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winasityvaoba 

 
SemoTavazebul naSrom “cocxali sistemis analizis 

meTodebis” - sxvadasxva nawils, profesori Tamaz obgaZe, 
wlebis manZilze kiTxulobda vladimiris saxelmwifo 
universitetSi (ruseTi), vitebskis saxelmwifo teqnologiur 
universitetSi (belorusia), moskovis saxelmwifo samTo 
universitetSi (ruseTi), moskovis biznesisa da politikis 
institutSi, moskovis humanitaruli ganaTlebis institutSi, 
moskovis sabuRaltro aRricxvis, analizisa da auditis 
institutis krasnodaris filialSi (ruseTi), moskovis 
saxelmwifo administrirebis institutSi (ruseTi), iv. 
javaxiSvilis saxelobis Tbilisis saxelmwifo universitetis 
soxumis filialSi  da amJamad, kiTxulobs saqarTvelos 
teqnikur universitetSi.   

masalis gadmocemisa da meToduri miTiTebebisadmi 
midgoma warmoadgens avtorebis sxva saswavlo-meToduri 
Sromebis gagrZelebas. damxmare saxelmZRvaneloSi 
informatikisa da marTvis sistemebis fakultetze, amJamad 

moqmedi programebis saganTa mTeli wyebis rTuli nawilebi,  

gaRrmavebuladაა gadmocemuli. 
naSromSi farTod gamoiyeneba arsebuli gamoyenebiTi 

programebis paketebi. damxmare saxelmZRvanelos yoveli Tavis 
bolos mocemulia damoukideblad Sesasrulebeli 
savarjiSoebi da literaturis sia.  

unda aRiniSnos, rom saqarTveloSi Catarebuli 
ganaTlebis reformis Sedegad, ise gamartivda maTematikis 
zogadi kursis programa da imdenad Semcirda saaTebis 
raodenoba, rom saWiro gaxda mocemul saxelmZRvaneloSi 
Segvetana maTematikis ramodenime sakiTxi, raTa Segvemza-
debina studentebi ufro rTuli, specialuri sakiTxebis 
asaTviseblad. damxmare saxelmZRvanelos pirvel tomSi 
ganvixileT bulis algebrebis kategoria, rac saSualebas 
iZleva avagoT da SeviswavloT salaparako enis formali-
zebuli modelebi. ganvixileT ricxviTi da funqcionaluri 
simravleebi raTa SevZloT cocxal sistemebTan dakavSire-
buli dinamikuri sistemebis analizi; SeviswavleT dinamikuri 
sistemisa da qaosis kvlevis klasikuri meTodebi. 
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შესავალი 

 
cocxali sistema TviTorganizebadi da TviTwarmoqmnadi 

gare samyarosTan urTierTqmedi sistemaa, romelsac 
axasiaTebs cocxali organizmis Tvisebebi. 

arsebobs azri, rom adamianebisagan Semdgar sistemas, 
rogoricaa socialuri an ekonomikuri sistemebi, axasiaTebs 
cocxali organizmis analogiuri mravali Tviseba. es 
cocxali organizmi aris organizmi, Tavisi ujredebiT, 
nivTierebaTa cvliT da nervuli sistemiT. masSi TiToeul 
sazogadoebriv instituts aqvs Tavisi daniSnuleba organizmis 
sicocxlisunarianobis SenarCunebaSi. magaliTad, armia 
moqmedebs, rogorc organizmis imunuri sistema, raTa daicvas 
qveyana ucxoTa SemoWrisagan, xolo mTavroba asrulebs tvinis 
funqcias, raTa miiRos gadawyvetileba da marTos procesebi. 
es azri, pirvelad gaJRerda jer kidev antikur xanaSi, 
aristoteles mier.  

aseT sistemaSi, procesebi decentralizebulia, 
SeuZlebelia misi prognozi da mudmivad icvleba. rTuli 
adaptirebuli moqmedeba xorcieldeba organizmis sxvadasxva 
avtonomiuri komponentis urTierTqmedebis xarjze. 

yovelive aman migviyvana iqamde, rom cocxali organizmis 
msgavsi sistemisaTvis 1978 wels Camoyalibda cocxali 
sistemis zogadi Teoria, romlis avtoric aris jeims mileri. 

zemoTqmulidan, SegviZlia davaskvnaT, rom cocxali 
sistema warmoadgens Ria, TviTregulirebad da TviTwar-
moqmnad sistemas, romelsac multifraqtaluri struqtura 
aqvs. 

am wignSi ganvixilavT cocxali sistemis kvlevis 

algebrულgeometriul meTodebs: topologiur jgufebs; lis 
algebrebs,  diferencialur formebs, tenzorebs,  diferenci-
rebad mravalsaxeobebs da maTi gamoyenebis konkretul 
meTodebs; rimanis geometrias da ainStainis gantolebebs. 

am aparats didi mniSvneloba aqvs iseTi cocxali 
sistemebis Seswavlisas, rogoricaa dedamiwa da kosmosi; 
mikrokosmosi da relativisturi Teoria; ekonomika da 
sociumi, fsiqikuri da qvecnobieri. 
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I Tavi. ZiriTadi maTematikuri cnebebi 
 

Sesavali 
 

didi xania, rac cocxali sistemis analizis meTodebi 

gascilda „Cveulebriv“, klasikur analizs da moicva 
Tanamedrove algebrisa da geometriis meTodebi. Cven 
ganvixilavT diferencialuri geometriis im meTodebs, 
romlebic dRes ukve samuSao aparats qmnian cocxali sistemis 
Seswavlisas. farTo gamoyeneba aqvs topologiuri jgufebis 
teqnikas. gansakuTrebiT lis algebrebsa da jgufebs, 
tenzorebs, diferencialur formebs, diferencire-badi 
mravalsaxeobebis Teorias, rimanis geometrias. swored am 
sakiTxebs eZRvneba es wignic. am TavSi ganvixilavT im ZiriTad 
maTematikur cnebebs, romlebic Semdeg, cocxali sistemis 
axali geometriuli meTodebis gadmosacemadaa aucilebeli. 

 
 

1.1. ℝ𝒏 sivrce da misi topologia 
 

ℝ𝒏 sivrce aris Cveulebrivi veqtoruli algebris 𝑛–gan-

zomilebiani sivrce; am sivrceSi wertils, Seesabameba 𝑛 

namdvili ricxvi (𝑥1, 𝑥2, … , 𝑥𝑛). intuiciurad vTvliT, rom es 

uwyveti sivrcea: am sivrcis nebismieri wertilisaTvis 

arseboben masTan, ragind axlomdebare wertilebi, aseve, 

nebismier or wertilTan erTad, es sivrce Seicavs am 

wertilebis SemaerTebel monakveTsac. arseboben diskretuli 
sivrceebic. uwyvetobis cneba zust azrs iZens misi 

topologiis Seswavlisas. maTematikaSi «topologiis» cnebas 

orgvari interpretacia aqvs. Cven ganvixilavT «lokalur 

tipologias». misgan gansxvavebiT, arsebobs «globaluri 

topologiac» romelic, Seiswavlis mTliani sivrcis 

Tvisebebs, magaliTad, im Tvisebebs, romlebic ganasxvaveben 

sferos torisagan. globalur topologiaze visaubrebT 

mogvianebiT, diferencialuri formebis ganxilvisas. aq ki 

ganvixilavT lokaluri topologiis ZiriTad cnebebs. 
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aq ZiriTadi cnebaa ℝ𝒏 sivrcis wertilis midamos cneba. am 

cnebis Semosatanad gvWirdeba sivrcis or (𝑥1, 𝑥2, … , 𝑥𝑛) da 

(𝑦1, 𝑦2, … , 𝑦𝑛) wertils Soris manZilis cneba: 

𝜌(𝑥, 𝑦) = √(𝑥1 − 𝑦1)
2 + (𝑥2 − 𝑦2)

2 +⋯+ (𝑥𝑛 − 𝑦𝑛)
2.           (1.1) 

ℝ𝒏 sivrcis 𝑥 wertilis midamo ewodeba am sivrcis im 𝑁𝑟(𝑥) 

wertilebis simravles, saidanac 𝑥 wertilamde manZili 

naklebia mocemul 𝑟 ricxvze. magaliTad, ℝ𝟐 sivrcis 

SemTxvevaSi 𝑥 wertilis midamo warmoadgens 𝑟 - radiusiani 

wrewiris SigniT mdebare wertilebis simravles, romlis 

centric 𝑥 wertilSia nax. 1.1 

 

nax. 1.1. ℝ𝟐 sivrcis SemTxvevaSi 𝑥 wertilis midamo 

warmoadgens 𝑟 - radiusiani wrewiris SigniT mdebare 

wertilebis simravles, romlis centric 𝑥 wertilSia 

axla, ukve SegviZlia sivrcis uwyvetobis cnebis ufro 

zustad Camoyalibeba. ℝ𝒏 sivrcis wertilebis simravles 

ewodeba diskretuli, Tu mis yovel wertils aqvs iseTi 

midamo, romelic ar Seicavs am simravlis sxva wertilebs. 

cxadia, rom TviTon ℝ𝒏 sivrce araa diskretuli. amboben, rom 

ℝ𝒏 sivrcis raime 𝑆 wertilebis simravle Riaa, Tu am 

simravlis nebismier 𝑥 wertils aqvs iseTi midamo, romelic 

mTlianad ekuTvnis 𝑆 simravles. cxadia rom diskretuli 

simravle ar ariს Ria da maს aRar gamoviyenebT. Ria simravlis 

martivi magaliTia ℝ𝟏 sivrcis iseTi 𝑥 wertile-bis simravle, 

romlebic akmayofileben utolobas 𝑎 < 𝑥 < 𝑏.  
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ℝ𝒏 sivrcis nebismier or wertils aqvs iseTi midamoebi, 

romlebic erTmaneTs ar kveTen (Tumca maT iseTi midamoebic 

aqvT, romlebic ikveTebian, magram, Tu sakmaod SevamcirebT maT 

radiusebs, SegviZlia mivaRwioT imas, rom isini aRar 

gadaikveTon). am Tvisebas ℝ𝒏 sivrcis gancalebadobას (anu 

xausdorfobას) უწოდებენ. arsebobს aragancalebadi sivrcec, 

magram Cveni miznebisaTvis იგი ar gamodgeba, amitom maს ar 

ganvixilavT. 

amrigad, SemoviReT 𝜌(𝑥, 𝑦) manZilis funqcia, ramac 

saSualeba mogvca gangvemarta wertilis midamos da, 

maSasadame, Ria simravlis cneba. aqedan gamomdinare, SegviZlia 

vTqvaT, rom ℝ𝒏 sivrcis topologia inducirebulia 𝜌(𝑥, 𝑦) 
manZilis funqciiT. rac imas niSnavs, rom manZilis cnebis 

saSualebiT ganisazRvreba Ria simravleebi ℝ𝒏 sivrceSi, 

romlebic akmayofileben Tvisebebs: 

1) Tu 𝑆1 da 𝑆2 Ria simravleebia, maSin maTi TanakveTis 

 𝑆1 ∩ 𝑆2 simravlec Riaa; 

2) nebismieri raodenobis Ria simravlis gaerTianeba Riaa. 

 

imisaTvis, rom pirveli (1) Tviseba ZalaSi iyos nebismieri 

Ria simravlisaTvis, CavTvaloT, rom carieli simravle Riaa 

gansazRvrebis Tanaxmad. 

rogorc vxedavT, manZilis 𝜌(𝑥, 𝑦) funqcia ℝ𝒏 sivrces 

gadaaqcevs topologiur sivrced. manZilis funqcias 

(metrikas) SeiZleba ჰqondes sxvanairi saxec. amitom ismis 

kiTxva: «ramdenadaa damokidebuli inducirebuli topologia 

manZilis funqciis konkretul saxeze ?». ganvixiloT, 

magaliTad, axali manZilis funqcia 

𝜌′(𝑥, 𝑦) = √4(𝑥1 − 𝑦1)
2 + 0.5(𝑥2 − 𝑦2)

2 +⋯+ (𝑥𝑛 − 𝑦𝑛)
2.     (1.2) 

am metrikasac mivyavarT midamosa da Ria simravlis 

cnebebamde; rac, Tavis mxriv, gvaZlevs topologiur struqtu-

ras. aq mTavaria is, rom, Tu simravle Riaa 𝜌′(𝑥, 𝑦) metrikis 

pirobebSi, maSin is Riaa 𝜌(𝑥, 𝑦) metrikaSic da, piriqiT. ase 
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rom, topologiuri Tvisebebi ufro «uxeSia» metrikulTan 

SedarebiT, amitom manZilis funqciis konkretul saxes ara 

aqvs principuli mniSvneloba. 𝜌(𝑥, 𝑦) metrikiT inducirebul 

topologias bunebriv topologias uwodeben. aq mTavaria is, 
rom wertilebs Soris manZili ragind mcire SeiZleba iyos da 
sxvadasxva wertils Soris manZili ar SeiZleba iyos nulis 
toli. zogjer midamos cnebac SeiZleba gamoviyenoT sxva 

formiT da 𝑥 wertilis midamo vuwodoT mis Semcvel nebismier 

simravles, romelic Seicavs am wertilis momcvel Ria 

simravles. 

 

 

1.2. asaxvა 

 

𝑓 asaxva M sivrcidan N𝑁 sivrceSi aris 𝑓 wesi, romelic 

M sivrcis yovel 𝑥 elements, Seusabamebs N𝑁 sivrcis 

romeliRac erTaderT 𝑓(𝑥) elements. am Sesabamisobis naTlad 

warmosadgenad ganvixiloT nax.1.2 

 

nax.1.2. asxvis sqema 𝑓:𝑀 ⟼ 𝑁, romelic aRniSnavs 

Sesabamisobas 𝑥 ⟼ 𝑓(𝑥) 

asaxvis umartivesi magaliTia namdvili cvladis funqcia 

ℝ𝟏 simravleze. aseTi funqcia namdvil ricxvTa simravlis 

nebismier 𝑥 wertils Seusabamebs amave simravlis 𝑓(𝑥) 

wertils. ganvixiloT aseTi funqciis grafikuli warmodgena 

nax.1.3 
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nax.1.3. namdvil ricxvTa simravlis araurTierTcalsaxa 

asaxva Tavis Tavze 

Tu gvaqvs asaxva 𝑓:𝑀 ⟼ 𝑁, maSin 𝑀 simravlis nebismieri 

𝑆 ⊂ 𝑀 qvesimravle aisaxeba 𝑁 simravlis raRac 𝑇 ⊂ 𝑁 

qvesimravleSi, romelsac 𝑺 simravlis saxe ewodeba 𝑓 asaxvisas 

da aRiniSneba 𝑓(𝑆)-iT. piriqiT, 𝑆 simravles, romelic Sedgeba 

𝑇 simravleSi asaxuli elementebisagan, 𝑇 simravlis winasaxe 

ewodeba da aRiniSneba 𝑓−1(𝑇)-iT. Tu 𝑓 asaxvas ramodenime 

wertili gadahyavs erT wertilSi, maSin 𝑓−1 aRar iqneba asaxva, 

radgan is aRar iqneba calsaxa. ase rom, 𝑓−1(𝑇) gamosaxulebas, 

sazogadod, unda SevxedoT rogorc erTian simbolos, 

romelic aRniSnavs simravles da ara 𝑓−1 asaxvas. im 

SemTxvevaSi, roca 𝑇 simravlis yovel wertils aqvs 

erTaderTi winasaxe 𝑆 simravleSi, amboben rom 𝑓 ineqturi 

asaxvaa anu arsebobs Sebrunebuli asaxva 𝑓−1, romelic 𝑀 

simravlis saxeTa simravles asaxavs isev 𝑀 simravleSi. aseT 

asaxvebs, zogjer 1-1 asaxvas uwodeben. 

1-1 asaxvis magaliTia saqarTvelos geografiuli ruka. am 

SemTxvevaSi dedamiwis zedapiris garkveuli nawilis yoveli 

wertili aisaxeba sibrtyis garkveul wertilSi. 

Tu gvaqvs ori 𝑓 da 𝑔 asaxva, sadac 𝑓:𝑀 ⟶ 𝑁 da 𝑔:𝑁 ⟶ 𝑃, 

maSin ganisazRvreba asaxvaTa kompozicia 𝒈 ∘ 𝒇, romelic 𝑀 

simravles asaxavs 𝑃 simravleSi g ∘ f: M → P. xsvanairad rom 

vTqvaT, (g ∘ f)(x) = g(f(x)). 

sazogadod, vsaubrobT 𝑀 simravlis asaxvaze 𝑁 

simravleSi. xolo, Tu N𝑁 simravlis yovel wertils aqvs 
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winasaxe 𝑀 simravleSi, maSin vambobT rom gvaqvs 𝑀 simravlis 

asaxva 𝑁 simravleze anu sureqcia. iseT asaxvas, romelic 

erTdroulad ineqciacaa da sureqciac, bieqcia ewodeba.  

Semotanili cnebebi saSualebas gvaZlevს ganvsazRvroT 

uwyveti asaxva topologiuri eniT. vityviT rom gvaqvs uwyveti 

asaxva 𝑓:𝑀 ⟶ 𝑁 mocemul 𝑥 wertilSi, Tu 𝑁 simravlis 𝑓(𝑥) 

elementis Semcveli nebismieri Ria simravle moicavs 𝑀 

simravlis 𝑥 elementis Semcveli romeliRaca Ria simravlis 

saxes. igulisxmeba rom 𝑀 da 𝑁 topologiuri sivrceebia 

(winaaRmdeg SemTxvevaSi uwyvetobaze laparaks azri ara aqvs). 

vityviT rom 𝒇 asaxva uwyvetia 𝑴 simravleze, Tu is uwyvetia 

mis yovel wertilSi. 

marTebulia Teorema: asaxva 𝑓:𝑀 ⟶ 𝑁 uwyvetia maSin da 

mxolod maSin, Tu 𝑁 simravlis yoveli Ria simravlis winasaxe 

𝑀 simravleSi Ria simravlea. 

radgan ukve gaverkvieT uwyvet asaxvebSi, SegviZlia ganvi-

xiloT funqciaTa diferencirebadobis sakiTxebic.  

vityviT, rom ℝ𝒏 sivrcis raime Ria 𝑆 simravleze 

gansazRvruli 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) funqcia(asaxva) aris 𝐶
𝑘 klasis, Tu 

is uwyvetia Tavis yvela (𝑘 rigის CaTvliT) kerZo 

warmoebulTan erTad. kerZo SemTxvevebia: uwyet funqciaTa 

klasi 𝐶0; usasrulod diferencirebadi funqciebi 𝐶∞. 

Tu ineqtiur 1-1 asaxvas ℝ𝒏 sivrcis raime Ria 𝑀 simravle 

gadahyavs amave sivrcis sxva 𝑁 Ria simravleze, maSin es asaxva 

SeiZleba CavweroT Semdegi saxiT 

𝑦𝑖 = 𝑓𝑖(𝑥1, 𝑥2, … , 𝑥𝑛) anu 𝒚 = 𝒇(𝒙), 𝑖 = 1, 𝑛̅̅ ̅̅ ̅,               (1.3) 

sadac 𝑥 ∈ 𝑀 ∧ 𝑦 ∈ 𝑁. Tu yvela 𝑓𝑖 funqcia aris 𝐶
𝑘 klasis, maSin 

am asaxvas 𝐶𝑘 - asaxva ewodeba. 
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𝐶1 -asaxvis iakobis matrica ewodeba 
𝜕𝑓𝑖

𝜕𝑥𝑗
 kerZo 

warmoebulebisagan Semdgar matricas. am matricis 

determinants iakobians uwodeben. mas zogjer gamosaxaven 

შემდეგნაირად:      

𝑱 =
𝝏(𝒇𝟏,𝒇𝟐,…,𝒇𝒏)

𝝏(𝒙𝟏,𝒙𝟐,…,𝒙𝒏)
.                       (1.4) 

aracxadi funqciis Sesaxeb Teoremidan gamomdinare, Tu 

mocemul 𝑥 wertilSi iakobiani gansxvavebulia nulisagan, 

maSin ამ წერტილის მიდამოში asaxva bieqciaa (urTierTcalsaxa 

asaxva) da SesaZlebelia  𝑥 wertilis midamoSi (1.3) 

formulebis amoxsna Zveli cvladebis mimarT 𝒙𝒊 = 𝒇
−𝟏(𝒚). 

Tu 𝑔(𝑥1, 𝑥2, … , 𝑥𝑛) da 𝑔∗(𝑦1, 𝑦2, … , 𝑦𝑛) funqciebi erTmaneTTan 

dakavSirebulia formuliT 

𝑔(𝑥1, 𝑥2, … , 𝑥𝑛) = 𝑔∗(𝑓1, 𝑓2, … , 𝑓𝑛),                            (1.5) 

maSin integrali 𝑔 funqciidan 𝑀 simravleze tolia integ-

ralisa 𝑔∗𝐽 funqciidan 𝑁 simravleze. 

 

 

1.3. namdvili cvladis funqciaTa Teoria 

erTi namdvili cvladis namdvil 𝑓(𝑥) funqcias ewodeba 

analizuri 𝑥 = 𝑥0 wertilSi, Tu am wertilis midamoSi 

arsebobs misi 𝑓(𝑥) funqciisaken krebadi warmodgena teiloris 

mwkrivad: 

𝑓(𝑥) = 𝑓(𝑥0) + (𝑥 − 𝑥0) (
𝑑𝑓

𝑑𝑥
)
𝑥0
+
1

2
(𝑥 − 𝑥0)

2 (
𝑑2𝑓

𝑑𝑥2
)
𝑥0
+ …       (1.6) 

cxadia, rom, Tu 𝑓(𝑥) funqcias ara aqvs yvela rigis 

warmoebuli 𝑥 = 𝑥0 wertilSi, maSin is araa analizuri, Tumca 

SeiZleba funqcia iyos 𝐶∞ klasis, magram ar iyos analizuri. 
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magaliTad, 𝑓(𝑥) = 𝑒−
1

𝑥2. am funqciis mniSvneloba, yvela rigis 

warmoebulis mniSvnelobasTan erTad 𝑥 = 0 wertilSi nulis 

tolia, Tumca nulis nebismier midamoSi is gansxvavdeba 

nulisagan nax. 1.4 

 

nax. 1.4. araanalizuri yvelgan diferencirebadi 𝐶∞ 

klasis 𝑓(𝑥) = 𝑒−
1

𝑥2 funqciis grafiki 

 

miuxedavad imisa, rom analizuri 𝐶𝜔 funqciebis klasi 

sakmaod viwroa, maT mainc didi gamoyeneba aqvT funqcionalur 

analizSi. es ganpirobebulia imiT, rom kvadratiT integrebad 

𝐿2 klasis yvela 𝑓(𝑥) funqcias SegviZlia ragind didi 

sizustiT (𝐿2 normiT) mivuaxlovdeT Sesabamisi 𝑔(𝑥) 

analizuri funqciiT. anu nulTan ragind axlos iqneba 

integrali 

∫(𝑓(𝑥) − 𝑔(𝑥))2𝑑𝑥 ⟶ 0.                                  (1.7) 

amitom, sadac es SesaZlebelia, didi sizustiT SegviZlia 

gamoviyenoT miaxloebuli analizuri 𝐶𝜔 funqciebi.  

gansazRvrebis Tanaxmad, 𝐀 operatori ℝ𝐧 sivrceSi 

gansazRvrul 𝑓 funqcias asaxavs sxva 𝐴(𝑓) funqciaSi. 

magaliTad, Tu 𝐴(𝑓) = 𝑔𝑓, sadac 𝑔 raime fiqsirebuli funqciaa, 

10 5 0 5 10
0

0.5

1

f x( )

x
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maSin es operatori aRniSnavs ubralod gamravlebas. 

operatorebis sxva magaliTebia Cveulebrivi diferencirebis 

operatori 𝐷(𝑓) =
𝜕𝑓

𝜕𝑥
 an integრიrebis operatori mocemuli 𝑔 

guliT (𝐺(𝑓))(𝑥) = ∫ 𝑓(𝑦)𝑔(𝑥, 𝑦)𝑑𝑦
𝑥

0
 an ufro rTuli operatori 

𝐸(𝑓) = 𝑓2 +
𝜕3𝑓

𝜕𝑥3
. 

operatori SeiZleba gansazRvruli iyos yvela 𝑓 

funqciaze an SeiZleba hqondes garkveuli gansazRvris are. 

magaliTad, 𝐷 operatori gansazRvrulia mxolod diferenci-

rebad funqciebze, xolo 𝐺 araa gansazRvruli im funqciebze, 

romlebisTvisac Sesabamisi integrali ar arsebobs. 

ori 𝐴 da 𝐵 operatoris komutatori aRiniSneba ase: [𝐴, 𝐵] 

da ganisazRvreba, rogorc axali operatori, formuliT 

[𝐴, 𝐵](𝑓) = (𝐴𝐵 − 𝐵𝐴)(𝑓) = 𝐴(𝐵(𝑓)) − 𝐵(𝐴(𝑓)).               (1.8) 

Tu ori operatoris komutatori nulis tolia, maSin 

amboben rom es operatorebi komutireben. aq sifrTxilea 

saWiro operatorebis gansazRvris aresTan dakavSirebiT. 

komutatoris gansazRvris are SeiZleba ufro viwro aRmoCndes 

vidre calkeuli 𝐴 da 𝐵 operatorebis. diferencialur 

operatorebTan praqtikuli muSaobisas, xSirad, xelsayrelia 

gansazRvris ared aviRoT 𝐶∞ klasis funqciebi da ar 

SemovifargloT gansazRvris areebze fiqriT. 

 

 

1.4. jgufTa Teoria 

 

𝐺 simravlis elementebis erTobliobas, maTze gansazRv-

ruli binaruli operaciiT (aRvniSnavT wertiliT) ewodeba 

jgufi, Tu marTebulia aqsiomebi:  

a) asociatiuroba: nebismieri 𝑥, 𝑦, 𝑧 elementebisaTvis 𝐺 

simravlidan 
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𝑥 ∙ (𝑦 ∙ 𝑧) = (𝑥 ∙ 𝑦) ∙ 𝑧,                                   (1.9) 

b) marjvena erTeulis arseboba: 𝐺 Seicavs iseT 𝑒 elements, 

rom nebismieri sxva 𝑥 ∈ 𝐺 elementisaTvis 

𝑥 ∙ 𝑒 = 𝑥,                                              (1.10) 

    g) marjvena Sebrunebulis arseboba: nebismieri 𝑥 ∈ 𝐺  

elementisaTvis arsebobs iseTi 𝑥−1 ∈ 𝐺, rom 

𝑥 ∙ 𝑥−1 = 𝑒.                                            (1.11) 

jgufs ewodeba abeluri (komutatiuri), Tu amas garda, 

nebismieri 𝑥, 𝑦 ∈ 𝐺  elementisaTvis marTebulia piroba: 

𝑥 ∙ 𝑦 = 𝑦 ∙ 𝑥.                                              (1.12) 

sasruli jgufis standartuli magaliTia n - elementiani 

simravlis elementebis gadanacvlebaTa jgufi; ori 

gadanacvlebis binaruli kompozicia aris, am ori gadanacv-

lebis mimdevrobiTi Sesrulebis Sedegi. am jgufSi aris 𝑛! 

elementi. erTeuli elementis rols asrulebs iseTi 

gadanacvleba, romelic yvela elements adgilze tovebs.  

jgufebis ganmartebaSi Semavali aqsiomebidan 

gamomdinareobs, rom 𝑒 erTeulovani elementi erTaderTia da 

amave dros marcxena erTeulicaa anu 𝑒 ∙ 𝑥 = 𝑥; unda aRiniSnos, 

rom 𝑥−1 ∈ 𝐺 Sebrunebulic erTaderTia da amave dros is 

marcxena Sebrunebulicaa anu 𝑥−1 ∙ 𝑥 = 𝑒. zogjer gamravlebis 

niSans gamotoveben xolme da weren, ubralod, 𝑥𝑦. 

cocxali sistemisaTvis gansakuTrebuli mniSvneloba aqvs 

lis jgufebs, romelTac detalurad ganvixilavT meore TavSi. 

esaa uwyveti jgufi: lis jgufis yoveli Ria simravlisaTvis 

dasaSvebia 1-1 asaxva, romelsac is gadahyavs n – ganzomilebiani 

ℝ𝒏 sivrcis raime Ria simravleze. lis jgufis magaliTs 

warmoadgens ℝ𝒏 sivrcis translaciaTa (𝑥 ⟼ 𝑥 + 𝑎) jgufi, 

sadac 𝑎 = 𝑐𝑜𝑛𝑠𝑡. am 𝑎 ricxvis yovel mniSvnelobas Seesabameba 

translaciaTa lis jgufis რომელიღაც elementi. ase rom, 

translaciaTa lis jgufi urTierTcalsaxad aisaxeba mTel 
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ℝ𝒏 sivrceze. jgufis operaciaa Cveulebrivi Sekreba, or 

(𝑥1, 𝑥2, … , 𝑥𝑛) da (𝑦1, 𝑦2, … , 𝑦𝑛) elements Seesabameba maTi jami  

𝒙 + 𝒚 = (𝑥1 + 𝑦1, 𝑥2 + 𝑦2, … , 𝑥𝑛 + 𝑦𝑛).                       (1.13) 

es magaliTi gviCvenebs, rom jgufis operacia yovelTvis 

ar aRiniSneba multiplikaciuri " ∙ " simboloTi. abeluri 

jgufisaTvis, romlis magaliTic ukve ganvixileT ufro 

xelsayrelia aditiuri " + " simbolo.  

𝐺 jgufis qvejgufi ewodeba mis nebismier 𝑆 qvesimravles, 

romelic aris jgufi, masSi Semavali elementebisaTvis 𝐺 

jgufis binaruli operaciis mimarT.  

winsarTi qve xSirad gvxvdeba da mas viyenebT, roca 

laparakia sawyisi simravlis raime qvesimravlis Sesaxeb, 

romelsac igive struqtura aqvs, rac sawyis simravles 

(qvemravalsaxeoba, lis qvejgufi, lis qvealgebra . . .) 

qvejgufi aris jgufi, rac imas niSnavs, rom is yovelTvis 

Seicavs erTeulovan elements.  

magaliTad: gadanacvlebaTa jgufisaTvis advili asagebia 

qvejgufebi; ganvixiloT n – elementiani simravlis elemente-
bis gadanacvlebaTa jgufis iseTi qvesimravle, romlis 
elementebic aris iseTi gadanacvlebebi, romlebic uZravad 

toveben pirvel elements. cxadia, rom es iqneba n – elementiani 
simravlis elementebis gadanacvlebaTa jgufis qvejgufi; 
marTlac, a) aseTi qvesimravlis elementebisaTvis binaruli 
kompozicia asociatiuria; b) igivuri gardaqmna uZravad tovebs 

pirvel elements da, maSasadame, is erTeulovani elementia 
qvesimravlisaTvisac; g) Tu mocemuli gadanacvleba uZravad 
tovebs pirvel elements, maSin misi Sebrunebulic uZravad 

tovebs pirvel elements. es qvejgufi emTxveva n-1 - elementiani 

simravlis elementebis gadanacvlebaTa jgufs.  

advili Sesamowmebelia, rom n - elementiani simravlis 

elementebis gadanacvlebaTa jgufis iseTi qvesimravle, 



16 

 

romelic Seicavs mxolod luw gadanacvlebebs, agreTve 

qvejgufia, xolo mxolod kenti gadanacvlebebis Semcveli 
qvesimravle araa qvejgufi. 

Cveni winadadeba, rom n elementiani simravlis elementebis 

gadanacvlebaTa jgufis romeliRac qvejgufi, emTxveva n-1- 

elementiani simravlis elementebis gadanacvlebaTa jgufs, 

imas niSnavs, rom es ori jgufi izomorfulia.  

or 𝐺1 da 𝐺2 jgufs Sesabamisi binaruli operaciebiT " ∙ " 

da " ∗ " ewodeba izomorfuli, Tu arsebobs iseTi 1-1 asaxva 

𝑓: 𝐺1 → 𝐺2, romelic inarCunebs jgufis operacias: 

𝑓(𝑥 ∙ 𝑦) = 𝑓(𝑥) ∗ 𝑓(𝑦).                                     (1.14) 

magaliTi: vTqvaT, 𝐺1 aris dadebiTi namdvili ricxve-

bisagan Sedgenili jgufi gamravlebis (multiplikaciuri) 

operaciis mimarT, xolo 𝐺2 aris namdvili ricxvebisagan 

Sedgenili jgufi Sekrebis (aditiuri) operaciis mimarT. maSin, 

Tu ∀𝑥 ∈ 𝐺1 da 𝑓(𝑥) = 𝑙𝑜𝑔𝑥, gveqneba asaxva 𝑓: 𝐺1 → 𝐺2, romelic 

akmayofilebs (1.14) pirobas: 

log(𝑥𝑦) = 𝑙𝑜𝑔𝑥 + 𝑙𝑜𝑔𝑦.                                    (1.15) 

es ori jgufi izomorfulia da 𝑓 aris izomorfizmi. 

meore mniSvnelovani cnebaa jgufTa homomorfizmi. misi 

gansazRvreba analogiuria izomorfizmis gansazRvrebisa, 

ოღონდ, am SemTxvevaSi ar moiTxoveba urTierTcalsaxa 

Tanadoba (bieqcia), magram (1.14) Tanadoba aucileblad unda 

sruldebodes. jgufis Tavis Tavze trivialuri homomorfiz-
mi aris iseTi asaxva, roca jgufis yvela elementi gadadis 
erTeulovan elementSi. naklebad trivialuria – 

gadanacvlebaTa jgufis homomorfizmi multiplikaciur 

jgufze, romelic Sedgeba mxolod ori elementisagan {1;−1}. 

am fomomorfizmis dros, nebismier luw gadanacvlebas 

Seesabameba 1, xolo kenti gadanacvleba gadadis -1-Si.  
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1.5. wrfivi algebra 

 

𝑽 simravles ewodeba veqtoruli sivrce (namdvil ricxv-

Ta velis zemoT), Tu is Qqmnis abelur jgufs, masSi gansazRv-

ruli aditiuri " + " operaciis mimarT da, Tu gansazRvrulia 

misi elementebis " ∙ " namravli namdvil ricxvebze, romlebic 

akmayofileben aqsiomebs: 

𝑉1) 𝑎 ∙ (𝒙 + 𝒚) = 𝑎 ∙ 𝒙 + 𝑎 ∙ 𝒚,                               (1.16) 

𝑉2) (𝑎 + 𝑏) ∙ 𝒙 = 𝑎 ∙ 𝒙 + 𝑏 ∙ 𝒙,                               (1.17) 

𝑉3) (𝑎𝑏) ∙ 𝒙 = 𝑎(𝑏 ∙ 𝒙),                                    (1.18) 

𝑉4) 1 ∙ 𝒙 = 𝒙.                                             (1.19) 

erTeulovani elementi 𝑽 abelur jgufSi aRiniSneba 0-iT. 

garda Cveulebrivi veqtorebis simravlisa, veqtoruli sivrcis 

magaliTebia:      

1) kvadratuli 𝑛 × 𝑛 matricebis simravle, sadac " + " 

operacia niSnavs matricebis Sesabamisi komponentebis 

Sekrebas, xolo matricis " ∙ " gamravleba namdvil 

ricxvze niSnavs, matricis TiToeuli elementis gadam-

ravlebas am ricxvze; 

2) mocemul [𝑎; 𝑏] Sualedze gansazRvruli namdvili 

cvladis uwyveti funqciebis simravle Sesabamisi 

operaciebiT. 

rogorc wesi, gamotoveben xolme wertils namdvil 

ricxvze gadamravlebisas da frCxilebs, romlebic 

figurireben veqtoruli sivrcis gansazRvrebis aqsiomebSi. 

𝑽 veqtoruli sivrcis 𝒙, 𝒚, 𝒛 elementebis wrfivi kombinacia 

ewodeba gamosaxulebas 

𝑎𝒙 + 𝑏𝒚 + 𝑐𝒛,                                            (1.20) 

sadac 𝑎, 𝑏, 𝑐 ∈ ℝ.  
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𝑽 veqtoruli sivrcis (𝒙𝟏, 𝒙𝟐, … , 𝒙𝒏) elementebs ewodebaT 

wrfivad damoukidebeli, Tu ar arsebobs iseTi aranulovani 

ricxvTa erToblioba (𝑎1, 𝑎2, … , 𝑎𝑛), romlisTvisac marTebulia 

toloba 

∑ 𝑎𝑖𝑥𝑖 = 0
𝑛
𝑖=1 .                                            (1.21) 

wrfivad damoukidebel sistemas ewodeba maqsimaluri, Tu 

masTan nebismieri sxva veqtoris mierTebas, mivyavarT wrfivad 
damokidebul sistemamde. gansazRvrebis Tanaxmad, es imas 

niSnavs, rom 𝑽 veqtoruli sivrcis nebismieri elementi 
SegviZlia gamovsaxoT maqsimaluri wrfivad damoukidebeli 

sistemis veqtorebis wrfivi kombinaciis saxiT.  

ase rom, maqsimaluri wrfivad damoukidebeli sistema 

qmnis 𝑽 veqtoruli sivrcis baziss.  

magaliTad, Tu ganvixilavT namdvili ricxvebisagan 

Sedgenili kvadratuli 𝑛 × 𝑛 matricebis simravles, maSin misi 

erT-erTi bazisi Sedgeba 𝑛2 sxvadasxva matricisagan, 

romelTagan TiToeulSi mxolod erTi elementia 

aranulovani,  danarCeni nulebia. 

sazogadod, bazisis elementebis raodenobas 𝑽 veqtoruli 

sivrcis ganzomileba ewodeba.  

mocemuli sivrcis nebismieri bazisi Sedgeba erTi da imave 

raodenobis elementebisagan, Tu sivrcis ganzomileba sasru-

lia.  

vTqvaT, {𝒙𝑖 , 𝑖 = 1,… , 𝑛} aris 𝑽 veqtoruli sivrcis bazisi, 

maSin ∀𝒚 ∈ 𝑽 gveqneba warmodgena 

𝒚=∑ 𝑎𝑖𝒙𝑖
𝒏
𝒊=𝟏 ,                                             (1.22) 

sadac (𝑎1, 𝑎2, … , 𝑎𝑛) ricxvebs uwodeben 𝒚 veqtoris komponentebs 

mocemuli {𝒙𝑖 , 𝑖 = 1,… , 𝑛} bazisisaTvis. cxadia, rom sxva bazisSi 

veqtoris komponentebi, saერთოდ, sxva ricxvebi iqneba. 
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𝑽 veqtoruli sivrcis qvesivrce  ewodeba mis qvesimravles, 

romelic TviTonaa veqtoruli sivrce. 

 cxadia, rom qvesivrce unda Seicavdes nulovan veqtors 

da Tavisi elementebis yvela SesaZlo wrfiv kombinacias. 

amboben, rom (𝒚𝟏, 𝒚𝟐, … , 𝒚𝒎) veqtorTa simravle warmoqmnis 𝑽 

veqtoruli sivrcis qvesivrces, romelic Sedgeba am 

veqtorebis yvela SesaZlo wrfivi kombinaciisagan. am sistemis 

maqsimaluri wrfivad damoukidebeli veqtorebis raodenoba 

qmnis qvesivrcis ganzomilebas. Tu 𝑚 < 𝑛, maSin wrfivi 

kombinaciebiT warmoqmnili simravle warmoadgens, sakuTriv 

qvesivrces. anu mTlianad Sedis sawyis 𝑽 veqtorul sivrceSi.  

aqamde araferi gviTqvams veqtorebis skalaruli 

namravlis da veqtoris sigrZის შესახებ. es cnebebi damatebiTi 

cnebebia veqtoruli sivrcisaTvis da araa savaldebulo 

veqtorebis zogadi TeoriisaTvis. am cnebaTa Semotanis erT-

erTi meTodia, veqtoruli sivrcisaTvis normis cnebis 

Semotana.  

normirebuli veqtoruli 𝑽 sivrce aris veqtoruli sivrce 

masze gansazRvruli namdvili cvladis iseTi 𝑛(𝒙) funqciiT 

(mas normas uwodeben), romelic akmayofilebs aqsiomebs:                                                  

N𝑁1) 𝑛(𝒙) ≥ 0, ∀𝒙 ∈ 𝑽, (𝑛(𝒙) = 𝟎 ⟺ 𝒙 = 𝟎);                    (1.23) 

𝑁2) 𝑛(𝑎𝒙) = |𝑎|𝑛(𝒙), ∀𝑎 ∈ ℝ, ∀𝒙 ∈ 𝑽;                         (1.24) 

𝑁3) 𝑛(𝒙 + 𝒚) ≤ 𝑛(𝒙) + 𝑛(𝒚), ∀𝒙, 𝒚 ∈ 𝑽.                          (1.25) 

arsebobs mravali sxvadasxva saxis 𝑛(𝒙) funqcia, romlებic 

akmayofilebs am aqsiomebs. 

magaliTად, ganvixiloT ℝ𝑛, rogorc veqtoruli sivrce, 

sadac veqtorTa jami ganisazRvreba tolobiT 

𝒙 + 𝒚 = (𝑥1 + 𝑦1, 𝑥2 + 𝑦2, … , 𝑥𝑛 + 𝑦𝑛),                       (1.26) 

xolo namdvil ricxvze gamravleba    
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     𝑎𝒙=(𝑎𝑥1, 𝑎𝑥2, … , 𝑎𝑥𝑛) tolobiT.                          (1.27) 

Cven SegviZlia, norma SemovitanoT, rogorc manZili 

veqtoris bolodan koordinatTa saTavemde.          

𝑛(𝒙) = √∑ 𝑥𝑖
2𝑛

𝑖=1 ;                                       (1.28) 

𝑛(𝒙)′ = √5𝑥1
2 + 2𝑥2

2 +⋯+ 𝑥𝑛
2 ;                           (1.29) 

𝑛(𝒙)′
′
= 𝑚𝑎𝑥(|𝑥1|, |𝑥2|, … , |𝑥𝑛| ).                            (1.30) 

pirveli ori norma (1.28) da (1.29), mesame (1.30) normisagan 

gansxvavebiT, akmayofilebs paralelogramis aqsiomas (diago-

nalebis kvadratebis jami udris gverdebis kvadratebis jams):                    

𝑛(𝒙 + 𝒚)2 + 𝑛(𝒙 − 𝒚)2 = 2𝑛(𝒙)2 + 2𝑛(𝒚)2 ,                   (1.31) 

rac saSualebas gvaZlevs ganvsazRvroT ori veqtoris 

bilinearuli, simetriuli skalaruli namravli      

𝒙 ∙ 𝒚 =
𝟏

𝟒
𝑛(𝒙 + 𝒚)𝟐 −

𝟏

𝟒
𝑛(𝒙 − 𝒚)𝟐.                           (1.32)  

bilinearoba niSnavs, rom 

(𝑎𝒙 + 𝑏𝒚) ∙ 𝒛 = 𝑎(𝒙 ∙ 𝒛) + 𝑏(𝒚 ∙ 𝒛),                           (1.33) 

da 

𝒛 ∙ (𝑎𝒙 + 𝑏𝒚) = 𝑎(𝒛 ∙ 𝒙) + 𝑏(𝒛 ∙ 𝒚).                           (1.34) 

simetriuloba niSnavs, rom 

𝒙 ∙ 𝒚 = 𝒚 ∙ 𝒙,                                             (1.35) 

amas garda, skalaruli namravli dadebiTad gansazRvru-

lia anu 

𝒙 ∙ 𝒙 ≥ 𝟎 da 𝒙 ∙ 𝒙 = 𝟎 ⟺ 𝒙 = 𝟎.                            (1.36) 

es cxadia, radgan 𝒙 ∙ 𝒙 = 𝑛(𝒙)2. 
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ℝ𝑛 veqtoruli sivrcisaTvis zemoT gansazRvrul 𝑛(𝒙) 

normas evkliduri norma ewodeba.                                   

ℝ𝑛 veqtoruli sivrces masze gansazRvruli evkliduri 

normiT 𝐧-ganzomilebiani evkliduri sivrce ewodeba da mas 

aRvniSnavT 𝐸𝑛 simboloTi.  

unda ganvasxvavoT ℝ𝑛 veqtoruli sivrce da 𝐸𝑛 evkliduri 

sivrce. pirveli maTgani, mxolod (x1, x2, … , xn) veqtorTa 

erTobliobaa, yovelgvari manZilisa da veqtoris sigrZis 

cnebis gareSe. am gansxvavebis mniSvnelobas gavigebT meore 

TavSi. 

skalaruli normis bilinearobisa da simetriulobis 

dasamtkiceblad gvWirdeba mxolod paralelogramisa da (𝑁2) 
aqsiomebi. 

 Tu darRveulia (𝑁1) da (𝑁3) aqsiomebi, maSin gvaqvs 

fsevdonorma. am SemTxvevaSi, araa savaldebulo, rom veqtorTa 

skalaruli namravli iyos dadebiTi. fsevdonormis cnebas 

farTo gamoyeneba aqvs fardobiTobis specialur TeoriaSi, 
sadac farTo gamoyeneba aqvs minkovskis fsevdoevkliduri 

sivrcis cnebas da mis geometrias, rac mniSvnelovanwilad 

ganapirobebs fardobiTobis specialuri Teoriis fizikur 

arss. 

Cven ganvixileT veqtoruli sivrceebi namdvil ricxvTa 

velis zemoT, Tumca SegviZlia analogiurad avagoT 

veqtoruli sivrceebi kompleqsur ricxvTa velis zemoTac. 

amisaTvis dagvWirdeba mxolod is, rom mudmivi 𝑎 da 𝑏 

ricxvebi aviRoT ℂ kompleqsur ricxvTa simravlidan. maSin 

veqtoris komponentebi iqneba kompleqsuri ricxvebi. aseTi 

veqtoruli sivrceebi xSirad gamoiyeneba kvantur meqanikaSi 
da talRuri procesebis modelirebisas. 
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1.6. kvadratul matricაTa algebra 

 

𝑽 veqtoruli sivrcis 𝑻 asaxvas Tavis Tavze 𝑻:𝑽 ⟶ 𝑽 

ewodeba wrfivi gardaqmna, Tu marTebulia gardaqmnis 
wrfivobis Tviseba 

𝑻(𝑎𝒙 + 𝑏𝒚) = 𝑎𝑻(𝒙) + 𝑏𝑻(𝒚).                             (1.37) 

Tu gvaqvs 𝑉 veqtoruli sivrcis {𝒆𝒊, 𝑖 = 1,… , 𝑛} bazisi, maSin 

𝒙 = ∑ 𝑎𝑖𝒆𝒊
𝑛
𝑖=1  ;                                           (1.38) 

𝑻(𝒙) = 𝑻(∑ 𝑎𝑖𝒆𝒊
𝑛
𝑖=1 ) = ∑ 𝑎𝑖𝑻(𝒆𝒊) =

𝑛
𝑖=1 ∑ 𝑎𝑖 ∑ 𝑻𝒊𝒋

𝒏
𝒋=𝟏 𝒆𝒊

𝑛
𝑖=1  ,       (1.39) 

sadac yoveli 𝑻(𝒆𝒊) veqtori SevcvaleT misi warmodgeniT 

mocemul bazisSi ∑ 𝑻𝒊𝒋
𝒏
𝒋=𝟏 𝒆𝒊. am warmodgenaSi 𝑻𝒊𝒋 koeficientebs 

𝑻 wrfivi gardaqmnis matricis komponentebs uwodeben da isini 

warmoqmnian 𝑻 wrfivi gardaqmnis kvadratul 𝒏 × 𝒏 matricas 

mocemul {𝒆𝒊, 𝑖 = 1,… , 𝑛} bazisSi.  

ganvixiloT mniSvnelovani algebruli igiveoba, romelsac 

Semdgom, xSirad gamoviyenebT 

∑ 𝐴𝑖(∑ 𝐵𝑖𝑗𝐶𝑗
𝑚
𝑗=1 ) = ∑ 𝐶𝑗(∑ 𝐵𝑖𝑗𝐴𝑖

𝑛
𝑖=1 )𝑚

𝑗=1
𝑛
𝑖=1 .                    (1.40) 

sxvanairad rom vTqvaT, Sejamebis rigs ara aqvs mniSvne-

loba. amitom, es gamosaxuleba xSirad Caiwereba Semdegi 

formiT:                      

∑ ∑ 𝐴𝑖𝐵𝑖𝑗𝐶𝑗
𝑚
𝑗=1

𝑛
𝑖=1  an ufro martivad, ∑ 𝐴𝑖𝐵𝑖𝑗𝐶𝑗𝑖,𝑗  ;         (1.41) 

rac xazs usvams im faqts, rom esaa jami, sadac indeqsebi 

iReben yvela SesaZlo mniSvnelobas. 

wrfiv gardaqmnaTa kompozicia anu ori 𝑻 da 𝑼 wrfivi 

gardaqmnis mimdevrobiT zemoqmedeba 𝑽 veqtorul sivrceze 

gvaZlevs axal 𝑈𝑇 gardaqmnas : 

𝑼𝑻(𝒙) = 𝑼(𝑻(𝒙)) = 𝑼(∑ 𝑎𝒊 𝑻𝒊𝒋𝒆𝒋𝒊,𝒋 ) = ∑ 𝑎𝑖𝑻𝒊𝒋𝑼𝒋𝒌𝒆𝒌 =𝒊,𝒋,𝒌

∑ 𝑎𝑖(∑ 𝑻𝒊𝒋𝑼𝒋𝒌𝒋 )𝒆𝒌𝒊,𝒌 .                          (1.42) 
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aqedan gamomdinareobs, rom 𝑈𝑇 gardaqmnis komponentebi 

moicema შემდეგი formuliT: 

∑ 𝑇𝑖𝑗𝑈𝑗𝑘𝑗 .                                               (1.43) 

rac imas niSnavs, rom veqtoruli sivrcis ori wrfivi 
gardaqmnis kompoziciis Sesabamisi gardaqmnis matrica udris 

am gardaqmnebis Sesabamisi matricebis matricul namravls!  

matricaTa namravli, sazogadod, ar aris komutaciuri anu 

𝐴𝐵 ≠ 𝐵𝐴. 

𝐴 matricis transponirebuli 𝑨𝑻matricis komponentebi 

moicema  

 (𝐴𝑇)𝑖𝑗 = 𝐴𝑗𝑖                                            (1.44) 

formuliT.  

Tu 𝐴 matrica kompleqsuria, maSin misi 𝐴∗ SeuRlebuli 

matrica ganisazRvreba  

  (𝐴∗)𝑖𝑗 = 𝐴𝑗𝑖̅̅ ̅̅  ,                                          (1.45) 

formuliT, sadac xazi asos Tavze aRniSnavs kompleqsurad 

SeuRlebuls.                                            

erTeulovan 𝑰 matricas mTavar diagonalze aqvs erTianebi,  

sxvagan ki - nulebi. es faqti misi komponentebisaTvis Caiwereba 

𝛿𝑖𝑗 kronekeris simbolos saSualebiT: 

(𝐼)𝑖𝑗 = 𝛿𝑖𝑗  ;    𝛿𝑖𝑗 = {
1 𝑖𝑓 𝑖 = 𝑗
0 𝑖𝑓 𝑖 ≠ 𝑗

 ;                          (1.46) 

igivuri gardaqmnisas nebismieri veqtori uZravad rCeba anu 

mas Seesabameba erTeulovani matrica 𝛿𝑖𝑗 komponentebiT. 

A matricis Sebrunebul 𝐴−1 matricas gansazRvraven 

formuliT 

𝐴−1𝐴 = 𝐴𝐴−1 = 𝐼.                                        (1.47) 
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nulovan matricas ara aqvs Sebrunebuli matrica. Tu 

matricas gaaCnia Sebrunebuli, maSin es Sebrunebuli 
erTaderTia. Tu matricas gaaCnia Sebrunebuli, maSin amboben, 
rom es matrica aragadagvarebulia, winaaRmdeg SemTxvevaSi 

matrica gadagvarebulia.   

yvela aragadagvarebuli n × n matricis simravle qmnis 

jgufs matricebis gamravlebis operaciis mimarT. am jgufis 

erTeulovani elementia erTeulovani matrica. esaa lis 
jgufis mniSvnelovani magaliTi da aRiniSneba specialuri 

𝑮𝑳(𝒏,ℝ) simboloTi.  

meore rigis matricis determinanti 𝑑𝑒𝑡𝐴 ganisazRvreba 
tolobiT :   

𝐴 = (𝑎  𝑏
𝑐  𝑑
),   𝑑𝑒𝑡𝐴 = 𝑎𝑑 − 𝑏𝑐.                              (1.48) 

ufro maRali rigis matricebis determinantebi 

ganisazRvreba induqciurad laplasis Teoremaze dayrdno-biT. 

ganvixiloT mesame rigis matrica 

𝐴 = (
𝑎11  𝑎12  𝑎13
𝑎21  𝑎22  𝑎23
𝑎31  𝑎32  𝑎33

).                                        (1.49) 

mesame rigis matricis determinantis gamoTvla SegviZlia 

daviyvanoT meore rigis matricis determinantebis 

gamoTvlamde. amisaTvis gvWirdeba matricis 𝑎𝑖𝑗 elementis 

algebruli damatebis cneba. am elementis algebruli damateba 

ewodeba 𝑎𝑖𝑗 = (−1)𝑖+𝑗𝑀𝑖𝑗 gamosaxulebas, sadac 𝑀𝑖𝑗 aris im 

matricis determinanti, romelic miiReba mocemuli 𝐴 

matricisagan, Tu masSi amovSliT 𝑎𝑖𝑗 elementis Sesabamis 

striqonsa da svets. cxadia, rom 𝑀𝑖𝑗 matricis rigi erTiT 

naklebia sawyisi 𝐴 matricis rigze anu mesame rigis matricis 

SemTxvevaSi gveqneba meore rigis 𝑀𝑖𝑗 matricis determinantebi. 

mocemuli matricis determinanti udris, misi romelime 

striqonis (an svetis) elementebis Sesabamis algebrul 

damatebebze namravlebis jams anu 
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𝑑𝑒𝑡𝐴 = 𝑎11𝑎
11 + 𝑎12𝑎

12 + 𝑎13𝑎
13 ;                        (1.50) 

amrigad, mesame rigis matricis determinantis gamoTvla, 

daiyvaneba sami meore rigis matricis determinantis jamis 

gamoTvlamde. analogiurad xdeba meoTxe rigis matricis 

determinantis gamoTvlis dayvana oTxi mesame rigis matricis 

determinantis gamoTvlamde da a.S. nebismieri sasrulი rigis 

matricis determinantis gamoTvla SeiZleba daviyvanoT ufro 

dabali rigis matricebis determinantebis gamoTvlamde. 

matrica aragadagvarebulia, Tu misi determinanti 

gansxvavebulia nulisagan.  

𝐴 matricis kvali ewodeba misi mTavari diagonalis 

komponentebis jams 

𝑡𝑟𝐴 = ∑ 𝑎𝑖𝑖𝑖 .                                             (1.51) 

𝐴 matricis msgavsebis gardaqmna aragadagvarebuli 𝑩 

matriciT ewodeba 𝐴 ⟼ 𝐵−1𝐴𝐵 gardaqmnas. 

gavixsenoT ramdenime saWiro formula  

(𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇  ;                                          (1.52) 

(𝐴𝐵)−1 = 𝐵−1𝐴−1 ;                                        (1.53) 

𝑑𝑒𝑡(𝐴𝐵) = 𝑑𝑒𝑡(𝐴)𝑑𝑒𝑡(𝐵) ;                                 (1.54) 

𝑡𝑟(𝐵−1𝐴𝐵) = 𝑡𝑟(𝐴) ;                                      (1.55) 

𝑑𝑒𝑡(𝐴𝑇) = 𝑑𝑒𝑡(𝐴).                                        (1.56) 

 amboben, rom 𝜆 aris 𝐴 matricis sakuTrivi ricxvi da 𝑉̅ 

misi Sesabamisi sakuTrivi veqtori, Tu 

𝐴(𝑉̅) = 𝜆𝑉̅,                                              (1.57) 

sadac (1.57) tolobis marcxena nawilSi 𝐴 matrica moqmedebs 𝑉̅ 

veqtorze, rogorc wrfivi gardaqmna. sakoordinato formaSi 

es toloba gadaiwereba Semdegi formiT: 
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∑ (𝑎𝑖𝑗 − 𝜆𝛿𝑖𝑗)𝑉𝑗 = 0𝑗 .                                          (1.58) 

am sistemas aqvs aranulovani amonaxseni, maSin da mxolod 

maSi, roca (1.58) sistemis determinanti udris nuls anu 

𝑑𝑒𝑡(𝐴 − 𝜆𝐼) = 0.                                          (1.59) 

am 𝑛-uri rigis gantolebis amonaxsnebi gvaZleven 𝐴 

matricis sakuTriv ricxvebs. maTi CasmiT (1.58) sistemaSi, 

miviRebT Sesabamis sakuTriv veqtorebs. 

mniSvnelovania, rom: 

1) mocemuli 𝐴 matricis sakuTrivi mniSvnelobebi 
emTxveva misi transponirebuli matricis sakuTriv 
mniSvnelobebs ; 

2)  𝑑𝑒𝑡(𝐴) = ∏ 𝜆𝑖
𝑛
𝑖=1  ;                                    (1.60) 

3)  𝑡𝑟(𝐴) = ∑ 𝜆𝑖𝑖 .                                         (1.61) 
              

 

amocanebi da savarjiSoebi                                                              

1.rogor vaqcioT ℝ𝑛 veqtoruli sivrce topologiur sivrced. 

aris Tu, ara metrikiT inducirebuli topologiuri sivrcis 

struqtura damokidebuli manZilis cnebis analizur saxeze ? 

2.CamoayalibeT asaxvis gansazRvreba da aRwereT saxeebi. 

asaxvaTa kompozicia. asaxvis uwyvetobis cneba. iakobis 

matrica; 

3.ganmarteT operatorebis komutatoris cneba. operatoris 

gansazRvris are; 

4.CamoayalibeT jgufis cneba. abeluri jgufi. lis jgufi. 

gadanacvlebaTa jgufi. jgufTa izomorfizmi da 

homomorfizmi. lis jgufi 𝑮𝑳(𝒏,ℝ) ; 

5.ganmarteT wrfivi veqtoruli sivrce. bazisia cneba. normis 

cneba da misi saxeebi ℝ𝑛 veqtorul sivrceSi. fsevdonormis 
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cneba. veqtoruli sivrcis wrfivi gardaqmna. wrfiv 

gardaqmnaTa kompozicia. kronekeris simbolo. kvadratuli 

matricis kvali da determinanti. matricis msgavsebis 

gardaqmna. matricis sakuTrivi mniSvnelobebi da sakuTrivi 

veqtori. 
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II. Tavi.  diferencirebadi mravalsaxeoba da tenzori 

 

cocxali sistema uwyveti sistemaa. uwyvetia,rogorc 

cocxali organizmis organoTa qsovilebi, rogorc fizikuri 

sivrce, oTxganzomilebiani dro-sivrce, klasikuri da 

kvanturi meqanikis fazuri sivrce, sistemis Termodinamikuri 

wonasworobis mdgomareobaTa sivrce da ufro zogadi, 

abstraqtuli sivrce. yvela am sivrces gaaCnia saerTo 

geometriuli Tvisebebi, romlebic dakavSirebuli arian 

sivrcis uwyvetobasTan. am TvisebaTa yvelaze mniSvnelovani 

nawili iZleva safuZvels imisa, rom SeviswavloT 

diferencirebadi mravalsaxeobis cneba, romelic azustebs 

termin “sivrcis” maTematikur mniSvnelobas.  

 

2.1. mravalsaxeobis cneba 

ℝ𝑛 veqtoruli sivrce Sedgeba (x1, x2, … , xn) wertilebi-

sagan, sadac TiToeuli 𝑥𝑖 koordinati miiRebs yvela SesaZlo 

mniSvnelobas namdvil ricxvTa simravlidan.  

wertilebisagan Sedgenil 𝑀 simravles ewodeba mraval-
saxeoba, Tu mis yovel wertils gaaCnia iseTi Ria midamo, 

romlisTvisac arsebobs 1-1 asaxva ℝ𝑛 veqtoruli sivrcis 

romelime Ria simravleze romeliRac 𝑛-isaTvis.  

ase rom, 𝑀 mravalsaxeoba lokalurad emsgavseba ℝ𝑛-s. 

cxadia, rom 𝑛 iqneba mravalsaxeobis ganzomileba. rogorc 

vxedavT, mravalsaxeobis gansazRvrebaSi monawileoben 

mxolod Ria simravleebi da ara mTlianad 𝑀 an mTlianad ℝ𝑛, 

ase rom, Cven ar vadebT araviTar SezRudvas 𝑀 mravalsaxeobis 

globalur topologias. unda mivaqcioT yuradReba, rom 

gadasaxvisagan moiTxoveba mxolod urTierTcalsaxoba da ar 

moiTxoveba sigrZis, kuTxis an sxva geometriuli Tvisebebis 

SenarCuneba. geometriis am doneze manZilis cneba arc aris 
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ganmartebuli da arseboben iseTi cocxali sistemebi, sadac 

manZilis cneba arc aris saWiro. geometriis am umartives 

doneze gvWirdeba mxolod is, rom sivrcis lokaluri 

topologia iyos iseTive, rogoricaa ℝ𝑛-Si. mravalsaxeoba 

aris sivrce aseTi topologiiT. 

gansazRvris Tanaxmad, 1-1 koordinatuli asaxvisas, 𝑀 

mravalsaxeobis TiToeul 𝑃 wertils Seusabameben 𝑛 ricxvs 

(x1(P), x2(P),… , xn(P)) nax. 2.1. am xi(P) ricxvebs uwodeben 𝑃 

wertilis koordinatebs mocemuli gadasaxvis mimarT. 

 

nax. 2.1. 𝑀 mravalsaxeobis 𝑃 wertilis Semcveli 𝑈 Ria 

simravlis ℝ𝑛 sivrcis 𝑓(𝑈) Ria simravleze urTierTcalsaxa 

𝑓 asaxva 

𝑛-ganzomilebiani mravalsaxeobis gansazRvrebis erT-erTi 

koncefciis mixedviT, mravalsaxeoba ganisazRvreba misi 

yoveli wertilis Ria midamoSi gansazRvruli 𝑛 damoukide-

beli koordinatiT. swored es koordinatebi gansazRvraven mis 

asaxvas ℝ𝑛 sivrcis 𝑓(𝑈) Ria simravleze.  

amrigad, zemoT moyvanili msjelobiT SevqmeniT zogadi 
warmodgena imis Sesaxeb, Tu ra aris mravalsaxeoba. axla 

ufro detalurad ganvixiloT koordinatuli asaxva, raTa 

ufro zustad ganvsazRvroT mravalsaxeobis cneba.  

vTqvaT, 𝑓 aris ineqtiuri asaxva 𝑀 mravalsaxeobis 𝑃 

wertilis Semcveli 𝑈 Ria simravlisa, ℝ𝑛 sivrcis 𝑓(𝑈) Ria 
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simravleze. cxadia, rom araa savaldebulo 𝑈 Ria simravle, 

Seicavdes mTel 𝑀 mravalsaxeobas. ase rom, arseboben sxva 

Ria simravleebic sakuTari koordinatuli asaxvebiT, amave 

dros,  𝑀 mravalsaxeobis yoveli wertili unda Sediodes erT 

aseT Ria simravleSi mainc.  

wyvils  „wertilis Ria midamo Sesabamisi koordinatuli 

asaxva“  ruka ewodeba.  

radgan nebismieri wertili Sedis erT Ria midamoSi mainc, 

cxadia, rom es Ria simravleebi unda kveTden erTmaneTs. 

swored es gadakveTebi iZleva mravalsaxeobis cnebis 

dazustebis saSualebas nax.2.2. 

 

nax. 2.2. mravalsaxeobis wertilebis 𝑈 da 𝑉 Ria midamoebi 

kveTen erTmaneTs(daStrixuli are) 

am midamoebis Sesabamisi 𝑓 da 𝑔 asaxvebi ℝ𝑛-Si, gvaZleven 

TanakveTis zonebSi(TanakveTac Ria simravlea) or sxvadasxva 

asaxvas da, maSasadame, or sxvadasxva sakoordinato bades. am 

ori sakoordinato sistemis urTierTmimarTeba axasiaTebs 

mravalsaxeobis sigluves. 

vipovoT kavSiri am or sakoordinato sistemas Soris. 

amisaTvis, ganvixiloT TanakveTis raime wertilis saxe ℝ𝑛-Si 

𝑓 asaxvis mimarT anu 𝑓(𝑈)-Si. vTqvaT, esaa (𝑥1, 𝑥2, … , 𝑥𝑛) wertili 

nax. 2.3. 𝑓 asaxvas gaaCnia 𝑓−1 Sebrunebuli, amitom arsebobs 

erTaderTi 𝑆 wertili, romelic moTavsebulia 𝑈 da 𝑉 Ria 

midamoebis iseT TanakveTaSi, romelsac aqvs mocemuli 

koordinatebi 𝑓 asaxvis mimarT.  
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nax. 2.3. asaxvaTa kompozicia 𝑔 ∘ 𝑓−1: ℝ𝑛 → ℝ𝑛. 

axla vTqvaT, 𝑔 funqcias TanakveTis 𝑆 wertili gadahyavs 

ℝ𝑛-is sxva (𝑦1, 𝑦2, … , 𝑦𝑛) wertilSi. maSin gvaqvs asaxvaTa 

kompozicia 𝑔 ∘ 𝑓−1: ℝ𝑛 → ℝ𝑛, rac imas niSnavs, rom gvaqvs 

koordinatebs Soris funqcionaluri damokidebuleba 

𝑦1 = 𝑦1(𝑥1, 𝑥2, … , 𝑥𝑛),                                     (2.1) 

𝑦2 = 𝑦2(𝑥1, 𝑥2, … , 𝑥𝑛),                                     (2.2) 

 . . . . . . . . . . . . 

𝑦𝑛 = 𝑦𝑛(𝑥1, 𝑥2, … , 𝑥𝑛).                                     (2.3) 

Tu yvela am funqciis kerZo warmoebulebi 𝑘 rigis 

CaTvliT arsebobs da aris uwyveti, maSin amboben rom 𝐟 da 𝐠 

funqciebi 𝐂𝐤-TanxmobaSi arian erTmaneTTan, an ufro zustad, 

(𝑼, 𝒇) da (𝑽, 𝒈) rukebi 𝑪𝒌-TanxmobaSi arian erTmaneTTan.   

Tu SesaZlebelia rukaTa sruli erTobliobis(atlasi),  

ageba ise, rom mravalsaxeobis TiToeuli wertili Sediodes 

erT maTganSi mainc da nebismieri ruka yvela mis TanamkveT 

sxva rukasTan iyos 𝐶𝑘-TanxmobaSi, maSin amboben, rom gvaqvs 

𝐂𝐤-mravalsaxeoba. 𝐶1 klasis mravalsaxeobas diferencirebad 

(gluv) mravalsaxeobas uwodeben. cxadia, rom 𝐂𝐤-

mravalsaxeoba, sazogadod, diferencirebadi mravalsaxeobaa.  

mravalsaxeobis diferencirebadoba saSualebas gvaZlevs 

gavamdidroT is sxvadasxva struqturiT: SegviZlia ganvsaz-
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RvroT tenzori, diferencialuri formebi, lis warmoebuli. 

Cven jer ar შმოგვიტანია მეტრიკის ცნება - amitom jer ar gvaqvs 

warmodgena mravalsaxeobis „formaze“ an „simrudeze“. viciT 

mxolod, rom is lokalurad diferencirebadia da esaa 

CvenTvis mniSvnelovani. Semdgom CavTvliT, rom mravalsa-

xeobebi diferencirebadia saWiro rigamde CaTvliT. 

 

2.2. sfero, rogorc mravalsaxeoba 

sfero (birTvis zedapiri) aris mravalsaxeobis erT-erTi 

umartivesi magaliTi, romelic warmoadgens im faqtis naTel 

ilustracias, rom saWiroa erTze meti ruka. ganvixiloT 

organzomilebiani sfero 𝑆2 anu ℝ3 sivrcis wertilebis 

simravle, romelTaTvisac 

(𝑥1)2 + (𝑥2)2 + (𝑥3)2 = 𝑐𝑜𝑛𝑠𝑡.                              (2.4) 

yovel mis wertils, aqvs sakmaod mcire midamo romelic 

SesaZlebelia 1-1 gadasaxviT avsaxoT ℝ2-Si wreze nax.2.4.  

 

nax. 2.4. 𝑆2 sferos 𝑃 wertilis midamo urTierTcalsaxad 

aisaxeba ℝ2-Si 

cxadia, rom es asaxva ar inaxavs sigrZesa da kuTxes. 

magaliTisaTvis, ganvixiloT sferuli koordinatebi 𝜃 ≡ 𝑥1,

𝜑 ≡ 𝑥2. erTi SexedviT, SeiZleba mogveCvenos, rom mTeli sfero 

aisaxeba 0 ≤ 𝑥1 ≤ 𝜋, 0 ≤ 𝑥2 ≤ 2𝜋 marTkuTxedze nax. 2.5. 



33 

 

 

nax. 2.5. Cveulebrivi sferuli koordinatebi gvaZleven 

gadasaxvas 𝑆2-dan ℝ2-Si, magram es ar aris 1-1 asaxva 

ufro detaluri ganxilvisas vxvdebiT, rom es ase ar aris. 

marTlac, 𝜃 = 0 polusSi „asaxva fuWdeba“, radgan erTi 

wertili aisaxeba monakveTis wertilebSi 

 𝑥1 = 0,   0 ≤ 𝑥2 ≤ 2𝜋,                                    (2.5) 

ase rom, polusSi ar gvaqvs 1-1 asaxva. meore mxriv, wertilebi, 

romelTaTvisac 𝜑 = 0 aisaxeba or sxvadasxva adgilas: 𝑥2 = 0 

da 𝑥2 = 2𝜋. ase rom, isev irRveva 1-1 asaxvis pirobebi. am 

sirTulidan gamosavali aris asaxvis Semofargvla Ria 

simravliT: 

 0 < 𝑥1 < 𝜋, 0 < 𝑥2 < 2𝜋.                                     (2.6) 

maSin asaxvidan iTiSeba, rogorc polusebi, ise maTi 

SemaerTebeli 𝜑 = 0 naxevarwre. amitom mTeli sferos 1-1 

asaxvisaTvis gvWirdeba ori asaxva mainc. meore asaxva SeiZleba 

iyos sxva sferul koordinatTa sistema, romlisTvisac 𝜑 = 0 

meridiani warmoadgens pirveli sistemis ekvators. cxadia, rom 

sferos yoveli wertili Zevs am ori rukidan erT-erTSi mainc. 

TanakveTis funqciebi, romlebic akavSirebs meore sistemis 

koordinatebs პირველის კოორდინატებთან, am SemTxvevaSi 

sakmaod rTulad gamoiyureba, magram cxadia, rom isini 

analizuri arian; rac imas niSnavs, rom sfero analizuri 

mravalsaxeobaa. sferuli zedapiris sibrtyeze, meore „ufro 

kargi asxvaa“ stereografiuli proeqcia, Tumca am 

SemTxvevaSic minimum ori ruka gvWirdeba. ar arsebobs iseTi 
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koordinatuli gardaqmna, romelic gamodgeboda mTeli 𝑆2-dan 

ℝ2-Si 1-1 asaxvisaTvis. es faqti ukavSirdeba sferos zedapiris 

globalur topologias.   

 

2.3. mravalsaxeobის sxva magaliTebi 

mravalsaxeobis cnebis mniSvnelovani Tvisebaa misi 

zogadoba. mravalsaxeoba zogjer iseTi simravlea, rom, Tu ar 

gveqneboda mravalsaxeobis cneba, mas arc ki CaTvlidnen 

sivrced. gansazRvris Tanaxmad, nebismieri simravle, romelic 

uSvebs uwyvet parametrizacias warmoadgens mravalsaxeobas, 

romlis ganzomilebac emTxveva damoukidebeli parametrebis 

raodenobas. magaliTad: 

1) samganzomilebian sivrceSi, myari sxeulis yvela 

SesaZlo brunva warmoadgens mravalsaxeobas, radgan 

uSvebs parametrizacias eileris kuTxeebis meSveobiT; 

2) lorencis yvela gardaqmnis simravles, romlebic 

gvaZleven moZrav aTvlis sistemaze gadasvlis 

formulebs, aqvs samganzomilebiani mravalsaxeobis 

struqtura. parametrebs warmoadgens moZraobis 

siCqaris sami komponenti; 

3) 𝑁 raodenobis nawilakisaTvis, maTi mdgomareobisa (3𝑁) 

da siCqaris komponentebis (3𝑁) sidideebi, warmoqmnian 

wertilebs 6𝑁-ganzomilebian mravalsaxeobaSi, romel-

sac fazuri sivrce ewodeba; 

4) Tu 𝑦 cvladis 𝑥 argumentze damokidebulebis sapov-

nelad, mocemuli gvaqvs algebruli an diferencialuri 

gantoleba, maSin SesaZlebelia mravalsaxeobis 

struqturis Semotana (𝐲, 𝐱) wyvilebis simravleze, sadac 

yoveli kerZo amonaxseni iqneba wiri am mravalsaxeobaze. 

es magaliTi advilad ganzogaddeba mravali cvladis 

funqciebisaTvisac 

5) mravalsaxeobis magaliTia veqtoruli 𝑽 sivrce, 
romelic yvelaze ufro xSirad gvxvdeba. marTlac, 
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nebismieri 𝒚 veqtori 𝑛-ganzomilebian sivrceSi moicema 

bazisis mixedviT, rogorc 𝒚 = ∑ 𝑎𝑖𝒆𝒊
𝑛
𝑖=1  ; rac imas niSnavs, 

rom gvaqvs asaxva ℝ2-Si, 

 𝒚 ⟼ (𝑎1, 𝑎2, … , 𝑎𝑛).                                   (2.7) 

ase rom, mTeli veqtoruli sivrce ifareba erTi rukiT. 

ufro metic, 𝑽 da ℝ𝑛 erTmaneTis izomorfuli arian. rac imas 

niSnavs, rom, roca gvWirdeba, yoveli veqtoruli sivrce, 

SegviZlia CavTvaloT ℝ𝑛 sivrced.  

axla, ukve SegviZlia ganvsazRvroT lis jgufi. 𝐺 

simravles ewodeba lis jgufi, Tu is aris jgufi da amave 

dros 𝐶∞ - mravalsaxeoba, amasTan, jgufis operacia unda 

inducirebdes 𝐺 mravalsaxeobis 𝐶∞- asaxvas Tavis TavSi.  

es imas niSnavs, rom nebismieri 𝑎 ∈ 𝐺 elementi inducirebs 

𝐺 mravalsaxeobis Tavis TavSi asaxvas, romlis drosac 

nebismieri 𝑏 ∈ 𝐺 elementisaTvis 𝑏 ⟼ 𝑏𝑎. moiTxoveba, rom es 

asaxva iyos 𝐶∞klasis. koordinatTa enaze es imas niSnavs, rom 

𝑏𝑎 wertilis koordinatebi unda iyos 𝑏 wertilis 

koordinatis 𝐶∞klasis funqciebi. sinamdvileSi, es moTxovna 

aris jgufis struqturis mravalsaxeobis struqturasTan 

Tanxmobis piroba. 

advili misaxvedria, rom myari sxeulis მობrunებების 

simravle adgens jgufs, romlis jgufuri struqtura 

TanxmobaSia samganzomilebiani mravalsaxeobis struqturas-

Tan. lis am jgufs 𝑆𝑂(3) jgufs uwodeben. lis jgufis 

magaliTia TviT ℝ𝑛. 

 

 

2.4. mravalsaxeobis globaluri Tvisebebi 

 

radgan yoveli mravalsaxeoba, lokalurad isevea 

mowyobili, rogorc ℝ𝑛, nebismieri ori erTnairganzomile-

biani da erTnairi sigluvis mravalsaxeoba deferencialuri 

geometriis am doneze lokalurad ar ganirCeva erTmaneTi-

sagan. situacia mkveTrad icvleba, roca gadavdivarT 
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mravalsaxeobis globalur struqturaze, da amis naTeli 

magaliTia 𝑆2 da ℝ2. ase rom, maTi globaluri struqturis 

mixedviT, mravalsaxeobebi iyofa sxvadasxva klasad.  

magaliTad, sferos zedapirs da carcis zedapirs erTnairi 

globaluri struqtura aqvT. arc erTi maTgani ar SeiZleba 

avsaxoT ℝ2 −ზე, Tumca isini SegviZlia 1-1 asaxviT avsaxoT 

erTmaneTze nax. 2.6. 

 
nax. 2.6. carcis gluvi zedapiri SegviZlia 

urTierTcalsaxad avsaxoT 𝑆2 sferoze da es asaxva 

globaluria (dიfeomorfizmia) 

 

gansazRvreba: 𝐶∞mravalsaxeobis urTierTcalsaxa 𝐶∞ klasis 

asaxvas amave klasis sxva mravalsaxeobaze 𝑀 → 𝑁, sadac 𝑁 

mravalsaxeobis wertilebis koordinatebi gamoisaxeba 𝑀 

mravalsaxeobis Sesabamisi wertilebis koordinatebiT ise, 

rom gamosaxvis funqciebi, maT Sebrunebul funqciebTan erTad, 

arian 𝐶∞ klasis, ewodeba 𝑀 mravalsaxeobis difeomorfizmi 

𝑁 mravalsaxeobaze. 

aseT 𝑀 da 𝑁 mravalsaxeobebs difeomorfuli ewodeba. 

magaliTad, yavis finjani difeomorfulia toris (bublikis 

zedapiri), radgan uwyveti deformaciiT SegviZlia erTi 

maTgani gadaviyvanoT meoreSi. ZiriTadad gamoviyenebT 

lokalur geometrias, romelic damokidebulia mxolod 

mravalsaxeobis diferencialur struqturaze, Tumca 

ganfenisa da funqciaTa integrirebis dros gveqneba iseTi 

sakiTxebic, roca dagvWirdeba mravalsaxeobis globaluri 

Tvisebebic. 
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2.5. mrudi  

 

CvenTvis metad mniSvnelovania mravalsaxeobaze mocemuli 

mrudis cneba. sazogadod, miRebulia mrudis ganmarteba, 

rogorc mravalsaxeobis uwyvetad Calagebuli  wertilebis 

erTobliobisa. CvenTvis mizanSewonilia misi ekvivalenturi 

sxva ganmarteba.  

gansazRvreba: ℝ1-is Ria simravlis diferencirebad asaxvas 𝑀 

mravalsaxeobaSi mrudi ewodeba nax. 2.7. 

 

nax. 2.7. 𝜆 ∈ ℝ1 → 𝑃 ∈ 𝑀 am gadasaxvis saxea mrudi 𝑀 

mravalsaxeobaSi 

ase rom, Ria (𝑎; 𝑏) ∈ ℝ1 simravle aisaxeba 𝑀 mravalsaxe-

obaSi, ise, rom TiToeul wertils (𝑎; 𝑏) Ria Sualedidan 

Seesabameba 𝜆 parametris raRac konkretuli mniSvneloba 

(namdvili ricxvi), romlis Sesabamisi saxec aris 𝑀 

mravalsaxeobis raRac wertili. am saxeebis erTobliobaa 

swored, Cven mier gansazRvrebuli mrudi. am gansazRvrebis 

Tanaxmad, wiris yovel wertils Seesabameba 𝜆 parametris 

raRac konkretuli mniSvneloba. rac imas niSnavs, rom 

movaxdineT wiris parametrizacia am parametriT. amitom 

sxvadasxvanairad parametrizebuli wirebi unda ganvasxvavoT 
erTmaneTisagan, maSinac ki, roca maTi wertilebis simravleebi 

emTxveva erTmaneTs 𝑀-Si. rogorc adre aRvniSneT asaxvas 

ewodeba diferencirebadi, Tu asaxvis saxe wertilebis 

koordinatebis funqciebi {𝑥𝑖(𝜆),   𝑖 ∈ ℕ} diferencirebadia 𝜆 

parametris mimarT. 
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2.6. mravalsaxeobaze gansazRvruli funqcia 

gansazRvreba: 𝑓:𝑀 → ℝ1 asaxvas ewodeba funqcia 𝑴 

mravalsaxeobaze, Tu 𝑓 aris wesi, romelic 𝑀 mravalsaxe-obis 

yovel wertils Seusabamebs erTaderT namdvil 

ricxvs(funqciis mniSvnelobas). Tu 𝑀 mravalsaxeobis raRac 

Ria simravle gluvi 1-1 koordinatuli asaxviT aisaxeba ℝ𝑛-Si, 

maSin 𝑀 mravalsaxeobis funqcia gadaiqceva funqciad ℝ𝑛-Si 

nax. 2.8. 

 

nax. 2.8. Tu, 𝑓 aris funqcia ℝ1-ze 𝑓:𝑀 → ℝ1 , xolo 𝑔 aris 

koordinatuli asaxva 𝑔: 𝑈 → 𝑔(𝑈), (sadac 𝑔(𝑈) ∈ ℝ𝑛), romelic 

cxadia Seqcevadia, maSin asaxvaTa kompozicia 𝑓 ∘ 𝑔−1: ℝ𝑛 → ℝ  

aris funqcia ℝ𝑛-ze anu gvaqvs ubralod 𝑓(𝑃)-s gamosaxva 𝑃 

wertilis koordinatebiT. 

Tu es funqcia diferencirebadia, maSin amboben, rom gvaqvs 

diferencirebadi funqcia 𝑀 mravalsaxeobaze. radgan 𝑃 

wertili moicema Tavisi koordinatebiT, Cveni funqcia 

SeiZleba Caiweros Semdegnairad: 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛). Tu es funqcia 

diferencirebadia argumentebis mimarT, maSin mas 

diferencirebad funqcias uwodeben. TviTon koordinatebi, ra 

Tqma unda, uwyvetia da usasrulod diferencirebadi 

funqciebia. amis Semdeg aRar vilaparakebT koordinatul 

asaxvebze, Tumca gveqneba koordinatebi, romlebic iZlevian am 

asaxvebs. koordinatul asaxvebs viyenebdiT, raTa zustad 

gadmogveca ZiriTad cnebaTa  gansazRvrebebi. amis Semdeg am 

cnebaTa gamoyeneba dagvainteresebs mxolod cocxali 

sistemisaTvis, risTvisac dagvWirdeba mravalsaxeobaze 

ramdenime diferencialuri struqturis SemoReba.  
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davuSvebT, rom ganxilul mravalsaxeobebSi yvelgan 

SegviZlia SemoviRoT  koordinatebi {𝑥𝑖 ,   𝑖 ∈ ℕ} da nebismieri 

gluvi 𝑦𝑖 = 𝑦𝑖(𝑥𝑗) funqciebisaTvis, romlebic lokalurad 

Seqcevadia (iakobiani gansxvavebulia nulisagan), SegviZlia 

gadavideT axal koordinatTa sistemaze. 

 

2.7. veqtori da veqtoruli veli 

ganvixiloT 𝑀 mravalsaxeobis 𝑃 wertilze gamavali wiri, 

romelic moicema Semdegi gantolebiT: 

𝑥𝑖 = 𝑥𝑖(𝜆),   𝑖 ∈ ℕ.                                      (2.8) 

aviRoT am mravalsaxeobaze diferencirebadi 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) 

funqcia, romelsac zogjer mokled ase CavwerT 𝑓(𝑥𝑖). wiris 

yovel wertilSi gamoiTvleba am funqciis mniSvneloba. ase 

rom, wiris gaswrviv warmoiqmneba diferencirebadi 𝑔(𝜆) 

funqcia, romelic iZleva 𝑓 funqciis mniSvnelobas 𝜆 

parametris Sesabamis wertilSi:       

𝑔(𝜆) = 𝑓(𝑥1(𝜆), 𝑥2(𝜆), … , 𝑥𝑛(𝜆)) = 𝑓 (𝑥𝑖(𝜆)).                 (2.9) 

gamovTvaloT am funqciis sruli warmoebuli  

𝑑𝑔

𝑑𝜆
= ∑

𝑑𝑥𝑖

𝑑𝜆

𝜕𝑓

𝜕𝑥𝑖𝑖 .                                            (2.10) 

es formula marTebulia nebismieri 𝑔 funqciisaTvis, ase 

rom, SegviZlia davweroT, rom 

𝑑

𝑑𝜆
= ∑

𝑑𝑥𝑖

𝑑𝜆

𝜕

𝜕𝑥𝑖𝑖 .                                           (2.11) 

  Cveulebrivi veqtoruli aRricxvis TvalsazrisiT, 

evklidur sivrceSi {
𝑑𝑥𝑖

𝑑𝜆
} sidideebi im veqtoris komponentebia, 

romelic 𝑥𝑖(𝜆) wiris mxebs warmoadgens; es advilad SeiZleba 

gavigoT iqidan, rom {𝑑𝑥𝑖} usasrulod mcire gadaadgilebaa 
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wiris gaswvriv da misi gayofa 𝑑𝜆 sidideze cvlis mxolod 

veqtoris sigrZes da ara mimarTulebas. gansazRvrebis 

Tanaxmad, {
𝑑𝑥𝑖

𝑑𝜆
} sidideebi warmoadgens wiris mxebi veqtoris 

komponentebs.  

cxadia, rom yoveli veqtori warmoadgens mxeb veqtors 𝑃 

wertilze gamavali usasrulod bevri wirisaTvis da amas aqvs 

ori mizezi: jer erTi, arsebobs 𝑃 wertilze gamavali 

usasrulod bevri wiri, romlebic erTmaneTs exeba da aqvT 

saerTo mxebi veqtori; meorec, mocemuli wiri SeiZleba iqnes 

parametrizebuli ise, rom 𝑃 wertilSi arsebuli mxebi 

veqtori ar Seicvalos. es faqti gamosaxulia nax. 2.9 

 

nax. 2.9. a) saerTo mxebis mqone ori mrudi; b) ori 

geometriulad Tanmxvedri mrudi sxvadasxva parametrizaciiT 

Tu sxvadasxva parametrizaciis Sesabamis asaxvebs 

aRvniSnavT ℎ1-iTa da ℎ2-iT, maSin 𝜆1 da 𝜆2 ori sxvadasxva 

parametrizaciisaTvis, asaxvaTa kompozicia ℎ2
−1  ∘ ℎ1 iZleva 

kavSirs 𝜆2 = 𝜆2(𝜆1). Tu 𝑃 wertilSi  
𝑑𝜆2

𝑑𝜆1
= 1, maSin am wertilSi, 

sxvadasxva parametrizaciis Sedegad miRebuli ori wiris mxebi 

veqtorebi erTmaneTs emTxveva.  

radgan mravalsaxeobaSi araa savaldebulo or wertils 

Soris manZilis cnebis SemoReba, saWiroa veqtori 

ganvsazRvroT 𝑀 mravalsaxeobis wertilebis infinitezima-

luri midamoebis saSualebiT. vTqvaT, 𝑎 da 𝑏 ori nebismieri 
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ricxvia, 𝑥𝑖 = 𝑥𝑖(𝜇) ki - 𝑃 wertilze gamavali wiri. maSin am 

wertilSi gveqneba 

𝑑

𝑑𝜇
= ∑

𝑑𝑥𝑖

𝑑𝜇

𝜕

𝜕𝑥𝑖𝑖                                            (2.12) 

da 

𝑎
𝑑

𝑑𝜆
+ 𝑏

𝑑

𝑑𝜇
= ∑ (𝑎

𝑑𝑥𝑖

𝑑𝜆
+ 𝑏

𝑑𝑥𝑖

𝑑𝜇
)
𝜕

𝜕𝑥𝑖𝑖 .                           (2.13) 

ase rom, ricxvebi {𝑎
𝑑𝑥𝑖

𝑑𝜆
+ 𝑏

𝑑𝑥𝑖

𝑑𝜇
} im axali veqtoris 

komponentebia, romelic exeba 𝑃 wertilze gamaval romeliRac 

wirs. Sesabamisad, unda arsebobdes romeliRac 𝜑 wiri, iseTi, 

rom 𝑃 wertilSi 

𝑑

𝑑𝜑
= ∑ (𝑎

𝑑𝑥𝑖

𝑑𝜆
+ 𝑏

𝑑𝑥𝑖

𝑑𝜇
)
𝜕

𝜕𝑥𝑖𝑖 .                                  (2.14) 

miRebuli Sedegebidan gamomdinare, advilad davaskvniT, 

rom 𝑃 wertilSi 

𝑎
𝑑

𝑑𝜆
+ 𝑏

𝑑

𝑑𝜇
=

𝑑

𝑑𝜑
.                                          (2.15) 

Sesabamisad, wiris gaswvriv diferencirebis operatorebi 

mocemul  𝑃 wertilSi adgenen veqtorul sivrces. nebismier 
koordinatTa sistemaSi arseboben specialuri wirebi, 

sakoordinato xazebi. gasagebia, rom am wirebis gaswvriv 

diferencirebis operatorebia 
𝜕

𝜕𝑥𝑖
 da (2.11) formula gviCvenebs, 

rom nebismieri 
𝑑

𝑑𝜆
 operatori SeiZleba warmovadginoT 

𝜕

𝜕𝑥𝑖
 

kerZo warmoebulebis wrfivi kombinaciis saxiT. amitom {
𝜕

𝜕𝑥𝑖
} 

sistema warmoadgens veqtoruli sivrcis baziss. (2.11) 

formulidan gamomdinareobs, rom 
𝑑

𝑑𝜆
 veqtors am bazisSi aqvs 

koordinatebi {
𝑑𝑥𝑖

𝑑𝜆
}. amrigad, miviReT, rom 𝑃 wertilSi yvela 

mxebi veqtoris sivrcesa da am wertilSi gamavali wirebis 

gaswvriv diferencirebaTa sivrces Soris arsebobs 
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urTierTcalsaxa Tanadoba. amitom maTematikosebi amboben, 

rom 
𝑑

𝑑𝜆
 aris 𝑥𝑖(𝜆) wiris mxebi veqtori. axla unda 

gaviTvaliswinoT, rom am pirobebSi SeiZleba mxolod iseTi 

veqtorebis Sekreba, romlebic modebuli arian erT wertilSi. 

mxebi veqtorebi ara 𝑀 mravalsaxeobaSia, aramed misi 𝑃 

wertilis mxeb sivrceSi, romelic aRiniSneba 𝑇𝑃-Ti. advili 

misaxvedria, rom sferos SemTxvevaSi, mis 𝑃 wertilSi 

gavlebuli mxebi sibrtye emTxveva mxeb sivrces. ufro rTuli 

mravalsaxeobebisaTvis aseTi warmodgena rTulia. termin 

veqtorul vels, gamoviyenebT im wesis aRsaniSnavad, romelic 

𝑀 mravalsaxeobis yovel wertils Seusabamebs veqtors.  

 

2.8. bazisuri veqtorebi da bazisuri veqtoruli velebi 

𝑀 mravalsaxeobis nebismieri 𝑃 wertilisaTvis, am 

wertilSi agebuli 𝑇𝑃 mxebi sivrce imave 𝑛 ganzomilebisaa, 

romlisac sawyisi 𝑀 mravalsaxeoba. rac imas niSnavs, rom 

nebismieri 𝑛 wrfivad damoukidebeli veqtori, qmnis baziss 𝑇𝑃 

mxeb sivrceSi. 

Tu agebuli 𝑇𝑃 mxebi sivrceebisaTvis avirCevT raRac 

baziss 𝑀 mravalsaxeobis TiToeuli 𝑃 wertilisaTvis, maSin 

miviRebT bazisur veqtorul velebs. Tu 𝑃 wertilis 𝑈 

midamoSi mocemulia {𝑥𝑖} koordinatTa sistema, maSin 𝑈 

simravlis yovel wertilSi gansazRvrulia sakoordinato 

bazisi {
𝜕

𝜕𝑥𝑖
}, magram sulac araa savaldebulo sakoordinato 

bazisSi muSaoba, veqtorebi SeiZleba ganvixiloT nebismier {𝑒𝑖̅} 

bazisSi. aq 𝑖 indeqsi ixmareba bazisuri veqtorebis 

numeraciisaTvis da is ar niSnavs raRacis komponents. 𝑃 

wertilSi nebismieri veqtori SeiZleba Caiweros Semdegi saxiT 

𝑉̅ = ∑𝑉𝑖
𝜕

𝜕𝑥𝑖
= ∑ 𝑉′𝑗𝑒𝑗̅𝑗 .                                    (2.16) 
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{𝑉𝑖} ricxvebi 𝑉̅ veqtoris komponentebia {
𝜕

𝜕𝑥𝑖
} bazisis 

mimarT, xolo {𝑉′𝑗} ricxvebi imave veqtoris komponentebia {𝑒𝑖̅} 

bazisSi. es komponentebi erTmaneTTan dakavSirebulia 

garkveuli, veqtorebisaTvis damaxasiaTebeli formulebiT, 

ris Sesaxebac Semdeg gveqneba saubari.  

𝑉̅, {
𝜕

𝜕𝑥𝑖
} da {𝑒𝑖̅} veqtoruli velebia, xolo 𝑉̅ veqtoruli 

velis komponentebi: {𝑉𝑖} da {𝑉′𝑗} 𝑀 mravalsaxeobaze 

gansazRvruli funqciebia. 

Cven aracxadad davuSviT, rom {
𝜕

𝜕𝑥𝑖
} veqtorebi wrfivad 

damoukidebelia nebismieri 𝑃 wertilis 𝑈 midamoSi, es imas 

niSnavs, rom isini iZlevian 1-1 asaxvas 𝑃 wertilis raRac 𝑈 

midamoSi, ℝ𝑛-Si Sesabamis 𝑉 Ria simravleSi.  

ganvixiloT raime „kargi“ {𝑦𝑖 , 𝑖 = 1,… , 𝑛} koordinatTa 

sistema 𝑈-ze. maSin {(𝑥1, 𝑥2, … , 𝑥𝑛)} simravlidan asaxva 𝑈-Si 

SeiZleba daiweros Semdegi saxiT 

𝑦𝑖 = 𝑦𝑖(𝑥1, 𝑥2, … , 𝑥𝑛), 𝑖 = 1,… , 𝑛.                           (2.17) 

es funqcia urTierTcalsaxaa maSin da mxolod maSin, 

roca am gardaqmnis iakobiani gansxvavebulia nulisagan, rac 

imas niSnavs, rom misi striqonebisagan (svetebisagan) Semdgari 

veqtorebi wrfivad damoukidebelia. magram es funqciebi 

swored {
𝜕

𝜕𝑥𝑖
} veqtorebis komponentebia {𝑦𝑖 , 𝑖 = 1,… , 𝑛} 

koordinatTa sistemaSi, radgan 

𝜕

𝜕𝑥1
=
𝜕𝑦1

𝜕𝑥1
𝜕

𝜕𝑦1
+
𝜕𝑦2

𝜕𝑥1
𝜕

𝜕𝑦2
+ …+

𝜕𝑦𝑛

𝜕𝑥1
𝜕

𝜕𝑦𝑛
,                        (2.18) 

 
𝜕

𝜕𝑥2
=
𝜕𝑦1

𝜕𝑥2
𝜕

𝜕𝑦1
+
𝜕𝑦2

𝜕𝑥2
𝜕

𝜕𝑦2
+ …+

𝜕𝑦𝑛

𝜕𝑥2
𝜕

𝜕𝑦𝑛
,                       (2.19)  

   ……………………………………………… , 

𝜕

𝜕𝑛
=
𝜕𝑦1

𝜕𝑥𝑛
𝜕

𝜕𝑦1
+
𝜕𝑦2

𝜕𝑥𝑛
𝜕

𝜕𝑦2
+ …+

𝜕𝑦𝑛

𝜕𝑥𝑛
𝜕

𝜕𝑦𝑛
.                      (2.20) 
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amrigad, 𝑈 midamoSi {𝑥𝑖} koordinatTa sistema „kargia“, 

maSin da mxolod maSin, Tu {
𝜕

𝜕𝑥𝑖
} veqtorebi qmnian 𝑈-s yvela 

wertilis Sesabamisi mxebi sivrcis baziss.  

 

2.9. ganfenili sivrce 

Tu mocemul 𝑀 mravalsaxeobas gavaerTianebT misi yvela 

mxebi 𝑇𝑃 sivrcis erTobliobasTan, Zalian saintereso 

mravalsaxeobas miviRebT.  

magaliTisaTvis, ganvixiloT erTganzomilebiani 𝑀 

mravalsaxeoba(mrudi) da misi mxebi sivrceebi (am mrudis 

mxebebi, mis yovel wertilSi) nax. 2.10. 

 

nax. 2.10. 𝑎) erTganzomilebiani mravalsaxeoba da misi 

zogierTi mxebi sivrce; 𝑏) igive, magram mxebi sivrceebi 

daxazulia erTmaneTis paraleluri wrfeebiT, raTa Tavidan 

aviciloT maTi SemTxveviTi, umniSvnelo TanakveTa 

𝑎) erTganzomilebiani mravalsaxeoba da misi zogierTi 

mxebi sivrce naxazze gamosaxulia mrudiT da misi zogierTi 

mxebi wrfiT. igulisxmeba, rom mxebebi vrceldeba usasrulod, 

raTa veqtoris sigrZes nebismier wertilSi SeeZlos 

nebismieri mniSvnelobis miReba. yvelaferi es rom dagvetana 

naxaze, maSin is metad gaurkveveli iqneboda, amitom umjobesia 

yvelaferi gamovsaxoT ise, rogorc es gamosaxulia 𝑏) 
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SemTxvevisTvis nax.2.10, sadac mxebi sivrceebi gamosaxulia 

erTmaneTis paraleluri wrfeebiT da mruds kveTen mxolod 

im wertilSi romelTanac SesabamisobaSi arian. samwuxarod, 

es naxazi ver gamosaxavs im faqts, rom mxebi sivrceebi exebian 

mocemul mruds, Tumca esaa fasi, rasac vixdiT naxazis 

naTlad warmosadgenad. vertikaluri 𝑇𝑃 wrfis yoveli 

wertili warmoadgens mocemuli sigrZis veqtors, romelic 𝑀 

mravalsaxeobas exeba 𝑃 wertilSi. nax. 2.10, 𝑏) gvaZlevs 

saSualebas davaskvnaT, rom gamosaxuli organzomilebiani 

mravalsaxeobis yoveli wertili warmoadgens 𝑴 
mravalsaxeobis mxolod erTi romelime mxebi sivrcis 

wertils, magaliTad, 𝑹 wertili ekuTvnis mxolod 𝑻𝑹 mxeb 
sivrces. organzomilebiani figuris yovel wertils 

Seesabameba erTaderTi veqtori, M mravalsaxeobis mxolod 

erTi wertilisaTvis.  

yovelive zemoT Tqmuls mivyavarT axali 𝑇𝑀 mravalsaxe-

obis gansazRvrebamde, romelic Sedgeba mocemuli 

mravalsaxeobis yovel wertilSi gavlebuli mxebi 

veqtorebisagan, Cveni magaliTis SemTxvevaSi es organzomi-
lebiani mravalsaxeobaa. am sivrces ewodeba ganfenili sivrce 

(sxvanairad ganfena); misi fenebia 𝑇𝑃 mxebi sivrceebi 𝑀 

mravalsaxeobis yoveli 𝑃 wertilisaTvis. termini „fena“ 

Seesabameba nax. 2.10 𝑏) naxazze vertikalur wrfeebs.  

imisaTvis, rom davrwmundeT 𝑇𝑀 mravalsaxeobis 

organzomilebianobaSi, avagoT misi raime intervalis 

koordinatTa sistema. vTqvaT, erTganzomilebiani 𝑀 

mravalsaxeobis koordinatia 𝑥; avagoT im mxebi sivrceebis 

koordinatebi, romlebic Seesabamebian 𝑀 mravalsaxeobis im 

wertilebs, romlebic moTavsebuli arian 𝑥 ∈ (𝑎; 𝑏) intervalSi. 

CavTvaloT, rom 𝑥 „kargi“ koordinatia. maSin M 

mravalsaxeobis yoveli 𝑃 wertilisaTvis, Sesabamisi mxebi 𝑉̅ 

veqtori SeiZleba Caiweros Semdegi saxiT: 
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𝑉̅ = 𝑦
𝜕

𝜕𝑥
.                                                (2.21) 

ase rom, 𝑦 aris 𝑇𝑃 mxebi sivrcisTvis „kargi“ koordinati. 

radgan TiToeuli fena Seesabameba 𝑥-is fiqsirebul 

mniSvnelobas, (𝑥, 𝑦) koordinatebi calsaxad gansazRvraven 

mxeb 𝑦 veqtors da im 𝑥 wertils, romelsac es veqtori 

Seesabameba. radgan ganfenili sivrcis yoveli wertili unda 

iyos ganxiluli saxis raime Ria sivrceSi, amiT davamtkiceT, 

rom 𝑇𝑀 organzomilebiani mravalsaxeobaa.  

cxadia, rom es konstruqcia advilad gadaitaneba 

mravalganzomilebiani mravalsaxeobis mxebi ganfenili 

sivrcisaTvisac.  

zemoT ganxiluli tipis koordinatebs, sadac 𝑇𝑃-s 

koordinatebi ganisazRvreba 𝑀 mravalsaxeobis 𝑃 wertilis 

midamoSi veqtoris warmodgeniT {
𝜕

𝜕𝑥
} bazisis mimarT, 𝑇𝑀-is 

bunebrivi koordinatebi ewodeba.  

ganvixiloT wyvetili mrudi nax. 2.11. es wiri 𝑀 

mravalsaxeobis yovel wertilSi gvaZlevs raRac veqtors, 

amitom es mrudi qmnis raRac veqtorul vels 𝑀-ze. aseT mruds 

ganfenili 𝑻𝑴 sivrcis kveTa ewodeba. 

 

nax.2.11. erTganzomilebiani 𝑀 mravalsaxeobis (uwyveti wiri) 

zemoT ganfenili 𝑇𝑀 sivrcis kveTa (wyvetili wiri) 

cxadia, rom aseTi wiris sigrZeze laparaks azri ara aqvs. 

maSasadame, gvaqvs iseTi mravalsxeobis magaliTi, 

romlisTvisac metrikis Semotana araa aucilebeli. 
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zogad SemTxvevaSi, ganfenili sivrce Sedgeba bazisagan 

(Cveni magaliTis SemTxvevaSi es iyo 𝑀 wiri) da bazis yoveli 
wertilisaTvis gansazRvruli fenisagan. 

Tu baza 𝑛-ganzomilebiania, xolo yoveli fena 𝑚-

ganzomilebiani, maSin ganfenili sivrcis ganzomilebaa 𝑚 + 𝑛. 

 es gansakuTrebuli tipis mravalsaxeobebia, romlebic 
iSleba fenebad, ise, rom erTi fenis wertilebi erTmaneTTanaa 
dakavSirebuli, xolo sxvadasxva fenis wertilebi - ara. am 

situacias mivyavarT 𝝅 proeqciis cnebamde; es proeqcia fenis 
yovel wertils asaxavs bazis im wertilSi, romelzedac 

mibmulia es fena.  

𝝅 proeqciis cneba yvela mravalsaxeobaze ar ganisazRv-

reba. 

 

2.10. ganfenil sivrcis magaliTebi 

1) zemoT ganxilul ganfenil 𝑇𝑀 sivrces, romelic 

Sedgeba mravalsaxeobisa da misi mxebi sivrceebisagan, mxeb 

ganfenas (zogjer mxeb konas) uwodeben. es aris abstraqtuli 

mravasaxeobis mniSvnelovani magaliTi, romelic xSirad 

gamoiyeneba cocxali sistemebisaTvis. 𝑛 ganzomilebiani 𝑀 

mravalsaxeobis Sesabamisi 𝑇𝑀 mxebi ganfenis ganzomilebaa 2𝑛 ; 

2) mogvianebiT, ganvixilavT tenzorebs. yoveli tipis 

tenzors Seesabameba ganfena gluvi mravalsaxeobis zemoT; 

3) araa savaldebulo, rom fena mibmuli iyos bazis gluv 

struqturasTan. ganvixiloT elementaruli nawilakebis Siga 

Tavisuflebis xarisxi, rogoricaa izospini. ganfena, romlis 

fenebic izospinuri sivrceebia, xolo baza fizikuri dro-

sivrce, SesaZleblobas iZleva aRvweroT, rogorc nawilakis 

mdebareoba (𝑥, 𝑦, 𝑧, 𝑡) dro-sivrceSi, ise misi Siga mdgomareoba 

(izospini); 
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4) niutoniseuli fizikis TvalsazrisiT, dro-sivrces aqvs 

ganfenili sivrcis struqtura. niutonisa da galileisTvis 

dro absoluturia anu is erTnairad miedineba yvelgan. amitom, 

SegviZlia avagoT ganfena, sadac baza iqneba ℝ1-dro, xolo 

fena - ℝ3 sivrce nax. 2.12. 

 

nax. 2. 12. niutonis (galileis) dro-sivrcis ganfenis 

bunebrivi struqtura. sxvadasxva fena Seesabameba sxvadsxva 

fiqsirebul msoflio dros(moments) 

sxvadsxva fenis wertilebs (drois sxvadasxva moments) 

Soris ar arsebobs araviTari kavSiri, radgan sivrce 
niutoniseul fizikaSi ara aris absoluturi: erTmaneTis 

mimarT sxvadsxva siCqariT moZrav or damkvirvebels sruliad 

gansxvavebuli warmodgena eqnebaT imaze, Tu sivrcis romeli 

wertilebia uZravi. amitom, bunebrivi ganfena baziT ℝ3 ar 

arsebobs, arsebobs ganfena mxolod ℝ1 baziT. ainStainis 

fardobiTobis Teoriis erT-erTi efeqti isic aris, rom man 

daangria niutoniseuli ganfenis struqtura da Secvala is 

metrikuli struqturiT, romelsac Cven Semdeg SeviswavliT. 
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2.11. ganfenili sivrcis siRrmiseuli analizi 

ganfenili sivrcis Teorias gaaCnia ori erTmaneTTan 

dakavSirebuli aspeqti, romelTa ganxilvac aucilebelia, 

raTa saTanadod gaverkveT ganfenis cnebis mniSvnelobaSi. es 

aspeqtebia: maTi globaluri Tvisebebi da maT asagebad 

jgufebis gamoyeneba. 

raTa ukeTesad gaverkveT ganfenili sivrcis globalur 

TvisebebSi, SemovitanoT jer ufro martivi, sivrceebis 

pirdapiri namravlis, cneba. nebismier or 𝑀 da 𝑁 sivrces 

SegviZlia SevusabamoT maTi pirdapiri (dekartes) namravli 

𝑀 ×𝑁, romelic Sedgeba yvela SesaZlo (𝑎, 𝑏) iseTi 

dalagebuli wyvilisagan, rom 𝑎 ∈ 𝑀 da 𝑏 ∈ 𝑁. magaliTad, ℝ2 =

ℝ1 × ℝ1. Tu 𝑀 da 𝑁 mravalsaxeobebia, maSin 𝑀 ×𝑁 agreTve 

mravalsaxeoba iqneba: 𝑀 mravalsaxeobis 𝑈 Ria simravlis 

{𝑥𝑖 , 𝑖 = 1,…𝑚} da 𝑁 mravalsaxeobis 𝑉 Ria simravlis 

{𝑦𝑖 , 𝑖 = 1,…𝑛} koordinatebi, iZlevian 𝑀 ×𝑁 pirdapiri 

namravlis 𝑈 × 𝑉 Ria simravlis 𝑚 + 𝑛 koordinats.  

zemoT moyvanili ganfenili sivrceebis konstruqciidan 

gamomdinare, SegviZlia davaskvnaT, rom ისინი, lokalurad 

mainc, warmoidginebian 𝑈 × 𝐹 pirdapiri namravlis saxiT, sadac 

𝑈 aris 𝐵 bazis Ria simravle, xolo 𝐹 - tipuri fena (yvela 

fena emTxveva 𝐹-s). sinamdvileSi, es Tviseba ganfenili sivrcis 
gansazRvris mxolod nawilia da mas ganfenis lokalur 
trivialobas uwodeben (ganfena daiyvaneba pirdapir 

namravlamde, Tu SemovifarglebiT 𝐵 bazis sakmarisad mcire 

Ria simravliT).   

magaliTisaTvis, ganvixiloT organzomilebiani 𝑆2 sferos 

mxebi ganfena 𝑇𝑆2. es ganfena rom iyos globalurad 

trivialuri, maSin unda arsebobdes 𝐶∞ asaxva anu 

difeomorfizmi: 𝑇𝑆2 → 𝑆2 ×ℝ2, radgan sferos zedapirisaTvis 

ℝ2 warmoadgens tipur fenas (mxeb sibrtyes). ganvixiloT (𝑃, 𝑉̅) 

tipis wertilebis simravle 𝑆2 ×ℝ2 pirdapiri namravlidan, 
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sadac 𝑃 ∈ 𝑆2 da 𝑉̅ romeliRac fiqsirebuli veqtoria ℝ2 mxebi 

sibrtyidan. maSin am simravlis winasaxe mogvcemda aranulovan 

kveTas 𝑇𝑆2 anu 𝐶∞-veqtorul vels 𝑆2-ze, romelic arasodes 

ar xdeba nuli. magram 𝑆2-ze aseTi veqtoruli veli ar 

arsebobs uZravi wertilis Sesaxeb cnobili Teoremis 

Tanaxmad, romelic ambobs, rom nebismieri 1-1 

asaxva(difeomorfizmi) sferosi Tavis Tavze 𝑆2 → 𝑆2 

aucileblad iZleva erT uZrav wertils mainc. amitom 𝑇𝑆2 ar 

aris mTlianad(globalurad) trivialuri. es aris imis 

magaliTi, rom ganfena ar aris globalurad trivialuri 

bazis 𝑆2 topologiis gamo.  

2) meore magaliTi gviCvenebs, rom aratrivialuri ganfena 

SeiZleba aigos iseT bazazec, romelic uSvebs trivialur 

ganfenasac. ganvixiloT 𝑇𝑆1 mxebi ganfena wrewirisaTvis. 𝑆2 

sferosagan gansxvavebiT, 𝑆1 wrewiri uSvebs uwyvet, veqtorul 

vels, romelic arsad ar xdeba nuli da 𝑇𝑆1 = 𝑆1 ×ℝ1 nax. 2.13. 

 

nax. 2.13. 𝑇𝑆1 ganfena wrewirisaTvis 

 

axla warmovidginoT, rom gavWeriT wrewiri 𝑃 wertilSi 

da gavSaleT ganfena sibrtyeze nax. 2.14. 

 

nax. 2.14. wrewiris 𝑇𝑆1 ganfena gaWrilia erTi fenis gaswvriv 

da gaSlili sibrtyeze. fenebi usasrulod grZeldeba zemoT 

da qvemoT 
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imisaTvis, rom nax 2.14-dan davubrundeT nax. 2.13, unda 

ubralod gavaigivoT Sesabamisi wertilebi: 𝑎 da 𝑎′ ; 𝑃 da 𝑃′ ; 

𝑏 da 𝑏′ da a.S., Tumca SegviZlia ganfena „davaweboT“ sxvanairad 

da miviRoT miobiusis lenti: amjerad, vaigivebT wertilebs 𝑎 

da 𝑏′ ; 𝑃 da 𝑃′ ; 𝑏 da 𝑎′ da a.S. aseTi dawebeba Cvens lents 

dagrexs da axla is ukve gamoiyureba sxvanairad nax. 2.15. 

 

nax. 2.15. miobiusis lentis Sesabamisi axali ganfena, 

romelic gansxvavdeba 𝑇𝑆1 ganfenisagan, Tumca maT aqvT 

erTnairi baza da fena 

miobiusis lenti ar warmoidgineba globalurad, 

pirdapiri namravliT, rac imas niSnavs, rom is aratrivialuri 

ganfenaa. aratrivialuri ganfenis konstruqciebi gamoiyeneba 

Tanamedrove elementaruli nawilakebis fizikaSi 

„instantonebis“ gansasazRvravad.  

miobiusis lentis magaliTi gvaswavlis, rom ganfenis 
calsaxad gansazRvrisaTvis, araa sakmarisi baza da fena. 
saWiroa ganfenis ufro zusti ganmarteba da aq gvexmareba 

jgufis cneba.  

zemoT moyvanili 𝑆1-is ori ganfenis gansxvaveba 

mdgomareobs, egreTwodebuli, ganfenis struqturuli jgufis 
cnebaSi. imisaTvis, rom kompaqturad ganvsazRvroT ganfenili 
sivrce, dagvWirdeba homeomorfizmis cneba; es aris erTi 

sivrcis ormxriv uwyveti 1-1 asaxva meore sivrceze. sxvanairad 

rom vTqvaT, homeomorfizmi aris difeomorfizmi 

diferencirebadobis moTxovnis gareSe. 

amrigad, gvaqvs ganfenili sivrcis Semdegi  

gansazRvreba: 𝐸 sivrces ewodeba ganfenili, Tu misTvis 

arsebobs: 𝐵 mravalsaxeoba, romelsac bazas vuwodebT, 
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proeqcia 𝜋: 𝐸 → 𝐵, tipuri 𝐹 fena, 𝐹 fenis Tavis Tavze 

homeomorfizmebis 𝐺 struqturuli jgufi da 𝐵 mravalsa-

xeobis gadamfaravi Ria {𝑈𝑗} simravleebis erToblioba, 

romlebic unda akmayofilebdnen moTxovnebs:  

a) lokaluri ganfena trivialuria anu TiToeuli 𝑈𝑖 

simravlis zemoT 𝜋−1(𝑈𝑖) ganfena uSvebs homeomorfizms 𝑈𝑖 × 𝐹 

pirdapir namravlze. am homeomorfizmis kerZo SemTxvevaa 

TiToeuli fenis 𝜋−1(𝑥) homeomorfizmi, sadac 𝑥 aris 𝐵 bazis 

elementi 𝐹 fenze, romelsac aRvniSnavT ℎ𝑖(𝑥) simboloTi, 

sadac gamoyofilia ara marto is 𝑥 elementi romelzedac 

«kidia » fena, aramed is 𝑖 indeqsic, romelic gamoyofs im Ria 

𝑈𝑖 simravles, romelic Seicavs 𝑥 elements;  

b) Tu 𝑥 wertili ekuTvnis 𝑈𝑗 da 𝑈𝑘 Ria simravleebis 

TanakveTas, maSin warmoiqmneba 𝐹 fenis 𝑥 wertilis ori ℎ𝑗 da 

ℎ𝑘 homeomorfizmi da radgan homeomorfizmebi Seqcevadia, 

asaxva ℎ𝑗(𝑥) ∘ ℎ𝑘
−1(𝑥) aris 𝐹 fenis Tavis Tavze homeomorfizmi. 

moiTxoveba, rom is ekuTvnodes 𝐺 struqturul jgufs.  

bolo moTxovna ukavSirdeba ganfenili sivrcis 

globalur struqturas. amis SesamCnevad, ganvixiloT 𝑇𝑆1 

ganfena(romlis uSualo ganzogadebaa nebismieri 𝑀 mraval-

saxeobis 𝑇𝑀 ganfena). 𝑇𝑆1 ganfenis bazaa 𝐵 = 𝑆1, tipuri fenaa 

𝐹 = ℝ1 da proeqciaa 𝜋: (𝑥, 𝑣̅) ⟼ 𝑥, sadac 𝑥 ∈ 𝑆1 da 𝑣̅ veqtoria 

𝑣̅ ∈ 𝑇𝑥 . gadamfaravi Ria simravleebis erTobliobad SeiZleba 

miviRoT nebismieri atlasi 𝑆1 sivrceze. Ria simravleTa 

tipuri erToblioba mocemulia nax. 2.16. 
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nax.2.16. Ria simravleTa tipuri erToblioba 𝑆1 sivrceze 

yovel 𝑈𝑗 Ria simravles aqvs 𝑆1 sivrcis Tavisi 

koordinatTa sistema anu parametrizacia, romelsac 

aRvniSnavT 𝜆𝑖 simboloTi. veqtori 
𝑑

𝑑𝜆𝑖
 aris 𝑇𝑥 sivrcis bazisi 

𝑈𝑗 simravlis 𝑥 wertilisaTvis, ase rom, 𝑇𝑥 sivrcis yoveli 𝑣̅ 

veqtori SegviZlia warmovadginoT 𝛼(𝑗)
𝑑

𝑑𝜆𝑖
 saxiT. vTqvaT, 𝑇𝑥 → ℝ 

fenis homeomorfizms, romelic figurirebs 𝑇𝑆1 sivrcis 

gansazRvrebaSi aqvs ℎ(𝑗): 𝑣̅ ⟼ 𝛼(𝑗) saxe. Tu 𝑥 ekuTvnis or 

sxvadasxva 𝑈𝑗 da 𝑈𝑘 Ria simravles, maSin arsebobs ori 

sxvadasxva Hhomeomorfizmi 𝑇𝑥 → ℝ da 𝜆𝑗 parametrizacia 

aranairad ar aris damkidebuli 𝜆𝑘 parametrizaciaze, amitom  

𝛼(𝑗) da 𝛼(𝑘) koordinatebic, nebismieri, sxvadasxva aranulovani 

ricxvia. ℎ𝑗(𝑥) ∘ ℎ𝑘
−1(𝑥): 𝐹 → 𝐹 homeomorfizmi moqmedebs 

Semdegnairad: 𝛼𝑘 ⟼ 𝛼𝑗 da, maSasadame, niSnavs 𝑟𝑗𝑘 =
𝛼(𝑗)

𝛼(𝑘)
 ricxvze 

gamravlebas. radgan 𝑟𝑗𝑘 SeiZleba iyos nebismieri aranulovani 

ricxvi, struqturuli jgufis rols aq asrulebs ℝ1\{0} anu 

jgufi gamravlebis operaciis mimarT(lis jgufi). unda 

aRiniSnos, rom zogadi 𝑛-ganzomilebiani 𝑀 mravalsaxeobis 

SemTxvevaSi, ganfenis struqturuli 𝑇𝑀 jgufi aris 𝑛 × 𝑛 

zomis aragadagvarebuli matricebis simravle, am jgufs 

aRniSnaven 𝐺𝐿(𝑛,ℝ) simboloTi. 

ase rom, 𝑇𝑆1 ganvsazRvreT. magram rogor gamoiyureba is ? 

SesaZlebelia 𝜆𝑗 koordinatebi ise avirCioT, rom nebismieri 

ori 𝜆𝑗 da 𝜆𝑘 maTganisaTvis orive izrdebodes erTi 
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mimarTulebiT, 𝑈𝑗 da 𝑈𝑘 Ria simravleebis saerTo 

nawilisaTvis (TanakveTisaTvis). aseT SemTxvevaSi amboben rom 

𝑆1 orientirebadia. koordinatTa midamoebis aseTi arCevisas 

TanakveTis yvela 𝑟𝑗𝑘 ricxvi iqneba dadebiTi da struqturuli 

jgufi daiyvaneba dadebiTi namdvili ricxvebisagan Semdgar 

jgufze, Sekrebis operaciis mimarT. ufro metic, 

SesaZlebelia mivaRwioT 
𝑑𝜆𝑗

𝑑𝜆𝑘
= 1 tolobas yoveli TanakveTili 

midamosTvis, maSin jgufi daiyvaneba erTaderT 1 elementamde. 

es aris trivialuri struqturuli jgufi da Sesabamisi 

ganfenac aris trivialuri. 

imisaTvis, rom aRvweroT miobiusis lentis Sesabamisi 

ganfena, unda gamoviyenoT sxva ℎ𝑖(𝑥) gadasaxva. Tanac, unda 

viyoT yuradRebiT, rom es ganfena ar aurioT mxeb ganfenaSi. 

umartivesia, gamoviyenoT {𝑈𝑗 , 𝑗 = 1,2,… ,8} midamoTa erToblioba, 

romelic gamosaxulia nax. 2.16 da davuSvaT, rom 𝑟12 = 1, 𝑟23 =

1,… , 𝑟78 = 1, magram axla miobiusis lentis dagrexa gvaiZulebs, 

rom davuSvaT 𝑟81 = −1. amjerad, struqturuli jgufi Sedgeba 

ori elementisagan {1,−1}, sadac jgufis operaciaa gamravleba.  

mxeb 𝑇𝑆1 ganfenas aqvs Tavisi sakuTari struqturuli 

jgufi ℝ1\{0}, romelic TiTqmis tipuri fenaa. reperebis 
ganfena nebismier mravalsaxeobaze aris iseTi ganfena, 
romelsac igive struqturuli jgufi aqvs, rac mxeb sivrces, 
xolo misi fena aris mxebi sivrcis yvela SesaZlo bazisis 

simravle. Tu reperebis ganfena 𝑆1 sivrceze, homeomorfulia 

misi struqturuli jgufisa, maSin es marTebuli iqneba 

reperebis yoveli ganfenisaTvis. aseT ganfenil sivrces 

mTavari ganfenili sivrce ewodeba. 
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2.12. veqtoruli veli da integraluri wirebi 

veqtoruli veli aris wesi, romelic 𝑀 mravalsaxeobis 

yovel wertils Seusabamebs veqtors. mravalsaxeobis yovel 

wertilSi gvaqvs Sesabamisi mxebi sivrce, ase rom, veqtoruli 

veli yoveli mxebi sivrcidan „irCevs“ TiTo veqtors. Semdeg, 

nebismieri wiris yovel wertilSi, gansazRvrulia mxebi 

veqtori da ismis bunebrivi kiTxva: xom ar SeiZleba 
SebrunebiTac, mocemuli veqtoruli velisaTvis vipovoT iseTi 

wiri, romelic iwyeba mocemul 𝑃 wertilSi da mis yovel 
wertilSi gavlebuli mxebi veqtori ekuTvnis mocemul 

veqtorul vels ? uwyveti 𝐶1 klasis veqtoruli velisaTvis 

pasuxi dadebiTia da aseT wirebs integralur wirebs 

uwodeben.  

damtkiceba: vTqvaT, 𝑉𝑖(𝑃) mocemuli veqtoruli velis 

komponentebia. nebismier {𝑥𝑖} koordinatTa sistemaSi gveqneba, 

rom 𝑉𝑖(𝑃) = 𝑣𝑖(𝑥𝑗). is, rom es veli exeba 𝜆 parametrizebul 

wirs, gamoisaxeba gantolebiT 

𝑑𝑥𝑖

𝑑𝜆
= 𝑣𝑖(𝑥𝑗).                                             (2.22) 

amrigad, miviReT Cveulebriv diferencialur gantolebaTa 

sistema 𝑥𝑖(𝜆) cvladebis mimarT; romelsac zemoT moTxovnili 

daSvebis pirobebSi, aqvs erTaderTi amonaxsni sawyisi 𝑃 

wertilis raRac midamoSi. nax.2.17-ze mocemulia veqtoruli 

velis integraluri wirebis ori magaliTi.  

 

nax. 2.17. ori veqtoruli velis integraluri wirebis 

magaliTi ℝ2 SemTxvevisTvis 
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unda aRiniSnos, rom sxvadasxva integraluri wiri 

SeiZleba gadaikveTos mxolod iseT wertilebSi, sadac 𝑉𝑖 = 0 

yvela 𝑖-sTvis(amonaxsenis erTaderTobidan gamomdinare). 

integraluri wirebi avseben mTel 𝑀 mravalsaxeobas, radgan 

misi TiToeuli 𝑃 wertilisaTvis gvaqvs xvadasxva 

integraluri wiri. Cveni magaliTebis SemTxvevaSi 

 a) 𝑉 = 𝑥
𝜕

𝜕𝑦
− 𝑦

𝜕

𝜕𝑥
 ;                                                                             (2.23)       

b) 𝑉 = (𝑥 +
𝑦

𝑟
)
𝜕

𝜕𝑦
− (𝑦 −

𝑥

𝑟
)
𝜕

𝜕𝑥
 ;                                                          (2.24) 

gvaqvs Sesabamisi integraluri wirebi nax.2.17.  

magaliTad, Tu gvaqvs samganzomilebiani 𝑀 mravalsaxeoba, 

maSin masze gansazRvruli nebismieri veqto-ruli veli iZleva 

organzomilebian integralur wirTa erTobliobas, romelic 

mTlianad faravs 𝑀 mravalsaxeobas, im wertilebis 

gamoklebiT, sadac 𝑉𝑖 = 0. aseT integralur wirTa simravles 

kongruencias uwodeben.  

 

2.13. 
𝒅

𝒅𝝀
 operatoris eqsponenta 

SemovitanoT cneba, romelic Semdgomi gamoTvlebisaTvis 

gamogvadgeba. vTqvaT, mocemuli gvaqvs analizuri mravalsaxe-

oba (𝐶𝜔 klasis). amasTan, 𝑌̅ =
𝑑

𝑑𝜆
 veqtoruli velis yoveli 

integraluri wiris wertilebis 𝑥𝑖(𝜆) koordinatebi 

analizuri funqciebia 𝜆 parametris mimarT, maSin wertilebis 

koordinatebi, romlebic Seesabameba parametris 𝜆0 da 𝜆0 + 𝜀 

mniSvnelobebs, dakavSirebuli arian teiloris mwkrivis 

formuliT: 

𝑥𝑖(𝜆0 + 𝜀) = 𝑥
𝑖(𝜆0) + 𝜀 (

𝑑𝑥𝑖

𝑑𝜆
)
𝜆0

+
1

2!
𝜀2 (

𝑑2𝑥𝑖

𝑑𝜆2
) + … = 
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=(1 + 𝜀
𝑑

𝑑𝜆
+
1

2
𝜀2

𝑑2

𝑑𝜆2
+ …)𝑥𝑖𝜆0 = 𝑒𝑥𝑝 [𝜀

𝑑

𝑑𝜆
] 𝑥𝑖𝜆0,          (2.25) 

sadac eqsponenta aris diferencialuri operatori, Tu mas 

gamoviyenebT 𝑥𝑖(𝜆) funqciebis mimarT da Semdeg CavsvamT 𝜆 = 𝜆0 

mniSvnelobas, miviRebT teiloris formulas.   

am operators ewodeba 𝛆
𝐝

𝐝𝛌
 - operatoris eqsponenta. 𝜀

𝑑

𝑑𝜆
 

aris usasrulod mcire gadaadgileba integralur wirze, 

xolo misi eqsponenta iZleva ukve sasrul gadaadgilebas. Cven 

Tanabrad gamoviyenebT aRniSvnebs 

𝑒𝑥𝑝 [𝜀
𝑑

𝑑𝜆
] = 𝑒𝜀

𝑑

𝑑𝜆 = 𝑒𝜀𝑌̅ .                                   (2.26) 

 

2.14. lis frCxilebi da arakoordinatuli bazisi 

Tu mocemulia romelime 𝑥𝑖 koordinatTa sistema, maSin 

xSirad mizanSewonilia bazisur veqtorul velad avirCioT 

{
𝜕

𝜕𝑥𝑖
}, Tumca bazisad SeiZleba avirCioT nebismieri wrfivad 

damoukidebel veqtorTa veli: advili misaxvedria, rom yvela 

maTgani ar warmoiSoba raRac koordinatTa sistemisagan. saqme 

isaa, rom 
𝜕

𝜕𝑥𝑖
 da 

𝜕

𝜕𝑥𝑗
 operatorebi komutireben nebismieri 𝑖 da 

𝑗-sTvis, magram sazogadod, sxvadasxva veqtoruli veli ar 

komutirebs erTmaneTTan. Tu 𝑉 =
𝑑

𝑑𝜆
 da 𝑊 =

𝑑

𝑑𝜇
, maSin 

𝑑

𝑑𝜆

𝑑

𝑑𝜇
−
𝑑

𝑑𝜇

𝑑

𝑑𝜆
=∑𝑉𝑖

𝜕

𝜕𝑥𝑖
𝑊𝑗

𝜕

𝜕𝑥𝑗
−𝑊𝑗

𝜕

𝜕𝑥𝑗
𝑉𝑖

𝜕

𝜕𝑥𝑖
𝑖,𝑗

= 

=∑ 𝑉𝑖𝑊𝑗 (
𝜕

𝜕𝑥𝑖
𝜕

𝜕𝑥𝑗
−

𝜕

𝜕𝑥𝑗
𝜕

𝜕𝑥𝑖
) + ∑ 𝑉𝑖

𝜕𝑊𝑗

𝜕𝑥𝑖
𝜕

𝜕𝑥𝑗
− ∑ 𝑊𝑗 𝜕𝑉

𝑖

𝜕𝑥𝑗
𝜕

𝜕𝑥𝑖𝑖,𝑗𝑖,𝑗𝑖,𝑗 = 

=∑ (𝑉𝑖
𝜕𝑊𝑗

𝜕𝑥𝑖
−𝑊𝑖 𝜕𝑉

𝑗

𝜕𝑥𝑖
)
𝜕

𝜕𝑥𝑗𝑖,𝑗 ,                                 (2.27) 

ase rom,  



58 

 

[
𝑑

𝑑𝜆
,
𝑑

𝑑𝜇
] =

𝑑

𝑑𝜆

𝑑

𝑑𝜇
−

𝑑

𝑑𝜇

𝑑

𝑑𝜆
,                                 (2.28) 

aris veqtoruli veli, romelic, sazogadod, araa 

nulovani. Tu  
𝑑

𝑑𝜆
 da 

𝑑

𝑑𝜇
 romeliRac bazisis elementebia, maSin 

maTi warmodgena, rogorc romeliRaca koordinatebis 

warmoebulebisa, SeuZlebelia.  

ase rom, esa aris arakoordinatuli bazisi.  

mniSvnelovania vicodeT, rom koordinatul da 

arakoordinatul bazisebs Soris gansxvaveba Tavs iCens 

mxolod maSin, Tu ganvixilavT mravalsaxeobis raRac ares da 

ara erT romelime wertils. is ganisazRvreba veqtorebis 

komponentebis warmoebulebiT da ara mxolod mniSvnelobebiT 

mocemul wertilSi. ase rom, koordinatul da arakoor-

dinatul bazisebs Soris gansxvaveba Tavs iCens mxolod maSin, 

roca saqme gvaqvs mravalsaxeobis areebTan da ara aqvs 

mniSvneloba im amocanebisaTvis, roca vixilavT mxeb 𝑇𝑃 

sivrces, romelime erT 𝑃 wertilSi.   

[
𝑑

𝑑𝜆
,
𝑑

𝑑𝜇
] komutators ewodeba lis frCxilebi 𝑉̅ da 𝑊̅ 

velebisaTvis. moviyvanoT misi geometriuli interpretacia 

nax.2.18.    

 

nax.2.18. tipuri sakoordinato bade organzomilebian 

mravalsaxeobaze 

unda SevniSnoT, rom 𝑥1 mudmivia 𝑥2 wiris gaswvriv, eseni 

integraluri wirebia, amitom 
𝜕

𝜕𝑥1
 da 

𝜕

𝜕𝑥2
 velebi komutireben. 

TiToeuli maTgani warmoadgens diferencirebas im 
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koordinatis mimarTulebiT, sadac meore koordinata mudmivia. 

axla ganvixiloT nebismieri ori veqtoruli veli 𝑉̅ =
𝑑

𝑑𝜆
 da 

𝑊̅ =
𝑑

𝑑𝜇
, romelTa integraluri wirebi mocemulia nax.2.19 

 

nax.2.19. ori veqtoruli velis tipiuri integraluri 

wirebi organzomilebian mravalsaxeobaze 

𝑊 velis integraluri wiri araa maincdamainc is wiri 

sadac 𝜆 mudmivia da piriqiTac. amitom 
𝑑

𝑑𝜆
 da 

𝑑

𝑑𝜇
 ar komutireben. 

𝑉̅ da 𝑊̅ velebi gamoiyurebian rogorc sakoordinato wirebi, 

magram maTi parametrizacia araa iseTi, rogorc sakoordinato 

sistemaSi. is rom isini gamoiyurebian, rogorc sakoordinato 

wirebi aris organzomilebianobis specifika. samganzomilebian 

SemTxveva-Si, SesaZlebelia, rom wiri (1) kveTdes (𝛼) da (𝛽) 

wirebs, xolo wiri (2) kveTdes mxolod (𝛼) wirs.  

[𝑉̅, 𝑊̅] veqtors SeiZleba mivceT geometriuli 

interpretacia nax.2.20. 

 

nax. 2.20. lis [𝑉̅, 𝑊̅] frCxilebis geometriuli 

interpretacia 
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lis frCxilebi gviCvenebs paralelogramis Caketilobis 

zomas, roca paralelogramis gverdebi Seesabamebian tol 

nazrdebs 𝑉̅ da 𝑊̅ veqtoruli velebis integraluri wirebis 

gaswvriv. 

daamtkiceT, rom 𝐶2 klasis 𝑋̅, 𝑌̅ da 𝑍̅ veqtoruli 

velebisaTvis marTebulia iakobis igiveoba: 

[[𝑋̅, Y̅], 𝑍̅] + [[𝑌̅, Z̅], 𝑋̅] + [[𝑍̅, X̅], 𝑌] = 0.                       (2.29) 

𝑀 mravalsaxeobis 𝑈 areSi veqtoruli velebis lis 

algebra aris veqtoruli velebis nebismieri 𝐴 erToblioba, 

romelic aris veqtoruli sivrce Sekrebis mimarT (anu 

veqtoruli velebis wrfivi kombinaciac mas ekuTvnis) da 

Caketili komutirebis operaciis mimarT (𝐴 erTobliobis 

nebismieri ori velis lis frCxili ekuTvnis am simravles). 

cxadia, rom 𝐶∞ klasis veqtoruli velebis simravle 𝑈 areze 

aris lis algebra. 

 

2.15. rodisaa bazisi koordinatuli 

vTqvaT, 𝑀 mravalsaxeobaze mocemulia ori 𝐴̅ =
𝑑

𝑑𝜆
 da 𝐵̅ =

𝑑

𝑑𝜇
 veqtorul velebi; amasTan, davuSvaT rom es veqtoruli 

velebi wrfivad damoukidebeli arian 𝑈 ⊂ 𝑀 Ria simravlis 

yovel wertilSi, ase, rom isini qmnian veqtoruli velebis 

baziss 𝑈 simravleSi. ismis kiTxva: ra SemTxvevaSi SegviZlia 

vTqvaT, rom es bazisi aris sakoordinato, anu, 𝜆 da 𝜇 rodis 

arian koordinatebi 𝑈 simravleSi ? cxadia, rom maSin Cveni 

veqtoruli velebi unda  komutirebdnen, anu, [𝐴̅, 𝐵̅] = 0. 

es winadadeba zogaddeba 𝑛-ganzomilebian SemTxvevazec. 

Tu, 𝑛 cali veqtoruli velebi {𝑌(𝑗),̅̅ ̅̅ ̅   𝑗 = 1,… , 𝑛} arian wrfivad 

damoukidebeli 𝑛-ganzomilebian 𝑈 ⊂ 𝑀 mravalsaxeobaze da 

komutireben erTmaneTTan, maSin isini arian sakoordinato 
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bazisuri vetorebi {𝛼𝑗} sakoordinato sistemaSi, romelTac 

nebismier {𝑥𝑗} koordinatebSi eqnebaT saxe: 

𝑥𝑖(𝛼1, … , 𝛼𝑛) = 𝑒𝑥𝑝[∑ 𝛼𝑗𝑌(𝑗)̅̅ ̅̅
𝑗 ]𝑥𝑖𝑃,                          (2.30) 

sadac 𝑃 centri SeiZleba iyos 𝑈 simravlis nebismieri 

wertili. 

 

2.16. forma – 1 

davubrundeT mravalsaxeobis 𝑃 wertilSi gavlebuli 

mxebi veqtorebis 𝑇𝑃 sivrcis Seswavlas. tenzorebis pirvel 

magaliTad ganvixiloT forma-1, rogorc veqtorebze 

gansazRvruli wrfivi namdvili mniSvnelobebis mqone funqcia. 

es imas niSnavs, rom forma-1 𝜔̃ mravalsaxeobis 𝑃 wertilSi 

modebul 𝑉̅ veqtors Seusabamebs namdvil 𝜔̃(𝑉̅) ricxvs. asos 

zemoT talRa aRniSnavs im faqts, rom saqme gvaqvs forma-1, 

romelic aris veqtoris funqcia. veqtorebs ki avRniSnavT 

zemoT xaziT. am funqciis wrfivoba imas niSnavs, rom 

𝜔̃(𝑎𝑉̅ + 𝑏𝑊̅) = 𝑎𝜔̃(𝑉̅) + 𝑏𝜔̃(𝑊̅),                           (2.31) 

sadac 𝑎 da 𝑏 nebismieri namdvili ricxvebia. bunebrivad 

ganisazRvreba ori forma-1-is jami da namravli namdvil 

ricxvze. 

(𝜔̃ + 𝜎̃)(𝑉̅) = 𝜔̃(𝑉̅) + 𝜎̃(𝑉̅),                               (2.32) 

(𝑎𝜔̃)(𝑉̅) = 𝑎𝜔̃(𝑉̅).                                        (2.33) 

amrigad, mocemul wertilSi gansazRvruli forma-1-ebis 

erToblioba qmnis veqtorul sivrces. am sivrces uwodeben 𝑇𝑃 

sivrcis dualurs (SeuRlebuls) da aRniSnaven 𝑇𝑃
∗ simboloTi. 

termini oraduli ixmareba, radgan SesaZlebelia veqtorebic 

ganvixiloT, rogorc wrfivi namdvilmniSvnelo-biani 

funqciebi gansazRvruli forma-1-ebis simravleze. amitom 

xmaroben Canawers 
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𝜔̃(𝑉̅) ≡ 𝑉̅(𝜔̃) ≡ 〈𝜔̃, 𝑉̅〉.                                    (2.34) 

Zvel wignebSi xmarobdnen veqtorebisTvis termins-

kontravariantuli pirveli rangis tenzori, xolo, forma-1-s 

uwodebdnen pirveli rangis kovariantul tenzors.  

 

 

2.17. forma-1-is magaliTebi 

forma-1-ebidan yvelaze ufro xSirad gvxvdeba forma-1 

funqciis gradienti, romelsac calke ganvixilavT. axla 

ganvixiloT ufro martivi magaliTebi: 

1) matricul algebraSi Tu, veqtorad CavTvliT svet-

veqtors, maSin striqon-veqtori iqneba forma-1. 

marTlac, maTi namravli mogvcems namdvil ricxvs. 

magaliTad, organzomilebian SemTxvevaSi striqon-

veqtori (2, 5) SegviZlia CavTvaloT funqciad, romelic 

nebismier svet-matricas Seusabamebs namdvil ricxvs: 

(2, 5): (
𝑥
𝑦) ⟼ (2, 5) (

𝑥
𝑦) = 2𝑥 + 5𝑦.                      (2.35) 

advili Sesamowmebelia am funqciis wrfivobac. 

 

2) kvantur meqanikaSi gamoiyeneba hilbertis sivrce, sadac 

striqon-veqtorisa da svet-veqtoris rols asruleben 

ket-veqtorebi |𝜓〉 da bra-veqtorebi 〈𝜑| (forma-1), 

aRniSvnebi da terminologia ekuTvnis diraks. am 

veqtorebis naxvevi 〈𝜑|𝜓〉 aris kompleqsuri ricxvi. aq 

kompleqsur ricxvebzea ganzogadebuli tenzoris cneba, 

rac martivad xdeba(saWiroa mxolod namdvili cvladis 

funqcia SevcvaloT kompleqsuriT). 
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2.18. dirakis delta – funqcia 

 

 kvantur meqanikaSi, xSirad gvaqvs saqme funqcionalur 
sivrceebTan (funqciebisagan Semdgar simravleebTan). ganvixi-

loT, 𝐶[−1; 1] ⊂ ℝ1 intervalze gansazRvruli namdvili 

cvladis uwyveti funqciebis simravle 𝐶∞-klasidan. es 

simravle warmoadgens aditiur jgufs (Sekrebis operaciis 

mimarT) da veqtorul sivrces, namdvil ricxvTa vels zemoT. 

am sivrcis oradul sivrces (forma-1), ganzogadebul 
funqciebs uwodeben. ganzogadebuli fuqciebis erT-erTi 

kerZo magaliTia dirakis 𝜹(𝒙) delta-funqcia, romelic 

ganisazRvreba, rogorc forma-1, romlis ricxviTi 

mniSvnelobac 𝐶∞-klasidan aRebul nebismier 𝑓(𝑥) funqciaze 

aris 𝑓(0), anu, 

〈𝛿(𝑥), 𝑓(𝑥)〉 = 𝑓(0).                                       (2.36) 

nebismieri 𝑔(𝑥) funqciisaTvis 𝐶[−1; 1] ⊂ ℝ1 simravlidan, 

SegviZlia avagoT Sesabamisi forma-1 𝑔̃(𝑥), romlis 

mniSvnelobac 𝑓(𝑥) funqciaze, iqneba 

〈𝑔̃(𝑥), 𝑓(𝑥)〉 = ∫ 𝑔(𝑥)𝑓(𝑥)𝑑𝑥
1

−1
.                             (2.37) 

es, marTlac wrfivi asaxvaa, romelic 𝑓(𝑥) funqcias 

Seusabamebs namdvil ricxvs. es integrali yovelTvis 

arsebobs, radgan 𝑔 da 𝑓 funqciebi arian uwyvetni 𝐶[−1; 1] 

simravlidan. radgan 𝛿(𝑥) aris forma-1, SegviZlia masze 

vilaparakoT rogorc iseT funqciaze, romlisTvisac misi 𝑓(𝑥) 

funqciaze namravlidan integrali iZleva am funqciis 

mniSvnelobas nulovan wertilSi, anu, 

〈𝛿(𝑥), 𝑓(𝑥)〉 = ∫ 𝛿(𝑥)𝑓(𝑥)𝑑𝑥
1

−1
= 𝑓(0).                       (2.38) 

Cveulebrivi, maTematikuri azriT, ra Tqma unda 𝛅(𝐱) aris 

funqcionali da ara funqcia, radgan is asaxavs funqcionalur 

sivrces namdvil ricxvTa simravleSi.  

imisaTvis, rom maTematikurad daesabuTebinaT dirakis  

𝛿(𝑥) funqciis gansazRvris siswore, Seiqmna ganzogadebul 
funqciaTa Teoria da misi avtorebi arian loran 
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Svarci(burbakebis erT-erTi wevri) da sabWoTa maTematikuri 

skolis cnobili warmomadgeneli, akademikosi sobolevi. 
 

2.19. gradientis cneba da forma – 1 

 

forma-1-is veli – veqtoruli velis analogiurad, aris 

wesi, romelic yovel wertilSi iZleva Sesabamis forma-1-s. 

(2.32) da (2.33) formulebiT mocemuli gansazRvrebebi 

gadaitaneba velebze: am SemTxvevaSi, 𝑎 aris 𝑀 mravalsaxeobaze 

gansazRvruli funqcia, romelic araa aucileblad mudmivi 

ricxvi. forma-1-is velis diferencirebadoba SeiZleba 

ganisazRvros veqtoruli velebisa da funqciebis 

diferencirebadobis saSualebiT. anu, 𝐶∞-mravalsaxeobaze 

gansazRvruli forma-1 𝜔̃ Sesabamis 𝑉̅ veqtorul velTan erTad 

gansazRvravs 𝜔̃(𝑉̅) funqcias. Tu es funqcia ekuTvnis 𝐶∞ klass, 

Nnebismieri 𝐶∞ klasis 𝑉̅ veqtoruli velisaTvis, maSin 𝜔̃ aris 

𝐶∞ klasis forma-1. rogorc veqtoruli velebis SemTxvevaSi, 

aqac warmoiqmneba ganfenili sivrce 𝑇∗𝑀, romelsac komxeb 

ganfenas uwodeben; am ganfenis bazaa 𝑀, xolo 𝑃 wertilis 

zemoTa fenaa 𝑇𝑃
∗. Sesabamisi kveTebi 𝑇∗𝑀-Si arian forma-1-is 

velebi. 

yvelaze ufro saintereso da sasargeblo forma-1 aris 𝑓 

funqciis gradienti, romelsac Cven aRvniSnavT 𝑑̃𝑓 simboloTi. 

miuxedavad imisa, rom maTematikuri analizis elementarul 

saxelmZRvaneloebSi mas veqtors uwodeben, is aris forma-1. 

ase, rom 𝑑̃𝑓 gradienti ganisazRvreba formuliT 

𝑑̃𝑓 (
𝑑

𝑑𝜆
) =

𝑑𝑓

𝑑𝜆
,                                          (2.39) 

sadac 
𝑑

𝑑𝜆
 nebismieri mxebi veqtoria. sxva sityvebiT rom vTqvaT, 

𝑓 funqciis gradienti mravalsaxeobis romelime 𝑃 wertilSi, 

aris 𝑇𝑃
∗ fenis iseTi elementi, romlis mniSvnelobac 𝑉̅ 

veqtorze udris 𝑓 funqciis warmoebuls 𝑉̅ veqtoris 

mimarTulebiT(anu im wiris gaswvriv romlis mxebicaa 𝑉̅ 
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veqtori). unda SevamowmoT, rom es aris wrfivi funqcia 𝑇𝑃
∗-ze. 

marTlac, 

𝑑̃𝑓 (𝑎
𝑑

𝑑𝜆
+ 𝑏

𝑑

𝑑𝜇
) = (𝑎

𝑑

𝑑𝜆
+ 𝑏

𝑑

𝑑𝜇
) 𝑓 = 𝑎

𝑑𝑓

𝑑𝜆
+ 𝑏

𝑑𝑓

𝑑𝜇
= 𝑎𝑑̃𝑓 (

𝑑

𝑑𝜆
) + 𝑏𝑑̃𝑓 (

𝑑

𝑑𝜇
).                                             

(2.40)  

 gradientis cneba saSualebas gvaZlevs TvalsaCino 

gavxadoT forma-1-isa da veqtoris geometriuli interpretacia 

nax. 2.21. 

 

nax. 2.21. mTagoriani adgilis topografiuli ruka 

am rukaze donis wirebi aRweren, zRvis donidan Tanabari 

simaRlis wertilebs, xolo isrebi gviCveneben mTaze asvlis 

SesaZlo mimarTulebebs. forma-1 am SemTxvevaSi, aRiwereba 

mravalsaxeobaze erTiT naklebi ganzomilebis paraleluri 

sibrtyeebis ojaxiT nax. 2.22, xolo 𝑉̅ veqtoris mier 

gadakveTili sibrtyeebis raodenoba moicema 〈𝜔,̃ 𝑉̅〉 naxvevis 

mniSvnelobiT. 

 

nax.2.22. mxebi forma-1-is geometriuli interpretacia 

am naxazebidan Cans, Tu, ra sxvaobaa veqtorebsa da forma-

1 Soris. Cven SeCveuli varT rom gradients, romelic naxazze 

gamosaxulia isrebiT, da erTeul sigrZeze gadakveTs yvelaze 

met donis wirs uwodoT veqtori, Tumca, SeiZleba 

mravalsaxeobaze arc gvqondes metrika. Tu, gvaqvs metrika, 

maSin gradienti SegviZlia CavTvaloT veqtorad. 
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2.20. bazisuri forma – 1 da misi komponentebi 

𝑃 - wertilSi gansazRvruli forma -1 –ebisagan Sedgenil 

veqtorul 𝑇𝑃
∗ sivrceSi, nebismieri 𝑛U- cali wrfivad 

damoukidebeli forma -1 –ebisagan Sedgenili sistema qmnis 

baziss. magram, Tu, 𝑃 - wertilSi gansazRvruli veqtorebis 𝑇𝑃 

sivrceSi, ukve arCeulia {𝑒𝑖̅, 𝑖 = 1, 𝑛̅̅ ̅̅ ̅} bazisi, maSin 𝑇𝑃
∗ sivrceSi 

arsebobs privilegirebuli {𝜔 𝑖̃, 𝑖 = 1, 𝑛̅̅ ̅̅ ̅ } bazisi, romelsac 

oradul (anu, dualur) baziss uwodeben. ganvsazRvroT es 

bazisi. Tu, 𝑉⃗  aris 𝑃 - wertilSi gansazRvruli nebismieri 

veqtori, maSin 𝜔 𝑖̃ aris misi 𝑖 - uri komponenti: 

𝜔 𝑖̃(𝑉⃗ ) = 𝑉𝑖 .                                             (2.41) 

advili Sesamowmebelia, rom es funqcia wrfivia 𝑇𝑃 

sivrceSi. kerZo SemTxvevaSi, roca 𝑉⃗ = 𝑒𝑗⃗⃗   gveqneba erTaderTi 

aranulovani 𝑗 − uri komponenti da 

𝜔 𝑖̃(𝑒𝑗⃗⃗  ) = 𝛿𝑗
𝑖 .                                             (2.42) 

nebismieri 𝜔 𝑖̃ – s sapovnelad saWiroa yvela {𝑒𝑗⃗⃗  } veqtoris 

codna. nebismieri 𝑒𝑘⃗⃗⃗⃗  veqtoris Secvla, iwvevs yvela 𝜔 𝑖̃ 

bazisuri forma – 1-is Secvlas. amrigad, Cven avageT 

Sesabamisoba bazissa da mis oradul baziss Soris. 

vaCvenoT, rom {𝜔 𝑖̃, 𝑖 = 1, 𝑛̅̅ ̅̅ ̅ } formebi - 1 arian wrfivad 

damoukidebelni. amisaTvis, ganvixiloT nebismieri 𝑞̃ forma -1 

–is moqmedeba raime 𝑉⃗  veqtorze: 

𝑞̃(𝑉⃗ ) = 𝑞̃(∑ 𝑉𝑗𝑒𝑗⃗⃗  𝑗 ) = ∑ 𝑉𝑗𝑞̃(𝑒𝑗⃗⃗  ) = ∑ 𝜔 𝑗̃(𝑉⃗ )𝑞̃(𝑒𝑗⃗⃗  )𝑗𝑗 .          (2.43) 

am formulaSi  

𝑞𝑗 = 𝑞̃(𝑒𝑗⃗⃗  ),                                             (2.44) 

sidideebi warmoadgenen 𝑞̃ forma -1 –is komponentebs {𝑒𝑗⃗⃗  } 

bazisis dualur bazisSi. gadavweroT (2.44) Tanadoba formiT 
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𝑞̃(𝑉⃗ ) = ∑ 𝑞𝑗𝜔
𝑗̃(𝑉⃗ )𝑗 .                                       (2.45) 

𝑉⃗  veqtoris nebismierobidan, gamomdinareobs, rom 

𝑞̃ = ∑ 𝑞𝑗𝑗 𝜔 𝑗̃.                                             (2.46) 

aqedan gamomdinareobs, rom {𝜔 𝑗̃} dualuri sistema qmnis 

baziss, radgan maTi raodenobaa 𝑛 da nebismieri forma – 1,  𝑞̃ 

warmoidgineba am sistemis elementebis wrfivi kombinaciis 

formiT. yvelaze mTavari ki is aris, rom ukve gvaqvs 

formulebi, romlebic gamosaxaven 𝑞̃(𝑉⃗ ) sidideebs 𝑞̃-s da 𝑉⃗ -s 

komponentebis saSualebiT : 

𝑞̃(𝑉⃗ ) = ∑ 𝑞𝑗𝑉
𝑗

𝑗 .                                         (2.47) 

rogorc ukve aRvniSneT, es aris 𝑞̃-s da 𝑉⃗ -s naxvevi.    

cxadia, rom es msjeloba pirdapir gadaitaneba forma-1-is 

velzec. 

 

2.21. indeqsuri aRniSvnebi 

Cven indeqsebisaTvis viyenebT Semdeg SeTanxmebas: 

veqtorebis komponentebi aRiniSneba zeda indeqsebiT, 

magaliTad 𝑉𝑖, xolo forma-1-is komponentebisaTvis viyenebT 

qveda indeqsebs, magaliTad 𝜔𝑗 . sabaziso veqtorebis 

nomrebisaTvis viyenebT qveda indeqsebs (𝑒 𝑗), xolo sabaziso 

forma-1-ebisaTvis – zeda indeqsebs (𝜔̃𝑗). amrigad, 

sakoordinato bazisisaTvis forma-1-ebi 𝑑̃𝑥𝑖 gadainomrebian 

zeda indeqsebiT, xolo 
𝜕

𝜕𝑥𝑗
 veqtorebi iTvlebian, rogorc qveda 

indeqsis mqoneni, radgan zeda indeqsi aqvT mniSvnelSi. 

indeqsebis aseTnairi ganlageba Zalze mosaxerxebelia. 

marTlac, ganvixiloT naxvevi 

𝜔̃(𝑉⃗ ) = ∑ 𝑉𝑗𝜔𝑗𝑗 ,                                         (2.48) 
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romelic warmoadgens ori sididis namravlTa jams, 

romelTagan erTs aqvs zeda indeqsi meores ki– qveda 

indeqsacia. miviRebT ainStainis SeTanxmebas Sejamebis Sesaxeb: 
Tu, romelime formulaSi erTidaigive indeqsi gvxvdeba 

orjer, erTxel rogorc qveda da erTxel rogorc zeda, maSin 

vigulisxmebT, rom am indeqsiT xdeba Sejameba. magaliTad, 

formulebSi 

𝜔̃ = 𝜔𝑗𝑑̃𝑥
𝑗,  𝑉⃗ = 𝑉𝑗

𝜕

𝜕𝑥𝑗
 ,  𝜔̃(𝑉⃗ ) = 𝑉𝑗𝜔𝑗,                    (2.49) 

igulisxmeba Sejameba 𝑗 − indeqsiT. ainStainis SeTanxmebis 

gamoyeneba gvimartivebs komponentebze gamoTvlebis Catarebas. 

exla gadavideT veqtoruli algebridan tenzorulze.  

 

2.22. tenzori da tenzoruli veli 

tenzoris cneba, warmoadgens im sidideebis bunebriv 

ganzogadebas, romlebic Cven ukve ganvixileT. maTi algebra 

agebulia martivad da aqvs didi praqtikuli gamoyeneba. 

mTavari sirTule aq aris vizualizaciis SeuZlebloba, maTi 

daxatva SeuZlebelia. zemoT ganvixileT veqtorebisa da 

forma-1-is cneba da maTi geometriuli warmodgenebi. aq 

SesaZlebelia pirdapiri ganzogadebebi, Tumca, naxatebi 

imdenad gadatvirTuli gamodis maRali rangis SemTxvevaSi, 

rom geometriuli vizualizacia azrs kargavs. ase, rom 

umjobesia tenzorebs vuyuroT, rogorc wrfiv operatorebs, 

romlebic gansazRvrulia veqtorebsa da forma-1-is 

simravleebze. 

ganvixiloT 𝑀 mravalsaxeobis raime 𝑃 wertili. am 

wertilSi gansazRvruli (
𝑁
𝑁′
) tenzori, ganisazRvreba rogorc 

poliwrfivi funqcionali(wrfivi yvela argumentis mimarT), 

romlis argumentebs warmoadgenen 𝑁 raodenobis forma-1 da 

𝑁′ raodenobis veqtori, xolo mniSvnelobebi namdvili 
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ricxvebia. magaliTad, Tu 𝐹 aris (
2
2
) tipis tenzori, maSin misi 

mniSvneloba 𝜔̃ da 𝜎̃ forma-1-ze da or 𝑉⃗  da 𝑊⃗⃗⃗  veqtorze, 

Caiwereba saxiT 𝐹(𝜔̃, 𝜎;̃ 𝑉,⃗⃗  ⃗ 𝑊⃗⃗⃗ ). wrfivobis Tviseba aq imas 

niSnavs, rom nebismieri ori 𝛼 da 𝛽 namdvili ricxvisaTvis 

adgili aqvs toloba: 

𝐹(𝛼𝜔̃ + 𝛽𝜆̃, 𝜎;̃ 𝑉⃗ , 𝑊⃗⃗⃗ ) = 𝛼𝐹(𝜔̃, 𝜎;̃ 𝑉⃗ , 𝑊⃗⃗⃗ ) + 𝛽𝐹(𝜆̃, 𝜎;̃ 𝑉⃗ , 𝑊⃗⃗⃗ ),        (2.50) 

analogiuri Tvisebebi unda hqondes tenzors sxva argumente-

bis mimarTac.  

rogorc veqtoruli da forma-1-ebis sivrceebis SemTxve-

vaSi, ise tenzoruli velebis SemTxvevaSic, (
𝑁
𝑁′
) tenzori aris 

wesi, romelic mravalsaxeobis nebismier wertils Seusabamebs 

(
𝑁
𝑁′
) tenzors. tenzoruli velisTvisac adgili aqvs wrfivobis 

Tvisebas. am SemTxvevaSi,  𝛼 da 𝛽 mniSvnelobebi, sxvadasxva 

wertilisaTvis SeiZleba iyos sxvadasxva, anu, isini 

mravalsaxeobaze gansazRvruli funqciebia. 

advili SesamCnevia, rom veqtorebi warmoadgenen (
1
0
) tipis 

tenzorebs, anu isini forma-1-ebis sivrceze gansazRvruli 

wrfivi operatorebia. 

analogiurad, forma-1 aris (
0
1
) tipis tenzori. xolo, 

skalaruli funqciebi-(
0
0
) tipis tenzori. 

 

2.23. tenzoris magaliTebi 

ganvixiloT tenzoris magaliTebi. 

1) Tu, svet-veqtorebs CavTvliT veqtorebad, xolo 

veqtor-striqonebs forma-1-ebad, maSin matricebi iqcevian 

(
1
1
) tenzorad, radganac matricis namravli veqtorze 
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aris veqtori, xolo Tu, matricas marcxnidan 

gavamravlebT veqtorze da marjvnidan forma-1-ze, 

miviRebT ricxvs; 

2) ganvixiloT 𝐶[−1; 1] funqcionaluri sivrce. wrfiv 

diferencialur operators (magaliTad, 𝑥2
𝑑

𝑑𝑥
) am sivrcis 

funqcia(veqtori) gadahyavs sxva funqciaSi(veqtorSi). 

radgan es asaxva wrfivi operatoria, is warmoadgens (
1
1
) 

tenzors mocemul funqcionalur sivrceSi; 

3) mesame magaliTia Zabvis tenzori. Tu, deformirebuli 

sxeulis moculobaSi avirCevT romeliRac farTeuls, 

maSin Zabvis tenzori gansazRvravs Zabvis veqtors(Zalas 

romelic moqmedebs erTeul farTeulze misi erTi 

mxridan meore mxareze), romelic moqmedebs am 

farTeulze. radgan farTeuli aris zedapiri, zedapiri 

ki moicema forma-1-ebiT, Zabvis tenzori warmoadgens 

wrfiv operators, romelic gansazRvrulia forma-1-ebis 

simravleze da mniSvnelobaTa simravlea veqtorebi. ase, 

rom Zabva aris (
2
0
) tipis tenzori.  

    

 

 

 

2.24. tenzoris komponentebi da tenzoruli namravli 

(
2
0
) tipis umartivesi tenzoris asagebad, viRebT or 𝑉⃗  da 

𝑊⃗⃗⃗  veqtors da ganvsazRvravT axal 𝑉⃗ ⊗ 𝑊⃗⃗⃗  tenzors, rogorc 

iseT wrfiv operators, romelic nebismier or 𝑝̃ da 𝑞̃ forma-

1-ze moqmedebisas gvaZlevs 𝑉⃗ (𝑝̃)𝑊⃗⃗⃗ (𝑞̃) namravls.  
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⊗-operacias tenzorul(gare) namravls uwodeben. ori (
𝑀
𝑁
) 

da (
𝑀′

𝑁′
) tenzoris tenzoruli namravli iqneba (

𝑀 +𝑀′

𝑁 +𝑁′
) tipis 

tenzori. 

tenzoris komponentebi ewodebaT mis mniSvnelobebs 

bazisur veqtorebsa da forma-1-ebze. magaliTad, Tu, gvaqvs (
3
2
) 

tipis 𝑆 tenzori, maSin misi komponentebi {𝑒 𝑖} bazisis mimarT 

iqneba 

𝑆𝑙𝑚
𝑖𝑗𝑘
≡ 𝑆(𝜔̃𝑖 , 𝜔̃𝑗 , 𝜔̃𝑘; 𝑒 𝑙 , 𝑒 𝑚).                                 (2.51) 

 

2.25. naxvevis operacia 

 (
1
1
) tipis 𝑉⃗ ⊗ 𝜔̃ tenzoris komponentebia 𝑉𝑖𝜔𝑗 . Tu, 

SevajamebT diagonalur (𝑖 = 𝑗) komponentebs, miviRebT 𝑉𝑗𝜔𝑗 

ricxvs, romelic araa damokidebuli bazisis arCevaze, es aris 

𝜔̃-s mniSvneloba 𝑉⃗ -ze, romelic warmoadgens skalarul (
0
0
) 

tenzors. am operacias naxvevis operacia ewodeba. 

analogiurad, Tu, gvaqvs (
1
2
) tipis tenzoris gare namrav-

li (
2
0
) tipis tenzorze, maSin miviRebT (

3
2
) tipis tenzors, 

romlis komponentebic SegviZlia CavweroT 𝑆𝑗𝑘
𝑖 𝑃𝑙𝑚. Tu, am 

tenzorSi movaxdenT magaliTisaTvis erTi zeda 𝒍 indeqsis 

gatolebas 𝒋 qveda indeqsTan, rac ainStainis SeTanxmebis 

safuZvelze, niSnavs am indeqsiT Sejamebas, miviRebT naxvevis 

operacias, romelic (
3
2
) tipis tenzoridan mogvcems (

2
1
) tipis 

tenzors 𝑆𝑗𝑘
𝑖 𝑃𝑗𝑚 komponentebiT. 

unda aRiniSnos, rom naxvevis operacia araa damokidebu-

li bazisia arCevaze. 
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2.26. bazisis cvlileba 

ganvixiloT 𝑀 mravalsaxeobis raime 𝑃 wertilSi 

gansazRvruli veqtorebi da tenzorebi. vTqvaT, Cven gvaqvs {𝑒 𝑖} 

bazisi (𝑖 = 1, 𝑛̅̅ ̅̅ ̅) da gvinda gadavideT sxva {𝜖 𝑖} bazisze (𝑖 = 1, 𝑛̅̅ ̅̅ ̅). 

maSin 𝑇𝑃 gveqneba wrfivi gardaqmna Λ, romelic gvaZlevs 

saSualebas gadavideT Zveli bazisidan axalze: 

𝜖 𝑖 = Λi
j
𝑒 𝑗 .                                               (2.52) 

cxadia, rom Λi
j
 matrica aragadagvarebulia, winaaRmdeg 

SemTxvevaSi 𝜖 𝑖 veqtorebi ar iqnebodnen wrfivad damouki-

debeli. am matricas gardaqmnis matrica ewodeba da mas aqvs 
Sebrunebulic. 

forma-1-ebis Zveli bazisi, rogorc viciT akmayofilebs 

Tanafardobas  

𝜔̃𝑖(𝑒 𝑗) = 𝛿𝑗
𝑖 .                                             (2.53) 

Tu, gavamravlebT (2.53) tolobas Λ𝑚
𝑗
 matricaze da 

gamoviyenebT (2.52) Tanafardobas, maSin gardaqmnis wrfivobis 

Tvisebidan gamomdinare, miviRebT rom 

𝜔̃𝑖(𝑒 𝑚) = 𝛿𝑗
𝑖Λ𝑚
𝑗
= Λ𝑚

𝑖 .                                     (2.54) 

saidanac advilad gamoiyvaneba forma-1-ebis gardaqmnis 

kanoni 

𝜔̃𝑖 = Λ𝑚
𝑖 𝜔̃𝑚,                                             (2.55) 

romelic gansxvavdeba sabaziso veqtorebis gardaqmnis (2.52) 

kanonisagan. zogjer tenzorebis zeda indeqsebs 

kontravariantuls uwodeben, xolo qveda indeqsebs – 

kovariantuls. ase rom, forma-1-ebs kovariantul veqtorebsac 

uwodeben.  

zogjer tenzorebis gansazRvrisaTvis iyeneben maTi 

gardaqmnis formulebs. 
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2.27. tenzoruli operaciebi komponentebze 

vTqvaT, 𝑇 tenzors romeliRac bazisSi aqvs komponentebi 

{𝑇𝑗 …
𝑖 …}, Tu, am komponentebs gavamravlebT raime 𝒂 namdvil 

ricxvze, miviRebT {𝑎𝑇𝑗 …
𝑖 …}, rac warmoadgens 𝑎𝑇 tenzoris 

komponentebs. aqedan cxadia, rom mudmivi ricxvis tenzorze 

namravli ar aris damokidebuli bazisis arCevaze. ase, rom aq 

gvaqvs asaxva: 𝑇 ⟼ 𝑎𝑇.  

analogiurad, tenzoruli namravlis operacia aris asaxva: 

𝐴, 𝐵 ⟼ 𝐴⊗𝐵, romelsac komponentebSi CavwerT Semdegnairad: 

{𝐴𝑗 …
𝑖 …}, {𝐵𝑚 …

𝑘 … } ⟼ {𝐴𝑗 …
𝑖 …𝐵𝑚 …

𝑘 … }.                             (2.56) 

amrigad, gvaqvs Semdegi tenzoruli operaciebi: 

1) erTnairi tipis tenzorebis Sesabamisi komponentebis 

Sekreba(gamokleba); 

2) nebismieri tipis tenzoris yvela komponentis 

gamravleba mocemul mudmiv ricxvze(iZleva igive tipis 

tenzors); 

3) ori tenzoris komponentebis namravli iZleva axal 

tenzors, romlis tipic TanamamravlTa tipebis jamis 

tolia; 

4) tenzoris naxvevi raime ori indeqsiT, romelTagan erTi 

zeda indeqsia, xolo meore – qveda, iZleva tenzors 

romlis rangic oriT naklebia sawyis tenzorze. 

 

gantolebebi, romlebSic tenzorebi erTmaneTTan dakavSi-

rebuli arian mxolod am operaciebiT, warmoadgenen tenzo-

rul gantolebebs, romlebic damokidebuli ar arian bazisis 

arCevaze. 
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2.28. funqcia da skalari 

 

skalarebi warmoadgenen (
0
0
) tipis tenzorebs, anu, arian 

mravalsaxeobaze gansazRvruli funqciebi, romlebic invari-

antuli arian bazisis arCevis mimarT. magaliTad, naxvevi 𝑉𝑖𝜔𝑖 

skalaria, radgan misi mniSvneloba araa damokidebuli bazisis 

arCevaze.  

 

 

2.29. metrikuli tenzori veqtorul sivrceSi 

 

veqtorul sivrceSi xSirad ganixileba veqtorTa skala-
ruli namravlis cneba. es aris wesi, romelic or veqtors 
Seusabamebs namdvil ricxvs, ise rom, es namravli wrfivadaa 
damokidebuli TiToel veqtorze. ase, rom skalaruli namrav-

li aris (
0
2
) tipis tenzori. am tenzors metrikul tenzors 

uwodeben da aRniSnaven 𝑔 simboloTi. ase, rom, Cven gansazRv-

ris Tanaxmad vambobT, rom 

𝑔(𝑉⃗ , 𝑈⃗⃗ ) = 𝑔(𝑈⃗⃗ , 𝑉⃗ ) ≡ 𝑈⃗⃗ ∙ 𝑉⃗ .                                 (2.57) 

pirveli toloba miuTiTebs, rom skalaruli namravli 

araa damokidebuli TanamamravlTa mimdevrobaze, anu, 

skalaruli namravli aris simetriuli tenzori. misi 

komponentebi {𝑒 𝑖} bazisSi arian 

𝑔𝑖𝑗 = 𝑔(𝑒 𝑖 , 𝑒 𝑗) = 𝑒 𝑖 ∙ 𝑒 𝑗.                                    (2.58) 

es komponentebi qmnian kvadratul 𝑛 × 𝑛 matricas. unda 

moviTxovoT, rom es matrica iyos aragadagvarebuli da 

maSasadame, hqondes Sebrulebulic. Tu es aris erTeulovani 

matrica anu 

𝑔𝑖𝑗 = 𝛿𝑖𝑗,                                                (2.59) 

maSin metrikul 𝒈 tenzors evklidurs uwodeben, xolo 

Sesabamis veqtorul sivrces – evklidur sivrces.  
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im SemTxvevaSi, rodesac metrikul tenzors ara aqvs ase 

martivi saxe, yovelTvis SegviZlia avirCioT iseTi axali 

bazisi {𝑒 𝑗′}, rom axal komponentebs hqondeT rac SeiZleba 

martivi saxe 

𝑔𝑖′𝑗′ = Λ𝑖′
𝑘 Λ𝑗′

𝑙 𝑔𝑘𝑙 .                                         (2.60) 

ganvixiloT es Tanadoba, rogorc matriculi gantolebis 

komponentebi; maSin, SegviZlia is gadavweroT formiT 

𝑔𝑖′𝑗′ = Λ𝑖′
𝑘 𝑔𝑘𝑙Λ𝑗′

𝑙 .                                         (2.61) 

CavweroT es toloba matriculi gantolebis saxiT  

𝑔′ = Λ𝑇𝑔Λ,                                              (2.62) 

sadac  Λ𝑇 - aris Λ = Λ𝑖′
𝑘  matricis transponirebuli matrica.  

vaCvenoT, rom Tu kargad avirCevT 𝜦 matricas, maSin 𝒈′ 
metrikuli tenzori SeiZleba maqsimalurad martivi saxiT 

CavweroT. 

marTlac, warmovadginoT 𝛬 matrica 𝑂 - 

orTogonaluri(𝑂𝑇 = 𝑂−1) da 𝐷 – digonaluri (𝐷𝑇 = 𝐷) 

matricebis namravlis saxiT 

𝛬 = 𝑂𝐷.                                               (2.63) 

rogorc matricebis Tvisebebidan vociT 

Λ𝑇 = (𝑂𝐷)𝑇 = 𝐷𝑇𝑂𝑇 = 𝐷𝑂−1                             (2.64) 

da  

𝑔′ = 𝐷𝑂−1𝑔𝑂𝐷.                                          (2.65) 

rogorc cnobilia, nebismieri simetriuli matrica da 

maSasadame, 𝑔 matricac, msgavsebis Sesabamisi orTogonaluri 

matriciT gardaqmniT, SegviZlia miviyvanoT 𝑔𝑑 diagonalur 
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matricul saxeze. vTqvaT, 𝑂 - swored aseTi orTogonaluri 

matricaa:      

𝑔𝑑 = 𝑂
−1𝑔𝑂,                                            (2.66) 

maSin, (2.65) tolobidan miviRebT, rom 

𝑔′ = 𝐷𝑔𝑑𝐷.                                              (2.67) 

Tu, 𝑔𝑑 = 𝑑𝑖𝑎𝑔(𝑔1, 𝑔2, … , 𝑔𝑛) da 𝐷 = 𝑑𝑖𝑎𝑔(𝑑1, 𝑑2, … , 𝑑𝑛), maSin 

𝑔′ = 𝑑𝑖𝑎𝑔(𝑔1𝑑1
2, 𝑔2𝑑2

2, … , 𝑔𝑛𝑑𝑛
2).                            (2.68) 

davuSvaT axla, rom 𝑑𝑖 = |𝑔𝑖|
−
1

2, maSin (2.68) diagonaluri 

matricis TiToeuli wevri udris +1, an -1-s. 

 𝑔𝑑 matricis diagonaluri {𝑔𝑖 , 𝑖 = 1, 𝑛̅̅ ̅̅ ̅} elementebi warmo-

adgenen 𝐠 matricis sakuTriv ricxvebs da ganisazRvrebian 

mimdevrobis sizustiT. ufro metic, radgan matrica 

aragadagvarebulia, arc erTi maTgani araa nulovani. 

 ase, rom metrikuli tenzoris Semcveli nebismieri 

veqtoruli sivrce miiyvaneba iseT bazisze, rom am 
orTonormirebuli bazisis mimarT, metrikul tenzors aqvs 

kanonikuri saxe 𝒅𝒊𝒂𝒈(−𝟏,−𝟏,…− 𝟏, 𝟏, 𝟏,…𝟏). am matricis diago-

naluri elementebis jams signaturas uwodeben.   

Tu metrika dadebiTad gansazRvrulia, maSin mis kanonikur 

warmodgenaSi gvaqvs mxolod +1-ianebi da aseTi sivrce 
evkliduria. Tu, yvela diagonaluri elementi araa +1, maSin 
metrikas indefiniturs uwodeben. indefinituri metrikis 

magaliTia minkovskis metrika (-1,1,1, . . .,1). aseTi metrika aqvs 

fardobiTobis specialur Teorias (𝑛 = 4). 

evklidur sivrceSi kanonikur bazisebs dekartuls 

uwodeben. aseT bazisSi metrikuli tenzoris komponentebi 

emTxveva kronekeris simbolos komponentebs. anu, moicema 

erTeulovani matriciT. dekartuli bazisidan meore 

dekartul bazisze gadasvlis matrica orTogonaluria.  ori 
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orTogonaluri matricis namravli isev orTogonaluria da 

maSasadame, orTogonaluri matricebis simravle jgufia, 

romelsac 𝐎(𝐧) orTogonalur jgufs uwodeben. 

analogiurad, veqtorul sivrceSi minkovskis metrikiT 

aRsaniSnavia kanonikuri bazisi, romelsac fsevdoevkliduri 
(lorencis) bazisi ewodeba. sadac metrikis komponentebs aqvT 

Semdegi saxe: 

𝑔𝑑 = 𝑑𝑖𝑎𝑔(−1,1,… ,1).                                   (2.69) 

erTi fsevdoevkliduri bazisidan meoreze gadasvlis 

matrica Λ𝐿 akmayofilebs Tanadobas 

𝑔𝑑 = Λ𝐿
𝑇𝑔𝑑Λ𝐿 .                                            (2.70) 

aseT gardaqmnas lorencis gardaqmnas uwodeben. es 

gardaqmnebic adgenen jgufs, romelsac lorencis 𝐿(𝑛) jgufs 

uwodeben da zogjer asec aRniSnaven: 𝑂(𝑛 − 1,1). 

metrikuli tenzoris yvelaze ufro mniSvnelovani Tviseba 

isaa, rom maTi saSualebiT myardeba urTierTcalsaxa 

kavSiri(bieqcia) veqtorebsa da forma-1-ebs Soris. 

Cven davuSviT, rom 𝑔𝑖𝑗 matrica iyos aragadagvarebuli, es 

ganapirobebs misi Sebrunebuli 𝑔𝑖𝑗 matricis arsebobas, anu, 

𝑔𝑖𝑗𝑔𝑗𝑘 = 𝛿𝑘
𝑖 .                                            (2.71) 

Sesabamisoba veqtorebsa da forma-1-ebs Soris moicema 

tolobebiT:  

𝑉𝑖 = 𝑔𝑖𝑗𝑉
𝑗  da  𝑉𝑗 = 𝑔𝑗𝑘𝑉𝑘 .                              (2.72) 

 Sesabamisad 𝑔𝑖𝑗 aris (
2
0
) tipis tenzori. metrikuli 

tenzori saSualebas iZleva indeqsebi avwioT an davwioT. 



78 

 

magaliTad,  (
2
0
) tipis 𝐴𝑗𝑘 tenzori, SeiZleba gardavqmnaT 

(
1
1
) tipis 𝐴𝑗

𝑖 tenzorad formuliT:    

𝐴𝑗
𝑖 = 𝑔𝑗𝑘𝐴

𝑖𝑘 .                                            (2.73) 

aseve, SegviZlia (
1
1
) tipis 𝐴𝑗

𝑖 tenzori gardavqmnaT (
0
2
) 

tipis 𝐴𝑖𝑗 tenzorad formuliT: 

𝐴𝑖𝑗 = 𝑔𝑖𝑚𝐴𝑗
𝑚 = 𝑔𝑖𝑚𝑔𝑗𝑘𝐴

𝑚𝑘.                                (2.74) 

aqedan ki SegviZlia davubrundeT sawyis tenzors 

formuliT: 

𝐴𝑖𝑗 = 𝑔𝑖𝑘𝑔𝑗𝑚𝐴𝑘𝑚.                                        (2.75) 

am operacias indeqsebis awev-dawevis operacias uwodeben. 

metrikul veqtorul sivrceSi ara aqvs mniSvneloba 

tenzori iqneba (
𝑀
𝑁
) tipis, Tu, (

𝑀 − 1
𝑁 + 1

) tipis. aq yvelafers 

gansazRvravs tenzoris rangi anu 𝑀 +𝑁.  

evklidur sivrceSi 𝑔𝑖𝑗 = 𝛿𝑖𝑗,  𝑔
𝑖𝑗 = 𝛿𝑖𝑗 ,   𝑉𝑖 = 𝑉𝑗 . amitom veqto-

rebsa da forma-1-ebs Soris evklidur sivrceSi, orTonor-

mirebuli bazisis SemTxvevaSi, araa gansxvaveba. Tumca, 

evklidur sivrceSi araorTonormirebuli bazisiT an 

indefinituri metrikis SemTxvevaSi nebismieri bazisiT, forma-

1-i gansxvavdeba veqtorisagan. 

 

2.30. metrikuli tenzoris veli mravalsaxeobaze 

metrikuli 𝑔 tenzoruli veli 𝑀 ravalsaxeobaze aris 

simetriuli (
0
2
) tipis tenzoruli veli, romelic 

Sebrunebadia nebismier wertilSi. mravalsaxeobis nebismier 𝑃 

wertilSi is iZleva metrikas mxeb 𝑇𝑃 sivrceSi, romlisTvisac 
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sruldeba yvela Tviseba, romlebzedac wina paragrafSi 

gvqonda saubari, da kidev bevri sxva.  

(
0
2
) tipis tenzoruli velis gamoyofa mravalsaxeobis 

metrikisaTvis Zalian amdidrebs mravalsaxeobas da gardaqmnis 

mas metad xist struqturad. ukve SesaZlebeli xdeba 

ganvsazRvroT masze manZili da simrude. es mniSvnelovania 

fardobiTobis zogadi TeoriisaTvis, Tumca, SeiZleba 

agvacilos diferencirebadi mravalsaxeobebis geometriis 

iseT mniSvnelovan cnebebs, rogoricaa lis warmoebuli da 

kartanis diferencialuri formebi. amitom, SevecdebiT 

metrikuli tenzori gamoviyenoT mxolod iq, sadac is 

aucilebelia. 

metrikuli tenzori diferencirebadia saWiro rigamde 

CaTvliT. ase, rom mas vTvliT uwyvetad. misi kanonikuri 

Canaweri unda iyos erTnairi, radgan is ganisazRvreba 

mTelricxveba parametrebiT. amitom SegviZlia vilaparakoT 

metrikuli tenzoruli velis signaturaze. Tu vigulisxmebT, 

rom gardaqmnis matrica SegviZlia damoukideblad amovirCioT 

yvela wertilSi, maSin miviRebT globalur kanonikur saxes. 

metrikis mniSvnelovani Tvisebaa is, rom misi daxmarebiT 

SegviZlia mravasaxeobaze SemoviRoT manZilis cneba. Tu, 𝑉⃗ =
𝑑𝑥 

𝑑𝜆
 aris mocemuli mrudis mxebi veqtori, maSin wiris gaswvriv 

𝑑𝜆 gadaadgilebas Seesabameba manZilis kvadrati 

𝑑𝑙2 = 𝑑𝑥 ∙ 𝑑𝑥 = 𝑉⃗ 𝑑𝜆 ∙ 𝑉⃗ 𝑑𝜆 = 𝑉⃗ ∙ 𝑉⃗ (𝑑𝜆)2 = 𝑔(𝑉⃗ , 𝑉⃗ )𝑑𝜆2.        (2.76) 

Tu, metrika dadebiTad gansazRvrulia, maSin 𝑔(𝑉⃗ , 𝑉⃗ ) > 0 

nebismieri 𝑉⃗ ≠ 0 mniSvnelobisaTvis. am SemTxvevaSi 𝑑𝑙2 > 0 da 

mrudis sigrZis elementisaTvis gveqneba gamosaxuleba 

𝑑𝑙 = (𝑔(𝑉⃗ , 𝑉⃗ ))
1 2⁄

𝑑𝜆.                                     (2.77) 
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magram indefinituri metrikis SemTxvevaSi, mrudis sigrZis 

elements ukve aRar eqneba gansazRvruli niSani. wirs SeiZleba 

qondeT rogorc dadebiTi 𝑑𝑙2 (sivrcis-msgavsi wirebi), aseve, 

uaryofiTi (drois-msgavsi wirebi). aseT SemTxvevaSi, namdvili 

ricxvi 

𝑑𝑙 = (|𝑔(𝑉⃗ , 𝑉⃗ )|)
1 2⁄
𝑑𝜆,                                     (2.78) 

SegviZlia CavTvaloT sakuTriv sigrZed sivrcis-msgavsi 

wirebisaTvis da sakuTriv drod drois-msgavsi wirebisaTvis. 

es sidide nulis tolia nulovani wirebisaTvis. 

indefinitur metrikasTan muSaobisas erTmaneTisagan unda 
ganvasxvavoT nulovani sigrZis veqtori da nulovani veqtori. 

 

2.31. fardobiTobis specialuri Teoria 

fizikisaTvis erT-erT yvelaze mniSvnelovan mravalsa-

xeobas warmoadgens veqtoruli sivrce ℝ4, romelsac aqvs 

metrika signaturiT +2, esaa minkovskis sivrce. fardobiTobis 

specialuri Teoriis sivrce dro.  

rogorc viciT, arsebobs privilegirebuli koordinatTa 

sistemebi – lorencis aTvlis sistemebi, romelTaTvisac Tu 

ori movlena daSorebulia sakoordinato intervaliT 

(Δ𝑡, Δ𝑥, Δ𝑦, Δ𝑧), maSin 

Δ𝑠2 = −𝑐(Δ𝑡)2 + (Δ𝑥)2 + (Δ𝑦)2 + (Δ𝑧)2,                     (2.79) 

sidide araa damokidebuli lorencis koordinatTa sistemis 

arCevaze(aq 𝑐 sinaTlis siCqarea). SevcvaloT masStabebi 

koordinatTa sistemisaTvis formulebiT: 

 𝑥0 = 𝑐𝑡, 𝑥1 = 𝑥,   𝑥2 = 𝑦, 𝑥3 = 𝑧 ,                          (2.80) 

maSin (2.79) gadaiwereba formiT 

Δ𝑠2 = −(Δ𝑥0)2 + (Δ𝑥1)2 + (Δ𝑥2)2 + (Δ𝑥3)2 = 𝜂𝛼𝛽Δ𝑥
𝛼Δ𝑥𝛽.     (2.81) 
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sadac 𝜂𝛼𝛽 diagonaluri matricaa: 

ηαβ = diag(−1,1,1,1).                                     (2.82) 

Δ𝑠2 aris (Δ𝑥0, Δ𝑥1, Δ𝑥2, Δ𝑥3) veqtoris fsevdonorma. mas 

Seesabameba skalaruli namravli 

𝑉⃗ ∙ 𝑊⃗⃗⃗ = 𝜂𝛼𝛽𝑉
𝛼𝑊𝛽.                                        (2.83) 

ase, rom faqtiurad 𝜂𝛼𝛽 aris kanonikuri saxiT Cawerili 

metrikuli tenzori, xolo lorencis sistema aris Sesabamisi 

orTonormirebuli bazisuri sistema.            

      

Teoriuli masalis gameoreba 

1. gansazRvreT mravalsaxeoba; 

2. daaxasiaTeT 𝑆𝑂(3) mravalsaxeoba; 

3. gansazRvreT mxebi 𝑇𝑃 sivrce sferosaTvis; 

4. ganfenili sivrcis gansazRvreba; 

5. mxebi ganfenili sivrceebis magaliTebi. ruka da atlasi; 

6. lis frCxilebi da arasakoordinato bazisi; 

7. tenzoruli velis cneba. veqtorebi da forma-1; 

8. metrikuli tenzori. fsevdonorma. signatura. indeqsis 

awev-dawevis operacia. evkliduri da minkovskis sivrce-

ebi. lorencis gardaqmna. 
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Tavi III. lis algebrebi da lis jgufebi 

jgufTa Teoriis gamoyeneba diferencialuri gantolebe-

bis amosaxsnelad, Camoyalibda rogorc axali mecnieruli 

mimarTuleba sofus lis SromebSi da Tavdapirvelad, uwyveti 

jgufebis Teoriis saxeliT iyo cnobili. pirveli ZiriTadi 

amocanebi, diferencialuri gantolebebis kvadra-turebSi 

amoxsnadobasTan dakavSirebiT, TviT s. lis Sromeb-Si iqna 

gadawyvetili. mogvianebiT, l.ovsianikovisa da n.ibragimovis 

SromebSi lis Teoriis daxmarebiT, miRweul iqna rigi 

warmatebebisa meqanikisa da maTematikuri fizikis 

diferencialur gantolebaTa zusti amonaxsnebis klasebis 

povnis saqmeSi. 

 

3.1. gardaqmnebis erTparametriani jgufi 

ganvixiloT gardaqmnaTa erTparametriani jgufebi namdvi-

li parametriT. yoveli aseTi jgufi ganisazRvreba misi 

parametris mimarT teiloris mwkrivad gaSlis pirveli 

wevriT, anu, misi mxebi veqtoruli velis sivrciT, romelsac 

zogjer, jgufis infinitezimalur operatorsac uwodeben. 

jgufis magivrad, misi infinitezimaluri operatoris 

gamoyeneba ufro mizanSewonilia. 

ganvixiloT 𝑇 gardaqmna: 

𝑧′ = 𝑓(𝑧),                                               (3.1) 

romelsac ℝ𝑛 evkliduri sivrcis 𝑧 = (𝑧1, … , 𝑧𝑛) wertili gada-

yavs axal 𝑧′ = (𝑧′1, … , 𝑧′𝑛) ∈ ℝ𝑛 wertilSi erTi da imave koor-

dinatTa sistemis mimarT. CavTvaloT, rom (3.1) gardaqmna 

Seqcevadia da mis Sebrunebul gardaqmnas, romelsac 𝑧′ 

wertili gadayavs kvlav 𝑧 wertilSi, aRvniSnavT 𝑇−1 

simboloTi. 𝑇 da 𝑇−1 gadaqmnebis mimdevrobiT Sesrulebas, 

nebismieri TanmimdevrobiT, mivyavarT igivur 𝐼 gardaqmnamde, 

romelsac nebismieri wertili Tavis TavSi gadayavs. 
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ganvixiloT axla {𝐓𝐚} erTparametrian gardaqmnaTa erTo-

blioba: 

𝑧′ = 𝑓(𝑧, 𝑎),                                              (3.2) 

sadac 𝑎 ∈ ℝ parametri uwyvetad icvleba raRac ∆⊂ ℝ 

SualedSi. am parametris yovel mniSvnelobas Seesabameba 

konkretuli gardaqmna erTparametrian gardaqmnaTa ojaxidan. 

CavTvaloT, rom roca 𝑎 = 0 misi Sesabamisi gardaqmna aris 

igivuri gardaqmna 𝑇0 = 𝐼 da nebismieri aranulovani 𝑎 ≠ 0 

mniSvnelobisaTvis, Sesabamisi 𝑇𝑎 ≠ 𝐼 nebismieri 𝑎 ∈ ∆⊂ ℝ. 

CavTvaloT, rom nebismier 𝑇𝑎 gardaqmnasTan erTad, 

gardaqmnaTa erTparametriani ojaxi Seicavs mis Sebrunebul 

𝑇𝑎
−1 = 𝑇𝑎−1 gardaqmnasac, sadac 𝑎−1 aRniSnavs parametris im 

mniSvnelobas, romelic {Ta}-Si Seesabameba Sebrunebul 𝑇𝑎
−1 

gardaqmnas. 

magaliTad, Tu gvaqvs gaWimvis 𝑧′ = 𝑎𝑧 gardaqmna, maSin 𝑎 =

1 mniSvnelobas Seesabameba igivuri gardaqmna. Tu, 

gadavanacvlebT parametrs, miviRebT gardaqmnas 

𝑧′ = 𝑧 + 𝑎𝑧,                                             (3.3) 

sadac 𝑇0 = 𝐼. vipovoT (3.3) gardaqmnis Sebrunebuli gardaqmna, 

amisaTvis, SevucvaloT 𝑧′ da  𝑧 koordinatebs adgili da 

amovxsnaT miRebuli toloba 𝑧′-is mimarT, miviRebT 𝑧′ =
𝑧

1+𝑎
 anu, 

𝑇𝑎
−1 =

𝑧

1+𝑎
. exla SevecadoT, vipovoT 𝑎 -s is 𝑎−1 mniSvneloba, 

roca (3.3) gardaiqmneba 𝑇𝑎
−1 =

𝑧

1+𝑎
 formulad. anu, 

𝑧

1+𝑎
= 𝑧 + 𝑎−1𝑧.                                          (3.4) 

aqedan advilad miviRebT, rom 

𝑎−1 = −
𝑎

1+𝑎
.                                              (3.5) 

ase, rom nebismieri 𝑎 ∈ (−1,+∞) mniSvnelobisaTvis 

arsebobs Sesabamisi Sebrunebuli 𝑇𝑎−1 gardaqmna.  
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axla ganvixiloT, parametris raime ori sxvadasxva 𝑎 da 𝑏 

mniSvneloba mocemuli intervalidan da mimdevrobiT Sevas-

ruloT maTi Sesabamisi (3.3) gardaqmnebi. pirveli gardaqmnis 

Semdeg 𝑧 wertili gadava 𝑧′ = 𝑧 + 𝑎𝑧 wertilSi, romelsac meore 

gardaqmna gadaiyvans 𝑧′′ wertilSi 

𝑧′′ = 𝑧′ + 𝑏𝑧′ = 𝑧 + 𝑎𝑧 + 𝑏(𝑧 + 𝑎𝑧) = 𝑧 + (𝑎 + 𝑏 + 𝑎𝑏)𝑧.      (3.6) 

ase, rom (3.3) gardaqmnis orjer mimdevrobiT Sesrulebas, 

mivyavarT isev igive tipis gardaqmnamde, parametris axali 𝑐 =

𝑎 + 𝑏 + 𝑎𝑏 mniSvnelobisaTvis. simbolurad am Tvisebas weren 

formiT 𝑇𝑏𝑇𝑎 = 𝑇𝑎+𝑏+𝑎𝑏 da ityvian, rom (3.3) gardaqmnebi qmnian 

erTparametrian jgufs.  

sazogadod (3.2) gardaqmnis SemTxvevaSi, vityviT rom is 

qmnis erTparametrian jgufs, Tu zemoT CamoTvlili 

Tvisebebis garda, adgili aqvs Tanadobas 

𝑇𝑏𝑇𝑎 = 𝑇𝜑(𝑎,𝑏).                                           (3.7) 

sadac 𝜑(𝑎, 𝑏) funqciebi diferencirebadia saWiro rigamde 

CaTvliT. am Canaweris azri igivea, rac wina magaliTSi. rac 

imas niSnavs, rom 𝑇𝑎 da 𝑇𝑏 gardaqmnebis mimdevrobiT 

Sesrulebis Sedegad miviRebT axal igive saxis gardaqmnas 

axali 𝑐 = 𝜑(𝑎, 𝑏) parametriT.  

vTqvaT, (3.2) gardaqmnis SemTxvevaSi, adgili aqvs gardaqm-

naTa jgufis (3.7) Tvisebas da 𝑇0 = 𝐼 sawyis pirobas. maSin 

𝑇0𝑇𝑎 = 𝑇𝑎,    𝑇𝑏𝑇0 = 𝑇𝑏.                                   (3.8) 

aqedan gamomdinareobs, rom  

𝜑(𝑎, 0) = 𝑎,   𝜑(0, 𝑏) = 𝑏.                                   (3.9) 

magaliTad, (3.3) gardaqmnisaTvis 𝜑(𝑎, 𝑏) = 𝑎 + 𝑏 + 𝑎𝑏 da (3.9) 

formulebi advili Sesamowmebelia.  
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erTparametriani jgufis umartives magaliTs warmoadgens 

wrfis gaswvriv gadatanaTa jgufi. sadac gardaqmnas aqvs 

Semdegi saxe: 

𝑥′ = 𝑥 + 𝑎.                                               (3.10) 

𝑥 wertilis ori mimdevrobiTi gadatanis Sedegi iqneba 

𝑥′′ = 𝑥 + 𝑎 + 𝑏.                                          (3.11) 

am SemTxvevaSi, 𝜑(𝑎. 𝑏) = 𝑎 + 𝑏 da 𝑎−1 = −𝑎.   

amrigad, erTparametriani jgufis Tvisebebi SegviZlia 

CamovayaliboT Semdegnairad: 

1) 𝑇0 = 𝐼 erTeulovani elementis arseboba; 

2) 𝑇𝑎
−1 = 𝑇𝑎−1 Sebrunebuli elementis arseboba; 

3) 𝑇𝑐(𝑇𝑏𝑇𝑎) = (𝑇𝑐𝑇𝑏)𝑇𝑎 jgufis operaciis asociaciuroba. (3.12) 

jgufTa abstraqtul TeoriaSi, jgufis gansazRvrisaTvis 

es sami Tvisebaa ZiriTadi. Cven ki parametris mimarT 

uwyvetobis Tvisebac gvWirdeba. amitom gadavdivarT lis 

Teoriis elementebis ganxilvaze. 

 

3.2. lis gantoleba 

vTqvaT 𝑧′ = 𝑓(𝑧, 𝑎) gardaqmnebi adgenen jgufs da 

erTparametriani jgufis (3.7) Tvisebas aqvs martivi saxe  

𝑇𝑏𝑇𝑎 = 𝑇𝑎+𝑏, anu, 𝜑(𝑎, 𝑏) = 𝑎 + 𝑏.                          (3.13) 

sxvanairad rom vTqvaT, davuSvaT rom 

𝑓(𝑓(𝑧, 𝑎), 𝑏) = 𝑓(𝑧, 𝑎 + 𝑏),                                 (3.14) 

aseT SemTxvevaSi, cxadia rom 𝑎−1 = −𝑎. aseTnairad 

SesaZlebelia aRvweroT yvela erTparametriani jgufi da 
gamravlebis nebismier wess, SegviZlia mivceT (3.14) saxe axali 
parametrizaciis (jgufis parametris aragadagvarebuli 
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gardaqmniT) saSualebiT. am jgufs Cven aRvniSnavT 𝐺 

simboloTi.  

gavSaloT  𝑓(𝑧, 𝑎) funqcia teiloris mwkrivad, 𝑎 paramet-

ris mimarT, 𝑎 = 0 wertilis midamoSi. pirobis Tanaxmad 𝑇0 = 𝐼 

da maSasadame, 𝑓(𝑧, 0) = 𝑧. amitom, Tu, SemoviRebT aRniSvnas 

𝜉(𝑧) =
𝜕𝑓(𝑧,𝑎)

𝜕𝑎
Ι𝑎=0,                                      (3.15)  

maSin Cveni (3.2) gardaqmna miiRebs saxes 

𝑧′ = 𝑧 + 𝜉(𝑧)𝑎 + 𝑜(𝑎).                                     (3.16) 

lis Teorema amtkicebs, rom gaSlis am ori wevriT 

SegviZlia calsaxad ganvsazRvroT 𝒇(𝒛, 𝒂) funqcia, romelic 

akmayofilebs (3.14) pirobas. aseve, amboben rom 𝑮 jgufi 

calsaxad ganisazRvreba mxebi veqtoruli 𝝃 veliT, radgan 

(3.15) warmoadgens 𝒛 wertilSi gavlebul mxeb veqtors im wiris 

mimarT, romelic aiwereba 𝒛′ wertilebiT (𝟑. 𝟐) gardaqmnisas. 

Teorema: Tu, 𝑓(𝑧, 𝑎) funqcia akmayofilebs  𝑓(𝑓(𝑧, 𝑎), 𝑏) =

𝑓(𝑧, 𝑎 + 𝑏) tolobas da aqvs 𝑧′ = 𝑧 + 𝜉(𝑧)𝑎 + 𝑜(𝑎) warmodgena, 

maSin is akmayofilebs lis gantolebas sawyisi pirobiT: 

𝑑𝑓

𝑑𝑎
= 𝜉(𝑓),    𝑓Ι𝑎=0 = 𝑧.                                  (3.17) 

piriqiTac, nebismieri gluvi 𝜉(𝑧) veqtoruli velisaTvis 

(3.17) koSis amonaxsniakmayofilebs 𝑓(𝑓(𝑧, 𝑎), 𝑏) = 𝑓(𝑧, 𝑎 + 𝑏) 

pirobas.  

damtkiceba: vTqvaT adgili aqvs 𝑓(𝑓(𝑧, 𝑎), 𝑏) = 𝑓(𝑧, 𝑎 + 𝑏) pirobas. 

𝑎 parametrs mivceT Δ𝑎 nazrdi, maSin gveqneba 𝑓(𝑧, 𝑎 + Δ𝑎) =

𝑓(𝑓(𝑧, 𝑎), Δ𝑎). am tolobaSi mwkrivad gaSlis Semdeg, Tu 

gamovyofT wrfiv nawils Δ𝑎-s mimarT, miviRebT  

𝑓(𝑧, 𝑎 + Δ𝑎) = 𝑓(𝑧, 𝑎) +
𝜕𝑓

𝜕𝑎
Δ𝑎 + 𝑜(Δ𝑎), 

𝑓(𝑓(𝑧, 𝑎), Δ𝑎) = 𝑓(𝑍, 𝑎) +
𝜕𝑓

𝜕Δ𝑎
Ι𝑎=0Δ𝑎 + 𝑜(Δ𝑎). 
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Tu, SemoviRebT aRniSvnas 
𝜕𝑓(𝑓(𝑧,𝑎),Δ𝑎)

𝜕Δ𝑎
ΙΔ𝑎=0 = 𝜉(𝑓(𝑧, 𝑎)) da gaviT-

valiswinebT (3.15) tolobas, miviRebT lis gantolebas 

𝜕𝑓(𝑧,𝑎)

𝜕𝑎
= 𝜉(𝑓(𝑧, 𝑎)). 

davamtkicoT exla Teoremis meore nawili. vTqvaT 𝑓(𝑧, 𝑎) aris 

(3.17) amocanis amonaxsni. davafiqsiroT parametris 

mniSvneloba 𝑎 = 0 mniSvnelobis maxloblobaSi da ganvixiloT 

ori funqcia 

𝑢(𝑏) = 𝑓(𝑧′, 𝑏) = 𝑓(𝑓(𝑧, 𝑎), 𝑏) da 𝑣(𝑏) = 𝑓(𝑧, 𝑎 + 𝑏). maTTvis lis 

gantolebidan gamomdinare,  

𝑑𝑢

𝑑𝑏
=
𝑑𝑓(𝑧′,𝑏)

𝑑𝑏
= 𝜉(𝑢),   𝑢Ι𝑏=0 = 𝑓(𝑧, 𝑎), 

𝑑𝑣

𝑑𝑏
=
𝑑𝑓(𝑧,𝑎+𝑏)

𝑑𝑏
= 𝜉(𝑣),   vΙ𝑏=0 = 𝑓(𝑧, 𝑎). 

ase, rom 𝑢(𝑏) da 𝑣(𝑏) akmayofileben erTi da imave 

diferencialur gantolebas erTnairi sawyisi pirobiT, radgan 

aseT koSis amocanas aqvs erTaderTi amonaxsni gveqneba rom 

𝑢(𝑏) = 𝑣(𝑏). rac imas niSnavs rom 𝑓(𝑓(𝑧, 𝑎), 𝑏) = 𝑓(𝑧, 𝑎 + 𝑏). r.d.g. 

 

 

ganvixiloT magaliTebi: 

1.) gadatanaTa jgufs 𝑥′ = 𝑥 + 𝑎 aqvs mxebi veqtori 𝜉(𝒙) =

1. adgili aqvs lis gantolebas, romelsac am 

SemTxvevaSi aqvs saxe 
𝑑𝑥′

𝑑𝑎
= 1 ; 

2.) namdvil ricxvTa RerZze ganvixiloT veqtoruli 

veli 𝜉(𝒙) = 𝒙 da amovxsnaT Sesabamisi lis gantole-

ba, romelsac aqvs saxe:  
𝑑𝑥′

𝑑𝑎
= 𝑥′, 𝑥′Ι𝑎=0 = 𝑥. es amocana 

advilad ixsneba da gvaZlevs gaWimvebis jgufs 𝑥 ′ =

𝑥e𝑎 ; 
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3.3. invariantebi. jgufis infinitezimaluri operatori 

𝐹(𝑧) funqcias ewodeba 𝑧′ = 𝑓(𝑧, 𝑎) = 𝑧 + 𝜉(𝑧)𝑎 + 𝑜(𝑎) gardaq-

mnaTa jgufis invarianti, Tu, yvela dasaSvebi 𝑧, 𝑎 

mniSvnelobebisaTvis adgili aqvs tolobas 

𝐹(𝑓(𝑧, 𝑎)) = 𝐹(𝑧).                                       (3.18) 

Teorema: 𝐹(𝑧) funqcia invariantia, maSin da mxolod maSin, 

rodesac is akmayofilebs gantolebas 

𝜉𝑖(𝑧)
𝜕𝐹(𝑧)

𝜕𝑧′
= 0.                                         (3.19) 

 invariantobis es kriteriumi warmoadgens pirveli rigis 

kerZowarmoebulian, wrfiv, erTgvarovan gantolebas. amitom, 

gardaqmnaTa nebismier erTparametrian jgufs ℝ𝑛 sivrceSi 

gaaCnia 𝑛 − 1 wrfivad damoukidebeli invarianti, ise, rom 

nebismieri sxva invarianti am bazisuri invariantebis funqciaa. 

aseT bazisur invariantebad, SegviZlia avirCioT (3.19) 

gantolebis maxasiaTebeli gantolebis  

𝑑𝑧1

𝜉1(𝑧)
=

𝑑𝑧2

𝜉2(𝑧)
= … =

𝑑𝑧𝑛

𝜉𝑛(𝑧)
,                                   (3.20) 

pirveli integralebis marcxena mxareebi  

𝐽𝑖(𝑧) = 𝐶𝑖 ,    𝑖 = 1, 𝑛 − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅  .                                 (3.21) 

ganvixiloT magaliTebi: 

gaWimvis jgufisaTvis ℝ3 sivrceSi 

 𝑥′ = 𝑥𝑒𝑎, 𝑦′ = 𝑦𝑒2𝑎, 𝑧′ = 𝑧𝑒−2𝑎 

gvaqvs 𝜉 = (𝑥, 2𝑦, −2𝑧) mxebi veqtori, amitom mis Sesabamis 

(3.19) gantolebas aqvs saxe 

𝑥
𝜕𝐹

𝜕𝑥
+ 2𝑦

𝜕𝐹

𝜕𝑦
− 2𝑧

𝜕𝐹

𝜕𝑧
= 0,                                  (3.22) 

Sesabamis maxasiaTebel gantolebas ki – aseTi: 
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𝑑𝑥

𝑥
=
𝑑𝑦

2𝑦
=

𝑑𝑧

−2𝑧
,                                          

romlis pirveli integralebia 

𝑦

𝑥2
= 𝐶1,   𝑥

2𝑧 = 𝐶2.    

invariantebs aqvT saxe: 𝐽1 =
𝑦

𝑥2
, 𝐽2 = 𝑥

2𝑧.      

zogad invariants ki eqneba saxe: 𝐹 = 𝐹 (
𝑦

𝑥2
 , 𝑥2𝑧). 

Tu, SemovitanT diferencialur operators 

𝑋 = 𝜉𝑖(𝑧)
𝜕

𝜕𝑧𝑖
 ,                                         (3.23) 

maSin invariantobis kriteriumi SegviZlia gadavweroT saxiT 

𝑿𝑭 = 𝟎.                                                 (3.24) 

am 𝑿 operators gardaqmnaTa 𝑮 jgufis infinitezimaluri 

operatori ewodeba. 

SemdgomSi, gardaqmnata jgufis mxebi 𝜉  veqtoris nacvlad, 

ZiriTadad, gamoviyenebT infinitezimalur opera-tors.  

Tu, mocemulia jgufis infinitezimaluri operatori, 

maSin jgufis gardaqmnis kanonis sapovnelad, unda amovxsnaT 

lis Sesabamisi gantoleba.  

ganvixiloT magaliTebi:  

1.) vipovoT jgufi, romlis operatorsac aqvs saxe 

(brunvis jgufi): 𝑋 = 𝑦
𝜕

𝜕𝑥
− 𝑥

𝜕

𝜕𝑦
. Tu, SevadarebT (3.23) 

tolobas, advilad vipoviT, rom saqme gvaqvs 𝜉 =

(𝑦;−𝑥) mxeb veqtorTan. amitom lis gantolebas eqneba 

saxe: 
𝑑𝑥′

𝑑𝑎
= 𝑦′ ,   

𝑑𝑦′

𝑑𝑎
= −𝑥′, saidanac sawyisi pirobebis gaTva-

liswinebiT, miviRebT rom gardaqmnis jgufi moicema 

formulebiT 
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𝑥′ = 𝑥 𝑐𝑜𝑠𝑎 + 𝑦 𝑠𝑖𝑛𝑎, 

𝑦′ = 𝑦 𝑐𝑜𝑠𝑎 − 𝑥 𝑠𝑖𝑛𝑎. 

invarianti iqneba 𝐽 = 𝑥2 + 𝑦2. 

 

2.) ganvixiloT 𝒙 RerZis gaswvriv gadatanaTa jgufi:  

𝑥′ = 𝑥 + 𝑎, 

𝑦′ = 𝑦. 

maSin, am jgufis infinitezimalur operators aqvs 

saxe: 𝑋 =
𝜕

𝜕𝑥
 ; xolo invarianti - 𝐽 = 𝑦. 

 

3.) ganvixiloT 𝒚 RerZis gaswvriv gadatanaTa jgufi:  

𝑦′ = 𝑦 + 𝑎, 

𝑥′ = 𝑥. 

maSin, am jgufis infinitezimalur operators aqvs 

saxe: 𝑋 =
𝜕

𝜕𝑦
 ; xolo invarianti - 𝐽 = 𝑥. 

4.) ganvixiloT 𝒌𝒙 + 𝒍𝒚 = 𝟎 wrfis paralelurad gadata-

naTa jgufi: 𝑥′ = 𝑥 + 𝑙𝑎, 𝑦′ = 𝑦 − 𝑘𝑎 . Sesabamis infini-

tezimalur operators aqvs saxe:  𝑋 = 𝑙
𝜕

𝜕𝑥
− 𝑘

𝜕

𝜕𝑦
, xolo 

invarianti - 𝐽 = 𝑘𝑥 + 𝑙𝑦. 

5.) lorencis gardaqmnaTa jgufisaTvis: 

𝑥′ = 𝑥 𝑐ℎ𝑎 + 𝑦 𝑠ℎ𝑎, 

𝑦′ = 𝑦 𝑐ℎ𝑎 + 𝑥 𝑠ℎ𝑎. 

Sesabamis infinitezimalur operators aqvs saxe:   

𝑋 = 𝑦
𝜕

𝜕𝑥
+ 𝑥

𝜕

𝜕𝑦
, xolo invarianti - 𝐽 = 𝑥2 − 𝑦2.    

6.) galileis gardaqmnaTa jgufisaTvis: 

𝑥′ = 𝑥 + 𝑎𝑦, 

𝑦′ = 𝑦, 

infinitezimalur operators aqvs saxe:   

𝑋 = 𝑦
𝜕

𝜕𝑥
, xolo invarianti - 𝐽 = 𝑦. 
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7.) erTgvarovani gaWimvebis jgufisaTvis gvaqvs gardaq-

mnebi: 𝑥′ = 𝑥𝑒𝑎, 𝑦′ = 𝑦𝑒𝑎. Sesabamis infinitezimalur 

operators aqvs saxe:  𝑋 = 𝑥
𝜕

𝜕𝑥
+ 𝑦

𝜕

𝜕𝑦
, xolo  

invarianti - 𝐽 =
𝑥

𝑦
. 

8.) araerTgvarovani gaWimvebis jgufisaTvis: 

𝑥′ = 𝑥𝑒𝑎, 

𝑦′ = 𝑦𝑒𝑘𝑎. 

Sesabamis infinitezimalur operators aqvs saxe: 

𝑋 = 𝑥
𝜕

𝜕𝑥
+ 𝑘𝑦

𝜕

𝜕𝑦
.  

xolo invarianti - 𝐽 =
𝑥𝑘

𝑦
.  

 

3.4. gardaqmnebis erTparametriani jgufis eqsponencialuri 

warmodgena 

zogjer, xesayrelia gardaqmnis 𝑧′ = 𝑓(𝑧, 𝑎) jgufisa da 

agreTve, 𝐹(𝑧′) = 𝐹 (𝐹(𝑓(𝑧, 𝑎))) invariantis warmodgena jgufis 𝑎 

parametris xarisxovani mwkrivis saxiT. rogorc ukve viciT, 

adgili aqvs gaSlas 

𝑧′ = 𝑓(𝑧, 𝑎) = 𝑧 + 𝜉(𝑧)𝑎 + 𝑜(𝑎),                                                     (3.25) 

𝐹(𝑧′) = 𝐹(𝑧) + 𝑎𝜉𝑖(𝑧)
𝜕𝐹(𝑧)

𝜕𝑧𝑖
+ 𝑜(𝑎).                                                   (3.26) 

vipovoT exla (3.26) gaSlis Semdgomi wevrebi  𝑎 paramet-

ris mimarT. Canaweris Semoklebis mizniT SemoviRoT 

aRniSvnebi 𝐹(𝑧) ≡ 𝐹 ; 𝐹(𝑧′) ≡ 𝐹′;  𝑋 ≡ 𝜉𝑖(𝑧)
𝜕

𝜕𝑧𝑖
 ; 𝑋′ ≡ 𝜉′𝑖(𝑧′)

𝜕

𝜕𝑧′𝑖
.  

maSin (3.26) Caiwereba saxiT:  

𝐹′ = 𝐹 + 𝑎𝑋𝐹 + 𝑜,                                     (3.26’) 

xolo toloba 
𝑑𝐹(𝑓(𝑧,𝑎))

𝑑𝑎
= 𝜉′𝑖(𝑧′)

𝜕𝐹(𝑧′)

𝜕𝑧′𝑖
, gadaiwereba aseTi formiT:  
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𝑑𝐹′

𝑑𝑎
= 𝑋′𝐹′.                                             (3.27) 

Tu, gaviTvaliswinebT im faqts, rom (3.27) gantolebis 

marjvena nawili kvlav warmoadgens 𝑧′ cvladis funqcias, 

kvlav SegveZleba gamoviyenoT es formula da miviRoT Semdegi 

formulebi 

𝑑2𝐹′

𝑑𝑎2
=

𝑑

𝑑𝑎
(𝑋′𝐹′) = 𝑋′(𝑋′𝐹′) = 𝑋′2𝐹′,                       (3.28) 

𝑑3𝐹′

𝑑𝑎3
= 𝑋′3𝐹′, . . .                                         (3.29) 

Tu, am formulebs SevitanT teiloris gaSlaSi: 

𝐹′ = [𝐹′]𝑎=0 + 𝑎 [
𝑑𝐹′

𝑑𝑎
]
𝑎=0

+
𝑎2

2!
[
𝑑2𝐹′

𝑑𝑎2
]
𝑎=0

+ …,                  (3.30) 

miviRebT Semdeg warmodgenas          

𝐹′ = 𝐹 + 𝑎𝑋𝐹 +
𝑎2

2!
𝑋2𝐹 + …,                                                             (3.31) 

 rac imas niSnavs, rom 

𝐹(𝑧′) = (1 + 𝑎𝑋 +
(𝑎𝑋)2

2!
+ …)𝐹(𝑧) ≡ 𝑒𝑎𝑋𝐹(𝑧).                   (3.32) 

kerZo SemTxvevaSi, roca 𝐹 = 𝑧, formula (3.32)-s aqvs saxe 

𝑧′ = 𝑒𝑎𝑋(𝑧).                                              (3.33) 

am warmodgenas erTparametriani gardaqmnebis jgufis 

eqsponencialur warmodgenas uwodeben.  

 

ganvixiloT magaliTebi: 

1.) vTqvaT gvaqvs 𝐺 gadatanaTa jgufi namdvil ricxvTa 

RerZis gaswvriv, maSin 𝑋 =
𝑑

𝑑𝑥
 da (3.32) formula 

gvaZlevs 𝐹(𝑥 + 𝑎) funqciis gaSlas teiloris 

mwkrivad 𝑥 wertilSi 
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𝐹(𝑥 + 𝑎) = 𝐹(𝑥) + 𝑎𝐹′(𝑥) +
𝑎2

2!
𝐹′′(𝑥) +

𝑎3

3!
𝐹′′′(𝑥) + ….   (3.34) 

2.) vTqvaT 𝐺 aris wrfivi gaWimvis gardaqmnebis jgufi, 

romlis infinitezimaluri operatoria 𝑋 = 𝑥
𝑑

𝑑𝑥
, maSin 

𝑋2 = 𝑥
𝑑

𝑑𝑥
∙ 𝑥

𝑑

𝑑𝑥
= 𝑥

𝑑

𝑑𝑥
+ 𝑥2

𝑑2

𝑑𝑥2
,                        (3.35) 

 𝑋3 = 𝑥
𝑑

𝑑𝑥
∙ (𝑥

𝑑

𝑑𝑥
+ 𝑥2

𝑑

𝑑𝑥
) = 𝑥

𝑑

𝑑𝑥
+ 3𝑥2

𝑑2

𝑑𝑥2
+ 𝑥3

𝑑3

𝑑𝑥3
, . . .  (3.36) 

Sesabamis (3.32) gaSlas aqvs aseTi saxe:   

𝐹(𝑥𝑒𝑎) = 𝐹(𝑥) + 𝑎𝑥𝐹′(𝑥) +
𝑎2

2!
(𝑥𝐹′(𝑥) + 𝑥2𝐹′′(𝑥)) +

𝑎3

3!
(𝑥𝐹′(𝑥) + 3𝑥2𝐹′′(𝑥) + 𝑥3𝐹′′′(𝑥)) + ….               (3.37) 

 

Semdgom dagvWirdeba Teorema:           

gardaqmnaTa nebismieri erTparametriani lokaluri jgufi 

ℝ𝒏 sivrceSi, Sesabamisi aragadagvarebuli 𝒛̅𝒊 = 𝒛̅𝒊(𝒛) 

gardaqmniT miiyvaneba gadatanaTa jgufamde 𝒛̅𝒏 RerZis mimarT. 

damtkiceba: vTqvaT, mocemul 𝐺 jgufis Sesabamisi operato-

ria 𝑋 = 𝜉𝑖(𝑧)
𝜕

𝜕𝑧𝑖
.                                (3.38) 

           maSin, radgan  𝜉𝑖(𝑧)
𝜕

𝜕𝑧𝑖
= 𝜉𝑖(𝑧)

𝜕𝑧̅𝑗

𝜕𝑧𝑖
𝜕

𝜕𝑧̅𝑗
, cxadia cvladTa 

gardaqmna 𝑧̅𝑖 = 𝑧̅𝑖(𝑧), (3.38) operators miiyvans 

saxemde 

            𝑋̅ = 𝑋(𝑧̅𝑖)
𝜕

𝜕𝑧̅𝑖
.                                    (3.39) 

          avirCioT mocemuli jgufis nebismieri 𝑛 − 1 

raodenobis funqcionalurad damoukidebeli inva-

rianti: 

         𝐽1, 𝐽2, … , 𝐽𝑛−1,                                      (3.40) 

                axal sakoordinato 𝑧̅𝑖 cvladebad, xolo 𝑧̅𝑛 cvladi 

ganvsazRvroT gantolebidan 

          𝑋(𝑧̅𝑛) = 1.                                       (3.41) 
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                    es axali cvladebi 

           𝑧̅𝑖 = 𝐽𝑖(𝑧), 𝑖 = 1, 𝑛 − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅  , 𝑧̅𝑛 = 𝑧̅𝑛(𝑧) ,                (3.42) 

   funqcionalurad damoukidebelni arian da gvaZle-

ven Sesabamis gardaqmnas. marTlac, am cvladebSi 

Cveni jgufis (3.38) operatori miiRebs saxes 𝑋̅ =
𝜕

𝜕𝑧̅𝑛
 

rac, rogorc ukve viciT, Seesabameba gadatanaTa 

jgufs 𝑧̅𝑛 RerZis gaswvriv. r.d.g. 

 

ganvixiloT magaliTi: 

vTqvaT 𝐺 aris gaWimvis jgufisaTvis ℝ3 sivrceSi 

 𝑥′ = 𝑥𝑒𝑎, 𝑦′ = 𝑦𝑒2𝑎, 𝑧′ = 𝑧𝑒−2𝑎 

gvaqvs 𝜉 = (𝑥, 2𝑦, −2𝑧) mxebi veqtori, amitom mis Sesabamis 

(3.19) gantolebas aqvs saxe: 

𝑥
𝜕𝐹

𝜕𝑥
+ 2𝑦

𝜕𝐹

𝜕𝑦
− 2𝑧

𝜕𝐹

𝜕𝑧
= 0.                                  (3.43) 

mis operators aqvs saxe 

𝑋 = 𝑥
𝜕

𝜕𝑥
+ 2𝑦

𝜕

𝜕𝑦
− 2𝑧

𝜕

𝜕𝑧
.                                   (3.44) 

Sesabamis 𝑧̅𝑖 = 𝑧̅𝑖(𝑧) gardaqmnas aqvs saxe: (𝑥, 𝑦, 𝑧) ⟼ (𝑢, 𝑣, 𝑤), 

sadac axal cvladebad virCevT invariantebs: 𝑢 =
𝑦

𝑥2
,  𝑣 = 𝑥2𝑧. 

xolo mesame cvladis sapovnelad unda visargebloT (3.41) 

gantolebiT, romelsac am SemTxvevaSi (3.44) operatoris 

gaTvaliswinebiT, aqvs saxe 

𝑥
𝜕𝑤

𝜕𝑥
+ 2𝑦

𝜕𝑤

𝜕𝑦
− 2𝑧

𝜕𝑤

𝜕𝑧
= 1.                                (3.45) 

cxadia, rom kerZo amonaxsnis sapovnelad, xesayrelia 𝑤 

CavTvaloT mxolod 𝑥 cvladis funqciad. maSin (3.45) 
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gantolebidan gveqneba, rom 𝑥
𝜕𝑤

𝜕𝑥
= 1. rac imas niSnavs, rom 𝑤 =

𝑙𝑛𝑥. ase, rom cvladTa gardaqmna  

𝑢 =
𝑦

𝑥2
,  𝑣 = 𝑥2𝑧,  𝑤 = 𝑙𝑛𝑥.                                (3.46) 

gvaZlevs axal cvladebSi, gadatanaTa jgufs 

𝑢′ = 𝑢, 𝑣′ = 𝑣,   𝑤′ = 𝑤 + 𝑎.                               (3.47) 

 

3.5. invariantuli gantolebebi 

ganvixiloT 𝑛 − 𝑠 ganzomilebiani 𝑀 ⊂ ℝ𝑛 zedapiri, 

gansazRvruli gantolebaTa sistemiT  

𝐹1(𝑧) = 0,… , 𝐹𝑠(𝑧) = 0, 𝑠 ≤ 𝑛.                             (3.48) 

CavTvaloT, rom zedapiris aseTi mocema aris regularu-

li, anu, ‖
𝜕𝐹𝑘

𝜕𝑧𝑖
‖
𝑀
 (𝑘 = 1,… , 𝑠;   𝑖 = 1,… , 𝑛) matricis rangi aris 𝑠. 

𝑴 zedapirs ewodeba invariantuli 𝑮 gardaqmnis  

𝑧′ = 𝑓(𝑧, 𝑎) ≡ 𝑧 + 𝑎𝜉(𝑧) + 𝑜(𝑧),                            (3.49) 

jgufis mimarT, Tu, am gardaqmnis Sedegad zedapiris yoveli 

wertili isev am zedapiris wertilSi gadadis.    

sxva sityvebiT rom vTqvaT, Tu, 𝑧 aris (3.48) sistemis 

amonaxsni, maSin 𝑧′ agreTve amonaxsnia, anu, 

 𝐹𝑘(𝑧
′) = 0, 𝑘 = 1,… , 𝑠.                                  (3.50) 

amis gamo amboben rom (3.48) gantolebaTa sistema 

invariantulia 𝐺 jgufis mimarT, anu, es sistema uSvebs 𝐺 

jgufs. vTqvaT 𝑋 = 𝜉𝑖
𝜕

𝜕𝑧𝑖
 gardaqmnis  𝐺 jgufis infinitezima-

luri operatoria. maSin SegviZlia CamovayaliboT  
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Teorema 3.1:  (3.48) gantolebaTa sistema invariantulia 

gardaqmnis 𝑮 jgufis mimarT maSin da mxolod maSin, roca 

[𝑿𝑭𝒌]𝑴 = 𝟎, 𝑘 = 1,… , 𝑠.                                 (3.51) 

gardaqmnis jgufis bazisuri invariantebis saSualebiT 
SesaZlebelia yvela invariantuli zedapiri aRvweroT. 

marTlac, adgili aqvs Teoremas: 

𝑮 jgufis invariantuli zedapiri SegviZlia warmovadgi-

noT saxiT 

𝚽𝒌(𝑱𝟏(𝒛),… , 𝑱𝒏−𝟏(𝒛)) = 𝟎, 𝒌 = 𝟏, 𝒔̅̅ ̅̅̅,                         (3.52) 

sadac 𝐽1(𝑧), … , 𝐽𝑛−1(𝑧) warmoadgenen jgufis invariantebis 

baziss, Tu, Sesabamisi infinitezimaluri operatori ar xdeba 

nuli zedapiris wertilebisaTvis. 

 

3.6. diferencialuri gantolebebis dasaSvebi jgufi 

dasaSvebi jgufi axasiaTebs diferencialuri gantolebis 

simetriis Tvisebebs. is gamoiyeneba diferencialuri 

gantolebis srulad integrirebisaTvis, an misi amonaxsnebis 

garkveuli klasebis povnisaTvis da Tvisobrivi 

gamokvlevisaTvis. 

 

3.6.1. siTbogamtarobis gantolebis dasaSvebi jgufi 

ganvixiloT siTbogamtarobis gantoleba 

𝑢𝑡 − 𝑢𝑥𝑥 = 0.                                         (3.53) 

cxadia, rom am gantolebis saxe ar icvleba droisa da 

sivrcis cvladTa gadatanis gardaqmnisas:     

𝑡′ = 𝑡 + 𝑎 ;    𝑥′ = 𝑥 + 𝑎.                                (3.54) 
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aseve, gantolebis wrfivobisa da erTgvarovnebidan 

gamomdinare, ar icvleba gantolebis saxe ufro zogadi 

gardaqmnisas 

𝑢′ = 𝑢 + 𝑎𝜑(𝑡, 𝑥),  an, 𝑢′ = 𝑢𝑒𝑎,                          (3.55) 

sadac 𝜑(𝑡, 𝑥) nebismieri cnobili amonaxsnia (3.53) 

gantolebisaTvis.  

yovel aseT gardaqmnas, romelic ar cvlis sawyisi 

diferencialuri gantolebis saxes, diferencialuri 

gantolebis dasaSveb gardaqmnas uwodeben. 

maSasadame, Cvens mier moyvanili oTxi erTparametrian 
gardaqmnaTa jgufi dasaSvebia siTbogamtarobis gantolebi-

saTvis. 

ufro naklebad cxadia, rom siTbogamtarobis gantolebas 

aqvs, aseve, erTparametrian gardaqmnaTa Semdegi jgufi: 

𝑡′ = 𝑡, 𝑥′ = 𝑥 + 2𝑎𝑡, 𝑢′ = 𝑢𝑒−(𝑎𝑥+𝑎
2𝑡).                      (3.54)    

vaCvenoT siTbogamtarobis gantolebis invarintuloba 

(3.54) gardaqmnebis mimarT. amisaTvis, gamoviyenoT warmoebu-lis 

gardaqmnis formulebi cvladTa Sesabamisi gardaqmnis dros: 

𝑢𝑡′
′ = (𝑢𝑡 + 𝑎

2𝑢 − 2𝑎𝑢𝑥)𝑒
−(𝑎𝑥+𝑎2𝑡),                        (3.55) 

𝑢𝑥′
′ = (𝑢𝑥 − 𝑎𝑢)𝑒

−(𝑎𝑥+𝑎2𝑡),                                 (3.56) 

𝑢𝑥′𝑥′
′ = (𝑢𝑥𝑥 + 𝑎

2𝑢 − 2𝑎𝑢𝑥)𝑒
−(𝑎𝑥+𝑎2𝑡).                       (3.57) 

maSin miviRebT, rom 

𝑢𝑡′
′ − 𝑢𝑥′𝑥′

′ = (𝑢𝑡 − 𝑢𝑥𝑥)𝑒
−(𝑎𝑥+𝑎2𝑡),                          (3.58) 

rac imas gviCvenebs, rom (3.54) gardaqmnis Sedegad, 

gantoleba (3.53) gadadis igive saxis 

 𝑢𝑡′
′ − 𝑢𝑥′𝑥′

′ = 0,                                        (3.59) 
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gantolebaSi. am faqtis gamoyenebiTi mniSvneloba imaSi 

mdgomareobs, rom Tu gvaqvs siTbogamtarobis gantolebis 

raime amonaxsni 

𝑢 = 𝜑(𝑡, 𝑥),                                            (3.60) 

maSin  

𝑢 = 𝑒−(𝑎𝑥+𝑎
2𝑡)𝜑(𝑡, 𝑥 + 2𝑎𝑡)                               (3.61) 

funqciac agreTve iqneba misi sxva amonaxsni, romelic gansaz-

Rvravs amonaxsnTa erTparametrian jgufs. rogorc vxedavT, 

Cven gvaqvs gardaqmnaTa xuTi sxvadasxva erTparametriani 

jgufi. TiToeuli maTgani Seicavs amonaxsnebis usasrulo 

raodenobas.  

ismis kiTxva: miRebuli xuTi gardaqmna, romlebic 
gvaZleven dasaSveb jgufebs, yvela SesaZlo gardaqmnaa, Tu 
arsebobs sxva gardaqmnebic ? Tu arsebobs, rogor vipovoT 
isini da rogor davamtkicoT, rom es ukve yvela dasaSvebi 
jgufia ? 

 konstruqciuli midgoma am sakiTxis gadasawyvetad 
mdgomareobs Teorema 3.1-is gamoyenebaSi da diferencialur 
gantolebaTa algebrul interpretaciaSi. sadac diferenci-
alur gantolebebs uyureben rogorc zedapirebs gafarTo-

ebul sivrceSi. 

sanam am zogad interpretacias ganvixilavdeT, jer 

ganvixiloT (3.54) gardaqmnis magaliTze midgomis arsi. 

(3.54) - (3.57) gardaqmnebi adgenen erTparametrian jgufs 𝑧 =

(𝑡, 𝑥, 𝑢, 𝑢𝑡 , 𝑢𝑥, 𝑢𝑥𝑥) cvladebis mimarT ℝ6 sivrceSi. siTbogam-

tarobis gantolebas am SemTxvevaSi, aqvs saxe 

 𝐹1(𝑧) = 0,… , 𝐹𝑠(𝑧) = 0, 𝑠 ≤ 𝑛, sadac 𝑠 = 1 da gansazRvravs xuT-

ganzomilebian zedapirs 𝑀 ⊂ ℝ6 romelic gantolebaTa 

wrfivobis gamo, warmoadgens xuTganzomilebian hipersibr-
tyes. am (3.54) gardaqmnebis mimarT siTbogamtarobis 
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gantolebis invariantuloba ganapirobebs hipersibrtyis 

invariantobas (3.54) - (3.57) gardaqmnebis mimarT. radgan es 

gardaqmnebi adgenen jgufs, adgili aqvs invariantobis 

infinitezimalur (3.51) kriteriums. amovweroT es kriteriumi 

am SemTxvevaSi. amisaTvis gavixsenoT, rom (3.54) gardaqmnisaTvis 

Sesabamis infinitezimalur operators aqvs saxe: 

𝑋 = 2𝑡
𝜕

𝜕𝑥
− 𝑥𝑢

𝜕

𝜕𝑢
,                                        (3.62) 

xolo gafarTovebuli (3.54) - (3.57) gardaqmnebis mimarT 

Sesabamisi operatori Caiwereba formiT: 

𝑋2 = 𝑋 − (𝑥𝑢𝑡 + 2𝑢𝑥)
𝜕

𝜕𝑢𝑡
− (𝑥𝑢𝑥 + 𝑢)

𝜕

𝜕𝑢𝑥
− (𝑥𝑢𝑥𝑥 + 2𝑢𝑥)

𝜕

𝜕𝑢𝑥𝑥
,  (3.63) 

am formulaSi indeqsi 2 imas niSnavs, rom (3.63) operatori 

miiReba (3.62) operatorisagan misi gafarTovebiT meore rigis 

warmoebulebamde CaTvliT. 𝑋2 operatori moqmedebs 

𝑧 = (𝑡, 𝑥, 𝑢, 𝑢𝑡 , 𝑢𝑥 , 𝑢𝑥𝑥) cvladebis funqciebze ise, rom am 

cvladebs ganixilavs, rogorc damoukidebel cvladebs, 

amitom gveqneba, rom 

𝑋2(𝑢𝑡 − 𝑢𝑥𝑥) = −(𝑥𝑢𝑡 + 2𝑢𝑥)
𝜕

𝜕𝑢𝑡
(𝑢𝑡 − 𝑢𝑥𝑥) − (𝑥𝑢𝑥𝑥 + 2𝑢𝑥)

𝜕

𝜕𝑢𝑥𝑥
(𝑢𝑡 −

𝑢𝑥𝑥) = −(𝑥𝑢𝑡 + 2𝑢𝑥) + (𝑥𝑢𝑥𝑥 + 2𝑢𝑥) = −𝑥(𝑢𝑡 − 𝑢𝑥𝑥).         (3.64) 

aqedan gamomdinareobs, rom invariantobis infinitezi-

malur operators aqvs Semdegi saxe: 

𝑋2(𝑢𝑡 − 𝑢𝑥𝑥) = 0.                                       (3.65) 

Tu, am kriteriums gavyvebiT ukan (3.65)-dan (3.62) operato-

risaken, miviRebT yvela dasaSveb jgufs.  
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3.6.2. wertilovani gardaqmnebi da gafarToebis formulebi 

Semdgom 𝑧 veqtoris komponentebisaTvis gamoviyenebT 

Semdeg aRniSvnebs: 

𝑥 = {𝑥𝑖}, 𝑢 = {𝑢∝}, 𝑢1 = {𝑢𝑖
∝}, 𝑢2 = {𝑢𝑖𝑗

∝ }, . . .              (3.66) 

sadac 𝑖 = 1, 𝑛̅̅ ̅̅ ̅ xolo ∝= 1,𝑚̅̅ ̅̅ ̅̅ . es cvladebi algebrulad 

damoukidebelni arian erTmaneTisagan, Tumca, dakavSirebulni 

arian diferencialuri tolobebiT 

𝑢𝑖
∝ = 𝐷𝑖(𝑢

∝), 𝑢𝑖𝑗
∝ = 𝐷𝑗(𝑢𝑖

∝) = 𝐷𝑗𝐷𝑖(𝑢
∝), . . .                (3.67) 

sadac 

𝐷𝑖 =
𝜕

𝜕𝑥𝑖
+ 𝑢𝑖

∝ 𝜕

𝜕𝑢∝
+ 𝑢𝑖𝑗

∝ 𝜕

𝜕𝑢𝑗
∝ + …                            (3.68) 

𝑥𝑖  damoukidebeli cvladebia; 𝑢∝ diferencialuri 

cvladebia; xolo, 𝑢𝑖
∝, 𝑢𝑖𝑗

∝ , . . . diferencialuri cvladebis 

pirveli rigis, meore rigis da a.S.  warmoebulebia.  

diferencialur 𝒇 = 𝒇(𝒙, 𝒖, 𝒖𝟏, 𝒖𝟐, … , 𝒖𝒑) funqciaSi Semavali 

cvladebis umaRlesi rigis warmoebulis 𝒑 rigs, am funqciis 
rigi ewodeba. 

yvela diferencialuri funqciebis simravles avRniSnavT 

𝒜 simboloTi. vTqvaT, 𝐹 ∈ 𝒜 aris 𝑝 rigis diferencialuri 

funqcia. maSin gantoleba 

𝐹(𝑥, 𝑢, 𝑢1, 𝑢2, … , 𝑢𝑝) = 0,                                (3.69) 

gamosaxavs zedapirs Sesabamis fazur sivrceSi. am gantolebas 

ganvixilavT mis yvela diferencialur SedegTan erTad 

𝐷𝑖𝐹 = 0, 𝐷𝑖𝐷𝑗𝐹 = 0, . . .                                (3.70) 

da vityviT, rom mocemuli gvaqvs diferencialuri 

mravalsaxeoba 𝑀.  
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analogiurad ganimarteba diferencialuri mravalsaxe-

oba, romelic aRiwereba ara erTi gantolebiT, aramed, 

gantolebaTa sistemiT. dasaSvebi jgufis sapovnelad, Cven 

viviwyebT amonaxsnis cnebas da manipulaciebs vaxdenT 

Sesabamis mravalsaxeobaze. amitom am sistemas SegviZlia 

SevxedoT, rogorc ubralod algebrul gantolebaTa sistemas 

Sesabamis fazur sivrceSi, sadac is Seesabameba raRac 

zedapirs da maSasadame, SegviZlia gamoviyenoT invariantobis 

kriteriumi. 

vTqvaT 𝑧 = (𝑥, 𝑢) da CavweroT gardaqmnis formulebi 

𝑥′𝑖 = 𝑓𝑖(𝑥, 𝑢, 𝑎),  𝑓𝑖(𝑥, 𝑢, 0) = 𝑥′,                        (3.71) 

𝑢′𝛼 = 𝜑𝛼(𝑥, 𝑢, 𝑎),   𝜑𝛼(𝑥, 𝑢, 0) = 𝑢𝛼 .                       (3.72) 

am formulebs, wertilovan gardaqmnebs uwodeben.     

vTqvaT, am gardaqmnebisaTvis adgili aqvs jgufis (3.14)  

formulebs, maSin (3.71) da (3.72) gardaqmnaTa erTparametriani 

𝐺 jgufis infinitezimalur operators aqvs saxe: 

𝑋 = 𝜉𝑖(𝑥, 𝑢)
𝜕

𝜕𝑥𝑖
+ 𝜂𝛼(𝑥, 𝑢)

𝜕

𝜕𝑢𝛼
,                            (3.73) 

sadac 

 𝜉𝑖 =
𝜕𝑓𝑖

𝜕𝑎
|𝑎 = 0,    𝜂𝛼 =

𝜕𝜑𝛼

𝜕𝑎
|𝑎 = 0.                       (3.74) 

warmoebulebis gardaqmnis formulebs aqvT saxe 

𝐷𝑖 = 𝐷𝑖(𝑓
𝑗)𝐷𝑗

′.                                          (3.75) 

sadc Strixiani cvladebisaTvis adgili aqvs gardaqmnis 

(3.67) formulebs 

𝑢𝑖
′𝛼 = 𝐷𝑖

′(𝑢′𝛼),…                                        (3.76) 

exla gavwarmooT (3.72) toloba da gamoviyenoT (3.75),(3.76) 

tolobebi:       
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𝐷𝑖(𝜑
𝛼) = 𝐷𝑖(𝑓

𝑗)𝐷𝑗
′(𝑢′𝛼) = 𝑢𝑗

′𝛼𝐷𝑖(𝑓
𝑗).                     (3.77) 

ase, rom (3.71),(3.72) wertilovani gardaqmnebisaTvis warmo-

ebulebi gardaiqmnebian formulebiT: 

𝑢𝑗
′𝛼𝐷𝑖(𝑓

𝑗) = 𝐷𝑖(𝜑
𝛼),                                     (3.78) 

an, ufro detalurad, 

(
𝜕𝑓𝑗

𝜕𝑥𝑖
+ 𝑢𝑖

𝛽 𝜕𝑓𝑗

𝜕𝑢𝛽
) 𝑢𝑗

′𝛼 =
𝜕𝜑𝛼

𝜕𝑥𝑖
+ 𝑢𝑖

𝛽 𝜕𝜑𝛼

𝜕𝑢𝛽
.                              (3.79) 

aqedan vpoulobT 𝑢𝑗
′𝛼 cvladebs (𝑥, 𝑢, 𝑢1) argumentebisa da 

𝑎 parametris sakmaod mcire mniSvnelobebisaTvis. meore rigis 

warmoebulebis gardaqmnis formulebs miviRebT (3.78) 

formulebis gawarmoebiT. 

SemdegisaTvis, Cven dagvWirdeba ara gardaqmnebis, aramed, 

infinitezimaluri operatoris gafarToeba.  

CavweroT am operatoris gafarToeba pirveli rigis war-

moebulebamde 

𝑋1 = 𝑋 + 𝜁𝑖
𝛼 𝜕

𝜕𝑢𝑖
𝛼,                                        (3.80) 

sadac 𝜁𝑖
𝛼 =

𝜕𝑢𝑖
′𝛼

𝜕𝑎
|𝑎 = 0 damatebiTi koordinatebia, romelic unda 

vipovoT. Tu, gavawarmoebT (3.78) formulebs parametris mimarT, 

𝑎 = 0 pirobebSi, miviRebT: 

𝐷𝑖(𝜂
𝛼) = 𝜁𝑗

𝛼𝐷𝑖(𝑥
𝑗) + 𝑢𝑗

𝛼𝐷𝑖(𝜉
𝑗) = 𝜁𝑗

𝛼𝛿𝑖
𝑗
+ 𝑢𝑗

𝛼𝐷𝑖(𝜉
𝑖).           (3.81) 

aqedan, miviRebT infinitezimaluri operatoris gafarTo-

ebis formulas pirvel warmoebulebamde saxiT:  

𝜁𝑖
𝛼 = 𝐷𝑖(𝜂

𝛼) − 𝑢𝑗
𝛼𝐷𝑖(𝜉

𝑗).                                  (3.82) 

rogorc am formulebidan Cans, infinitezimaluri 

operatoris (3.80) gafarToebis sapovnelad, saWiroa mxolod 
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sawyisi  𝑋 = 𝜉𝑖(𝑥, 𝑢)
𝜕

𝜕𝑥𝑖
+ 𝜂𝛼(𝑥, 𝑢)

𝜕

𝜕𝑢𝛼
 operatoris 𝜉𝑖 da 𝜂𝛼 koor-

dinatebis codna.  

analogiurad, Tu gvinda infinitezimaluri operatoris 

gafarToeba meore rigis warmoebulebamde  

𝑋2 = 𝑋1 + 𝜁𝑖𝑗
𝛼 𝜕

𝜕𝑢𝑖𝑗
𝛼 ,                                      (3.83) 

sadac  𝜁𝑖𝑗
𝛼 =

𝜕𝑢𝑖𝑗
′𝛼

𝜕𝑎
|𝑎 = 0, maSin unda gavimeoroT wina procedura 

ukve (3.83) formulisaTvis da miviRebT, rom 

     𝜁𝑖𝑗
𝛼 = 𝐷𝑗(𝜁𝑖

𝛼) − 𝑢𝑖𝑘
𝛼 𝐷𝑗(𝜉

𝑘).                                (3.84) 

ganvixiloT magaliTi:   

vTqvaT, gvinda vipovoT 𝑋 = 2𝑡
𝜕

𝜕𝑥
− 𝑥𝑢

𝜕

𝜕𝑢
 operatoris 

gafarToeba meore warmoebulebamde, zemoT moyvanili 

formulebis saSualebiT.  

SemoviRoT aRniSvnebi 𝑡 = 𝑥1,   𝑥 = 𝑥2. maSin am 

operatorisaTvis gveqneba 𝑋𝜉1 = 0, 𝜉2 = 2𝑡, 𝜂 = −𝑥𝑢. amitom (3.82) 

formulebidan miviRebT, rom  

𝜁1 = 𝐷𝑡(−𝑥𝑢) − 𝑢𝑥𝐷𝑡(2𝑡) = −𝑥𝑢𝑡 − 2𝑢𝑥, 

𝜁2 = 𝐷𝑥(−𝑥𝑢) − 𝑢𝑥𝐷𝑥(2𝑡) = −𝑢 − 𝑥𝑢𝑥, 

xolo (3.84) formulebidan miviRebT, rom 

𝜁22 = 𝐷𝑥(−𝑢 − 𝑥𝑢𝑥) − 𝑢𝑥𝑥𝐷𝑥(2𝑡) = −2𝑢𝑥 − 𝑥𝑢𝑥𝑥 . 

Sesabamisad miviRebT gafarToebul operators meore 

rigis warmoebulebamde, saxiT 

𝑋2 = 𝑋 + 𝜁1
𝜕

𝜕𝑢𝑡
+ 𝜁2

𝜕

𝜕𝑢𝑥
+ 𝜁22

𝜕

𝜕𝑢𝑥𝑥
. 
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3.6.3. ganmsazRvreli gantolebebi 

davubrundeT 𝑀 diferencirebad mravalsaxeobas, rome-

lic warmoiqmneba 𝐹i(𝑥, 𝑢, 𝑢1, 𝑢2, … , 𝑢𝑝𝑖) = 0,   𝑖 = 1, 𝑠
̅̅ ̅̅  diferenci-

alur gantolebaTa sistemis amonaxsnebisagan. radgan am 

gantolebaTa sistemaSi gvxvdeba warmoebulebi 𝑝 rigamde 

CaTvliT, saWiroa rom  𝑥′𝑖 = 𝑓𝑖(𝑥, 𝑢, 𝑎),  𝑓𝑖(𝑥, 𝑢, 0) = 𝑥′,                         

𝑢′𝛼 = 𝜑𝛼(𝑥, 𝑢, 𝑎),   𝜑𝛼(𝑥, 𝑢, 0) = 𝑢𝛼 gardaqmnebi gavafarTooT 

𝑢𝑗
′𝛼𝐷𝑖(𝑓

𝑗) = 𝐷𝑖(𝜑
𝛼) formulebis 𝑝-jer diferencirebis saSua-

lebiT da 𝐷𝑖 = 𝐷𝑖(𝑓
𝑗)𝐷𝑗

′ formulis gamoyenebiT. Tu, sawyisi 

gardaqmnebi warmoadgenen erTparametrian 𝐺 jgufs, maSin ga-

farToebis Sedegad miRebul jgufs aRvniSnavT 𝐺𝑝 simbo-loTi. 

es jgufi moqmedebs (𝑥, 𝑢, 𝑢1, 𝑢2, … , 𝑢𝑝) cvladebis sivrceSi. am 𝑝-

jer gafarToebuli jgufis infinitezimalur operators aqvs 

Semdegi saxe: 

𝑋𝑝 = 𝑋 + 𝜁𝑖
𝛼 𝜕

𝜕𝑢𝑖
𝛼 + …+ 𝜁𝑖1 …𝑖𝑝

𝛼 𝜕

𝜕𝑢𝑖1 …𝑖𝑝
𝛼 .                       (3.85) 

es operatori miRebulia 𝑋 = 𝜉𝑖(𝑥, 𝑢)
𝜕

𝜕𝑥𝑖
+ 𝜂𝛼(𝑥, 𝑢)

𝜕

𝜕𝑢𝛼
 operato-

ris 𝑝-jer gafarToebiT. maRali rigis gafarToebis formula 

msgavsia 𝜁𝑖𝑗
𝛼 = 𝐷𝑗(𝜁𝑖

𝛼) − 𝑢𝑖𝑘
𝛼 𝐷𝑗(𝜉

𝑘) formulisa, romelic Cven 

gvqonda meore rigis warmoebulebamde gafarToebis 

SemTxvevaSi. sazogadod, gveqneba 

𝜁𝑖1 …𝑖𝑘
𝛼 = 𝐷𝑖𝑘(𝜁𝑖1 …𝑖𝑘−1

𝛼 ) − 𝑢𝑗𝑖1  …𝑖𝑘−1
𝛼 𝐷𝑖𝑘(𝜉

𝑗).                     (3.86) 

vityviT rom diferencialur gantolebaTa sistemisaTvis 

𝐹i(𝑥, 𝑢, 𝑢1, 𝑢2, … , 𝑢𝑝𝑖) = 0,   𝑖 = 1, 𝑠
̅̅ ̅̅ ,                             (3.87) 

 dasaSvebia gardaqmnaTa erTparametriani jgufi 

 𝑥′𝑖 = 𝑓𝑖(𝑥, 𝑢, 𝑎),  𝑓𝑖(𝑥, 𝑢, 0) = 𝑥′, 𝑢′𝛼 = 𝜑𝛼(𝑥, 𝑢, 𝑎),   𝜑𝛼(𝑥, 𝑢, 0) = 𝑢𝛼  

(3.88) 
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Tu, am gardaqmnebiT warmoqmnili 𝑀 mravalsaxeoba invarian-

tulia gafarToebuli 𝐺𝑝 jgufis mimarT. adgili aqvs 

invariantulobis kriteriums, romelic gviadvilebs 

gardaqmnaTa dasaSvebi jgufis gamoTvlas.   

Teorema(kriteriumi). diferencialur gantolebaTa (3.87) 

sistema uSvebs 𝐺 jgufs, 𝑋 infinitezimaluri operatoriT 

maSin da mxolod maSin, roca adgili aqvT gantolebebs 

𝑋𝑝𝐹𝑘 = 0, 𝑘 = 1, 𝑠̅̅ ̅̅ ,                                           (3.89)    

mravalsaxeobis yvela wertilisaTvis.  

es Teorema, lis TeoremasTan erTad saSualebas gvaZlevs 

mocemuli diferencialur gantolebaTa sistemisaTvis dasaS-

vebi, gardaqmnaTa erTparametriani jgufis povnis amocana, 

daviyvanoT (3.89) gantolebaTa sistemis amoxsnamde, ris gamoc 

am gantolebebs ganmsazRvrel gantolebebs uwodeben. 

 

3.7. lis algebra 

kamil Jordanis norvegielma mowafem sofus lim SeZlo 

ganezogadebina galuas algebrul gantolebaTa Teoria, 
diferencialur gantolebaTa sistemisaTvis. manve Seiswavla 

im gardaqmnaTa uwyveti jgufebi, romlebis mimarTac invari-

antulia diferencialur gantolebaTa sistema.  

sofus lim SeZlo lis algebris bazisis povnis 
algoriTmis Camoyalibeba, rac saSualebas iZleva vipovoT 

diferenci-alur gantolebaTa sistemis dasaSvebi jgufi da 

maSasadame, yvela is gardaqmna, romlis mimarTac 

invariantulia mocemuli diferencialuri gantoleba. lis 

Teoria lokaluria, anu masSi Seiswavleba gardaqmnebi, 

romlebic axlosaa igivur gardaqmnasTan. dasaSvebi jgufis 

povnis procesi viTardeba diferencirebadi 𝑀 mravalsaxeobis 

𝑇𝑀 mxeb sivrceSi da mxolod bolo etapze xdeba daSveba TviT 

mravalsaxeobaSi, romelsac qmnian diferencialur gantole-
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baTa sistemaSi Semavali yvela cvladisa da maTi 

warmoebulebis erToblioba, romelic gafarToebulia masSi 

Semavali umaRlesi warmoebulis rigamde CaTvliT.  

gamoTvlebis Sedegad miRebuli infinitezimaluri 
operatorebi qmnian lis algebras. anu simravles, romelSic 

gvaqvs wrfivi veqtoruli sivrcis struqturas erTi 

damatebiTi operaciiT, romelsac komutirebas uwodeben. 

𝑨 da 𝑩 operatorebis komutirebas uwodeben antisimet-

riul [𝐴, 𝐵] = −[𝐵, 𝐴] oradwrfiv operacias, romlisTvisac 

adgili aqvs iakobis tolobas 

[𝐴, [𝐵, 𝐶]] + [𝐵, [𝐶, 𝐴]] + [𝐶, [𝐴, 𝐵]] = 0,                     (3.90) 

kerZod, 𝐴 da 𝐵 operatorebis komutatorad SegviZlia 

ganvixiloT maTi kombinacia: 

[𝐴, 𝐵] = 𝐴𝐵 − 𝐵𝐴,                                        (3.91) 

sadac, operatorebis namravli niSnavs maT mimdevrobiT Ses-

rulebas. 

davamtkicoT, rom maSin adgili aqvs (3.90) iakobis 

tolobas. marTlac, 

[𝐴, [𝐵, 𝐶]] + [𝐵, [𝐶, 𝐴]] + [𝐶, [𝐴, 𝐵]] = [𝐴, 𝐵𝐶 − 𝐶𝐵] + [𝐵, 𝐶𝐴 − 𝐴𝐶] +

[𝐶, 𝐴𝐵 − 𝐵𝐴] = [𝐴, 𝐵𝐶] − [𝐴, 𝐶𝐵] + [𝐵, 𝐶𝐴] − [𝐵, 𝐴𝐶] + [𝐶, 𝐴𝐵] − [𝐶, 𝐵𝐴] =

𝐴𝐵𝐶 − 𝐵𝐶𝐴 − 𝐴𝐶𝐵 + 𝐶𝐵𝐴 + 𝐵𝐶𝐴 − 𝐶𝐴𝐵 − 𝐵𝐶𝐴 + 𝐴𝐶𝐵 + 𝐶𝐴𝐵 − 𝐴𝐵𝐶 −

𝐶𝐵𝐴 + 𝐵𝐴𝐶 = 0. r.d.g. 

 

3.7.1. gafarToebis koordinatuli gadmocema 

vTqvaT, gvaqvs sawyisi 𝑞 rogis diferencialur gantole-

baTa sistema 𝑚 damoukidebeli cvladiT da 𝑘 ucnobi 

funqciiT. Cveni cvladebis 𝑀 mravalsaxeoba ganisazRvreba 

(𝑥1, 𝑥2, … , 𝑥𝑚; 𝑢1, 𝑢2, … , 𝑢𝑘) koordinatebis sivrciT. sadac 𝑥𝑖 , 𝑖 =

1,𝑚̅̅ ̅̅ ̅̅  damoukidebeli cvladebia, xolo 𝑢𝑗 , 𝑗 = 1, 𝑘̅̅ ̅̅̅ saZebni 
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funqciebia romlebisTvisac adgili aqvT gantolebaTa 

sistemas 𝐿𝑞(𝑥, 𝑢) = 0. veZebT iseTi gardaqmnebis jgufs, romlis 

mimarTac es sistema invariantulia, anu, saxes ar icvlis. 

saZebni gardaqmnebi cvladTa (𝑥1, 𝑥2, … , 𝑥𝑚; 𝑢1, 𝑢2, … , 𝑢𝑘) sivr-

ceSi warmoiqmnebian Sesabamisi infinitezimaluri operatore-

biT 

𝑋 = ∑ 𝜉𝑖(𝑥, 𝑢)
𝜕

𝜕𝑥𝑖
+ ∑ 𝜂𝑗(𝑥, 𝑢)

𝜕

𝜕𝑢𝑗

𝑘
𝑗=1

𝑚
𝑖=1 ,                    (3.92) 

sadac 𝜉𝑖(𝑥, 𝑢) da 𝜂𝑗(𝑥, 𝑢) (jer-jerobiT) ucnobi funqciebia. 

 

3.7.2. pirveli gafarToeba 

SemoviRoT aRniSvna 

𝑝𝑖
𝑗
=
𝜕𝑢𝑗

𝜕𝑥𝑖
.                                                (3.93) 

lis TeoriaSi pirveli gafarToebis sivrce ewodeba 

(𝑥1, 𝑥2, … , 𝑥𝑚; 𝑢1, 𝑢2, … , 𝑢𝑗; 𝑝𝑖
𝑗
),   𝑖 = 1,𝑚̅̅ ̅̅ ̅̅ , 𝑗 = 1, 𝑘̅̅ ̅̅̅,             (3.94) 

cvladebis sivrces. 

am gafarToebis cvladebis sivrceSi (3.92) infinitezi-

maluri operatoris Sesabamis gardaqmnebis infinitezimalur 

operators aqvs Semdegi saxe: 

𝑋1 = 𝑋 + ∑ 𝜁𝑖
𝑗(𝑥, 𝑢, 𝑝)

𝜕

𝜕𝑝𝑖
𝑗𝑖,𝑗 ,                                (3.95) 

sadac damatebiTi 𝜁𝑖
𝑗
 koordinatebi ganisazRvrebian gamosaxu-

lebebidan         

𝜁𝑖
𝑗
= 𝐷𝑖(𝜂𝑗) − ∑ 𝑝𝑠

𝑗
𝐷𝑖(𝜉𝑠)𝑠,𝑗 ,                               (3.96) 

xolo 𝑥𝑖 cvladiT sruli warmoebulis gamosaTvleli 

formulaa: 
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𝐷𝑖 =
𝜕

𝜕𝑥𝑖
+ ∑ 𝑝𝑖

𝑡 𝜕

𝜕𝑢𝑡𝑡 .                                       (3.97)     

 

3.7.3. meore gafarToeba 

Tu, 𝐿𝑞(𝑥, 𝑢) = 0 gantolebaSi Semavali funqciebis war-

moebulis umaRlesi 𝑞 rigi metia erTze, maSin cvladebis 

sivrce (𝑥1, 𝑥2, … , 𝑥𝑚; 𝑢1, 𝑢2, … , 𝑢𝑘), Sesabamisad, unda gavafar-

TooT 𝑞-jer, raTa SevavsoT is saZebni funqciebis warmoebu-

lebiT 𝑞 rigamde CaTvliT. 

lis TeoriaSi, meore gafarToebis sivrced iTvleba 

cvladebis sivrce (𝑥1, 𝑥2, … , 𝑥𝑚; 𝑢1, 𝑢2, … , 𝑢𝑘; 𝑝𝑖
𝑗
, 𝑟𝑠𝑖
𝑙 ), sadac 

𝑟𝑠𝑖
𝑙 =

𝜕2𝑢𝑙

𝜕𝑥𝑠𝜕𝑥𝑖
, 𝑠, 𝑖 = 1,𝑚,̅̅ ̅̅ ̅̅   𝑙 = 1, 𝑘̅̅ ̅̅̅.                         (3.98) 

meore gafarToebis (𝑥1, 𝑥2, … , 𝑥𝑚; 𝑢1, 𝑢2, … , 𝑢𝑘; 𝑝𝑖
𝑗
, 𝑟𝑠𝑖
𝑙 ) cvlade-

bis sivrceSi, Sesabamis infinitezimalur operators aqvs 

aseTi saxe: 

𝑋2 = 𝑋1 + ∑ 𝜎𝑖𝑠
𝑙 (𝑥, 𝑢, 𝑝, 𝑟)

𝜕

𝜕𝑟𝑖𝑠
𝑙𝑖,𝑠 ,                           (3.99) 

xolo damatebiTi 𝜎𝑖𝑠
𝑙  koordinatebi ganisazRvrebian gantole-

bebiT 

𝜎𝑖𝑠
𝑙 = 𝐷̃𝑖(𝜁𝑠

𝑙) − ∑ 𝑟𝑠𝑖
𝑙

𝑖,𝑠 𝐷̃𝑖(𝜉𝑠),                              (3.100) 

sadac  

𝐷̃𝑖 =
𝜕

𝜕𝑥𝑖
+ ∑ 𝑝𝑖

𝑞 𝜕

𝜕𝑢𝑞
+ ∑ 𝑟𝑖𝑠

𝑙 𝜕

𝜕𝑝𝑠
𝑙𝑖,𝑠,𝑙𝑞 ,                         (3.101) 

sruli diferencirebis operatoria. cxadia, rom 

𝐷̃𝑖(𝜉𝑠) ≡ 𝐷𝑖(𝜉𝑠).                                        (3.102) 

amitom, formula (3.100) sabolood miiRebs saxes: 

𝜎𝑖𝑠
𝑙 = 𝐷̃𝑖(𝜁𝑠

𝑙) − ∑ 𝑟𝑠𝑖
𝑙

𝑖,𝑠 𝐷𝑖(𝜉𝑠).                               (3.103) 
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3.8. lis meTodis gamoyenebis magaliTebi 

ganvixiloT umartivesi meore rigis gantoleba 

𝑢′′ = 0.                                            (3.104) 

am SemTxvevaSi gvaqvs (𝑥, 𝑢) cvladTa sivrce. Sesabamisi 

infinitezimaluri operatoria 

𝑋 = 𝜉(𝑥, 𝑢)
𝜕

𝜕𝑥
+ 𝜂(𝑥, 𝑢)

𝜕

𝜕𝑢
.                               (3.105) 

pirveli gafarToeba: Semogvaqvs aRniSvna pirveli rigis 

warmoebulisaTvis 

𝑝 =
𝜕𝑢

𝜕𝑥
.                                                 (3.106) 

pirveli gafarToebis cvladTa sivrcea 

(𝑥, 𝑢, 𝑝).                                               (3.107) 

𝑥 cvladis mimarT sruli warmoebulis formulas aqvs 

Semdegi saxe: 

𝐷 =
𝜕

𝜕𝑥
+ 𝑝

𝜕

𝜕𝑢
.                                          (3.108) 

pirveli gafarToebis Sedegad miRebuli infinitezima-

luri operatoria               

𝑋1 = 𝑋 + 𝜁(𝑥, 𝑢, 𝑝)
𝜕

𝜕𝑝
,                                    (3.109) 

sadac damatebiTi 𝜁 koordinatis sapovnelad gvaqvs formula 

𝜁 = 𝐷(𝜂) − 𝑝𝐷(𝜉) =
𝜕𝜂

𝜕𝑥
+ 𝑝

𝜕𝜂

𝜕𝑢
− 𝑝 (

𝜕𝜉

𝜕𝑥
+ 𝑝

𝜕𝜉

𝜕𝑢
) =

𝜕𝜂

𝜕𝑥
+ 𝑝 (

𝜕𝜂

𝜕𝑢
−
𝜕𝜉

𝜕𝑥
) − 𝑝2

𝜕𝜉

𝜕𝑢
.                                                                                     

(3.110) 

radgan 𝜉(𝑥, 𝑢) da 𝜂(𝑥, 𝑢) cvladebi ar aris damokidebuli 𝑝 

cvladze, (3.110) gantoleba 𝑝 cvladis mimarT mxolod 

kvadratul funqcias warmoadgens. 
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meore gafarToeba: Semogvaqvs damatebiTi aRniSvna meore 

rigis warmoebulisaTvis 

𝑟 =
𝜕2𝑢

𝜕𝑥2
.                                             (3.111) 

meore gafarToebis cvladTa sivrcea 

(𝑥, 𝑢, 𝑝, 𝑟).                                             (3.112) 

𝑥 cvladis mimarT sruli warmoebulis formulas, meore 

gafarToebis Semdeg aqvs saxe 

𝐷̃ = 𝐷 + 𝑟
𝜕

𝜕𝑝
.                                           (3.113) 

meore gafarToebis Sedegad miRebuli infinitezimaluri 

operatoria               

 𝑋2 = 𝑋1 + 𝜎
𝜕

𝜕𝑟
,                                        (3.114) 

sadac damatebiTi 𝜎 koordinatis sapovnelad gvaqvs formu-la 

   𝜎 = 𝐷̃(𝜁) − 𝑟𝐷(𝜉) = (
𝜕

𝜕𝑥
+ 𝑝

𝜕

𝜕𝑢
+ 𝑟

𝜕

𝜕𝑝
) [
𝜕𝜂

𝜕𝑥
+ 𝑝 (

𝜕𝜂

𝜕𝑢
−
𝜕𝜉

𝜕𝑥
) − 𝑝2

𝜕𝜉

𝜕𝑢
] −

−𝑟 (
𝜕𝜉

𝜕𝑥
+ 𝑝

𝜕𝜉

𝜕𝑢
).                                              (3.115) 

exla unda vimoqmedoT 𝑋2 operatoriT (3.104) gantolebis 

marcxena mxareze 

𝑋2𝑟 = 0 = 𝜎𝑟=0.                                          (3.116) 

radgan 𝑋1 operatori ar Seicavs warmoebuls 𝑟 cvladiT, 

(3.116) tolobidan gamomdinare gveqneba 

 𝑋1 + 𝜎
𝜕𝑟

𝜕𝑟
= 𝜎𝑟=0 = 0.                                   (3.117) 

anu (3.115) tolobidan miviRebT, rom 

[𝐷̃(𝜁) − 𝑟𝐷(𝜉)]
𝑟=0

= 0                                   (3.118) 

 anu 
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𝐷̃(𝜁) = 0.                                             (3.119) 

[𝐷̃(𝜁)]
𝑟=0

= [𝐷 + 𝑟
𝜕

𝜕𝑝
]
𝑟=0

=
𝜕

𝜕𝑥
+ 𝑝

𝜕

𝜕𝑢
,                      (3.120) 

(
𝜕

𝜕𝑥
+ 𝑝

𝜕

𝜕𝑢
) [
𝜕𝜂

𝜕𝑥
+ 𝑝 (

𝜕𝜂

𝜕𝑢
−
𝜕𝜉

𝜕𝑥
) − 𝑝2

𝜕𝜉

𝜕𝑢
] = 0,                   (3.121) 

anu gamartivebiT miviRebT gantolebas 

𝜕2𝜂

𝜕𝑥2
+ 𝑝

𝜕2𝜂

𝜕𝑥𝜕𝑢
+ 𝑝 (

𝜕2𝜂

𝜕𝑥𝜕𝑢
−
𝜕2𝜉

𝜕𝑥2
) + 𝑝2 (

𝜕2𝜂

𝜕𝑢2
−

𝜕2𝜉

𝜕𝑥𝜕𝑢
) − 𝑝2

𝜕2𝜉

𝜕𝑥𝜕𝑢
− 𝑝3

𝜕2𝜉

𝜕𝑢2
= 0.         (3.122) 

am gantolebaSi 𝜉 da 𝜂 cvladebi damokidebulia mxolod (𝑥, 𝑢) 

cvladebze, amitom (3.122) gantolebis marcxena mxare 

warmoadgens igivurad nulis tol kubur mravalwevrs 𝑝 

cvladis mimarT. aqedan gamomdinare, SegviZlia davaskvnaT, 

rom yvela koeficienti nulis tolia. 

𝑝3 xarisxis koeficienti:  
𝜕2𝜉

𝜕𝑢2
= 0 ;                       (3.123) 

𝑝2 xarisxis koeficienti:   
𝜕2𝜂

𝜕𝑢2
− 2

𝜕2𝜉

𝜕𝑥𝜕𝑢
= 0 ;                  (3.124) 

𝑝1   xarisxis koeficienti:  2
𝜕2𝜂

𝜕𝑥𝜕𝑢
−
𝜕2𝜉

𝜕𝑥2
= 0 ;               (3.125) 

𝑝0 xarisxis koeficienti:    
𝜕2𝜂

𝜕𝑥2
= 0.                      (3.126) 

(3.123) gantolebidan miviRebT, rom 

𝜉 = 𝐴(𝑥)𝑢 + 𝐵(𝑥).                                      (3.127) 

(3.126) gantolebidan mivirebT, rom 

𝜂 = 𝐶(𝑢)𝑥 + 𝐷(𝑢).                                      (3.128) 

(3.124) gantolebidan gveqneba 

𝐶′′(𝑢)𝑥 + 𝐷′′(𝑢) = 2𝐴′(𝑥).                               (3.129) 

(3.125) gantolebidan miviRebT 

𝐴′(𝑥)𝑢 + 𝐵′′(𝑥) = 2𝐶′(𝑢).                             (3.130) 
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gavawarmooT (3.129) 𝑢 cvladiT, maSin miviRebT gantole-bas 

𝐶′′′(𝑢)𝑥 + 𝐷′′′(𝑢) = 0.                                  (3.131) 

gavawarmooT (3.130) 𝑥 cvladiT, maSin miviRebT   

𝐴′′′(𝑥)𝑢 + 𝐵′′′(𝑥) = 0.                                   (3.132) 

aqedan miviRebT, rom 

 𝐶′′′(𝑢) = 0,  𝐷′′′(𝑢) = 0, 𝐴′′′(𝑥) = 0, 𝐵′′′(𝑥) = 0.          (3.133) 

Sesabamisad, gveqneba rom 

𝐶(𝑢) = 𝑐0 + 𝑐1𝑢 + 𝑐2𝑢
2,                                 (3.134) 

𝐷(𝑢) = 𝑑0 + 𝑑1𝑢 + 𝑑2𝑢
2,                                 (3.135) 

𝐴(𝑥) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2,                                  (3.136) 

𝐵(𝑥) = 𝑏0 + 𝑏1𝑥 + 𝑏2𝑥
2.                                  (3.137) 

Tu, gaviTvaliswinebT (3.127)-(3.137) gantolebebs, miviRebT, 

rom                    

 𝐴(𝑥) = 𝑎0 + 𝑎1𝑥,                                       (3.138) 

  𝐵(𝑥) = 𝑏0 + 𝑏1𝑥 + 𝑏2𝑥
2,                                (3.139) 

   𝐶(𝑢) = 𝑐0 + 𝑏2𝑢,                                     (3.140) 

𝐷(𝑢) = 𝑑0 + 𝑑1𝑢 + 𝑎1𝑢
2,                                  (3.141) 

sadac koeficientebi nebismieri mudmivebia. Sesabamis infinite-

zimalur operators aqvs aseTi saxe: 

𝑋 = 𝜉(𝑥, 𝑢)
𝜕

𝜕𝑥
+ 𝜂(𝑥, 𝑢)

𝜕

𝜕𝑢
,                                (3.142) 

𝜉 = (𝑎0 + 𝑎1𝑥)𝑢 + 𝑏0 + 𝑏1𝑥 + 𝑏2𝑥
2,                        (3.143) 

𝜂 = (𝑐0 + 𝑏2𝑢)𝑥 + 𝑑0 + 𝑑1𝑢 + 𝑎1𝑢
2.                       (3.144) 
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Tu (3.142)-(3.144) formulebSi davuSvebT, rom erTi 

koeficienti udris 1, xolo danarCenebi 0, miviRebT lis 

algebris bazisur operatorebs, romelTac uSvebs gantoleba 

(3.104). marTlac, gveqneba   

𝐿1 = 𝑥𝑢
𝜕

𝜕𝑥
+ 𝑢2

𝜕

𝜕𝑢
,                                       (3.145) 

𝐿2 = 𝑥
2 𝜕

𝜕𝑥
+ 𝑢𝑥

𝜕

𝜕𝑢
,                                       (3.146) 

𝐿3 = 𝑢
𝜕

𝜕𝑥
,                                               (3.147) 

𝐿4 = 𝑥
𝜕

𝜕𝑢
,                                               (3.148) 

𝐿5 = 𝑥
𝜕

𝜕𝑥
,                                               (3.149) 

𝐿6 = 𝑢
𝜕

𝜕𝑢
,                                               (3.150) 

𝐿7 =
𝜕

𝜕𝑥
,                                                (3.151) 

𝐿8 =
𝜕

𝜕𝑢
.                                                (3.152) 

operatorebis simravle, romlisTvisac (3.145)-(3.152) 

bazisia, warmoadgens wrfiv veqtorul sivrces. komutirebis 

operaciis mimarT es sivrce Caketilia anu warmoadgens lis 

algebras.   

infinitezimalur operatorebs sazogadod, aqvT aseTi 

saxe:  

𝑋 = 𝐴
𝜕

𝜕𝑥
+ 𝐵

∂

∂u
.                                         (3.153) 

Tu, gvaqvs gardaqmnis kanonikuri formulebiT mocemuli 

jgufi 

𝑥′ = 𝑓(𝑥, 𝑢, 𝛼),                                          (3.154) 

𝑢′ = 𝜑(𝑥, 𝑢, 𝛽).                                          (3.155) 
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maSin 

𝐴 =
𝜕𝑓

𝜕𝛼
|
𝛼=0

,   𝐵 =
𝜕𝜑

𝜕𝛽
|
𝛽=0

.                               (3.156) 

                                            

3.8.1. biurgersis gantolebis bazisuri lis algebra 

ganvixiloT biurgersis gantoleba 

𝑢𝑡 + 𝑢𝑢𝑥 = 𝑢𝑥𝑥 .                                       (3.157) 

Tu, movaxdenT cvladTa gardaqmnas xopfi-koulis formu-

liT 

𝑢 = −2𝛿
𝜕(𝑙𝑛𝑣)

𝜕𝑥
,                                          (3.158) 

maSin, biurgersis gantoleba gardaiqmneba siTbogamtarobis 

gantolebad 

𝑣𝑡 = 𝛿𝑣𝑥𝑥 .                                              (3.159) 

biurgersis gantolebis Sesabamisi lis algebris bazisia 

𝐿1 =
𝜕

𝜕𝑥
,                                                (3.160) 

𝐿2 =
𝜕

𝜕𝑡
,                                                 (3.161) 

𝐿3 =
𝜕

𝜕𝑥
+ 2𝑡

𝜕

𝜕𝑡
− 𝑢

𝜕

𝜕𝑢
,                                    (3.162) 

𝐿4 = 𝑡
𝜕

𝜕𝑥
+

𝜕

𝜕𝑢
,                                           (3.163) 

𝐿5 = 𝑡𝑥
𝜕

𝜕𝑥
+ 𝑡2

𝜕

𝜕𝑡
+ (𝑥 − 𝑡𝑢)

𝜕

𝜕𝑢
.                            (3.164) 

biurgersis gantolebis lis algebra xuTganzomilebiani 

mravalsaxeobaa komutirebis operaciiT. xolo siTbogam-

tarobis gantolebis dasaSvebi lis algebra eqvsganzomi-

lebiani mravalsaxeobaa. rac imas niSnavs, rom lis es ori 

algebra ar aris izomorfuli.  
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3.8.2. kortevega-de-frizis gantolebis bazisuri lis algebra  

ganvixiloT kortevega-de-frizis gantoleba 

𝑢𝑡 + 𝑢𝑢𝑥 = 𝑢𝑥𝑥𝑥 .                                        (3.165) 

am gantolebisaTvis ar arsebobs xopfi-koulis gardaqm-

nis analogiuri gardaqmna, romelic mas gadaiyvanda wrfiv 

siTbogamtarobis gantolebaSi. 

kortevega-de frizis gantolebiT dasaSvebi lis algeb-

ris bazisi oTxganzomilebiania da Sedgeba Semdegi operato-

rebisagan 

𝐿1 =
𝜕

𝜕𝑥
,                                               (3.166) 

𝐿2 =
𝜕

𝜕𝑡
,                                                (3.167) 

𝐿3 = 𝑥
𝜕

𝜕𝑥
+ 3𝑡

𝜕

𝜕𝑡
− 2𝑢

𝜕

𝜕𝑢
,                                 (3.168) 

𝐿4 = 𝑡
𝜕

𝜕𝑥
+

𝜕

𝜕𝑢
.                                           (3.169) 
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amocanebi da savarjiSoebi 

1.aCveneT rom gardaqmna, romelic moicema formuliT 𝑥′ = 𝑥 +

𝑎 + 𝑎2, qmnis jgufs. ipoveT Sesabamisi 𝜑(𝑎, 𝑏) da 𝑎−1 ; 

2.gamoikvlieT (𝑥, 𝑦) sibrtyeze, adgenen Tu ara jgufs 𝑥′ = 𝑥 +

𝑎, 𝑦′ = 𝑦 + 𝑎2 gardaqmnebi; 

3.amoxseniT lis gantolebebi 
𝑑𝑥′

𝑑𝑎
= 𝑦′ ,   

𝑑𝑦′

𝑑𝑎
= −𝑥′ brunvis 

gardaqmnisTvis da ipoveT gardaqmnis jgufis invarianti da 

infinitezimaluri operatori; 

4.ipoveT lorencis gardaqmnebis jgufis invarianti da 

infinitezimaluri operatori; 

5.ipoveT galileis gardaqmnis jgufis invarianti da 

infinitezimaluri operatori; 

6.ipoveT erTgvarovani gaWimvebis gardaqmnis jgufis 

invarianti da infinitezimaluri operatori; 

7.ipoveT 𝑘𝑥 + 𝑙𝑦 = 0 wrfis paralelur gadatanaTa gardaqmnis 

jgufis infinitezimaluri operatori da invarianti; 

8.ipoveT araerTgvarovani gaWimvebis gardaqmnis jgufis 

invarianti da infinitezimaluri operatori; 

9.aCveneT rom 𝑡′ = 𝑡, 𝑥′ = 𝑥 + 2𝑎𝑡, 𝑢′ = 𝑢𝑒−(𝑎𝑥+𝑎
2𝑡) , 

 𝑢𝑡′
′ = (𝑢𝑡 + 𝑎

2𝑢 − 2𝑎𝑢𝑥)𝑒
−(𝑎𝑥+𝑎2𝑡), 

 𝑢𝑥′
′ = (𝑢𝑥 − 𝑎𝑢)𝑒

−(𝑎𝑥+𝑎2𝑡), 

 𝑢𝑥′𝑥′
′ = (𝑢𝑥𝑥 + 𝑎

2𝑢 − 2𝑎𝑢𝑥)𝑒
−(𝑎𝑥+𝑎2𝑡) gardaqmnebi adgenen jgufs, 

eqvsganzomilebian 𝑧 = (𝑡, 𝑥, 𝑢, 𝑢𝑡 , 𝑢𝑥, 𝑢𝑥𝑥) cvladTa sivrceSi da 

ipoveT Sesabamisi infinitezimaluri operatori; 

10.SeamowmeT, rom Tu, 𝑢 = 𝜑(𝑡, 𝑥) funqcia aris 

siTbogamtarobis gantolebis raime cnobili amonaxsni, maSin  
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𝑢 = 𝑒−(𝑎𝑥+𝑎
2𝑡)𝜑(𝑡, 𝑥 + 2𝑎𝑡) funqciac akmayofilebs 

siTbogamtarobis 𝑢𝑡 − 𝑢𝑥𝑥 = 0 gantolebas. 

11.ipoveT, 𝑋1 = 𝑋 + 𝜁𝑖
𝛼 𝜕

𝜕𝑢𝑖
𝛼 operatoris gafarToeba meore rigis 

warmoebulebamde CaTvliT 𝑋2 = 𝑋1 + 𝜁𝑖𝑗
𝛼 𝜕

𝜕𝑢𝑖𝑗
𝛼 saxiT da aCveneT, 

rom 𝜁𝑖𝑗
𝛼 = 𝐷𝑗(𝜁𝑖

𝛼) − 𝑢𝑖𝑘
𝛼 𝐷𝑗(𝜉

𝑘). 

12.gamoiTvaleT 𝑢′′ + 𝑢 = 0 gantolebis dasaSvebi lis algebra. 

13.gamoiTvaleT 𝑢𝑡 + 𝑢𝑢𝑥 = 𝑢𝑥𝑥 biurgersis gantolebis 

dasaSvebi lis algebra. 

14. gamoiTvaleT 𝑢𝑡 + 𝑢𝑢𝑥 = 𝑢𝑥𝑥𝑥 kortevega-de-frizis 

gantolebis dasaSvebi lis algebra. 
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Tavi IV. diferencirebadi mravalsaxeobis lokaluri 

geometriis elementebi  

diferencialuri geometriis codnis gareSe, SeuZlebelia 

iseTi rTuli cocxali sistemis Seswavla, rogoricaa samyaro, 
Tavisi geometriuli formebis mravalferovnebiTa da swrafad 

cvalebadi, dinamikuri struqturiT.  

diferencialuri geometriis ZiriTadi instrumentia 

diferencirebadi mravalsaxeoba. mravalsaxeoba SeiZleba 

ganisazRvros, rogorc lokalurad evkliduri sivrce. 

gavixsenoT, rom 𝑛 ganzomilebiani evkliduri ℝ𝑛 sivrce 

aris yvela SesaZlo (𝑥1, 𝑥2, … , 𝑥𝑛) wertilebis simravle, sadac 

TiToeuli 𝑥𝑖 ∈ ℝ koordinati namdvili ricxvia. am simravleSi 

Cveulebisamebr, gansazRvrulia wertilis Caketili da Ria 

midamos cneba. 𝑀 mravalsaxeoba lokalurad emTxveva 

evklidur sivrces im azriT, rom mravalsaxeoba gadafarulia 

Ria 𝒰𝛼 simravleebiT (anu, 𝑀 = ⋃ 𝒰𝛼𝛼 ) da TiToeul Ria 𝒰𝛼 

simravlesTan dakavSirebulia Sesabamisi urTierTcalsaxa 𝜑𝛼 

asaxva, romelic 𝒰𝛼 midamos yovel 𝑝 ∈ 𝒰𝛼 wertils gadaiyvans 

ℝ𝑛 sivrcis Sesabamisi Ria simravlis (𝑥1, 𝑥2, … , 𝑥𝑛) wertilSi. 

vTqvaT, mravalsaxeobis ori 𝒰𝛼 da 𝒱𝛼 midamoebi ikveTebian ise, 

rom 𝒰𝛼 ∩ 𝒱𝛼 ≠ ∅ xolo, 𝜑𝛼  ; 𝜓𝛼 is Sesabamisi asaxvebia, 

romlebic am midamos wertilebs asaxavs ℝ𝑛 sivrcis Sesabamisi 

Ria simravleebze, maSin 𝜑𝛼 ∘ 𝜓𝛼
−1  asaxva 𝜓𝛼(𝑝) wertils(𝑝 ∈

𝒰𝛼 ∩ 𝒱𝛼), romlis koordinatebicaa (𝑥1, 𝑥2, … , 𝑥𝑛) gadaiyvans 

𝜑𝛼(𝑝) wertilSi, romlis koordinatebicaa raRac (𝑥̅1, 𝑥̅2, … , 𝑥̅𝑛). 

gansazRvris Tanaxmad 𝑀 iqneba diferencirebadi mravalsaxe-

oba, Tu 𝑥𝑖 koordinatebi gamoisaxebian rogorc 𝑥̅𝑖 koordi-

natebis gluvi funqciebi(anu es funqciebi uwyvetia Tavis 

yvela rigis kerZo warmoebulebTan erTad). 

ori mravalsaxeobis pirdapiri 𝑴×𝑵 namravli aris 

diferencirebadi mravalsaxeobis struqturis mqone, iseTi 

dalagebuli (𝑝, 𝑞) wyvilebis simravle, sadac 𝑝 ∈ 𝑀 da 𝑞 ∈ 𝑁 
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anu, Tu 𝒰𝛼 da 𝒱𝛽 arian Sesabamisad, 𝑀 da 𝑁 mravalsaxe-obebis 

midamoebi, xolo 𝜑𝛼 da 𝜓𝛽 am midamoebTan dakavSirebuli 

asaxvebi koordinatebiT: 

𝜑𝛼(𝑝) = (𝑥
1, 𝑥2, … , 𝑥𝑛) da 𝜓𝛽 = (𝑦

1, 𝑦2, … , 𝑦𝑚), maSin asaxva  

(𝜑𝛼 × 𝜓𝛽)(𝑝, 𝑞) = (𝑥
1, 𝑥2, … , 𝑥𝑛, 𝑦1, 𝑦2, … , 𝑦𝑚) gansazRvravs (𝑚 + 𝑛) 

ganzomilebian mravalsaxeobas. 

ganvixiloT 𝑓:𝑀 ⟼ ℝ1 asaxvis Sesabamisi 𝑓 funqcia. 

davuSvaT, rom asaxvaTa kompozicia 𝑓 ∘ 𝜑𝛼
−1 romelic 

(𝑥1, 𝑥2, … , 𝑥𝑛) ∈ ℝ𝑛 wertils Seusabamebs ℝ1 simravlis wertils 

aris (𝑥1, 𝑥2, … , 𝑥𝑛) koordinatebis gluvi funqcia. 𝑀 

mravalsaxeobaze ganvsazRvroT gluvi mrudi 𝝀 Semdegi 

asaxviT 

𝜆: 𝐼(𝑎 < 𝑡 < 𝑏) ∈ ℝ1 → 𝜆(𝑡) = 𝑝 ∈ 𝑀,                       (4.1) 

sadac (𝜑𝛼 ∘ 𝜆)(𝑡) = [𝑥
1(𝑡), 𝑥2(𝑡),… , 𝑥𝑛(𝑡)] da 𝑥𝑖(𝑡) gluvi 

funqciebia. 

𝑀 mravalsaxeobaze gansazRvruli fuqciis saSualebiT 

SegviZlia ganvsazRvroT 𝑓 ∘ 𝜆 funqcia 𝜆 mrudze, xolo 𝜑𝛼 ∘ 𝜆 

asaxva saSualebas gvaZlevs ganvixiloT funqciebi 

𝑓(𝜆(𝑡)) = 𝑓(𝑥1(𝑡), 𝑥2(𝑡),… , 𝑥𝑛(𝑡)),                              (4.2) 

sadac (𝑥1(𝑡), 𝑥2(𝑡),… , 𝑥𝑛(𝑡)) aris 𝑝 = 𝜆(𝑡) wertilis koordina-

tebi 𝜑𝛼 asaxvisas. 

 

4.1. mxebi veqtori(kontravariantuli veqtori) 

Cven mier zemoT ganxilul 𝜆(𝑡) mrudze gansazRvruli 

𝑓(𝑥1(𝑡), 𝑥2(𝑡), … , 𝑥𝑛(𝑡)) funqciisaTvsis ganvixiloT warmoebuli 

(
𝜕𝑓

𝜕𝑡
)
𝜆(𝑡)
|
𝑡=𝑡0

= lim
𝜀→0

1

𝜀
[𝑓(𝜆(𝑡0 + 𝜀)) − 𝑓(𝜆(𝑡0))] = ∑

𝜕𝑥𝑗

𝜕𝑡
|
𝑡0
(
𝜕𝑓

𝜕𝑥𝑗
)
𝜆(𝑡0)

= (
𝜕𝑥𝑗

𝜕𝑡

𝜕𝑓

𝜕𝑥𝑗
)
𝑡0

𝑛
𝑗=1 , (4.3) 
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sadac, bolo tolobaSi igulisxmeba ainStainis SeTanxmeba 

Sejamebadobis Sesaxeb. 

cxadia, rom Tu ganvixilavT 𝑀 mravalsaxeobis 𝑝 

wertilze gamaval sxvadasxva 𝜆 mrudebs, SegviZlia avagoT 𝑝 

wertilSi wrfivi veqtoruli sivrce, romelic Sedgeba kerZo 

wamoebulebis yvela SesaZlo wrfivi kombinaciebisagan 

𝑿 = 𝑋𝑗
𝜕

𝜕𝑥𝑗
,                                       (4.4) 

sadac 𝑋𝑗 aris 𝑛 namdvil ricxvTa nebismieri erToblioba. es 

mxebi veqtorebi warmoiqmnebian im 𝜆 mrudebis ganxilvisas, 

romlebic moicemian funqciebiT 

𝑥𝑖(𝑡) = 𝑥𝑖(𝑝) + 𝑋𝑖𝑡, 𝑖 = 1, 𝑛̅̅ ̅̅ ̅,                             (4.5) 

sadac 𝑡 ∈ (−𝜀; 𝜀). 

mxebi veqtorebi 𝒑 wertilSi, qmnian wrfiv veqtorul siv-

rces ℝ𝟏 simravlis zemoT, romelic moWimulia koordi-natul 

warmoebulebze, anu, (
𝝏

𝝏𝒙𝒋
)
𝒑
 veqtorebi qmnian am veqto-ruli 

sivrcis baziss.  

marTlac, advili Sesamowmebelia, rom 

(𝛼𝑿 + 𝛽𝒀)𝑓 = 𝛼(𝑿𝑓) + 𝛽(𝒀𝑓),                              (4.6) 

nebismieri 𝑿 da 𝒀 veqtorisa, 𝛼, 𝛽 ricxvebisa da nebismieri 𝑓 

funqciisaTvis. amasTan erTad, (
𝝏

𝝏𝒙𝒋
)
𝒑
 veqtorebi wrfivad 

damoukidebelia. 

advili misaxvedria, rom nebismier 𝑓 gluv funqciaze 𝑿 =

𝑋𝑗
𝜕

𝜕𝑥𝑗
 operatoris moqmedeba gvaZlevs am funqciis mocemuli 

veqtoris mimarTulebiT warmoebuls 

𝑿𝑓 = 𝑋𝑗
𝜕𝑓

𝜕𝑥𝑗
= 𝑋𝑗𝑓,𝑗                                       (4.7) 
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am formulaSi bolo indeqsis win mZime, aRniSnavs warmoebuls 

Sesabamisi koordinatis mixedviT. es warmoebuli 

akmayofilebs laibnicis wessac 

𝑿(𝑓𝑔)|𝜆(𝑡) = (𝑓𝑿𝑔 + 𝑔𝑿𝑓)|𝜆(𝑡).                               (4.8) 

𝑛 ganzomilebiani 𝑀 mravalsaxeobis 𝑝 wertilSi arse-

buli mxebi veqtorebis sivrce (sxvanairad, kontravariantuli 

veqtorebis sivrce) warmoadgens 𝑛 ganzomilebian veqtorul 

sivrces. es sivrce SegviZlia warmovidginoT, rogorc 𝑝 

wertilSi arsebuli yvela SesaZlo mimarTulebebis simravle. 

mas 𝒑 wertilis mxeb sivrces uwodeben. misTvis miRebulia 

aRniSvna 𝑇𝑝(𝑀) an ubralod, 𝑇𝑝, rogorc adre gvqonda. 

lokaluri koordinatuli bazisis garda SegviZlia 

gamoviyenoT nebismieri sxva 𝑛 wrfivad damoukidebeli 𝒆𝜶, 𝛼 =

1, 𝑛̅̅ ̅̅ ̅ veqtorebis sistema. maSasadame, unda arsebobdes wrfivi 

gardaqmnebis Sesabamisi formulebic 

𝒆𝜶 = Φ𝛼
𝑘 𝜕

𝜕𝑥𝑘
 .                                          (4.9) 

am gardaqmnis determinanti ar SeiZleba rom iyos 

gadagvarebuli. maSasadame, unda arsebobdes misi Sebrunebuli 

matricac, rac saSualebas mogvcems (4.9) formulebidan 

amovxsnaT 
𝜕

𝜕𝑥𝑘
 cvladebi 

𝜕

𝜕𝑥𝑘
= Φ𝑘

𝑗
𝒆𝒋.                                              (4.10) 

gadasvlis Φ matrica akmayofilebs formulebs 

Φ𝑎
𝑘Φ𝑗

𝑎 = 𝛿𝑗
𝑘 ,   Φ𝑎

𝑘Φ𝑘
𝑏 = 𝛿𝑎

𝑏 .                                     (4.11) 

Tu, mocemulia raime 𝑒𝑗 bazisi, maSin 𝑝 wertilSi 

nebismieri 𝑿 mxebi veqtori SegviZlia warmovadginoT am 

bazisSi formuliT 

𝑿 = 𝑋𝑗𝒆𝒋.                                             (4.12) 
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sadac 𝑋𝑗 sidideebs ewodebaT 𝑿 veqtoris komponentebi (𝒆𝒋) 

bazisSi. 

 

4.2. forma-1 (koveqtori anu kovariantuli veqtori) 

mravalsaxeobis 𝒑 wertilSi forma-1, anu 𝝎 (pirveli rigis 

diferencialuri forma) aris mxebi 𝑻𝒑 sivrcis wrfivi asaxva 

namdvil ricxvTa ℝ𝟏 simravleze 

𝝎: 𝑇𝑝 → ℝ1.                                           (4.13) 

sxva sityvebiT rom vTqvaT, mravalsaxeobis 𝑝 wertilSi 

nebismier 𝑿 mxeb veqtors forma-1 Seusabamebs calsaxad 

gansazRvrul namdvil 𝝎(𝑿) ricxvs, romelic agreTve, 

SeiZleba Caiweros formiT 

𝝎(𝑿) = 〈𝝎,𝑿〉.                                          (4.14) 

asaxvis wrfivoba gamoisaxeba TanafardobiT 

〈𝜔, 𝛼𝑿 + 𝛽𝒀〉 = 𝛼〈𝝎,𝑿〉 + 𝛽〈𝝎, 𝒀〉,                          (4.15) 

sadac 𝑿,𝒀 nebismieri mxebi veqtorebia, xolo 𝛼, 𝛽 - nebismieri 

namdvili ricxvebi. 

forma-1-s namdvil ricxvze gamravleba(4.16) da forma-1-ebis 

jami(4.17) ganisazRvreba tolobebiT 

(𝛼𝝎)(𝑿) = 𝛼〈𝝎,𝑿〉.                                      (4.16) 

(𝝎 + 𝝅)(𝑿) = 〈𝝎,𝑿〉 + 〈𝝅, 𝑿〉.                              (4.17) 

Tu, es wesebi Sesrulebulia, maSin forma-1-ebi qmnian 

veqtorul sivrces, romelsac aRniSnaveb zogjer 𝑻𝒑
∗ 

simboloTi. es veqtoruli sivrce 𝑝 wertilSi gansazRvruli 

mxebi sivrcis dualuri sivrcea(SeuRlebuli sivrce). amitom 

forma-1-ebs koveqtorebs, an kovariantul veqtorebs uwodeben.  
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aviRoT 𝑇𝑝
∗ (forma-1-ebis) veqtoruli sivrcis (𝒆𝒊) elemen-

ti da vimoqmedoT 𝑝 wertilSi raime 𝑿 mxeb veqtorze, 

romlisTvisac gvaqvs 𝑿 = 𝑋𝑖𝒆𝒊 warmodgena. maSin cxadia, rom 

𝒆𝒊(𝑿) = 〈𝒆𝒊, 𝑋𝑗𝒆𝒋〉 = 𝑋
𝑖   𝑖 = 1, 𝑛̅̅ ̅̅ ̅.                           (4.18) 

am gantolebidan miviRebT, rom 

𝒆𝒊(𝒆𝒋) = 〈𝒆
𝒊, 𝒆𝒋〉 = 𝛿𝑗

𝑖 .                                      (4.19) 

nebismieri forma-1 𝝎 SegviZlia warmovadginoT, rogorc 

(𝒆𝒊) sabaziso forma-1-ebis wrfivi kombinacia.  

marTlac, 

〈𝝎,𝑿〉 = 〈𝝎,𝑋𝑗𝒆𝒋〉 = 𝑋
𝑗〈𝝎, 𝒆𝒋〉.                             (4.20) 

Tu, SemoviRebT aRniSvnas 

𝜔𝑖 = 〈𝝎, 𝒆𝒊〉 = 𝝎(𝒆𝒊),                                      (4.21) 

im ricxvebisaTvis, romlebsac Seusabamebs forma-1 𝝎, 𝑝 

wertilis 𝑇𝑝 mxebi sivrcis sabaziso (𝒆𝒊) veqtorebs, SegviZlia 

CavweroT, rom 

〈𝝎,𝑿〉 = 𝜔𝑖𝑋
𝑖 = 𝜔𝑖〈𝒆

𝒊, 𝑋𝑗𝒆𝒋〉 = 〈𝜔𝑖𝒆
𝒊, 𝑿〉.                     (4.22) 

radgan es gantoleba WeSmaritia nebismieri 𝑿 ∈ 𝑇𝑝 mxebi 

veqtorisaTvis, cxadia rom (4.22) gantolebidan gamomdinare-

obs formula 

𝝎 = 𝜔𝑖𝒆
𝒊.    r.d.g.                                     (4.23) 

(𝒆𝒊) da (𝒆
𝒊) (𝑻𝒑 da 𝑻𝒑

∗ sivrceebis Sesabamisi) erTmaneTis 

dualuri bazisebia. 

(𝒆𝒊) da (𝒆𝒊) dualuri bazisebisaTvis avirCioT sxva 

bazisebi, romlebic sawyis bazisebTan dakavSirebuli arian 

aragadagvarebuli gardaqmnebiT 
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𝑒𝑖′ = Φ𝑖′
𝑗
𝑒𝑗;   𝑒

𝑗′ = Φ𝑗
𝑗′
𝑒𝑗  ,                                (4.24) 

maSin axali bazisebisagan dualurobis moTxovna gvaZlevs 

tolobebs       

𝛿
𝑖′
𝑗′
= 〈𝑒𝑗

′
, 𝑒𝑖′〉 = Φ𝑗

𝑗′
Φ𝑖′
𝑘 〈𝑒𝑗 , 𝑒𝑘〉 = Φ𝑗

𝑗′
Φ𝑖′
𝑘𝛿𝑘

𝑗
= Φ𝑗

𝑗′
Φ
𝑖′
𝑗
.             (4.25) 

sxvanairad rom vTqvaT, es matricebi urTierTSebrunebuli 

unda iyos. Tu gaviTvaliswinebT im faqts rom, erTi (𝑥𝑖) 

lokalur koordinatTa sistemis sxva (𝑥𝑖
′
) lokalur 

koordinatTa sistemiT Secvlisas, Sesabamisi gardaqmnis 

matricebi moicema formulebiT 

Φ𝑗
𝑗′
= (

𝜕𝑥𝑗
′

𝜕𝑥𝑗
)
𝑝
,   Φ𝑖′

𝑖 = (
𝜕𝑥𝑖

𝜕𝑥𝑖
′)
𝑝
.                           (4.26) 

mravasaxeobaze gansazRvruli 𝑓 funqcia gansazRvravs 

forma-1-s 𝑑𝑓, romelic nebismier 𝑿 ∈ 𝑇𝑝 veqtors Seusabamebs 

ricxvs, Semdegi wesiT 

𝑑𝑓(𝑿) = 〈𝑑𝑓, 𝑿〉 = 𝑿𝑓.                                   (4.27) 

lokalur sakoordinato bazisSi 

𝑿 = 𝑋𝑖
𝜕

𝜕𝑥𝑖
.                                              (4.28) 

amitom, gansazRvris Tanaxmad gvaqvs 

〈𝑑𝑓, 𝑿〉 = 𝑋𝑖
𝜕𝑓

𝜕𝑥𝑖
= 𝑋𝑖𝑓,𝑖 .                                    (4.29) 

kerZo SemTxvevaSi 

〈𝑑𝑥𝑗 ,
𝜕

𝜕𝑥𝑖
〉 = 𝛿𝑖

𝑗
.                                          (4.30) 

ase, rom forma-1 (𝑑𝑥𝑗), adgens lokalur koordinatTa 

baziss kovariantuli veqtorebis sivrceSi, romelic 

dualuria mxeb veqtorTa sivrcis 𝜕𝑖 = (
𝜕

𝜕𝑥𝑖
) sakoordinato 
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bazisisa. (𝜕𝑖) da  (
𝜕

𝜕𝑥𝑖
) bazisebs mxebi da dualuri sivrcis 

kanonikur bazisebs uwodeben.       

Tu, mocemulia rom 

𝑑𝑓 = 𝛼𝑖𝑑𝑥
𝑖,                                           (4.31) 

maSin 

𝑋𝑖𝑓,𝑖 = 〈𝑑𝑓, 𝑿〉 = 〈𝛼𝑗𝑑𝑥
𝑗 , 𝑋𝑖𝜕𝑖〉 = 𝛼𝑗𝑋

𝑖〈𝑑𝑥𝑗 , 𝜕𝑖〉 = 𝛼𝑗𝑋
𝑖𝛿𝑖
𝑗
= 𝛼𝑖𝑋

𝑖    (4.32) 

Tanadobebidan gamomdinareobs, rom 

𝛼𝑖 = 𝑓,𝑖;   𝑑𝑓 = 𝑓,𝑖𝑑𝑥
𝑖 .                                       (4.33) 

bolo formula emTxveva funqciis diferencialis cnobil 

formulas.    

 

4.3. tenzorebi da tenzoruli namravli 

ganvixiloT, 𝑀 mravalsaxeobis 𝑝 wertilSi, 𝑟 cali 

dualuri 𝑇𝑝
∗ sivrcisa da 𝑠 cali 𝑇𝑝 mxebi sivrcis pirdapiri 

Π𝑟
𝑠 namravli 

Π𝑟
𝑠 = 𝑇𝑝

∗ × …× 𝑇𝑝
∗

⏟         

𝑟

× 𝑇𝑝 × 𝑇𝑝 × …× 𝑇𝑝⏟          
𝑠

.                     (4.34) 

anu, Cven gvaqvs 𝑟 forma-1-ebisa da 𝑠 mxebi veqtorebis da-

lagebuli erTobliobis sivrce  

(𝝎1, … ,𝝎𝑟, 𝑿1, … , 𝑿𝑠).                                    (4.35) 

 ganvixiloT Π𝑟
𝑠 sivrcis poliwrfivi 𝑻 asaxva namdvil 

ricxvTa ℝ1 sivrceze: 

𝑻: Π𝑟
𝑠 → ℝ1.                                           (4.36) 

es asaxva 𝑟 forma-1-sa da 𝑠 mxeb veqtors calsaxad 

Seusabamebs namdvil ricxvs   
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𝑻(𝝎1, … ,𝝎𝑟 , 𝑿1, … , 𝑿𝑠) =namdvili ricxvi.              (4.37) 

am funqciis poliwrfivoba mdgomareobs mis wrfivobaSi 

TiToeuli cvladis mimarT.  

aseTnairad gansazRvrul, poliwrfiv asaxvas (𝒓, 𝒔) 

tenzori ewodeba. am tipis tenzorebis wrfivi kombinacia 

ganisazRvreba formuliT: 

(𝛼𝑻 + 𝛽𝑺)(𝝎1, … ,𝝎𝑟 , 𝑿1, … , 𝑿𝑠) = 𝛼𝑻(𝝎
1, … ,𝝎𝑟 , 𝑿1, … , 𝑿𝑠) +

+𝛽𝑺(𝝎1, … ,𝝎𝑟 , 𝑿1, … , 𝑿𝑠),                                     (4.38) 

sadac 𝛼, 𝛽 ∈ ℝ1 nebismieri namdvili ricxvebia, 𝝎𝑖 ∈ 𝑇𝑝
∗ da 𝑿𝑗 ∈

𝑇𝑝, (𝑖 = 1, 𝑟̅̅ ̅̅ );  (𝑗 = 1, 𝑠̅̅ ̅̅ ).  

(4.38) Tvisebidan gamomdinare, cxadia rom (𝑟, 𝑠) tenzorebi 

qmnian 𝑛(𝑟+𝑠) ganzomilebian wrfiv veqtorul sivrces. aseTi 

tipis tenzorebis sivrces, tenzoruli namravlebis sivrce 

ewodeba da misTvis miRebulia aRniSvnebi 

𝑇𝑠
𝑟(𝑝) = 𝑇𝑝

∗⊗ …⊗ 𝑇𝑝
∗

⏟         

𝑟

⊗𝑇𝑝⊗𝑇𝑝⊗ …⊗ 𝑇𝑝⏟            
𝑠

.              (4.39) 

(𝑟, 𝑠) tipis tenzorebis namravlebis sivrcis baziss Seadgens 

𝑛𝑟+𝑠 specialuri asaxvebis erToblioba, romlebic 

moicemian formuliT 

𝒆𝑖1… 𝑖𝑟
𝑗1… 𝑗𝑠(𝝎1, … ,𝝎𝑟 , 𝑿1, … , 𝑿𝑠) =

𝒆𝑖1… 𝑖𝑟
𝑗1… 𝑗𝑠(𝜔𝑘1

1 𝑒𝑘1 , … , 𝜔𝑘𝑟
𝑟 𝑒𝑘𝑟 , 𝑋1

𝑗1𝑒𝑗1, … , 𝑋𝑠
𝑗𝑠𝑒𝑗𝑠) = 𝜔𝑖1

1  … . 𝜔𝑖𝑟
𝑟 𝑋1

𝑗1  . . . 𝑋𝑠
𝑗𝑠 .   

                      (4.40) 

es gardaqmnebi, cxadia rom, aris wrfivi nebismieri argumen-

tis mimarT da warmoadgenen (𝑟, 𝑠) tipis tenzorebs. sxvanairad 

es asaxvebi SegviZlia warmovadginoT Semdegi tolobebiT   

𝒆𝑖1… 𝑖𝑟
𝑗1… 𝑗𝑠(𝒆𝒌𝟏 , … , 𝒆𝒌𝒓 , 𝒆𝒋𝟏 , … , 𝒆𝒋𝒔) = 𝛿𝑖1

𝑘1  … 𝛿𝑖𝑟
𝑘𝑟𝛿𝑙1

𝑗1  … 𝛿𝑙𝑠
𝑠 .               (4.41) 
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poliwrfivobidan gamomdinare, nebismieri (𝑟, 𝑠) tipis 

tenzori SeiZleba warmovadginoT (4.41) tipis asaxvaTa wrfivi 

kombinaciis saSualebiT. marTlac, 

𝑻(𝝎1, … ,𝝎𝑟 , 𝑿1, … , 𝑿𝑠) = 𝑻(𝜔𝑖1
1 𝒆𝒊𝟏 , … , 𝜔𝑖𝑟

𝑟 𝒆𝒊𝒓 , 𝑋1
𝑗1𝒆𝒋𝟏 , … , 𝑋𝑠

𝑗𝑠𝒆𝒋𝒔) =

= 𝜔𝑖1
1  …𝜔𝑖𝑟

𝑟 𝑋1
𝑗1  …𝑋𝑠

𝑗𝑠𝑻(𝒆𝒌𝟏 , … , 𝒆𝒌𝒓 , 𝒆𝒋𝟏 , … , 𝒆𝒋𝒔).                    (4.42) 

Tu, SemoviRebT aRniSvnebs 

 𝑻(𝒆𝒌𝟏 , … , 𝒆𝒌𝒓 , 𝒆𝒋𝟏 , … , 𝒆𝒋𝒔) = 𝑇𝑗1𝑗2 …𝑗𝑠
𝑖1𝑖2 …𝑖𝑟 ,                        (4.43) 

maSin, miviRebT warmodgenas 

𝑻 = 𝑇𝑗1𝑗2 …𝑗𝑠
𝑖1𝑖2 …𝑖𝑟𝒆𝑖1𝑖2 …𝑖𝑟

𝑗1𝑗2 …𝑗𝑠 .                                      (4.44) 

cxadia, rom (4.41) asaxvebi wrfivad damoukidebelia da 

maSasadame, warmoadgenen (𝒓, 𝒔) tipis tenzorebis baziss. 

bazisuri 𝒆𝒊𝟏𝒊𝟐 …𝒊𝒓
𝒋𝟏𝒋𝟐 …𝒋𝒔 elementebis raodenoba udris 𝑻𝒔

𝒓 sivrcis 𝒏𝒓+𝒔 

ganzomilebas. 

(4.44) warmodgenaSi 𝑇𝑗1𝑗2 …𝑗𝑠
𝑖1𝑖2 …𝑖𝑟 sidideebs 𝑻 tenzoris kompo-

nentebs uwodeben.                        

zogad SemTxvevaSi, (𝑟, 𝑠) tipis tenzorebis bazisi 

SegviZlia warmovadginoT dualuri bazisebis tenzoruli 

namravlis saxiT 

𝒆𝑖1𝑖2 …𝑖𝑟
𝑗1𝑗2 …𝑗𝑠 = 𝑒𝑖1⨂…⨂𝑒𝑖𝑟⨂𝑒

𝑗1⨂…⨂𝑒𝑗𝑠 .                      (4.45) 

ganvixiloT exla tenzorebis naxvevis operacia. 

 𝑇𝑗1𝑗2 …𝑗𝑠
𝑖1𝑖2 …𝑖𝑟 komponentebiani (𝑟, 𝑠) tipis tenzoris naxvevis 

operacia 𝐢𝐩 kontravariantuli da 𝐣𝐪 kovariantuli indeqsebiT, 

aris (𝑟 − 1, 𝑠 − 1) tipis tenzori. erTnairi indeqsebiT xdeba 

ajamva, Sesabamisad tenzoris rigi mcirdeba ori erTeuliT. 

naxvevis operacia araa damokidebuli bazisis arCevaze. 

(𝟎, 𝟐) tipis tenzors ewodeba simetriuli, Tu 
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𝑻(𝑿, 𝒀) = 𝑻(𝒀, 𝑿),                                     (4.46) 

xolo - antisimetriuli, Tu 

𝑻(𝑿, 𝒀) = −𝑻(𝒀,𝑿),                                     (4.47) 

nebismieri 𝑿 da 𝒀 veqtorebisaTvis mxebi 𝑇𝑝 sivrcidan. (4.46) 

da (4.47) tolobebidan miviRebT, rom komponentebi unda 

Sesabamisad akmayofilebdnen pirobebs 

𝑇𝑖𝑗 = 𝑇𝑗𝑖,     𝑇𝑖𝑗 = −𝑇𝑗𝑖 .                                  (4.48) 

es cnebebi bunebrivad zogaddeba nebismieri (𝑟, 𝑠) tipis 

tenzorisaTvis. 

 

amocanebi da savarjiSoebi 

1.gansazRvrebidan gamomdinare, daamtkiceT toloba 

 (𝛼𝑿 + 𝛽𝒀)𝑓 = 𝛼(𝑿𝑓) + 𝛽(𝒀𝑓). 

2.daamtkiceT, rom (
𝝏

𝝏𝒙𝒋
)
𝒑
veqtorebi qmnian wrfivad 

damoukidebl sistemas. 

3.daamtkiceT, rom nebismieri 𝑿 = 𝑋𝑗
𝜕

𝜕𝑥𝑗
 operatorisaTvis 

adgili aqvs laibnicis wess 𝑿(𝑓𝑔)|𝜆(𝑡) = (𝑓𝑿𝑔 + 𝑔𝑿𝑓)|𝜆(𝑡). 

4.Tu,  𝒆𝜶 = Φ𝛼
𝑘 𝜕

𝜕𝑥𝑘
 da 

𝜕

𝜕𝑥𝑘
= Φ𝑘

𝑗
𝒆𝒋 maSin daamtkiceT, rom 

  Φ𝑎
𝑘Φ𝑗

𝑎 = 𝛿𝑗
𝑘,   Φ𝑎

𝑘Φ𝑘
𝑏 = 𝛿𝑎

𝑏 . 

5.daamtkiceT formula 𝑑𝑓 = 𝑓,𝑖𝑑𝑥
𝑖 . 

6.aCveneT, rom (𝑟, 𝑠) tipis tenzorebis namravlebis sivrcis 

baziss Seadgens 𝑛𝑟+𝑠 specialuri asaxvebis erToblioba, 

romlebic moicemian formuliT 
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𝒆𝑖1… 𝑖𝑟
𝑗1… 𝑗𝑠(𝝎1, … ,𝝎𝑟 , 𝑿1, … , 𝑿𝑠) = 𝒆𝑖1… 𝑖𝑟

𝑗1… 𝑗𝑠(𝜔𝑘1
1 𝑒𝑘1 , … , 𝜔𝑘𝑟

𝑟 𝑒𝑘𝑟 , 𝑋1
𝑗1𝑒𝑗1 , … , 𝑋𝑠

𝑗𝑠𝑒𝑗𝑠) =

= 𝜔𝑖1
1  … . 𝜔𝑖𝑟

𝑟 𝑋1
𝑗1  . . . 𝑋𝑠

𝑗𝑠 .   
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Tavi V. kartanis diferencialuri formebi 

gansakuTrebul ganxilvas imsaxureben mTlianad antisime-

triuli anu (0, 𝑠) tipis kovariantuli tenzorebi, romlebic 

mTlianad antisimetriuli arian argumentebis yoveli 

wyvilisaTvis 

𝑻(𝑿𝟏, … , 𝑿𝒊, … , 𝑿𝒋, … , 𝑿𝒔) = −𝑻(𝑿𝟏, … , 𝑿𝒋, … , 𝑿𝒊, … , 𝑿𝒔),      (5.1) 

nebismieri 𝑖 da 𝑗 indeqsebisa ∀𝑿 veqtorisaTvis.  

savsebiT antisimetriuli tenzori SegviZlia miviRoT 

nebismieri (𝟎, 𝒔) tipis kovariantuli tenzorisagan, Tu, masze 

vimoqmedebT antisimetrizaciis 𝑨 operatoriT, romelic gani-

sazRvreba tolobiT 

𝐴𝑻(𝑿𝟏, … , 𝑿𝒔) =
1

𝑠!
∑ 𝑠𝑔𝑛(𝑗1, … , 𝑗𝑠)𝑻(𝑿𝒋𝟏 , … , 𝑿𝒋𝒔)𝑗1,…,𝑗𝑠 ,              (5.2) 

sadac Sejameba xdeba yvela 𝑠! gadanacvlebaTa mixedviT 𝑠 

mTeli ricxvidan (1,… , 𝑠), xolo 𝑠𝑔𝑛(𝑗1, … , 𝑗𝑠) = ±1 imis mixedviT 

luwia, Tu kenti (𝑗1, … , 𝑗𝑠) Casma. (5.2) toloba unda 

sruldebodes (𝑿𝒋𝟏 , … , 𝑿𝒋𝒔) veqtorebis nebismieri erTobliobi-

saTvis.  

cxadia, rom Tu 𝑻 savsebiT antisimetriuli tenzoria, 

maSin 𝐴𝑻 = 𝑻. Tu 𝑠 > 𝑛 (𝑛 veqtoruli sivrcis ganzomilebaa), 

maSin 𝐴𝑻 = 𝟎.  

savsebiT antisimetriul (𝟎, 𝒔) tipis tenzorebs, 𝒔-formas 

uwodeben. 

radgan nebismieri ori argumentis Tanxvedrisas 𝑠 formis 

mniSvneloba nulis tolia, amitom am formebis veqtoruli 

sivrcis ganzomilebaa 𝑛! 𝑠! (𝑛 − 𝑠)!. am sivrcisatvis arsebobs 

specialuri Λ𝑠𝑇𝑝
∗ aRniSvna. 

vTqvaT, 𝑇𝑗1 …𝑗𝑠 aris (0, 𝑠) tipis tenzoris komponentebi 

𝒆𝑗1 ⊗ …⊗ 𝒆𝑗𝑠,                                      (5.3) 
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bazisSi. maSin, Tu 𝑇𝑗1 …𝑗𝑠 tenzori savsebiT antisimetriulia, 

SegviZlia misi mniSvnelovani 𝑛! 𝑠! (𝑛 − 𝑠)! komponenti miviRoT 

Tu indeqsebs davalagebT monotonurad klebadi mimdevrobiT. 

Λ𝑠𝑇𝑝
∗ sivrcis bazisi SegviZlia miviRoT antisimetriza-ciis 

𝐴 operatoris moqmedebiT sabaziso veqtorebze 

𝐴(𝒆𝑗1⊗ …⊗ 𝒆𝑗𝑠).                                       (5.4) 

aseTnairad miRebuli sabaziso elementebi SegviZlia 

CavweroT 𝒆𝑗 formebis gare namravlis saxiT: 

𝒆𝑗1 ∧ …∧ 𝒆𝑗𝑠 .  (𝑗1 > 𝑗2 > … > 𝑗𝑠).                          (5.5) 

sazogadod, 𝑠-formas aqvs warmodgena 

𝛀 = Ω𝑗1 …𝑗𝑠𝒆
𝑗1 ∧ …∧ 𝒆𝑗𝑠,                                   (5.6) 

sadac ajamva xdeba indeqsebis yvela monotonurad kleba-

di kombinaciebisaTvis. indeqsebis wyvilis gadanacvleba 

ekvivalenturia Sesabamisi elementebis gadanacvlebisa gare 

namravlebSi. amitom gare namravlSi elementebis gadaadgi-

leba unda iwvevdes niSnis cvlas 

𝒆𝑗 ∧ 𝒆𝑘 = −𝒆𝑘 ∧ 𝒆𝑗 .                                       (5.7)        

𝑠-formis warmodgenas sakoordinato bazisSi aqvs saxe 

𝛀 = Ω𝑗1 …𝑗𝑠𝑑𝑥
𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑠 .                                 (5.8) 

vTqvaT, mocemuli gvaqvs 𝑝-forma Ω1 da 𝑞-forma Ω2. maSin 

maTi gare namravli SegviZlia ganvsazRvroT formuliT 

Ω1 ∧ Ω2 = 𝐴(Ω1⊗Ω2).                                    (5.9) 

𝑝-formisa da 𝑞-formis gare namravli aris (𝑝 + 𝑞)-forma. 

amitom is unda iyos igivurad nulis toli roca 𝑝 + 𝑞 > 𝑛.  

gare namravli, akmyofilebs asociaciurobisa da distri-

buciulobis kanonebs, Tumca, sazogadod, araa komutaciuri. 
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5.1. gare diferencireba 

gare diferencirebis 𝑑 operacia 𝑝-formas aqcevs (𝑝 + 1)-

formad Semdegi pirobebis Sesrulebis SemTxvevaSi: 

a) nul-formaze, anu, 𝑓 funqciaze moqmedebisas 𝑑 

operatoriT miviRebT 𝑑𝑓 forma-1-s, romelic ganisazR-

vreba tolobiT 𝑑𝑓(𝑿) = 〈𝑑𝑓, 𝑿〉 = 𝑿𝑓, nebismieri 𝑿 ∈ 𝑇0
1. 

kerZod, lokalur sakoordinato bazisSi 

𝑑𝑓 =
𝜕𝑓

𝜕𝑥𝑖
𝑑𝑥𝑖 . 

b) Tu, 𝑨1 da 𝑨2 ori 𝑝-formaa, maSin 

𝑑(𝛼𝑨1 + 𝛽𝑨2) = 𝛼𝑑𝑨1 + 𝛽𝑑𝑨2,   ∀(𝛼, 𝛽 ∈ ℝ
1).           (5.10) 

g) Tu, 𝑨 aris 𝑝-forma da 𝑩 aris 𝑞-forma, maSin 

𝑑(𝑨 ∧ 𝑩) = 𝑑𝑨 ∧ 𝑩 + (−1)𝒑𝑨 ∧ 𝑑𝑩.                        (5.11) 

d)adgili aqvs puankares lemas 

𝑑(𝑑𝑨) = 0.                                           (5.12) 

nebismieri 𝑨, 𝑝-formisaTvis.     

unda davrwmundeT, rom 𝑑 operatori kargadaa 

gansazRvruli anu unda SevamowmoT zemoT moyvanili 

pirobebis Sesruleba. 

ganvixiloT nebismieri 𝑨, 𝑝-formisaTvis gare warmoebuli 

𝑑𝑨 = 𝑑 (𝐴𝑗1 …𝑗𝑝𝑑𝑥
𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑝) = 𝑑𝐴𝑗1 …𝑗𝑝 ∧ 𝑑𝑥

𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑝 = 

=
𝜕𝐴𝑗1 …𝑗𝑝

𝜕𝑥𝑘
𝑑𝑥𝑘 ∧ 𝑑𝑥𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑝.                                (5.13) 

𝑑𝐴 forma araa damokidebuli lokaluri sakoordinato 

bazisis arCevaze, marTlac radgan 

𝐴𝑗1′  …𝑗𝑝′ = 𝐴𝑗1 …𝑗𝑝
𝜕𝑥𝑗1

𝜕𝑥𝑗1
′  …

𝜕𝑥𝑗𝑝

𝜕𝑥
𝑗𝑝
′ ,                                (5.14) 

miviRebT, rom 

𝑑 (𝐴𝑗1′  …𝑗𝑝′𝑑𝑥
𝑗1
′
∧ …∧ 𝑑𝑥𝑗𝑝

′
) = 𝑑 (𝐴𝑗1 …𝑗𝑝𝑑𝑥

𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑝). r.d.g.     (5.15) 
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SevamowmoT (g) piroba  

𝑑(𝑨 ∧ 𝑩) = 𝑑 (𝐴𝑗1 …𝑗𝑝𝑑𝑥
𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑝 ∧ 𝐵𝑘1 …𝑘𝑞𝑑𝑥

𝑘1 ∧ …∧ 𝑑𝑥𝑘𝑞) =

𝜕𝐴𝑗1 …𝑗𝑝

𝜕𝑥𝑖
𝑑𝑥𝑖 ∧ 𝑑𝑥𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑝 ∧ 𝐵𝑘1 …𝑘𝑞𝑑𝑥

𝑘1 ∧ …∧ 𝑑𝑥𝑘𝑞 +

𝐴𝑗1 …𝑗𝑝
𝜕𝐵𝑘1 …𝑘𝑞

𝜕𝑥𝑖
𝑑𝑥𝑖 ∧ 𝑑𝑥𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑝 ∧ 𝑑𝑥𝑘1 ∧ …∧ 𝑑𝑥𝑘𝑞 = 𝑑𝑨 ∧ 𝑩 +

(−1)𝑝𝐴𝑗1 …𝑗𝑝𝑑𝑥
𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑝 ∧ (

𝜕𝐵𝑘1 …𝑘𝑞

𝜕𝑥𝑖
𝑑𝑥𝑖 ∧ 𝑑𝑥𝑘1 ∧ …∧ 𝑑𝑥𝑘𝑞) = 𝑑𝑨 ∧ 𝑩 +

+(−1)𝑝𝑨 ∧ 𝑑𝑩.                                               (5.16) 

da bolos, SevamowmoT puankares lemis Sesruleba. (d) piroba 

𝑑(𝑑𝑨) = 𝑑 (
𝜕𝐴𝑗1 …𝑗𝑝

𝜕𝑥𝑘
𝑑𝑥𝑘 ∧ 𝑑𝑥𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑝) =

𝜕2𝐴𝑗1 …𝑗𝑝

𝜕𝑥𝑖𝜕𝑥𝑘
𝑑𝑥𝑖 ∧ 𝑑𝑥𝑘 ∧

𝑑𝑥𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑝 ≡ 0.                                          (5.17) 

rogorc vxedavT, gare diferencirebis 𝑑 operatori 

gansazRvrulia koreqtulad. 

 

5.2. lis frCxilebi da lis warmoebuli 

nebismieri ori 𝑿 da Y veqtoruli velis lis frCxilebi 

[𝑿, 𝒀] ganisazRvreba tolobiTY 

[𝑿, 𝒀]𝑓 = (𝑿𝒀 − 𝒀𝑿)𝑓 = 𝑿(𝒀𝑓) − 𝒀(𝑿𝑓).                   (5.18) 

ori mxebi veqtoris lis frCxili isev mxebi veqtori 

iqneba, radgan 

[𝑿, 𝒀](𝛼𝑓 + 𝛽𝑔) = 𝛼[𝑿, 𝒀]𝑓 + 𝛽[𝑿, 𝒀]𝑔.                     (5.19) 

[𝑿, 𝒀](𝑓𝑔) = 𝑔[𝑿, 𝒀]𝑓 + 𝑓[𝑿, 𝒀]𝑔 .                           (5.20) 

(5.19) gviCvenebs, rom lis frCxili wrfivi operatoria, 

xolo (5.20) tolobidan gamomdinare, SegviZlia vTqvaT, rom 

lis frCxili raRac diferencirebis operaciaa. 

advili Sesamowmebelia, rom lis frCxilebi akmayofilebs 

iakobis igiveobas 
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[[𝑿, 𝒀]𝒁] + [[𝒀, 𝒁]𝑿] + [[𝒁,𝑿]𝒀] = 0.                        (5.21) 

mxebi veqtorebis lis frCxili isev mxebi veqtoria da misi 

komponentebi lokalur sakoordinato sistemaSi SegviZlia 

miviRoT, Tu lis frCxilebiT vimoqmedebT 𝑥𝑗 funqciebze 

[𝑿, 𝒀]𝑗 = (𝑿𝒀 − 𝒀𝑿)𝑥𝑗 = 𝑿𝑌𝑗 − 𝒀𝑋𝑗 = 𝑋𝑘𝑌,𝑘
𝑗
− 𝑌𝑘𝑋,𝑘

𝑗
.        (5.22) 

cxadia rom lis frCxili [𝜕𝑘, 𝜕𝑗] ≡ 0. 

lis frCxils [𝑿, 𝒀] rogorc diferencirebis operators, 

ewodeba 𝒀 veqtoris lis warmoebuli 𝑿 veqtoris 

mimarTulebiT.    

ℒ𝑿𝒀 = [𝑿, 𝒀] = −[𝒀, 𝑿] = −𝓛𝒀𝑿.                            (5.23) 

sazogadod, tenzoruli 𝑻 velis lis warmoebuli ℒ𝑿𝑻 aris 

imave tipis tenzori da is akmayofilebs pirobebs: 

1. skalaruli 𝑓 velis lis warmoebuli udris 

ℒ𝑿𝑓 = 𝑿𝑓 = 𝑑𝑓(𝑿),                                   (5.24) 

2. veqtoruli 𝒀 velis lis warmoebuli udris 

ℒ𝑿𝒀 = [𝑿, 𝒀],                                         (5.25) 

3. tenzorul velebze lis warmoebulis moqmedeba aris 

wrfivi operatori, romlis moqmedebis Sedegic 

ganisazRvreba leibnicis wesiT 

 ℒ𝑿(𝑺⊗ 𝑻) = ℒ𝑿𝑺⊗ 𝑻+ 𝑺⊗ ℒ𝑿𝑻.                      (5.26) 

amrigad, 𝝎 forma-1-ze lis operatoris moqmedebis Sedegi 

ganisazRvreba formuliT 

  ℒ𝑿〈𝝎⊗ 𝒀〉 = 〈ℒ𝑿𝝎,𝒀〉 + 〈𝝎, ℒ𝑿𝒀〉.                        (5.27) 

es formula komponentebSi SegviZlia CavweroT (5.22) 

formulis analogiurad 

(ℒ𝑿𝝎)𝑗 = 𝜔𝑗,𝑘𝑋
𝑘 +𝜔𝑘𝑋,𝑗

𝑘 .                                  (5.28) 

forma-1-is gare warmoebulsa da lis warmoebuls Soris 

kavSiri moicema formuliT 

𝑑𝝎(𝑿, 𝒀) =
1

2
(𝑿〈𝝎, 𝒀〉 − 𝒀〈𝝎,𝑿〉 − 〈𝝎, [𝑿, 𝒀]〉).               (5.29) 
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5.3. kovariantuli warmoebuli 

 

exla Cven ganvixilavT axali tipis diferencirebis 

operacias, romelic gansxvavdeba gare diferencirebisa da 

lis diferencirebisagan imiT, rom am operaciis gansazRvra 

iTxovs mravalsaxeobis gansakuTrebul struqturas. es 

damatebiTi struqtura aris mravalsaxeobis afinuri bma 𝜵, 

romelic mocemuli 𝑀 mravalsaxeobis nebismieri 𝑿 veqto-

ruli velisaTvis, gvaZlevs 𝜵𝑿 operators. es operatori 

nebismier 𝒀 veqtorul vels gadasaxavs 𝜵𝑿𝒀 veqtorul velSi. 

afinuri bma unda akmayofilebdes Semdeg pirobebs: 

1. 𝜵𝑿𝒀 veqtoruli veli wrfivia 𝑿 argumentis mimarT, anu, 

𝜵𝑓𝑿+𝑔𝒀𝒁 = 𝑓𝜵𝑿𝒁 + 𝑔𝜵𝒀𝒁,   (𝑿, 𝒀, 𝒁 ∈ 𝑇0
1).              (5.30) 

2. 𝜵𝑿𝒀 veqtoruli veli wrfivia 𝒀 argumentis mimarT, anu, 

𝜵𝑿(𝒀 + 𝒁) = 𝜵𝑿𝒀 + 𝜵𝑿𝒁,   (𝑿, 𝒀, 𝒁 ∈ 𝑇0
1).                (5.31) 

3. 𝜵𝑿𝑓 = 𝑿𝑓.                                            (5.32) 

4. 𝜵𝑿(𝑓𝒀) = (𝜵𝑿𝑓)𝒀 + 𝑓𝜵𝑿𝒀.                              (5.33) 

unda aRiniSnos, rom (5.32) pirobidan gamomdinare, 

lokalur sakoordinato 𝜕𝑘 bazisSi ∇𝜕𝑘 operatoriT raime 

funqciaze zemoqmedebis Sedegi emTxveva am funqciis kerZo 

warmoebuls 𝑥𝑘 cvladiT.  

𝜵𝑿 operatoriT 𝒀 ∈ 𝑇0
1 veqtorul velze moqmedebiT, roca 

es operatori akmayofilebs (1)-(4) Tvisebebs, miviRebT 𝒀 

veqtoruli velis kovariantul warmoebuls 𝛁𝒀, rogorc (𝟏, 𝟏) 

tipis tenzorul vels, romelic kontravariantul veqtorul 

𝑿 vels asaxavs 𝜵𝑿𝒀 velSi anu 

𝛁𝒀(𝑿) = 〈𝛁𝒀,𝑿〉 = 𝜵𝑿𝒀.                                (5.34) 

am aRniSvnebSi (5.33) gadaiwereba formiT 

∇(𝑓𝒀) = 𝑑𝑓 ⊗ 𝒀 + 𝑓∇𝒀.                                   (5.35) 

zogjer sasargebloa 𝜵𝑿𝒀 CavweroT arCeul lokalur (𝒆𝒊) 

da mis dualur (𝒆𝒋) bazisSi, raTa vaCvenoT afinuri bmis arsi. 

visargebloT (1)-(4) TvisebebiT. maSin 

𝜵𝑿𝒀 = 𝜵𝑿(𝑌
𝑗𝒆𝒋) = (𝑿𝑌

𝑗)𝒆𝒋 + 𝑌
𝑗𝜵𝑿𝒆𝒋.                      (5.36) 
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radgan 𝜵𝑿𝒆𝒋 fiqsirebuli 𝒆𝒋-s SemTxvevaSi, aris (1,0) tipis 

tenzori, unda arsebobdes warmodgena 

     𝜵𝑿𝒆𝒋 = 𝝎𝒋
𝒊(𝑿)𝒆𝒊 ,                                   (5.37) 

sadac 𝝎𝒋
𝒊 forma-1-ebia, amitom 

 𝜵𝑿𝒀 = 𝜵𝑿(𝑌
𝑗𝒆𝒋) = (𝑿𝑌

𝑗)𝒆𝒋 + 𝑌
𝑗𝝎𝒋

𝒊(𝑿)𝒆𝒊.                   (5.38) 

meore mxriv SegviZlia CavweroT, rom  

𝜵𝑿𝒀 = (𝑿𝑌
𝑗𝒆𝒋) + 𝑌

𝑗∇𝑥𝑘𝒆𝒌𝒆𝒋 = (𝑿𝑌
𝑗)𝒆𝒋 + 𝑌

𝑗𝑋𝑘∇𝑒𝑘𝒆𝒋 .          (5.39) 

Tu gamoviyenebT (5.37) tolobas gveqneba 

𝜵𝑿𝒀 = (𝑿𝑌
𝑗)𝒆𝒋 + 𝑌

𝑗𝑋𝑘𝝎𝒋
𝒊(𝒆𝒌)𝒆𝒊 .                          (5.40) 

SemoviRoT aRniSvna 

𝝎𝒋
𝒊(𝒆𝒌) ≡ 𝜔𝑗𝑘

𝑖  .                                           (5.41) 

aqedan gamomdinareobs, rom afinuri ∇ bmis struqturis 

mocema niSnavs 𝑛2 raodenobis, 𝝎𝒋
𝒊 forma-1-is mocemas, an rac 

igivea 𝑛3 raodenobis skalaruli 𝜔𝑗𝑘
𝑖  velis mocemas. 

gadavweroT (5.38) toloba formiT 

𝜵𝑿𝒀 = (𝑿𝑌
𝑗 +𝝎𝒊

𝒋(𝑿)𝑌𝑖)𝒆𝒋.                                (5.42) 

am tolobidan naTlad Canan komponentebi: 

(𝜵𝑿𝒀)
𝑗 = 𝑿𝑌𝑗 +𝝎𝒊

𝒋(𝑿)𝑌𝑖 .                                  (5.43) 

lokalur sakoordinato (𝜕𝑘, 𝑑𝑋
𝑖) bazisSi es toloba 

gadaiwereba Semdegnairad 

(∇𝜕𝑘𝒀)
𝑗
= 𝜕𝑘𝑌

𝑗 + 𝑌𝑖𝜔𝑖𝑘
𝑗
= 𝑌,𝑘

𝑗
+ 𝑌𝑖𝜔𝑖𝑘

𝑗
.                      (5.44) 

lokalur sakoordinato bazisSi iyeneben aRniSvnebs 

 Γ𝑖𝑘
𝑗
= 𝜔𝑖𝑘

𝑗
.                                              (5.45) 

 kovariantuli warmoebulis aRsaniSnavad, iyeneben wer-

til-mZimes (; ), xolo warmoebulisaTvis, ubralod mZimes(,). am 

aRniSvnebiT gveqneba standartuli formula:                       

𝑌;𝑘
𝑗
= 𝑌,𝑘

𝑗
+ 𝑌𝑖Γ𝑖𝑘

𝑗
.                                          (5.46) 

veqtoruli velebis kovariantuli warmoebulis cneba, 
zogad SemTxvevaSi, SeiZleba ganzogadebuli iqnas tenzoru-

li velebisaTvisac. amisaTvis, unda moviTxovoT ∇ 
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operatorisaTvis laibnicis wesis Sesruleba tenzoruli 

namravlze moqmedebisas, anu, 

∇(𝑺⨂𝑻) = ∇𝑺⨂𝑻+ 𝑺⨂∇𝑻.                                 (5.47) 

Tu, 𝛀 aris forma-1, maSin nebismieri 𝒀 veqtoruli 

velisaTvis gveqneba toloba 

𝜵𝑿(𝛀(𝒀)) = (𝜵𝑿𝛀)𝑗(𝒀)
𝑗 +𝛀(𝜵𝑿𝒀),                        (5.48) 

Tu, warmovadgenT (𝒆𝒊) da (𝒆𝒋) lokalur bazisebSi, maSin 

miviRebT 

𝜵𝑿(ΩjY
j) = (𝜵𝑿𝛀)𝑗𝑌

𝑗 + Ω𝑗(𝜵𝑿𝒀)
𝑗 .                          (5.49) 

afinuri bmis mesame moTxovnis gaTvaliswinebiT miviRebT, 

(𝜵𝑿Ω)𝑗 = 𝑿Ω𝑗 − Ω𝑖𝜔𝑗
𝑖(𝑿).                                  (5.50) 

rac imas niSnavs, rom 

𝜵𝑿𝛀 = [𝑿Ω𝑗 − Ω𝑖𝜔𝑗
𝑖(𝑿)]𝒆𝒋.                                 (5.51) 

kerZo SemTxvevaSi, roca 𝛀 = 𝒆𝒋, miviRebT rom 

𝜵𝑿𝒆
𝒋 = −𝜔𝑗

𝑖(𝑿)𝒆𝒋.                                        (5.52) 

lokalur sakoordinato bazisSi (5.50) gadaiwereba for-

miT 

Ω𝑗;𝑘 = Ω𝑗,𝑘 − Ω𝑖Γ𝑗𝑘
𝑖 .                                        (5.53) 

Tu (5.50) da (5.53)  formulebs gamoviyenebT forma-1 𝑑𝑓-is 

mimarT, miviRebT, rom 

𝑓;𝑗𝑘 = 𝑓,𝑗𝑘 − 𝑓,𝑖Γ𝑗𝑘
𝑖                                         (5.54) 

xolo nebismieri tenzoruli velebisaTvis gveqneba 

kovariantuli warmoebuli 

𝑆𝑘;𝑙
𝑖𝑗
= 𝑆𝑘,𝑙

𝑖𝑗
+ 𝑆𝑘

𝑚𝑗
Γ𝑚𝑖
𝑖 + 𝑆𝑘

𝑖𝑚Γ𝑚𝑙
𝑗
− 𝑆𝑚

𝑖𝑗
Γ𝑘𝑙
𝑚.                       (5.55) 
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5.4. paraleluri gadatana da geodeziuri wirebi 

vTqvaT 𝒀 aris kontravariantuli veqtoruli veli. 

ganvixiloT misi cvlileba 𝑀 mravalsaxeobis 𝜆 mrudis 

gaswvriv. veqtoruli velis cvlileba 𝜆 mrudis gaswvriv 𝛿𝒀, 

SegviZlia ganvixiloT, rogorc 𝒀 veqtoruli velis gadatana 

𝜆 mrudis gaswvriv, rasac iwvevs 𝑡 → 𝑡 + 𝛿𝑡 parametris 

cvlileba 𝜆 mrudze. veqtoruli velis 𝛿𝒀 cvlileba lokalur 

koordinatTa (𝑥𝑘) sistemaSi iqneba 

(𝛿𝒀)𝑗 = 𝑌,𝑘
𝑗 𝑑𝑥

𝑘(𝜆(𝑡))

𝑑𝑡
𝛿𝑡.                                  (5.56) 

evklidur geometriaSi dekartul koordinatTa sistemaSi, 

𝒀 veqtori paralelurad gadaitaneba 𝜆 mrudis gaswvriv Tu, 

𝛿𝒀 = 0. zogad SemTxvevaSi, roca gvaqvs diferencirebadi 

mravalsaxeoba, arsebobs analogiuri gansazRvreba. 𝒀 veqtori 

paralelurad gadaitaneba 𝜆 mrudis gaswvriv, Tu,  

(𝐷𝒀)𝑗 = (∇𝜕𝑘𝒀)
𝑑𝑥𝑘(𝜆(𝑡))

𝑑𝑡
𝛿𝑡 = 𝑌;𝑘

𝑗 𝑑𝑥
𝑘(𝜆(𝑡))

𝑑𝑡
𝛿𝑡 = 0,             (5.57) 

anu, 

(𝑌,𝑘
𝑗
+ 𝑌𝑖Γ𝑖𝑘

𝑗
)
𝑑𝑥𝑘(𝜆(𝑡))

𝑑𝑡
𝛿𝑡 = 0.                                (5.58) 

sxvanairad rom vTqvaT, gadaitaneba 𝜆 mrudis gaswvriv 

paraleluri gadatanisas, 𝒀 veqtoris cvlileba iqneba 

(𝐷𝒀)𝑗 = −𝑌𝑖Γ𝑖𝑘
𝑗 𝑑𝑥

𝑘(𝜆(𝑡))

𝑑𝑡
𝛿𝑡.                                (5.59) 

  𝑴 mravalsaxeobis 𝝀 mruds ewodeba geodeziuri wiri, 

Tu, misi mxebi veqtori paraleluri gadatanisas, rCeba Tavisi 

Tavis proporciuli.  

geodeziuri wiris gantolebas aqvs saxe: 

𝑑2𝑥𝑗

𝑑𝑡2
+ Γ𝑖𝑘

𝑗 𝑑𝑥𝑖

𝑑𝑡

𝑑𝑥𝑘

𝑑𝑡
= 𝜑(𝑡)

𝑑𝑥𝑗

𝑑𝑡
.                               (5.60) 



140 

 

sadac 𝜑(𝑡) raRac funqciaa. advili misaxvedria, rom Tu 𝑡 

parametris nacvlad 𝜆 mrudis gaswvriv SemoviRebT axal 𝑠 

parametrs 

𝑠 = ∫ 𝑑𝑡′′𝑒𝑥𝑝 {∫ 𝑑𝑡′𝜑(𝑡′)
𝑡′′

0
}

𝑡

0
,                            (5.61) 

maSin (5.60) miiRebs ufro martiv saxes       

𝑑2𝑥𝑗

𝑑𝑡2
+ Γ𝑖𝑘

𝑗 𝑑𝑥𝑖

𝑑𝑠

𝑑𝑥𝑘

𝑑𝑠
= 0.                                      (5.62) 

𝐬 parametrs, romlisTvisac geodeziuri wiris gantole-

bas aqvs (5.62) saxe afinuri ewodeba. unda aRiniSnos, rom 

afinuri parametri gansazRvrulia calsaxad, aTvlis sistemis 

gadatanisa da masStaburi faqtoris sizustiT. 

 

 

 

5.5. kartanis formebi 

 

Tu mravalsaxeobaSi gvaqvs afinuri bma, maSin SegviZlia 

avagoT Semdegi ori asaxva 

𝑻(𝑿, 𝒀) = 𝜵𝑿𝒀 − 𝜵𝒀𝑿− [𝑿, 𝒀],                           (5.63) 

𝑹(𝑿,𝒀) = 𝜵𝑿𝜵𝑌 − 𝜵𝑌𝜵𝑿 − 𝜵[𝑿,𝒀],                           (5.64) 

sadac 𝑿 da 𝒀 ori kontravariantuli veqtoruli velia.Yam ori 

asaxvidan, pirvels qvia grexa, xolo meores – simrude. orive 

asaxva antisimetriulia Tavisi argumentebis mimarT.  

a) ganvixiloT grexis gadasaxva. advili misaxvedria, rom 

𝑻 asaxva wrfivia Tavisi argumentebis mimarT. 

𝑻(𝑿 + 𝒀, 𝒁) = 𝑻(𝑿,𝒁) + 𝑻(𝒀, 𝒁),                           (5.65) 

aseve,  

𝑻(𝑓𝑿,𝒀) = 𝑓𝑻(𝑿,𝒀).                                         (5.66) 

(5.65) da (5.66) tolobebi gvarwmuneben, rom asaxva 
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𝑻: 𝑇0
1 × 𝑇0

1 → 𝑇0
1,                                         (5.67) 

aris poliwrfivi. Sesabamisad, 𝑻 aris (𝟏, 𝟐) tipis tenzoruli 
veli.  

Tu, gamoviyenebT 𝑇𝑝
∗ da 𝑇𝑝 sivrceebis dualur bazisebs, 

maSin nebismieri ori 𝑿 da 𝒀 ori veqtoruli velisaTvis 

gveqneba 

1

2
𝑻𝑗 = 𝑑𝒆𝒋 +𝝎𝒊

𝒋
∧ 𝒆𝒊 = 𝛀𝑗 .                                (5.68) 

am Tanadobas, kartanis struqturis pirvel gantolebas, 

xolo 𝛀𝑗 sidideebs – kartanis formebs uwodeben. 

mniSvnelovani kerZo SemTxvevaa, roca grexa nulovania, am 

SemTxvevaSi 

𝑑𝒆𝒋 +𝝎𝒊
𝒋
∧ 𝒆𝒊 = 𝟎.                                       (5.69) 

lokalur sakoordinato bazisSi 𝑑𝒆𝒋 = 𝟎, radgan 𝒆𝒋 = 𝑑𝑥𝑗 . 

amitom grexisTvis gveqneba gantoleba 

𝑇𝑗 = 2Γ𝑖𝑘
𝑗
𝑑𝑥𝑘 ∧ 𝑑𝑥𝑖 = (Γ𝑖𝑘

𝑗
− Γ𝑘𝑖

𝑗
)𝑑𝑥𝑘 ∧ 𝑑𝑥𝑖 .                  (5.70) 

b) exla ganvixiloT simrudis asaxva. simrudis 

gansazRvris Tanaxmad, 

𝑹(𝑿,𝒀)𝒁 = 𝜵𝑿𝜵𝑌𝒁 − 𝜵𝑌𝜵𝑿𝒁 − 𝜵[𝑿,𝒀]𝒁.                   (5.71) 

am formulis marjvena mxare wrfivia TiToeuli 

argumentis mimarT, amasTanave, 

𝑹(𝑓𝑿,𝒀)𝒁 = 𝑹(𝑿, 𝑓𝒀)𝒁 = 𝑓𝑹(𝑿, 𝒀)𝒁,                     (5.72) 

𝑹(𝑿,𝒀)𝑓𝒁 = 𝑓𝑹(𝑿,𝒀)𝒁.                                 (5.73) 

nebismieri 𝑓 funqciisaTvis. Sesabamisad,  

𝑹: 𝑇0
1 × 𝑇0

1 × 𝑇0
1 → 𝑇0

1,                                  (5.74) 

gadasaxva aris poliwrfivi Tavisi argumentebis mimarT, 

xolo 𝑹 aris (1,3) tipis tenzori. am tenzors rimanis 
tenzors uwodeben.  

nebismieri 𝝎 forma-1-isaTvis adgili aqvs tolobas 

𝑹(𝝎, 𝒁, 𝑿, 𝒀) = 𝑅𝑖𝑘𝑚
𝑗
[𝑒𝑗⊗𝑒𝑖⊗ (𝑒𝑘 ∧ 𝑒𝑚)](𝝎,𝒁, 𝑿, 𝒀).      (5.75) 
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  rimanis tenzorisaTvis gvaqvs warmodgena 
1

2
𝑅𝑖𝑘𝑚
𝑗
𝑒𝑘 ∧ 𝑒𝑚 = 𝑑𝜔𝑖

𝑗
+𝜔𝑘

𝑗
∧ 𝜔𝑖

𝑘.                         (5.75) 

Tu, SemoviRebT forma-2-s 

𝛀𝑖
𝑗
= 𝑑𝝎𝒊

𝒋
+𝝎𝒌

𝒋
∧ 𝝎𝒊

𝒌,                                  (5.76) 

miviRebT kartanis struqturis meore gantolebas 
1

2
𝑅𝑖𝑘𝑚
𝑗
𝒆𝒌 ∧ 𝒆𝒎 = 𝛀𝒊

𝒋
.                                       (5.77) 

Tu, gamoviyenebT lokalur sakoordinato baziss, gveqneba 

𝝎𝒊
𝒋
= Γ𝑖𝑚

𝑗
𝑑𝑥𝑚.                                           (5.78) 

kartanis struqturis meore gantoleba rimanis tenzoris 

Cveulebrivi gansazRvris ekvivalenturia. 

𝑅𝑖𝑛𝑚
𝑗

= Γ𝑖𝑚,𝑛
𝑗

− Γ𝑖𝑛,𝑚
𝑗

+ Γ𝑘𝑛
𝑗
Γ𝑖𝑚
𝑘 − Γ𝑘𝑚

𝑗
Γ𝑖𝑛
𝑘 .                      (5.79) 

       

 

5.6. rimanisa da riCis tenzorebi 

 

𝑹(𝑿,𝒀)𝒁 = (𝑍;𝑘𝑖
𝑗
− 𝑍;𝑖𝑘

𝑗
+ 𝑇𝑖𝑘

𝑛𝑍;𝑛
𝑗
)𝑋𝑖𝑌𝑘𝒆𝒋.                     (5.80) 

aqedan miviRebT, rom 

𝑍;𝑘𝑖
𝑗
− 𝑍;𝑖𝑘

𝑗
= −𝑅𝑙𝑘𝑖

𝑗
𝑍𝑙 + 𝑇𝑘𝑖

𝑛𝑍;𝑛
𝑗
.                               (5.81) 

am tolobas riCis igiveobas uwodeben da nulovani grexis 

pirobebSi mas gamoiyeneben rimanis tenzoris 
gansazRvrisaTvis. 

ganvixiloT gantoleba 

𝑓;𝑘𝑖 − 𝑓;𝑖𝑘 = 𝑇𝑘𝑖
𝑛𝑓,𝑛.                                        (5.82) 

aqamde vswavlobdiT 𝑹(𝑿,𝒀) operatoris zemoqmedebas 

kontravariantul veqtorebsa da skalarul velebze. axla 

ganvixilavT am operatoris zemoqmedebas, nebismier tenzorul 

velze.   

Tu, gamoviyenebT leibnicis wess tenzoruli namravlebis 

kovariantuli warmoebulisaTvis, miviRebT 

𝑹(𝑿,𝒀)(𝑷⨂𝑸) = 𝑹(𝑿,𝒀)𝑷⊗𝑸+ 𝑷⊗𝑹(𝑿,𝒀)𝑸.             (5.83) 

exla vimoqmedoT 𝑹(𝑿,𝒀) operatoriT 𝛀 forma-1-ze. Tu 𝒁 

nebismieri kontravariantuli veqtoruli velia, maSin (5.83) 

Tanadobidan gveqneba 
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𝑹(𝑿,𝒀)(Ω𝑗𝑍
𝑗) = [𝑹(𝑿, 𝒀)𝛀]𝑗𝑍

𝑗 + Ω𝑗[[𝑹(𝑿, 𝒀)𝒁]]
𝑗
.           (5.84) 

magram 𝑹(𝑿,𝒀) asaxva skalarze moqmedebisas gvaZlevs 

nuls, amitom 

[𝑹(𝑿,𝒀)𝛀]𝑗𝑍
𝑗 = −Ω𝑗𝑅𝑖𝑙𝑘

𝑗
𝑍𝑖𝑋𝑙𝑌𝑘 = −Ω𝑖𝑅𝑗𝑘𝑙

𝑖 𝑍𝑗𝑋𝑘𝑌𝑙.            (5.85) 

maSin 

[𝑹(𝑿,𝒀)𝛀]𝑗 = −𝑅𝑗𝑘𝑙
𝑖 Ω𝑖𝑋

𝑘𝑌𝑙.                                (5.86) 

ganvixiloT 𝑹(𝑿, 𝒀) asaxvis moqmedeba (𝟐, 𝟎) tipis ten-

zorze 𝑺, maSin miviRebT 

𝑆;𝑘𝑙
𝑖𝑗
− 𝑆;𝑙𝑘

𝑖𝑗
= −𝑅𝑚𝑘𝑙

𝑖 𝑆𝑚𝑗 − 𝑅𝑚𝑘𝑙
𝑗
𝑆𝑖𝑚 + 𝑇𝑘𝑙

𝑛𝑆;𝑛
𝑖𝑗
.                  (5.87) 

axla ganvixiloT 𝑹(𝑿,𝒀) asaxvis moqmedeba (𝟎, 𝟐) tipis 

tenzorze 𝑺, miviRebT  

𝑆𝑖𝑗;𝑘𝑙 − 𝑆𝑖𝑗;𝑙𝑘 = 𝑅𝑗𝑘𝑙
𝑚 𝑆𝑖𝑚 + 𝑅𝑖𝑘𝑙

𝑚 𝑆𝑚𝑗 + 𝑇𝑘𝑙
𝑛𝑆𝑖𝑗;𝑛.                  (5.88) 

Tu, ganvixilavT rimanis 𝑹𝒊𝒏𝒎
𝒋

= 𝚪𝒊𝒎,𝒏
𝒋

− 𝚪𝒊𝒏,𝒎
𝒋

+ 𝚪𝒌𝒏
𝒋
𝚪𝒊𝒎
𝒌 − 𝚪𝒌𝒎

𝒋
𝚪𝒊𝒏
𝒌  

tenzorze naxvevis operacias, roca utoldeba kontravarian-

tuli indeqsi da meore (an mesame) kovariantuli indeqsi, maSin 

miviRebT riCis tenzors (an DSesabamisad, minus riCis 

tenzors):          

𝑅𝑖𝑗𝑚
𝑗

= −𝑅𝑖𝑚𝑗
𝑗

= 𝑅𝑖𝑚.                                     (5.89) 

lokalur sakoordinato bazisSi riCis tenzoris 

komponentebia 

𝑅𝑖𝑚 = Γ𝑖𝑚,𝑗
𝑗

− Γ𝑖𝑗,𝑚
𝑗

+ Γ𝑘𝑗
𝑗
Γ𝑖𝑚
𝑘 − Γ𝑘𝑚

𝑗
Γ𝑖𝑗
𝑘 .                        (5.90) 

 ganvixiloT SemTxveva, roca 𝑻(𝑿,𝒀) grexa nulis tolia, 

maSin miviRebT, rom 

 𝜵𝑿𝒀 − 𝜵𝒀𝑿 = [𝑿, 𝒀].                                       (5.91) 

ris gamoc simrudis tenzori akmayofilebs or 

mniSvnelovan igiveobas:  

𝑅𝑖𝑘𝑚
𝑗

+ 𝑅𝑘𝑚𝑖
𝑗

+ 𝑅𝑚𝑖𝑘
𝑗

= 0.                                   (5.92) 

am igiveobas ciklur igiveobas uwodeben. xolo meore  

𝑅𝑖𝑝𝑞; 𝑟
𝑗

+ 𝑅𝑖𝑞𝑟; 𝑝
𝑗

+ 𝑅𝑖𝑟𝑝;𝑞
𝑗

= 0                               (5.93) 

tolobas – biankis igiveobas. 
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5.7. metrika da metrikuli bma 

metrikuli 𝒈 tenzori ewodeba (𝟎, 𝟐) tipis aragadagvare-
bul simetriul tenzors. rac imas niSnavs, rom 

1) 𝒈: 𝑇0
1 × 𝑇0

1 → ℝ1 ; 

2) 𝒈(𝑿, 𝒀) = 𝒈(𝒀,𝑿), ∀𝑿, 𝒀 ∈ 𝑇0
1 ; 

3) (∀𝒀 ∈ 𝑇0
1) 𝒈(𝑿, 𝒀) = 0 ⟹ 𝑿 = 𝟎. 

lokalur bazisSi, metrikul tenzors aqvs saxe 

𝑔 = 𝑔𝑖𝑗𝒆
𝒊⨂𝒆𝒋,    𝑔𝑖𝑗 = 𝑔𝑗𝑖 .                                 (5.94) 

xolo, Tu lokaluri bazisi koordinatulia, maSin 

𝑔 = 𝑔𝑖𝑗𝑑𝑥
𝑖⨂𝑑𝑥𝒋,    𝑔𝑖𝑗 = 𝑔𝑗𝑖 .                                (5.95) 

radgan metrikuli tenzori aragadagvarebulia, 𝑔𝑖𝑗 matri-

cisaTvis arsebobs Sebrunebuli 𝑔𝑖𝑗 matrica (𝑔𝑖𝑗𝑔𝑗𝑘 = 𝛿𝑘
𝑖 ) da 

metrikuli tenzoris Sebrunebuli tenzori dualur bazisSi 

iqneba 

𝑔−1 = 𝑔𝑖𝑗𝒆𝒊⨂𝒆𝒋.                                         (5.96) 

metrikuli tenzori gamoiyeneba 𝑀 mravalsaxeobaze 

gansazRvruli 𝜆 wiris 𝐿 sigrZis gamosaTvlelad 𝜆(𝑎) werti-

lidan 𝜆(𝑏) wertilamde 

𝐿 = ∫ |𝑔𝑖𝑗
𝑑𝑥𝑖(𝜆(𝑡))

𝑑𝑡

𝑑𝑥𝑗(𝜆(𝑡))

𝑑𝑡
|

1

2
𝑑𝑡

𝑏

𝑎
.                             (5.97) 

am gansazRvrebidan gamomdinare weren, rom 

𝑑𝑠2 = 𝑔𝑖𝑗𝑑𝑥
𝑖𝑑𝑥𝑗 .                                        (5.98) 

metrikul tenzorTan dakavSirebulia mniSvnelovani 

sidide - signatura. signatura aris, mravalsaxeobis romelime 

wertilSi diagonalur saxemde miyvanili metrikuli 

tenzoris, dadebiTi diagonaluri elementebis raodenobisa da 

uaryofiTi elementebis raodenobebs Soris sxvaoba. 

mtkicdeba, rom mravalsaxeobis nebismieri sxva wertilisa-

Tvis signatura igive sididea. metrikas ewodeba evkliduri Tu 

misi signatura ricxobrivad udris mravalsaxeobis 

ganzomilebas. metrikas ewodeba lorenculi an minkovskis 

metrika, Tu, misi signaturaa ±(𝑛 − 2) sadac 𝑛 mravalsaxeobis 

ganzomilebaa.   
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Tu mravalsaxeobSi gvaqvs metrikuli tenzori, maSin 

SesaZlebelia masSi SemoviRoT simetriuli bma grexis gareSe. 
romelic calsaxad ganisazRvreba pirobiT:  

∇𝑔 = 0.                                               (5.99) 

lokalur koordinatTa bazisSi advilad miviRebT, rom 

𝑔𝑖𝑗,𝑘 = 𝑔𝑙𝑗Γ𝑖𝑘
𝑙 + 𝑔𝑖𝑙Γ𝑗𝑘

𝑙 ,                                    (5.100) 

sadac Γ simboloebi simetriulia kovariantuli indeqsebis 

mimarT, radgan pirobis Tanaxmad grexa nulis tolia. Tu, am 

gantolebebs amovxsniT bmis koeficientebis mimarT, gveqneba 

𝑔𝑖𝑙Γ𝑗𝑘
𝑙 =

1

2
(
𝜕𝑔𝑖𝑗

𝜕𝑥𝑘
+
𝜕𝑔𝑖𝑘

𝜕𝑥𝑗
−
𝜕𝑔𝑗𝑘

𝜕𝑥𝑖
),                                 (5.101) 

an  

   Γ𝑗𝑘
𝑙 =

1

2
𝑔𝑖𝑗 (

𝜕𝑔𝑖𝑗

𝜕𝑥𝑘
+
𝜕𝑔𝑖𝑘

𝜕𝑥𝑗
−
𝜕𝑔𝑗𝑘

𝜕𝑥𝑖
).                               (5.102) 

amrigad, metrikuli tenzoris mocema calsaxad 
gansazRvravs mravalsaxeobis bmas. es bma aris rimanis 
geometriis safuZveli.   

Γ-simboloebs, romlebic metrikuli tenzoriT ganisazR-

vreba kristofelis simboloebs uwodeben, xolo TviT bmas - 

metrikul bmas an kristofelis bmas uwodeben.      

  ganvixiloT (5.99) pirobis ori Sedegi: jer erTi, ori 𝑿 

da 𝒀 kontravariantuli veqtoruli velis skalaruli 

namravli, romelic moicema formuliT 

𝑔(𝑋, 𝑌) = (𝑋 ∙ 𝑌) = 𝑔𝑖𝑗𝑋
𝑖𝑌𝑗,                              (5.103) 

invariantulia 𝑿 da 𝒀 veqtorebis mravalsaxeobis 𝜆 wiris 

gaswvriv paraleluri gadatanis mimarT. meore mxriv, 
gedeziuri wiris gantoleba SeiZleba miRebuli iqnas, rogorc 

eiler-lagranJis gantoleba funqcionalis eqstremumis 

amocanisaTvis. marTlac, 

𝐼 = ∫ 𝐿𝑑𝑠
𝑏

𝑎
,  𝐿 = 𝑔𝑖𝑗

𝑑𝑥𝑖(𝜆(𝑠))

𝑑𝑠

𝑑𝑥𝑗(𝜆(𝑠))

𝑑𝑠
,                          (5.104) 
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sadac 𝜆 wiri parametrizebulia, rkalis 𝑠 sigrZis parametriT 

𝜆 wiris gaswvriv. maSin geodeziuri wiris gantolebas aqvs 

aseTi saxe: 

(𝑢,𝑘
𝑗
+ Γ𝑖𝑘

𝑗
𝑢𝑖)𝑢𝑘 = 𝑢; 𝑘

𝑗
𝑢𝑘 = 0.                             (5.105) 

Tu, parametri geodeziuri wiris gaswvriv araa afinuri, 

maSin geodeziuri wiris gantolebas eqneba Semdegi saxe: 

𝑢; 𝑘
𝑗
𝑢𝑘 = 𝜑𝑢𝑗,                                           (5.106) 

sadac 𝜑 raRac skalaruli funqciaa. 

 

amocanebi da savarjiSoebi 

1.aCveneT, rom lis frCxilebi akmayofilebs iakobis igiveobas 

[[𝑿, 𝒀]𝒁] + [[𝒀, 𝒁]𝑿] + [[𝒁, 𝑿]𝒀] = 0.    

2.aCveneT, rom Tu 𝑻 savsebiT antisimetriuli tenzoria, maSin 

𝐴𝑻 = 𝑻. Tu, 𝑠 > 𝑛 (𝑛 veqtoruli sivrcis ganzomilebaa), maSin 

𝐴𝑻 = 𝟎.  

3.aCveneT, rom gare namravli, akmyofilebs asociatiurobisa da 

distribuciulobis kanonebs, Tumca, sazogadod, araa 

komutaciuri. 

4.daamtkiceT, rom 𝑑𝐴 forma araa damokidebuli lokaluri 

sakoordinato bazisis arCevaze. 

5.CawereT 𝝎 forma-1-ze lis operatoris moqmedebis Sedegis 

formula da gadawereT lokalur koordinatebSi. ra saxe aqvs 

komponentebs. 

6.gansazRvreT mravalsaxeobis afinuri bmis arsi da Camoaya-

libeT kontravariantuli veqtoris kovariantuli warmoebu-

lis gamoTvlis wesi. 
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Tavi VI. ainStainis gantolebebi 

einSteinis gantolebebi aRweren sivrce-drois Tanamedro-

ve warmodgenebs. es gantolebebi emyarebian rimanis sivrcis 

cnebasa da diferencirebadi mravalsaxeobebis Tanamedrove 

Teorias. 

6.1. rimanisa da riCis tenzorebi rimanis bmis pirobebSi 

rimanis bmis pirobebSi agebul rimanisa da riCis 

tenzorebs aqvT simetriis damatebiTi Tvisebebi. Tu, (5.88) 

gantolebaSi 𝑆𝑖𝑗-s nacvlad SevitanT metrikuli tenzoris 𝑔𝑖𝑗 

komponentebs miviRebT 

𝑔𝑖𝑚𝑅𝑗𝑘𝑙
𝑚 + 𝑔𝑚𝑗𝑅𝑖𝑘𝑙

𝑚 = 0,                                    (6.1) 

𝑅𝑖𝑗𝑘𝑙 + 𝑅𝑗𝑖𝑘𝑙 = 0.                                           (6.2) 

ase, rom rimanis mTlianad kovariantuli tenzori 

antisimetriulia pirveli ori indeqsis mimarT. sxva simetria 

SegviZlia miviRoT (5.92) cikluri igiveobidan. amrigad 

gveqneba 

𝑅𝑗𝑘𝑚𝑛 = 𝑅𝑚𝑛𝑗𝑘 .                                            (6.3) 

ase, rom rimanis tenzori ar icvleba indeqsebis pirveli 
da meore wyvilis gadanacvlebisas.  simetriis Tviseba 

amcirebs rimanis tenzoris damoukidebeli komponentebis 

raodenobas 
𝑛2(𝑛2−1)

12
 - mde. magaliTad, oTxganzomilebiani 

mravalsaxeobis SemTxvevaSi, rimanis tenzors aqvs 20 damo-

ukidebeli komponenti. 

riCis tenzoris simetria ki, aris rimanis tenzoris 

simetriis Sedegi 

𝑅𝑖𝑗 = 𝑔
𝑘𝑙𝑅𝑖𝑘𝑗𝑙 = 𝑔

𝑖𝑘𝑅𝑙𝑗𝑘𝑖 = 𝑅𝑗𝑖 .                             (6.4) 

lokalur sakoordinato bazisSi riCis tenzori SegviZlia 

CavweroT Semdegnairad: 
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𝑅𝑙𝑚 = Γ𝑙𝑚,𝑗
𝑗

−
𝜕2𝑙𝑛|𝑔|1 2⁄

𝜕𝑥𝑙𝜕𝑥𝑚
+
𝜕𝑙𝑛|𝑔|1 2⁄

𝜕𝑥𝑘
Γ𝑙𝑚
𝑘 − Γ𝑘𝑚

𝑗
Γ𝑖𝑗
𝑘.                  (6.5) 

 

6.2. ainStainis tenzori 

ainStainis 𝑮𝒊𝒋 tenzori ganisazRvreba riCis tenzorisa da 

metrikuli tenzoris saSualebiT 

 𝐺𝑖𝑗 = 𝑅𝑖𝑗 −
1

2
𝑔𝑖𝑗𝑅,                                       (6.6) 

sadac  

𝑅 = 𝑅𝑗
𝑗
= 𝑔𝑖𝑗𝑅𝑖𝑗,                                          (6.7) 

aris riCis tenzorze naxvevis operaciis Sedegi(skalaruli 

simrude). 

einSteinis tenzoris mniSvnelovani Tvisebaa misi 

konservatiuloba, anu, misi kovariantuli divergenciis 

nulTan toloba (rac gamomdinareobs biankis igiveobidan) 

𝐺𝑗;𝑖
𝑖 = 0.                                                  (6.8) 

 

6.3. veilis tenzori 

Cven vnaxeT, rom rimanis 𝑅𝑖𝑗𝑘𝑙 tenzori antisimetriulia 

indeqsebis orive wyvilis mimarT da aseve, ar icvleba (𝑖𝑗) da 

(𝑘𝑙) indeqsTa wyvilebis erTdroulad gadaadgilebisas. amitom 

erTaderTi aratrivialuri naxvevis operacia SegviZlia 

SevasruloT mxolod maSin, Tu avwevT romelime indeqss, 

xolo Semdeg CavatarebT naxvevis operacias nebismier sxva 

indeqsTan. am SemTxvevaSi, niSnis sizustiT riCis tenzori 

miiReba. amitom xelsayrelia rimanis tenzori warmovadginoT 

ori Sesakrebis jamis saxiT, sadac erTi Sesakrebis kvali 

nulovania, xolo meore aris riCis tenzori. aseTi warmodgena 

miiRweva veilis tenzoris saSualebiT 
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𝐶𝑖𝑗𝑘𝑙 = 𝑅𝑖𝑗𝑘𝑙 − (𝑛 − 2)
−1(𝑔𝑖𝑘𝑅𝑗𝑙 + 𝑔𝑗𝑙𝑅𝑖𝑘 − 𝑔𝑗𝑘𝑅𝑖𝑙 − 𝑔𝑖𝑙𝑅𝑗𝑘) + (𝑛 −

1)−1(𝑛 − 2)−1(𝑔𝑖𝑘𝑔𝑗𝑙 − 𝑔𝑖;𝑔𝑗𝑘)𝑅.                               (6.9) 

cxadia, rom am tenzors simetriis igive Tvisebebi aqvs, 

rac rimanis tenzors, magram 

𝑔𝑗𝑙𝐶𝑖𝑗𝑘𝑙 = 0,                                             (6.10) 

𝑔𝑗𝑙𝑅𝑖𝑗𝑘𝑙 = 𝑅𝑖𝑘.                                           (6.11) 

sxva gansxvaveba imaSi mdgomareobs, rom rimanis tenzoris 

gansazRvrisaTvis sakmarisia mravalsaxeobaSi bma iyos 

gansazRvruli. maSin, roca veilis tenzorisaTvis 

aucilebelia metrikuli tenzoric. 

mniSvnelovani gansxvavebaa agreTve is faqti, rom veilis 

tenzori invariantulia 𝒈 → 𝜴𝟐𝒈 gardaqmnis mimarT anu mas 

axasiaTebs konformuli invariantoba, rac farTod gamoiye-

neba fardobiTobis zogad Teoriasa da diferencialur 

geometriaSi. 

 

6.4. oTxganzomilebiani mravalsaxeoba. dro-sivrce da 

ainStainis gantoleba 

aqamde Cven ar vaqcevdiT yuradRebas, arc mravalsaxeobis 

ganzomilebas da arc metrikuli tenzoris saxes. Tumca, 

fardobiTobis zogadi Teoriis dro-sivrce oTxganzomile-

biani mravalsaxeobaa, romlis metrikasac lorencis 

struqtura aqvs. SevTanxmdeT rom metrikuli tenzoris 

signaturaa -2, kerZod, minkovskis metrikas aqvs aseTi saxe: 

𝑑𝑠2 = 𝑐2𝑑𝑡2 − 𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2,                          (6.12) 

sadac 𝑐 - sinaTlis siCqarea. 

lorencis struqturis metrika araa dadebiTad 

gansazRvruli, rac imas niSnavs, rom 𝑔(𝑿,𝑿) SeiZleba iyos 

uaryofiTi, dadebiTi an nulovani. Tu 𝒈(𝑿,𝑿) > 0, maSin 
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𝑿 veqtors droismagvari ewodeba, izotropuli, Tu 𝒈(𝑿,𝑿) = 𝟎 

da sivrcismagvari, Tu 𝑔(𝑿,𝑿) < 0.  

iseTi nawilakebi, romelTa uZraobis masac araa nulovani, 

moZraoben mxolod droismagvar traeqtoriebze (anu, sivrceSi 
aRweren iseT traeqtoriebs, romlis mxebi veqtorebic 
droismagvaria). maSin, rodesac iseTi nawilakebi, romelTa 

uZraobis masac nulis tolia (fotoni, gravitoni, neitrino) 

moZraoben izotropiul traeqtoriebze. 

dro-sivrcis geometria aRiwereba einSteinis gantolebe-

biT 

𝐺𝑖𝑗 = 𝑅𝑖𝑗 −
1

2
𝑔𝑖𝑗𝑅 = −

8𝜋𝐺

𝑐4
𝑇𝑖𝑗 ,                            (6.13) 

sadac 𝑇𝑖𝑗 – nivTierebisa da velis energia-impulsis tenzoria 

(gravitaciuli velis garda), 𝐺 gravitaciuli mudmivaa. 

ainStainis gantoleba sxvanairadac SeiZleba CavweroT 

𝑅𝑖𝑗 = −
8𝜋𝐺

𝑐4
(𝑇𝑖𝑗 −

1

2
𝑔𝑖𝑗𝑇),     (𝑇 = 𝑔

𝑖𝑗𝑇𝑖𝑗).                 (6.14) 

vakuumSi(anu, sivrceSi sadac 𝑇𝑖𝑗 = 0), ainStainis 

gantolebebs aqvs saxe 

𝐺𝑖𝑗 = 0,                                                 (6.15) 

an, rac ekvivalenturia  

𝑅𝑖𝑗 = 0.                                                 (6.16) 

am SemTxvevaSi, rimanis tenzori emTxveva veilis tenzors.  

ainStainis gantolebebi ganixileba, rogorc gantoleba-

Ta sistema metrikuli tenzoris sapovnelad(anu, metrikuli 

𝑔𝑖𝑗 tenzoris aTi komponentis sapovnelad). rogorc viciT 

ainStainis tenzoris umniSvnelovanesi Tvisebaa misi 

konservatiuloba anu misi kovariantuli divergenciis nulTan 

toloba 
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𝐺𝑗;𝑖
𝑖 = 0.                                                (6.17) 

rogorc am gantolebidan Cans, ainStainis gantolebebis 

amonaxsni Seicavs oTx nebismier funqcias. am funqciebis 

arCevis Tavisufleba aris kalibruli Tavisufleba, romelic 

ganpirobebulia Teoriis kovariantulobiT.  

vakuumSi, biankis igiveobaTa raodenoba mcirdeba 20-dan 16-

mde. radgan oTxi maTgani avtomaturad kmayofildeba (6.15),(6.16) 

gantolebebiT. 

amocanebi da savarjiSoebi 

1.gantolebaSi 𝑆𝑖𝑗;𝑘𝑙 − 𝑆𝑖𝑗;𝑙𝑘 = 𝑅𝑗𝑘𝑙
𝑚 𝑆𝑖𝑚 + 𝑅𝑖𝑘𝑙

𝑚 𝑆𝑚𝑗 + 𝑇𝑘𝑙
𝑛𝑆𝑖𝑗;𝑛 SeitaneT 

𝑆𝑖𝑗-s nacvlad metrikuli tenzoris 𝑔𝑖𝑗 komponentebi da 

daamtkiceT, rom 𝑔𝑖𝑚𝑅𝑗𝑘𝑙
𝑚 + 𝑔𝑚𝑗𝑅𝑖𝑘𝑙

𝑚 = 0 da 𝑅𝑖𝑗𝑘𝑙 + 𝑅𝑗𝑖𝑘𝑙 = 0 ; 

2.aCveneT, rom rimanis tenzori ar icvleba indeqsebis pirveli 

da meore wyvilis gadanacvlebisas da simetriis Tviseba 

amcirebs rimanis tenzoris damoukidebeli komponen-tebis 

raodenobas 
𝑛2(𝑛2−1)

12
 – mde;                                            

3.daamtkiceT, rom riCis tenzoris simetria ki, aris rimanis 

tenzoris simetriis Sedegi 𝑅𝑖𝑗 = 𝑔
𝑘𝑙𝑅𝑖𝑘𝑗𝑙 = 𝑔

𝑖𝑘𝑅𝑙𝑗𝑘𝑖 = 𝑅𝑗𝑖; 

4.biankis igiveobidan gamomdinare, aCveneT rom einSteinis 

tenzoris kovariantuli divergencia akmayofilebs 

gantolebas 𝐺𝑗;𝑖
𝑖 = 0 ; 

5.aCveneT, rom veilis tenzors axasiaTebs konformuli 

invariantuloba. 
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