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 monografias safuZvlad daedo ავტორის მიერ მრავალი wlis 
ganmavlobaSi Catarebuli kvlevis Sedegebi. igi savsebiT 
Seesabameba dargis Tanamedrove ganviTarebis dones: moicavs 
rvaCov-obgaZis RO meTodis gamoyenebis sxvadasxva aspeqts. 

ganxilulia RO meTodis arsi, misi Taviseburebani da 
warmoSobis wanamZRvrebi. monografiaSi ganxilulia geometri-
uli kodirebis rvaCov-obgaZis RO meTodi da misi gamoyeneba 
sasazRvro amocanebis amosaxsnelad.  

ganxilulia hidrodinamikis stacionaruli amocanebis 
amoxsnis algoriTmebi da moyvanilia praqtikuli amocanebis 
amoxsnis programebi Mathcad garemoSi. moyvanilia sxvadasxva 
ricxviTi meTodis SedarebiTi analizi.                      

naSromi gankuTvnilia informatikisa da marTvis sisteme-
bis fakultetis magistrantebisa da doqtorantebisaTvis. wigni 
daxmarebas gauwevs rTuli, arawrfivi modelebis ricxviTi 
realizaciiT dainteresebul mkiTxvels. 
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winasityvaoba 

monografia ,,hidrodinamikis stacionaruli amocanebis 

amoxsna rvaCov-obgaZis_RO meTodis bazaze”, eZRvneba rvaCo-visa 

da obgaZis SromebSi ganviTarebul algoriTmebs, romlebic 

saSualebas iZleva efeqturad iqnas Seswavlili 

hidrodinamikis, elastikurobis, astrofizikis da fizikis sxva 

amocana. monografia saintereso iqneba inJinrebisa da 

teqnikuri dargis mecnier-mkvlevrebisaTvis, romlebic dainte-

resebuli arian uwyveti maTematikuri modelebiT aRwerili 

praqtikuli amocanebis amoxsniT. 

naSromis pirvel TavSi ganxilulia funqcionaluri 

sivrceebis ZiriTadi gansazRvrebebi, rac aucilebelia 

Semdgomi masalis gasagebad. meore Tavi, eZRvneba uwyvet tanTa 

meqanikis maTematikuri modelebis agebis teqnikas. mesame TavSi 

Seswavlilia galiorkinis, galiorkin-petrovis meTodebis 

algoriTmi, rvaCov-obgaZis funqciebis agebis diagrama da 

sazRvris analizuri kodirebis RO meTodi, rac saSualebas 

iZleva agebuli iqnes RO meTodis algoriTmi 

hidroaerodinamikis sxvadasxva operatoruli gantolebi-

saTvis. ganxilulia sxvadasxva Sinaarsis praqtikuli 

amocanebi, romlebic efeqturad ixsneba naSromSi SemoTava-

zebuli RO meTodis Sesabamisi algoriTmiT. mocemulia am 

meTodis variaciebic. monografiis meoTxe TavSi, mocemulia 

ricxviTi analizis sxvadasxva algoriTmi, romelic emyareba 

RO meTodis gamoyenebas hidrodinamikis stacionaruli 

procesebisaTvis. 

avtori madlobas uxdis mecnier-xelmZRvanelebs: profe-sor 

Teimuraz giorgis Ze voiniC-sianoJenckis da akademikos giorgi 

ivanes Ze petrovs, romelTa Sromismoyvareoba, Tavda-deba da 

samecniero patiosneba misTvis iyo stimulis momcemi.  

aseve didi madliereba minda gamovxato akademikos arCil 

frangiSvilis mimarT, romlis didi mxardaWeriTac daiwera es 

monografia. 
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I Tavi. funqcionaluri simravleebi 

Sesavali 

samyaros rTuli procesebis aRsawerad, rogorc wesi, 

iyeneben sxvadasxva tipis funqcias. am funqciebs axasiaTebs 

garkveuli zogadi Tvisebebi, ris gamoc, maT aerTianeben 

garkveul klasebSi _ funqcionalur simravleebSi [1-7]. aseve 

uwyveti procesebis modelirebisas, veZebT diferencialur 

(operatorul) gantolebaTa rogorc klasikur, ise ganzogade-

bul amonaxsnebs. amitom, funqcionaluri sivrceebis (simrav-

leebis) Seswavla ricxviTi analizis erT-erTi mniSvnelovani 

amocanaa.  

 

1.1. wrfivi funqcionaluri sivrce 

gansazRvreba: G simravleze gansazRvrul funqciaTa L 

simravles ewodeba lineali (wrfiviani), Tu )(1 xu  da )(2 xu  

funqciebTan erTad is Seicavs maT wrfiv kombinaciasac (anu 

)()( 2211 xuaxua   funqcias). 

magaliTi : 1. vTqvaT, L  aris Caketil G  areze gansazRvrul 

uwyvet funqciaTa simravle. maSin uwyveti funqci-

ebis Tvisebebidan gamomdinare, L iqneba lineali. 

        2. vTqvaT, L  aris Caketil G  areze gansazRvrul 

uwyvet funqciaTa simravle romelTaTvisac adgi-

li aqvs pirobas 5)( xu . maSin aseTi funqciebis 

simravle ar iqneba lineali, radgan Tu 3)( xu  da 

2a , miviRebT 56)( xau . 

P.S. Tu L  aris lineali, maSin n funqciebTan  n

ii xu
1

)(

 erTad 

is Seicavs maT wrfiv kombinaciasac 


n

i

i xua
1

1 )( , sadac Rai   

namdvili ricxvebia, Tumca, SeiZleba lineali avagoT 

kompleqsur ricxvTa simravlis zemoTac. 

gansazRvreba: L linealis ori )(xu  da )(xv  funqciebis 

skalaruli namravli );( vu  ganisazRvreba tolobiT: 
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G

dxxvxuvu )()();( .                                           (1.1) 

ase rom, linealis ori funqciis skalaruli namravli 

aris ricxvi. 

magaliTi :  ;)( xxu    )(xv =1;    50   xxG ; maSin skalaru-

li namravli iqneba: 

2

25

2
1)()();(

5

0

25

0

 
x

dxxdxxvxuvu
G

. 

(1.1) skalaruli namravlis Tvisebebi gamomdinareobs 

uSualod integralis Tvisebebidan: 

);();( uvvu  ;                                                (1.2)           

);;();();( 22112211 vuavuavuaua                                  (1.3) 

;0);( uu                                                    (1.4)     

G.x   0)(0);(  xuuu                                     (1.5) 

 gansazRvreba: L  linealis )(xu  funqciis norma )(xu  ewo-

deba arauaryofiT ricxvs: 


G

dxxuuuxu )();()( 2 .                                   (1.6)    

axla SemoviRoT linealis or funqcias Soris manZilis 

cneba, romelsac funqcionalur analizSi metrika ewodeba: 

gansazRvreba: L linealis or )(xu  da )(xv  funqciebs Soris 

manZili (anu metrika) ewodeba arauaryofiT ricxvs: 

 
G

dxvuvuvuvuvu 2)();();( .                        (1.7)     

magaliTi: ;)( xxu    )(xv =1;    50   xxG , maSin 

3

35

3

125

3
)(

5

0

35

0

2  
x

dxxxu . 
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3

65

3

164
)1()();();(

5

0

22 


  dxxdxvuvuvuvuvu
G

 . 

maTematikaSi gamoyofen im ZiriTad Tvisebebs, romelsac 

akmayofilebs metrika (manZili): 

0);( vu ;                                                 (1.8) 

)()(0);( xvxuvu  ;                                      (1.9) 

);();( uvvu   ;                                             (1.10)            

);();();( zvvuzu   .                                       (1.11) 

es is Tvisebebia, romlebic gansazRvraven metrikas. 

garda (1.7) metrikisa, romelic inducirebulia normiT, 

zogjer ganixilaven metrikis sxva saxeebsac. magaliTad, 

CebiSevis metrikas: 

 )()( max);( xvxuvu
Gx

c 


 .                                     (1.12) 

P.S. metrikas, rogorc ar unda ganisazRvros is, moeTxoveba 

mxolod (1.8)-(1.11) Tvisebebis dakmayofileba. miuxedavad imisa, 

rom CebiSevis (1.12) metrika ufro intuiciurad zustia (1.7) 

metrikasTan SedarebiT uwyveti funqciebisaTvis, mas iSviaTad 

iyeneben. es gamowveulia imiT, rom praqtikaSi ufro xSirad 

gvaqvs saqme wyvetil funqciebTan, romlebisTvisac CebiSevis 

metrika ar gamodgeba. amitom, Cven Semdgomi agebebisaTvis 

gamoviyenebT (1.7) metrikas, romelic skalaruli namravliT 

ganimarteba. Tu lineals vagebT kompleqsur ricxvTa 

simravlis zemoT, maSin skalaruli namravli ganimarteba 

formuliT 
G

dxxvxuvu )()();( , sadac )(xv  aris )(xv  funqciis 

kompleqsurad SeuRlebuli funqcia. 
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1.2. hilbertis funqcionaluri sivrce 

gansazRvreba: G areze gansazRvrul )(xu  _ funqcias kvadra-

tiT integrebadi ewodeba, Tu lebegis integralebi 

 
G

dxxdxxu
G

2 ;)(u          ;)(                                        (1.13)  

erTdroulad arsebobs (aris krebadi). 

kvadratiT integrebadi funqciebis simravle, ufro 

farToa, vidre uwyvet funqciaTa simravle. 

P.S. Tu,  
G

dxxu 0)(2 , maSin 0)( xu  TiTqmis yvelgan (garda iseTi 

wertilebis simravlisa, romlis lebegis zomac udris nuls). 

es exeba metrikasac. Tu, ori funqcia erTmaneTisagan 

gansxvavdeba, araumetes, vidre nul zomis simravlis 

wertilebSi, maSin amboben, rom es funqciebi TiTqmis yvelgan 

emTxveva erTmaneTs.  

gansazRvreba: L lineals, masze gansazRvruli (1.6) normiT 

da (1.7) metrikiT, hilbertiswina (unitaruli) 2S sivrce ewo-

deba. 

G areze gansazRvrul uwyvet funqciaTa simravles 

aRniSnaven )(GC  simboloTi, xolo, Tu funqciebis nebismieri 

rigis warmoebulic uwyvetia, maSin Sesabamis funqciaTa klass 

(simravles) aRniSnaven )(GC  simboloTi. 

ganvixiloT mimdevrobis krebadobis cneba 2S  funqciona-

lur sivrceSi. 

gansazRvreba: vityviT, rom  
1

)(
nn xu  funqciaTa 

(funqcionaluri) mimdevroba krebadia )(xu funqciisaken Tu, 

.0);(lim 


uun
n

                                               (1.14)   

anu, Tu 

0)]()([lim 2 
G

n
n

dxxuxu .                                     (1.15)    
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funqcionalur sivrceebSi bunebrivad zogaddeba is 

topologiuri cnebebi, rac Cven gvqonda ricxviTi simravle-

ebisaTvis. 

gansazRvreba:   
1

)(
nn xu  funqciaTa mimdevrobas koSis 

(fundamenturi) mimdevroba ewodeba, Tu 0);(lim 




nm

m
n

uu . 

gansazRvreba: vityviT, rom )(xu warmoadgens 2S unitaruli 

sivrcis zRvariT wertils, Tu )(xu funqciis nebismieri mida-

mosaTvis moiZebneba 2S sivrcis iseTi elementebi, romlebic am 

midamos ekuTvnis. 

Teorema: )(xu funqcia aris 2S  unitaruli sivrcis zRva-

riTi wertili, maSin da mxolod maSin, roca arsebobs am siv-

rcis elementebis (funqciebis) iseTi mimdevroba  
1

)(
nn xu , rome-

lic krebadia )(xu funqciisaken. 

P.S. iseve, rogorc racionalur ricxvTa simravlis SemTxvevaSi, 

2S  unitaruli sivrcis zRvariTi wertili SeiZ-leba ar 

ekuTvnodes am sivrces. 

gansazRvreba: 2S  unitaruli (hilbertiswina) sivrcis 

gaerTianebas misi zRvariTi wertilebis simravlesTan, am 

sivrcis Caketva ewodeba. 

es gansazRvreba simbolurad ase Caiwereba: 

222 SSS  .                                               (1.16)    

gansazRvreba: hilbertiswina (unitaruli) sivrcis 2S  Cake-

tvas,  hilbertis )(2 GL sivrce ewodeba. 

gansazRvreba: wrfiv, metrikul, normirebul sivrces, 

romelic srulia normiT inducirebuli metrikis mimarT 

banaxis sivrce ewodeba. 

P.S. hilbertis )(2 GL  sivrce srulia anu masSi yvela koSis 

(fundamenturi) mimdevroba krebadia. sxvanairad, is Seicavs 

Tavis yvela zRvariT wertils. iseve, rogorc racionalur 

ricxvTa simravle aris mkvrivi namdvil ricxvTa simravleSi; 

yvela racionalurkoeficientebiani polinomebis (funqciebis) 
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simravlec mkvrivia )(2 GL  hilbertis sivrceSi. amitom, 

hilbertis sivrcec separabeluria, iseve, rogorc namdvil 

ricxvTa simravle. sivrcis separabeluroba saSualebas iZleva, 

mis elementebs mivuaxlovdeT masSi moTavsebuli mkvrivi 

qvesimravlis elementebis krebadi mimdevrobiT; rac did 

gamoyenebas poulobs miaxlovebiT analizSi. hilbertis sivrce 

yovelTvis aris banaxis sivrcec. hilbertis funqcionaluri 

sivrce warmoadgens kvadratiT integrebadi funqciebis (alag-

alag uwyveti) simravles.  

unda aRiniSnos, rom hilbertis sivrce )(2 GL , amave dros, 

banaxis sivrcea; xolo banaxis sivrce yovelTvis araa 

hilbertis sivrce (radgan banaxis sivrceSi araa savaldebulo 

rom, gvqondes skalaruli namravli).  

gansazRvreba: funqciaTa sistemas  k

nn xu
1

)(

 ewodeba wrfivad 

damokidebuli, Tu am sistemis erT funqcia mainc, SeiZleba 

gamovsaxoT, rogorc danarCeni funqciebis wrfivi kombinacia. 

Tu, funqciaTa sistema araa wrfivad damokidebuli, maSin mas 

wrfivad damoukidebeli sistema ewodeba. 

magaliTi: funqciaTa sistema 4u   ;cosu    ;sin 3

2

2

2

1  xyxyu  

wrfivad damokidebulia, radgan 213 44 uuu  . 

imisaTvis, rom gamovarkvioT funqciaTa sistemis wrfivad 

damoukideblobis sakiTxi unda davTvaloT am sistemis gramis 

determinanti. 

Teorema: funqciaTa sistema  k

nn xu
1

)(

 wrfivad damouki-

debelia hilbertis )(2 GL  sivrceSi, maSin da mxolod maSin, 

roca am sistemis gramis determinanti gansxvavebulia 

nulisagan anu 

.0

);(u   .  .  ).;(u   );(u

.      .     .     .     .    .     .    .

)u;(u  .  .  . );(u   );(u

)u;(u .  .  .  )u;(u   );(

);...;;(

k2k1k

k22212

k12111

21 

k

k

uuu

uu

uu

uuuD                     (1.17)    

magaliTi: funqciaTa sistema 1u     ;cosu   ;sin 321  xxu  wrfi-

vad damoukidebelia ];0[2 L  sivrceSi, radgan 
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0 0

223121

2

11 .);(u    ;2);(u     ;0cossin);(u     ;
2

sin);( uuxdxxuxdxuu  

02
4

          0       2

0     
2

      0

2     0      
2

3

 








D . 

gansazRvreba: wrfivad damoukidebel  
1

)(
nn xu  funqciaTa 

sistemas ewodeba sruli )(2 GL  sivrceSi, Tu am sistemis yvela 

SesaZlo 



Ii

ii xuax )()( wrfivi kombinaciebiT miRebuli )(x funq-

ciaTa simravle mkvrivia )(2 GL  sivrceSi. 

gansazRvreba: amboben, rom  
1

)(
nn xu  funqciaTa wrfivad 

damoukidebeli sistema warmoadgens Sauderis baziss )(2 GL  

sivrceSi, Tu sivrcis nebismieri funqcia SeiZleba warmovad-

ginoT 



Ii

ii xuax )()(  saxiT.  

magaliTi: )(2 GL  funqcionalur sivrceSi, roca gansazRvris 

area  dyc bxa );(  yxG , gvaqvs Sauderis mravalwevra 

bazisi: .  .  .  ;y  xy;; xy;  x;;1 22  

aseve, )2,0(2 L sivrceSi, arsebobs trigonometriul funqci-

aTa bazisi: 

. . . cos2y;sin2x cos2y;sinx cosy;sin2x cosy;sinx ;1   

cnobilia, rom )(2 RL sivrceSi SeiZleba aigos veivlet 

funqciebisagan Semdgari bazisebic da a.S. 

 

P.S. mocemuli amocanisaTvis, bazisis SerCeva sakmaod rTuli 

problemaa, radgan jer_jerobiT, SerCevis zogadi procedura 

ar arsebobs. sxvadasxva bazisi ki ganapirobebs krebadobis 

sxvadasxva siCqares. 



1.3. analogia n  ganzomilebian veqtorul sivrcesa da hilbertis )(2 GL  funqcionalur sivrceebs 

Soris 

 

hilbertis )(2 GL  sivrcis geometriis gasagebad, ganvixiloT analogiebi n  ganzomilebian 

veqtorul sivrcesTan. 

 

# nR veqtoruli sivrce hilbertis )(2 GL sivrce 
1. elementebi veqtorebia );...;;( 21 nxxxx     elementebi )(xf funqciebia  

2. veqtorebis skalaruli namravli 





n

i

ii yxyx
1

);(  

funqciebis skalaruli namravli 


G

dxxgxfxgxf )()())();((  

3. veqtoris sigrZe 





n

i

ixxxx
1

2);(  

funqciis norma 


G

dxxfxfxfxf )())();(()( 2  

4. manZili or wertils Soris 





n

i

ii yxyxyxyx
1

2)();(  

metrika 

 
G

dxxgxfxgxfxgxfxgxfxgxf 2))()(())()();()(()()())();((  

5. Tu,  n

iie
1
 wrfivad damoukidebel 

veqtorTa sistemaa nR -Si, maSin 

nebismieri x elementi (veqtori) 
am sivrcidan warmoidgineba 

saxiT: 

Tu,  
1

)(
nn xu  Sauderis bazisia )(2 GL  sivrceSi, maSin am 

sivrcis nebismieri )(xf elementi (funqcia) SeiZleba 
warmovadginoT saxiT: 







1

)()(
i

ii xuaxf  



2 

 





n

i

ii exx
1
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1.4. sobolevis )(2 GW k  funqcionaluri sivrce 

Cven ganvixileT hilbertis )(2 GL  funqcionaluri sivrce. 

operatoruli gantolebebis amosaxsnelad, xSirad, iyeneben iseT 

funqcionalur sivrceebs, romlebic uzrunvelyofen e.w. 

ganzogadebuli da susti amonaxsnis cnebaTa gamoyenebas. am 

sivrceebis gamoyeneba damyarebulia im faqtze, rom zogjer, araa 

sakmarisi mxolod funqciaTa „siaxlove” da saWiroa maTi 

warmoebulebis „siaxlovec“.  

es sivrceebi iseTive wesiT igeba, rogorc Cven avageT )(2 GL  

hilbertis sivrce. gansxvavebaa mxolod skalaruli namravlis 

gansazRvris wesSi. 

Tu skalarul namravls ganvsazRvravT (1.18) 

 
G G

dxvuvdxuvu '');(  ;                                     (1.18) 

formuliT da gavimeorebT )(2 GL  hilbertis sivrcis agebis 

teqnikas, maSin miviRebT sobolevis )(1

2 GW  funqcionalur sivr-

ces. 

Tu skalarul namravls ganvsazRvravT (1.19) 

  
GG G

dxvudxvuvdxuvu '''''');( ;                             (1.19) 

formuliT, maSin, miviRebT )(2

2 GW  sobolevis funqcionalur 

sivrces. 

analogiurad aigeba sobolevis )(2 GW k  funqcionaluri 

sivrce, Sesabamisi skalaruli namravlis SemoRebiT: 

.);(
0

)()(



k

i G

ii dxvuvu                                          (1.20) 
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1.5. damokidebuleba funqcionalur sivrceebs Soris 

Cven ganvixileT sxvadasxva funqcionaluri sivrceebi, 

romlebic erTmaneTisagan gansxvavdeba topologiuri TvisebiT. 

yvelaze ufro “kargi” funqciebia mravalwevrebi da maTi sim-

ravle qmnis polinomialuri funqciebis sivrces )(xPn , sadac 

argumenti sazogadod, n -ganzomilebiani veqtoria ( )(xPn -mraval-

cvladiani polinomebis simravle). es funqciaTa simravle aris 

uwyvet funqciaTa )( nRC funqcionaluri sivrcis qvesimravle 

(nawili).  

uwyvet funqciaTa simravle aris wrfivianis (linealis) 

qvesimravle. funqciaTa lineali aris wrfivi metrikuli 

sivrcis nawili.  

funqciaTa wrfivi metrikuli sivrce aris unitaruli 

(hilbertiswina) sivrcis nawili. is ki, Tavis mxriv, _ hilbertis 

funqcionaluri sivrcis nawilia, xolo hilbertis 

funqcionaluri sivrce, Cadgmulia sobolevis )(2 GW k  sivrceSi, 

Tu 1k . 
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II Tavi. uwyvet tanTa meqanikis maTematikuri modelebi 

 

2.1. drekadobis (elastikurobis) Teoriis maTematikuri 

modelebi. lames modeli. beltrami-miCelas modeli. reineris 

modeli. Termodrekadobis amocana 

drekadi (elastikuri) masalebisaTvis, fizikuri eqsperimen-

tebis meSveobiT adgenen daZabul-deformirebuli mdgomareobis 

reologiur kanons. 

wrfivad-drekadi masalebisaTvis, izotropul SemTxvevaSi, 

gvaqvs reologiuri Tanadoba, romelsac hukis kanons uwodeben. 

 .                                           (2.1) 

ufro rTuli modelebidan, xSirad, gamoiyeneba reineris 

drekadi masalis reologiuri gantoleba 

 .                                      (2.2) 

sadac i  deformaciis tenzoris komponentebis matricis inva-

riantebze damokidebuli funqciebia. 

uwyvet tanTa meqanikaSi, maTematikuri modelebis Sesadge-

nad mxolod reologiuri kanoni araa sakmarisi. 

saWiroa: wonasworobis (an dinamikis) gantoleba, kinema-

tikuri Tanadobani da sasazRvro (an sasazRvro da sawyisi) 

pirobebi. 

ganvixiloT izotropuli masalebisaTvis elastikuri 

muSaobis sxvadasxva maTematikuri modeli: 

a) wrfivad-drekadi izotropuli masalebisaTvis 
statikis (wonasworobis) amocana ismis Semdegnairad: 
 

wonasworobis gantoleba koSis formiT: 

 ,                                               (2.3) 

sadac  - elastikuri masalis simkvrivea, 

ijijkkij  2

kjikijijij  210 

0,  ijij b
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b – erTeul moculobaze moqmedi gareSe Zalis veqtoris 

komponentebia; 

kinematikuri Tanadobebi mcire deformaciebis ( <<1) 

SemTxvevaSi: 

;                                              (2.4) 

hukis reologiuri gantoleba: 

.                                            (2.5)  

(2.3),(2.4) da (2.5) gantolebebi unda dakmayofildes 

elastikuri  masalis nebismier wertilSi. amasTan, 

aucilebelia sasazRvro pirobebic  - aris  - sazRvris 

nebismieri wertilisaTvis. 

sasazRvro pirobebis mixedviT statikaSi ganixileba sami 

tipis amocana: 

     a.1) sazRvris TiToeul wertilSi mocemulia gadaadgile-

bebi: 

;                                             (2.6) 

aseT SemTxvevaSi, mizanSewonilia gardavqmnaT (2.3),(2.4) da 

(2.5) amocana ise, rom gvqondes erTi gantoleba gadaadgilebe-

bis mimarT Sesabamisi sasazRvro (2.6) pirobebiT. 

amisaTvis (2.4) CavsvaT (2.5)-Si da miRebuli Sedegi SevitanoT 

(2.3)-Si. marTlac, Tu (2.4)-s CavsvamT (2.5)-Si miviRebT 

 ;            (5.7) 

Tu am gamosaxulebas SevitanT dinamikis (2.3) gantolebaSi, 

miviRebT: 

0)( ,,,  iijjjjiijkjk buuu  ,                                   (2.8) 

anu Tu gavamartivebT, gveqneba gantoleba gadaadgilebe-

bisaTvis: 

)(
2

1
,, ijjiij uu 

ijijkkij  2

),,( 321 xxxgui 

)()(
2

1
2)(

2

1
,,,,,,, ijjiijkkijjiijkkkkij uuuuuuu  
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.                                      (2.9) 

am gantolebas lames gantolebas uwodeben, zogjer ki navie-

koSis models. 

am gantolebebisaTvis ganixileba dirixles (2.6) sasazRvro 

amocana. 

P.S. (2.6) – araerTgvarovani sasazRvro pirobebi SegviZlia 

gavanuloT (vaqcioT erTgvarovan sasazRvro amocanad) Tu, 

movaxdenT cvladTa gardaqmnas: 

.                                          (2.10) 

maSin (2.9) gantoleba gadaiwereba iv -s mimarT da sasazRvro 

(2.6) pirobebi miiReben erTgvarovan formas 

0 iv ,                                                    (2.11) 

rac aadvilebs amocanis amoxsnas; 

a.2) meore tipis sasazRvro amocana miiReba im SemTxvevaSi, 

roca sazRvris yoveli wertilisaTvis mocemulia Zabvebi: 

.                                              (2.12) 

am SemTxvevaSi, hukis kanonis, wonasworobis gantolebisa da   

sen-venanis pirobebidan (dasaSvebi deformaciebisaTvis) 

0,,,,  ikjmjmikijkmkmij  ,                                    (5.13) 

miiReba elastikurobis gantoleba Zabvebis mimarT: 

0
1

)(
1

1
,,,,, 





 kkijijjiijkkkkij bbb 







 .                      (5.14) 

am gantolebas beltram-miCelas gantolebebs uwodeben. 

beltram-miCelas gantolebebiT daZabul-deformirebuli mdgo-

mareobis Sesaswavlad (2.14) gantolebas xsnian (2.12) pirobebSi, 

(2.3) wonasworobis gantolebebis gaTvaliswinebiT. 

0)( ,,  ijijjji buu 

),,( 321 xxxgvu ii 

ijijn 0 )(  
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     a.3) mesame tipis amocana aris Sereuli tipis amocana, roca 

sazRvris erT 1 - nawilze mocemulia gadaadgilebebi, xolo 

meore 2 - nawilze _ Zabvebi, sadac, 

21  .                                                         (2.15) 

amasTan, moiTxoveba ganisazRvros Zabvebi da deformaciebi 

 - aris nebismieri wertilisaTvis. 

am SemTxvevaSi amocanas xsnian zogadi saxiT: 

0,  ijij b ;                                                             (2.16) 

;                                             (2.17) 

;                                           (2.18) 

;                                          (2.19) 

     ijijn 0 2
)(   .                                             (2.20) 

b) axla ganvixiloT dinamikis amocanebis maTematikuri 
modelireba 

   

    aseT SemTxvevebSi, Cven vixilavT dinamikis gantolebas koSis 

formiT: 

;                                                 (2.21) 

kinematikur Tanadobebs: 

;                                                (2.22) 

reologiur kanons (hukis kanoni); 

.                                               (2.23) 

P.S. statikis amocanebisagan gansxvavebiT, dinamikis Seswavli-sas 

sasazRvro pirobebTan erTad ganixilaven sawyis piro-bebsac. 

)(
2

1
,, ijjiij uu 

ijijkkij  2

),,()( 321  1
xxxgui 

..

, iijij ub  

)(
2

1
,, ijjiij uu 

ijijkkij  2
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b.1) Tu gvaqvs amocana sazRvarze mocemuli gadaadgile-

bebiT, viyenebT lames maTematikur models: 

..

,, )( iijijjji ubuu   ;                                               (2.24) 

amave dros, gvaqvs sasazRvro pirobebi: 

),,,()( 321  1
txxxgu ii  ;                                                    (2.25)  

da sawyisi pirobebi: 

),,()( 3210 xxxfu iti  .                                                      (2.26) 

b.2) rTuli reologiis masalebisaTvis xSirad iyeneben re-

ineris elastikuri masalis maTematikur models (kompozitebi, 

selebi, zvavebi, mravalfaziani masalebi da a. S.), romelsac aqvs 

saxe: 

dinamikis gantoleba: 

;                                                          (2.27) 

kinematikuri Tanadobebi: 

                                                          (2.28) 

reineris reologiuri gantoleba: 

kjikijijij  210  ;                                                  (2.29) 

sadac i  deformaciis tenzoris komponentebis matricis inva-

riantebze damokidebuli funqciebia. 

am funqciebis konkretuli saxe dgindeba xangrZlivi da mZime 

eqsperimentebis Sedegad. 

sasazRvro da sawyisi pirobebi aq daismis iseTive saxiT, 

rogorc wrfivad-drekadi masalebis SemTxvevaSi (2.25), (2.26). 

b.3) wrfivad-drekadi masalis Termodrekadi muSaobis maTe-

matikuri modeli. 

..

, iijij ub  

)(
2

1
,, ijjiij uu 
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wrfivad-drekadi masalis Termodrekadi muSaobis SemTxve-

vaSi aseve moqmedebs dinamikis gantoleba koSis formiT: 

..

, iijij ub   ;                                                     (2.30) 

kinematikuri Tanadobebi: 

                                                     (2.31)   

 damatebiT, ganixileba Sesabamisi reologiuri kanoni:  

;                               (2.32) 

sadac  

       - wrfivi gafarToebis temperaturuli koeficientia; 

      0T - elastikuri masalis sawyisi temperatura; 

        da   - lames koeficientebia, romlebic axasiaTeben 

masalis Tvisebebs deformaciebis TvalsazrisiT da  

energiis gantoleba: 

..
(v)

, )23(c kkii TTkT    ;                                           (2.33) 

sadac 

           k – masalis siTbogamtarobis koeficientia; 

     )(vc -kuTri siTbotevadobaa mudmivi deformaciis (moculo-

bis) pirobebSi. 

am maTematikur modelSi ucnobebia: ijij  ,  da T . ucnobebis 

sapovnelad agebul gantolebaTa (2.30) – (2.33) sistemas, unda 

mivuerToT Sesabamisi sasazRvro da sawyisi pirobebi. 

 

 

)(
2

1
,, ijjiij uu 

ijijijkkij TT  )()23(2 0
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2.2. siTxeTa dinamikis maTematikuri modelebi. Nnavie-stoqs-

diugemis modeli. gantolebaTa Cawera uganzomilebo formiT. 

navie-stoqsisa da eileris maTematikuri modelebi 

siTxeebis (gazebis) dinamikas Seiswavlis hidroaeromeqanika. 

iseve, rogorc drekadi (elastikuri) masalebis SemTxvevaSi, 

hidroaeromeqanikaSic, siTxisa da gazis dinamikis maTematikuri 

modelireba iwyeba eqsperimentebiT, mocemuli siTxis (gazis anu 

airis) reologiuri kanonis dasadgenad. 

niutonuri siTxeebisaTvis gvaqvs niutonis ganzogadebuli 

reologiuri kanoni: 

mnijmnij DB  ;                                                     (2.35) 

sadac 
.

mnmnD   deformaciis siCqaris tenzoris komponen-

tebia. Tu siTxe erTgvarovania, maSin ijmnB  mudmivi sidideebi-sagan 

Sedgeba, romlebic axasiaTebs mocemuli siTxis blant 

Tvisebebs. 

Tu, ganvixilavT  izotropiul niutonur siTxes, maSin 

mudmivaTa matricaSi 81 komponentidan mxolod oria *  da *

iqneba damoukidebeli. 

Sesabamis reologiur kanons aqvs saxe: 

ijijkkijij DDp ** 2   ;                                       (2.36) 

sadac *  da * - siTxis siblantis dinamikuri koeficientebia. 

saSualo normaluri Zabva iqneba: 

iiiiii DpDp *** )23(
3

1

3

1
   ;                              (2.37) 

sadac * - siblantis sivrculi koeficientia. Tu, miviRebT 

stoqsis pirobas da davuSvebT, rom 

* = 0,                                                            (2.38) 

maSin miviRebT, rom 
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pii 
3

1
,                                                         (2.39) 

anu hidrostatikuri wneva blant siTxeSi, wonasworobis 

pirobebSi, saSualo normaluri Zabvis tolia da mimarTulia 

siTxis SigniT.                                   

amiT aixsneba siTxis wveTis wonasworoba sibrtyeze. aseT 

SemTxvevaSi, Termodinamikuri wneva – mTlianad ganisazRvreba 

meqanikuri sidideebiT. 

garda reologiuri (2.36) kanonisa, maTematikuri modelis 

asagebad izotropiuli niutonuri siTxeebisaTvis, saWiroa: 

moZraobis gantolebebi koSis formiT, masis Senaxvis 

(uwyvetobis) gantoleba, energiis Senaxvis kanoni da 

mdgomareobis gantoleba. 

moZraobis gantolebas koSis formiT aqvs saxe: 

.

, iijji vb   ;                                                    (2.40) 

sadac iv - siTxis nawilakebis moZraobis siCqaris veqtoris 

komponentebia. 

uwyvetobis gantoleba Caiwereba Semdegi formiT: 

0,

.

 iiv .                                                         (2.41) 

energiis Senaxvis kanons aqvs saxe: 

.

,

11
ZCDU iiijij 





;                                              (2.42) 

sadac U – Sinagani energiaa, Ci  siTburi nakadis veqtoris 

komponentebia, romelic gadis siTbogamtarobis xarjze, drois 

erTeulSi, erTeul farTSi, Z – erTeul droSi gamosxivebuli 

siTbos mudmivaa, gaangariSebuli masis erTeulze. 

mdgomareobis gantoleba (eqsperimentebidan) Caiwereba ase: 

),( Tpp  .                                                         (2.43) 
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Tu, saWiroa siTburi efeqtebis gaTvaliswinebac, rac xSirad 

gvxvdeba praqtikaSi, maSin (2.36),(2.40) – (2.43) gantole-baTa 

sistemas unda mivuerToT furies siTbogamtarobis gantoleba 

da kaloriuli gantoleba. 

furies siTbogamtarobis gantolebas Caweren mokled: 

ii kTC ,                                                            (2.44) 

sadac k – siTbogamtarobis koeficientia. 

kaloriuli gantoleba Caiwereba eqsperimentebze dayrdnobiT 

).,( TUU                                                           (2.45) 

miiReba 16 gantoleba 16 ucnobiT anu sistema aris Caketi-li. 

am gantolebaTa sistemas miuerTeben sasazRvro da sawyis 

pirobebs. 

hidrodinamikaSi, blanti siTxisaTvis gamoiyeneba specifi-

kuri sasazRvro pirobebi, romelTac siTxis mikvris pirobebs 

uwodeben: 

.                                                           (2.46) 

a) navie – stoqs – diugemis gantoleba. 
ganvixiloT blanti siTxis maTematikuri modeli im 

SemTxvevisaTvis, roca siTburi efeqtebi imdenad umniSvneloa, 

rom SeiZleba ugulebelvyoT. 

Tu kinematikur Tanadobebs: 

)(
2

1
,, ijjiij vvD  ;                                                   (2.47) 

SevitanT niutonis (2.36) reologiur gantolebaSi, miviRebT: 

).(

)(
2

1
2)(

2

1

,,

*

,

*

,,

*

,,

*

ijjiijkkij

ijjikkkkijij

vvvp

vvvvp








                          (2.48) 

Semdeg, (2.48) gantolebas Tu SevitanT moZraobis (2.40) gan-

tolebaSi, gveqneba: 

0 )( iv
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ijijjjiijkjkii bvvvpv   )( .,

*

,

*

,

.

.                               (2.49) 

anu, sabolood 

;                                  (2.50) 

am (2.50) gantolebas navie – stoqs – diugemis gantoleba 

ewodeba blanti siTxeebisaTvis. 

P.S. Tu siTxe ukumSavia (rogorc wyali), maSin 

 .                                                            (2.51) 

b) navie – stoqsis gantoleba ukumSavi siTxeebisaTvis. 
Tu ganvixilavT ukumSav siTxeebs, maSin siTxis ukumSvado-

bis (2.51) pirobis gaTvaliswinebiT (2.50) - dan miviRebT navie – 

stoqsis maTematikur models: 

;                                              (2.52) 

0 , iiv ;                                                             (2.53) 

;                                                           (2.54) 

.                                                          (2.55) 

miRebuli (2.52) – (2.55) maTematikuri modeli aRwers blanti, 

ukumSavi siTxis moZraobas  - areSi,  - sazRvriT. 

g) navie – stoqsis gantoleba gazebisaTvis. 

Tu navie – stoqs – diugemis modelSi, gaviTvaliswinebT 

stoqsis pirobas:  

**

3

2
 

                                                          (2.56) 

maSin, miviRebT navie – stoqsis gantolebas gazebisaTvis: 

ijijjjiii bvvpv   ,

*

,

*

,

.

3

1
.                                       (2.57) 

ijjijijii bvvpv   ,

*

,

**

,

.

)(

0 , iiv

ijjiii bvpv   ,

*

,

.

0 )( iv

00 )( iti vv 
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am gantolebas unda mivuerToT mdgomareobis (2.43) ganto-

leba, energiis (2.42) gantoleba da uwyvetobis (2.41) gantoleba 

(Tu ara gvaqvs siTburi efeqtebi). 

 

d) gantolebaTa Cawera uganzomilebo saxiT. 

simartivisaTvis, ganvixiloT organzomilebiani, blanti, 

ukumSavi siTxis dineba. Sesabamisi maTematikuri modeli 

gadavweroT uganzomilebo saxiT da davadginoT msgavsebis 

kriteriumebi, dinebaTa fizikuri modelebis Sesadgenad 

(eqsperimentebis Casatareblad). 

)(
1

2

2

1

2

1
2

1

2*

1

1

2

1
2

1

1
1

1

x

v

x

v

x

p
b

x

v
v

x

v
v

t

v



































;                     (2.58) 

)(
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1
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2*
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1

2
1

2
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v
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x
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;                    (2.59) 

0
2

2

1

1 









x

v

x

v
;                                                     (2.60) 

 0 )( iv ;                                                       (2.61) 

00 )( iti vv  .                                                       (2.62) 

Tu (2.58) – (2.62) gantolebebSi gadavalT uganzomilebo 

Strixian cvladebze formulebiT: 

.b  ;vp  ;
v

l
  t;  v; '

i

'2

0

'

0

0'

0i

'

0 iiii gbptvvxlx                           (2.63) 

maSin, miviRebT amocanas: 

 ;                 (2.64) 

'

22

0

0

*

'

2

'

2

0

2

0'

2'

2

'

2'

22

0

2

0

'

1

'
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12
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'
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 ;                (2.65) 

;0)(
'

2

'

2

'

1

'

1

0

0 









x

v

x

v

l

v
                                                  (2.66) 

'
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0

0
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'
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'
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;    ;                                         (2.67)   

;      0)( '

2 v .                                          (2.68) 

Tu, (2.64) – (2.68) gantolebebSi SemoviRebT aRniSvnebs 

;
gl

v
Fr      ;Re

0

0

*

00 


lv
                                            (2.69)    

da aRar davwerT Strixebs, miviRebT maTematikur models ugan-

zomilebo formiT: 

  ;                             (2.70) 

  ;                            (2.71) 

 ;                                                     (2.72)   

 ;     2002 )( vv t  ;                                    (2.73) 

 0)( iv  .                                                     (2.74)   

mudmiv koeficients Re – reinoldsis ricxvi ewodeba, xolo 

Fr – frudis ricxvia. 

P.S. imisaTvis rom, sxvadasxva masStabis ori modeli iyos 

ekvivalenturi, maT Soris unda arsebobdes msgavseba. cxadia, 

rom ori modeli msgavsi iqneba, Tu modelis reJimis 

ganmsazRvreli mudmivi koeficientebi (Re da Fr), iqneba 

Sesabamisad toli, anu, Tu 

21 ReRe  ;    21 FrFr  .                                                 (2.75) 

am pirobebis erTdroulad dacva ki Zalze rTulia, 

gansakuTrebiT im amocanebSi, sadac mniSvneloba aqvs simZimis 

Zalis gavlenas. modelebis maTematikurad gamosakvlevad, maT 

rogorc wesi, gadaweren uganzomilebo formiT. GgaTvlebis 

'

100

'

1)( vv t 

'

200

'

2 )( vv t 

0)( '

1 v
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Sedegebis praqtikaSi gadasatanad iyeneben Sesabamis gadasvlis 

formulebs (2.63). 

 

e) eileris maTematikuri modeli idealuri siTxeebisaTvis 

ganvixiloT blanti, ukumSvadi siTxis dinamika im SemTxve-

vaSi, roca reinoldsis ricxvi izrdeba. eqsperimentebiT dadge-

nilia, rom mocemuli amocanis pirobebSi, arsebobs reinol-dsis 

ricxvis kritikuli mniSvneloba, ise rom, Tu krReRe   gvaqvs 

laminaruli (fenovani) dineba, xolo, Tu krReRe   gvaqvs fenebis 

Sereva-difuzia, am reJims turbulenturi dineba ewodeba.  

Tu ganvixilavT dinebas, romlis drosac , miviRebT 

iseT turbulentur dinebas, romlis drosac ganviTarebuli 

difuziis gamo, siblantis Tvisebas aRar aqvs fizikuri gavlena 

anu dineba SeiZleba ganxiluli iyos, rogorc iseTi siTxis 

dineba, romlis fenebs Sorisac ara gvaqvs xaxunis Zala (aseT 

siTxeebs idealurs uwodeben). 

idealuri siTxis dinamikis maTematikuri modeli SeiZleba 

miviRoT blanti siTxis modelidan, Tu movaxdenT Sesabamis 

zRvarze gadasvlas im pirobiT, rom . maSin, (2.70) –(2.74) 

maTematikuri modeli miiRebs saxes: 

1

2

1

2

1
2

1

1
1

1

x

p

Fr

b

x

v
v

x

v
v

t

v



















;                                     (2.76) 

    
2

2

2

2

2
2

1

2
1

2

x

p

Fr

b

x

v
v

x

v
v

t

v



















;                                     (2.77) 

    ;                                                      (2.78) 

    00)( iti vv  ;                                                        (2.79) 

    0)( 





n

vi  .                                                       (2.80) 

  maTematikur models, romelic moicema (2.76) – (2.80) saxiT 

eileris modeli ewodeba.  

Re

Re

0
2

2

1

1 









x

v

x

v
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2.3. uwyvet garemoSi siTbos ganawilebis maTematikuri 

modelireba (difuziis gantoleba) 

ganvixiloT, 3R  - Si raime uwyveti  garemo (siTxe, gazi, 

elastikuri masala ...),  …sazRvriT. 

fizikis kursidan viciT, rom drois t  monakveTSi,   

zedapirs gasWolavs  raodenobis siTbo, romelic 

gamoiTvleba zedapiruli integraliT: 

;                                                 (2.81) 

sadac 

       n – aris sazRvris gare normali (x,y,z)  wertilSi; 

       k – Siga siTbogamtarobis koeficientia. 

vTqvaT, gvaqvs uwyveti garemos (masalis) gacivebis procesi, 

maSin: 

0




n

T
;                                                           (2.82) 

da, maSasadame, (2.81) miiRebs saxes: 

tdS
n

T
kQ 



 



 1 .                                                 (2.83) 

 - sazRvris zedapirs gadakveTs   - siTbos raodenoba, 

romelic dakarga  moculobis uwyvetma garemom (masalam). 

 moculobis m masisa da c kuTri siTbotevadobis,   

simkvrivis garemo gascems  2Q  siTbos raodenobas, romelic 

gamoiTvleba jeradi integraliT: 

   


 dtxxxTttxxxTcQ ),.,(),,,( 3213212 ;                      (2.84)  

uaryofiTi niSani miuTiTebs imaze, rom xdeba masalis 

gaciveba. Tu ueyveti garemos SigniT arian siTbos ganawile-

Q

tdS
n

T
kQ 



 



 

1Q
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buli wyaroebi ),,( 321 xxxI kuTri simZlavreebiT, maSin t  droSi 

wyaroebis mier gamomuSavebuli siTbos  3Q  raodenoba iqneba: 




 tdtxxxIQ ),,,( 3213 .                                           (2.85) 

siTburi balansis gantolebas aqvs saxe: 

321 QQQ   ;                                                   (2.86) 

aqedan miviRebT, rom 

 

















tdtxxxI

dtxxxTttxxxTctdS
n

T
k





),,,(

),,,(),,,(

321

321321

  .             (2.87)  

radgan 

        ;n    ; 00
n

n
ngradT

n

T






                                      (2.88) 

da 


 SddSn0 , advilad miviRebT, rom 

 
 







SdkgradTdS

n

T
k  ;                                            (2.89) 

magram, gausis formulis Tanaxmad 






 dkgradTdivSdkgradT )(  ;                                     (2.90) 

Tu (2.88) – (2.90)-s, SevitanT (2.87)-Si miviRebT:  

 













tdtxxxI

dtxxxTttxxxTctdkgradTdiv





),,(

),,,(),,,()(

321

321321

  ;      (2.91) 

Tu, yvela integralqveSa gamosaxulebas erTi integralis 

qveS movaqcevT, gavyofT t -ze da gadavalT zRvarze, roca ,0t  

miviRebT: 
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0),,,()( 321 



 txxxI

t

T
cgradTkdiv  .                                 (2.92) 

am gantolebas siTbosgamtarobis (difuziis) gantolebas uwo-

deben. zogad SemTxvevaSi, 

).,,,,(fc      );,,,,( 32123211 txxxTtxxxTfk                                 (2.93) 

e.i. (2.92), (2.93) gantolebebi iZleva arawrfiv models.  

Tu davuSvebT, rom 

const,c     constk                                                   (2.94) 

maSin, miviRebT wrfiv gantolebas erTgvarovani garemosaTvis: 

),,,( 321 txxxI
t

T
T 




  ;                                              (2.95)                  

sadac 

       ii ,TT   ; 
k

c
                                               (2.96) 

Tu uwyvet garemoSi ar aris ganawilebuli siTburi ),,( 321 xxxI  

wyaroebi, maSin (2.95) gantoleba miiRebs kanonikur saxes: 

t

T
T




  .                                                           (2.97) 

 

 

 

 

 

 

III Tavi. rvaCov-obgaZis RO meTodi 
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kompiuteruli teqnikis ganviTarebam didi stimuli misca 

rTuli, arawrfivi gantolebebis amoxsnis ricxviTi meTodebis 

ganviTarebas. magaliTad, konstruqciebis drekad reJimSi 

muSaobis Sesaswavlad farTod gamoiyeneba sasruli elementis 

meTodi; globaluri atmosferuli procesebis Sesaswavlad da 

amindis prognozisaTvis upiratesobas aniWeben speqtrlur 

meTodebs; rac Seexeba frTisa da TviTmfrinavis fuzelaJis 

garSemo dinebis gaTvlas, aq farTod gamoiyeneba sasrul 

sxvaobaTa meTodi. 

garegnulad, es meTodebi Zlier gansxvavdeba erTmaneTi-

sagan, Tumca maT erTmaneTTan aqvT mWidro urTierTkavSiri. es 

urTierTkavSiri xorcieldeba galiorkinis an cdomilebis 

minimizaciis meTodis bazaze. aqedan SeiZleba avagoT sasrul 

elementTa meTodi, speqtrluri meTodi da sasrul sxvaobaTa 

meTodic. am meTodebis ganviTarebis erT-erT magaliTs, warmo-

adgens rvaCov-obgaZis RO meTodi [8-20]. 

 

3.1. galiorkinis klasikuri meTodi 

 

galiorkinis klasikuri meTodis Sesaswavlad, ganvixiloT 

raime organzomilebiani (or cvladze damokidebuli funqci-

ebiT) wrfivi amocana: 

𝐿𝑢 = 0,                                                (3.1) 

sadac 𝑢(𝑥, 𝑦) funqcia gansazRvrulia raRac 𝐺(𝑥, 𝑦) areze, da mis 

𝜕𝐺 sazRvarze akmayofilebs sasazRvro pirobebs (dirixles 

amocana): 

𝑆(𝑢) = 0.                                              (3.2) 

galiorkinis klasikur modelSi [8] akeTeben daSvebas, rom 

saZiebeli 𝑢 funqcia sakmaod zustad ganisazRvreba 𝑢𝛼 miaxlo-

ebiT 

𝑢𝛼 = 𝑢0(𝑥, 𝑦) + ∑ 𝛼𝑗𝜑𝑗(𝑥, 𝑦)𝑁
𝑗=1 ,                      (3.3) 
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sadac 𝜑𝑗(𝑥, 𝑦) cnobili analizuri funqciebia; 𝑢0 funqcia Semo-

yvanilia sasazRvro pirobebis dasakmayofileblad, xolo 𝛼𝑗 

koeficientebi unda vipovoT (3.1) gantolebidan. 

CavsvaT (3.3) gamosaxuleba (3.1) gantolebaSi, maSin miviRebT 

aranulovan 𝑅 cdomilebas: 

𝑅(𝛼1, … 𝛼𝑁 , 𝑥, 𝑦) = 𝐿(𝑢0) + ∑ 𝛼𝑗𝐿(𝜑𝑗)𝑁
𝑗=1 .                (3.4) 

funqciebis Siga (skalaruli) namravli ganvsazRvroT 𝐿2(𝐺) 

wesiT: 

(𝑓, 𝑔) = ∬ 𝑓𝑔𝑑𝑥𝑑𝑦,                                       (3.5) 

sadac integreba xorcieldeba mTel 𝐺(𝑥, 𝑦) areze. 

galiorkinis klasikur meTodSi ucnobi 𝛼𝑗 koeficientebi 

ganisazRvreba gantolebaTa (3.6) sistemis amoxsniT: 

(𝑅, 𝜑𝑘) = 0,                                              (3.6) 

sadac 𝑅 gantolebis cdomilebaa, xolo 𝑘 = 1, 𝑁̅̅ ̅̅ ̅. 

radgan am etapze, Cven vxsniT wrfiv diferencialur 

gantolebas, Sesabamisi (3.6) gantolebaTa sistemac iqneba წrfiv 

algebrul gantolebaTa სistema, romelic SegviZlia CavweroT 

matriculi formiT: 

∑ 𝛼𝑗(𝐿(𝜑𝑗 , 𝜑𝑘) = −(𝐿(𝑢0), 𝜑𝑘)𝑁
𝑗=1 .                           (3.7) 

Tu am sistemis amoxsnis Sedegad miRebul 𝛼𝑗 koeficientebs 

SevitanT (3.3) gamosaxulebaSi, maSin miviRebT 𝑢𝛼 miaxloebiT 

amonaxsns.  

P.S. Tu (3.6) gantolebaTa sistemas vagebT ara 𝜑𝑘 bazisuri 

funqciebiT, aramed sxva romelime 𝝍𝒌 orTogonaluri 𝑳𝟐(𝑮) 

hilbertis sivrcis sruli bazisis meSveobiT, maSin aseT meTods 

galiorkin-petrovis meTodi [7] hqvia. 

ganvixiloT galiorkinis klasikuri meTodis gamoyenebis 

magaliTebi. 
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3.1.1. koSis amocanis amoxsna pirveli rigis Cveulebrivi 

diferencialuri gantolebisaTvis galiorkinis klasikuri 

meTodiT  

galiorkinis klasikuri meTodis interpretaciis advilad 

gasagebad, ganvixiloT martivi diferencialuri gantoleba [20]: 

𝑑𝑦

𝑑𝑥
− 𝑦 = 0,                                             (3.8) 

sasazRvro pirobiT: 

𝑦(0) = 1.                                                    (3.9) 

amocanis amonaxsns veZebT 𝐺[0; 1] SualedSi. 

cxadia, rom am amocanis zust amonaxsns aqvs saxe: 𝑦 = 𝑒𝑥, 

rac advilad SegviZlia SevamowmoT. 

avagoT axla, miaxloebiTi amonaxsni galiorkinis klasiku-

ri meTodiT. amisaTvis amovirCioT umartivesi bazisur funqci-

aTa sistema: 

𝜑𝑗(𝑥) = 𝑥𝑗 .                                              (3.10) 

amonaxsni veZeboT Semdegi saxiT: 

𝑦𝛼 = 1 + ∑ 𝛼𝑗𝑥𝑗𝑁
𝑗=1 .                                      (3.11) 

cxadia, rom am gamosaxulebis pirveli wevri arCeulia 

sasazRvro (3.9) pirobis SesrulebisaTvis. advili misaxvedria 

rom, (3.11) warmodgena SegviZlia gadavweroT Semdegnairad: 

𝑦𝛼 = ∑ 𝛼𝑗𝑥𝑗𝑁
𝑗=0 ,                                             (3.12) 

Tu CavTvliT rom 𝛼0 = 1. 

(3.11) gamosaxuleba CavsvaT (3.8) gantolebaSi, maSin miviRebT 

𝑅 cdomilebas Semdegi saxiT: 

𝑅(𝑥) = −1 + ∑ 𝛼𝑗(𝑗𝑥𝑗−1 − 𝑥𝑗)𝑁
𝑗=1 .                             (3.13) 
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gaSlis 𝛼𝑗 koeficientebis sapovnelad, mocemuli amocanisa-Tvis 

vadgenT Sesabamis (3.6) gantolebaTa sistemas: 

(𝑅(𝑥), 𝑥𝑘−1) = 0,                                            (3.14) 

sadac 𝑘 = 1, 𝑁̅̅ ̅̅ ̅. 

am gantolebaTa sistemas CavwerT matriculad: 

𝑀 ∙ 𝐴 = 𝐷,                                              (3.15) 

sadac  

𝐷𝑘 = (1, 𝑥𝑘−1) = ∫ 1 ∙ 𝑥𝑘−1𝑑𝑥 =
1

𝑘

1

0
;                    (3.16) 

𝑀𝑘𝑗 = (𝑗𝑥𝑗−1 − 𝑥𝑗 , 𝑥𝑘−1) = ∫ (𝑗𝑥𝑗+𝑘−2 − 𝑥𝑗+𝑘−1)𝑑𝑥 =
𝑗

𝑗+𝑘−1
−

1

𝑗+𝑘

1

0
;  (3.17) 

𝐴𝑗 = (𝛼𝑗).                                                  (3.18) 

cxadia, rom (3.15) matriculi gantolebis amonaxsns eqneba 

saxe: 

𝐴 = 𝑀−1 ∙ 𝐷.                                           (3.19) 

axla SevadginoT Sesabamisi programa Mathcad-is garemoSi da 

davTvaloT (3.19) miaxloebiTi amonaxsnebi gaSlis N=3 

mniSvnelobisaTvis, raTa vnaxoT (3.11) miaxloebiTi amonaxsnis 

absoluturi cdomileba 𝑦 = 𝑒𝑥 zust amonaxsnTan SedarebiT. 

  

    NN:=3 
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amrigad, miviReT, rom gaSlis koeficientebi im SemTxvevaSi, 

roca N=3, moicema A matriciT. SevafasoT absoluturi 

cdomileba  𝐺[0; 1] SualedSi. 
 
 

 

      

gausis 𝐿2(𝐺)-s normiT Tu SevafasebT cdomilebas, gveqneba, 

rom   

 

xolo, Tu SevafasebT gausis diskretuli normiT, miviRebT 

absolutur cdomilebas: 

 

 
 

gamovsaxoT grafikulad zusti amonaxsni  𝑓(𝑥) = 𝑒𝑥 (uwyve-

ti wiri) da miaxloebiTi 𝑦(𝑥) amonaxsni wertilebiT. 
 

rogorc vxedavT, miaxloebiTi amonaxsni (wertilebiT 

gamosaxuli mniSvnelobebi) sakmaod didi sizustiT emTxveva 

zust (uwyveti wiri) amonaxsns. rac ufro met wevrebs aviRebT 

(3.11) gaSlaSi, miT ufro zusti iqneba miaxloebiTi amonaxsni. 
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3.1.2. blanti siTxis erTganzomilebiani dineba kvadratuli 

kveTis usasrulo milSi 

 

ganvixiloT blanti siTxis damyarebuli (stacionaruli) 

erTganzomilebiani dineba kvadratuli kveTis milSi, nax. 3.1. 

 

 
nax. 3.1. kvadratuli kveTis milis sqema 

 

am milSi siTxis stacionaruli dinebis modelirebisaTvis 

gamoviyenoT navie-stoqsis gantolebaTa sistema. dineba xdeba OZ 

RerZis mimarTulebiT. Tu mils CavTvliT usasrulod grZlad 

(rom ar gvqondes milSi Sesvla-gamosvlis Tavisebure-bebi), 

maSin OZ RerZis yvela marTobul kveTSi dineba erTnairia da 

emorCileba gantolebas: 
1

𝜇 

𝜕𝑝

𝜕𝑧
=

𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
.                                        (3.20) 

aseTi dinebisas, 
𝜕𝑝

𝜕𝑧
 mudmivi sididea. Tu movaxdenT cvladTa 

gardaqmnas uganzomilebo saxeze, masStabis Sesabamisi SerCe-viT, 

miviRebT puasonis gantolebas 

𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
+ 1 = 0.                                         (3.21) 

sasazRvro pirobebiT 

𝑤 = 0 𝑖𝑓 𝑥 = ±1, 𝑦 = ±1.                                     (3.22) 
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Tu bazisur funqciebad avirCevT trigonometriul funq-

ciebs, maSin advilad davakmayofilebT sasazRvro pirobebs. 

amitom avirCioT miaxloebiTi amonaxsni Semdegi saxiT: 

𝑤𝛼 = ∑ ∑ 𝛼𝑖𝑗 cos 𝑖
𝜋

2
𝑥 cos 𝑗

𝜋

2
𝑦𝑁

𝑗=1,3,5,...
𝑁
𝑖=1,3,5,... .             (3.23) 

Tu CavsvamT (3.23) gamosaxulebas (3.21) gantolebaSi, mivi-RebT 

cdomilebis funqcias: 

𝑅 = − (∑ ∑ 𝛼𝑖𝑗 cos 𝑖
𝜋

2
𝑥 cos 𝑗

𝜋

2
𝑦𝑁

𝑗=1,3,5,...
𝑁
𝑖=1,3,5,... ) ∙ ((𝑖

𝜋

2
)

2
+ (𝑗

𝜋

2
)

2
− 1). (3.24) 

galiorkinis klasikuri meTodi saSualebas gvaZlevs, Seva-

dginoT gantolebebi gaSlis 𝛼𝑖𝑗 koeficientebis sapovnelad: 

(𝑅, cos 𝑖
𝜋

2
𝑥 cos 𝑗

𝜋

2
𝑦) = 0, 𝑖 = 1,3,5, . . .   𝑗 = 1,3,5, . ..            (3.25) 

am gantolebaTa sistemis amoxsna gvaZlevs formulebs: 

𝛼𝑖𝑗 = (
8

𝜋2)
2 (−1)

𝑖+𝑗
2

−1

𝑖𝑗(𝑖2+𝑗2)
.                                         (3.26) 

aq sistemis amoxsna gagviadvila bazisis orTogonalurobam. 

Tu (3.26) mniSvnelobebs SevitanT (3.23) gaSlaSi, miviRebT 

miaxloebiT amonaxsns Semdegi saxiT: 

𝑤𝛼 = ∑ ∑ (
8

𝜋2)
2 (−1)

𝑖+𝑗
2

−1

𝑖𝑗(𝑖2+𝑗2)
cos 𝑖

𝜋

2
𝑥 cos 𝑗

𝜋

2
𝑦𝑁

𝑗=1,3,5,...
𝑁
𝑖=1,3,5,... .    (3.27) 

siTxis xarji gamoiTvleba formuliT: 

�̇� = ∫ ∫ 𝑤𝛼𝑑𝑥𝑑𝑦
1

−1

1

−1
.                                    (3.28) 

Tu (3.28) formulaSi SevitanT siCqaris (3.27) warmodgenas, 

miviRebT xarjis gamosaTvlel formulas: 

�̇� = 2 ∙ (
8

𝜋2)
3

∙ ∑ ∑
1

𝑖2𝑗2(𝑖2+𝑗2)
𝑁
𝑗=1,3,5,...

𝑁
𝑖=1,3,5,... ,                (3.29) 

romelic zust amonaxsnTan SedarebiT, gvaZlevs absolutur 

cdomilebas 0.001 ukve, roca N=6.  
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nax. 3.2-ze mocemulia (3.27) formulis bazaze gaTvlili siC-

qaris donis wirebi milis ganiv kveTSi: 
 

nax. 3.2. siCqaris donis wirebi kvadratuli kveTis milSi 

 

Sesabamis programas Mathcad-ze aqvs saxe: 

 

 

 

am amocanis amosaxsnelad, SegveZlo agverCia sxva bazisi da 

gveZebna amonaxsni ara (3.23) saxiT, aramed, magaliTad, 

finleisonis [9-10] warmodgeniT: 

𝑤𝛼 = ∑ 𝛼𝑖(1 − 𝑥2)𝑖(1 − 𝑦2)𝑖𝑁
𝑖=1 .                            (3.30) 

marTalia, es warmodgena gaSlis wevrebis ufro mcire 𝑁 

raodenobisaTvis gvaZlevs sasurvel sizustes, (3.23) 

warmodgenasTan SedarebiT, magram gaSlis 𝛼𝑖 koeficientebis 

sapovnelad, orTogonaluri bazisisagan gansxvavebiT ufro meti 

angariSia saWiro. 

 

W
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3.1.3. arastacionaruli siTbogamtarobis amocanis amoxsna 

galiorkinis klasikuri meTodiT 

galiorkinis meTodi, saSualebas gvaZlevs, kerZowarmoebu-

liani diferencialuri gantolebis amoxsnis amocana, daviyva-

noT Cveulebrivi diferencialuri gantolebis amoxsnaze. aseTi 

midgoma xelsayrelia, radgan Cveulebriv diferencialur gan-

tolebaTa amoxsnis algoriTmebi ukeTesadaa damuSavebuli, 

vidre kerZowarmoebuliani gantolebebisa. 

ganvixiloT siTbogamtarobis erTganzomilebiani amocana. 

Sesabamisi sqema mocemulia nax. 3.3-ze: 

 

nax. 3.3. boloebiT Camagrebuli Zelis temperaturis 

ganawilebis epiura 

Zelis boloebze mocemulia, rom Sesabamisad, SenarCune-

bulia 𝑇1 da 𝑇2 temperaturebi, xolo sawyis 𝑡 = 0 momentSi, 

Zelze temperatura ganawilebulia kanoniT: 

𝑇(𝑥, 0) = 𝑇1 + (sin 𝜋𝑥 + 𝑥) ∙ (𝑇2 − 𝑇1).                       (3.31) 

temperaturis Semdgomi cvlileba droSi, moicema siTbogam-

tarobis gantolebiT: 

𝜕𝑇

𝜕𝑡
− 𝛼

𝜕2𝑇

𝜕𝑥2
= 0.                                          (3.32) 

gadavideT uganzomilebo cvladebze. uganzomilebo tempe-

ratura iyos 

𝜗 =
𝑇−𝑇1

𝑇2−𝑇1
.                                             (3.33) 

uganzomilebo drois gamosaxvaSi SevitanoT 𝛼 siTbogam-

tarobis koeficienti. maSin miviRebT siTbogamtarobis uganzo-

milebo gantolebas: 
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𝜕𝜗

𝜕𝑡
−

𝜕2𝜗

𝜕𝑥2
= 0,                                         (3.34)          

sawyisi pirobiT: 

𝜗(𝑥, 0) = sin 𝜋𝑥 + 𝑥                                     (3.35) 

da sasazRvro pirobebiT: 

𝜗(0, 𝑡) = 0 da  𝜗(1, 𝑡) = 1.                                   (3.36) 

(3.34), (3.35), (3.36) amocanis amosaxsnelad avirCioT miaxlo-

ebiTi amonaxsnis forma Semdegnairad:   

𝜗𝛼(𝑥, 𝑡) = 𝜗0(𝑥) + ∑ 𝛼𝑖(𝑡) ∙ 𝜑𝑖(𝑥)𝑁
𝑖=1 ,                        (3.37)  

sadac 𝜗0(𝑥) = sin 𝜋𝑥 + 𝑥, 𝜑𝑖(𝑥) = 𝑥𝑖 − 𝑥𝑖+1. advili SesamCnevia, rom 

𝜗0(𝑥) funqcia akmayofilebs sawyis (3.35) da sasazRvro (3.36) 

pirobebs, xolo 𝜑𝑖(𝑥) funqciebi akmayofileben erTgvarovan 

sasazRvro pirobebs. 

Tu (3.37) warmodgenas SevitanT (3.34) gantolebaSi, miviRebT 

cdomilebas: 

𝑅 = −
𝜕2𝜗0

𝜕𝑥2
+ ∑ (

𝑑𝛼𝑖

𝑑𝑡
∙ 𝜑𝑖 −

𝛼𝑖𝜕2𝜑𝑖

𝜕𝑥2 )𝑁
𝑖=1 .                         (3.38) 

galiorkinis proceduris gamoyeneba anu gantolebaTa 

Sistema: 

(𝑅, 𝜑𝑖) = 0,                                            (3.39) 

gvaZlevs Cveulebriv diferencialur gantolebaTa sistemas: 

𝑀 ∙ �̇� + 𝐵 ∙ 𝐴 + 𝐶 = 0,                                  (2.40) 

sadac �̇� matricis komponentebia 
𝑑𝛼𝑖

𝑑𝑡
, xolo 𝑀 matrica moicema 

formulebiT: 

𝑀𝑖𝑗 = (𝜑𝑖 , 𝜑𝑗).                                          (3.41) 

Sesabamisad, 

𝐵𝑖𝑗 = − (
𝜕2𝜑𝑖

𝜕𝑥2
, 𝜑𝑗) ;     𝐶𝑖 = − (

𝜕2𝜗0

𝜕𝑥2
, 𝜑𝑖).                     (3.42) 
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matriculi diferencialuri gantoleba (3.40) gadavweroT 

formiT: 

�̇� = −𝑀−1𝐵 ∙ 𝐴 − 𝑀−1𝐶.                                  (3.43) 

am amocanis amosaxsnelad SevadginoT programa Mathcad-ze: 
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rogorc miRebuli grafiki gviCvenebs, galiorkinis meTodi 

sakmaod karg Sedegs gvaZlevs, ukve roca 𝑁 = 5 ÷ 11. drois 

Semdegi momentebisaTvis grafiki TandaTanobiT wrfes uaxlov-

deba da Sesabamisad, sizustec, klebulobs gaTvlis cdomile-

baTa dagrovebis gamo, rac mniSvnelovnadaa damokidebuli 

sabaziso funqciebis arCevaze. mrudi wirebisaTvis, mraval-wevra 

sabaziso funqciebi, sazRvarze sagrZnob cdomilebas iZleva. 

aseT SemTxvevaSi, umjobesia, sabaziso sistemad avirCioT 

CebiSevis orTogonaluri sistema [11-12].  

 

 

 

3.1.4. biurgersis gantolebis miaxloebiTi amoxsna galiorkinis 

meTodiT 

 

biurgersis gantolebas axasiTebs iseTive arawrfivoba, 

rogorc navie-stoqsis gantolebebs, amitom, roca undaT 

Seamowmon navie-stoqsis gantolebebis amosaxsneli, axali, ama 

Tu im, meTodis muSaobis sizuste, biurgersis gantolebas 

iyeneben rogorc testur amocanas [13]. miT umetes rom, 

biurgersis gantolebis zusti amonaxsnebic arsebobs zogi-erTi 

sawyisi da sasazRvro pirobebis SemTxvevaSi.  

biurgersis gantolebas aqvs saxe: 
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
−

1

𝑅𝑒

𝜕2𝑢

𝜕𝑥2
= 0.                                   (3.44) 

 

0 0.2 0.4 0.6 0.8
1

0

1

2

 x 1( )

x



45 

 

es gantoleba kargad aRwers balanss, konveqtur 𝑢
𝜕𝑢

𝜕𝑥
 wevr-

sa da disipatur 
1

𝑅𝑒

𝜕2𝑢

𝜕𝑥2
 wevrs Soris.  

ganvixiloT galiorkinis klasikuri meTodis gamoyeneba 

biurgersis arawrfivi gantolebis amosaxsnelad.  

biurgersis gantolebis zusti amonaxsni kompaqturad 

Caiwereba dartymiTi talRis gavrcelebis amocanisaTvis. am 

amocanis damaxasiaTebeli etapebi mocemulia nax. 3.4. am naxazze 

mocemulia dartymiTi talRis gavrcelebis reJimebi 𝑅𝑒 

reinoldsis ricxvis ori sxvadasxva mniSvnelobisaTvis. 

dartymiTi talRa Tavidan warmoadgens 𝑥 = 0 wyvetis sibrtyes. 

Semdeg es talRa vrceldeba marjvniv, Tumca misi wyvetis 

zedapiri TandaTanobiT gluvdeba disipaturi wevrebis moqmede-

bis Sedegad (xdeba energiis gafantva siblantis dasaZlevad). 

 
nax. 3.4. biurgersis gantolebis zusti amonaxsni 

 

SevecadoT amovxsnaT biurgersis gantoleba, roca sivrcu-

li cvladi 𝑥 ∈ [−1; 1] Sualeds da 𝑡 ≥ 0. vTqvaT, sawyisi da 

sasazRvro pirobebi moicema Semdegnairad: 

𝑢0(𝑥) = 𝑢(𝑥, 0) = {
1,      𝑖𝑓 𝑥 ∈ [−1,0]
0,       𝑖𝑓 𝑥 ∈ ( 0,1 ]

                     (3.45) 

𝑢(−1, 𝑡) = 1,  𝑢(1, 𝑡) = 0.                              (3.46) 

biurgersis (3.44) gantolebis zusti amonaxsnis sapovnelad 

iyeneben xopfi-koulis gardaqmnas [14]: 

𝑢(𝑥, 𝑡) = 𝛼 ∙
𝜕(ln 𝑣(𝑥,𝑡))

𝜕𝑥
,                                  (3.47) 

sadac 𝑣(𝑥, 𝑡) axali cvladia, xolo 𝛼 mudmivi koeficientia, 

romelic irCeva amonaxsnis povnis procesSi. Tu (3.47) formulis 
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mixedviT daviangariSebT biurgersis gantolebaSi Semavali 

cvladebis axal gamosaxulebebs, miviRebT: 

𝑢𝑡 = 𝛼 ∙
𝜕 

𝜕𝑥
(

𝜕

𝜕𝑡
(ln 𝑣)),                      (3.48) 

𝑢𝑥 = 𝛼 ∙
𝜕2

𝜕𝑥2
(ln 𝑣),                         (3.49) 

𝑢𝑥𝑥 = 𝛼 ∙
𝜕3

𝜕𝑥3
(ln 𝑣).                        (3.50) 

Tu warmoebulebis gamoTvlil mniSvnelobebs (3.48)-(3.50) 

SevitanT biurgersis (3.44) gantolebaSi da vaintegrebT 𝑥 

cvladis mixedviT, miviRebT, rom: 

𝜕

𝜕𝑡
(ln 𝑣) +

𝛼

2
∙ (

𝜕

𝜕𝑥
(ln 𝑣))

2

=
1

𝑅𝑒
∙

𝜕2

𝜕𝑥2
(ln 𝑣) + 𝑐(𝑡),        (3.51) 

sadac 𝑐(𝑡) integrebis Sedegad miRebuli nebismieri funqciaa. Tu 

am gantolebaSi gamovTvliT warmoebulebs, miviRebT 

gantolebas: 

𝑣𝑡

𝑣
+

𝛼

2
∙

𝑣𝑥
2

𝑣2
=

1

𝑅𝑒
∙

𝑣𝑥𝑥

𝑣
− (

𝛼

2
+

1

𝑅𝑒
) ∙

𝑣𝑥
2

𝑣2
+ 𝑐(𝑡).             (3.52)   

Tu am gantolebaSi avirCevT 𝛼 mudmivis mniSvnelobas ise, 

rom 

𝛼 = −
2

𝑅𝑒
,                               (3.53) 

maSin gantoleba (3.52) miiRebs siTbogamtarobis wrfivi ganto-

lebis saxes: 

𝑣𝑡 − 𝑐(𝑡) ∙ 𝑣 =
1

𝑅𝑒
∙ 𝑣𝑥𝑥,                    (3.54) 

Tu movaxdenT cvladTa Sesabamis gardaqmnas, maSin (3.54) 

gantoleba gardaiqmneba standartul siTbogamtarobis 

gantolebad: 

𝑣𝑡 =
1

𝑅𝑒
∙ 𝑣𝑥𝑥,                                (3.55) 

 romelic advilad ixsneba. 
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umartives SemTxvevaSi, gvaqvs teiloris amonaxsni 

solitonuri talRis formiT: 

𝑢(𝑥, 𝑡) = 𝛼 ∙ 𝛿 ∙ (1 − tanh
𝛼∙𝑥−𝛿∙𝛼2∙𝑡

2
).              (3.56)  

am amonaxsnis Sesabamisi grafikebi moyvanilia nax. 3.4. 

am amocanis galiorkinis meTodiT, miaxloebiT amosaxs-

nelad Cveulebrivi mravalwevrebis nacvlad, gamoviyenebT Cebi-

Sevis polinomebs [11-12], radgan isini mocemuli sasazRvro 

pirobebisaTvis, ukeTesi miaxloebis saSualebas iZleva, vidre 

mravalwevrebi. sazogadod, mrudi wirebis interpolaciisas, 

CebiSevis mravalwevrebis bazisi Sualedis boloebze ufro karg 

miaxloebas iZleva, vidre standartuli polinomebisagan 

Semdgari bazisi. 

CebiSevis polinomebi (-1;1) SualedSi orTogonaluria 
1

√1−𝑥2
 

funqciis woniT. Sesabamisad, Cven yvelaze metad gvainteresebs 

am Sualedis boloebze amonaxsnis sizuste. CebiSevis pirveli 

sami mravalwevri moicema formulebiT: 

𝑇0(𝑥) = 1,    𝑇1(𝑥) = 𝑥,   𝑇2(𝑥) = 2 ∙ 𝑥2 − 1.                   (3.57) 

CebiSevis ufro maRali rigis polinomebi moicema rekuren-

tuli formuliT: 

𝑇𝑛+1(𝑥) = 2𝑥𝑇𝑛(𝑥) − 𝑇𝑛−1(𝑥).                (3.57) 

CebiSevis mravalwevrebi gansakuTrebulad mniSvnelovania 

galiorkinis meTodis gamoyenebisas. 

CebiSevis mravalwevrebis rekurentuli (sxvaobiani) ganto-

leba advilad ixsneba da gvaqvs formula [19]: 

𝑻𝒏(𝒙) =
𝟏

𝟐
∙ ((𝒙 + √𝒙𝟐 − 𝟏)

𝒏
+ (𝒙 − √𝒙𝟐 − 𝟏)

𝒏
).           (3.59) 

biurgersis gantolebis miaxloebiT amonaxsns veZebT 

Semdegi formulis saSualebiT: 

𝑢𝛼(𝑥, 𝑡) = ∑ 𝛼𝑖(𝑡) ∙ 𝑇𝑖(𝑥)𝑁
𝑖=0 .                  (3.60) 

amonaxsnis aseTi miaxloebiTi (3.60) warmodgenis CasmiT 

biurgersis (3.44) gantolebaSi, miviRebT cdomilebas formiT: 
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𝑅 = ∑  𝛼𝑖̇ 𝑇𝑖 + ∑ 𝛼𝑖 ∑ 𝛼𝑗𝑇𝑖
𝑑𝑇𝑗

𝑑𝑥
−

1

𝑅𝑒
∙ ∑ 𝛼𝑖

𝑑2𝑇𝑖

𝑑𝑥2
𝑁
𝑖=0

𝑁
𝑗=0

𝑁
𝑖=0

𝑁
𝑖=0 .       (3.61) 

ucnobi 𝛼𝑖(𝑡) koeficientebis sapovnel Cveulebriv diferen-

cialur gantolebaTa sistemas vagebT galiorkinis meTodis 

saSualebiT, anu: 

(𝑅, 𝑇𝑖) = 0,   𝑖 = 0, 𝑁 − 2̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ,                                (3.62) 

pirobebidan. 

amonaxsnis (3.60) warmodgenaSi ori koeficientis mniSvne-

loba ganisazRvreba danarCenebis saSualebiT sasazRvro 

pirobebidan gamomdinare, xolo (3.62) pirobebi ki gvaZlevs mat-

ricul gantolebas: 

𝑀 ∙ �̇� + (𝐵 + 𝐶) ∙ 𝐴 = 0,                                (3.63) 

sadac Sesabamisad, gvaqvs aRniSvnebi: 

𝑀𝑖𝑗 = (𝑇𝑖 , 𝑇𝑗),                                      (3.64) 

𝐵𝑖𝑗 = ∑ 𝛼𝑗 (𝑇𝑗
𝑑𝑇𝑗

𝑑𝑥
, 𝑇𝑖)𝑗 ,                               (3.65) 

𝐶𝑖𝑗 =
1

𝑅𝑒
∙ (

𝑑𝑇𝑖

𝑑𝑥
,

𝑑𝑇𝑗

𝑑𝑥
).                                  (3.66) 

arawrfivoba iCens Tavs 𝐵𝑖𝑗 koeficientebis gamoTvlisas. 

imisaTvis rom Tavi davaRwioT meore rigis warmoebulebs 𝐶𝑖𝑗 

koeficientebis gamoTvlisas, gamoiyeneba grinis Teorema. saZi-

ebeli 𝛼𝑗 koeficientebis sawyisi mniSvnelobebis gamosaT-

vlelad, viyenebT galiorkinis meTods da vxsniT gantolebaTa 

sistemas: 

(𝑢𝛼 − 𝑢0, 𝑇𝑖) = 0,   𝑖 = 0, 𝑁 − 2̅̅ ̅̅ ̅̅ ̅̅ ̅̅ .                          (3.67) 

gantoleba (3.63) gadavweroT saxiT: 

�̇� = −𝑀−1(𝐵 + 𝐶) ∙ 𝐴.                                (3.68) 

𝐴 cvladebis matricis sawyis 𝐴0 mniSvnelobebs vpoulobT 

(3.67) gantolebebidan gamomdinare [13], rac gvaZlevs wrfiv 

gantolebaTa sistemas: 

𝑀 ∙ 𝐴0 = 𝐷 ⟹ 𝐴0 = 𝑀−1 ∙ 𝐷,                      (3.69) 
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sadac  

             𝐷𝑖 = (𝑢0, 𝑇𝑖) = ∫ 𝑇𝑖𝑑𝑥
0

−1
.                         (3.70) 

maSin (3.68) gantolebaTa sistema ixsneba runge-kutas meTo-

diT. 

 

3.2. rvaCov-obgaZis funqciebis agebis diagrama da sazRvris 

analizuri kodirebis RO_meTodi 

 

praqtikaSi, xSirad, vxvdebiT cvladebis Semcvel  gamonaT-

qvam funqciebs: ,,x racionaluri ricxvia”, ,,y keTili adamiania”. . 

. 

gansazRvreba: cvladis Semcvel gamonaTqvamebs predikatebs 

uwodeben. 

xarkovelma inJinerma rvaCovma Seqmna geometriuli kodi-

rebis erT-erTi meTodi, romelsac R – funqciis meTods uwode-

ben. SemdgomSi, es funqciebi gamoyenebuli iqna maTematikuri 

fizikis amocanebis amosaxsnelad [15]. mogvianebiT, R – funqciis 

meTodi Tamaz obgaZis mier gadayvanil iqna Tanamedrove 

algebris enaze [16], ramac saSualeba mogvca maTematikuri 

sizustiT Camoyalibebuliyo R – funqciis agebis algoriTmi da 

ganzogadebuliyo mravladbmuli SemTxvevebisaTvis.  

axla gadavideT, TviT R – funqciis agebis algoriTmze, 

romelsac warmovadgenT diagramis meSveobiT bulis algebre-

bis kategoriaSi, sadac morfizmebi inducirebulia bunebrivi 

homomorfizmebiT: 

RLLpL 1 ,                                      (3.71) 

sadac 𝐿1  aris simravleebze agebuli bulis algebra, 

       𝐿𝑝  aris predikatebze agebuli bulis algebra, 

       𝐿𝑅 aris rvaCovis funqciebis bulis algebra, 

xolo, isrebiT aRniSnulia bunebrivi homomorfizmebi. 

ganvixiloT es algoriTmi konkretul magaliTze. vTqvaT, 

gvsurs avagoT rTuli wiris gantoleba, maSin roca viciT Tu, 

misi nawilebi romeli funqciebis grafikebia (nax. 3.5): 
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nax. 3.5. ori wrewiri R da r radiusebiT 

 

Cveni amocanaa SevadginoT iseTi funqciis analizuri gamo-

saxuleba, romelic nulis tol mniSvnelobas iRebs am ori 

wrewiris sazRvarze da sxva wertilebSi araa nuli. 

(3.69) diagramidan gamomdinare, jer 1L  simravleTa bulis 

algebraSi vagebT sayrden simravleebs, anu im simravleebs, 

romelTa saSualebiTac SesaZlebelia simravleTa bulis alge-

braSi aRvweroT saZebni simravle. 

 0)()(),( 222

1  Rbyaxyx ,                            (3.72)  

 0)()(),( 222

2  byaxRyx ,                            (3.73)  

 0)()(),( 222

3  rdycxyx ,                            (3.74)  

 0)()(),( 222

4  dycxryx .                            (3.75)  

es is simravleebia, romelTa saSualebiTac SeiZleba ava-

goT saZebni funqciis simravluri gantoleba: 

)()( 4321  .                                    (3.76) 

sayrdeni simravleebis agebisas, Cven viyenebT Sesabamisobas 

,,metia an toli nulze”, rac am SemTxvevaSi saWiroa, raTa 

SegveZlos advilad gadasvla homomorfizmebis saSualebiT 

simravleTa bulis algebridan predikatTa bulis 𝐿𝑝 algeb-raSi. 

marTlac, bunebrivi homomorfizmis saSualebiT 𝐿𝑝-Si miviRebT 

wiris predikatul gantolebas: 

)()( 4321 PPPPP  ,                                       (3.77) 

sadac 1P aris gamonaTqvami 01 x , 

   2P aris gamonaTqvami 02 x ,          

   3P aris gamonaTqvami 03 x , 

    4P aris gamonaTqvami 04 x ,                                         
222

1 )()( Rbyaxx  ; 
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222

2 )()( byaxRx  ; 
222

3 )()( rdycxx  ;                                       (3.78)     
222

4 )()( dycxrx  . 

axla, gadavideT 𝐿𝑅-Si rvaCovis homomorfizmis meSveobiT: 



















ii

jijiji

jijiji

xP

xxxxPP

xxxxPP

22

22

                                   (3.79)  

miviRebT R – funqcias : 

22

4

2

343

22

2

2

121

2

4

2

3

2

2

2

14321

2

4

2

343

2

2

2

121

)()(

)()(

xxxxxxxx

xxxxxxxxxxxxxxxxR




 

(3.80) 

sadac gaTvaliswinebuli unda iyos (3.78) Tanadobebi. 

iseT SemTxvevebSi, roca zustadaa cnobilia bmis ramdenime 

elementis mqone wiris Semadgeneli elementebis gantolebebi, 

ufro mizanSewonilia obgaZis homomorfizmi [16] struqturebs 

Soris: 

Rp KKK 1 ,                                            (3.81) 











22

jiji

jiji

xxPP

xxPP
 .                                         (3.82)   

aq gvaqvs Sesabamisoba: ,,WeSmariti”   ,,udris nuls”; 

                           ,,mcdari”  ,,ar udris nuls”. 

ganxiluli magaliTis SemTxvevaSi sayrdeni simravleebi 

iqneba: 

 0)()( ),( 222

1  Rbyaxyx ,                            (3.83)   

 0)()( ),( 222

2  rdycxyx .                            (3.84)       

maSin,  

21  ;                                               (3.85)  

e.i. 21 PPP  ;                                            (3.86)   

sadac 

   1P aris gamonaTqvami 0)()( 222  Rbyax ,          (3.87) 
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        2P aris gamonaTqvami 0)()( 222  rdycx ;          (3.88)                

e.i. 

             ])()[(])()[( 222222 rdycxRbyaxRO  . 

rogorc vxedavT, obgaZis [16] homomorfizmebi, sagrZnoblad 

amartiveben saZiebeli wiris gantolebas, romelic Tavis mxriv 

mravladbmuli geometriuli simravleebis kodirebis saSuale-

bas iZleva uwyveti funqciebis saSualebiT.  

aseve rig SemTxvevebSi mniSvnelovnad martivdeba R–funq-

ciis analizuri saxec [17-18]. amitom, miRebul algoriTms, 

rvaCov-obgaZis RO – meTods eZaxian. 

 

 

3.2.1. koSis amocanis amoxsna pirveli rigis Cveulebrivi 

diferencialuri gantolebisaTvis rvaCov-obgaZis 

RO –meTodiთ  G 

 

rvaCov-obgaZis RO –meTodis interpretaciis advilad 

gasagebad, ganvixiloT martivi diferencialuri gantoleba [20]: 
𝑑𝑦

𝑑𝑥
− 𝑦 = 0,                                             (3.89) 

sasazRvro pirobiT 

𝑦(0) = 1.                                                 (3.90) 

amocanis amonaxsns veZebT 𝐺[0; 1] SualedSi. 

cxadia, rom am amocanis zust amonaxsns aqvs saxe: 𝑦 = 𝑒𝑥, 

rac advilad SegviZlia SevamowmoT. 

avagoT, axla, miaxloebiTi amonaxsni rvaCov-obgaZis RO 

meTodiT. amisaTvis amovirCioT umartivesi bazisur funqciaTa 

sistema: 

𝜑𝑗(𝑥) = 𝑥𝑗 .                                              (3.91) 

amonaxsni veZeboT Semdegi saxiT: 

𝑦𝛼 = 1 + ∑ 𝛼𝑗𝑥𝑗𝑁
𝑗=1 .                                      (3.92) 

cxadia, rom am gamosaxulebis pirveli wevri arCeulia 

sasazRvro (3.90) pirobis SesrulebisaTvis. advili misaxvedria, 

rom (3.92) warmodgena SegviZlia gadavweroT (3.93) saxiT 

Semdegnairad: 
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𝑦𝛼 = ∑ 𝛼𝑗𝑥𝑗𝑁
𝑗=0 ,                                           (3.93) 

Tu CavTvliT rom 𝛼0 = 1. 

(3.93) gamosaxuleba CavsvaT (3.89) gantolebaSi, maSin mivi-

RebT 𝑅 cdomilebas Semdegi saxiT: 

𝑅(𝑥, 𝛼) = −1 + ∑ 𝛼𝑗(𝑗𝑥𝑗−1 − 𝑥𝑗)𝑁
𝑗=1 .                          (3.94) 

kolokaciis meTodiT amoxsnisas, cdiloben rom 𝛼𝑗 koefi-

cientebis sapovnelad gamoiyenon gantolebaTa sistema: 

 𝑅(𝑥𝑘, 𝛼) = 0, 𝑥𝑘 ∈ 𝐺[0; 1],   𝑘 = 1, 𝑁̅̅ ̅̅ ̅.                           (3.95)   

cxadia, rom rac met wertils aviRebT, kolokaciis meTo-

diT, miT ufro zusti iqneba miRebuli koeficientebis mniSvne-

lobebi, Tumca wertilebis raodenobis gazrda, iwvevs ganto-

lebaTa sistemis rigis zrdas, rac xSirad gvaZlevs cudad 

ganpirobebul matricas (wrfivi operatorebis SemTxvevaSi), es 

ki, Tavis mxriv, arTulebs amocanis amoxsnis saWiro sizustis 

miRwevas. amitom SemuSavebuli iqna alternatiuli rvaCov-

obgaZis meTodi.      

rac Seexeba rvaCov-obgaZis meTods, aq gaSlis 𝛼𝑗 koefici-

entebis sapovnelad iyeneben 𝐿2(𝐺) normiT inducirebul 

metrikas, raTa es koeficientebi ganisazRvros 𝑅(𝑥, 𝛼) funq-ciasa 

da 0-s Soris manZilis minimizaciis pirobidan: 

𝐼(𝛼) = ∫ (𝑅(𝑥, 𝛼) − 0)21

0
𝑑𝑥 → 𝑚𝑖𝑛.                         (3.96) 

SevadginoT programa 𝐌𝐚𝐭𝐡𝐜𝐚𝐝-ze da SevadaroT rvaCov-

obgaZis RO meTodiT miRebuli amonaxsnebi, zust amonaxsns. 

          

      

        

          

   

    

ORIGIN 1

N 3

R x   1

1

N

j

 j j x
j 1

 x
j

 







 I  
0

1

xR x   2




d

i 1 N
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 absoluturi cdomileba:     

S MinimizeI  

S

1.013

0.425

0.28













 S

y x( ) e
x

 f x( ) 1

1

N

i

i x
i











x 0.1 0.2 1

e
x

1.105

1.221

1.35

1.492

1.649

1.822

2.014

2.226

2.46

2.718

 f x( )

1.106

1.222

1.35

1.491

1.648

1.821

2.014

2.226

2.46

2.718



e
x

f x( )

-46.694·10

-44.658·10

-59.576·10

-46.225·10

-48.571·10

-46.915·10

-41.828·10

-44.293·10

-47.036·10

-52.431·10





55 

 

fardobiTi cdomileba:    

am bolo ori svetis Sedareba naTlad gviCvenebs, rom 

rvaCov-obgaZis meTodi am SemTxvevaSi iZleva sakmaod did 

sizustes. 

 

3.2.2. rvaCov-obgaZis meTodis gamoyeneba kvadratuli kveTis 

usasrulo milSi blanti siTxis erTganzomilebiani dinebis 

Sesaswavlad 

 

am amocanis galiorkinis meTodiT Seswavlisas, amocana da-

iyvaneba puasonis gantolebaze: 

𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
+ 1 = 0.                                         (3.97) 

sasazRvro pirobebiT 

𝑤 = 0 𝑖𝑓 𝑥 = ±1, 𝑦 = ±1.                                     (3.98) 

 rvaCov-obgaZis meTodiT am amocanis amosaxsnelad, 

SevadginoT Sesabamisi 𝑅𝑂_funqcia: 

𝑅𝑂 = (1 − 𝑥2) ∙ (1 − 𝑦2).                                 (3.99) 

cxadia, rom es funqcia akmayofilebs (3.98) sasazRvro 

probebs. maSasadame, (3.97) gantolebis amonaxsni SegviZlia 

veZeboT Semdegi saxiT: 

𝑤 = 𝑅𝑂 ∙ ∑ ∑ 𝛼𝑖𝑗 ∙ 𝜑𝑖𝑗(𝑥, 𝑦)𝑁
𝑗=0

𝑁
𝑖=0 ,                          (3.100)  

sadac 𝜑𝑖𝑗(𝑥, 𝑦) bazisuri funqciebia, xolo 𝛼𝑖𝑗 koeficientebs 

vpoulobT cdomilebis 𝐿2(𝐺) normiT minimizaciis pirobidan.  

e
x

f x( )

e
x

-46.057·10

-43.813·10

-57.094·10

-44.173·10

-45.199·10

-43.795·10

-59.079·10

-41.929·10

-42.861·10

-68.942·10
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avirCioT sabaziso funqciebi ise, rom aris SigniT yvela 

wevri ar xdebodes nulis toli, magaliTad, Semdegnairad: 

𝜑𝑖𝑗(𝑥, 𝑦) = (1 − 𝑥2)𝑖−1 ∙ (1 − 𝑦2)𝑖−1.                        (3.101) 

maSin, gveqneba amonaxsnis finleisonis [9] warmodgena: 

 𝑤 = ∑ 𝛼𝑖(1 − 𝑥2)𝑖 ∙ (1 − 𝑦2)𝑖𝑁
𝑖=0                (3.102) 

aqedan gamomdinare, miviRebT, rom: 

𝑤𝑥𝑥 = ∑ 𝛼𝑖 ∙ 𝑖 ∙ (𝑖 − 1) ∙ (1 − 𝑥2)𝑖−2 ∙ (1 − 𝑦2)𝑖 ∙ (−2𝑥) +

𝑁

𝑖=2

 

+ ∑ 𝛼𝑖 ∙ 𝑖 ∙ (1 − 𝑥2)𝑖−1 ∙ (1 − 𝑦2)𝑖 ∙ (−2)𝑁
𝑖=1 .               (3.103) 

rac Seexeba 𝑤𝑦𝑦-s, masac analogiuri saxe aqvs saZebni (3.102) 

funqciis simetriulobis gamo. maSasadame, SegviZlia Sevad-

ginoT 𝑅(𝑥, 𝑦, 𝛼) cdomilebis gamosaxuleba. amisaTvis (3.102) unda 

SevitanoT puasonis (3.97) gantolebaSi da movaxdinoT gardaq-

mnebi: 

𝑅(𝑥, 𝑦, 𝛼 ) =
𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
+ 1 =

= ∑ 𝛼𝑖 ∙ 𝑖 ∙ (𝑖 − 1) ∙ (1 − 𝑥2)𝑖−2 ∙ (1 − 𝑦2)𝑖 ∙ (−2𝑥) +

𝑁

𝑖=2

 

+ ∑ 𝛼𝑖 ∙ 𝑖 ∙ (1 − 𝑥2)𝑖−1 ∙ (1 − 𝑦2)𝑖 ∙ (−2)

𝑁

𝑖=1

+ 

+ ∑ 𝛼𝑖 ∙ 𝑖 ∙ (𝑖 − 1) ∙ (1 − 𝑦2)𝑖−2 ∙ (1 − 𝑥2)𝑖 ∙ (−2𝑦) +

𝑁

𝑖=2

 

+ ∑ 𝛼𝑖 ∙ 𝑖 ∙ (1 − 𝑦2)𝑖−1 ∙ (1 − 𝑥2)𝑖 ∙ (−2)𝑁
𝑖=1 + 1.          (3.104) 

aq gaSlis 𝛼𝑗 koeficientebis sapovnelad viyenebT 𝐿2(𝐺) 

normiT inducirebul metrikas, raTa es koeficientebi ganisaz-

Rvros 𝑅(𝑥, 𝑦, 𝛼) funqciasa da 0-s Soris manZilis minimizaciis 

pirobidan: 
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𝐼(𝛼) = ∫ (𝑅(𝑥, 𝛼) − 0)21

0
𝑑𝑥 → 𝑚𝑖𝑛.                         (3.105) 

SevadginoT programa 𝐌𝐚𝐭𝐡𝐜𝐚𝐝-ze da SevadaroT rvaCov-

obgaZis RO meTodiT miRebuli 𝐵 amonaxsni  𝑤(𝑥, 𝑦), galior-kinis 

meTodiT miRebul 𝐴 amonaxsns 𝐺(𝑥, 𝑦). 
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3.2.3. rvaCov-obgaZis meTodis gamoyeneba arastacionaruli 

siTbogamtarobis amocanis amosaxsnelad 

 

galiorkinis meTodis ganxilvisas, Cven ukve ganvixileT 

siTbogamtarobis uganzomilebo gantoleba: 

  
𝜕𝜗

𝜕𝑡
−

𝜕2𝜗

𝜕𝑥2
= 0,                                         (3.106)          

sawyisi pirobiT: 

𝜗(𝑥, 0) = sin 𝜋𝑥 + 𝑥                                     (3.107) 

da sasazRvro pirobebiT: 

𝜗(0, 𝑡) = 0 da  𝜗(1, 𝑡) = 1.                                   (3.108) 

(3.106), (3.107), (3.108) amocanis amosaxsnelad avirCioT miax-

loebiTi amonaxsnis forma Semdegnairad:   

𝜗𝛼(𝑥, 𝑡) = 𝜗0(𝑥) + ∑ 𝛼𝑖(𝑡) ∙ 𝜑𝑖(𝑥)𝑁
𝑖=1 ,                        (3.109)  

sadac 𝜗0(𝑥) = sin 𝜋𝑥 + 𝑥, 𝜑𝑖(𝑥) = 𝑥𝑖 − 𝑥𝑖+1. advili SesamCnevia, rom 

𝜗0(𝑥) funqcia akmayofilebs sasazRvro (3.108) pirobebs. xolo 

𝜑𝑖(𝑥) funqciebi akmayofileben erTgvarovan sasazRvro piro-bebs 

anu amonaxsns veZebT formiT: 

𝜗(𝑥, 𝑡) = sin 𝜋𝑥 + 𝑥 + ∑ 𝛼𝑖(𝑡) ∙ (𝑥𝑖 − 𝑥𝑖+1)𝑁
𝑖=1 .                 (3.110) 

𝛼𝑖(𝑡) koeficientebis sapovnelad, warmovadginoT isini xa-

risxovani mwkrivis saxiT drois mimarT: 

𝛼𝑖(𝑡) = ∑ 𝛽𝑖𝑗𝑡𝑗𝑁
𝑗=1 .                                   (3.111) 

Tu (3.111) warmodgenas CavsvamT (3.110) gantolebaSi, gveqneba 

amonaxsnis warmodgena: 

𝜗(𝑥, 𝑡) = sin 𝜋𝑥 + 𝑥 + ∑ ∑ 𝛽𝑖𝑗𝑡𝑗𝑁
𝑗=1 ∙ (𝑥𝑖 − 𝑥𝑖+1)𝑁

𝑖=1 ,          (3.112) 

cxadia, rom (3.112) warmodgena iTvaliswinebs (3.107) sawyis 

pirobebs. maSasadame, amocanis amosaxsnelad saWiroa vipovoT 𝛽𝑖𝑗 

koeficientebis mniSvnelobebi (3.112) warmodgenaSi. 
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rvaCov-obgaZis meTodis Semdgomi etapia 𝑅(𝑥, 𝑡, 𝛽) cdomi-

lebis povna, risTvisac (3.112) warmodgena unda CavsvaT (3.106) 

warmodgenaSi da miRebuli Sedegi CavweroT erTgvarovani saxiT.  

𝑅(𝑥, 𝑡, 𝛽) = ∑ ∑ 𝛽𝑖𝑗 ∙ 𝑗 ∙ 𝑡𝑗−1

𝑁

𝑗=1

𝑁

𝑖=1

∙ (𝑥𝑖 − 𝑥𝑖+1) − 𝜋2 ∙ sin 𝜋𝑥 − 

− ∑ ∑ 𝛽𝑖𝑗𝑡𝑗 ∙ (𝑖 ∙ (𝑖 − 1)𝑥𝑖−2 − (𝑖 + 1) ∙ 𝑖 ∙ 𝑥𝑖−1)𝑁
𝑗=1

𝑁
𝑖=2 .        (3.113) 

aq gaSlis 𝛽𝑖𝑗 koeficientebis sapovnelad viyenebT 𝐿2(𝐺) 

normiT inducirebul metrikas, raTa es koeficientebi ganisaz-

Rvros 𝑅(𝑥, 𝑡, 𝛽) funqciasa da 0-s Soris manZilis minimizaciis 

pirobidan: 

𝐼(𝛽) = ∫ ∫ (𝑅(𝑥, 𝑡, 𝛽) − 0)2∞

0

1

0
𝑑𝑡𝑑𝑥 → 𝑚𝑖𝑛.                 (3.114)                      

SevadginoT programa 𝐌𝐚𝐭𝐡𝐜𝐚𝐝-ze da SevadaroT rvaCov-

obgaZis RO_meTodiT miRebuli amonaxsni  𝜗(𝑥, 𝑡), galiorkinis 

meTodiT miRebul amonaxsns.  
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Sedegebis Sedareba galiorkinis meTodiTa da rvaCov-

obgaZis meTodebiT amoxsnisas, gvarwmunebs rvaCov-obgaZis 

meTodis upiratesobaSi; radgan amonaxsni miiReba ufro swrafad 

da zustad. 

 

3.2.4. biurgersis gantolebis miaxloebiTi amoxsna rvaCov-

obgaZis meTodiT 

 

biurgersis gantolebas axasiTebs iseTive arawrfivoba, ro-

gorc navie-stoqsis gantolebebs, amitom roca undaT Seamow-mon 

navie-stoqsis gantolebebis amosaxsneli, axali, ama Tu im, 

meTodis muSaobis sizuste, biurgersis gantolebas iyeneben 

rogorc testur amocanas [13]. miT umetes, rom zogierTi sawyisi 

da sasazRvro pirobebis SemTxvevaSi, biurgersis gantolebis 

zusti 𝑢(𝑥, 𝑡) amonaxsnic arsebobs. biurgersis gantolebas aqvs 

saxe: 
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
−

1

𝑅𝑒

𝜕2𝑢

𝜕𝑥2
= 0.                                (3.115)   

SevecadoT amovxsnaT biurgersis gantoleba, roca sivr-

culi cvladi 𝑥 ∈ [−1; 1] Sualeds da 𝑡 ≥ 0. vTqvaT, sawyisi da 

sasazRvro pirobebi moicema Semdegnairad: 

𝑢0(𝑥) = 𝑢(𝑥, 0) = {
1,      𝑖𝑓 𝑥 = 0
0,       𝑖𝑓 𝑥 = 1

,                     (3.116) 

𝑢(−1, 𝑡) = 1,  𝑢(1, 𝑡) = 0.                               (3.117)  
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am amocanis rvaCov-obgaZis meTodiT, miaxloebiT amosaxs-

nelad gamoviyenebT polinomebs:  

𝑇𝑖(𝑥) = 𝑥𝑖 .                                        (3.118) 

biurgersis gantolebis miaxloebiT amonaxsns veZebT 

Semdegi formulis saSualebiT: 

𝑢𝛼(𝑥, 𝑡) = ∑ 𝛼𝑖(𝑡) ∙ 𝑥𝑖𝑁
𝑖=1 .                         (3.119) 

garda amisa, warmovadginoT 𝛼𝑖(𝑡) koeficientebi drois 

xarisxovani mwkrivis saxiT: 

𝛼𝑖(𝑡) = ∑ 𝛽𝑖𝑗𝑡𝑗𝑁
𝑗=1 ,                              (3.120) 

maSin gveqneba, rom 

𝑢(𝑥; 𝑡) = 1 − 𝑥 + ∑ ∑ 𝛽𝑖𝑗𝑡𝑗𝑁
𝑗=1

𝑁
𝑖=1 𝑥𝑖 .                       (3.121) 

advili SesamCnevia, rom (3.121) warmodgena iTvaliswinebs 

sawyis pirobebs. am warmodgenaSi sapovnelia 𝛽𝑖𝑗 gaSlis koefi-

cientebi. maT sapovnelad, CavsvaT (3.121) gamosaxuleba biur-

gersis (3.115) gantolebaSi da SevadginoT cdomilebis 𝑅(𝑥, 𝑡, 𝛽) 

funqcia. miviRebT, rom 

𝑢𝑥 = −1 + ∑ ∑ 𝛽𝑖𝑗𝑡𝑗𝑁
𝑗=1

𝑁
𝑖=1 ∙ 𝑖 ∙ 𝑥𝑖−1;               (3.122) 

𝑢𝑥𝑥 = ∑ ∑ 𝛽𝑖𝑗𝑡𝑗𝑁
𝑗=1

𝑁
𝑖=2 𝑖(𝑖 − 1)𝑥𝑖−2;          (3.123) 

𝑅(𝑥, 𝑡, 𝛽) = ∑ ∑ 𝑗 ∙ 𝛽𝑖𝑗 ∙ 𝑡𝑗−1 ∙

𝑁

𝑗=1

𝑁

𝑖=1

𝑥𝑖 + 

+ (1 − 𝑥 + ∑ ∑ 𝛽𝑖𝑗𝑡𝑗

𝑁

𝑗=1

𝑁

𝑖=1

𝑥𝑖) ∙ 

∙ (−1 + ∑ ∑ 𝛽𝑖𝑗𝑡𝑗

𝑁

𝑗=1

𝑁

𝑖=1

∙ 𝑖 ∙ 𝑥𝑖−1) − 

−
1

𝑅𝑒
∙ (∑ ∑ 𝛽𝑖𝑗𝑡𝑗𝑁

𝑗=1
𝑁
𝑖=2 𝑖(𝑖 − 1)𝑥𝑖−2).                (3.124) 

aq gaSlis 𝛽𝑖𝑗 koeficientebis sapovnelad viyenebT 𝐿2(𝐺) 

normiT inducirebul metrikas, raTa es koeficientebi ganisaz-

Rvros 𝑅(𝑥, 𝑡, 𝛽) funqciasa da 0-s Soris manZilis minimizaciis 

pirobidan: 

𝐼(𝛽) = ∫ ∫ (𝑅(𝑥, 𝑡, 𝛽) − 0)2∞

0

1

0
𝑑𝑡𝑑𝑥 → 𝑚𝑖𝑛.                 (3.114)                      
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SevadginoT programa 𝐌𝐚𝐭𝐡𝐜𝐚𝐝-ze da SevadaroT rvaCov-

obgaZis RO_meTodiT miRebuli amonaxsni  𝑢(𝑥, 𝑡), galiorkinis 

meTodiT miRebul amonaxsns.  
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IV Tavi.hidrodinamikis stacionaruli amocanebis amoxsna  

RO_meTodiT 

hidrodimanikis amocanebi xasiaTdeba arsebiTi arawrfivo-

biT, rac arTulebs maT analizur Seswavlas. monografiaSi 

ganviTarebuli RO_meTodi ki saSualebas iZleva, arawrfivi 

amocanebi SeviswavloT ricxviTi analizis safuZvelze.O  

4.1. sworxazovan kedlebian arxSi moTavsebuli, wriuli 

cilindris, blanti ukumSavi siTxiT stacionaruli garsdenis 

amocanis amoxsna RO_meTodiT 

ganvixiloT wriuli cilindris stacionaruli garsdenis 

amocana blanti ukumSavi siTxiT. maSin, amocanis fizikuri xa-

siaTidan gamomdinare, gveqneba organzomilebiani navie-stoqsis 

(4.1)-(4.2) gantolebaTa sistema ukumSvadobis (4.3) pirobiT: 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= −

𝜕𝑝

𝜕𝑥
+

1

𝑅𝑒
(

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2),                                                 (4.1) 

𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= −

𝜕𝑝

𝜕𝑦
+

1

𝑅𝑒
(

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2),                                                 (4.2) 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0,                                                                            (4.3) 

sadac 𝑢(𝑥, 𝑦), 𝑣(𝑥, 𝑦) siCqaris veqtoris komponentebia, 𝑝 – wneva, 

𝑅𝑒 – reinoldsis uganzomilebo ricxvi. 

     y 

 x 
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nax. 4.1. sworxazovan kedlebian arxSi moTavsebuli wriuli cilindris 

garsdenis sqema 

diferencialur gantolebaTa (4.1)-(4.3)  sistemas unda mivu-

erToT sasazRvro – mikvris pirobebi: 

𝑢(𝑥, ±1) = 𝑣(𝑥, ±1) = 0,   𝑢𝑥2+𝑦2=0.25 = 0.                                        (4.4) 

es pirobebi uzrunvelyofs siTxis mikvras sworxazovani 

arxis 𝑦 = ±1 kedlebze da 𝑥2 + 𝑦2 = 0.25 sazRvris mqone 

cilindris kedlebze.  

amas garda, saWiroa kinematikuri pirobebi:  

𝑢(−2, 𝑦) = 1 − 𝑦2, 𝑣(−2, 𝑦) = 0.                                                        (4.5) 

am amocanisaTvis RO _funqcias aqvs saxe: 

𝑅𝑂(𝑥, 𝑦) = (1 − 𝑦2)(𝑥2 + 𝑦2 − 0.25).                                                 (3.6) 

cxadia, rom 𝑅𝑂(𝑥, 𝑦) funqcia saSualebas iZleva davakmayo-

filoT (4.4) sasazRvro pirobebi, Tu amocanis amonaxsns movZeb-

niT saxiT:  

𝑢(𝑥, 𝑦, 𝛼) = 𝑅𝑂(𝑥, 𝑦) ∙ ∑ ∑ 𝛼𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 ,                             (4.7) 

𝑣(𝑥, 𝑦, 𝛽) = 𝑅𝑂(𝑥, 𝑦) ∙ ∑ ∑ 𝛽𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 ,                              (4.8) 

𝑝(𝑥, 𝑦, 𝛾) = ∑ ∑ 𝛾𝑖𝑗𝑥𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 .                                            (4.9) 

cxadia, rom (4.8) forma avtomaturad akmayofilebs (4.5) ki-

nematikur pirobebis meore 𝑣(−2, 𝑦) = 0 gantolebas. maSasadame, 

𝛼, 𝛽, 𝛾 koeficientebi unda vipovoT 𝑢(−2, 𝑦) = 1 − 𝑦2 kinematikuri 

pirobidan da (4.1)-(4.3) gantolebaTa sistemidan.  

SevadginoT cdomilebis 𝐼(𝛼, 𝛽, 𝛾) funqcia. amisaTvis jer 

gamoviTvaloT saWiro kerZo warmoebulebi:  
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𝑢𝑥(𝑥, 𝑦, 𝛼) = (1 − 𝑦2)(2𝑥) ∑ ∑ 𝛼𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗

𝑁

𝑗=0

𝑁

𝑖=0

+ 

+(1 − 𝑦2)(𝑥2 + 𝑦2 − 0.25) ∑ ∑ 𝑖𝛼𝑖𝑗(𝑥 + 2)𝑖−1𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=1 ,            (4.10) 

𝑢𝑥𝑥(𝑥, 𝑦, 𝛼) = (1 − 𝑦2)(2) ∑ ∑ 𝛼𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗

𝑁

𝑗=0

𝑁

𝑖=0

+ 

+(1 − 𝑦2)(4𝑥) ∑ ∑ 𝑖𝛼𝑖𝑗(𝑥 + 2)𝑖−1𝑦𝑗 +

𝑁

𝑗=0

𝑁

𝑖=1

 

+(1 − 𝑦2)(𝑥2 + 𝑦2 − 0.25) ∑ ∑ 𝑖(𝑖 − 1)𝛼𝑖𝑗(𝑥 + 2)𝑖−2𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=2 ,  (4.11) 

𝑢𝑦(𝑥, 𝑦, 𝛼) = (−2𝑦 ∙ (𝑥2 + 𝑦2 − 0.25) + 2𝑦(1 − 𝑦2)) ∑ ∑ 𝛼𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗

𝑁

𝑗=0

𝑁

𝑖=0

+ 

+(1 − 𝑦2)(𝑥2 + 𝑦2 − 0.25) ∑ ∑ 𝑗𝛼𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗−1𝑁
𝑗=1

𝑁
𝑖=0 ,            (4.12) 

𝑢𝑦𝑦(𝑥, 𝑦, 𝛼) = (−2𝑥2 − 12𝑦2 + 2.5) ∑ ∑ 𝛼𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗

𝑁

𝑗=0

𝑁

𝑖=0

+ 

+2(−2𝑦 ∙ (𝑥2 + 𝑦2 − 0.25) + 2𝑦(1 − 𝑦2)) ∑ ∑ 𝑗𝛼𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗−1 +

𝑁

𝑗=1

𝑁

𝑖=0

 

+(1 − 𝑦2)(𝑥2 + 𝑦2 − 0.25) ∑ ∑ 𝑗(𝑗 − 1)𝛼𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗−2𝑁
𝑗=2

𝑁
𝑖=0 ,     (4.13) 

𝑣𝑥(𝑥, 𝑦, 𝛽) = (1 − 𝑦2)(2𝑥) ∑ ∑ 𝛽𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗

𝑁

𝑗=0

𝑁

𝑖=0

+ 

+(1 − 𝑦2)(𝑥2 + 𝑦2 − 0.25) ∑ ∑ 𝑖𝛽𝑖𝑗(𝑥 + 2)𝑖−1𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=1 ,            (4.14) 

𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) = (1 − 𝑦2)(2) ∑ ∑ 𝛽𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗

𝑁

𝑗=0

𝑁

𝑖=0

+ 
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+(1 − 𝑦2)(4𝑥) ∑ ∑ 𝑖𝛽𝑖𝑗(𝑥 + 2)𝑖−1𝑦𝑗

𝑁

𝑗=0

+

𝑁

𝑖=1

 

+(1 − 𝑦2)(𝑥2 + 𝑦2 − 0.25) ∑ ∑ 𝑖(𝑖 − 1)𝛽𝑖𝑗(𝑥 + 2)𝑖−2𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=2 ,    (4.15) 

𝑣𝑦(𝑥, 𝑦, 𝛽) = (−2𝑦 ∙ (𝑥2 + 𝑦2 − 0.25) + 2𝑦(1 − 𝑦2)) ∑ ∑ 𝛽𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗

𝑁

𝑗=0

𝑁

𝑖=0

+ 

+(1 − 𝑦2)(𝑥2 + 𝑦2 − 0.25) ∑ ∑ 𝑗𝛽𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗−1𝑁
𝑗=1

𝑁
𝑖=0 ,       (4.16) 

𝑣𝑦𝑦(𝑥, 𝑦, 𝛽) = (−2𝑥2 − 12𝑦2 + 2.5) ∑ ∑ 𝛽𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗

𝑁

𝑗=0

𝑁

𝑖=0

+ 

+2(−2𝑦 ∙ (𝑥2 + 𝑦2 − 0.25) + 2𝑦(1 − 𝑦2)) ∑ ∑ 𝑗𝛽𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗−1 +

𝑁

𝑗=1

𝑁

𝑖=0

 

+(1 − 𝑦2)(𝑥2 + 𝑦2 − 0.25) ∑ ∑ 𝑗(𝑗 − 1)𝛽𝑖𝑗(𝑥 + 2)𝑖𝑦𝑗−2𝑁
𝑗=2

𝑁
𝑖=0 ,     (4.17) 

𝑝𝑥(𝑥, 𝑦, 𝛾) = ∑ ∑ 𝑖𝛾𝑖𝑗𝑥𝑖−1𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=1 ,                                           (4.18) 

𝑝𝑦(𝑥, 𝑦, 𝛾) = ∑ ∑ 𝑗𝛾𝑖𝑗𝑥𝑖𝑦𝑗−1𝑁
𝑗=1

𝑁
𝑖=0 .                                           (4.19) 

maSin TiToeuli gantolebidan gveqneba Sesabamisi cdomi-

leba:  

𝑅1(𝑥, 𝑦, 𝛼, 𝛽, 𝛾) = 𝑢(𝑥, 𝑦, 𝛼)𝑢𝑥(𝑥, 𝑦, 𝛼) + 𝑣(𝑥, 𝑦, 𝛽)𝑢𝑦(𝑥, 𝑦, 𝛼) + 𝑝𝑥(𝑥, 𝑦, 𝛾) − 

−
1

𝑅𝑒
(𝑢𝑥𝑥(𝑥, 𝑦, 𝛼 + 𝑢𝑦𝑦(𝑥, 𝑦, 𝛼)),                                            (4.20) 

𝑅2(𝑥, 𝑦, 𝛼, 𝛽, 𝛾) = 𝑢(𝑥, 𝑦, 𝛼)𝑣𝑥(𝑥, 𝑦, 𝛽) + 𝑣(𝑥, 𝑦, 𝛽)𝑣𝑦(𝑥, 𝑦, 𝛽) + 𝑝𝑦(𝑥, 𝑦, 𝛾) − 

−
1

𝑅𝑒
(𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) + 𝑣𝑦𝑦(𝑥, 𝑦, 𝛽)),                                          (4.21) 

𝑅3(𝑥, 𝑦, 𝛼, 𝛽) = 𝑢𝑥(𝑥, 𝑦, 𝛼) + 𝑣𝑦(𝑥, 𝑦, 𝛽).                            (4.22) 

gvrCeba dasakmayofilebeli erTi kinematikuri piroba:  

𝑢(−2, 𝑦) = 1 − 𝑦2.                                                      (4.23) 

rac kidev erT cdomilebis funqcias mogvcems:  
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𝑅4(𝑦, 𝛼) = 𝑢(−2, 𝑦, 𝛼) − 1 + 𝑦2.                                      (4.24) 

maSin cdomilebis Sewonil 𝐼(𝛼, 𝛽, 𝛾) funqcias eqneba saxe:  

𝐼(𝛼, 𝛽, 𝛾) = 𝜏1 ∙ ∫ ∫ [𝑅1(𝑥, 𝑦, 𝛼, 𝛽, 𝛾)]2𝑑𝑥𝑑𝑦 +
2

−2

1

−1

 

+𝜏2 ∙ ∫ ∫ [𝑅2(𝑥, 𝑦, 𝛼, 𝛽, 𝛾)]2𝑑𝑥𝑑𝑦 +
2

−2

1

−1

 

+𝜏3 ∙ ∫ ∫ [𝑅3(𝑥, 𝑦, 𝛼, 𝛽)]2𝑑𝑥𝑑𝑦 +
2

−2

1

−1

 

+𝜏4 ∙ ∫ [𝑅4(𝑦, 𝛼)]2𝑑𝑦
1

−1
→ 𝑚𝑖𝑛,                    (4.25) 

sadac 𝜏1, 𝜏2, 𝜏3, 𝜏4 wonis koeficientebia. Cven SemTxvevaSi, maTi 

mniSvnelobebia Sesabamisad: 0.1; 0.1; 0.1; 0.7. maTi jami, ra Tqma 

unda, erTis tolia.  

gaSlis 𝛼, 𝛽, 𝛾 koeficientebis sapovnelad viyenebT 𝐿2(𝐺) no-

rmiT inducirebul metrikas, raTa es koeficientebi ganisaz-

Rvros Sesabamis cdomilebis funqciasa da 0-s Soris manZilis 

minimizaciis pirobidan.  

SevadginoT programa 𝐌𝐚𝐭𝐡𝐜𝐚𝐝–ze: 
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4.2. wriuli cilindris, blanti ukumSavi siTxiT 

stacionaruli garsdenis amocanis amoxsna  RO -meTodiT 

ganvixiloT wriuli cilindris blanti, ukumSavi siTxiT 

stacionaruli garsdenis amocana nax. 4.2. am SemTxvevaSi, gveq-

neba navie-stoqsis gantolebaTa sistema (4.26)-(4.28), ukumSva-dobis 

(4.3) pirobasTan erTad: 

 𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= −

𝜕𝑝

𝜕𝑥
+

1

𝑅𝑒
(

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2),                                                 (4.26) 

𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= −

𝜕𝑝

𝜕𝑦
+

1

𝑅𝑒
(

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2),                                                 (4.27) 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0,                                                                            (4.28) 

sadac 𝑢(𝑥, 𝑦), 𝑣(𝑥, 𝑦) siCqaris veqtoris komponentebia,   𝑝 - wneva,    𝑅𝑒 

– reinoldsis uganzomilebo ricxvi.  

 

 

 

nax. 4.2. wriuli cilindris garsdenis sqema 

sasazRvro pirobebs aqvs saxe:  

𝑢𝑥2+𝑦2=1 = 𝑣𝑥2+𝑦2=1 = 0.                                                     (4.29) 

2 0 2
1

0

1

p x 1 ( )

x
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kinematikur pirobebs aqvs Semdegi saxe: 

𝑢(−3, 𝑦, 𝛼) = 1 − 𝑦2,                                                        (4.30) 

𝑣(−3, 𝑦, 𝛽) = 0.                                                                 (4.31) 

𝑝(−3,0, 𝛾) > 𝑝(3,0, 𝛾).                                                      (4.32) 

sasazRvro pirobebis gaTvaliswineba xdeba Sesabamisi 

𝑅𝑂_funqciiT: 

𝑅𝑂(𝑥, 𝑦) = 𝑥2 + 𝑦2 − 1.                                                    (4.33) 

amocana simetriulia abscisTa RerZis mimarT. aqedan gamom-

dinare, virCevT amonaxsnis Semdegi saxis warmodgenas:  

𝑢(𝑥, 𝑦, 𝛼) = 𝑅𝑂(𝑥, 𝑦) ∑ ∑ 𝛼𝑖𝑗(𝑥 + 3)𝑖𝑦2𝑗𝑁
𝑗=0

𝑁
𝑖=0 ,                        (4.34) 

𝑣(𝑥, 𝑦, 𝛽) = 𝑅𝑂(𝑥, 𝑦) ∑ ∑ 𝛽𝑖𝑗(𝑥 + 3)𝑖𝑦2𝑗𝑁
𝑗=0

𝑁
𝑖=0 ,                       (4.35) 

𝑝(𝑥, 𝑦, 𝛾) = ∑ ∑ 𝛾𝑖𝑗𝑥𝑖𝑦2𝑗𝑁
𝑗=0

𝑁
𝑖=0 .                                       (4.36) 

CavsvaT (4.34)-(4.36) wermodgenebi (4.26)-(4.28) gantolebaTa sis-

temaSi da SevadginoT cdomilebis funqcia 𝐼(𝛼, 𝛽, 𝛾). amisaTvis 

jer gamoviTvaloT saWiro warmoebulebi:  

     (4.37) 

,                

, 

,                  (4.38) 

, (4.39) 
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 ,              

, 

,             (4.40)     

, (4.41) 

,               

, 

,                   (4.42)      

, 

 (4.43) 

,                   

, 

,            (4.44) 

,                                                 (4.45) 
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.                                              (4.46) 

maSin,  

𝑅1(𝑥, 𝑦, 𝛼, 𝛽, 𝛾) = 𝑢(𝑥, 𝑦, 𝛼)𝑢𝑥(𝑥, 𝑦, 𝛼) + 𝑣(𝑥, 𝑦, 𝛽)𝑢𝑦(𝑥, 𝑦, 𝛼) + 𝑝𝑥(𝑥, 𝑦, 𝛾) − 

−
1

𝑅𝑒
(𝑢𝑥𝑥(𝑥, 𝑦, 𝛼 + 𝑢𝑦𝑦(𝑥, 𝑦, 𝛼)),                                            (4.47) 

𝑅2(𝑥, 𝑦, 𝛼, 𝛽, 𝛾) = 𝑢(𝑥, 𝑦, 𝛼)𝑣𝑥(𝑥, 𝑦, 𝛽) + 𝑣(𝑥, 𝑦, 𝛽)𝑣𝑦(𝑥, 𝑦, 𝛽) + 𝑝𝑦(𝑥, 𝑦, 𝛾) − 

−
1

𝑅𝑒
(𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) + 𝑣𝑦𝑦(𝑥, 𝑦, 𝛽)),                                          (4.48) 

𝑅3(𝑥, 𝑦, 𝛼, 𝛽) = 𝑢𝑥(𝑥, 𝑦, 𝛼) + 𝑣𝑦(𝑥, 𝑦, 𝛽).                            (4.49) 

(4.30) da (4.31) kinematikuri pirobebi avtomaturadaa 

dakmayofilebuli (4.34),(4.35) warmodgenebSi:  

gvrCeba mxolod erTi kinematikuri piroba (4.32):  

 𝑝(−3,0, 𝛾) > 𝑝(3,0, 𝛾).                                                                       (4.50)    

maSin cdomilebis Sewonil 𝐼(𝛼, 𝛽, 𝛾) funqcias eqneba saxe:  

𝐼(𝛼, 𝛽, 𝛾) = 𝜏1 ∙ ∫ ∫ [𝑅1(𝑥, 𝑦, 𝛼, 𝛽, 𝛾)]2𝑑𝑥𝑑𝑦 +
3

−3

3

−3

 

+𝜏2 ∙ ∫ ∫ [𝑅2(𝑥, 𝑦, 𝛼, 𝛽, 𝛾)]2𝑑𝑥𝑑𝑦 +
3

−3

3

−3

 

+𝜏3 ∙ ∫ ∫ [𝑅3(𝑥, 𝑦, 𝛼, 𝛽)]2𝑑𝑥𝑑𝑦
3

−3

3

−3
→ 𝑚𝑖𝑛,                    (4.51) 

sadac 𝜏1, 𝜏2, 𝜏3 wonis koeficientebia. Cvens SemTxvevaSi, maTi 

mniSvnelobebia:  0.3; 0.3; 0.4. maTi jami, ra Tqma unda, erTis to-

lia.  

gaSlis 𝛼, 𝛽, 𝛾 koeficientebis sapovnelad viyenebT 𝐿2(𝐺) 

normiT inducirebul metrikas, raTa es koeficientebi ganisaz-

Rvros Sesabamis cdomilebis funqciasa da 0-s Soris manZilis 

minimizaciis pirobidan. 

SevadginoT programa 𝐌𝐚𝐭𝐡𝐜𝐚𝐝-ze: 
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4.3. wyalqveSa borcvis stacionaruli garsdena blanti, 

ukumSavi siTxiT 

ganvixiloT, wyalqveSa borcvis garsdenis amocana blanti, 

ukumSavi siTxiT. borcvis modelirebisaTvis ganvixiloT  𝑓(𝑥) =

𝑒−𝑥2
 funqciis grafiki nax. 4.3. 

 
 

nax. 4.3. wyalqveSa borcvis garsdenis sqema 
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blanti, ukumSavi siTxis stacionaruli nakadi aRiwereba 

navie-stoqsis gantolebaTa sistemiTa da ukumSvadobis piro-biT:  

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= −

𝜕𝑝

𝜕𝑥
+

1

𝑅𝑒
(

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2),                                                 (4.52) 

𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= −

𝜕𝑝

𝜕𝑦
+

1

𝑅𝑒
(

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2),                                                 (4.53) 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0.                                                                            (4.54) 

sadac 𝑢(𝑥, 𝑦), 𝑣(𝑥, 𝑦) siCqaris veqtoris komponentebia,   𝑝 –wneva,   𝑅𝑒 

– reinoldsis ricxvi. 

sasazRvro pirobebi:  

𝑢
𝑓(𝑥)=𝑒−0.1𝑥2 = 𝑣

𝑓(𝑥)=𝑒−0.1𝑥2 = 0.                                                          (4.55)  

kinematikuri pirobebi:  

𝑢(−10, 𝑦, 𝛼) = 1,  v(-10, y, 𝛽) = 0,                                                    (4.56) 

𝑝(−10,1, 𝛾) > 𝑝(10,1, 𝛾).                                                                    (4.57) 

𝑅𝑂 funqcias aqvs saxe: 

𝑅𝑂(𝑥, 𝑦) = 𝑦 − 𝑒−0.1𝑥2
.                                                                        (4.58) 

amonaxsns veZebT Semdegi saxiT: 

𝑢(𝑥, 𝑦, 𝛼) = 𝑅𝑂(𝑥, 𝑦) ∑ ∑ 𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 ,                       (4.59) 

𝑣(𝑥, 𝑦, 𝛽) = 𝑅𝑂(𝑥, 𝑦) ∑ ∑ 𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 ,                       (4.60) 

𝑝(𝑥, 𝑦, 𝛾) = ∑ ∑ 𝛾𝑖𝑗𝑥𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 .                                                 (4.61) 

am warmodgenaSi avtomaturadaa gaTvaliswinebuli (4.55) 

sasazRvro pirobebi. dasakmayofilebelia (4.52)-(4.54) gantolebe-

bi da (4.56)-(4.57) kinematikuri pirobebi.  

CavsvaT (4.59)-(4.61) warmodgena (4.52)-(4.54) gantolebebSi da 

SevadginoT Sesabamisi cdomilebis funqciebi. aseve, SevadginoT 
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cdomilebebi (4.56)-(4.57) kinematikuri pirobebidan gamomdinare. 

amisaTvis jer unda gamoviTvaloT saWiro warmoebulebi:  

𝑢𝑥(𝑥, 𝑦, 𝛼) = 0.2𝑥𝑒−0.1𝑥2
∑ ∑ 𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁

𝑗=0
𝑁
𝑖=0 , 

𝑢𝑥(𝑥, 𝑦, 𝛼) = 𝑢𝑥(𝑥, 𝑦, 𝛼) + (𝑦 − 𝑒−0.1𝑥2
) ∑ ∑ 𝑖𝛼𝑖𝑗(𝑥 + 10)𝑖−1𝑦𝑗𝑁

𝑗=0
𝑁
𝑖=1 . 

 

𝑢𝑥𝑥(𝑥, 𝑦, 𝛼) = (0.2𝑒−0.1𝑥2
− 0.04𝑥2𝑒−0.1𝑥2

) ∑ ∑ 𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 , 

𝑢𝑥𝑥(𝑥, 𝑦, 𝛼) = 𝑢𝑥𝑥(𝑥, 𝑦, 𝛼) + 0.4𝑥𝑒−0.1𝑥2
∑ ∑ 𝑖𝛼𝑖𝑗(𝑥 + 10)𝑖−1𝑦𝑗𝑁

𝑗=0
𝑁
𝑖=1 , 

𝑢𝑥𝑥(𝑥, 𝑦, 𝛼) = 𝑢𝑥𝑥(𝑥, 𝑦, 𝛼) + (𝑦 − 𝑒−0.1𝑥2
) ∑ ∑ 𝑖(𝑖 − 1)𝛼𝑖𝑗(𝑥 + 10)𝑖−2𝑦𝑗

𝑁

𝑗=0

𝑁

𝑖=2

 

 

𝑢𝑦(𝑥, 𝑦, 𝛼) = ∑ ∑ 𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 , 

𝑢𝑦(𝑥, 𝑦, 𝛼) = 𝑢𝑦(𝑥, 𝑦, 𝛼) + (𝑦 − 𝑒−0.1𝑥2
) ∑ ∑ 𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗−1𝑁

𝑗=1
𝑁
𝑖=0 . 

 

𝑢𝑦𝑦(𝑥, 𝑦, 𝛼) = 2 ∑ ∑ 𝑗𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗−1𝑁
𝑗=1

𝑁
𝑖=0 , 

𝑢𝑦𝑦(𝑥, 𝑦, 𝛼) = 𝑢𝑦𝑦(𝑥, 𝑦, 𝛼) + (𝑦 − 𝑒−0.1𝑥2
) ∑ ∑ 𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗−2𝑁

𝑗=2
𝑁
𝑖=0 . 

 

𝑣𝑥(𝑥, 𝑦, 𝛽) = 0.2𝑥𝑒−0.1𝑥2
∑ ∑ 𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁

𝑗=0
𝑁
𝑖=0 , 

𝑣𝑥(𝑥, 𝑦, 𝛽) = 𝑣𝑥(𝑥, 𝑦, 𝛽) + (𝑦 − 𝑒−0.1𝑥2
) ∑ ∑ 𝑖𝛽𝑖𝑗(𝑥 + 10)𝑖−1𝑦𝑗𝑁

𝑗=0
𝑁
𝑖=1 . 

 

𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) = (0.2𝑒−0.1𝑥2
− 0.04𝑥2𝑒−0.1𝑥2

) ∑ ∑ 𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 , 

𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) = 𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) + 0.4𝑥𝑒−0.1𝑥2
∑ ∑ 𝑖𝛽𝑖𝑗(𝑥 + 10)𝑖−1𝑦𝑗𝑁

𝑗=0
𝑁
𝑖=1 , 
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𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) = 𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) + (𝑦 − 𝑒−0.1𝑥2
) ∑ ∑ 𝑖(𝑖 − 1)𝛽𝑖𝑗(𝑥 + 10)𝑖−2𝑦𝑗

𝑁

𝑗=0

𝑁

𝑖=2

 

𝑣𝑦(𝑥, 𝑦, 𝛽) = ∑ ∑ 𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 , 

𝑣𝑦(𝑥, 𝑦, 𝛽) = 𝑣𝑦(𝑥, 𝑦, 𝛽) + (𝑦 − 𝑒−0.1𝑥2
) ∑ ∑ 𝑗𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗−1𝑁

𝑗=1
𝑁
𝑖=0 . 

 

𝑣𝑦𝑦(𝑥, 𝑦, 𝛽) = 2 ∑ ∑ 𝑗𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗−1𝑁
𝑗=1

𝑁
𝑖=0 , 

𝑣𝑦𝑦(𝑥, 𝑦, 𝛽) = 𝑣𝑦𝑦(𝑥, 𝑦, 𝛽) + (𝑦 − 𝑒−0.1𝑥2
) ∑ ∑ 𝑗(𝑗 − 1)𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗−2

𝑁

𝑗=2

𝑁

𝑖=0

 

𝑝𝑥(𝑥, 𝑦, 𝛾) = ∑ ∑ 𝑖𝛾𝑖𝑗𝑥𝑖−1𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=1 . 

 

𝑝𝑦(𝑥, 𝑦, 𝛾) = ∑ ∑ 𝑗𝛾𝑖𝑗𝑥𝑖𝑦𝑗−1𝑁
𝑗=1

𝑁
𝑖=0 . 

maSin TiToeuli gantolebidan gveqneba Sesabamisi cdomi-

leba:  

𝑅1(𝑥, 𝑦, 𝛼, 𝛽, 𝛾) = 𝑢(𝑥, 𝑦, 𝛼)𝑢𝑥(𝑥, 𝑦, 𝛼) + 𝑣(𝑥, 𝑦, 𝛽)𝑢𝑦(𝑥, 𝑦, 𝛼) + 𝑝𝑥(𝑥, 𝑦, 𝛾) − 

−
1

𝑅𝑒
(𝑢𝑥𝑥(𝑥, 𝑦, 𝛼 + 𝑢𝑦𝑦(𝑥, 𝑦, 𝛼)),                                                  (4.62) 

𝑅2(𝑥, 𝑦, 𝛼, 𝛽, 𝛾) = 𝑢(𝑥, 𝑦, 𝛼)𝑣𝑥(𝑥, 𝑦, 𝛽) + 𝑣(𝑥, 𝑦, 𝛽)𝑣𝑦(𝑥, 𝑦, 𝛽) + 𝑝𝑦(𝑥, 𝑦, 𝛾) − 

−
1

𝑅𝑒
(𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) + 𝑣𝑦𝑦(𝑥, 𝑦, 𝛽)),                                                 (4.63) 

𝑅3(𝑥, 𝑦, 𝛼, 𝛽) = 𝑢𝑥(𝑥, 𝑦, 𝛼) + 𝑣𝑦(𝑥, 𝑦, 𝛽).                         (4.64) 

(4.55) kinematikuri 𝑢(−10, 𝑦, 𝛼) = 1,  𝑣(-10,y,𝛽) = 0 pirobebis 

dasakmayofileblad gveqneba cdomilebis funqciebi:  

𝑅4(𝑦, 𝛼) = 𝑢(−10, 𝑦, 𝛼) − 1 და  𝑅5(𝑦, 𝛽) = 𝑣(-10,y,𝛽). 

maSin cdomilebis Sewonil 𝐼(𝛼, 𝛽, 𝛾) funqcias eqneba saxe: 

𝐼(𝛼, 𝛽, 𝛾) = 𝜏1 ∙ ∫ ∫ [𝑅1(𝑥, 𝑦, 𝛼, 𝛽, 𝛾)]2𝑑𝑥𝑑𝑦 +
10

−10

10

0
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+𝜏2 ∙ ∫ ∫ [𝑅2(𝑥, 𝑦, 𝛼, 𝛽, 𝛾)]2𝑑𝑥𝑑𝑦 +
10

−10

10

0

 

+𝜏3 ∙ ∫ ∫ [𝑅3(𝑥, 𝑦, 𝛼, 𝛽)]2𝑑𝑥𝑑𝑦 + 𝜏4 ∙ ∫ 𝑅4(𝑦, 𝛼)2𝑑𝑦 +
10

0

10

−10

10

0

 

+𝜏5 ∙ ∫ 𝑅5(𝑦, 𝛽)2𝑑𝑦
10

0
→ 𝑚𝑖𝑛.                                                 (4.65)     

  sadac  𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5 wonis koeficientebia. Cven SemTxvevaSi, maTi 

mniSvnelobebia 0.2; 0.2; 0.2; 0.2; 0.2. maTi jami, ra Tqma unda erTis 

tolia.   

gaSlis  𝛼, 𝛽, 𝛾 koeficientebis sapovnelad viyenebT 𝐿2(𝐺) 

normiT inducirebul metrikas, raTa es koeficientebi ganisaz-

Rvros manZilis minimizaciis pirobidan, Sesabamis cdomilebis 

funqciasa da 0-s Soris.  

SevadginoT programa 𝐌𝐚𝐭𝐡𝐜𝐚𝐝-ze: 
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 y
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N

i 0

N

j
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i

 y
j














p x y  

0

N

i 0

N

j

i j x
i

 y
j
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0.1 x

2




0

N

i 0

N

j
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 y
j
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4.4. elifsuri formis ganivkveTis sayrdeni burjis 

stacionaruli garsdena blanti, ukumSavi siTxiT  
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ganvixiloT elifsuri formis ganivkveTis sayrdeni burjis 

organzomilebiani stacionaruli garsdenis amocana blanti, 

ukumSavi siTxiT nax. 4.4.  

 

 

nax. 4.4. elifsis garsdenis sqema 

blanti, ukumSavi siTxis stacionaruli nakadi aRiwereba 

navie-stoqsis gantolebebiTa da ukumSvadobis pirobiT:  

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= −

𝜕𝑝

𝜕𝑥
+

1

𝑅𝑒
(

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2),                                                 (4.66) 

𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= −

𝜕𝑝

𝜕𝑦
+

1

𝑅𝑒
(

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2),                                                 (4.67) 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0.                                                                            (4.68) 

sadac 𝑢(𝑥, 𝑦), 𝑣(𝑥, 𝑦) siCqaris veqtoris komponentebia,   𝑝-wneva,   𝑅𝑒 

– reinoldsis ricxvi. 

sasazRvro pirobebi: 

𝑢𝑥2 

16
+

𝑦2

9
=1

= 𝑣𝑥2 

16
+

𝑦2

9
=1

= 0.                                                          (4.69)  

kinematikuri pirobebi: 

𝑢(−10, 𝑦, 𝛼) = 100 − 𝑦2,  v(-10, y, 𝛽) = 0,                                      (4.70) 

𝑝(−10,1, 𝛾) > 𝑝(10,1, 𝛾).                                                                    (4.71) 

𝑅𝑂 funqciaa: 

𝑅𝑂(𝑥, 𝑦) =
𝑥2 

16
+

𝑦2

9
− 1.                                                                        (4.72) 

amonaxsns veZebT saxiT: 

𝑢(𝑥, 𝑦, 𝛼) = 𝑅𝑂(𝑥, 𝑦) ∑ ∑ 𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 ,                       (4.73) 

𝑣(𝑥, 𝑦, 𝛽) = 𝑅𝑂(𝑥, 𝑦) ∑ ∑ 𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 ,                       (4.74) 
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𝑝(𝑥, 𝑦, 𝛾) = ∑ ∑ 𝛾𝑖𝑗𝑥𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 .                                                 (4.75) 

amonaxsnis am warmodgenaSi avtomaturadaa gaTvaliswinebu-

li (4.69) sasazRvro pirobebi. dasakmayofilebelia (4.66)_(4.68) 

gantolebebi da (4.70)-(4.71) kinematikuri pirobebi.  

CavsvaT (4.73)-(4.75) warmodgena (4.66)-(4.68) gantolebebSi da 

SevadginoT Sesabamisi cdomilebis funqciebi. aseve, Sevadgi-noT 

cdomilebebi kinematikuri pirobebidan gamomdinare. amisa-Tvis 

jer unda gamoviTvaloT saWiro kerZo warmoebulebi:  

𝑢𝑥(𝑥, 𝑦, 𝛼) = 0.125𝑥 ∑ ∑ 𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 , 

𝑢𝑥(𝑥, 𝑦, 𝛼) = 𝑢𝑥(𝑥, 𝑦, 𝛼) + (
𝑥2 

16
+

𝑦2

9
− 1) ∑ ∑ 𝑖𝛼𝑖𝑗(𝑥 + 10)𝑖−1𝑦𝑗𝑁

𝑗=0
𝑁
𝑖=1 . 

 

𝑢𝑥𝑥(𝑥, 𝑦, 𝛼) = 0.125 ∙ ∑ ∑ 𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 , 

𝑢𝑥𝑥(𝑥, 𝑦, 𝛼) = 𝑢𝑥𝑥(𝑥, 𝑦, 𝛼) + 0.25𝑥 ∙ ∑ ∑ 𝑖𝛼𝑖𝑗(𝑥 + 10)𝑖−1𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=1 , 

𝑢𝑥𝑥(𝑥, 𝑦, 𝛼) = 𝑢𝑥𝑥(𝑥, 𝑦, 𝛼) + (
𝑥2 

16
+

𝑦2

9
− 1) ∑ ∑ 𝑖(𝑖 − 1)𝛼𝑖𝑗(𝑥 + 10)𝑖−2𝑦𝑗𝑁

𝑗=0
𝑁
𝑖=2 . 

 

𝑢𝑦(𝑥, 𝑦, 𝛼) =
2

9
𝑦 ∙ ∑ ∑ 𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁

𝑗=0
𝑁
𝑖=0 , 

𝑢𝑦(𝑥, 𝑦, 𝛼) = 𝑢𝑦(𝑥, 𝑦, 𝛼) + (
𝑥2 

16
+

𝑦2

9
− 1) ∑ ∑ 𝑗 ∙ 𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗−1𝑁

𝑗=1
𝑁
𝑖=0 . 

 

𝑢𝑦𝑦(𝑥, 𝑦, 𝛼) =
2

9
∙ ∑ ∑ 𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁

𝑗=0
𝑁
𝑖=0 +

4

9
𝑦 ∙ ∑ ∑ 𝑗𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗−1𝑁

𝑗=1
𝑁
𝑖=0 , 

𝑢𝑦𝑦(𝑥, 𝑦, 𝛼) = 𝑢𝑦𝑦(𝑥, 𝑦, 𝛼) + (
𝑥2 

16
+

𝑦2

9
− 1) ∑ ∑ 𝑗(𝑗 − 1)𝛼𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗−2𝑁

𝑗=2
𝑁
𝑖=0 . 

 

𝑣𝑥(𝑥, 𝑦, 𝛽) = 0.125𝑥 ∑ ∑ 𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 , 

𝑣𝑥(𝑥, 𝑦, 𝛽) = 𝑣𝑥(𝑥, 𝑦, 𝛽) + (
𝑥2 

16
+

𝑦2

9
− 1) ∑ ∑ 𝑖𝛽𝑖𝑗(𝑥 + 10)𝑖−1𝑦𝑗𝑁

𝑗=0
𝑁
𝑖=1 . 



91 

 

 

𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) = 0.125 ∑ ∑ 𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=0 , 

𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) = 𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) + 0.25𝑥 ∙ ∑ ∑ 𝑖𝛽𝑖𝑗(𝑥 + 10)𝑖−1𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=1 , 

 

𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) = 𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) + (
𝑥2 

16
+

𝑦2

9
− 1) ∑ ∑ 𝑖(𝑖 − 1)𝛽𝑖𝑗(𝑥 + 10)𝑖−2𝑦𝑗𝑁

𝑗=0
𝑁
𝑖=2 . 

 

𝑣𝑦(𝑥, 𝑦, 𝛽) =
2

9
𝑦 ∙ ∑ ∑ 𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗𝑁

𝑗=0
𝑁
𝑖=0 , 

𝑣𝑦(𝑥, 𝑦, 𝛽) = 𝑣𝑦(𝑥, 𝑦, 𝛽) + (
𝑥2 

16
+

𝑦2

9
− 1) ∑ ∑ 𝑗𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗−1𝑁

𝑗=1
𝑁
𝑖=0 . 

 

𝑣𝑦𝑦(𝑥, 𝑦, 𝛽) =
2

9
∙ ∑ ∑ 𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗 +

4

9
𝑦 ∑ ∑ 𝑗𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗−1𝑁

𝑗=1
𝑁
𝑖=0

𝑁
𝑗=0

𝑁
𝑖=0 , 

𝑣𝑦𝑦(𝑥, 𝑦, 𝛽) = 𝑣𝑦𝑦(𝑥, 𝑦, 𝛽) + (
𝑥2 

16
+

𝑦2

9
− 1) ∑ ∑ 𝑗(𝑗 − 1)𝛽𝑖𝑗(𝑥 + 10)𝑖𝑦𝑗−2

𝑁

𝑗=2

𝑁

𝑖=0

 

𝑝𝑥(𝑥, 𝑦, 𝛾) = ∑ ∑ 𝑖𝛾𝑖𝑗𝑥𝑖−1𝑦𝑗𝑁
𝑗=0

𝑁
𝑖=1 . 

𝑝𝑦(𝑥, 𝑦, 𝛾) = ∑ ∑ 𝑗𝛾𝑖𝑗𝑥𝑖𝑦𝑗−1𝑁
𝑗=1

𝑁
𝑖=0 . 

maSin, 

𝑅1(𝑥, 𝑦, 𝛼, 𝛽, 𝛾) = 𝑢(𝑥, 𝑦, 𝛼)𝑢𝑥(𝑥, 𝑦, 𝛼) + 𝑣(𝑥, 𝑦, 𝛽)𝑢𝑦(𝑥, 𝑦, 𝛼) + 𝑝𝑥(𝑥, 𝑦, 𝛾) − 

−
1

𝑅𝑒
(𝑢𝑥𝑥(𝑥, 𝑦, 𝛼 + 𝑢𝑦𝑦(𝑥, 𝑦, 𝛼)),                                                  (4.76) 

𝑅2(𝑥, 𝑦, 𝛼, 𝛽, 𝛾) = 𝑢(𝑥, 𝑦, 𝛼)𝑣𝑥(𝑥, 𝑦, 𝛽) + 𝑣(𝑥, 𝑦, 𝛽)𝑣𝑦(𝑥, 𝑦, 𝛽) + 𝑝𝑦(𝑥, 𝑦, 𝛾) − 

−
1

𝑅𝑒
(𝑣𝑥𝑥(𝑥, 𝑦, 𝛽) + 𝑣𝑦𝑦(𝑥, 𝑦, 𝛽)),                                                 (4.77) 

𝑅3(𝑥, 𝑦, 𝛼, 𝛽) = 𝑢𝑥(𝑥, 𝑦, 𝛼) + 𝑣𝑦(𝑥, 𝑦, 𝛽).                         (4.78) 

kinematikuri 𝑢(−10, 𝑦, 𝛼) = 100 − 𝑦2,  𝑣(-10,y,𝛽) = 0 pirobebis 

dasakmayofileblad gveqneba cdomilebis funqciebi:  
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𝑅4(𝑦, 𝛼) = 𝑢(−10, 𝑦, 𝛼) − 100 + 𝑦2 და  𝑅5(𝑦, 𝛽) = 𝑣(-10,y,𝛽). 

maSin cdomilebis Sewonil 𝐼(𝛼, 𝛽, 𝛾) funqcias eqneba saxe: 

𝐼(𝛼, 𝛽, 𝛾) = 𝜏1 ∙ ∫ ∫ [𝑅1(𝑥, 𝑦, 𝛼, 𝛽, 𝛾)]2𝑑𝑥𝑑𝑦 +
10

−10

10

0

 

+𝜏2 ∙ ∫ ∫ [𝑅2(𝑥, 𝑦, 𝛼, 𝛽, 𝛾)]2𝑑𝑥𝑑𝑦 +
10

−10

10

0

 

+𝜏3 ∙ ∫ ∫ [𝑅3(𝑥, 𝑦, 𝛼, 𝛽)]2𝑑𝑥𝑑𝑦 + 𝜏4 ∙ ∫ 𝑅4(𝑦, 𝛼)2𝑑𝑦 +
10

0

10

−10

10

0

 

+𝜏5 ∙ ∫ 𝑅5(𝑦, 𝛽)2𝑑𝑦
10

0
→ 𝑚𝑖𝑛.                                                 (4.65)     

  sadac 𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5 wonis koeficientebia. Cven SemTxvevaSi, maTi 

mniSvnelobebia Sesabamisad: 0.2; 0.2; 0.2; 0.2; 0.2. maTi jami, ra Tqma, 

unda erTis tolia.  

gaSlis 𝛼, 𝛽, 𝛾 koeficientebis sapovnelad viyenebT 𝐿2(𝐺) 

normiT inducirebul metrikas, raTa es koeficientebi ganisaz-

Rvros Sesabamis cdomilebis funqciasa da 0-s Soris manZilis 

minimizaciis pirobidan.  

SevadginoT programa 𝐌𝐚𝐭𝐡𝐜𝐚𝐝-ze: 
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v x y   x
2

16

y
2

9
 1









0

N

i 0

N

j

i j x 10( )
i

 y
j














p x y  

0

N

i 0

N

j

i j x
i

 y
j














ux x y   0.125x

0

N

i 0

N

j

i j x 10( )
i
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16

y
2
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1

N
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N

j
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i 1

 y
j
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0

N
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N

j

i j x 10( )
i
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uxx x y   uxx x y   0.25x

1

N
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j
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 y
j
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2

16

y
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2

N
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N

j

i i 1( ) i j x 10( )
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 y
j
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9
y

0

N
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N

j

i j x 10( )
i

 y
j
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2

16

y
2

9
 1









0

N

i 1

N

j
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i

 y
j 1
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9
0

N
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N

j
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i

 y
j













4

9
y

0

N
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N

j
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i

 y
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2

16

y
2

9
 1









0

N
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N

j
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i

 y
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0

N
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N

j

i j x 10( )
i

 y
j














vx x y   vx x y   x
2

16

y
2

9
 1









1

N

i 0

N

j

i i j x 10( )
i 1

 y
j
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0

N
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N

j
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i

 y
j
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9
y

0

N
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16

y
2

9
 1
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0
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16

y
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9
 1









0

N
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N
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1

N
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N

j
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0

N
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j
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R2 x y     R02 x y     1

Re
vxx x y   vyy x y   

R3 x y    ux x y   vy x y  

R4 y   u 10 y   100 y
2



R5 y   v 10 y  

1 0.2 2 0.2 3 0.2 4 0.2 5 0.2

I0     1

10

10

y

10

10

xR1 x y    2




d




d 2

10

10

y

10

10

xR2 x y    2




d




d



95 

 

 

 

 

 

                 

               

                    

                                    

                

 

 

 

       

 

 

I1    3

10

10

y

10

10

xR3 x y   2




d




d 4

10

10

yR4 y  2




d 5

10

10

yR5 y  2




d

I     I0     I1   

i 0 N

j 0 N

i j 0.2 i j 0.1 i j 0.2

Given

p 10 3   p 10 3  

p 10 3   p 10 3  

S MinimizeI    

S

0.05

0.05

0.05

0.05

0.1

0.1

0.1

0.099

0.05

0.05

0.05

0.045

0.1

0.1

0.094

0.01















0.025

0.025

0.025

0.025

0.05

0.05

0.05

0.049

0.025

0.025

0.025

0.024

0.05

0.05

0.047

0.006















0.05

0.05

0.05

0.04

0.1

0.1

0.1

0.089

0.05

0.049

0.05

0.038

0.1

0.099

0.1

0.022





















































 S
0

  S
1

  S
2



u x y   x
2

16

y
2

9
 1









0

N

i 0

N

j

i j x 10( )
i

 y
j














v x y   x
2

16

y
2

9
 1









0

N

i 0

N

j

i j x 10( )
i

 y
j
















96 

 

 
 

 

 

 

rogorc vxedavT, hidrodinamikis stacionaruli amocanebis 

amoxsnis procesSi, rvaCov-obgaZis RO_meTodi efeqturad muSa-

obs. 
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4.5. koSis amocanis amoxsna regularul wyaroTa meTodiT 

ganvixiloT, orwertilovani sasazRvro amocana Cveulebri-

vi diferencialuri gantolebisaTvis: 

𝑑𝑦

𝑑𝑥
= 𝑦(𝑥),                                             (4.66) 

𝑦(0) = 1.                                             (4.67) 

advili sapovnelia, rom maSin 𝑦 = 𝑒𝑥. 

amovxsnaT es amocana regularul wyaroTa meTodiT. amisa-

Tvis, gamoviyenebT erTganzomilebian regularuli wyaros ti-

pis funqciebs, rac imas niSnavs, rom amonaxsns veZebT Semdegi 

formiT: 

𝑦(𝑥) = 𝛼0 + 𝛼1(𝑥 − 0)2 + 𝛼2(𝑥 − 𝑒)2.                       (4.68)  

cdomilebis funqcias eqneba saxe: 

𝑅(𝑥, 𝛼) = 𝑒𝑥 − 𝛼0 + 𝛼1(𝑥 − 0)2 + 𝛼2(𝑥 − 𝑒)2.   (4.69) 

maSin, cdomilebas 𝐿2[0; 1] azriT eqneba Semdegi saxe: 

I(𝛼) = ∫ (𝑅(𝑥, 𝛼))
2

𝑑𝑥
1

0
.                                    (4.70) 

  SevadginoT programa 𝑀𝑎𝑡ℎ𝑐𝑎𝑑-ze da amovxsnaT interpo-

laciis amocana: 

     f x   0 1 x
2

 2 x e( )
2
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𝛼 ≔ 𝑆 

 

 

 

                

rogorc vxedavT, absoluturi cdomileba ar aRemateba 1%-s. 

 

4.6. sworxazovani kedlebis mqone arxSi wriuli cilindris 

stacionaruli garsdenis amocanis amoxsna regularul 

wyaroTa meTodiT 

ganvixiloT, wriuli cilindris stacionaruli garsdenis 

amocana blanti, ukumSavi siTxiT, sworxazovani kedlebis mqone 

arxSi nax. 4.5. 

 

I  
0

1

xe
x

f x   
2





d

i 0 2

i 1

Given

S MinimizeI  

j 0 10

x
j

0.1 j

f x
j
 

1.013

1.106

1.217

1.344

1.488

1.648

1.826

2.02

2.231

2.459

2.703

 e
xj

f x
j
 

0.013

-31.325·10

-34.619·10

-36.003·10

-34.114·10

-43.714·10

-33.654·10

-36.226·10

-35.428·10

-48.602·10

0.015
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nax. 4.5. wriuli cilindris garsdenis sqema 

blanti, ukumSavi siTxis stacionaruli nakadi aRiwereba 

navie-stoqsis gantolebebiTa da ukumSvadobis pirobiT:  

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= −

𝜕𝑝

𝜕𝑥
+

1

𝑅𝑒
(

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2),                                                 (4.71) 

𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= −

𝜕𝑝

𝜕𝑦
+

1

𝑅𝑒
(

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2),                                                 (4.72) 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0.                                                                            (4.73) 

sadac 𝑢(𝑥, 𝑦), 𝑣(𝑥, 𝑦) siCqaris veqtoris komponentebia,   𝑝 – wneva, 𝑅𝑒 

– reinoldsis ricxvi. 

sasazRvro pirobebi: 

𝑢𝑥2+𝑦2=1 = 𝑣𝑥2+𝑦2=1 = 0,   𝑦 = ±3.                                                    (4.74)  

kinematikuri pirobebi: 

𝑢(−5, 𝑦, 𝛼) = 1 −
1

9
𝑦2,  𝑣(−5, 𝑦, 𝛽) = 0.                    (4.75) 

 

es piroba uzrunvelyofs arxis sxvadasxva kveTSi 𝑥 = −5;   

𝑥 = 0;   𝑥 = 5 gamavali siTxis xarjis mudmivobas.  

am SemTxvevaSi, 𝐺 = [−5; 5] × [−3; 3] areze normirebul 𝑅𝑂 

funqcias aqvs saxe: 

3

3

yu 5 y  




d

3

1

yu 0 y  




d

1

3

yu 0 y  




d

3

3

yu 5 y  




d
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𝑅𝑂(𝑥, 𝑦) =
(𝑥2+𝑦2−1)(9−𝑦2)

216
.                                                                 (4.76) 

amocanis amonaxsns veZebT (4.77)-(4.79) saxiT, sadac (4.74) sa-

sazRvro pirobebi avtomaturadaa gaTvaliswinebuli:  

𝑢(𝑥, 𝑦, 𝛼) =
(𝑥2+𝑦2−1)(9−𝑦2)

216
∙ ∑ 𝛼𝑖 ∙ ((𝑥 − 𝜉𝑖)2 + (𝑦 − 𝜂𝑖)2)𝑁

𝑖=1 ,      (4.77) 

𝑣(𝑥, 𝑦, 𝛽) =
(𝑥2+𝑦2−1)(9−𝑦2)

216
∙ ∑ 𝛽𝑖 ∙ ((𝑥 − 𝜉𝑖)2 + (𝑦 − 𝜂𝑖)2)𝑁

𝑖=1 ,      (4.78) 

𝑝 = ∑ 𝛾𝑖 ∙ ((𝑥 − 𝜉𝑖)2 + (𝑦 − 𝜂𝑖)2)𝑁
𝑖=1 .                             (4.79) 

gaSlis 𝛼𝑖, 𝛽𝑖 და 𝛾𝑖 koeficientebis sapovnelad (4.77)-(4.79) fo-

rmulebs SevitanT (4.71)-(4.73) gantolebaTa sistemaSi da aseve 

SevecdebiT davakmayofiloT (4.75) kinematikuri pirobebi. viye-

nebT regularuli wyaros tipis funqciebs, romelTa lokali-

zaciaa operatoruli gantolebis gansazRvris  𝐺 aris sazR-vris 

(𝜉𝑗 , 𝜂𝑗) wertilebi nax. 4.6.;  

 

nax. 4.6. regularuli wyaros tipis funqciebis lokalizaciis wertilebi 

(𝜉𝑗 , 𝜂𝑗) 

gamoviTvaloT ganmsazRvreli parametrebis saWiro kerZo 

warmoebulebi:  

𝑢𝑥;  𝑢𝑦;  𝑢𝑥𝑥;  𝑢𝑦𝑦;  𝑣𝑥;  𝑣𝑦;  𝑣𝑥𝑥;  𝑣𝑦𝑦;  𝑝𝑥;  𝑝𝑦 . 

Semdeg, unda SevadginoT cdomilebis funqcia da 

gadaviyvanoT is 𝐿2(𝐺) hilbertis sivrcis metrikis enaze da Se-

vadginoT Sesabamisi  𝐌𝐚𝐭𝐡𝐜𝐚𝐝 - programa cdomilebis minimiza-

ciisaTvis.  

4 2 0 2 4

2

2

Y

X
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rogorc gaTvlis Sedegebi gviCvenebs, 𝑹𝑶_meTodi kargad 

asaxavs dinebis fizikur suraTs, Tumca rCeba araerTi siZnele, 

romelic dakavSirebulia mravali cvladis cdomilebis funq-

ciis minimumis povnis amocanis amoxsnasTan, roca cvladTa ra-

odenoba sakmaod didia. 

cvladTa raodenoba izrdeba imis mixedviT, Tu ramdenad 

didia 𝑮 aris diametri, Tu gadavsaxavT am ares mcire zomis 𝑮′ 

areze, maSin regularul wyaroTa Soris manZilebi iqneba 

gaTvlebis cdomilebis zRvarze. amitom, calke problemaa 

optimaluri 𝑮′ aris povna. 
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