1,2, and vector-functions 171(t), 172(75), Fl(f), FQ(JQ), j =1,p are
really Values functions of real variable t.
For a fixed t = tg we introduce

Y(elto,v) = Y (v) = Y1 (v) m%( ),
P ((to,v)) = 1B ()12, = PP (0) + PP (v), PP (v) = B @)y, s=1,2,
FO (2(t,0), Y (2(to,0))) = FC )(v,Yl,Yg),
FO(0,Y1,%s) = col (FP (0, Y1, Ya),..., FP) (0, V1, Va)),
FP(0,Y1,Y2) = FD (0,11, Y2) +iFy,) (v,Y1,Y2), j=T,p,

functions ﬁﬁ)( ), 43,k = 1,p, s = 1,2, and vector-functions Yl, Yg,

values functions of real variable v.

7@ p@

o Foy J = 1,p are really

Definition 4. Let’s define that the matrix P(?) (z) has the property Sy regarding the vector-function
© = (z) if the conditions are met:

1) for each vy € (v1,v9) functions t4(3;(2(t,v))); have the property @ regarding the functions

|]7](32)( Mi(2(t,v)), j = 1,p, on the condition v = vp;

2) functions t471(¢;(¢,v))!, have the property Q> regarding the functions \ﬁg) ()|Y;(t,v), j =
1,p, on the set I(ty) for some to € (0,t1);
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3) for each vg € (v1,v2) functions |]7j(z) (t)|x(t,v) have the property ()1 regarding the functions
td(1;(t,v)), j,k =T1,p, j # k, on the condition v = vp;

4) functions ]1’55? (v)|1x(t,v) have the property Qo regarding the functions t4=1(¢);(¢,v)),, j, k =
1,p, j # k, on the set I(ty) for some ty € (0,%1).

Let’s introduce the sets

Q(8, o(2(t,v0))) = {(t,i}l,%) cte(0,t), }7123 +}722j < 02(4;(tv0))?, j =Top

3

vo is fixed on the interval (v, v2),
Q(r,pla(to,v) = { (0,71, 2) v e (vr,02), ¥+ T2 < 72 (wy(t0,0))2, 5 = Tp )

to is fixed on the interval (0,t1), where § = (61,...,6p), 7 = (71,...,7p), 05,75 € R\ {0}, j = (1,p).

Definition 5. Let’s define that the vector-function F(?) = F(®)(z,Y") has the property M, regarding
the vector-function ¢ = ¢(z) if the conditions are met:

1) for each vy € (vi,v2) on the condition (t,Y1,Y2) € Q(8,¢(z(t,vo))) functions }?’k(f) =
fk(f) (t,Y1,Ys) have the property Q; regarding the functions |j5](]2) (O)|Yi(t,v), 5 =1,p, k=1,2,
on the condition v = wvy;

2) for each (v,Y7,Y2) € Q(r, ¢(2(t,v))) functions ﬁlg) = ﬁk(j) (v,Y1,Ys) have the property Qo
regarding the function ]]3? (v)[¥j(t,v)), 7 = 1,p, k = 1,2, on the set I(t2) for some t2 € (0,1).

Let’s introduce domains Af)k(tg), k € {+,—}, which are defined as

Af_)Jr(tg) = {(t, v) : cos ((d — 1)v — &ﬁ) (t)) >0, sin ((d — 1)v — aﬁ)(v)) > 0,

j 1’p7 te (07t2)a S (Ul,’(}g)},

A? (1) = {(t, v) ¢ cos ((d—1)o—a (1) >0, sin ((d— Lo —a (v)) <0,

Tp L€ (0,t2), v € (vr,2) },

J

where functions &ﬁ) (1), aﬁ) (v), 7 = 1, p, are defined through the corresponding diagonal elements

of the matrices 13(1(2), ﬁéQ), qg=1,2.

Definition 6. Let’s define that system (3) belongs to the class C’fl,k € {+,—} if matrices
P (z) = PA(te™) are such that (t,v) € Af)k(tg), ke {+ -}

Let’s introduce domains Gf)k(tg) ={z=2z(t,v): 0< |z| <ty (t,v) € Af.)k(tg)}, ke {+ -}

Theorem. Let A(z) be an analytical matriz in the domain D1 and rangA(z) = p on the condition
z € Dy. Let system (1) may lead to the appearance (2). The vector-function 2*H® (2, Y,Y") has
the property Vi near the point (0,0,0). Moreover, the following conditions are met for system (3):

1) the matriz P(2)(z) s analytical in the domain D1 and has the property So regarding the
vector-function ¢ = p(z);
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2) the vector-function F® = F3)(2,Y) is analytical in the domain D1 x Gy, F(0,0) = 0 and
has the property My regarding the vector-function ¢ = ¢(z);

3) system (3) belongs to one of the classes C-(|-2.)lw ke{+ -}

Then for each k € {+,—} and for some t* € (0,t2) there are solutions of system (1) Y = Y (z), which

satisfy the initial conditions Y (z9) = Yy for zo € G(z)k(t*), Yo € {Y 1 [Yj(20)| < 0jlpj(20)], 05 >

+.
(2)

0, j = 1,p}, that are analytical in the domain G+.k_(t*) and for these solutions in this particular

domain the estimates are fair:

Yi(2)]? < 8lei(2)1%, j=Tp.
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We are interested in the existence and non-existence of a positive solution to the periodic
boundary value problem

o =p(u =" e w(0) = uw), (0 =), (0.1)

Here, p, h, f € L([0,w]),
h(t) >0 for a.e. t € [0,w], h(t)#O0,

A > 0, and a parameter p € R. By a solution to problem (0.1), as usual, we understand a function
u: [0,w] — 10, 00| which is absolutely continuous together with its first derivative, satisfies the given
equation almost everywhere, and meets periodic conditions.

Definition 0.1. We say that the function p € L([0,w]) belongs to the set V1 (w) (resp. V™ (w)) if
for any function u € AC(]0,w]) satisfying

u”(t) > p(t)u(t) for a.e. t €[0,w], u(0)=u(w), v (0)=1u(w),

the inequality
u(t) >0 for t € [0,w] (resp. u(t) <0 for t € [O,w])

is fulfilled.

Definition 0.2. We say that the function p € L(]0,w]) belongs to the set Vy(w) if the problem
u’ =p(t)u; w(0) = u(w), v'(0)=1u'(w) (0.2)

has a positive solution.

For the cases p € V™ (w), p € Wo(w), and p € VT (w), we provide some results concerning the
existence or non-existence of solutions to problem (0.1) depending on the choice of a parameter fu.
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1 The case p € V™ (w)

Theorem 1.1. Let p € V™ (w). Then, there exist —00 < p, < 0 and 0 < p* < +o0 such that
o for any p €|, p*[, problem (0.1) has a unique solution,
o if we > —00, then, for any p < u., problem (0.1) has no solution,

o if u* < +o0, then, for any p > u*, problem (0.1) has no solution.

2 The case p € Vy(w)

Theorem 2.1. Let p € Vy(w) and

/ F(tyuo(t) dt > 0,
0

where ug is a solution to problem (0.2). Then, there exists 0 < p* < 400 such that
e for any p <0, problem (0.1) has no positive solution,
o for any p €10, u*[, problem (0.1) has a unique solution,
o if u* < +o0, then, for any p > u*, problem (0.1) has no solution.

From Theorem 2.1, we derive immediately the following result.

Theorem 2.2. Let p € Vy(w) and

/ F(tyuo(t) dt <0,
0

where ug is a solution to problem (0.2). Then, there exists —oo < p, < 0 such that
o if e > —o0, then, for any u < u., problem (0.1) has no solution,
e for any p € |u«, 0], problem (0.1) has a unique solution,

e for any p >0, problem (0.1) has no positive solution.

3 The case p € V*t(w)

Remark 3.1. In [1, Theorem 16.4], it is shown that, if p € Int V*(w) and

w[f(t)]+dt>V*(p) = w[p(smds w[f(t)]—dt, (3.1)
/ (& frone) |

where the number v*(p) depends only on p (see [1, formula (6.22)]), then the linear periodic problem
u’ =ptlut f(t); u(0)=uw), v(0)=1v(w)
possesses a unique solution u which is positive.

Theorem 3.1. Let p € Int V' (w) and (3.1) hold. Then, there exists 0 < p, < oo such that
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e for any p > ps, problem (0.1) has a solution,

o if x>0, then, for any p < p, problem (0.1) has no solution,

e if we =0, then, for any p <0, problem (0.1) has no solution.
From Theorem 3.1, we derive immediately the following result.

Theorem 3.2. Let p € Int V't (w) and

w w

Juran-asv (4 b ) [t

0 0 0

Then, there exists —oo < p* < 0 such that
e for any p < p*, problem (0.1) has a solution,
o if u* <0, then, for any pu > u*, problem (0.1) has no solution,

e if u* =0, then, for any u > 0, problem (0.1) has no solution.
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Consider a linear controllable differential system
t=A(t)r+ B(t)u, x € R", weR™, t>0, (1)

with piecewise continuous and bounded coefficient matrices A and B. We denote the Cauchy matrix
of the corresponding free system

i=At)z, z€R", t>0, (2)

by X (t,s), where t,s > 0, and the Lyapunov exponents of (2) by \x(4), k=1,...,n.
Suppose that the control u is formed as a linear feedback u = U (t)x, where the matrix U is also
piecewise continuous and bounded. Then the closed-loop system

y=(A@)+B@O)U(t))y, y€R", t>0, (3)

should be treated as a linear differential system with bounded piecewise continuous coefficients.
So, all Lyapunov invariants (i.e. invariants of Lyapunov transformations) including Lyapunov
exponents A\p(A + BU), k = 1,...,n, are defined for system (3). Further we assume that the
Lyapunov exponents of each system (both (1) and (3)) are arrayed in increasing order as follows

M(A) < - < An(A)

and, respectively,
M(A+BU) <--- < \y(A+ BU).

According to classical definition due to Kalman [1] system (1) is said to be uniformly completely

controllable if there exist positive real numbers ¥ and «;, i = 1,...,4, such that for all 7 € R the
inequalities
ol K W(r,7+9) < ol (4)
asl < W(r,7+9) < asl (5)

hold. Here the controllability matrix W (Kalman matrix) is given by

W(to, 1) = / X(to, $)B(s) B ()X (to, s) ds,
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I//I\/(to,tl) = X(t1,t0)W (to,t1) XL (t1,t0), and I € R™*" is the identity matrix.

System (1) is said to be ¥-uniformly completely controllable for some given ¢ > 0 if the condi-
tions of the above definition are satisfied for this value of .

The matrix inequalities (4) and (5) should be understood as a conditional notation of inequalities
between corresponding quadratic forms. Namely, conditions (4) and (5) mean that the inequalities

T4+
o ||h))? < ATW (1, 7+ 9)h = / |R" X (7, S)B(s)Hst < aol|h|?,

T+9
asl|Bl2 < BT (r, 7+ 9)h = / WX (7 + 9, 5)B(s)|” ds < aallh]]

T

are valid for all h € R™.

Since coefficients of system (1) are piecewise continuous and bounded, we can equivalently
reformulate Kalman’s definition in a somewhat simpler way as follows. System (1) is uniformly
completely controllable if there exist positive real numbers ¥ and « such that for all 7 € R the
inequalities

W(r,7+9) > al

hold. In this case an alternative form for definition of uniform complete controllability was given by
E. L. Tonkov in [3]. We say that system (1) is J-uniformly completely controllable if there exists a
number [ > 0 such that for any state xy and each segment |7, 7+ 9] there exist a control u ensuring
the transfer of system (1) from zp to 0 on this segment and satisfying the condition ||u(t)|| < I||zol|
for all t € [r,7 + ¥]. For systems with piecewise continuous and bounded coefficients both of the
definitions are equivalent.

The following result is well known in the theory of control of asymptotic invariants [2, p. 337].

Theorem 1. If system (1) is uniformly completely controllable and the matriz B is piecewise
uniformly continuous (i.e. B can be represented as a sum of uniformly continuous and piecewise
constant matrices), then the Lyapunov exponents of system (3) are globally controllable.

Recall that the Lyapunov exponents of system (3) are said to be globally controllable if for any
given pp € R, kK =1,...,n, such that u; < --- < p, there exists a bounded piecewise continuous
feedback matrix U such that the equalities Ap(A + BU) = py, are valid for all k = 1,...,n. These
facts motivate us to refer to the matrix U as a matrix control.

If system (1) is completely controllable, but is not uniformly completely controllable, then for
any initial time tg > 0 there exists a ¢1(t9) > to such that for any state xo of system (1) one can
find a control u steering the system from xz( to zero state on the interval [to,t1(t9)]. Note that in
this case no condition is posed on the norm of the control function u and the length of the segment
[to, t1(t0)] is allowed to grow indefinitely when the starting point ¢y moves away from zero.

Proving Theorem 1 we evaluate the Lyapunov exponents of system (3) along the sequence
kv, k € N, and ensure boundedness of matrix control using the property provided by definition of
uniform complete controllability in the form due to Tonkov. So we have to conclude that approaches
used to prove Theorem 1 are not suitable to solve the Lyapunov spectra assignment problem when
the original system (1) is not uniformly completely controllable.

The most natural way to overcome this problem is to use more rapidly growing sequences. In
this case, as before, we retain the ability to construct the required control by the aid of the matrix
system

X=AH)X+B@1t)V, X eRV™, VeR™" >0,
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corresponding to system (1).

To implement this idea we introduce two functions describing some controllability properties of
system (1). For each t € R, t > 0, by T'(t) we denote the exact lower bound of the set of all 7 € R,
T > t, such that system (1) is completely controllable on [¢, T].

For each t,s € R, where t > T'(s) > s, by I'(t, s) we denote the exact lower bound of the set of
all numbers 7 such that for any state xg of system (1) there exists a control u steering the system
from zy to 0 on the segment [s,t¢] and satisfying the estimate ||u(7)| < ~v|lxo| for all 7 € [s,].
Additionally, we assume I'(¢,s) = 400 when ¢t < T'(s).

We say that the sequence tj, k € N, satisfies the slow growth condition if klim t’;—:l =1.
—00

Example. Consider a scalar system
t=0btu, xe€R, ueR, t>0, (6)

having the form (1) with zero 1 x 1-matrix A. Let ¢ > 0, k € N be a monotonically increasing to
+o00 sequence and si, k € N be a sequence satisfying the condition tx_1 < si < ti for all k > 2.

Let us define a scalar function b as follows: b(t) = 1, t € sk, tx], and b(t) = 0 for all other ¢ > 0.
It can be easily proved that system (6) is completely controllable and is not uniformly completely
controllable if the sequence sy — tx_1 is unbounded. By direct calculation we assert that T'(t) = sy
for t € [ty—1,s,] and T(t) = t for t € [sk,tx]. Moreover, for s € [ty_1,Sk], t €]sk,tx] we have
I(t,s) = (t —s,)" L.

The following statements are valid.

(i) If k/ti, — 0 as k — oo and the sequence t; — si is bounded, then the Lyapunov exponent of
system (6) equals to zero whatever control we choose.

(ii) If k/tp — 0 as k — oo and the sequence si satisfies the condition sy = ptp_1 + (1 — p)tx
with some p €]0, 1[, then choosing an appropriate control u we can prescribe any value for
the exponent of system (6). Note that we can choose u to be a constant.

Theorem 2. Suppose that system (1) is completely controllable and the matriz B is piecewise
uniformly continuous. If there exists a monotonically increasing to +oo sequence ty, k € N,
of positive real numbers satisfying the slow growth condition and such that for some o > 0 the
inequalities

D(tegr, tr) < otrrs — tr)

are valid for all k € N, then the Lyapunov exponents of system (3) are globally controllable.

Remark. If the sequence t; does not satisfy the slow growth condition, then our ability to assign
the Lyapunov spectrum of system (3) depends on finer asymptotic properties of free system (2).

Corollary 1. Suppose that system (1) is completely controllable and the matriz B is piecewise
uniformly continuous. If there exists a monotonically increasing to +o0o sequence ti, k € N, of
positive real numbers satisfying the slow growth condition such that for some v > 0 the inequalities

W (te, te+1) 2 ¥tk — o)1,
are valid for all k € N, then the Lyapunov exponents of system (3) are globally controllable.

To prove Corollary 1 we use the standard Kalman controls [1] existing on each segment where
some controllable system is completely controllable. These control functions are useless for imme-
diate constructing of necessary matrix controls, but their norms satisfy an appropriate estimate to
apply Theorem 2.
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1 Introduction

In this communication we are concerned with the question on estimates of solutions to the general
linear boundary value problem
Lx=f, lx =0, (1.1)

in the case of an uncertainty with respect to the right-hand side of the functional differential system
Lx = f. The linear operator £ : AC™ — L™ is assumed to be bounded and to have a Fredholm
principal part [1, pp. 7, 42]; £ : AC™ — R™ is linear bounded vector-functional with linearly
independent components, f € L™. Here L" is the space of summable functions f : [0,7] — R™,
AC™ is the space of absolutely continuous functions z : [0,7] — R™. The spaces L™ , AC™ are
assumed to be equipped with natural norms.

The right-hand side f is assumed to be known with an uncertainty, namely, it is given only that
its values are constrained by the inequalities

A f(t) <, telo,T), (1.2)

with a constant (N x n)-matrix A and v € R™. We assume that the solutions set, V, to the system
Av < 7y is nonempty and bounded.
The question we discuss here is one of the two-sided estimates of any solution to (1.1) at a fixed
point, say, 7 € [0,7T]:
¢ <a(r) < ¢ (1.3)

The consideration is based on the Green operator
T
GiL" = AC™, (GI)(t) = / G(t, 5)f(s) ds (1.4)
0

of (1.1). For the existence of G and the integral representation of it we refer to [1, pp. 46-49].
Recall that the matrix kernel G(¢,s) is called the Green matrix to (1.1). We can understand the
estimate (1.3) as an external estimate of the range to G over all f’s such that f(¢) € V for almost
all t € [0, 7).
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2 The two-sided estimation of solutions

We will use the following notation.

Fix a 7 from the segment [0, 7). Let (eq,...,e,) be the canonical basis in R™, thus e; has 1 as
the i-th component and zero as the rest ones. Introduce the vector ef = (—1)k1
k =1,2. Define G(s) = (e¥)' - G(r,s), where ()’ stands for transposition.

Denote by w¥(s) the solution of the problem G¥(s) v — max, v € V. Fix a collection of s;,

ei,izl,...,n,

o
§=0,...,4,0=5)<s < <s, =T, and define wF(s) = ) X, Sv)(s)wf(sj), where x ,(s) is
J:1 J—L177
the characteristic function of a set A C R.

Theorem. Let G(7,s) be piecewise continuous in s on [0,T] and nonnegative 55, 1=1,2,...,n,
k =1,2 be such that the inequalities

T T
/Gf(T,s)wf(s)ds < /Gf(T,s)lEf(s)ds—l—éf =g i=1,2,...,n, k=1,2,
0 0

hold. Then, for any f constrained by (1.2), there take place the estimates of x(T):
(ek)/a:(T) < qf, 1=1,2,...,n, k=1,2.
Example. Let us consider the system (see [3])

T1(t) = w2(t — 1) + f1(1),
j:g(t) = —x2<t) + fQ(t)7

where z9(s) = 0 if s < 0. Set up the boundary conditions by the equality

t €[0,3], (2.1)

lr = x(3) —z(0) = 0. (2.2)
As for the right-hand side f, the information about it is confined only to the inequalities

—0.25 < f1(t) < =0.15, 0.1 < fo(t) < 0.5,

0.4f1(t) —0.1f5(t) > —0.11, 0.4f1(t) + 0.1f2(t) < —0.05. (2:3)

The boundary value problem (2.1),(2.2) is iniquely solvable since (2.1) has the fundamental

matrix -
— 1 X[1,3] (t)(l —€e )
x = ( 087,

-1 1—e¢2
(X = <0 6_3—2)’
with det /X =2 — e 3.

Put 7 = 2 and obtain the estimate of z(2) that holds for any f constrained by (2.3).
Having in mind the Cauchy matrix to the system (2.1) constructed in [3], we can construct the
Green matrix G(t,s) to (2.1),(2.2). For purpose of estimating z(2), it suffices to use the section

and
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G(2,s). Let us give its description component by component:

2, s €10,2],
G11(2,S) = [ ]
1, s €(2,3];
-3 _ 2 2 s—2 _ 2 s—3 s—4
_¢ + 62_6_36 te +1-e1 se]0,2],
G12(2,8) = ) .
e 3 —2+42e572 — 2573 4 5~
- 2—6_3 ) 86(273];
63—5
53T 72 s€0,2],
G22(2, 8) = 0; G11(2, S) = 55
(&
m, S € (273]

In this case Theorem gives the following estimates:

~1.19 < 21(2) < —0.52; 0.1 < 29(2) < 0.28.

To illustrate the interrelation between the rigidity of constraints and the size of the values

set to x(2), we note that in the case of —0.01 < fi(¢) < 0.01, —0.01 < fa(¢) < 0.01, we obtain
—0.07 < z1(2) <0.07, —0.01 < x2(2) < 0.01. Clear, it depends on the Green operator property, but
the approach we discuss opens a way to take into account specific properties of solution components
in contrary to the estimates in terms of the norms introduced into the corresponding functional
spaces.

In conclusion we refer to the papers [2-7] where different aspects of the problem on enclosing

solutions to various classes of dynamic systems are presented and useful references can be found.
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In the paper, we study the question of the disconjugacy on the interval I := [a,b] C [0, +-00[ of
the fourth order linear ordinary differential equation

u (1) = p(t)ult), (0.1)

where p : I — R is Lebesgue integrable function.

Throughout the paper we use the following notations.

R =] — 00, +00[, RT =]0, +oo[, Rf = [0, 4+00], R; = R\ RT, R~ =R\ R{.

C(I;R) is the Banach space of continuous functions u : I — R with the norm |ullc =
max{|u(t)]: t € I}.

C3(I;R) is the set of functions u : I — R which are absolutely continuous together with their
third derivatives.

L(I;R) is the Banach space of Lebesgue integrable functions p : I — R with the norm ||p||;, =

b
Jlp(s)| ds.
For arbitrary x,y € L(I;R), the notation

z(t) < y(t) (x(t) = y(t)) for tel,

means that z <y (¢ > y) and z # y. Also we use the notations [z]+ = (|z] £ z)/2.
By a solution of equation (0.1) we understand a function v € C3(I;R), which satisfies equation
(0.1) a.e. on I.

Definition 0.1. Equation (0.1) is said to be disconjugate (non oscillatory) on I, if every nontriv-
ial solution u has less then four zeros on I, the multiple zeros being counted according to their
multiplicity. Otherwise, we say that equation (0.1) is oscillatory on I.

Definition 0.2. We say that p € D, (I) if p € L(I;R{), and equation (0.1), under the boundary
conditions

u(a) =0, uDb)=0 (i=0,1), (0.15)

has a solution u such that
u(t) >0 for t €la,b|. (0.2)

Definition 0.3. We say that p € D_(I) if p € L(I;R; ), and equation (0.1) under the boundary
conditions

u(l) (a) =0 (Z =0,1, 2), u(b) =0 (0‘23>
has a solution u such that inequality (0.2) holds.
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1 Main results

1.1 Disconjugacy of equation (0.1) with non-negative coefficient

First we consider equation (0.1) when the coefficient p is non-negative. In this case the following
propositions are valid.

Theorem 1.1. Let p € L(I;RY). Then equation (0.1) is disconjugate on I iff there exists p* €
D, (I) such that
p(t) < p*(t) for tel. (1.1)

Remark 1.1. From Theorem 1.1 it is clear that the structure of the set D, ([) is such that if
x,y € D4 (I), then none of the inequalities * < y and y < = holds.

The following corollary shows us that for an arbitrary p* € Dy (I), inequality (1.1) is optimal
in some sense.

Corollary 1.1. Let p* € Dy (I) and
p(t) > p*(t) for tel. (1.2)
Then equation (0.1) is oscillatory on I.
Let A1 > 0 be the first eigenvalue of the problem
uW(t) = Xu(t), «P0)=0, «D1)=0 (i=0,1). (1.3)
Then from Theorem 1.1 and Corollary 1.1 we obtain

Corollary 1.2. Equation (0.1) is disconjugate on I if

4

A
0<p(t) < 1 tel
< p(t) b= a) Jor t €1,

and is oscillatory on I if
4

p(t) > T ila)‘* for tel.

Remark 1.2. It is well known that the first eigenvalue A\; of problem (1.3), is the first positive root
of the equation cos \ - cosh A = 1, and \; &~ 4.73004 (see [2,5]). Also, in Theorem 3.1 of paper [5]
it was proved that the equation (¥ = \u is disconjugate on [0,1] if 0 <X < Aq.

1.2 Disconjugacy of equation (0.1) with non-positive coefficient

Now we consider equation (0.1) with the non-positive coefficient p, for which the following propo-
sitions are valid.

Theorem 1.2. Let p € L(I;R;). Then equation (0.1) is disconjugate on I iff there exists p, €
D_(I) such that
p(t) = pi(t) for tel. (1.4)

Remark 1.3. From Theorem 1.2 it is clear that the structure of the set D_([I) is such that if
x,y € D_(I), then none of the inequalities < y and y < = holds.

The following corollary shows us that for an arbitrary p* € D_(I), inequality (1.4) is optimal
in some sense.
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Corollary 1.3. Let p, € D_(I), and
p(t) < pi(t) for tel. (1.5)
Then equation (0.1) is oscillatory on I.

Let Mg > 0 be the first eigenvalue of the problem
uP (1) = =Xu(t), «D0)=0 (i=0,1,2), wu(l)=0. (1.6)
Then from Theorem 1.2 and Corollary 1.3 we obtain

Corollary 1.4. Equation (0.1) is disconjugate on I if

A4
—(bja)4 <p(t) <0 for tel,
and is oscillatory on I if
A4

Remark 1.4. In Theorem 4.1 of paper [5] (see also [2, Theorems 3.5 and 3.6], [1, Subsection 4.1])
following is proved: let Ay be the first positive root of the equation tanh % = tan % (A2 =~ 5.553).

Then the equation u(Y = —\*u is disconjugate on [0,1] if 0 < A < Xo.

1.3 Disconjugacy of equation (0.1) with not necessarily constant sign coefficient

On the basis of Theorems 1.1 and 1.2, we can get the non-improvable results which guarantee the
diconjugacy of equation (0.1) on I, when p is not necessarily constant sign function.

Theorem 1.3. Let p, € D_(I) and p* € D, (I). Then for an arbitrary function p € L(I;R), such
that

p«(t) < =[p@®)]-, [p@)]+ < p*(t) for t €1, (1.7)

equation (0.1) is disconjugate on I.

The theorem is optimal in the sense that inequalities (1.7) can not be replaced by the condition
p« <p < pt.
Corollary 1.5. Let the functions p1 € L(I;Ry ), p2 € L(I;RY), be such that the equations

u® ) = prut), uW(t) = pa(t)u(t) (1.8)

are disconjugate on I, and
p1(t) < p(t) < pa(t) for tel. (1.9)

Then equation (0.1) is disconjugate on I.
Remark 1.5. We can see that in Kondrat’ev’s comparison second theorem:

Theorem 1.4 ([4, Theorem 2|). Let the continuous functions pi,p2 : [a,b] — R be such that
equations (1.8) are disconjugate on I, and p1 < p < pa. Then equation (0.1) is disconjugate too.

The permissible coefficients p; and ps should not necessarily be constant sign functions, while
in Theorem 1.3 for the permissible coefficients p; and py equations (1.8) should not necessarily be
disconjugate. For this reason, for example, if p(t) = Af[cos(27t/n)]+ — Ai[cos(27t/n)]_, then from
Theorem 1.3 it follows the disconjugacy of equation (0.1) on [0, 1] for all n € N (see Corollary 1.6),
while this fact does not follows from Kondrat’ev’s theorem.
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4 4
From Theorem 1.3 with p, := —(biifl)él and p* := (biiiz)‘l we obtain

Corollary 1.6. Let \y > 0 and X2 > 0 be the first eigenvalues of problems (1.3) and (1.6),
respectively, and the function p € L(I;R) admits the inequalities
Ay M
- <plt) =
G-y SPOS gy

for tel.

Then equation (0.1) is disconjugate on I.

Remark 1.6. If we take into account that A} ~ 501 and A3 ~ 951, then it is clear that Corollary
1.6 significantly improves W. Coppel’s well-known condition

O
max
t€[a,b] PR = (b—a)t’

proved in [3, Theorem 1, p. 86], which for p € C(I;R) guarantees the disconjugacy of equation
(0.1) on I.
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The Ambrosetti—Prodi problem for an equation of the form
F(z)=s (1)

consists of determining how varying the parameter s affects the number of solutions x. Usually,
an Ambrosetti-Prodi type result yields the existence of a number sy such that (1) has zero, at
least one or at least two solutions according to s < sg, s = sg or s > sg. This terminology has
become current after the founding work by A. Ambrosetti and G. Prodi [1] in 1972. Since then
Ambrosetti—Prodi type results have been proved for several classes of boundary value problems: a
thorough bibliography would include nearly two hundred titles.

In this contribution, based on the very recent paper [7], we analize the simplest case of the
scalar periodic ODE

v = f(t,2) (2)

and the associated periodic Ambrosetti—-Prodi problem

¥ = f(t,x) —s. (3)
Throughout we assume that s € R is a parameter and

(h1) f:RxR — R is T-periodic with respect to the first variable and satisfies the L*-Carathéodory
conditions.

Hereafter, by a T-periodic solution of (2) or (3) it is meant a T-periodic function z : R — R which
is locally absolutely continuous and satisfies the equation for a.e. ¢t € R.
Under the coercivity condition

f(t,x) = 400, as |z| - +oo uniformly a.e. in ¢, (4)

the periodic Ambrosetti-Prodi problem for (3) has been investigated by several authors, since the
early eighties until very recent years: we refer to the bibliographies in [5,6,8] for a rather complete
list of references. Thanks to its simplicity, (3) is in fact a quite good sample problem: manifold
techniques can be effectively tested on it and the obtained results can suggest possible extensions
to more general and complicated contexts.

In the case where f is a Bernoulli-type nonlinearity, i.e.,

(ha) there exist a,b € L'(0,T) and p > 0 such that f(t,z) = a(t)|z|P + b(t) for a.e. t € [0,T] and
all x € R,
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the coercivity assumption (4) amounts to requiring that

essinf a > 0.
(0,71

However, when modeling, for instance, population dynamics, it is interesting to include cases
where the function a vanishes on sets of positive measure or changes sign, in order to describe the
occurrence of seasonal periods which inhibit or adversely affect the growth rate of the population
under consideration. A real outbreak of papers devoted to the study of nonlinear problems which
are indefinite in sign dates back to the eighties of the last century both in the PDEs and the
ODEs settings, together with a parallel renewed interest towards ecological models (see, e.g., the
monograph [2]).

First relevant progresses in relaxing the uniform coercivity assumption (4) were achieved in the
recent papers [3,8,9]; precisely, the following result for equation (3) was obtained in [8].

Theorem 1 ( [8, Theorem 3.3]). Assume (h1),
(h3) there exist a,b € L'(0,T) such that f(t,x) > a(t)|x| + b(t) for a.e. t €[0,T] and all v € R,

(ha) there exists T € R such that esssup f(t,7) < 400,
t€[0,T]

(hs) for every Ky, Ko,0 € ]0,400[, there exists d > 0 such that, for every x € C°([0,T]) with
x(0) = z(T), if

max |z| < Kjmin |z| + K> (5)
[0,7] [0,7]
T
and either minz > d or maxxz < —d, then [ f(t,z)dt > o.
[0,7] (0,7 0

Then, there exists so € R such that equation (3) has zero, at least one or at least two T-periodic
solutions according to s < sg, S = Sg 0T § > Sp.

It is easy to check (see, e.g., [8, Corollary 4.1]) that (hs) holds whenever the function a which
appears in (h3) satisfies both

(he) a(t)>0 fora.e te|0,T]

and
T

(h7) fa(t) dt > 0.
0

Accordingly, condition (hs) permits to consider nonlinearities which are just locally coercive, al-
though bounded from below by a L!-function.

In [7] we pushed further into the direction of relaxing the coercivity assumption on f, by showing
that the non-negativity condition (hg) can be dropped at all, while still achieving all the conclusions
of Theorem 1. Namely, we proved the following result.

Theorem 2. Assume (hy), (hy),

(hg) there exist a,b € L'(0,T) and p € ]0,1] with f(t,z) > a(t)|z|P + b(t) for a.e. t € [0,T] and
all x € R,

and (h7). Then, there exists sy € R such that equation (3) has zero, at least one or at least two
T-periodic solutions according to s < sg, s = Sg 0T § > Sq.
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Assumptions (hg) and (h7) basically require f being coercive on the average and allow that

both lim f(¢t,2) =400 and lim f(¢,z) = —oo on sets of positive measure.
|| =00 || =00

It is worth stressing on the other hand that condition (hs) prevents f from exhibiting this behavior,
at least if f has the Bernoulli-type structure (hg), as expressed by the following statement.

Proposition 3. Assume (hg). Then, condition (hs) is equivalent to conditions (hg) and (hz).

The proof of Theorem 2 is based on the direct construction of lower and upper solutions. Thus,
from the results in [5], it is possible to infer various information on the qualitative properties of
the obtained solutions. Indeed, for each s > s¢, equation (3) has at least one T-periodic solution
which is weakly asymptotically stable from below, at least one T-periodic solution which is weakly
asymptotically stable from above and at least one weakly stable T-periodic solution (all these
solutions may possibly coincide), as well as, in addition, at least one unstable T-periodic solution,
while for s = sg it has at least one unstable solution.

A question that may arise looking at Theorem (2) is whether or not one can assume p > 1 in
condition (hg). The answer is in general negative as shown by the following statement obtained
in [7].

Proposition 4. Assume (h1) and

(h1o) there exist p > 1, I = [t1,t2] € [0,T] and § > 0 such that f(t,x) < —=6|x|P for a.e. t € I and
all x € R.

Then, there exists o € R such that, for all s > o, equation (3) has no T-periodic solutions.

In spite of the negative result of Proposition 4, we proved in [7] a positive result provided that
f(-,0) =0 and s is sufficiently small.

Proposition 5. Assume (hy),

(h11) f(-,0) = 0 and there exista € L*(0,T) and p > 1 such that f(t,x) > a(t)|x|? for a.e. t € [0,T]
and all x € R,

and (h7). Then, there exists o > 0 such that, for all s €]0,0[, problem (3) has at least one positive
T-periodic solution and at least one negative T-periodic solution.

Open problem. It remains open the question of knowing if conclusions similar to the above can
be proven for boundary value problems associated with second order ODEs or PDEs: a preliminary
step in this direction is given by the perturbative result established in [3, Proposition 5.1].
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1 Introduction

Beginning from the pioneering works of A. M. Samoilenko the theory of differential equations with
impulses [1,6,9] provides a mathematical tools for describing the behavior of many evolutionary pro-
cesses with instant changes. The important subclass of the systems with discontinuous trajectories
are impulsive (discontinuous) dynamical systems, whose trajectories have jumps after intersection
with a given surface M in the phase space [5]. In infinite-dimensional phase spaces the theory of
global attractors is a basis for qualitative analysis of solutions [10]. The lack of continuous depen-
dence on initial data in impulsive dynamical systems do not allow us to apply directly the methods
of the theory of global attractors. Nevertheless, one can use more general concept of uniform at-
tractor [8] in this case. By definition, uniform attractor is a compact uniformly attracting (w.r.t.
bounded initial data) set which is minimal among all such sets. Existence of such a set in impulsive
infinite dimensional case firstly was proved in [3] for weakly nonlinear parabolic equation. It turned
out that in the case of infinitely many impulsive points along trajectories the uniform attractor
© has non-empty intersection with impulsive set M. As a consequence, it is neither invariant no
stable set w.r.t. the impulsive semi-flow. In the paper [4] a new stability concept was introduced
basing on the properties of the set © \ M. In the present paper we investigate stability of uniform
attractor for the weakly nonlinear second order evolutionary problem with impulses.

2 Uniform attractors of impulsive semi-flows

Impulsive dynamical system on normed space E consists of continuous semigroup V : Ry X E — F,
impulsive set M C F and impulsive map I : M — E. The phase point moves along trajectories
of V until the moment 7 when the phase point z(t) reaches the set M. At that moment the point
instantaneously moves into a new position Iz (7).

We need the following assumptions [5]:

M is closed, M NIM = @,
Vee M, 3r=71(x) >0, Vte (0,7) V(t,z) & M, (2.1)

every impulsive trajectory is defined on [0, +00).
Let us introduce notations:

VeeM Iz=a2*, Vo€ E M*(z)= (UV(t,x)) N M.
t>0
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If M*(z) # @, then from the continuity of V' we deduce that there exists a moment s > 0 such
that
Vte (0,s) V(t,z) ¢ M, V(s,x) € M.

Then the impulsive semiflow G is described by the following construction:
if for € E and for every t > 0 V (t,z) € M, then

G(t,x) =V(t,z).

Otherwise,
V(t—tn,xl), tE[ty,t ,
G(t,l’) — ( n n) [ n n+1) (22>
xn_}_la t= tn-}—la
n
where tg = 0, tpy1 = ) sg, 2,y = IV (sn, b, xar =z, 8, is a moment of impulsive perturbation,

k=0
which is characterized by inclusion V (s,,z;") € M.

Formula (2.2) defines (not necessary continuous) semigroup G : Ry x E — E, which is called
impulsive semiflow.
We will use the following notations:

b(E) is a set of all bounded subsets of E;
dist(A, B) = sup inf ||z — y|| g;
z€AYED
Os(A) ={xz e E: dist(z,A) <4}.
Definition 2.1 ([3]). A compact set © C E is called a uniform attractor of the impulsive semiflow
G if
(1) © is uniformly attracting set, i.e.

VB e b(E) dist(G(t, B),0) — 0, t— oo;

(2) © is the minimal among all sets satisfying (1).
Theorem 2.1 ([3]). Assume that the impulsive semiflow G is dissipative, i.e.,
3By €b(F), YVBeb(E), 3T =T(B), Yt>T G(t,B) C By. (2.3)
Then G has uniform attractor © if and only if G is asymptotically compact, i.e.,
V{tn oo} V{zn} € b(E), V{t, oo}, V{zp} € b(E) {G(tn,xn)} is precompact in E. (2.4)
Moreover, the following equality takes place
0 =w(Bo) = (Gt Bo). (2.5)
T>0t>7
Definition 2.2 ([2]). A set A C E is called stable with respect to semiflow G if

A=D"(A):= U {y: y=1limG(tn,zn), zn = z, t,, > 0}. (2.6)
€A

Remark. As A C D™ (A), so (2.6) is equivalent to DT (A) C A.

It is known that for continuous semiflows a uniform attractor is invariant and stable in the sense
(2.6). Our main goal is to prove that for impulsive semiflow generated by impulsive perturbed wave
equation the uniform attractor © satisfies the property

DH(O©\ M) C O\ M. (2.7)
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3 Impulsive wave equation

We consider the triplet of Hilbert spaces V. C H C V* with compact and dense embedding. Let
| - || and (-, -) be the norm and scalar product in H, A : V' — V* be a linear continuous self-adjoint

coercive operator. The function (Au, u>% defines a norm in the space V', which is denoted by |||y .
We consider the following evolutionary problem (5 > 0):
0%y

)
e +2ﬂ8i;+Ay:aF(y),

y‘tZO = yO 6 ‘/7 (31)
yt‘t:() = yl E H7

where € > 0 is a small parameter, F': H — H is a given Lipschitz continuous map. It is known [10]
that in the phase space £ = V x H this problem generates continuous semigroup V : Ry X E — F,

where for 2 — (;ﬁ) €EE, V(t,z)=2(t) = (i%?)) .

The norm in F is given by the equality:
for z= (V) eE —
or z={ ) €E |zle=yllv+wl

Qualitative behavior of linear impulsive wave equation firstly was considered in [7]. It was
shown that it is natural to consider an impulsive set as a level set of some seminorm [,, where

Vze E l,(z) = ||z]lg, p— .
Let {\;},{%:} be solutions of spectral problem:
Vi>1 A@/JZ':Aﬂ/JZ', 0<)\1§)\2§~--, )\Z'—>OO, 17— 00.

For p > 1 let us consider [, : E — R:

for z = (3}) €EE, l(z)= (g {)\Z-(y,wi)Q + (w,wi)2}> .

For fixed p > 1, a > 0, u > 0 let us put

[N

M={z€E: l(z)=a}, (3.2)
M ={z€E: l(z) =a(l+p)},
I:M — M such that
for z = Ci v € M,
> (2)
e {3 (5wt X (§) v Tne?+@rh=carwr) 63
=1 i=p+1 =1

The main result is the following theorem.

Theorem 3.1. For every impulsive map I : M — M’ satisfying (3.3) and for sufficiently small
e > 0 the impulsive problem (3.1)—(3.3) generates impulsive semiflow G : Ry x E — E, which has
uniform attractor © and (2.7) takes place.
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For a given n € N let us consider the set M™ of linear systems
t=Alt)x, x €R", teR; =]0,+0), (1)

with continuous and bounded matrix-valued functions A : Ry — R™*™ which we identify with the
corresponding linear systems.

In the contemporary theory of Lyapunov exponents the set M™ is usually equipped with the
uniform and compact-open topologies defined respectively by the metrics

pu(A,B) = sup || A(t) = B®)|| and po(A, B) = sup min {|A(t) — B®)[,2~'},
teR teR,

with || - || being a matrix norm (e.g., the spectral one). The resulting topological spaces will be
denoted by Mp; and M. V. M. Millionshchikov [5, 6] proposed using the Baire classification
of discontinuous functions [2] to describe the dependence of various characteristics of asymptotic
behavior of solutions to linear differential systems on their coefficients.

To recall what the Baire classification is, it is convenient to introduce the following notation.
Let M be a metric space and F a collection of functions f : M — R. For each k € Ny = N U {0}
we define the function class [F; by induction as follows:

1. The class [F]o coincides with the class F'.

2. The class [F consists of functions f : M — R that can be represented in the form

f(z) = lim fj(z), v € M,

j—00
where functions f; : M — R, j € N, belong to the class [F];_1.

Definition 1. Let M be a metric space. For each number k¥ € N we define the k-th Baire class
§k(M) by the equality §x(M) = [C(M)]g, where C(M) is the set of all continuous functions
f: M — R. Besides, for each k € N we define the exact k-th Baire class @k(M ) by the equality
§e(M) = Fi(M) \ Sp—1(M).

Put simply, Definition 1 tells that a function f belongs to the k-th Baire class if there exists
a k-indexed sequence of continuous functions such that f can be obtained by taking pointwise
limits of this sequence for k times (as each of its indices successively tends to infinity). Thus, when
considering functionals on the space of linear differential systems, it is natural from the viewpoint of
applications to require that the values of the prelimit functionals can be calculated from information
about the system on finite intervals of the time semiaxis. This argument leads to the following [7]
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Definition 2. We say that a functional ¢ : M™ — R has a compact support if there exists a
T > 0 such that ¢(A) = ¢(B) whenever A, B € M" coincide on the interval [0,T]. The set of all
functionals with compact support will be denoted by €™,

Definition 3. The k-th class of formulas €} is defined by
Q:Z = [30(./\/[8) N Q:n]k, k e No.

It was established in the paper [5] that the classes €} and §(MF) coincide with each other
for all k£ > 1. This fact emphasizes the importance of studying the compact-open topology on the
space M™.

For a more detailed classification let us give the following

Definition 4. The (k,m)-th class of formulas €, is defined by
o = [Se(ME) NE"] | kym e M.

It is of interest to consider inclusions between different classes of formulas just introduced. The
inclusion criterion is provided by the following

Theorem 1. Let i,7,k,m € Ny. The inclusion P G i, holds if and only if j < k and
1+73<k+m.

The main subject of study in the theory of Lyapunov exponents is not arbitrary functionals on
the space of linear systems but rather the invariants of action of various transformation groups,
particularly, Lyapunov transformations [1, Ch. III, § 1]. Hence, we give the following

Definition 5. A continuously differentiable matrix-valued function L : Ry — R™" is called a
Lyapunov transformation if L(t) is invertible for all ¢ € R4 and the condition

Sup LI+ 1L Ol + IL@)) < o0

is satisfied. Systems A, B € M™ are said to be Lyapunov equivalent if there exists a Lyapunov
transformation that reduces the system A into the system B. A functional ¢ : M™ — R is called
a Lyapunov invariant if ¢(A) = ¢(B) whenever A and B are Lyapunov equivalent. The set of all
Lyapunov invariants will be denoted by £".

It was shown in the paper [4] that the set [€"]; N £" contains only constants and that [€"]; 2
Tr1(ME) N L7, These statements are supplemented by the following

Theorem 2. Let i, j, k, m be nonnegative integers and j > 2. In order for the inclusion
& nLr &, NL" to hold it is necessary that m > j and sufficient that m > j + 1.

Remark. In the case j > 2 it is unknown to the author whether the classes €, N £" and &y ;N £
coincide for different ¢ and k.

Since continuity (or discontinuity) of a function varies from point to point in its domain, a local
Baire classification of functions makes sense [8].

Definition 6. Let M be a metric space and k& € Ny. We say that a function f belongs to the
k-th Baire class at a point zog € M and write f € §(Mg, zo) if there exists a neighborhood U
of the point zo such that the restriction of f to U belongs to the k-th Baire class. If, in addition,
f & Sr—1(M¢, o), then we say that a function f belongs to the exact k-th Baire class at the point
zo € M and write f € §( t.o). If f € Sl &, xo) for all zg € M, the function f is said to be
uniform of the k-th Baire class.
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It is well known [8] that each Lyapunov exponent considered as a function on Mg is uniform
(of the second Baire class).
It turns out that this property is shared by all Lyapunov invariants as shown by the following

Theorem 3. Each Lyapunov invariant M@ — R that belongs to a certain exact Baire class is
uniform of that class.

By contrast, each Lyapunov exponent considered as a function on My, belongs to the zeroth
Baire class at some points and to the second Baire class at others. It is known that for the two lowest
exponents there are no points at which either of them belongs to the exact first Baire class [3, §].
For the rest exponents it is conjectured but not proved to date.

The question naturally arises which local Baire classes can a general Lyapunov invariant Mp;, —
R belong to at different points?

Theorem 4. For every n € N there exist a Lyapunov invariant ¢ : M — [0,1] and a set of
points {A; € M™: i € N'} such that
p e ﬂ §l( 7[}7 Al)
ieN
Theorem 5. For any integers n > 1 and N > 2 there exist a Lyapunov invariant ¢ : M™ — [0, 1]
and a set of points {A; € M™: i=1,...,N} such that

N
@€ ﬂ Si(ME, A) NN (ME).
i=1
The author expresses a deep gratitude to V. V. Bykov for posing the problem and for attention
to the research.
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1 Introduction
In this paper we consider the nonlinear equation of higher (n > 2) order:
vty g Dl seny = 0, k€ (0,1) U (1, 00), (1.1)

where, for some m, M € R, the inequalities 0 < m < |p(¢,&1,&2,...,&)| < M < oo hold, the
function p(t, &1, &2, ..., &,) is continuous and Lipschitz continuous in (&1, &a, ..., &).
We study some oscillatory properties of (1.1) and compare them, for different n, with oscillatory
properties of the linear equation
y™ +p(t)y = 0. (1.2)

We obtain Sturm-type theorems.

2 Sturm’s and Kondratiev’s theorems

We know the classical result on properties of zeros of solutions to a second order linear equation,
called Sturm’s theorem.

Theorem 2.1 (Sturm J. Ch. F.). Consider two linearly independent solutions to the equation
y' +Q(t)y =0

with a continuous function Q(t), and let one of the solutions have two consecutive zeros. Then
there is exactly one zero of another solution between those consecutive zeros.

This result was generalized by V. A. Kondratiev for linear equations of higher order.

Theorem 2.2 (V. A. Kondratiev, 1959). Suppose that solution to equation

y" + p(t)y =0,

where p(t) is continuous and p(t) > 0 for every t (or p(t) < 0 for every t), has consecutive zeros
x1 and xo. Then every other solution to the equation has no more than two zeros on [x1,x2).

Theorem 2.3 (V. A. Kondratiev, 1959). Suppose that solution to equation
v +altly =0,

where p(t) is continuous and p(t) > 0 for every t, has consecutive zeros x1 and x3. Then every
other solution to the equation has no more than four zeros on [x1,x3].
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Theorem 2.4 (V. A. Kondratiev, 1959). Suppose that solution to equation

y"V +q(t)y =0,

where p(t) is continuous and p(t) < 0 for every t, has consecutive zeros xy and xo. Then every
other solution to the equation has no more than three zeros on [x1,x2].

And for linear equations of fifth and higher order V. A. Kondratiev proved (1961) that for n > 5
and p(t) > 0 there exists a solution to

y™ + p(t)y =0

with arbitrary number of zeros between two consecutive zeros of another solution (see [5,6]).

3 Theorem for the nonlinear equation

We consider equation (1.1) to be a generalisation of equation (1.2). Equation (1.1), which is, in
turn, a generalisation to Emden equation, was studied in the [1-4,7-13], and from variety of results
obtained, we derive a theorem that serves as an analogue of Sturm’s and Kondratiev’s theorems,
but for the nonlinear equation.

Theorem 3.1. Suppose that a solution to equation (1.1), where p(t,&1,&2,...,&,) > 0 (orn is odd
and p(t,&1,&2,...,&,) < 0), has consecutive zeros xy and xo. If k € (0,1) U (1,4+00), then there
exists a solution to (1.1) with arbitrary finite number of zeros on [x1,x2]. If k € (0,1), then there
exists a solution to (1.1) with countable set of zeros on [x1,x3], and a solution with a set of zeros
on [x1,x2] with the cardinality of the continuum.

For the nonlinear equation results are the same for every n > 2, unlike results for linear equa-
tions. Any number of zeros is possible, irregardless of n.

Remark 1. Equation with even order n and negative p(t,&1,&2,...,&,) require more research,
although we already know that we can’t expect same results. As [1, Chapter 7| shows, solutions
even to y™® — 3 = 0 and y® + ¢® = 0 differ greatly in their behaviour.

Remark 2. When k = 1, equation (1.1), in general, is not linear, but as we get a linear equation
as special case when p(t,&1,&,...,&,) depends only on ¢, in general case we can expect properties,
similar to Sturm’s and Kondratiev’s results, where possible number of zeros depends on n. Further
research is required.
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We study a control problem for the hybrid non-linear functional differential boundary value
problem which is, in some sense, inverse to problems investigated in [1,3]. The problem consists of
two systems of differential equations

'(t) = f(t,2(t), 2(Bu(t), 2(B2(1))), t € a,7], (1)
y'(t) = o(ty(t), te[rl] (2)
on the intervals [a, 7] and [7,b] respectively, where the switching time 7 is such that
g(t,z(r=)) =0, (3)
of the non-linear two-point boundary condition
V(z(a),y(b)) =0, (4)

the jump condition at the time instant 7

y(r+) —z(t—) =, (5)
and the additional two-point conditions

(L’Z(a) = Zj, 1= 17"'7j7

6
yr(b) =m, k=j+1,...,n, (6)

where 1 < 5 <n is fixed.

The values of the time instant 7 and the size of the jump - are not specified beforehand and
remain unknown. Thus, problem (1)-(6) is to determine the unknown values of 7 and 7 so that
the solutions of (1), (2) satisfy the non-linear boundary conditions (4), the jump condition (3), (5)
and the two-point conditions (6).
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We consider the single-jump case [1,2], i.e., it is assumed that the switching time 7 is unique,
which means that there is only one intersection of the integral curve of system (1) with the barrier set

G ={(t,z) € [a,b] x R" : g(t,z) =0}. (7)

The impulse action in this problem is state-dependent since the time instant 7 is determined
by the intersection of the curve with the barrier. In contrast to [1,2], the jump magnitude ~ here is
unknown and plays the role of a control parameter. By a solution of (1)—(6), we mean the triplet
(u,T,7), where

ult) {:E(t) ?f t € la,7], (8)
y(t) if t € (7,0

is left-continuous. The pre-jump evolution of the solution is described by the functional differential
equation (1) and its after-jump behaviour is characterized by the ordinary differential equation
(2). Equation (1), generally speaking, may contain other types of functional terms, which can be
treated in a similar way [4].

In (1), (2), f:[a,b] x R3™ — R™ and ¢ : [a,b] x R™ — R satisfy the Carathéodory conditions,
Bi : la, 7] = [a, 7], i = 0,1, are measurable, g is continuous.

We will use an approach similar to [1] and approximate a solution u of form (8) of problem
(1)—(6) by suitable sequences of functions separately on the intervals before and after the time when
the jump occurs. The jump time 7 itself remains unknown and is treated as parameter the value
of which is to be determined.

Let us fix an arbitrary point 7 € (a, b) and choose certain compact convex sets Dy, D, D,y
Dy, I' and define the sets

Doy :={(1=0)24+0X: 2€ Dy, N€ D._, 6 €[0,1]},
Drvp={(1=0)A+7)+6n: Xe D,_, yeT, ne Dy, 6 [0,1]}.

Our technique is based on the parametrization

z = col (z1(a), z2(a), ..., xj(a), zjt+1,- - -, 2n),
n= col (7717772a <o Ny yj+1(b)7 v 7yn(b))a
'I(T_) = COI()‘la )\27 L) )‘n) — >\;
which, together with v = col(v1,72,...,7) and 7 € (a,b), constitutes the set of parameters

(2, A, m,7,7) with
2€ Dy, N€Dr—y n€ Dy, yveT. (9>

Let us fix non-negative vectors o), i = 0,1, and put
Q0(6"”) = 0,0 (Dayr),  Qu(e™) = 0,0 (Drip), (10)

where O,(D) = |J Op(z) for D C R™ and Oy(z) := {{ € R" : |£ — z| < p} stand for the
z€D
corresponding componentwise neighbourhoods of a set and a vector.

Introduce the following two auxiliary parametrized two-point boundary value problems for the
investigation of the pre-jump and after-jump equations

o' (t) = f(t,x(t), x(Bi(t)), x(B2(t))), t€la7]; x(a) =2z x(1) =\,
y'(t) = ot y(t)), te(nb; yr)=XA+7v, yb)=n,

where the time instant 7 and the vectors z, A, v, and 7 are treated as free parameters. We suppose
that the functions z and y in (11) should take values in the sets {2y and €, respectively.

(11)
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To study problems (11), by analogy to [1,5], we introduce two sequences of functions
{l‘m( 77—’Z7>\) tm2> O} and {ym( 77_7>\77777) sm 2> 0} by putting
t—a t—a
tv 9 7A = <1_ >
xo(t, 7,2, \) P~ [a, 7],
t t
£ A, (1——)>\ Cte(rb
Yo(t, 7, A, v,m) = b7(+’v) b_Tn € (1, 0]

and

Tmt1(t, 7,2, \) = xo(t, T, 2, A)
t T
+/(me(-,7-,z,)\))(s)ds—j:i/(Fxm(.,T,z,/\))(s)ds, telar], m>0, (12)

a

and

merl(ta 7, )\7 7> 77) = yO(ta T, >\7 YN )

¢
+ /(@ym(-,r,z,)\)) (@ym( .72, N)(s)ds, te (b, m>0, (13)
T t
where
(F.%‘)(t) = f(tax(t)ax(/Bl(t)):x(ﬁQ(t)))? te [CL?TL
(Py)(t) := o(t,y(t), t € (7,0].
Assume that 0¥, o) involved in (10) can be chosen so that
_ b—
Ui oM > 5 T5[a,b],szl(g<1>)(¢)a (14)

o > 5 Ofabl () (f);
where 6y, ;1 o, (,0)(®) is 1/2 of the oscillation of ¢ over [a, b] x Q1 (M),

1
Ot Q) = = ess sup o(t,x) — essinf o(t, x
o) (#) = 3 <(t,z)€[a,b]le(Q(1)) () (t,2)€[a,b]x Q1 (o) ( ))

and the value (5[a b,(Q0(0®)) (f) is defined by analogy. Assume that f and ¢ satisfy the Lipschitz

conditions with respect to the space variables
f(t 2, y2, 22)| < Kolw1 — aa| + Kily1 — 2| + Ka|z1 — 2], (15)
’¢(t7§1) - ¢(t7§2)| < L‘gl -
(Q0(0))3 and [a, b] x Q;(o™M), and put
T—a b—r
Qo = 5 (Ko+ K1+ Kz), Q1= 5
Theorem 1. Let there exist non-negative vectors 0%, o) with properties (14) such that (15) holds
(Q0 (D)3 and [a,b] x Q1(oM) and

r(Qo) <1, r(Q1) <1

| f(t,z1,y1,21) —

respectively, on the sets [a, b] X

L.

on the sets [a,b] X

Then, for all fized T € (a,b), 2 € Dy, N€ Dy, vy €T, n € Dy:
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1. Functions (12), (13) are absolutely continuous on [a, 7] and (1,b] for m > 0.
2. {zp(t,7,2,A) : L€ [a, 7], m >0} C QO(Q(O))7 {ym(t, 7, A y,m) : L€ [r,b], m >0} C Ql(Q(l))'

3. {zm(-,7,2,A) © m > 0} and {ym(t, 7, \,v,m) : m > 0} converge to the limit functions
Too( T, 2, A), Yoo, Ty A,y ) uniformly on [a, 7| and [T,b].

4. zoo(,7,2,\) and Yoo (-, T, A, v, m) are the solutions of the boundary value problems

20 = (F0 + o (A2 / (Pe)(o)ds). (16)
z(a) =z, x(r)= )\a
Y1) = ot y(t) + b_ (77 A=z- /¢ 5y(s ) (17)

y(r) = A+, yb) =,
and problems (16), (17) have no other solutions with values in Qo(0?) and Q1(oM).
5. The following estimates hold:

T m
}2?00(75,7,2,)\) - .’Em(t,T,Z,)\)’ < (1 QO) 5[a b],( QO(Q(O))) (f)

b—T1 _
‘yOO (t7 T, >\a Vs 77) - ym(t7 T, >\a v 77)’ < T QT(]'TL - Ql) la[a,b],ﬂl(g(l))(gb)‘

Theorem 2. If, under the above conditions, some values (,z,\,7y,n) € (a,b) X Dg x Dr_ xT'x Dy,
satisfy the system of 3n + 1 scalar determining equations

T

/(Fxoo(-,T,z,)\))(s) ds=X—z, g¢g(r,\) =0,

a

/qs(SuyOO(SaTa)\)’%n)) d3:77_)\_% V(Z777) =0

and, in addition, g(t,yeo(t, T, A\, v,m)) # 0 for any t € (1,b], then the function

tr, 2\ if t<
too(t 7,2 A ) = 4 BT B A) ST
Yoo (L, T Ay, ) if t>T

is a solution of the original problem (1)—(6) with a single jump ~ at the time T.

The solvability of (1)—(6) can be checked by studying the approximate determining system
obtained from (18) after replacing oo by a certain m.
Let us apply the approach described above to the systems

(E) = (t) — 7.
() =5 ()~ 7) ~n®+1, teln]
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under the boundary conditions

23(a) 4+ y2(b) = 0.6, z3(a) + z1(a)y(b) = 0.25,
z1(a) =0.43, y2(b) = 0.42

and the jump condition (3), (5) with the barrier set (7) of the form {(¢, 21, 22) : (21+3)*—t*> = 0.1}.
Clearly, (19) is a particular case of (4) and (20) has form (6) with j =1, z; = 0.43, 1y = 0.42.
The admissible sets for the parameter values were choosen as

Dy =D;_ =Dgyr = {(z1,22): 027 <1 <0.45, 0.2 < 25 < 0.56},
I = {(z1,22): 0.15 <z1 <0.25, 0.3 <z < —0.2},
Dy =Dy =Dryp = {(21,22) : 0495 <1 <0.58, —0.2 < 2y < —0.45}.

Putting in (14) 0@ = ¢01(0.8,0.9), o) = c0l(0.4,0.5), for the pre-jump and after-jump curves we
obtain the domains of form (10)

Qo) = {(21,22) 1 —0.53 < a1 < 1.25, —0.7 < a5 < 146},
Q1 (oW = {(z1,22) : 0.095 < x1 < 0.98, —0.3 < x5 < 0.95}.

Applying Maple 14, we carried out computations according to (12), (13) and, for several values of
m, obtained from the corresponding approximate determining systems the numerical values for the
parameters which are presented in the table below. Note that the third and the fourth columns
contain the numerical values of the jump magnitude v = col(v1,72) and the seventh one shows
approximate values of the jump time 7.

m m M1 Y2 A A2 T 29
0.54721759 | 0.2025730 | —0.2247659 | 0.31711742 | 0.52806054 | 0.75344599 | 0.26343879
0.54721759 | 0.2238353 | —0.2364152 | 0.29470392 | 0.52737158 | 0.72907772 | 0.26343879
0.54721759 | 0.2240919 | —0.2382983 | 0.29444608 | 0.52911668 | 0.72879666 | 0.26343879
0.54721759 | 0.2240736 | —0.2383145 | 0.29446539 | 0.52914210 | 0.72881771 | 0.26343879
0.54721759 | 0.2240731 | —0.2383131 | 0.29446596 | 0.52914096 | 0.72881833 | 0.26343879
0.54721759 | 0.2240731 | —0.2383131 | 0.29446598 | 0.52914093 | 0.72881835 | 0.26343879

The residual obtained by substituting the approximate solution of the fifth approximation into
the pre-jump and after-jump equations is of order 1077,
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This report is a logical continuation of the previous report [15] by the same author.
For a given zero neighborhood G in the Euclidean space R™, we consider the system

= f(t,x), x€G, f(t,0)=0, teRy=][0,+00), (1)

where the right-hand side satisfies the condition f, fI € C(R4 x G) and the zero solution is allowed.
Let S.(f) and Ss(f) denote the set of all non-continuable solutions = of system (1), given by the
initial conditions |z(0)| # 0 and 0 < |z(0)| < , respectively.

Definition 1. We say that system (1) (more precisely, its zero solution) possesses the following
upper-limit property:

1)

8)

stability if for any € > 0 there exists § > 0 such that any solution z € Ss(f) satisfies the
condition -
T Ja(t)] < (2)

partial stability if for any ,0 > 0 at least one solution = € Ss(f) satisfies condition (2);

asymptotic stability if there exists § > 0 such that any solution = € Sy(f) satisfies the
condition o
Jim ja)] =0 (= lim [2(t) =0); (3)

global stability if all solutions x € S, (f) satisfy condition (3);

instability if there is no upper-limit stability, that is there is an € > 0 such that for any § > 0
at least one solution x € S5(f) does not satisfy condition (2) (in particular, it is not defined
on the whole semi-axis R );

complete instability if there is no upper-limit partial stability, that is there are £,6 > 0 such
that no solution x € Ss(f) satisfies condition (2);

asymptotic instability if there is no upper-limit asymptotic stability, that is for any é > 0 at
least one solution z € S5(f) does not satisfy condition (3);

total instability if for some € > 0 no solution x € S, (f) satisfies condition (2).

Definition 2. Analogously to Definition 1, we say that system (1) possesses the corresponding
Perron property (stability, partial stability, asymptotic stability, global stability, instability, com-
plete instability, asymptotic instability, total instability) if it has property 1)-8) (respectively) from
Definition 1, in which the upper limits under conditions (2) and (3) are replaced by the lower
limits everywhere. Similarly, system (1) possesses the corresponding Lyapunov property if it has
respectively property 1)-8) from Definition 1, in which:
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(a) the upper limit at t — 400 in condition (2) is replaced everywhere by an exact upper bound
over all t € Ry;

(b) the requirement of Lyapunov stability is added to asymptotic and global stabilities in prop-
erties 3 and 4, respectively;

(c) property (7) is replaced by negation of the resulting property (3), that is either for any § > 0
at least one solution z € Ss(f) does not satisfy condition (3) or there is no Lyapunov stability.

We will be especially interested in particular cases of n-dimensional system (1): one-dimensional
(n =1) and two-dimensional (n = 2) systems, autonomous system

i=f(z), f(0)=0, x€GCR", teRy, (4)
with right-hand side f € C'(G), and linear system
t=A(t)r, x€ G=R", teR4, (5)

defined by its continuous operator function A : Ry — End R™.
According to the next two theorems, the Lyapunov complete and total instabilities are equiva-
lent, but this statement does not carry over the Perron instabilities and the upper-limit ones.

Theorem 1. If system (1) is Lyapunov completely unstable, then it is Lyapunov totally unstable
too.

Theorem 2. There exists a two-dimensional system (1), which is Perron and upper-limit completely
unstable, but neither Perron nor upper-limit totally unstable; moreover, it has at least one solution
x € S«(f) satisfying condition (3).

It can be seen from the following two theorems that, in the linear case, the assertion of Theorem 1
extends also to the complete and total instability of both Perron and upper-limit types, as well as
to asymptotic and global stability of any type at all.

Theorem 3. If the linear system (5) is Lyapunov, or Perron, or upper-limit completely unstable,
then it is respectively Lyapunov, or Perron, or upper-limit totally unstable too.

Theorem 4. If the linear system (5) is Lyapunov, or Perron, or upper-limit asymptotically stable,
then it is respectively Lyapunov, or Perron, or upper-limit globally stable too.

In the autonomous case, Theorem 1 can be significantly reinforced, which is what the following
two theorems do.

Theorem 5. If for the autonomous system (4) at least one of the following six properties is satisfied:
the Perron, Lyapunov, or upper-limit complete or total instability, then the other five of them are
also satisfied.

Theorem 6. If the autonomous system (4) is not, at least, Lyapunov, or Perron, or upper-limit
totally unstable, then it is both Lyapunov, and Perron, and upper-limit partially stable.

Each of the upper-limit properties occupies a logically intermediate position between its Lya-
punov and Perron analogs.

According to the following two theorems, in the one-dimensional and in the linear cases, all
the upper-limit properties are indistinguishable from the corresponding Lyapunov properties, and
under the additional condition of autonomy, also from the Perron ones.
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Theorem 7. For any one-dimensional system (1), each of its upper-limit properties is equivalent
to the analogous Lyapunov property, and in the case of an autonomous one-dimensional system, it
s equivalent to the Perron property too.

Theorem 8. For any linear system (5), each of its upper-limit properties is equivalent to the
analogous Lyapunov property, and in the case of autonomic linear system, it is equivalent to the
Perron property too.

Already in the linear case, the upper-limit properties, although they coincide with the Lyapunov
ones, can be directly opposite to the Perron ones.

Theorem 9. For each n € N, there exists a linear n-dimensional system (1), which is globally
Perron stable, but both Lyapunov and upper-limit totally unstable.

If the system is not linear and not one-dimensional, then even in the autonomous case, the
upper-limit properties can also sharply contrast with both the Lyapunov and Perron ones.

Theorem 10. There exists a two-dimensional autonomous system (4), which is Lyapunov unstable,
but both Perron and upper-limit globally stable.

Theorem 11. There exists a two-dimensional autonomous system (4), which is globally Perron
stable, but both Lyapunov and upper-limit unstable.

Theorems 10 and 11 cannot be strengthened by replacing instability in them with complete
instability (and even more so with total instability, this would contradict Theorem 5). The next
theorem serves as a certain modification of Theorem 11.

Theorem 12. There exists a two-dimensional autonomous system (4), which is Perron stable, but
both Lyapunov and upper-limit unstable; moreover, all its fixed points fill some ray C C G with
origin at zero, and any of its solutions x € Sy (f) with initial values x(0) & C' satisfies the relations

0= lim |z(t)| < lim |z(¢)| = +oo.
t—+o00 t—o0
The system from Theorem 10 is described in [2, p. 6.3], and its simplified version is in [3, § 18].

For more information on these issues, see the reports [1,4-6,9-12,14,17-19]. The proofs of the
above Theorems 1-12 are mainly contained in the papers [7,8,13,16,20].

References

[1] A. A. Bondarev, One example of an unstable system. (Russian) Differ. Uravn 55 (2019), no. 6,
899.

[2] B. F. Bylov, R. E. Vinograd, D. M. Grobman and V. V. Nemyckii, Theory of Ljapunov
Exponents and its Application to Problems of Stability. (Russian) Izdat. “Nauka”, Moscow,
1966.

[3] A.F. Filippov, Introduction to the Theory of Differential Equations. (Russian) Editorial URSS,
Moscow, 2004.

[4] I. N. Sergeev, Determination of Perron stability and its relationship with Lyapunov stability.
(Russian) Differ. Uravn. 54 (2018), no. 6, 855-856.

[5] I. N. Sergeev, On the study on the Perron stability of one-dimensional and autonomous dif-
ferential systems. Differ. Uravn. 54 (2018), no. 11, 1561-1562.



International Workshop QUALITDE — 2020, December 19 — 21, 2020, Tbilisi, Georgia 181

[6]

[7]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

I. N. Sergeev, Study of the Perron stability of linear differential systems. (Russian) Differ.
Uravn. 54 (2018), no. 11, 1571-1572.

I. N. Sergeev, Perron stability and its study at the first approximation. (Russian) Dokl. Akad.
Nauk, Ross. Akad. Nauk 486 (2019), no. 1, 20-23; translation in Dokl. Math. 99 (2019), no.
3, 252-254.

I. N. Sergeev, Definition and some properties of Perron stability. (Russian) Differ. Uravn. 55
(2019), no. 5, 636—646; translation in Differ. Equ. 55 (2019), no. 5, 620-630.

I. N. Sergeev, On the study of Perron and Lyapunov stability properties in the first approxi-
mation. Differ. Uravn 55 (2019), no. 6, 897-899.

I. N. Sergeev, Lyapunov and Perron stability of solutions of differential systems. (Russian)
Abstracts of the International Conference Dedicated to the 80th Anniversary of Academician
of the Russian Academy of Sciences V. A. Sadovnichy “Modern Problems of Mathematics and
Mechanics”, pp. 358-361, MAKS Press, Moscow, 2019.

I. N. Sergeev, On the Perron and Lyapunov stability of solutions. (Russian) Abstracts of XIX
International Scientific Conference on Differential Equations “Erugin readings — 2019”, part
1, pp. 52-57, Inst. of Mathematics of the National Acad. of Sciences of Belarus, Minsk, 2019.

I. N. Sergeev, Perron and Lyapunov stability properties and their investigation by the first
approximation. (Russian) Abstracts of III International Scientific Conference “Autumn math-
ematical readings in Adygea”, pp. 8386, Adyghe State University, Maikop, 2019.

I. N. Sergeev, Dependence and independence of the Perron and Lyapunov stability properties
on the system phase domain. (Russian) Differ. Uravn. 55 (2019), no. 10, 1338-1346; translation
in Differ. Equ. 55 (2019), no. 10, 1294-1303.

I. N. Sergeev, On the dependence and independence of the Perron and Lyapunov stability
properties on the phase domain of the system. (Russian) Differ. Uravn 55 (2019), no. 11,
1572-1573.

I. N. Sergeev, Definition and properties of perron stability of differential systems. Abstracts of
the International Workshop on the Qualitative Theory of Differential Equations — QUALITDE-
2019, Thilisi, Georgia, December 7-9, 2019, pp. 162-166;
http://www.rmi.ge/eng/QUALITDE-2019/Sergeev_workshop_2019.pdf.

I. N. Sergeev, Studying the Perron and Lyapunov stability properties by the first approxima-
tion. (Russian) Differ. Uravn. 56 (2020), no. 1, 84-93; translation in Differ. Equ. 56 (2020),
no. 1, 83-82.

I. N. Sergeev, Indistinguishability of some Lyapunov, Perron, and upper-limit stability proper-
ties of differential systems. (Russian) Abstracts of All-Russian Conference with International
Participation Dedicated to Prof. N. V. Azbelev and Prof. E. L. Tonkov, “Control Theory and
Mathematical Modelling”, pp. 118-120, Udmurt State University, Izhevsk, 2020.

I. N. Sergeev, Some features of the Perron and Lyapunov stability properties of autonomous
systems. (Russian) Differ. Uravn 56 (2020), no. 6, 830-831.

I. N. Sergeev, Determination of upper-limit stability and its relationship with Lyapunov and
Perron stability. (Russian) Differ. Uravn 56 (2020), no. 11, 1556-1557.

I. N. Sergeev, Lyapunov, Perron and upper-limit stability properties of autonomous differ-
ential systems. (Russian) Izvestiya Instituta Matematiki i Informatiki Udmurtskogo Gosu-
darstvennogo Universiteta 55 (2020) (in press).



182  International Workshop QUALITDE — 2020, December 19 — 21, 2020, Tbilisi, Georgia

On One Class of Solutions of Linear Matrix Equations

S. A. Shchogolev, V. V. Karapetrov

Odessa 1. I. Mechnikov National University, Odessa, Ukraine
E-mail: sergas1959@gmail.com

Let
G(eog) = {t,e: teR, €€ (0,e9), co € R"}.

Definition 1. We say that a function f(¢,¢) belongs to the class S(m;eg), m € N U {0}, if:
1) f:G(eo) = C,
2) f(t,e) € C™(G(en)) at t,
3) d*f(t,e)/dt* =¥ fi.(t,e) (0 <k <m),

def "
11l $(mien) = Y sup | fi(t,€)| < +oo.
k=0 G(e0)

Definition 2. We say that a function f(t, ¢, 6(t,¢)) belongs to the class F'(m;eq; 0) (m € NU{0}), if
Fte,0(t,€)) = > falt,€) exp(inb(t,)),

and

1) fu(t,e) € S(m,eo) (n € Z),

2)
def ~—
Hf”F(m;so;e) = Z an”S(m;so) < 400,
t
3) 0(t.e) = [ p(r.e)dr, o € R, o € S(m.e0), Inf o(te) = g0 > 0.
0 €0

Definition 3. We say that a matrix A(t,e) = (ajk(t,€));,_7v belongs to the class Sy(m;eo)
(m e NU {0}), if ajk € S(m;€0) (],k = 1,N)

We define the norm
1<j<N

N
HA(t75)HSQ(m;€o) = max Z Hajk(tvg)HS(m;eo)'
k=1

Definition 4. We say that a matrix B(t,e,0) = (bjk(t,€,0)); ,_17v belongs to the class F5(m; eo; 0)
(m e NU{0}), if bji(t,e,0) € F(m;e0;0) (4, k=1, N).
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We define the norm

HB(t € G)HFQ(W i€030) — 1r<na£x Z ||b]k t € H)HFmao,O) (1)

Consider the linear non-homogeneous matrix equation
dX
dt

A(t,e), B(t,e) € Sa(m;eg), F(t,e,0) € F(m;eo;0).
We study the existence of particular solutions of equation (2) in the class F/(mq;e1;6) (m1 < m,
€1 S Eo).

— A(t,e)X — XB(t,€) + F(t,e,0), 2)

Lemma. Let

dx
dt

be a given scalar linear non-homogeneous first-order differential equation, where A(t,e) € S(m;e),
Gi?f) |[ReA(t,e)| = v > 0, and u(t,e,0) € F(m;eo;0). Then equation (3) has a unique particular
€0

= At,e)x + u(t,e,0(t,¢)) (3)

solution x(t,e,0) € F(m;eo;0). This solution is given by the formula

t

t
(te, 0t 2)) = T/ u(r, 2,00, €)) exp < / A(s,e)ds) dr,

p
where

T {—oo if ReA(t,e) < —v <0,

+oo if ReA(t,e) >~y >0.
Moreover, there exists Ky € (0,400) such that
[z(t, €, )| Fimicos) < Kollult, €, 0)||F(micq:0)-
Theorem 1. Let equation (2) satisfy the next conditions:
1) there exist matrices Li(t,€), La(t,€) € Sa(m;eo) such that

(a) det Li(t,e) > apg > 0, det La(t,e) > ag > 0;
(b) Ly'(t,€)A(t,e)La(t,e) = Di(t,e) = (d.(1,€)), et
(c) La(t,e)B(t, E)L2_1(u g) = Ds(te) = (dJQk(t ))j,k:ﬁ’

where Dy, Dy are lower triangular matrices belonging to the class Sa(m;ep);

2) G}?f | Re(dj;(t,e) — di(t,€))] > bo >0 (j,k =1,N).
50

Then there exists 1 € (0,e9) such that for all € € (0,e1) there exists unique particular solution
X(t,e,0) € Fo(m — 1;e1;0) of the matriz equation (2).

Proof. We make in equation (2) the substitution

X = Li(t,e)Y (t,e)Lalt, ), (4)
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where Y — the new unknown matrix. We obtain

dY B 1 dLl(tag)
= (Do) L0 == )Y
dLo(t, _ _ -
- Y(Dg(t,a) + 2;"5) Ly 1(t,€)> LTt e)F(t,e,0) Ly (te). (5)
We denote
_ dLi(t,¢) dLi(t,e)  dLa(t,e) , _ dLsy(t,e)
1 1\ _ 1Y% ) 1 _ ) 1
L (t,¢) g eH,; T o L5 (t,e) =eH> g L5 (t,e),

Li(t,e)F(t,e,0)Ly  (t,e) = Fi(t,¢,0).
Then equation (5) may be written as

dy
e Dy (t,e)Y =Y Dy(t,e) —eHi(t,e)Y —eY Hy(t,e) + Fi(t,e,0).

By virtue Lemma and condition 2) of the theorem, the equation

Y,
dTO = Di(t,e)Yp — YoDs(t,¢) + Fi(t,¢,6)

has a unique solution Yy(t, ¢, ) of the class F/(m;eg;0), and there exists K; € (0, +00) such that

”Y(J(tvg?e)HF(m;ao;G) < KIHFI(ta579)HF(m;50;0)'

We construct the process of successive approximations, defining the initial approximation
Yo(t,e,0) and subsequent approximations defining as the solutions of the class F(m — 1;e0;6)
of the equations

dY;
ditk = D1(t,e)Yy — YiDo(t,e) — eHy(t,e)Yi—1 — eYp_1Ha(t, €) + Fi(t,€,0). (6)

Using the ordinary technique of the contraction mapping principle it is easy to show that there
exists €1 € (0,g0) such that for all ¢ € (0,e1) process (6) convergence by the norm (1) to the
solution of the class F'(m — 1;¢1;60) of equation (2).
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Boundary Value Problems for Multi-Term
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1 Introduction

Let T' > 0 be given, J = [0,T], X = C(J) xR and ||z|| = max{|z(t)| : ¢t € J} be the norm in C(J).
Let ¢ be an increasing and odd homeomorphism with ¢(R) = R. The special case of ¢ is
p-Laplacian ¢,(z) = |z|P~2z, p > 1.
We discuss the fractional boundary value problem

D*¢(Dx(t) — a(t) D" x(t) — b(t)Dx(t)) = f(t,z(t)), (1.1)
x(0) = =(T), CDﬁx(t)}tZO =0, (1.2)

where av € (0,1], 0 < 72 <71 < B < 1,a,be C(J), f € C(JxR) and D denotes the Caputo
fractional derivative.

Definition 1.1. We say that = : J — R is a solution of equation (1.1) if z,°DBz € C(J) and (1.1)
holds for t € J. A solution x of (1.1) satisfying the boundary condition (1.2) is called a solution of
problem (1.1), (1.2).

We recall the definitions of the Riemann-Liouville fractional integral and the Caputo fractional
derivative [2,3].
The Riemann—Liouville fractional integral I7x of order v > 0 of a function x : J — R is defined

¢
(t—s) !
IMx(t / s) x(s) ds,
0

as

I'(v)

where T is the Euler gamma function. I° is the identical operator.
The Caputo fractional derivative ‘D7z of order v > 0, v € N, of a function z : J — R is given as

t
qr n v—1 _
cryY - . k
D7Vx(t = I / F (a:(s) S >ds,
0

where n = [y] + 1, [y] means the integral part of the fractional number v. If v € N, then DYz (t) =
z((t). In particular,

3
_
BN
z
—~~
(==}
SN—

DV (t jt/ (Ft_s 2(s) — z(0))ds = %Il_“’(:p(t) — 2(0)), 7 € (0,1).
0
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It is well known that I7 : C(J) — C(J) for v € (0,1); I"IHx(t) = ["Hx(t) for x € C(J) and
v, 1 € (0,00); DVIVx(t) = x(t) for x € C(J) and v > 0; if z,°D7z € C(J) and v € (0,1), then
17DV (t) = z(t) — 2(0); if 0 < B < a < 1 and z,D% € C(J), then DPx = [*=FDg,

Problem (1.1),(1.2) is at resonance, because every constant function x on J is a solution of
problem “D*¢(DPz — a(t)D"x — b(t)D2x) = 0, (1.2).

The aim of this paper is to study the existence of solutions to problem (1.1), (1.2). To this end
we first introduce an operator Q : C(J) — C(J). Then, by Q an operator £ : X — X is defined
and it is proved that if (z,c) € X is a fixed point of £, then z is a solution of problem (1.1), (1.2).
The existence of a fixed point of L is proved by the Schaefer fixed point theorem [1,4].

We work with the following conditions for a,b and f in (1.1):

(Hy) a(t) >0,b(t) >0 fort e J.
(Hz) There exist D,H € R, D < 0 < H, such that

f(t,z) <0 for te J, =<D,
f(t,z) >0 for teJ, x> H.

(H3) There exists a nondecreasing function w : [0,00) — (0, 00) such that

lim
V—00 U

Lot (rT(ZwJ£U1))> =0

and
|f(t,2)] < w(]z]) for (t,2) € J xR,

where ¢! is the inverse function of ¢.

2 Operator Q and its properties

The following result is the generalization of the Gronwall-Bellman lemma for singular kernels.

Lemma 2.1. Let 0 < ¢ < p < 1, z € C(J) be nonnegative and ci,ca € [0,00). Suppose that
v € C(J) is nonnegative and

v(t) < z(t) + e I(t) + caIPv(t), t e J.

Then
(TP ¢

u(t) < () +d(q + 0

)ICz(t), te
where d = d(C, p) is a positive constant.
Let F: C(J) — C(J) be the Nemytskii operator associated to f,
Fx(t) = f(t,x(t)).
For x € C(J), we discuss the auxiliary equation

u(t) = a(t) 1P u(t) + b() TP 2u(t) + ¢~ LI Fa(t) (2.1)

with the unknown function wu.
The following result is established by using Lemma 2.1 and the Schaefer fixed point theorem
in C(J).
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Lemma 2.2. Let x € C(J). Then equation (2.1) has a unique solution u in the set C(J).
Keeping in mind Lemma 2.2, for every = € C(J) there exists a unique solution v € C(J) of
equation (2.1). We put Qz = u and have an operator Q : C(J) — C(J) satisfying
Qx(t) = a(t)I° 1 Qu(t) + b(t) [P~ 72 Qu(t) + ¢ H*Fx(t), x € C(J). (2.2)
The properties of Q are given in the following two lemmas.
Lemma 2.3. Let (Hy) and (Hz) hold. Then
xeC(J), z(t) <D onJ = Qux(t) <0 on (0,7,
zreC(J), z(t)>H onJ = Qx(t) >0 on (0,7,
Lemma 2.4. Let (H3) hold. Then Q : C(J) — C(J) is continuous and
Tw([l]])

1221 < Bo™ (T

), z e C(J), (2.3)

where
TB—n

F(6—71+1)(

a0 — Ty

S Ve

3 Operator £ and its properties
Let an operator £ : X — X be defined by
Lz, c) = (c + 1P Qu(t), ¢ — Iﬁgx(t)\t:T).

The following two lemmas give the properties of L.
Lemma 3.1. If (z,c¢) is a fized point of L, then x is a solution to problem (1.1),(1.2).
Proof. Let (x,c) = L(x,c) for some (z,c) € X. Then

x(t) = c+ 1°Qu(t), teJ,
1°Qx(t)|,_,. = 0,

and therefore 2(0) = ¢, 2(T) = ¢ and DPz(t) = Qx(t) for t € J. Hence D’z € C(J) and since
Qx(t)|t=0 = 0, we have “DPz(t)|;=o = 0. Thus z satisfies the boundary condition (1.2) and

DNg(t) = I°"nDOx(t), Dr2a(t)=I°"12DPx(t), teJ
Combining these equalities with (2.2) and Dz (t) = Qx(t) we obtain
DPr(t) = Qu(t) = a(t) TP~ Qu(t) 4+ b(t) P2 Qu(t) + ¢ I Fa(t)
= a(t) P DPr(t) + b(t) IP~12DPx(t) + ¢ I Fu(t)
=a(t)D"x(t) +b(t)D2x(t) + ¢ I Fa(t), te

In particular,
cD’Bm(t) —a(t)DMx(t) — b(t)D2x(t) = ¢ T Fa(t), t e J

Applying ¢ and then D% on both its sides, it follows
CDO‘qu(CDB:n(t) —a(t) DM (t) — b(t)cmzx(t)) = Fa(t), teJ
Hence z is a solution of equation (1.1). As a result, z is a solution to problem (1.1), (1.2). O

Lemma 3.2. Let (Hs3) hold. Then L is a completely continuous operator.
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4 Problem (1.1),(1.2)

Theorem 4.1. Let (Hy)—(Hs) hold. Then problem (1.1),(1.2) has at least one solution.

Proof. By Lemma 3.1, we need to prove that £ has a fixed point. Since £ is completely continuous
by Lemma 3.2, the Schaefer fixed point theorem guarantees the existence of a fixed point of L if
the set U = {(x,c) € X : (x,¢) = AL(z,c) for some A € (0,1)} is bounded. We show that U is
bounded. O

Example 4.2. Let ¢ = ¢, p> 1, p € (0,p—1), r,m,k € C(J) and f(t,z) = k(t) + |z|* arctan z.
Then conditions (H;) and (Hs) are satisfied for a = |r|, b = |m|, H = max{r/4, {/|[k||} and
D = —H. Since ¢! = ¢4, ¢ = p/(p — 1), condition (Hs) is fulfilled for w(v) = ||k + 7vH/2.
Theorem 4.1 guarantees that the problem

Dy (cDﬁ$ —[r()|D"x — |m(t)|CD72x> = k(t) + |z|" arctan z,
#(0) = #(T), DPx(t)],_, =0,

has a solution.
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We study the long time behavior of nonlinear stochastic functional-differential equations in
Hilbert spaces. In particular, we start with establishing the existence and uniqueness of mild
solutions. We proceed with deriving a priory uniform in time bounds for the solutions in the
appropriate Hilbert spaces. These bounds enable us to establish the existence of invariant measure
based on the Krylov—Bogoliubov theorem on the tightness of the family of measures.

1 Introduction

In this work we study the asymptotic behaviour of solutions of stochastic functional-differential
equations. In a bounded domain, the equation reads as

du = [Au+ f(ug)] dt + o(ug) dW(t) in D, t>0; (1.1)
u(t,z) = §(t,x), e [~h,0), u(0,2)=po(z) in D;
u(t,x) =0, x € dD, t>0.
The corresponding problem in the entire space has the form
du = [Au+ f(ug)] dt + o (ug) dW(t) in RY, ¢ > 0; (1.2)
u(t,z) = ¢(t,x), t€[~h,0), u(0,z)=po(z) in R
Here A is an elliptic operator

d 82 d 9
A=A@) =3 ay(@) gras + 3 bix) 5o + (@) (1.3)

i,j=1 i=1

the interval [—h, 0] is the interval of delay, and u; = u(t + ) with 6 € [—h,0).

Functional differential equations of types (1.1) and (1.2) are mathematical models of processes,
the evolution of which depends on the previous states. The classical results for deterministic
functional-differential equations in finite dimensional spaces can be found in [6] and the references
therein. Stochastic functional differential equations in finite dimensions have been studied exten-
sively as well. In particular, the existence of invariant measures for stochastic ordinary differential
equations was established in [1] and [5].

The results on functional differential equations in infinite dimensions are significantly more
sparse.

The main goal of the present work is to establish the existence and uniqueness of invariant
measures for equations (1.1) and (1.2) based on the Krylov—Bogoliubov theorem on the tightness
of the family of measures [7]. More precisely, we will use the compactness approach of Da Parto
and Zabczyk [3], which involves the following key steps:
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(i) Establishing the existence of a Markovian solution of (1.1) or (1.2) in a certain functional
space, in which the corresponding transition semigroup is Feller;

(ii) Showing that the semigroup S(t) generated by A is compact;

(iii) Showing that the corresponding equation with a suitable initial condition has a solution,
which is bounded in probability.

This approach was used in establishing the existence of invariant measure for a large class of
stochastic nonlinear partial differential equations without delay, e.g. [4] and references therein.
For functional differential equations in finite dimensions, the approach above was used in [2]. In
this work, the author established the existence of an invariant measure in R? x L?(—h,0;R9). In
contrast, for stochastic partial differential equations, the natural phase space for the mild solutions
of (1.2) is L2(R?) x L*(—h,0, L2(R?)), where L2(R?) is a weighted space. The equations of type
(1.1) and (1.2) were studied in the space C(—1,0, Lﬁ(Rd)), which is a significantly easier problem.
In these spaces the authors studied the conditions for the existence and uniqueness of a solution, as
well as their Markov’s and Feller properties. However, in order to apply the compactness approach
one needs to work in Lg(Rd) x L?(—h,0, L?)(Rd)), which is done in this work.

2 Formulation of the problem and the main result

Throughout the paper, the domain D is either a bounded domain with 0D satisfying the Lyapunov

condition, or D = R%. Denote
1
pz) = TW,

where 7 > d if D = R? and r = 0 (i.e. no weight) for bounded D. We introduce the following
spaces:

B :=L2(D), Bf{:=L*(=h,0,L2(D)), B”:=BjxB{, H:=LD).

The coefficients a;; of the operator A defined in (1.3) are Holder continuous with the exponent
B € (0,1), symmetric, bounded and satisfying the elipticity condition

d
> aigmin; = Colnl, neR?
ij—1

for some Cy > 0. The coefficients b; and ¢ are also bounded and Holder continuous with some
positive Holder exponent.
If D is bounded, we impose homogeneous Dirichlet boundary conditions on dD. In this case,
D(A) = H*(D) N Hy(D).

If D =R% then D(A) = H?(R%). Denote G(t,z,y) to be the fundamental solution (or the Green’s
function in the case of bounded D) for % — A. It is well known, that there are positive constants
C1(T),Cy(T) > 0 such that

o2
0< G(t,z,y) < C1(T)t~ 2= Co(M 1= (2.1)

for t € [0,7] and z,y € D. Note that in (2.1), C; and Cy depend not only on 7', but on the
constants Cy, d, T, maximum values of the coefficients of A, and the Holder constants. If the
operator is in the divergence form Au = div(aVu), the estimates are of a different type, namely,

gl(tax - y) < G(t,x,y) < g2(tax - y))
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where
| 2

gi(t,z) = K(Cy,d)t —d/2 ~K(Co.d) ! , 1=1,2, t>0, $,y6Rd.

In this case, in contrast with (2.1), the constant K (Cjy,d) is independent of ¢.

o0

Let ) a; < 0o, and e, be orthonormal basis in H, such that e, € L>(D) and sup |[en ||~ (p) <
=1 n

oo. Introduce the operator @ € L£L(H) such that @ is non-negative, Tr(Q) < oo, Qe, = ape,. Let

(Q, F, P) be a complete probability space. Introduce

= Z VaiBi(t)ei(z), t =0,
=1

which is a Q-Wiener process on ¢t > 0 with values in L?(Q). Here j3;(t) are standard, one dimen-
sional, independent Wiener processes. Also let {F}, t > 0} be a normal filtration satisfying

- W(t) is Fe-measurable;

- W(t+ h) — W(t) is independent of F; Vh > 0,t > 0.
Denote U = Q%(H) It is well known U € L*°(D). Introduce the multiplication operator ® : U —
Bl as follows: for fixed ¢ € B, let ®(¢) := ¢y, ¢ € U. Since ¢ € Bf and ¢ € L>®(D), the

operator is well defined and hence ® o Q%/2 : L*(D) — Bl defines a Hilbert—Schmidt operator. The
operator @ is also a Hilbert—Schmidt operator satisfying

120Q?z, = |®o Q1/26nHZBg = Zan/wz(w)ei(w)/)(w) dz < Tr(Q) sup [[enllZ[l¢ll7,
n=1 n=1 D "

where Tr(Q) = >_°° ; ap = a. Hence if & : Q x [0,T] — L(U, BYf) is a predictable process satisfying

T
E/ @0 Q2|2 ds < o,
0

following [3] we can define
t
/ U(s)dW(s) € B
0

with the following expansion

t

/\11 ) dW (s i\/a/t<1> +) dBi(s).
0

0

Furthermore,
t

<asupenl [ EIU(s, g ds
n
0

e
0

2
p



192  International Workshop QUALITDE — 2020, December 19 — 21, 2020, Tbilisi, Georgia

Assumptions on nonlinearities

Assume f and o satisfy the following conditions:
(i) The functionals f and o map BY to B;

(ii) There exists a constant L > 0 such that

(o) — Fon)llmp + loton) — olen)lzg < Lllor — ol
for any o1, 92 € BY.

Definition. An F; measurable random process u(t, -) € Bf is a mild solution of (1.1) or (1.2) if

u(t,-) =25 +/St—s ds+/St—s o(us) dW (s), (2.2)
0 0

where

u(0, -) = (0, -) € By, u(t, )=t )€ B, te[-h,0.

Theorem 1 (Existence and uniqueness). Suppose f and o satisfy conditions (i) and (ii), and
©(t, ) is an Fo measurable random process for t € [—h,0], which is independent of W and such
that

Ellp(0, )y < o0 and Ellg(-. )l < o0, p>2

Then there exists a unique mild solution of (1.1) (or (1.2)) on [0,T], and
Elly®)l5, < K(T)(1+Ely(0)l%), te€0,7].
Define p(z) = (1 + |z|7)~!. The main result of the paper is the following theorem.

Theorem 2. Let the assumptions of Theorem 1 hold. Assume equation (2.2) has a solution in BP
which is bounded in probability for t > 0 with r > d+7T. Then there exists an invariant measure
on B?, i.e.

/Ptgo(x) du(z) = /@(az) du for any t >0 and ¢ € Cy(BP).
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The averaging method is applied to study the existence of solutions of boundary value problems
for systems with impulse action at non-fixed moments of time. It is shown that if an averaged
boundary value problem has a solution, then the original problem is solvable as well. Here the
averaged system is a system of autonomous ordinary differential equations.

1 Introduction

The present paper deals with the following boundary value problem for a system of differential
equations with impulse action at non-fixed moments of time:

T =eX(t,x), t#ti(z),

Ax‘t:ti(m) = el;(z), (1.1)
T
F(z(()),x(—)) =0.
€
Here € > 0 is a small parameter, t;(z) < t;+1(z), i = 1,2,..., are the moments of impulse, X and

I; are d-dimensional vector functions.
Assuming that there exist the limits

and

0<t;(x)<T
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we put problem (1.1) in correspondence with the averaged boundary value problem

. T
i =c[Xo) + b)]. F(y0.y(2)) =0, (L.4)
or, on the slow time scale T = ¢t,

W~ Xolw), F(0),u(T)) = 0.
-

The main result of this paper is a proof of the following statement: if the averaged boundary
value problem has a solution, then, for small values of parameter ¢, the original boundary value
problem (1.1) also has a solution, and there is a proximity between their solutions.

Boundary value problems for systems with impulse action have been considered by many au-
thors. To our knowledge, these problems were first studied in [3] when investigating periodical so-
lutions by using the Samoilenko numerical-analytic method. Boundary value problems for systems
with non-fixed moments of impulse were studied in [1] for the case of linear boundary conditions,
and in [2] for the nonlinear case.

In the theory of ordinary differential equations, the method of averaging was first applied to
boundary value problems in [4]. This method made it possible to reduce a boundary value problem
for a non-autonomous system to an analogous problem for an autonomous averaged system. In the
present paper, we apply this idea to solving the boundary value problem (1.1).

2 Formulation of the problem and the main result

We consider problem (1.1) under the assumption that the following conditions are satisfied:
(1) The functions X (¢, ) and I;(x) are uniformly continuous in a domain Q= {t>0, € D CR%};

(2) The functions X (t,z) and [;(x) are bounded by a constant M > 0 and, with respect to z,
satisfy the Lipschitz condition with a constant L > 0;

(3) There exist uniform in z € D limits (1.2) and (1.3), as well as the limits

1 /T('?X(t,x) g — 0Xo(x)

AT o oz
0
and 1 oLi(z)  Ol(x)
. i\L ol\x
lim — = :
T T Z ox oxr '’
0<t; <T

(4) There exists a constant C' > 0 such that, for t > 0 and = € D,
i(t,x) < Ct,
where i(t, z) is the number of impulses on (0,t), and

inf 741 (x) > sup 7% (z);

(5) The averaged problem (1.4) has a solution y = y(7) = y(e, 7) that belongs to D together with

some p-neighborhood, in which F'(z,y) has uniformly continuous partial derivatives ‘?f; and

%—5 , and det MST(EJO) # 0, here zo = y(0), Fo(zo) = F(xo,y(T, z0)).
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Theorem 1. Let conditions (1)—(5) be satisfied. Then there exists £g > 0 such that for e € (0,¢0)
one can specify a function & = £(g), € — 0, such that the boundary value problem (1.1) has a unique
solution x(t,e) in £(g)-neighborhood of y(et), i.e.,

[2(t.¢) — y(et)| < &G). te o, g] e € (0,20).

The outline of the proof is as follows.

I. We first consider the system with impulse effect at fixed moments ¢; on [0, %]

i=eX(t,x), t#t,

Az|,_, =eli(x(t)). (2.1)

For this system, we derive a variational equation linearized along its solution x(t,xg)
(z(0,20) = 0), i.e., )
X (t, x(t
PR UL UL )
Ox
Ol (x(ti, o))

ox

(2.2)

Az|,_, =e¢ 2(t;),

where z(t) %ﬁ;’;ﬁo) . We then establish the proximity between the solution of (2.2) and the
)

solution aygﬂ
o . IO
conditions).

of the variational equation for the averaged system (under respective initial

II. By using the implicit function theorem, we prove the existence and uniqueness of a solution
of the boundary value problem for system (2.1).

III. Let us fix p points y!,y?, ..., y? in some neighborhood of a solution of the averaged problem
and consider the following boundary value problem:

i =eX(t,x), t#ty),
Amlt:ti(yi) =eliy’).

F(x(O),x(g)) = 0.

From what has been proved above, we conclude that this boundary value problem, for ¢ small
enough, has a unique solution z(t,y',...,y?). If we choose y',..., 9P so that

y'=x(ti(yh), vt yP), i=1,p, (2.3)

then the function z(t,y',...,yP) is the desired solution of problem (1.1). Using a fixed-point
theorem, we show that system (2.3) has a solution. This completes the proof.
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By Q(R?) we denote the set of all nonempty bounded subsets of R%. For the set of all nonempty
compact subset of R? we use the notation K(R?). By K.(R?) we denote the subset of K(R?) that
consists of convex sets.

Definition 1. A set C = A+ B & {a+b: ae€ A be B} is called the Minkowski sum of two

subsets A, B C R%.

Definition 2 ([1]). A set C € K.(R?) is called the Hukuhara difference of A, B € K.(R%), and
denoted by C =A— B, if A=B+C.

Note that the Hukuhara difference A — B is not defined for any pair of sets 4, B € K.(R%).
Moreover, if there exists a set C € K.(R?) such that A = B + C, then, generally speaking,
C # A+ (—B). Indeed, let’s take, for example, A = [0,2] and B = [0, 1]. For the set C' = [0,1] we
have A = B + C. At the same time, A + (—B) = [—1,2]. The following theorem gives a necessary
and sufficient condition for the existence of Hukuhara difference between sets A, B € K .(R%).

Theorem 1 ([2, p. 8]). Let A, B € K.(R%) be convex compact sets. The Hukuhara difference A— B
exists if and only if for any boundary point a € DA there exists at least one point ¢ € R? such that

a€ B+ {c} CA

If the Hukuhara difference A — B exists, then it is unique. This statement can be derived from
the following lemma.

Lemma 1 ( [2, p. 10]). Let C Cc RY, D € K.(R%), B € Q(R?), and C+ B C D+ B. Then C C D.

By B’ % {z € R?: ||z < 1} we denote the closed ball of unit radius centered at the origin.

Definition 3. Hausdorff distance h(A, B) between sets A and B € Q(R?) is defined as

h(A,B)® inf {r: AC B+rB", BC A+rB"}.

r>

It follows directly from the definition that h(A4, B) = 0 iff A = B. According to Hahn’s theorem
the pair (K(R%),h) is a complete separable metric space, and K.(R?) is its closed subset.
By I C R we denote an arbitrary open interval that may be unbounded.

Definition 4. A map X: I — K.(R?) is called differentiable by Hukuhara at to € I if the limits

lim X(to + At) — X(to) and  Tim X(to) — X (to — At)
At—+40 At At—+0 At

both exist and are equal to the same convex compact set Dy X (o), that is called Hukuhara deriva-
tive of X at tg.
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It is easy to see that if the map X : I — K (R?) is differentiable at every point of I, then for any
a < b € I the difference X (b) — X (a) is defined. Therefore, according to Theorem 1, non-decreasing
of diam X () is a necessary condition for the existence of Hukuhara derivative Dy X (t), t € 1.
For a given positive integer d € N, let us consider the linear differential equation

DyX(t)=A)X (), X(t) e K.(RY), t>0, (1)

with a semi-continuous coefficient d x d matrix. By a polytope we mean a convex hull of finite
number of points in R%.

Definition 5. We say that equation (1) preserves polytopes if for any its solution X (-) such that
X (0) is a polytope, it follows that X (¢) is a polytope for all ¢ > 0.

Let us consider the problem of obtaining a necessary and sufficient condition for equation (1) to
preserve polytopes. This problem is partially solved, namely, we obtained the complete description
of the autonomous differential equations (1) that posses this property.

Theorem 2. Equation (1) with a constant coefficient matriz A(-) = A preserves polytopes if and
only if there exists a real number \ and non-negative integers a < b such that A® = AA®.
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Consider the linear differential system
t=At)z, x€R", teRy =]0,00), (1)

with a piecewise continuous operator function A : Ry — End R™. Let us endow the space R with
the norm ||z|| = max |xr| and with the set of metrics
<k<n

d?(w(byo) = Iél[%)i] HIﬂ(T, x()) - x(T7 yO)H7 Zo,Yo € Rn? te R-‘ra

where x( -, a) is the solution to system (1) satisfying the condition x(0,a) = a. By S).|(4,K,¢,1)
we denote the e-entropy of a compact metric space K C R™ with the metric di* [2] (that is, the
minimum number of open balls of radius € > 0 covering ). Then the topological entropy [1] of
system (1) is defined by the formula

— 1
htop(A) = sup lim lim n InS). (4K, e,1)

KCR™ e—0t—o00

(its right-hand side does not depend on the choice of a norm || - ||, therefore the definition is correct).

In what follows we will use one more formula to calculate the topological entropy. For any € > 0
and n € N we denote by N|. H(A,IC,a,t) the e-capacity of a compact metric space K C R" with
the metric di* [2] (i.e., the maximum number of points such that all their pairwise d;!-distances are
greater than ¢), then the topological entropy can be calculated by the formula

— 1
htop(A) = sup lim lim — In Ny (4, K, ¢,t).

KCcRn e—=0t—00 ¢

In [3], it is asserted that for the Lyapunov exponents A\;(A) < -+ < A\, (A) of any system (1)
with a bounded operator function A, the equality

hiop(A) = > Ai(4) (2)
Xi(A)>0

holds. In fact, it may not hold, as shown by
Theorem 1. For system (1) with the operator function
(1,0), telo0,1];

A(t) = diag(a(t),b(t)), where (a(t),b(t)) =< (1,0), te[2n—1),2n)]; n=12,..., (3)
(0,1), te[2n),(2n+ 1),

relation (2) becomes the inequality 1 < 2.
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Proof. Let us calculate the Lyapunov exponents of system (3). On the one hand, from the inequal-
ities a(t) < 1, b(t) < 1, t > 0, we see that the Lyapunov exponents do not exceed 1.
On the other hand, from the inequalities

t

— 1 2n)! — (2n — 1)!
lim /a(T) dr > lim (2n)t = (2n—1) =1,
t—+oo t n—-+o00 (277,)'

0
— 1 / 2 1)! 2n)!
lim /b(T)dT> lim 2t D (2n)! —1,
t——+oo t n—+00 (2n + 1)'

0

it follows that the Lyapunov exponents of system (3) satisfy the equalities
)\1(14) = )\Q(A) =1 and )\1(14) + )\Q(A) = 2.
Let us calculate the topological entropy of system (3). For given m,n € N, consider the set of

(k)
points of the form <x(1) > , where

(k) k

_ _ 2n)!—(2n—1)!
l’l —m, ]{3—0,...,[8( ) ( )m]

(k) 0]
-| is an integer part of the number). Since the distance . , , , satisfies
f th ber). Since the d di: xé 1 k1 fi

the inequality

JA 27\ (D)) _ k=l  eni-@n-DiEn-2-@n-g)te- o L
(2n)! o /’\ o e(2n)—(2n—1)!,, m’

1
- 1 > (2n)!=(2n-1)!
N(A, [0,1] x {0}, — (2n)> >e m,

then

and hence

((Qn)! —(2n-1)! N lnm) B
(2n)! (2n)!/

Let us prove the opposite inequality hiop(A) < 1. For an arbitrary compact set K C R? we
denote by vx a positive number such that K C [—vk, Vx| X [—VK, VK-

htop (A) > lim

n—o0

(k)
For any t > 0 and m € N, the set of points V},, of the form (331(l)> , where
T

t t t
— [a(T)dT a(t)dr a(t)dr
xgk):M—Ke Of() , k:—[eof m],...,[e{() m],
m
t t t
— [ b(7)dT b(t)dr b(t)dr
$él):%€ Of() , l:—[eof() m],...,[eof() m],

is a E-covering of the square [—vx, Vx| X [=7K,VK]. Indeed, let an arbitrary point (z1,z2) €
[—vK, VK] X [=7K,7K] be given. Then by the definition of the set V;,, there exists a point

(mgko) , azgo)) such that

ol — [b(r)dr

k T)dr I K
) — ) < e ; ng‘))—szEe 0
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It follows that

t
) [a(r)dr YK (lo) _ fb(T) dr fyi

k
21—l < T e —mled T <

-
Thus S). (A, K, ¢,t) does not exceed the cardinality of the set V; ,,, which equals

t t t

a(t)dr b(T)dr a(T)+b(7)) dr
(2[6‘{ " m]+1><2[e{() m]+1)<9m2e({(()+()) :9m2et,

whence we get hyop(A) < 1. O

For an arbitrary piecewise continuous function a(-) : Ry — R, let

Theorem 2. If system (1) can be reduced to a diagonal form

y = diag(b1(t), ..., ba(t))y,
by means of a transformation x = Q(t)y such that
— 1 -1
t£r+nm— Q@)= lim - Q= ()] =0,

then

hiop(A) = Tim szﬁ

t—+oo t

Given a metric space M and a continuous map
A: M xRy — EndR" (4)
we form the function
p— hiop(A(p, -))- (5)
Results of [4,5] imply

Theorem 3. For any mapping (4), function (5) belongs to the third Baire class. If M = [0,1],
then for some mapping (4) function (5) does not belong to the first Baire class.
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Abstract

Recently, the concept of a coupled-jumping timescale space (short for CJTS) Ty — Ty was
initiated. Based on it, the theory of calculus and fundamental functions were established. By
using this theory, an initial value problem of time-hybrid dynamic equations whose initial value
is given in Ty and the unique solution is located in T; can be considered. It is worth noting
that the Hilger’s theory can be derived through removing the coupled-jumping state by letting
T, = Ty and the Hilger theory is essentially based on a single timescale space. The coupled-
jumping timescale theory largely deepens and includes the Hilger theory and brings a completely
new significance of dynamic equations on time scales.

1 Vertical evolution of time scales

The time scale theory was introduced by Hilger in 1988 to unify the continuous and discrete analysis
(see [1,2]). This theory plays a very significant role in both pure and applied mathematics, for
example, time-hybrid dynamic equations (see [11]), quaternion dynamic equations (see [3,4]), fuzzy
dynamic equations (see [5]), the closedness of time scales and related function theory (see [6-9]),
stochastic dynamic equations (see [10]) and hybrid measurability theory (see [12]), etc. To further
reveal the changing essence of time scales, we first introduced two basic types of the evolution of
time scales under which some corresponding dynamic equation were presented (see [11]).

In Figure 1, let {Ty, Ty, T3, T4} be a timescale group. By Hilger theory, this time scale group
will induce a continuous dynamic equation, a piecewise continuous dynamic equation, a discrete
dynamic equation and a quantum dynamic equation in sequence. Starting with the evolution
process of these time scales, T varies from the form T, to the form T, in the timescale group, such
a vertical evolution in the timescale group acts as a direct factor which leads to the four different
types of dynamic equation during the changing process of the time scale T. Only when T is fixed in
this timescale group, the concrete dynamic equation can be determined. From the viewpoint of the
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evolution process of time scales, the essence of Hilger’s theory depends on the vertical evolution of
time scales, accordingly the unification of various types of dynamic equation can be achieved when
the form of T is fixed in a timescale group. In other words, the related analysis and applications
on Hilger theory are purely based on a single time scale during this evolution.

Ty, = IR

To — USS ,[2k, 2k + 1]

/\/\/<— Diagram on T, = IR
/\ /\ \/ /\ —~———————— Diagram on Ty = U2 | [2k, 2k + 1]
-« ﬂ

- o - - _— Diagram on Ts — Z
- > o - -
- - -
-
- -
- - - Diagtamon Ty = ¢Z = {g":n&€ Z,q> 1}

Figure 1. The vertical evolution diagram of dynamical behavior from T; to T4 under
Hilger theory

2 Hybrid-timescale problems-a horizontal evolution of time scales

The other natural and significant evolution of time scales that must be referred to is horizontal
evolution of time scales. The related problems caused by horizontal evolution of time scales
cannot be solved by Hilger theory and they still belong to the problems of timescale category. In
Figure 2, let

5
Ti={q":¢>1,neZ U{0}}, Tp=[11,37, Ts=|J[2k 2k+1],
k=2
Ty = {12.1,13.1,14.1,15.1,16.1}, Ts={(15)":n>7},....

For convenience, let a timescale group be formed by {T1, Ty, T3, Ty, T5,...}. It is easy to observe
that the dynamical behavior described by Figure 2 exists on the time scale T formed by five districts
and each district is a time scale, i.e., T =T UToUT3UT4UTsU.... Therefore, the switch of the
dynamical behavior in four timescale districts is directly caused by a horizontal evolution of all
the time scales in this timescale group.

Usually, all the similar problems described by Figures 2 are called the hybrid-timescale prob-
lems. Essentially, the hybrid-timescale problems are formed by the problems on multiple time
scales and this class of problems can be precisely depicted by a horizontal evolution of time
scales in a timescale group.

By comparison, the related hybrid-timescale problems are more comprehensive and will strictly
include the problems on a single time scale as their particular cases (see Figure 3 for their detailed
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\/ﬁ\/\-‘-

- -
- - -
- -
= -
—_—— —_—
——————— T e —
District T, District T District T District Ty District T

Figure 2. The horizontal evolution diagram of dynamical behavior from T; to T4 under
coupled-jumping timescale theory

relations). Moreover, the dynamical behavior on hybrid time scales cannot be effectively studied
purely on a single time scale through Hilger theory. Therefore, it is very necessary to establish a
theory (we call it coupled-jumping timescale theory) to solve the hybrid-timescale problems.

derive

The horizontal evolution The vertical evolution
=>
of time scales - é of time scales
cannot
corresponds derive corresponds
to to
derive
Hybrid-time problems | / Single timescale problems
7 cannot
corresponds derive corresponds
to to
derive
Coupled-jumping timescale _ | Hilger theory
theory —<}#l
cannot
derive

Figure 3. The relation among hybrid-timescale problems, single-timescale problems,
Hilger theory and Coupled-jumping timescale theory

3 The description of the hybrid-timescale initial-value problems

For understanding the idea to solve the hybrid-timescale problems, we will adopt Figure 2 to illus-
trate our methods and the framework of the solving steps. Let a timescale group be
{Ty,T9, T3, Ty, Ts5,...}. To break through the limitation of the Hilger theory and to establish
a coupled-jumping timescale theory, demonstrating a distinct dynamical behavior on time scales,
firstly, we must consider the formation process of the dynamical behavior in Figure 2. Assume that
the dynamical behavior in Figure 2 corresponds to a solution z(t) of a dynamic equation on the
hybrid time scales with the initial point (¢o, z(¢o)), where £y = 0 € T;. According to the continuous
dependence on initial values of solutions and the continuation theorem, there is a solution on the
district Ty such that (t1,2(¢1)) is the right boundary point on the district Ty, where t; = 1 & To.
Now taking (¢1,z(t1)) as the initial point, there is a solution on the district Ty such that (t2, z(t2))
is the right boundary point on the district To, where to = 3.7 ¢ T3. Next, by taking (t2,x(t2)) as
the initial point, there is a solution on the district T3 such that (t3,z(t3)) is the right boundary
point on the district Ts, where t3 = 11 ¢ T4. Repeating the process, by taking (¢3,z(t3)) as the
initial point, there is a solution on the district Ty such that (¢4, 2(t4)) is the right boundary point
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on the district T4, where t4 = 16.1 ¢ T5. Finally, the solution on the district Ts is determined
by the initial point (t4,z(t4)). If there are more time scales after Ts, for instance, Tg, T7,. .., the

process above can be continued until the solution exists on Ty U Ty U T3 ---:= |J T;.

=1

In the above process, a key problem appears. Note that t; € Ty but the solution on district
Ty is continuously dependent on (t1,z(¢1)), similarly, to ¢ T3 but the solution on district Ty is
continuously dependent on (t2,x(t2)),.., t4 & Ts but the solution on district Ts is continuously
dependent on (t4,x(t4)),.... Therefore, the first problem we must solve is that we should introduce
an initial value problem of a dynamic equations whose initial value is given in one time scale and
the unique solution is located in another. In the literature [11], the coupled-jumping timescale
theory (or hybrid-timescale theory) was proposed.

4 The coupled-jumping timescale space (CJTS) and calculus

We present a notion of coupled-jumping timescale space and a concept of the hybrid-composition
integral.

Definition 4.1 ([2]). For t € T, we define the forward jump operator oy, : T, — Ty by o*k( ) =
inf{s € Ty : s > t}; the backward jump operator pj, : Tj, — Tk by pi(t 1) =sup{s € Ty : s <1};
and the graininess function s, : Ty — [0, 4+00) by ux(t) = ox(t) — t, where k = 1,2.

Now, we will introduce the jumping construction of the coupled-jumping timescale space T1—Ts.

Definition 4.2 ([11]). Let T; and Ty be a pair of time scales. For ¢ € T; U T, we define the
coupled-forward jump operator between T; and Ty by or,(t) = inf{s € Ty : s > t}, and define
the coupled-backward jump operator between Ty and Ty by pr,(t) = sup{s € T2 : s <t}. We say
t is a coupled right-dense point iff or,(t) = t; ¢ is a coupled right-scattered point iff o, (¢) > ¢; ¢
is a coupled left-dense point iff pr,(t) = t; ¢ is a coupled left-scattered point iff pr, () < t; t is a
coupled isolated point iff pr,(t) < t < or,(t) (see Figure 4).

+
T, & ™, @

1 & — oo N 1 = ema (£1)

- T
o, (£1)

o, (1)
t € T, is a coupled right-dense point. ¥ e T is a coupled right-scattered point.
%

1

T >

T, ® ———— 14
P (1) = 1 / P (1) < 1
I o -
A —" 2
o (£1) P (E1)
t € T, is a coupled lefi-dense point. * e Ty is a coupled left-scattered point.

Iy

/ \\ pro(t1) < t1 < o, (1)

T> e
P (1) T (tl)

e T is a coupled isolated point.

Figure 4. Schematic diagram of all types of coupled-jumping points

Definition 4.3 ([11]). Let f: T; UTy — R. We define a hybrid-composition integral (or short for
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HC-integral) of f(t) on CJTS as follows:
a / [T, (@), pr, (D)1, f(T) Ar7 + (1 — @) / f(r)Agr,  a <,

/ f(T)AmT = [omy (@),pm, (B)],
—« / f(T)AlT - (1 — Oé) / [J’]l'z(b),pTQ(a)]'H‘Qf(T)AQT, a > b,

a

[or, (0),01, (a)]T,

where a,b € T UTs, 0 < a <1 and « is called the hybrid-composition proportion coefficient.

5 Time-hybrid dynamic equations on CJTS
In this section, we will introduce the exponential function on coupled-jumping time scales and
introduce the basic theorem of time-hybrid dynamic equations. For more details, one may consult

the literature [11].

Definition 5.1 ([11]). Let #, s € T; UTs. We introduce the HC-exponential function by

/

cola [ LElm@io),,

) pua(T)
lor, (s).om; (D)1,

(- a) / Log(1 + pa(7) £(7)) AQT}’ e

i pa(T)
[o14 (5),0T4 (D)]Ty

» Log(L+m(r)f(r) ,
P { / (7) =

er(t,s):

[or, (£),01; (8)IT;

Log(1 + p2(7) f(7)) :
—(1-«) / 12(7) AQT}, s> t.

[UTQ (t) »PTo (5)}’]1‘2

In the following theorem, we will demonstrate the HC-exponential solution of the homogeneous
time-hybrid dynamic equation.

Theorem 5.1 ([11]). Let t € TF, s € T, t > s. Then es(t,s) is the solution of the initial value
problem

(0 = { (L (070) e {1 - / Logt @I agrd - 1heo), )

with the initial value x(s) = 1, where x°¢(t) denotes the A-derivative at t on Ty.

Remark 5.1. Notice that the initial value problem of the homogeneous time-hybrid dynamic
equation (5.1) has the characteristic that the initial value is given in Te and the unique solution
is located in T, where T; may not be equal to T9. There has been no theory to support the
study of such a type of time-hybrid dynamic equation before now.
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