
saqarTvelos teqnikuri universiteti 
 

 
 
 
 
 
 

Tamaz obgaZe 
 
 
 

maTematikuri modelirebis kursi 
(magistrantebisaTvis) 

 
III tomi 

 
 

 
                            
 

                            damtkicebulia stu-s 
      saredaqcio-sagamomcemlo 

                   sabWos mier 
 
 
 
 
 
 

Tbilisi 
2008 



2 

უაკ 517.958 
 
 

სახელმძღვანელო მიძღვნილია მათემატიკური მოდელირების 
რთული და პრაქტიკულად მნიშვნელოვანი პრობლემისადმი. ნაშრომში 
განხილულია სალაპარაკო ენის  მათემატიკური მოდელი, რომელიც 
საშუალებას იძლევა, რომ მკითხველი გაერკვეს თეორემათა ავტომატური 
დამტკიცების თეორიაში. განხილულია მათემატიკური მოდელირების 
ტექნიკა ჩვეულებრივი მათემატიკური მოდელების აგებისათვის; 
განხილულია ეკონომიკისა და მექანიკის ანალიზური და 
სასრულსხვაობიანი მოდელები; განხილულია სიგნალების ვეiვლეტ-
ანალიზის მეთოდები, რაც საშუალებას იძლევა შესწავლილ იქნას 
სიგნალების შეკუმშვის, გადაცემისა და სინთეზის ამოცანები 
თანამედროვე დონეზე; თითოეული საკითხის გაშუქებისას, მოყვანილია 
შესაბამისი მათემატიკური მოდელების აგების ტექნიკა. ყველა თავის 
ბოლოს მოყვანილია პრაქტიკული სამუშაოს ვარიანტები 
მაგისტრანტებისათვის.   

 
 
 
 
 
 
 
 
 

აკადემიკოს ა. ფრანგიშვილის რედაქციით 
 

რეცენზენტი სრული პროფესორი თ. კაიშაური 
 

 
 
sagamomcemlo saxli “teqnikuri universiteti”, 2008 
ISBN 99940-57-16-2 (yvela tomi) 
ISBN                          (III tomi) 

 
 
 
 
 
 
 

C 



3 

eZRvneba Cemi maTematikis  
maswavleblis, SesaniSnavi pedagogis, 

lili xuciSvilis naTel xsovnas 
  
 
 
 

winasityvaoba 
  

SemoTavazebul kurss – “maTematikuri modelirebis kursi 
(magistrantebisaTvis) III tomi, avtori wlebis manZilze 
kiTxulobda vladimiris saxelmwifo universitetSi (ruseTi), 
vitebskis saxelmwifo teqnologiur universitetSi (belorusia), 
moskovis saxelmwifo samTo universitetSi (ruseTi), moskovis 
biznesisa da politikis institutSi (ruseTi), moskovis 
humanitaruli ganaTlebis institutSi (ruseTi), moskovis 
sabuRaltro aRricxvis, analizisa da auditis institutis 
krasnodaris filialSi (ruseTi), moskovis saxelmwifo 
administrirebis institutSi (ruseTi), i. javaxiSvilis 
saxelobis Tbilisis saxelmwifo universitetis soxumis 
filialSi  da amJamad, kiTxulobs saqarTvelos teqnikur 
universitetSi.   

masalis gadmocemisa da meToduri miTiTebebis mimarT 
midgoma warmoadgens avtoris sxva saswavlo-meToduri Sromebis 
gagrZelebas. saxelmZRvanelo moicavs kursis or nawils, 
romelic Seesabameba ori semestris masalas magistrante-
bisaTvis. 

yoveli Tavis bolos mocemulia gansxvavebuli variantebi 
magistrantebis individualuri muSaobisaTvis. TiToeulma 
magistrantma unda Seasrulos samuSaos Tavisi varianti da 
Caabaros angariSi TiToeul samuSaoze Sesabamisi ganmartebebiT. 
yoveli Tavis bolos, moyvanilia literaturis sia 
damoukidebel samuSaoebSi warmodgenili masalis ufro Rrmad 
Sesaswavlad.   

avtori madlobas uxdis saqarTvelos sainJinro akademiis 
prezidents - akademikos arCil frangiSvils saxelmZRvanelos 
redaqtirebisaTvis da muSaobaSi mudmivi xelSewyobisaTvis. 
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nawili I. klasikuri maTematikuri modelirebis meTodebi 
 

Sesavali 
 

adamiani bunebasTan urTierTobis procesSi agrovebs 
garkveul gamocdilebas, romelic Tavidan codnis 
mouwesrigebel marags qmnis. 
Semdeg, xdeba Segrovili informaciis sistematizacia da 
klasifikacia. am etapze dagrovili codna warmoadgens – 
moZRvrebas, karl lineis tipTa Sesaxeb moZRvrebis 
analogiurad. 

amis Semdeg, Seiswavleba moZRvrebaSi ganxilul obieqtTa 
ganviTarebisa da urTierTqmedebis ZiriTadi kanonzomierebebi, 
romlebic ZiriTadad dakavSirebulia codnis sxva ufro Rrmad 
Seswavlil sferoebTan, analogiisa da intuiciis gziT, amitom 
xSirad atareben subieqtur-SemoqmedebiT xasiaTs. codnis 
ganviTarebis am etaps – xelovneba ewodeba. 

Semdeg etapze, xdeba ZiriTad cnebaTa da kanonzomierebaTa 
mwyobr, aqsiomatur sistemad Camoyalibeba, rac saSualebas 
gvaZlevs codnis mocemuli sferos farglebSi vawarmooT 
Sesabamis movlenaTa prognozireba. am etapze, Cveni codnaTa 
maragi iZens mecnierul dones. 

Tanamedrove maTematikis miRwevebma(mandelbrotis fraqtale-
bis Teoria) saSualeba mogvca agvexsna `mSvenierebis~ arsic. 

aRmoCnda, rom Cven mogvwons xelovnebis esa Tu is nimuSi, 
formisa da Sinaarsis harmoniis SerwymiT, `SemTxveviT-
gamoucnobTan~(oqros kveTis farglebSi), rac damalulia ucxo 
damkvirveblis TvalTagan. 

adamianis mTeli inteleqtualuri moRvaweoba, dakavSire-
bulia mis garSemo arsebuli samyaros modelirebasTan. Cveni 
ganviTarebisa da codnis mixedviT, samyaros Sesaxeb Cveni 
warmodgenebic (samyaros modelebi) icvlebian. 
 
 ganasxvaveben modelirebis sam ZiriTad mimarTulebas. 

a) fizikuri modelireba; 
b) imitaciuri modelireba; 
g) maTematikuri modelireba. 
 
gansazRvreba: mocemuli procesis sqematur aRweras, rac 

saSualebas iZleva viwinaswarmetyveloT am movlenis ZiriTadi 
kanonzomierebebi da ricxviTi maxasiaTeblebi modelireba 
ewodeba. 
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a) fizikuri modeli – aris naturalur, an masStabebSi 
Secvlili modeli, romelic saSualebas iZleva 
SeviswavloT procesi eqsperimentalurad; 

 
b) imitaciuri modeli – aris kompiuteruli modeli, 

romelic gaiTamaSebs mocemul process ganmsazRvreli 
parametrebis sxvadasxva mniSvnelobebisaTvis da 
vizualurad gviCvenebs mosalodnel realizaciebs; 

 
g) maTematikuri modeli – aris maTematikuri meTodebis 
erTobliobiT procesis ganmsazRvrel parametrebs Soris 
damyarebuli kavSiri, romelic saSualebas iZleva viwinas-
warmetyveloT movlenis suraTi, ganmsazRvreli parametrebis 
sxvadsaxva mniSvnelobebisaTvis mocemuli sizustiT. 
 

 umartivesi maTematikuri modelis magaliTia procesis 
blok-sqema. ganvixiloT codnis evoluciis modeli grafis 
meSveobiT. 
 
 
 
 
 
 
 
 

nax. 1. codnis evoluciis blok-sqema da grafi. 
 
 cxadia, rom moyvanili grafi aris metad gamartivebuli, 
sqematuri, radgan yovel etapze, xdeba Sebrunebuli procesic, 
anu, codnis mouwesrigebeli maragis moZRvrebad gadaqcevis 
paralelurad, xdeba codnis moculobis gafarTovebac da a.S. 
ase rom, codnis evoluciis grafi ar unda iyos orientirebuli. 
 
 
 
 
nax.  2. codnis evoluciis araorientirebuli grafi. 
 
 maTematikuri modelebi modelirebis meTodebis mixedviT 
iyofian or ZiriTad jgufad: a) uwyveti maTematikuri modelebi 
da b) diskretuli maTematikuri modelebi; Tumca, arseboben  
g) Sereuli tipis, rTuli sistemebis - sinTezuri maTematikuri 
modelebic. 

1 2 3 4 

codnis mouwes-
rigebeli maragi 

1 

moZRvreba 

2 

xelovneba 

3 

mecniereba 

4 

1 2 3 4 
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codnis mouwesrigebeli maragis mecnierebad Camoyalibebis 
process, Tan axlavs ZiriTadi cnebebisa da aqsiomebis 
Camoyalibeba, romelic gansazRvravs mecnierebis ama Tu, im 
sferos. am etapze did mniSvnelobas iZens azrovnebis 
meTodebisa da kanonebis zusti codna, rac uzrunvelyofs ama 
Tu, im winadadebis orazrovnebis Tavidan acilebas. azrovnebis 
kanonebs swavlobs mecniereba, romelsac maTematikuri logika 
qvia.  

jer kidev Sua saukuneebSi, adamianebi cdilobdnen iseTi 
algoriTmi moeZebnaT, romelic nebismieri amocanis amoxsnis 
saSualebas mogvcemda. amaze fiqrobdnen iseTi cnobili 
inteleqtualebic, rogoric iyo frangi filosofosi da 
maTematikosi rene dekarti, germaneli filosofosi da 
maTematikosi leibnici, aseve, daviT gilberti, peano, CiorCi, 
tiuringi, erbrani d.a.S. mogvianebiT rene dekartma Seqmna 
analizuri geometria, ramac saSualeba mogvca geometriis 
amocanebi dagveyvana algebris amocanebamde. Tumca, es exeboda 
amocanaTa mxolod garkveul nawils. 

rene dekartis amocanis amoxsna, nawilobriv, SeZlo 
ingliselma jorj bulma, romelmac aago salaparako enis 
maTematikuri modeli. mogvianebiT, mis Teorias bulis algebra 
uwodes. ganvixiloT, bulis maTematikuri modeli 
konstruqciulad. 
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Tavi I. salaparako enis maTematikuri modeli da TeoremaTa 
avtomaturi damtkicebis Teoriis elementebi 

 
1.1. gamonaTqvamTa bulis algebra  

 
mogexsenebaT, rom msjelobisas Cven viyenebT TxrobiT 

winadadebebs, maTematikaSi maT gamonaTqvamebs uwodeben da 
laTinuri asoebiT aRniSnaven. 

 
magaliTad: p –  “sokrate adamiania”; 
                        q –  “adamiani mokvdavia”; 
                        r – “sokrate mokvdavia”. 
 
gamonaTqvamebis saSualebiT adgenen rTul winadadebebs. am 

faqtis formalizacias maTematikur logikaSi axorcieleben 
unaruli da binaruli operaciebi.  

gansazRvreba: unaruli ewodeba operacias, romelic 
sruldeba erT obieqtze(gamonaTqvamze). una – laTinurad 
niSnavs erTs. 

gansazRvreba: binaruli ewodeba operacias, romelic 
sruldeba or obieqtze(gamonaTqvamze). bi – laTinurad niSnavs 
ors. 

 
gansazRvreba: ori p da q gamonaTqvamis diziunqcia (“∨ ” – an) 

ewodeba iseT p∨q gamonaTqvams(p an q), romelic WeSmaritia maSin 
da mxolod maSin, roca WeSmaritia an p an q (erT-erTi mainc). 
 
aristoteles modelSi[1-3] (zogjer amboben logikaSi), 
nebismieri gamonaTqvami an WeSmaritia, an mcdari. amboben, rom 
WeSmariti(tru) gamonaTqvamis WeSmarituli mniSvneloba udris 1-s, 
xolo, mcdari(false) gamonaTqvamisa ki, udris 0-s. am SeTanxmebis 
safuZvelze, SegviZlia SevadginoT WeSmaritobis cxrili 
diziunqciis operaciisaTvis(cxrili 1): 
                             
                               cxrili 1 

p q p∨q 
1 1 1 
1 0 1 
0 1 1 
0 0 0 

                                                 
gansazRvreba: ori p da q gamonaTqvamis koniunqcia (“∧ ” – da) 

ewodeba iseT p∧q gamonaTqvams(p da q), romelic WeSmaritia 
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maSin da mxolod maSin, roca WeSmaritia p da q (orive 
erTdroulad).  

 
koniunqciis operaciisaTvis, aseve, SegviZlia SevadginoT 

WeSmaritobis cxrili(cxrili 2):    
 
                            cxrili 2 

p q p∧q 
1 1 1 
1 0 0 
0 1 0 
0 0 0 

 
 gansazRvreba: or p da q gamonaTqvams eqvivalenturi (≡ ) 

ewodebaT (Caweren p≡q), Tu maT aqvT WeSmaritobis erTnairi 
mniSvnelobebi, maTSi Semavali gamonaTqva-mebis nebismieri 
mniSvnelobisaTvis. 

eqvivalentobis cneba saSualebas gvaZlevs CamovayaliboT 
zemoT Semoyvanili ori binaruli operaciis (“∨ ” da “∧ ”) 
Tvisebebi. isini, nawilobriv, analogiuri arian, CvenTvis 
cnobili ricxvebis Sekrebisa da gamravlebis operaciebis 
Tvisebebisa. Tumca, aris gansxvavebebic. ganvixiloT es sakiTxi 
ufro detalurad(cxrili 3). 

                                                                                                                                                                             
cxrili 3 

gamonaTqvamebis 
Tvisebebi 

Tvisebis 
dasaxeleba 

Sesabamisi 
Tviseba  
Sekrebisa da 
gamravlebis 
operaciebisaTvis 

emTxvevian(+), 
Tu, ar 
emTxvevian(-)  
Tvisebebi 

p∨ q≡  q∨ p komutaciurobis 
Tviseba 

a+b=b+a + 
p∧q≡  q∧p axb=bxa + 

(p∨ q)∨ r≡  p∨ (q∨ r) asociurobis 
Tviseba 

(a+b)+c=a+(b+c) + 

(p∧q)∧ r≡  p∧ (q∧ r) (axb)xc=ax(bxc) + 

(p∨ q)∧ r≡ (p∧ r)∨ (q∧ r) distribuciulobis 
Tviseba 

(a+b)xc=axc+bxc + 

(p∧q)∨ r≡ (p∨ r)∧ (q∨ r) (axb)+c≠ (a+c)x(b+c) - 

p∨ p≡p idempotentobis 
Tviseba 

a+a≠ a - 
p∧p≡p axa≠ a - 

 
rogorc vxedavT, distribuciulobis meore Tviseba da 

idempotentobis Tviseba, gamonaTqvamebze gansazRvrebuli 
operaciebisaTvis, ukve, iZleva gansxvavebas ricxvebze 
gansazRvrul operaciebTan SedarebiT. rac imis momaswavebelia, 
rom ricxviTi simravleebi operaciebTan mimarTeba-Si(algebris 
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TvalsazrisiT) ufro sxva struqturuli sistemaa bulis 
algebrasTan SedarebiT. 

 
exla, ganvixiloT uaryofis unaruli operacia, romelic 

ganisazR-vreba gamonaTqvamebze : 
 
gansazRvreba: p gamonaTqvamis uaryofa (“¬”-ara) ewodeba iseT 

¬p gamonaTqvams(ara p), romelic WeSmaritia, roca p mcdaria da 
piriqiT, mcdaria roca p WeSmaritia. 

Sesabamis WeSmaritobis cxrils aqvs saxe(cxrili 4) : 
                          cxrili 4 

p ¬p 
1 0 
0 1 

amrigad, gamonaTqvamTa algebraSi ganimarteba sami ZiriTadi 
operacia (∨ ,∧ ,¬ ). es sami operacia gansazRvravs mTel 
gamonaTqvamTa algebras. analogiur, algebrul sistemebs bulis 
algebrebs uwodeben. 

yvela sxva operacia gamonaTqvamTa bulis algebraSi, 
gamoisaxeba am sami operaciis meSveobiT.  

maTematikur msjelobaSi (aseve, sxva tipis gansjis dros), 
Cven xSirad viyenebT sityvier konstruqcias: 

“Tu p, maSin q”. am winadadebas maTematikur logikaSi Caweren 
Semdegnairad : p⇒q (p – dan gamomdinareobs q).  
“⇒” - simbolos implikacis uwodeben. 

imisaTvis, rom gansja vawarmooT da avagoT rTuli 
winadadebebic, saWiroa gamovyoT is ZiriTadi kanonebi, 
romlebsac Cven azrovnebis kanonebs vuwodebT da romlebic 
saSualebas gvaZleven formalizacia gavukeToT Cveulebriv-
salaparako enas(cxrili 5) : 

                                                 cxrili 5 

kanonis formaluri Cawera kanonis dasaxeleba 

p∨ (¬p)≡ 1 gamoricxuli mesamis kanoni 

p∧ (¬p)≡0 winaaRmdegobis kanoni 

p∨ 1≡ 1; p∨ 0≡p; p∧ 1≡p; p∧ 0≡0 STanTqmis kanonebi 

(p⇒q)≡ ((¬p)∨ q) kontrapoziciis kanoni 

(p⇒q)∧  (q⇒ r)≡  (p⇒ r) silogizmis kanoni 

¬ (p∨ q)≡ (¬p)∧ (¬q) de morganis  
kanonebi ¬ (p∧q)≡ (¬p)∨ (¬q) 

¬ (¬  p)≡  p ormagi uaryofis kanoni 

))()(()( pqqpqp ⇒∧⇒≡⇔  eqvivalentobis kanoni 
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salaparako enis maTematikur models warmoadgens, 
gamonaTqvamTa bulis algebra : sami operaciiT, implikaciis 
cnebiTa da eqvivalentobis mimarTebiT. 

Cven ukve SegviZlia formalizacia gavuwioT sakmaod rTul 
winadadebebs.  

 
magaliTad: vTqvaT, gvaqvs winadadeba - “Tu, didia tenianoba 

da maRalia temperatura, maSin Cven, Tavs ver vgrZnobT 
kargad”. movaxdinoT misi formalizacia. amisaTvis, SemoviRoT 
aRniSvnebi : 

         “didia tenianoba” – aRvniSnoT P asoTi ; 
         “maRalia temperatura” – aRvniSnoT Q asoTi ; 
         “Tavs vgrZnobT kargad ” – aRvniSnoT C asoTi ; 
maSin, SemoTavazebuli winadadeba SeiZleba formalurad 

CavweroT Semdegi saxiT: 
(P∧Q)⇒ (¬C).                                                           (1)     
 aseTnairad agebul formalur gamosaxulebebs bulis 

formulebs uwodeben. 
 
gansazRvreba: iseT gamosaxulebebs, romlebic aigebian 

atomebze - sawyis gamonaTqvamebze, bulis algebris sami 
operaciisa, implikaciis cnebisa da eqvivalentobis mimarTebis 
meSveobiT bulis formulebi ewodebaT. 

 
magaliTad:  P∧  ; da  ⇒ (¬C)  - ara arian bulis formulebi.  
 
gansazRvreba: bulis formulebs eqvivalenturi ewodebaT, 

Tu maTi WeSmarituli mniSvnelobebi erTmaneTs emTxvevian, maTSi 
Semavali atomebis nebismieri realizaciis SemTxvevaSi. 

magaliTad: ganvixiloT de morganis pirveli kanoni da 
davamtkicoT, rom eqvivalentobis marjvena da marcxena mxares 
mdgari formulebi eqvivalenturi arian. amisaTvis, ganmartebis 
Tanaxmad, ganvixiloT am formulebis WeSmaritobis cxrilebi 
atomebis (p,q) nebismieri realizaciis SemTxvevaSi (cxrili 6) da 
vaCvenoT, rom maTi WeSmarituli mniSvnelobebi erTmaneTs 
emTxvevian: 

¬ (p∨q)≡ (¬p)∧ (¬q)  de morganis pirveli kanoni               (2) 
damtkiceba : 

                                                                cxrili 6 

p q ¬p ¬q p∨ q ¬ (p∨ q) (¬p)∧ (¬q) 
1 0 0 1 1 0 0 
1 1 0 0 1 0 0 
0 1 1 0 1 0 0 
0 0 1 1 0 1 1 
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rogorc vxedavT, bolo ori svetis mniSvnelobebi erTmaneTs 
emTxveva, rac niSnavs dasamtkicebels. anu, eqvivalentobis 
marcxena da marjvena mxares mdgari formulebi – arian 
eqvivalenturi. 

 
gansazRvreba: iseT formulas, romlis WeSmarituli 

mniSvnelobac udris 1, masSi Semavali atomebis (gamonaTqvamebis) 
nebismieri realizaciis SemTxvevaSi – tavtologia ewodeba. 

 
magaliTad : 1) G≡p∨ (¬p) – tavtologiaa, gamoricxuli 

mesamis kanonis Tanaxmad. 
2) ganvixiloT formula : H≡ ((P⇒Q)∧P)⇒Q . misi WeSmarituli 

mniSvnelobis dasadgenad, saWiroa, an SevadginoT WeSmaritobis 
cxrili, an gavamartivoT is azrovnebis zemoT moyvanili 
kanonebis mixedviT. Cven, am magaliTSi, virCevT bulis funqciis 
gamartivebis gzas : 
H≡ (((P⇒Q)∧P)⇒Q)≡ (((¬P∨Q)∧P) ⇒Q)≡ (((¬P∧P)∨ (Q∧P))⇒Q)≡      (3) 

≡ (0∨ (Q∧P)) ⇒Q) ≡ ((Q∧P) ⇒Q)≡ (¬ (Q∧P))∨Q≡ (¬Q)∨ (¬P)∨  Q≡  
≡1∨ (¬P) ≡1. 
rac imas niSnavs, rom mocemuli formula tavtologiaa. 
 
gansazRvreba: amboben, rom formula winaaRmdegobrivia (araa 

swori), Tu, is mcdaria (sxvanairad, misi WeSmarituli 
mniSvneloba udris 0-s), masSi Semavali atomebis(martivi 
gamonaTqvamebis) nebismieri realizaciis SemTxvevaSi.  

 
magaliTad : G≡  p∧ (¬p) formula winaaRmdegobrivia, 

winaaRmdegobis kanonis Tanaxmad. 
 
savarjiSo: aCveneT, rom formula 
H≡ (P⇒Q)∧ (P∧ (¬Q))  - winaaRmdegobrivia.                     (4) 
 
gansazRvreba: atoms an atomis uaryofas litera ewodeba. 
 
magaliTad : Q; ¬P  - literebia.  P⇒Q – araa litera. 
 
gansazRvreba: amboben, rom formula 
F≡F1 ∧F2∧ . . . ∧Fn    ;                                                                                                                              (5)                                  

warmoadgenilia koniunqtiur normalur formaSi, Tu 
TiToeuli Fi  warmoadgens diziunqtiur literas. 

anu, koniunqtiuri normaluri formis formula, Seicavs 
literebis diziunqciaTa koniunqcias. 
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magaliTad : F≡ (P∨ (¬Q)) ∧ (¬P∨Q).                                                     (6) 
 
analogiurad, ganixilaven diziunqtiuri normaluri formis 

cnebas. 
 
gansazRvreba: amboben, rom formula 
F≡F1 ∨F2∨ . . . ∨Fn                                                                                                                                        (7)    
warmoadgenilia diziunqtiur normalur formaSi, Tu 

TiToeuli Fi  warmoadgens koniunqtiur literas. 
anu, diziunqtiuri normaluri formis formula Seicavs 

literebis koniunqciaTa diziunqcias. 
 
magaliTad : F≡ (P∧ (¬Q)) ∨ (¬P∧Q).                                                   (8) 
 
Teorema : vTqvaT mocemulia formulebi F1 ; F2 ; . . .Fn   da 

formula G. formula G  gamomdinareobs F1 ; F2 ; . . .Fn 
formulebidan , maSin da mxolod maSin, roca formula (F1∧  F2∧ ; 
. . . ∧Fn) ⇒G  tavtologiaa. 

 
Teorema : vTqvaT mocemulia formulebi F1 ; F2 ; . . .Fn   da 

formula G. formula G  gamomdinareobs F1 ; F2 ; . . .Fn 
formulebidan , maSin da mxolod maSin, roca formula (F1∧  F2∧ ; 
. . . ∧Fn)∧ (¬G)  winaaRmdegobrivi formulaa. 

 
P.S. 1) warmodgenili Teoria, ara marto warmoadgens salaparako  

enis formalur models, aramed qmnis safuZvels, raTa 
amoixsnas rene dekartis amocana universaluri 
algoriTmis povnis Sesaxeb, im amocanebisaTvis, romlebic 
uSveben formalizacias aristoteles logikis farglebSi, 
zemoT moyvanili meTodebis meSveobiT[4]; 

    2) aristoteles logikis garda, arsebobs samniSna logikac. 
aq nebismieri gamonaTqvami an WeSmaritia, an mcdari an mis 
WeSmaritobaze arafris Tqma ar SegviZlia[3]. 

    3) arsebobs maTematikuri ganzogadoeba n-niSna logikac. 
romlis Teoriac sakmaod ganviTarebulia, magram jer-
jerobiT naklebad gamoiyeneba praqtikaSi[5]. 

    4) arsebobs aramkafio logikac[6]. aq TiToeuli gamonaTqvami 
WeSmaritia garkveuli albaTobiT. es Teoria farTo 
gamoyenebas poulobs ekonomikaSi, katastrofebis progno-
zirebis saqmeSi da saerTod, yvela im amocanebSi, sadac 
garemo pirobebi imdenad swrafad da moulodnelad 
icvleba, rom amocanis determinirebuli, calsaxa dasma 
SeuZlebelia. 
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    5) maTematikosebi swavloben aseve, intucionistur logikas, 
romlis fuZemdeblebic arian Bbraueri, veili da 
heitingi[7]. intuicionisturi logika maTematikur kuriozs 
warmoadgens, aq uaryofen winaaRmdegobis kanons da 
cdiloben axleburad aagon mTeli mecniereba.  

 
 

1.2. simravleTa bulis algebra 
 

gamonaTqvamTa bulis algebris analogiur struqturas, 
warmoadgens simravleTa bulis algebra. movaxdinoT misi 
konstruqciuli ageba, gamonaTqvamTa bulis algebris 
analogiurad.  

simravleebs aRniSnaven didi laTinuri asoebiT, xolo maT 
elementebs Sesabamisi patara asoebiT. 

 
magaliTad:       

A – msmenelTa ricxvi auditoriaSi; 
N – naturalur ricxvTa simravle;  
Z – mTel ricxvTa simravle; 
Q – racionalur ricxvTa simravle;    
R – namdvil ricxvTa simravle; 
M – qalebis ricxvi qarTul leqsebSi . . . 

simravleTa Teoriis fuZemdeblad iTvleba germaneli 
maTematikosi georg kantori[8]. simravlis cnebas zusti 
gansazRvreba ara aqvs, Tumca is moicema intuiciurad 
g.kantoris mier Semdegi formiT: 

 
miniSneba: simravle aris bevri, romelsac Cven erTianad 

gaviazrebT. 
 

gansazRvreba: or simravles ewodebaT toli, Tu isini 
Sedgebian erTidaimave elementebisagan. am faqts Caweren 
Semdegnairad: A=B. 
 

SemoviRoT diziunqciisa, koniunqciis da gamonaTqvamis 
uaryofis Sesabamisi operaciebi simravleebze. 

 
gansazRvreba: ori A da B simravleebis gaerTianeba(“∪ ” - 

gaerTianeba) ewodeba iseT A∪B simravles, romlis yoveli 
elementic ekuTvnis an A, an B simravles(erT-erTs mainc). 

simboloebis saSualebiT es gansazRvreba Caiwereba 
Semdegnairad: 
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A∪B={ }BeAe ∈∨∈e .                                                                                       (9) 
Canaweri Ae∈  - waikiTxeba ase“e ekuTvnis(rogorc elementi) A 

simravles”. 
P.S. rogorc simboluri Canaweridanac Cans, gaerTianebis 
operacia ganisazRvreba diziunqciis operaciis saSualebiT.  
 

gansazRvreba: ori A da B simravleebis TanakveTa(“∩ ” - 
TanakveTa) 
ewodeba iseT A∩B simravles, romlis yoveli elementic 
ekuTvnis  A-sac da B - sac (erTdroulad). 

simboloebis saSualebiT es gansazRvreba Caiwereba 
Semdegnairad: 

A∩B={ }BeAe ∈∧∈e .                                                                                      (10) 
P.S. rogorc simboluri Canaweridanac Cans, TanakveTis operacia 
ganisazRvreba koniunqciis operaciis saSualebiT.  
   
exla ganvixiloT mcdari da WeSmariti gamonaTqvamebis 
analogebi simravleTa bulis algebraSi. 
 

gansazRvreba: iseT simravles, romelic ar Seicavs 
elementebs carieli simravle(Ø) ewodeba. 
P.S. carieli simravle simravleTa bulis algebraSi TamaSobs 
igive rols, rasac mcdari gamonaTqvami - gamonaTqvamTa bulis 
algebraSi. 
 

gansazRvreba: iseT simravles, romelic Seicavs yvela sxva 
simravles universaluri(E) simravle ewodeba. 

 
P.S. universaluri simravle, simravleTa bulis algebraSi 
TamaSobs igive rols, rasac WeSmariti gamonaTqvami - 
gamonaTqvamTa bulis algebraSi. (aqve unda aRiniSnos, rom am 
cnebasTan dakavSirebulia rigi antinomiebisa, rac xSirad, 
ukavSirdeba cnebaTa aRrevas – mTeli, ar SeiZleba rom iyos 
Tavis nawili, Tumca, SeiZleba maT elementebs Soris iyos 
urTierTcalsaxa Tanadoba). 

is faqti rom A simravle aris sxva B simravlis nawili, anu 
CarTulia masSi rogorc qvesimravle, Caiwereba Semdegnairad: 

BA ⊆ . am CanawerSi aRniSnulia, rom A simravle aris sxva B 
simravlis nawili da SeiZleba mTlianad emTxveodes kidec mas. 
im SemTxvevaSi, roca am simravleebis toloba gamoricxulia, 
amboben rom, A simravle aris sxva B simravlis sakuTrivi 
nawili da Caweren BA ⊂ . 
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exla ganvixiloT gaerTianebisa da TanakveTis operaciebis 
Tvisebebi, romlebic mTlianad analogiuria, gamonaTqvamebze 
gansazRvruli diziunqciisa da koniunqciis operaciaTa 
Tvisebebisa(cxrili 7). 

                                                                 cxrili 7 

simravleTa gaerTianebisa da 
TanakveTisa Tvisebebi 

Tvisebisa da 
kanonebis 
dasaxeleba 

diziunqciisa da 
koniunqciis Tvisebebi 

ABBA ∪=∪  komutaciuroba p∨ q≡  q∨ p 
ABBA ∩=∩  p∧q≡  q∧p 

)()( CBACBA ∪∪=∪∪  asociuroba (p∨ q)∨ r≡  p∨ (q∨ r) 
)()( CBACBA ∩∩=∩∩  (p∧q)∧ r≡  p∧ (q∧ r) 

)()()( CBCACBA ∩∪∩=∩∪  distribuciuloba (p∨ q)∧ r≡ (p∧ r)∨ (q∧ r) 
)()()( CBCACBA ∪∩∪=∪∩  (p∧q)∨ r≡ (p∨ r)∧ (q∨ r) 

AAA =∪  idempotentoba p∨ p≡p 
AAA =∩  p∧p≡p 

∅=∅∩=∩
=∅∪=∪

A  ;EA
  A;A  ;

A
EEA

 
STanTqmis kanonebi p∨ 1≡ 1; p∨ 0≡p; p∧ 1≡p; 

p∧ 0≡0 

exla, SemoviRoT gamonaTqvamis uaryofis Sesabamisi operacia 
simravleebze. am operacias simravlis damatebas eZaxian. 
 

 gansazRvreba: mocemuli A simravlis damateba E 
universumamde ewodeba iseT Ac simravles, romlis yoveli 
elementic ekuTvnis E-s da ar ekuTvnis A-s. 

 
es gansazRvreba, formaluri aRniSvnebiT ase Caiwereba: 
Ac={ }AeEee ∉∧∈  .                                                                                                  (11) 
 
de morganis kanonebs, simravleTa bulis algebraSi aqvT saxe: 

ccc BABA ∩=∪ )( ;                                                  (12) 
ccc BABA ∪=∩ )( .                                                   (13) 

ormagi uaryofis kanons, simravleebisaTvis Caweren Semdeg-
nairad: 
(Ac)c=A.                                                                                                                    (14)      
 

P.S. rogorc vxedavT, gamonaTqvamTa bulis algebra da 
simravleTa bulis algebra, miuxedavad Sinaarsobrivi sxvao-
bisa, operaciebis mimarT identurni arian.  
 

gansazRvreba: or algebrul sistemas hqviaT homomorfuli, 
Tu, maTSi gansazRvrulia operaciaTa erTnairi raodenoba da 
maT elementebs Soris arsebobs iseTi Sesabamisoba, rom 
operaciebis Sesabamisoba inaxavs elementTa Sesabamisobas.  
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ase, rom cxadia gamonaTqvamTa bulis algebra homomor-
fulia simravleTa bulis algebrisa. 
 

 
1.3. relaciuri sistemebi 

 

vTqvaT, mocemuli gvaqvs A simravle. maSin am simravlis 
Tavis Tavze dekartul namravls aRniSnaven 2AAxA = simboloTi. 

 
gansazRvreba: ori A da B simravlis dekartuli namravli 

ewodeba iseTi (a;b) dalagebuli wyvilebis simravles, 
romelTagan pirveli ekuTvnis A-s, xolo meore B-s. 

simboloebis saSualebiT es ganmarteba ase Caiwereba: 
{ }Bb A a );( ∈∧∈=× baBA .                                               (15)   

es ganmarteba saSualebas gvaZlevs SemoviRoT mimarTebisa 
da funqciis cneba. 

 
gansazRvreba: ori A da B simravlis dekartuli namravlis 

nebismier R qvesimravles, mimarTeba ewodeba. 
e.i. Tu R mimarTebaa, maSin BAR ×⊂ .                             (16) 
 

magaliTi : Tu, A – namdvil ricxvTa simravlea(wrfis 
wertilebis simravle), maSin A2 – dekartuli namravli gvaZlevs 
sibrtyis wertilTa simravles da nebismieri monakveTi am 
sibrtyeze, an nebismieri wertilTa qvesimravle, iqneba mimarTeba 
gansazRvruli A simravleze. 

 
gansazRvreba: iseT mimarTebas, romlis drosac a-s yovel 

mniSvnelobas Seesabameba b-s erTaderTi mniSvneloba funqcia 
ewodeba. 

 
e.i. funqcia iseTi gadasaxvaa BA : →f , romlisTvisac A 

simravlis nebismier mniSvnelobas, Seesabameba B simravlis 
erTaderTi elementi. sxvanairad rom vTqvaT, f  funqcias 
moeTxoveba calsaxoba. 

 
P.S. arsebobs sami tipis gadasaxva: sureqcia, ineqcia da 

bieqcia. sureqciis dros gadasaxvaSi monawileoben A da B 
simravleebis yvela elementi; ineqciis dros A simravle 
urTierTcalsaxa TanadobaSia B simravlis raRac nawilTan; 
xolo bieqciis dros, gvaqvs urTierTcalsaxa Tanadoba A da B 
simravleebs Soris. ase, rom bieqcia aris, erTdroulad, 
ineqciac da sureqciac. 
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gansazRvreba: Tu, gvaqvs iseTi gadasaxva BA : →f , rom A da B 
raime abstraqtuli simravleebia(funqciebi, adamianebi arCeuli 
garkveuli niSniT, qalaqebi, neironebi . . .), maSin f  gadasaxvas 
operators uwodeben. 

 
gansazRvreba: funqciebisagan Sedgenil simravles 

funqcionaluri sivrce ewodeba. 
 

magaliTi: )(GC ∞ - Tavis nebismieri rigis warmoebulTan 
erTad uwyveti, funqciebisagan Semdgari simravlea.  
 2L  - kvadratiT integrebadi funqciebisagan Sedgenili 
hilbertis funqcionaluri sivrcea.  
    rac Seexeba operatoris cnebas, Cven viciT, warmoebulis 

operatori 22L : L
dx
d

→ ; sadac 2L  hilbertis funqcionaluri 

sivrcea; aseve, viciT integrebis operatori; koordinatTa 
sistemis mobrunebis operatori d.a.S. 

 
gansazRvreba:  Tu, gvaqvs iseTi gadasaxva BA : →f , rom A 

raime funqcionaluri sivrcea, xolo B raime ricxviTi simravle, 
maSin f gadasaxvas funqcionals uwodeben. 

 
es funqcionali praqtikaSi gamoiyeneba Semdegi formiT: 

∫=
1

0

)()( dxxffK .                                                    (17)      

magaliTi: ∫ →
1

0
2L : Rdx  funqcionali nebismier funqcias  

2L -funqcionaluri sivrcidan gadasaxavs namdvil ricxvTa R 
simravleSi. anu, nebismier funqcias Seusabamebs, mocemuli 
gansazRvruli integralis mniSvnelobas am funqciidan. F 

 
gansazRvreba: Tu, mocemuli gvaqvs A simravle da masze 

gansazRvrulia R mimarTeba, maSin RA;  wyvils relaciuri 

sistema ewodeba. 
 
magaliTi: Tu, A gamonaTqvamTa bulis algebraa, xolo R 

masSi gansazRvruli raime mimarTeba, maSin RA;  iqneba 

relaciuri sistema. aseve, Tu, B simravleTa bulis algebraa da 
S masze gansazRvrebuli raime mimarTeba, maSin SB;  relaciuri 

sistemaa. 
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gansazRvreba: ori RA;  da SB;  relaciur sistemas 

ewodebaT izomorfuli, Tu, arsebobs iseTi urTierTcalsaxa 
gadasaxva BA : →f , rom nebismieri (∀ ) x,y∈A adgili aqvs 
tolobas: 

)()( ySfxfxRy ≡ .                                                        (18) 
izomorfuli relaciuri sistemebisaTvis, Tu raime Tvisebas 
aqvs adgili RA; -Si, maSin, aqvs adgili SB; -Sic. maSasadame, 

izomorfuli sistemebi algebrulad identuria(erTnairia). 
 
P.S. homomorfizmi, izomorfizmisagan gansxvavebiT, ar iTxovs 
Sesabamisobis urTierTcalsaxobas. xolo, Tu homomorfizmis 
moTxovnas davumatebT Sesabamisobis urTierTcalsaxobas 
miviRebT izomorfizms. relaciuri sistemebi farTod gamoiye-
neba informaciis geometriuli kodirebis TeoriaSi [9-17]  
(RO-funqciis meTodi). 
 
 

1.4. TeoremaTa avtomaturi damtkicebis Teoriis 
elementebi(xelovnuri inteleqti) 

 
TeoremaTa avtomaturi damtkicebis Teoria aris xelovnuri 

inteleqtis SemuSavebis erT-erTi meTodi, romelic saSualebas 
iZleva kompiuteris saSualebiT davadginoT, rom mocemuli 
mravalricxovani informaciidan SesaZlebelia, Tu ara, gavake-
ToT garkveuli daskvna. maSin, roca Cveni amocana 
formalizebulia bulis formulebis meSveobiT, Cven SegviZlia 
gavakeToT daskvna warmoadgens, Tu ara mocemuli formula, 
sxva agebul formulaTa simravlis logikur Sedegs. 

magaliTisaTvis, ganvixiloT amocana: vTqvaT, aqciebis kursi 
ecema, Tu maTi sawyisi saprocento ganakveTi izrdeba. davuSvaT, 
aseve, rom xalxis umravlesoba ubedurad grZnobs Tavs, roca 
aqciebis kursi ecema. vTqvaT, cnobili gaxda, rom sawyisi 
saprocento ganakveTebi izrdeba. maSin, SegviZlia gavakeToT 
daskvna, rom xalxis umravlesoba ubeduria. 

imisaTvis, rom gavakeToT aseTi daskvna avtomaturad, 
movaxdinoT mocemuli amocanis formalizacia. 

P – aqciebis sawyisi saprocento ganakveTi izrdeba; 
S – aqciebis fasi ecema; 
U – xalxis umravlesoba ubeduria. 
maSin, am amocanis formalizacias aqvs saxe: 

  ;SP ⇒                                                                                                             (19) 
;US ⇒                                                                                                               (20) 

;P                                                                                                                       (21) 
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.U                                                                                                                      (22) 
vaCvenoT, rom (22) WeSmaritia, rogorc ki WeSmariti iqneba 
bulis formula: 

))()(( PUSSP ∧⇒∧⇒ . jer, es formula gardavqmnaT koniunqtiur 
normalur formamde: 

))()(( PUSSP ∧⇒∧⇒ ≡∨¬∧∨¬∧≡∧∨¬∧∨¬≡ ))(())((()))(())(( USSPPPUSSP  
≡∨¬∧∧∨≡∨¬∧∧∨¬∧≡ )))(())(0(()))(())())(((( USSPUSSPPP  

USPUSPSSPUSSP ∧∧≡∧∧∨¬∧∧≡∨¬∧∧≡ )())(())(()( .                    (23) 
ase, rom Tu, ))()(( PUSSP ∧⇒∧⇒  formula WeSmaritia, maSin 

USP ∧∧  formulac WeSmaritia. radgan frmula USP ∧∧  
WeSmaritia, maSin da mxolod maSin, roca WeSmaritia P,S da U 
gamonaTqvamebi erTdroulad, cxadia, rom maSin WeSmaritia U 
gamonaTqvamic. rac, imas niSnavs rom, formula U, aris (19), (20) 
da (21) formulebis Sedegi. 
 

P.S.analogiurad xdeba sxvadsxva tipis amocanebis 
formalizacia da maTi avtomaturi amoxsna kompiuteris 
meSveobiT, risTvisac SemuSavebulia gilmoris, devisis, 
robinsonis, Cenis, kovalskis da erbranis algoriTmebi[4]. 
 
 

1.5. predikatebi. rvaCov-obgaZis geometriuli kodirebis  
RO – meTodi 

 
Cvens mier adre ganxilul gamonaTqvamebs qondaT 

fiqsirebuli saxe: “sokrate adamiania”, “sokrete mokvdavia” d.a.S. 
praqtikaSi, xSirad, vxvdebiT cvladebis Semcvel  gamonaT-

qvam-funqciebs: “x racionaluri ricxvia”, “y keTili adamiania”. . . 
 
gansazRvreba: cvladis Semcvel gamonaTqvamebs predikatebs 

uwodeben. 
xarkovelma inJinerma rvaCovma Seqmna geometriuli 

kodirebis erT-erTi meTodi, romelsac R – funqciis meTods 
uwodeben. SemdgomSi, es funqciebi gamoyenebuli iqna 
maTematikuri fizikis amocanebis amosaxsnelad[9]. mogvianebiT,  
R – funqciis meTodi Tamaz obgaZis mier gadayvanil iqna 
Tanamedrove algebris enaze[10-11], rac saSualebas iZleva 
maTematikuri sizustiT Camoyalibdes R – funqciis agebis 
algoriTmi da ganzogaddes mravladbmuli SemTxvevebisaTvis.  

exla gadavideT, TviT RO – funqciis agebis algoriTmze, 
romelsac warmovadgenT diagramis meSveobiT bulis algebrebis 
kategoriaSi: 

rLLL →→ 21  ,                                                (24) 
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sadac 1L  - aris simravleebze agebuli bulis algebra, 
       2L  - aris predikatebze agebuli bulis algebra, 
       rL - aris rvaCovis funqciebis bulis algebra. 

isrebiT aRniSnulia bunebrivi homomorfizmebi. 
es algoriTmi ganvixiloT konkretul magaliTze. vTqvaT, 

gvsurs avagoT rTuli wiris gantoleba, maSin roca viciT Tu, 
misi nawilebi romeli funqciebis grafikebia(nax.1.1.) 

 
      nax.1.1. ori wrewiri R da r radiusebiT 
 
Cveni amocanaa SevadginoT iseTi funqciis analizuri 

gamosaxuleba, romelic nulis tol mniSvnelobas iRebs am ori 
wrewiris sazRvarze da sxva wertilebSi araa nuli. 

(24) diagramidan gamomdinare, jer 1L  simravleTa bulis 
algebraSi vagebT sayrden simravleebs, anu im simravleebs, 
romelTa saSualebiTac SesaZlebelia simravleTa bulis 
algebraSi aRvweroT saZebni simravle. 

{ }0)()(),( 222
1 ≥−−+−=Ω Rbyaxyx ,                                (25)  

{ }0)()(),( 222
2 ≥−−−−=Ω byaxRyx ,                                (26)  

{ }0)()(),( 222
3 ≥−−+−=Ω rdycxyx ,                                (27)  

{ }0)()(),( 222
4 ≥−−−−=Ω dycxryx .                                (28)  

es is simravleebia, romelTa saSualebiTac SeiZleba avagoT 
saZebni funqciis simravluri gantoleba: 

)()( 4321 Ω∩Ω∪Ω∩Ω=Ω .                                        (29) 

sayrdeni simravleebis agebisas, Cven viyenebT Sesabamisobas 
“metia an toli nulze”, rac am SemTxvevaSi saWiroa raTa 
SegveZlos advilad gadasvla homomorfizmebis saSualebiT  

2L -Si. marTlac, bunebrivi homomorfizmis saSualebiT 2L -Si 
miviRebT wiris predikatul gantolebas : 

)()( 4321 PPPPP ∧∨∧= ,                                               (30) 

sadac −1P aris gamonaTqvami 01 ≥x , 
       −2P aris gamonaTqvami 02 ≥x ,          
       −3P aris gamonaTqvami 03 ≥x , 

       −4P aris gamonaTqvami 04 ≥x ,                                         
222

1 )()( Rbyaxx −−+−= ; 
222

2 )()( byaxRx −−−−= ; 
222

3 )()( rdycxx −−+−= ;                                        (31) 
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222
4 )()( dycxrx −−−−= . 

exla, gadavideT −rL Si rvaCovis homomorfizmis meSveobiT : 













−⇔¬

+−+⇔∧

+++⇔∨

ii

jijiji

jijiji

xP

xxxxPP

xxxxPP
22

22

                                       (32)  

 miviRebT R – funqcias : 

22
4

2
343

22
2

2
121

2
4

2
3

2
2

2
14321

2
4

2
343

2
2

2
121

)()(

)()(

xxxxxxxx

xxxxxxxxxxxxxxxxR

+−+++−++

++−+−+++≡+−+∨+−+=
 (33) 

sadac gaTvaliswinebuli unda iyos (31) Tanadobebi. 

iseT SemTxvevebSi, roca zustad cnobilia bmis ramdenime 
elementis mqone wiris Semadgeneli elementebis gantolebebi, 
ufro mizanSewonilia obgaZis homomorfizmi[10] struqturebs 
Soris : 

roKKK →→ 21 ,                                                (34) 
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jiji

jiji

xxPP

xxPP
 .                                             (35)   

sadac aris Sesabamisoba: “WeSmariti” ⇔  “udris nuls”; 
                           “mcdari”⇔  “ar udris nuls”. 
ganxiluli magaliTis SemTxvevaSi, sayrdeni simravleebi 

iqnebian : 
{ }0)()( ),( 222

1 =−−+−=Ω Rbyaxyx ,                               (36)   

{ }0)()( ),( 222
2 =−−+−=Ω rdycxyx .                               (37)       

maSin,  

21 Ω∪Ω=Ω  ;                                                 (38)  
e.i. 21 PPP ∨=  ;                                               (39)   
sadac 
       −1P aris gamonaTqvami 0)()( 222 =−−+− Rbyax ,           (40) 

        −2P aris gamonaTqvami 0)()( 222 =−−+− rdycx  ;           (41)                
e.i. 

])()[(])()[( 222222 rdycxRbyaxRO −−+−⋅−−+−= . 
rogorc vxedavT, obgaZis[10] homomorfizmebi sagrZnoblad 

amartiveben saZiebeli wiris gantolebas, romelic Tavis mxriv 
mravladbmuli geometriuli simravleebis kodirebis saSualebas 
iZleva uwyveti funqciebis saSualebiT.  

aseve, rig SemTxvevebSi mniSvnelovnad gamartivda  
R – funqciis analizuri saxec[12-17]. amitom, miRebul algoriTms 
xSirad, rvaCov-obgaZis RO – meTods eZaxian. 
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amocanebi da savarjiSoebi 
 

varianti 1 
 

1. gansazRvreT winaaRmdegobis kanoni da daamtkiceT 
WeSmaritobis cxrilebis gamoyenebiT. 
2. gansazRvreT binaruli operaciebi simravleebze. 
3. gaamartiveT gamosaxuleba: 

?)( =∩∪ BAA c  
4. logikis kanonebis gamoyenebiT gaamartiveT gamosaxuleba: 

?))(( ≡∧¬∨ qqp  
5. ramdeni nuliT bolovdeba yvela naturaluri ricxvis 
namravli 1-dan 81-is CaTvliT? 
6. riTi gansxvavdebian erTmaneTisagan sureqcia da bieqcia? 
pasuxi daasabuTeT. 

varianti 2 
 

1. CawereT gamoricxuli mesamis kanoni da daamtkiceT 
WeSmaritobis cxrilebis meSveobiT. 
2. CamowereT STanTqmis kanonebi simravleebisaTvis. 
3. gaamartiveT gamosaxuleba: 

?)()( =∩∪∩ cAABA  
4. logikis kanonebis gamoyenebiT gaamartiveT gamosaxuleba: 

?))(()1( ≡¬∧∨∧ ppp  
5. gaqvT 3 litriani da 5 litriani qilebi. rogor CavasxaT 
maTi meSveobiT doqSi 4 litri Rvino ? 
6. ra gansxvavebaa mimarTebasa da funqcias Soris ? pasuxi 
daasabuTeT. 
 

varianti 3 
 

1. daamtkiceT de morganis meore kanoni gamonaTqvamTa bulis 
algebraSi. 
2. daamtkiceT de morganis pirveli kanoni simravleTa bulis 
algebraSi. 
3. gaamartiveT gamosaxuleba: 

?)()()( =∪∪∩∩∩∪ ccc CBABBAA  
4. logikis kanonebis gamoyenebiT gaamartiveT gamosaxuleba: 

?)())(())((( ≡∨∨∧¬∧∧¬∨ rqpqqpp  
5. romeliRac TveSi 3 kvira dRe daemTxva luw ricxvs. ra 
dRe iyo am Tvis 20 ricxvSi? 
6. ra gansxvavebaa operatorsa da funqcional Soris? pasuxi 
daasabuTeT. 
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varianti 4 
 

1. daamtkiceT de morganis pirveli kanoni gamonaTqvamTa 
bulis algebraSi. 
2. daamtkiceT de morganis meore kanoni simravleTa bulis 
algebraSi. 
3. gaamartiveT gamosaxuleba: 

?)()( =∩∩∩∪∪ cc AAACBA  
4. logikis kanonebis gamoyenebiT gaamartiveT gamosaxuleba: 

?))(())((()( ≡¬∧∧¬∨∧∨∨ rrqqrqp  
5. turnirSi monawileobda 7 moWadrake. sul ramdeni partia 
gadamaSdeboda? 
6. ra gansxvavebaa funqciasa da funqcionals Soris? pasuxi 
daasabuTeT. 

varianti 5 
 

1. gansazRvreT diziunqciisa da koniunqciis operaciebi. 
2. gansazRvreT operaciebi simravleebze. 
3. gaamartiveT gamosaxuleba: 

?)()()( =∪∩∩∩∅∪ cAAAAA  
4. logikis kanonebis gamoyenebiT gaamartiveT gamosaxuleba: 

?))((()()0( ≡¬∨∧∧∧∨ ppppp  
5. 1983 wels iyo 53 SabaTi dRe. kviris ra dRe iyo 1 ianvari 
am wels? 
6. ra gansxvavebaa relaciuri sistemebis homomorfizmsa da 
izomorfizms Soris? pasuxi daasabuTeT. 

 
varianti 6 

 
1. CawereT gamoricxuli mesamis kanoni da daamtkiceT 
WeSmaritobis cxrilis meSveobiT. 
2. gansazRvreT mocemuli simravlis damatebiT simravlis 
cneba. 
3. gaamartiveT gamosaxuleba: 

?)()()( =∩∪∪∪∪ cc BBAABA  
4. logikis kanonebis gamoyenebiT gaamartiveT gamosaxuleba: 

?))((())0((()( ≡¬∨∧∨∨∧¬ ppqqq  
5. oci qalaqidan TiToeuli SeerTebulia sahaero xazebiT. 
sul ramdeni sahaero xazia? 
6. ra kavSiria sureqcias, ineqciasa da bieqcias Soris? 
pasuxi daasabuTeT. 
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varianti 7 
 

1. gansazRvreT implikaciisa da evivalenciis mimarTebebi. 
2. CamoayalibeT mimarTebis, funqciis, operatorisa da 
funqcionalis cnebebi da aCveneT funqciisa da 
funqcionalis ganmasxvavebeli niSnebi. 
3. gaamartiveT gamosaxuleba: 

?)()()( =∩∪∅∩∪∩ BABEA c  
4. logikis kanonebis gamoyenebiT gaamartiveT gamosaxuleba: 

?)0()1())((()( ≡∨∧∨∧¬∨∧∨ ppqqpp  
5. 1970 weli daiwyo xuTSabaTiT. kviris romeli dRiT 
daiwyeboda 1876 da 1977 wlebi Sesabamisad? ra 
kanonzomiereba SeiniSneba? 
6. ra gansxvavebaa koniunqtiur da diziunqtiur literebs 
Soris? pasuxi daasabuTeT. 
 

varianti 8 
 

1. relaciuri sistemebis izomorfizmis cneba. izomorfulia 
Tu homomorfuli gamonaTqvamTa bulis algebra da 
simravleTa bulis algebra? 
2. gansazRvreT funqcionalis cneba. 
3. gaamartiveT gamosaxuleba: 

?))( =∩∪ BBA c  
4. logikis kanonebis gamoyenebiT gaamartiveT gamosaxuleba: 

?))((()))((((( ≡¬∧∨¬∨∧∧ qqqqpp  
5. moitanes 5 Cemodani da 5 gasaRebi. ar viciT, romeli 
gasaRebi aRebs ama Tu im Cemodans. yvelaze uares 
SemTxvevaSi, ramdeni cdaa saWiro rom, yvela Cemodans 
movargoT Tavisi gasaRebi? 
6. ra gansxvavebaa bulis formulis diziunqtiur da 
koniunqtiur normalur formebs Soris? pasuxi daasabuTeT. 
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Tavi II. ricxviTi simravleebi, rogorc garemomcveli samyaros 
raodenobrivi modelebi 

 
 
Sesavali 

 
 adamiani, bunebasTan urTierTobis procesSi, dadga 

simravleTa raodenobrivi Sedarebis aucileblobis winaSe. 
amgvarad, warmoiSva naturaluri ricxvis cneba. 

 
gansazRvreba: Tvlis procesSi warmoSobil ricxvebs, natu-

raluri ricxvebi ewodebaT.  
naturaluri ricxvebis simravle aRiniSneba N asoTi. 
N={1;2;3;. . .}.                                                                                                   (1)   
 naturalur ricxvTa simravle usasruloa. imisaTvis, rom 

Seadaron usasrulo simravleebis elementTa raodenoba, 
SemoaqvT simravlis simZlavris cneba. 

 gansazRvreba: Tu, ori usasrulo simravlis elementebs 
Soris arsebobs urTierTcalsaxa Tanadoba(bieqcia), maSin 
amboben, rom am simravleebs erTnairi simZlavre aqvT.  

gansazRvreba: naturalur ricxvTa simravlis simZlavres 
Tvladi usasruloba ewodeba.  

P.S,cxadia, rom yvela simravle, romlis elementebis 
gadanomrvac SeiZleba naturaluri ricxvebiT, agreTve Tvladi 
iqneba.         

   
naturaluri ricxvebi arsebobs ori saxis: martivi da 

Sedgenili ricxvebi. 
gansazRvreba: erTisagan gansxvavebul ricxvs martivi 

ewodeba, Tu is iyofa mxolod erTze da Tavis Tavze. xolo, 
erTze met naturalur ricxvs, romelic araa martivi Sedgenili 
ewodeba. 
magaliTi:   martivi ricxvebia P={2; 3; 5; 7; 11; 13; 17 ;19 ; 23 ; 29;. . .}. 

                  Sedgenili ricxvebia N\P\{1}={4; 6; 8; 9; 10; 12; 14; 15;. . .}.  
           
 
naturalur ricxvTa simravleSi, dRemde, bevri amouxsneli 

amocanaa dagrovili ; romelTa Camoyalibeba elementarulia, 
magram amoxsna jer-jerobiT ver xerxdeba. es problemebi, 
ZiriTadad exeba martiv ricxvTa ganawilebis kanons 
naturaluri ricxvebis mimdevrobaSi. CamovayaliboT zogierTi 
aseTi amocana(problema): 
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1. viciT luwi ricxvebis zogadi formula: kn 2= ; aseve, 
viciT kenti ricxvebis zogadi formula: 12 += kn . es formulebi 
gvaZleven Sesabamisad, yvela luw da kent ricxvebs, roca k  
cvladi gairbens naturalur ricxvTa simravles. saWiroa, 
vipovoT analogiuri formula martivi ricxvebisaTvis. 

2. cnobilia eileris mravalwevri: 41)( 2 ++= xxxf , romelic 
iZleva martiv ricxvebs, Tu 39. .; . . 2; 1; ;0=x  ucnobia, arseboben, Tu 

ara iseTi naturaluri m>41 ricxvebi, rom mxxxf ++= 2)(  
mravalwevri iZleodes martiv ricxvebs, roca 2.-m .; . . 2; 1; ;0=x  

3. ucnobia, usasruloa, Tu ara 12 +n  saxis martivi ricxvebis 
simravle. 

4. ucnobia, usasruloa, Tu ara iseTi martivi ricxvebis 
simravle, romelTa Soris sxvaoba 2-is tolia(holdbaxis 
problema). 

5. ucnobia, SesaZlebelia, Tu ara nebismieri luwi ricxvis 
warmodgena ori martivi ricxvis sxvaobis saxiT. 

 
zemoT moyvanili problemebi, ZiriTadad, dakavSirebuli 

arian martivi ricxvebis zogadi formulis povnis amocanis 
amoxsnasTan. am problemis amoxsnis gzaze sagrZnob winsvlas 
iZleva obgaZis Teorema.  

obgaZis Teorema(1972w): martivi ricxvebis simravlis zogad 
formulas, ar SeiZleba rom hqondes cbxaxxf ++= 2)( kvadratuli 
funqciis saxe. 

damtkiceba: ganvixiloT cbxaxxf ++= 2)( kvadratuli funqciis 
sasruli sxvaobebi:  

baaxcbxaxcxbxaxfxfxf ++=−−−++++=−+=∆ 2)1()1()()1()( 22 ; 

abaaxbaxaxfxfxfxf 22)1(2)()1())(()(2 =−−−+++=∆−+∆=∆∆=∆ ; 

0)()1())(()( 2223 =∆−+∆=∆∆=∆ xfxfxfxf . 
cxadia, rom ufro maRali rigis 3≥k sasruli sxvaobebi 

kvadratuli funqciidan, agreTve iqnebian nulis tolni. 
(advilad Semowmdeba, rom analogiuri Tvisebebi aqvT 
sazogadod n  xarisxis mravalwevra funqciebs(polinomebs), 
romelTaTvisac Sesabamisad yvela 1+≥ nk  xarisxis sasruli 
sxvaobebi iqnebian nulis toli). 

exla, ganvixiloT martivi ricxvebis mimdevroba da maTi 
Sesabamisi sasruli sxvaobebi mesame rigamde CaTvliT. Tu, mesame 
rigidan dawyebuli yvela sasruli sxvaoba ar aRmoCnda nulis 
toli, maSin martiv ricxvTa simravle ar SeiZleba moicemodes 
kvadratuli funqciiT da Cveni Teorema damtkicebuli iqneba. 

ganvixiloT, martiv ricxvTa simravle da Sesabamisi 
sasruli sxvaobebi: 
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2   3   5  7   11   13   17   19   23   29 
  1   2   2  4    2   4    2    4    6 
    1   0   2  -2   2    -2   2    2 
      -1   2  -4  4    -4   4    0 
rogorc vxedavT mesame rigis sasruli sxvaoba(meoTxe 

striqoni) araa mxolod nulebisagan Semdgari, rac imas niSnavs, 
rom martivi ricxvis zogad formulas ar SeiZleba, rom hqondes 
kvadratuli funqciis saxe r.d.g. 
P.S. Teoremis damtkicebidan naTlad Cans, rom es Teorema 
advilad zogaddeba nebismieri n  sasruli xarisxis mravalwevra 
funqciisaTvis. zemoTmoyvanili danarCeni problemebis amoxsna 
avtorisaTvis araa cnobili da amdenad, magistrantebs SeuZliaT 
gamoscadon Zalebi maT amosaxsnelad. 
 

naturalur ricxvTa simravleSi yovelTvis SeiZleba ori 
ricxvis Sekreba. ase, rom ori naturaluri ricxvis jami isev 
naturaluri ricxvi iqneba. am faqts maTematikaSi Camoayalibeben 
ase: “naturalur ricxvTa simravle Caketilia Sekrebis 
operaciis mimarT”. magram, ori naturaluri ricxvis sxvaoba, 
sazogadod araa naturaluri ricxvi.  
magaliTi: N∉− 75 . rac imas niSnavs, rom naturalur ricxvTa 
simravleSi, SeuZlebelia 57 =+x gantolebis amoxsna. 
 

amitom, saWiro gaxda naturalur ricxvTa simravlis 
gafarToveba mTel ricxvTa simravlemde. 

 
gansazRvreba: naturaluri ricxvebis, maTi mopirdapire 

ricxvebis da nulis gaerTianebas mTel ricxvTa simravle 
ewodeba. 

mTel ricxvTa simravle aRiniSneba Z asoTi. formalurad, es 
gansazRvreba SeiZleba Caiweros Semdegnairad 

{ }0∪∪= −NNZ .                                                (2) 
advili misaxvedria, rom  

ZN ⊂ .                                                        (3) 
am simravleSi gantoleba 57 =+x , ukve amoxsnadia da 
275 −=⇔−= xx ;                                                   (4)   

 
magram, wrfivi gantoleba, sazogadod, araa amoxsnadi. 

magaliTi: Zxx ∉=⇔=
2
332 .                                    (5) 

amitom, saWiroa ricxvis cnebis Semdgomi gafarToveba 
racionalur ricxvTa simravlemde. 
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gansazRvreba: 
b
a
 saxis ricxvebis simravles, sadac NbZa ∈∧∈  

racionalur ricxvTa simravle ewodeba. 
racionalur ricxvTa simravle aRiniSneba QasoTi. 









∈∧∈= Nb Za  
b
aQ .                                            (6) 

advili misaxvedria, rom  
 NZQ ⊂⊂ .                                                    (7)                                                  
racionalur ricxvTa simravleSi, ukve, SegviZlia amovxsnaT 

wrfivi gantolebebi, Tumca, arc es simravle aRmoCnda sakmarisi 
algebruli gantolebebis amosaxsnelad. ase Semovida 
maTematikaSi namdvil ricxvTa simravle da kompleqsur ricxvTa 
simravle. xolo mogvianebiT, hiperkompleqsuri da klifordis 
ricxvebis cnebebi. am ricxviTi simravleebis ageba moiTxovs 
faqizi maTematikuri cnebebis codnas da Cveni amocanebisaTvis 
imdenad mniSvnelovania, rom Cven CavuRrmavdebiT TandaTanobiT. 

 
 

2.1. naturaluri da mTeli ricxvebis gamoyenebani 
 

numerologiis elementebi. naturaluri ricxvis cnebas 
farTod iyenebs mecnierebis yvela dargi. jer kidev antikur 
xanaSi, rodesac mecniereba da religia erTad Seiswavleboda, 
rogorc saerTo sibrZnis nawilebi, mecnierebi swavlobdnen ama, 
Tu im movlenis ricxviT maxasiaTeblebs: zomavdnen sameurneo 
savargulebis farTs, manZilebs, WurWlis moculobas da a.S. 
zogierT SemTxvevaSi, ki iseTi mecnierebic ki, rogoric iyo 
piTagora swavlobdnen ricxvTa magias. maT sjerodaT, rom 
adamianis mTeli cxovreba da xasiaTi ganpirobebulia ara marto 
varskvlavTa da planetebis ganlagebiT(astrologia), aramed im 
ricxviTi maxasiaTeblebiT, rac dakavSirebulia mocemuli 
adamianis dabadebis TariRTan(numerologia)[1-2]. numerologiiT 
iyo gatacebuli isaak niutonic. 

magaliTisaTvis, Tu, adamiani daibada 1976 wlis 19 noembers, 
maSin misi personaluri ricxvi iqneba dabadebis ricxvis 
cifrebis jami 1+9=10 anu 1+0=1. xolo dabadebis TariRis 
personaluri ricxvi rom miviRoT, unda SevkriboT misi 
Sesabamisi Tvis nomris cifrebic noemberi=11 e.i. 1+1=2, garda am 
ricxvebisa unda SevkriboT dabadebis wlis cifrebic e.i. 
1+9+7+6=23 am ricxvis cifrebis jamia 2+3=5, sabolood, unda 
SevkriboT dabadebis ricxvis, Tvis da wlis cifrebi erTad 
19.11.1976. maSin miviRebT 
(1+9)+(1+1)+(1+9+7+6)=10+2+23=35 Tu, am ricxvis cifrebsac 
SevkribavT, miviRebT 3+5=8. rac imas niSnavs, rom am 
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pirovnebisaTvis damaxasiaTebelia ricxvi 8-is upiratesi 
gavlena. es niSnavs imas, rom ganxiluli pirovneba umeteswilad, 
aris warmatebuli yvela wamowyebaSi, amasTan erTad, masze 
moqmedebs dabadebis ricxvis(19) cifrebis jami 1, rac 
migvaniSnebs misi patronis liderul Tvisebebze. 

sazogadod, adamiani ganicdis rogorc Tavisi ricxvebis, 
aseve, cxovrebis adgilisa da mocemuli TariRis gavlenasac. 

 
ganixilaven personaluri wlis 9 mimdevrobiT safexurs, 

aTvlils dabadebidan: 
I weli – SesaZleblobaTa welia; 
II weli – wonasworobis welia; 
III weli – SemoqmedebiTi aqtivobis welia; 
IV weli – mSeneblobis welia; 
V weli – komunikabelobis welia; 
VI weli – davalebaTa Sesrulebis welia; 
VII weli – ganxorcielebebis welia; 
VIII weli – karmis welia; 
IX weli – ciklis dasrulebis welia. 

P.S. yoveli 9 wlis Semdeg, cikli iwyebs ganmeorebas. 
 
aseve, ganixilaven dabadebis TveTa gavlenas:  
ianvari – gmiruli; 
Tebervali – wonasworoba; 
marti – sixaruli; 
aprili – pasuxismgebloba; 
maisi – cxovrebis energia; 
ivnisi – Semsrulebloba, morCileba da mzrunveloba; 
ivlisi – sinTezuroba; 
agvisto – lideroba; 
seqtemberi – rwmena; 
oqtomberi – sibrZne; 
noemberi - STagonebuli; 
dekemberi – dasrulebuloba. 
 
yovel ricxvs Seesabameba garkveuli xasiaTi: 
ricxvi 1 - Seesabameba egocentrul liders; 
ricxvi 2 – mgrZnobiare, komunikabeluri, uyvars kuTxeebis 

momrgvaleba; 
ricxvi 3 – mxiaruli, cdilobs miiRos siamovneba fizikuri 

Sromidan, uyvars xelebiT muSaoba; 
ricxvi 4 – iwvevs daudegar xasiaTs, romelic periodulad, 

cdilobs Tavi daaRwios monotonurobas; 
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ricxvi 5 – iwvevs naTel gonebas da komunikabelobisaken 
midrekilebas. am ricxvis xalxs axasiaTebT magnetizmi da 
hipnozis unari, romelic izidavs maTken xalxs. 

ricxvi 6 – iZleva TanagrZnobis mwvave grZnobas. uyvars 
wesrigi, samarTlianobisaken swrafva. uyvars koleqtiuri Sroma. 
arad dagidevs sxvis azrs, Tu isini ewinaaRmdegebian mis 
sakuTar interesebs. 

ricxvi 7 – iwvevs ganviTarebul intuicias. uyvars martooba. 
aris punqtualuri da akuratuli. xSirad mosdis SemaSfo-
Tebeli azrebi da eZebs problemebs iqac, sadac isini ar arian. 

ricxvi 8 – iZleva momTmen, dinj xasiaTs da aRwevs 
warmatebebs yvela saqmeSi. warmatebuli adamiania. Tqveni 
garSemomyofni grZnoben Tqvens gansakuTrebulobas da 
respeqtabelobas, cdiloben mogeqcen mowiwebiT. 

ricxvi 9 – iwvevs codnisaken da filosofiuri azrovne-
bisaken swrafvas. advilad patiobT sxvebs codvebs. ver itanT 
xepre adamianebs. 

aseve, mniSvnelovania Sesabamisoba asoebsa da ricxvebs 
Soris(informaciis kodirebis erT-erTi pirveli istoriuli 
magaliTi): 

 
1 a k t Z 
2 b l u w 
3 g m f W 
4 d n q x 
5 e o R j 
6 v p y h 
7 z J S  
8 T r C  
9 i s c  

 
am Sesabamisobis gamoyenebis magaliTisaTvis ganvixiloT 

saxelebi: 
 
ieso qriste=i+e+s+o+q+r+i+s+t+e=9+5+9+5+4+8+9+9+1+5=64,  

cifrTa jami=6+4=10; sabolood 1+0=1; udavo lideria samyaroSi; 
alahi=a+l+a+h+i=1+2+1+6+9=19,  cifrTa jami=1+9=10; 

anu sabolood 1+0=1; udavo lideria samyaroSi. 
 
ieRovo=i+e+R+o+v+o=9+5+5+5+6+5=35,    cifrTa jami=3+5=8; 
eSmaki=e+S+m+a+k+i=5+7+3+1+1+9=26,      cifrTa jami=2+6=8; 
satana=s+a+t+a+n+a=9+1+1+1+4+1=17,      cifrTa jami=1+7=8; 
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rac Seesabameba amqveyniur warmatebebs siamovnebaTa sferoSi, 
imqveyniuri samudamo tanjvis sanacvlod. 
 

kriSna=k+r+i+S+n+a=1+8+9+7+4+1=30, anu 3+0=3, rac Seesabameba 
RmerTis msaxurs morCilebiT. 

naTela=n+a+T+e+l+a=4+1+8+5+2+1=21,    cifrTa jami=2+1=3; 
ilia=i+l+i+a=9+2+9+1=21,               cifrTa jami=2+1=3;              

naTela=ilia=3=swrafva RmerTisaken morCilebiT. 
 
bizantia=b+i+z+a+n+t+i+a=2+9+7+1+4+1+9+1=34, cifrTa 

jami=3+4=7; 
romi=8+5+3+9=25,  cifrTa jami=2+5=7; 
babiloni=b+a+b+i+l+o+n+i=2+1+2+9+2+5+4+9=34, cifrTa 

jami=3+4=7; 
israeli=9+9+8+1+5+2+9=27+16=43; cifrTa jami=3+4=7; 

cifri 7 Seesabameba RmerTTan mebrZol, daudegar qveynebs, 
romlebic adre Tu, male qrebian rukidan. 

 
RmerTi=R+m+e+r+T+i=5+3+5+8+8+9=38, cifrTa jami=3+8=11; anu 

1+1=2;  
osana=5+9+1+4+1=20 rac imas niSnavs, rom 2 RmerTis ricxvia. 
afxazeTi=a+f+x+a+z+e+T+i=1+3+4+1+7+5+8+9=38, cifrTa 

jami=3+8=11; anu 1+1=2. rac imas niSnavs, rom afxazeTi RmerTis 
mfarvelobis qveSaa.  

erayi=5+8+1+6+9=29; cifrTa jami=2+9=11; anu 1+1=2. rac imas 
niSnavs, rom erayi RmerTis mfarvelobis qveSaa.  

 
ruseTi=r+u+s+e+T+i=8+2+9+5+8+9=41; anu 4+1=5; Zlieri 

qveyanaa, axasiaTebs komunikabeloba da magnetizmi, romelic 
izidavs sxvadasxva juris xalxs Tavisaken. 
ebraeli=e+b+r+a+e+l+i=5+2+8+1+5+2+9=32; anu 3+2=5; 
ebraelebisaTvis metad xelsayreli qveyanaa ruseTi. 

 
     P.S. cxadia, rom dainteresebulma mkiTxvelma, zemoT 
moyvanili piTagoriseuli ricxvTa magiis ufro detalurad 
gasacnobad, unda mimarTos damatebiT literaturas[1-2]. 

 
 

2.1.1. ricxvTa Teoriis elementebi 
 
 am gamoyenebaTa gamo, Zvelad, xelisufalTa farTo 

mxardaWeriT sargeblobdnen brZenni(mecnierebisa da 
filosofiis msaxurni). swored, aman misca antikur xanaSi biZgi 
mecnierebisa da maT Soris, ricxvTa Teoriis ganviTarebas. 
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mogvianebiT, dirixles, gausisa da eileris fundamentalurma 
Sromebma, axali impulsi misca ricxvTa Teoriis ganviTarebas. 
gausis mier SemuSavebul iqna SedarebaTa Teoria[3-7] 
ganusazRvreli gantolebebis amosaxsnelad N - naturalur 
ricxvTa simravleSi. mogvianebiT, am Teoriam didi gamoyeneba 
pova kriptografiaSi[8-9](informaciis dacva da gaSifrva); aseve, 
monacemTa cifruli damuSavebis TeoriaSi[10](furies 
diskretuli gardaqmna). amitom, Cven ufro detalurad 
SeviswavliT gausis SedarebaTa Teorias. 

 
gansazRvreba: or a da b ricxvs urTierTmartivi ewodebaT 

Tu, maTi udidesi saerTo gamyofi (a;b)=1. 
magaliTi: 2 da 3 urTierTmartivi ricxvebia, radgan (2;3)=1. 
           3 da 5 ;  7 da 9 ; 9 da 11 d.a.S. 
 
Teorema : Tu, mocemuli gvaqvs nebismieri ori a da b>0 mTeli 

ricxvebi, maSin arsebobs erTaderTi wyvili mTeli q da r 
ricxvebisa, romlebic akmayofileben pirobebs : 

1-br0   , ≤≤+= rbqa .                                             (8) 

r - ricxvs uwodeben a-ricxvis b-ze gayofisas miRebul naSTs. 

magaliTi: a=185 ;  b=12; maSin 185=12⋅15+5, anu  q=15 da r=5. 
 
ori ricxvis udidesi saerTo gamyofis sapovnelad iyeneben 

evklides algoriTms, romelic emyareba (8) warmodgenas. 
marTlac, vTqvaT a nebismieri mTeli ricxvia da b nebismieri 
mTeli dadebiTi ricxvi, maSin Teoremis Tanaxmad, adgili eqneba 
tolobebs : 

.
;r0  ;r

.    .    .    .    .    .    .    .     .     .
;r0   ;
;r0     
;r0     ;

11

1n12-n

122210

01;110

000

+−

−−

=
<<+=

<<+=

<<+=
<<+=

nnn

nnnn

qrr
rrqr

rrqrr
rrqrb
brbqa

                                        (9) 

ricxvebi . . . ,,, 210 rrr  adgenen mkacrad klebad arauaryofiT 

ricxvTa mimdevrobas ; magram yoveli aseTi mimdevroba 
sasrulia, saidanac gamomdinareobs, rom nebismieri a da b>0 
wyvilisaTvis mimdevrobiTi gayofis procesi(evklides 
algoriTmi) sasrulia, e.i. sasrulia (9) tolobaTa ricxvi. 
procesi wydeba im safexurze, romelzedac gayofa Sesruldeba 
unaSTod. anu roca .01 =+nr  amgvarad, nr  aris ukanaskneli 

nulisagan gansxvavebuli naSTi-udidesi saerTo gamyofi. cxadia, 
rom 
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nn rrrrrbba ===== );(r . . . );();();( 1-n100 .                               (10)  

magaliTi: vipovoT d=(664 ;480) ; a=664 ; b=480. 
                     maSin, evklides algoriTmis Tanaxmad gveqneba : 

           664=480⋅1+184 ; 
          480=184⋅2+112 ; 
          184=112⋅1+72 ; 
          112=72⋅1+40 ; 
          72=40⋅1+32 ; 
          40=32⋅1+8 ; 
          32=8⋅4. 
e.i d=(664 ;480)=8. 
 
ariTmetikis ZiriTadi Teorema: erTze meti yoveli 

naturaluri ricxvi erTaderTi saxiT(TanamamravlTa rigis 
sizustiT) iSleba martiv ricxvTa namravlad. 

anu, Tu n erTze meti naturaluri ricxvia, maSin 

n21 p . . . ppn =                                                                                                     (11)     
am namravlSi zogierTi Tanamamravli SeiZleba ramdenimejer 

meordebodes, amitom Tu, gamoviyenebT ganmeorebaTa ricxvis 
xarisxebs, miviRebT (11) gaSlis kanonikur warmodgenas 

n21
n21 p . . . ααα ppn = .                                                (12)        

am (12) Canaweridan naTlad Cans, rom n ricxvis gansxvavebul 
gamyofTa raodenoba iqneba: 

)1( . . . )1)(1()( n21 +++= ααατ n .                                      (13)  

P.S. ori ricxvis umciresi saerTo jeradi udris maT namravls 
gayofils maTsave udides saerTo gamyofze. 
 

naturalur ricxvTa simravleze ganisazRvreba rigi 
ariTmetikuli funqciebisa. maT Soris gansakuTrebuli adgili 
uWiravs eileris )(nϕ funqcias, romelic udris 1-dan n-mde yvela 
im naturaluri ricxvebis raodenobas, romlebic urTierTmar-
tivi arian n-is mimarT. 

 magaliTi: 2.(6)  4;(5)  2;(4)  2;(3)  1;(2)  ;1)1( ====== ϕϕϕϕϕϕ  
 
vTqvaT, n21

n21 p . . . ααα ppn = mocemuli ricxvis kanonikuri daSlaa, 
maSin  

)
p
1-(1 . . . )11)(11()(

n21 pp
nn −−=ϕ .                                    (14) 

Tu, p  martivi ricxvia, maSin 
1)( −−= αααϕ ppp .                                               (15)    

kerZo SemTxvevaSi, 
.1)( −= ppϕ                                                    (16)               
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magaliTi: ;16)
5
11)(

3
11)(

2
11(60)60( =−−−=ϕ  

           
.415)5(

;542781)81(
=−=

=−=
ϕ
ϕ

 

 
 

 
2.1.2. SedarebaTa Teoriis elementebi 

 
ganvixiloT mTeli ricxvebi mocemul m naturalur ricxvze 

gayofisas, miRebuli naSTebis TvalsazrisiT. am m ricxvs 
moduls uwodeben. yovel naturalur ricxvs, m ricxvze 
gayofisas Seesabameba naSTis garkveuli mniSvneloba 
(0;1;2;3;... m-1)-naSTTa sruli sistemidan. sxvanairad, rom vTqvaT 
naturalur ricxvTa simravle iyofa m-1 klasad. TiToeul 
klasSi moTavsebuli arian urTierTsadari ricxvebi m modu-
liT. Tu, ganixileba SedarebaTa Teoria ufro farTo ricxviT 
simravleSi, kerZod mTel ricxvTa simravleSi, maSin 
ganixilaven absoluturad umcires naSTTa srul sistemas: 

2
m .; . .  2; 1; 0; 1;- ;-2; . . .  ;

2
4-m-   ;

2
2−

−
m

; roca m luwia; 

;
2

1-m ; . . . 2; 1; 0; 1;- 2;- ; . . . ;
2

3-m- ;
2

1−
−

m
 roca m kentia. 

gansazRvreba: or mTel a da b>0 ricxvs ewodebaT urTierTsa-
dari moduliT m, Tu m – ze gayofisas isini ernair naSTebs 
iZlevian. 

Sedarebis damokidebuleba ase Caiwereba: 
)(mod mba ≡ .                                                   (17)    

(17) ikiTxeba ase: a sadaria b –si moduliT m. 
cxadia, rom Tu a sadaria b –si, anu m – ze gayofisas isini 

ernair naSTebs iZlevian, maSin maTi sxvaoba (a-b) unaSTod iyofa 
m – ze.  

magaliTi: )10(mod1525 ≡ , radgan 25 da 15 10-ze gayofisas 
naSTSi iZlevian 5-s. aseve, cxadia rom 25-15=10 da iyofa  
10-ze(Sedarebis modulze). 
 
SedarebaTa Tvisebebi : 
 
1. erTnairmoduliani Sedarebebi SeiZleba wevr-wevrad Sevkri-
boT, anu 

))(mod()a .  .  . );(moda  );(mod(
11

n2211 mbabmbmba
n

i
i

n

i
in ∑∑

==

≡⇒≡≡≡ .              (18)   
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2.  Sedarebani erTnairi moduliT, SeiZleba wevr-wevrad 
gadavamravloT, anu 

))(mod()a .  .  . );(moda  );(mod(
11

n2211 mbabmbmba
n

i
i

n

i
in ∏∏

==

≡⇒≡≡≡ .             (19)    

3.    Sedarebis orive mxare da moduli SeiZleba erTdroulad 
gavamravloT naturalur ricxvze, anu 

))(mod())(mod( 1111 mnnbnamba ≡⇒≡ .                                   (20)  
4. Tu, Srdarebas adgili aqvs ramdenime moduliT, maSin am 
Sedarebas adgili eqneba axali moduliTac, romelic mocemuli 
modulebis umciresi saerTo jeradis tolia, anu 

]));(mod[())(mod)(mod( 2121 mmbambamba ≡⇒≡∧≡ .                        (21)   
5. Sedarebis orive mxare SeiZleba Seikvecos, maT iseT saerTo 
gamyofze, romelic modulTan urTierTmartivia, anu 

b(modm))(a1)n)(m; )(mod( ≡⇒=∧≡ mbnan .                               (22) 
 
eileris Teorema: Tu m erTze meti nebismieri naturaluri 

ricxvia da (a ;m)=1, maSin 
)(mod1)( ma m ≡ϕ .                                                (23)   

kerZo SemTxvevaSi, roca pm = martivi ricxvia da 1);( =pa , 
1)( −= ppϕ , miiReba fermas mcire Teorema : 

)(mod11 pa p ≡− .                                                 (24)  
 
ganvixiloT erTucnobiani Sedarebebis amoxsnis magaliTebi. 
  
1) )5(mod01323 ≡+−+ xxx    
   es Sedareba mesame xarisxisaa. 5-is moduliT naSTTa 

sruli sistemidan: (0 ;1 ;2 ;3 ;4) am Sedarebas akmayofilebs 
mxolod ricxvi 1. e.i. mas aqvs erTi fesvi. es fesvi ase Caiwereba 

)5(mod1≡x . 

2) )4(mod012 ≡++ xx  
Sedareba kvadratulia. naSTTa sruli sistemidan 4-is 

moduliT: (0 ;1 ;2 ;3), mas arcerTi ricxvi ar akmayofilebs. e.i. 
mas amonaxsni ara aqvs. 

3) )6(mod032312 23 ≡+−+ xxx  
  es Sedarebac kvadratulia, radgan ufrosi koeficienti 

kubTan modulze iyofa unaSTod, anu )6(mod012 ≡ . ase, rom igi 
Semdegi Sedarebis eqvivalenturia : 

)6(mod0323 2 ≡+− xx . 
naSTTa sruli sistemidan 6-is moduliT: (0 ;1 ;2 ;3 ;4 ;5) mas 

akmayofilebs mxolod ricxvi 3, e.i. misi erTaderTi fesvi iqneba 
)6(mod3≡x . 

4) )7(mod015 ≡++ xx  
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naSTTa sruli sistemidan 7-is moduliT: (0;1;2;3;4;5;6) am 
Sedarebas akmayofilebs ori ricxvi 2 da 4; amitom gveqneba ori 
amonaxsni: 

4(mod7).         x);7(mod2 ≡≡x  
 
gansazRvreba: or mravalwevrs ewodeba urTierTmisadari 

moduliT m, Tu maTi saTanado koeficientebi urTierTsadaria 
m-is moduliT. anu, 

))(mod()( mxgxf ≡ .                                              (25) 
P.S.  
1. SedarebaTa TeoriiTa da maTi informatikaSi gamoyenebebiT 
dainteresebul mkiTxvels SeuZlia mimarTos saTanado 
literaturas[3-10]. 
2. mTel ricxvTa simravle Sekrebisa da gamravlebis 
operaciebTan mimarTebaSi qmnis algebrul sistemas, romelsac 
maTematikaSi komutaciur, unitarul rgols uwodeben[11-12]. 
 
 

2.2. racionaluri ricxvebi da namdvil ricxvTa simravlis 
ageba 

 
racionaluri ricxvebis simravleSi, mTel ricxvTa 

simravlisagan gansxvavebiT, arsebobs mocemuli ricxvis 
Sebrunebuli ricxvi gamravlebis operaciis mimarT. amitom, 
maTematikosebi algebrul sistemas, romelsac qmnis 
racionalur ricxvTa simravle, masSi gansazRvruli 
operaciebis mimarT vels[11-12] uwodeben. algebris(algebrul 
operaciebTan mimarTebaSi) TvalsazrisiT ar aris sxvaoba 
racionalur ricxvTa simravlesa da namdvil ricxvTa 
simravles Soris. ase, rom namdvil ricxvTa simravlec 
algebruli sistemis TvalsazrisiT qmnis vels. Tumca, am or 
simravles Soris aSkara sxvaobaa, topologiis[11-12] 
TvalsazrisiT. 

topologiis cneba saSualebas gvaZlevs SemoviRoT zRvarisa 
da uwyveti funqciis cnebebi, rac esoden mniSvnelovania 
maTematikuri modelirebisaTvis. 

 
gansazRvreba: mocemul Q simravles, misi yoveli x elementis 

Semcvel Ria B(x) simravleebTan(topologiis baza) erTad 
topologiuri sivrce ewodeba. 

racionalur ricxvTa simravlis topologiis bazas 
warmoadgens misi yvela Ria intervalebis B(x)  simravle. amasTan 
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erTad, radgan racionalur ricxvTa simravle Tvladia, misi 
topologiis bazac Tvladia.  

 
ganvixiloT ricxviTi mimdevrobis cneba racionalur 

ricxvTa simravleSi. 
gansazRvreba: naturalur ricxvTa simravlis gadasaxvas 

racionalur ricxvTa simravleSi, racionalur ricxvTa { }∞=1nnq  

mimdevroba ewodeba. 

gansazRvreba: racionalur ricxvTa { }∞=1nnq  mimdevrobas 

ewodeba koSis(fundamentaluri mimdevroba), Tu  

0lim =−
∞→
∞→ nm

m
n

qq .                                                (26)   

Teorema: Tu, racionalur ricxvTa mimdevroba krebadia 
racionaluri ricxvisaken, maSin is koSis mimdevrobas 
warmoadgens. 

magram, Tu { }∞=1nnq  koSis mimdevrobaa, misi zRvari, sazogadod, 

SeiZleba arc arsebobdes(Tu zRvariTi wertili araa 
racionaluri ricxvi). 

gansazRvreba: Qx ∈0  wertils ewodeba racionalur ricxvTa 

simravlis zRvariTi wertili, Tu am wertilis Semcveli 
nebismieri Ria simravle(intervali), Seicavs racionalur 
ricxvs. 

Teorema: Qx ∈0  wertili warmoadgens zRvariT wertils, 

maSin da mxolod maSin, roca arsebobs Q racionalur ricxvTa 

iseTi mimdevroba { }∞=1nnq , romelic krebadia 0x  ricxvisaken 

0lim xqnn
=

∞→
. 

Tu, SevadgenT racionalur ricxvTa mimdevrobas iseTnairad, 

rom yoveli Semdegi wevri warmoadgendes 2 -is ukeTes 
miaxlovebas, maSin miviRebT racionalur ricxvTa koSis 

mimdevrobas, romelic krebadia araracionaluri 2  ricxvisaken. 
es imas niSnavs, rom racionalur ricxvTa simravle ar Seicavs 
Tavisi zRvariTi wertilebis mTlian simravles. Tumca, is 
Seicavs racionalur ricxvebs da TiToeuli racionaluri 
ricxvi zRvariTi wertilia. 

gansazRvreba: Q racionalur ricxvTa simravlis 
gaerTianebas misi zRvariTi wertilebis Q∂  simravlesTan Q 

racionalur ricxvTa simravlis 
−

Q Caketva ewodeba. 

QQQ ∂∪=
−

.                                                  (27) 

gansazRvreba: racionalur ricxvTa simravlis 
−

Q 

Caketvas namdvil ricxvTa R simravle ewodeba. 
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yovelive zemoTqmulidan gamomdinare, SegviZlia vTqvaT, rom 
Caketili simravlis nebismieri elementi warmoadgens zRvariT 
wertils da maSasadame, SegviZlia avagoT misken krebadi 
mimdevroba. 

 
gansazRvreba: simravles sruli ewodeba, Tu nebismieri 

koSis mimdevroba krebadia am simravleSi. 
magaliTi: racionalur ricxvTa Q simravle araa sruli, 

xolo namdvil ricxvTa R simravle srulia(radgan is Seicavs 
Tavis yvela zRvariT wertils). 

 
gansazRvreba: A simravles ewodeba mkvrivi B simravleSi, Tu 

B simravlis nebismieri b0 elementisaTvis, moiZebneba A simravlis 
elementebis iseTi mimdevroba, romelic krebadi iqneba am b0 
elementisaken. 

magaliTi: racionalur ricxvTa simravle mkvrivia namdvil 
ricxvTa simravleSi, xolo naturalur ricxvTa simravle araa 
mkvrivi mTel ricxvTa simravleSi(daasabuTeT ratom?). 

 
gansazRvreba(intuiciuri): simravles metrikul sivrces 

uwodeben, Tu masSi gansazRvrulia or elements Soris manZilis 
cneba.  

magaliTi: manZili or racionalur ricxvs Soris 
ganisazRvreba formuliT: 

1221 );( qqqq −=ρ .                                               (28)                                      

formula (28)-is gaTvaliswinebiT racionalur ricxvTa 
simravle metrikuli sivrcea. 

Tu, gavixsenebT or namdvil ricxvs Soris manZilis cnebas, 
romelic (28) formulis analogiuria, miviRebT rom namdvil 
ricxvTa simravlec metrikuli sivrcea. 

 
gansazRvreba: metrikul sivrces ewodeba separabeluri, Tu 

arsebobs araumetes vidre Tvladi, masSi mkvrivi qvesimravle. 
magaliTi: namdvil ricxvTa simravle separabeluria, radgan 

masSi, arsebobs masSi yvelgan mkvrivi Tvladi, racionalur 
ricxvTa qvesimravle. 

P.S. separabelobis Tviseba saSualebas iZleva metrikuli 
sivrcis elementebs mivuaxlovdeT Tvladi simravlis 
elementebis mimdevrobiT. es Tviseba farTod gamoiyeneba 
variaciul(pirdapir) ricxviT meTodebSi.  
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2.3. kompleqsuri ricxvebis simravle 
 
rogorc viciT, namdvil ricxvTa simravlesa da wrfis 

wertilebs Soris arsebobs urTierTcalsaxa Tanadoba-bieqcia; 
rac saSualebas iZleva, wrfesTan dakavSirebuli geometriuli 
amocanebi CavweroT namdvili ricxvebis meSveobiT da amovxsnaT 
algebruli meTodebis saSualebiT. magram, wrfeebis garda 
geometriaSi arseboben sibrtyeebic(organzomilebiani sivrce). 
ismis kiTxva: viciT, rom erTganzomilebian sivrces-wrfes 
Seesabameba namdvil ricxvTa simravle, arseboben Tu ara 
sibrtyis Sesabamisi “brtyeli ricxvebi"? 

am kiTxvaze pasuxi aris dadebiTi: diax arseboben, Tan aseTi 
ricxviTi simravleebi mniSvnelovnad gansxvavdebian erTmane-
Tisagan. 

rogorc viciT, sibrtyis yovel P wertils Seesabameba ori 
ricxvi(misi koordinatebi) P(x;y). amrigad, Cven SegviZlia 
SemoviRoT “brtyeli ricxvebi". vTqvaT, gvaqvs ricxvebi 

    ).;(B      );;( δγβα ==A   
imisaTvis, rom azri qondes axali ricxvebis SemoRebas, unda 

gvqondes Sesabamisi algebruli operaciebi da maTi Tvisebebi. 
amis Semdeg, SegveZleba davaxasiaToT Sesabamisi algebruli 
sistema. amitom, SemoviRoT operaciebi “brtyel ricxvebze". 

);();();( δγβαδγβα ++=+=+ BA  ;                                (29)  
);();();( βγδαδβγαδγβα +⋅⋅−⋅=⋅=⋅ BA  ;                           (30)   









+

⋅−⋅
+

⋅+⋅
== 2222 ,

);(
);(

δγ
δαγβ

δγ
δβγα

δγ
βα

B
A

.                                (31)       

Tu, SemoviRebT nulisa da erTis Sesabamis brtyel ricxvebs 

).0;1(1
);0;0(0

=
=

                                                      (32)     

miviRebT algebrul sistemas, romlis operaciebic 
ZiriTadad akmayofileben igive Tvisebebs, rasac operaciebi 
namdvil ricxvebze(wrfiv ricxvebze), Tumca, aris gansxvavebebic. 
kerZod, Tu “brtyel ricxvebs" CavwerT algebruli formiT 

βα ⋅+= iA . sadac, 0) ; (  );1;0( αα ==i . maSin gveqneba 

12 −=⋅= iii .                                                                                                      (33)        
aseTi toloba SeuZlebelia namdvili ricxvebis SemTxvevaSi. 

ase, rom Cven saqme gvaqvs axali tipis algebrul sistemasTan 
romelsac C - kompleqsur ricxvTa simravles[13] uwodeben. 

CRQZN ⊂⊂⊂⊂ . 

P.S. arseboben kompleqsuri ricxvebisagan gansxvavebuli sxva 
brtyeli ricxvebic. konkretulad, dualuri da ormagi ricxvebi, 
magram am ricxvebisaTvis gayofis operacia araa yovelTvis 
SesaZlebeli(aq araa laparaki nulze gayofaze), amitom 
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praqtikaSi “brtyeli ricxvebidan", jer-jerobiT, farTo 
gamoyeneba aqvT, ZiriTadad, kompleqsur ricxvebs. 

 
 

2.3.1. kompleqsuri ricxvebis trigonometriuli da 
maCvenebliani Caweris formebi 

 
gansazRvreba: ibaz += kompleqsuri ricxvis moduli ewodeba 

sibrtyeze am ricxvis gamomsaxveli wertilidan koordinatTa 

saTavemde manZils 22 baz += .  

samkuTxedis ori gverdis sigrZeTa jami metia mesame gverdis 
sigrZeze ; xolo ori gverdis sxvaoba naklebia mesame gverdze : 

21212121 z     ; zzzzzzz −≤−+≤+ .                                (34)  

    
gansazRvreba: ibaz += kompleqsuri ricxvis SeuRlebuli 

ricxvi ewodeba ibaz −=
−

kompleqsur ricxvs. 
cxadia, rom adgili eqneba tolobebs: 

zz = ; 2121 zzzz = ; 2121 zzzz +=+ .                               (35)     

 
gansazRvreba: ibaz += kompleqsuri ricxvis namdvili nawili 

ewodeba az =Re ricxvs, xolo warmosaxviTi nawili ewodeba 
bz =Im ricxvs. 

 
kompleqsuri ricxvi igive sibrtyis wertilia. sibrtyis 

wertilebi ki, SegviZlia gamovsaxoT, rogorc dekartis 
koordinatebSi(Seesabameba kompleqsuri ricxvis algebruli 
Caweris forma iyxz += ), aseve, polarul koordinatTa sistemaSi. 

am SemTxvevaSi wertili xasiaTdeba z  moduliT (manZiliT  

koordinatTa saTavemde) da kuTxiT abscisaTa RerZis dadebiT 

mimarTulebasTan 
x
yarctg=ϕ , romelic aiTvleba saaTis isris 

sawinaaRmdego mimarTulebiT k  2π  sizustiT da romelsac 
kompleqsuri ricxvis argumenti zarg ewodeba. 

k  2argarg)arg( 2121 π++= zzzz ;                                                                          (36) 

k  2argargarg 21
2

1 π+−= zz
z
z

;                                       (37)    

. . . 2; 1; ;0 ±±=k                                                  (38)      
Sedegad, kompleqsuri ricxvi SegviZlia CavweroT 

trigonometriuli formiT: 
( )sin(argz) iargz)cos( ⋅+=+= zibaz .                                  (39)     
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Tu, gavixsenebT eileris formulas 
ϕϕϕ sincos ⋅+=⋅ iei ;                                              (40)    

maSin, kompleqsuri ricxvis (39) trigonometriuli formidan 
gadavalT mis maCveneblian formaze; 

ziezz arg⋅⋅= .                                                   (41) 

magaliTi: 1 1 ⋅+= iz  kompleqsuri ricxvi CawereT 
trigonometriuli da maCvenebliani formiT. 

amoxsna: 211 22 =+=z ; 
41

1arg π
== arctgz  aqedan gamomdinare, 

trigonometriul formas eqneba saxe: 







 ⋅+⋅=

4
sin

4
cos2 ππ iz ;  xolo Sesabamis maCveneblian formas(40) 

miviRebT saxiT 42
π
⋅

⋅=
i

ez . 
 
 

2.3.2. orwevra gantolebebis amoxsna kompleqsur ricxvTa 
simravleSi 

 
kompleqsuri ricxvis trigonometriuli formidan 

gamomdinare, cxadia rom 
( ))argsin(arg)argcos(arg 21212121 zzizzzzzz +⋅++= .                     (42)    

am formulidan miviRebT, rom 

( ))argsin()argcos( zniznzz nn ⋅⋅+⋅= ;                                 (43)      

 
am formulidan gvaqvs: 







 +

⋅+
+

=
n

kzi
n

kzzz nn ππ 2argsin2argcos .                            (44)     

sadac  
      1-n ; . . . 2; 1; ;0=k . 

aqedan naTlad Cans, rom kompleqsuri ricxvidan n-uri 
xarisxis fesvs aqvs n mniSvneloba. rac imas niSnavs, rom n 
xarisxis mravalwevrs aqvs n fesvi. 

ganvixiloT orwevra gantolebebi: 
1)   12 −=x  am gantolebas namdvil ricxvTa simravleSi 

amonaxsni ara aqvs. exla vnaxoT misi amonaxsnebi kompleqsur 
ricxvTa simravleSi: 

2
2sin

2
2cossincos1 kikix ππππππ +

⋅+
+

=⋅+=−=  

1;0=k   anu gvaqvs ori amonaxsni 
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.
2

3sin
2

3cos

;
2

sin
2

cos

2

1

ππ

ππ

⋅+=

⋅+=

ix

ix
 

2) 33 22 =⇔= xx  fesqveSa gamosaxuleba gadavweroT 
trigonometriuli formiT da mere visargebloT (44) formuliT. 

( ) 





 +

+
+

⋅=+==
3
20sin

3
20cos20sin0cos22 333 kikix ππ

. 

2. 1; ;0=k  maSasadame, gvaqvs sami amonaxsni: 

.
3

4sin
3

4cos2

;
3

2sin
3

2cos2   x;2

3
3

3
2

3
1







 ⋅+⋅=







 ⋅+⋅==

ππ

ππ

ix

ix
 

P.S. kompleqsur ricxvebs farTo gamoyeneba aqvs informaciis 
fraqtaluri SekumSvis amocanebis Seswavlisas da signalebis 
filtraciis saqmeSi[13-14]. aseve, didia maTi gamoyenebis areali 
uwyvet tanTa meqanikis brtyeli amocanebis Seswavlis saqmeSi 
[15-16].  

 
2.4. kvaternionebi 

 
gansazRvreba: oTxganzomilebiani );;;( 4321 aaaaA =  ricxvebis 

erTobliobas kvaternionebs uwodeben, Tu ori ricxvis jami 
ganisazRvreba );;;( 44332211 babababaBA ++++=+  formuliT, xolo 

arakomutaciuri namravli ki ganisazRvreba Semdegnairad:  
specialuri oTxganzomilebiani ricxvebi adgenen baziss 

(0;0;0;1)E  (0;0;1;0);N  (0;1;0;0);M  );0;0;0;1( ====L ; ise, rom 

;MNL  ;
;NLM  ;ENNE  ;EMME  ;ELLE   ;2222

LNNMLMN
MLNMLEENML

−==−==
−========−=−===

 

da adgili aqvs warmodgenas EaNaMaLaA 4321 +++= ,  namravli ki  

BAEbabababaNbabababa
MbabababaLbabababaBA

≠+−−−+−++
+−+++−++=⋅

)()(
)()(

4433221112213443

3113244223321441  

arsebobs oTxganzomilebiani ricxvis Sebrunebuli 

2
4

2
3

2
2

2
1

43211

aaaa
EaNaMaLa

A
+++
+−−−

=−  Tu, mniSvneli araa nulis toli.  

321 ;; aaa  - kvaternionis veqtoruli nawilia, xolo 4a -skalaruli 

nawili. kvaternionis komponentebi SeiZleba iyvnen kompleqsuri 
ricxvebic. 
 

Tu, A kvaternions SevuTanadebT matricas : 









−+
++

=
1423

2314

a     
a-   

iaiaa
iaiaa

A  ;                                         (45)     
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maSin miviRebT, rom )()()( BABA +=+  da )())(( ABBA =  matricTa 
algebris TvalsazrisiT. rac imas niSnavs, rom matricTa 
algebra  kvaternionebis (45) algebris izomorfulia[17]. 

 
 

2.5. hiperkompleqsuri ricxvebi 
 

kvaternionebis msgavsad igeba n2  ganzomilebiani ricxvebis 
algebrac.  

∑
=

=
n

i
iiCaA

2

1

;                                                   (46)    

sadac iC  sabaziso elementebi akmayofileben pirobebs: 

1) arsebobs erTaderTi erTeulovani elementi E  iseTi, rom 

iii CECECi ==∀      ,  ;                                           (47)     

2) n  cali elementi iC  elementebidan antikomutaciurni 

arian 
     ijji CCCC −= Tu, ji ≠  ; ECi −=2 . 

3) 
2

)1( −nn
 cali elementisaTvis βαβααβ CCCC −==  

da a.S. miiReba n2  cali ricxvi. am TvisebebiT aRiwereba 
garkveuli algebruli struqtura, romelTac hiperkompleqsur 
ricxvebs uwodeben. 

am meTodiT miiReba: 
kompleqsuri ricxvebi, roca n=1; 
kvaternionebi, roca n=2; 
bikvaternionebi, roca n=3; 
klifordis ricxvebi, roca n=4. 
 
 

2.6. klifordis ricxvebi 
 

klifordis ricxvebis warmodgena xdeba oTxi matriculi 
komponentiT: 



















=

  0    0    0  i
0    0    i  0
0    i-  0  0
i-  0    0  0

1γ ;   



















=

0   0   0  1-
0    0   1    0
0    1   0    0
1-  0   0    0

2γ ;   



















=

0   0     i-  0
0   0     0    i
i   0     0   0
0   i-   0   0

3γ ;  



















=

1-   0    0   0
0     1-   0   0
0      0    1   0
0      0    0   1

4γ . 

aq, adgili aqvs normirebis Tanadobebs 12 +=iγ . klifordis 

ricxvebis meSveobiT igeba specialuri spinoruli 
operatorebi[17-18], romelTac farTo gamoyeneba aqvT Teoriul 
fizikaSi. 
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amocanebi da savarjiSoebi 
 

varianti 1 
 

1.raSi mdgomareobs evklides algoriTmis arsi naturalur 
ricxvTa simravleSi(risi povnis saSualebas iZleva) ? 

2.ramdeni naturaluri gamyofi aqvs ricxvebs: 120; 180? 
3.risi povnis saSualebas iZleva eileris formula )(nϕ da 
rogoria misi analizuri saxe? 

4.amoxseniT Sedareba: 
 )2(mod03 23 ≡++ xxx ; 
5.amoxseniT orwevra gantoleba: 
 15 =x ; 
6.separabeluria, Tu ara namdvil ricxvTa simravle(ratom)? 
 

 
varianti 2 

 
1.evklides algoriTmis gamoyenebiT ipoveT )100;150(d  ? 
2.ramdeni naturaluri gamyofi aqvs ricxvebs: 12; 18? 
3.risi povnis saSualebas iZleva eileris formula )(nϕ da 
rogoria misi analizuri saxe? 

4.amoxseniT Sedareba: 
 )5 (mod03 23 ≡++ xxx ; 
5.amoxseniT orwevra gantoleba: 
 ix =5 ; 
6.separabeluria, Tu ara namdvil ricxvTa simravle(ratom)? 

 
 

varianti 3 
 

1.ra kavSiria udides saerTo gamyofsa, umcires saerTo 
jeradsa da ori ricxvis namravls Soris ? 

2.ramdeni naturaluri gamyofi aqvs ricxvebs: 150; 18? 
3.risi povnis saSualebas iZleva eileris formula )(nϕ da 
rogoria misi analizuri saxe? 

4.amoxseniT Sedareba: 
 )2(mod0375 23 ≡+++ xxx ; 
5.amoxseniT orwevra gantoleba: 
 646 =x ; 
6.rogor miiReba namdvil ricxvTa simravle racionalur 
ricxvTa simravlidan? 
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varianti 4 
 

1.ra kavSiria udides saerTo gamyofsa, umcires saerTo 
jeradsa da ori ricxvis namravls Soris ? 

2.ramdeni naturaluri gamyofi aqvs ricxvebs: 125; 8? 
3.risi povnis saSualebas iZleva eileris formula )(nϕ da 
rogoria misi analizuri saxe? 

4.amoxseniT Sedareba: 
 )5(mod0375 23 ≡+++ xxx ; 
5.amoxseniT orwevra gantoleba: 
 83 =x ; 
6.rogor miiReba namdvil ricxvTa simravle racionalur 
ricxvTa simravlidan? 

 
varianti 5 

 
1.CawereT iz 43+=  kompleqsuri ricxvi trigonometriuli da 
maCvenebliani formiT? 

2.ramdeni naturaluri gamyofi aqvs ricxvebs: 25; 56? 

3.ipoveT 
i

iw
4

32 +
= kompleqsuri ricxvis trigonometriuli 

forma? 
4.amoxseniT Sedareba: 
 )7(mod0375 23 ≡+++ xxx ; 
5.amoxseniT orwevra gantoleba: 
 14 −=x ; 
6.moiyvaneT separabeluri sivrcis gansazRvreba? 
 
 

varianti 6 
 

1.CawereT )32)(43( iiz −+=  kompleqsuri ricxvi trigonome-
triuli da maCvenebliani formiT? 

2.ramdeni naturaluri gamyofi aqvs ricxvebs: 250; 560? 

3.ipoveT 
2008

1
1








−
+

=
i
iw kompleqsuri ricxvis trigonometriuli 

forma? 
4.amoxseniT Sedareba: 
 )3(mod0375 23 ≡+++ xxx ; 
5.amoxseniT orwevra gantoleba: 
 164 −=x ; 
6.moiyvaneT kvaternionebis gansazRvreba? 
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varianti 7 
 

1.CawereT 107)43( iz +=  kompleqsuri ricxvi trigonometriuli 
da maCvenebliani formiT? 

2.ramdeni naturaluri gamyofi aqvs ricxvebs: 50; 60? 

3.ipoveT 
200

1
1








−
+

=
i
iw kompleqsuri ricxvis trigonometriuli 

forma? 
4.amoxseniT Sedareba: 
 )8(mod0375 2 ≡++ xx ; 
5.amoxseniT orwevra gantoleba: 
 ix 164 −= ; 
6.moiyvaneT klifordis ricxvebis gansazRvreba? 

 
                                 

varianti 8 
 

1.CawereT )1)(1( iiz −+=  kompleqsuri ricxvi trigonometriuli 
da maCvenebliani formiT? 

2.ramdeni naturaluri gamyofi aqvs ricxvebs: 25; 60? 

3.ipoveT 
8

1
1








−
+

=
i
iw kompleqsuri ricxvis trigonometriuli 

forma? 
4.amoxseniT Sedareba: 
 )2(mod0373 ≡++ xx ; 
5.amoxseniT orwevra gantoleba: 
 ix −=4 ; 
6.moiyvaneT sruli metrikuli sivrcis gansazRvreba? 
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Tavi III. funqcionaluri simravleebi, rogorc samyaros rTuli 
procesebis aRweris ena 

 
Sesavali  

 
samyaros rTuli procesebis aRsawerad, rogorc wesi, 

iyeneben sxvadasxva tipis funqciebs. am funqciebs axasiaTebT 
garkveuli zogadi Tvisebebi, ris gamoc, maT aerTianeben 
garkveul klasebSi - funqcionalur simravleebSi[1-3]. aseve, 
uwyveti procesebis modelirebisas, Cven veZebT diferencialur 
(operatorul) gantolebaTa rogorc klasikur, aseve, 
ganzogadoebul amonaxsnebs. amitom, funqcionaluri sivrceebis 
(simravleebis) Seswavla maTematikuri modelirebis erT-erTi 
mniSvnelovani amocanaa.  

 
 

3.1. wrfivi funqcionaluri sivrce 
 

gansazRvreba: G simravleze gansazRvrul funqciaTa L 
simravles ewodeba lineali(wrfiviani), Tu )(1 xu  da )(2 xu  
funqciebTan erTad, is Seicavs maT wrfiv kombinaciasac 
(anu )()( 2211 xuaxua +  funqcias). 

magaliTi : 1. vTqvaT, L  aris Caketil G  areze gansazRvrul 
uwyvet funqciaTa simravle. maSin uwyveti 
funqciebis Tvisebebidan gamomdinare, L iqneba 
lineali. 

        2. vTqvaT, L  aris Caketil G  areze gansazRvrul 
uwyvet funqciaTa simravle romelTaTvisac adgili 
aqvs pirobas 5)( ≤xu . maSin aseTi funqciebis 

simravle ar iqneba lineali, radgan Tu 3)( =xu  da 
2=a , miviRebT 56)( >=xau . 

P.S. Tu L  aris lineali, maSin n funqciebTan { }n
ii xu 1)( =  erTad 

is Seicavs maT wrfiv kombinaciasac ∑
=

n

i
i xua

1
1 )( . sadac Rai ∈  

namdvili ricxvebia. Tumca, SeiZleba lineali avagoT 
kompleqsur ricxvTa simravlis zemoTac. 

gansazRvreba: L linealis ori )(xu  da )(xv  funqciebis 
skalaruli namravli );( vu  ganisazRvreba tolobiT: 

∫=
G

dxxvxuvu )()();( .                                              (1) 

ase, rom linealis ori funqciis skalaruli namravli aris 
ricxvi. 
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magaliTi :  ;)( xxu =   )(xv =1;   { }50  ≤≤= xxG ; maSin skalaruli 

namravli iqneba: 

2
25

2
1)()();(

5

0

25

0

==⋅== ∫∫
xdxxdxxvxuvu

G

. 

(1) skalaruli namravlis Tvisebebi gamomdinareoben, 
uSualod integralis Tvisebebidan: 

);();( uvvu = ;                                                   (2)           
);;();();( 22112211 vuavuavuaua +=+                                    (3) 

;0);( ≥uu                                                       (4)    
G.x   0)(0);( ∈∀≡⇔= xuuu                                         (5) 

 
 gansazRvreba: L  linealis )(xu  funqciis norma )(xu  ewodeba 

arauaryofiT ricxvs: 

∫==
G

dxxuuuxu )();()( 2 .                                       (6)    

 
exla SemoviRoT linealis or funqcias Soris manZilis 

cneba, romelsac funqcionalur analizSi metrikas uwodeben: 
gansazRvreba: L linealis or )(xu  da )(xv  funqciebs Soris 

manZili(anu metrika) ewodeba arauaryofiT ricxvs: 

∫ −=−−=−=
G

dxvuvuvuvuvu 2)();();(ρ .                           (7)     

magaliTi: ;)( xxu =   )(xv =1;   { }50  ≤≤= xxG , maSin 

3
35

3
125

3
)(

5

0

35

0

2 ==== ∫
xdxxxu . 

3
65

3
164)1()();();(

5

0

22 =
+

=−=−=−−=−= ∫∫ dxxdxvuvuvuvuvu
G

ρ . 

 
maTematikaSi gamoyofen im ZiriTad Tvisebebs, romelsac 

akmayofilebs metrika(manZili): 
0);( ≥vuρ ;                                                     (8) 

)()(0);( xvxuvu =⇔=ρ ;                                           (9) 
);();( uvvu ρρ = ;                                                 (10)            

);();();( zvvuzu ρρρ +≤ .                                           (11) 
es is Tvisebebia, romlebic gansazRvraven metrikas. 
garda (7) metrikisa, romelic inducirebulia normiT, 

zogjer ganixilaven metrikis sxva saxeebsac. magaliTad, 
CebiSevis metrikas 

 )()( max);( xvxuvu
Gx

c −=
∈

ρ .                                         (12) 
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P.S. metrikas, rogorc ar unda ganisazRvros is, moeTxoveba 
mxolod (8)-(11) Tvisebebis dakmayofileba. miuxedavad imisa, rom 
CebiSevis (12) metrika ufro intuiciurad zustia (7) metrikasTan 
SedarebiT uwyveti funqciebisaTvis, mas iSviaTad iyeneben. es 
gamowveulia imiT, rom praqtikaSi ufro xSirad gvaqvs saqme 
wyvetil funqciebTan, romlebisTvisac CebiSevis metrika ar 
gamodgeba. amitom, Cven Semdgomi agebebisaTvis gamoviyenebT (7) 
metrikas, romelic skalaruli namravliT ganimarteba. Tu, 
lineals vagebT kompleqsur ricxvTa simravlis zemoT, maSin 

skalaruli namravli ganimarteba formuliT ∫=
G

dxxvxuvu )()();( , 

sadac )(xv  aris )(xv  funqciis kompleqsurad SeuRlebuli 
funqcia. 
 
 

 
3.2. hilbertis funqcionaluri sivrce 

 
gansazRvreba: G areze gansazRvrul )(xu  funqcias kvadratiT 

integrebadi ewodeba, Tu lebegis integralebi 
 

∫ ∫
G

dxxdxxu
G

2 ;)(u          ;)(                                           (13)  

erTdroulad arseboben(arian krebadi). 
 
kvadratiT integrebadi funqciebis simravle, ufro farToa 
vidre uwyvet funqciaTa simravle. 
 

P.S. Tu, ∫ =
G

dxxu 0)(2 , maSin 0)( =xu  TiTqmis yvelgan(garda iseTi 

wertilebis simravlisa, romlis lebegis zomac udris nuls). es 
exeba metrikasac. Tu, ori funqcia erTmaneTisagan gansxvavdeba, 
araumetes, vidre nul zomis simravlis wertilebSi, maSin 
amboben, rom es funqciebi emTxvevian erTmaneTs TiTqmis yvelgan.  
 

gansazRvreba: L lineals, masze gansazRvruli (6) normiT da 

(7) metrikiT, hilbertiswina(unitaruli) 2S sivrce ewodeba. 
 
G areze gansazRvrul uwyvet funqciaTa simravles 

aRniSnaven )(GC  simboloTi. xolo, Tu funqciebis nebismieri 
rigis warmoebulebic uwyvetia, maSin Sesabamis funqciaTa 
klass(simravles) aRniSnaven )(GC ∞  simboloTi. 
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ganvixiloT mimdevrobis krebadobis cneba 2S  funqcionalur 
sivrceSi. 

gansazRvreba: vityviT, rom { }∞=1)( nn xu  funqciaTa 

(funqcionaluri) mimdevroba krebadia )(xu funqciisaken Tu, 
.0);(lim =

∞→
uunn

ρ                                                  (14)   

anu, Tu 

0)]()([lim 2 =−∫∞→
G

nn
dxxuxu .                                         (15)    

funqcionalur sivrceebSi bunebrivad zogaddebian is 
topologiuri cnebebi, rac Cven gvqonda ricxviTi simravle-
ebisaTvis. 

gansazRvreba:  { }∞=1)( nn xu  funqciaTa mimdevrobas koSis (funda-

mentaluri) mimdevroba ewodeba, Tu 0);(lim =
∞→
∞→ nm

m
n

uuρ . 

gansazRvreba: vityviT, rom )(xu warmoadgens 2S unitaruli 
sivrcis zRvariT wertils, Tu )(xu funqciis nebismieri 
midamosaTvis, moiZebneba 2S sivrcis iseTi elementebi, romlebic 
am midamos ekuTvnian. 

Teorema: )(xu funqcia aris 2S  unitaruli sivrcis zRvariTi 
wertili, maSin da mxolod maSin, roca arsebobs am sivrcis 

elementebis(funqciebis) iseTi mimdevroba { }∞=1)( nn xu , romelic 

krebadia )(xu funqciisaken. 
 
P.S. iseve, rogorc racionalur ricxvTa simravlis SemTxvevaSi, 

2S  unitaruli sivrcis zRvariT wertili SeiZleba ar 
ekuTvnodes am sivrces. 

gansazRvreba: 2S  unitaruli(hilbertiswina) sivrcis gaerTi-
anebas misi zRvariTi wertilebis simravlesTan, am sivrcis 
Caketva ewodeba. 

es gansazRvreba simbolurad ase Caiwereba: 
 

222 SSS ∂∪= .                                                  (16)    
 

gansazRvreba: hilbertiswina(unitaruli) sivrcis 2S  
Caketvas,  hilbertis )(2 GL sivrce ewodeba. 

 
gansazRvreba: wrfiv, metrikul, normirebul sivrces, 

romelic srulia normiT inducirebuli metrikis mimarT banaxis 
sivrce ewodeba. 

 
P.S. hilbertis )(2 GL  sivrce srulia, anu masSi yvela koSis 
(fundamentaluri) mimdevroba krebadia. sxvanairad, is Seicavs 
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Tavis yvela zRvariT wertils. iseve, rogorc racionalur 
ricxvTa simravle aris mkvrivi namdvil ricxvTa simravleSi; 
yvela racionalurkoeficientebiani polinomebis(funqciebis) 
simravlec mkvrivia )(2 GL  hilbertis sivrceSi. amitom, hilbertis 
sivrcec separabeluria, iseve, rogorc namdvil ricxvTa 
simravle. sivrcis separabeluroba saSualebas iZleva, mis 
elementebs mivuaxlovdeT masSi moTavsebuli mkvrivi 
qvesimravlis elementebis krebadi mimdevrobiT; rac did 
gamoyenebas poulobs miaxlovebiT analizSi. hilbertis sivrce 
yovelTvis aris banaxis sivrcec. hilbertis funqcionaluri 
sivrce warmoadgens kvadratiTintegrebadi funqciebis(alag-alag 
uwyveti) simravles.  

unda aRiniSnos, rom hilbertis sivrce )(2 GL , amave dros 
banaxis sivrcea. xolo banaxis sivrce yovelTvis araa 
hilbertis sivrce(radgan banaxis sivrceSi araa savaldebulo 
rom gvqondes skalaruli namravli).  
 

gansazRvreba: funqciaTa sistemas { }k
nn xu 1)( =  ewodeba wrfivad 

damokidebuli, Tu am sistemis erTi funqcia mainc, SeiZleba 
gamovsaxoT, rogorc danarCeni funqciebis wrfivi kombinacia. 
Tu, funqciaTa sistema araa wrfivad damokidebuli, maSin mas 
wrfivad damoukidebel sistemas uwodeben. 

 
magaliTi: funqciaTa sistema 4u   ;cosu    ;sin 3

2
2

2
1 === xyxyu  

wrfivad damokidebulia, radgan 213 44 uuu += . 

 
imisaTvis, rom gamovarkvioT funqciaTa sistemis wrfivad 

damoukideblobis sakiTxi unda davTvaloT am sistemis gramis 
determinanti. 

Teorema: funqciaTa sistema { }k
nn xu 1)( =  wrfivad damoukidebelia 

hilbertis )(2 GL  sivrceSi, maSin da mxolod maSin, roca am 
sistemis gramis determinanti gansxvavebulia nulisagan, anu 

 

.0

);(u   .  .  ).;(u   );(u
.      .     .     .     .    .     .    .

)u;(u  .  .  . );(u   );(u
)u;(u .  .  .  )u;(u   );(

);...;;(

k2k1k

k22212

k12111

21 ≠=

k

k

uuu

uu
uu

uuuD                         (17)    

 
magaliTi: funqciaTa sistema 1u     ;cosu   ;sin 321 === xxu  wrfivad 

damoukidebelia ];0[2 πL  sivrceSi, radgan 

∫ ∫ ======
π π

ππ

0 0
223121

2
11 .);(u    ;2);(u     ;0cossin);(u     ;

2
sin);( uuxdxxuxdxuu  
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02
4

          0       2

0     
2

      0

2     0      
2

3

≠−== ππ

π

π

π

D . 

 
gansazRvreba: wrfivad damoukidebel { }∞=1)( nn xu  funqciaTa 

sistemas ewodeba sruli )(2 GL  sivrceSi, Tu am sistemis yvela 

SesaZlo ∑
∈

=
Ii

ii xuax )()(ψ wrfivi kombinaciebiT miRebuli )(xψ funqci-

aTa simravle mkvrivia )(2 GL  sivrceSi. 
 

gansazRvreba: amboben, rom { }∞=1)( nn xu  funqciaTa wrfivad 

damoukidebeli sistema warmoadgens Sauderis baziss )(2 GL  
sivrceSi, Tu sivrcis nebismieri funqcia SeiZleba 
warmovadginoT ∑

∈

=
Ii

ii xuax )()(ψ  saxiT.  

 
magaliTi: )(2 GL  funqcionalur sivrceSi, roca 

{ }dyc bxa );( ≤≤∧≤≤= yxG  Sauderis mravalwevra bazisia: 

.  .  .  ;y  xy;; xy;  x;;1 22  
 

aseve, )2,0(2 πL sivrceSi, arsebobs trigonometriul funqciaTa 
bazisi: 

. . . cos2y;sin2x cos2y;sinx cosy;sin2x cosy;sinx ;1 ⋅⋅⋅⋅  
 
cnobilia, rom )(2 RL sivrceSi SeiZleba aigos veivlet 
funqciebisagan Semdgari bazisebic, romelsac Cven Sesabamis 
TavSi ganvixilavT da a.S. 
 
P.S. mocemuli amocanisaTvis, bazisis SerCeva sakmaod rTuli 
problemaa, radgan jer-jerobiT, SerCevis zogadi procedura ar 
arsebobs. sxvadasxva bazisi ki ganapirobebs krebadobis 
sxvadasxva siCqares. 

 
 



3.3. analogia n  ganzomilebian veqtorul sivrcesa da hilbertis )(2 GL  funqcionalur sivrceebs 
Soris 
 

hilbertis )(2 GL  sivrcis geometriis gasagebad, ganvixiloT analogiebi n  ganzomilebian 
veqtorul sivrcesTan. 

 
# nR veqtoruli sivrce hilbertis )(2 GL sivrce 

1. elementebi veqtorebia );...;;( 21 nxxxx     elementebi )(xf funqciebia  

2. veqtorebis skalaruli namravli 

∑
=

=
n

i
ii yxyx

1
);(  

funqciebis skalaruli namravli 

∫=
G

dxxgxfxgxf )()())();((  

3. veqtoris sigrZe 

∑
=

==
n

i
ixxxx

1

2);(  

funqciis norma 

∫==
G

dxxfxfxfxf )())();(()( 2  

4. manZili or wertils Soris 

∑
=

−=−−=−
n

i
ii yxyxyxyx

1

2)();(  

metrika 

∫ −=−−=−=
G

dxxgxfxgxfxgxfxgxfxgxf 2))()(())()();()(()()())();((ρ  

5. Tu, { }n

iie 1=  wrfivad damoukidebel 

veqtorTa sistemaa nR -Si, maSin 

nebismieri x elementi(veqtori) am 
sivrcidan warmoidgineba saxiT: 

∑
=

=
n

i
ii exx

1

 

Tu, { }∞=1)( nn xu  Sauderis bazisia )(2 GL  sivrceSi, maSin am 

sivrcis nebismieri )(xf elementi(funqcia) SeiZleba 
warmovadginoT saxiT: 

∑
∞

=

=
1

)()(
i

ii xuaxf  
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3.4. sobolevis )(2 GW k  funqcionaluri sivrce 
 

Cven ganvixileT hilbertis )(2 GL  funqcionaluri sivrce. 
praqtikuli, operatoruli gantolebebis amosaxsnelad, zogjer, 
iyeneben iseT funqcionalur sivrceebs, romlebic uzrunvelyofen 
egreTwodebuli ganzogadoebuli da susti amonaxsnis cnebaTa 
gamoyenebas.  

es sivrceebi iseTive wesiT igeba, rogorc Cven avageT )(2 GL  
hilbertis sivrce. gansxvavebaa mxolod skalaruli namravlis 
gansazRvris wesSi. 

Tu, skalarul namravls ganvsazRvravT formuliT : 

∫ ∫+⋅=
G G

dxvuvdxuvu '');(  ;                                       (18) 

da gavimeorebT )(2 GL  hilbertis sivrcis agebis teqnikas, maSin 

miviRebT sobolevis funqcionalur sivrces )(1
2 GW . 

analogiurad, Tu skalarul namravls ganvsazRvravT 
formuliT : 

∫∫ ∫ ++⋅=
GG G

dxvudxvuvdxuvu '''''');(  ;                                (19) 

maSin, miviRebT )(2
2 GW  sobolevis funqcionalur sivrces. 

analogiurad aigeba sobolevis )(2 GW k  funqcionaluri sivrce, 
Sesabamisi skalaruli namravlis SemoRebiT. 

.);(
0

)()(∑∫
=

=
k

i G

ii dxvuvu                                              (20) 

     
 
3.5. damokidebuleba funqcionalur sivrceebs Soris 
 
Cven ganvixileT sxvadasxva funqcionaluri sivrceebi, 

romlebic erTmaneTisagan gansxvavdebian rigi topologiuri 
TvisebebiT. Yvelaze ufro “kargi” funqciebi arian mravalwevrebi 
da maTi simravle qmnis polinomialuri funqciebis sivrces )(xPn , 

sadac argumenti sazogadod  
m -ganzomilebiani veqtoria (e.i. )(xPn  mravalcvladiani 

polinomebis simravlea). es funqciaTa simravle aris uwyvet 
funqciaTa )( mRC funqcionaluri sivrcis qvesimravle(nawili). 
uwyvet funqciaTa simravle aris wrfivianis(linealis) 
qvesimravle. funqciaTa lineali aris wrfivi metrikuli sivrcia 
nawili. funqciaTa wrfivi metrikuli sivrce aris unitaruli 
(hilbertiswina) sivrcis nawili. is ki Tavis mxriv hilbertis  
funqcionaluri sivrcis nawilia. Hhilbertis funqcionaluri 
sivrce ki Cadgmulia sobolevis )(2 GW k  sivrceSi, Tu 1≥k . 
amocanebi da savarjiSoebi 
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 varianti 1 

 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet funqciaTa 
simravle romelTaTvisac adgili aqvs pirobas 8)( ≤xu . maSin 

aseTi funqciebis simravle iqneba lineali, Tu ara da ratom?  
2. ;)( xxu =   )(xv =1;   { }50  ≤≤= xxG ; maSin gamoTvaleT skalaruli 

namravli )(0
2 GW -is azriT. 

3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 
)(2 GL sivrcisaTvis. 

4.gamoTvaleT, ))();(( xvxuρ  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( xxu =   )(xv =1;   { }50  ≤≤= xxG ? 

6.ra gansxvavebaa unitarul, hilbertis da banaxis sivrceebs 
Soris? 

varianti 2 
 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet 
funqciaTa simravle romelTaTvisac adgili aqvs pirobas 

9)( ≤xu . maSin aseTi funqciebis simravle iqneba lineali, Tu 

ara da ratom?  
2. ;)( 2xxu =   )(xv =1;   { }50  ≤≤= xxG ; maSin gamoTvaleT skalaruli 

namravli )(0
2 GW -is azriT. 

3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 
)(2 GL sivrcisaTvis. 

4.gamoTvaleT, ))();(( xvxuρ  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( 2xxu =   )(xv =1;   { }50  ≤≤= xxG ? 

6.ra gansxvavebaa sobolevis, hilbertis da banaxis sivrceebs 
Soris? 

 
 

varianti 3 
 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet funqciaTa 
simravle romelTaTvisac adgili aqvs pirobas 6)( ≤xu . maSin 

aseTi funqciebis simravle iqneba lineali, Tu ara da ratom?  
2. ;)( 3xxu =   )(xv =1;   { }50  ≤≤= xxG ; maSin gamoTvaleT skalaruli 

namravli )(0
2 GW -is azriT. 

3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 
)(2 GL sivrcisaTvis. 
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4.gamoTvaleT, ))();(( xvxuρ  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( 3xxu =   )(xv =1;   { }50  ≤≤= xxG ? 

6.ra gansxvavebaa hilbertis da banaxis sivrceebs Soris? 
 
 

varianti 4 
 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet funqciaTa 
simravle romelTaTvisac adgili aqvs pirobas 66)( ≤xu . maSin 

aseTi funqciebis simravle iqneba lineali, Tu ara da ratom?  
2. ;)( 4xxu =   )(xv =1;   { }50  ≤≤= xxG ; maSin gamoTvaleT skalaruli 

namravli )(0
2 GW -is azriT. 

3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 
)(2 GL sivrcisaTvis. 

4.gamoTvaleT, ))();(( xvxuρ  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( 4xxu =   )(xv =1;   { }50  ≤≤= xxG ? 

6.ra gansxvavebaa hilbertis da banaxis sivrceebs Soris? 
 
 

varianti 5 
 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet funqciaTa 
simravle romelTaTvisac adgili aqvs pirobas 88)( ≤xu . maSin 

aseTi funqciebis simravle iqneba lineali, Tu ara da ratom?  
2. ;)( 5xxu =   )(xv =1;   { }50  ≤≤= xxG ; maSin gamoTvaleT skalaruli 

namravli )(0
2 GW -is azriT. 

3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 
)(2 GL sivrcisaTvis. 

4.gamoTvaleT, ))();(( xvxuρ  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( 5xxu =   )(xv =1;   { }50  ≤≤= xxG ? 

6.ra gansxvavebaa hilbertis da sobolevis sivrceebs Soris? 
 

varianti 6 
 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet funqciaTa 
simravle romelTaTvisac adgili aqvs pirobas 1)( ≤xu . maSin 

aseTi funqciebis simravle iqneba lineali, Tu ara da ratom?  
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2. ;)( 8xxu =   )(xv =1;   { }50  ≤≤= xxG ; maSin gamoTvaleT skalaruli 

namravli )(0
2 GW -is azriT. 

3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 
)(2 GL sivrcisaTvis. 

4.gamoTvaleT, ))();(( xvxuρ  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( 8xxu =   )(xv =1;   { }50  ≤≤= xxG ? 

6.ra gansxvavebaa hilbertis da sobolevis sivrceebs Soris? 
 
 

 
 
 
 

varianti 7 
 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet funqciaTa 
simravle romelTaTvisac adgili aqvs pirobas 10)( ≤xu . maSin 

aseTi funqciebis simravle iqneba lineali, Tu ara da ratom?  
2. ;)( 6xxu =   )(xv =1;   { }50  ≤≤= xxG ; maSin gamoTvaleT skalaruli 

namravli )(0
2 GW -is azriT. 

3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 
)(2 GL sivrcisaTvis. 

4.gamoTvaleT, ))();(( xvxuρ  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( 16xxu =   )(xv =1;   { }50  ≤≤= xxG ? 

6.ra gansxvavebaa banaxisa da sobolevis sivrceebs Soris? 
 
 
 
 
 
 
 
 

varianti 8 
 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet funqciaTa 
simravle romelTaTvisac adgili aqvs pirobas 11)( ≤xu . maSin 

aseTi funqciebis simravle iqneba lineali, Tu ara da ratom?  
2. ;)( 13xxu =   )(xv =1;   { }50  ≤≤= xxG ; maSin gamoTvaleT skalaruli 

namravli )(0
2 GW -is azriT. 



61 

3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 
)(2 GL sivrcisaTvis. 

4.gamoTvaleT, ))();(( xvxuρ  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( 13xxu =   )(xv =1;   { }50  ≤≤= xxG ? 

6.ra aris gramis determinanti da ra informacias iZleva misi 
mniSvneloba? 
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nawili II. Cveulebrivi maTematikuri modelebi 
 

Tavi IV. reaqtoruli sqemebis teqnika  
 
Sesavali 

 
gansazRvreba: maTematikur modelebs, romlebic aRiwerebian 

Cveulebrivi diferencialuri gantolebebiT da Sesabamisi 
algebruli pirobebiT – Cveulebrivi maTematikuri modelebi 
ewodebaT. 

Cveulebrivi maTematikuri modelebi saSualebas gvaZleven 
miaxlovebiT SeviswavloT rTuli procesebi: qimiaSi, biologiaSi, 
ekologiaSi, politikaSi, fsiqologiaSi, ekonomikaSi, fizikaSi da 
a.S. 

imisaTvis, rom SevadginoT Cveulebrivi maTematikuri 
modeli, saWiroa, jer SevadginoT konceptualuri (aRweriTi) 
modeli e.i. gamovyoT  
ZiriTadi – ganmsazRvreli parametrebi da SevadginoT movlenis 
reaqtoruli sqema. 

gansazRvreba: im sqemas, romelic mocemuli movlenis 
ganmsazRvrel parametrebs Soris amyarebs qimiuri reaqciebis 
magvar kavSirebs, reaqtoruli sqema ewodeba. 

Cven ganvixilavT reaqtoruli sqemebis sxvadasxva saxeebs. 
gansazRvreba: reaqtorul sqemas romelic Seicavs mxolod erT 
warmomqmnel elements, monomolekuluri sqema ewodeba. 

ganasxvaveben Seqcevad da Seuqcevad sqemebs. 
a) ganvixiloT Seuqcevadi monomolekuluri sqema: 
                              BA k→ 1 ;                         (1) 

A - sqemis warmomqmneli elementia; 
B  - sqemis Sedegi; 

1k  - A -dan B -s warmoqmnis siCqarea (reaqciis siCqare). 
 am reaqtoruli sqemis Sesabamisi maTematikuri modelis 
asagebad, SemoviRoT aRniSvnebi: 

a  - aris A warmomqmneli elementis koncentracia, b  - aris 
warmoqmnili B  elementis koncentracia. 

radgan (1) sqemidan gamomdinare, a  - elementis koncentracia 

mcirdeba 1k  siCqariT (e.i. 0<
dt
da

), xolo b  - elementis 

koncentracia izrdeba igive siCqariT  (e.i. 0>
dt
db

) miviRebT 

Cveulebriv maTematikur models: 
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( )
( )













=
=

=

−=

0

0

1

1

0
0

bb
aa

ak
dt
db

ak
dt
da

  ;                                                      (2) 

sadac 0a  da 0b  - Sesabamisi koncentraciebis sawyisi 

mniSvnelobebia. 
 (2) – warmoadgens Seuqcevadi monomolekuluri sqemis 
Sesabamis Cveulebriv maTematikur models. 
am gantolebebis amonaxsns aqvs saxe:    .b(t)      ;)( 11

00
tktk ebeata == −                                              

 
b) exla ganvixiloT Seqcevadi monomolekuluri reaqtoruli 
sqema: 

                                 BA
k

k

←
→

−1

1

                        (3) 

sadac 1−k  - aris sqemis warmomqmneli elementis aRdgenis siCqare  
(uku reaqciis siCqare). 
 Seqcevadi monomolekuluri reaqtoruli sqemis Sesabamis 
Cveulebriv maTematikur models aqvs saxe: 

( )
( )













=
=

−=

−=

−

−

0

0

11

11

0
0

bb
aa

bkak
dt
db

akbk
dt
da

 ;                                                   (4) 

 (2) – modelis Sesabamisi procesia – radioaqtiuri daSlis 
reaqcia, xolo (4) – models Seesabameba magaliTad A siTxis 
aorTqleba, erTdrouli kondensaciiT B  - orTqlidan. 
am gantolebebis amonaxsns aqvs saxe: 

)
)()(

()( )(

11

001

11

001
0

)( 1111 tkktkk e
kk

bak
kk

bak
aeta −− +

−

−

−

−+−

+
+

+
+
+

−= ; 

)
)()(

()( )(

11

001

11

001
0

)( 1111 tkktkk e
kk

bak
kk

bak
betb −− +

−−

+−

+
+

+
+
+

−= . 

 
 

4.1. bimolekularuli da trimolekularuli maTematikuri 
modelebi 
 

gansazRvreba: reaqtorul sqemas ori warmomqmneli 
elementiT, bimolekuluri ewodeba. 

ganasxvaveben Seuqcevad da Seqcevad bimolekulur sqemebs: 
a) ganvixiloT Seuqcevadi bimolekuluri  reaqtoruli sqema: 
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                          CBA k→+ 1                        (5) 
ori elementidan A da B  warmoiqmneba erTi C elementi, 1k  

siCqariT. 
Sesabamis maTematikur models aqvs saxe: 

( ) ( ) ( )













===

=

−=

−=

000

1

1

1

0;0;0 ccbbaa

abk
dt
dc

abk
dt
db

abk
dt
da

;                                         (6) 

aqaq SesaZlebelia zusti amonaxsnis povna, Tumca, es yoveli 
modelisaTvis rodia SesaZlebeli, amitom gamoiyeneba ricxviTi 
meTodebi, an arsebuli programuli paketebi Mathcad, Matlab, 
Matematica, Mapl . . . 
Cven gamoviyenebT umartives pakets Mathcad 2001 professional-s. 
amisaTvis, gadavideT (6) amocanis Sesabamis aRniSvnebze: a:=X0; 

b:=X1; c:=X2. sawyisi miaxlovebis matricas eqneba saxe ic

a0

b0

c0











:=

c
. 

maSin (6) koSis amocanis amosaxsnelad cvladbijiani runge-kutas 
meTodiT, gveqneba programa: 
 
k1 0.2:=  

D t X,( )

k1− X0⋅ X1⋅

k1− X0⋅ X1⋅

k1 X0⋅ X1⋅











:=  

Npts 3000:=  

L Rkadapt

1

1

1











0, 50, Npts, D,










:=  

t L 0〈 〉:=  
a L 1〈 〉:=  
b L 2〈 〉:=  
c L 3〈 〉:=  
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rogorc amonaxsnis grafikebidan Cans, warmomqmneli a da b – 
elementebi eqsponencialurad mcirdebian, xolo warmoqmnili  
c – elementis raodenoba aseve, eqsponencialurad izrdeba. 
 
b) exla ganvixiloT Seqcevadi bimolekuluri reaqtoruli sqema: 

                                 CBA
k

k

←
→

+
−1

1

                  (7) 

Sesabamis maTematikur models aqvs saxe: 
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( ) ( ) ( )
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0;0;0 ccbbaa

ckabk
dt
dc

abkck
dt
db

abkck
dt
da

 .                                      (8) 

am amocanis amosaxsnelad, isev viyenebT umartives pakets Mathcad 
2001 professional-s. amisaTvis, gadavideT (8) amocanis Sesabamis 
aRniSvnebze: a:=X0; b:=X1; c:=X2. sawyisi miaxlovebis matricas eqneba 

saxe ic

a0

b0

c0











:=

c
. 

maSin (8) koSis amocanis amosaxsnelad cvladbijiani runge-kutas 
meTodiT, gveqneba programa: 
 
k1 0.2:=                k_1 0.25:=  
 

D t X,( )

k_1 X2⋅ k1 X0⋅ X1⋅−

k_1 X2⋅ k1 X0⋅ X1⋅−

k1 X0⋅ X1⋅ k_1 X2⋅−











:=  

 
 
Npts 3000:=  

L Rkadapt

1

1

1











0, 50, Npts, D,










:=  

t L 0〈 〉:=  
a L 1〈 〉:=  
b L 2〈 〉:=  
c L 3〈 〉:=  
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rogorc grafikebidan Cans, a da  b elementebis raodenoba  

matulobs da gadis mudmiv doneze, xolo  c elementis raodenoba 
jer klebulobs da Semdeg gadis mudmiv doneze. ra Tqma unda, aq 
mniSvneloba aqvs am elementebis sawyis raodenobebs, Tumca, 
modeli dinamika amasac gviCvenebs. 

 
gansazRvreba: reaqtorul sqemas sami warmomqmneli 

elementiT trimolekuluri ewodeba. 
ganvixiloT Seqcevadi trimolekuluri sqema: 

                      CBA
k

k

←
→

+
−1

1

2                          (9) 

sadac A elements aqvs stexeometruli koeficienti 
( )AAA +=2 . 

(9) sqemis Sesabamis maTematikur models aqvs saxe: 

( ) ( ) ( )













===

−=

−=

−=

−

−

−

000

1
2

1

2
11

2
11

0;0;0

2

ccbbaa

ckbak
dt
dc

bakck
dt
db

bakck
dt
da

.                                    (10) 

am amocanis amosaxsnelad, isev viyenebT umartives pakets Mathcad 
2001 professional-s. amisaTvis, gadavideT (10) amocanis Sesabamis 
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aRniSvnebze: a:=X0; b:=X1; c:=X2. sawyisi miaxlovebis matricas eqneba 

saxe ic

a0

b0

c0











:=

c
. 

maSin (10) koSis amocanis amosaxsnelad cvladbijiani runge-
kutas meTodiT, gveqneba programa: 
 
k1 0.2:=  
k_1 0.25:=  

D t X,( )

2 k_1⋅ X2⋅ k1 X0( )2⋅ X1⋅−

k_1 X2⋅ k1 X0( )2⋅ X1⋅−

k1 X0( )2⋅ X1⋅ k_1 X2⋅−

















:=  

 
Npts 3000:=  

L Rkadapt

1

1

1











0, 50, Npts, D,










:=  

t L 0〈 〉:=  
a L 1〈 〉:=  
b L 2〈 〉:=  
c L 3〈 〉:=  
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praqtikuli amocanebi, rogorc wesi, ufro rTulia vidre 
zemoT ganxiluli sqemebi. ganvixiloT zogierTi arsebuli 
Cveulebrivi maTematikuri modeli, romelebic ukve klasikas 
miekuTvnebian. 

 
 
 
4.2. mixaelis-mentenis reaqciis maTematikuri modeli 
 
mixaelis-mentenis reaqcia erT-erTi yvelaze martivi 

fermentuli reaqciaa; sadac S  - substrati Seuqcevadad 
gardaiqmneba P  - produqtad, erTi E  - fermentis meSveobiT da 
qmnis Seuqcevad SE  - ferment-substratul kompleqss. 

mixaelis-mentenis reaqciis reaqtorul sqemas aqvs saxe: 
 

          (11) 
 
 
Tu, gamoviyenebT zemoT moyvanil meTods, (11) reaqtoruli 

sqema SeiZleba miviyvanoT maTematikur modelamde: 
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( )

( )

( ) ( ) ( ) ( )
















====
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++−=
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−

−

−

000;0;0 00

2

211

211

11

pceess

ck
dt
dp

ckkesk
dt
dc

ckkesk
dt
de

eskck
dt
ds

 ;                              (12) 

(12) maTematikur models mixaelis-mentenis maTematikur 
models uwodeben. 

am amocanis amosaxsnelad, isev viyenebT umartives pakets 
Mathcad 2001 professional-s. amisaTvis, gadavideT (12) amocanis 
Sesabamis aRniSvnebze: s:=X0; e:=X1; c:=X2; p:=X3. maSin, Sesabamis 
programas eqneba saxe: 
k1 0.2:=  
k_1 0.25:=  
k2 0.23:=  

D t X,( )

k_1 X2⋅ k1 X0⋅ X1⋅−

k1− X0⋅ X1⋅ k_1 k2+( ) X2⋅+

k1 X0⋅ X1⋅ k_1 k2+( ) X2⋅−

k2 X2⋅

















:=  

 
Npts 3000:=  

L Rkadapt

1

1

0

0











0, 50, Npts, D,











:=  

t L 0〈 〉:=  
s L 1〈 〉:=  
e L 2〈 〉:=  
c L 3〈 〉:=  
p L 4〈 〉:=  
gamoTvlebis Sedegebi 
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am grafikebidan naTlad Cans fermentuli reaqciis dinamika. 
P.S. SeiswavleT fermentuli reaqciis dinamika, kompiuterze 
parametrebis cvlilebis mixedviT.  
 

4.3. lotka-volteras maTematikuri modeli 
 

sxvadasxva populaciaTa urTierTqmedebis Seswavlis Semdeg, 
volteram Seadgina ekologiuri procesebis maTematikuri 
modeli, romelic maTematikis TvalsazrisiT, daemTxva lotkas 
reaqciis meTematikur models. 
 es modeli aRwers or X  da Y  subieqts Soris brZolisa da 
konkurenciis process arsebobisaTvis brZolaSi. cxadia, rom es 
modeli SeiZleba gamoyenebul iqnas ekonomikaSic. 
 lotka-volteras procesis reaqtorul sqemas aqvs saxe: 
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k
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k

,

2
2

3

2

1

;                                               (13) 

sistema Riaa e.i. xdeba urTierTqmedeba garemosTan ( )BA∧ . 
Sesabamis maTematikur models, (13) sqemidan gamomdinare 

SevadgenT zemoT Seswavlili meTodiT. 

( )
( )













=
=

−=

−=

0

0

32

21

0
0

yy
xx

ykxyk
dt
dy

xykaxk
dt
dx

 ;                                            (14) 

(14) models lotka-volteras modeli ewodeba. 
am amocanis amosaxsnelad, isev viyenebT umartives pakets 

Mathcad 2001 professional-s. amisaTvis, gadavideT (14) amocanis 
Sesabamis aRniSvnebze: x:=X0; y:=X1. maSin, Sesabamis programas 
eqneba saxe: 
k1 0.2:=  
k2 0.25:=  
k3 0.23:=  
a 0.02:=  

D t X,( )
k1 a⋅ X0⋅ k2 X0⋅ X1⋅−

k2 X0⋅ X1⋅ k3 X1⋅−









:=  

Npts 3000:=  

L Rkadapt
1

1








0, 50, Npts, D,







:=  

t L 0〈 〉:=  
x L 1〈 〉:=  
y L 2〈 〉:=  
 
gamoTvlebis Sedegebi 
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am grafikebidan naTlad Cans, rom aseT SemTxvevaSi, x saxeobis 
populacia jer mcirdeba, xolo Semdeg, anadgurebs ra y 
populacias, gadis mudmiv niSnulze. 
P.S. SeiswavleT lotka-volteras populaciuri dinamika, 
kompiuterze parametrebis cvlilebis mixedviT.  

 
 

4.4. belousov-Jabotinskis maTematikuri modeli 
 

belousov-Jabotinskis reaqcia – aris rxeviTi reaqcia, 
romelic detalurad Seiswavles fildma, kioresma da noiesma. 
Cven ar CauRrmavdebiT amocanis qimiur arss da pirdapir CavwerT 
reaqciis reaqtorul sqemas: 
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k

k

                                    (15) 

es sistema Riaa radgan A -s umateben imdens ramdenic 
daakldeba, rom SeinarCunon constA = , f -stexeometruli 
koeficientia. 

(15) reaqtoruli sqemis Sesabamis maTematikur models 
belousov-Jabotinskis maTematikur models uwodeben: 

( ) ( ) ( )
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zkaxk
dt
dz

fzkxykayk
dt
dy

xkaxkxykayk
dt
dx

 .                                  (16) 

 
am amocanis amosaxsnelad, isev viyenebT umartives pakets 

Mathcad 2001 professional-s. amisaTvis, gadavideT (16) amocanis 
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Sesabamis aRniSvnebze: x:=X0; y:=X1; z:=X2. maSin, Sesabamis programas 
eqneba saxe: 

 
 

k1 0.2:=  
k2 0.2:=  
k3 0.2:=  
k4 0.22:=  
k5 0.29:=  
f 0.5:=  
a 0.1:=  

D t X,( )

k1 a⋅ X1⋅ k2 X0⋅ X1⋅− k3 a⋅ X0⋅+ k4 X0( )2⋅−

k1− a⋅ X1⋅ k2 X0⋅ X1⋅− k5 f⋅ X2⋅+

2 k3⋅ a⋅ X0⋅ k5 X2⋅−















:=  

 
 

Npts 3000:=  

L Rkadapt

1

1

1











0, 50, Npts, D,










:=  

t L 0〈 〉:=  
x L 1〈 〉:=  
y L 2〈 〉:=  
z L 3〈 〉:=  
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P.S. SeiswavleT belousov-jabotinskis reaqciis dinamika, 
kompiuterze parametrebis cvlilebis mixedviT.  
 

 
4.5. prigoJin-lefevris maTematikuri modeli 

 
prigoJin-lefevris modeli aris, ori Sualeduri produqtis 

mqone reaqciis maTematikuri modeli, romelsac aqvs perioduli 
amonaxsnebi parametrebis gansazRvruli mniSvnelobebisaTvis. es 
modeli agebul iqna im maTematikuri meTodebis 
demonstraciisaTvis, romlebic SemuSavebuli iqna  
q. briuselSi, nobelis premiis laureatis prigoJinis 
xelmZRvanelobiT, amitom, am models zogjer `briuseliators~ 
uwodeben. 

progoJin-lefevris raqciis reaqtorul sqemas aqvs saxe: 
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 .                         (17) 

es sistemac Riaa e.i. emateba an akldeba A , B , D , E  
nivTierebebi ise, rom maTi raodenoba SeinarCuneba erT doneze. 

prigoJin-lefevris maTematikur models advilad avagebT (17) 
reaqtoruli sqemidan gamomdinare: 

( )

( ) ( )
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 .                                  (18) 

am amocanis amosaxsnelad, isev viyenebT umartives pakets 
Mathcad 2001 professional-s. amisaTvis, gadavideT (18) amocanis 
Sesabamis aRniSvnebze: x:=X0; y:=X1. maSin, Sesabamis programas 
eqneba saxe: 
k1 0.25:=  
k2 0.42:=  
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k3 0.32:=  
k4 0.2:=  
a 1:=  
b 1:=  

D t X,( )
k1 a⋅ k3 X0( )2⋅ X1⋅+ k2 b⋅ k4+( ) X0⋅−

k2 b⋅ X0⋅ k3 X0( )2⋅ X1⋅−











:=  

Npts 3000:=  

L Rkadapt
1

1








0, 50, Npts, D,







:=  

t L 0〈 〉:=  
x L 1〈 〉:=  
y L 2〈 〉:=  
gamoTvlebis Sedegebi 
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P.S. SeiswavleT prigoJin-lefevris sistemis dinamika, kompiuterze 
parametrebis cvlilebis mixedviT.  

 
 

4.6. reaqtoruli sqemebis teqnikis gamoyeneba kolmogorovis 
gantolebebis Sesadgenad markovis uwyveti jaWvebisaTvis 

 
praqtikaSi xSirad gvxvdeba situacia, roca erTi 

mdgomareobidan sistema SemTxveviT gadadis meore mdgomareobaSi. 
magaliTad, aparaturis nebismieri elementi SeiZleba gamovides 
wyobidan drois nebismier momentSi, misi SekeTebac SieZleba 
moxdes drois SemTxveviT momentSi da a.S. 
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13λ

12λ

32λ

53λ34λ

1S 2S

3S

4S 5S

aseTi procesebis aRsawerad gamoiyeneben markovis 
SemTxveviTi procesis reaqtorul sqemas, diskretuli 
mdgomareobaTa sivrciT da uwyveti droiT.  

vTqvaT nSSS ,,, 21   - sistemis mdgomareobaTa diskretuli 

mimdevrobaa, e.i. { }n
kkS 1=  aris im mdgomareobaTa simravle romelSic 

SeiZleba iyos Cveni sistema drois sxvadsxva momentSi, situaciis 
mixedviT. 

ama Tu im iS -mdgomareobaSi sistemis yofnis albaToba 

aRvniSnoT ( )tpi -Ti. ( )tp ji -aris sistemis iS -mdgomareobidan jS -

mdgomareobaSi gadasvlis albaToba. 
gansazRvreba: sistemis iS -mdgomareobidan jS -mdgomareobaSi 

gadasvlis albaTobis simkvrive jiλ -ewodeba, Sesabamisi gadasvlis 

albaTobis cvlilebis siCqares, e.i. 
( )

dt
tdp ji

ji =λ .                                               (19) 

cxadia, rom drois mcire t∆  SualedebisaTvis 
( ) ttp jiji ∆≈ λ .                                              (20) 

Tu, jiλ -gadasvlis albaTobaTa simkvriveebi ar arian 

damokidebuli t -droze, maSin markovis process erTgvarovani 
ewodeba. winaaRmdeg SemTxvevaSi araerTgvarovania. 

ganvixiloT mdgomareobaTa orientirebuli grafi (nax. 4.1). 
maSin Cveulebrivi maTematikuri modelebis, reaqtoruli sqemidan 
agebis wesis gamoyeneba, mogvcems kolmogorovis gantolebaTa 
sistemas markovis  procesisaTvis, romelic Seesabameba (nax. 4.1).  

 
 
 
 
 
 
 
 
 
 
nax. 4.1. mdgomareobaTa orientirebuli grafi 
 
naxazze mocemul grafs (amjerad am grafs vuyurebT 

rogorc reaqtorul sqemas), Seesabameba maTematikuri modeli: 
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  .                         (21) 

Tu viciT, rom sawyis 0=t  momentSi sistema imyofeboda  

1S -mdgomareobaSi, maSin sawyis pirobebs eqnebaT saxe: 
   ( ) 101 =p ;       ( ) ( ) ( ) ( ) 00000 5432 ==== pppp .                 (22) 

(21), (22) – warmoadgens markovis uwyveti jaWvis nax.4.1-ze 
mocemuli mdgomareobaTa grafis Sesabamis maTematikur models. 

analogiurad, SeiZleba avagoT Cveulebrivi maTematikuri 
modelebi rTuli procesebisaTvis, romlebisTvisac winaswar 
aigeba Sesabamisi mdgomareobaTa mimarTuli grafi. 
 
amocanebi da savarjiSoebi 

 
varianti 1 

 
1.Cveulebrivi maTematikuri modelis gansazRvreba; 
2.bimolekuluri da trimolekuluri reaqtoruli sqemebis 
Sesabamisi maTematikuri modelebis agebis wesi; 
3. aageT mocemuli reaqtoruli sqemis Sesabamisi maTematikuri 
modeli: 

DCBA
k

k

+
←
→

+
−1

1

2 ,     constA = ,     constD = . 

4.aageT markovis SemTxveviTi procesis maTematikuri modeli, 
mdgomareobaTa orientirebuli grafis mixedviT: 
 
  

 
 
 
 

5.gamoikvlieT mixaelis-mentenis maTematikuri modelis 
wonasworobis wertilebi mdgradobaze. Mathcad 2001-is daxmarebiT, 
ipoveT modelis Sesabamisi amonaxsnebis dinamika parametrebis 
sxvadasxva mniSvnelobebisaTvis da SeiswavleT dinamikuri 
sistema fazur sibrtyeze. 
 
 

   

31λ

12λ
1p 2p 3p23λ
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varianti 2 
 

1.Cveulebrivi maTematikuri modelis gansazRvreba. 
monomolekuluri reaqtoruli sqemebi; 
2.bimolekuluri da trimolekuluri reaqtoruli sqemebis 
Sedgena da analizi; 
3. aageT mocemuli reaqtoruli sqemis Sesabamisi maTematikuri 
modeli: 
 

BACBA k

k

k

232 2

1

1

+→
←
→

+
−

. 

 
4.aageT markovis SemTxveviTi procesis maTematikuri modeli, 
mdgomareobaTa orientirebuli grafis mixedviT: 
 
  

 
 
 

 
 
5.gamoikvlieT lotka-volteras maTematikuri modelis 
wonasworobis wertilebi mdgradobaze. Mathcad 2001-is daxmarebiT, 
ipoveT modelis Sesabamisi amonaxsnebis dinamika parametrebis 
sxvadasxva mniSvnelobebisaTvis da SeiswavleT dinamikuri 
sistema fazur sibrtyeze. 
 
 
 
 
 
 

varianti 3 
 

1.Cveulebrivi maTematikuri modelis gansazRvreba. 
monomolekuluri reaqtoruli sqemebis maTematikuri modelebi; 
2.bimolekuluri da trimolekuluri reaqtoruli sqemebis da 
analizi; 
3. aageT mocemuli reaqtoruli sqemis Sesabamisi maTematikuri 
modeli: 









+→+
+→+

→+

AXBY
BYXA

XYX

k

k

k

23
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      constA = ,      constB =  
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4. aageT markovis SemTxveviTi procesis maTematikuri modeli, 
mdgomareobaTa orientirebuli grafis mixedviT: 
 

 
 
 
 
 

 
 
 
 
5.gamoikvlieT belousov-Jabotinskis maTematikuri modelis 
wonasworobis wertilebi mdgradobaze. Mathcad 2001-is daxmarebiT, 
ipoveT modelis Sesabamisi amonaxsnebis dinamika parametrebis 
sxvadasxva mniSvnelobebisaTvis da SeiswavleT dinamikuri 
sistema fazur sibrtyeze. 
 
 

varianti 4 
 

1.CamoTvaleT da ganmarteT maTematikuri modelebis saxeebi; 
2.bimolekuluri da trimolekuluri reaqtoruli sqemebis ageba; 
3. aageT mocemuli reaqtoruli sqemis Sesabamisi maTematikuri 
modeli: 
 
 
 
 
 

constE = ; constD = . 

4.aageT markovis SemTxveviTi procesis maTematikuri modeli, 
mdgomareobaTa orientirebuli grafis mixedviT: 

 
 
 
 
 
 
 
 
 
 
 
 

 
 

  

35λ 34λ

1p

45λ

 

 

3p

2p 23λ

61λ

12λ

 
 

5p
6p

56λ

4p

 

 

31λ

34λ

1p

24λ
 

 

3p

2p

4p

23λ

41λ

12λ



81 

5.gamoikvlieT prigoJin-lefevris maTematikuri modelis 
wonasworobis wertilebi mdgradobaze. Mathcad 2001-is daxmarebiT, 
ipoveT modelis Sesabamisi amonaxsnebis dinamika parametrebis 
sxvadasxva mniSvnelobebisaTvis da SeiswavleT dinamikuri 
sistema fazur sibrtyeze. 
 

 
 
 
 
 

varianti 5 
 

1.ganmarteT modelirebis saxeebi; 
2.bimolekuluri da trimolekuluri reaqtoruli sqemebis ageba; 
3. aageT mocemuli reaqtoruli sqemis Sesabamisi maTematikuri 
modeli: 
         constE =  

 
 
 
 
 
 

4.aageT markovis SemTxveviTi procesis maTematikuri modeli, 
mdgomareobaTa orientirebuli grafis mixedviT: 
 
 
 
 
 
 
 
5.gamoikvlieT prigoJin-lefevris maTematikuri modelis 
wonasworobis wertilebi mdgradobaze. Mathcad 2001-is daxmarebiT, 
ipoveT modelis Sesabamisi amonaxsnebis dinamika parametrebis 
sxvadasxva mniSvnelobebisaTvis da SeiswavleT dinamikuri 
sistema fazur sibrtyeze. 
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Tavi V. materialuri wertilis cneba da masTan dakavSirebuli 
maTematikuri modelebi 

 
 

Sesavali 
 
gansazRvreba: sxeuls, romlis zomebic SeiZleba 

ugulebelvyoT mocemuli amocanis pirobebSi, materialuri 
wertili ewodeba[1-12].  

magaliTi: planetebis urTierTis mimarT moZraobis 
Sesaswavlad, isini SeiZleba CavTvaloT materialur wertilebad, 

romelTac gaaCniaT Sesabamisi planetis toli masebi- im , magram, 
Tu gvainteresebs planetis brunviTi moZraobis modelireba 
sakuTari RerZis garSemo, mas ukve ver CavTvliT materialur 
wertilad da iZulebuli varT, sxva gzebi veZioT Sesabamisi 
procesebis maTematikuri modelebis Sesadgenad. 
 Tanamedrove teqnikis miRwevebi mTlianad (TviTmfrinavebi, 
raketebi, manqana-meqanizmebi, mSeneblobebis proeqtireba da a.S.) 
emyareba klasikur-niutonur meqanikas. 
 klasikuri meqanikis safuZvels Seadgenen niutonis kanonebi, 
romlebic emyarebian eqsperimentebs da saR-metafizikur 
azrovnebas.  
 ganvixiloT niutonis kanonebi: 
 a) niutonis pirveli kanoni: 
 Tu sxeulze ar moqmedeben sxva sxeulebi, an maTi moqmedeba 
kompensirebulia, maSin sxeuli an uZravia an moZraobs Tanabrad 
da wrfivad; 

anu Tu F

(Zalebis jami)=0, maSin a (aCqareba)=0. 

P.S.es kanoni ZalaSia, mxolod maSin roca dakvirvebas vawarmoebT 
iseTi aTvlis sistemebis mimarT, romlebic moZraoben aCqarebis 
gareSe. aseT aTvlis sistemebs, inerciul aTvlis sistemebs 
uwodeben.  
 b) niutonis meore kanoni:  
 aCqareba, romliTac moZraobs sxeuli 
pirdapirproporciulia moZraobis gamomwvevi Zalisa da 
ukuproporciulia sxeulis masisa: 

              
m
Fa



= .                                        (1) 

am kanonidan gamomdinareobs, rom 

              amF 
⋅= .                                                                          (2) 

 
P.S. niutonis meore kanonic ZalaSia mxolod inerciuli 
sistemebisTvis. 
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 g) niutonis mesame kanoni: 

 ori sxeulis urTierTqmedebisas, 12F


-Zala romliTac 
pirveli sxeuli moqmedebs meoreze, sididiT tolia da 

mimarTulia 21F


-Zalis sapirispirod, romliTac meore sxeuli 
moqmedebs pirvelze. anu: 

               2112 FF


−= .                                                                     (3) 
 
P.S.: es kanoni ZalaSia, Tu urTierTqmedeba xorcieldeba 
myisierad, magram realurad, sxeulTa Sejaxebisas deformacia 
gadaecema sasruli siCqariT. 
 klasikuri dinamikis ZiriTadi kanonia niutonis meore 
kanoni: 

              FP
dt
d 

=  .                                                                         (4) 

sadac vMP 
⋅= -impulsia, F


-Zala. es kanoni ZalaSia inerciuli 

sistemebisaTvis. 
 Tu sxeulis masa M=const mudmivia, maSin (4) moZraobis 
gantoleba miiRebs saxes: 

              F
dt

rdM
dt
vdM



==⋅ 2

2

 .                                                         (5) 

 
d) msoflio mizidulobis kanoni: 

 planetebis urTierTqmedebis Sesaswavlad didi mniSvneloba 
aqvs kanons, romlis Tanaxmadac: bunebaSi nebismieri 1M -masis 
sxeuli miizidavs nebismier sxva 2M -masis sxeuls ZaliT, 
romelic pirdapirproporciulia am masebis namravlisa da 
ukuproporciulia am masebis centrebs Soris manZilis )( 2r  
kvadratisa: 

               r
r

MMr
r

MMF 






⋅

⋅⋅
−=⋅

⋅⋅
−= 3

21
122

21
12

γγ .                                (6) 

sadac 111067,6 −⋅=γ  nm 2 /km 2 -universaluri gravitaciuli mudmivaa,  
12r -erTeuli sigrZis veqtoria, romelic mimarTulia 1M -dan  

2M -saken. 
r
rr 




=12  

  
 
 

5.1. xelovnuri Tanamgzavris moZraoba dedamiwis garSemo 
 

vTqvaT Tanamgzavris moZraobis mimarTuleba emTxveva 
dedamiwis brunvis mimarTulebas. Tanamgzavris orbitis  
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r-radiusis, ra mniSvnelobisaTvis moeCveneba dedamiwaze myof 
damkvirvebels, Tanamgzavri uZravad? 

 
amoxsna: wriuli orbitisaTvis mizidulobis Zala unda 

udrides centriskenul Zalas sididiT da mimarTulebiT unda 
iyos misi sapirispiro, e.i.  

                        rM
r

MM
tt

td ⋅= 2
2 ω

γ  ;                                (7) 

sadac dM -dedamiwis masaa, tM -Tanamgzavris masa,  

tω -Tanamgzavris kuTxuri siCqare. am gantolebidan 

gamomdinareobs, rom 

       2

2

2
3

)2( π
γ

ω
γ td

t

d TMM
r

⋅
==

   ;                                                          (8) 

sadac tT -Tanamgzavris brunvis periodia, 271098,5 ⋅=dM dn 

imisaTvis, rom dedamiwaze myofma damkvirvebelma ver 
SeniSnos Tanamgzavris brunva, saWiroa rom Tanamgzavris 
kuTxuri siCqare tω  iyos toli dedamiwis brunvis dω -kuTxuri 

siCqarisa, anu  
             dt ωω = ;                                                                                (9) 

 magram 

              41064,8
22
⋅

==
ππω

d
d T

wm 1− = 5103,7 −⋅ wm 1− ;                                (10) 

 maSin, 

               25

278
3

)103,7(
)1098,5()1067,6(

−

−

⋅
⋅⋅⋅

=r sm 3 271075 ⋅≈ sm
3 .                    (11) 

 anu,  
              9102,4 ⋅≈r sm 3 .                                                                     (12) 

 radgan dedamiwis radiusi Rd 81038,6 ⋅≈ sm. (12) manZili 

warmoadgens mTvaremde manZilis ≅ 1/10-s. 
 

 
 

5.2. planetebis moZraoba mzis garSemo 
 

planetebi urTierTqmedeben msoflio mizidulobis kanoniT 
(6). Sesabamisi maTematikuri modelis Sesadgenad visargebloT 
dinamikis gantolebebiT (5), sadac moZraobis gamomwvevi 

F

-Zalebi warmoadgenen msoflio mizidulobis (6) gravitaciul 

Zalebs: 

               
′

−= ∑
=

n

j
ij

ij

j
i

i
i r

r

M
M

dt
rd

M
1

32

2 


 γ .                                               (13) 
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sadac Strixi jamis simboloSi gamoricxavs im SemTxvevas, roca 
i=j;  jiij rrr 

−= , sadac  ijr -aris i-wertilidan j-saken mimarTuli 

veqtori. (13)-modelis gasamartiveblad Strixiani jami gavyoT or 
nawilad: 

               ∑∑
+=

−

=

⋅−⋅−=
n

ij
ij

ij

j
i

i

j
ij

ij

j
i

i
i r

r

M
Mr

r

M
M

dt
rd

M
1

3

1

1
32

2 


  γγ .                    (14) 

sawyis pirobebs aqvT saxe: 
               0)0( ii rr 

=  ;                                                                       (15) 
                                        0)0( ii vr 

 = .                                                                      (16) 
am modelis realizacia saWiroa kompiuterze. ganvixiloT kerZo 
SemTxveva: ori sxeulis problema klasikur meqanikaSi. 
 

amocana.  SeadgineT ori sxeuli problemis maTematikuri 
modeli. vTqvaT, erTi sxeulia – dedamiwa, meore sxeulia mTvare. 
SeadgineT, am planetebis moZraobis maTematikuri modeli. 
 amoxsna:  

 
nax. 5.1. dedamiwis moqmedeba mTvareze 

 
ganvixiloT mTvaris moZraoba dedamiwis mimarT e.i. 

CavTvaloT, rom dedamiwa uZravia da mTvare moZraobs dedamiwis 
mizidulobis Zalis gavleniT:  

           














⋅−=⇒−=

⋅−=⇒−=
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yFF
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r
xFF
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 .                                               (17) 
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Tu gaviTvaliswinebT, rom 2r
MM

F mtd

⋅

= γ  miviRebT, rom  

    
















+=

⋅
⋅

−=⋅

⋅
⋅

−=⋅

22

3

3

yxr

y
r

MM
dt

dv
M

x
r

MM
dt

dv
M

mtdy
mt

mtdx
mt







γ

γ

    sawyisi pirobebi 

63,1)0(
0)0(

0)0(
5,0)0(

=
=
=
=

y

x

v
v
y
x

        (18) 

P.S. am modelis realizaciisaTvis gamoiyeneT Mathcad 2001 
programuli paketi da aageT, dedamiwis garSemo mTvaris 
moZraobis traeqtoria. aageT mTvaris koordinatebis cvlilebis 
grafikebi drois mixedviT.  

SeiswavleT moZraoba fazur sibrtyeze. 
 
 
 

5.3. lanJevenis maTematikuri modeli. nawilakis moZraoba siTxeSi 
 

lanJevenis maTematikuri modeli. SeadgineT nawilakis 
siTxeSi moZraobis maTematikuri modeli, Tu, siTxeSi 
moZraobisas nawilakze moqmedebs siCqaris proporciuli 
winaaRmdegobis Zala. amas garda, adgili aqvs SemTxveviT siTbur 

SeSfoTebebs m
→

X (t). 
 
 amoxsna: lanJevenis maTematikur models aqvs saxe: 
  

 flst FF
dt
pd 

+=  .                                                (19) 

sadac stF


-stoqsis winaaRmdegobis Zalaa; 

 flF

-SemTxveviTi fluqtuaciebisgan gamowveuli Zalaa; 

 vmFst


γ−=  ; )(tXmFfl


⋅= ;  

ase, rom lanJevenis maTematikur models aqvs saxe: 
 )(tmXvmvm +−=   γ  ; 
Tu movaxdenT Sekvecas, miviRebT: 

 )(tXvv +⋅−= γ .                                                                                            (20) 
 
sadac γ -erTeuli masisaTvis gadaangariSebuli xaxunis 

koeficientia,  
X(t)-fluqtuaciuri Zalis mdgenelia da maSasadame, misi 

saSualo mniSvneloba nulis tolia, anu 0)(1)(
0
∫ ==
T

dttX
T

tX . 
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lanJevenis (20) gantolebis zust amonaxsns aqvs saxe:  

 ∫ ⋅⋅=− ⋅⋅−⋅−
t

xtt dxxXeeevtv
0

)()0()( γγγ  .                                                       (21) 

 
 
 

5.4. zvavis tipis nakadebis(ztn) dinamikis maTematikuri modelebi 
 

zvavis tipis nakadebs ganekuTvnebian Tovlis zvavebi, 
qvaTacvena, seluri nakadebi(Rvarcofebi) da mewyerebi. zvavis 
tipis nakadebisaTvis damaxasiaTebelia arastacionaluroba, 
swrafwarmoqmna da xSirad, moulodneloba. rac iwvevs did 
materialur zarals da zogjer msxverplsac. aqedan gamomdinare, 
zvavis tipis nakadebis Seswavla, didi xania warmoebs msoflios 
yvela mTiani regionebis qveynebSi rogoricaa: saqarTvelo, 
iaponia, safrangeTi, Sveicaria, espaneTi, kanada da a.S. 

saqarTveloSi, zvavis tipis nakadebis maTematikuri 
modelirebis saqmeSi, pioneruli samuSaoebi ekuTvniT: Teimuraz 
voiniC-sianoJenckis[12], Tamaz obgaZes[12] da ilia muzaevs[13]. 
xolo eqsperimentuli da inJinruli kvlevebis sferoSi: ilia 
xerxeuliZes[14], merab gagoSiZes[15], givi beruCaSvils[16], oTar 
naTiSvils[17], vaxtang TevzaZes[17] da givi gavardaSvils[18]. 
aRsaniSnavia, Cveni Tanamemamulis daviT RonRaZis Sromac[19] 
Tovlis zvavebis warmoqmnis meqanizmebis Sesaxeb. 

ganvixiloT, zvavis tipis nakadebis maTematikuri modelebis 
agebis teqnika evoluciurad, anu, martividan rTulisaken 
wasvliT, sxvadasxva movlenebis TandaTanobiTi gaTvalis-winebiT. 

 
 

5.4.1. ztn dinamikis umartivesi modeli 
 
ganvixiloT ztn dinamikis umartivesi modeli. am SemTxvevaSi, 

vTvliT rom ztn-is masasa da ferdobis grunts Soris xaxunis µ  
koeficienti mudmivia, aseve, mudmivia moZravi nakadis M  masa da 
ferdobis daxris ψ  kuTxe(nax. 5.4.1.). Tu, koordinaTTa RerZebs 
avirCevT ise, rogorc aRniSnulia nax.5.4.1-ze, maSin seluri masis 
simZimis centris dinamikis gantolebas eqneba saxe : 

Ψ⋅−Ψ=⋅ cossin0 mgMgWM µ  ;                                                                                   (22) 
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nax. 5.4.1. seluri nakadis dinamika 
 

aqedan miviRebT, rom 

 )cos(sin0 Ψ⋅−Ψ= µgW .                                                                                                (23) 
sadac 0W -seluri masis O-simZimis centris aCqarebaa,  
g-Tavisufali vardnis aCqarebaa, Ψ -ferdobis horizontisadmi 
daxris kuTxea, µ -xaxunis koeficientia selur masasa da 
ferdobis uZrav nawils Soris.  
formula (23)-dan gamomdinareobs, rom: 

a) Tu Ψ= tgµ , maSin W =0 da maSasadame gvaqvs moZraoba 
mudmivi siCqariT, radgan 00 vconstvvW ==⇒==  , amasTan 

moZraoba iqneba wrfis gaswvriv, marTlac radgan 

               0vr
dt
drv ===  ;                                      (24) 

miviRebT 
               00 rtvr +=  .                                                     (25) 

b) Tu Ψ≠ tgµ , maSin moZraoba aris Tanabrad aCqarebuli 

da W-aCqareba gamoiTvleba (23) formuliT, 
gamovTvaloT siCqare )(tv , formulidan 

         )cos(sin Ψ⋅−Ψ== µgvW  .                              (26) 
cxadia rom 
          0)cos(sin)( vtgtv +⋅Ψ⋅−Ψ= µ .                           (27) 

sadac )0(0 vv =  sawyisi siCqarea. 

radgan 
dt
drv = , cxadia, rom moZraobis kanons eqneba saxe: 

 00

2

)cos(sin
2

)( rtvgttr ++Ψ⋅−Ψ= µ .                                (28) 

sadac 0r -simZimis centris sawyisi mdebareobaa. 
5.4.2. ztn dinamikis dazustebuli modeli 

 

RFxax ⋅= µ  

ΨcosMg  

Mg 

ΨsinMg  

Ψ  

R


 



90 

vTqvaT, ztn-is siCqare imdenad didia, rom 
gasaTvaliswinebelia haeris aerodinamikuri winaaRmdegobac  
(e.i. davuSvaT 80≥v km/sT), maSin haeris winaaRmdegobis Zala iqneba 
siCqaris kvadratis proporciuli da mimarTuli iqneba moZraobis 
sawinaaRmdegod, niutonis meore kanons eqneba saxe: 

 2cossin kMgvMgMgWM −Ψ⋅−Ψ=⋅ µ .                               (29) 
siCqarisaTvis miviRebT gantolebas:  

 )cos(sin 2vkg
dt
dv

⋅−Ψ⋅−Ψ= µ ;                                   (30) 

  0)0( vv = - sawyisi pirobiT .                                 (31)         

 
davaleba studentebs: a) amovxsnaT (30)-(31) koSis amocana  
Mathcad-2001 PRO-s gamoyenebiT, µ -xaxunis koeficientisa da            

k -proporciulobis koeficientis sxvadasxva mniSvnelobe-
bisaTvis, 05,001,0 −÷µ ; 9,001,0 −÷k . 
b) moZraobis kanonis dasadgenad gvaqvs koSis amocana: 

 )cos(sin 2
2

2

vkg
dt

vd
⋅−Ψ⋅−Ψ= µ ;                                  (32) 

 0)0( vv = ;                                                    (33) 

 0)0( rr = .                                                    (34) 

CavweroT (32) amocana normaluri saxiT, (33)-(34) pirobebSi da 
amovxsnaT koSis amocana Mathcad-2001 PRO-s farglebSi. 
 
 
5.4.3. ztn moZraoba stoqastikuri xaxunis koeficientis pirobebSi 

 
wina modelebi iyvnen metismetad gamartivebulebi, exla 

TandaTanobiT SevitanoT dazustebebi. am etapze CavTvaloT rom 
µ -xaxunis koeficienti damokidebulia ferdobis r-koordinatze 
stoqastikurad  

 )(sin 2 rf=µ ;                                                 (35) 
sadac )(rf -normalurad ganawilebuli SemTxveviTi sididea, r-

is mixedviT, [ );0 lr ∈ , [ ]1;0∈µ ,  410−=k sT2/km2; l  daxrili ferdobis 
sigrZea. 

maSin, gvaqvs moZraobis gantoleba: 
 )cos)(sin(sin 22 rkrfgr  ⋅−Ψ⋅−Ψ= ;                                (36) 
 0)0( =r  ;                                                    (37) 
 0)0( =r   .                                                   (38) 

gadavweroT (36)-(38) koSis amocana normaluri formiT: 
 vr =  ;                                                      (39) 
 ))(sin(sin 22 vkrfgv ⋅−−Ψ= ;                                     (40) 
 0)0( =v  ;                                                                                                         (41) 
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 0)0( =r  .                                                    (42) 

davaleba studentebs: amovxsnaT (39)-(42) amocana  
Mathcad 2001 PRO-s meSveobiT. avagoT )(tr da )(tv grafikebi, 

agreTve )(rv -grafiki, roca [ ]lr ;0∈ . 
 

 
5.4.4. ztn dinamika masis wartacvis an dakargvis 

gaTvaliswinebiT 
 

ganvixiloT ztn-is dinamika masis wartacvis an dakargvis 

gaTvaliswinebiT. cxadia, rom Tu nakadis 
2

2mv
kinetikuri energia 

metia garkveul Ekr  kritikul mniSvnelobaze, maSin xdeba 

ferdobidan masis wartacva; Tu, 
2

2mv
 naklebia Ekr  kritikul 

mniSvnelobaze, xdeba ztn-is masis myari fraqciebis daleqva 
ferdobze. Tu, kinetikuri energiis mniSvneloba kritikulis 
tolia, maSin ztn moZraobs rogorc erTiani mudmivi masa. 
yovelive zemoT Tqmuli formuliT Caiwereba ase: 

)
2

(
2

Ekrmv
dt
dm

−⋅= δ ;                                             (43) 

sadac δ - ferdobis masis wartacva-daleqvis gaZlierebis 
koeficientia. 

Tu, gavixsenebT dinamikis gantolebas cvladi masis pirobebSi 

2
10cossin)( mgvkmgvkmg

dt
mvd

−−−= ψµψ  ;                           (44) 

maSin miviRebT, rom 

2
10cossin mgvkmgvkmg

dt
dvmv

dt
dm

−−−=⋅+⋅ ψµψ  ;                      (45) 

Tu, (45) gantolebaSi SevitanT (43) tolobis marjvena nawilis 
mniSvnelobas da gavamartivebT, miviRebT ztn-is dinamikis 
gantolebas 

)cos(sin)
2

( 2
10

2

vkvkgv
m

Ekr
dt
dv

−−−⋅+−⋅= ψµψδ  ;                      (46) 

sadac xaxunis koeficienti ferdobis koordinatis 
stoqastikuri funqciaa, sadac )(rf -normalurad ganawilebuli 
SemTxveviTi sididea,   

)(sin 2 rf=µ .                                                                                                     (47) 
miRebul models obgaZis models uwodeben. ganvixiloT, am 

modelis ricxviTi realizaciebi Mathcad 2001-is bazaze: 
a) ganvixiloT is SemTxveva, roca ztn iwyebs moZraobas 

sawyisi wertilidan: 
m 2:=  
Ekr 2 m⋅:=  
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k
0.2

0.02








:=  

δ 1.2:=  
g 9.8:=  

ic
0

0








:=  

ψ
π

4
:=  

µ rnd 1( ):=  

D t X,( )

X1

δ
Ekr
m

X1( )2
2

−









⋅ g sin ψ( )( ) µ cos ψ( )⋅− k0 X1⋅− k1 X1( )2⋅−



⋅+











:=  

S Rkadapt ic 0, 500, 900, D,( ):=  
i 0 last S 0〈 〉( )..:=  
t S 0〈 〉:=  
X t( ) S 1〈 〉:=  
V t( ) S 2〈 〉:=  

0 20 40 60 80 100
0

200

X t( )

t

 

0 2 4 6 8 10
0

2
V t( )

X t( )

 

0 2 4 6 8 10
0

2
V t( )

t

 

rogorc naxazebidan Cans, ztn swrafad imatebs siCqares da 
Semdeg, gadis siCqaris mudmiv mniSvnelobaze. 
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b) exla ganvixiloT is SemTxveva, roca ztn ukve moZraobs 
didi siCqariT da Semdeg, mcirdeba daxrilobis kuTxe 

 
m 2:=  

Ekr 2 m⋅:=           k
0.2

0.02








:=
     

δ 1.2:=      g 9.8:=        ic
0

10








:=
         

ψ
π

4
:=  

 
µ rnd 1( ):=  
 

D t X,( )

X1

δ
Ekr
m

X1( )2
2

−









⋅ g sin ψ( )( ) µ cos ψ( )⋅− k0 X1⋅− k1 X1( )2⋅−



⋅+











:=  

S Rkadapt ic 0, 500, 900, D,( ):=  
i 0 last S 0〈 〉( )..:=  
t S 0〈 〉:=  
X t( ) S 1〈 〉:=  
V t( ) S 2〈 〉:=  

0 20 40 60 80 100
0

200

X t( )

t

 

0 2 4 6 8 10
0

5

10

V t( )

X t( )

 

0 2 4 6 8 10
0

5

10

V t( )

t

 

rogorc am naxazebidan Cans, ztn iklebs siCqares da bolos 
gadis siCqaris mudmiv mniSvnelobaze. 
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amocanebi da savarjiSoebi 
 

varianti 1 
 
1.CamoayalibeT niutonis pirveli kanoni da ganmarteT misi 
moqmedebis pirobebi da sazRvrebi. 

2.SeadgineT raketis vertikalurad zemoT 
moZraobis maTematikuri modeli, roca 
sxeulze moqmedebs simZimis Mg –Zala, 
reaqtiuli wevis F Zala da siCqaris 
kvadratis proporciuli winaRobis Zala. 
miRebuli maTematikuri modeli 
gamoikvlieT analizurad da ricxviTi 
amoxsnis meTodebiT. Sedegebi SeadareT 
erTmaneTs. ganixileT SemTxvevebi: a) masa 
mudmivia; b) raketis masa mcirdeba sawvavis 
wvis Sedegad. 
3.SeadgineT sami sxeulis moZraobis 
maTematikuri modeli(mze, mTvare, dedamiwa), 
roca maT Soris moqmedebs msoflio 
mizidulobis kanoni. kompiuteris 
gamoyenebiT daadgineT am sxeulebis 
urTierTis mimarT moZraobis traeqtoriebi 
da siCqareTa cvlilebebi. 
4.kompiuteris daxmarebiT amoxseniT 
lanJevenis gantoleba da SeadareT zust 

amonaxsns. 
5.SeadgineT ztn-is dinamikis maTematikuri modeli da SeiswavleT 
misi moZraoba, roca kalapotis daxrilobis kuTxe icvleba 
kalapotis gaswvriv mocemuli kanoniT )(rϕψ = . 

 
P.S. es varianti moiTxovs SemoqmedebiT midgomas da yvela 
magistrma unda TviTon airCios rogorc modeli, aseve, 
maxasiaTebeli parametrebis saxeebic. samuSao sruldeba 
damoukideblad da xdeba misi sajaro dacva auditoriaSi. 
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Tavi VI. Cveulebrivi da sasrulsxvaobiani maTematikuri 
modelebi ekonomikaSi 

 
Sesavali 

 
 sasrulsxvaobiani gantolebebi did rols TamaSoben 

ekonomikur TeoriaSi. bevri ekonomikuri kanoni mtkicdeba 
swored aseTi gantolebebis meSveobiT. 

vTqvaT t dro TamaSobs damoukidebeli cvladis rols, xolo 
saZebni(damokidebuli) cvladi ganisazRvreba drois sxvadasxva t, 
t-1, t-2 . . . momentebisaTvis. aRvniSnoT saZiebeli cvladis 
mniSvneloba drois t momentisaTvis rogorc yt. maSin drois wina 
momentSi misi mniSvneloba aRiniSneba rogorc yt-1; drois kidev 
erTi erTeuliT adre, misi mniSvneloba iqneba yt-2 da a.S. 

gansazRvreba: gantolebas 
)(a. . . n22110 tfyyayaya ntttt =++++ −−− ,                                (1) 

sadac  , . . . , , , 210 naaaa - mudmivi ricxvebia, wrfivi 

mudmivkoeficientebiani araerTgvarovani sasrulsxvaobiani 
gantoleba ewodeba. xolo (1) gantolebis kerZo SemTxvevas, roca 

0)( =tf  - mudmivkoeficientebiani wrfivi erTgvarovani 
sasrulsxvaobiani gantoleba ewodeba. 

sasrulsxvaobiani gantolebis amoxsna niSnavs iseTi yt 
funqciis povnas, romelic (1) gantolebas igiveobad aqcevs.  

gansazRvreba: iseT amonaxsns, romelic ar Seicavs 
ganusazRvrel-nebismier ucnobs kerZo amonaxsni ewodeba; xolo 
iseT amonaxsns, romelic Seicavs ganusazRvrel-nebismier ucnobs 
– zogadi amonaxsni qvia. 

adgili aqvs Semdeg Teoremebs: 
Teorema 1: Tu, (1) gantolebis Sesabamis erTgvarovan 

gantolebas(roca 0)( =tf ) aqvs y1(t) da y2(t) –ori sxvadasxva 
amonaxsni, maSin maTi wrfivi kombinacia 

y(t)=C1 y1(t)+C2 y2(t),                                                                                        (2) 
sadac C1 da C2  - nebismieri mudmivebia, agreTve iqneba am 

gantolebis amonaxsni. 
Teorema 2: araerTgvarovani mudmivkoeficientebiani wrfivi 

sasrulsxvaobiani gantolebis zogadi amonaxsni udris, 
Sesabamisi erTgvarovani gantolebis zogadi amonaxsnisa da 
araerTgvarovani gantolebis kerZo amonaxsnis jams. 

P.S. rogorc vxedavT, es Teoremebi msgavsia, Sesabamisi 
Teoremebisa diferencialuri gantolebebisaTvis. 

ganvixiloT sasrulsxvaobiani wrfivi mudmivkoefici-entebiani 
pirveli da meore rigis gantolebebis amoxsnis magaliTebi. 

 



97 

6.1. pirveli rigis wrfivi, mudmivkoeficientebiani 
sasrulsxvaobiani gantolebis amoxsna 

 
ganvixiloT araerTgvarovani, wrfivi, mudmivkoeficien-tebiani, 

sasrulsxvaobiani gantoleba  
)(y 1-t tfayt =− .                                                 (3) 

Sesabamis erTgvarovan gantolebas aqvs saxe 
0y 1-t =− ayt .                                                   (4) 

SevamowmoT, akmayofilebs Tu, ara (4) gantolebas funqcia 
t

t ay = .                                                        (5) 

cxadia, rom 
1

1
−

− = t
t ay .                                                      (6) 

Tu, CavsvamT (5) da (6) Tanadobebs (4) gantolebaSi, miviRebT 
rom (5) funqcia akmayofilebs (4) gantolebas. radgan (4) 
gantoleba erTgvarovania misi zogadi amonaxsni iqneba 

t
t aCy  = .                                                      (7) 

Tu, ty  - aris (3) araerTgvarovani gantolebis romelime kerZo 

amonaxsni, maSin Teorema 2 – is Tanaxmad 
t

t aCy  = + ty ,                                                   (8) 

iqneba (3) araerTgvarovani gantolebis zogadi amonaxsni. 
 
magaliTi. sasrulsxvaobiani gantolebis meSveobiT ipoveT 

sabanko anabaris formula, roca gvaqvs wliuri nazrdi p% . 
 
amoxsna : Tu raRac Tanxa y0 ganTavsebulia bankSi wliuri 

nazrdiT p%, maSin t droisaTvis misi moculoba iqneba 

111 )
100

1(
100 −−− +=+= tttt yppyyy .                                     (9) 

amrigad, gvaqvs pirveli rigis sasrulsxvaobiani gantoleba, 

romlis amonaxsnic (
100

1 pa += ), (7)-dan gamomdinare iqneba  

t
t

pCy )
100

1( += .                                                 (10) 

Tu aRvniSnavT sawyis anabars y0=A, maSin (10)-dan miviRebT rom 
C=A. rac imas niSnavs, rom 

t
t

pAy )
100

1( += .                                                 (11) 

amrigad, miviReT anabris moculobis gamosaangariSebeli 
formula, roca gaangariSeba xdeba rTuli procentiT. 

 
 
 
 



98 

6.2. meore rigis wrfivi, mudmivkoeficientebiani 
sasrulsxvaobiani gantolebis amoxsna 

 
ganvixiloT meore rigis wrfivi, mudmivkoeficientebiani 

sasrulsxvaobiani gantoleba 
)(21 tfqypyy ttt =++ −−                                            (12) 

da Sesabamisi erTgvarovani gantoleba 
    .021 =++ −− ttt qypyy                                              (13) 

Tu, 0≠k  aris  
02 =++ qpkk ,                                                 (14) 

(14) maxasiaTebeli gantolebis fesvi, maSin 
t

t ky =  

aris (13) erTgvarovani gantolebis amonaxsni(SeamowmeT!). Tu 
maxasiaTebeli gantolebis diskriminanti dadebiTia, maSin 
maxasiaTebel gantolebas aqvs ori fesvi: k1 ; k2. rac imas niSnavs 
Teorema 1-is Tanaxmad, rom (13) erTgvarovani gantolebis zogad 
amonaxsns aqvs saxe 

tt
y kCkCy 2211 += .                                               (15) 

Sesabamisi araerTgvarovani gantolebis zogadi amonaxsnis 
misaRebad (15) amonaxsns unda davumatoT (12) araerTgvarovani 
gantolebis kerZo amonaxsni. 

 
magaliTi: ipoveT wrfivi, meore rigis mudmivkoeficien-tebiani 

sasrulsxvaobiani gantolebis amonaxsni 
.785 21 =+− −− ttt yyy  

sadac 9y    ,5 10 ==y . 

amoxsna: Sesabamisi erTgvarovani gantolebis maxasiaTebel 
gantolebas aqvs saxe : 

0652 =+− kk . 
misi fesvebia .3k      ;2 21 ==k maSasadame, erTgvarovani 

gantolebis zogad amonaxsns aqvs saxe 
tt

t CCy 32 21 += . 

vipovoT exla araerTgvarovani(sawyisi) gantolebis kerZo 

amonaxsni. davuSvaT ty =c ; maSin sawyisi gantolebidan gveqneba 

765 =+− ccc  
aqedan miviRebT, rom c=3.5 . ase rom sabolood miviRebT 

araerTgvarovani gantolebis zogad amonaxsns 
5.332 21 ++= tt

t CCy  

  C , 21C - mudmivebis sapovnelad visargebloT 9y    ,5 10 ==y  

sawyisi pirobebiT. maSin sabolood miviRebT araerTgvarovani 
gantolebis zogad amonaxsns 

5.335.22 +⋅+−= tt
ty . 
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6.3. amocana kreditirebis Sesaxeb 
 

amocana: vTqvaT, kreditis amRebi uxdis kreditors p%  
aRebuli y0 moculobidan yovel wels. ramdeni unda gadaixados 
man yovel erTeulze aRebul sesxidan, Tu procentebi izrdebian 
uwyvetad? 

 
amoxsna: radgan procentebi izrdebian uwyvetad, valis zrdis 

siCqare )(' ty  proporciulia valis )(ty  mniSvnelobisa drois igive 
momentSi. Sesabamisad, dinamikis gantolebas aqvs saxe 

)(
100

)(' typty ⋅= .                                                (16) 

rac imas niSnavs, rom  
)100/exp()( 0 ptyty = .                                             (17) 

 
 
6.4. dedamiwis mcxovrebTa raodenobis zrda da resursebis 

amowurva 
 

amocana: erTi adamianis sakvebiT uzrunvelsayofad 
aucilebelia 0.1 ha savarguli. dedamiwaze sul aris 4000 mln. ha 
savarguli. amitom mosaxleobis mosalodneli raodenoba, Tu ar 
iqneba axali wyaroebi, Semofarglulia mosaxleobis raodenobiT 
40 000 mln. adamiani. 

rodis miiRweva mosaxleobis gajerebis es maCvenebeli, Tu 
mosaxleoba izrdeba yovel weliwads 1.8% siCqariT? 

amoxsna:  mosaxleobis zrda SegviZlia gamovsaxoT formuliT: 
)100/exp()( 0 ptyty = .                                            (18) 

roca 0=t , miviRoT 1999w., roca dedamiwis mcxovrebTa ricxvi 
iyo 6 910⋅  adamiani. maSin  

tety 018.09106)( ⋅= .                                               (19) 

veZebT iseT t-s, rom 
91040)( ⋅=ty .                                                  (20)  

maSin 
40 te 018.099 10610 ⋅=⋅ .                                             (21) 

aqedan miviRebT, rom 
 105≈t weli. 

ase, rom daaxlovebiT 2104 wels dedamiwis mosaxleoba 
miaRwevs gajerebis mdgomareobas, Tu SenarCundeba zrdis tempi. 
es aris malTusis Teoria. romlis Tanaxmadac Tu, mosaxleoba ar 
iswavlis Sobadobis marTvas, maSin mas elodeba umuSevroba, 
SimSili da mosaxleobis farTo fenebis gaRatakeba. Tumca 
malTusis Teoria praqtikaSi, drois didi monakveTebisaTvis ar 
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dasturdeba, radgan Cven sinamdvileSi saqme gvaqvs Ria 
sistemasTan, romelsac TviTorganizeba axasiaTebs. 

 
 

6.5. inflacia da 70-is sididis wesi 
 

ekonomikur TeoriaSi, inflaciis tempis Seswavlisas  
ganixileba 70-is sididis wesi. romelic saSualebas iZleva 
martivad gamoviTvaloT im t wlebis raodenoba, romelTa 
gavlisas moxdeba fasebis gaormageba, Tu inflaciis wliuri 
maCvenebeli mudmivia da udris p%. maSin, rogorc cnobilia 

p
t 70
= .                                                                                                               (22) 

magaliTad, Tu wliuri inflaciis done aris 5%, maSin fasebi 
gaormagdeba 14(70/5) welSi. 

magaliTi:  gamoiyvaneT 70-is sididis wesi da daasabuTeT?   
amoxsna: Tu inflaciis koeficienti aris p%, maSin malTusis 

modelidan gamomdinare 
)001̀/exp()( 0 ptyty = . 

fasis gaormagebis SemTxvevaSi gvaqvs 
)100/exp(2 00 ptyy = . 

Tu, ganvsazRvravT Sesabamis t dros, miviRebT 

p
t 2ln100 ⋅
= . 

radgan 7.02ln ≈ , gveqneba rom  

p
t 70
≈ . 

r.d.g. 
 
 

6.6. zrda social-ekonomikuri sistemaSi gajerebis 
gaTvaliswinebiT 

 
 
ganvixiloT mosaxleobis raodenobis zrdis amocana 

gajerebis gaTvaliswinebiT. ferxiulstis mixedviT, mosaxleobis 
y(t) raodenoba akmayofilebs diferencialur gantolebas: 

y(t) )
b

y(t)-(1 )(' aty = .                                             (23) 

Tu ganvacalebT cvladebs da vaintegrebT, miviRebT rom 

 ta

 ta

Ce1
e C )(

+
=

bty .                                                 (24) 
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am funqciis grafiks (24) logistikur mruds uwodeben. misi 
grafiki gamosaxulia nax. 6.1. 

0 2 4 6 8 10
0

2

4

5

0

y t( )

100 t  
             nax.6.1. logistikuri mrudi 

 
am naxazidan naTlad Cans, rom  t drois mcire 

mniSvnelobebisaTvis xdeba raodenobis bunebrivi zrda, Tumca 
drois didi mniSvnelobebisaTvis zrdis tempi mcirdeba da 
mosaxleobis raodenoba gadis asimptotur niSnulze. 

 
P.S. logistikuri mrudi kargad asaxavs aramarto 

mosaxleobis raodenobis zrdas, aramed gamoSvebuli produqciis 
raodenobis zrdasac konkurenciis pirobebSi, roca adgili aqvs 
bazris gajerebas. 

 
 

6.7. axali tipis saqonliT aRWurvilobis maTematikuri 
modeli 

 
vipovoT axali tipis saqonliT aRWurvilobis drois 

mixedviT cvlilebis kanoni. aucilebel saqonelze moTxovna 
drois mixedviT izrdeba: Tavidan nela, Semdeg swrafad da 
bolos kvlav neldeba, moTxovnis gajerebis gamo. es imas niSnavs, 
rom moTxovnis zrdis siswrafe pirdapirproporciulia am 
saqonliT aRWurvilobisa da moTxovnis gajerebisa. Tu, 
moTxovnis gajerebis raodenobas aRvniSnavT b asoTi, maSin 
saqonliT y(t) aRWurvilobisaTvis gveqneba maTematikuri modeli:  

))()(()(' tybtkyty −= .                                             (25)  
advilad SevniSnavT, rom es modeli ferxiulstis modelis 

nairsaxeobaa. amitom saqonliT aRWurvilobis raodenobac 
icvleba logistikuri kanoniT. 
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6.8 ekonomikuri dinamikis frangiSvili-obgaZis maTematikuri 
modeli 

 
ganvixiloT wonasworuli ekonomika (moTxovna udris 

winadadebas). maSin, wonasworobis gantolebas aqvs saxe:   
)()()( tItCtX += ,                                                                                              (26) 

sadac 
    C(t) – moxmarebis funqciaa,  I(t) – investiciis funqcia. 
samuelson _ hiqsis, aqseleraciis principis safuZvelze, 
investiciis funqciisaTvis SeiZleba CavweroT gantoleba: 

)()()( tXttI


β= ,                                                                                                          (27) 
sadac 
      β(t) – aqseleraciis koeficientia.  
moxmareba aris warmoebis moculobis funqcia, romelic 
damokidebulia warmoebis mTlian warsulze ganvlil   t –dro-Si, 
e.i. 

∫=
t

dXFtC
0

]),([)( τττ ,                                             (28) 

maSin, (26) Tanadobis gaTvaliswinebiT viRebT ekonomikuri 
dinamikis integrodiferencialur gantolebas Semdegi saxiT: 

∫ +=
t

tXtdXFtX
0

)()(]),([)(


βτττ .                                    (29) 

imisaTvis, rom (29)–is marjvena nawilSi moviciloT integ-
rali, diferencirebas vukeTebT t – drois parametriT, maSin, 
viRebT ekonomikuri dinamikis Cveulebriv maTematikur models 
Semdegi saxiT: 

0]),([)(]1)([)()( =+−+ ttXFtXttXt


ββ .                               (30) 

Tu  β(t) = 0 , maSin  I(t) = 0 , rac gvaZlevs:  
X(t) = C(t),                                                                                                       (31) 

Ees ki, Seesabameba martivi kvlavwarmoebis SemTxvevas rac araa 
saintereso.  

amitom, vuSvebT rom β(t) ≠  0 da (30) – dan viRebT ekonomikuri 
dinamikis Cveulebriv maTematikur models Semdegi saxiT:  

 0
)(

]),([)(
)(

1)()( =+
−

+
t

ttXFtX
t

ttX
ββ

β 




.                                  (32) 

(32) – e gantolebas vuerTebT sawyis monacemebs da viRebT 
ekonomikuri dinamikis ganzogadebul, Cveulebriv maTematikur 
models (koSis amocanas); 

   X(0) = X 0 ,   X
⋅

(0) = P 0 ,                                                                                 (33) 
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sainvesticio politikas gansazRvravs β(t) – aqseleraciis 
funqcia, romelic marTvis parametrs warmoadgens. marTvis 
mizania, warmoebis stabiluri ganviTareba, damangreveli 
rezonansul rxevaTa sistemis gareSe.  

SemoTavazebuli maTematikuri modelis Sesaswavlad, 
ganvixiloT misi ramodenime kerZo SemTxveva, sxvadasxva 
moxmarebis funqciis da samuelson – hiqsis aqseleraciis 
funqciebis SemTxvevebSi: 

a) im SemTxvevaSi, rodesac: 

β(t) = t , t > 0 ,                                                                                                  (34) 
( )[ ] ttXttttXF 9.0)()]2cos([, 2 −⋅⋅+= εω ,                                                                (35) 

(32) – e gantolebidan viRebT maties gantolebas: 

9.0)()]2cos([)( 2 =++ tXttX εω


,                                                                            (36) 
vamatebT sawyis pirobebs: 

X(0) = 1 , X
⋅

(0) = 1.                                                                                            (37) 
rodesac ω = 0.5 da ε = 0.2 , MATHCAD 2001 Professional – ze 

dayrdnobiT, viRebT  X(t)  warmoebis moculobisaTvis amonaxsns da 

Sesabamis suraTs (X(t) , X
⋅

(t))  fazur sibrtyeze, sadac S 1 =X(t) и S 2 = 

X
⋅

(t), (nax.6.2) 

0 20 40 60 80 100 120
0

20

40

S 1〈 〉

S 0〈 〉  

0 5 10 15 20 25 30 35
20

10

0

10

20
12.179

12.312−

S 2〈 〉

32.9260 S 1〈 〉  
nax.6.2. maties gantolebis amoxsna. 
 
b) ganvixiloT SemTxveva, rodesac: 

p
pet

pt 1)( −
=β β(t) = 1ptpe

p
− ,               p = const,                                                (38) 
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)]cos()()()[(]),([ 3 tAtXtXtttXF ωβ −−=   ,                                                 (39) 
sadac 

      ω = const,   A = const,                                                                              (40)  
viRebT diufingis gantolebas:      

X
⋅⋅

(t) + p X
⋅

(t) + ( )[ ] ( ) tAtXtX ⋅⋅−− ωcos(3 ) =0,                                                  (41) 
romelic p – mmarTavi parametris sxvadasxva mniSvnelobe-

bisaTvis iZleva sxvadasxva dinamiur mdgomareobebs(nax.6.3, nax.6.4, 
nax.6.5). 

sawyisi pirobebis gaTvaliswinebiT: 

X(0) = 1 , X
⋅

(0) = 1                                                                                        (42) 

0 20 40 60 80 100 120
2

0

2

S 1〈 〉

S 0〈 〉

 

2 1.5 1 0.5 0 0.5 1 1.5 2
1

0

1

S 2〈 〉

S 1〈 〉

 

 
     nax.6.3. erovnuli Semosavlis dinamika, roca 2.0;0,1;25.0 === pA ω . 



105 

0 20 40 60 80 100 120
2

0

2

S 1〈 〉

S 0〈 〉

 

2 1 0 1 2
2

0

2

S 2〈 〉

S 1〈 〉

 

      
       nax.6.4. erovnuli Semosavlis dinamika, roca 01.0;0,1;25.0 === pA ω .    

0 20 40 60 80 100 120
0.5

1

1.5

S 1〈 〉

S 0〈 〉

 

0.6 0.8 1 1.2 1.4 1.6
1

0

1

S 2〈 〉

S 1〈 〉

 

 
nax.6.5. erovnuli Semosavlis dinamika, roca 1;0,1;25.0 === pA ω .    

 
g) Tu ganvixilavT SemTxvevas, rodesac 

β(t) = const,                                                                                                         (43) 

X
⋅

(t) ≈ ( ) ( 2 )X t h X t h
h

− − − ,    h = 1,                                                                      (44) 

F[X(t), t] = α X
⋅

(t-h) ,                          αX(-h) =A,                                               (45)  
sadac 
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  A = (saarsebo minimumi) x (mosaxleobis raodenoba) ,                   (46)             
maSin (32) – gantolebidan viRebT samuelson _ hiqsis sasrul-
sxvaobian models: 

X(t) = (α + β)X(t-1) - βX(t-2) +A,                                                                       (47) 
romelic  aqseleraciis sxvadasxva mniSvnelobebisas, iZleva 
ekonomikuri dinamikis sxvadasxva reJimebs. N(nax.6.6) 

0 50 100 150
0

1 .109

2 .109

3 .109

Xn

n

β(t)=0.8 

0 20 40 60 80 100 120
2 .1014

1 .1014

0

1 .1014

Xn

n

β(t)=1.2 

0 20 40 60 80 100 120
2 .109

0

2 .109

4 .109

Xn

n

β(t)=1 

nax.6.6. erovnuli Semosavlis dinamika  β(t) – s sxvadasxva  
mniSvnelobebisaTvis. 

 
e.i. Cven miviReT ekonomikuri dinamikis frangiSvili-obgaZis 
ganzogadebuli Cveulebrivi maTematikuri modeli(32), romelsac 
kerZo SemTxvevebSi SeuZlia mogvces samuelson _ hiqsis modeli, 
maties gantoleba, diufingis gantoleba da a.S. da rac yvelaze 
mTavaria, moxmarebis Sesabamisi funqciis da aqseleraciis 
funqciis povna, iZleva saSualebas, gamovimuSavoT optimaluri 
sainvesticio politika. 
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amocanebi da savarjiSoebi 
 

varianti 1 
 

1. amoxseniT samuelson-hiksis erTgvarovani sasrulsxvaobiani 
gantoleba 

0)2(25.1)1(2.2)( =−+−− tytyty  
2. amoxseniT samuelson-hiksis sasrulsxvaobiani gantoleba  

1.0)2(6)1(5)( =−+−− tytyty  
3. daamtkiceT 70-is sididis wesi inflaciisaTvis. 
4. wliuri inflaciis done aris 7%. ramden weliwadSi 
moxdeba fasebis gaormageba? 
5. SeadgineT konkurenciisa da bazris SesaZlo gajerebis 
pirobebSi gamoSvebuli produqciis zrdis maTematikuri 
modeli.  

 
 
 

varianti 2 
 

1. amoxseniT samuelson-hiksis erTgvarovani sasrulsxvaobiani 
gantoleba 

0)2(5)1(2)( =−+−− tytyty  
2. amoxseniT samuelson-hiksis sasrulsxvaobiani gantoleba  

1.0)2(5)1(6)( =−+−− tytyty  
3. daamtkiceT 70-is sididis wesi inflaciisaTvis. 
4. wliuri inflaciis done aris 10%. ramden weliwadSi 
moxdeba fasebis gaormageba? 
5. SeadgineT konkurenciisa da bazris SesaZlo gajerebis 
pirobebSi gamoSvebuli produqciis zrdis maTematikuri 
modeli.  
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Tavi VII. veivletebi da maTematikuri modelireba 
 
Sesavali   

 
veivletebi(wavelets) - Tanamedrove gamoyenebiTi maTematikis 

erT-erTi, yvelaze warmatebuli miRwevaa. maTi saSualebiT 
SesaZlebeli gaxda rTuli funqciebisa da signalebis ufro 
detaluri da zusti warmodgena, vidre maTematikis klasikuri 
meTodebiT, rogoricaa teiloris mwkrivebi, furies mwkrivebi, 
furies gardaqmnebi da a.S. 

axali meTodi emyareba principialurad axali tipis bazisisa 
da funqciaTa klasis ganxilvas, romlebic saSualebas iZlevian 
rTul funqciebs gavukeToT dekompozicia da signalebis 
rekonstruqcia. SemuSavebulia Sesabamisi programuli da 
instrumentaluri aparatic Mathcad-isa da     Matlab-is bazaze. 

veivletebi - es aris garkveuli zogadi dasaxeleba 
gansakuTrebuli tipis funqciebisa, romelTac aqvT mokle, 
talRaTa paketis saxe, nulovani integraluri mniSvnelobiT da 
garkveuli, zogjer rTuli formiT, romelsac axasiaTebs 
lokaluri Zvra da masStabireba. 

veivletebi igebian specialuri bazisuri funqciebis 
meSveobiT - romlebic akmayofileben garkveul pirobebs. 
veivletebis erTobliobas SeuZlia funqciisa da signalebis 
miaxloveba zustad an garkveuli sizustiT. veivletebi 
saSualebas iZlevian gamosaxulebebi davamuSaoT, gavukeToT 
dekompozicia, restavracia da identifikacia; saSualebas 
gvaZleven gavfiltroT xmaurisagan, SevkumSoT failebi 
romlebic Seicaven ricxviT monacemebsa da gamosaxulebebs.  

veivletebis cneba SemoRebuli iqna grosmanisa da morles 
mier 80-iani wlebSi[1]. amJamad, veivletebi farTod gamoiyeneba 
saxeTa amocnobis amocanebSi; sxvadasxva tipis signalebis 
damuSavebisa da sinTezis amocanebSi; turbulenturi velebis 
Tvisebebis SeswavlisaTvis da a.S. 

veivlet – gardaqmna mdgomareobs imaSi, rom signals daSlian 
solitonoseburi funqciebisagan Semdgari, masStaburi da 
wanacvlebuli bazisis mimarT. bazisis TiToeuli funqcia 
axasiaTebs rogorc garkveul sivrciT(droiT) sixSires, aseve mis 
lokalizacias fizikur sivrceSi(droSi). 

signalebis analizis tradiciuli furies gardaqmnisagan 
gansxvavebiT, veivlet – gardaqmna gvaZlevs erTganzomilebiani 
signalis organzomiebian sixSire - koordinata warmodgenas. amis 
Sedegad, saSualeba gveZleva SeviswavloT signali erTdroulad 
fizikur da speqtralur sivrceSi. 
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cnobilia mokle, maRalsixSiriani an lokalizebuli 
maRalsixSiriani signalebis damuSavebis sirTule. aseTi 
monacemebis adekvaturi gaSifrvisaTvis saWiroa iseTi bazisi, 
romlis elementebic warmoadgenen maRal sixSireebs da aseve, 
kargad lokalizebuli arian sivrceSi(droSi). veivletebi 
saSualebas gvaZleven davamuSaoT aseTi signalebic moZravi 
sixSire-drois fanjriT. amis gamo, zogjer veivletebs 
maTematikur mikroskopsac uwodeben. signalebis warmodgenisas, 
mniSvnelovania vipovoT iseTi warmodgena, romelic garkveuli 
azriT iqneba optimaluri. sasurvelia signalis iseTi 
warmodgena, romelic SeinarCunebs signalis yvela Tvisebas. 
aseTi warmodgena SeiZleba x signalis dekompoziciiT, 
elementaruli xi  signalebiT : 

∑=
i

ixx ,                                                       (1) 

sadac xi – elementaruli funqciebia. ufro metic, sasurvelia 
rom am funqciebs qondeT garkveuli fizikuri interpretacia. 
signalis dekompozicia unda Sesruldes swrafi algoriTmiT, 
winaaRmdeg SemTxvevaSi, mas mxolod Teoriuli Rirebuleba 
eqneboda. dekompoziciisas unda amoixsnas aproqsimaciis amocana, 
anu, dekompoziciis Sedegi rac SeiZleba axlos unda iyos sawyis 
signalTan, es unda ganxorcieldes rac SeiZleba naklebi 
raodenobis elementaruli blokebis gamoyenebiT. sxvadasxva 
“optikuri daSvebiT”, analizis koncefcia saSualebas mogvcems 
SevasruloT es moTxovnebi bunebrivad, sawyisi uxeSi 
aproqsimaciis TandaTanobiTi dazustebiT, detalebis 
mimdevrobiTi damatebiT. aseTi amocanis klasikur gadawyvetas 
gvaZlevs furies gardaqmna, rogorc uwyveti, aseve wyvetili 
droiT. SemuSavebulia furies swrafi gardaqmnis mravali 
algoriTmi. miuxedavad imisa, rom es sxvadasxva algoriTmebiT 
ixsneba, yvela maTganisaTvis damaxasiaTebelia erTidaigive 
maTematikuri aparatis gamoyeneba. 

Tu, mocemulia erTsixSiriani signali tie ω , maSin furies 
gardaqmnaze damyarebuli meTodebi saSualebas mogvcemen vipovoT 
ω sixSireze signalis piki. magram, Tu signali Seicavs or 
sinusoidas mainc, gansazRvruls sxvadasxva droiT intervalze, 
maSin warmoiSoba problema. miiReba ori piki drois 
lokalizaciis gareSe. aqedan gamomdinareobs signalis  
sixSire – dro cvladebSi warmodgenis aucilebloba, romelic 
saSualebas mogvcemda migveRo lokaluri informacia signalis 
Sesaxeb, rogorc sixSiriT, aseve, droiT areSi. cxadia, rom 
saWiroa ufro lokalizebuli bazisuri funqciebi, vidre 
sinusoidaa. amitom ganixilaven egreTwodebul fanjrebs 

tt sin)(ω ,                                                       (2) 
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sadac )(tω  fanjris funqciaa, romelic iZleva drois 
lokalizacias. aseT gardaqmnas fanjrul furies gardaqmnas 
uwodeben. miRebuli elementaruli blokebi yofen  
sixSire - dro sibrtyes garkveul nawilebad. aseT situaciaSi, 
heizenbergis principidan gamomdinare, SeuZlebelia mivaRwioT 
erTnairad karg, droiT da sixSiriT lokalizacias. sixSirisa 
da drois daSvebebi Semoifargleba heizenbergis utolobiT: 

π4
1

≤∆⋅∆ ft .                                                    (3) 

veivlet – analizi SedarebiT axali xilia, amitom misi 
gadmocemisas gamoiyeneba furie - analizis paraleluri 
ganxilva. 

 
 
 
7.1. veivlet - gardaqmnebis ZiriTadi cnebebi da maTematikuri 

aparati 
 
vTqvaT, )2;0(2 πL  - aris kvadratiT integrebad, )2;0( π -SualedSi 

gansazRvrul funqciaTa funqcionaluri sivrce, anu 

∫
π2

0

2)( dxxf <∞ .                                                                                                    (4) 

es aris alag-alag uwyveti funqciis gansazRvreba. is 
SeiZleba periodul funqciamde SevavsoT namdvil ricxvTa R 
simravleSi,  

f(x)=f(x-2π ),   .x∀                                                                                              (5) 
nebismieri π2  periodiani kvadratiT integrebadi )2;0()( 2 πLxf ∈  

funqcia SeiZleba warmovadginoT furies mwkriviT 

∑
∞

−∞=

=
n

inx
neCxf )( .                                                 (6) 

sadac nC - mudmivi ricxvebia da  

∫⋅=
π

π

2

0

)(
2
1 dxexfC inx

n ,                                             (7) 

amave dros, (6) mwkrivi Tanabrad krebadia, ase rom 

∫ ∑ =−
=∞→

π2

0

2

,
0)(lim dxeCxf

N

Mn

inx
n

NM
.                                      (8) 

unda aRiniSnos, rom  
. . . .,-1,0,1, . .n   ,)( == inx

n exW                                         (9) 

funqciebi adgenen orTonormirebul baziss )2;0(2 πL sivrceSi. 

bazisuri funqciebi miiRebian erTaderTi ixexW =)( funqciis 
masStaburi cvlilebebiT ise, rom 

).()( nxWxWn =                                                   (10) 
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am moqmedebas integralur gafarTovebas uwodeben.  
 

P.S. ase, rom )2;0(2 πL -s nebismieri kvadratiT integrebadi funqcia, 

SegviZlia warmovadginoT bazisuri ixexW =)(  funqciis 
)()( nxWxWn = integraluri gafarTovebebis superpoziciiT. 

 
radgan (9) bazisi orTonormirebulia, adgili aqvs parsevalis 

tolobas: 

∫ ∑
∞

−∞=

=⋅
π

π

2

0

22)(
2
1

n
nCdxxf .                                          (11) 

 
exla ganvixiloT )(xf  funqciis warmodgena veivletebis 

meSveobiT. ganvixiloT kvadratiT integrebadi funqciebis  )(2 RL  
funqcionaluri sivrce, sadac: 

∫
∞

∞−

∠∞dxxf 2)( .                                                  (12) 

)(2 RL  da )2;0(2 πL  funqcionaluri sivrceebi mniSvnelovnad 
gansxvavdebian erTmaneTisagan. kerZod, )(2 RL sivrcis nebismieri 
funqciis saSualo lokaluri mniSvneloba miiswrafis nulisaken. 
amitom, sinusoidaluri talRa ar ekuTvnis )(2 RL -s da maSasadame, 
ar SeiZleba rom )(xWn  iyos am funqcionaluri sivrcis bazisi. 

vipovoT martivi funqciebi )(2 RL -s bazisis konstruirebisaTvis. 
bazisis warmomqmneli funqcia unda miiswrafodes nulisaken 
orive mimarTulebiT. veivleti – niSnavs patara talRas. 

rogorc )2;0(2 πL  sivrcis SemTxvevaSi, )(2 RL -Sic SevecadoT 
avagoT bazisi erTi )(xψ  warmomqmneli funqciis saSualebiT(is 
SeiZleba iyos ramodenime sixSiriani, an erTsixSiriani veivleti). 
Tu veivleti swrafad miiswrafis nulisaken, rogor davfaroT am 
funqciebiT mTeli ricxviTi RerZi ? yvelaze martivad, es 
SeiZleba gavakeToT k sididiT wanacvlebis operaciis 
saSualebiT, anu gveqneba )( kx −ψ . am operacias integralur Zvras 
uwodeben. ganvixiloT sinusoidaluri sixSiris analogi, 
simartivisaTvis, is warmovadginoT oris xarisxiT. 

)2( kxj −⋅ψ ,                                                   (13) 

sadac j ;k – mTeli ricxvebia. 
radgan 

∫
∞

∞−

= dxxfxf 2)()( .                                             (14) 

amitom 

)(2)2( 2 xkx
j

j ψψ
−

=−⋅ .                                          (15) 

maSin orTonormirebul veivlet - baziss eqneba saxe: 
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)2(2 2 kxj
j

jk −⋅⋅= ψψ .                                            (16) 

sazogadod, veivlets ewodeba orTogonaluri, Tu Sesabamisi 
veivlet-bazisi jkψ  akmayofilebs pirobebs: 

kmjllmjk δδψψ =〉〈 ; .                                               (17) 

maSin )()( 2 RLxf ∈∀  adgili aqvs veivlet-warmodgenas: 

∑ ∑
∞

−∞=

∞

−∞=

=
j k

jkjk xCxf ).()( ψ                                            (18) 

am jeradi mwkrivis Tanabari krebadoba Caiwereba zRvariT 

0
2

2

1

12,2,1,1
lim =−∑∑

∞→

N

M

N

M
jkjk

NMNM
Cf ψ .                                   (19) 

yvelaze martiv orTogonalur veivlets warmoadgens xaaris 
veivleti :)(xHψ  















>∨<

≤≤−

≤≤

=

1 x 0 xif  ,0

1
2
1 if  ,1

2
1x0 if  ,1

)( xxHψ ;                                        (20) 

 
 

7.2. integraluri veivlet – gardaqmna 
 

exla ganvixiloT veivletebi zogad SemTxvevaSi, roca 
masStaburi cvlileba ar aris aucileblad oris xarisxi. aseve, 
ganvixiloT nebismieri wanacvleba. maSin, erTi warmomqmneli )(xψ  
- veivlet funqciisagan integraluri a  gafarTovebiT da b  
wanacvlebiT SesaZlebelia konstruireba gavukeToT nebismier 
funqcias )(2 RL  funqcionaluri sivrcidan. 

)(L R,ba,   ),()( 2
2
1

, R
a

bxaxba ∈∈
−

⋅= − ψψψ .                            (21) 

am formulis safuZvelze SegviZlia avagoT integraluri 
veivlet-gardaqmna : 

[ ] ∫ ∫
∞

∞−

∞

∞−

− =





 −

⋅⋅= dxxxfdx
a

bxxfabafW a )()()(),( b , 
2
1

ψψψ ,                   (22) 

sadac ψ  funqcias veivletis dedafunqcias(warmomqmnels) 
uwodeben. 

am (22) formulaSi, )(b, xaψ  funqcia igive rols TamaSobs, 

rasac  tωie  funqcia furies gardaqmnisas. 
Tu gavagrZelebT analogiebis Zebnas furies gardaqmnasTan, 

maSin (23) formulaSi, f(x) funqciis veivletebiT warmodgenis 
koeficientebi jkC ,  
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∑ ∑
∞

−∞=

∞

−∞=

−⋅⋅⋅=
j k

j
j

jk kxCxf )2(2)( 2 ψ ,                                   (23) 

SegviZlia ganvsazRvroT  

jkjk fC ψ;= ,                                                  (24) 

tolobebidan gamomdinare, integraluri veivlet-gardaqmnebis 
safuZvelze, Semdegnairad: 

[ ] 





= jjjk

kfWC
2

,
2
1  ψ .                                            (25) 

 
7.3. veivletisa da veivlet-gardaqmnis Tvisebebi 

 
veivlet – gardaqmnis azri imaSi mdgomareobs, rom is 

gvaZlevs saSualebas signali warmovadginoT solitonismagvari 
funqciebisagan Semdgari bazisis mimarT.  

ganvixiloT is ZiriTadi Tvisebebi, romlebic unda qondeT 
solitonismagvar (warmomqmnel) )(xψ  dedafunqciebs(veivletebs), 
imisaTvis rom isini ganxiluli iqnan rogorc veivletebi. 

 
lokalizacia  
veivlet-gardaqmna furies gardaqmnisagan gansxvavebiT iyenebs 

iseT bazisur (warmomqmnel) dedafunqcias, romelic 
lokalizebulia sivrcis(drois) SemosazRvrul areSi. veivleti 
unda iyos lokalizebuli rogorc fizikur, aseve, speqtralur 
sivrceSi, rogorc wesi π2=∆⋅∆ kx . 

 
nulovani saSualo mniSvneloba 
rac imas niSnavs, rom  

∫
∞

∞−

= 0)( dxxψ .                                                   (26) 

gamoyenebiTi amocanebis ganxilvisas, zogjer moiTxoveba 
ufro mkacri pirobac 

 ∫
∞

∞−

= 0)( dxxxmψ .                                                (27) 

aseT veivlets m  rigis veivlets uwodeben. aseTi piroba 
saWiro xdeba maSin, roca saWiroa veivletis warmoebulebis 
ganxilva m  rigis CaTvliT. 

 
SemosazRvruloba 
romelic moicema pirobiT 

∫
∞

∞−

∠∞dxx 2)(ψ .                                                  (28) 
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kargi lokalizacia da SemosazRvruloba zogjer moicema 
pirobebiT 

nx
x

+
<

1
1)(ψ ,                                                 (29) 

an Sesabamisi furie – gardaqmnisaTvis, 

nk 01
1)(
ω

ωψ
−+

<
∧

,                                             (30) 

sadac 0ω  veivletis dominanturi sixSirea. 

 
exla ganvixiloT veivlet-gardaqmnis Tvisebebi : 
 
SemoviRoT aRniSvnebi : 
[ ] ),( )( ),( bawfwbafW ==ψ .                                        (31) 

 
veivlet - gardaqmnis operatoris wrfivobis Tviseba 

[ ] ),(),()()()()( 212121 bawbawfwfwxfxfw βαβαβα +=+=+ .                  (32) 
 
invariantuloba wanacvlebis operaciis mimarT 

[ ] ),()( 00 bbawbxfw −=− .                                          (33) 

 
invariantuloba masStabis cvlilebis mimarT  









=

















0000

,1
a
b

a
aw

aa
xfw .                                         (34) 

 
energiis Senaxvis Tviseba 
veivlet – gardaqmnisaTvis, adgili aqvs parsevalis tolobis 

analogs 

∫ ∫ ∫−=⋅ 2
211

21
),(),()(f)(

a
dadbbawbawCdxxxf ψ ,                           

saidanac gamomdinareobs, rom 

∫ ∫ ∫−= 2

2
12 ),()(

a
dadbbawCdxxf ψ .                                     (35) 

 
7.4. veivlet funqciebis kerZo SemTxvevebi 

 
ganvixiloT veivlet – funqciebis konkretuli saxeebi. 
  
meqsikuri qudi(maaris veivleti) 
ase eZaxian funqcias, romelic miiReba gausis funqciis 

orjer gawarmoebiT 

22

2

)1()(
t

ett
−

⋅−=ψ .                                               (36) 
meqsikuri qudis grafiki mocemulia nax.7.1 
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10 5 0 5 10
1

0

1

ψ t( )

t  
 

nax. 7.1. maaris veivleti - meqsikuri qudi 
 
Sesabamis veivlet – baziss eqneba saxe: 

)2(2 2 kxj
j

jk −⋅⋅= ψψ .                                            (37) 

masStabirebisa da wanacvlebis grafikuli ilustracia maaris 
veivletisaTvis mocemulia nax.7.2. 

ψ t( ) 2t
e

t2−

2
−d

d

2
exp

1−
2

t2⋅





t2 exp
1−

2
t2⋅





⋅−→:=  

Ψ a b, t,( )
1

a
ψ

t b−

a






⋅:=  

10 5 0 5 10
1

0

1

ψ t( )

Ψ 1 10−, t,( )

Ψ 2 0, t,( )

Ψ 3 10, t,( )

t

 

nax.7.2. masStabirebisa da wanacvlebis grafikuli ilustracia 
 

zogjer iyeneben gadabrunebul meqsikur quds, romelic 
moicema formuliT: 

22

2

)1()(1
t

ett
−

⋅+=ψ .                                              (38) 
gadabrunebuli meqsikuri qudi mocemulia nax.7.3 
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10 5 0 5 10

1

0

1

ψ1 t( )

t  
nax. 7.3. maaris veivleti - gadabrunebuli meqsikuri qudi 

 
Sesabamis veivlet – baziss eqneba saxe: 

)2(121 2 kxj
j

jk −⋅⋅= ψψ .                                              (39) 

  
davaleba magistrebisaTvis: wina paragrafis masalaze 
dayrdnobiT, daamtkiceT, rom meqsikuri qudi da gadabrunebuli 
meqsikuri qudi akmayofileben veivletebis yvela, aucilebel 
Tvisebas. 
 
xaaris veivleti 

signalebis dekompoziciisa da rekonstruqciisaTvis, xSirad 
iyeneben xaaris veivletebs, romelTa warmomqmnel(deda) funqcias 
aqvs saxe (nax.8.4): 















>∨<

<≤

<≤

=

1))(x   0)((x if   0

)1
2
1( if  1-

)
2
1x(0 if   1

)( xxHψ ;                                   (40) 

1 0.5 0 0.5 1 1.5 2
1

0

11.2

1.2−

ψH x( )

21− x

 

nax. 7.4. xaaris veivleti 
 

Sesabamis veivlet – baziss eqneba saxe:  

)2(2 2 kxjH
j

jk
H −⋅⋅= ψψ .                                          (41) 

advili Sesamowmebelia, rom nebismieri ori H
mn  ψψ ∧H

jk  funqcia 

veivlet-bazisidan, romlebic warmoiqmnebian xaaris 
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dedafunqciidan,  m2
1 ,

2
1

j  - integraluri gafarTovebisa da m2
n ,

2 j

k
 - 

wanacvlebis Semdeg, arian orTonormalurni erTmaneTis mimarT, 
anu adgili aqvs tolobas(daamtkiceT!): 

knjmmn
H

jk
H δδψψ =〉〈 ; .                                           (42) 

 
P.S. xaaris bazisis uaryofiTi mxareebia is, rom es veivleti ar 
aris simetriuli da gluvi, Tumca zogierTi amocanis 
ganxilvisaTvis, signalebis damuSavebisas, es ar aris 
mniSvnelovani. amdenad, xaaris veivletebsac xSirad iyeneben 
praqtikaSi. 

ufro xSirad iyeneben xaaris veivletis msgavs, magram 
simetriul warmomqmnel veivlets(dedafunqcias), romelsac 
frangul quds uwodeben: 

 
frangul qudi 
am veivlets Caweren Semdegnairad 















>

≤<−

≤

=

1x  if    0

1
3
1  if   1

3
1x  if   1

xFψ ;                                           (43) 

2 1 0 1 2
1

0

1

ψF x( )

x  
nax. 7.5. veivleti - franguli qudi 

 
Sesabamis veivlet – baziss eqneba saxe: 

)2(2 2 kxjF
j

jk
F −⋅⋅= ψψ                                           (44) 

  
ufro rTuli, organzomilebiani signalebisaTvis garda 

wanacvlebisa da masStabirebisa, saWiroa gaviTvaliswinoT 
mobrunebac. 

veivlet – gardaqmnebi farTod gamoiyeneba signalebis 
filtraciisa da SekumSvisaTvis[1-5]. 

maRali rigis veivletebisaTvis, warmomqmneli-deda veivletis 
asagebad, rogorc wesi, gamoiyeneba Sesabamisi filtraciis 
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koeficientebis gamoTvlis iteraciuli, funqcionaluri 
gantolebebi, romelTaTvisac aucilebelia Semqmneli-mama 
veivletebis ageba. aseTnairad aigeba, magaliTad, dobeSis meoTxe 
rigis veivleti. romlis agebasac Cven ar daviwyebT, radgan 
winamdebare saxelmZRvanelo isaxavs miznad ZiriTadi ideebis 
gacnobas da teqnikuri detalebis gasacnobad, saWiroa Sesabamisi 
specialuri literaturis[1-6] Seswavla. 

 
 

7.5. veivlet – analizi Mathcad – is bazaze 
 

vTqvaT, mocemulia signali )(ts , romlis energiac 
SemosazRvrulia, anu 

∫ ∞<
R

dtts )(2 .                                                   (45) 

am signalis pirdapiri veivlet-gardaqmna, furies gardaqmnis 
analogiurad, moicema Sesabamisi veivlet-koeficientebis 
meSveobiT formuliT: 

∫ 





 −

⋅==
R

dt
a

bttstbatsbaC ψψ )(),,(),(),( .                             (46) 

ase, rom veivlet-koeficientebi moicema signalisa da 
mocemuli saxis veivlet-funqciis skalaruli namravliT. 

ganvixiloT veivlet-gardaqmnis magaliTebi: 
 
1) mocemul signals aqvs simetriuli marTkuTxa impulsebis 

saxe-meandra. isini moicemian analizuri formuliT 
))04.0(sin()( tsignts ⋅= .                                            (47) 

grafikulad, meandras tipis signali mocemulia nax.7.6. 

0 50 100 150 200 250
2

0

2

s t( )

t  
nax.7.6. meandras grafikuli saxe 

 
avagoT, am signalis pirdapiri veivlet-gardaqmna da 

speqtrograma, maaris warmomqmneli veivlet-funqciis saSualebiT 
Matcad 2001 –is bazaze: 

ψ t( ) 2t
e

t2−

2
−d

d

2
exp

1−
2

t2⋅





t2 exp
1−

2
t2⋅





⋅−→:=
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Ψ a b, t,( )
1

a
ψ

t b−

a






⋅:=
 

N 256:=   

C a b,( )
∞−

∞
tΨ a b, t,( ) s t( )⋅

⌠

⌡

d:=  

j 0 32..:=  

b 0 1,
N
10

..:=  

aj
j 12+( )4

3 104
⋅

:=  

Nj b, C aj 2 b⋅
N
10

−,





:=
 

 

NT

 

 
nax.7.7. meandras tipis signalis speqtrograma 

 
2) mocemul signals aqvs sinusis kubis saxe, anu 

3)1.0sin()( tts π⋅= .                                               (48) 
grafikulad, am tipis signali mocemulia nax.8.8. 

0 50 100 150 200 250
2

0

2

s t( )

t  
nax.7.8. sinuskubis grafikuli saxe 

avagoT, am signalis pirdapiri veivlet-gardaqmna da 
speqtrograma, maaris warmomqmneli veivlet-funqciis saSualebiT 
Matcad 2001 –is bazaze: 
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ψ t( ) 2t
e

t2−

2
−d

d

2
exp

1−
2

t2⋅





t2 exp
1−

2
t2⋅





⋅−→:=
 

Ψ a b, t,( )
1

a
ψ

t b−

a






⋅:=
                          

s t( ) sin 0.1 π⋅ t⋅( )3:=
 

N 256:=   

C a b,( )
∞−

∞
tΨ a b, t,( ) s t( )⋅

⌠

⌡

d:=  

j 0 32..:=  

b 0 1,
N
10

..:=  

aj
j 12+( )4

3 104
⋅

:=  

Nj b, C aj 2 b⋅
N
10

−,





:=
 

 

NT
 

nax.7.9. sinuskubis speqtrograma 
 

im SemTxvevebSi, roca gvaqvs perioduli signali umjobesia 
gamoviyenoT furie-gardaqmnebi. Tumca, roca signali xasiaTdeba 
sivrculi an droiTi lokalizaciiT, maSin veivlet-gardaqmna 
yvelaze ufro nayofieria. es upiratesobebi gansakuTrebulad 
Cans bgeriTi signalebisa da gamosaxulebaTa signalebis 
SemTxvevebSi. 
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7.6. veivlet – gardaqmnebi da signalebis gafiltrva 
 Mathcad – is bazaze 

 
signalebi SeiZleba warmovadginoT rogorc misi uxeSi 

miaxlovebisa da damazustebeli(ufro detaluri) warmodgenaTa 
jami. am procesis realizaciisaTvis gamoiyenebian orTogonaluri 
veivletebi, romelTa asagebadac, xSirad, gamoiyeneba 
multimasStaburi(multiresolution) analizi. es analizi emyareba 
Semdeg ZiriTad faqtebs: 

• signalebis V sivrce SeiZleba daiyos iseT ierarqiul 
Vj qvesivrceebad, romlebix erTmaneTTan ar ikveTebian 
da romelTa gaerTianebac zRvarSi iZleva L2(R) sivrces; 

• nebismieri jVts ∈)(  funnqciisaTvis, misi SekumSuli versia 

ekuTvnis Vj-1 qvesivrces; 
• arsebobs iseTi 0)( Vx ∈ϕ  funqcia, romlisTvisac misi 

wanacvlebebi )()(,0 kxxk −= ϕϕ  adgenen orTonormirebul 

baziss V0 sivrceSi. 
radgan )(,0 tkϕ  funqciebi adgenen orTonormirebul baziss V0 

sivrceSi, funqciebi 
)2(2)( 2/

, ktt jj
kj −⋅⋅= −− ϕϕ                                          (49) 

adgenen jrTonormirebul baziss L2(R) sivrceSi. am funqciebs 
Semqmnel-mama veivletebs uwodeben. isini warmoadgenen 
mamaStabirebel funqciebs, radgan isini qmnian Tavisnair 
funqciebs sxvadasxva masStabSi. ise, rom s(t) signali SeiZleba 
warmodgenil iqnas, rogorc misi Vj subqvesivrceebSi 
Tanmimdevruli miaxlovebebis zRvari 

)(lim)( tsts jj ∞→
= .                                                  (50) 

rogorc wesi, signalis dekompoziciis wesidan gamomdinare, j-
s didi mniSvnelobebisaTvis miiReba uxeSi miaxlovebebi, xolo 
mcire mniSvnelobebisaTvis- ufro zusti miaxlovebebi. 

signalis aproqsimacias Seesabameba iteraciuli formula: 

∑ ⋅=
k

kjj tkjCts )(),()( ,ϕ ,                                          (51) 

∑ −⋅⋅=
k

k ktht )2(2)(0,0 ϕϕ .                                         (52) 

zogad SemTxvevaSi, signalis rekonstruqcia daSvebis nj  

doneze xorcieldeba Semdegi warmodgenis meSveobiT 

∑ ∑∑
∞

=

∞

−∞=

∞

−∞=

⋅+⋅=
n

nn
jj k

kkj
k

kjkj tdtats )()()( ,,, ψϕ ,                               (53) 

 sadac kjn
a , - aproqsimaciis koeficientebia,  

 xolo kjd ,   - damazustebeli koeficientebi. 

 )(, tkjn
ϕ - Semqmneli-mama veivletia. 
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 )(tkψ - warmomqmneli-deda veivleti. 

signalis mTliani aRdgena SesaZlebelia Tu, 

{ } ∑ −⋅=





∃∈∀

k
k kthtZk )(2

2
h  , k ϕϕ .                                    (54) 

am gantolebas damazustebeli(refinement) ewodeba.  

magaliTi: xaaris veivletisaTvis 
2

1
21 == hh . 

              ∑∑
−

= =

−

⋅+⋅=
1

0

2

0
,,0,0

1

)()()(
n

j k
kjkj

j

tdtCts ψϕ ,                                                      (55) 

sadac 
      0,0C  aris signalis dabalsixSiriani nawilis  koefici-

enti; 
      kjd , - signalis maRalsixSiriani nawilis koeficientebis 

matricaa ; 
      )(tϕ -mama-veivleti; 
      )(, tkjψ -deda-veivletia. 

vTqvaT, gvaqvs signali  
{ }2;1;0;1;2;3;0;1 −=y , romelic gansazRvrulia [ ]1,02L sivrceSi. 

Tu, gamoviyenebT xaaris veivlets da dekompoziciis (55) 
formulas, maSin miviRebT matricas: 



































⋅



































=

































−

3,2

2,2

1,2

0,2

1,1

0,1

0,0

0,0

2- 0     0    0    2-     0      1-   1

2   0     0    0      2-   0      1-   1

0   2-   0    0      2     0      1-   1

0   2     0    0      2     0      1-   1

0   0     2-  0      0      2-   1     1

0   0     2    0      0      2-   1     1

0   0     0    2-    0      2     1     1

0   0     0    2      0      2     1     1

2   
1   
0   
1   
2   
3
0   
1   

 

d
d
d
d
d
d
d
c

.                        (56) 

 
am tolobis marjvena nawilis did matricaSi : 
 pirveli sveti warmoadgens masStabirebis )(tϕ  funqcias ; 
 meore sveti- xaaris veivletia ; 
 mesame da meoTxe svetebi-signalis pirveli donis 

warmodgenis ricxviTi mniSvnelobebia ; 
 mexuTe-merve svetebi Seesabamebian signalis meore donis 

warmodgenas. 
ase, rom tolobis marjvena nawilis ucnobi matricis 

sapovnelad, saWiroa (56) matriculi gantolebis amoxsna. roca 
Semomavali signalis ricxviTi mniSvnelobebis raodenoba sakmaod 
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didia, veivlet-koeficientebis sapovnelad iyeneben filtraciis 
meTodebs. 

ganvixiloT Semomavali signalis dekopoziciis(filtraciis) 
algoriTmi: 

∑ ⋅−=
n

nk aknhHa )2()( ,                                          (57) 

 ∑ ⋅−=
n

nk akngGa )2()( ,                                         (58) 

sadac 
      −Ha signalis dabalsixSiriani - filtraciis operato-

ria; 
            Ga  - signalis maRalsixSiriani – filtraciis operato-

ria; 
      h  - veivlet-filtris dabalsixSiriani koeficientebis 

veqtoria; 
      g - veivlet-filtris maRallsixSiriani koeficientebis 

veqtoria. 
cnobilia, rom xaaris veivlet-filtris SemTxvevaSi  

2
1

21 == hh  ;  
2

1
21 =−= gg .                                    (59) 

am faqtebis gaTvaliswinebiT movaxdinoT Semomavali 
y signalis dekompozicia. 

2                                                   

2-                                                d

2                    0                                          c
1-                  1                                          

2
3     

2
1    

2
1-    

2
1                               

2
1-    

2
1    

2
3-    

2
1                              d

2   1   0   1   2   3-   0   1                       

)0(

(0)

(1)

)1(
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dekompoziciis pirvel doneze, signalis dabalsixSiriani 

mdgenelisaTvis (57) Tanadobis gaTvaliswinebiT miviRebT: 
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analogoirad, (58) Tanadobis safuZvelze SegviZlia vipovoT 
signalis Sesabamisi maRalsixSiriani mdgenelic. 

Semdeg, dekompoziciis meore doneze, signalis 
dabalsixSiriani mdgenelisaTvis miviRebT: 
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Sesabamisad, dekompoziciis mesame doneze miviRebT rom 
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amrigad, Semomavali signali { }2;1;0;1;2;3;0;1 −=y , gardaiqmneba axal 
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 veqtorad, romlis komponentebis 

raodenobac emTxveva Semomavali signalis elementebis 
raodenobas, Tumca, energiis ZiriTadi nawili moqceulia 
komponentebis SedarebiT, mcire raodenobis elementebSi. ase, rom 
Tu, magaliTad SemTxveviTi SeSfoTebebis zRvrul mniSvnelobad 
aviRebT 0.9, miviRebT rezultatis axal veqtors: 









−−− 2 ;2 ;1 ;1 ;0 ;0 ;

2
3 ;0 . rac imas niSnavs, rom koeficientebis 

nawili atarebs umniSvnelo informacias da maTi mniSvnelobebi 
SegviZlia CavTvaloT nulovanad. 

amis Semdeg, Sesabamisi Semomavali signalis aRsadgenad unda 
visargebloT operatorebiT: 

∑ −=
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nn aknhHa )2()( * ,                                           (60) 

∑ −=
k

nn akngGa )2()( * .                                           (61) 

P.S.es algoriTmi amartivebs signalis filtraciis algoriTms.  
      ganvixiloT am signalis veivlet-gardaqmna da 

ukugardaqmna Mathcad-is bazaze nax.7.10 
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nax. 7.10. signalis veivlet-filtracia. analiz-sinTezi. 
rogorc vxedavT, eqsperimentuli da veivlet-filtriT 

sinTezirebuli signalebi erTmaneTs emTxvevian. 
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amocanebi da savarjiSoebi 
 

varianti 1 
 

1.aageT pirdapiri veivlet-gardaqmna da speqtrograma maaris 
veivletebisaTvis. 
2.aageT sinuskubis pirdapiri veivlet-gardaqmna da speqtrograma. 
3.aageT pirdapiri veivlet-gardaqmna da speqtrograma franguli 
qudisaTvis. 
4.aageT pirdapiri veivlet-gardaqmna da speqtrograma 
meandrasTvis. 
5.SeadgineT { }56.0;06.0;02.0;6.0;6;4;23;0;8;7;4;6;2;1=y  signalis filtraciis 
algoriTmi xaaris veivletis bazaze. moaxdineT signalis 
analizi da sinTezi. 
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