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ïŽáæïâîðŽùæë êŽöîëéæ öâïîñèâĲñèæŽ æãŽêâ þŽãŽýæöãæèæï ïŽýâèëĲæï åĲæèæïæï
ïŽýâèéûæòë ñêæãâîïæðâðöæ

ïŽéâùêæâîë ýâèéúôãŽêâèâĲæ: þâéŽè îëàŽãŽ { òæäæçŽ-éŽåâéŽðæçæï éâùêæâîâ-
ĲŽåŽ áëóðëîæ, ìîëòâïëîæ

åâéñî øæèŽøŽãŽ { òæäæçŽ-éŽåâéŽðæçæï éâùêæâîâ-
ĲŽåŽ áëóðëîæ, ìîëòâïëîæ

ëòæùæŽèñîæ ëìëêâêðâĲæ: þëêáë öŽîæóŽúâ { òæäæçŽ-éŽåâéŽðæçæï éâùêæâîâ-
ĲŽåŽ áëóðëîæ, ìîëòâïëîæ, 05.13.18

éŽîæêâ éâêåâöŽöãæèæ { òæäæçŽ-éŽåâéŽðæçæï éâù-
êæâîâĲŽåŽ çŽêáæáŽðæ, 05.13.18

áæïâîðŽùææï áŽùãŽ öâáàâĲŽ 2006 ûèæï ïŽŽåäâ æãŽêâ þŽãŽýæ-
öãæèæï ïŽýâèëĲæï åĲæèæïæï ïŽýâèéûæòë ñêæãâîïæðâðæï Ph. M. 01.02 � 9 ïŽáæïâîðŽ-
ùæë ïŽĲüëï ïýáëéŽäâ. éæïŽéŽîåæ: åĲæèæïæ 0186, ñêæãâîïæðâðæï ó. � 2, æ. ãâçñŽï ïŽýâèëĲæï
àŽéëõâêâĲæåæ éŽåâéŽðæçæï æêïðæðñðæ.

áæïâîðŽùææï àŽùêëĲŽ öâïŽúèâĲâèæŽ æãŽêâ þŽãŽýæöãæèæï ïŽýâèëĲæï åĲæèæïæï ïŽýâèéûæ-
òë ñêæãâîïæðâðæï ĲæĲèæëåâçŽöæ (åĲæèæïæ 0186, ñêæãâîïæðâðæï ó. � 2).

ŽãðëîâòâîŽðæ áŽæàäŽãêŽ 2006 ûèæï .

ïŽáæïâîðŽùæë ïŽĲüëï
ïûŽãèñèæ éáæãŽêæ, òæäæçŽ-éŽåâéŽðæçæï
éâùêæâîâĲŽåŽ áëóðëîæ à. ŽãŽèæöãæèæ



åâéæï ŽóðñŽèñîëĲŽ. éæñýâáŽãŽá æéæïŽ, îëé åŽêŽéâáîëãâ àŽéëåãèæåæ éŽêóŽêâĲæï öâ-
ïŽúèâĲèëĲâĲæ ûŽîéëñáàâêèŽá àŽæäŽîáŽ, áîâçŽáëĲæï åâëîææï ïŽéàŽêäëéæèâĲæŽêæ Žéë-
ùŽêâĲæï îæùýãæåæ îâŽèæäŽùææï ïŽçæåýæ çãèŽã ìîëĲèâéŽðñîæ îøâĲŽ. úæîæåŽáæ ûæêŽŽôé-
áâàëĲŽ éáàëéŽîâëĲï æéŽöæ, îëé Žôêæöêñèæ ŽéëùŽêâĲæïŽåãæï çèŽïæçñîæ éâåëáâĲæï àŽéë-
õâêâĲŽ éëæåýëãï áæá ëìâîŽðæñè éâýïæâîâĲŽï áŽ Žîæåéâðæçñè ëìâîŽùæŽåŽ áæá îæùýãï,
îŽù ïŽåñëï ýáæï Žïâåæ ŽéëùŽêâĲæï îæùýãæå ŽéëýïêŽï îâŽèñî áîëöæ. éáàëéŽîâëĲŽ çæ-
áâã ñòîë îåñèáâĲŽ áæêŽéæçñîæ öâéåýãâãæïŽåãæï, îëùŽ öâéëáæï éâëåýâ àŽêäëéæèâĲŽ
áîëæåæ ìŽîŽéâðîæï éæýâáãæå.

æ. ãâçñŽï îâáñùæîâĲæï éâåëáæ ïŽöñŽèâĲŽï æúèâãŽ áîâçŽáëĲæï åâëîææï ïŽéàŽêäëéæèâ-
ĲæŽêæ ŽéëùŽêæï ŽéëêŽýïêï éæñŽýèëãáâå ëîàŽêäëéæèâĲæŽêæ ŽéëùŽêâĲæï ïâîæâĲæï ŽéëêŽýïêâ-
Ĳæï éæéáâãîëĲæï ïŽöñŽèâĲæå. ìîŽóðæçñèæ àŽéëõâêâĲâĲæï åãŽèïŽäîæïæå éêæöãêâèëãŽêæŽ æï
òŽóðæ, îëé ìæîãâèæ éæŽýèëâĲâĲæ áŽéîâùæ àŽîïâĲæïŽåãæï æúèâãŽ ïŽçéŽîæïŽá çŽîà öâáâàï.
ŽóâáŽê àŽéëéáæêŽîâ, áŽéîâùæ ïòâîñèæ àŽîïæïŽåãæï æ. ãâçñŽï àŽêðëèâĲâĲæï îæùýãæåæ Žéë-
ýïêæï ŽèàëîæåéâĲæï ŽàâĲŽ áŽ àŽéëçãèâãŽ, øãâêæ Žäîæå, ŽóðñŽèñî ïŽçæåýï ûŽîéëŽáàâêï.

çŽîàŽá Žîæï ùêëĲæèæ, îëé æ. ãâçñŽï æâîŽîóæñèæ éëáâèæï àŽêðëèâĲâĲæï ïðîñóðñîŽ
æúèâãŽ æéæï ïŽöñŽèâĲŽï, îëé ïŽïŽäôãîë ŽéëùŽêâĲæï âòâóðñîæ ŽéëýïêæïŽåãæï (àŽêïŽçñ-
åîâĲæå àèñãïŽäôãîæŽêæ Ĳîðõâèæ ŽîââĲæï öâéåýãâãŽöæ) ûŽîéŽðâĲæå æóêâï àŽéëõâêâĲñèæ
ùêëĲæèæ óŽîåñèæ éŽåâéŽðæçñîæ ïçëèæï éæâî áŽéñöŽãâĲñèæ çëéìèâóïñîæ ùãèŽáæï òñ-
êóùæŽåŽ åâëîææï éâåëáâĲæ. éáàëéŽîâëĲŽ ŽîïâĲæåŽá æùãèâĲŽ, îëùŽ æêðâàîâĲæï Žîæï
ïŽäôãŽîæ ŽîŽàèñãæŽ. Žé öâéåýãâãŽöæ ŽêŽèæäñîæ éâåëáâĲæ êŽçèâĲŽá âòâóðñîæŽ áŽ àŽéë-
æõâêâĲŽ ïýãŽáŽïýãŽ îæùýãæåæ éâåëáâĲæ.

ïŽçãèâãæ åâéæï ŽóðñŽèñîëĲŽäâ éâðõãâèâĲï Žïâãâ æï òŽóðæ, îëé éîŽãŽèæ óŽîåãâèæ áŽ
ñùýëâèæ éâùêæâîæï öîëéâĲæ éæâúôãêŽ æ. ãâçñŽï àŽîïåŽ åâëîææï áŽ îâáñùæîâĲæï éâåëáæï
àŽéëõâêâĲâĲï áîâçŽáëĲæïŽ áŽ àŽîïåŽ åâëîææï éåâèæ îæàæ ŽéëùŽêâĲæï àŽéëçãèâãæïŽ áŽ
îæùýãæåæ Žéëýïêæï ïŽçæåýâĲöæ.

çãèâãæï ëĲæâóðæ áŽ éæäŽêæ. ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲâĲæïŽåãæï êŽýâãîŽá-
áæïçîâðñèæ, ïýãŽëĲæŽêæ áŽ ãŽîæŽùæñè-ïýãŽëĲæŽêæ ïóâéâĲæï ŽàâĲŽ áŽ àŽéëçãèâãŽ. ñûõãâðæ
ŽéëùŽêæï öâïŽĲŽéæïæ áæïçîâðñèæ ŽéëùŽêæï ŽéëêŽýïêæïŽåãæï, Žïâãâ ìæîãâèæ áŽ éâëîâ îæàæï
ûŽîéëâĲñèâĲæï ïýãŽëĲæŽêæ ŽêŽèëàâĲæïŽåãæï Žìîæëîñèæ öâòŽïâĲâĲæï éæôâĲŽ ŽéëêŽýïêåŽ
ïŽåŽêŽáë çèŽïâĲöæ. éæŽýèëâĲæåæ ŽéëêŽýïêæïŽ áŽ ìæîãâèæ áŽ éâëîâ îæàæï ûŽîéëâĲñèâ-
Ĳæï ïýãŽëĲæŽêæ ŽêŽèëàâĲæï ùáëéæèâĲâĲæï öâòŽïâĲŽ. éŽåæ îæàæï áŽáàâêŽ áîëæåæ Ĳæþæï
éæéŽîå, àŽéëïŽãŽèæ ñûõãâðæ ŽéëùŽêæï ŽéëêŽýïêæï ïæàèñãæïŽáŽ éæýâáãæå. ŽàâĲñèæ Žèàë-
îæåéâĲæï ïŽòñúãâèäâ ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲâĲæï îæùýãæåæ ŽéëýïêæïŽåãæï
öâïŽĲŽéæïæ ìîëàîŽéñèæ ñäîñêãâèõëòæï öâóéêŽ áŽ éëáâèñîæ ŽéëùŽêâĲæï îâŽèæäŽùæŽ.

éâùêæâîñèæ ïæŽýèâ áŽ úæîæåŽáæ öâáâàâĲæ.
Ž) ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲâĲæïŽåãæï ŽàâĲñèæŽ ûëêæŽêæ ïæéâðîæñèæ (ïŽéöîæ-

Žêæ) êŽýâãîŽááæïçîâðñèæ ïóâéâĲæ áŽ éŽååãæï ŽïëùæîâĲñèæ ìëèæêëéâĲæï éâåëáæå éæôâ-
ĲñèæŽ Žìîæëîñèæ öâòŽïâĲâĲæï éåâèæ ïìâóðîæ. Žé öâòŽïâĲâĲæï ïŽòñúãâèäâ áŽéðçæùâĲñèæŽ
åâëîâéâĲæ éæŽýèëâĲæåæ ŽéëêŽýïêæï äñïðæ ŽéëêŽýïêæïŽçâê çîâĲŽáëĲæï öâïŽýâĲ. öâòŽïâĲñèæŽ
ùåëéæèâĲæï îæàæ áîëæåæ Ĳæþæï éæéŽîå ñûõãâðæ ŽéëùŽêæï ŽéëêŽýïêæï ïæàèñãæïáŽ éæýâá-
ãæå.

Ĳ) áŽéðçæùâĲñèæŽ ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲŽåŽ ïæïðâéæï ëìâîŽðëîæï çë-
âîùæðæñèëĲŽ áæîæýèâï âîåàãŽîëãŽêæ ïŽïŽäôãîë ìæîëĲâĲæï öâéåýãâãŽöæ áŽ éæôâĲñèæŽ
ùýŽáæ ïŽýæå çëâîùæðæñèëĲæï ñðëèëĲŽöæ öâéŽãŽèæ éñáéæãæ.

à) ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲŽåŽ ïæïðâéæïŽåãæï áæîæýèâï ïŽïŽäôãîë Žéë-
ùŽêæï éæŽýèëâĲæåæ ŽéëýïêæïŽåãæï, öâéëåŽãŽäâĲñèæŽ æðâîŽùæñèæ ìîëùâïæ. æðâîŽùææï
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õëãâè Ĳæþäâ æýïêâĲŽ áîâçŽáëĲæï Ĳîðõâèæ åâëîææï àŽêðëèâĲŽåŽ ïæïðâéŽ áŽ ßâèéßë-
èùæï àŽêðëèâĲŽ ùŽè-ùŽèçâ. áŽéðçæùâĲñèæŽ, îëé âï æðâîŽùæñèæ ìîëùâïæ çîâĲŽáæŽ ïòâ-
îëï îŽáæñïæï, àŽîïæï ïæïóæï áŽ ìñŽïëêæï çëâòæùæâêðæï êâĲæïéæâîæ áŽïŽöãâĲæ éêæöãêâèë-
ĲâĲæïŽåãæï.

á) ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲŽåŽ ïæïðâéæïŽåãæï ŽàâĲñèæŽ æðâîŽùæñè-ïýãŽ-
ëĲæŽêæ áŽ ãŽîæŽùæñè-ïýãŽëĲæŽêæ ïóâéâĲæ áŽ éŽå ïŽòñúãâèäâ öâóéêæèæŽ ìîëàîŽéŽåŽ çë-
éìèâóïæ ìîëàîŽéæîâĲæï C++ âêŽäâ, îëàëîù áæêŽéæçñîæ, Žïâãâ ïðŽðæçñîæ ŽéëùŽêâĲæï
îæùýãæåæ àŽåãèæïŽåãæï. éæôâĲñèæ îæùýãæåæ àŽåãèâĲæï öâáâàâĲæ ïýãŽáŽïýãŽ éëáâèñîæ
ŽéëùŽêâĲæïŽåãæï ïîñè öâïŽĲŽéæïëĲŽöæŽ åâëîæñè áŽïçãêâĲåŽê.

êŽöîëéæï ŽìîëĲŽùæŽ. áæïâîðŽùææï úæîæåŽáæ öâáâàâĲæ éëýïâêâĲñèæ æõë öâéáâà ïŽéâ-
ùêæâîë ïâéæêŽîâĲïŽ áŽ çëêòâîâêùæâĲäâ: æ. ãâçñŽï ïŽýâèëĲæï àŽéëõâêâĲæåæ éŽåâéŽðæçæï
æêïðæðñðæï ïâéæêŽîæï àŽòŽîåëâĲñèæ ïýáëéâĲæ (2000 û., 2004 û., 2005 û.); æ. ãâçñŽï ïŽýâ-
èëĲæï àŽéëõâêâĲæåæ éŽåâéŽðæçæï æêïðæðñðæï ïâéæêŽîâĲæ (2005 û.); ïŽóŽîåãâèëï éŽåâ-
éŽðæçëïåŽ III õîæèëĲŽ (11{13 ëóðëéĲâîæ, 2001 û., åĲæèæïæ); éŽåâéŽðæçëïåŽ îâïìñĲèæ-
çñîæ çëêòâîâêùæŽ (ŽçŽáâéæçëï æèæŽ ãâçñŽï ïŽæñĲæèâë áôââĲæ { 2001, æãŽêâ þŽãŽýæöãæèæï
ïŽýâèëĲæï åĲæèæïæï ïŽýâèéûæòë ñêæãâîïæðâðæï ïëýñéæï òæèæŽèæ, 21 Žìîæèæ, 2001 û.,
åĲæèæïæ).

áæïâîðŽùææï éëùñèëĲŽ áŽ ïðîñóðñîŽ. ïŽáæïâîðŽùæë êŽöîëéæ öâæùŽãï 140
êŽĲâüá àãâîáï, æàæ öâáàâĲŽ öâïŽãèæï, ïŽéæ åŽãæï, 13 ìŽîŽàîŽòæïŽ áŽ áŽéŽðâĲæïŽàŽê. éæ-
åæåâĲñèæŽ Žãðëîæï éæâî áæïâîðŽùæŽäâ éñöŽëĲæï ìâîæëáöæ àŽéëõâêâĲñèæ èæðâîŽðñîæï
ïæŽ, îëéâèæù öâæùŽãï 84 áŽïŽýâèâĲŽï.

áæïâîðŽùææï öæêŽŽîïæ. öâïŽãŽèöæ éëùâéñèæŽ èæðâîŽðñîæï éæéëýæèãŽ àŽêïŽýæèãâ-
èæ åâéæï æîàãèæã áŽ àŽáéëùâéñèæŽ áæïâîðŽùææï éëçèâ öæêŽŽîïæ.

ìæîãâè åŽãöæ àŽêýæèñèæŽ áæêŽéæçñîæ öâéåýãâãæïŽåãæï, ïòâîñèæ àŽîïæï àŽêðëèâĲâĲæ-
ïŽåãæï ûëêæŽêæ ïŽéöîæŽêæ êŽýâãîŽááæïçîâðñèæ ïóâéæï éáàîŽáëĲŽ áŽ çîâĲŽáëĲŽ.

ìæîãâè ìŽîŽàîŽòöæ éëùâéñèæŽ ŽéëùŽêæï áŽïéŽ. àŽêýæèñèæŽ ïòâîñèæ àŽîïæï ûëêŽïûë-
îëĲæï àŽêðëèâĲâĲæ áæêŽéæçñîæ öâéåýãâãæïåãæï, æ. ãâçñŽï åâëîææï éæýâáãæå (êñèëãŽêæ
éæŽýèëâĲŽ):
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áæîæýèâï âîåàãŽîëãŽêæ ïŽïŽäôãîë

u(x, y, t)
∣∣
∂Ω

= 0, ∂Ω : |x| = |y| = 1, (2)

áŽ çëöæï ïŽûõæïæ

u(x, y, 0) = ϕ0(x, y), u′t(x, y, 0) = ϕ1(x, y), (3)
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ìæîëĲâĲæå. ïŽáŽù

f = (f1, f2, f3)
>, ϕ0 = (ϕ01, ϕ02, ϕ03)

>, ϕ1 = (ϕ11, ϕ12, ϕ13)
>

ùêëĲæèæ ñûõãâðæ ãâóðëî-òñêóùæâĲæŽ, u = (u1, u2, u3)
> { ïŽúâĲêæ ãâóðëî-òñêóùæŽŽ ñûõãâðæ

QT -öæ, îëéâèïŽù Žóãï ñûõãâðæ ux, uy, uxy, uxx, uyy, ut áŽ utt ûŽîéëâĲñèâĲæ QT -öæ, ε =
2R−1h, h { àŽîïæï êŽýâãŽîïæïóâŽ, R { ïòâîëï îŽáæñïæ, σ { ìñŽïëêæï çëâòæùæâêðæ, E {
æñêàæï éëáñèæ, σ0 = E/2 · (1 + σ).

(1){(3) ŽéëùŽêæï ŽéëêŽýïêï ãâúâĲå öâéáâàæ êŽýâãîŽááæïçîâðñèæ ïóâéæï àŽéëõâêâĲæå:

uk+1 − 2uk + uk−1

τ 2
+ A

uk+1 + νuk + uk−1

2 + ν
=

= f(x, y, tk), k = 1, . . . , n− 1, (4)

ïŽáŽù τ = T/n (n > 1 Žîæï êŽðñîŽèñîæ îæùýãæ), tk = kτ , ν 6= −2. u(x, y, t) äñïðæ
ŽéëêŽýïêæï éæŽýèëâĲæå éêæöãêâèëĲŽá t = tk ûâîðæèöæ ãŽùýŽáâĲå uk(x, y)-ï.

ŽéîæàŽá, (1){(3) ŽéëùŽêæï ŽéëýïêŽ áîëæï õëãâè Ĳæþäâ áŽæõãŽêâĲŽ
(
I +

τ 2

2 + ν
A

)
ëìâ-

îŽðëîæï öâĲîñêâĲŽäâ.
éâëîâ ìŽîŽàîŽòöæ áŽéðçæùâĲñèæŽ æ. ãâçñŽï àŽêðëèâĲŽåŽ ïæïðâéæï ëìâîŽðëîæï çëâî-

ùæðæñèëĲŽ.
öâéëðŽêæèæŽ öâéáâàæ ïæãîùââĲæ:
L2(Ω) { Ω Žîâöæ çãŽáîŽðæå þŽéâĲŽá òñêóùæŽåŽ ïæãîùâ (ßæèĲâîðæï ïæãîùâ);
H = [L2(Ω)]3 { ßæèĲâîðæï ïæãîùâ, öâïŽĲŽéæïŽá ïçŽèŽîñèæ êŽéîŽãèæå áŽ êëîéæå:

((u, v)) = (u1, v1) + (u2, v2) + (u3, v3),

‖u‖ =
(‖u1‖2

L2
+ ‖u2‖2

L2
+ ‖u3‖2

L2

)1/2
,

ïŽáŽù u = (u1, u2, u3) áŽ v = (v1, v2, v3) ãâóðëî-òñêóùæâĲæŽ çëéìëêâêðâĲæå L2(Ω)-áŽê;
(·, ·) áŽ ‖ · ‖

L2
, öâïŽĲŽéæïŽá, ïçŽèŽîñèæ êŽéîŽãèæ áŽ êëîéŽŽ L2[Ω] ßæèĲâîðæï ïæãîùâöæ;

Cm(Ω) { ïæéîŽãèâ Ω-öæ ñûõãâðæ òñêóùæâĲæïŽ, îëéâèåŽù Žóãå ñûõãâðæ ûŽîéëâĲñèâĲæ
m îæàŽéáâ øŽåãèæå Ω-öæ;

[Cm(Ω)]3 { ïæéîŽãèâ u = (u1, u2, u3) ãâóðëî-òñêóùæâĲæïŽ, çëéìëêâêðâĲæå Cm(Ω)-áŽê.
A ëìâîŽðëîæï àŽêïŽäôãîæï Žîâ àŽêæéŽîðâĲŽ öâéáâàêŽæîŽá:

D(A) =
{

u ∈ [C2(Ω)]3 : u
∣∣
∂Ω

= 0
}

.

Žáàæèæ Žóãï öâéáâà åâëîâéŽï.

å â ë î â é Ž 1. A ëìâîŽðëîæ ïæéâðîæñèæŽ D(A) èæêâŽèäâ áŽ éŽîåâĲñèæŽ ñðëèëĲŽ

((Au, u)) ≥ α0

[(‖∂xu1‖2
L2

+ ‖∂yu1‖2
L2

)
+

(‖∂xu2‖2
L2

+ ‖∂yu2‖2
L2

)
+

+
(‖∂xu3‖2

L2
+ ‖∂yu3‖2

L2

)]
, ∀ u ∈ D(A), (5)

ïŽáŽù α0 = min
(

1
2
, π2

π2+4ε2

)
.

ö â á â à æ 1. A ëìâîŽðëîæ áŽáâĲæåŽá àŽêïŽäôãîñèæŽ,

((Au, u)) ≥ π2α0

2

(‖u1‖2
L2

+ ‖u2‖2
L2

+ ‖u3‖2
L2

)
. (6)
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Žé åŽãæï öâéáâà ìŽîŽàîŽòâĲöæ éæôâĲñèæ öâáâàâĲæ úæîæåŽáŽá âõîáêëĲŽ þ. îëàŽãŽï éæâî
øŽðŽîâĲñè çãèâãâĲï ïŽéöîæŽêæ êŽýâãîŽááæïçîâðñèæ ïóâéâĲæïŽåãæï (Ðîãàâà Äæ. Ë., Ïî-
ëóäèñêðåòíûå ñõåìû äëÿ îïåðàòîðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Èçä-âî �Òåõ-
íè÷åíñêèé óíèâåðñèòåò�, Òáèëèñè, 1995).

éâïŽéâ ìŽîŽàîŽòöæ éæôâĲñèæŽ Žìîæëîñèæ öâòŽïâĲâĲæ áæïçîâðñèæ ŽéëùŽêæï ŽéëêŽýïêæ-
ïŽåãæï.

Žáàæèæ Žóãï öâéáâà åâëîâéŽï.

å â ë î â é Ž 2. ãåóãŽå u0, u1 ∈ D(Ã) (Ã Žîæï A-ï àŽòŽîåëâĲŽ åãæåöâñôèâĲñè
ëìâîŽðëîŽéáâ), f(·, ·, tk) ∈ H, k = 1, . . . , n − 1, ν ∈ ] − 2, 2[ , éŽöæê (4) ïóâéæïŽåãæï
éŽîåâĲñèæŽ öâéáâàæ öâòŽïâĲâĲæ:

‖Ãsuk+1‖ ≤ c0

(
‖Ãsu0‖+

∥∥∥Ãs−1/2 ∆u0

τ

∥∥∥ + ν0

∥∥Ãs(∆u0)
∥∥
)
+

+ τ

k∑
i=1

∥∥Ãs−1/2fi

∥∥, 0 ≤ s ≤ 1, fi ∈ D(Ãs−1/2), (7)

‖Ãsuk+1‖ ≤ c0

(
‖Ãsu0‖+

∥∥∥Ãs−1/2 ∆u0

τ

∥∥∥ + ν0

∥∥Ãs(∆u0)
∥∥
)
+

+ c̃(1− s) · τ 2(1−s)

k∑
i=1

‖fi‖, 1

2
≤ s ≤ 1, (8)

ïŽáŽù ∆u0 = u1 − u0, fk = f(·, ·, tk),

c0 =
2√

2− ν
, ν0 =

1√
2 + ν

, c̃(s) = 21−2s
(2 + ν

2− ν

)1/2−s
.

æéæïŽåãæï, îëé éæãæôëå ïîñèæ æêòëîéŽùæŽ áæêŽéæçñîæ ŽéëùŽêæï öâïŽýâĲ, ŽñùæèâĲâèæŽ
ãæùëáâå, åñ îëàëî æùãèâĲŽ ïæøóŽîâ (ñçâåâï öâéåýãâãŽöæ Žïâãâ ŽøóŽîâĲŽù). ŽéîæàŽá,
öâéáâàæ êŽĲæþæŽ Žìîæëîñèæ öâòŽïâĲâĲæï éæôâĲŽ ìæîãâèæ áŽ éâëîâ îæàæï ûŽîéëâĲñèâĲæï
öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽêŽèëàâĲæïŽåãæï. îæïåãæïŽù éâëåýâ ìŽîŽàîŽòöæ éæôâĲñèæŽ öâòŽïâ-
ĲâĲæ øâĲæöâãæï ëìâîŽðëîñèæ ìëèæêëéâĲæïŽåãæï (äëàæâîåæ öâòŽïâĲŽ Žé ìëèæêëéâĲæïŽåãæï
áŽéðçæùâĲñèæŽ ûæêŽ ìŽîŽàîŽòöæ).

éâýñåâ ìŽîŽàîŽòöæ éæôâĲñèæŽ Žìîæëîñèæ öâòŽïâĲâĲæ ìæîãâèæ áŽ éâëîâ îæàæï ûŽîéë-
âĲñèâĲæï öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽêŽèëàâĲæïŽåãæï.

Žáàæèæ Žóãï öâéáâà åâëîâéŽï.

å â ë î â é Ž 3. ãåóãŽå öâïîñèâĲñèæŽ åâëîâéŽ 2-æï ìæîëĲâĲæ, éŽöæê (4) ïóâéæïŽåãæï
éŽîåâĲñèæŽ öâéáâàæ öâòŽïâĲâĲæ:

∥∥∥∆uk

τ

∥∥∥ ≤ c̃(s)τ 2s−1‖Ãsu0‖+ c0

∥∥∥∆u0

τ

∥∥∥ + τ

k∑
i=1

‖fi‖, (9)

∥∥∥Ãs ∆uk

τ

∥∥∥ ≤
∥∥Ãs+1/2u0

∥∥ + c0

∥∥∥Ãs ∆u0

τ

∥∥∥ + c̃0(s)τ
1−2s

k∑
i=1

‖fi‖, (10)

∥∥∥Ãs ∆uk

τ

∥∥∥ ≤
∥∥Ãs+1/2u0

∥∥ + c0

∥∥∥Ãs ∆u0

τ

∥∥∥ + τ

k∑
i=1

‖Ãsfi‖, fi ∈ D(Ãs), (11)
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ïŽáŽù k = 1, . . . , n− 1, ∆uk = uk+1 − uk, 0 ≤ s ≤ 1
2

,

c̃0(s) =
1

(2 + ν)s
, f0 = 0.

éâëîâ îæàæï ûŽîéëâĲñèæï öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽêŽèëàæïŽåãæï éŽîåâĲñèæŽ öâéáâàæ
åâëîâéŽ.

å â ë î â é Ž 4. ãåóãŽå öâïîñèâĲñèæŽ åâëîâéŽ 2-æï ìæîëĲâĲæ, éŽöæê (4) ïóâéæïŽåãæï
éŽîåâĲñèæŽ öâéáâàæ öâòŽïâĲâĲæ:

∥∥∥∆2uk

τ 2

∥∥∥ ≤ τ 2s−1
[∥∥Ã1/2+su0

∥∥ + c̃(s)
∥∥∥Ãs ∆u0

τ

∥∥∥
]
+

+ c̃(s)τ 2s

k∑
i=1

∥∥ÃsB−1
τ fi

∥∥ + ‖B−1
τ fk+1‖, (12)

∥∥∥∆2uk

τ 2

∥∥∥ ≤ ‖Ãu0‖+
∥∥∥Ã1/2 ∆u0

τ

∥∥∥ +
k+1∑
i=1

‖fi‖, (13)

ïŽáŽù k = 1, . . . , n− 2, 0 ≤ s ≤ 1
2
, Bτ = I +

τ 2

2 + ν
Ã.

éâïŽéâ áŽ éâýñåâ ìŽîŽàîŽòâĲöæ éæôâĲñèæ Žìîæëîñèæ öâòŽïâĲâĲæ, îëùŽ s = 0 áŽ s =
1/2, áŽéðçæùâĲñèæ æõë þ. îëàŽãŽï éæâî (æý. äâéëå áŽïŽýâèâĲñèæ éëêëàîŽòæŽ).

éââóãïâ ìŽîŽàîŽòöæ áŽéðçæùâĲñèæŽ åâëîâéâĲæ (4) êŽýâãîŽááæïçîâðñèæ ïóâéæï çîâ-
ĲŽáëĲæï öâïŽýâĲ.

(1){(3) ŽéëùŽêŽ öâùãèæèæŽ öâéáâàæ ŽéëùŽêæå:

d2u(t)

dt2
+ Ãu(t) = f(t), t ∈ [0, T ], (14)

u(0) = ϕ0, u′(0) = ϕ1, (15)

ïŽáŽù Ã Žîæï A-ï àŽòŽîåëâĲŽ åãæåöâñôèâĲñè áŽáâĲæåŽá àŽêïŽäôãîñè ëìâîŽðëîŽéáâ,
u(t) { ñùêëĲæ, ýëèë f(t) { ùêëĲæèæ ãâóðëî-òñêóùæâĲæŽ éêæöãêâèëĲâĲæå H-áŽê; ϕ0 áŽ ϕ1

ùêëĲæèæ ãâóðëîâĲæŽ H-áŽê.

öâéëôâĲñèæŽ öâéáâàæ ïæãîùââĲæ: àŽêãïŽäôãîëå D(Ã1/2)-öæ âîéæðæï êëîéŽ ‖u‖1 =

‖Ã1/2u‖. éæãæôâĲå ßæèĲâîðæï ïæãîùâï, îëéâèïŽù ŽôãêæöêŽãå W 1-æå. ŽêŽèëàæñîŽá, åñ

D(Ã)-öæ àŽêãïŽäôãîŽãå âîéæðæï êëîéŽï ‖u‖2 = ‖Ãu‖, éæãæôâĲå ßæèĲâîðæï ïæãîùâï,
îëéâèïŽù ŽôãêæöêŽãå W 2-æå. Žôãêæöêëå C([0, T ]; H)-æå ïæéîŽãèâ [0, T ] öñŽèâáöæ ñûõ-
ãâðæ u(t) ãâóðëî-òñêóùæâĲæïŽ éêæöãêâèëĲâĲæå H-áŽê. Cm([0, T ]; H)-æå (m ≥ 1) Žôãêæö-
êëå ïæéîŽãèâ [0, T ] öñŽèâáöæ m îæàŽéáâ øŽåãèæå ñûõãâðŽá áæòâîâêùæîâĲŽáæ ãâóðëî-
òñêóùæâĲæïŽ C([0, T ]; H)-áŽê. ŽêŽèëàæñîŽá àŽêæéŽîðâĲŽ C([0, T ]; W i) áŽ Cm([0, T ]; W i),
i = 1, 2.

(14), (15) ŽéëùŽêæï ŽéëêŽýïêï ãñûëáâĲå

u(t) ∈ C2([0, T ]; H) ∩ C([0, T ]; W 2)

òñêóùæŽï, îëéâèæù ŽçéŽõëòæèâĲï (14) àŽêðëèâĲŽï áŽ (15) ïŽûõæï ìæîëĲâĲï. åâëîâéŽ
Žïâåæ ŽéëêŽýïêæï ŽîïâĲëĲæïŽ áŽ âîåŽáâîåëĲæï öâïŽýâĲ, îëùŽ ϕ0 ∈ W 2, ϕ1 ∈ W 1 áŽ
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f(t) ∈ C1([0, T ]; H) (Žê f(t) ∈ C([0, T ]; W 2)) áŽéðçæùâĲñèæŽ ï. çîâæêæï ùêëĲæè éëêë-
àîŽòæŽöæ ( Êðåéí Ñ. Ã., Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ â áàíàõîâîì ïðîñ-
òðàíñòâå. Íàóêà, Ìîñêâà, 1967).

(14), (15) ŽéëùŽêæïåãæï àŽêãæýæèŽãå (4)-æï ŽêŽèëàæñî êŽýâãîŽááæïçîâðñè ïóâéŽï, ïŽ-

áŽù A öâùãèæèæŽ Ã-åæ:

uk+1 − 2uk + uk−1

τ 2
+ Ã

uk+1 + νuk + uk−1

2 + ν
= f(tk), (16)

ïŽáŽù k = 1, . . . , n − 1, τ = T/n (n > 1 êŽðñîŽèñîæ îæùýãæŽ), tk = kτ , ν 6= −2, u0 áŽ

u1 éëùâéñèæ ãâóðëîâĲæŽ D(Ã)-áŽê.
(14), (15) ŽéëùŽêæï u(t) äñïðæ ŽéëêŽýïêæï éæŽýèëâĲæå éêæöãêâèëĲŽá t = tk ûâîðæèöæ

ãŽùýŽáâĲå (16) ïæïðâéæï uk ŽéëêŽýïêï. éæŽýèëâĲæåæ ŽéëêŽýïêæï ùáëéæèâĲŽ Žôãêæöêëå zk-
åæ, zk = u(tk)− uk. éŽîåâĲñèæŽ öâéáâàæ åâëîâéâĲæ (õãâèàŽê c1-åæ ŽôêæöêñèæŽ áŽáâĲæåæ
éñáéæãæ).

å â ë î â é Ž 5. ãåóãŽå u0 = ϕ0, u1 = ϕ0 + τϕ1, ϕ0, ϕ1 ∈ W 2 áŽ ν ∈ ]− 2, 2[ . éŽöæê
(a) åñ u(t) ∈ C2([0, T ]; H) ∩ C([0, T ]; W 2) áŽ f(t) ∈ C([0, T ]; H), éŽöæê

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ + ‖Ã1/2zk+1‖
)
→ 0, îëùŽ τ → 0;

(b) åñ öâïîñèâĲñèæŽ (a) ìñêóðæï ìæîëĲâĲæ áŽ f(t) áŽ u′′(t) òñêóùæâĲæ ŽçéŽõëòæèâĲâê
ßâèáâîæï ìæîëĲŽï λ (0 < λ ≤ 1) éŽøãâêâĲèæå, éŽöæê

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ + ‖Ã1/2zk+1‖
)
≤ c1τ

λ, k = 1, . . . , n− 1;

(c) åñ u(t) ∈ C3([0, T ]; H) ∩ C([0, T ]; W 2) áŽ f(t) ∈ C1([0, T ]; H), éŽöæê

max
1≤k≤n−1

(∥∥∥Ã1/2 ∆zk

τ

∥∥∥ +
∥∥∥∆2zk

τ 2

∥∥∥ + ‖Ãzk+1‖
)
→ 0 îëùŽ τ → 0;

(d) åñ öâïîñèâĲñèæŽ (c) ìñêóðæï ìæîëĲâĲæ áŽ f ′(t) áŽ u′′′(t) òñêóùæĲæ ŽçéŽõëòæèâĲâê
ßâèáâîæï ìæîëĲŽï λ (0 < λ ≤ 1) éŽøãâêâĲèæå, éŽöæê

(∥∥∥Ã1/2 ∆zk

τ

∥∥∥ +
∥∥∥∆2zk

τ 2

∥∥∥ + ‖Ãzk+1‖
)
≤ c1τ

λ, k = 1, . . . , n− 1.

å â ë î â é Ž 6. ãåóãŽå u0 = ϕ0, ϕ0 ∈ W 2, u1 = ϕ0 + τϕ1 + τ2

2
ϕ2, ϕ2 = f(0)− Ãϕ0,

ϕ1, Ãϕ0, f(0) ∈ W 2 áŽ ν ∈ ]− 2, 2[ . éŽöæê
(a) åñ u(t) ∈ C3([0, T ]; H)∩C([0, T ]; W 2), f(t) ∈ C1([0, T ]; H), u′′′(t) áŽ f ′(t) òñêóùæ-

âĲæ ŽçéŽõëòæèâĲâê ßâèáâîæï ìæîëĲâĲï λ (0 < λ ≤ 1) éŽøãâêâĲèæå, éŽöæê

‖zk+1‖+
∥∥∥∆zk

τ

∥∥∥ + ‖Ã1/2zk+1‖ ≤ c1τ
1+λ, k = 1, . . . , n− 1;

(b) åñ u(t) ∈ C4([0, T ]; H) ∩ C([0, T ]; W 2), f(t) ∈ C2([0, T ]; H), uIV(t) áŽ f ′′(t) òñê-
óùæâĲæ ŽçéŽõëòæèâĲâê ßâèáâîæï ìæîëĲâĲï λ (0 < λ ≤ 1) éŽøãâêâĲèæå, éŽöæê

∥∥∥Ã1/2 ∆zk

τ

∥∥∥ +
∥∥∥∆2zk

τ 2

∥∥∥ ≤ c1τ
1+λ, k = 1, . . . , n− 2.
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éâëîâ åŽãöæ àŽêæýæèâĲŽ ïæéâðîæñèæ, ûëêæŽêæ êŽýâãîŽááæïçîðñèæ ïóâéŽ ïòâîñèæ àŽî-
ïæï àŽêðëèâĲâĲæïŽåãæï àŽýèâøæèæ ëìâîŽðëîæå (áæêŽéæçñîæ öâéåýãâãŽ).

ìæîãâè ìŽîŽàîŽòöæ éëùâéñèæŽ ŽéëùŽêæï áŽïéŽ. ïòâîñèæ àŽîïæï àŽêðëèâĲŽåŽ ïæïðâéæï
ëìâîŽðëîæ A àŽýèâøæèæŽ öâéáâàêŽæîŽá:

A = A0 + A1 =

=−σ0




2(1−σ)

1−2σ

∂2

∂x2
+

∂2

∂y2
−ε2 1

1−2σ

∂2

∂x∂y
0

1

1−2σ

∂2

∂x∂y

∂2

∂x2
+

2(1−σ)

1−2σ

∂2

∂y2
−ε2 0

0 0
∂2

∂x2
+

∂2

∂y2
−4ε2 1

1−2σ



−

−σ0




0 0 −ε
3− 2σ

1− 2σ

∂

∂x

0 0 −ε
3− 2σ

1− 2σ

∂

∂y

ε
3− 2σ

1− 2σ

∂

∂x
ε

3− 2σ

1− 2σ

∂

∂y
0




. (17)

(17) àŽýèâøæï ïŽòñúãâèäâ (1) àŽêðëèâĲæïŽåãæï ŽàâĲñèæŽ öâéáâàæ ïŽýæï ïæéâðîæñèæ,
ûëêæŽêæ êŽýâãîŽááæïçîðñèæ ïóâéŽ:

uk+1 − 2uk + uk−1

τ 2
+ A0

uk+1 + νuk + uk−1

2 + ν
+ A1uk =

= f(x, y, tk), k = 1, . . . , n− 1, (18)

ïŽáŽù τ = T/n (n > 1 Žîæï êŽðñîŽèñîæ îæùýãæ), tk = kτ , ν 6= −2. u(x, y, t) äñïðæ
ŽéëêŽýïêæï éæŽýèëâĲæå éêæöãêâèëĲŽá t = tk ûâîðæèöæ ãŽùýŽáâĲå uk(x, y)-ï.

ŽéîæàŽá, (1){(3) ŽéëùŽêæï ŽéëýïêŽ áîëæï õëãâè Ĳæþäâ áŽæõãŽêâĲŽ
(
I +

τ 2

2 + ν
A0

)
ëìâ-

îŽðëîæï öâĲîñêâĲŽäâ áæîæýèâï âîåàãŽîëãŽêæ ïŽïŽäôãîë ìæîëĲæå.
éâëîâ ìŽîŽàîŽòöæ áŽéðçæùâĲñèæŽ åâëîâéŽ éáàîŽáëĲæï öâïŽýâĲ.
A0 ëìâîŽðëîæï àŽêïŽäôãîæï Žîâ àŽêæéŽîðâĲŽ öâéáâàêŽæîŽá:

D(A0) =
{

u ∈ [C2(Ω)]3 : u
∣∣
∂Ω

= 0
}

.

å â ë î â é Ž 7. åñ u0(·, ·) áŽ u1(·, ·) ãâóðëî-òñêóùæâĲæ âçñåãêæŽê Ã0 ëìâîŽðëîæï
àŽêïŽäôãîæï Žîâï, ýëèë f(·, ·, ti) ãâóðëî-òñêóùæâĲæ çãŽáîŽðæå þŽéâĲŽáæŽ áŽ ν ∈ ]−2, 2[ ,
éŽöæê (18) ïóâéæïŽåãæï éŽîåâĲñèæŽ öâéáâàæ Žìîæëîñèæ öâòŽïâĲâĲæ:

‖uk+1‖ ≤ ak−1

[
(c0 + τεc)‖u0‖+ (c1 + τ 2εc)

∥∥∥∆u0

τ

∥∥∥+

+ τ

k∑
i=1

ak−i

∥∥Ã
−1/2
0 f(·, ·, ti)

∥∥, (19)

∥∥∥∆uk

τ

∥∥∥ ≤ (1 + tkak−1)
[
(c + τεc)

∥∥Ã
1/2
0 u0

∥∥ + c0

∥∥∥∆u0

τ

∥∥∥+
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+ τ(ν0c0 + τεc)
∥∥∥Ã

1/2
0

∆uk

τ

∥∥∥ + τ

k∑
i=1

‖f(·, ·, ti)‖
]
, (20)

∥∥Ã
1/2
0 uk+1

∥∥ ≤ ak−1

[
(c0 + τεc)

∥∥Ã
1/2
0 u0

∥∥+

+ τ(ν0c0 + τεc)
∥∥∥Ã

1/2
0

∆u0

τ

∥∥∥ + c0

∥∥∥∆u0

τ

∥∥∥
]
+

+ τ

k∑
i=1

ak−i‖f(·, ·, ti)‖, (21)

ïŽáŽù k = 1, 2, . . . , n − 1, ∆uk = uk+1 − uk, c, c0, c1 áŽ ν0 éñáéæãâĲæ æàæãâŽ îŽù ûæêŽ
åŽãöæ, ak = exp(εctk).

éâïŽéâ ìŽîŽàîŽòöæ áŽéðçæùâĲñèæŽ åâëîâéâĲæ çîâĲŽáëĲæï öâïŽýâĲ.
öâéëãæôëå ïæãîùââĲæ W 1

0 áŽ W 2
0 , îëéèâĲæù àŽêæïŽäôãîâĲŽ öâïŽĲŽéæïŽá W 1 áŽ W 2

ïæãîùââĲæï ŽêŽèëàæñîŽá, ïŽáŽù ëìâîŽðëîæ Ã öâùãèæèæŽ Ã0-æå.
éæŽýèëâĲæåæ ŽéëêŽýïêæï ùáëéæèâĲŽ Žôãêæöêëå zk-åæ,

zk(x, y) = u(x, y, tk)− uk(x, y), k = 1, . . . , n.

Žáàæèæ Žóãï öâéáâà åâëîâéâĲï.

å â ë î â é Ž 8. ãåóãŽå u0 = ϕ0, u1 = ϕ0 + τϕ1, ϕ0, ϕ1 ∈ W 2
0 , ν ∈ ]− 2, 2[ . éŽöæê

Ž) åñ (1){(3) ŽéëùŽêæï ŽéëêŽýïêæ u(·, ·, t) ∈ C2([0, T ]; H) ∩ C([0, T ]; W 2
0 ) áŽ f(·, ·, t) ∈

C([0, T ]; H), éŽöæê

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥
)
→ 0, îëùŽ τ → 0;

Ĳ) åñ f(·, ·, t) ∈ C1([0, T ]; H), éŽöæê

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ +
∥∥Ã

1/2
0 zk+1

∥∥
)
→ 0, îëùŽ τ → 0;

à) åñ f(·, ·, t) ∈ C1([0, T ]; H) áŽ u(·, ·, t) ∈ C3([0, T ]; H) ∩ C([0, T ]; W 2
0 ), éŽöæê

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ +
∥∥Ã

1/2
0 zk+1

∥∥
)
≤ c1τ.

å â ë î â é Ž 9. ãåóãŽå u0 = ϕ0, ϕ0 ∈ W 2
0 ,

u1 = ϕ0 + τϕ1 +
τ 2

2

(
f(x, y, 0)− (Ã0ϕ0 + Ã1ϕ0)

)
,

ϕ1, Ã0ϕ0, Ã1ϕ0, f(·, ·, t) ∈ W 2
0 , f(·, ·, t) ∈ C2([0, T ]; H) áŽ ν ∈ ]− 2, 2[ . éŽöæê

Ž) åñ (1){(3) ŽéëùŽêæï ŽéëêŽýïêæ u(·, ·, t) ∈ C4([0, T ]; H) ∩ C([0, T ]; W 2
0 ), éŽöæê

max
1≤k≤n

‖zk‖ ≤ c1τ
2;

Ĳ) åñ u(·, ·, t) ∈ C4([0, T ]; H) ∩ C2([0, T ]; W 1
0 ) ∩ C([0, T ]; W 2

0 ), éŽöæê

max
1≤k≤n−1

(∥∥∥∆zk

τ

∥∥∥ +
∥∥Ã

1/2
0 zk+1

∥∥
)
≤ c1τ

2.
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éâïŽéâ åŽãöæ àŽêýæèñèæŽ æðâîŽùæñèæ, æðâîŽùæñè-ïýãŽëĲæŽêæ áŽ ãŽîæŽùæñè-ïýãŽëĲæ-
Žêæ ïóâéâĲæ ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲâĲæïŽåãæï.

ìæîãâè ìŽîŽàîŽòöæ éëõãŽêæèæŽ æðâîŽùæñèæ éâåëáæ ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðë-
èâĲŽåŽ ïæïðâéæïŽåãæï àŽýèâøæèæ ëìâîŽðëîæå:

(A0 + A1)u(x, y) = f(x, y), (x, y) ∈ ]− 1, 1[× ]− 1, 1[ , (22)

áæîæýèâï âîåàãŽîëãŽêæ ïŽïŽäôãîë ìæîëĲæå, ïŽáŽù A0 áŽ A1 àŽêæïŽäôãîâĲŽ (17) ûŽî-
éëáàâêæáŽê.

îëàëîù ùêëĲæèæŽ A0 Žîæï ïæéâðîæñèæ áŽ áŽáâĲæåŽá àŽêïŽäôãîñèæ ëìâîŽðëîæ,
ýëèë A1 ëìâîŽðëîæ ïæéâðîæñèæŽ.

(22) àŽêðëèâĲæï êŽùãèŽá ãæýæèŽãå àŽêðëèâĲŽï:

(Ã0 + Ã1)u = f, f ∈ H, (23)

ïŽáŽù Ã0 Žîæï A0 ëìâîŽðëîæï àŽòŽîåëâĲŽ åãæåöâñôèâĲñè ëìâîŽðëîŽéáâ, ýëèë Ã1

Žîæï A1-æï øŽçâðãŽ.
éŽîåâĲñèæŽ öâéáâàæ åâëîâéŽ.

å â ë î â é Ž 10. æðâîŽùæñèæ ìîëùâïæ

Ã0un = −Ã1un−1 + f, n = 1, 2 . . . (24)

çîâĲŽáæŽ êâĲæïéæâîæ u0 ∈ D(Ã0) ïŽûõæïæ ãâóðëîæïŽåãæï áŽ éŽîåâĲñèæŽ öâòŽïâĲŽ
∥∥Ã

1/2
0 u∗ − Ã

1/2
0 un

∥∥ ≤ qn
∥∥Ã

1/2
0 u∗ − Ã

1/2
0 u0

∥∥, (25)

ïŽáŽù u∗ Žîæï äñïðæ ŽéëêŽýïêæ,

q = (1 + λ1)
−1,

λ1 =
π2

εc(2ε +
√

2(2ε2 + π2))
, c =

3− 2σ

1− 2σ
.

éâëîâ ìŽîŽàîŽòöæ àŽêýæèñèæŽ æðâîŽùæñè-ïýãŽëĲæŽêæ éâåëáæ ïòâîñèæ àŽîïæï æ. ãâçñ-
Žï àŽêðëèâĲŽåŽ ïæïðâéæïŽåãæï (ïðŽðæçŽ). öâéëåŽãŽäâĲñèæ æðâîŽùæñèæ ìîëùâïæ ûŽîéë-
Žáàâêï äâæáâèæï çèŽïæçñîæ æðâîŽùæñèæ ìîëùâïæï àŽêäëàŽáâĲŽï åæåëâñèæ àŽêðëèâĲæï
öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽêŽèëàâĲæï óãâïæïðâéâĲæï àŽâîåæŽêâĲæïŽåãæï.

æðâîŽùææï õëãâè Ĳæþäâ ýáâĲŽ a0
∂2

∂x2
+a1

∂2

∂y2
−a2I (a0, a1 áŽ a2 áŽáâĲæåæ éñáéæãâĲæŽ)

áæòâîâêùæŽèñîæ ëìâîŽðëîæï öâïŽĲŽéæïæ ïýãŽëĲæŽêæ ŽêŽèëàæï öâĲîñêâĲŽ òŽóðëîæäŽùæ-
æïŽ áŽ æðâîŽùæñèæ éâåëáâĲæï çëéĲæêŽùææå. áŽéðçæùâĲñèæŽ Žé çëéĲæêæîâĲñèæ éâåëáæï
çîâĲŽáëĲŽ.

éâïŽéâ ìŽîŽàîŽòöæ àŽêýæèñèæŽ ãŽîæŽùæñè-ïýãŽëĲæŽêæ ïóâéŽ ïòâîñèæ àŽîïæï æ. ãâçñŽï
àŽêðëèâĲŽåŽ ïæïðâéæïŽåãæï (áæêŽéæçŽ). (4) áæïçîâðñèæ ŽéëùŽêæï ŽéëýïêæïŽåãæï àŽéëõâêâ-
ĲñèæŽ ãŽîæŽùæñèæ éâåëáæ. ïŽçëëîáæêŽðë òñêóùæâĲŽá ŽôâĲñèæŽ èâíŽêáîæï ìëèæêëéâĲæï
ïýãŽëĲâĲæ (æêðâàîâĲæï ŽîâŽ ]−1, 1[× ]−1, 1[ çãŽáîŽðæ). öâéëåŽãŽäâĲñè ïóâéŽï ãñûëáâĲå
ãŽîæŽùæñè-ïýãŽëĲæŽêï, îŽáàŽê áîëæåæ ùãèŽáæï éæéŽîå àŽéëõâêâĲñèæŽ ïýãŽëĲæŽêæ éâåë-
áæ, ýëèë ïæãîùæåæ ùãèŽáâĲæï éæéŽîå { ãŽîæŽùæñèæ. öâïŽĲŽéæï àŽêðëèâĲŽåŽ ïæïðâéŽï
õëãâè áîëæå öîâäâ ãýïêæå ûæêŽ ìŽîŽàîŽòöæ Žôûâîæèæ çëéĲæêæîâĲñèæ éâåëáæï àŽéëõâ-
êâĲæå.
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éâëåýâ ìŽîŽàîŽòæ áŽåéëĲæèæ Žóãï ïŽáæïâîðŽùæë êŽöîëéöæ àŽêýæèñèæ êŽýâãîŽááæï-
çîâðñèæ, æðâîŽùæñè-ïýãŽëĲæŽêæ áŽ ãŽîæŽùæñè-ïýãŽëĲæŽêæ ïóâéâĲæï àŽéëõâêâĲæå ïýãŽáŽ-
ïýãŽ éëáâèñîæ ŽéëùŽêâĲæï îæùýãæåæ àŽåãèæï öâáâàâĲæï ŽêŽèæäï. áŽéîàãŽèâĲæï ùáë-
éæèâĲæï éæéŽîå Žôêæöêñèæ ïóâéâĲæï éàîúêëĲâèëĲæï áŽáàâêæï éæäêæå øŽðŽîâĲñèæŽ æïâåæ
éëáâèñîæ ŽéëùŽêâĲæï àŽåãèâĲæ, îëéâèåŽåãæïŽù åâëîæñèŽá äñïðæ öâáâàâĲæ éææôâĲŽ.
öâæúèâĲŽ æåóãŽï, îëé àŽêýæèñèæ ïóâéâĲæï éáàîŽáëĲæï ýŽîæïýæ éŽôŽèæŽ. öâéáâàæ ïâîæŽ
éëáâèñîæ ŽéëùŽêâĲæïŽ æïâåæŽ, îëé àîŽáæâêðæ öâáŽîâĲæå éçãâåîŽá æùãèâĲŽ, îæï àŽéëù
ïŽçéŽîæïæ ïæäñïðæï éæïŽôûâãŽá ïŽüæîëŽ ïŽîâŽèæäŽùæë ïóâéâĲæï ìŽîŽéâðîâĲæï ïŽåŽêŽáëá
öâîøâãŽ. àŽåãèæï öâáâàâĲæ Žïâãâ éâðõãâèâĲâê àŽêýæèñèæ ïóâéâĲæï éáàîŽáëĲæï éŽôŽè ýŽîæ-
ïýäâ.

éêæöãêâèëãŽêæŽ æïâåæ éëáâèñîæ ŽéëùŽêæï àŽêýæèãŽ, îëéâèïŽù àŽîçãâñèæ ìîŽóðæçñèæ
éêæöãêâèëĲŽ àŽŽøêæŽ, ŽéŽïåŽê ŽéëêŽýïêæ ûæêŽïûŽî ùêëĲæèæ Žî Žîæï. ïŽáæïâîðŽùæë êŽöîë-
éöæ øŽðŽîâĲñèæŽ Žïâåæ ŽéëùŽêæï îæùýãæåæ àŽåãèŽ. éæôâĲñèæ öâáâàâĲæ ïŽçéŽîæïŽá çŽîàŽá
ŽïŽýŽãï îâŽèñî ïñîŽåï.

øŽðŽîâĲñèæŽ îæùýãæåæ âóïìâîæéâêðæ öâéëåŽãŽäâĲñèæ æðâîŽùæñèæ éâåëáæï âòâóðñîë-
Ĳæï öâïûŽãèæïŽåãæï. Žé éæäêæå áŽåãèæèæŽ æðâîŽùæŽåŽ îæùýãæ àŽêðëèâĲŽöæ öâéŽãŽèæ σ
(ìñŽïëêæï çëâòæùæêâðæ) áŽ ε (àŽîïæï ïæïóæï öâòŽîáâĲŽ ïòâîëï îŽáæñïåŽê) ìŽîŽéâðîâĲæï
ùãèæèâĲæï éæýâáãæå. àŽåãèæï öâáâàâĲæ àãæøãâêâĲï, îëé æðâîŽùææï îæùýãæ ïŽàîúêëĲèŽá
æäîáâĲŽ, îëùŽ ìñŽïëêæï çëâòæùæâêðæ ñŽýèëãáâĲŽ 0.5-ï Žê àŽîïæï ïæïóæï öâòŽîáâĲŽ ïòâ-
îëï îŽáæñïåŽê öâáŽîâĲæå áæáæŽ. ïýãŽ öâéåýãâãâĲæïŽåãæï æðâîŽùæŽåŽ îæùýãæ êëîéæï
òŽîàèâĲöæŽ éëåŽãïâĲñèæ.

áŽéŽðâĲŽöæ éëõãŽêæèæŽ ïòâîñèæ àŽîïæï æ. ãâçñŽï àŽêðëèâĲŽåŽ ïæïðâéæïŽåãæï Žàâ-
Ĳñèæ æðâîŽùæñè-ïýãŽëĲæŽêæ áŽ ãŽîæŽùæñè-ïýãŽëĲæŽêæ ïóâéâĲæï ïŽòñúãâèäâ öâóéêæèæ ìîë-
àîŽéŽåŽ çëéìèâóïæ ìîëàîŽéæîâĲæï C + + âêŽäâ.

ïŽáæïâîðŽùæë êŽöîëéöæ éæôâĲñèæ úæîæåŽáæ öâáâàâĲæ àŽéëóãâõêâĲñèæŽ öâéáâà ìñĲèæ-
çŽùæâĲöæ:

1. Abesadze T., Rogava D., On the stability and convergence of the variational di¸erence
scheme of the numerical realisation of the Cauchy{Dirichlet boundary value problem for
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Math. 16(2001), No. 1{3, 76{79.

2. Galdava R., Rogava D., On the stability and convergence of a symmetric weighted
semidiscrete scheme for dynamic equations of a spherical shell. Rep. Enlarged Sess. Semin.
I. Vekua Appl. Math. 19 (2004), No. 1, 26{31.

3. Galdava R., Rogava D., Rogava J., On the stability and convergence of a weighted
threelayer semidiscrete scheme for I. Vekua’s equations of a spherical shell. Proc. I. Vekua
Inst. Appl. Math. 54{55 (2004{2005), 23{54.

4. Rogava D., On the convergence of an iteration method for the system of I. Vekua’s
equations with a split operator for a spherical shell. Bull. Georgian Acad. Sci. 173 (2006),
49{52.

5. îëàŽãŽ á., ïòâîñèæ àŽîïæï áæêŽéæçñîæ àŽêðëèâĲæïŽåãæï âîåæ ïæéâðîæñèæ êŽýâã-
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Actuality of the theme. Despite growing possibilities of modern computers the
question of numerical realization of three-dimensional problems of elasticity shell remains
problematic. The main obstacle is caused by the fact that the application of classical
methods to the above problem demands large operating memory and a large number of
arithmetic operations that complicates the solution of such problems in actual time. The
situation gets even more completed for the dynamic case when the fourth dimension is
introduced by the time parameter.

I. Vekua's reduction method allows to approach the solution of the three-dimensional
elasticity problem by the sequence of solutions for series of two-dimensional problems.
From the viewpoint of practical applications of importance is the fact that the �rst
approximations for shallow shells are rather e�ective. Therefore, the construction and
study of algorithms of numerical solution of I. Vekua's equations for the shallow spherical
shell is an actual problem.

It is well known that the structure of equations of I. Vekua's hierarchical model enables
successful use of the methods of the theory of functions of a complex variable, developed by
the well-known Georgian Mathematical school for the e�ective solution of boundary value
problems (especially in the case of plane domains with smooth boundaries). The situation
is essentially di�erent when the boundary of the integration domain is not smooth. In this
case analytic methods are less e�ective and di�erent numerical methods are used.

The actuality of the theme to be studied can be testi�ed by the fact that many
investigations of Georgian and foreign scholars have been devoted to the applications
of I. Vekua's reduction method and shell theory in problems of studying and numerical
solution of a number of problems of elasticity and shell theory.
Purpose and subject matter of the research. Construction and study of semidis-

crete, di�erence and variational di�erence schemes for the solution of the discrete problem,
corresponding to the continuous problem. Obtaining a priori estimates for di�erence
analogous of �rst and second order derivatives in appropriate classes of solutions. Es-
timation of errors of di�erence analogues of approximate solution and �rst and second
order derivatives. Establishing their order with respect to the time step, according to
the smoothness of the solution of the initial continuous problem. Providing software
for numerical solution of I. Vekua's equations of a spherical shell on the basis of the
constructed algorithms and realization of model problems.
Scienti�c novelty and main results.
a) For I. Vekua's equations of a spherical shell the weighted symmetric (three-layer)

semidiscrete schemes are constructed and a whole range of apriori estimates is obtained for
them by means of the method of associated polynomials. On the basis of these estimates
the theorems are proved on the convergence of approximate solutions to exact soluti-
ons. The order of an error with respect to a time step is established depending on the
smoothness of the solution of the initial continuous problem.

b) The coerciveness of the operator of I. Vekua's equations system for a spherical shell
in the case of Dirichlet homogeneous boundary conditions and the constant, appearing in
the inequality of coerciveness is obtained.

c) For the approximate solution of Dirichlet boundary value problem for I. Vekua's
equations system of a spherical shell the iteration process is suggested. Both the system
of equations of plane elasticity and Helmholtz equation are separately explained at each
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step of iteration. It is proved that the proposed iteration process is convergent for arbitrary
admissible values of the sphere radius, shell thickness and Poisson ratio.

d) For I. Vekua's equations system of a spherical shell the iterative-di�erence and
variational-di�erence schemes are constructed and on their basis the complex of programs
of formed in C++ programming language for the numerical estimation of dynamic as well
as static problems. The results of the obtained numerical calculations for various model
problems are in full correspondence with theoretical conclusions.
Approbation of the research. The main results of the dissertation were reported

at the following scienti�c seminars and conferences: Enlarged Sessions of the Seminar
of I. Vekua Institute of Applied Mathematics (2000, 2004, 2005); Seminars of I. Vekua
Institute of Applied Mathematics (2005); III Meeting of Georgian Mathematicians (Oc-
tober 11�13, 2001, Tbilisi); Republican Conference of Mathematicians (dedicated to the
birthday anniversary of Academician Ilya Vekua, 2001, Sokhumi Branch of Iv. Javakhishvili
Tbilisi State University, April 21, 2001, Tbilisi).
Volume and structure of the dissertation. The dissertation contains 140 printed

pages. It consists of the introduction, three chapters, 13 paragraphs and the appendix.
The references contain those publications which have been used by the author in the
dissertation. The number of references is 84.
The contents of the dissertation. In the introduction the survey of literature around

the considered theme and the short contents of the dissertation are presented.
The �rst chapter deals with the stability and convergence of the weighted three-layer

semidiscrete scheme for equations of a spherical shell in the dynamic case.
In the �rst paragraph the formulation of the problem is given. The equilibrium equations

of a spherical shell have been considered in the dynamic case according to I. Vekua's theory
(zero approximation)

∂2u

∂t2
+ Au = f(x, y, t), (x, y, t) ∈ QT , (1)

where QT = Ω× ]0, T [ , Ω = ]− 1, 1[× ]− 1, 1[ ,
A = −σ0×

×




2(1−σ)

1−2σ

∂2

∂x2
+

∂2

∂y2
−ε2 1

1−2σ

∂2

∂x∂y
−ε

3−2σ

1−2σ

∂

∂x
1

1−2σ

∂2

∂x∂y

∂2

∂x2
+

2(1−σ)

1−2σ

∂2

∂y2
−ε2 −ε

3−2σ

1−2σ

∂

∂y

ε
3−2σ

1−2σ

∂

∂x
ε

3−2σ

1−2σ

∂

∂y

∂2

∂x2
+

∂2

∂y2
−4ε2 1

1−2σ




,

with the homogeneous Dirichlet boundary conditions
u(x, y, t)

∣∣
∂Ω

= 0, ∂Ω : |x| = |y| = 1, (2)
and the Cauchy initial conditions

u(x, y, 0) = ϕ0(x, y), u′t(x, y, 0) = ϕ1(x, y). (3)
Where

f = (f1, f2, f3)
>, ϕ0 = (ϕ01, ϕ02, ϕ03)

>, ϕ1 = (ϕ11, ϕ12, ϕ13)
>
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are the known continuous vector functions, u = (u1, u2, u3)
> is the unknown continuous

vector function in QT , which has continuous derivatives ux, uy, uxy, uxx, uyy, ut and utt in
QT , ε = 2R−1h, h is the shell semithickness, R is the sphere radius, σ is Poisson's ratio,
E is Young's modulus, σ0 = E/2 · (1 + σ).

To solve problem (1)�(3) we use the semidiscrete scheme
uk+1 − 2uk + uk−1

τ 2
+ A

uk+1 + νuk + uk−1

2 + ν
=

= f(x, y, tk), k = 1, . . . , n− 1, (4)
where τ = T/n (n > 1 is a natural number), tk = kτ , ν 6= −2. We declare uk(x, y) an
approximate value of the exact solution u(x, y, t) at the point t = tk.

Thus, the solution of problems (1)�(3) at each step of time is reduced to the inversion
of the operator

(
I +

τ 2

2 + ν
A

)
.

In the second paragraph the coerciveness of the operator of I. Vekua's equations is
proved.

The following spaces have been introduced:
L2(Ω) is the space of square-integrable functions (Hilbert space) in the domain Ω;
H = [L2(Ω)]3 is the Hilbert space with the scalar product

((u, v)) = (u1, v1) + (u2, v2) + (u3, v3),

‖u‖ =
(‖u1‖2

L2
+ ‖u2‖2

L2
+ ‖u3‖2

L2

)1/2
,

where u = (u1, u2, u3) and v = (v1, v2, v3) are vector functions with components from the
Hilbert space L2(Ω); while (·, ·) and ‖ · ‖

L2
are respectively the scalar product and the

norm in L2[Ω];
Cm(Ω) � is the set of continuous functions in Ω which have continuous derivatives up

to order m inclusive in Ω;
[Cm(Ω)]3 � is the set of vector functions u = (u1, u2, u3) with components from Cm(Ω).
The de�nition domain of the operator A has the form

D(A) =
{

u ∈ [C2(Ω)]3 : u
∣∣
∂Ω

= 0
}

.

We have the following statement.
Theorem 1. The operator A is symmetric on the lineal D(A) and there holds the

inequality

((Au, u)) ≥ α0

[(‖∂xu1‖2
L2

+ ‖∂yu1‖2
L2

)
+

(‖∂xu2‖2
L2

+ ‖∂yu2‖2
L2

)
+

+
(‖∂xu3‖2

L2
+ ‖∂yu3‖2

L2

)]
, ∀ u ∈ D(A), (5)

where α0 = min
(

1
2
, π2

π2+4ε2

)
.

Corollary 1. The operator A is positive de�nite

((Au, u)) ≥ π2α0

2

(‖u1‖2
L2

+ ‖u2‖2
L2

+ ‖u3‖2
L2

)
. (6)

The results, obtained in the paragraphs, following this chapter, are mainly based on the
investigations, carried out by I. Rogava for three-layer semidiscrete schemes (Rogava J. L.,

17



Semidiscrete schemes for operator di�erential equations. (Russian) Publ. House �Technical
University�, Tbilisi, 1995).

In the third paragraph a priori estimates are obtained for the solution of the discrete
problem.

The following theorem holds.

Theorem 2. Let u0, u1 ∈ D(Ã) (Ã is the extension of A to a self-adjoint operator),
f(·, ·, tk) ∈ H, k = 1, . . . , n− 1, ν ∈ ]− 2, 2[ , then for scheme (4) the following estimates
are valid:

‖Ãsuk+1‖ ≤ c0

(
‖Ãsu0‖+

∥∥∥Ãs−1/2 ∆u0

τ

∥∥∥ + ν0

∥∥Ãs(∆u0)
∥∥
)
+

+ τ

k∑
i=1

∥∥Ãs−1/2fi

∥∥, 0 ≤ s ≤ 1, fi ∈ D(Ãs−1/2), (7)

‖Ãsuk+1‖ ≤ c0

(
‖Ãsu0‖+

∥∥∥Ãs−1/2 ∆u0

τ

∥∥∥ + ν0

∥∥Ãs(∆u0)
∥∥
)
+

+ c̃(1− s) · τ 2(1−s)

k∑
i=1

‖fi‖, 1

2
≤ s ≤ 1, (8)

where ∆u0 = u1 − u0, fk = f(·, ·, tk),

c0 =
2√

2− ν
, ν0 =

1√
2 + ν

, c̃(s) = 21−2s
(2 + ν

2− ν

)1/2−s
.

To obtain complete information on a dynamic problem, it is necessary to know how
the velocity (and which is better, the acceleration) changes. Therefore the next step is to
obtain a priori estimates for di�erence analogous of �rst and second order derivatives). For
which in the fourth paragraph the estimates have been obtained for Chebyishev operator
polynomials (some estimates for these polynomials have been proved in the previous
paragraph).

In the �fth paragraph a priori estimates are obtained for di�erence analogues, corres-
ponding to �rst and second order derivatives.

Theorem 3. Let the conditions of Theorem 2 be ful�lled. Then for scheme (4) the
following estimates are true:

∥∥∥∆uk

τ

∥∥∥ ≤ c̃(s)τ 2s−1‖Ãsu0‖+ c0

∥∥∥∆u0

τ

∥∥∥ + τ

k∑
i=1

‖fi‖, (9)

∥∥∥Ãs ∆uk

τ

∥∥∥ ≤
∥∥Ãs+1/2u0

∥∥ + c0

∥∥∥Ãs ∆u0

τ

∥∥∥ + c̃0(s)τ
1−2s

k∑
i=1

‖fi‖, (10)

∥∥∥Ãs ∆uk

τ

∥∥∥ ≤
∥∥Ãs+1/2u0

∥∥ + c0

∥∥∥Ãs ∆u0

τ

∥∥∥ + τ
k∑

i=1

‖Ãsfi‖, fi ∈ D(Ãs), (11)

where k = 1, . . . , n− 1, ∆uk = uk+1 − uk, 0 ≤ s ≤ 1
2
,

c̃0(s) =
1

(2 + ν)s
, f0 = 0.
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Now, we will derive estimates which take place for the corresponding di�erence analogue
of a second order derivative.

Theorem 4. Let the conditions of Theorem 2 be ful�lled. Then for scheme (4) the
following estimates are true:

∥∥∥∆2uk

τ 2

∥∥∥ ≤ τ 2s−1
[∥∥Ã1/2+su0

∥∥ + c̃(s)
∥∥∥Ãs ∆u0

τ

∥∥∥
]
+

+ c̃(s)τ 2s

k∑
i=1

∥∥ÃsB−1
τ fi

∥∥ + ‖B−1
τ fk+1‖, (12)

∥∥∥∆2uk

τ 2

∥∥∥ ≤ ‖Ãu0‖+
∥∥∥Ã1/2 ∆u0

τ

∥∥∥ +
k+1∑
i=1

‖fi‖, (13)

where k = 1, . . . , n− 2, 0 ≤ s ≤ 1
2
, Bτ = I +

τ 2

2 + ν
Ã.

A priori estimates, obtained in the third and �fth paragraphs, when s = 0 and s = 1/2,
have been proved by J. Rogava (see the above mentioned monograph).

In the sixth paragraph theorems on the convergence of semidiscrete schemes (4) are
proved.

Hence it follows that instead of problem (1)�(3) we have considered the problem
d2u(t)

dt2
+ Ãu(t) = f(t), t ∈ [0, T ], (14)

u(0) = ϕ0, u′(0) = ϕ1, (15)

where Ã is the extension of A to a self-adjoint positive de�nite operator, u(t) is the
unknown and f(t) is the known vector function with values from the Hilbert space H; ϕ0

and ϕ1 are the known vectors from H.
The following spaces have been introduced. If we de�ne the Hermite norm ‖u‖1 =

‖Ã1/2u‖ in D(Ã1/2), then we obtain the Hilbert space which is denoted by W 1. Analogously,
by de�ning the Hermite norm ‖u‖2 = ‖Ãu‖ in D(Ã) we obtain the Hilbert space which
is denoted by W 2. We denote by C([0, T ]; H) the set of vector functions u(t) continuous
on [0, T ] and taking their values from H. We denote by Cm([0, T ]; H) (m ≥ 1) the set
of di�erentiable vector functions, continuous on [0, T ] up to order m from C([0, T ]; H).
C([0, T ]; W i) and Cm([0, T ]; W i), i = 1, 2, are de�ned analogously.

In the sequel, by a solution of problem (14), (15) we mean a function u(t) ∈
C2([0, T ]; H)∩C([0, T ]; W 2) that satis�es equality (14) and the initial conditions (15). A
theorem on the existence and uniqueness of such a solution when ϕ0 ∈ W 2, ϕ1 ∈ W 1 and
f(t) ∈ C1([0, T ]; H) (or f(t) ∈ C([0, T ]; W 2)) is proved in the well-known monograph of
S. Krein (S. Krein, Linear di�erential equations. (Russian) Nauka, Moscow, 1967).

For problem (14), (15) we consider the following semidiscrete scheme (A in (4) can be
replaced by Ã):

uk+1 − 2uk + uk−1

τ 2
+ Ã

uk+1 + νuk + uk−1

2 + ν
= f(tk), (16)

where k = 1, . . . , n − 1, τ = T/n (n > 1 is a natural number), tk = kτ , ν 6= −2, u0 and
u1 are the given vectors from D(Ã).

19



We call a solution uk of system (16) an approximate value of an exact solution u(t) of
problem (14), (15) at the point t = tk. Then for the error zk = u(tk) − uk the following
theorems are true (in the sequel c1 denotes a positive constant).

Theorem 5. Let u0 = ϕ0, u1 = ϕ0 + τϕ1, ϕ0, ϕ1 ∈ W 2 and ν ∈ ]− 2, 2[ . Then
(a) if u(t) ∈ C2([0, T ]; H) ∩ C([0, T ]; W 2) and f(t) ∈ C([0, T ]; H), then

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ + ‖Ã1/2zk+1‖
)
→ 0, as τ → 0;

(b) if the conditions of the item (a) are ful�lled and the functions f(t) and u′′(t) satisfy
the H�older condition with index λ (0 < λ ≤ 1), then

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ + ‖Ã1/2zk+1‖
)
≤ c1τ

λ, k = 1, . . . , n− 1;

(c) if u(t) ∈ C3([0, T ]; H) ∩ C([0, T ]; W 2) and f(t) ∈ C1([0, T ]; H), then

max
1≤k≤n−1

(∥∥∥Ã1/2 ∆zk

τ

∥∥∥ +
∥∥∥∆2zk

τ 2

∥∥∥ + ‖Ãzk+1‖
)
→ 0 as τ → 0;

(d) if the conditions of the item (c) are ful�lled and the functions f ′(t) and u′′′(t) satisfy
the H�older condition with index λ (0 < λ ≤ 1), then

(∥∥∥Ã1/2 ∆zk

τ

∥∥∥ +
∥∥∥∆2zk

τ 2

∥∥∥ + ‖Ãzk+1‖
)
≤ c1τ

λ, k = 1, . . . , n− 1.

Theorem 6. Let u0 = ϕ0, ϕ0 ∈ W 2, u1 = ϕ0 + τϕ1 + τ2

2
ϕ2, ϕ2 = f(0) − Ãϕ0,

ϕ1, Ãϕ0, f(0) ∈ W 2 and ν ∈ ]− 2, 2[ . Then
(a) if u(t) ∈ C3([0, T ]; H)∩C([0, T ]; W 2), f(t) ∈ C1([0, T ]; H), and the functions u′′′(t)

and f ′(t) satisfy the H�older conditions with index λ (0 < λ ≤ 1), then

‖zk+1‖+
∥∥∥∆zk

τ

∥∥∥ + ‖Ã1/2zk+1‖ ≤ c1τ
1+λ, k = 1, . . . , n− 1;

(b) if u(t) ∈ C4([0, T ]; H)∩C([0, T ]; W 2), f(t) ∈ C2([0, T ]; H), and the functions u�v(t)
and f ′′(t) satisfy the H�older condition with index λ (0 < λ ≤ 1), then

∥∥∥Ã1/2 ∆zk

τ

∥∥∥ +
∥∥∥∆2zk

τ 2

∥∥∥ ≤ c1τ
1+λ, k = 1, . . . , n− 2.

The second chapter deals with the symmetric, weighted semidiscrete scheme for equa-
tions of a spherical shell with a split operator (dynamic case).
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In the �rst paragraph the formulation of the problem is given. The operator of the
system of equations for a spherical shell is split in the following way

A = A0 + A1 =

=−σ0




2(1−σ)

1−2σ

∂2

∂x2
+

∂2

∂y2
−ε2 1

1−2σ

∂2

∂x∂y
0

1

1−2σ

∂2

∂x∂y

∂2

∂x2
+

2(1−σ)

1−2σ

∂2

∂y2
−ε2 0

0 0
∂2

∂x2
+

∂2

∂y2
−4ε2 1

1−2σ



−

−σ0




0 0 −ε
3− 2σ

1− 2σ

∂

∂x

0 0 −ε
3− 2σ

1− 2σ

∂

∂y

ε
3− 2σ

1− 2σ

∂

∂x
ε

3− 2σ

1− 2σ

∂

∂y
0




. (17)

To solve problem (17), we use the following semidiscrete scheme:
uk+1 − 2uk + uk−1

τ 2
+ A0

uk+1 + νuk + uk−1

2 + ν
+ A1uk =

= f(x, y, tk), k = 1, . . . , n− 1, (18)
where τ = T/n (n > 1 is a natural number), tk = kτ , ν 6= −2, by uk(x, y) we denote the
exact solution u(x, y, t) at the point t = tk.

Thus the solution of problems (1)�(3) at every step of time is reduced to the inversion
of the operator

(
I +

τ 2

2 + ν
A0

)
by the homogeneous Dirichlet boundary condition.

In the second paragraph the theorem of stability is proved.
The de�nition domain of the operator A0 has the form

D(A0) =
{

u ∈ [C2(Ω)]3 : u
∣∣
∂Ω

= 0
}

.

Theorem 7. If the vector functions u0(·, ·) and u1(·, ·) belong to the domain of de�nition
of the operator Ã0 and the vector functions f(·, ·, ti) are square summable and ν ∈ ]−2, 2[ ,
then the following a priori estimates hold for scheme (18)

‖uk+1‖ ≤ ak−1

[
(c0 + τεc)‖u0‖+ (c1 + τ 2εc)

∥∥∥∆u0

τ

∥∥∥+

+ τ

k∑
i=1

ak−i

∥∥Ã
−1/2
0 f(·, ·, ti)

∥∥, (19)
∥∥∥∆uk

τ

∥∥∥ ≤ (1 + tkak−1)
[
(c + τεc)

∥∥Ã
1/2
0 u0

∥∥ + c0

∥∥∥∆u0

τ

∥∥∥+

+ τ(ν0c0 + τεc)
∥∥∥Ã

1/2
0

∆uk

τ

∥∥∥ + τ

k∑
i=1

‖f(·, ·, ti)‖
]
, (20)

∥∥Ã
1/2
0 uk+1

∥∥ ≤ ak−1

[
(c0 + τεc)

∥∥Ã
1/2
0 u0

∥∥+
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+ τ(ν0c0 + τεc)
∥∥∥Ã

1/2
0

∆u0

τ

∥∥∥ + c0

∥∥∥∆u0

τ

∥∥∥
]
+

+ τ

k∑
i=1

ak−i‖f(·, ·, ti)‖, (21)

where k = 1, . . . , n−1, ∆uk = uk+1−uk, c, c0, c1 and ν0 are the same as in the preceding
chapter.

In the third paragraph the theorems on convergence have been proved. Introduce the
spaces W 1

0 and W 2
0 , which are de�ned semilary to spaces W 1 and W 2, where the operator

Ã is changed by Ã0.
Denote the error of approximate solution by zk.
We introduce the notation

zk(x, y) = u(x, y, tk)− uk(x, y), k = 1, . . . , n.

The following theorems hold true.
Theorem 8. Let u0 = ϕ0, u1 = ϕ0 + τϕ1, ϕ0, ϕ1 ∈ W 2

0 , ν ∈ ]− 2, 2[ . Then
a) if problem (1)�(3) has solutions u(·, ·, t) ∈ C2([0, T ]; H)∩C([0, T ]; W 2

0 ) and f(·, ·, t) ∈
C([0, T ]; H), then

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥
)
→ 0, as τ → 0;

b) if f(·, ·, t) ∈ C1([0, T ]; H), then

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ +
∥∥Ã

1/2
0 zk+1

∥∥
)
→ 0, as τ → 0;

c) if f(·, ·, t) ∈ C1([0, T ]; H) and u(·, ·, t) ∈ C3([0, T ]; H) ∩ C([0, T ]; W 2
0 ), then

max
1≤k≤n−1

(
‖zk+1‖+

∥∥∥∆zk

τ

∥∥∥ +
∥∥Ã

1/2
0 zk+1

∥∥
)
≤ c1τ.

Theorem 9. Let u0 = ϕ0, ϕ0 ∈ W 2
0 ,

u1 = ϕ0 + τϕ1 +
τ 2

2

(
f(x, y, 0)− (Ã0ϕ0 + Ã1ϕ0)

)
,

ϕ1, Ã0ϕ0, Ã1ϕ0, f(·, ·, 0) ∈ W 2
0 , f(·, ·, t) ∈ C2([0, T ]; H) and ν ∈ ]− 2, 2[ . Then

a) if problem (1)�(3) has solutions u(·, ·, t) ∈ C4([0, T ]; H) ∩ C([0, T ]; W 2
0 ), then

max
1≤k≤n

‖zk‖ ≤ c1τ
2;

b) if u(·, ·, t) ∈ C4([0, T ]; H) ∩ C2([0, T ]; W 1
0 ) ∩ C([0, T ]; W 2

0 ), then

max
1≤k≤n−1

(∥∥∥∆zk

τ

∥∥∥ +
∥∥Ã

1/2
0 zk+1

∥∥
)
≤ c1τ

2.

In the third chapter the iterative, iterative-di�erence and variational-di�erence schemes
are considered for I. Vekua's equations of a spherical shell.

The �rst paragraph deals with the iterative method for the system of I. Vekua's
equations for a spherical shell with a split operator:

(A0 + A1)u(x, y) = f(x, y), (x, y) ∈ ]− 1, 1[× ]− 1, 1[ , (22)
with the Dirichlet boundary conditions, where A0 and A1 are de�ned by (17).
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As is known, A0 is a symmetric and positive de�nite operator. A1 is a symmetric
operator.

Instead of equation (22) we consider the equation
(Ã0 + Ã1)u = f, f ∈ H, (23)

where Ã0 is the extension of the operator A0 to the self-conjugate operator and Ã1 is the
closure of the operator A1.

The following theorem is true.
Theorem 10. The iteration process

Ã0un = −Ã1un−1 + f, n = 1, 2 . . . (24)
is convergent for any initial vector u0 ∈ D(Ã0) and the following estimate is valid:

∥∥Ã
1/2
0 u∗ − Ã

1/2
0 un

∥∥ ≤ qn
∥∥Ã

1/2
0 u∗ − Ã

1/2
0 u0

∥∥, (25)
where u∗ is an exact solution,

q = (1 + λ1)
−1,

λ1 =
π2

εc(2ε +
√

2(2ε2 + π2))
, c =

3− 2σ

1− 2σ
.

The second paragraph deals with the iterative-di�erence method for the system of I.
Vekua's equations of a spherical shell (statics). The proposed iterative process is the
generalization of Zeidel classical iterative process for uniting subsystems of di�erence
analogous, corresponds to each equation.

At each step of iteration the inversion of the di�erence analogue, corresponding to the
di�erential operator a0

∂2

∂x2
+ a1

∂2

∂y2
− a2I (a0, a1 and a2 are positive constant) is carried

out by the combination of factorization and iteration methods. The convergence of this
combined method has been proved.

In the third paragraph the variational di�erence scheme is considered for the system of
I. Vekua's equations of a spherical shell (dynamics). For the solution of discrete problem
(4) the variational problem has been used. For coordinate functions the di�erences of
Legendre polynomials are taken (the domain of integration is ]−1, 1[× ]−1, 1[ square). The
proposed scheme is said to be variational-di�erence, since with respect to the time variable
the di�erence method and with respect to space variables � the variational method is used.
We solve the corresponding system of equations at every time layer by the combined
method, used in the prevous paragraph.

The fourth paragraph is devoted to the analysis of results of numerical calculations
for di�erent model problems by using semidiscrete, iterative-difference and variational
di�erence schemes. For the purpose of establishing sensitivity of the above schemes with
respect to the sound-o� error, the estimation of such model problems has been carried
out for which one can obtain theoretical exact results. It might be said that the obtained
numerical values are practically exact which means that the degree of stability of the
considered schemes is high. The following series of model problems is such that the gradient
changes relatively sharply. Therefore to achieve su�cient accuracy the appropriate selecti-
on of parameters of realization schemes is necessary. The results of calculation also testify
the high degree of stability of the considered schemes.
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It is important to consider such model problem which has a certain practical value,
besides, the solution is not known beforehand. In the dissertation the numerical calculation
is carried out for such a problem. The results obtained depict the real picture well enough.

The numerical experiment has been carried out for studying the e�ectiveness of the
proposed iterative method. To this end the number of iterations has been established
depending on the changes of σ (Poisson ratio) and ε (ratio of shell thirkness to sphere
radius) parameters.The results of calculations show that the iteration number is conside-
rably increased when Poisson ratio approaches 0.5 or the ratio of shell thickness to sphere
radius is comparatively large. In other cases the number of iterations is within the norm.

In the appendix the complex of programs in the programming C + + language is given
in the basis of iterative-di�erence and variational-di�erence schemes, constructed for the
system of I. Vekua's equations for a spherical shell.
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