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Three-Dimensional Problems of the Mathematical Theory of Elasticity and Thermoe-
lasticity, North-Holland Series in Applied Mathematics and Mechanics, North-Holland
Publishing Company, Amsterdam-New York-Oxford, 1979). 53 dmbmg®sgogddo
5390705 s bbgoalbgs dgomeom godmygmgygmos mg®@dmemgisembols mgm®ools
©065d030ls s Moo Mbggol sdm3sbgdo 0bmE®mIgmo bbgymgdol Jgdmbgggs-
Fo. sbogmyog®o sdm3obgdo bmaso obsdogol ws dpa®so Mbggzol gobGmengdg-
d0Lmgol sbobmG@mIgmo Lbggmmgdols Jgdmbgggsdo gbfogmmomos @m@s® 0gbd-
hol @o> o300 bo@®mTgomols dmbmy®@sgoygem bsd®Mmddo (L.Jentsch and D. Na-
troshvili, Three-dimensional mathematical problems of thermoelasticity of anisotropic
bodies. Memoirs on Differential Equations and Mathematical Physics, Part I, v.17,
1999, 7-126, Part II, v.18, 1999, 1-50). 0g®@dmpmgzsemdols mgmmools sdmzsbgdols
gMooE o d60T3bgmmdstby dogmomgdl ol goJ@oE, Mmd @sdwgbody §gmos
d03pobsmgmdes s [gml sbdygmes gom-gomo 3dbodggmmgsbglo dMsgogm@m=
dosbo gbEogmm3gog®o as3m3gds, Mmdgmoi wodgkos Y3Mobygdol odmd(399-
@mdsd (Encyclopedia of Thermal Stresses (R. B. Hetnarski, ed.), Volums 1-13,
Springer, Dordrecht, Heidelberg, New York, London, 2014). 3 gb3ogem3igooyg
25dm3990L dmdbogdsTo msgolo Fgmomo Fgo@dobgl Jodmggmds 3g3609®933s:3.
39Mdme, 25dm3g30l Mgesd@m®mol - 3mmmbgymo Fs®3mTmdols ysdmbgbogo 5dg-
M03ge0  dg3b0og@oll Mohod  dgBbomligol Tg33gmom Lodo gobsgggmo o gms
5300 bo@®mBgomds.
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dg3bogrgmo Losbeng. Omym®3 o@gbodbgem, [os®@dmpygbomo wob®gdozos gbgos
0g®dM®g350md0l mgm®ools LEsEogol Lobysbbmdoggdosbo Lolsb@gmm, Lsgzmb-
BB ™ o Lolobwgmm-Ts3mb@od@m 53m356960L 3odm3gemggol bmyswo sbobm@ -
Om379m0 Lbggmmgdobsmgol, Mmdmgdo osdwg oM ygmgoms asdmyggmggmo bsdy3-
bog®m @o@g@s@g®sdo. o3 5dm30bgd0lL godmygemggols ML Fo®mdmoImds o® 3=
3990 LoOnygmmggdo, OmMImgdoE ©35330Mgdgmos  s3mbsblbms  slod3@mEyc
ym35J3935b0sb gLl gemmdol doesdmTo. gg@mdme, gemsbogg®mo geslEmb@s@o-
3oL 5dm35bg50L56 2oblbgoggdom, mg@dme®gzemdol mgm®ools LEHs@ogol Sdm=
(356960L YgLFogenol @O™ML sygEoegdgmos sdmboblbgdo ggdomm glsl®Oygmmdols
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3oboll @obygLEgds s 0bgmo sbod3GMEGFYM0 30MMbgdol woEygbs FLoLOFYEMdS—
Yo, Hm3geoi GbOYbggeymal mg@dmlFsdogol sdm3sbgdol gmmgd@dgmow sdmb-
Lbomdsl. gl Lsgombgdo Lsdgiabogdm mo@g@s@g@msdo o@ s@mols dgbfogmomo
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boOm3gmo Lbggmgdolbomgol Fgdegao Labg ofgl:

Chjpg 050qup (7, 1) — Brj Ojus(w,t) = p@fuk(x,t) — Xy (z,1), k=1,2,3, (1)
Apg OpOqus (2, 1) — ¢ Opug(x,t) — T Bpg Or0pug(x,t) = —Xy(2,1), (2)

Lowoi u = (ug, Uz, uz)’ o®ol gowsswyomgdols 33d@me@o, uy = 9 §733g0s@3®0ls
oboFomgdol gabJ30oe, Crips = Cpakj = Cjkpg ROYFORO IFRI03IB05, oy = Pgp
>®0l 0g®@3geo s 3gdobognmo ggmgdol sdsgegdomgdgmo 37803980, Ay = Ay
Lomdmasd@Bomgdmmmdol 3mggn030gb@gdos, ¢y > 0 s@ol Lomdm@ggsmds, Ty > 0
Lbggemols 39656®050 dpgmIs®gmdols Lafyobo Bgd3g@sggmss, X = (X1, Xz, X3)"
>0l ImEgmmmdomo dogns, Xy s®ol Lomdml {ysdm, x = (1,22, 23) >50b08bogl
Logmage  3goel s ¢ 5ol @®momo  (33EsE0;  3sb3gmmgdomo  0begdlom
03 gm0lbdgds sxsdge 1-eb 3-8y, bomm bgws 0bpgdbo T s®mol G@SbL3mbomy-
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Chipg 050qup(T) — Brj Ojus(z) = — Xy (1), k=1,2,3,
Apg OpOqug(z) = — Xy ().
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dobo gobbmysgdygmo do®Bogo s m®Isyo ggbol 3mEgbosmgdols s dom dog®
Fo®dmImdomo Lobob@gdmm 0b@gy@omymo m3gms@mmgdols mgoligdgdo.
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(JoHn g ©s 0bamolig® gbsby), Tgbogoml, m@d magl, 3bMs 3sMoa®Moxgl, sliggbsls
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0530 1. SbobmF®m™3Ig@o mgdIme®gzoemools bLEsE0g0L doMomswo
Lobobmg®mm sdm3obgdols godmygmggs

b59Dm™3ol 30Mggeo msgo gdmgbgds SbobmE®M3FYmo mg®Ime®giomools LEs-
®0g40L do@omso Lobsb@gdm s8m356950L 5dmbosblibols g@msg@mmdols s @by
dmdoll mgmmgdgool sdE3o(gosl 3dm@gbiosmms dgmmpobs s 0bFgydsmy®o
3obGMEg6960L mgm®ools yodmygbgdom. o3 30bbomn YGHIE YA Yoobogobgdey-
@0 25bbmsgdgmo doMEB0g0 s MmMAsyo Fgbol 3mEgbioomgdols s dosom dog®
Fom3mBmdomo Lolob@gdm 0b@gy@omyg®o m3g@sdmmgool mgolgdgdo.

300390 ms30l 1.1 3o@op®ogdo sdmfg@omos mg@dme®gisemdol mgmmools
Ygbodsdolbo ggmols Aob@megdgdo sbobmE@m3gmo Lbgymgdobosmgol s Fgdm-
©gdgmos dobo dglodsdobo dos@@oEgmo oygAgb3osmyg®mo m3gasGmmgdo. V9=
Im@obogos {0y} 35330l Bgbbm@o s ggm®dsizool {ex;} Bgbbm®o, MmBmgdoc
9JO0Ibgmmsb ©s353F0Mgdgos oysdge-bgodsbol jobmbom:

Okj = Chjpq Epg — Bhj Ua,

e = 271 (akuj + ajuk), kj=1,2,3,

Uowo@ u = (U, g, uz)| 5®0l as@osEaomgdols ggJdm®o, uy =9 Hgddg@odgmols
2565F0ego0l g9bJ005. 53 MobsBsME®EgdL IndMomdol gob@mmgdgdols yomgs-
@olfobgdom doggsgo®m bmyswo ©obsdogol (1)-(2) gobBmegdgdby.

09 (1)7(2) 3560mmgdgdby dmgobgbmn @sdmsbol gm@dsmy® yo®esJdbsls,
91002350mg560 Lofyolo 3oMmmdgdols Ygdmnbgggedo, g.0. dmEs u,(z,0) =0, p=1,4,
> Jyuj(x,0) =0, j=1,2,3, dogomgdm 9.f. gLggem-®bggol asb@megdgdl:

Chipg 0 0Tlp(w) = 7" W(7) = By Oyla(w) =0,k =1,2,3, (3)
Apq Op0qtis () — T coUg(x) — 714 Bpg Optig(z) = 0. 4)
>] T =0 —iw sl Jm33mgJbymo 3sMsdg@B®o, Lows w € R s o € R\ {0},

bogm Uy(r) s@ob u,(x,t) g9bdiool @edmaololo yomwsddbs ¢ 33ms@ols 308sm,

o0

u,(z) = / u,(z,t) e " dt.
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0y ©obsdogols (1)-(2) LobEgdsdo yggems g36d30s OMDY ©s3mgoEgdaymos
3oM3mboygms, g.0.

up(x,t) = u,(cl)(x) cos wt + u,(f)(x) sinwt, k=1,2,3,4, weR,

d590b dogomgom 9.f. dpa®so @bggols aob@megdgdl:
Chjpg Dj0qup(x) + wur(x) — Brj yua(z) = 0, k=1,2,3, (3)

Apg 0pO0qus () + iw Tp Bpg Opug(x) = 0. (6)

bogoi dgdmmgdgemos gdpgao s@bodgbs

u(r) = u,(gl)(x) + iu,(f)(x), k=1,23,4.

0Y ©539793900, Om3 doEssEaomgdol ggJdmmo s Bgd3g@sdPdms s s®mols
©odmoEgdgmo t (3gmoEbg, 35T90b (1)-(2) LoliEgdowsb dJogomgdm mgMmImE®ggem=
30l LEsE030L 25b@megdgdls

Chipg 050qup() — Bij Ojua(z) =0, k=1,2,3, (7)
Apg OpOqus(z) = 0. (8)

hggbo ggggol dmogo®o Jobobos Lobobmgdm sdmEsbgdols Fglfegas (7)-(8)
Lobgdobomgol.

s g®og  asb@megdoms LobEgdgdo Fo@mdmTmdgb gm@dsgyg@do s@smgom=
Varmydgm 35HO0EIR ©0FINIOE0X@YD M3gHoHMOISL.  bEHs@ogol dgdmbgy-
3590 2ob@memgosms Lol gdol Jgbodsdol Is@moE g m3gms@mmal gl Lobg:

A0) = (@) = | 0O TSR ©)
Olixs  A(9)

4x4
(N YE

C(0) = [Ckp(ﬁ)]gxg = [Cripg ajaqhw, A(0) = A\py 0,0, (10)

slggg 9gdmmygdgmos gmsbogagmo dsdgol T(0,n) m3g@Ms@m®o, mg@dm®gzoom-
30l dsdgols P(0,n) m3g@s@mmo s mg®mdmdsdgol asbbmaswgdgmo ds@®oigmo



B(0,n) ™3g®s@dm®o

T(0,n) == [Ty (0,n) |54 = [ Cripg 130q |3x3, (11)

P(av n) : [Pkp (a’ n) }3><4 = [[Tkp(av n)]3><37 [_Bkj nj]3><1 }3><4’ (12‘)

T(0,n) [—Brjnjlsxi
B(@.n) = [ By (9,n)],,, = > (13)

[0]1><3 )‘(87 n)

4x4

A0, 1) = A\pg g Op. (14)

> n = (n1,n2,n3) sMmlL bys3o®mol gmgdgbBol gHmggmmgsbo bm@dsmy@o
3addo@o.

n bm®dogol dJmbg bgps3omol  gmgdgb@bg dmddgwo dgdsboga®mo  dsdgols
39J@m®0l 3m33mbgb@goo dmogds Vgdgao GmeEmdgdom

OjTj = Chipg j Oqtiy — Brjnyug = [P(0,n)Uly = [B(O,n)Uly, k=1,2,3, (15)

bomem bgesdomol o3s39 9e0g9996¢bg Lomdmlb bsgowo asdmomgegds dgdogao
BOOIYGE0m

A(0,n)0 = A\pgng 0,90 = [B(0,n)U]4. (16)

59539 mo30L 1.2 3sMsgdegPo g9®mogl 3obbmasgdgmo aomsdbol @gmdobgd-
Yo 539090 bEAsEogol A(0) m3g@ms@mmol Jgbsdsdolbo ggbesdgbdgmo I'(x)
do@mozs o dgbfogmomos dobo gmegsdiggs gLoldgemmdols s gmm®Eobs@ms
Loomosgols dosdmTo.

1.3 3o@o3®55T0 hodmyommodgdgmos do@oms@o Lobsbwgmm sdmzsbgdo, ggm-
dow, o®obegl, 6godsbol, M®dgbols s L3gEosmmygmo dgmgyeo Godol do®oms-
©0 oo s oy Lobobmg®dm s3mobgdo.

godgom, QT C R?® 959mlobogdgmo s®gs, ®mImol Lobwgs®os do®Fo0gom
53gmo0 g3@gmo amaso bgpsdomo IN =S € C?*, 0<a<1l; QF =0T US oo
Q- =R3\ QF.

omobegls, bgodsbol, Mmdgbols s L3gEosmamo Yg@mggmmo Bodol doMomswo
Bogo o 3odyg Lobobmgdmm sdm3ebgdo Vgdpgabsodsm yogodwgds:

g03mgmo 0F s®93o0

AQ)U(z) =0 (17)
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©00g8gM9bEosY®0  AsbFmegdol olgmo ®gagms®ygmo U = (ul,u2,u3,U4)T €
C2OF) N CHOF) 58mbsblgbo, ®mdgemoi S Lob@go®by o3359mg0mgdls
(D)* @odobmgl Lobobwgdm 306mdgdls:

{u(@)}* = f(x),  {V(@)} = fulx), z€8, (18)
obey
{U@)}* =f(z), zeb; (19)

Sb (N)i 6503560 Lobob@g®dmm 30®mmdgdls

{P(0,n)U(z)}* = F(x), {AO,n)V(2)}F = Fy(z), x€S, (20)
N
{B(0,n)U(z)}* = F(z), ze€S; (21)
56 (R)* @mdgboli 3o3ols Lolisbma®m 30@mmdsls
{B(0,n)U(x)}" + K{U(z)}" = F(x), z €S, (22)
boo@ K = [Kijlixa @oggdomsg poblisbegdgmo dohoogse:

[Kijlaxs  [0]sxt
K= , (23)

[0]1x3 K2
4x4

Ky > 0 @opgdomo dgedogos s K = [[?kj]gxg YO0  oblsbwg@magmo
doB®o(350;

sb dgmgymo L3gEosmygmo Godol Labsbmgdm 3ommdgdl, 39dme,

(D.N)* 306m3951:

{u(@)}* = f(2),  {MOn)I(2)}* = Fi(w), = €S8; 24

56 (N.D)* 300md931:

{P(0,n)U(z)}* = F(z), {9(z)}* = fulz), w€S. (25)

53 53m(356930L BodmysmodgdaBo f = (f, f)T, F = (F, F))7, bosg f = (fi, for f3)T
QS F = (Fy, By, F3) T, Lobogo®by dm3gdgmo 36mdogmo g96J30gd0s. Loddmemmgdo
{}F 50603653l omdbmog beg@gol S bgesdo®by Yglsdsdolbop NF s@ow@sb.
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53539 35MogMox3To  hodmysmodgdgmos  Lolobmg®m  sdmissobgdo  dgbodsdolo
Fo®dsma@sw Jggomadgmo A*(9) = AT(=0) ™3g@s@m@olsngol, ®mImgdoc
5095000 MmEl 05353mdgb hggbo Loggemggo sdm3ebgdol sdmblbspmdol sy
b0 ©s bogdo®molbo 300Mmbgdols oy gbsTo.

1.4 35@53®553T0 goglols bofommdomo 0b@ga®gdols gmm@dygmol gsdmygbgdom
aodmygobogos Lbgosolbgs Godol a®mobol gmmdygms LEsGozol asb@memgdsms
LobEgdowsb (omdmddbogno do@@oEgmo m3g@sdmmobsmgol Mgaams®agmo ggd-
Bod-g96J30gd0bosmgols gamgzo QT C R3 s@oli JgdmbgggsTo.

1.5 3s@sgmogol 1.5.1 Jgg3s@sydogdo Jgbfsgmomos LEs@ozol 3sbGmemgdols
Ygbodsdolo Fogs Labsb@gmm sdm35bg60l 5dmbsblbols gOmmsg®mmdols bsjombgdo.
300d0Q, ©3H30gdgmos Fgdrgyo mgmdgdgdo.

ngoigds 1 o®mobaogl (D)t Bogs Lobobmg®mm sdmEsbsl s@ goshbos g@mmnbg dg@o
sdmbsbligbo.

ngoigds 2 Yg@ggm Bops Lobobmg®mm (M)T s3mEsbsls o@ goshbos g@mbg dg@o
sdmbsbligbo.

ngeigds 3 Bogs Lobobmgmm (D.N)T s8m3obol 58mbsbligbo gobolsbeg@gds U®) =
(0,90)" 39dp™®0L LobglEom, Lowss Yo = const bgdolidog@o Jgdogos.

ngeigds 4 Bogs Lobabeg®m (N.D)T sdmisbol sdmboblgbo asbolsbpgmgds U =
(x(2),0)" 539dp™®0l LobglEoom, Lowss

x(z)=axzxz+b
bolo gopssyomgdols 39d@mmos, a = (ay,as, a3)’ s b= (by, by, b3)" 63d0Ldog@o0
908030 39JB™Mgd0s.
ongoigds 5 6303060l Jogs Lolobegdm (N)T s8mEsbol s8mbabligbo aobolsbmg-
™95 Fgdgy0 gbogmgdo ggd@mmol LobybEom

UO(x) = (x(x) + 90 (2), %) " = (x(x),0) " +9o(v@(),1)", (26)

bo@sz Yo bgdobdogmo 3gedogos, x () =a X z+b Godol bobEo as@ssaomgdols
39d®™®0s, a = (a1, as,a3)" ©@> b= (by,ba,b3)" 6g60L3ogmo Igwdogo 59dHmGgd0s,
bogm v Jmgdgmos v,io)(x) =apr, k=1,23, pommdon, bopsy ay = a
d90303900 2560Lsb@gMgds ombobo sdmblibswo

Chipg Opg = Bki» k,g=1,2,3,
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> 907 a5bGHmEgdsms LolEgdosb. of Crjpg ©5 B mg@dmedgzso Lbggmol
dobolosmgdgamo do@g@osgag®o dgpdoggdos.
>dag bobggbgdos, @md (26) msbogsdpmdon dmzgdygmo ggddm@o 9490360l

Fog0g Logdgl, Gmdgmoi dogodgmos gdrgy 3adHmmgoby
v = (1,0,0,0)", ¥ =(0,1,0,0)", ¥ =(0,0,1,0),
U@ = (0, —25,7,0), WO = (23,0, —21,0) ", WO = (—15.2,,0,0), (27)
v = (v%o),véo),vg ), 1)T.

1.5.2 Jagdomop@msgo gdmgbgds 3omg Lslobmgdm sdm3ebgool sdmbsblbgools
JONSgOm™d0l godmygmagasl. glosbogmm smols gdmbgggsTo womobegl, bgods-
bol, ®mdgbols s Tgdggemo Go3ol aodg Lolobwgdm odm3obgdol sdmbob-
bgdol gOmo@g@mmdols glfogms bpgds glol®gmmbdols JowsdmTo oM 3ggmo
sLod3@m@ogol 3Jmbg 39dBmO-gabiosms gmslbdo. Lsddg ol s®ol, M3 >y30-
@@gdgmos oMy 53m356950L Aobbogmgs YLolMygmmdsTo gdmbsbmg@ g ggd@me-
396Josms L3gEosmam 3esliPo, MoEash bmysesm mg@mdmlds@ogzol gomagsmm-
3560 gobBm@gdols sdmbsbligbo GlsbOgmmdols JosdmBo o Jhgds; Jg@dm,
20800 gd0l  39ddm®o  gbs ggdomm  PLoslOgmmmdols JosdmTo Ygdmlsb-

©3Og@ 9bJ3osms gesliPo, bomm {933g@ms@g®mol ggbdiEos 3o = globdgemdols
dosdmBo Jomdoe ggbdaosms gemslPo. s@boBbyge Jgg3s@msymegTo Ygdmmgda-

oo obgm 39JBMO-agbdiosms gmolo Z(Q27).

a36LsBggds 6 300300, Bm3 Q7 s®gPo asblsbpgdnm U = (ur, us,usz, ¥)" ggd-
Am®L, ®m3gmoi 97939005 FLslegmmdol dowsdmTo, sfab Z(Q27) mgolgds, oy
dobo 3md3mbgb@gdo ozdoymauomgdgb Vgdegy 30MmdgdL:

up(x) =0(1), k=1,2,3, I(z) = O(|z|™") dmas |z] — oo, (28)

uk(x) dS(0,R) =0, k=1,23, (29)

2(0,R)

Raoo 4’/TR2
Lbowsz 2(0, R) s®ol R @spoglbosbo bggom 396@®omn gmmmwobs@ms Lomsggdo.

533 30(3goPm0s  Modpgbody ©sdbdoMg ©gogmgds s Ygbfogmomos yomyg
Lobob@gmm sdm3obgd0L sdmbsblibgdols g@mo@g@mnmdol bsgombo. 39@dme, ©sF-
30390 gos, ®m3 o®Mobeogl, bgodsbols, @mdgbols ©s Vg®gymo Godol oy
Lobobemgam sdm3obgdl o@ aoshbosm gomnbdg 3gdo @gagmemgmo sdmbsoblgbo

39J®@O-ggbJosms Z(Q27) geosliYo.
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59539 []3330(4)066)0%'30 Yggoegdagmo  ao®g sdm3aobgools s3mbsblbgdolmgols

oy gbomos sLod3FmBYM0 gngsd3gge FLslegmmmdol dopsdmPo s Ygdmmgdy-
o5 gbsdsdolo Z*(Q7) gaosbo.

a36Lsbsigds 7 3odggom, Gmd Q7 @0 3oblobmgdgem U* = (uf,uj, ui, v*)" ggd-
Am®L, dmdgmoi 97Y39005 GLobgmmdols dosdmPo, oJgl Z*(Q27) mgolgds, oy

dobo 3md3mbgb@gdo szdoymuomgdgb Jgdpgy 30MmdgdL:

up(z) = O(|z|™), k=1,2,3, 9*(z) = O(1) doas || — oo, (30)

T 1
R 4 R?

/ 9(2)dS(0,R) =0, k=1,2,3. (31)

2(0,R)

1.5.3 J3935058™5580 053303309005 JOmsEgANmdol ©gdgmgdgdo Vgameng-
dgmo sdmi3obgdobmgol, 3g@dme, bohggbgdos, Mmd oMobemgl Tops s oMy,
sbggg 690dsobol podg gOmyzoMmMgsb sdm35bgdL goshbosm Fbmmme F®Mogosgyg®o
5dmbobligbo, bogom bgodsbol Yogs gOmygommgsbo sdmi3sbols gdmbgggsTo bmyswo
5dmbsbligbos as®gggamo LE®YJ@gmol 3mby 39d@™®0, GmImol Jomggmo Lsdo
3M33mbgbBo Ygglodsdgds bobEo aspssepomgdol 39d@m®l, bogm dgmmbg 3mad-
3mbgb@o bgoolidog®o Igpdogos. gl YgEgagdo sOLgdomse godmoygbgds do®omswo
Lobob@gmm sdm3obgdol Jglsdsdolo 0b@ga®omma®o aob@memgdgdol sdmblbsogm=
0L Logombols gbfogmolal, gg®@dme, dgbsdsdolo Tgymengdagmo m3g@Emmgdols
bge-L0ogm(39900L 2oLosbogobgdmo.

1.6 35®53®553F0 SbobmE@M3Pmo Mgzl mgm®mool LEsGogol A(0J) ©s
A*(0) m3g05@mMg50l §3b6©s396@ @0 3oBM030L Lo gomgdom o3 gdgmos bgwsedo-
9o ~ do®Bog0 s m®dsyo ggbol 3g@gbEogdo

V(b)) = Vs(W)@)i= [ Tle = p)hl)ds, = cR\S, (32)
S

thxx)ziwaOCw:ZU/[Q(@nn@D)FT@*—yﬂTh@DdSw r€R\S, (33

n

V() (x) = Vi (h) () = / D(z - y) h*(y)dS,, =€ R*\S, (34)
S

W* (W) () = Wa(h')(z) = / [B(0,.n(y) [T (x = y)]T] W () dS,. = € R\ 5,
S

(35)
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bowos

(36)

Q0.n) = [Qu(@im) ], = [T(@,n) [0]5x1 ] |

[0]1><3 )‘(avn)

59539 35MoaM53T0 oy gbomos bgpsdo®ymo 3gfgbiosmgools Fyzg@ol gm@-
Igmagdo s bohggbgdos, mm3 olobo g3gmgbosh Ygbsdsdolbo Z(Q7) ws Z*(Q7)

goligols.

do®m@0g30 s ™Moo Bgbol 3m@Fgboomgdl goshbos sbsbgol Vgdwgao mgolg-
d9%0

ngmegds 8 oy S € Chtla | >1 bo@g@omygmo @oibgos s 0 < B < a < 1. 35T0b
domB0go s m®dogo ¢9bol 3mEgbosmgdl Fgdwgao sbabgols mgolgdgoo goshbos
Vo [CRP)T = [CHYQE), W [CRP(S)) = [CHP Q)
domB0g0 s m®dogo ggbol 3m@Egbosmgdols gbsdsdolbo beg®eyeo db0dgbg-
mbgdols mgolgdgdo s gMomos dgdpgao oy gdom
ngeigds 9 o9 S € 0 0< B <a<l, he[CWPS9)" ws g€ [CHP(9)]. 85F0b

bgooldogmo = € S Fgm@omolmgol spaomo o5Jgb Fgdwgy begdgm Goemmdgdl:

{V(R) (2)}* = H (h)(x), (37

{B(0y,n(x)) V(h) (2)}* = [F27 L4 + K] h(), (38)

{W(h) (2)}* = [£27' L + N h(x), (39)

{B(0, n(x)) W(g)(2)} " = {B(0x,n(x)) W(g)(x)}~ = Lg(x), (40)

Logos@ B(0,n) gsblsbmgdgaos (13) Gommmmdomn, H bgl@o bobygmsdgmo 0b@gy=
@oma®0 M3GOSH™MP05, K ©> N bobygmsdgmo 0bGga®ema@o m3s@sdm@gdos,
bom L 5@l bobygmsdgmo 0b@gay®m-ogg®gbEosmag®o m3gms@mmo,

Hh(z) = He h(z) — / Iz — y) hy) dS,, (41)

Kh(a) = Kshia) = [(B@.n(e) T =) 5)dS, (42)

Nh(w) = Nshia) i= [1Q(@y: (o) Tz = )] hly) dS,, (43)

Lo(o) = Lsgla) = tim _ BD.nlz) [1Q(0,n(o) T (=~ )] o(0) dS,. (44)

S
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(40) BHo@mdsl gfmpgds @os3gbmg-@ogdgmols mgmmgds.

sbogmyog®o mgm®gdgdo sbobgol mgoligdgdols s §yzgdol gm®Igmgdols
Fglobgd IHgoargds Jggemgdgmo V*(h*) @s W*(h*) byrsdodgmo 3migbEosmy-
0l Ygdmbgggedoi. 3g@dmE, @0839bmg-Bogdg®@ol mgmmgdsl  dgywengdgmo
M350 ggbols 3mFGgbiosmolmgol gdwgao Lsby ofgl

{Q(0:,n(2))W(g") ()} = {Q(0:, n(x)) W (g")(x)}~ =: L7g"(x). (45)

5d3g 3odmygsbogos mg@dmbEs@ogzol LobEgdol U s8mbsblbols 0b@ga®smg®o
Fomdmeygbol gm®dgmgdo Omamaiz dogs, sbggg aomg gLobOgmm s®ggd0l
99dmnbgggsdo:

U(x), @dmgs zeQr,
W({U}T) - V({BU}) = (46)
\ 0, om@s x € Q7.
U(x), &dmgs z€Q,
~W({U}) + V{BU}) = (47)
0, Oomas x € Q.

\

1.7 3s@op®o590 ©09@30(390 900 doMomoo Lobobmg®m sdmobgools sdm-
boblbgdol s®Lgdmdol mgm®gdgdo MgaamsmaeE g9J@MM-gabdiosms gmslgddo.
39Mdme, 1.7.1 J393s009mo5T0 ao8m33eggmos @omobmgl  Jops Lobsbwgmm
sdm3sbs s bohggbgdos, Mmd gl sdmzsbs 3omlsbs@ sdmblbs@os ®gagms®ege
39J&™O-xg9bJzosms [C’l(m)rﬂ [Cz(fﬁ)r g0obBo. dmgdgmos omobaogl oy
sdm3sbol  gobmygmggol m®o dgommeo.  30M3gm0 sgydbgdgmos Sdmbsblibols
Fom3mpygbsby mmIsgo g9bol W (p) 3m@gbiosmols LsBgomgdom, bogmem dgmmy
doamds - 5Imbsblbol Fomdmeygbsby dom@ogo ggbol V() 3m@gbiosmoom,
boa@ @ = (191,02, 3,01) | badogdgsmo bodgzGoggs.

m®0g9 9dmbgggoT0 woMobegl Lobsbmg®dm sdmzsbs @oygsbomos 3omlsbow
sdmblboe 0bFga®ommy® gsbGmmgdsms Loliggdsby.

300390 doEamdon SdIm3sbs ©50Ygobgds bm@dsgyg@se sdmblbow Lobyygms-

g0 0bFga®Moyg® aobGHmmgdsms Ygdogy Lol gdsby:
[27' L, + N p(x) = f(x), x€S. (48)

bogm dgmeg Jgdmbggszs@o 0b@Gga®omygmo m3g@s@mmo s@ol do@mBogo ggbols
3m@gbosmols Labsbmgmm 3603gbgemdom FomdmPmdomo -1 Mool gLggom©o-
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B9M9b0sEYH0 M3GASGHMM0 FoMYMBoms AobLsb@g® o dJmogs®o gOmygsM™=
3560 Loddmenyg®o ds@®ozom:

Ho(x) = f(x), x € S. (49)

mM039 d99mbgggsTo bohggbgdos Yglsdsdolo 0b@ga@smyg@mo m3g@s@mmgdol g®go-
dodg@mos s domo bygm-log@(39900L FMogosma®dmods, o3 933085 gb@M0s
50b0dbygmo 0b@gyMoma®o Mm3gMsGm®gools gd®Mybgdsmdols Yglodsdol @yb-
Jaombsgg®m Logm3ggdTo.  ogesb 3o 3o3mIobsmgmdl @omobagl Lolbwgmm
Sdm3560L 53mbsblbol s®lgomdol ©gdymgdgdo.

ngedgds 10 godgom, S € C2¢ s f e [C1A(9)]Y, 0 < B < a < 1. 85306 womobmgl
Yopo sdmEobs 3ombsbo sdmblbowos Mgy gmenyge ggd@m®-ggbaosms U €
[CLA@)] N [C2(Q)]" gamobBo s s8mbablgbo Fomdmopgobgds m@dsgo ggbols
3m@gbgosmomn U = W(p), bopsg bodygoogy ¢ € [C1A(S)]" gobolisbmgdgos
3o boboe sdmblbswo (48) Lobygmo®mygmo 0bGga®Msmygmo 3sbGmmgdosb.

ogeigds 11 godgom, S € C2% @s f € [CYA(9)],, 0 < B < a < 1. 85906
oMobegls Jogs SdImEsbs Gombobs@ s8mblbswos Mgagmomae  g9@md-g7b-
Jgosms U € [CHA@F)]' N [C2(h)]" gaolb@o s s3mbsblgbo §oddmowyobaos
Bo®Hogo 8960l 3mEgbgosmon U = V(p), Lswsg bodggmogy ¢ € [C%F(S)]*
Golobo 35bolsbg®gds (49) 0b@gy®omag®mo gobGmmgdowasb.

sbsgmaog®o Joamdom, 1.7.2 Jggdsmsp®sx@o Yglfsgmomos bgodsbol gomy
Lobob@gmm 5dmobol 5dmbsblbols s@bgdmbdols Logombo s ©@sd@30(390geos, M™J
ol 83mblboos ggddme-ggbdgsoms [CHO)* N [CHOT)* N Z(Q7) geoslBo ©s
5dmbobligbo FomImo@aobgds Fs@Bogo ggbol 3m@gbiosmomn U = V(p), Lswsa
p € [COP(9)]" pobolobogtgds Gombobse sdmblbogo Vgdgpo Lobyamsemamo
06 gaMogM0 25bFmEgdosb:
(27, + K] p(x) = F(z), z€8. (50)
1.7.3 Jgg3s@sy3moPo godmygmggmos @odobmmgls as®g Lolsbmg®m sdmEsbols
5dmbsblbol s@Lgomdols Logombo. 883039090, MM Mgy gmsdgm ggJ@mm-
a96dgosms [CHQ)AN[CHO)*NZ(Q7) geosbBo gl s8m3obs Gogmlsbow sdmblibs-
05 ©S 5dmbsoblgbo Fo®Imoyobgds do@FBH0go s m®Ispqo Bgbol 3mEgbosmgdols
{®5030 3m3dobsgoom U = W(p) + aV(p), bspsi ¢ Lodgg@ogg 3obolsbmgmgds
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Gobobo sdmblbo@o Lobygmsm g 0b@ga@omy® gobFmagdosms Lol gdowsb

27"+ N +aH]p(x) = f(r), x€S8. (51)

Yogo 53m3b0l sbsgmaog®s, oo oI 0(3g0PE0s, ™I PoMmobmgl as®y
Lolob@g®m s8m3obol s8mbobligbo Fomdmowgobgds ds®Bogo ggbols V(p) 3m@gb-
(305053, Lowsi ¢ bodggmogg asbolsbwgmgds ombobse sdmblbowo 0dsgg
(49) aob@mmgdsms Lol@gdowasb.

6903560L dogs Lobobwgmm sdmzsbol s3mbsblbol s®lgomdol Logombo odmg-
geoggmos 1.7.4  Jgg3smop®sg@o.  sdm3sobols 5dmbsblbl ggdgdm dsm@ogo xgbols

30 gb0sEom
U(z) = V(p)(z), (52)

Lows ¢ = (1, 2, ¢, g04)T Lbadogodgemo bodggmoggs, Mmdgeos gbes aobobsbmg®mmls
Y990090 Lobygmsodmygmo 0b@ga@smyg®o 4sb@megdowsb:

27 p(z) + Ko(z) = F(x), =x€8. (53)

©olgHEo305T0 G I YNoEss yodmygmggmo (33) asb@mmgsols domibgbs Ibo-
00 (o®ImTmdogo 06Fga@smx@0 ™m3gPodmmo —271 I, + K s Jobo Fglsdsdolo
ggemgdgmo m3g@sdmmo —271 Ij + K*. bohggbgdos, dmd —271 Ij + K Lobygmo-
90 06@gAMS@PYH0 M3gAHSGHMM0 BMgEYmEIYMos bymmgsbo 0bpglom s dobo
3 gm0 (bgm-bogMm3y) 9g0aobbmdoggdosbos. s3sbmob —271 [+ Yggmengdgmo
06@93Homa®m0  m39@s@m®ol Y300a56bmoggdosbo Logmzol dsbolo {OFIT_
3bowo Lobomoss oygdgo:

oM = (1,0,0,0)", @ = (0,1,0,0)", @® = (0,0,1,0)
(I)(4) = (07 _3737'T27O)T7 6) = (x3707 _th)T? (I)(6) = (_ mQ’xl’O’O)T’
o™ = (0,0,0,1) "

9L Lodgomgdsl a35dmggl 3bowo sdmglgmmm sMsg@mygommgsbo Lobyges-
@90 0bGgado@y®o (53) aobGmmgdols, sbyg Moz 030395, 630dsbols Yogs Lobsbw-
300 53m35b0l sdmblbopmdol syEomgdgmo s Logds®obo 3ommdgdo. 3g@dme,
©o3(g0(3ogo> Vgdrgyo Mgm®gdos.
ngeigds 12 godgom, S € C** s F € COP(9), 0 < B < a < 1; 8580b bgodsbols Doy
SM59MMY35Mmgobo Lolb@gmm sdmEsbol sdmbbbosmbolbomgol syEomgdgmos s
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bogdo®molio dgdpgyo 30Mmdgdol dgl®ygmgdos:

(®) _ L p®) _ _T=
(F,@ >L2(S)_ / F(z)- ®W(z)dS =0, k=T1,7, (54)
S

0y YgbOgmgdgmos (54) 30®Mmdgdo, 35T0b 6g0dsbols Fogs sMog@HmygsMMZgsbo
53m360L sdmbsbligbo Fomdmoaaobgds dom@Bogo ggbol (52) 3m@gbiosmon, GmI-
@ol ¢ bodggMmogg aobolodbmgmgds (53) Lobygmasdygmo 0bGgadommgmo gob@m-
350056, 535L056, 07 9 sBOl sSHsgMNYgsMMgS6o (53) 0b@gp®smy®mo aob@m-
ool M503g 3g@dm 53mbobligbo, 35T0b 53539 3obGH™Egdol bmyswo sdmbsblgbos

7
o(z) = O (z) + Z CpH ™ \Ifgk)(x), resS, k=1,T, (55)

k=1
Lows Ck bgdolidogmo bodwgomo d90doggdos, H™! s@ol H m3g@s@m®ols 9gd676g-
g0, beogom \I/gk) 39JO™@gd0 Fomdmoagbl (27) Gmmmdgdon gsblsbog®gmo
39JB™®go0l Fgbeygegsl S bgpsdomby.
30> 3oL, my U® s@ol 6503560l Fogs sMog@my350mg560 Lolsbpg®m
sdm35bol M50dg gg®dm s3mbsbligbo, 35Tob 53539 sdm3ob0ol bmpswo sdmbsbligbo
Y990gabs0@ms (omdmopyobgds

Ux) =U)+ ) G ¥ (z), 2eQf, (56)

k=1
bowsi Ok bgdobdog®o bodpgogmo dgdoggdos, (k) 35bbmasgdgmo bobEo gows-
5020960l 3gJBm®gdos s dmEgdgmos (27) Gmmmdgdon.
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msgo Il wg@dme®gisemdol mgm®ool LEsEozol G®sbldolbool
>dm30bg60 SbobmE®m3gmo Lbgymgdbolomgol

dgmmg 05330 Fglfogmomos 0g@dme@gzemdol mgm®ools LEs@ogol F®sbl-
dobool sdm3sbgdo sbobmE@mm3gmo Lbggmgdobosmgol. 3g@dme, gobboggmos
bodo Igdmbgggs, OmEgbsg

(1) gm3I3mbodgm Lbggml 340300 dogmo LogM3g, Mmdgmoi Jgygos Labog-
@0 Dy s@obs s Jolbo glosldgmem Dy =R3\ D; ©sds@goolgsb, dD; = dDs;

(i1) gmI3mbodygm Lbgyml ggogos Lobdgmo o®g, @mdgmoi dgoygos ®m®o
PD00g0m3mbsbmg®g 2 s 2y 5@0logeb, s3sbmsb 21 s®g pgds@gmdl 2y s@ol
Yopboo s 0 = 51, bogom 90y = S1US,, bopsi St 30gds®mgmdls S3-ol dopbom;

(iii) gm33mboFg® Lbggel g3zo305 Glal@Ogmm s@g, Mmdgeoi Vgagos (39009~
o Dy bop@gzol 933590 Lobdgmo Dy ©s glsldgmm Dy = R3\ (Dy U D)
5M9950L0b; 535bmsb 0D = SpUS], bopsi Sy dpgdesmgmol Si-ols dogbom, bmenm
0Dy = 5.

Lbsdogg B93mbggzeTo oggmolibdgds, dmd goblbgsggoygmo smggdo Ygglgogmos
256bgoggdamo ds@gmosmgmo Igedoggdols 3Jmby gomygemmgsbo sbobmE®mm3s-
o dobogmom. 53sLmsb Logmb@oddm bgsdomby jdsgmgomegds bolEo @®msblido-
Lool 300md950, bmmm jmddmbodg@mo Lbggmol Lobwgesmbg dmzgdgmos sb
o®Mobagl, ob bgodsbol, ob @mdgbol, ob L3gEosgygmo dgmggmo Lobsbmg®m
30Mmbgd0.

2.1 350535530 ho3mysmodgdgmos Lobsbmg®mm=Ts3mbBod@m sdmEebgdo Lsl-
g0 3md3mbo@dg®o s@obomgol s aobbogygmos 53 s3m35bgdol 5dmbsblibgdols

JOMEgOmmbol Logombo s ©sIFG0(3gdgmos d9dpga0 ©gdgmgdgdo.

ngeigds 13 . dodomop gamygs®mmgsb Logmb@eddm (TP — B) s3m3sbsls dgygms=
O 39dOmO-ggbdgosms ([C*(D)]* N[CH(D1)]*) x ([C*(D)]* N[CH(D2)]* N Z(D2))
oo goshbos Fbmmme G®ogosgryg®o sdmbsblgbo;

ongeigds 14 . ©o@obmgl Bogs gOmagsmmgeb Lolsbmgmm-Lsgmbdsl@m (TP — D),
®md960L Bogs gMmy3z5Mmgob Lolsbegmm-Lsgmb@sd@m (TP — R) ws L3gEosmmyg®
Ygogam  Bogs §O0my350mz506  Lobsb@g@m-logmbdoddm (TP — M) odmzsbgdl
aoohbosm dbmmme F®Mogosmyg®o sdmbsblibgdo.
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ogeigds 15 690dsbol Bo3ols g@mygedmgsbo Labsbeg@mm-lsogmb@eddm (TP — N)
sdm3560L bmpswo sdmbsbligbos

UD(z) = (x,0)" +C (", )7,  ze,
UP(2) = (x,0) +C ()T, e,

Lbowsi x bgdoldogmo bobEo aopsseaomgdol g3gd@mmos, C bgdolidogmo dgpdogos,

bo@m uél) © ué2) SMols

C™ () u™(z) =0 € Qp, m=12, (57)

{uD (@)} — {u® ()}, =0, x €5, k=1,2,3, (58)

{TM(0,n) D (@)} = {T®(3,n) u®(2)},

= (B — B ni(x), zeS, k=123, (59)

{T(2)(8,n) u(z)(x)}z = ﬁ,(f-) nj(xz), x€S, k=123. (60)

J

SMSgMMA35MMzsbo sdmsbols Ms0dg goJbomgdgemo 3gmdm s3mbsbligbo.

2.2 350 ®M553T0 gobbomygmos F®sbldolool sdm35bgd0L 58mbsblibgdols s@lig-
3mdol Lsgombo. 3gddme, 2.2.1 Jgg3s@msymsgBo Yglfsgmomos domomswo bsgmb-
AodBm s8mizsbs (1) 396d@ o s@fg@omo m®3mddmbgb@osbo glsldgmm 3md3dmbo-
A9®0 LogdEobomgol s 3@ 30(3g0gmos, MmI Fob o3l gPmsg@mo sdmbsbligbo
(UMD, UD), @mdgdoi Fo®dmeygbowos glsdsdolo g9bwsdgbda®o ds@®oEgdon

539090 do®mB0go 3gbol 3mEgbosmgdom:

UL — V(l)(h), U@ — ‘/(2)(9)7

Lowsi h ©s g 10333039900 2ob0Lsb@gmgds 3omlsbo@ sdmblbow 0b@ga®ommey®
3obBmengdsms Lol gdowasb,

Hfgll) h(z) — Hg) g(x) = f(x), x € 5, (61)
(27, + K§) W) — 27 s+ K g(z) = F(x),  x €S (62)

o] 'Hgl) 0 IC(S;?, J =1,2, 0b@ga®syg®o m3g@s@m®gdo 3oblsbmgmgmos dglsdsdo-
Lo (41) s (42) @ommdgdoom.

21



2.2.2 Jgg3smop®s580 gLfogmomos @omobmgl Lobsbmgmm-Togmb@s@m sdm-
(3565 (ii) 396J@ B0 s gMmomo m®3md3mbgbGosbo Lsl@ygmo gmddmboGgmo smolsm-
gols: QU Q,, Loo 0 = S1, 00 = S1 U Sy, s gmddmbodol aomg S
Lob@go®mby Jmzgdgmos oMobegl Lolsb@gmm JoMmds. ©sdEgo3gdgos, Gm™J
53 Lolob@g@m-To4mb@od@m 5dmEsbols sdmbabligbo (UM, UR)) g@mspgdmos ©s
000m g0 domysbo Fomdmowyobgds Fglsdsdolo do®mEogo ¢9bols 3m@gbooegdoom:

v =vPm),  UD=vP(g)+ V2 (p).

Lodogodgeo g, h @ ¢ L0d33m039960 35b60Lobmg®gds 3omlsbs@ s8mblbse 0b@ gy
Aoag® A5bFmagdsms Lol gdowasb:

HG) hiw) = HS) g(x) =5 VD o) = f(z), =z €S, (63)

(=27 s+ KG) h(x) — 27+ K g(2) — 7, B2(9,n) Ve ()
=FW(z), zebs, (64)

re, V& g(z) + HY () = fP(2), z €S, (65)

bosz 1, o®ol S-bg Ygboygogol m3g@s@mmo.  ofsi ”ng ©S ICg:, gk =
1,2, 0b@ga®smygmo m3g@ms@mmgdo goblsbmgdgmos Ygbodsdobow (41) o (42)
AME®dgd00.

223 J3g3s@symogPo 3o godmygmggmos @mdgbols Lobsbwgmm-Tsgmb@s]@m
sdm3abs (iii) 396J@ o sefg@omo m@3md3mbgb@osbo FLol@ygmm gmd3dmbo@dygmo
sM0lsmgol, MmEgbsi Lobdygmo 3md3mbgb@do msgol Bopboom dgozogl Los®ogegls,
3ol Lobmga®by dmEgdgmos @mdgbol  Godol Lobob@g®m Jodmods. o3
9990bgg35T0@ 3mEgbaosms dgomols s 06@gaMomy® Aob@megdsms mgmmools
25dmYyg69600m ©53F 30390905, MM A5bLsbogggmo Lobsbmg®mm-Togmb@od@m dm-
(3560l 83mbsblgbo FomImoyobgds dodEogo R9bols 3m@EgbEosmgdom, G®Igmms
badogodgemo 10dggM039900 gobolob@gmgds 3olobo@ sdmblbo Jglodsdol 0b@ gy
Ao@y® Asb@megdsms LobEgdowasb.

22



ol ggbs

bo@obg®@@oEom bs3®mdo mgmdmemgismdols Lelisbog®m sdm38bgdol asdmzgenggs
sbobm@®m3neo Lbgmegdobsmgol gdmgbgds d50gdsdogg@o gobogol, jg@dme, mg®-
Jmmg350mdol mgm®ool LEs@ozol Lsdysbbmdomgdosbo Lobsbmgmm, Lszmb@sd-
Am™ ©s Lalobmgmm-Lsgmb@oJ@m sdm3sbgdol godmiggmggol bmyso sbobm@®m-
3gmo Lbggmgdobomgol. bsd@mdo 3sbgigmgbgds g9besdgb@g®mo dods@mymgdols
bggoml, ®mdgelbsE 3539 @Mmb, asshbos 3Ms]@oggeo 360Ygbgemds3, Mo@ysbss
056539000m39 Bgdbmmmyoy® s 0bEyglE®mogm 30m3gLgddo goMmmme asdmoygbg-
ds ®ogmo  Fobspsbo LE®gJda®mol IJmby @gzo0 gmI3dmbo@mo dsLogngdo
s sOLgdomse asblbgoggogmo gobogg®mo mgolgdgdol IJmby Fosbogmgdolsysh
Ygeagbogo 3mblE®gd30g00. 5doBmd sligmo Isbogngdol Jsmgds@ozgmo dmwgen -
0l 0pgdsl, Boo Asdmyggemggols s gosbomobgdsl Yglsdsdolo dgdsbogygmo,
0g®3gmo, gegd@®agmo, dopbodgmo s Lbgs gobogg®mo mgolgdgool soagbols
dobbom mgm@ogm 360Y3bgemdslmsb ghmse oo 3Msd@ozgmo 360Ygbgemdsc
5J3L.  3gMdmE, oo mgm®ogmo 0bGg®mglols Logobl FosmImowygbl gbsdsdolo
50 gdoB0g7gm0 s5dm356900L gm@g]Hammdol (sdmbsblboms s@bgdbmbdols, Logmygol,
JONSEIOMME0Ls s dEaMoEmbols) Ygfsgms, @oi3 3Msd@oggmo  dodmygbgdols
d0bbom 509335090 godmmgmmomo sgoam®omdgdols 9Jdbols sy3omgdgmo Fobs3o-
OmdSS.

Loobg@@oEom bsdOmdols dmsgs®o dobsbos omobagl, bgodsbols, dmdgbols
s b3gEosyg®o Jgmggmo Bodol do®omseo Labsb@gmm s Lobobmgmm=Tszmb-
AodB™ 5Im3obgdols asdmygmggs mgMdme®mgzsemdol mgm®ool LEsEozol ©ogg-
®96(305@g® A5bFm@gdoms LobEgdobomgol gOmygedmmgsbo s §dbmdmog gOmy-
350mg5bo  3md3mboGydo sbobmE@m3gmo Lbgywmgdol TgdmbgggeTo.  3m@gb-
3osms dgmmeolis s 0bGga®oma® asbGmmgdsms mgm®ools asdmygbgdom dgl-
Fogemogmos sbobmG@mIgmo mg@dmemggemdol mgm®ool LEsEogol wo®obangls,
bg0dsbo, Mmdgbols s L3gEosmyg®mo g@ggemo Godol dogs s oy Lodysbbmdo-
950560 Lolobmg®m sdmobgd0L 5dmbablibgdol g@mo@g@mmdols s sOLgdmdols
Logombgdo.  sbggg 3odmggegamos do@omoo Logmb@oddm s bogmb@sd@m-
Lobobemgmm sdm3ebgdo 3mddmboGymo sbobm@@migmo Lbggmgdolbomgol. o@-
bodbgmo sdIm3obgdo @oygobomos Ygbodsdol Lobygmomgm 0bdgy®omy® (glgg-
ROEOFIOIbE0>@ YD) FobHromgdsms LobEgdaby, @G> IDIEsS Fodmggeggero
YgLodsdobo 0b@gydomygdo m3g@Ms@mmgdol sbobgol mgoligdgdo, sodmigmgygmos
do0mo bye-103M(39900 o oEgbogos domo FMgEdmedyg®mdols s Tgomybgds-
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©mdols Logombgdo Yglsdsdol ggbdion® Logmggodo.

Loobg@@o@Eom bsdmmdBo domgdoygmo doMomspo Ygogagoo dgodmgds obg
hodmyogmodogl:

e 560bMFHOMIPo Mg@IMEPMgzomdol mgmmools LEsEogol Ladysbbmdomg-
30560 Lolsbwg®m, Logmb@oddm s Lobsbmgmm-Logmb@sod@m sdmEsbgdols dgd-
0bgggoTo woygbomos gboo Lobol LE®YJB @O gm@o s SLod3GmGymo Vgbwey-
©39%0 gLobOgmmdol dJosdmPo, GmImgdoi Gb®Pbggeymygb Ladogdgemmo sdm-
boblbgool gOmogMmnmdsls;

e 5b0bMEOM3IYmo Mmg®IMmE®gioemools mgm®ools bLEsG030L ©oggMgb0smY®
25b@m@gdsms LobEgdolomgol gg®ogl JgomEom o5y 9d9mos Gbesdgbdym s8m-
boblboms ds@Mois s odmygmggmos dobo ymysdiggs 3mmgbobs s gLsboy-
mdol dJosdmTo.  Dgbfogmogos Ygbodsdobo aobbmyswgdgmo do@Fogo o
™30 ¢gbols 3mEgbiosmgdols sbobgol mgoligdgdo s oygbomos dso dogm
FomdmImdomo Lobobmg®m 0b@gydomyg®o m3g@s@mmgdol g@gedmmdy®mds ©s
YgLsodsdobo byem-Log®zggool dsbolgdo;

o 25dm 33 gge0s sbobmE@MmIPmo mg®Imemgzoemdol mgm®ool LEsEogzol
oMobegl Jops o 2omg Lolsbmgmm sdmobgdo 3m@gbiosmms dgmmpobs s
0639305 g®  aob@Bmemgdsms mgm@ools 2sdmygbgdom s SGHI0(3gOPE0s om0
9300mdm s Bombobos@  sdmblbsmds bgdoldogmo Lobosbmg®dm dmbs3gdgdols
d99mbgg3o>To;

o 3odmygeggmos SbobmE®mIgmo mg@dmEmgzoemdols mgm@ools LEsGogol
6903560l Fopo @ godg Lolobwgmm sdm3obgdo 3m@EgbEosmms dgmmeols s
003 ga®Moma®  asbGmmgosms mgm®ool asdmygbgdom.  ©sdE0(390gE0s, @™3
6g0dsbol godg Lobob@gmm sdmzsbs g3oMmdme s Eomlsbs@ss sdmblbsgo,
bogm bgodsbol Fogs Laslbwg®m sdmEsbobsmgol sboo 9g89d@ gm0 Labomss
sdmfg®ogo sdmblbsmbols sgiEogdgmo s Lsgds@olio 30Mmdgdo;

o 25dm 33 ggm0s sbobmEMmIgmo mg®MImemgioemdol mgm®ool LEsEogzol
doM0mo©0 Logmb@od@m sdm3sbs m@o aoblbgsggdgmo ds@gmosgygmo dgdoggdols
dJmbg s@olopgsb Ygopgbogo Jmgmo Lsdysbbmdomgdosbo LogmEobsmgol, Mmwg-
Lo goo-gomo o0y Lobdgeos, bowmm dgmeg Fo®mdmopagbl 3ol ©sds@gdsl
doge Logm3gdeyg; 3sLmsb, bolFo E®Msblbdolool 3oMmmdgdo obabgmmgdymos
Logmb@Boddm bgsdomby. ©sd@303gd7mos 58 sdm3sbols (ombobs@ sdmblbsom-
ds bgdolidogmo Logmb@dod®m 8mbsigdgool dgdmbgggsdo;

o 25dm 33 ggm0s sbobmEMmmIPmo mg®MImemgisemdol mgm®ool LEsEogzol
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oM0begls Lolobmg®m-bsgmb@od@m sdmEsbs mmo asblbgsggdagmo do@gdosgms-
M0 390d03960L 3Jmby GO0 g@ImLsbmg®g Lobogmo 3md3mboGg®mo s®molsmgol.
©oM0beogl Lolobmgdm JoMmds osbobgmgdgeos Lol®gmo 3md3mboFg®o by
ol oMy Lobmgodby, boam bolGo G®sbldolbool Jo®Mmdgdo wslobgegdgmos
Logmb@Bod®m bgosdomby. 05833039090 53 sdm3obols 3oglsbow s3mblbs@mds
6900L30gM0 Logmb@od@dm s Laslobmgmm 3mbszgdgdol dgdmbgggsTo;

o 3odmygeggmos SbobmE®m3gmo mg@ImEmgzoemdols mgm@ools LEsGogol
Mmd960L Lolsb@g@m-bogmb@oddm s3m@Esbs glsbogmm 3md3mboGyg®mo smobsm-
30, Mmdgmoi gggos Fogs Lom@ggol dJmby Lol@gmo s@obogsh s dobo
dobobwgmg globdgmm 3md3mbgbBologsh. Mmdgbol Lobobwgmm 3oMmds sls-
by gdagmos globegemm 3mddmboGymo Lbygmmol dogs Lobmga®mbyg, bmenm boligo
A®36L30Lools 30Mmmdgdo @sbobgmgdgmos Logmb@sd®m bgsdomby. ©s3B 3039~
3905 53 3m35b0l Goglsbos@ sdmblbosmods bgdoldogmo Logmb@od@dm s Lo-
Lobmg®m dmbsgdgdols dgdmbgggsTo.
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summary

The present PhD thesis Investigation of basic boundary value problems of ther-
moelastostatics for anisotropic solids by Marekh Ivanidze deals with the problems of
Mathematical Physics, in particular three-dimensional boundary value and boundary-
transmission problems of statics of thermo-elasticity theory for general anisotropic
solids. In recent years, due to the rapidly increasing use of composite materials in
modern industrial and technological processes, on the one hand, and in biology and
medicine, on the other hand, the mathematical modelling related to complex composite
structures and their mathematical analysis became very important from the theoretical
and practical points of view. Mathematical investigation of such complex models
has a crucial importance for both fundamental research and practical applications. In
particular, the most essential question is the investigation of well-posedness of corre-
sponding mathematical problems, which includes the analysis of uniqueness, existence,
smoothness and stability of solutions, as well as development of appropriate efficient
numerical algorithms for calculation of basic thermo-mechanical characteristics.

The main objective of the dissertation is a detailed investigation of the three-
dimensional Dirichlet, Neumann and Robin type boundary value problems for the
differential equations of statics of thermo-elasticity theory of anisotropic solids. These
problems are studied by using the potential method and the theory of integral equations.

One of the most essential results of the dissertation is investigation of the uniqueness
questions in the exterior problems. The case is that solutions to the exterior boundary
value problems should be sought in the space of vector functions which are only
bounded at infinity. For such vector functions the standard Green formulas do not
hold and one needs to introduce a special class of bounded vector functions. This
problem is successfully solved in the dissertation by introducing an appropriate space
of vector functions. The efficient asymptotic and structural sufficient conditions are
established at infinity guaranteeing uniqueness of solutions to the exterior problems.

The existence of solutions is proved by the potential method and the theory of

singular integral equations. To this end, the matrix of fundamental solutions to the
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system of governing differential equations is efficiently constructed by the Fourier
transform technique and its properties in a vicinity of the pole and at infinity are
studied. The mapping and jump properties of the corresponding single and double
layer potentials and the boundary integral operators generated by them are investigated.

In the dissertation, it is shown that with the help of the single and double
layer potentials the Dirichlet and Neumann boundary value problems can be reduced
to equivalent boundary integral equations. Investigation of the Fredholm properties,
analysis of the index problem and construction of the basis of the corresponding
null-spaces of the operators and their adjoint ones is the most principal part of the
dissertation.

It is proved that solutions to the interior and exterior Dirichlet boundary value
problem, as well as the Neumann boundary value problem are uniquely and uncondi-
tionally solvable and their solutions are representable by the single and double layer
potentials. The unknopwn densities of the potentials are defined by the corresponding
uniquely solvable singular integral (pseudodifferential) equations.

In the case of the interior Neumann type boundary value problem, it is shown that
the non-homogeneous problem is not unconditionally solvable, since the corresponding
homogeneous problem possesses seven linearly independent solutions which are found
explicitely in terms of elementary functions. With the help of the single layer potential
the problem is reduced to the equivalent system of boundary integral equations and the
seven-dimensional null space of the respective adjoint integral operator is constucted
explicitely. On the basis of these results the necessary and suficient conditions for the
Neumann problem to be solvable are written explicitely.

The boundary-transmission problems for piece wise homogeneous anisotropic com-
posite solids are studied by the similar approach. In these problems the basic rigid
contact conditions are given on the interface, while on the boundary of the com-
posite body one of the basic boundary conditios (the Dirichlet, Neumann or Robin
type boundary condition) is presribed. In particular, three type boundary-transmission
problems are studied in detail in the dissertation:

(1) The basic transmission problem for piece wise homogeneous three-dimensional
space consisting of two adgasent anisotropic elstic components with different material
constants, when one of them is a bounded region and the second one is its complement
to the whole space. The rigid transmission conditions are given on the interface.

(i1) The Dirichlet boundary-transmission problem for a bounded composite anisotro-
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pic elstic solid consisting of two adgasent bounded domains with different material
constants. The rigid transmission conditions are given on the interface, while the
Ditichlet condition is given on the exterior boundary of the composite body.

(ii1) The Robin type boundary-transmission problem for an ubounded composite
anisotropic elstic solid consisting of a bounded domain with interior cavity and its
adgasent unbounded compliment. The rigid transmission conditions are given on the
interface, while the Robin type condition is given on the interior boundary of the
composite body.

For all these transmission problems it is shown that the solutions can be represented
by the single layer potentials whose densities are defined by the respective uniquely

solvable systems of integral equations.
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