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Dedicated to the 125th birthday anniversary of
Professor Andrea Razmadze

12.08.1889 — 02.10.1929

The well-known Georgian mathematician, one of the founders of Thilisi State University, A. Raz-
madze was born on August 12, 1889 in the village of Chkhenishi (Samtredia region, Georgia). In
1906 he finished the real school in Kutaisi, and in 1910 he graduated from the Moscow State
University. The first A. Razmadze’s scientific work dealing with the basic problem of variational
calculus with free ends was published in 1914 in the journal “Matematische Annalen”. The lemma
belonging to A. Razmadze allows one to get easily Euler’s differential equation; the same lemma
results, as particular cases, in lemmas due to Dubois—Reymond and Lagrange. The work “Sur les
exstremales discontinues dans le calcul des variations” published in 1925 won him wide recognition
and popularity. Later A. Razmadze used this work for his Doctoral Thesis which he defended in
Sorbonne University (France). A. Razmadze’s theory of discontinuous extremals has found reflec-
tion and further development in the works of many scientists. In 1924, A. Razmadze participated
in the work of the International Congress of Mathematicians (Toronto, Canada). Up to his dying
day, A. Razmadze kept close scientific contacts with C. Carathéodory and L. Tonelli. The last
A. Razmadze’s work “Sur les solutions périodiques et les extrémales fermées du calcul de varia-
tions” was estimated by C. Carathéodory as follows: “The theory of closed extremals on a plane is
brought by A. Razmadze to perfection”. Later, the results obtained by A. Razmadze in the above-
mentioned work, C. Carathéodory included in one of the sections of his book “Variationrechnung
und partielle differentialgleichungen, Lpz.-B., 1935” under the title “The Hadamard and Razmadze
Theory”. Text-books in mathematics in Georgian language for the first time were published under
A. Razmadze’s authorship.

A. Razmadze passed away in 1929 in the age of 40. The Georgian Mathematical Society
announced with deep regret the untimely death of professor A. Razmadze, founder and president
of the Society, first Georgian mathematician, founder of higher mathematical education in Georgia.
Italian mathematician L. Tonelli wrote: “Mathematics in the person of A. Razmadze has lost one
of its outstanding scientists, researcher with lucid mentality and keen intellect”.



International Workshop QUALITDE — 201/, December 18 — 20, 2014, Tbilisi, Georgia 3

Dynamics of Integro-Differential Cellular Neural Network Model

G. Agranovich

Department of Electrical and Electronic Engineering, Ariel University Center of Samaria,
Ariel, Israel

E-mail: agr@ariel.ac.l

E. Litsyn

Department of Mathematics, Ben-Gurion University of the Negev, Beer-Sheva, Israel
E-mail: elena.litsyn@ueizmann.ac. il

A. Slavova

Institute of Mathematics, Bulgarian Academy of Sciences, Sofia, Bulgaria
E-mail: slavova@math.bas.bg

1 Introduction

The main aim of this presentation is to study the dynamics of integro-differential Cellular Neural
Network model from both theoretical and numerical points of view.
Let us first consider the following integro-differential problem:

t
ou 9%u

G =Dos 8 [ Vs ds+ fw), te©0.T) (1)
0

where v and [ are positive constants, f is a nonlinear function depending on u. If we take it in
the form f(u) = u(1 — u)(u — «), o being positive constant 0 < « < 1, this model describes the
nerve impulse transmission and is known as FitzHugh-Nagumo equation [1]. For the equation (1)
stability results are established in [1]. Finite difference method is proposed in order to solve (1)
numerically. The application of this method to the above integro-differential problem needs a great
storage of information in each time level. For this reason in this paper we shall propose Cellular
Neural Networks (CNN) appraoch in order to study such kind of problems in real time due to the
parallelism of the proposed architecture.

The model we shall consider is a more general form of the famous Hodgkin—Huxley model for
propagation of the voltage pulse trough a nerve axon [3]:

uy — DV?u = ou(u — a)(1 — u) — ﬁ/g(u(s,m)) ds, (2)

where 0 < z,t < 1,0 < a < 1, 0, f > 0, D-the diffusion coefficients, g is a nonlinear function
depending on u. The proposed equation (2) is a nonlinear parabolic integro-differential equation,
u(z,t) is a membrane in a nerve axon, the steady state u = 0 represents the resting state of the
nerve. For (2) travelling wave solutions have been constructed in [5]. In this paper we shall study
the dynamics of (2). We shall construct CNN architecture for integro-differential equation (2) in
the nex section.
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2 Integro-Differential CNN Model and its Dynamics

Cellular Neural Networks (CNNs) [2] are complex nonlinear dynamical systems, and therefore one
can expect interesting phenomena like bifurcations and chaos to occur in such nets. It was shown
that as the cell self-feedback coefficients are changed to a critical value, a CNN with opposite-sign
template may change from stable to unstable. Namely speaking, this phenomenon arises as the
loss of stability and the birth of a limit cycles.

It is known that some autonomous CNNs represent an excellent approximation to nonlinear
partial differential equations (PDEs) [2]. The intrinsic space distributed topology makes the CNN
able to produce real-time solutions of nonlinear PDEs. Consider the following well-known PDE,
generally referred to us in the literature as a reaction-diffusion equation:

ou

— = fl(u DVQU,

= () +

where v € RN, f € RY, D is a matrix with the diffusion coefficients, and V?u is the Laplacian
operator in R?. There are several ways to approximate the Laplacian operator in discrete space by
a CNN synaptic law with an appropriate A-template. An one-dimensional discretized Laplacian
template will be in the following form:

Ay = (1,-2,1).

This is the two-dimensional discretized Laplacian As template:

0 1 0
Ay= |1 -4 1
0 1 0

For the integro-differential equation (2), CNN model will be the following:

duij
dt

— DAy *uyj = ouyj (1 — wij) (uij — B/ g(uij(s))ds, 1<i,j <M. (3)

We shall use an approximative method for studying the dynamics of integro-differential CNN
(ID-CNN) model (3), based on a special Fourier transform. The idea of using Fourier expansion
for finding the solutions of PDEs is well known in physics [4]. This special spectral technique is
related to Harmonic Balance Method [4] well known in control theory and in the study of electronic
oscillators as describing function method. The method is based on the fact that all cells in CNN
are identical [2]. It is usually applied for discovering the existence and characteristics of periodic
solutions.

In our case we apply the following double Fourier transform:

F(s,z1,22) = Z 2" Z 2 /fw exp(—st) dt. (4)

1=—00 j=—o00

We apply this transform to ID-CNN model (3) and we obtain the following transfer function [4]:

s
H(s, z1,29) = . )
(5,21, 22) s2—s(zgl+z—4+27 4 2)+8 )

In the above transfer function s = iwg, 21 exp(i€21), zo = exp(ifdy, where wy, 2, Qo are temporal
and two spatial frequencies, respectively, i = /—1.
We are looking for the periodic solutions of (3) of the form:

uij(t) =Up, Sin(b.i()t + i -l-ng), (6)
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where the temporal frequency is wg = %r, Ty > 0 is the minimal period. If we take boundary
conditions for ID-CNN model (3) which will make the array circular, we obtain:

2K
W+ Q="", 0<K<n—1, n=MM. (7)
n

Applying describing function technique we obtain the following system for unknowns Uy, wo, 4
and o:

2K
Q+Q =", 0<K<n-1, (8)
A
1+@a+7dﬂ) “o =0,
(8 — wo 2+ Awd
1+<0a+30U2) woﬁ wO) =0,
4 (B—wd)? + Awd

where A =4 — 2cosQ — 2Qs.
Then the following proposition holds.

Proposition 1. ID-CNN model (3) with circular array of M cells has periodic solutions with period
Ty = i—g and amplitude Up,, for all 0 + Qo = QK“ ,0<K<n-1.

We obtain the following computer simulations of the solutions of ID-CNN model (3):

1.3

Figure 1. Computer simulations of the periodic solutions of ID-CNN model (3).
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We consider the well-possed question for the w-antiperiodic problem for linear generalized or-
dinary differential equations of the form

dz(t) = dA(t) - x(t) + df (t) for t e R (1)
under the w-antiperiodic condition
z(t+w) = —x(t) for t € R, (2)

where A : R — R™" and f : R — R" are, respectively, matrix- and vector-functions with bounded
variation components on every closed interval from R, and w is a fixed positive number.

Let the system (1) have the unique w-antiperiodic solution .

Along with the system (1) consider the sequence of the systems

da(t) = dAR(t) - x(t) + dfi(t) (k=1,2,...), (1)

where A : R — R™" and fr : R — R™ are, respectively, matrix- and vector-functions with
bounded variation components on every closed interval from R.

We give the necessary and sufficient condition for a sequence of w-antiperiodic problems (1), (2)
(k=1,2,...) to have a unique solution zj for sufficiently large k£ and

lim xz(t) = zo(t) uniformly on R. (3)

k—4o00

To a considerable extent, the interest to the theory of generalized ordinary differential equations
has also been stimulated by the fact that this theory enables one to investigate ordinary differential,
impulsive and difference equations from a unified point of view (see, [1], [2], [4], [5] and references
therein).

The theory of generalized ordinary differential equations has been introduced by J. Kurzweil
in connection with investigation the well-possed problem for the Cauchy problem for ordinary
differential equations.

The use will be made of the following notation and definitions.

R is the real axis. R™*™ is the space of all real n x m matrices. O, xm, is the zero n x m matrix.
I, is the identity n x n-matrix. R” = R™*! is the space of all real column n-vectors.

b
If X :[a,b] = R™™ is a matrix-function, then V(X) is the sum of total variations on [a,b] of
a
its components x;; (i = 1,...,n; j = 1,...,m); V(X)(t) = (V(x5)(t));jZ,, where V(z)(a) = 0,
t
V(xi)(t) = V(xyj) for a <t < b; X(t—) and X (t+) are, respectively, the left and the right limits
a
of X at the point ¢.
BV ([a, b],R™™) is the normed space of all bounded variation matrix-functions X : [a,b] —

b
R™™ (i.e. V(X) < 00) with the norm || X = sup{||X ()] : t € [a,b]}.



8 International Workshop QUALITDE — 2014, December 18 — 20, 2014, Tbilisi, Georgia

BVioe(R,R™ ™) is the space of all matrix-functions X : [a,b] — R™ ™ whose restrictions on
every closed interval [a,b] from R belong to BV([a, b], R™*™).

BV} (R,R™*™) and BV, (R, R™™™) are the sets of all matrix-functions G : R — R™ ™ whose
restrictions on [0, w| belong to BV([0, w], R™*™) and there exists a constant matrix C' € R"*" such
that, respectively, G(t + w) = G(t) + C and G(t + w) = G(t) + C.

sj + BV([a,b,R) = BV([a,b],R) (j = 0,1,2) are the operators defined, respectively, by
si(z)(a) = s2(z)(a) = 0, si(z)(t) = > diz(r) and so(x)(t) = > dex(r) for a < t < b,

a<t<t a<t<t

and so(x)(t) = (t) — s1(x)(t) — s2(z)(t).
¢
If g : [a,b] — R is a nondecreasing function, z : [a,b] — R and s < ¢, then [z(7)dg(r) =

[ z(r)dsc(9)(T) + > x(r)dig(t)+ Y. x(r)deg(r), where [ z(7)ds.(9)(T) is the Lebesgue—

]s,t] s<7T<t s<t<t ]s,t]
Stieltjes integral over the open interval |s,¢[ with respect to the measure po(s.(g)) corresponding
b

(
to the function s.(g). So that [ z(7)dg(7) is the Kurzweil-Stieltjes integral (see, [3]-[5]).

We use the operators. If X € BV, (R;R™ ™) and Y € BV, (R;R™™ ™), then B(X,Y)(¢)
t

XY () —X(0)Y(0)— [ dX(7) Y (7); if, in addition, det(X (¢)) # 0 for ¢ € R, then Z(X,Y)(¢)
0

¢
[d(X (1) + B(X,Y)(r)) - X Y7).
0
A vector-function BVi,.(R,R™*™) is said to be solution of the system (1) if z(t) — z(s) =
t
[dA(T) - x(T) + f(t) — f(s) for s <t; s,t €R.

We will assume that A, Ay € BVS(R,R™ ") and f, fr € BV, (R,R"?) (k= 1,2,...), i.e. A(t+
W) = A(t)+C, Ay(t+w) = Ay(t)+Cpand f(t+w) = —f(t)+e, fult+w) = —fut)iror (b =1,2,...)
where C,Cr, e R™*" (k=1,2,...) and ¢, ¢, €R™ (k=1,2,...) are, respectively, some constant mat-
rices and vectors. In addition, without loss of generality we assume that A(0)=A(0)=0O,x, and
f(0)=fr(0)=0 (k=1,2,...). Moreover, we assume det(I,, + (—1)7d; A(t))#0 for teR (j=1,2).

Definition 1. We say that a sequence (Ag, fi) (K = 1,2,...) belongs to the set S(A, f) if
the w-antiperiodic problem (1), (2) has a unique solution xj for any sufficiently large k and the
condition (3) holds.

Statement 1. The following statements are valid:

(a) if x is a solution of the system (1), then the function y(t) = —x(t + w) (¢t € R) is a solution
of the system (1), as well;

(b) the problem (1), (2) is solvable if and only if the system (1) on the closed interval [0,w] has
a solution satisfying the boundary condition

z(0) = —z(w). (4)

More than, the set of restrictions of the solutions of the problem (1),(2) on [0,w| coincides with
the set of solutions of the problem (1), (4).

Theorem 1. The inclusion

((Ak, f1)), 25 € S(A, f) (5)

is wvalid if and only if there exists a sequence of matriz-functions H, H, € BV ([0,w], R™*™) (k =
1,2,...) such that

lim sup\/(Hk + B(Hk,Ak)) < 400, (6)

k—+o00
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inf {| det(H(t))| : t € [0,w]} >0, (7)

and the conditions
S Hi(t) = H(t), (8)
e B(H, Ap)(t) = B(H, A)(2), (9)

m B(Hg, fi)(t) = B(H, f)(t)

are fulfilled uniformly on [0, w].
Theorem 2. Let A, € BV([0,w], R"*"), f. € BV([0,w],R") be such that
det (I, + (—1)Yd;jAs(t)) #0 for t € [0,w] (j=1,2)

and the system

dz(t) = dA.(t) - x(t) + df«(t)
has a unique w-antiperiodic solution .. Let, moreover, there exist sequences of matriz-and vector-
functions Hy, € BV([0,w],R™*™) (k =1, 2, ...) and hy € BV([0,w],R") (k= 1,2...), respectively,

such that hk(O) = —hp(w) (k = 1,2,...), inf {|det(Hy(t))| : t € [0,w]} > 0 (k = 1,2,...),
lim SupVA*k < 400, and the conditions lm A, (t) = Al(t) and lim fu(t) = fi(t) are
k—+00 k—+oo k—-+o00

fulfilled umformly on [0,w], where Ay (t) = Ti,(Hg, Ar)(t) (k=1,2,...) and

L) = h(t) — hy(0) + Bi(Hy, fi)(t /d (1) (E=1,2,..).
0

Then the system (1j) has the unique w-antiperiodic solution xy for any sufficiently large k and

k——+o0

Corollary 1. Let the conditions (6) and (7) hold, and let the conditions (8), (9) and

k—+o00

lim <B(Hk, fie — or(t) + / dB(H, Ay)(s) - SDk(S)) = B(H, f)(t)
0

be fulfilled uniformly on [0,w], where H, H, € BV([0,w],R™*™) (k =1,2,...). Then the system (1)
has a unique w-antiperiodic solution xy for any sufficiently large k and klim lxx — or — x||s = 0.
—+00

Corollary 2. Let the conditions (6) and (7) hold, and let the conditions (8),

¢ t
lim /Hk, )dAg(s /H )dA(s lim /Hk ) dfx(s /H
k—+o0 k—+o0
0 0
40 = GAD) (=12 and im0 - 470 (=12
be fulfilled uniformly on [0,w], where H, H, € BV(]0,w], R"*") (k =1,2,...). Let, moreover, either

i sup 37 (A0 + i f0)]) < +oo (= 1,2),
a<t<b

or

Jim sup > ldiHR(t)] < 400 (5 =1,2).
a<t<b

Then the inclusion (5) holds.
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Corollary 3. Let the conditions (6) and (7) hold, and let the conditions (8),

Jim A(t) = A(), (10)
hTfM) £0)). (1)
;ggjﬂﬂlwﬂh®%AM$ ) gg;!d «(9)) - fils) = £t

be fulfilled uniformly on [0,w], where H, Hy, Ax € BV([0,w],R"™") (k = 1,2,...), and f. €
BV([0,w],R™). Let, moreover, the system

do(t) = d(A(t) — Au(D) - 2(t) + d(f(5) — (1)
has the unique w-antiperiodic solution. Then ((Ak, fi));23 € S(A— As, f — fu).

Corollary 4. Let there exist a natural number m and matriz-functions B; € BV([0, w], R"*™)
(j=0,...,m—1) such that klim sup\og(Akm) < 400, and the conditions lim (Agp, (t)—Agm(0) =
—+00

k—+o0

A(t) and hm (fkm( ) — fem(0)) = f(¢), be fulfilled uniformly on [0,w], where

1
Hyo(t) = I, Hyji10(t) = H (In — Ap(t) + Aw(0) + By(t) — Bi(0)),
J+1
Apjy1 = Hyj(t) + B(Hij, Ar) (1), frj+1 = B(Hij, fr) (D).
Then the inclusion (5) holds.
If m = 1, then Corollary 4 has the following form.
Corollary 5. Let klim sup\og(Ak) < 400, and the conditions (10) and (11) be fulfilled uni-
—+00
formly on [0,w]. Then the inclusion (5) holds.
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I. Astashova
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1 Introduction

The paper is devoted to the existence of oscillatory quasi-periodic, in some sense, solutions to the
higher-order singular Emden—Fowler type differential equation

y™ 4 polyFsgny =0, n>2, keR, 0<k<1, py#0, (1)

and to the asymptotic classification of solutions to this equation with n = 4.

A lot of results about the asymptotic behavior of solutions to (1) are described in detail in [1]
and [4]. Results on the existence of solutions with special asymptotic behavior are contained
in [2,3,5-8]. Results on asymptotic classification of solutions to (1) with n =3, k > 0, k # 1, and
n =4, k> 1, are given in [4] and [9].

2 On Existence of Quasi-Periodic Oscillatory Solutions
Put

n

E—1

o =

Theorem 2.1. For any integer n > 2 and real positive k < 1 there exists a non-constant oscillatory
periodic function h such that for any po with (—1)"pg > 0 and any real x* the function

y(@) = lpo| 7T (2" — @) *h(log(a” ~ ), —o0 <w <a’, @)
is a solution to equation (1).

Remark. Note that the same result for equation (1) with n > 2 and k& > 1 was obtained earlier
in [6-8]. A result on the existence of a positive solution similar to (2) with positive periodic function
h for n =12,13,14 and k > 1 is proved in [5].

3 On Asymptotic Classification of Solutions to Emden—Fowler Singular Equa-
tions of the Forth Order

The asymptotic classification of all possible solutions to the forth-order Emden—Fowler type differ-
ential equations
y™V (@) + poly|Psgny =0, 0 <k <1, po >0, (3)

and
y™V(x) — poly|"sgny =0, 0 <k <1, pg>0, (4)

is given.
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3.1 Definitions and Preliminary Results

In the case of regular nonlinearity k£ > 1, only maximally extended solutions are considered because
solutions can behave in a special way only near the boundaries of their domains. If £ < 1, then
special behavior can occur also near internal points of the domains. This is why a notion of
mazximally uniquely extended (MUE) solutions is introduced.

Definition. A solution u : (a,b) — R with —co < a < b < +00 to any ordinary differential
equation is called a MUE-solution if the following conditions hold:

(i) the equation has no solution equal to u on some subinterval of (a,b) and not equal to u at
some point of (a,b);

(ii) either there is no solution defined on another interval containing (a, b) and equal to u on (a, b)
or there exist at least two such solutions not equal to each other at points arbitrary close to
the boundary of (a, b).

In this article all MUE-solutions to equation (3) and (4) are classified according to their behavior
near the boundaries of their domains. All maximally extended solution can be classified through
investigation of possible ways to join several MUE-solutions.

Consider the equation

y™ +p(z,y, g,y ™) JyFseny =0, n>2, keR, 0<k<1,

with positive p(z,yo,- .., Yn—1)-

Note that, because of the condition 0 < k£ < 1, the classical theorem on the uniqueness of
solutions cannot be applied to Cauchy problems with y(zg) = 0. Nevertheless, the following
assertion holds (see [4, 7.3]).

Theorem 3.1. Let the function p(x,yo,...,Yn—1) be continuous in x and Lipschitz continuous
n Yo, ...,Yn_1. Lhen for any tuple of numbers xo,yg, e ,yg_l with not all y? equal to zero, the
corresponding Cauchy problem y(zo) =y, . .. ,y("*l)(xo) =yY | has a unique solution.

Remark. While the uniqueness conditions hold, the property of continuous dependence of solution
on initial data fulfils (see [10, V, Theorem 2.1]).

3.2 Main Results. Asymptotic classification of solutions to equations (3) and (4)

Theorem 3.2. Suppose 0 < k < 1 and py > 0. Then all MUE-solutions to equation (3) are divided
into the following three types according to their asymptotic behavior (see Figure 1).

1. Oscillatory solutions defined on semi-azxes (—oo,b). The distance between their neighboring
zeros infinitely increases near —oo and tends to zero near b. The solutions and their deriva-
tives satisfy the relations liI%y(J)(x) =0 and Tim |yU)(z)] = oo for j = 0,1,2,3. At the

Tr— Tr—r—00

points of local extremum the following estimates hold:
Cule = b 71 < [y(@)] < Colz — b 771 (5)
with positive constants Cy and Cy depending only on k and pg.

2. Oscillatory solutions defined on semi-azxes (b, +00). The distance between their neighboring
zeros tends to zero near b and in{initely increases near +00. The solutions and their deriva-
tives satisfy the relations lin}’y(f (x) =0 and lir+n ly9)(z)| = co for j = 0,1,2,3. At the

xr— Tr—r—+00

points of local extremum estimates (5) hold with positive constants Cy and Cy depending only
on k and pg.
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3. Oscillatory solutions defined on (—oo,+00). All their derivatives y9) with j = 0,1,2,3,4
satisfy
m [v9(2) = Iim |y9(z)] =
Lm (@) = lim |y (z)] = oo.
At the points of local extremum the estimates

4 4
Crla| =1 < Jy(z)| < Calz| "1 (6)

hold near —oo or 400 with positive constants Cp and Cy depending only on k and pg.

1 y yV+lyl"™sgny =0

Figure 1.

Theorem 3.3. Suppose 0 < k < 1 and py > 0. Then all MUE-solutions to equation (4) are divided
into the following thirteen types according to their asymptotic behavior (see Figure 2).

1-2. Defined on semi-azes (b, +00) solutions with the power asymptotic behavior near the bound-
aries of the domain (with the relative signs +):

y(z) ~ £Cy(x — b)_%, r—b+0,

y(x) ~ j:C%ﬂfﬁ, T — 400,

where

qk+a@k+m@k+n>g3

G“:( po (k— 1)

3—4. Defined on semi-azxes (—o0,b) solutions with the power asymptotic behavior near the bound-
aries of the domain (with the relative signs +):

y(x) ~ j:C4k\x|_ﬁ, T — —00,

y(x) ~ £Cyu(b— x)_ﬁ, z—b—0.
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. Defined on the whole axis periodic oscillatory solutions. All of them can be received from one,

say z(x), by the relation
y(x) = Mz e + z)

with arbitrary A > 0 and xg. So, there exists such a solution with any mazimum h > 0 and
with any period T > 0, but not with any pair (h,T).

6-7. Defined on (—oo,+00) solutions that are oscillatory as v — —oo and have the power asymp-
totic behavior near +oo (with the relative signs +):
4
y(x) ~ £Cpx” ¥ 1, x — +o0.
For each solution a finite limit of the absolute values of its local extrema exists as r — —oo.
8-9. Defined on (—oo,+00) solutions that are oscillatory as © — 400 and have the power asymp-
totic behavior near —oo (with the relative signs +):
4
y(x) ~ £Cyu|x| 1, = — —o0.
For each solution a finite limit of the absolute values of its local extrema exists as © — +0oo.
10-13. Defined on (—oo,+0o0) solutions having the power asymptotic behavior both near —oo and
+oo (with the relative pairs of signs +):
_ 4
y(x) ~ £Cu(p(b))|z| *-T, x — too.
1 8 10 Yy y|v= |y|1/2 sgny
11
2
13 4
Figure 2.
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As we know, periodic differential systems under certain conditions can have periodic solutions
whose period incommensurable with the period of the system [1]-[6]. These periodic solutions
are inherent in a fairly wide class of differential systems, and called strongly irregular. We also
note that oscillatory processes forms at the natural frequency of oscillations of systems, generally
incommensurate with the frequency of external force in a number of applied problems [7].

In the monograph [3] N. P. Erugin considered the linear system of the form

t=(AP(t)+ B)z, te R, x € R", n>2, (1)

where A, B — constants (n x n)-matrix, P(t) — continuous w-periodic (n x n)-matrix. In the system
(1) the matrix A and P(t) will be called the stationary and periodic coefficients, respectively. For
the system (1) with diagonal periodic coefficient P(t) Erugin studied the problems of existence of
periodic strongly irregular solutions. In particular, it was proved that if the matrix A is nonsingular,
the desired solutions of the system (1) do not exist. The case of nondiagonal matrix P(t) remained
unexplored.

It should be noted that the system of type (1) is considered in solving control problems: control
of asymptotic invariants, including Lyapunov exponents of stationary control systems by means
of periodic controls [8], [9], problems of stabilization of linear control systems periodic feedback,
including Brockett problem [10], [11].

In this paper, we consider the existence problem of strongly irregular periodic solutions of the
system (1) with an upper triangular periodic coefficient

pij(t)Eov Z>] (iajzly--'an)7 (2)

where p;;(t) — the elements of the matrix P(t).
First we consider the case where the stationary coefficient is nonsingular, that is

det A # 0. (3)

Let x(t) be a Q-periodic solution to (1), it is considered that at least one of its components
is different from the constant and the ratio w/Q is an irrational number. By [5], the vector x(t)
satisfies the system

i = (AP + B)z, (AP(t)— AP)z =0,
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~ w
where P = % J P(7)dr is an average w-periodic coefficient. By condition (3) last system takes the
0

form
i=(AP+ B)z, P(t)z=0, P(t)=P(t)—DP, (4)

with ~
ranke, P =1 < n. (5)

By (5) there is a constant nonsingular (r X r)-matrix @ such that the first d = n —r columns of the

matrix P(¢)Q will be zero, but the remaining columns are linearly independent. Next, we replace
x = Qy, which brings the system (4) to the system

jg=Fy, Pitly=0 (F=Q YAP+B)Q, Pi(t)=P1)Q). (6)

The system (6) has the following structure
g9 = Fyay'?,  F gy =0, Y =0,

where Fy 4, F}. 4 — the left upper and lower blocks of the matrix F' (subscript indicates the dimen-
sion). Among eigenvalues of the coefficient matrix Fy 4 will be the numbers

+iA; (j=1,....d; d <[d/2]), (7)

where \; = 2k;7/Q, k; € N. Let I; — the number of groups of elementary divisors corresponding
to the eigenvalues +i)\; (j = 1,...,d; Iy +--- + Iy = ). This means that yl¥(¢) presented by
d/
trigonometric polynomial of the form g/ (t) = > ajcos \jt + b;sin A\jt, where the coefficients a;,
j=1
b; depend on 2[ arbitrary real constants, for which we have the identity
dl
Frd Z ajcos \jt + bjsin Ajt = 0. (8)
j=1

Then the system (1) has a strongly irregular periodic solution

z(t) = Q col (y[d] (t),0,...,0). 9)

Theorem 1. Let for the system (1) conditions (2) and (3) be satisfied.

If the system (1) has a strongly irregular periodic solution, then this solution will be a trigono-
metric polynomial of the form (9). The conditions (5), (7) and (8) are necessary and sufficient for
the function (9) to be the solution of the system (1).

Corollary 1. If all diagonal elements of the upper triangular periodic coefficients are nonstationary,
then the system (1) does not have strongly irreqular periodic solutions.

Now consider the case of stationary singular coefficient
rank A =r < n. (10)

Let z(t) be a Q-periodic solution to (1), it is considered that at least one of its components is
nonconstant and the ratio w/ is an irrational number. According [5], the vector z(t) satisfies the
system

AP(t)z = 0. (11)

By (10) there is a constant nonsingular (n x n)-matrix S such that the system (11) takes the form

CP(t)z =0, C=SA. (12)
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We denote the trapezoidal (r x n)-matrix formed by the first  rows of the matrix C, through C,
where rank C = r. Thus system (12) takes the form

C1P(t)x = P (t)z = 0. (13)

Then there exist constants k, linearly independent vectors a(l), ..., a(¥) such that (a9, ﬁl(])(t)) =0
(j =1,...,k). The system (13) has k linearly independent irregular periodic solutions of the form
2 (1) = al)g;(t), where @1 (t),...,px(t) are some Q-periodic functions. Denote by A and X (t)
— (n x k)-matrix whose columns are vectors a(l), ..., a®) and £ (t), ..., 2*)(t), respectively. We
write the last equation in the matrix form X (¢t) = A®, where ® is a diagonal matrix with functions
©1(t), ..., or(t) on the main diagonal. In view of the linear independence of the vectors oV, . .., a(¥)
the matrix A has a nonzero minor of order k. Let this minor is located in the rows with numbers
i1y...,1k, A1 — the corresponding matrix and As — (n — k) X k-matrix composed of the remaining
rows of A. Then the resulting matrix equality splits into X'(t) = A1 P, X" (t) = Ao®, where matrix
X'(t) formed by the rows with numbers i1, ..., 4, and X”(¢) formed by remaining rows.
Take in account the notation from [5], the vector z(t) satisfies the system

i B A P! +Bi AP + Blll 2
" A”ﬁ/—l—Bé A”ﬁ”—{—Bg x>
where the blocks Bj and B formed by the first k rows of the matrix B’ and B”, and blocks Bj,

B! formed by remaining n — k rows of these matrices. Then the matrix H = A’P' + B + (A’P" +
BYYAoAT! has purely imaginary eigenvalues

+ids (s=1,...,k; 1<K <[k/2]), (14)
where \s = 2k /Q, ks € N. Let ps — the number of groups of elementary divisors corresponding
to the eigenvalues +idg (s = 1,...,k'; py + -+ + pr = p). This means that 2/(t) presented by
trigonometric polynomial of the form

kl
2 (t) = Zas cos Ast + B sin Agt, (15)

s=1

where the coefficients ay, Bs depend on 2[ arbitrary real constants. We have the identity
(AQA;1 (A'P'+ B} + (A'P" + B))AgATY) — A"P' — By — (A"P" + Bg)AQA;l)x’(t) =0. (16)
Then the system (1) has a strongly irregular periodic solution

2(8) = ord {1, (1), -, 24, (1,21 O 70,0} = ord {eol @ (0.2" (@)}, (1)
where ord { - } means ordering vector components { - } in ascending order of their indices.

Theorem 2. Let for the system (1) conditions (2) and (10) be satisfied.

If the system (1) has a strongly irregular periodic solution, then this solution will be a trigono-
metric polynomial of the form (15), (17).

The wvector (17) is the solution of the system (1) if the system (138) has 0 < k < n linearly
independent stationary solutions and conditions (14), (16) are satisfied.

Remark. A similar result holds in the case of lower triangular periodic coefficient.
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Let @ = {x € R": 0 < xp < 1} be the open unit cube in R™ with boundary I'; and I'g = '\ T,
Lo ={(0,22,...,2,): 0<ap <1, k=2,...,n}

Consider the nonlocal boundary-value problem

Z Omk ( Gmk) = —f@), ze®, (1)

u(z) =0, z €I, (2)
éu—/ﬁml r)dr; =0, 0< 2, <1, k=2,...,n, (3)
where 3(t) = et*~1, e € (0;1).
Define the operator
Gv=v— Hv,

where H is the weighted Hardy operator associated to conditions (3):

1

17 E
— M O//B(t)'l)(t,$2, .. ,iCn) dt, p(.%'l) = /ﬁ(t) dt = a5,

0

By L2(, p) we denote the weighted Lebesgue space of all real-valued functions u(z) on £ with
the inner product and the norm

(o) = [ plenuteyote)dz, ul, = ()}
Q
The weighted Sobolev space W4 (€2, p) is usually defined as a linear set of all functions u(z) €

Ls(Q, p), whose distributional derivatives du/dxy, k = 1,2,...,n are in Ly(£2, p). It is a normed
linear space if equipped with the norm

. 1/2
bl ey = (1l + Ty 0,) % Ty o ZHMH
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Define the subspace of space W3 (€2, p) which can be obtained by closing the set
C>(Q) = {ue C™®(Q): suppunToy=9, lu=0,0<xz <1, k:2,...,n}

with the norm || - |lyy1(q, ). Denote it by Wi(Q,p).

Let the right-hand side f(z) in equation (1) be a linear continuous functional on W(€2, p) which
can be represented as

0
f= f0+z fk’ fu(@) € La(Qp), k=0,1,2,...,n. (4)
Assume
v<ap(x)<p (k=1,...,n),
9 1—e . (5)
v, i = const > 0, OS%(akxl )€ Loo(Q), (k=2,...,n).
1

Definition. We say that the function u € W1(€, p) is a weak solution of problem (1)—(5) if the
relation

a(u,v) = (f,v), Vv e W5(Qp) (6)
holds, where

o= (o 2 0) 3 (o 2 2

<f,’U> = (an Gv)p - 4 (fk, ka G’U)p.
Equality (6) formally is obtained from (Au + f,Gv), = 0 by integration by parts, taking into
account that
ov ou
Ay ) — _( ,7) 7
(8.%'1 b P v axl P

(;;’Gu>p: _(U’G('?a:;)p’ k=2...,n.

Theorem. The problem (1)—~(5) has a unique weak solution from W(Q, p).
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Consider the periodic boundary value problem

Z(t) = MNTx)(t) + f(t) for almost all t € [a, b], (1)
z(a) = x(b), a(a) = x(b),

where A is a real number, T : Cla, b] — Lja, b] is a linear bounded operator, f € L[a,b], a solution
x : [a,b] — R has an absolutely continuous derivative, Cla,b] is the space of continuous functions
z : la,b] — R with the norm |z||c = ma}é} |z(t)|, Lla,b] is the space of integrable functions
tela,
b
z : [a,b] — R with the norm ||z||r, = [ |z(t)|dt.

a

Suppose we investigate this problem under some uncertainty: we know only some sign properties
of the operator T" and a result of the action of T" on some function, for example, we know T'1.
For such family of operators, we will find necessary and sufficient conditions for problems (1)
to have solutions for all functional differential equations with such functional operators. Thus,
unimprovable sufficient conditions for the unique solvability of the periodic boundary value problem
will be obtained. Conditions for the solvability with integral restrictions on functional operators
can be found in works by I. Kiguradze, R. Hakl, A. Lomtatidze, S. Mukhigulashvili, A. Ronto,
J. Sremr and others [1, 2, 3, 4].

Here we determine the best constants in the solvability conditions for a kind of point-wise
restrictions.

Let a function p € L[a, b] be given. Define the piecewise linear functions

(t—a)(ta —t)

b—a , t e [a,tl),
b—t)(ta —t
qtl,tQ(t>E t2_t_(b)(_2al)a te [tlatQ)a
b—1t)(tag — ¢
_b=Dt=t) t € [ta, b],

b—a ’
b

Gontap(D) = Grrn(t) — / P(8)gesa(3) ds, £ € [a,D].

a

For every z : [a,b] — R, denote 27 (t) = M , 2 () = M :

b
Theorem 1. Let T1 = p, [p(t)dt = 1, the functionals x — (Tx)(t) be monotone for almost all
a

t € [a,b], and
1
A£0, A< ; . (2)

+ + - n
t t t t)) dt
agglgész){(p N
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Then periodic problem (1) has a unique solution.

Note that the function p may change its sign and the constant in the right-hand side of (2) is
exact.

b
Corollary 1. Let p € Lia,b] be given, P = | [ p(t)dt| # 0, f € Lia,b]. The periodic boundary
value problem ‘

Z(t) = p(t)x(h(t)) + f(t) for a.a. t € [a,b],
z(a) = x(b), i(a) = i(b),
has a unique solution for all measurable functions h : [a,b] — [a,b] if

b
max / (p+ (t)q:;,tg,p/'])(t) +p (t)q;,tz,p/'P(t)> dt < 1. (4)

a<t1<t2<b
a

b
Theorem 2. Let non-negative q, r € Lla,b] be given, [(q(t) —r(t))dt =1, X\ is a real number.
a

The periodic boundary value problem
i(t) = AN(TT2)(t) — (T x)(t)) + f(t) for a.a. t € [0,1],
z(a) = x(b), i(a) =a(b),
has a unique solution for all linear positive operators T, T~ : Cla,b] — L[a,b] such that TT1 = q,
771 =rif
N£0, A< b ! . (3)

+ —
(légil?gggbaf(Q(t)gtl’tLq_r(t) + T(t)gtl,tg,q—r(t)) dt

Hypothesis 1. Let p € L[0,1], p(t) > 0, t € [0,1], be given, p(t) = p(1 —t) for allt € [0,1], and
p(t) =p(1/2 —t) for allt € [0,1/2], f € L[0,1]. Then the periodic boundary value problem

() = Ap(t)x(h(t)) + f(t) for a.a. t €[0,1],
2(0) = z(1), (0) = (1),

has a unique solution for all measurable functions h : [0,1] — [0, 1] if

0< | < (5)

1/4 1/4 )
max { Of tp(t) dt, bf(1/4—t)p(t)dt}

The best constants in the solvability conditions (2)—(5) for some functions p, ¢, r can be calcu-
lated in the explicit form.
First consider the problem

E(t) = (Tz)(t) + f(t), te][0,1],
2(0) = z(1), #(0) = i(1),

where T : Cla,b] — L[0, 1] is a linear bounded operator such that

(6)

1
) te |:077:|7
P 2

1
’ t (771i|7
q € 5

and the functionals x — (T'x)(t) are monotone for almost all ¢ € [0, 1]. Let

(T1)(t) =

P =max{[p|,|g|}, @Q = sign (pg) min {|p|, |q|}.
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Theorem 3. Problem (6) has a unique solution if

—16P

Pe(0.32), orp <@ (7)
or p
P € (32,64), 53 P (Vb12P — P —128) < Q < V512P — 3P. (8)
Let
p? t 6 07 )
r(t) = [1 2]
q, t € (5 ) 1i|7

Corollary 2. The periodic problem
Z(t) =r(t)x(h(t)) + f(t) for a.a. t €]0,1],
z(0) = 2(1), #(0) = (1),

has a unique solution for every measurable function h : [0,1] — [0, 1] if one of conditions (7), (8)

holds.
Theorem 4. The periodic boundary value problem
Z(t) = A 2tx(h(t)) + f(t) for a.a. t €]0,1],
2(0) = 2(1), #(0) = (1),
has a unique solution for all measurable functions h : [0,1] — [0,1] if and only if

1
0 A < = \* € (29.328,29.329),
# W max g1 )20k ) ( )
kel0,1/2], s€[k,1—k]

where

gi(k,s) = <_1 T 3281122_]53 s 382)27
g2(k,s) = =2k (1 4 2k — Tk* + 4k> — 65 + 65k — 3s* + 125°k).
Theorem 5. The periodic boundary value problem
() = A (Tz)(t)+ f(t) for a.a. t €]0,1],
2(0) = 2(1),  (0) = &(1),

has a unique solution for all linear positive (or negative) operators T : C — L[0, 1] with (T1)(t) =
6t(1—t) (or (T1)(t) = -6t (1 —1t)) if and only if
16

max t(1 — 2t)(—4t2 + 6t + 3)
te(0,1/2]

0#|) < € (29.737,29.738).

Theorem 6. Let ne N. The periodic boundary value problem
i(t) = A(1 — cos®(dnwt))z(h(t)) + f(t) for a.a. t € 0,1],
2(0) = x(1), (0) = (1),
has a unique solution for all measurable functions h : [0,1] — [0, 1] if and only if
288 n? 2

0+ ) < 28+ onZa2 oA for odd n,
32 for even n.
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Theorem 7. Let ne N. The periodic boundary value problem
i(t) = A(1 — cos(4nmt))x(h(t)) + f(t) for a.a. t € [0,1],
z(0) = z(1), (0) = i(1),
has a unique solution for all measurable h : [0,1] — [0, 1] if and only if
32n27?2

0# A < { T nzgz Joroddm
32 for even n.

Theorem 8. The periodic boundary value problem
i(t) = A(p(t) = 1 — cos®(2nrt))z(h(t)) + f(t) for a.a. t € [0,1],

z(0) = z(1), #(0) = (1),

[

has a unique solution for all measurable functons h : [0,1] — [0, 1] if and only if

160n272 ) .
04 |\ < 16 1 5202 if n is odd,
32 if n is even.
Let n € N and
n if t e [0 1]
. 143,
t) = ; -2
p(t) ‘2 1“6(4’4}’

3
1=t if ¢ (7,1]
-0 i te (g
Theorem 9. The periodic boundary value problem

#(t) = Ap(D)(h(t) + () for a.a. t € [0,1],
2(0) = 2(1),  &(0) = (L),

has a unique solution for all measurable functions h : [0,1] — [0, 1] if and only if

07 A < (n+2)4""2,
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Neural activity models which incorporate brain electrical stimulation effects have recently been
used in the study of different type of neural disorders like epilepsy and Parkinson’s disease [1-4].
The starting point for the analysis in these papers is a discretized version of the nonlocal neural field
model known as the Amari model [5-8], extended with a term describing the stimulation effects.
The latter term is considered as a control variable and corresponding optimization problems are
discussed. There is a need for investigating the well-posedness of such models as well as justifying
the numerical optimization procedure used in [9].

This serves as a motivation for the present research: We consider the model

t
wit,z) = / / F(t, 52,9, 0(s,y), u(s,y)) dyds, t€ [a,00), =€ R™ 1)
a Rm

involving the control variable u : [a,00) x R™ — R¥ which is assumed to be Lebesgue measurable.
This model generalizes a number of nonlocal models which have extensively been used in neural
field theory [5-8]. Our aim is to study well-posedness of this model.

To this end, let us introduce the following notations:

e R™ is the m-dimensional real vector space with the norm | - |;
e A is some metric space;

e for any & C A, r > 0, we denote By(S,r) = J{N e A| pa(\,5) <r};
56

e 1 is the Lebesgue measure;

e M([a,00) x R™, u, R¥) is a metric space of measurable functions m : [a,00) x R™ — R¥ with
the distance

pyp(my, mg) =  vraisup ‘ml(t,az) - mQ(t,a:)’;
(t,z)€la,00) x R™

o L(Q,u, R™) is the space of all measurable integrable functions x : € — R™ with the norm

Il ey = / X(s)|ds, 1< p< oo
Q

o (p(2, R™) is the space of all continuous functions ¥ : Q@ — R" satisfying the additional

condition | l‘im |9(z)| = 0 in the case if Q is unbounded, with the norm
T|—00

19]lcygo ) = e [0(a):
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e C([a,b],Co(€2, R™)) is the space of all continuous functions v : [a,b] — Cp(€2, R™), with the
norm
V[l (fa,8],00(0,R7)) = max vl co(o,rm)-
We assume that for some ro > 0, the following conditions on the model (1) are fulfilled:

(i) For any t € [a,00), w € R", x € R™ and any ball v € R, the function f(t, -,x, -, w,u) :
[a,00) x R™ — R™ is measurable.

(ii) For almost all (s,7) € [a,00)x R™ and any u € RF, the function f(-,s, -, ¥, -, ) is continuous.

(iii) For any b € (a,00) and any r > 0, it holds true that

t
[ [ #ts.w0) dyds| <o
a Rm

uniformly for all w € Brn(0,7), u € Bgk(uo(s,y),70) ((s,y) € [a,00) x R™).

(iv) For any b € (a,00) and any r > 0, there exists such g,y € L([a,b] x R™, u, R) that
|f(t, s, 2,9, w,u)| < g (s, y) foralle € R™, w € Bra(0,7),t € [a,b],u € Bre({uo(t,z)},70).

lim sup
=00 tela,b], zeR™\Brm (0,r)

Definition. Choose an arbitrary u € Bjs(ug,79). We define a local solution to eq. (1), defined
on [a,a+7] x R™, v € (0,00), to be a function w, € C([a,a+7], Co(R™, R"™)), that satisfies the
equation (1) on [a,a+v] x R™. We define a mazimally extended solution to eq. (1), defined on
la,a+n) x R™, n € (0,00), to be a function wy, : [a,a+n) x R™ — R", whose restriction w, on
[a,a+v] x R™ with any v < 7 is its local solution and ’yli)%no |ws ¢ (a,at4],C0(Rm,Rn)) = 00. We

define a global solution to eq. (1) to be a function w : [a,c0) x R™ — R", whose restriction w, on
[a,a+7] x R™ with any v € (0,00) is its local solution.
We are now in position to formulate the main result in the present study:

Theorem. Let the assumptions (1)—(iv) hold true. Assume that the following conditions are satis-

fied:
1) For the given ro > 0 and any r > 0 there exists f,(s,y) € L(Ja,00) x R™, ju, R) (independent

of u) such that [{(t. 5,2y, w1, u) — f(t,5,2,y.wnw)| < Folsy)wr —ws] for all wy,w, €
BR”(07T)7 u € BRk(UO(Svy)ar()); te [a7 OO)) T e BRM(O,T’).

2) For anyw € R", t € [a,0), © € R™, A — 0 it holds true that:
flt, -z, wyup(-, ) +A)— f(t, -z, - ,w,ug)| =0

in measure on [a,00) X R™.
Then for each u € By(ug,ro), eq. (1) has a unique global or mazximally extended solution, and each
local solution is a restriction of this solution. Moreover, if at u = ug eq. (1) has a local solution wo-
defined on [a, a+~] x R™, then for any {u;} C M([a,00) x R™, i, R), par(ui, ug) — 0 one can find
number I such that for all i > I eq. (1) has a local solution w, = w~(u;) defined on [a,a+7] x
and [[wy(ui) — woy |l c((a,a-+~],Co (Rm,R)) = 0.

Proof. We are going to use Theorem 2.1 in [10] on well-posedness of parameterized operator Volterra
equations, so we represent (1) in terms of operator equation in the following way:

w=F(w,u), (F(w,u))(t, x) ://f(t,s,a:,y,w(s,y),u(s,y)) dyds.

a Rm
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Here, for each u € Bys(uo,70), F : C([a,b], Co(R™, R™)) — C([a, b], Co(R™, R™)) provided that
the conditions (i)—(iv) are fulfilled.

According to Theorem 2.1 in [10], we need to check the following two conditions:

1. There exists ¢ < 1 such that for any » > 0 one can find § > 0 such that the following two
conditions are satisfied for all wy, ws € C([a,b], Co(R™, R")), such that ||w1|c((ab),co(Rm,RP)) < 7,
lwallc(a.n.co(rm rr)) <7

q.) sup
t€la,a+d], teR™

t t
//f(taSaxvyawl(‘S?y)au(S?y)) dyds—//f(t,s,x,y,wg(s,y),u(s,y)) dde <
a Rm

a Rm

<q Sup ‘wl(say) _w2(57y)‘7
t€la,a+0], zER™
q,) for any v € (0,b—a—4], the condition wy (t, -) = wa(t, - ) implies that

t

t
sup //f(t, s,x,y,wl(s,y),u(s,y)) dy ds—//f(t, s,w,y,wg(s,y),u(s,y)) dyds| <

tela,a+~y+0], te R™
aR a R™m

<q sup lwi(s,y) — wa(s,y)|.
tela,a+y+0), ze R™

2. For an arbitrary w € C([a,b],Co(R™, R")), the operator F' : C([a,b],Co(R™,R")) —
C(la, b],Co(R™, R™)) is continuous at (w, ug).

We now check the validity of q,). Choose an arbitrary b € (a,00), go<1, 7 > 0. Let v € (0,b—a)
and wy(t, -) = wa(t, ), t € [a,a+7], where wi,wa € Be((ap],co(rm,rn))(0,7). Using assumptions
(i)—(iv) and condition 1) of Theorem 1, we get the following estimates

sup
tela,a+y+0], z€R™

t
//f(tys,w,y,wl(s,y),u(s,y)) dy ds—
a R™

t
—//f(t,s,x,y,wQ(&y),U(S,y)) dyds| <
a R™
a+y+0
<+ sup - / / (f(t,s,w,y,wl(s,y),u(s,y)) dy ds—
2 tela,a+y+38], x€Brm (0,r¢)
aty R™
- f(t,S,x,y,wg(s,y),u(s,y))) dde <
a+vy+§
E ~
<-+ sup / / fr(s,9)[wr — wallo(ap,Bo(Rm Ry dyds| < e.
t€la,a+v+6], zEBrm (0,r¢) oty Bm

Here, r. > 0, § > 0 can be chosen in such a way that ¢ < qg. Thus, we checked that condition qs
is satisfied. The verification of condition q; is analogous.

In order to prove validity of 2, we take arbitrary ¢ > 0, w € C([a,b],Co(R™, R")), w; C
C(la,b], Co(R™, R™)), ui C M([a,00) x R™,pi, R"), @ — willo(ap).corm.rry)s pyr(uisug) — 0
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(i— 00), and the estimate

| F(@,u0) — F(w;,u;) HC([a,b},co(Rmﬂ”)) N

sup
te[a b, ke R™

t t
// t s,w,y,@(s,y),uo(s,y)) dde _//f(tasax7y7wi(s7y)vui(57y)) dde <

a Rm

< -+ sup

g
3 tcab], z€Brm (0,r:)

t
/ / F(t, 5,29, @(5,y), wo(s, ) dy ds—
a Rm

t
_//f(t;57$7y7wi(8;y)>ui(87y)) dyds

a Rm™

N | (T —

3 te€(a,b],x€Brm (0,r¢) o Bm
+ ‘f ta&%@/:@(say%ui(&y)) - f(t,s,a:,y,wi(s,y),ui(s,y))D dde

Estimating the first summand of the integrand, we get

£ (s 2,y 8(s,9). w05, 9)) = (85,29, 0(5.9),uil5,9)) | <
< ‘f(t,swwﬁ(say)m(syy)) — f(%, 5,75y, 0", UO(&y))‘Jr
+ \f(ff,s,fiyﬁ, wo(s,)) — F(E°,5,7°,y, @, ui(s,y))’—i—
£ 570y 5 w(s ) — F(ts,,y,@(s,9), w5 )|

Here t°, Z¢, @° are approximations of ¢, x, @w(s,y), taking finite number of values (on their compact
ranges of definition). Thus, using the condition 2) of Theorem 1 and the assumptions (i)—(iv), the
first and third summands on the right-hand side of the inequality go to 0 uniformly with respect
to (s,y) € [a,b] x R™ and the second summand go to 0 in measure on [a,b] x R™.

Next estimation of |f(t s, x,y, W(s,y),ui(s,y)) — f(t,s,x,y,w;(s,y),u;(s,y))| using the condi-
tion 1) of Theorem 1, gives umform convergence of this expression to 0 on [a, b] x R™.

Thus, we can ﬁnd such [ that for any ¢ > I, we get

sup // P (b, @(s,9), u0(59)) = F(t5, 0,9, @(5,9), wils,9) |+

te(a,b], xt€Brm (0,r¢)
~ g
+ ’f t,s,x,y,w(s,y),ui(s,y)) - f(tasawvvai(say)aui(svy))‘) dde < 257

which concludes the verification of conditions of Theorem 2.1 in [10] and completes the proof. [J

References

[1] P. A. Tass, A model of desynchronizing deep brain stimulation with a demand-controlled
coordinated reset of neural subpopulations. Biol. Cybern. 2003, No. 89(2), 81-88.

[2] P. Suffczynski, S. Kalitzin, and F. H. Lopes Da Silva, Dynamics of non-convulsive epileptic
phenomena modeled by a bistable neuronal network. Neuroscience 2004, No. 126(2), 467-484.



30

International Workshop QUALITDE — 2014, December 18 — 20, 2014, Tbilisi, Georgia

[3]

M. A. Kramer, B. A. Lopour, H. E. Kirsch, and A. J. Szeri, Bifurcation control of a seizing
human cortex. Phys. Rev. E (3) 73 (2006), No. 4, 041928, 16 pp.

S. J. Schiff, Towards model-based control of Parkinson’s disease. Philos. Trans. R. Soc. Lond.
Ser. A Math. Phys. Eng. Sci. 368 (2010), No. 1918, 2269-2308.

S. Amari, Dynamics of pattern formation in lateral-inhibition type neural fields. Biol. Cybernet.
27 (1977), No. 2, 7T7-87.

P. Blomquist, J. Wyller and G. T. Einevoll, Localized activity patterns in two-population
neuronal networks. Phys. D 206 (2005), No. 3-4, 180-212.

S. Coombes, Waves, bumps, and patterns in neural field theories. Biol. Cybernet. 93 (2005),
No. 2, 91-108.

E. Malyutina, J. Wyller, and A. Ponosov, Two bump solutions of a homogenized Wilson-Cowan
model with periodic microstructure. Phys. D 271 (2014), 19-31.

J. Ruths, P. Taylor, and J. Dauwels, Optimal control of an epileptic neural population model.
Proceedings of the International Federation of Automatic Control, Cape Town, 2014.

E. Burlakov, E. Zhukovskiy, A. Ponosov, and J. Wyller, Existence, uniqueness and continuous
dependence on parameters of solutions to neural field equations with delay. J. Abstr. Differ.
Equ. Appl. (submitted).



International Workshop QUALITDE — 2014, December 18 — 20, 2014, Tbilisi, Georgia 31

The Relation Between the Existence of
Bounded Solutions of Differential Equations and the

Corresponding Difference Equations

V. Danilov

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
E-mail: danilov_vyQukr.net

O. Karpenko

National Aviation University, Kyiv, Ukraine
E-mail: olyakare@gmail.com

V. Kravets

State Agrotechnical University of Militopol, Militopol, Ukraine
E-mail: v_1_kravets@list.ru

We study the connection between the existence of bounded (on real axis) solutions of differential
equations and the corresponding difference equations. We obtain the conditions under which the
existence of bounded solutions of differential equations implies the existence of bounded solution
of difference equation, and vice versa.

Throughout this work, R denotes the set of real numbers, R¢ is the Euclidian space of d —
dimensional vectors, N is the set of natural numbers, Z is the set of integers. The euclidian norm
in R is denoted through | - |, and || - || is the matrix norm in the same space.

Consider the following system of differential equations

i X(tv .7}), (1)
teR, z € D for D C R? and the corresponding system of difference equations

a"(t+ h) = 2" (t) + hX (t,2"(t)), (2)

where h > 0 is the step of difference equation. We assume that the function X (¢, x) is continuously
differentiable and bounded together with its partial derivatives, i.e. 3C > 0 such that

8X(7i,x)’+ H@X(t,x)

X ()] + |7 oE

|<c (3)

fort € R, x € D, where %—)x( is the corresponding Jacobi matrix.

In this paper we study the connection between the existence of globally bounded solutions of
(1) and of the corresponding system (2).

Here are some necessary statements and definition used later.

Consider the system (2) for t = to + kh, where ¢ is fixed. We have

af = xf + hX (to + kh, 2}, (4)

where k € Z, h > 0, 2 = 2" (to + kh), 3" (to) = 0. The following results are used throughout the
work.
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Lemma 1. Let x(t) and z} be the solutions of (1) and (4) on the interval [to,to + T| such that
z(to) = 2 = 20, x € D. Then, if the inequality (3) holds, we have the estimate

|2(to + kh) — 2| < he“T[1 + KT, (5)

for kh < T, where K = C + C?.

Lemma 2. If the inequality (3) holds, any solution of (4) x} continuously depends on the initial

data xq, until it reaches the boundary of D.

Definition 1. We say that a solution x"(t) of system (2), defined for ¢ € R, is exponentially stable
uniformly in #q if there exist § > 0, N > 0 and a > 0 such that for any solution y"(¢) of the system
(2) such that |y"(tg) — 2" (to)| < 6 for t >t we have the inequality

2" () = y"(t)] < Nem =2 (to) — " (to)

: (6)

where constants d, N and « do not depend on tg.

Consider the system (4) for top = 0:
Tl = + hX (kh, 2}), (7)

Definition 2. A solution Q:Z of (7) is called exponentially stable uniformly in ko if it satisfies the
conditions in 1 with ¢y replaced with kg and t replaced with kh.

Our main results are the following theorems.
Theorem 1. Assume the following conditions hold:
1) The function X (t,x) satisfies (3).

2) There exists hg > 0 such that the system (2) has a bounded on R, exponentially stable (in

the sense of Definition 1) solution xzo, which lies in the domain D together with its p —
neighborhood for some p > 0.

3) Additionally,

hoe 1+(0+0)( - +1)} << (8)
%Né < p, 9)

ho < 15 (10)

where N, 0 and « are defined in (6) and C is given by (3).
Then for all h, 0 < h < hyg, the system (2) has a bounded solution on R.

We proceed with studying the conditions for the existence of a bounded solution of (1), given
that (2) has such a solution for ¢ = khy.
The following theorem holds.

Theorem 2. Let the following conditions hold:
1) the function X (t,x) satisfies the condition 1) of Theorem 1;

2) Jhy > 0 such that the system (7) has a bounded on Z, uniformly in ko exponentially stable
solution which belongs to the domain D together with its p neighborhood.
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Then, if the inequalities (9)—(10) hold, the system (1) has a bounded solution defined on R.

We now proceed with the study the conditions on the existence of a bounded on R solution of
the system (2) under the assumption that the system (1) has such a solution.

Theorem 3. Let the following conditions hold:
1) The function X (t,x) satisfies the condition 1) of 1;

2) The system (1) has a bounded on R, asymptotically stable uniformly in ty € R solution x(t),
which lies in the domain D with some p — neighborhood.

Then there exists ho such that for all 0 < h < hq the system (2) has a bounded on R solution z"(t),
and
Sup‘xh(t)—x(t)l —+0, h—=0 (11)
teR

The next example shows that the asymptotic stability of a bounded solution xz(t) is essential,
and without this assumption we can get a qualitatively different behavior of solutions of differential
and difference equations.

Example 1. Consider the differential equation
T4+x2=0 (12)
with the general solution
x(t) = Cycost + Cysint.

Its solutions are bounded, stable, but not asymptotically stable. The corresponding differential

equation has the form
x((k+2)h) —2z((k + 1)h) + 2z(kh) = 0, (13)

with the general solution

hk hk
ol = 012% cos Tﬂ + C’thTk sin Tﬂ .

We see that for all steps h > 0, all solutions of this equation (except the trivial one) are unbounded.
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On the half-line [0, 400, we consider the system

o’ = g(t)lo]/* sgnv,
/
v =

—p(t)|ul" sgnu,

(1)

where o > 0 and p, g: [0, +oo[— R are locally Lebesgue integrable functions.

A pair (u,v) is said to be a solution to system (1) on the interval I C [0, +o0] if the functions
u,v: I — R are absolutely continuous on every compact interval contained in I and satisfy equalities
(1) almost everywhere in /. In the paper [5], Mirzov proved that all non-extendable solutions to
system (1) are defined on the whole interval [0,4o0[. Therefore, speaking about a solution to
system (1), we assume without loss of generality that it is defined on the whole interval [0, +oo[.
Mirzov also proved (see, e.g., [4, Theorem 9.3]) that all non-zero solutions (u,v) to system (1) are
proper, i.e., the inequality sup{|u(7)| + |v(7)| : t <7 < 400} > 0 holds for every ¢ > 0.

Definition 1. A solution (u,v) to system (1) is called non-trivial if v # 0 on any neighbourhood
of +00. We say that a non-trivial solution (u,v) to system (1) is oscillatory if the function u has
a sequence of zeros tending to infinity, and non-oscillatory otherwise.

It is well known (see [5, Theorem 1.1]) that a certain analog of Sturm’s theorem holds for system
(1) under the additional assumption

g(t) >0 forae. t>0. (2)

In particular, if inequality (2) holds and system (1) has an oscillatory solution, then any other
non-trivial solution is also oscillatory. Moreover, under assumption (2), if (u,v) is an oscillatory
solution to system (1), then, together with u, the function v also oscillates. On the other hand, it
is clear that if ¢ = 0 on some neighbourhood of 400, then all non-trivial solutions to system (1)
are non-oscillatory.

Therefore, we assume throughout the paper that inequality (2) holds and

meas {7 >t: g(r) >0} >0 for every t > 0. (3)
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Definition 2. We say that system (1) is oscillatory if all its non-trivial solutions are oscillatory.

We first assume that the coefficient g is non-integrable on [0, +o0[, i.e.,
o
/ g(s)ds = +oo. (4)
0

Let

¢
:/g(s)ds for ¢t > 0.
0

In view of assumptions (2), (3), and (4), we have lim;_,~ f1(t) = +o0c and there exists a number
ty > 0 such that fi(t) > 0 for t > t, and fi(t;) = 0. Since we are interested in behaviour of
solutions in the neighbourhood of +o0, we can assume without loss of generality that t, = 0, i.e.,
fi(t) >0 for t > 0.

For any k > «, > 0, and )\ < a, we put

k(t; 5, B, A)

/ )] fl( )p(s)ds for t >0, (5)
0

(1t ) = T‘a]?)/tfm ) </flA )ds for ¢ > 0. (6)
0

Theorem 1. Let conditions (2), (3), and (4) hold, k > a, B >0, A < «, and either

limsup k1 (¢; &, 5, \) = 400 (7)

t——+o0
or

—oo < limsup ki (t; K, 5, \) < 400,
t—400 (8)

{ the function c1(-;X) does not possess a finite limit as t — +00.
Then system (1) is oscillatory.
Observe that condition (7) with =1, A =0 and g = 1 reduces to the condition

t
1
lim sup " /(t —5)"p(s)ds = 400 for some k> « 9)

t—+00

which is the half-linear extension of the classical Kamenev linear oscillation criterion (see [2]).
Conditions (8) then give a possible counterpart of the oscillation criterion (9).
It is well known that system (1) is oscillatory provided that the function

t

M:t—s fll(t) / g<s>< 0/ P(€) df) ds (10)

0

is bounded from below in some neighbourhood of +o0c and does not have a finite limit as ¢ — +o0
(see, e.g., [4, Theorem 12.3]). However, Theorem 1 can be applied also in the case, where the lower
limit of the function M given by (10) is —oo
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Now we formulate a Hartman—Wintner type result which follows from Theorem 1. For any
A< aand v <1, we put

atay) = /f1 (53 (/Sff(g)p(g)dg) ds for t> 0. (11)
0

Corollary 1. Let conditions (2), (3), and (4) hold, A < a, v < 1, and either

lim ¢ (t; A\, v) = 40

t—+00

or

—00 < hmlnfcl(t A, v) < limsup ¢ (¢ A, v).
t—+00 t—+o0o

Then system (1) is oscillatory.
Observe that Corollary 1 with A = 0 and v = 0 coincide with the above-mentioned Mirzov’s
result, namely Theorem 12.3 from [4]. On the other hand, it is worth mentioning that Corollary 1

with g =1, A=0and v = 1 — « is in compliance with Theorem 1.1 stated in [3].
Unlike the above part, we assume in what follows that g is integrable on [0, +o0o[, i.e.,

+o00

/ g(s)ds < +o0. (12)

0

Let
400

fa(t) := /g(s)ds for t > 0.

In view of assumptions (2), (3), and (12), we have lim;_, ;o fo(t) = 0 and fo(t) > 0 for ¢t > 0.
For any x > a, 8 > 0, and A > «, we put

kao(t; K,y B, N) / ( )] f2( )p(s)ds for t >0, (13)
0

ot A) = (A — /tfA+1 ) (/f; >ds for t>0.  (14)

Theorem 2. Let conditions (2), (3), and (12) hold, k > «, B > 0, A > «, and either
lim sup ko (t; &, B, ) = +00 (15)
t—+o00

or
—o0 < limsup ka(t; &, 5, \) < +o0,
t—+00 (16)
the function ca(-;\) does not possess a finite limit as t — +oo.

Then system (1) is oscillatory.

Analogously to the “non-integrable” case, the following Hartman—Wintner type result can be
derived from Theorem 2. For any A > a and v > 1, we put

t

StANY) = —1)f /fg;i; (/ng dg) s for t>0. (17)

0
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Corollary 2. Let conditions (2), (3), and (12) hold, A > o, v > 1, and either
lim ¢c(t; A\, v) = +o0
t——+o0

or

—00 < hmlnch(t A, v) < limsup éa(t; A, v).
—+00 t——+o0

Then system (1) is oscillatory.

As far as we know, a Hartman—Wintner type result for the half-linear equation

(r(6)|* sgn ) + p(t)|ul*" sgnu = 0 (18)

in the case, where
—+00

/ Tﬁ(S) ds < 400 (19)
0

is satisfied, is known only under the additional assumption that p(¢) > 0 for a.e. ¢t > 0 (see survey
given in [1, Section 2.2]). We can exclude this additional assumption and derive from Corollary 2
the following statement.

Corollary 3. Let A > q — 1 and relation (19) hold. Then each of following two conditions is
sufficient for oscillation of (18):

t
lim R(t / (/RA >ds:+oo,
t——+o00 ra- 1
0
t
—oo<hm1nfR / (/R)‘ >d5<
o " 1

¢
< limsupR(t)/ </R’\ )d
t—+4o0 ra— l
0
+o00o 1

where R(t) := [ ri-a(s)ds for t > 0.
t
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Let R” be the n-dimensional vector space of points x = (x!,..., ™7, where T is the sign of

transposition. Suppose that O C R?, V' C R}, are open sets and Xg C O, P C Rﬁ, are compact sets.

Let the (1 +n)-dimensional function F(t,z,u,p) = (f°, f)* be continuous on the set I x O x V x P
and continuously differentiable with respect to x € O, where I = [ty,t1]. By A(V) we denote
collection of compact sets U C V. Let 0 < 01 < o9 be a given number and let ® be the set
of initial functions ¢(t) € O, t € [ty — 02,t0]. Next, let Q(U) be the set of measurable control
functions u(t) € U, t € I, where U € A(V) and let @) be the set of continuous scaler functions
q(t,z), (t,z) € I x O.

To each u = (0,20, p,p) € A = [01,02] X Xo X & x P we put into correspondence the controlled
differential equation with distributed delay

0
i(t) = / F(t,a(t +5),u(t),p) ds, tel, ueU) (1)
with the initial condition
J}(t) = gDo(t), t e [to — 0, t()), .Z‘(t(]) = Xo, (2)

Definition 1. Let w = (p,u) = (0,20, 0,p,u) € W = A x Q(U) be a given element. A function
x(t) = z(t;w), t € [to — o2,t1], is called a solution of equation (1) with initial condition (2), or a
solution corresponding to element w defined on [tg — o, t1], if it satisfies condition (2), is absolutely
continuous on the interval [to, 1] and satisfies equation (1) everywhere on [tg, ¢1].

Definition 2. Let u € A be a fixed element. A control u € Q(U) is said to be admissible if for the
element w = (u,u) there exists the corresponding solution x(t) = z(t;w) defined on the interval
[to — o2, ta].

The set of admissible control u(t) is denoted by Q(u;U).

Definition 3. Let an element p = (0,20, p0,p) € A and a function ¢ € @ be given. A control
uo(t; p, U, q) € Q(u; U) is called optimal if

J(UO(';;UH U?Q)707P7Q) - lnf{J(u( ’ )70—7p7 Q) RS Q(N7U)}a

where
ty O

J(u(-),0,p,q) _Q(tlvw(h))—i-//fo(t,x(t—i-s),u(t),p) dsdt (3)

to —o

and z(t) = z(t;w), w = (u, u).
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The problem (1)-(3) is called an optimal control problem with the distributed delay. The
control wug(t; u, U, q) is called a solution of the problem (1)—(3).

To formulate the main result we introduce the following notations: by M we denote the set of
continuous functions x(t) € O, t € I} = [ty — 02, t0) U (to, t1] with cl(x(11)) C O,

0
F(t,x(-),u,a,p) = /F(t,:c(t+s),u,p)ds, G(t,x(~),U,a,p) = {F(t,m(-),u,a,p) Tu € U},
tel, z(-)eM, UeA(V), o€ |o1,02], p€ P.
Theorem. Let g = (09, Zoo, o, o) € A be a fized element and let Uy € A(V) be a given set. Let
the following conditions hold:
1. Q(uo; Up) is not empty;
2. there exists a compact set K C O such that for every u € Q(uo; Uy) we have
z(t;wo) € K, t € [tog — 02, t1],
where wo = (po,u);
Then for any € > 0 there exists a number § = d(e) such that for every
p={(o,x0,0,p) €A, q€Q, UecA(V)
the conditions
lo — 00| + [0 — 00| + [l — woll + [lg — qol| + DU, Up) <6

are satisfied and the set G(t,x(-),U, o,p) is convez for each (t,z(-)) € I x M.
Then the optimal control problem (1)—(3) has a solution uo(t; p, U, q) € Q(U) and the following
inequality

‘J(Uo( "5 KO, UOaQO)aUUap07q0) - J(UO( ez Uv q)’o-vpv Q)‘ <e
18 fulfilled. Here
I — ol = sup {|p(t) — @o(t)| : t € [to — o2, t0] },

Hq_ QOH = SUP{|Q(t’x) - QQ(t,x)| : (t,SU) €lx K}v
D(U,Up) =sup{|u —u"|: v €U, u" € Up}.

Theorem is proved by scheme given in [1-3].
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We consider the differential equation

y" = aop(t)e1(y)w2(y), (1)

where ag € {—1,1}, p : [a,w[—]0,+00] is a continuous function, the ¢; : A(Y?) —]0,+o0]
(i = 1,2) are some twice continuously differentiable functions, where A(Y;?) is some one-sided
neighborhood of the point Yio, Yio is equal to either 0 or 4oo.

This equation has been considered in the works of Evtukhov V. M. [6]-]9] in case, when ¢;(z)
were power-law functions, and in the works of Belozerova M. A. [1]-[4] in cases, when ¢;(z) were
slowly or regularly varying functions when z — Y, i = 1,2 (see Seneta [10]).

In the equation (1), we suppose that the function ¢;(z) satisfies the conditions:

oz (2)

lim =X (A eR), 2
lim ( ) (2)
zeA(YD)

and the function @s(z) is following:

©h(z) #0 when z € A(YY), lim  y(2) = @Y, @Y € {0, +00},

z—>Y20
2EA(YY)
PR _ )
1m ,72—1
S (2169)
zeA(Y20)

The fulfilment of requirements (2), (3) means that the function ¢1(z) is regularly or slowly
varying when z — Y, and the function ¢(2) is rapidly varying when z — Y. With such
assumptions for the functions p;(2), i = 1,2, we are unaware of any results about the asymptotic
behavior of solutions neither for the equation (1), not for any of its specific cases.

A solution y of the equation (1) is called a P, (Ag)-solution, where —oco < Ay < +oo, if it is
defined on some interval [tg,w[C [a,w| and satisfies the following conditions:

limy(t) =YY, limpa(y/(1) = @3,
tTw tTw

sy’ () ¥ (B)y(t) _
@) v S
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The aim of the paper is to derive necessary and sufficient conditions for the existence of P,,(Ag)-
solutions of the equation (1) when Ay € R\ {0}, and also to establish asymptotic formulas for such
solutions and their derivatives of the first order.

Let us introduce notation needed in forthcoming considerations.

First, we set:

o J1, if Y= +o00, or¥? =0 and A(Y?) is a right neighborhood of the point 0,
Hi = —1, if Y%= —00, orY? =0 and A(Y?) is a left neighborhood of the point 0.

o) = t, if w=+4o0,
Tt —w, i w < 4oo,

;

t
/p(T) dr, if A# —Ag,
A

t

-1 . _
- o fra 2

—AgY, if A= —Ao,

/ﬂw(T)p(T) dr, if A= —Ay,
A
where the integration limit A € {w,a} is chosen so as to ensure that the corresponding integral J

tends either to zero or to infinity when t 1 w.
Next, we set numbers A} (i = 1,2):

1 if w=o00 1 if A=a
A*: Y ) A*: 9 b
! {—1, if w<oo, 2 {—1, if A=uw.

Theorem 1. Let Ag € R\ {0}. Then, for the existence of P,(Ao)-solutions of the equation (1), it
is mecessary and sufficient that
. mu(t)J(t)
lim =227 V7 A )
tlTw J(t) OB ( )

and sign conditions be satisfied
AT >0 if V) ==400, A} <0 if Y =0,

. e 20 . e =0 (6)
2/B>O Zf@zzo, A2,8<O qu)::I:oo,

pSuS AT >0 and agudAsB > 0. (7)
Moreover, each solution of this kind admits the following asymptotic representation when t 1T w
y(t)
=7, (t)[1 4+ o(1)], 8
s = Tl o) 0
1 ﬂ'w(t)p(t)
= 14 0(1)], 9
EOGIEATIQ) A, e )

moreover, for w = 400, there exists a one-parameter family of such solutions, if Ag > 0, and
there exists a two-parameter family of such solutions, if Ag < 0; for w < +oo, there exists a
one-parameter family of such solutions, if Ag > 0.

We will introduce auxiliary notation and conditions that will enable us to rewrite the asymptotic
formulas (8), (9) more conveniently.

Definition (see [4]). We say that a function 6 : A(U?) —]0, +oo[, U° € {0, &00} satisfies condition
S if for any continuously differentiable function I : A(U?) —]0, +oc0o] such that

!/
lim 21(z)

2—U0 l z
zeA(U)

=0,
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the following asymptotic formula is fulfilled:
0(z1(z)) = 0(2)[1 + 0o(1)] if z — U° (z e A(UY) ).

Since the ¢1(2) is a regularly varying function of the A-order when z — Y, then for this
function the following representation is executed:

p1(2) = 2101 (2), (10)

where the function 6;(z) is slowly varying when z — Y.
Let us introduce notation for the rapidly varying function ps(z):

vy
d
. Yy, if / > converges,
ds A pa(s)
¢(Z):/g02(s)’ where B = ¥ (11)
B . ds )
b, if / diverges,
/ ©2(s)

where b is any number from the interval A(Yy) and 0 = lim (z).

z—>Y20
It is evident that the function 1(z) is also rapidly varying when z — Y3, consequently, | ~1(z)|
is a slowly varying function when z — WY,

Theorem 2. Let Ag € R\ {0} and functions 01(z), |v~1(2)| satisfy the condition S. Then each
P, (Ao)-solution (if any) of the equation (1) admits the asymptotic representations when t T w

1
y(®) = | ma (™ (317 (17) |+ (1),
1 0
- 0@ == _/,L
w5y’ (1)) ?
Theorems 1 and 2 were proved using the results for cyclic systems of differential equations with

regularly varying nonlinearities established in [5].
As an example illustrating our results, consider the differential equation:

1

mo (000 (1T |5 (00 (s (1)) |11+ 0(1).

_ /16 _5 -
y" = aop(t) |y Inlyl| e |y |" Psigny/, (12)

where o € {1,—1}, 6,0 € R\ {0}, \,7 € R, p: [a,w]—]0,+00[ is a continuous function.

Equation (12) belongs to the type of equations (1), where ¢(z) = [z|MIn 2|7, p2(2) =
e“"z‘5|z]1_5sign z. The function ¢1(z) is properly varying of the A-order, when z — Yy, and
the function ¢2(2), in case § > 0, is rapidly varying when z — +o00, and in case ¢ < 0, it is rapidly
varying when z — 0.

For the ps(z), the function v (z) which was defined in (11) has the following form:

1

9(z) = el

In their turn, the function 6;(z), which was defined in (10), and the function 1»~!(2) have the
following form:

01(z) = |nz||", ¢~'(2) = Ins [o6z|7
and satisfy the condition S.
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For the equation (12), the condition (4) from the definition of P,,(Ag)-solution has the following
form:

T yy'() .
ly'(D)]? '

Therefore, for the equation (12), Theorems 1 and 2 readily imply the following assertion.

Corollary. Let Ag € R\ {0}. Then for the existence of P, (A\g)-solution of the equation (12), it
is mecessary and sufficient that the conditions (5)—(7) be satisfied. Moreover, each solution of this
kind admits the following asymptotic representation when t T w:

li 1)
lim o]y

1

y(t) = | (6) ¥ [0l (1) 5|3

1
,téz—
YO =

[1+o(1)],

010 ool 01 1] 1 5 000 m im0 | + o),

moreover, for w = 400, there exists one-parameter family of solutions, if Ag > 0, and there exists
two-parameter family of solutions, if Ag < 0; for w < 400, there exists one-parameter family, if
Ag > 0.
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We have established sufficient conditions for the existence of invariant toroidal manifolds of a
certain class of linear extensions of dynamical system on torus. A similar problem for a sufficiently
wide class of impulsive differential equations with non-fized impulses also have been investigated.

We consider a system of differential equations, defined in the direct product of a torus 7, and
an Euclidean space R"™

dp dx

o = _A 1

o = aw) = Alp)r+ fp), (1)
where ¢ = coll (¢1,...,pm), x = coll (z1,...,z,), A(p) and f(yp) are continuous 2w-periodic with
respect to each of the variable ¢;, j = 1,...,m matrix and vector functions, respectively, defined

on the torus 7,,.
We assume that the vector function a(p) satisfies the Lipschitz’s condition

la(e) —a@)|| < Llle = I, 2)

for each ¢, € T, and some constant a > 0.
Let ¢i(¢), ¢o(¢) = ¢ be the solution of the first of equations (1).
Consider the system of equations

dx
5 = Alee())z + flelp)) (3)
that depends on ¢ as a parameter.

By invariant toroidal manifold of system (1) we will understand the set x = u(p), u(yp) € C(Tm),
where u(p) is such function that z(t, ¢) = u(p:(p)) is a solution of system of equations (3) for each
0 € T

Deep research regarding the existence of invariant toroidal manifolds of differential equations
were made by A. M. Samoilenko and the results of these studies are summarized in the classical
monograph [1]. The main approach to the study of toroidal manifolds of system of equations (1) is
based on the concept of Green—Samoilenko function of the invariant tori problem introduced in [1].

Let QL(p),Q7(¢) = E be a fundamental matrix of system (3) and C(p) be a matrix function
from the space C(Tn,).

Let

Q%) C(r(9)), T <0,
Go(,9) = gz(o) (E (o>) (4)
—(@)E — Cler(9), 7>0.

Function Go(, ¢) is called Green—Samoilenko function of the invariant tori problem (1) if the
following estimate holds

/ |Go(T,@)||ldT < K < o0, ¢ € Tpy. (5)

If system of equations (1) has a Green-Samoilenko function, it’s invariant toroidal manifold
may be represented as

z = u(p) = / Golr, ) (9e(9)) dr, @ € T
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Consider two classes of differential equations for which a Green—Samoilenko functions exist, so
the invariant toroidal sets exist as well.

Let the matrix A(¢-(¢)) from the system (1) commutes with its integral (Lappo—Danilevsky
case, see [2, Part 2, § 13] for details).

Algr(9)) / A(psli)) ds = / A(ps(0)) ds - Ale(9)) (6)
fort > .
Then .
Qi(@) _ eff A(ps(p)) ds

is a fundamental matrix of homogeneous system (3) and the following theorem holds.

Theorem 1. Suppose that for any t > 7 > 0 a matriz A(ei()) commutes with its integral. If all

the eigenvalues of matrix
¢

1
Ao = lim = [ Alps(p)) ds (7)
are on the left half of the complex plane X, then system (1) has an asymptotically stable invariant

toroidal manifold x = u(p), ¢ € Tn, for any f(p) € C(Tn).

Consider the case where the matrix A(y) in system (1) is such that the largest eigenvalue of
the matrix

A(p) = 5 (Al) + A7(9),

where AT (p) is a matrix transposed to A(p), A(y) is negative in w-limit points of any solution
©t(p) of the first equation from (1).
Using the Vazhevsky inequality [2], we see that in this case the function

Qp), 7<0,
0, T>0

GU(Tv 90) = {

satisfies the estimate
||G0(7’, SO)H < Ke—’7|7'|’ TE Ra

and it is a Green—Samoilenko function of the invariant tori problem. Thus, the system of equations
(1) has an asymptotically stable invariant toroidal manifold

0

= u(p) = / 0p)(pr(9)) dr, 9T

—00

Finally, we will develop the conditions for the existence of invariant toroidal sets of impulsive
system of differential equations that undergo impulsive perturbation at the moments when the
phase point meets a given set in the phase space

dﬁ_ dzx

o =ole), = AT+ fle), ¢ dT, (9)

Az| p = Blp)r +9(0).

Suppose the set I' is a smooth (m — 1)-dimensional submanifold of the torus 7,, dimension and
is determined by the equation ®(¢) = 0, where ¢(¢) is a continuous scalar 27-periodic with respect
to each of the components ¢,, v =1,...,m function.



46 International Workshop QUALITDE — 2014, December 18 — 20, 2014, Tbilisi, Georgia

Let t;(p), i € Z, be solutions of the equation ®(p:(¢)) = 0, which are the moments of impulsive
perturbations in system (9), and assume that uniformly with respect to ¢t € R there exists a limit

. ai(tt+T)
1 — 10
Tgrolo T P (10)

where i(a, b) is a number of points ¢;(¢) in the interval (a,b).

Theorem 2. Let a matriz A(p) satisfy the Lappo—Danilevsky condition for any t > 7 > 0 and
uniformly with respect to t € R the finite limit (10) exist.
Then, if

~y+plna <0, (11)
v =maxRe\j(Ag), o = max max \;(E + B(¢))" (E + B(y)),
J

(PETm J

then system of equations (9) has an asymptotically stable invariant toroidal set

0
r = u(p) = / Gol, ) f(pr()) dr+

—00

+ D Goltile) +0,9)9(pr()(9) @ € Ton
ti(p)<0

Note that the conditions of Theorem 2 can be weakened by requiring the inequality (11) to be
fulfilled not on the whole surface of a torus, but only in w-limit sets of all solutions of the first
equation from (9).
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1 Statement of the Problem and the Main Result

Our results deal with the following family of equations
u’ 4+ 2 = h(t)u, (1)

where A > 0, 6 € [0,1), g,h € L, and g is a non-negative function not necessarily essentially
bounded from below by some positive constant. We establish a relation between the order of the
singularity A, the order of the nonlinearity d, and the regularity p of the function [h]; guaranteeing
the existence of an w-periodic solution to (1). Furthermore, one can easily check that the obtained
results establish a link between the results obtained both in [2] and [3].

In the paper [1], the authors studied the equation (1) with § = 0 and proved that if h > 0,
g(t) > 0 for a.e. t € R, and

holds, then (1) (with § = 0) has at least one w-periodic solution. In spite of the fact that the
condition (2) is unimprovable, in general, as shown in [1, Counter-example 4.1], for some particular
cases it can be weakened (see Corollary 4 below). However, the main importance of the present
paper lies in the answer to the cases when the function g is positive almost everywhere in R but it
is not uniformly essentially bounded from below by some positive constant. In particular, to that
cases when g can be estimated by some polynomial with isolated zeroes (see Corollary 5).

For convenience, we are going to introduce a list of notation which is used throughout:

N, Z, and R are the sets of all natural, integer, and real numbers, respectively;

C,, is the Banach space of w-periodic continuous functions u : R — R, endowed with the norm
lullc = max{u()] : ¢ € [0,w]}:

LY, where 1 < p < 400, is the Banach space of w-periodic functions h : R — R which are
1/p,

w w

w[hh(s) ds ' h(s)ds < [ g(s)ds (2)
[msran) [rars [
0 0

0

RS

Lebesgue integrable on [0,w] in the p-th power, endowed with the norm ||h||, = ([ |h(t)[P dt)
0

L,=1LL;

Ly is the Banach space of w-periodic essentially bounded functions h : R — R, endowed with
the norm ||hl|o = ess sup {|h(t)| : t € [0,w]};

if h € L,, then

A (8)] + h(t)

/h(s) ds, [n], () = POLERO) gy 2 RO R
0

2

h= for a.e. t € R.

2 )

€|
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By an w-periodic solution to the equation (1) we understand a positive function u € C,, which is
absolutely continuous together with its first derivative on every compact interval of R and satisfies
(1) almost everywhere on R. To formulate our main result we need the following notation

Notation 1. Let g,h € Ly, g(t) > 0 for a.e. t € R, 0 > 0. Then, for every ¢t € R, we define

t+% t+w
G(t,o0) = lim _9(s) ds + lim _9s) ds,
T—tq (s —1t)° Tt (t+w—s)°
T t+%
t+% +w
H_(t,o) = lim Mds + lim Mds.
’ Tt (8 — t) x—t_ (t +w — S)g
T t+%

Note that, for every fixed ¢ € R, the limits in Notation 1 exist and each of them is either finite
or equal to +oc.

Theorem 1. Let [h] € LE,, p € [1,+00),
g(t) >0 forae teR, g>0, (3)
qg—1

and let there exist a function ¢ € LY, q € [1,+00), such that [h]+(t) < p(t)g ¢ (t) for a.e. t € RL.
Let, moreover,

(e CA8) o BNy o rem
where
[y (=00 = I
o= [0 (G8) " o] ) - 1<<1+6>p—1> e

Then there exists a unique w-periodic solution to (1) if and only if h > 0.

It can be easily verified that there is no w-periodic solution to (1) provided (3) is fulfilled and
h <O0.

Further, we would like to emphasize that the equation (1) has at most one w-periodic solution
provided g,h € L, are such that (3) is satisfied, § € [0,1), and A > 0. As far as we know such a
result is new for this type of equations.

In conclusion, our results can be represented as a genuine relation between the order of the
singularity, the order of the nonlinear term, and the regularity of the input functions involved,
existing in the class of differential equations with attractive singularity.

2 Corollaries and Examples

Below we discuss some particular cases illustrating the result obtained. The first assertion shows
that Theorem 1, being applied when the function ¢ is uniformly bounded from below by a positive
constant, yields as a corollary the results proven in [2,3].

Corollary 1. Let [h]4 € LL,, p € [1,+00), g(t) > go > 0 for a.e. t € R, and let %Fg > ﬁ. Then

there exists a unique w-periodic solution to (1) if and only if h > 0.

—1
If ¢ = 1 then we put qu(t) =1forteR.
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In the case when [h]+ € L then [h]+ € LE for every p € [1,400). Therefore, from Corollary 1
we obtain the following assertion:

Corollary 2. Let [h]+ € L and let g(t) > go > 0 for a.e. t € R. Then there exists a unique
w-periodic solution to (1) if and only if h > 0.

Example 1. In [3], there was proven that the equation

W'+ = (o) (6)

with [h]; € LY and h > 0, has a unique w-periodic solution if A > 1/(2p — 1). Moreover, there is
also established an example showing that for every A € (0,1/(2p — 1)), there exists h € L, with
h > 0 such that (6) has no w-periodic solution.

Corollary 1 says that if a sub-linear term is added to (6), the condition A > 1/(2p — 1) can be
weakened. In particular,

u' + — = h(t)u’ (7)

has a unique w-periodic solution for any A > 0 if § € [1/(2p), 1), provided [h]y € LE, h > 0. On
the other hand, a relation of this type was proven in [2] by using the method of lower and upper
functions in the case when p = 1. Note here that Corollary 1 joins both results of [2] and [3] and
establishes a relation between the orders of the singularity and nonlinearity, and the regularity of
the input function, guaranteeing the existence of a unique w-periodic solution to (7).

As it was mentioned in Example 1, in the case when A < 1/(2p — 1), an additional condition
on h is required in order to guarantee the existence of an w-periodic solution to (6). One of such a
condition can be obtained from Theorem 1 immediately by putting ¢ = [h]+ and ¢ = p. Then we
have the following assertion:

Corollary 3. Let [h]4 € LY, p € [1,+00), and let 212 < 2p . Let, moreover,

w

2(1 o 5) <(JJ 1+A*12_P§>\+5) 9 (2p— 1)§>;+(2(p 1)/
0

H. (- s)d H? p
T =00 +HL(7) s > HY (Al |2,

where H is given by (5). Then there exists a unique w-periodic solution to (7) if and only if h > 0.
If p=1and é =0, then Corollary 3 results in the following consequence.

Corollary 4. Let [h]+ € L, and let A < 1. Let, moreover,

(j 0/ (R4 (s5) ds)A O/ h(s)ds < 55— (8)

Then there exists a unique w-periodic solution to (6) if and only if h > 0.

It is worth mentioning here that the condition (8) improves the condition (2), which was ob-
tained in [1], for the equation (6).

However, as it was mentioned in the introduction, the main importance of Theorem 1 can be
distinguished for the cases when g has zeroes at isolated points. Thus, the essence of the condition
(4) is different to the one established in [1, Corollary 4.2]. That gives also an answer to the open
problem [1, Open problem 4.2].
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Corollary 5. Let h € LY, p € [1,+0), and let there exist ¢ > 0, o;, ;i >0, t; e R (i =1,...,n)
such that t1 <tog < - <t, <t1 +w and

g(t) > c(tipr — )%+ (¢t — )% for ace. te (ti,tipr), i=1,...,n—1,
g(t) > c(ty +w — )% (t —t,)P  for a.e. t € (tn,t1 +w).

Let, moreover,

A+d (1471 +9p) . A+4 .
1 —>1 =1
=5 (A+n@p-1 17>h pogttwdr=1L
where 70:max{min{ai,ﬁi}: izl,...,n}, fy:max{ai,ﬁiz izl,...,n}. Then there exists a

unique w-periodic solution to (1) if and only if h > 0.

Now, we are going to present an example of a differential equation to which our result can be
efficiently applied. To illustrate the result, we have selected a particular case of a physical model
studied in [4, Section 5]. The dynamic of a trapless 3D Bose-Einstein condensate with variable
scattering length can be ruled by the equation (1), where g models the S-wave scattering length,
which is assumed to vary w-periodically in time. In our case, a non-negative g corresponds to
attractive interactions between the elementary particles and h is an external force (usually 6 = 0).
Then the existence of an w-periodic solution to (1) is interpreted as a bound state of the condensate
with external trap. To simplify the model, the function ¢ can be considered as a polynomial
function, which may have several zeroes. However, we also can investigate the problem in the case
when ¢ is trigonometric. Obviously, the latter case seems to be more useful in applications but
also more complicated to study analytically. Nevertheless, according to Corollary 5, it is sufficient
to check the condition (4) in a neighborhood of each zero of g. Thus, having approximated g by
a Taylor polynomial, the problem is reduced to the much simpler one - the polynomial case. This
makes our result efficiently applicable in several cases.

Example 2. Consider the equation

u" + =% = h(t), 9)
where
g(t) = ct®(w —t)* for t €[0,w),
g(t) =g(t — kw) for t € [kw, (k+ 1)w), k€ Z\ {0},
¢, @, and \ are positive numbers, h > 0. According to Corollary 5 one can conclude that (9) has a

unique w-periodic solution if one of the following conditions is fulfilled:
e [h]l; € L and A\ > «a/2;

o [y €L, pe(1,+00), and A > 192,

2p—17
o [h]y € L,and A > 1+ a.
Note that the result for the case when [h]+ € L2 is obtained by applying Corollary 5 for p € (1, 400)
sufficiently large.
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We consider the linear differential system
&= A(t)r, x € R", t>tp, (1)

with bounded, for example, infinitely differentiable on the semi-axis [tg, +00) coefficients and char-
acteristic exponents A\j(A4) < --- < A\, (A) < 0. The above system is a linear approximation for the
nonlinear system

y=At)y+ f(t,y), y€R", t>to, (2)

with an infinitely differentiable in time ¢ and variable y1, ..., y, perturbation f : [tg, +0o0) X R" =
R™ of order m > 1 smallness in the neighborhood of the origin y = 0 and admissible growth outside
of the origin, satisfying the condition

IF (&)l < Crliyll™, Cp = const >0, yeR", t=to. (3)

The goal of the known (partial) Perron’s effects of sign and value change [1], [2, pp. 50, 51]
of characteristic exponents is to construct both a two-dimensional linear system (1) with concrete
negative characteristic exponents and the perturbations f(t,y) of second order m = 2 such that a
part of nontrivial solutions of system (2) have already the positive as well as concrete exponents.
Thus, this effect is partial one. In our previous works [3], [4] which were preceded by the works [5]-
[9] written jointly with S. K. Korovin, we have obtained a general and a complete finite-dimensional
Perron’s effect which has been realized for arbitrarily given:

1) negative characteristic exponents \; < --- < A, < 0 of the system of linear approximation (1);
2) positive characteristic exponents 0 < 81 < --- < 3, of all nontrivial solutions of system (2);

3) order m > 1. There naturally arises the question on the existence of different infinite ana-
logues of that effect.

The first such an infinite version is contained in the following

Theorem 1 ([10], [11]). For any parameters m > 1 and Ay < Ay < 0 and for arbitrary nonempty
finite or bounded countable sets [3; C [N\, +00), i = 1,2, satisfying the condition of separation
sup f1 < infs, there exist:

1) the two-dimensional system of linear approximation (1) with bounded infinitely differentiable
on the semi-axis [1,+00) coefficients and characteristic exponents A\ (A) = A1 < Aa(A4) = Ao;
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2) the infinitely differentiable in its arguments t, y1, y2 and satisfying the condition (3) per-
turbation f : [1,4+00) x R — R? of order m > 1, such that all nontrivial solutions y(t,c),
y(1,¢) = ¢ of the nonlinear two-dimensional perturbed system (2) are infinitely extendable to
the right, and their characteristic exponents Ay(-,c)| form the sets

{AMy(-.0)]: c2=0,c1 #0} =1, {Ay(-,0)]: 2 #0} =fa, ¢=(c1,2) € R?
Nevertheless, for systems (1) and (2) constructed in the proof of that theorem, the limiting set

Mo(A.f) = Lim {Ay(-.e)]: 0< ]| < p}

p—r—+00

consists of no more than two different positive numbers.

The second, more important version of Perron’s infinite effect is connected with its realization
for nontrivial solutions of perturbed systems (2) starting in the arbitrarily small neighborhood of
the origin y = 0, that is, connected with the construction of an infinite set Ag(A, f) on the positive
semi-axis (0,+00). Indeed, investigations (see, for e.g., [12, pp. 232-242], [13], [14, pp. 277-326])
dealt with the linear approximation (1) of exponential and conditional stability and also instability
of a zero solution y = 0 of system (2) are reduced to the construction of accessible boundaries of
characteristic exponents of infinitely extendable solutions of that system starting at the moment
t = tg in the above-mentioned neighborhood of the origin. Such estimates allow one, in particular,
to define signs of characteristic exponents of these solutions. Therefore, there arises the need to
realize Perron’s infinite effect in any arbitrarily small neighborhood of the origin.

It should be noted here that the effect of values replacement of negative characteristic exponents
of system (1) by an infinite set Ag(A4, f) = [ of characteristic exponents of nontrivial solutions
from an arbitrarily small neighborhood of the origin of the exponentially stable (with an e.s. zero
solution) nonlinear system (2) and perturbation (3) was realized in [15]-[17]. But it turned out that
the set 8 belonged to the negative semi-axis (—o0,0) (instead of the necessary positive (0,+00)),
whereas the set of characteristic exponents of solutions of system (2) starting outside of the origin
remained unexplored. As for the Perron’s effect of values change and its various analogues, it
suggests, firstly, an infinite extension of all solutions of the nonlinear system (2) with perturbation
(3) which for m > 1 is not, as a rule, realized and, secondly, the positiveness of all characteristic
exponents of these solutions.

Thus, the infinite (countable) version of Perron’s effect of values change in any neighborhood
of the origin realizes the following

Theorem 2. For any parameters m > 1, \; < A2 < 0 and an arbitrary countable closed from the
above set B C [A1,+00) with the properties Ao < b =supf € (3 there exist:

1) the two-dimensional linear system (1) with bounded infinitely differentiable on the semi-axis
[1,4+00) coefficients and characteristic exponents A\1(A) = A1 < A2(A) = Ao

2) satisfying the condition (3), the infinitely differentiable in time t and variables y1, y2 pertur-
bation f: [1,+00) x R?> = R?, such that all nontrivial solutions

y(t,c),y(l,c) =ceR? \ {0}7

of the nonlinear system (2) with perturbation (3) are infinitely extendable to the right, and
their characteristic exponents form the set A(A, f) = Ao(A, f) = 5 and take the values

ANy( o)l =b, YegI={zeR*: [z[<1, 20 =0}
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In mathematical modeling of many natural processes nonlinear nonstationary differential models
are received very often. One such model is obtained at mathematical modeling of processes of
electromagnetic field penetration in the substance. In the quasistationary case the corresponding
system of Maxwell’s equations has the form [1]:

0H 06
e —rot(vy, rot H), Bt

= vy, (rot H)?, (1)
where H = (Hy, Ho, H3) is a vector of the magnetic field, § is temperature, v, characterizes the
electro-conductivity of the substance. The first vector equation of system (1) describes the process
of diffusion of the magnetic field and the second equation describes the change of the temperature
at the expense of Joule’s heating.

For a more thorough description of electromagnetic field propagation in the medium, it is
desirable to take into consideration different physical effects, first of all heat conductivity of the
medium has to be taken into consideration. In this case the same process is described by the
following system:

OH 06
H = —I'Ot(erOtH), a

= vy (rot H)? + div(k grad 6), (2)
where k is a coefficient of heat conductivity. As a rule this coefficient is a function of argument 6
as well.

Many other processes are described by system of the type (1) and (2) and many works are
dedicated on investigation and numerical resolution of the initial-boundary value problems for
these type models (see, for example, [2]-[14] and references therein).

In the domain (0,1) x (0, 00) let us consider the following initial-boundary value problem:

U 9 ¢ ,OU\ OV OUN?
E‘a?(v %)’ E_V<a7)’ )

U0,t) =0, U(Lt)=1 >0, (3)
U(z,0) = Up(z), V(x,0)= Vo(z)>wvo >0,

where Uy and V) are known functions defined on [0, 1] and ¢ and vy are constants.
It is not difficult to verify that if o # 1 and V(x) = vp, then the following functions

Ux,t) = gz, V(o t) = [0h=+ (1 — a)p?] == (4)

are solutions of the problem (3). But if a > 1 in the finite time o = d5~*/¢%(a — 1) the function
becomes infinity. This example shows that solution of problem (3) with smooth initial and boundary
conditions can be blown up in the finite time.
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In the domain 2 x (0,7"), where 2 = (0, 1), let us consider the following system:
ou 0 oUu ov oUuN2  9*V

U _ 0 (yalU) V(U2 O, ;

ot Ox ( Oz ot Oz 0z 5)

Many facts that obtained for (3) problem are valid for (5) too. In particular, functions U (z, )
and V(x,t) defined by (4) satisfy system (5). From this one can deduce that for system (5),

analogical to (3) problem, adding the following boundary conditions, if @ > 1, the theorem of
global solvability does not take place:

oV (x,t) oV (x,t)
Ox - Oz
It is well-known that the general method for construction of economic algorithms for multi-
dimensional problems of mathematical physics is a decomposition method (see, for example, [15]
and references therein). Complex nonlinearity dictates also to split along the physical process and
investigate basic model by them. In particular, it is logical to split system (2) in two models. In
first Joule’s rule, while in second process of thermal conductivity are considered. Investigation of
splitting along the physical processes in one-dimensional case is the natural beginning of studding
this issue. In this direction the first step was made in the work [3].
Let us consider initial-boundary value problem for system (5), where —1/2 < a <1/2, a # 0,
with usual initial and following boundary conditions:
oV (z,t)

If we denote V3 = W, 2ac = =, then problem (5) can be rewritten in the following equivalent
form [3]:

=0.

r=1

=0

=0, (2,t)€0Qx[0,T].

ou 0 ( VaU)’

ot oz ox
ow 1 oUN2  PW 1 OW\2
2w = Z - (2D
ot 2V (m) dx? +W<8x)’ (6)
Uty = V&Y oy eanx 0,1,

oz
U(,0) = Up(x), W(z,0) = Wo(z) = Vy/*().
Let us introduce the notations:
wr = {t; =47, j=0,1,...,N, 7 =T/N},
Yt -y yltt oy gyt —yi

Yt ; Y1t 3 Yot = ;
T T T

y=myr+n2y2, m+n=1 n >0, n>0.

Correspond to the problem (6) following additive averaged semi-discrete schemes:

u _i(uﬂ@) w _lwv—l(%y
1t — dx 1 dx ) mwit = 2 1 dx y (7)
P LR )
7 gp 2Ty ) PR T e way \ dx
and p p
_ @ 2 v ﬁ]
up = o [(nlwl + n2wy) 72 .
wne = 2 (Y g = Sy L (2
mwit = 5 W1 dr) N2wat = a2 wy \dz )

with suitable initial and boundary conditions.
The following statement takes place.
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Theorem 1. If problem (6) has a sufficiently smooth solution and —1 <~y < 1, then the solutions
of the schemes (7) and (8) converge in the norm of the space L3(0,1) to the solution of problem (6)
as T — 0 and the following estimate is true

=

[w? = U ()] + lw? = W(t)]| = O(r2).
Let us consider first type initial-boundary value problem for the following model system:
@,Q(V% v _ (82)2
ot Oz ox/) ot \ox/
The semi-discrete and finite difference second order accuracy schemes with respect of space step
is constructed and studied in [6] for this case of nonlinearity. In [4] more general finite difference

schemes including second order accuracy two-level scheme and three-level type scheme are also
studied.

Let us introduce the grids:
= * ok
Whr = Wh X Wy,  Why = W), X Wr,

where

wp = {xi=1h, i=0,1,....,M, h=1/M}, wy=0wp\ {zo,zn},
wh={zf=({i—-1/2)h, i=1,2,...,M}.

Let us introduce also scalar-products, norms and well-known notations:

M-1 M
(o) = > wizh, (,21=> wzh, lyl = @) Iyl = (90"
=1 =1

Yz h o Yr = T Yt B Yge = -2 )

v = oyt 4 (1 - o)y

_ Yir1 —Yi Yz = Yi —Yi-1 — Yt =y Yyt =2yl 4yt

and consider the following finite-difference scheme:

we+ prug = (V) v oy = (u”),
’U,(O, t) = u(17t) = 07
u(z,0) = Up(z), v(z,0) = Vy(x), (9)

u(x,7) = Ug(z) + 7(VUz)y

e vl@T) = Vo(@) + (Us)?]

In the (9) discrete function u is defined on wy, and v is defined on wj _.
The following statement takes place.

Theorem 2. If o0 —0.5 > pu > 0 and problem has sufficiently smooth solution, then finite difference
scheme (9) converges as T — 0, h — 0, and the following estimate is true

(U7 —wd || + ||V =] = 0(7'2 +h*+ (6 —05 —u)T).

It is clear that from Theorem 2 we get the following result: If c = 0.5, uy=0o0oroc =1, u=0.5
then convergence is the second order O(72 + h?).

Various numerical experiments using above mentioned discrete models are carried out. These
experiments agree with theoretical investigations.
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We consider second order singly singular differential equations of the types

(p(D)]2'|*) + q()z~" =0, (E)

and )
(p()]2']7*) +q(t)a” =0, (F)
under the assumption that

(a) a and f are positive constants;
(b) p,q:[0,00) — (0,00) are continuous functions.

By a solution on an interval J of (E) or (F) we mean a function = : J — (0,00) which is
continuously differentiable on J together with p(¢)|z'(¢)|* or p(t)|2’(¢)|” and satisfies (E) or (F)
there. If J is an unbounded interval of the form [tg, c0), then z(t) is said to be a proper solution. If
J is a bounded interval of the form [tg, ") and z(t) cannot be extended to the right beyond 7', then
x(t) is called a singular solution at T. In this paper our attention is focused on singular solutions
of (E) and (F) which are decreasing in their intervals of existence.

As is easily seen any singular solution z(t) at T of (E) or (F) on [tg,T’) has one of the following
asymptotic behaviors

lim z(t)=A, lim 2/'(t)=0, forsome A > 0; (I)
t—T-0 t—T-0

lim z(t)=A4, lim 2/(t) = —co, for some A > 0; (II)
t—T-0 t—T-0

. o . ’ A
tiljgiox(t) =0, tiljgiox (t)=0; (II)

lim z(t) =0, lim 2'(t)=—-B, forsome B > 0; (IV)
t—T-0 t—T-0

. o . / _
T =0, i w(t) = oo )

A singular solution satisfying (I) or (II) is termed a white hole solution or a black hole solution,
respectively, while a singular solution satisfying (III), (IV) or (V) is termed an extinct solution at
T of the first kind, of the second kind or of the third kind, respectively. Notice that the notion of
black hole and white hole solutions was introduced by the present authors in [2] and [3].

It can be shown that equation (E) has white hole solutions but not black hole ones, whereas
equation (F) may have black hole solutions but not white hole ones.
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Theorem 1. Equation (E) always has white hole solutions. More precisely, for any given T > 0
and A > 0 there exists a decreasing solution z(t) of (E) satisfying (I).

Theorem 2. Equation (F) has black hole solutions if and only if « > 1, in which case, for any
given T > 0 and A > 0 there exists a decreasing solution x(t) of (F) satisfying (II).

The situations in which (E) and (F) possess extinct solutions of the second kind can be com-
pletely characterized as follows.

Theorem 3. Equation (E) has extinct solutions of the second kind if and only if 5 < 1, in which
case, for any given T > 0 and B > 0 there exists a decreasing solution x(t) of (E) satisfying (IV).

Theorem 4. Equation (F) always has extinct solutions of the second kind. More precisely, for any
given T'> 0 and B > 0 there exists a decreasing solution z(t) of (F) satisfying (IV).

All of the above four theorems are verified by solving the appropriate integral equations with
the help of the Schauder fixed point therems in Banach spaces. For example, the integral equations
to be solved in Theorem 1 and Theorem 4 are

T T 1
(1) :A+/(p(18)/q(r)x(r)5dr> " ds,
and ) ) )
o(t) = / [p(ls) (p(T)B_O‘+ / o(r)z(r) P dr)] ds,
respectively. t S

It remains to ask whether (E) and (F) possess extinct solutions of the first and/or the third
kinds. One easily sees that (E) (or (F)) cannot admit extinct solutions of the third kind (or the
first kind). Information about the existence of such extinct solutions is provided by the following
theorems in which the concept of reqularly varying functions at finite points, defined below, plays
a crucial role

Definition.

(i) A measurable function f : [0,00) — (0,00) is said to be regularly varying at infinity of index
p (in the sense of Karamata) if it satisfies

limw:)\p forall A >0

% F (D)

(ii) Let T > 0 be a finite constant. A measurable function f : [0,7) — (0,00) is said to be
reqularly varying of index p at T if f(T — 771), as a function of 7, is regularly varying of
index —p at infinity in the sense of Karamata.

The definition and some basic properties of regularly varying functions in the sense of Karamata
can be found in [1, 6]. See also [5]. The concept of regularly varying functions at finite points has
recently been introduced by the present authors [4].

The totality of regularly varying functions of index p at T is denoted by RVr(p).The symbol
SV is often used for RV (0), in which case its members are called slowly varying functions at T
By definition a function f(t) € RVr(p) is expressed in the form

flt)= (T —-t)’L(t), telty,T), forsome L e SVr.

Note that any positive continuous function on [a,o0) is slowly varying at any point T € (a, o),
that is, a member of SV for any 7' > 0.
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It is an easy task to show that most of the basic properties of regularly varying functions
at infinity can be carried over to regularly varying functions at finite points. For instance, the
Karamata integration theorem is translated into the following propositon, which is also referred to
as the Karamata integration theorem for regularly varying functions at finite points.

Proposition. Let L € SVy.
(i) If p < —1, then

t p 1 p
/(T — L) ds ~ (T =P 1L, £ =T 0.

(i) If p > —1, then

T
1
/ T — s)"L(s)ds ~ ——(T — t)P"'L(t), t - T — 0.
p+1

t

(iii) If p = —1, then
t

l(t)—/;(_) ds € SVr and ti L(()) 0,

and if L(t)/(T —t) is integrable in a left neighborhood of T', then

T
_ [ L(s) . L(t) _
—/T_SdSESVT and tilgiom_
t

a

Applying the Schauder—Tychonoff fixed point theorem in combination with the above proposi-

tion to solve the integral equations
L “a
( 8 / r)? dr) " ds, (IE)

<p(15) / o(r)z(r) P dr) - ds, (IF)

S

we are able to find criteria for the existence of extinct solutions of the first and the third kinds for
(E) and (F) belonging to RV (p) with positive p.

Theorem 5. Assume that f < min{a, 1}. Then, for any given T > 0, equation (E) has an extinct
solution z(t) at T of the first kind which belongs to the class RVry(p) with

a+1
a+p

and enjoys the exact asymptotic behavior

l‘(t) ~ [(T — t>a+1p(t)71q(t) %-0—6

t—T—0.
a(p —1)p* T
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Theorem 6. Assume that « > max{3,1}. Then, for any given T > 0, equation (F) has an extinct
solution x(t) at T of the third kind which belongs to the class RV (p) with

a—1
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In a plane of independent variables z and ¢ in the strip Q : = {(z,t) € R?: 0 <2 <, t € R}
consider the problem of finding a solution U(z, t) of the telegraph equation with power nonlinearity
of the form

Ly\U := Uy — Upy + 2aU; + cU + M\U|?U = F(x,t), (x,t) € Q, (1)
satisfying the Poincare homogeneous boundary condition
v1UL(0,t) + 72U (0,t) +~v3U(0,t) =0, t € R, (2)
and the Dirichlet condition
U(l,t)=0, teR, (3)

respectively, for z = 0 and = = [, and also the periodicity condition with respect to variable ¢
Ulx,t+T)=U(x,t), z€][0,l], teR, (4)

with constant real coefficients a, ¢, v;, ¢ = 1,2,3, and parameter X # 0, where 172 # 0. Here
T := const > 0, o := const > 0; F is a given, while U is an unknown real T-periodic with respect
to time functions.

Remark 1. Let Qp :=Qn{0 <t < T}, f:= F‘ﬁT' Easy to see that if U € C?(1) is a classical

solution of the problem (1)—(4), then function v := U ‘QT represents a classical solution of the
following nonlocal problem

Lyu = f(z,t), (x,t) € Qp, (5)
Yz (0,t) + youe (0,t) + y3u(0,t) =0, u(l,t) =0, 0<¢t<T, (6)
(Bou)(xz) =0, (Bouy)(x) =0, z €0, (7)

where (Bsw)(z) := w(z,0) — exp(—BT)w(z,T), B € R, z € [0,1], and, vice versa, if f € C(Qr)
and u € C?(Qr) is a classical solution of the problem (5)-(7), then function U € C?(), being

T-periodic with respect to time continuation of function u from the domain €27 into the strip €2,
will be a classical solution of the problem (1)—(4), if f(z,0) = f(z,T), x € [0,1].

Definition 1. Let f € C(Qr) be a given function. Let I'y : 2 = 0,0 <t < T, Ty : o = I,
0 <t < T. Function u is called a strong generalized solution of the problem (5)—(7) of the class
C, if u € C(Qr) and there exists the sequence of functions u, € C?(Qp,T'1,Ts) = {w € C*(Qr) :
(V1wz + Yowy +V3w)‘rl =0, w‘FQ = 0} such that u,, — u and Lyu, — f in the space C'(Q7), while
Bouy, — 0 and Bouy,s — 0 as n — 0o, respectively, in the spaces C*([0,1]) and C([0,1]).

Remark 2. Tt is obvious that classical solution of the problem (5)—(7) from the space C?(Q7) is a
strong generalized solution of this problem of the class C.
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To the periodic problem for nonlinear hyperbolic equations with boundary conditions of Dirich-
let or Roben there is devoted comprehensive literature (see, e.g., [1-11] and the bibliography
therein). In the present work it is investigated the periodic with respect to time problem (5)-
(7), when the direction of derivative in the boundary condition does not coincide with the direction
of the normal. The periodic problem is reduced to the one nonlocal with respect to time problem
for solution of which it is proved a priori estimate. For the theorem of existence it is used represen-
tations of solutions of problems of Cauchy, Goursat and Darboux in different parts of the domain
under consideration. The question of uniqueness is also considered.

When the following conditions are fulfilled

A>0, a>0, ¢>0; 1172 <0, 7372 >0, (8)

then for the strong generalized solution u of the problem (5)—(7) of the class C' it is proved the
following a priori estimate

lullo@ry < el flle@n (9)
with positive constant ¢ = ¢(a, ¢,v;,[,T), not depending on functions u and f.

Remark 3. Note that the question of solvability of the problem (5)—(7) is reduced to the question
of obtaining uniform with respect to parameter 7 € [0, 1] a priori estimate of the strong generalized
solution of the following equation

Vit — Vaz + 7(c — a®)v + TAexp(—aat)|v|®v = Texp(at) f(z, 1), (z,t) € Qr, (10)
satisfying the boundary
’Ylvx(oat) + '.)/QUt(Oat) + ('73 - afYQ)v(O?t) = 07 'l)(l,t) = 07 0<t< T; (11)

and nonlocal conditions
(Bav)(z) =0, (Bguve)(x) =0, x€]0,l]. (12)
For obtaining uniform with respect to 7 priori estimate for the solution of the problem (10)—(12)
it is sufficient instead of (8) to require fulfilment of the following more restrictive conditions

A>0, a>0, ¢>a% 17 <0, 737;12a. (13)

The following theorem is valid.

Theorem. Let conditions (13) be fulfilled and f € C(SY). Then the problem (5)—~(7) has at least
one strong generalized solution u of the class C in the sense of Definition 1 which belongs to the
space C*(Q), and when f € C1(Y), this solution is classical.

Note that the problem (5)—(7) can not have more than one strong generalized solution of the
class C' in the domain €2, if there hold conditions (13) and

1
\a2—c\<c—, 0 <A< Ao,
0

where \g := (1 — cgla® — ¢|)(coMo) L, My := (1 + a)(2c1[fllo@,))”: and co, c1 are definite positive
constants, depending on a, ~;, (.
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Stability analysis of 1t6 equations with aftereffect attracts attention of many researchers (see
e.g. [2,3,8,10,11]). On the other hand, stability of impulsive functional differential equations is
popular in the literature as well (see e.g. [1,4]). In [7] we considered these two classes of equations
together using the framework based on Azbelev’s W-method (see e.g. [2,3,5,6]).

Let (Q,F, (Ft)t>0,P) be a stochastic basis consisting of a probability space (2, F,P) and an
increasing, right-continuous family (a filtration) (F3)¢>¢ of complete o-subalgebras of . By E we
denote the expectation on this probability space. The scalar stochastic processes B;, ¢ =1,2,...,m
form the standard m-dimensional Brownian motion on (F3):>¢ (see e.g. [9]).

Below we use the following spaces:

e L, consists of all scalar, essentially bounded functions on [0, 00) with the usual norm;

° f; consists of all n-dimensional progressively measurable (with respect to the above stochastic
basis) stochastic processes on [0,00), whose trajectories are almost surely (a.s.) locally ¢-
integrable if 1 < ¢ < co and a.s. locally bounded if ¢ = co

e k" contains all Fy-measurable n-dimensional random variables, and we will put k! = k in the
sequel;

e D™ contains all n—dimensional stochastic processes on [0,00), which could be represented

as z(t) = z(0 +ff0 ds+2ffz B;i( ,Wherex()ek",foefln,fl-ef;(i:
1,2,...,m).

Consider the following scalar 1t6 equation with impulses

da(t) = | = a()e(t) + Y bp(O)z(hi( }dwz[zcm #(g ()] dBi(t) (¢ > 0),
k=1

=1 k=1 (1)

x(p) = Aja(p; —0), j=1,2,3,..., as, (2)

where z(t,w) € RY; ,u], Aj, j =1,2,3,..., are real numbers such that 0 = pg < p1 < po < -+ -,
lim p; = 005 a,by € Ll for k =1,2,...,mg, ¢;j € le fori=1,2,....,m, 5 =1,2,....,my; hg, g
Jj—00
are Borel measurable functions on [0, oo) such that hy(t) < ¢, gi;(t) < t (t € [0,00)) a.s. for
k=1,2,...,mg,1=1,2,....m, j =1,2,...,my; p is a scalar Fy-measurable stochastic process
with a.s. essentially bounded trajectories.

We remark that under these assumptions Eq. (1)—(2) is a special case of the general stochastic
functional differential equation considered in [5,6]. In particular, any z(0) € k gives rise to a unique
(up to the P-equivalence) solution of this equation. We denote this solution by x(t, zo).
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Definition 1. The trivial solution of Eq. (1)—(2) is called exponentially p-stable with respect to
the initial conditions if E|z,(t,20)|P < €(E|zo/P+ vraisup E|p(v)[P) exp{—pFt} (t > 0) for some
v<0

positive constants ¢, 5 and all xy and ¢ described above.

Theorem 1. Suppose that there exist positive numbers A, p, o, 0, o such that |A;| < A, p <
pis1 — py < o for j=1,2,..., a(t) > a (t € [0,00)) a.s., |bp(t)] < b(t) (t € [0,00)) a.s., where
by € Lo a.s. k=1,2,...,mq, |ci;j(t)] <j(t) (t €[0,00)) a.s., where ¢;j € Loo fori=1,2,...,m,
J=12,...,mi t —hp(t) <6, t—gs(t) <6 (t €[0,00)) almost everywhere for k =1,2,... ,mo,
i1=1,2,...,m,5=1,2,...,m; and

max{1, A}(1 — exp{—ac})
a(l —exp{—ap}A) vr3tu>(s)up { Z ot }

n [max{l, AQ}(l — exp{—QaJ})] 1/2Cp vrai sup { Zm: iczk } (3)

2a(1 — exp{—2ap}4) RS PP

where ¢, is the positive constant from the Burkholder-Davis-Gandy inequalities (see e.g. [9]). Then
the trivial solution of Eq. (1)—(2) is exponentially 2p-stable with respect to the initial conditions.

Sketch of the Proof

The proof of the theorem is based on Azbelev’s W-transform of Eq. (1)-(2) (see e. g. [2], [3], [5]),
which uses the so-called ’reference equation’. Normally, it is an equation which already possesses
the desired asymptotic properties, but which is simpler than the given equation. The W-method
works if an integral operator, which results from the substitution of the solutions of the reference
equations into the given equation, is invertible.

Following this idea, we observe first of all that in our case it is sufficient to show that under the
assumptions of the theorem the following inequality holds

. 1/2p
(Bl (8, 20) ) /*" < N exp{ Bt} [|ra:ouk2p + ((vrai sup Elp(s)”) } , (4)
s<

where N and [ are positive numbers.
Eq. (1) can be rewritten as follows:

m _ m;

da(t)= | —al +Zbk (St2) () Jo(t)| di-+3 | D ear (1)(Sy2) (1) dBi(t) (120), (5)
=1 k=1
where
=S b (), 1) =S cnt)pg,(t) for i=1,2,...m,
k=1 k=1

i > i >
(She)(t) = {g(h(t», it a0 20, {o, it h(t) >0,
, if h(t) <0, o(h(t)), if h(t) <O.

The operator Sy, is a stochastic analogue of the inner superposition operator [2]. In the stochastic
case, if h(t) is progressively measurable with respect to the given stochastic basis and h(t) <t
(t € [0,40)) a.s., then the operator S, maps the space D™ into the space I - and it is also
Volterra [6].

Note that the solution x(t, o) of Eq. (2), (5) satisfies (4) if the solution y(t) of the equation

dy(t) = |(—a(t) + B)y(t) + Zbk exp { B(t — hi(t)) } (Sn,y) () + fo(t) exp{Bt} |dt+

k=1
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+Z[Zczk (t) exp {8t — gix (1) } (S (1) + fi(t) exp{Bt} | aBi(t) (t>0),  (6)

i=1 k=1
y(,u]) = A]y(lu’] - 0)7 J - 172>37 ceey A8, (7)

where 3 is some positive number, satisfies the inequality
1 . 1/2p
sup (E]y(t)yp) /p < N[Hy(O)szp + (vral SupE|(p(s)|2p) }’
t>0 s<0

for some positive V.

To see this, we observe that there is the one-to-one correspondence x,(t,zo) = exp{—pFt}y(t)
with z¢g = y(0) between the solutions of Eq. (2), (5) and Eq. (6)—(7).

Consider the following reference equation

dy(t) = [ — alt) + Fo(t) dt+Zf (t > 0),

y(ps) = Ajy(p; —0), j= 1,2,3, .., a.s.,
coupled with Eq. (7), under the assumptions that f, € Ly, f; € Ly fori =1,2,...,m

It can be shown (see e.g. [6]) that any y(0) € k gives rise to a unique solution (up to the
P-equivalence) of Eq. (8). A direct calculation yields the explicit representation of this solution:

y(t):exp{—/ta(s)ds}y(())—l-/texp{—/t } [T Aifo(s)ds+
0 0

S s<p;<t

+i/texp{_/ta(¢)df} [ Aifis)dBits) (t=0).
0

i=1 s<p;<t

(8)

S

Using this representation we can rewrite Eq. (6), (7) as follows:

y(t) = exp{ — /ta(s) ds}y(O) +,3/texp{ — ja(T) dT} II Asw(s)ds+
0 0

2 0/ - / o) L Ao {80 = I} Sna(e) ot
+izm;km110/texp{s/t }S<l;[<t‘4 exp {s — gi(s) } dBi(s)
—i—o/texp{ / dT}s<];[<1? fo(s)ds +Z/exp{ / (1) dT}Kl;[;?jfi(S) dB;(s) (t>0).

A direct estimation procedure (see [7] for the details) ends up with the following inequality:

1/2p
sup (Ely ()" < 19(0) s, + K sup (Ely(0)) "7+ vrai supEli(s) )

>0
where
~ max{l, A}(1 — exp{—ac}) . e mo ]
K= a(l —exp{—ap}A) B+ exp{fd} 323111) { ; ‘bk(t)‘} +
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m  m;

cpexp(#0)viai sup { 323 le(1)]},

0 i=1 k=1

max{1l, A}(1 — exp{—ac}) max{1, A2} (1 — exp{—2a0})71/2 & ‘
a(l — exp{—ap}A) do p[ 2a(1 — exp{—2ap}A) ] Z di

[max{l, A%} (1 - eXp{*QOzO'})] 1/2
2a(1 — exp{—2ap}A)

d=
=1

By the assumptions of the theorem, there exists 8 > 0 such that K < 1. This completes the proof.

Consider now a vector version of Eq. (1)-(2), where we assume that z(w,t) € R", a(t) is an
n x n-matrix, the entries of which belong to the space fll ; br(t) ia an n x m-matrix, the entries
of which belong to the space fll for K = 1,2,...,mp; ¢;(t) is an n x n-matrix, the entries of
which belong to the space f; fori=1,2,...,m, 5 =1,...,my; A; is an n X n-matrix with real
entries. In addition, we assume that for some functions by, k = 1,2,...,mo, ¢, ¢ = 1,2,...,m,
j=1,2,...,my, belonging to L, the following estimates hold true: ||bx(t)|| < b(t) (¢t € [0,+00))
a.s. for k=1,2,...,my, |lc;j(t)]| <@Gj (t €[0,400)) as. fori=1,2,...,m, j=1,2,...,m,.
Theorem 2. Suppose that there exist positive numbers A, p, o, 0, o such that ||A;]] < A, p <
t
Pit1 — 5 <o forj=1,2,.., Hexp{ — [a(r) dT}H < exp{—a(t—9)} (0 <s <t <o) as.,
S

t—hi(t) <9, t—gi(t) < (t €[0,00)) almost everywhere for k = 1,2,...,mp, i = 1,2,...,m,

] =
be(t) and ¢ (t), respectively. Then the trivial solution of the vector version of Eq. (1)—(2) is
exponentially 2p-stable w.r.t. the initial function.

1,2,...,m;, and in addition, the estimate (3) is valid where by(t) and Gy (t) are replaced by

The proof of this result essentially coincides with the proof of Theorem 1 if one replaces absolute
values with vector norms and n X n-matrix norms, respectively.
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Consider the n-dimensional (n > 2) linear system of differential equations

d

S A(t)z, T €R, t>0, (1)
dt

with piecewise continuous on the half-line ¢ > 0 coefficient matrix A(-) : [0, +00) — R™. Denote

the class of all such systems by M. We identify the system (1) and it’s coefficient matrix and

therefore write A € M. Along with (1) we consider the one-parameter family

d
= pA(t)a, v R, t20, (2)

of linear differential systems with a scalar parameter-multiplier ¢ € R. Denote by K class of
families (2) generated by systems A € M} . Fixing in the family (2) the value of parameter p we
obtain the linear differential system which we denote by (u)4. Denote by Aj(pAd) < --- < A\, (pA)
the Lyapunov exponents [1, p. 34], [2, p. 63] of the system (u)4.

V. I. Zubov in [3, p. 408, Problem 1] set the following problem: find out how the Lyapunov
exponents of the systems (1) and (2) are related. Emphasize that in [3] in the formulation of the
problem it is not necessary that the coefficient matrix of (1) to be bounded. Therefore exponent
Ai(pA), i = 1,...,n, can take improper values —oco and +o0o. Hence the function A\;(nA) of a
variable ;1 € R is a mapping R — R where R = RU {—00, +00}. We call \;(zA) the i-th Lyapunov
exponent of the family (2).

In other words the problem of Zubov can be formulated as: for every i = 1,...,n give a

complete description of the set L o Ni(pA) : R - R | A€ M:} of i-th Lyapunov exponents of
the families from ;.

In this article the problem of Zubov is solved for the largest Lyapunov exponent A, (uA) on the
assumption that A, (uA) is not identically equal to 400 on any of the half-lines.

Note that for families of linear differential systems

dz/dt = A(t,p)z, =€ R", t>0, (3)

with continuous in the variables ¢, 4 and bounded on the half-line ¢ > 0 for every fixed p € R
coefficient matrix A(¢, ) : [0,+00) x R — End R", a similar problem is solved in [4]. It is proved
that for every ¢ = 1,...,n function A(-) : R — R is the i-th Lyapunov exponent (considered as
a function of € R) of some family (3) if and only if A(-) belongs to the Baire class (*,G5) and
have an upper semicontinuous minorant. In the paper [4] it is proved that this result holds in a
more general situation — for the Lyapunov exponents of families of morphisms of Millionshchikov
bundles.

Despite the fact that the dependence on the parameter in the families (2) is linear, the de-
scription of the largest Lyapunov exponents of families from K}, is similar to the description of the
largest Lyapunov exponents in the general case of families (3).
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We consider R with a natural (order) _topology, so that R is homeomorphic to the interval
[—1,1]. Choose such a homeomorphism ¢ : R — [—1,1] in a standard way:

xT

Oz) = x|+ 17
sgn(z), == +oo.

if z €R,

Since the mapping ¢ performs an order-preserving homeomorphism between R and [—1, 1], we say
that function f : R — R belongs to the Baire class K if composition £ o f belongs to the class K.
Recall that a real-valued function is referred to as a function of the class (*, Gs) [5, p. 223-224]
if, for each r € R, the preimage of the interval [r, +0c0) under the mapping f is a Gs-set.
The following theorem describes the largest Lyapunov exponents of the families from I} from
the viewpoint of the Baire clasification.

Theorem 1. Function \,(1A) : R — R of a variable u belongs to the class (*,Gs) for any system
Ae M.

Using an inequality similar to the Lyapunov inequality we get

Lemma 1. Suppose that for some py # 0 the largest Lyapunov exponent of the system (uop)a of a
family (2) is non-positive (can be —o0). Then the largest Lyapunov exponent of the system (u)a is
non-negative for any p € R such that ppg < 0.

The following theorem shows that assertions of Theorem 1 and Lemma 1 give us a sharp

description of the restriction on some half-line of the largest Lyapunov exponents of the families
from K.

Theorem 2. For any non-negative on some half-line function f(-): R — R of the class (*,Gs),
there exist a system A € M such that the largest Lyapunov exponent (as a function of u € R) of
the system (u)a, coincides with f(-) on this half-line and is identically zero on the other half-line.

Using the Lemma 1 we get further description of the properties of the largest Lyapunov expo-
nents of the families from K.

Lemma 2. Suppose that for some g # 0 the largest Lyapunov exponent of the system (uo)a of
a family (2) is finite and equals A € R. Then the largest Lyapunov exponent of the system (u)a
satisfies the inequality A (nA) > Au/uo for any p € R such that ppo < 0.

Using Lemma 1, Theorem 1 and Lemma 2 with some additional considerations we obtain

Theorem 3. Function \,(pA) : R — R of the variable p is non-negative on some half-line,
vanishes at zero and belongs to a class (*,Gs) for any system A € M?. Moreover, suppose that
An(pA) takes at least one finite value on that half-line. Then there exist such a real number b € R
that the inequality A, (pnA) > bu holds for all p € R.

Theorem 3 shows that the largest Lyapunov exponent of each family from K} is non-negative
on some half-line, vanishes at zero, belongs to a class (*, G5) and satisfies alternative: 1) it exceeds
some linear function by, or 2) it identically equals +o0o on some half-line. In the first case these
conditions are sufficient as shows the following theorem.

Theorem 4. For each non-negative on some half-line function f(-) : R — R which vanishes at
zero, belongs to the class (*,Gs) and satisfies the inequality f(u) > bu for any u € R and some
fized b € R, there exist such a system A € M} that the largest Lyapunov exponent (as a function
of 1) of the system (u)a coincides with f(-).
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In the space R™*! of variables © = (z1,...,,) and ¢, in the cylindrical domain Dy = Qx (0,7),
where  is a Lipshitz domain in R", consider a nonlocal problem on finding solution wu(z,t) of the
following equation

n
Lu :=uy — Zul’zxz + 2aus + cu + Mu|*u = F(z,t), (x,t) € Dr, (1)
i=1

satisfying the homogeneous boundary condition for the side boundary I" := 99Q x (0,7) of the
cylinder Dr

ou
bl — 2
( ey + au) ) 0, (2)
and the homogeneous nonlocal conditions
Kyu:=u(z,0) — pu(z,T) =0, z €, (3)
K,uut = ut(va) - ,uut(x,T) =0, z€Q, (4)

where F' is a given function; a, A, u, a, ¢, o are given constants and « > 0, Ay # 0; % is the
derivative with respect to the outer normal to dDp, n > 2.
Let
ov

W3, (Dr) == {veW;(Dr): K,v=0},

CQ(DT) {U€C2(DT) <@+UU)‘F=O, K,v=0, Kuvt:O},

where W21 is the well-known Sobolev space and the equality K,v = 0 is understood in the sense of
the trace theory.

Definition. Let F' € Lo(Dr). We call function u a strong generalized solution of the problem
(1)—(4) of the class Wi if u € W2 u(Dr) and there exists a sequence of functions uy,, € C’ (DT)
such that u,, — u in the space W27u(DT) and Lu,, — F' in the space Ly(Dr).

It is obvious that a classical solution of the problem (1)-(4) of the space C?(Dr) represents a
strong generalized solution of this problem of the class W .

Theorem. Let A >0, \,u\ <landa>0,c>a? o>0. Then for any F € Lo(Dr), if the exponent
, then the problem (1) ( ) has at least one strong generalized solution of

the class W

Note that under the conditions of the Theorem there exists a positive number g =
Xo(F,a,c,0,u,T) such that for 0 < A < Ag the problem (1)-(4) can not have more than one
strong generalized solution of the class Wj.

We also note that even in the linear case, i.e. for A = 0, the problem (1)—(4) is not always
well-posed. For example, when A\ = 0 and |u| = 1, the corresponding to (1)-(4) homogeneous
problem may have infinite number of linearly independent solutions.
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Let w > 0,
Ros =]0,+0o[, RZ, = {(a;i)?:l ER™: 21> 0,...,2, > 0},
and f; : Rx Ry, — R (i = 1,...,n) be w-periodic in the first argument continuous functions.
Consider the differential system
du; .
L= filtug, .. un) (i=1,...,0). (1)
dt
A solution (u;); of the system (1) with w-periodic components u; : R = Rg4 (i =1,...,n) is

called a positive w-periodic solution of the system (1).

The problem on the existence of a positive w-periodic solution has been investigated earlier
mainly only for regular differential systems, i.e., for the systems whose right sides are continuous,
or satisfy the local Carathéodory conditions on the set R x R”}, where

Ry =[0,400[, R} = {(xl)?zl eR": 21 >0,...,z, 20}

(see [1, 2] and the references therein).

Theorems below on the existence of a positive w-periodic solution of the system (1) cover the
cases in which the system under consideration has singularities in phase variables, in particular,
the case where for arbitrary ¢ and k € {1,...,n} the equality

lim }fi(t,xl,...,xn)‘ =+4o0 for z; >0 (j=1,...,n; j#k)
z,—0

is fulfilled.

In Theorems 1 and 2 it is assumed, respectively, that the functions f; (i = 1,...,n) on the set
R x Ry, satisfy the inequalities

oi(filt,x1,... an) — pi(t)xi) > qi(t,x;) (i=1,...,n) (2)

and
gi(t, @) < o (filt, @1, ... 2n) — pi(t)z;) <

< pik(t,x1 + -+ xp)zk + qot, z1,. .. xn) G=1,...,n). (3)

k=1
Here,
oe{-1,1} (i=1,...,n),
pi : R - R (i = 1,...,n) are w-periodic continuous functions, p;r; : R x Rg; — R4 and
¢ : R xRoy — Ry (i,k = 1,...,n) are w-periodic in the first and nonincreasing in the sec-

ond argument continuous functions, and ¢ : R x Rfj, — R, is an w-periodic in the first argument
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and nonincreasing in the last n arguments continuous function. Moreover, p; and ¢; (i = 1,...,n)
satisfy the conditions

/pl )ds <0 (i=1,...,n), (4)
0

max {¢;(t,z) : 0 <t <w} >0 for z > 0. (5)
Along with (1) we consider the auxiliary differential system
du; :
L= (L= N (pilt)ws + o3t w)) + Milt,ur, o) + 02 (= 1..om), (6)

depending on the parameters A > 0 and € > 0.

Theorem 1 (Principle of a priori boundedness). Let the inequalities (2) be fulfilled and let
there exist positive constants eg and p such that for arbitrary X € [0,1] and € €]0,¢0] every positive
w-periodic solution (u;)l, of the system (6) admits the estimates

ui(t)y<p (i=1,...,n).
Then the system (1) has at least one positive w-periodic solution.
By X = (zi)},_; we denote the n x n matrix with components z;; € R (i,k =1,...,n), and

by 7(X) we denote the spectral radius of the matrix X. For any continuous w-periodic function
p: R — R, satisfying the condition

w

[pds 2o,

0
we put

w

9w (p)(t,s) = <eXp< /p d7'> —1)_lexp(/tp dT) for t and s € R.
0

Theorem 2. Let the inequalities (3) and
lim r(H(z)) <1 (7)

x5+ oo
be fulfilled, where H(x) = (hir(x))})— and
t+w
hi(z) = max{ / |9 (pi) (t, 8) | pin (s, @) ds : 0 <t < w} (i,k=1,...,n).
t
Then the system (1) has at least one positive w-periodic solution.

This theorem can be proved on the basis of Theorem 1 and Theorem 3.1 of [3].
Now we pass to the case, where

oipi(t) <0 for t € R, pi(t) Z0 (i=1,...,n) (8)

and the inequalities (3) have the form
ai(t,x) < oi(filt, w1, ... an) — pi(t)w;) <

< pi)D ha(@)ak + qo(t, 21, x0) (P=1,...,m), (9)

where hj, : Ror — Roy (i,k = 1,...,n) are continuous nonincreasing functions, and o;, ¢; (i =
1,...,n) and qp are the numbers and functions satisfying the above conditions.
From Theorem 2 it follows the following corollary.
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Corollary 1. If along with (8) and (9) the inequality (7) is fulfilled, where H(x) = (hi(x))]t—1,
then the system (1) has at least one positive w-periodic solution.

As an example, we consider the differential systems

dui - .
i~ oi (D pawwn + foiltur, ) (G =1,00m) (10)
k=1
and
dui - —Q
g (pakur + i (t)uy ), (11)
k=1

where 0; € {—=1,1} (i =1,...,n), pir (i,k =1,...,n) are the constants satisfying the inequalities

pi <0, pi >0 (1 #k; i,k=1,...,n), (12)
Joi : RxRf, — Ry (i =1,...,n) are w-periodic in the first argument continuous functions, and
gir : R —> Ry (i,k =1,...,n) are w-periodic continuous functions.

Corollary 2. Let on the set R x R, the inequalities

QZ(tu xl) S fOi(t7$17' ..,I’n) S QO(t’ﬂflw . '71"71) (7’ - 1)’ ..,TL)

be fulfilled, where qo : R x R{, — Ry is an w-periodic in the first and nonincreasing in the last n
arqguments continuous function, and q; : R Xx Roy — Ry (1 = 1,...,n) are w-periodic in the first
and nonincreasing in the second argument continuous functions satisfying the conditions (5). Then
for the existence of at leat one positive w-periodic solution of the system (10) it is necessary and
sufficient that the real parts of eigenvalues of the matriz

(Pik)i k=1 (13)
be negative.

Corollary 3. If
max {g;;(t): 0<t<w}>0 (i=1,...,n),

then for the existence of at least one positive w-periodic solution of the system (11) it is necessary
and sufficient that the real parts of eigenvalues of the matriz (13) be negative.

The uniqueness of a positive w-periodic solution of the system (1) can be proved only in the
case where each function f; has the singularity in the i-th phase variable only. More precisely, we
consider the case when the system (1) has one of the following two forms:

dui

I = pi(t)l‘i + 0; (f()i(t, ULy e ,un) + qi(t, ul)) (Z =1,... ,n) (14)
and

du; a )

- = oi( Y pian + ailt.w)) (i =1,...,m). (15)
k=1

Here 0; € {—1,1} (i=1,...,n), pix (i,k = 1,...,n) are the constants satisfying the inequalities
(12),p; : R —= R (i =1,...,n) are w-periodic continuous functions, ¢; : RxRoy — R4y (i =1,...,n)
are w-periodic in the first and nonincreasing in the second argument functions, and fp; : R x R’} —
Ry are w-periodic in the first argument continuous functions. Moreover, p; and ¢; (i = 1,...,n)

satisfy the conditions (4) and (5).
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Theorem 3. Let on the set R X R the conditions

n
oi (foiltswr, ) = foiltyns- s ya) ) sen(m = ) < D panlBlos =l (G =1,...,0)
k=1

be fulfilled, where p;r, : R — Ry (i,k =1,...,n) are w-periodic continuous functions. If, moreover,
r(H) <1, (16)
where H = (hi)?,._; and

t+w
hik:max{ / ‘gw(pi)(t,s){pik(s)ds: Ogtgw} (i,k=1,...,n),
t

then the system (14) has a unique positive w-periodic solution.

Corollary 4. Let the functions p; (i = 1,...,n) satisfy the inequalities (8) and on the set R x R’}
the conditions

o (fOi(t7x17 cee ,.’En) - f0i<t7y17 ce- 7?]77,)) sgn(wi - yz) < ’pz(tﬂ thk‘xk - yk‘ (Z - 17 s 7n)
k=1

be fulfilled, where hy, (i,k = 1,...,n) are nonnegative constants. If, moreover, the matric H =
(hik),—, satisfies the condition (16), then the system (14) has a unique positive w-periodic solution.

Corollary 5. For the existence of a unique positive w-periodic solution of the system (15) it is
necessary and sufficient that the real parts of eigenvalues of the matriz (13) be negative.

Note that in the conditions of Theorem 3 and its corollaries, the functions ¢; (i = 1,...,n) may
have singularities of arbitrary order in the second argument. For example, in (14) and (15) we may
assume that

¢i(t, ) = g (H)x™"" + gia(t) exp(z™"2) (i=1,...,n),
where g1 > 0, g >0 (i =1,...,n),and ¢ : R - Ry (i = 1,...,n; k = 1,2) are w-periodic
continuous functions such that

max {g;i1(t) + gi2(t) : 0<t<w} >0 (i=1,...,n).
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Let a > 0,6 >0,
Dy, =10,a] x [0,b], Dy =R x[0,b].

In the rectangle D, and the strip Dy, respectively, consider the boundary value problems

Ugy = f(xa Y, u)a (1>
u(0,y) = Mu(a,y), u(z,0)= Aqu(x,b) (2)
and
Upy = p(x)uy + Q(l’, Y, u)7 (3)
u(e +a,y) = u(z,y),  u(z,0) = u(z,b). (4)
Here

O<XN<1l (i=1,2), 0<A<]1,

and f : Dy, X (0,400) — [0,400), p: R — R and g : D, — [0,+00) are continuous functions.
Furthermore,

p(z+a)=px), qlz+ay,z)=q(z,y,z2) for (x,y) € Dy, z>0.

A function u : Doy — (0,400) (u : Dy — (0,400) is called a positive solution of equation (1)
(equation (3)) if it has continuous partial derivatives u,, u,, uzy and satisfies equation (1) (equation
(3)) in the rectangle D, (in the strip Dy).

A positive solution of equation (1) (equation (3)) satisfying the boundary conditions (2) (bound-
ary conditions (4)) is called a positive solution of problem (1), (2) (problem (3), (4)).

The existence theorems formulated below cover the case where

I _ I _
lim f(z,y,2) = +oo, lim q(z,y, 2) = +oo,
i.e. the case, where equations (1) and (3) are singular with respect to the phase variable.

Similar results for ordinary differential equations are established in [1].
Introduce the functions

1
T for 0<s<z<a
gl(m,s): )\11 )
TN for 0<z<s<a
11)\ for 0<t<y<b
B2y ) =4 7\, :
for 0<y<t<ba
1— Xy
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Theorem 1. Let the inequality
z
ho wvyaz §f=’13,y72’ Sh l’,y,Z (1_}‘7)
@29 < f(w.9.2) < ) (14

hold on the set D, x (0,+00), where h; : Dgp X (0,+00) — [0,400) (i = 0,1) are continuous
functions nonincreasing with respect to the third variable, and v : Dy — (0,+00) is a continuous
function. Moreover, let

max { ho(z,y,2) : (z,y) € D} >0 for z >0, (5)
lim h*(z) <1, (6)
Z—>+00

where

B _max{//91“92 9@ )92, 1) 4 dsar (:L‘,t)eDab}.

0
Then problem (1), (2) has at least one positive solution.

Corollary 1. Let the inequality

hO(x7y7 Z) < f(l',y,Z) < hl(xay’ Z)(l —|—Z)

hold on the set Dy, x (0,+00), where h; : Dg, X (0,+00) — [0,400) (i = 0,1) are continuous
functions nonincreasing with respect to the third variable. Moreover, if hy satisfies condition (5)
and hi satisfies the condition

a b
lim //hl(aﬁ,y,z) drdy < (1 —A1)(1—Na),

z—+o00
0 0

then problem (1), (2) has at least one positive solution.

Corollary 2. Let the inequality

ho(a:,y,z) < f(ac,y, Z) < hl(z) (1 * Uo(ﬁ,y)>

hold on the set Dy x (0,4+00), where
vg(x,y) = ((1 —)\1)$+/\1a) ((1 —)\g)y—l-)\zb), (7)

ho @ Dgp X (0,400) — [0,400) is a continuous function nonincreasing with respect to the third
variable and satisfying condition (5), and hy : (0,4+00) — (0,400) s a nonincreasing continuous
function such that

lim hl(z) < (1 — )\1)(1 — /\2). (8)

Z—+00

Then problem (1), (2) has at least one positive solution.
Corollary 3. Let the inequality

loz
vo(,y)

hold on the set Dy, x (0, +00), where ly is a nonnegative constant, vy is a function given by equality
(7), and h; : Dgpx (0, +00) — [0, +00) (¢ = 0,1) are continuous functions nonincreasing with respect
to the third variable. Furthermore, let ho satisfy condition (5) and let hy satisfy the condition

ho(m,y,z) Sf(ﬂ?,y,Z)— ghl(x,y,z)(l—l—z)

a b
0 0
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Then problem (1), (2) has at least one positive solution if and only if

lo < (1—=XA)(1—A2). (10)
Example 1. Consider the equation
lo - _
AR LRI (1)
where [ is a nonnegative constant, ux >0 (k=1,...,m), and Iy : Dy, — (0,400) (k=1,...,m)

are continuous functions. According to Corollary 3, problem (11),(2) has at least one positive
solution if and only if inequality (10) holds.

This example demonstrates that condition (6) (condition (8)) in Theorem 1 (in Corollary 2) is
unimprovable and it cannot be replaced by a the nonstrict inequality

lim h*(z) <1 ( lim hl(z)g(l—Al)(l—A2)>.

z——+00 z——+00

Set

x
Po(a) = exp ( [ ds>, Xo = Pola). (12)
0
On the basis of Corollaries 1-3 one can prove the following assertions on existence of a positive
solution of problem (3), (4).

Corollary 4. Let the inequality

h0($,y,2) < q(x,y, Z) < hl(x¢yaz)(P0($) + Z),

hold on the set Dy, x (0,+00), where h; : Dg, X (0,+00) — [0,400) (i = 0,1) are continuous
functions nonincreasing with respect to the third variable. Furthermore, if

Ao < 1,
ho satisfies condition (5) and hy satisfies the condition

a

b
lim /hl(az,y, z)dxdy < (1 —Xo)(1—=N),
0

z—>+00
0

then problem (3), (4) has at least one positive solution.

Corollary 5. Let \g < 1 and let the inequality

ho(2,y,2) < a(w,y,2) < () (Pola) + M)

hold on the set Dy, x (0,+00), where
wo(2,y) = (1= Ao)z + Aa) ((1— Ny + Ab), (13)

ho : Dgp % (0,400) — [0,400) is a continuous function nonincreasing with respect to the third
variable and satisfying condition (5), and hy : (0,4+00) — (0,400) is a nonincreasing continuous
function such that

lim hl(Z) < (1 — )\0)(1 — )\)

z—+00

Then problem (3), (4) has at least one positive solution.
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Corollary 6. Let Ao < 1 and let the inequality

loZ

m < hi(z,y,2)(1+ 2)

h0($7y7 Z) < q($7y72) -

hold on the set Dy, x (0,400), where ly is a nonnegative constant, wgy s a function given by
equality (13), and h; : D, x (0,4+00) — [0,+00) (i = 0,1) are continuous functions nonincreasing
with respect to the third variable and satisfying conditions (5) and (9). Then problem (3),(4) has
at least one positive solution if and only if

lo < (1—=Xo)(1—=A). (14)

Example 2. Let p : R — R be an a-periodic continuous function, and let Ay, Py and wg be the
number and functions given by (12) and (13). Furthermore, A\g < 1. Consider the equation

m

lo
Ugy = P(X)uy + ———u + I (z,y)u™He, (15)
o =P+ i
where [y is a nonnegative constant, ux > 0 (k= 1,...,m), and Il : Dy — (0,+00) (k=1,...,m)

are continuous functions a-periodic with respect to the first variable. According to Corollary 6,
problem (15), (4) has at least one positive solution if and only if inequality (14) holds.
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Mathematical simulation, analysis, and numerical solution of diffusion problems describing
various processes and phenomena are very important. To such problems belongs, for instance,
mathematical modeling of diffusion of a magnetic field into a substance whose electric conductivity
depends essentially on temperature. In a quasistationary case the corresponding system of Maxwell
equations has the following form [1]:

%—Ij = —rot(vy, rot H), % = vy, (rot H)?, (1)
where H = (Hy, Hy, H3) is a vector of the magnetic field, 6 is temperature, v, characterizes the
thermal heat capacity of the substance.

Numerous publications in the 20th century deal with the study of integro-differential equations
of various kinds (see, for example, [2]-[13] and references therein). The system (1) can be reduced
to the following integro-differential form [2]

¢
H
%—t:—rot [a</|rotH2d7‘>rotH], (2)
0

where function a = a(S) is defined for S € [0, c0).

Note that the system of the integro-differential equations (2) is complex. Equations and systems
of type (2) still yield to the investigation for special cases (see, for example, [2]-[13] and references
therein).

If the magnetic field has the form H = (0,U,V) and U = U(x,t), V = V(z,t), then we get the
following system of nonlinear integro-differential equations:

S(x,t)o/t [(gg)ﬂ (‘?;)2] dr. (4)

In [10] some generalization of the system of type (2) is proposed. In particular, assuming the
temperature of the considered body to be constant throughout the material, i.e., depending on
time, but independent of the space coordinates, the process of penetration of the magnetic field
into the material is modeled by, so-called, averaged integro-differential model, the (3), (4) type
analog of which have the following form:

where

oU U ov o*V
EZ (S)W, E:CL(S)w’ (5>
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where
S(t)://l [(?}Z)ﬂ (Z)Q] da dr. (6)
0 0

The existence and uniqueness of the solutions of the initial-boundary value problems for the
models of type (3),(4) and (5), (6) are studied in many works (see, for example, [2]-[5], [10]-[13]
and reference therein).

Our aim is to study the asymptotic behavior of solutions as t — oo and semi-discrete schemes
for the initial-boundary value problem for systems (3), (4) and (5), (6).

In the domain [0, 1] x [0, 00) for the systems (3), (4) and (5), (6) we consider the following two
kind of boundary conditions:

S
—~~
=

~
S~—

I

<

)

~
SN—

I

S
—~
\.H

~
S~—

|
<
—~

—_

~
S—

|
=
~

v
o
—~
)
S~—

U0,t) =V(0,t) =0, U(Lt)=11, V(1,t)=19, t>0, (8)
and usual initial conditions:
U(x,0) =Up(z), V(z,0)=Vy(z), ze€]l0,1], 9)

where 1)1 = const > 0, 1 = const > 0, ¥? + 3 # 0 and Uy and Vj are given functions.
The following statement takes place.

Theorem 1. If a(S) = (1 + S)?, 0 < p < 1, Uy, Vo € H3(0,1) N H}(0,1) and they satisfy
the coincident conditions, then for the solution of problems (3),(4),(7),(9) and (5)—(7),(9) the
following asymptotic relation holds as t — oo

[+ [ [ [P < o (- 5)

Here and below C' denotes positive constants.

Theorem 2. Ifa(S) = (1+S)?, 0 < p <1, Uy, Vo € H?(0,1) N HE(0,1) and they satisfy the
coincident conditions, then for the solution of problems (3),(4),(8),(9) and (5),(6), (8),(9) the
following asymptotic relations hold as t — oco:

|| o). e

Now let us consider the semi-discrete scheme for problems (3), (4), (7),(9) and (5)—(7),(9). On
[0, 1] let us introduce a net with mesh points denoted by z; = th, i = 0,1,..., M, with h = 1/M.
The boundaries are specified by ¢ = 0 and ¢ = M. The semi-discrete approximation at (z;,t) are
designed by w; = u;(t) and v; = v;(t). The exact solution to the problem at (z;,t) is denoted by
Ui = U;(t) and V; = V;(t). At points i = 1,2,..., M — 1, the integro-differential equation will be
replaced by approximation of the space derivatives by a forward and backward differences.

Using usual notations let us correspond to those problems the following semi-discrete schemes:

—p| <ot | (<ct

dui
dt

= [a(s)uz,i] i=1,2,...,M—1,

(10)

where

si(t) = / [(um)Q + (1)571-)2] dr,
0
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or
LM
h/z uz ) + (vzp)?] dr.
k=1

0
So, we obtained Cauchy problem (10) for nonlinear system of ordinary integro-differential equa-
tions.
It is not difficult to obtain the following estimates:

t t
||u(t)||2+/HuxH2d7'§C, ||v(t)||2+/Hvx]|2dT§C, (11)
0 0
where
M-1
lw@®? = 3" wit)h,  [|ws]]’ Zw
=1

The a priori estimates (11) guarantee the global solvability of the problem (10).
The following statement is true.

Theorem 3. If a(S) > ag = const > 0, d'(S) > 0, a’(S) < 0 and problems (3),(4),(7),(9) and
(5)~(7), (9) have a sufficiently smooth solution U(z,t), V(x,t), then the solution of problems (10),
u=u(t) = (ui(t),ua(t),...,up—1(t)), v =v(t) = (vi(t),va(t),...,vam—1(t)) tends to U = U(t) =
(U1(t),Ua(t)y ..., Up—1(t)), V. = V(t) = (Vi(t),Va(t),...,Va—1(t)) as h — 0 and the following
estimates are true:

lu(t) = U@ < Ch,  |lo(t) = V(1)]| < Ch.

Now consider the two-dimensional case. Assume that the magnetic field has the following form
H=(U,V,0) and U = U(x,y,t), V =V (x,y,t). System (2) takes the following form:

8—(]*82[@(5)(8[] 8V>]7 ov._ 0 [(S) <8V 8U>}

ot oy Oz Ear dx  dy

12
or Oy (12)

where

Figure 1. The numerical solution u (left) and v (right) at ¢ = 0.
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=
IsoValue IsoValue

Figure 2. The numerical solution u (left) and v (right) at ¢t = 1.

=2 =2
IsoValue IsoValue

m0.00353539
000509208
BO0.00864877

Figure 3. The numerical solution u (left) and v (right) at ¢ = 2.

We have carried out numerous numerical experiments for systems (3), (4); (5), (6) and (12)

with different kind of initial-boundary value problems. In pictures (Figures 1-3) below there are
numerical solutions for two-dimensional system (12) with homogeneous Dirichlet boundary condi-

tions.
From these figures can be deduced that when time is increasing solution is dying in two-

dimensional case too like one-dimensional case, that we proved theoretically (Theorem 1).
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We denote by CP a class of piecewise continuous functions a(-) : [0,400) — R, and by

m(a; s,t) we denote an integral mean of a function a(-) € CP on a segment [s,?], i.e. a quantity

m(a; s, t) &f (t—s)7t fst a(&)dé. We also denote by C'PB a subclass of C'P, consisting of bounded

on the semiaxis functions. B
In paper [1], in particular, some formulae for computation of lower a and upper a integral means
of a function a(-) € CP, i.e. of quantities

o
Hh

a=  lim m(a;s,t) and 7 %< Tim m(a; s, t) (1)
- t—s—+00 t—s—+00

are obtained. As well as a function a( ) belongs to C'P, the values of a and @ may be infinite (—oo
or +00). All these values are obviously finite for functions a(-) € CPB. The general result of the
paper [1] concerning computation of the quantities (1) for a function a(-) € C'P is that in case of
their finiteness the same formulae, known for functions a(-) € CPB ([2, p. 117] and [3, p. 66]), are
valid. The assumption of a finite value of the quantities (1) is significant [1].

In this paper, in addition to the formulae of [1], one more formula for computation of the
quantities (1) for functions of the class C'P, the validity of which for functions of the class CPB
was established earlier in [4] and [5], is obtained.

The properties of the quantities (1) are important in connection with the study of the lower 3[z]

and upper S[z] Bohl exponents [6, . 171-172; 7] of nonzero solutions z( - ) of the linear differential
system

t=A(t)z, xeR", t>0, (2)
which are defined by formulae:
, 1 Jlz@)ll = T ()]l
] = lim In and Slr] = lim In , 3
Bl = I S M el = L S M ) ®)

and used in the Lyapunov exponent theory. In particular, choosing the function in (1) as a(7) =
(In [|z(7)||)’, we obtain the quantities (3).
Following [1], for the fuction a(-) € C'P we denote by T'(a) a set of all two-dimensional sequences

((Sk, tk))ken such that tp — s — +o0o when k — 400 and there exists klim m(a; sg, tr), and we
—+00

denote by S(a) a subset of all sequences ((sg,tx)),en of T'(a), for which the additional condition
s — +oo holds. By the definitions of the lower and the upper limits, the definitions (1) of the
uniform integral means a(-) may be written as follows

= inf lim m(a;sg,t;) and @ = sup lim  m(a; sg, t). 4
((skotr))ET (a) k—-+oo (as sk, i) (ot koo (as sk, i) (4)

e

It is, in particular, shown in [1], that the following equalities are valid

= inf lim m(a; sk, t,) and @ = sup lim m(a; s, ty). 5
((s,tr))€S(a) k—+o0 (a; sk, tk) (e sy kb (a; sk, tr) (5)

e
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Definitions (5), in comparison with definitions (4), constrict the class of two-dimensional se-
quences, which could be taken for evaluation of the limit of integral averages. The class of such
sequences may be even more essentially constricted [4, 5], as it is shown below.

We fix a sequence 6 = (0x)ken such that dgy1 — 0p — +00 when k — 400 (every such sequence
0 we will hereinafter call the rapidly increasing). We denote A; = [d;,0;+1], @ € N, and will write
s~ t (mod J), or shorter s ~ t, if s and t belong for some i to the same segment A;. It is shown
in [4, 5], that for the function a(-) € CPB (and this condition is essentially used in the proof) its
lower and upper uniform integral means may be evaluated under the conditions ¢t — s — +o00 and
st (mod J). This statement in the theorem stated below, is transferred to the class of functions
C'P. We denote by S(a; ) for fixed rapidly increasing sequence ¢ and a function a(-) € C'P a subset
of those sequences ((sg,tx))en Of S(a), for which the condition sy ~ ¢}, (mod delta) holds.

Theorem. For every function a(-) € CP and every fixed rapidly increasing sequence § the follow-
ing equalities hold: if a > —oo, then

a= lim m(a; s, t) = inf lim m(a; sk, tr), 6
= t—S—)-f—OO ( ) ((sk,tk))eS(a;é) k—>+00 ( k k) ( )
st (mod 9)

and if @ < +oo, then

a= lim m(a;s,t) = sup lim m(a; s, tg). (7)
sigsajgzo(g) ((skstr))ES(as0) k—+o00

Let us emphasize the importance of restrictions a > —oo and @ < +oo for the validity of the
formulae (6) and (7), respectively. Indeed, for example, the equality (7) does not hold for the
sequence 0 = (0 )ren, Where 6, = k%, k € N, and the function a(-), given by the equalities:
a(t) = —k? when t € [(2k —1)2, (2k)? — 1), a(t) = k? when t € [(2k)? — 1, (2k)?) and a(t) = 1 when
t € [(2k)?%, (2k +1)?), k € N.

In fact, for the so-defined function a(-) we have: @ = 400, since, as is easily seen,

m(a; (2k)% — 1,2k 4+ 1)?) = (K* + 4k + 1)/(4k + 2) — 400 for k — +oo.

On the other hand, the integral mean m(a;s;, t;) = 1, if s;,t; € [dok, dok+1], k£ € N, and m(a; s;,t;) <
k2 — k2(t; — 55 — 1) = —K%(t; — s; — 2), if s4,t; € [dop_1,0601], k € N, and, therefore, in this case
m(a; s;,t;) < 0 when ¢; — s; > 2. That is why for the sequence 0 and the function a(-) holds the
equality

lim m(a;s,t) = su lim m(a;sg, tp) =1
83100 (02,1) (Skatk)eg(a§6) k=00 (93 84 E) ’
s~t  (mod ¢)

i.e. the first equality in (7) does not holds.
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Consider the differential equation

Z/” = f(tvyv y/)7 (1>

where f : [a,w[ XAy, X Ay, — R is a continuous function, —oo < a < w < 400, Ay, (i € {0,1}) is
a one-side neighborhood of Y; and Y; (i € {0,1}) is either 0 or +00. We assume that the numbers
w; (i =0,1) given by the formula

)L if eigher Y; = +00, or Y; =0 and Ay; is right neighborhood of the point 0,
Hi= —1, if eigher Y¥; = —o0, or Y; =0 and Ay, is left neighborhood of the point 0,
satisfy the relations
popt >0 for Yy = +oo and pou; <0 for Yy =0. (2)

Conditions (2) are necessary for the existence of solutions of Eq. (1) defined in a left neighbor-
hood of w and satisfying the conditions

s € Ay, for t€ ol lmy(®) =Y (i =0,D) (3)

We study Eq. (1) on class P, (Yo, Y1, \g)-solutions, that are defined as follows.

Definition 1. A solution y of Eq. (1) on interval [to,w[C [a,w] is called B, (Yp, Y1, Ao)-solution,
where —oo < A\g < 400, if, in addition to (3), it satisfies the condition

. WOP
w0

) t if w= 400,
7[' =
“ t—w if w< 4o

We put

and impose a restriction on the function f.

Definition 2. We say that a function f satisfies condition (RN)), as Ag € R\ {0, 1} if there
exist a number ag € {—1,1}, a continuous function p : [a,w[—]0,400[ and continuous functions
@i« Ay, —]0,400[ (i = 0,1) of orders o; (i = 0,1) regular varying as z — Y; (¢ = 0, 1) such that for
arbitrary continuously differentiable functions z; : [a,w|[— Ay, (i = 0, 1) satisfying the conditions

limz(t)=Y; (i=0,1),
tTw

Com0n0 _ d o m0H0 _ 1
ttw Zo(t) N Mo —1 T Hw 21 (t) N Ao —1 ’

one has representation

F(t,20(8), 21(8)) = aop(t)po(z0(t)pr(21 ()L + o(1)] as £ 1 w. (4)
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Note that the choice of ag and the functions p and ¢;(i = 0,1) in Definition 2 depends on the
choice of g € R\ {0, 1}.

Assuming A\ € R\ {0, 1} and the function satisfies the condition (RN)),, we introduce auxiliary
functions Iy, I1, @ and a nonzero real number v by the formulas

Io(t) = / p(r)dr, Ti(t) = / ro(T)p(r) dr,
Ay

Ao
Q(t)_ Io(t) for 1 —ogMg — o1 # 0, B 1—0gAg—o01 if 1 —o0grg—o01 #0,
B ﬂ-t;l(t)]—l(t) for 1_O’0>\0_0-1 :07 N )\0—1 if 1—0‘0)\0—0‘1 :O’

where the integration limits A; € {a;w} (i = 0,1) are chosen so as to ensure that the integrals I;
(i =0,1) tend either to zero or to +oo as ¢t T w.
In paper [1] the following theorem was formulated and proved.
Theorem 1. Let Ao € R\ {0, 1} and let the function f satisfy condition (RN)y,, moreover, let the
orders o; (i = 0,1) of the functions p; (i = 0,1) regularly varying as y — Y; (i = 0,1) satisfy
the condition o9 + o1 # 1. Then, for the existence of P, (Y, Y1, \o)-solutions of the differential
equation (1), it is necessary and, if one of the conditions
eigher \g #o1—1, or \g=01—1 and (1 —o01)(1 —0¢9—01) > 0,

is satisfied, sufficient that

iy TeOP() _ 7
ttw Q(t) Ao — 1’

2o 1
o lim | (8) 0T = Yo, pur lim | (6)] 07 = Y4
tTw tTw

and the sign conditions

app1yQ(t) >0, pomrro(Ao — 1)mw(t) >0 for t € [a,w|

hold. Moreover, each solution of this kind admits the asymptotic representations

Y (t) . . y'(t)  Ao(1+0(1)) as 4w
P ) EN0L0) R AN ATyl Sy e s B

and such solutions form a one-parameter family if A\o(1 —og — 01) < 0 and two-parameter family if

M(l—o09—01) >0 and popi(Ao+1—01)Xg > 0.

Since w < +oo this theorem describes the asymptotic behavior as regular and singular
P, (Yo, Y1, \g)-solutions of Eq. (1) (about definitions of regular and singular solutions see [2]).
We specify the conditions of existence and asymptotic behavior of some singular P, (Y, Y1, Ao)-
solutions of Eq. (1) in the neighborhood of a singular point. Assuming that Ao € R\ {0,1} and
the function f satisfies condition (RN),,, in which w exchange to t. € [a,w], PTItnp(t) = const # 0,

set a question about the occurence of P, (Yp, Y1, Ag)-solutions of Eq. (1). In this case
To(t) =t —te, 7,(t) <0 as t € [a,t,

Io(t) ~ p(t)(t — ts), TNi(t) ~ W

p(te)(t —ty), if 1 —0opXg—o01#0
Q(t) ~ § pts)(t —ts) as t 1 t,.

if 1—0‘0)\0—0'1:0,

as t 1T t,

Moreover, from limiting relation (5
oorg — o1 = 0.

~—

it follows that Eq. (1) has no P, (Yp, Y1, Ao)-solution if 1 —
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Theorem 2. Let \g € R\ {0,1} and let the function f satisfy condition (RN)y,, moreover, let
the orders o; (i = 0,1) of the functions ¢; (i = 0,1) regularly varying as y» — Y; (i = 0,1)
satisfy the condition oy + o1 # 1 and in representation (4) IlflTrtnp(t) = const # 0. Then, for the

existence of Py, (Yo, Y1, \o)-solutions of the differential equation (1) it is necessary together with (2)
that conditions

2—o07 . 1+o09
1o grg(t* —t)imrm =Yy, }:#?3@* —t)> =M1, (7)
aop1(1 —o9—o1)(1+09) <0, popi(l—09—01)(2—01) <0 (8)

hold. Each solution of this kind admits the asymptotic representations

y'(t) _ aop(ty)(1 — o0 — 01) (
eo(y(t))p1(y' (1)) 1+ o9

y) _ 2-o)d+od) e

y(t) (1 =00 —o1)(t—ts) "

If together with (2), (6)—(8) one of the conditions

t—t)[1+ o(1)],

1+

2—01
1+ 09

eigher Z; #o01—1, or =o01—1 and (1—01)(1—09—01)>0

hold, then differential equation (1) has Py, (Y, Y1, ﬁ—gé)-solutions, that admits the asymptotic rep-
resentations (9) as t T ti, and such solutions form a one-parameter family if (2 — o1)(1 + 00)(1 —

oo — o01) < 0 and two-parameter family if

(2—01)(1+00)(1—00—01)>0 and pop1(2 —o01)(3 — 201 + 09 — 0po1) > 0.
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Let us fix a probability space (€2, F, P) with a filtration (F;), let a random variable £ : Q —
R%, r-dimensional standard Brownian motion W (t,w), m-dimensional fractional Brownian motion
BH(t,w) with the Hurst index H € (3, 1), random functions f : Ry x R?x Q — R%, g: Ry x R? x
QO — R o: Ry x R* x Q — R¥™ satisfy the following conditions:

1) the standard Brownian motion W (¢,w) is F;-Brownian motion, the fractional Brownian mo-
tion B (t,w) and random variable £(w) are Fp-measurable;

2) the processes W (t,w), B (t,w) and random variable ¢(w) are independent;

3) the processes f(t, X,w), g(t, X,w), o(t, X,w) are measurable and F;-adapted for any fixed
X € R%.

We consider a stochastic differential equation
dX (t,w) = f(t, X (t,w),w)dt + g(t, X (t,w),w)dW (t,w) + o (t, X (t,w), w)dBH(t,w), (1)

with an initial condition

X(0,w) = §(w). (2)

A mapping h : Ry x R* x Q@ — R has linear growth if for any T € R, there exists an
Fo-measurable random variable Mr(w) such that for almost all w € Q for all (¢, X) € [0,T] x R¢
there holds the inequality

|h(t, X, w)| < Mp(w)(1+ |X]).

A mapping h : Ry x R* x Q@ — R¥™! is called bounded if for any T € R, there exists an
essentially bounded Fy-measurable random variable Q7 (w) such that for almost all w € Q for all
(t,X) € [0,T] x R? there holds the inequality

‘h(t, X?‘*})} < QT(w)'

Let o, 3 € (0,1]. We say that a mapping h : Ry x R x Q — R satisfies (o, 3)-Holder
condition if for any T' € R, there exists an Fp-measurable random variable Kr(w) such that for
almost all w € Q for any ¢, s € [0,T], X, Y € R? there holds the inequality |h(t, X, w) — h(s, Y, w)| <
Er(w)(|t — s[* +|X = Y|%).

A mapping h : Ry x R% x Q — R satisfies local Lipschitz condition if for any a, T € R, there
exists an JFy-measurable random variable L, 7(w) such that for almost all w € Q for any ¢ € [0, T,
X,Y € R |X| <a, |Y| < a there holds the inequality

|h(t, X, w) — h(t,Y,w)| < Lop(w)|X Y.



International Workshop QUALITDE — 201/, December 18 — 20, 2014, Tbilisi, Georgia 93

A random process n(t,w), t € Ry, w € Q, has Holder-continuous trajectories of order a € (0, 1]
if for almost all w € Q and for all T € R, there exists a constant C(T,w) such that for any
t,s € [0,T] there holds the inequality

|17(t,w) — n(s,w)‘ < C(T,w)|t — s|“.

Condition A. We say that Condition A holds if the functions f, g satisfy local Lipschitz condition
and have linear growth, the mapping o satisfies (§,1)-Holder condition with 6 > 1 — H.

For any « € (0,1/2), t € R, and mapping h : R, — R? denote

o)l = o)+ [ G0 s

0

Denote by Ey(¢) the conditional expectation E((|Fy) of a random variable ¢ with respect to
the o-algebra Fy.

Definition 1. Solution of Eq. (1) with initial condition (2) is an F;-adapted process X (t,w),
t € Ry, w €, which has Holder continuous trajectories of any order a € (1—H,min{4, 1}) almost

surely, and such that for any 7' > 0, a € (1 — H, min{¢, %}), p > 2 with probability 1 there holds

the inequality
T

/ Bo(IX (t,w)[2) dt < o,
0
and for any t € Ry there holds almost surely the equality

X(t,w)=&w)+ [ f(s, X (s,w),w) ds+

_l’_

S O~

¢
9(s, X (s,w),w) dW (s,w +/0 s, X (s,w),w) dB" (s,w),
0

where integral with respect to standard Brownian motion is the Ito integral, integral with respect
fractional Brownian motion is the pathwise Riemann-Stieltjes integral [1].

Definition 2. We say that a solution X (¢,w) of Eq. (1) with initial condition (2) is unique if for
any solution Y (¢,w) of Eq. (1) with initial condition (2) there holds the equality

P(X(t,w)=Y(t,w) Vt€ Ry) =1.

Theorem. If Condition A holds, then Eq. (1) with initial condition (2) has a unique solution.
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We are interested in the question on the existence and uniqueness of a positive solution to the
periodic boundary value problem

u" = p(t)u+ (=1)'q(t, u)u;  u(0) = u(w), u'(0) =u'(w). (15)

Here, p € L([0,w]), ¢: [0,w] Xx R — R is a Carathéodory function, and ¢ € {1,2}. Under a solution
to problem (1), as usually, we understand a function u: [0,w] — R which is absolutely continuous
together with its first derivative, satisfies given equation almost everywhere and verifies periodic
conditions.

Definition 1. We say that the function p € L([0,w]) belongs to the set VT (w) (resp. V™ (w)) if for
any function u € AC(]0,w]) satisfying

u”(t) > p(t)u(t) for ae. t€[0,w], u(0)=u(w), u'(0)=1u'(w),

the inequality
u(t) >0 for t €[0,w] (resp. u(t) <0 for te [0,w])

is fulfilled.
Definition 2. We say that the function p € L([0,w]) belongs to the set Vy(w) if the problem
u’ =p(t)u; u(0) = u(w), v'(0) = v'(w)
has a nontrivial sign-constant solution.
Let us introduce the following hypothesis:

q(t,z) > qo(t,xz) for ae. t € [0,w] and all z >0,
go: [0,w] x [0,400] = R is a Carathéodory function, (Hy)
qo(t, -): [0,+00] — R is non-decreasing for a.e. ¢ € [0,w].

Theorem 1;. Let p € V™ (w), q(-,0) = 0, and hypothesis (Hy) be fulfilled. Let, moreover, there
exist a function a € AC([0,w]) satisfying

a(t) >0 for te€0,w],
() > p(t)a(t) — q(t,at))a(t) for a.e. te[0,w],
a(0) = a(w), o'(0) > o (w).
Then problem (11) has at least one positive solution u such that

u(ty) < afty) for some t, € [0,w].
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Theorem 15. Let p ¢ V™ (w) U Vy(w), q(-,0) = 0, and there exists a function B € AC'([0,w])
satisfying

B(t) >0 for te[0,w],
B7(t) < p)B(t) +q(t, B1)B(t)  for ae. t € [0,w],
B(0) = B(w), B(0) < f'(w).

Then problem (12) has at least one positive solution u such that

u(t) < B(t)  for t €[0,w).

Corollary 1y. Let p € V= (w), q(-,0) =0, hypothesis (Hy) be satisfied, and

r—r-+00

lim /qo(s,x) ds = 4o0. (2)
0

Then problem (11) has at least one positive solution.

Corollary 15. Let p ¢ V™ (w) U Wo(w), q(-,0) =0, hypothesis (Hi) be satisfied, and

lim [ go(s,z)ds =+oo for every E C [0,w], measE > 0. (3)
T——+00
E

Then problem (12) has at least one positive solution.

Assumption (3) in Corollary 15 is optimal and cannot be weakened to assumption (2). However,
assuming (2) instead of (3), problem (12) may still have a positive solution under a more restrictive
assumption on p than p € V~ (w) U Vy(w). More precisely, the following statement holds.

Corollary 2. Let p € Int V' (w), q(-,0) = 0, and hypothesis (Hy) be satisfied. Let, moreover,
condition (2) hold and there exist xo > 0 such that

qo(t,xo) >0  for a.e. t € [0,w].
Then problem (12) has at least one positive solution.

The next statements show that, under a stronger assumption on ¢ than (H;), the assumptions
p €V (w)and p ¢ V™ (w) UVy(w) in the above results are necessary. Introduce the hypothesis:

For every b > a > 0 there exists h.qy € L([0,w]) such that
hap(t) >0 for ae. t € [0,w], hgp £ 0, (H2)
q(t,z) > hap(t) for ae. t e [0,w] and all = € [a,b].

Proposition 1;. Let hypothesis (Hz) hold. If problem (11) has a positive solution then the inclusion
p € V™ (w) is satisfied.

Proposition 1y. Let hypothesis (Hsz) hold. If problem (12) has a positive solution then the condition
p €V (w)UVy(w) is satisfied.

Now we give two uniqueness type results for problem (1). Introduce the following hypothesis:

For every b > a >0 and ¢ > 0, there exists hgp € L([0,w]) such that
hape(t) > 0 for a.e. t € [0,w], (Hs)
q(t,z+c) —q(t,x) > hap(t) forae. t €[0,w] and all z € [a,b].
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Theorem 2. Let p ¢ V™ (w) UVp(w), ¢(-,0) =0, and hypothesis (Hs) hold. Then problem (1) has
at most one positive solution.

A quite stronger assertion can be proved under the assumption that p € Int V*(w). On the
other hand, hypothesis (H3) can be weakened to the following one:

For every b>a >0 and ¢ >0, there exists hge € L([0,w]) such that
hape(t) >0 for ae. t € [0,w], hgpe Z 0, (Hy)
q(t,x +c)—q(t,z) > hap(t) for ae. t € [0,w] and all x € [a, b].

Theorem 3. Let p € Int VT (w), hypothesis (Hy) hold, and
q(t,0) >0 for a.e. t €[0,w].

Then problem (12) has at most one positive solution. Moreover, any non-trivial solution to this
problem is either positive or negative.

If ¢ in (1) is a function with separated variables, we arrive at the problem

u" = p(t)u+ (=1)'h()p(wu;  u(0) = u(w), «'(0) =u'(w), (4)

where p,h € L([0,w]), ¢ € C(R), and i € {1,2}. This problem covers a rather wide class of
equations and serves us as a model problem to illustrate the results.

Theorem 4. Let p € V™ (w), ¢(0) =0, and
h(t) >0 fora.e. t€[0,w], h#O0. (5)
Let, moreover, at least one of the following conditions be fulfilled:
(a) The inequality
imint(s) > =
holds and there exists ¢ > 0 such that p(t) < h(t)p(c) for a.e. t € [0,w].
(b) The equality
mgrfoo p(x) = +o0 (6)
holds.

Then problem (41) has at least one positive solution.

Theorem 4y. Let p ¢ V™ (w) UWy(w), ¢(0) = 0, and at least one of the following conditions be
Fulfilled:

(a) There exists ¢ > 0 such that p(t) + h(t)e(c) > 0 for a.e. t € [0,w].

(b) Condition (6) holds and
h(t) >0 for a.e. t € [0,w]. (7)

Then problem (42) has at least one positive solution.

Theorem 5. Let p ¢ V™ (w) UWy(w), ¢(0) =0, ¢ is increasing on [0, +oo[, and relations (6) and
(7) be satisfied. Then the problem (4) has a unique positive solution.

If we assume that the function ¢ in (42) is even and u is a solution to problem (42) the the
function —u is its solution, as well. Therefore, we get the following multiplicity type result.
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Theorem 6. Let p € Int VT (w), ¢(0) = 0, ¢ is increasing on [0,+o00[, and relations (5) and (6)
be satisfied. Then the problem

v’ = pt)u+h(t)e(lu))u;  u(0) =u(w), u'(0)=1u'(w)
has ezactly three solutions (positive, negative, and trivial).

Finally, we consider the problem with two “super-linear” terms

u" = p(t)u+ (=1)'h(t)ul sgnu + f(O)lul" sgnu; u(0) = uw), u'(0) =u'(w), (8:)

where p, h, f € L([0,w]), A\,u > 1, and ¢ € {1,2}. The next statements follow from Theorems 1;
and 1s.

Theorem 7. Let p € V™ (w), A > p > 1, relation (5) hold, and there exists a number ¢ > 0 such
that
[f(®)]+ <ch(t) forae. tel0,w]. 9)

Then problem (81) has at least three solutions (positive, negative, and trivial).

Theorem 75. Let p € Int VT (w), A > pu > 1, relation (5) hold, and there exists a number ¢ > 0
such that
[f()]= < ch(t) for a.e. te[0,w]. (10)

Then problem (82) has at least three solutions (positive, negative, and trivial).

Remark 1. If
f(t)>0 forae. te][0,w]

then inequality (10) is trivially satisfied and we can claim in Theorem 79 that problem (8) has
exactly three solutions.

Theorem 8. Let p € V™ (w), A > u > 1, condition (7) hold, and

A=l

137" h 37 € L([0,w]). (11)
Then problem (81) has at least three solutions (positive, negative, and trivial).

Theorem 83. Let p & V™ (w) U Vo(w), A > > 1, condition (7) hold, and

[f127" =k € L([0,w]). (12)
Then problem (82) has at least three solutions (positive, negative, and trivial).

Remark 2. Observe that if there exists ¢ > 0 such that inequality (9) (respectively, (10)) holds then
inclusion (11) (respectively, (12)) is trivially satisfied.

Acknowledgement

For the first author the research was supported by RV0:67985840 and by Grant No. FSI-S-14-2290
“Modern methods of applied mathematics in engineering”. For the second author the research was
supported by RVO:67985840.



98 International Workshop QUALITDE — 2014, December 18 — 20, 2014, Tbilisi, Georgia

On I'-Ultimate Classes of Perturbations

E. K. Makarov

Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Belarus
E-mail: jem@im.bas-net. by

Consider the linear differential system
t=A(t)zr, xeR", t>0, (1)

with a piecewise continuous bounded coefficient matrix A and with the Cauchy matrix X 4. To-
gether with system (1), consider the perturbed system

y=At)y+Q(t)y, ycR", t>0, (2)

with a piecewise continuous bounded perturbation matrix Q). We use the notation \,(A + Q) for
the higher exponent of system (2). Let 9t be an arbitrary class of perturbations. The number
AON) :=sup{ M (A+ Q) : Q € M} is the attainable upper bound of exponents of system (2) with
perturbations in the class 9. The problem of finding A(9) for various 9 specified by a given
smallness condition is an important problem in the theory of Lyapunov characteristic exponents
[1, p. 157], [2], [3, p. 46]. It was studied, e.g., in [4]-[15]. In numerous cases, an algorithm similar
to the algorithm for the computation of the sigma-exponent [4] can be constructed for A(9). In
some other cases [5], [6], [13]-[15], formulas similar to those for the computation of the central
[1, p. 99], [12], [13] and exponential [15] exponents hold. For the set 9y[f] of all perturbations
satisfying the estimate ||Q(t)| < NQe_"e(t), where Ng > 0, ¢ > 0, are numbers depending on
and 6 : [0, +oo[ —]0, 4o00[ is a fixed piecewise continuous function monotone increasing to +oo such
that t@w t=10(t) < +o0, it was proved in [5], [6] that

k
A(p[0]) = lim  lim E(S)ZInHXA(th((S),tj(é)) : (3)
=0

§—+0k—oo g

where, for each § > 0, the sequence t;(J), j € N, referred to as the §-characteristic sequence for the
perturbation class My[f]], is defined by the recursion formula ¢;11(0) = t;(5) + d6(¢;(9)), and any
nonnegative number can be taken for ¢5(d) > 0.

The perturbation classes 9t for which A(9) admits a representation of the form (3) were called
limit classes in [5], [6]. In the report we present sufficient conditions for the considered class of
piecewise continuous bounded perturbations to have similar properties.

For an arbitrary set S and for any n € N, by S™*" we denote the set of all n x n-matrices with
entries in S. In R"*" we fix the spectral norm || - ||, and by KC,,(R") we denote the linear space
of all bounded piecewise continuous matrix functions defined everywhere on the positive half-line
R* := [0, +oo[ and ranging in R™*",

A function v € KCy(R™) is said to be strictly positive iff the condition %Ielﬁ‘ ~(t) > 0 holds for

every finite interval J C RT.

Following the approach suggested in [16], we interpret a one-dimensional smallness class as
an arbitrary linear subspace s C KCi(R") that contains at least one strictly positive function
and satisfies the following fullness condition: together with any element [, the set s contains all
functions ¢ € KC1(R™) such that |o(t)] < |B(t)| for all ¢ > 0. For each n € N, the smallness class
of dimension n X n corresponding to the one-dimensional class s is defined as the set of matrices
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s"*" By [16], the smallness class §"*" can be equivalently defined as the set of @ € KC,,(R*) such
that ||Q|| < [ for some f3 € s.

A system of generators for a one-dimensional class s is defined as a subset K C s that consists
of strictly positive functions and has the property that, for each § € s, there exists ¢ € K such
that || < Cp for some C' > 0 depending on ¢ and £3.

Example 1. For the one-dimensional class 9My[f], a system of generators is given by the one-
parameter family of functions {exp(—o6(t)) : ¢ > 0}, which can be restricted to the countable
family exp(—0(t)/k), k € N.

Let T be the set of all sequences of times t; > 1, k € NU{0}, monotone increasing to +o0o. By Ty

we denote the subset of T that consists of subsequences satisfying the condition . lim t;ltkﬂ =1
—400

of slow growth [17] and the condition klim (tge1—tx) = +oo. For arbitrary 8 € KC1(RT), N > 0,
—+o00
and 7 € T, let

Q(A 7.) — ]}EEOTHZHIHXA tl+17 )H7

where the t; > 1, k € NU {0}, are elements of the sequence 7, K}, (s) = eNG=t) for s €]ty trr1],
k€N, and K}, (s) =0 for s < ty. If 8 € KC;(R") is a strictly positive function, then we introduce
the additional notation

Theorem 1. Let MM = s"*™ be some smallness class of perturbations, and let K be a system of

generators of the corresponding one-dimensional class s. If there exists a set I' C Ty such that the

inequality én’fc'y(ﬁ,T) = 0 holds for each sequence T € ', and for any B € K and M > 0, there
€

exists a sequence T € I' satisfying the condition Ay (B,7) =0, then

A(9) = sup sup 1nf Q(A,7) =supQ(A, 1),

BeEK M>0reR%, T€l

where Rﬁ/[ {rel: Ay(B8,7)=0}.

Example 2. For the limit class 9y[f] with a system of generators K consisting of the functions
Bs(t) = exp(—ab(t)), o > 0, t > 0, for the set I', one can take the set of all d-characteristic
sequences for ¢ €]0,dp] with an arbitrary dg > 0.

Definition 1. An arbitrary smallness class 9 is called a I'-ultimate (or I'-limit) class if there exists
a set I' C T such that the relation
A(ON) =supQ(A, 1)
Tel

holds for every system (1).

Definition 2. A one-dimensional smallness class s is said to be radical if, together with each
element 3, the set s contains all of its powers /%, ¢ €]0, 1].
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Example 3. The condition to be radical holds for classes of exponential and infinitesimal per-
turbations as well as for the classes M[f]. The classes of sigma-perturbations and perturbations
integrable on the half-line do not satisfy that condition.

Remark. In Definition 2, instead of the requirement of all positive powers of elements with exponents
less than unity to belong to the class s, it suffices to require that only the roots (radicals) of them
with any positive integer power belong to s; i.e., it suffices to consider the values ¢ = 1/k for k € N.

Theorem 2. If a one-dimensional smallness class s is radical, consists of functions tending to zero
at infinity, and has a system of generators K where each element 5 is a continuous function with
exact zero Lyapunov exponent and satisfies the condition

t

/ In B(s) ds > Cg In B(t), (4)

t—1

nxn

for some Cg > 0 and for all sufficiently large t; then for each n € N the smallness class M = s
1s I'-limit.

Example 4. One can readily see that the assumptions of Theorem 2 are satisfied for all limit
classes M considered in [5], [6]. In that case, condition (4) can be reduced to the inequality

/ 0(s)ds < C0(t), (5)
“1

t

whose validity for Cz = 1 is provided by the monotone growth of the function . Condition (5)
with Cz > 0 is valid for some nonmonotone functions as well satisfying the condition 6(t)/t — 0 as
t — +oo0, for example, for #;(¢) = (1 +sin®¢)Int. This permits one to use Theorem 2 for the proof
of the I'-limit property of the classes My[f] with such functions.
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1 Introduction

We consider here a system of functional differential equations (FDE, FDS) that is a typical one
met with in mathematical modeling various dynamic processes and covers many kinds of dynamic
models with aftereffect (integrodifferential, delayed differential, differential difference, difference)
and impulsive disturbances [2, 4, 5, 8]. The equations of the system contain simultaneously terms
depending on continuous time, ¢ € [0,7], and discrete, t € {0,¢1,...,tn,T}. The interest of
researchers in such “continuous-discrete systems” (CDS) is growing constantly (see, for instance,
[1, 9, 6] and references therein).

First we descript in detail a class of continuous-discrete functional differential equations
(CDFDE) with linear Volterra operators and appropriate spaces where those are considered. We
concerned with the representation of general solution to the system using the Cauchy operator and
the fundamental matrix. Next the setting of the general linear boundary value problem (BVP)
for CDFDE is given, and conditions for the unique solvability of BVP are formulated. Finally we
propose a representation to solutions of the uniquely solvable BVP and discuss some properties of
the corresponding Green operator.

2 A class of Continuous-Discrete Functional Differential Systems

Fix a segment [0,7] C R. By L™ = L"[0,T] we denote the space of summable functions v : [0,7] —
T
R™ under the norm ||v|| z» = [ |v(s)|n ds, where | - |,, stands for the norm of R™.

0
Given set {11,...,7n},0 < 71 < -+ < T, < T, the space DS"(m) = DS™[0,71,...,Tm,T]
is defined (see [3, 5]) as the space of piecewise absolutely continuous functions y : [0,7] — R"
representable in the form

k=1

o(0) = [ o) ds +5(0) + 3 X, (DBY(),
0

where v € L™, Ay(1) = y(7) — y(7x — 0), Xiro ) (t) is the characteristic function of the segment
(7, T]: X, 0y (£) = 1if t € [, T] and X, (t) = 0,¢ & 7, T]. Thus the elements of DS"(m) are
the functions being absolutely continuous on each [0,71),[m1,72), ..., [Tm,T] and continuous from
the right at the points 7, ..., 7. Under the norm

1yl D my = 19112 + 1y(0) ] + D 1Ay (78)|n
k=1
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the space DS™(m) is Banach.
Let us fix a set J = {to,t1,...,t,}, 0=t <t1 <---<t,=T.
FD"(u) = FD"{to,t1,...,t,} denotes the space of functions z : J — R” under the norm

I
Izl Fov () = Z |2(t:)
=0

We consider the system
9 ="Tuy+ T2z + [,

1
z=Tory + Ta2z + g, @
where the linear operators 7;;, ¢, 7 = 1,2, are defined as follows:
Ti1: DS™(m) — L™ (T11)
¢
(Ti)(®) = [ K (es)is)ds+ Aoy + Y AL0Ay(n), ¢ (0.7
0 {k: T<t}

Here the elements kilj (t,s) of the kernel K (t,s) are measurable on the set 0 < s <t < T and such
that |k:l-1j(t, s)| < k(t),i,5=1,...,n, k(+) is summable on [0,T], (n x n)-matrices A}, ..., AL have
elements summable on [0, T,

Tia: DS™(m) — L™ (Ta2)(t)= Y. Bj(t)a(t;), t€0,T], (T12)
{g: t5<t—~Aq}
where elements of matrices le, j=0,1,..., p, are summable on [0,7], Ay > 0.
To1 : DS™(m) — L"; (T21)
max{t;—Az}
(Bly)(tl) = / KZQ( ) ( )dS + AzOy Z AzkAy(Tk) 1=0,1,..., 4,
0 {k: T<ti}

with measurable and essentially bounded on [0, 7] elements of matrices K? and constant (v x n)-
matrices Azk:’ 1=0,1,...,u, k=0,1,...,m; As >0,

Ta2 : DS™(m) — L™ (T222)(t ZB e by (T22)

with constant (v x v)-matrices ij
In what follows we will use some results from [4, 5] concerning the equation

y=Tuy+f (2)
and the results of [2] concerning the equation
z2="Tpnz+g. (3)

The general solution of (2) has the form

ymzywa+/qm@ﬂ@m, (4)
0
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with arbitrary o € R"™™" where Y (-) is the fundamental matrix, Cy(-, -) is the Cauchy matrix.
As for equation (3), it has the immediate analogs of the above terms. Thus, the general solution
of (3) has the representation

2(ti) = Z(t:)B + (Cag)(ti), i=0,1,....p, (5)
with arbitrary 5 € RY, where Z(-) is the fundamental matrix, Cs( -, -) is the Cauchy matrix.
As is shown in [7], under the assumption that A; + Ag # 0, the general solution x = (g) €
DS™(m) x FDY(u) of (1) has the form

x:x(g)w(g), (6)

where the fundamental matrix X is expressed in terms of the fundamental matrices Y and Z by
the equality

Y — X X\ _ (HuY HyppZ (7)
o1 Ao HxY HypZ)’
the Cauchy operator C is expressed in terms of the Cauchy operators C7 and Cs:
c— Cii Ci2 _ (HuCr Hi2Ch (8)
Co1 Co H21Cy HpCh )’
Hii = (I — C1Ti202Tn) ", Hiz = —(I — C1T12CoT1) ' C1Tha, (9)
Hoy = CyTo(I — C1T1205T21) ™Y, Hag = I+ CoTor(I — C1T12C2To1) ' CiTha.
3 General Boundary Value Problem
The general linear BVP is the system (1) supplemented by linear boundary conditions
fl‘:£<g>:’7, v€RY, (10)

where ¢ : DS™(m) x FD"(u) — RY is the linear bounded vector functional. Let us give the
representation of £:

T . "
¢ @) = /q»(s)y(s) ds + Toy(0) + Y TrAy(m) + > Tjz(t;). (11)
s k=1 §=0
Here Wy, k =0,1,...,m, are constant (N x n)-matrices, I';, j = 0,1,..., 1 are constant (N x v)-

matrices, ® is (N x n)-matrix with measurable and essentially bounded on [0,7] elements. We
assume that the components ¢; : DS™(m) x FD"(u) — R,i=1,..., N are linearly independent.

BVP (1), (10) is well-defined if N = n+ mn 4+ v. In such a situation, BVP (1), (10) is uniquely
solvable for any f, g if and only if the matrix

CX = (LX), (12)
where X7 is the j-th column of X, is nonsingular, i.e.

det X # 0. (13)

Theorem. Suppose that N = n+mn+wv. Then BVP (1), (10) is uniquely solvable for any f, g if
and only if (13) holds where N x N-matriz £X is defined by (12), (11), (7), (9). In the case that
(13) takes place, a solution to (1), (10) has the representation

- (g) — X(X) Y+ G (5) , (14)
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where the Green operator G : L™ x FDV(u) — DS™(m) x FDY(u) is defined by the equality
G=C-Xx(x)lew. (15)

The representation (15) allows one to study properties of the components Gy, ..., G2 to

G — g1 Giz
Go1 Ga)’
Denote by A;j, i,j = 1,2, the components of the operator A = (£X)~% : DS™(m) x FD"(u) —

R % RY and introduce operators Xi’}, 1,7 = 1,2, by the equalities

2
X = XAy, i,5=1,2.
k=1

Thus, for G;;, we have
2

Gij =Cij — > XjCrj 1,5 =1,2.
k=1
With this equality it can be established, in particular, that Gi; is an integral operator, and some
useful relationships for its kernel can be derived.
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Different notions of variation appear when we deal with problems in infinite dimension. Among
them, the semivariation is commonly found in the study of convolution, integral equations and
measure differential equations. In the setting of Stieltjes-type integral, the functions of bounded
semivariation play an important role and are usually connected with results on the existence of
the corresponding integral. In this notes we are particularly interested in its connection with the
integral due to Kurzweil (see [4]).

To introduce the definition of a semivariation, we need to recall that, given an interval [a, b, a
division of [a, b] is a finite set of the form

D:{ao,al,...,ay(p)}, a:a0<a1<---<aV(D):b,

where v(D) € N corresponds to the number of subintervals in which [a, b] is divided. The set of all
finite divisions of [a, ] is denoted by D]a, b].

In what follows, X and Y are Banach spaces and L(X,Y) stands for the Banach space of
bounded linear operators from X to Y. By || - [[x and || - |[(x,y) We denote the norm in X and
the usual operator norm in L(X,Y), respectively.

The semivariation of a function F : [a,b] — L(X,Y) on [a,b] is defined by

SVA(F) = sup {V(F,D,[a,]) : D € Dla,b]},

where,
v(D)
V(F, D, [a,}]) = Sup{H > [Flay) = Flag-o]as |+ o5 € X, lloslix < 1},
j=1

for D € Dla,b]. If SVE(F) < oo, we say that the function F is of bounded semivariation on [a, b].
The set of all functions F' : [a,b] — L(X,Y) of bounded semivariation on [a,b] is denoted by
SV ([a,b], L(X,Y)).
It is not hard to see that
SVe(F) < var(F)
holds for F : [a,b] — L(X,Y), where var’(F) stands for the total variation of F on [a,b], i.e.

a

v(D)
var’ (F) = sup{ Z HF(aj)—F(aj,l)HL(Xy) : D € Dla, b]}
j=1

Denoting by BV ([a, b], L(X,Y)) the set of all functions F : [a,b] — L(X,Y) such that var}(F) <
00, we have

BV ([a,b], L(X,Y)) C SV ([a,b], L(X,Y)).

One can show that semivariation and total variation are equivalent provided the space Y has a
finite dimension (see [7]).

The following proposition summarizes some basic properties of functions of bounded semivari-
ation.
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Proposition 1. Let F, G € SV ([a,b], L(X,Y)) and XA € R. Then:

e F' is bounded on [a,b];

e SVE(F +G) < SV2(F) +SV%(G) and SVE(AF) = |\|SV2(F);
e SVY(F) < SVS(F) 4 SVY(F) for ¢ € [a, b].

e The function t € [a,b] — SV! (F) is nondecreasing.

As a consequence, it follows that, SV ([a,b], L(X,Y)) is a linear space. Moreover, it is a Banach
space with respect to the norm given by

IFllsv = [F(a)llLx.y) +SVa(F) for F € SV([a,0], L(X,Y)).

In literature we can usually find the semivariation characterized as follows (see, for instance, [1]
and [3, 3.6, Chapter I]).

Proposition 2. The semivariation of a function F : [a,b] — L(X,Y) is given by
SV (F) = sup { varl (y* o F) : y* € Y*, |ly*|ly- < 1}.
where, for y* € Y*, the function (y* o F) : [a,b] — X* is given by
("o F)(t)(z) =y*(F(t)x) for t € la,b], =€ X.

Our aim is to present a new characterization of the semivariation by the means of the abstract
Kurzweil-Stieltjes integral introduced by S. Schwabik in [6]. For the reader’s convenience, we will
recall its definition.

As usual, a partition of [a,b] is a tagged division P = (£, D) where D € Dla,b] with D =
{ao,a1,...,aypy} and & € [aj—1,a4] for j =1,...,v(D). Furthermore, given a positive function
§: [a,b] = RT (called a gauge on [a,b]), a partition P = (£, D) is said to be d-fine if

[aj,l,aj] C (63 — 5(fj),fj + 5(@)) for j = 1,...,1/(D).

b
Let F : [a,b] = L(X), g : [a,b] = X be given. The abstract Kurzweil-Steltjes integral [ F d[g]
a

exists if there is I € X such that for every € > 0 there is a gauge ¢ on [a, b] such that
|=(F, Ag, P) — IHX < ¢ for all 0-fine partitions P of [a, b],

v(D) b
where X(F,Ag,P) = Y F(&)[g(ej) — g(aj—1)]. In such case we write I = [ F d[g].
Jj=1 a
Basic properties of the Kurzweil-Stieltjes integral in abstract spaces can be found, for example,
in [5] and [6].
We are now ready to state our main result.

Main Theorem. If F' € SV ([a,b], L(X)), then

V() = sup { | 01909 - /b Fd[g}Hx; € Sula.t]. %), lall < 1}

where S([a, b], X) denotes the set of all finite step functions g : [a,b] — X which are left-continuous
on (a,b] and such that g(a) = 0.

The proof follows closely the ideas presented in [2] where, using the Young integral in Hilbert
spaces, an analogous characterization of variation is presented.
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In theory of Riemann integral, the impact of the Bounded Convergence Theorem, also called
Arzela or Arzela—Osgood or Osgood Theorem, is comparable to the importance of the Lebesgue
Dominated Convergence Theorem in the theory of the Lebesgue integration. In this work we
are concerned with the abstract Kurzweil-Stieltjes integral, that is, the Stieltjes type integral for
functions with values in a Banach space introduced by S. Schwabik in [6]. Our aim is to present
the Bounded Convergence Theorem in this abstract setting.

To make our statement more precise we need to fix some notations.

In what follows, X is the Banach space and L(X) is the Banach space of all bounded linear
operators on X. By || - ||x we denote the norm in X, while || - || stands for the supremum norm.
Furthermore, BV ([a,b], X) denotes the set of functions valued in X of bounded variation on [a, b]
and G([a,b], X) denotes the set of regulated functions.

b
Throughout the paper by [ d[F]g we understand the abstract Kurzweil-Stieltjes integral of
a
g : [a,b] = X with respect to F': [a,b] — L(X) in the sense of [6].

Main Theorem (Bounded Convergence Theorem). Let g € G([a,b], X), a sequence {g,} C
G([a,b], X) and K € [0,00) be such that

lim g,(t) = g(t) for t € [a,b]

n—oo

and
lgnlloc < K < o0 for n€N.

b b
Then for any F € BV ([a,b], L(X)) and n € N the integrals [ d[F|g, [ d[F]gn, exist and

a a

n—o0

b b
lim [ d[F]g, = /d[F] g.

In the case of real valued functions, the proof of such convergence result is based either on
Arzeld’s Lemma or on other sophisticated tools (cf. e.g. [2, Theorem I1.19.3.14]) that cannot be
extended to the case of Banach space-valued functions. Nevertheless, a paper by J. W. Lewin [3],
in which an elementary proof of Bounded Convergence Theorem is given for the Riemann integral,
offered some enlightenment to this topic.

Our approach is inspired by some of the ideas presented in [3] encompassing some new concepts
that we will present below.

Let J be a bounded interval in R. We say that a finite set D = {ag, a1, ... ,aV(D)} C Jis
a generalized division of J if ap < aq < .-+ < a,(p). The set of all generalized divisions of the
interval J is denoted by D*(J).
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Let f:[a,b]—X and let J be an arbitrary subinterval of [a,b]. Then we define the variation of
fon J by

T {Zufa] sl

DeD*(J)

If vary f < oo, we say that f is of bounded variation on J and we write f € BV(J, X). Let us
note that for intervals this definition coincides with that used by Gordon in [1]. Furthermore, it is
easy to see that it coincides also with the usual (Jordan’s) notion of the variation if J is a compact
interval.

Making use of the variation on arbitrary intervals we introduce the variation over elementary
sets. Recall that a bounded set £ C R is an elementary set if it is a finite union of intervals.
Moreover, given an elementary set E we can determine a collection of intervals {Jx: k =1,...,m}
such that E = (J;'; J; and the union Jj U J; is not an interval whenever k # ¢. Such collection,
called minimal decomposition, is uniquely determined and the intervals forming this collection are
pairwise disjoint.

Definition. Given a function f:[a,b] — X and an elementary subset E of [a, b], the variation of f
over F is

var(f, E Zvarjk 1,

where {Ji: k =1,...,m} is the minimal decomposition of E.

Now, we present an analogue to Lewin’s lemma from [3]. In comparison with Lewin’s original
version, we replace the Lebesgue measure by the variation of a given function over elementary sets.
For the proof, we needed to extend the Jordan’s decomposition of functions of bounded variation
(for the classical setting, see [2, Theorem 1.7.1]) to the abstract setting.

Lemma. Let {A,} be a sequence of subsets of [a,b] such that Ap11 C Ap, n €N, and ), An = 0.
Given f € BV ([a,b],X), forn € N put
Up = Sup { var(f, E): E is an elementary subset of An}.
Then lim v, = 0.
n—,oo
In order to apply the previous lemma in the proof of our main result we need to introduce the
notion of the Kurzweil-Stieltjes integral over elementary sets.

Definition. Let F:[a,b]—L(X), g:[a,b]—X and an elementary subset E of [a,b] be given. The
Kurzweil-Stieltjes integral of g with respect to F over E is given by

b

[awig = [ dirige)

E a

provided the integral on the right-hand side exists in the sense of [6].

Many basic properties of the integral defined above are immediate consequences of what is
known for the abstract Kurzweil-Stieltjes integral, see [4] and [6]. Moreover, the integral over
elementary sets in terms of its minimal decomposition can be calculated as follows.

Proposition. Let F' € BV ([a,b], L(X)), g:[a,b]—=X and an elementary subset E of [a,b] be such
that the integral [ d[F]g exists. Then
E

farta-$: o

E k=17,
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where {Ji: k= 1...,m} is the minimal decomposition of E.
If we assume in addition that F is continuous on [a,b], then

H E/ d[F]gHX < var(F, E)(g; lo(®)lx).

This proposition together with the analogue of Lewin’s lemma mentioned above were the main
tools that enabled us to prove the main result of this communication.
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Consider the functional differential equation
u"(t) = F(u)(t) 1)
with the two-point boundary conditions
W V@)=0 (i=1,....m), I D0)=0 (j=m+1,...,n). (2)

Here n > 2, m is the integer part of n/2, —0o < a < b < 400, and the operator F' acting from
the set of (m — 1)-th time continuously differentiable on ]a,b] functions, to the set Lj..(]a,b]). By
u(~V(a) we denote the right limit of the function (1) at the point a.

In the paper [2] the Agarwal-Kiguradze type theorems (see [1]) are proved for the focal two-point
boundary problem for the linear differential equation with deviating arguments, which guarantee
Fredholm’s property for such problems. Here, on the basis of previous papers we prove a priori
boundedness principle for the problem (1),(2) from which follow several sufficient conditions of
solvability of this problem.

We use the following notations.

R™ =0, +oo[;

[x]+ is the positive part of number z, that is [z] = ng‘;

Lioc(]a, b]) is the space of functions y :]a,b] — R, which are integrable on [a + ¢, b] for arbitrary
small ¢ > 0;

Lo(Ja, b)) (L2(]a,b])) is the space of integrable (square integrable) with the weight (t — a)®
functions y :]a,b] — R, with the norm

b b 12
ol = [ =alolas (Il = ( [ arieas) )

a a

M (]Ja, b]) is the set of the measurable functions 7 :]a, b] — ]a, bl;

L2 (]a, b]) is the Banach space of y € Lj,.(]a,b]) functions, with the norm

|wh3:mw{[]@aw(]y@mQQMTﬂ:agtgb}

L,(]a,b]) is the Banach space of y € Lj,.(]a,b]) functions, with the norm

t

lwmnzmm{@—aW1“{/@—aw2my@ﬂ%:a<sstgb}<+m;

s
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CZ;C '(Ja, b)) is the space of the functions y :]a,b] — R, which are continuous (absolutely con-

tinuous) together with ¢/, ", ...,y Y on [a + &, b] for arbitrarily small & > 0;
Cn=Lm(Ja,b]) is the space of the functions y € C"~*(]a,b]) such that

loc
/|x(m)(s)|2ds < 4005

C7""Y(Ja, b]) is the Banach space of the functions y € C"~*(Ja, b]) such that

loc
(i—=1)
lim sup |2 @)l

s (L i < 00 (= L)

with the norm: -1,
[z ()]
|.’1}'”Cm 1—28111){_”11_"_1/2 a<t§b}7

C™Y(Ja, b)) is the Banach space of the functions y € C™~!(]a, b]) such that:

loc

b 1/2
”ZCH6'I"‘71 = ||xHCIn71 + </ ‘w(m)(s)‘2d8> ,

Dy (Ja,b] x RT) is the set of such functions ¢ :]a,b] x R™ — L,(]a,b]) that §(¢,-) : R* — RT
is nondecreasing for every t €]a,b], and §( -, p) € Ly(]a,b]) for any p € R*. A solution of problem
(1), (2) is sought in the space C™~ 1™ (]a, b]).

Define the operator P : C1"*(Ja,b]) x CT *(Ja,b]) — Lise(]a, b)), by the equality

t) = i pi(@))yY I (7;(t)) for a <t <b,
j=1

where p; : 7" (Ja,b]) — Lioc(Ja,b]), and 7; € M(Ja,b]). Also for any v > 0 define the set A, by
the relation A, = {z € C]""!(]a,d]) : Hx”éi‘n—l <~}

Following the article [2] of Kiguradze and Puza, we introduce the following definitions.

Definition 1. Let 7y and v be the positive numbers. We say that the continuous operator P :
O YJa, b)) x O Y(Ja, b)) = Ln(Ja,b)) is Yo, v consistent with boundary condition (2) if:

(i) for any = € A, and almost all ¢ € ]a, b] the inequality
Z [ps (@) (02 (75(0))] < 8(t Nll ) |2l o (3)

holds, where 6 € Dy (Ja,b] x RT).

(ii) for any x € Ay, and ¢ € L2, 5. 5(a,b]) the equation

m

y ™M (8) = pi(@) )y (7(1) + a(t)

Jj=1

under boundary conditions (2), has the unique solution y in the space C" 1™ (]a,b]) and
1yllgm—1 < vllallzz

2n—2m—2
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Definition 2. We say that the operator P is 7 consistent with boundary condition (2), if the
operator P is 7y, 7 consistent with boundary condition (2) for any ~y > 0.

In the sequel, it is assumed that the operator F, is defined by the equality
Fyl)(t) = | F(a )= p@ O EG0)0)

continuously acting from C7*~!(]a, b]) to LZ% , 2(]a, b]), and ﬁp(t, p) = sup{Fp(z)(t) : HxHCInfl <
py € L2, . o(a,b]) for each p € [0,400]. Then the following theorem is valid.

Theorem 1. Let the operator P be ~yy, v consistent with boundary condition (2), and there exist a
positive number pg < o such that

HFp( : 7min{2p07 ’70}) Hzgn_Qm_z < ’70/’7
Let moreover, for any X €10,1[, an arbitrary solution x € A, of the equation

2 (t) = (1= N P(z,2)(t) + AF(2)(t)
under the conditions (2), admit the estimate ||l'||5;n—1 < po. Then problem (1), (2) is solvable in
the space C"~1™(a, b)).

From this theorem it follow different theorems with efficient sufficient conditions for the solvabil-
ity of problem (1), (2). Here we give one of them. Define the operators h; : C7*~*(Ja, b]) x |a, b] x ]a, b]
= Lige(Ja, b]x Ja, b)), f; : C7"(Ja, b)) x [a,b] x M(Ja,b]) = Cioe(la, b]x]a,b]) (j =1,...,m) by the
equalities

mits) = | [(€= | -r i)

hy(at,s) = /(f—a)" 2 (2)(€)

1/2

fie.cm)(ts) = | (€= ammipa) ) / (6 — 2 e,

e

Then the following theorem is true.

Theorem 2. Let the continuous operator P : CT""'(Ja,b]) x C"(Ja,b)) — Ln(Ja,b]) admit the

condition (3) where 6 € Dy(la,b] x RT), 7; € M(Ja,b]) and the numbers vy €la,b], l; >0, I; > 0,
v >0 (j=1,...,m) be such that the inequalities

(t — )™ Ihy(w,t,s) <1;, limsup(t —a)™ 2% fi(z,a,75)(t,5) <
t—a

for a <t <s<hb, HxHéin_l <7

hold. Let, moreover, the operator F' and function n € Dayp_2m—2(]a,b] x RY) be such that condition

0 =3 a0 3010 < )
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and inequality
70

InC-20llz, ., <5

are fulfilled, where

B "L(2m — 25 +1)7Y2\ 2m (20 — 2m — 1)
m= (143 (m— ) >(yn—B)(2m—1)u'

Then problem (1), (2) is solvable in the space C"~1™(]a,b]).
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Let a > 0, R_ =] — 00,0], Ry = [0, 4+00[, Ro; =]0,400[, and f; : [0,a] x R}, = R_ (i =1,2)
be measurable in the first and continuous in the last two arguments functions.
Consider the two-dimensional differential system

dui
dt

= fi(t,ul,uQ) (Z = 1, 2) (1)

with the nonlinear boundary conditions

a

/ o(s,u1(s) do(s) = ¢, ua(a) = P(ur(a)), 2)

0

where ¢ > 0, ¢ : [0,a] x Ry — Ry is a continuous and nondecreasing in the second argument
function, ¥ : Ry — Ry is a continuous function, and o : [0,a] — R is a nondecreasing function
such that

o(a) —o(0) = 1.

An absolutely continuous vector function (u1,us) : [0, a] — R? is said to be a positive solution
of the differential system (1) if it satisfies the inequalities

ui(t) >0 for 0<t<a (i=12),

and almost everywhere on ]0, a| the equalities (1) are fulfileed.

A positive solution of the system (1) satisfying the conditions (2) is said to be a positive
solution of the problem (1), (2).

We investigate the problem (1),(2) in the case where the functions f; (i = 1,2) on the set
10, a[ xR3, admit the estimates

glO(t) S _z)\lyiulfl(t)x7y) S gl(t)u

3
go0(t) < =222 fo(t, 2, y) < go(t), ®)

where \; and p; (i = 1,2) are non-negative constants, and g;o :]0,a[ — Ro4 (i = 1,2), g; :]0,a[—
Ro+ (i = 1,2) are integrable functions.
If \; > 0 for some i € {1,2}, then in view of (3) we have

lim f;(t,z,y) =400 for 0 <t<a, y>0.
x—0
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And if g9 > 0, then
lin(l)fg(t,:c,y) =400 for 0<t<a, x>0.
Yy—>

Consequently, in both cases the system (1) has the singularity in at least one phase variable.

Boundary value problems for singular in phase variables second order nonlinear differential
equations arise in different fields of natural science and are the subject of numerous studies (see
e.g. [1], [3]-[7] and the references therein). In the recent paper by I. Kiguradze [2], optimal
conditions are obtained for the solvability of the Cauchy—Nicoletti type nonlinear problems for
singular in phase variables differential systems. As for the problems of the type (1), (2), they still
remain unstudied in the above-mentioned singular cases.

Let
M1

, v=14+ X+ .

On the set {(t,x,y) :0<t<a, x>0,y > 0} we introduce the functions

~ a a ” 1
wo(t,z,y) = 95V+V/910(5) <$/\2yl+u2+(1+/ﬁ2)/920(7) dT) ds] ,
- t s

a _1
1+po

w(t,z,y) = Z/H“Q+(1+M2)/w0_)\2(37337y)92(3) dé’] :

t

wy(t,z,y) = |x TAL (I+XAp) /w“l(s,x,y)gl(s) ds] ,
B t

Theorem 1. Let

lim ¢(t,x) = +oo uniformly with respect to t € [0, a],
T—+00

and let for some 6 > 0 the inequality
c> /@(37w1(8,5,¢(5)) do(s)
0

hold. Then the problem (1), (2) has at least one positive solution.

Theorem 2. If

a

c< /cp(s,wo(s,0,0)) do(s),

0

then the problem (1), (2) has no positive solution.

The particular cases of (2) are the nonlocal boundary conditions
> et (ag) = ¢, uz(a) = p(u(a)), (4)
k=1

where 0 >0, up, >0, 0<ar <a (k=1,...,m).
Theorems 1 and 2 imply the following corollary.
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Corollary 1. If for some § > 0 the inequality

¢ > Lywi (ag, 6,1(9))

k=1

holds, then the problem (1), (4) has at least one positive solution. And if

m
c < Z ékﬂ)(](ak, 07 0)7
k=1

then the problem (1), (4) has no positive solution.

Corollary 2. For an arbitrary ¢ > 0, the differential system (1) has at least one positive solution
satisfying the conditions
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One of the most important problems of the optimal control theory of distributed parameter
systems is to obtain synthesis, i.e. optimal control in the feedback form. Wide class of both
distributed and lumped control systems without constraints was studied in the earliest works. In
this paper, optimal control function which has been expressed in the feedback form is found for
the parabolic equations with quickly-oscillating coefficients and controlled impulsive perturbation
at a fixed time. The exact formula for the synthesis was found and its approximate form that lies
in substitution of quickly-oscillating parameters with homogenized and infinite sum with finite was
justified.

Let @ C R™ be a bounded domain, ¢ € (0,1) be a small parameter, Q = (0,7) x 2, 6 € (0,7,
be a fixed time of impulsive perturbation, a # —1, b € R, ¢ > 0, d > 0, be fixed.

We consider the parabolic equations with quickly-oscillating coefficients and controlled impulse
at a fixed time

?;; =A%y +ult,z), (t,x)e€Q,
y‘aﬂ =0, (1)
y‘t:O = Yo;
y(@+0,z) —y(0,2) = ay(0,z) + bw(x) for almost all x € , (2)
J(y,u,w) = /yQ(T, x)dr + c/uQ(t,x) dtdx + d/w2(x) dx — inf, (3)
Q Q Q

where A° = div (a°V), a®(z) = a(%), a is measurable, periodic matrix which satisfies the conditions
of uniform ellipticity and boundedness: dv; > 0, vo > 0, Vi € R",

n

n n
vy ng < Y aig(@)nmg < v nk (4)
=1 i,j=1 i=1

Let {X?F}, {\;} be solutions of the spectral problem

{AEX; — XX,

XFloq =0,
{XF} C HE(Q) is a orthonormalized basis in L2(Q2), 0 < A§ < A5 < -+, Af — 00, 1 — oo.
A norm and a scalar product in L?(£2) are denoted by || - || i (-, -) respectively.

We are looking for a solution of (1)—(3) in the following form

v (ta) =Y i (OXi (@), w(ta) =) ui(t)X{(x), wi(z)=) wiXi(a).
i=1 =1 =1
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Then we obtain a countable system of one-dimensional impulse optimal control problems:

D) = vt i),

y; (0) = ",

i+ 0) — 47(0) = g (0) + bus, (©
T
/ )2 dt + d(wf)? — inf,
0

where y)¢ = (y§, X5). By using method of Pontryagin’s Maximum Principle [2] we obtain that
problem (6) has the unique solution

DdyP=e 3T K (¢
Vie[0,T], uw(t) = — (at V)dy*e TZ() , (7)

cd + cb2e N9 4 q [(KE(t))2dt
0

bee= i (T=9)

€ 0 ¢
Vtel0,T], w; 0 u; (t), (8)
where
(a+1)e TN, te 0,0,
(3 _
it = { NNt te(6,T).
Denote

a e NTKE
vy — (o a0

4 :
cd + eb2e 2N (T=0) 4 q [ (K5 ()2 dt
0

Thus we obtain a control in the feedback form

e 1)) = 7 () 1), Q
Wi O] = g A OE0), (10

where

¢ 1
Bi(t) = e’\ltof(t)<1 + /e’)‘fsof:(s) d8> , when ¢ € [0,6],
0

0 t
b . -
() = A5t e ASs )\9
Bi(t) =e a()<a—|—1+ (a+1) /e o (a—|—1 —|—/ ) , (11)
0 0
when ¢ € (6, 7).
Note that 55 is uniformly bounded on [0, 7]
A>0Vi>1, Vee (0,1), sup |55(t)| <p. (12)

te[0,T]
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Thus, the synthesis of a problem (1)—(3) is determinate by

uelt v Zﬁz XE)XE (@) (13)
wf| Z% ), X7) X (), (14)
where [3; is defined by (11), and
g __ b E

Let us construct approximate homogenized synthesis. Let constant matrix a® be homogenized
for a(2), A% = div (a®V), {\)}, {X?} be solutions of the appropriate spectral problem

AOXD = 300,
{Xﬂm =0,
where spectrum of A° is simple
0<A) <A< <A<y A =00, i— oo (15)
Then for all ¢ > 1 limits hold [3]
A= A\ XF = XY in L2(9) when & — 0. (16)
We assume that
ys — yo weekly in L*(Q) when & — 0. (17)
From (11) we obtain that for all t € [0, 7] and all ¢ > 1,

Bi(t) = BY(t), % == B(0) for e — 0, (18)

~d(a+1)

where $2(t) is defined by (11) and substitute Af with \?.
Let us consider the problem

Xyl (o) €Q
y‘aQ =0, (19)
y‘t:O = Yo
y(0+0,z) — y(0,z) = ay(d, ) + bwQ [z, y(#)] for almost all z € Q, (20)
where for y € L?(Q), z € L*(Q),
Nt 2, y] = ZBO t), X7) X (),

= Zv?(z,X?)X?(ﬂ?)-
i=1

From (12)
vt e [0,T], lun(t,z, ]l < Blyll, (21)
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the problem (19) has a unique solution in W (0,6) [4]. Whereas W (0,6) C C([0,6]; L*(2)) and the
inequality holds
be
0
lwile. 2l < Gy Al (22)
then there exist a unique solution y = y5,(¢, ) € Wy(0,T') of the impulse problem (19), (20).
The main result of this paper is the following theorem.

Theorem. Let the above assumptions be satisfied. Then for all n > 0, AN > 1,z € (0,1) such
that VN > N, Ve € (0,8),

I ) = I (i [t 2y (2)] e [0 (0.2)] ) | < (23)

where {y°,u®, w®} is an optimal process for the problem (1)—(3), y% is a solution of the problem
(19), (20).
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1 Formulation of Problem

In the literature most of impulsive boundary value problems deals with impulses at fixed times.
This is the case that moments, where impulses act in state variables, are known. The theory
of these impulsive problems is widely developed and presents direct analogies with methods and
results for problems without impulses. A different situation arises, when impulse moments satisfy a
predetermined relation between state and time variables. This case, which is represented by state-
dependent impulses, is studied here, where we are interested in a system of n (n € N) nonlinear
ordinary differential equations of the first order with state-dependent impulses and general linear
boundary conditions on the interval [a,b] C R. The main reason that boundary value problems
with state-dependent impulses are developed significantly less than those with impulses at fixed
moments is that new difficulties with an operator representation of the problem appear when
examining state-dependent impulses. Therefore almost all existence results for boundary value
problems with state-dependent impulses have been reached for periodic problems which can be
transformed to fixed point problems of corresponding Poincaré maps in R™. Hence, the difficulties
with a construction of a functional space and an operator have been cleared in the periodic case.
Other types of boundary value problems with state-dependent impulses have been studied very
rarely.

We construct and investigate a fixed point problem in some subset 2 of the Sobolev space
(W12 ([a, b]; R™))P*! and we provide conditions for its solvability. The existence of such fixed point
allows us to construct a solution of the system of differential equations

2(t) = f(t,2(t)), ae. t€[a,b] CR, (1)
subject to the state-dependent impulse conditions
2(t4) — 2(t=) = Ji(t, 2(t—)), where t =~;(2(t—)), i=1,....p, (2)
and the general linear boundary condition
U(z) = co. (3)
Problem (1)—(3) is studied under the assumptions

n>2, f e Car([a,b] x R";R"), )
co € R", J; € C([a,b] x R";R™), v € C(R;R), i=1,...,p,
0:Gy([a,b]; R") — R"™ is a linear bounded operator, i.e.

b
Uz)=Kz(a)+ /V(t) d[z(t)], z € Gr([a,b];R"),

where K € R"", V € BV([a,b];R"™"), k=1,...,n, n,peN.]
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GL([a,b];R™) is a Banach space (equipped with the sup-norm) of left-continuous regulated (i.e.
having finite one-sided limits at each point) on [a, b] vector valued functions.
A mapping z : [a,b] — R" is a solution of problem (1)—(3) if for each ¢ € {1,...,p} there exists
a unique 7; € (a,b) such that
7 = 7i(2(7i)),
a<T7 <7< <7y < b, the restrictions Z‘[a71]72|(n ]
satisfies (1) for a.e. t € [a,b] and fulfils conditions (2) and (3).

z‘ are absolutely continuous, z
(7p,0]
2 Transversality Conditions

First, let us formulate conditions which guarantee that each possible solution of problem (1)—(3)

in some region crosses each barrier ; at the unique impulse point 7;, ¢ = 1,...,p. To this end
consider positive real numbers pj;, j = 1,...,n, and denote
A:{(xl,...,xn)TE]R”: ]xj\g,uj,jzl,...,n}. (5)

We assume that

there exist disjoint subintervals [a;, b;] of the interval (a,b) such that
ap < - <ap, a; <v(r)<b, i=1,...,p, x €A, }
for each i € {1,...,p}, j€{l,...,n} there exists \;j; € [0,00) such that
for each z = (wl,...,xn)T, Y= (yl,...,yn)T €A

[yi(z) —iy)| < Z)\iﬂl‘j - yjl.
=1

Further we choose positive real numbers p;, j = 1,...,n, such that
n
Z)\ijpj<1, 1=1,...,p. (8)
j=1

Under conditions (5)—(8), which we call transversality conditions, we can define the set
B= {u = (ur, oy un)T € W ([, BER™) ¢ [fuslloo < 1, 1lloo < pjs 5 = 1n} 9)
and prove that for each i € {1,...,p}, the functional
P;: B— (a,b), Piu = 13, (10)

is continuous. Here, for given v € B, 7; € (0,T') is a unique root of the function ~;(u(t)) — t.

3 Fixed Point Problem and Existence Results

One of the basic results in our approach is a connection between a (discontinuous) solution z of
problem (1)—(3) and a fixed point (u1,...,up+1) of an operator G which operates on the set

Q=B c X = (Wh([a, b]; R™))P

The space X, equipped with the norm ||(u1,...,upt1)||x = pil |lug||1,00 for (ur,...,upt1) € X, is
a Banach space. Under the assumptions =

det K # 0, (11)

3feR: |f(t,z)| < f forae. te€l[ab], all zeR" (12)
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we define the operator F*: ) — X,

b p+1 p
Fraon(®) = [ Glt.s) Y, () svuils)) ds D Gt )i usr)) +
2 i=1 i=k
k—1
+ ZGz(t,Ti)Ji(Tz‘,ui(Ti)) +K e, k=1,...,p+1, (13)
i=1
where
Ti:Piuia i:17"')p) 70 = a, Tp+1 :b7 (14)

Gi(t,7) = =K'V (r), Gao(t,7)=—-K'V(r)+1, t, 7€ a,b],

o Gl(t77—)7 CLStSTSb,
Glt,7) = {Gg(t,T), a<t<t<b,

and K and V are from (4), I is the identity matrix. Unfortunatelly, 7* is not compact on Q2. We
can overcome this obstacle by redefining the operator F7* by means of the operator G : Q — X,

Frunmon + [ fom)ds, t<n
(Gu)k(t) = § (Fru)x(t), t Tho1 <t < 7, (15)
(f*u)k;(Tk)—l—/f(s,uk(s))ds, t>7, k=1,...,p+ 1.

Now we are ready to prove the following theorem.

Theorem 1. Let p1; € R, A be given by (5), and let v;, Nij and p;j, i = 1,...,p, 7 =1,...,n,
satisfy (6), (7) and (8). Further, assume that conditions (11), (12) and

vilz + Ji(t,z)) < vi(x), (t,z) € [a,b] x A, i=1,...,p, (16)
hold. If w = (u1,...,upy1) is a fixed point of the operator G, then a function z defined by

ul(t), t e [a,Plul],

Z(t) _ UQ(t), t e (,Pl'U/l,PQUQL (17)

is a solution of problem (1)—(3).

In order to get the existence result we assume in addition that

3J; € (0,00) : |Ji(t,2)| < Ji, (t,2) € [a,b] x R™, i=1,...,p, (18)
Ve>036>0 Va,ye A: |x—y\<5:>Hf(-,x)—f(',y)Hoo<€, (19)
V e C(las, b; R™™), i=1,...,p. (20)

Here A is from (5) and [a;, b;], i = 1,...,p, are from (6).
The main result is contained in the following theorem.
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Theorem 2. Assume that (11), (12) and (18) hold and that numbers p;, pj, j =1,...,n, satisfy

pi > K7 sp V()| f(b—a) +2f(b—a)+
se|a,
P p
HIEY sup [V Jr+ > Tk + K el (21)
s€la,b] 1 1
p]Zf,j:L,n )

Further assume that conditions (6), (7), (8), (16), (19) and (20) hold. Then the operator G has a
fized point in  and problem (1)—(3) has at least one solution u such that

HUHOO S maX{:u’la . . 7,“’71}

These results are based on the papers [1]-[6]. Proofs of Theorems 1 and 2 can be found in [6].
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1. Buffer phenomenon is an important example of mutually enriching interaction of theoretical

research of a mathematical model for a real event and deep penetration into the essence of
this event. Detailed investigation of such a phenomenon allowed introduction of new elements
into the interpretation of “nonlinear world” notion.

Oscillatory objects with distributed parameters are found in different fields of science, new
hardware and modern technologies. Dynamics of such objects is simulated by systems of
partial differential equations with boundary conditions. Stable cycle corresponding to a self-
oscillatory regime is a periodic in time solution.

Such a boundary-value problem contains also the parameters and it is essential to determine
the number of coexisting self-oscillatory process for different values of parameters. Hence, it
is a purely mathematical problem: studying the dependence of a number of stable cycles on
parameters in a boundary-value problem.

. Buffer phenomenon in a mathematical model of a distributed oscillatory system is observed
when the considered boundary-value problem under proper choice of the values of parameters
can contain any finite preliminarily fixed number of different stable cycles. In general case,
buffer phenomenon of a parameter-dependent dynamic system has the following property:
any a priori chosen finite number of single-type attractors exist in the system’s phase space
when the parameters are chosen properly.

Obviously, the problem on investigation of time-periodic regimes in oscillatory objects with
distributed parameters first was stated by A. A. Vitt [1].

. Detailed statement of strict mathematical theory of buffer phenomenon can be found in papers
and monographs [2-6]. The considered mathematical models are nonlinear boundary-value
problems for the systems of partial differential equations of hyperbolic or parabolic type. It
is essential that buffer phenomenon itself is specific to bifurcation process, in the course of
which unlimited increase of the number of coexisting stable attractors takes place.

The conducted research showed that buffer phenomenon is “typical” of rather broad class of
mathematical models that adequately describe many nonlinear oscillatory processes in natural
science (radiophysics [7, 8], mechanics [9], optics [10], combustion theory [11], ecology [12],
neurodynamics [13]). Besides, relation of buffer phenomenon to such nontrivial phenomena
as turbulence and dynamic chaos has been traced [14-16].

The study of typical scenarios of accumulation of attractors in different dynamic systems is
quite topical. Four scenarios of this kind have been discovered so far: Vitt, Turing, Hamilton,
and homoclinic mechanisms of accumulation of attractors.

. The situation in which Vitt mechanism is implemented is typical of a large class of physical
processes described by hyperbolic equations. It consists in the following.

Assume that in the problem of stability of equilibrium zero-state of some hyperbolic system
there is a critical case of denumerable number of eigenvalues, and when parameters of the
system change, a part of spectrum points is successively displaced to the right complex half-
plane. Then in case of no certain resonant correlations between the system’s eigenfrequencies,
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is observed unlimited accumulation of quasiharmonic stable cycles, and each cycle originates
from zero-state of equilibrium as an unstable one, and then it acquires stability, rising its
amplitude [3, 5, 7, 8].

Turing mechanism: when parameters change, each individual cycle first gains stability and
then loses it once again. Thus, though the total number of attractors grows, their set is
constantly renovated. As it is shown in [6], such situation is implemented in reaction-diffusion-
type systems under proportional decrease of diffusion coefficients, but it can also show up in
the systems with delay under unlimited increase of delay time.

. As to finite-dimensional systems, the elementary mechanism of buffer onset is Hamilton sce-

nario illustrated in [17, 18] by 2D-mappings from mechanics and systems of ordinary differ-
ential equations that are close to 2D-Hamiltonian ones. It should be noted that Hamilton
mechanism has been the less studied one, though it is illustrated by many examples like
pendulum-type equations with time-periodic small additional components [19].

In the case of systems of ordinary differential equations there are other, much more complex,
mechanisms of accumulation of stable cycles that result from so-called homoclinic contacts
existing in such systems; such mechanisms can also be conventionally called homoclinic.
Among many results obtained for the systems with homoclinic structures, let us comment on
three of them [20-22].

. Note that buffer phenomenon in self-excited oscillators with a section of long two-wire line in

a feedback circuit has been experimentally shown to be feasible [2, 8].
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On a Reduction of a Linear Homogeneous Differential System
with Oscillating Coefficients of Some Special Kind

S. A. Shchogolev

1. I. Mechnikov Odessa National University, Odessa, Ukraine
E-mail: sergas1959@gmail . com

Let G(gg) = {t,s t0<e<ey, —Le'<t<Le ! 0<L< +oo}.
Definition 1. We say that a function f(¢,¢) belongs to the class S(m,ep), m € N U {0} if
1) f:G(e0) = C;
2) f(t,e) € C"™(G(ep)) with respect to t;
3) d¥f(t,e)/dt = &k fi(t,e) (0 < k < m),

def - *
1 5tne)= D sup |£i(t€)] < +oo.
k=0 G(eo)

By a slowly varying function we mean a function from S(m, o).

Definition 2. We say that a function f(t,e,0(t,¢)) belongs to the class F(m,l,c0,6) (m,l €
N U {0}) if this function can be represented as

f(t,s,@(t,s)): Z fn(t,e)exp (m@(t,a)),

and
1) fn(t7€) € S(m780);
def s .
2) 1 flranico0) = 1follsimeo) + 2 [l fallsm,eq) < +00, particular

n=—oo

1l rmmocosy = Y fallsem.eo:

n=—oo

3) O(t,e) =

o o

@(T,e)dr, p(t,e) € RY, p(t,e) € S(m, ep), Gi(nf) o(t,e) = o > 0.
€0

We denote by (A);x the element ajj; of the matrix A = (a;jk); 417
We say that (n x n)-matrix A(¢,e,60) belongs to the class F(m,l,e,0) if all elements of this
matrix are the functions of the class F'(m,1,e,60). Then we define

n
% def
AN p(me0,0) = max Z (A kel P(mt,20,60)
=1

1<j<n
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Let f(t,e,0) € F(m,l,e9,0). We denote Vn € Z:

2m
1
Lalfl = 5o [ F(t.200) exp(-int) db
i
0
particular
2w
1
olfl = 5 [ F(t.2.6)db.
T
0
Consider the following differential system
dx
o = (Mte) +eA(t,e) + pP(t.e,0)), (1)

where x = colon (z1,...,2,), A(t,e) = diag (Ai(t,€),..., An(t,€)), Aj — A = iwji(t,e), wjr € R,
Wik € S(magﬁ)a A(t75) = (ajk(tae))j,k:ﬁv jk S S(m - 1750)7 P(ta5>9) = (pjk(t7579)
pik € F(m,l,20,0), p € (0,10) CRT.

We study the problem of the existence of the transformation of the kind

Jik=1n>

v = (E+0(t,e,0,p))2, 2)
where ® € F(m*,1,e*,0) (m* <m, e* < ¢gp), reducing the system (1) to

% = (1~\(t, e, ) + 52H(t, ) + ueB(t, e, ,u))z, (3)

where A = diag (\1,..., An), H = (hji); pe15s B = (bji)jpetars Njs P bjie € S(m*,€*). Means
coefficients of the system (3) are slowly-varying, while the coefficients of the system (1) are oscil-
lating.

Lemma 1. Suppose that the system (1) satisfies the following condition

Vv e Z, Jak:m (]7&]0 G%(nf)|wjk(ta€)_y()0(t7€)| >~ >0.
€0

Then Fuy € (0, o), Je1 € (0,e0) such that ¥V € (0,u1), Ve € (0,e1) exists the transformation of
kind
= (E+Y(te0,u)y,

where ¥ = (@k(t,sﬁ,u))“:lfn, ij € F(m —1,1,e1,0), reducing the system (1) to

d
L= (Alt.0) + eMi(te) + uU (e, ) + 2H(t€) + eV (1,,0,10) ),
where Ay = diag (ai1,...,ann), H = (hjk)j,k:ﬁ’ hjr € S(m — 2,e1), U = diag(u1,...,un),

Uuj; € S(m,e1), V = (Ujk)j,k:17u Vjk € F(m—1,l,¢1,0).
Lemma 2. Let we have the scalar linear non-homogeneous first-order differential equation

d

dit: = (iw(t,e) + eal(t,e) + pu(t,e))z + ev(t, e, 0),

where w(t,e) € S(m,e1), w(t,e) € RT, u(t,e) € S(m,e1), alt,e) € S(m — 1,e1), v(t,e,0) €
F(m —1,1,e1,0) and the following conditions
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1) inf |w(t,e) —ve(t,e)| >~y >0VveZ;
G(e1)

2) alternative holds: or Reu(t,e) =0, or G%?f) |[Reu(t,e)| =~ > 0.
€1

Then Jeg € (0,e1), po € (0, 1) such that ¥V pu € (0, u2), € € (0,e2) the equation (7) has a particular
solution x(t,e,0,u) € F(m — 1,1,e9,60), and 3Ks € (0,+00) such that

Hﬂj‘(t & 0 M HF(mfl,l,sz,G) < K2HU(t’E’G’H)HF(mfl,l,eg,H)'
Lemma 3. Let the function
f(t,e,0(t,¢)) Z fn(t,€) exp (inb(t, )

V=—0o0

(v£0)

belong to the class F(m — 1,1,e1,0). Then the function

t
(taﬁts €/f75976d
0

belongs to the class F(m — 1,1,e1,0) also, and 3 K3 € (0,+00) such that
2]l Fm—1,161,0) < K3 Il Fem—1,1,¢1,0)-

Theorem. Suppose the system (1) is such that
) VveZ jk=1,n (j #k): 1%1f {w]kts) go(t,e)|27>0;

2) the elements w;(t,e,p) (j = 1,n) of the diagonal matriz U(t,e, ), which are defined in
Lemma 1, have the alternative:

or Re (us(t,, 1) — unlt,e,1) = 0 (b = T,7,  # b);
or Gi?f) |Re (uj(t, e, p) —ug(t,e, p))| > vo > 0, where 1 are defined in Lemma 1.
€1

Then 33 € (0,¢0), 13 € (0,u0) such that Ve € (0,e3), Vu € (0,us3) exists the transformation of
kind (2), where ®(t, e , 0,1) € F(m—1,1,e3,0), which reduces the system (1) to the form (3), where
H e S(m—2,e3), B (m—1,e3).
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Asymptotic Representations of Solutions for One Class of
Non-Linear Differential Equations of the Second Order

O. R. Shlyepakov

Odessa I. I. Mechnikov National University, Odessa, Ukraine
E-mail: oleg@gavrilovka.com.ua

We consider the differential equation

" = aop(t)e1(y)e2(y'), (1)

where ag € {—1,1}, p : [a,w[—]0,+oc[ is a continuous function, ¢; : A(Y) —]0,+oc0] (i = 1,2)
are twice continuously differentiable functions which satisfy the conditions:

Pi(2) #0 when z € A(YY), lim @i(z) =29, @) € {0,+oo},
z—=Y-
zeA(Ylf)

) )
2 Teer b

zeA(Y])

. 2eh(2)
lim =X (A€eR), 3
lim, ( ) (3)
zEA(Y2O)

where A(Yio) is some one-sided neighborhood of the point Yio, Yi0 is equal to either 0 or +oo.

From (2), (3) it follows that the function 1 () is rapidly varying when z — Y?, and the function
¢2(2) is regularly or slowly varying when z — Y3’ (see Seneta [14]).

This equation was considered in the works of Evtukhov V. M. and Belozerova M. A. [1, 2, 3, 4, 10]
for the cases when the functions ¢;(z) were power-law or regularly or slowly varying when z — Yio,
i=T1,2.

In the work of Kharkov V. M. [7], the following equation was considered

y" = aop(t)e1(y), (4)

where the function 1 (2) was rapidly or regularly varying when z — Y{". Equation (4) is a particular
case of the equation (1), when ¢s(z) = 1. In [7], the class of solutions was established. For that
class, the necessary and sufficient conditions as well as the asymptotic formulas for solutions were
derived.

In the works of Evtukhov V. M. and Drik N. G. [5, 6, 10], the particular case for the equation
(1) was considered:

y" = aop(t)e™|y|*. (5)

Equation (1), if the function ¢1(z) is rapidly varying when z — Y}, and the function ¢2(z)
is slowly or regularly varying when z — Y3, in particular, the equation (5), has wide application
for describing different processes in physics. For example, differential equations appearing in the
Linan’s problem from combustion theory could be reduced to the equation (1), as well as Poisson
nonlinear differential equations for cylindric symmetrical plasma of combustion products could be
reduced to the equation (1) by means of several notations (see [15, 11, 12]).

If the function ¢q(z) is rapidly varying when z — Y, and the function y(2) is slowly or
regularly varying when z — Y7, equation (1) is a generalization for both equations (4) and (5).
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A solution y of the equation (1) is called a P, (Ag)-solution, where —oco < Ay < +oo, if it is
defined on some interval [tg,w[C [a,w[ and satisfies the following conditions:

limy (y(t) = @Y, lmy'(t) = Y7,

tTw
i 21W0) YO (6)

tte @1 (y(t) [y (1))

Note that the class of P, (Ap)-solutions corresponds to the class of P, (Ag)-solutions that was
introduced by Kharkov V. M. in the work [8] for the equation (4) in case when Ay = Ag — 1.

In the paper, for the equation (1), in case Ag € R\ {0}, the asymptotic formulas for P, (Ao)-
solutions were established and the necessary and sufficient conditions for their existence were de-
rived.

Let us introduce functions and notation:

( Y20
d
. YQO, if / > converges,

ds ) pa(s)

w(z):/gog(s)’ where B = -
B . ds .
b, if / diverges,
/ pa(s)

and b is any number from the interval A(Y7).
Since 1'(z) > 0 when z € A(YY), then v : A(YY) — A(®Y) is an increasing function where
®) = lim (z), consequently, ®9 equals either to zero or to +00, A(®Y) is one-sided neighborhood
2 z—>Y2O 2 2

of @Y.
Next we set:

J1, if Y? =+o0, or Y =0 and A(YY) is a right neighborhood of 0,
H= —1, if Y = —0c0, or Y =0 and A(YY) is a left neighborhood of 0.

From the definition of ¢1(2) it follows that ¢/ (z) preserves the sign. Consequently, it is possible
to introduce notation:
p = sign ¢} (2).

Also we set:

o) = t, if w= 400,
Tt —w, i w < 400,

;

t
/p(T) dr, if (1—XA)Ao #1,
A

J(t) = t
/WW(T)p(T) dr, if (1=XAy=1,
A
=X AGh i (1= M)A £ 1,
p= -1, if (1—X)Ag=1,

where the integration limit A € {w,a} is chosen so as to ensure that the corresponding integral J
tends either to zero or to infinity when ¢ 1 w.
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Moreover, we set

1 if w=o0 1 if A=a
A*: ) b A*: M M
! {—1, if w< oo, 2 {—1, if A=uw.

By means of notations described above, we establish the necessary and sufficient conditions for
the existence of Ag € R\ {0}-solutions of the equation (1).

Theorem 1. Let Ag € R\ {0}. Then for the existence of P, (Ao)-solutions of the equation (1), it
is necessary and, if
A£1, or A=1 and Ag >0

it 1s also sufficient that 07

L om(t t

R
and the following sign conditions be satisfied

—AtAg >0 when ®) =400, —AiAg <0 when ®) =0,
A3B >0 when ®) =400, A3 <0 when ® =0,
sign [nATAo] = —p and sign [apA58] = 1.

Moreover, each solution of this kind admits the asymptotic representation when t T w

@) )

Ay @~ el otbl )
y/(t) = — QT 0

e1(y(t)e2(y'(t) w(Op®)[L +o(1)], (8)

moreover, when Ay > 0, there exists one-parameter family of such solutions, and when Ay < 0,
there exists two-parameter family of such solutions, if w = +o0 and A > 1, or if w < +o00 and
A< 1.

We will introduce auxiliary conditions that will enable us to simplify the asymptotic formulas
(7), (8).
Definition (see [4]). We say that a function 6 : A(U°) —]0, +-oc[, U° € {0, £00} satisfies condition
S, if for any continuously differentiable function [ : A(UY) —]0, +o0] such that

/
lim 2LG) )
2—U0 l(z)
2eA(U9)

the following asymptotic formula is fulfilled
0(z1(z)) = 0(2)[1 + o(1)] when z — U’ (z € A(UY)).

From the properties of regularly varying functions, the following representations are obtained:
-1
Phler (2) = 12161(2),
p2(2) = |21102(2),
where the functions 0;(z) (i = 1,2) are slowly varying.

Theorem 2. Let Ag € R\ {0} and functions 6;(z) (i € {1,2}) satisfy the condition S. Then each
P, (Ao)-solution (if any) of the differential equation (1) admits the following asymptotic formulas
when t T w

-1

o1 (y(1)) = [ om0 () 5) [ [rap(e)0a(17(0)1 )

(1) = nfAoma i (mo] )|

[1+0(1)].
To obtain the above results, the results for cyclic systems from the work [9] were used.

[1+o(1)],
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On One Nonlinear Boundary Value Problem
for Second Order Singular Functional Differential Equations

Zaza Sokhadze
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We consider the functional differential equation

u"(t) = f(t,u(r(t)) (1)
with the nonlinear boundary conditions
u(a) = p1(u), ' (b) = pa(u), (2)
where f :]a,b]x 0, +oo[— R4 and 7 :]a, b] — [a, b] are continuous functions, and ¢; : C([a, b]; R;) —
R4+ (¢ =0,1) are continuous functionals.
We are, especially, interested in the case, where equation (1) is singular in a phase variable, i.e.

the case, where
lim f(t,x) = +oo for t €la,b].
z—0

Theorem. Let on the set ]a,b]x |0, 4+o00[ the inequality

pO(tvx) < —f(t,.%’) < pl(ta x)(l + .1‘)
hold, and let on the set C([a,b];Ry) the inequality
p1(u) + (b —a)pa(u) < ful| + 7
be fulfilled, where p; :]a,b]x]0,4+00[ —]0,+o00[ (i = 0,1) are continuous and nonincreasing in the
second argument functions. If, moreover, T(t) >t fora <t <b, ¢ <1 and

b
xll)r_ir_loo ’ (s —a)pi(s,x)ds < 1—1¢,
then problem (1), (2) has at least one positive on ]a,b| solution.

As an example, we consider the problem

Mo p(t)
u'(t) = - E0) (3)
/ P1(u(s))doi(s u(b) / Ya(u(s)) doa(s), (4)
where A is a positive constant, p :]a,b] — 0, +oo[, T :]a,b] —]a,b] and ¥; : Ry — Ry (i = 1,2)

are continuous functions, and o; : [a,b] — R (i = 1,2) are nondecreasing functions such that
oi(b) —oi(a) =1 (i=1,2).
From the above-formulated theorem we have the following result.
Corollary. If

llmsup¢i z) <1 (i=1,2),

T—r—+00

then problem (3),(4) has at least one positive on ]a,b| solution.
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Let T'> 0, J =[0,T] and ||z| = max{|z(¢)| : t € J} for x € C(J).
We are interested in the singular boundary value problem

u”(t) + p(t)u (t) = a(t)p(t) f (¢, u(t),u'(t)), te (0,7, (1)
u(0) = u(T), ' (0)=0,

where p, a and f satisfy the conditions
T

(Hi) pe C(0,T],p>0on (0,T] and [ p(t)dt = oo,
0

(H2) a€ C(J),a(0)=0and a >0 on (0,7,
(Hs3) there exists A > 0 such that f € C'(J x [-A, A] x R) and

f(t,—A,0) <0, f(t,A,0)>0 for t e J,

(Hy) there exists W > 0 such that for ¢ € J, |z| < A and |y| < W, the estimate |f(¢,z,y)| < II%/H
holds.

We say that u : J — R is a solution of problem (1), (2) if u € C1(J) N C%(0,T], u satisfies the
boundary conditions (2) and (1) holds for ¢t € (0, T7.

The special case of (1) is the differential equation u” + %/ = t'f(t,u,u’), where v > 1 and
n > —=v.

We note that due to condition (H;) equation (1) has a strong time singularity at ¢ = 0, and
since any constant function u on J satisfies (2) and «” + p(t)u’ = 0 on (0,77, problem (1), (2) is at
resonance.

Remark 1. If f satisfies the condition

(Hs) for (t,z,y) € J x [—A, A] X R the estimate |f(¢,z,y)| < ¢(|y|) holds, where ¢ € C[0,00), ¢

is nondecreasing and lim o) 0,
v—oo Y

then f also satisfies (Hy) for some W > 0.
Remark 2. Let condition (H3) be replaced by

(H3) there exist B,C € R such that B < C, f € C(J x [B,C] x R) and

f(t,B,0) <0, f(t,C,0)>0 for teJ.
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Put A = B and introduce g € C(J x [~A, A] x R) as
B+C
g(t,x,y):f(t,wr 5 ,y)- (3)
Then
g(t,—A,0) <0, g(t,A,0) >0 for t € J.
Hence g satisfies condition (Hs). Moreover, v is a solution of problem
V" + p(t)v" = a(t)p(t)g(t,v,v), @
v(0) = v(T), v'(0) =0,
if and only if u = v — ﬂ is a solution of (1), (2). Consequently, without loss of generality we can

work with condition (H3) which due to its symmetry is more convenient for our consideration.

Our proof of the solvability to problem (1),(2) is based on a combination of the sequential
method and the Leray—Schauder degree method [3] with the diaginalization method [1, 2]. To this
end we introduce a function f, € C(J x R?) as

(x — Ak

A if A
f<t7 7y)+x_A+1 1 x> Y
Seltxy) = ft,2,y) if —A<xz<A,
(A+z)k .
t,—Ay) — ———— if —-A
f( ’ 7y) A + xr — 1 x < )
where k = 1 (HW—” M), M =max {|f(t,z,y)|: t € J, |z| <A, |y| <W}. By (Hs), k> 0.
Choose tg € (0,T) and let Jy = [tg,T]. Consider the auxiliary regular boundary value problem
u’(t) + p()u'(t) = a(®)p(t) fi (t, ult), w'(1), t € Jo, (5)
u(to) = u(T), u'(tg) = 0. (6)

We say that u is a solution of problem (5), (6) if u € C%(Jy), u satisfies (6) and (5) holds for t € Jy.
In order to proof the solvability of problem (5), (6) we introduce an operator L : C1(Jp) x R —
C?(Jg) x R by the formula

Lo <c+ /t Fox)(s)ds, c + /T (For)(s) ds>,

to

where
t

T

o) = O [ e ale)pl)fs(s,2(6),0'(6) s, v(t) = [ ps)as
to t

Lemma 1. Let (Hy)-(Ha4) hold. If (z,c) is a fized point of Lo, then x is a solution of problem

(5),(6) and c = z(to).

Now, in order to prove the existence of a fixed point of Ly, we introduce completely continuous
operators Ko : C*(Jy) x R x [0,1] = C(Jp) x R and Ho : C*(Jy) x R x [0,1] — C(Jp) x R,

Ko(z,c,\) = (c, c+ (1= Nx(ty) + Af(?ox)(s) ds),

Ho(z,c,\) = (c—i— /\/(.7-"035)(3) ds,c+ /T(}"ox)(s) ds),

to to
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and the set
0= {(m,c) €O Jo) x R: |z(t)| < A+1, [/ ()] < Wort € Jo, |c| < A+ 1}.

Lemma 2. Let (H1)—(Hy4) hold. Then

deg (Io — Kol(-, -,1),9,0) £ 0,

deg (Zo — Ho(+, +,0),9Q,0) = deg (Zo — Ho(-, -,1),,0),
where “deg” stands for the Leray-Schauder degree and Iy is the identical operator on C*(Jo) x R.
Theorem 1. Let (H1)—(Hy) hold and let tg € (0,T). Then the equation

u (t) 4 p(t)u'(t) = a(t)p(t) f (¢, u(t), ' (1)), t e Jo = [to,T], (7)
has a solution u satisfying (6) and |u| < A, |u'| < W on Jy.

Sketch of the proof. Since Ky(-, -,1) = Ho(-, -,0) and Ho(-, -,1) = Lo(-, -), it follows from
Lemma 2 that deg(Zop — Lo(-, -),2,0) # 0. Hence there exists a fixed point (u,c) of Ly, and
therefore u is a solution of problem (5),(6) and ¢ = u(tp) by Lemma 1. We use (H3) and have
lu] < A, [v/| < W on Jy. Hence fi(t,u(t),u'(t)) = f(t,u(t),u'(t)) on Jy. Consequently, u is a
solution of (7), (6).

Theorem 2. Let (H1)—(Hy) hold. Then problem (1), (2) has at least one solution u and |u(t)| < A,
|u/'(t)] < W forteJ.

Sketch of the proof. Let {t,} C (0,7) be a decreasing sequence such that nh_)r{)lo t, = 0 and let
Jn = [tn, T]. By Theorem 1 (for ¢ty = t,), for each n € N the problem
() + p(t)u' (t) = a(t)p(t) f (£, u(t), W/ (t), t€ I }
u(tn) = u(T), u'(tn) =0,
has a solution u,, and |u,| < A, |u,| < W on J,. Let

Jua(t) if t e Jp,
yn(t) = {un(tn) if e [0,tn).

Then y, € CY(J)NC?(J,), lyn| < A, |y,| < W on J and |y”| < 2W max{p(t) : t € J,} on J,. Since

{yn(T")} is a bounded sequence, we may assume without loss of generality that it is convergent and

let lim y,(T) = . We now apply the diagonalization method to the sequence {y,} and obtain
n—oo

a function u € C?(0,T] such that |u| < A, [/| < W on (0,T], uw(T) = ~ and u satisfies (1) for
t e (0,77
Next we prove that }ir% u(t) = v and setting u(0) = v, v € C(J) and u(0) = u(T"). Finally, it
—

can be proved that 1%im% u/(t) = 0. Setting u/'(0) = 0, u € C*(J). Consequently, u is a solution of
_>
(1),(2) and |u| < A, [v/| < W on J.
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The object of our investigation is establishing the conditions for oscillations of solutions of
linear second order differential equations, provided the solutions of the corresponding difference
equations oscillate. We also establish the converse result, namely, when the oscillation of the solu-
tions of difference equations implies the oscillation of the solutions of the corresponding differential
equations.

Consider the linear second order differential equation

Z+pt)t+q(t)r =0. (1)

The following equations are called the functional difference equation and the difference equation,
corresponding to (1), respectively:

A2x(t) 4 hp(t) Ax(t) + h2q(t)z(t) = 0, (2)
A3x(to) + hp(to + kh) Apx(to) + h2q(to + kh)x(to + kh) = 0. (3)
Here
Az(t) = z(t + h) — z(t),
A?x(t) = N(Ax(t)) = o(t + 2h) — 22(t + h) + 2(t),
Apz(to) = z(to+ (k4 1)h) — z(to + kh),
Afa(to) = Dp(Dra(to)).

Denote zf = x(to + kh) to be the solution of the equation (3), with ty = to + kh.

Definition 1. We say that the solution xz of the equation (3) changes sign at t, if either of the
following conditions hold:

1) 93233’,}:_’_1 < 0;

h_ h o .k
2) xp =0, x}_jz30,, <O0.
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Definition 2. A solution J:Z of (3) is called oscillatory on some interval if it has at least two
changes of signs on this interval.

We study the equation (2) under the conditions that ensure the continuity of its solutions.
Thus, we have the usual concept of a zero for the solutions of (2), and the notion of oscillations of
its solutions is essentially the same as for the solutions of (1).

Now we present the main results about the relation between the oscillation of solutions of the
equations (1), (2), (3). These equations are equivalent to the following systems

dj—y
a7’
(4)

Y — o)y~ alt,

xz(t+ h) = z(t) + hy(t), (5)
y(t +h) =y(t) — h(p(t)y(t) + q(t)z(t)),

3724—1 = 1.2 + hyk7 (6)
iy =yl — hip(to + ER)yL + q(to + kR)yl).

Therefore, the solutions of the system (5) are uniquely determined by the initial functions z =
o(t),y = 1(t), t € [0, h] which satisfy the coherence condition

o(h) = (0) + iy (0), -
¥ (h) = 9(0) ~ h(p(0)(0) + 4(0)(0)).

In what follows we assume that ¢,¢ € C(]0,h]). The solutions of the system (6) are uniquely
determined by the initial data

zf(to) = xo,  yh(to) = o

Theorem 1. Let p and q in (1) be Lipschitz on [0,a]. Then there exists hg > 0 such that for all
0 < h < hg the assertion holds:

If (t) is a solution of (1), which starts at ty € [0, h| and has at least three zeros on the interval
[to,a), then the corresponding solution of the difference equation (3) oscillates on [to, a].

Consider now the equation (2), or the equivalent system (5). The following result follows from
Theorem 1 and Lemma 1.

Theorem 2. Assume that p and q in (2) are Lipschitz on [0,a]. Then there exists hg > 0 such
that for all 0 < h < hqg the following statement holds:

Every solution of the system (5) with the initial functions @, € C([0,h]), which satisfy the
condition (7), has oscillatory first component on the (0,a), provided that there exists to € [0, h]
such that the solution of the equation (1) with the initial data

z(to) = ¢(to), 2(to) = ¥(to)
has at least three zeros on (tp,a).

Consider the equation
Z+pt)r=0 (8)

and the corresponding functional difference equation

A%z (t) + h?p(t)x(t) = 0, (9)
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and the difference equation
AZx(to) + h?p(to + kh)x(to + kh) = 0 (10)
with p satisfying the Lipschitz condition on [0, a]. Let

m = min p(t), M = max p(t).

te[0,a] te[0,a]
Assume
m >0 anda>3—7r. (11)
vm
Then if
a—T> T : (12)

Jm

all solutions of (8) with the initial data to € [0, h] have at least three zeros on the interval [to, a).

Corollary 1. Let p be Lipschitz on [0, a], and the conditions (11) and (12) hold. Then there ezists
ho > 0 such that for all 0 < h < hg all solutions of equation (10) with the initial data given at
to € [0, h], oscillate on the [to,a).

Corollary 2. Let p be Lipschitz on [0, a], and the conditions (11) and (12) hold. Then there exists
ho > 0 such that for all 0 < h < hg every solution of the system

x(t+ h) = x(t) + hy(t),
y(t + h) = y(t) — hp(t)z(t)

with the initial functions ¢, € C([0,h]) satisfying the coherence condition

p(h) = ¢(0) + h1p(0),
¥(h) = (0) = hp(0)¢(0)),

has an oscillatory first component on the interval (0,a).

Assume the following conditions hold:

p(t) >0, te€l0,a], (13)
p(t) is Lipschitz on [0, a]. (14)

The difference equation, corresponding to (8), is
A2z 4 h%p(kh)x(kh) = 0. (15)

The following theorem describes the relation between the oscillations of solutions of (8) and
(15).

Theorem 3. Let p(t) satisfy the conditions (13) and (14). Then there exists ho such that for all
0 < h < hg the assertion holds:

If 21 is a solution of (15) which has at least three changes of sign on the interval [0,a], then
the corresponding solution of differential equation (8) oscillates on [0, a].
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Sensitivity analysis of the differential equation consists in finding an analytic relation between
solutions of the original and perturbed equations. It is an important tool for assessing properties of
the mathematical models. For example, in an immune model [1], it allows one to determine depen-
dence of viruses concentrations on the model parameters. In the present work linear representation
of the first order sensitivity coefficient is obtained with respect to perturbations of the initial data.

Let I = [a,b] be a finite interval and let R?” be the n-dimensional vector space of points
r = (x',..., 27T, where T is the sign of transposition. Suppose that O C R? and Uy C R’
are open sets. Let the n-dimensional function f(t,z,y,u,v) satisfies the following conditions: for
almost all ¢t € I, the function f(¢,-) : O* x U} — R” is continuously differentiable; for any
(z,y,u,v) € O x U3, the functions f(t,z,y,u,v), fz(+), fy(+), fu(*), fo(+) are measurable on I;
for arbitrary compacts K C O, U C Uy there exists a function mg () € L(I,[0,00)), such that
for any (z,y,u,v) € K? x U? and for almost all ¢ € I the following inequality is fulfilled

[f (& 2,y w)l + 1 fe (Ol + L GO+ (O + ()] < mico ().

Further, let D be the set of continuously differentiable scalar functions (delay functions) 7(t), t € I,
satisfying the conditions:

T(t)<t, 7(t)>0, inf{r(a): T€D}:=7>—0c0, sup{r '(b):7 € D} < o0,

where 771(t) is the inverse function of 7(t).

Let @ be the set of continuous initial functions ¢(t) € O, t € I; = [7,b] and let Q be the set of
measurable bounded control functions u(t) € Uy, t € Iy, with u(l;) C Up.

To each element (initial date) u = (to, 7, @, u) € A = [a,b) x D x & x Q we assign the controlled
delay functional differential equation

#(t) = f(t, 2(t), (7 (1)), u(t), u(6(?))) (1)

with the continuous initial condition

x(t) = p(t), t €7, tol, (2)

where 6 € D is a fixed delay function. The condition (2) is said to be continuous initial condition
since always x(tg) = (o).

Definition 1.Let p = (to,7,¢,u) € A. A function z(t) = z(t;u) € O, t € [T,t1], t1 € (to,b],
is called a solution of equation (1) with the initial condition (2) or a solution corresponding to
the element p and defined on the interval [7,t1], if x(¢) satisfies condition (2) and is absolutely
continuous on the interval [tg,t1] and satisfies equation (1) almost everywhere on [to, t1].
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Let po = (too, 70, 0, up) € A be a given element and x((t) be the solution corresponding to po
and defined on [T, t10], with a < tgp < t10 < b. Let us introduce the set of variations

k
V:{5u=(5t0,57,5<,0,5u): |0to] <a, [|07|| <, 5@22)\15%, N <a, i=1,k, H5u||§a}.

i=1

Here 6ty € I — too, 07 € D — 79, ||07| = sup{|07(t)| : t € I}, du € Q — ug, dp; € P — o, i = 1, k,
are fixed functions, a > 0 is a fixed number.

There exist numbers 6; > 0 and 1 > 0 such that for arbitrary (g,0u) € (0,e1) x V the
element g + edp € A and there corresponds the solution z(t; pg + €dp) defined on the interval
[?,tlo + 51] c 1.

Due to the uniqueness, the solution z(t; ip) is a continuation of the solution () on the interval
[T,t10 + 01]. Therefore, the solution zo(t) is assumed to be defined on the interval [T, t19 + d1].

Let us define the increment of the solution zo(t) = z(t; o) :

dx(t;edp) = x(t; po + eop) — xo(t), V(t,e,0p) € [T, t10+ 01] x (0,e1] x V.

Theorem 1. Let the following conditions hold:

1) the function po(t), t € 11, is absolutely continuous and the function ¢o(t) is bounded;

2) the function fo(2), z = (t,x,y) € IxO?, is bounded, where fo(t,z,y) = f(t,z,y,uo(t),uo(0(t));

3) there exist the finite limits

%o = ¢oltoo—),  lim fo(z) = fg, 2 € (a;too] x 0%,
where zy = (too, vo(too), po(To(too)))-
Then there exist numbers eo € (0,€1) and 62 € (0,61) such that
dx(t;edp) = edx(t; o) + o(t;edp) (3)

for arbitrary (t,e,6p) € [too, t10 + d2] X (0,e2] X V=, where V= ={éu € V : oty < 0}, and

oz (t;0p) =Y (too; t)[og — fo 16to + B(t; o), (4)
B(t;0p) =Y (too: t)dp(too) + / Y (70(5): 1) foy[v0(s)]Y0(s)0¢(s) ds+
T0(to0)
4 / Y (s34) foulslito (7o(s))07(s) ds + / Y (5:0) foulsl6u(s) + foulsl6u(6(s))] ds. (5)
ii_I)I(l) o(t;gedu) =0 wuniformly for (t,0u) € [too,t10 + d2) x V7, (6)

Y (s;t) is n X n-matriz function satisfying the system

Yi(sit) = =Y (s:t) fouls] = Y (70(s); ) foy[v0(s)]F0(s), s € [too, t],

and the condition
H, s=t
Y(s:t) = ’ ’
SR {@, s>t

foxls] = fox(s,z0(s),x0(10(5))), Y0(s) is the inverse function of T9(s); H is the identity matriz and
© s the zero matriz.
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Some comments

The function dz(t; 0p) is called the first order sensitivity coefficient and the expression (4) is linear
representation of sensitivity coefficient. On the other hand, the function dx(¢;0u) is called the first
variation of solution x(t), t € [too, 10 + 2], and the expression (4) is called the variation formula.
The variation formulas play an important role in proving the necessary optimality conditions [2—4].
The questions connected with the variation formulas and the sensitivity analysis for the various
classes of differential equations are considered in [2-5].

The addend

/ Y (5:1) foysJiro(ro(s))6r (s) ds

in formula (5) is the effect of perturbation of the delay function ().
The expression

Y (too; t)[pg — fo 16t0

is the effect of continuous initial condition (2) and perturbation of the initial moment tgg.
The expression

too
Y (too)3pttin) + [ Y (0ls):0) oy bl io(s)60(s) ds
70 (too)
in formula (5) is the effect of perturbation of the initial function ¢o(t).

The expression
t

/Y(s;t) [fou[s]éu(s) + fou[s]ou(6(s))| ds

in formula (5) is the effect of perturbation of the control function ug(t).

Theorem 2. Let the function po(t), t € I1, be absolutely continuous and let the functions ¢o(t)
and fo(2), z € I x O?, be bounded. Moreover, there exist the finite limits

o8 = @oltoot), Zli_glo fo(z) = fif, 2 € [too,b) x O,

Then for each ty € (too,t10) there exist numbers eo € (0,e1) and d2 € (0,01) such that for arbitrary
(t,e,0p) € [to,t10 + d2] X (0,e2) x VT, where VT = {6u € V : 6ty > 0}, formula (3) holds, where

x(t; 6p1) = Y (too; t) (g — fo )dto + B(t; 1)
Theorem 3. Let the assumptions of Theorems 1 and 2 be fulfilled. Moreover,
¢ = @8 =B fo =1 =Fo

Then for each to € (too,t10) there exist numbers eo € (0,e1) and d2 € (0,01) such that for arbitrary
(t,e,0p) € [to, t10 + 02] X (0,e2] X V formula (3) holds, where

dx(t;08) = Y (too; t)(Bo — fo)dto + B(t; o).

All assumptions of Theorem 3 are satisfied if: the functions ¢o(t), uo(t), uo(6(t)) are continuous
at the point to9 and the function f(¢,z,y,u,v) is continuous and bounded. Clearly, in this case

o = o(too) and fo = f(too, ¢o(too), wo(T0(t0o)), o (too), uo(0(too)))-
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In the paper we investigate existence, uniqueness and continuous dependence of solutions on
the initial data and right-hand sides of a stochastic differential functional equation

dX(t) = AX(t)dt + f(t, Xy)dt + g(t, Xy)dW (t), t € Ry, (1)
with an initial condition
X(t) =¢&(), tel-h,0], (2)

on a certain filtered probability space (2, F, F;, P), t > 0. Here A is a generator of a Cp-semigroup
S(t), t > 0, on a separable Hilbert space H, W is a Wiener process with values in a separable
Hilbert space U and with a covariance nuclear nonnegative operator @, f : Ry x Q@ x C, - H,
g: Ry xQxCy — Ly(U, H) are measurable functions, X;(w) ={X(t+1,w) | —h <7 <0} € Cp,
h > 0, is a time of delay, £ : [-h,0] x Q@ — H is a continuous Fy-measurable process, where
R, =10,00), Cy, = C([—h,0],H) for h > 0, C}, = H for h = 0, C([—h,0], H) is the Banach space of
continuous functions z : [—h, 0] — H equipped with the topology of uniform convergence, Lo(U, H)
is the space of Hilbert-Schmidt operators from U into H.

Let p and ¢ be fixed real numbers, p > ¢ > 2.

Define the set ®,, ,(E) of all mappings (t,w, ) — 2(t,w, ), t € Ry, w € Q, ¢ € Cy, with values
in a certain separable Hilbert space E, such that for any fixed ¢ € C}, the process z(t,w,¢) is
measurable and Fi-adapted, for any fixed (¢t,w) € Ry x Q the function ¢ — z(t,w, ¢) is continuous
at ¢ € O, and there hold:

local Lipschitz condition at ¢ € Cy, i.e., for any a € R, there exists a constant g,(a) such
that for all t € [0,al], 7 € {p,q} and (F, B(C}))-measurable random variables ¢, : Q@ — C}, with
esssup ||C]| < a, esssup ||| < a, the inequality

E(ll2(,¢) = 2t ¥)") < az(a) E([I¢ = ¥]")

is valid, where B(C},) is the Borel o-algebra on the space Cy;

linear growth condition at ¢ € C}, i.e., there exists a continuous function k, : Ry — R4 such
that for all t € Ry, r € {p,q} and (F,B(C}))-measurable random variable n : Q@ — C}, with
E(|[n(w)||P) < oo, the inequality

E(llz(t,mI") < k=()(1 + E(In]")

holds.

Denote by A the set of all linear operators A : D(A) — H with dense domain D(A) in H such
that A generates a Cy-semigroup of linear operators S(t), t > 0, on H.

Let Jy and J be the set of all continuous Fy-measurable processes ¢ : [—h, 0] x Q — H, with

B sup [CH)P) < oo,
te[—h,0]



International Workshop QUALITDE — 2014, December 18 — 20, 2014, Tbilisi, Georgia 149

and the set of all continuous F-adapted processes Y : [—h,00) x Q — H, with

E( sup HY(t)Hq) < oo VT >0,
te[—h,T|

respectively.
In further we shall assume that the right-hand sides f and g of Eq. (1) belong to ¢, ,(H),
P, 4(L2(U, H)) respectively and the initial data £ belongs to Jp.

Definition 1. A mild solution of the Cauchy problem (1), (2) is a continuous F-adapted process
X(t), t > —h, such that for any ¢t > 0

¢
P( [ Xl + gt XoIP) ds < o0) =1
0
and almost surely for all ¢ > —h there holds: X (t) = £(¢t) for ¢t € [—h,0] and

¢
X(t) = +/S (t—s9)f(s,Xs)ds+ [ S(t—s)g(s, Xs)dW(s)
0

o _

for ¢t > 0.

Definition 2. A mild solution X (¢) of the Cauchy problem (1), (2) is called unique, if for any mild
solution Y (¢) of (1), (2) there holds

P(X(t)=Y(t) Vt>—h) =
Consider a perturbed Cauchy problem
dX(t) = AX(t)dt + f(t, X,)dt + g(t, X,)dW (¢), t€ Ry, (3)
X(t) =&(t), tel-h,0], (4)
where (A, f,5,€) € AX ®p4(H) x By o(La(U, H)) X Jo.

Definition 3. A mild solution X (¢) of the Cauchy problem (1), (2) depends continuously on the
initial data and right-hand sides, if for any e > 0, T" € R, exists § = d(e,T) such that for any

(A, £,5,6) € Ax Dy (H) x ®p o(La(U, H)) X Jo, with

B(I1f(t0) = £t QI + 113t @) — 9(t, 9|7 )+
+I80) = SO+ B sup 166 = €6)IP) <6 V(t.g) € 0.7] x Ch,

s€[—h,0

there holds the inequality

B( sup | X(1) - X)) <e

te[—h,T]
where S (t) is the semigroup, generated by ;L and X (t) is a mild solution of the Cauchy problem
(3),(4).

Definition 4. We say that the Cauchy problem (1), (2) is well-posed if there exists a unique mild
solution X (¢) and this mild solution depends continuously on the initial data and right-hand sides.

The main result of this paper is the following theorem on the well-posedness of the Cauchy
problem (1), (2).

Theorem. Let (A, f,9,§) € Ax @) 4(H) x ®p4(L2(U, H)) x Jo, then the Cauchy problem (1), (2)
is well-posed and the mild solution X (t) of (1), (2) belongs to J.
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