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winasityvaoba 
 

mocemuli damxmare saxelmZRvanelo, Sedgenilia mravali 
wlis pedagogiuri moRvaweobis Sedegad, rogorc saqarTve-
los, aseve, ruseTisa da belorusiis saukeTeso universi-
tetebSi.  

damxmare saxelmZRvaneloSi ganxilulia optimizaciis 
meTodebidavariaciuli aRricxva amocanebsa da 
savarjiSoebSi. yoveli Teorema da axali meTodi 
ilustrirebulia Sesabamisi amocanebis amoxsniT rogorc 

analizurad, aseve, Mathcad-paketis bazaze. ganxiluli 
Temebis mixedviT moyvanilia Sesabamisi programebi da 
miRebuli Sedegebi. mocemulia Sesabamisi amocanebi da savar-
jiSoebi damoukidebeli muSaobisaTvis.yoveli Tavis bolos, 
moyvanilia gamoyenebuli literaturis sia. 

damxmare saxelmZRvaneloSi, gadmocemulia variaciuli 
aRricxvis amocanebis amoxsnis miaxloebiTi meTodebi. 

damxmare saxelmZRvanelo gankuTvnilia stu-s sainJinro 
specialobis studentebis, magistrantebisa da doqtorantebi-
saTvis, aseve, aRniSnuli TematikiT dainteresebuli yvela 
mkiTxvelisaTvis. 

avtorebi madlobas uxdian mTavar specialists vera 
qorTievas teqstis akrefisa da redaqtirebisaTvis. 
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Tavi I. funqcionaluri simravleebi 
 

samyaros rTuli procesebis aRsawerad, rogorc wesi, 
iyeneben sxvadasxva tipis funqciebs. am funqciebs axasiaTebT 
garkveuli zogadi Tvisebebi, ris gamoc, maT aerTianeben 

garkveul klasebSi_ funqcionalur simravleebSi[1-7]. aseve, 
uwyveti procesebis modelirebisas, Cven veZebT diferenci-
alur (operatorul) gantolebaTa rogorc klasikur, aseve, 
ganzogadebul amonaxsnebs. amitom, funqcionaluri sivrce-
ebis (simravleebis) Seswavla maTematikuri modelirebis erT-
erTi mniSvnelovani amocanaa. rac Seexeba optimizaciis 
amocanebs, variaciul aRricxvasa da optimalur marTvas, Cven 
ZiriTadad, saqme gvaqvsfunqcionalebis eqstremaluri 
traeqtoriebis povnasTan anu iseTi funqciebis ZiebasTan, 
romelTaTvisac mocemuli funqcionali iRebs eqstremalur 
mniSvnelobas. aqedan gamomdinare, mniSvnelovania gavixsenoT 
funqcionaluri analizis zogierTi ZiriTadi cneba, rasac 
eZRvneba damxmare saxelmZRvanelos pirveli Tavi. 

gansazRvreba: funqciebisgan Semdgari 𝑀 simravlis 𝐽 asa-
xvas 𝐽:𝑀 → ℝ namdvil ricxvTa ℝ simravleSi funqcionali 
ewodeba. 

funqcionalis gansazRvris 𝑀 areSi Semaval funqciebs 
dasaSveb funqciebs uwodeben. 

magaliTad: 𝑀 = 𝐶1[𝑎; 𝑏] simravleze gansazRvruli 

integrali 𝐽[𝑓] = ∫ √1 + (𝑓′(𝑥))2𝑑𝑥
𝑏

𝑎
, romelic warmoadgens 𝑦 =

𝑓(𝑥) funqciiT [𝑎; 𝑏] segmentze mocemuli wiris sigrZes 
funqcionals warmoadgens; 
 

 
1.1. wrfivi funqcionaluri sivrce 

 
gansazRvreba:G simravleze gansazRvrul funqciaTa L 

simravles ewodeba lineali(wrfiviani), Tu )(1 xu  da )(2 xu  
funqciebTan erTad, is Seicavs maT wrfiv kombinaciasac 
(anu )()( 2211 xuaxua   funqcias). 

magaliTebi:  

1. vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet 
funqciaTa simravle. maSin uwyveti funqciebis 
Tvisebebidan gamomdinare, L iqneba lineali. 
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2. vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet 
funqciaTa simravle romelTaTvisac adgili aqvs piro-
bas 5)( xu . maSin aseTi funqciebis simravle ar iqneba 

lineali, radgan Tu 3)( xu da 2a , miviRebT 56)( xau . 
 

P.S. TuLarislineali, maSinnfunqciebTan n

ii xu
1

)(


erTadisSeicavsmaTwrfivkombinaciasac


n

i

i xua
1

1 )( ,sadac Rai 

namdviliricxvebia. Tumca, SeiZleba lineali avagoT 
kompleqsur ricxvTa simravlis zemoTac. 
 

gansazRvreba:Llinealze gansazRvrul𝐽[𝑓] funqcionals 
ewodeba wrfivi, Tu linealis nebismieri ori 𝑓 da 𝑔 
funqciisaTvis adgili aqvs tolobas: 

𝐽[𝛼1𝑓 + 𝛼2𝑔] = 𝛼1𝐽[𝑓] + 𝛼2𝐽[𝑔], sadac 𝛼1 da 𝛼2 nebismieri 
namdvili ricxvebia. 

magaliTad: 𝐽[𝑓] = ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
 wrfivi funqcionalia, xolo 

fynqcionali 𝐽[𝑓] = ∫ 𝑓2(𝑥)𝑑𝑥
𝑏

𝑎
 _ araa wrfivi. 

 
gansazRvreba:Llinealisori )(xu da )(xv

funqciebisskalarulinamravli );( vu  SeiZleba 
ganisazRvrostolobiT: 


G

dxxvxuvu )()();( .                                              (1.1) 

ase, rom linealis ori funqciis skalaruli namravli aris 
ricxvi. 
magaliTi :  ;)( xxu  )(xv =1;    50   xxG ; maSin skalaruli 

namravli iqneba: 

2

25

2
1)()();(

5

0

25

0

 
x

dxxdxxvxuvu
G

. 

(1.1) skalaruli namravlis Tvisebebi uSualod integralis 
Tvisebebidan gamomdinareoben: 

);();( uvvu  ;                                                   (1.2)           

);;();();( 22112211 vuavuavuaua  (1.3) 
;0);( uu                                      (1.4)    

G.x   0)(0);(  xuuu (1.5) 
 

gansazRvreba:L  linealis )(xu  funqciis norma )(xu

ewodebaarauaryofiT ricxvs: 
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G

dxxuuuxu )();()( 2 .                                       (1.6)  

axla SemoviRoT manZilis cneba linealis or funqcias 
Soris, romelsac funqcionalur analizSi metrikas uwo-
deben: 

gansazRvreba:L linealis or )(xu  da )(xv  funqcias Soris 
manZili (anu metrika) ewodeba arauaryofiT ricxvs: 

 
G

dxvuvuvuvuvu 2)();();( .                           (1.7) 

magaliTi: ;)( xxu  )(xv =1;    50   xxG , maSin 

3

35

3

125

3
)(

5

0

35

0

2  
x

dxxxu . 

3

65

3

164
)1()();();(

5

0

22 


  dxxdxvuvuvuvuvu
G

 . 

 
maTematikaSi gamoyofen im ZiriTad Tvisebebs, romelsac unda 
akmayofilebdes metrika(manZili): 

0);( vu ;                                                    (1.8) 
)()(0);( xvxuvu  ;                                          (1.9) 

);();( uvvu   ;                                                (1.10)   
);();();( zvvuzu   .                                          (1.11) 

es is Tvisebebia, romlebic gansazRvraven metrikas. 
garda (1.7) metrikisa, romelic inducirebulia normiT, 

zogjer, ganixilaven metrikis sxva saxeebsac. maTi gansazR-
vrisaTvis, jer ganvixiloT ori funqciis siaxlovis cneba: 

vityviT rom, [𝒂; 𝒃] segmentze gansazRvrul or 𝒚 = 𝒖(𝒙) da 
𝒚 = 𝒗(𝒙) funqcias aqvT nul-rigis siaxlove, Tu maTi 
sxvaobis moduli |𝒖(𝒙) − 𝒗(𝒙)| aris sakmaod mcire. 

geometriulad, es imas niSnavs rom, maTi ordinatebi 
mcired gansxvavdebian erTmaneTisagan, roca 𝑥 ∈ [𝑎; 𝑏]. 

vityviT rom, [𝒂; 𝒃] segmentze gansazRvrul or 𝒚 = 𝒖(𝒙) da 
𝒚 = 𝒗(𝒙) funqcias aqvT pirveli-rigis siaxlove, Tu maTi 
sxvaobisa da pirveli rigis warmoebulTa sxvaobis 
modulebi:|𝒖(𝒙) − 𝒗(𝒙)|da |𝒖(𝒙)′ − 𝒗(𝒙)′|arian sakmaod mcire. 

geometriulad, es imas niSnavs rom, rogorc maTi 

ordinatebi, aseve, mxebis mimarTulebebiც Sesabamis werti-
lebSi, mcired gansxvavdebian erTmaneTisagan, roca 𝑥 ∈ [𝑎; 𝑏]. 

vityviT rom, [𝒂; 𝒃] segmentze gansazRvrul or 𝒚 = 𝒖(𝒙) da 
𝒚 = 𝒗(𝒙) funqcias aqvT 𝒌-rigis siaxlove, Tu maTi sxvaobisa 
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da 𝒌 rigamde CaTvliT warmoebulTa sxvaobebis 

modulebi:|𝒖(𝒙) − 𝒗(𝒙)|,|𝒖(𝒙)′ − 𝒗(𝒙)′|, . . ., |𝒖(𝒙)(𝒌) − 𝒗(𝒙)(𝒌)|arian 
sakmaod mcire. 

siaxlovis cnebidan advilad gadavalT Sesabamisi 
metrikis cnebaze. or or 𝒚 = 𝒖(𝒙) da 𝒚 = 𝒗(𝒙) funqcias 
Soris[𝒂; 𝒃] segmentze manZili anu metrika ewodeba ricxvs: 

 )()( max);( xvxuvu
Gx

c 


 .                                        (1.12) 

am ricxvsCebiSevis metrikas uwodeben. zogjer mas 𝐶0[𝑎; 𝑏] 
-s metrikasac eZaxian. 

ganvixiloT magaliTi: vipovoT manZili 𝑦 = 𝑥 da 𝑦 = 𝑥2 
funqciebs Soris, CebiSevis metrikiT [0; 1] segmentze. 

 
amoxsna: gansazRvris Tanaxmad am or funqcias Soris manZili 
iqneba 𝜌𝐶(𝑢; 𝑣) = max

0≤𝑥≤1
|𝑥 − 𝑥2|. cxadia, rom Tu ganvixilavT 

modulis SigniT mdgar 𝑦 = 𝑥 − 𝑥2 funqcias, miviRebT rom 𝑦′ =
1 − 2𝑥 = 0 ⟹ 𝑥 = 0.5 e.i. 𝜌𝐶(𝑢; 𝑣) = 0.25. 
 

gansazRvreba:[𝑎; 𝑏] segmentze gansazRvruli, uwyveti 𝑓(𝑥) 
funqciebis simravle, masze ganszRvruli normiT‖𝑓‖𝐶0 =

max
𝑥∈[𝑎;𝑏]

|𝑓(𝑥)| adgens 𝐶0[𝑎; 𝑏] funqcionalur banaxis sivrces. 

xolo, Tu funqciis normad miviRebT ‖𝑓‖𝐶1 = max
𝑥∈[𝑎;𝑏]

{|𝑓(𝑥)| +

|𝑓′(𝑥)|} Tanadobas, maSin miviRebT Sesabamis 𝐶1[𝑎; 𝑏] banaxis 
funqcionalur sivrces. 

 
arsebobs ufro meti siaxlovis cnebaze damyarebuli 

metrikac: or or 𝒚 = 𝒖(𝒙) da 𝒚 = 𝒗(𝒙) funqcias Soris [𝒂; 𝒃] 
segmentze, 𝒌 −rigis manZili anu metrika ewodeba |𝒖(𝒙) −

𝒗(𝒙)|,|𝒖(𝒙)′ − 𝒗(𝒙)′|, . . ., |𝒖(𝒙)(𝒌) − 𝒗(𝒙)(𝒌)| ricxvebis maqsimumebs 

Soris udidess:𝜌𝐶𝑘(𝑢; 𝑣) = max
0≤𝑖≤𝑘

max
𝑎≤𝑥≤𝑏

|𝑢(𝑖)(𝑥) − 𝑣(𝑖)(𝑥)|. am tipis 

metrikas didi gamoyeneba aqvs klasikur variaciul 
aRricxvaSi. 
 
P.S. metrikas, rogorc ar unda ganisazRvros is, moeTxoveba 
mxolod (1.8)_(1.11) Tvisebebis dakmayofileba. miuxedavad imisa, 
rom CebiSevis (1.12) metrika (1.7) metrikasTan SedarebiT 
uwyveti funqciebisaTvis, ufro intuiciurad zustia, mas 
iSviaTad iyeneben. es gamowveulia imiT, rom praqtikaSi ufro 
xSirad gvaqvs saqme sxvadasxva tipis wyvetil funqciebTan, 
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romlebisTvisac CebiSevis metrikis gamoyeneba arapraqti-
kulia. amitom, Cven Semdgomi agebebisaTvis gamoviyenebT (1.7) 
metrikas, romelic skalaruli namravliT ganimarteba. Tu, 
lineals vagebT kompleqsur ricxvTa simravlis zemoT, maSin 
skalaruli namravli ganimarteba formuliT 

G

dxxvxuvu )()();( , 

sadac )(xv  aris )(xv  funqciis kompleqsurad SeuRlebuli 
funqcia. 
 
 

1.2. hilbertis funqcionaluri sivrce 
 

gansazRvreba:G areze gansazRvrul )(xu  funqcias 
kvadratiT integrebadi ewodeba, Tu lebegis integralebi 
 

 
G

dxxdxxu
G

2 ;)(u          ;)(                                           (1.13)  

erTdroulad arseboben(arian krebadi).kvadratiT integre-
badi funqciebis simravle, ufro farToa vidre uwyvet 
funqciaTa simravle. 
 

P.S. Tu,  
G

dxxu 0)(2 , maSin 0)( xu TiTqmis yvelgan(garda iseTi 

wertilebis simravlisa, romlis lebegis zomac udris 
nuls). es exeba metrikasac. Tu ori funqcia erTmaneTisagan 
gansxvavdeba araumetes, vidre nul zomis simravlis werti-
lebSi, maSin amboben, rom es funqciebi emTxveva erTmaneTs 
TiTqmis yvelgan. 
 

gansazRvreba:L lineals, masze gansazRvruli (1.6) nor-miT 

da (1.7) metrikiT, hilbertiswina(unitaruli) 2S sivrce 
ewodeba. 

 
G areze gansazRvrul uwyvet funqciaTa simravles 

aRniSnaven )(GC  simboloTi; xolo, Tu funqciebis nebismieri 
rigis warmoebulic uwyvetia, maSin Sesabamis funqciaTa 
klass(simravles) aRniSnaven )(GC  simboloTi. 
 

ganvixiloT mimdevrobis krebadobis cneba 2S  funqci-
onalur sivrceSi. 
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gansazRvreba: vityviT, rom  
1

)(
nn xu  funqciaTa 

(funqcionaluri) mimdevroba krebadia )(xu funqciisaken Tu, 
.0);(lim 


uun

n
 (1.14)   

anu Tu 

0)]()([lim 2 
G

n
n

dxxuxu .                                       (1.15)    

funqcionalur sivrceebSi bunebrivad zogaddebian is topo-
logiuri cnebebi, rasac adgili aqvs ricxviTi simravle-
ebisaTvis. 
 

gansazRvreba: 
1

)(
nn xu  funqciaTa mimdevrobas koSis 

(funda-mentaluri) mimdevroba ewodeba, Tu 0);(lim 




nm

m
n

uu . 

gansazRvreba: vityviT, rom )(xu warmoadgens 2S unitaruli 
sivrcis zRvariT wertils, Tu )(xu funqciis nebismieri 

midamosaTvis, moiZebneba 2S sivrcis iseTi elementebi, romle-
bic am midamos ekuTvnian. 
 

Teorema: )(xu funqcia aris 2S  unitaruli sivrcis 
zRvariTi wertili, maSin da mxolod maSin, roca arsebobs 

am sivrcis elementebis(funqciebis) iseTi mimdevroba  
1

)(
nn xu

romelic krebadia )(xu funqciisaken. 
 
P.S.iseve, rogorc racionalur ricxvTa simravlis SemTxve-
vaSi, 2S  unitaruli sivrcis zRvariTi wertili SeiZleba ar 
ekuTvnodes am sivrces. 
 

gansazRvreba: 2S  unitaruli(hilbertiswina) sivrcis 
gaerTianebas misi zRvariTi wertilebis simravlesTan, am 
sivrcis Caketva ewodeba.es gansazRvreba simbolurad ase 
Caiwereba: 

222 SSS  .                                                 (1.16) 
 

gansazRvreba: hilbertiswina(unitaruli) sivrcis 2S  
Caketvas,  hilbertis )(2 GL sivrce ewodeba. 

 
gansazRvreba: wrfiv, metrikul, normirebul sivrces, 

romelic srulia normiT inducirebuli metrikis mimarT, 
banaxis sivrce ewodeba. 
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P.S.a) hilbertis )(2 GL sivrce srulia anu masSi yvela koSis 

(fundamentaluri) mimdevroba krebadia. sxvanairad, is Se-
icavs Tavis yvela zRvariT wertils. iseve, rogorc raci-
onalur ricxvTa simravle aris mkvrivi namdvil ricxvTa 
simravleSi; yvela racionalurkoeficientebiani 
polinomebis(funqciebis) simravlec mkvrivia )(2 GL hilbertis 
sivrceSi. amitom, hilbertis sivrcec separabeluria, iseve, 
rogorc namdvil ricxvTa simravle. sivrcis separabeluroba 
saSua-lebas iZleva, mis elementebs mivuaxlovdeT masSi 
moTav-sebuli mkvrivi qvesimravlis elementebis krebadi 
mimdev-robiT; rac did gamoyenebas poulobs miaxlovebiT 
analizSi. )(2 GL hilbertis sivrce aris banaxis sivrcec. 
hilbertis funqcionaluri sivrce warmoadgens 
kvadratiTintegrebadi funqciebis(alag-alag uwyveti) 
simravles.  
 
b)unda aRiniSnos, rom hilbertis sivrce )(2 GL , amave dros 
banaxis sivrcea. xolo banaxis sivrce yovelTvis araa 
hilbertis sivrce(radgan banaxis sivrceSi araa savalde-
bulo rom gvqondes skalaruli namravli).  
 

gansazRvreba: funqciaTa sistemas  k

nn xu
1

)(

 ewodeba 

wrfivad damokidebuli, Tu am sistemis erTi funqcia mainc, 
SeiZleba gamovsaxoT, rogorc danarCeni funqciebis wrfivi 

kombinacia. Tu, funqciaTa sistema araa wrfivad damoki-
debuli, maSin mas wrfivad damoukidebel sistemas uwodeben. 

 
magaliTi: funqciaTa sistema 4u   ;cosu    ;sin 3

2

2

2

1  xyxyu  

wrfivad damokidebulia, radgan 213 44 uuu  . 

imisaTvis, rom gamovarkvioT funqciaTa sistemis wrfivad 

damoukideblobis sakiTxi, unda davTvaloT am sistemis 
gramis determinanti. 

 

Teorema: funqciaTa sistema  k

nn xu
1

)(

wrfivad damouki-

debelia hilbertis )(2 GL  sivrceSi, maSin da mxolod maSin, 

roca am sistemis gramis determinanti gansxvavebulia nuli-
sagan anu 
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.0

);(u   .  .  ).;(u   );(u

.      .     .     .     .    .     .    .

)u;(u  .  .  . );(u   );(u

)u;(u .  .  .  )u;(u   );(

);...;;(

k2k1k

k22212

k12111

21 

k

k

uuu

uu

uu

uuuD                         (1.17)    

 
magaliTi: funqciaTa sistema 1u     ;cosu   ;sin 321  xxu  

wrfivad damoukidebelia ];0[2 L  sivrceSi, radgan 

  

 




0 0

223121

2

11 .);(u    ;2);(u     ;0cossin);(u     ;
2

sin);( uuxdxxuxdxuu  

02
4

          0       2

0     
2

      0

2     0      
2

3

 








D . 

 

gansazRvreba: wrfivad damoukidebel  
1

)(
nn xu  funqciaTa 

sistemas ewodeba sruli )(2 GL  sivrceSi, Tu am sistemis 

yvela SesaZlo 



Ii

ii xuax )()( wrfivi kombinaciebiT miRebuli 

)(x funqciaTa simravle mkvrivia )(2 GL sivrceSi. 
 

gansazRvreba: amboben, rom  
1

)(
nn xu  funqciaTa wrfivad 

damoukidebeli sistema warmoadgens Sauderis baziss )(2 GL  
sivrceSi, Tu sivrcis nebismieri funqcia SeiZleba 
warmovadginoT 




Ii

ii xuax )()(  saxiT.  

magaliTi: )(2 GL funqcionalur sivrceSi,Sauderis mraval-

wevra bazisia: .  .  .  ;y  xy;; xy;  x;;1 22 roca  dyc bxa );(  yxG . 

 
aseve, )2,0(2 L sivrceSi, arsebobs trigonometriul 

funqciaTa bazisi: . . . cos2y;sin2x cos2y;sinx cosy;sin2x cosy;sinx ;1   

cnobilia, rom 𝐿2(ℝ)sivrceSi SeiZleba aigos veivlet 
funqciebisagan Semdgari bazisebic.  
 

P.S. mocemuli amocanisaTvis, bazisis SerCeva sakmaod rTuli 
problemaa, radgan jer-jerobiT, SerCevis zogadi procedura 
ar arsebobs. sxvadasxva bazisi ki ganapirobebs krebadobis 
sxvadasxva siCqares. am problemis gadaWris gzaze miRweulia 
garkveuli warmateba rvaCev_obgaZis 𝑅𝑂 funqciis meTodSi, 



12 

 

sadac erTgvarovani sasazRvro pirobebis dakmayofilebis 
zogadi algoriTmia SemuSavebuli, ramac saSualeba mogvca 
amogvexsna hidrodinamikis stacionaruli amocanebi. 
 
 
 
 
1.3. analogia n  ganzomilebian veqtorul da hilbertis )(2 GL  

funqcionalur sivrceebs Soris 
 

hilbertis )(2 GL sivrcis geometriis gasagebad, ganvixi-

loT analogiebi n  ganzomilebian veqtorul sivrcesTan. 
 
# ℝ𝑛veqtoruli sivrce hilbertis )(2 GL sivrce 
1. elementebi veqtorebia 

);...;;( 21 nxxxx  

elementebi )(xf funqciebia  

2. veqtorebis skalaruli 
namravli 





n

i

ii yxyx
1

);(  

funqciebis skalaruli 
namravli 


G

dxxgxfxgxf )()())();((  

3. veqtoris sigrZe 





n

i

ixxxx
1

2);(  

funqciis norma 


G

dxxfxfxfxf )())();(()( 2  

4. manZili or wertils Soris 





n

i

ii yxyxyxyx
1

2)();(  

metrika 

 





G

dxxgxf

xgxfxgxf

xgxfxgxf

2))()((

))()();()((

)()())();((

 

5. Tu,  n

iie
1
 wrfivad damoukide-

bel veqtorTa sistemaa ℝ𝑛-Si, 

maSin nebismieri x

elementi(veqtori) am 
sivrcidan warmo-idgineba 
saxiT: 





n

i

ii exx
1

 

Tu,  
1

)(
nn xu  Sauderis bazi-

sia )(2 GL sivrceSi, maSin am 
sivrcis nebismieri )(xf

elementi(funqcia) SeiZle-
ba warmovadginoT saxiT: 







1

)()(
i

ii xuaxf  
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1.4. sobolevis )(2 GW k  funqcionaluri sivrce 
 

Cven ganvixileT hilbertis )(2 GL funqcionalurisivrce. 
operatoruli gantolebebis amosaxsnelad, zogjer, iyeneben 
iseT funqcionalur sivrceebs, romlebic uzrunvelyofen 
egreTwodebuli ganzogadoebuli da susti amonaxsnis 
cnebaTa gamoyenebas.  

es sivrceebi iseTive wesiT igeba, rogorc Cven avageT 
)(2 GL hilbertis sivrce. gansxvavebaa mxolod skalaruli 

namravlis gansazRvris wesSi. 
Tu, skalarul namravls ganvsazRvravT formuliT : 

 
G G

dxvuvdxuvu '');(  ;                                       (1.18) 

da gavimeorebT )(2 GL hilbertis sivrcis agebis teqnikas, maSin 

miviRebT sobolevisfunqcionalur sivrces )(1

2 GW . 

analogiurad, Tu skalarul namravls ganvsazRvravT fo-
rmuliT : 

  
GG G

dxvudxvuvdxuvu '''''');(  ;                                (1.19) 

maSin, miviRebT )(2

2 GW  sobolevis funqcionalur sivrces. 

aseve aigeba sobolevis )(2 GW k  funqcionaluri sivrcec, 
Sesabamisi skalaruli (1.20) namravlis SemoRebiT : 

.);(
0

)()(



k

i G

ii dxvuvu                                              (1.20) 

 
𝐏. 𝐒.rogorc vxadavT, sobolevis funqcionaluri sivrceebi 
igeba, Sesabamisi 𝐶𝑘[𝑎; 𝑏] funqcionaluri sivrceebis 
ideologiidn gamomdinare. 
 
 

1.5. damokidebuleba funqcionalur sivrceebs Soris 
 

Cven ganvixileT sxvadasxva funqcionaluri sivrceebi, 
romlebic erTmaneTisagan gansxvavdebian rigi topologiuri 
TvisebebiT. yvelaze ufro “kargi” funqciebi arian mraval-
wevrebi da maTi simravle qmnis polinomialuri funqciebis 
sivrces )(xPn , sadac argumenti, sazogadod,m -ganzomilebiani 

veqtoria (e.i. )()( m

n RCxP   mravalcvladiani polinomebis sim-

ravlea). es funqciaTa simravle aris uwyvet funqciaTa 
)( mk RC funqcionaluri sivrcis qvesimravle(nawili). uwyvet 

funqciaTa simravle aris wrfivianis(linealis) qvesimravle. 
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funqciaTa lineali aris wrfivi metrikuli sivrcis nawili. 
funqciaTa wrfivi metrikuli sivrce aris unitaruli 
(hilbertiswina) sivrcis nawili. is ki, Tavis mxriv, 
hilbertis  funqcionaluri sivrcis nawilia. Hhilbertis 
funqcionaluri sivrce ki Cadgmulia sobolevis )(2 GW k

sivrceSi, Tu 1k . 
 
 
 
amocanebi da savarjiSoebi 
 

varianti 1 
 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet 
funqciaTa simravle romelTaTvisac adgili aqvs pirobas 

8)( xu . maSin aseTi funqciebis simravle iqneba lineali, Tu 

ara da ratom?  
2. ;)( xxu  )(xv =1;    50   xxG ; maSin gamoTvaleT skalaruli 

namravli )(0

2 GW -is azriT. 
3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 

)(2 GL sivrcisaTvis. 
4.gamoTvaleT, ))();(( xvxu  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( xxu  )(xv =1;    50   xxG ? 

6.ra gansxvavebaa unitarul, hilbertis da banaxis sivrceebs 
Soris? 

 
varianti 2 

 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet 
funqciaTa simravle romelTaTvisac adgili aqvs pirobas 

9)( xu . maSin aseTi funqciebis simravle iqneba lineali, Tu 

ara da ratom?  
2. ;)( 2xxu  )(xv =1;    50   xxG ; maSin gamoTvaleT skalaruli 

namravli )(0

2 GW -is azriT. 
3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 

)(2 GL sivrcisaTvis. 
4.gamoTvaleT, ))();(( xvxu  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( 2xxu  )(xv =1;    50   xxG ? 



15 

 

6.ra gansxvavebaa sobolevis, hilbertis da banaxis sivrceebs 
Soris? 
 
 

varianti 3 
 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet 
funqciaTa simravle romelTaTvisac adgili aqvs pirobas 

6)( xu . maSin aseTi funqciebis simravle iqneba lineali, Tu 

ara da ratom?  
2. ;)( 3xxu  )(xv =1;    50   xxG ; maSin gamoTvaleT skalaruli 

namravli )(0

2 GW -is azriT. 
3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 

)(2 GL sivrcisaTvis. 
4.gamoTvaleT, ))();(( xvxu  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( 3xxu  )(xv =1;    50   xxG ? 

6.ra gansxvavebaa hilbertis da banaxis sivrceebs Soris? 
 

varianti 4 
 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet 
funqciaTa simravle romelTaTvisac adgili aqvs pirobas 

66)( xu . maSin aseTi funqciebis simravle iqneba lineali, Tu 

ara da ratom?  
2. ;)( 4xxu  )(xv =1;    50   xxG ; maSin gamoTvaleT skalaruli 

namravli )(0

2 GW -is azriT. 
3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 

)(2 GL sivrcisaTvis. 
4.gamoTvaleT, ))();(( xvxu  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( 4xxu  )(xv =1;    50   xxG ? 

6.ra gansxvavebaa hilbertis da banaxis sivrceebs Soris? 
 

varianti 5 
 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet 
funqciaTa simravle romelTaTvisac adgili aqvs pirobas 
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88)( xu . maSin aseTi funqciebis simravle iqneba lineali, Tu 

ara da ratom?  
2. ;)( 5xxu  )(xv =1;    50   xxG ; maSin gamoTvaleT skalaruli 

namravli )(0

2 GW -is azriT. 
3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 

)(2 GL sivrcisaTvis. 
4.gamoTvaleT, ))();(( xvxu  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( 5xxu  )(xv =1;    50   xxG ? 

6.ra gansxvavebaa hilbertis da sobolevis sivrceebs Soris? 
 

varianti 6 
 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet 
funqciaTa simravle romelTaTvisac adgili aqvs pirobas 

1)( xu . maSin aseTi funqciebis simravle iqneba lineali, Tu 

ara da ratom?  
2. ;)( 8xxu  )(xv =1;    50   xxG ; maSin gamoTvaleT skalaruli 

namravli )(0

2 GW -is azriT. 
3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 

)(2 GL sivrcisaTvis. 
4.gamoTvaleT, ))();(( xvxu  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( 8xxu  )(xv =1;    50   xxG ? 

6.ra gansxvavebaa hilbertis da sobolevis sivrceebs Soris? 
 

varianti 7 
 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet 
funqciaTa simravle romelTaTvisac adgili aqvs pirobas 

10)( xu . maSin aseTi funqciebis simravle iqneba lineali, Tu 

ara da ratom?  
2. ;)( 6xxu  )(xv =1;    50   xxG ; maSin gamoTvaleT skalaruli 

namravli )(0

2 GW -is azriT. 
3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 

)(2 GL sivrcisaTvis. 
4.gamoTvaleT, ))();(( xvxu  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( 16xxu  )(xv =1;    50   xxG ? 
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6.ra gansxvavebaa banaxisa da sobolevis sivrceebs Soris? 
 
 
 
 

varianti 8 
 

1.vTqvaT, L  aris Caketil G  areze gansazRvrul uwyvet 
funqciaTa simravle romelTaTvisac adgili aqvs pirobas 

11)( xu . maSin aseTi funqciebis simravle iqneba lineali, Tu 

ara da ratom?  
2. ;)( 13xxu  )(xv =1;    50   xxG ; maSin gamoTvaleT skalaruli 

namravli )(0

2 GW -is azriT. 
3.gamoTvaleT wina amocanaSi mocemuli funqciebis normebi 

)(2 GL sivrcisaTvis. 
4.gamoTvaleT, ))();(( xvxu  wina amocanis pirobebSi. 
5.wrfivad damoukidebelia, Tu ara funqciaTa sistema: 

;)( 13xxu  )(xv =1;    50   xxG ? 

6.ra aris gramis determinanti da ra informacias iZleva misi 
mniSvneloba? 
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Tavi II. optimizaciis meTodebi 
 

civilizaciis ganviTarebis mTeli istoriis ganmavlo-
baSi aqtualobas ar kargavs im amocanebis ganxilva, 
romlebic saSualebas iZlevian davadginoT garkveul sidi-
deTa udidesi da umciresi mniSvnelobebi. dRes am amocanebis 
ganxilva gansakuTrebul mniSvnelobas iZens, radgan dRis 
wesrigSi dgeba: bunebrivi resursebis, adamianuri resursebis, 
materialuri da finansuri resursebis efeqturad gamoye-
nebis amocanebi. yovelive amas, mivyavarT saukeTeso 
gadawyvetilebis, an rogorc amboben, optimaluri gadawyve-
tilebis miRebis aucileblobamde. maqsimumisa da minimumis 
povnis amocanebi daisva da amoixsna jer kidev me-17-e 
saukuneSi. am tipis amocanebis gadawyvetaze muSaobdnen iseTi 
cnobili mecnierebi, rogoric iyo pier ferma, isaak niutoni, 
laibnici, daniel bernuli, iakob bernuli, lagranJi, 
leonard eileri, anri puankare, fon neimani, kantoroviCi, 
pontriagini, rezo gamyreliZe, miSCenko, boltianski da sxva. 

aqedan gamomdinare, Tanamedrove inJinrisTvis,optimiza-
ciis meTodebis Seswavla metad mniSvnelovania da aucile-
beli. 

 
2.1. upirobo eqstremumi ℝ𝒏 sivrceze gansazRvruli 

funqciebisaTvis 
 
vTqvaT mocemulia 𝑓(𝑥) funqcia ℝ𝒏sivrcis raime 𝐺 areSi 

anu misi yoveli wertili SegviZlia warmovadginoT ase:𝑥 =
(𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛). 

vityviT rom, mocemuli 𝑓(𝑥) funqcia𝐺simravlis raime 𝑥0 
wertilSi (𝑥0 ∈ 𝐺)aRwevs Tavis udides (an Sesabamisad, 
umcires) mniSvnelobas, Tu 𝐺simravlis nebismieri sxva 𝑥 

wertilisaTvis (𝑥 ∈ 𝐺), adgili aqvs utolobas: 𝑓(𝑥) ≤ 𝑓(𝑥0) 
(an Sesabamisad 𝒇(𝒙) ≥ 𝒇(𝒙𝟎)). 

 

vaierStrasis Teorema: SemosazRvrul, Caketil simrav-

leze (kompaqtze) gansazRvruli uwyveti 𝑓(𝑥) funqcia,am 
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simravlezeaRwevs Tavis udides (an Sesabamisad, umcires) 
mniSvnelobas. 

 
gansazRvreba: vTqvaT 𝑓(𝑥) funqcia gansazRvrulia 

ℝ𝒏sivrcis raime 𝐺 areSi anu 𝐺 ⊂ ℝ𝒏. maSin𝑥0 ∈ 𝐺 wertils 
ewodeba 𝑓(𝑥) funqciis mkacri maqsimumis (Sesabamisad, mkacri 
minimumis) wertili, Tu adgili aqvs utolobas 𝑓(𝑥) < 𝑓(𝑥0) 
(an Sesabamisad, 𝑓(𝑥) > 𝑓(𝑥0)) nebismieri 𝑥 ∈ 𝐺 ∩ Ω(𝑥0) wertili-
saTvis, sadac Ω(𝑥0) aris 𝑥0 wertilis raime midamo. 

Tu am gansazRvrebaSi mkacr utolobebs, SevcvliT 
aramkacri utolobebiT 𝑓(𝑥) ≤ 𝑓(𝑥0) an Sesabamisad 𝑓(𝑥) ≥ 𝑓(𝑥0) 
maSin 𝑥0 ∈ 𝐺 wertils uwodeben ubralod maqsimumis an 
Sesabamisad minimumis wertils. 

 
gansazRvreba: funqciis maqsimumisa da minimumis wertilebs 
eqstremumis wertilebs uwodeben. 

 
fermas Teorema (eqstremumis arsebobis aucilebeli 

piroba): vTqvaT 𝑓(𝑥) funqcia gansazRvrulia eqstremumis 𝑥0 ∈
𝐺 wertilis raime Ω(𝑥0) midamoSi, maSin Tu am wertilSi 

arseboben kerZo warmoebulebi 
𝝏𝒇

𝝏𝒙𝒊|𝒙=𝒙𝟎

= 𝟎 isini yvela nulis 

tolia. 
P.S.1)Tu funqcia diferencirebadia eqstremumis wertil-

Si, maSin misi diferenciali 𝑑𝑓 = 0 nulis tolia. marTlac, 

𝑑𝑓 = ∑
𝜕𝑓

𝜕𝑥𝑖
𝑑𝑥𝑖

𝑛
𝑖=1  da radgan 

𝜕𝑓

𝜕𝑥𝑖|𝑥=𝑥0

= 0 cxadia, rom 𝑑𝑓 = 0. 

      2) Tu gavafarToebT gansaxilveli funqciebis 
klass da ganvixilavT (𝑓(𝑥) ⊂ 𝐿2(𝐺)) hilbertis sivrcis 
funqciebs, sadac funqcias SeiZleba qondes nul zomis 
wyvetis wertilebis simravle, maSin fermas Teorema SeiZleba 
ganzogaddes Semdegnairad: Tu 𝒙𝟎 aris 𝒇(𝒙) ⊂ 𝑳𝟐(𝑮) funqciis 
eqstremumis wertili, maSin am wertilSi yvela kerZo 

warmoebuli 
𝝏𝒇

𝝏𝒙𝒊|𝒙=𝒙𝟎

 an nulis tolia an ar arsebobs. 

 
gansazRvreba: im wertilebs sadac adgili aqvs 

eqstremumis arsebobis aucilebel pirobebs(fermas Teorema) 
kritikuli wertilebi ewodeba; xolo im wertilebs, sadac 
𝑑𝑓 = 0stacionarul wertilebs uwodeben. 
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P.S.is rom 𝒙𝟎 wertili kritikuli wertilia, jer ar 
niSnavs imas, rom is eqstremumis wertilia. 

 
 
 

2.1.1. silvestris kriteriumi kvadratuli formebisaTvis 
 

namdvil ricxvTa simravleze gansazRvrul simetriul 

(𝑎𝑖𝑗 = 𝑎𝑗𝑖)kvadratul formas 𝐴(𝑥) = ∑ ∑ 𝑎𝑖𝑗𝑥𝑖𝑥𝑗
𝑛
𝑗=1

𝑛
𝑖=1  ewodeba 

dadebiTad gansazRvruli, Tu 𝐴(𝑥) > 0∀𝑥 ≠ 0 da nulis tolia 

mxolod maSin, roca 𝑥𝑖 = 0, ∀𝑖 = 1, 𝑛̅̅ ̅̅ ̅. 
aseve, kvadratul formas ewodeba uaryofiTad 

gansazRvruli, Tu 𝐴(𝑥) < 0, ∀𝑥 ≠ 0 da nulis tolia mxolod 

roca 𝑥𝑖 = 0, ∀𝑖 = 1, 𝑛̅̅ ̅̅ ̅. 
dadebiTad gansazRvrul da uaryofiTad gansazRvrul 

kvadratul formebs gansazRvrul kvadratul formebs 
uwodeben, radgan, isini inarCuneben mudmiv niSans cvladebis 
nebismieri mniSvnelobisaTvis da MiReben nulovan mniSvne-
lobas,mxolod maSin, roca yvela cvladi nulovania. 

arseboben ganusazRvreli kvadratuli formebic, 
romlebic icvlian niSans cvladebis sxvadasxva mniSvnelo-
bisaTvis. 

magaliTad,𝐴(𝑥) = ∑ 𝑥𝑖
2𝑛

𝑖=1  dadebiTad gansazRvruli kvad-

ratuli formaa. 𝐵(𝑥) = −𝑥1
2 − 3𝑥2

2 uaryofiTad gansazRvruli 
formaa, magram 𝐶(𝑥) = (𝑥1 + 𝑥2)

2 ganusazRvreli kvadratuli 
formaa, radgan is nulovan mniSvnelobas iRebs ara mxolod 
maSin, roca orive cvladi nulis tolia, aramed sxva 
SemTxvevebSic, kerZod, roca 𝑥1 = −𝑥2. 

imisaTvis rom SevZloT dadgena, mocemuli forma 
dadebiTadaa gansazRvruli, uaryofiTadaa gansazRvruli, Tu 
ganusazRvrelia, unda gavixsenoT silvestris kriteriumi: 

Teorema:imisaTvis rom, simetriuli kvadratuli 
forma: 𝐴(𝑥) = ∑ ∑ 𝑎𝑖𝑗𝑥𝑖𝑥𝑗

𝑛
𝑗=1

𝑛
𝑖=1  iyos dadebiTad gansazRvruli 

aucile-belia da sakmarisi, rom adgili qondes utolobebs: 

𝑎11 > 0, |
𝑎11 𝑎12
𝑎21 𝑎22

| > 0, |

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

| > 0, . . . 

|

𝑎11 ⋯ 𝑎1𝑛
⋮ ⋱ ⋮
𝑎𝑛1 ⋯ 𝑎𝑛𝑛

| > 0.                                       (2.1) 
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xolo, imisaTvis rom, simetriuli kvadratuli forma  𝐴(𝑥) =
∑ ∑ 𝑎𝑖𝑗𝑥𝑖𝑥𝑗

𝑛
𝑗=1

𝑛
𝑖=1  iyos uaryofiTad gansazRvruli auci-lebelia 

da sakmarisi, rom adgili qondes utolobebs: 

𝑎11 < 0, |
𝑎11 𝑎12
𝑎21 𝑎22

| > 0, |

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

| < 0, . . . 

|

𝑎11 ⋯ 𝑎1𝑛
⋮ ⋱ ⋮
𝑎𝑛1 ⋯ 𝑎𝑛𝑛

| (−1)𝑛 > 0.                               (2.2)                        

 
 
 

2.1.2. mkacri eqstremumis arsebobis sakmarisi pirobebiℝ𝒏 
sivrceze gansazRvruli funqciebisaTvis 

 
Teorema: vTqvaT 𝑓(𝑥) funqcia gansazRvrulia 𝑥0 

stacionaruli wertilis raime Ω(𝑥0) midamoSi da uwyvetia 
Tavis meore rigis warmoebulebamde CaTvliT, Tu am 
wertilSi meore rigis kvadratuli diferencialuri forma: 

𝐴(𝑑𝑥) = ∑
𝜕2𝑓(𝑥0)

𝜕𝑥𝑖𝜕𝑥𝑗
𝑑𝑥𝑖𝑑𝑥𝑗

𝑛
𝑖,𝑗=1                            (2.3) 

aris dadebiTad gansazRvruli, maSin 𝑥0minimumis wertilia, 
xolo Tu uaryofiTadaa gansazRvruli maSin 𝑥0maqsimumis 
wertilia. 

cxadia, rom 𝑎𝑖𝑗 =
𝜕2𝑓(𝑥0)

𝜕𝑥𝑖𝜕𝑥𝑗
. 

 
ganvixiloT magaliTebi.  
1. vTqvaT gvaqvs ori cvladis funqcia 𝑦 = 𝑓(𝑥1, 𝑥2). Tu 

𝑥0 = (𝑥1,0, 𝑥2,0) stacionaruli wertilia, maSin am 
wertilSi adgili aqvs sistemas: 

{

𝜕𝑓

𝜕𝑥1
= 0

𝜕𝑓

𝜕𝑥2
= 0

 ;                                              (2.4) 

silvestris kriteriumidan gamomdinare, gveqneba rom, Tu 
am wertilSi adgili aqvs utolobebs: 

𝑎11 > 0, |
𝑎11 𝑎12
𝑎21 𝑎22

| > 0,                                 (2.5) 

anu Cven SemTxvevaSi, 

𝑓′′
𝑥1𝑥1

> 0,  |
𝑓′′

𝑥1𝑥1
𝑓′′

𝑥1𝑥2

𝑓′′
𝑥1𝑥2

𝑓′′
𝑥2𝑥2

| > 0                          (2.6) 
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maSin  𝑥0 = (𝑥1,0, 𝑥2,0)minimumis wertilia, xolo Tu gvaqvs 
pirobebi: 

𝑎11 < 0, |
𝑎11 𝑎12
𝑎21 𝑎22

| > 0,                                  (2.7) 

anu Cven SemTxvevaSi, 
 

𝑓′′
𝑥1𝑥1

< 0,  |
𝑓′′

𝑥1𝑥1
𝑓′′

𝑥1𝑥2

𝑓′′
𝑥1𝑥2

𝑓′′
𝑥2𝑥2

| > 0,                          (2.8) 

maSin  𝑥0 = (𝑥1,0, 𝑥2,0)maqsimumis wertilia. 
 

P.S. aRsaniSnavia, rom Tu |
𝒇′′

𝒙𝟏𝒙𝟏
𝒇′′

𝒙𝟏𝒙𝟐

𝒇′′
𝒙𝟏𝒙𝟐

𝒇′′
𝒙𝟐𝒙𝟐

| < 0, maSin am wer-

tilSi eqstremumi ar gvaqvs, xolo, Tu |
𝒇′′

𝒙𝟏𝒙𝟏
𝒇′′

𝒙𝟏𝒙𝟐

𝒇′′
𝒙𝟏𝒙𝟐

𝒇′′
𝒙𝟐𝒙𝟐

| = 𝟎, 

maSin es wertili saWiroebs damatebiT gamokvlevas, radgan 
am SemTxvevaSi, SeiZleba iyos eqstremumi da SeiZleba arc 
iyos. 

 
2. ipoveT sami cvladis funqciis: 
𝑓(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2 − 𝑥𝑦 + 𝑥 − 2𝑧 eqstremumebi. 

amoxsna:vipovoT am funqciis stacionaruli wertilebi. 
amisaTvis fermas Teoremidan gamomdinare, SevadginoT 
gantolebaTa sistema: 

{
 
 

 
 
𝜕𝑓

𝜕𝑥
= 2𝑥 − 𝑦 + 1 = 0

𝜕𝑓

𝜕𝑦
= 2𝑦 − 𝑥 = 0

𝜕𝑓

𝜕𝑧
= 2𝑧 − 2 = 0

,                                      (2.9) 

sistemis amonaxsnia wertili (−
2

3
; −

1

3
; 1). am stacionaruli 

wertilis gamosakvlevad, SevadginoT Sesabamisi diferen-
cialuri kvadratuli forma (2.3). 
𝑎11 = 𝑓𝑥𝑥

′′ = 2, 𝑎12 = 𝑓𝑥𝑦
′′ = −1, 𝑎13 = 𝑓𝑥𝑧

′′ = 0, 

𝑎21 = 𝑓𝑦𝑥
′′ = −1, 𝑎22 = 𝑓𝑦𝑦

′′ = 2, 𝑎23 = 𝑓𝑦𝑧
′′ = 0, 

𝑎31 = 𝑓𝑧𝑥
′′ = 0, 𝑎32 = 𝑓𝑧𝑦

′′ = 0, 𝑎33 = 𝑓𝑧𝑧
′′ = 2. 

SevamowmoT silvestris kriteriumis pirobebi am staci-
onaruli wertilisaTvis: 

𝑎11 = 𝑓𝑥𝑥
′′ = 2 > 0, |

𝑎11 𝑎12
𝑎21 𝑎22

| = |
2 −1
−1 2

| = 3 > 0, 
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|

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

| = |
2 −1 0
−1 2 0
0 0 2

| = 6 > 0.                (2.10) 

rac imas niSnavs, rom (−
2

3
; −

1

3
; 1) stacionaruli wertili 

aris minimumis wertili da 𝒇𝒎𝒊𝒏 = 𝑓 (−
2

3
; −

1

3
; 1) = −

4

3
. 

 
2.1.3. gradientuli swrafi daSvebis meTodi 

 

rogorc vxedavT,Tu |
𝒇′′

𝒙𝟏𝒙𝟏
𝒇′′

𝒙𝟏𝒙𝟐

𝒇′′
𝒙𝟏𝒙𝟐

𝒇′′
𝒙𝟐𝒙𝟐

| = 𝟎 maSin es wertili 

saWiroebs damatebiT gamokvlevas, radgan am SemTxvevaSi 
SeiZleba iyos eqstremumi da SeiZleba arc iyos. 

aseTi SemTxvevebisaTvis, agreTve, iseTi amocanebis 
amoxsnisas, roca stacionaruli wertilis analizurad povna 
SeuZlebelia, iyeneben sxvadasxva miaxloebiT _ ricxviT 
meTods, romlebic SedarebiT naklebadaa dasabuTebuli, 
Tumca, iZleva realur Sedegs. aseTi miaxloebiTi meTodebis 
rigs ekuTvnian swrafi daSvebis gradientuli meTodebic. 

vTqvaT, gvinda vipovoTmin
𝒙∈𝐺

𝑓(𝒙),   𝐺 ⊂ ℝ𝑛 . ganvixiloT raime 

𝒙(𝟎)̅̅ ̅̅ ̅ = (𝑥1
(0)
, 𝑥2
(0)
… , 𝑥𝑛

(0)
) ∈ �̅� wertili (sawyisi miaxloeba) da am 

wertilSi gamoviTvaloT mocemuli funqciis gradienti: 

𝑔𝑟𝑎𝑑 𝑓(𝒙(𝟎)̅̅ ̅̅ ̅) = ∑
𝜕𝑓(𝑥(0)̅̅ ̅̅ ̅̅ )

𝜕𝑥𝑖
𝒆�̅�

𝑛
𝑖=1 ,                             (2.11) 

sadac 𝒆𝟏̅̅ ̅, 𝒆𝟐̅̅ ̅, … 𝒆𝒏̅̅ ̅ – raime orTonomirebuli bazisia ℝ𝑛 sivr-
ceSi. 

Tu 𝑔𝑟𝑎𝑑 𝑓(𝒙(𝟎)̅̅ ̅̅ ̅) ≠ 0, maSin miviRebT, rom 

𝑥𝑘
(1)
= 𝑥𝑘

(0)
− ℎ1 ∙ (𝑔𝑟𝑎𝑑 𝑓(𝒙

(𝟎)̅̅ ̅̅ ̅), 𝒆𝒌̅̅ ̅),  𝑘 = 1, 𝑛̅̅ ̅̅ ̅ ;               (2.12) 

sadac 0 < ℎ1 < 1, xolo 𝒙(𝟏)̅̅ ̅̅ ̅ - pirveli miaxloebaa minimumis 
wertilTan. 

Tu 𝑔𝑟𝑎𝑑 𝑓(𝒙(𝟏)̅̅ ̅̅ ̅) ≠ 0, maSin miviRebT, rom 

𝑥𝑘
(2)
= 𝑥𝑘

(1)
− ℎ2 ∙ (𝑔𝑟𝑎𝑑 𝑓(𝒙

(𝟏)̅̅ ̅̅ ̅), 𝒆𝒌̅̅ ̅),  𝑘 = 1, 𝑛̅̅ ̅̅ ̅ ; ℎ2 > 0,        (2.13) 

da sazogadod, Tu 𝑔𝑟𝑎𝑑 𝑓(𝒙(𝒎−𝟏)̅̅ ̅̅ ̅̅ ̅̅ ̅) ≠ 0, maSin miviRebT, rom 

𝑥𝑘
(𝑚)

= 𝑥𝑘
(𝑚−1)

− ℎ𝑚 ∙ (𝑔𝑟𝑎𝑑 𝑓(𝒙
(𝒎−𝟏)̅̅ ̅̅ ̅̅ ̅̅ ̅), 𝒆𝒌̅̅ ̅),  𝑘 = 1, 𝑛̅̅ ̅̅ ̅ ; ℎ𝑚 > 0. (2.14) 

sadac ℎ𝑚 mudmivebs0 < ℎ𝑚 < 1 virCevT{𝑓(𝒙(𝒎)̅̅ ̅̅ ̅̅ )}
𝑚=0

∞
 itera-ciuli 

procesis krebadobis pirobidan, sadac 

𝒙(𝒎)̅̅ ̅̅ ̅̅ (𝑥1
𝑚, 𝑥2

𝑚, … , 𝑥𝑛
𝑚)mocemuli 𝑓(𝒙) funqciis minimumis wertilis 

𝑚-uri miaxloebaa. maSin 
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lim
𝑚→∞

𝑔𝑟𝑎𝑑 𝑓(𝒙(𝒎)̅̅ ̅̅ ̅̅ ) → 0,                                 (2.15) 

rac imas niSnavs rom, zRvariT wertilSi 𝑓(𝒙) funqcia 
aRwevs minimalur mniSvnelobas. 

am formulebSi 𝑚 aRniSnavs iteraciaTa ricxvs. iteracia 
Cerdeba maSin, roca miiRweva winaswar arCeuli cdomilebis 
zRvruli 휀 mniSvneloba anu roca adgili aqvs utolobas: 

max
𝑖=1,𝑛̅̅̅̅̅

|𝑥𝑖
(𝑚+1)

− 𝑥𝑖
(𝑚)
| < 휀.                               (2.16) 

 
ganvixiloT magaliTebi: 

1. ipoveT min
𝒙∈𝐺

𝑓(𝒙),   𝐺 ⊂ ℝ𝑛, sadac 𝑓(𝑥) = 𝑥2.  

amoxsna:avirCioT minimumis wertilis sawyisi miaxloeba 

𝑥(0) = 1. maSin (2.11) miiRebs saxes: 

𝑔𝑟𝑎𝑑 𝑓(𝑥(0)) = 2𝑥(0)𝑖 = 2𝑖 ≠ 0. 
aqedan gamomdinare (2.12) gadaiwereba Semdegnairad: 

𝑥𝑘
(1)
= 𝑥𝑘

(0)
− ℎ1 ∙ 2𝑥

(0) = 1 − 2ℎ, 𝑘 = 1, 

sadac 0 < ℎ1 = ℎ < 1. radgan 𝑔𝑟𝑎𝑑 𝑓(𝒙(𝟏)̅̅ ̅̅ ̅) ≠ 0 Tu ℎ ≠
1

2
, gveqneba 

rom  

𝑥(2) = 𝑥(1) − 2ℎ(1 − 2ℎ) = (1 − 2ℎ)2. 
Tu am process gavagrZelebT, miviRebT rom 

𝑥(𝑚) = (1 − 2ℎ)𝑚. 

cxadia, rom lim
𝑚→∞

𝑥(𝑚) = lim
𝑚→∞

(1 − 2ℎ)𝑚 = 0, Tu ℎ ≠
1

2
, xolo Tu 

ℎ =
1

2
 maSin 𝑥(1) = 0 da miviRebT nulovani elementebisgan 

Semdgar mimdevrobas, romlis zRvaric kvlav nulia, 
romelic maSasadame stacionarul wertils warmoadgens. am 
wertilSi miiRweva 𝑓(𝒙) funqciis minimumi da min

𝒙∈𝐺
 𝑓(𝑥) = 0. 

 
2.ipoveT min

𝒙∈𝐺
𝑓(𝒙),   𝐺 ⊂ ℝ𝑛, sadac 𝑓(𝑥, 𝑦) = 𝑥2 + 𝑦2. 

amoxsna:avirCioT minimumis wertilis sawyisi miaxloeba: 

𝑥(0) = (1,1) anu 𝑥(0) = 1 da 𝑦(0) = 1. maSin (2.11) miiRebs saxes: 

𝑔𝑟𝑎𝑑 𝑓(𝑥(0)) = 2𝑥(0)𝑖 + 2𝑦(0)𝑗 = 2𝑖 + 2𝑗 ≠ 0, 
aqedan gamomdinare (2.12) gadaiwereba Semdegnairad: 

𝑥(1) = 𝑥(0) − 2𝑥(0)ℎ = 1 − 2ℎ, 

𝑦(1) = 𝑦(0) − 2𝑦(0)ℎ = 1 − 2ℎ,sadac 0 < ℎ1 = ℎ2 = ℎ < 1.radgan 

𝑔𝑟𝑎𝑑 𝑓(𝒙(𝟏)̅̅ ̅̅ ̅) = 2(1 − 2ℎ)𝑖 + 2(1 − 2ℎ)𝑗 ≠ 0 Tu,ℎ ≠
1

2
, gveqneba rom  

𝑥(2) = 𝑥(1) − 2ℎ(1 − 2ℎ) = (1 − 2ℎ)2, 

𝑦(2) = 𝑦(1) − 2ℎ(1 − 2ℎ) = (1 − 2ℎ)2. 
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Tu am process gavagrZelebT, miviRebT rom 

𝑥(𝑚) = (1 − 2ℎ)𝑚, 

𝑦(𝑚) = (1 − 2ℎ)𝑚. 

maSin lim
𝑚→∞

(𝑥(𝑚), 𝑦(𝑚)) = lim
𝑚→∞

((1 − 2ℎ)𝑚, (1 − 2ℎ)𝑚) = (0 , 0), Tu ℎ ≠
1

2
, 

xolo Tu ℎ =
1

2
 maSin (𝑥(1), 𝑦(1)) = (0,0) da miviRebT nulovani 

elementebisgan Semdgar mimdevrobas, romlis zRvaric kvlav 
nulia da maSasadame stacionarul wertils warmoadgens. am 
wertilSi miiRweva 𝑓(𝒙, 𝒚) funqciis minimumi da min

𝒙∈𝐺
 𝑓(𝑥, 𝑦) = 0.  

 
 

2.1.4. monte-karlos meTodi 
 

mravali cvladis funqciis minimizaciisaTvis SemuSavebu-
lia ricxviTi meTodebis didi simravle, romelTa 
umravlesobac dakavSirebulia funqciis gradientis 
povnasTan. am meTodebis gamoyenebis farglebi SemosazRvru-
lia da sizustec, xSirad, araa damakmayofilebeli. 

amasTan, ufro universaluria da zustic Tumravali 
cvladis funqciis minimumis wertilis sapovnelad gamovi-
yenebT monte-karlos meTods.  

am meTodis arsi dakavSirebulia funqciis gansazRvris 
aris SemTxveviTi wesiT dayofaze simpleqsebad da simpleq-
sis TiToeul sakvanZo wertilSi, funqciis mniSvnelobis 
gamoTvlasTan. amis Semdeg, xdeba funqciaTa gamoTvlili 
mniSvnelobebis Tanmimdevruli Sedareba da im wertilis 
SerCeva, sadac funqcia iRebs minimalur mniSvnelobas. 

am meTodis sizuste, damokidebulia arCeuli sakvanZo 
wertilebis raodenobaze da rac metia SemTxveviT arCeuli 
wertilebis raodenoba, miT metia sizustec. Tumca, didi 
raodenobis wertilebi zrdian gamoTvlebis moculobas da 
maSasadame adideben gamoTvlebis warmoebis dros. 

vTqvaT, gvinda vipovoT mravali cvladis funqciis 𝑧 =
𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) minimumi. am amocanis monte-karlos meTodiT 
amoxsnisaTvis virCevT minimumis wertilis saZiebel simp-
leqss:  

𝑎𝑖 ≤ 𝑥𝑖 ≤ 𝑏𝑖, 𝑖 = 1, 𝑛̅̅ ̅̅ ̅.                                  (2.17) 
a)saZiebel simpleqsSi SemTxveviT virCevT kvanZis werti-

lebs anu virCevT 𝑥𝑖
(𝑚) cvladebis mniSvnelobebs: 

𝑥𝑖
(𝑚)

= 𝑎𝑖 + (𝑏𝑖 − 𝑎𝑖)𝑟𝑎𝑛𝑑𝑜𝑚,  
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sadac 𝑖 = 1, 𝑛̅̅ ̅̅ ̅, xolo 𝑚-arCeul wertilTa ricxvia. 
𝑟𝑎𝑛𝑑𝑜𝑚 - operatoria, romelic gvaZlevs SemTxveviT ricxvs 
[0; 1] Sualedidan; 

b)vadarebT 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) funqciis mniSvnelobebs simpleq-
sis sxvadasxva wertilSi. Tu adgili aqvs utolobas: 

𝑧(𝑚) ≤ 𝑧(𝑚+1), maSin 𝑧𝑚𝑖𝑛 = 𝑧
(𝑚), winaaRmdeg SemTxvevaSi - 𝑧𝑚𝑖𝑛 =

𝑧(𝑚+1) ; 
g)simpleqsis SemTxveviTi sakvanZo wertilebis SerCeva 

xorcieldeba sasurveli 휀 sizustis miRwevamde. praqtikulad 
mizanSewonilia, rom sakvanZo wertilebis 𝑚 raodenoba akma-

yofilebdes pirobas: 𝑚 ≥
(𝑏−𝑎)𝑛

, sadac 𝑎 = 𝑖𝑛𝑓(𝑎𝑖) da 𝑏 =

𝑠𝑢𝑝(𝑏𝑖). 
 

P.S.monte-karlos meTodis gamoyenebisas unda gvaxsovdes, rom 
minimumis Zebnisas,Cven veZebT ara lokalur, aramed 
globalur minimums (umcires mniSvnelobas) arCeul 
SualedSi. 
 

 
 

2.1.5. upirobo eqstremumis amocanebis amoxsna Mathcad-is 
bazaze 

 
ipoveT𝐦𝐢𝐧

𝒙∈𝑮
𝒇(𝒙),   𝑮 ⊂ ℝ𝒏, am amocanebis amosaxsnelad 

Mathcad-is bazaze, SevadginoT programa.  
Tu mocemulia rom: 

1. 𝑓(𝑥, 𝑦) = 𝑥2 + 5𝑦2 + 2𝑥 + 10𝑦 + 25 ; 

2. 𝑓(𝑥, 𝑦) = (𝑥 − 1)2 + (𝑦 − 5)2 + 10𝑥2 + 5 ; 

3. 𝑓(𝑥, 𝑦) = (𝑥2 + 1)2 + 𝑦2 + 5 ; 

4. 𝑓(𝑥, 𝑦) =
𝑥2+𝑦2

1+2𝑥2+2𝑦2
 ; 

5. 𝑓(𝑥, 𝑦) = 𝑥2𝑒−𝑥
2
+ 𝑦2 + 9 . 

 
amoxsna: 

1. 
 

 
 

 

ORIGIN 1

f x y( ) x
2

5 y
2

 2 x 10 y 25

x 0 y 0

Given
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2. 

 
 

 
 

 
 

 
 

3. 

 

 

 
 

 
 

 
 

4. 

 

 

 
 

 
 

 
 

5. 

 

 

 

s Minimizef x y( )

s
1

1











x s
1

 y s
2



f x y( ) 19

ORIGIN 1

f x y( ) x 1( )
2

y 5( )
2

 10 x
2

 5

y 0 x 0

Given

s Minimizef x y( )

s
0.091

5











y s
2

 x s
1



f x y( ) 5.909

ORIGIN 1

f x y( ) x
2

1 
2

y
2

 5

y 0 x 0

Given

s Minimizef x y( )

s
0

0











x s
1

 y s
2



f x y( ) 6

ORIGIN 1

f x y( )
x
2

y
2



1 2 x
2

 2 y
2





x 0 y 0

Given

s Minimizef x y( )

s
0

0











y s
2

 x s
1



f x y( ) 0

ORIGIN 1

f x y( ) x
2

e
x

2


 y
2

 9

y 0 x 0
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2.2. pirobiTi eqstremumi ℝ𝒏 sivrceze gansazRvruli 
funqciebisaTvis,roca Semofargvlis pirobebs aqvT 
gantolebebis forma (lagranJis mamravlTa meTodi) 

 
amocanis dasma: 
vTqvaT, mocemulia mravali cvladis funqcia 𝑧 = 𝑓(𝒙), 

sadac 𝒙 = (𝑥1, 𝑥2, … , 𝑥𝑛). gvaqvs am funqciis minimizaciis 
amocana min

𝒙∈𝐺
𝑓(𝒙),   𝐺 ⊂ ℝ𝑛, damatebiTi gantolebebis formis 

Semofargvlis pirobebiT: 

𝜑𝑖(𝒙) = 0, 𝑖 = 1,𝑚̅̅ ̅̅ ̅̅ .                                   (2.18) 

 
amocanis amoxsna: 
am amocanis amosaxsnelad iyeneben lagranJis mamravlTa 

meTods. am meTodis arsi mdgomareobs SemdegSi: 
ageben axal miznis funqcias (lagranJis funqcias) 

Semdegnairad: 
𝐿(𝒙, 𝝀) = 𝑓(𝒙) + ∑ 𝜆𝑖𝜑𝑖(𝒙)

𝑚
𝑖=1 ,                              (2.19) 

sadac 𝜆𝑖-lagranJis axali ucnobi mamravlebia. amis Semdeg, 
(2.19) funqcias ikvleven upirobo eqstremumze. amisaTvis, 
fermas Teoremidan gamomdinare, kritikuli wertilebis 
sapovnelad, adgenen gantolebaTa sistemas: 

{

𝜕𝐿

𝜕𝑥𝑖
= 0,   𝑖 = 1, 𝑛̅̅ ̅̅ ̅

𝜑𝑖(𝒙) = 0, 𝑖 = 1,𝑚̅̅ ̅̅ ̅̅
.                                     (2.20) 

am gantolebaTa sistemidan pouloben kritikul 

wertilebs: 𝜆𝑖 da 𝑥𝑖
0. am wertilebis gamosakvlevad, iyeneben 

diferencialur kvadratul formas, iseve, rogorc upirobo 
eqstremumis amocanis SemTxvevaSi.amas garda  damatebiT, 
kritikul wertilebSi unda ganvixiloT Semofargvlis 
pirobebic. Sedegad, gamosakvlevad miviRebT diferencialur 
kvadratul formas: 

𝑑2𝑧 = ∑ 𝑏𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗
𝑛−𝑚
𝑖,𝑗=1 .                               (2.21) 

magaliTi:ipoveT 𝑧 = 𝑥𝑦 funqciis minimumi, Tu 
Semofargvlis pirobaa 𝑦 − 𝑥 = 0. 

Given

s Minimizef x y( )

s
0

0











x s
1

 y s
2



f x y( ) 9
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amoxsna:SevadginoT am amocanis Sesabamisi lagranJis 
funqcia: 

𝐿(𝒙, 𝝀) = 𝑥𝑦 + 𝜆(𝑦 − 𝑥). 
fermas Teoremidan miviRebT, rom adgili aqvs sistemas: 

{
  
 

  
 
𝜕𝐿

𝜕𝑥
= 𝑦 − 𝜆 = 0,

𝜕𝐿

𝜕𝑦
= 𝑥 + 𝜆 = 0,

𝜕𝐿

𝜕𝜆
= 𝑦 − 𝑥 = 0.

 

am sistemis amonaxsnia (kritikuli wertili): 
𝑥 = −𝜆 = −𝑦 = 0. kritikuli wertilis gamosakvlevad, Sevad-
ginoT diferencialuri kvadratuli forma: 

𝑑2𝐿 =
𝜕2𝐿

𝜕𝑥2
𝑑𝑥2 + 2

𝜕2𝐿

𝜕𝑥𝜕𝑦
𝑑𝑥𝑑𝑦 +

𝜕2𝐿

𝜕𝑦2
𝑑𝑦2 = 2𝑑𝑥𝑑𝑦, 

magram 
𝜕𝐿

𝜕𝜆
= 𝑦 − 𝑥 = 0 ⟹ 𝑑𝑦 = 𝑑𝑥, amitom kvadratuli diferenci-

aluri forma miiRebs saxes: 
𝑑2𝐿 = 2(𝑑𝑥)2 > 0. 
rac imas niSnavs, rom (𝟎; 𝟎) kritikuli wertili,𝒚 − 𝒙 = 𝟎 

Semofargvlis pirobebSi,aris 𝒛 = 𝒙𝒚 funqciis minimumis wer-
tili. 

 
 

2.2.1. mravali cvladis funqciis minimumis amocana, roca 
Semofargvlis pirobebs aqvT utolobebis forma 

 
amocanis dasma: 
vTqvaT mocemulia funqcia 𝑧 = 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛). gvaqvs am 

funqciis minimizaciis amocana min
𝒙∈𝐺

𝑓(𝒙),   𝐺 ⊂ ℝ𝑛, damatebiTi 

utolobebis formis Semofargvlis pirobebiT: 

𝜑𝑖(𝒙) < 0, 𝑖 = 1,𝑚̅̅ ̅̅ ̅̅ .                                   (2.22) 
amocanis amoxsna:   
esamocana SeiZleba daviyvanoT minimizaciis amocanaze 

gantolebebis tipis Semofargvlis pirobebiT.amisaTvis sa-

kmarisia damatebiTi 𝜏𝑖
2 cvladebis SemoReba: 

𝜑𝑖(𝒙) + 𝜏𝑖
2 = 0, 𝑖 = 1,𝑚̅̅ ̅̅ ̅̅ .                               (2.23) 

aseT SemTxvevaSi, miviRebT amocanas: vipovoT 

min
𝒙∈𝐺

𝑓(𝒙, 𝝉𝟐),   𝐺 ⊂ ℝ𝑛, 𝜑𝑖(𝒙) + 𝜏𝑖
2 = 0, 𝑖 = 1,𝑚̅̅ ̅̅ ̅̅  Semofargvlis 

pirobebSi, romlis amoxsnasac vawarmoebT lagranJis mamrav-
lTa meTodiT. 
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2.2.2. pirobiTi eqstremumis amocanebis amoxsna Mathcad-is 
bazaze 

 
ganvixiloT pirobiTi eqstremumis amocanebis amoxsnis 

magaliTebi Mathcad-is bazaze. 
ipoveT min

𝒙∈𝐺
𝑓(𝒙),   𝐺 ⊂ ℝ𝑛, Tu gvaqvs Semofargvlis pirobebi 

𝜑𝑖(𝒙) = 0, 𝑖 = 1,𝑚̅̅ ̅̅ ̅̅  sadac: 

1. 𝑓(𝑥, 𝑦) = 𝑥𝑦 da 𝜑(𝑥, 𝑦) = 𝑥2 + 𝑦2 − 1 = 0 ; 

2. 𝑓(𝑥, 𝑦) = 𝑥2 + 𝑦2 da 𝜑(𝑥, 𝑦) =
𝑥

2
+
𝑦

3
− 1 = 0 ; 

3. 𝑓(𝑥, 𝑦, 𝑧) = 𝑥𝑦𝑧 da 𝜑1(𝑥, 𝑦, 𝑧) = 𝑥 + 𝑦 + 𝑧 − 5 = 0, 
𝜑2(𝑥, 𝑦, 𝑧) = 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 − 8 = 0; 

4. 𝑓(𝑥, 𝑦) = 𝑒−𝑥𝑦 da 𝑥 + 𝑦 − 9 = 0 ; 
5. 𝑓(𝑥, 𝑦) = 6 − 4𝑥 − 3𝑦 da 𝜑(𝑥, 𝑦) = 𝑥2 + 𝑦2 − 1 = 0. 

 
amoxsna: 

 
1. 

 
 
 

 

 
 

 

 

 
 

2. 

 
 

 
 

 

 
 

ORIGIN 1

f x y( ) x y

x 0 y 0

Given

x
2

y
2

 1 0

s Minimizef x y( )

s
0.707

0.707











x s
1

 y s
2



f x y( ) 0.5

ORIGIN 1

f x y( ) x
2

y
2



y 0 x 0

Given

x

2

y

3
 1 0

s Minimizef x y( )

s
1.385

0.922
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3. 

 
 
 

 
 

 

 

 

 
 
4. 

 
 

 
 

 
 

 

 

 
 
5. 

 
 

 
 

 

 
 

 
 

 
 

y s
2

 x s
1



f x y( ) 2.769

ORIGIN 1

f x y z( ) x y z

y 0 x 0 z 0

Given

x y z 5 0xy y z xz 8 0

s Minimizef x y z( )

s

2.002

1.998

1













x s
1

 y s
2


z s

3


f x y z( ) 4

ORIGIN 1

f x y( ) e
x y



x 0 y 0

Given

x y 9 0

s Minimizef x y( )

s
4.5

4.5











y s
2

 x s
1



f x y( ) 0

ORIGIN 1

f x y( ) 6 4 x 3 y

y 0 x 0

Given

x
2

y
2

 1 0

s Minimizef x y( )

s
0.8

0.6











x s
1

 y s
2



f x y( ) 1
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2.3. wrfivi daprogramebis amocanis amoxsna Mathcad-is 
bazaze 

 
sainJinro praqtikis bevr dargSi wamoiWreba amonaxsnis 

optimizaciis Taviseburi amocana, romelisTvisac 

damaxasiaTebelia Semdegi Tvisebebi:  

a) efeqturobis maCvenebeli 𝐿(𝑥1, 𝑥2, … , 𝑥𝑛)warmoadgens 

amonaxsnis elementebis wrfiv funqcias; 

b) SesaZlo amonaxsnebze gavrcelebul SezRudvis pirobe-

bs aqvs wrfivi gantolebebis an utolobebis saxe.   

aseT amocanebs,wrfivi daprogramebis amocanebi ewodeba. 

ganvixiloT wrfivi daprogramebis konkretuli amocanebi. 

amocana:mecxoveleobis fermaSi Zroxebis kvebis racioni 

SeiZleba Sedges sami produqtisagan – Tiva, silosi da 

koncentratebi, romlebic Seicaven cilebs, kalciumsa da 

vitaminebs. ricxviTi monacemebi mocemulia cxrilSi: 

produqtebi 

sakvebi nivTierebebi 

cila 

(g/kg) 

kalciumi (g/kg) vitaminebi 

Tiva 5011   1021   231   

silosi 7012   622   332   

koncentrate

bi 

18013   323   133   

 cilisa da kalciumis moxmarebis dRe-Ramuri normebi 

erT sul Zroxaze gadaangariSebiT Seadgens aranakleb 2000g 

da 210g Sesabamisad. vitaminebis moxmareba mkacrad 

dozirebulia da unda Seadgendes 87mg-s dRe-RameSi. 
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 SevadginoT yvelaze iafi racioni, Tu erTi kg Tivis 

Rirebuleba 150 rublia, silosisa _ 200 rubli da koncen-

tratisa _ 600 rubli. 

amoxsna:movaxdinoT amocanis formalizacia anu Sevadgi-

noT Sesatyvisi maTematikuri modeli. 

vTqvaT, kvebis racionis optimaluri raodenobaa: 

Tivisa _  𝑥1kg, silosisa _ 𝑋2kg da koncentratisa _ 

X3kg. maSin miznis funqcia (racionis Rirebuleba dRe-RameSi) 

iqneba: 

𝐿(𝑥1, 𝑥2, … , 𝑥𝑛)=150∙𝑋1+200∙𝑋2+600∙𝑋3.(2.24) 

amocanis pirobebSi saWiroa am funqciis minimizireba. 

movaxdinoT SezRudvaTa formalizeba: dRe-RameSi cilis 

raodenoba ≥2000g, kalciumisa ≥210g, xolo vitaminebi zustad 

aris 87mg: 





















03,02,01

87312312

2103326110

20003180270150

XXX

XXX

XXX

XXX

(2.25) 

SevadginoT Sesabamisi programa Mathcad-ze: 

miznis funqcia: 

, 

cvladebissawyisimiaxloebebi 

 

 

. 

amocanis amoxsnisa da SezRudvebis programuli bloki 

Mathcad-Si. 

Given 

f x1 x2 x3( ) 150 x1 200 x2 600 x3

x1 1

x2 1

x3 1
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R:=Minimize(f,x1,x2,x3) 

miznisfunqciisminimumiswertilia: 

R

5.833

24.778

1













 miznisfunqciisminimalurimniSvnelobaa: 

f R
0

R
1

 R
2

  6430.556
 

 
2.3.1. satransporto gadazidvebis amocanis amoxsna Mathcad-is 

bazaze 

 

vTqvaT, raRac produqti (qvanaxSiri, aguri, benzini,) 

inaxeba m sawyobSi da gamoiyeneba npunqtSi (qarxnebSi, 

mSeneblobaze, maRaziebSi, benzingasamarT sadgurebSi, ). 

ia arisproduqtis maragii-ur sawyobSi )0( ia ; jb  

_ganacxadebi saqonelze moxmarebis j-ur punqtSi; cij _i-uri 

sawyobidan moxmarebis j-ur punqtSi erTeulovani 

raodenobis produqtis gadazidvis Rirebuleba, ,0ijc mi ,1 , 

nj ,1 . 

amasTan iTvleba, rom amocana dabalansebulia, e.i. 

jamuri maragebi tolia jamuri moTxovnilebisa.  

 
 


m

i

n

j

ji ba
1 1

.                                          (2.26) 

x1 1

x2 1

x3 1

50 x1 70 x2 180 x3 2000

10 x1 6 x2 3 x3 210

2 x1 3 x2 1 x3 87
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unda avirCioTgadazidvebis iseTi strategia, rom 

srulad davakmayofiloT moTxovnilebebi, amasTan gada-

zidvebis jamuri xarjebi iyos minimaluri. 

amoxsna: vTqvaT, xij saqonlis raodenobaa, romelic 

gadaizideba i-uri punqtidan moxmarebis j-ur punqtSi, maSin 

miznis funqcias (gadazidvebis jamuri xarjebi) aqvs 

Semdegi saxe: 


 


n

j

m

i

ijij xcL
1 1

min .                                      (2.27) 

garda amisa, unda davakmayofiloT yvela ganacxadi, e.i.  





m

i

jij bx
1

, ),1( nj  .          (2.28) 

radgan gasaxarjia sawyobebis mTeli maragi, gveqneba: 





n

j

iij aX
1

, ),1( mi  .               (2.29) 

cxadia, rom 

0ijX .              (2.30) 

amrigad vRebulobT wrfivi daprogramebis (2.27)-(2.30) 

amocanas, romlis amoxsnac ukve viciT. 

ganvixiloT konkretuli magaliTi: 

amocana: regionSi aris ori cementis qarxana da maTi 

produqciis momxmarebeli sami binaTmSeneblobis kombinati. 

cxrilSi mocemulia cementis warmoebis dRe-Ramuri 

moculobebi, kombinatebis dRe-Ramuri moTxovnilebebi da 

TiToeuli qarxnidan TiToeul kombinatamde erTi tona 

cementis gadazidvis Rirebuleba.   

SevadginoT cementis gadazidvebis optimaluri gegma 

satransporto xarjebis minimizaciis mizniT. 

 

qarxnebi 

 

cementis warmoeba 

t/dR 

 

1t cementis gadazidvis 

Rirebuleba 

komb.1 komb. 2 komb. 3 
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I qarxana          a1=40  c11=10   c12=15   c13=25 

II qarxana          a2=60  c21=20   c22=30   c23=30 

 cementis moxmareba 

t/dR 
 b1=50   b2=20   b3=30 

amoxsna:amocanisamosaxsneladvadgenTmaTematikurmodels. 

vTqvaT, ijX  -cementisraodenobaa  2,1i

oriqarxnidangadaziduli  3,1j sambinaTsamSeneblokombinatSi. 

maSin, miznis funqciasaqvsSemdegisaxe: 

  
 


3

1

2

1

min
j i

ijij XCXL  

gvaqvs Semdegi saxis SezRudvebi: 





2

1i

jij bX ,   3,1j  





3

1j

iij aX ,   2,1i  

0ijX . 

satransporto amocanis amosaxsnelad SevadginoT 

Sesabamisi programa Mathcad-ze: 

indeqsacia iwyeba i=1-dan 

 

gadazidvisfasebis matrica 

 

or qarxanaSi cementis sawyisi maragi 

 

samibinaTsamSeneblokombinatismoTxovna 

ORIGIN 1

C
10

20

15

30

25

30











A
40

60
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gadazidvebismiznisfunqcia: 

 

cvladebissawyisimiaxlovebebi

 
 

 

 

 

SezRudvebisa da amocanis amoxsnis programuli bloki 

Given 

 

 

 

 

 

 

 

B

50

20

30













L X( )

1

3

j 1

2

i

C
i j

X
i j









i 1 2

i 1 2

j 1 3

X
i j

1

1

2

i

X
i 1



B
1

1

2

i

X
i 2



B
2

1

2

i

X
i 3



B
3

1

3

j

X
1 j



A
1

1

3

j

X
2 j



A
2

X 0

R MinimizeL X( )
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amocanis minimumis wertili 

 

gadazidvebisoptimaluri fasi 

 

 

2.3.2. resursebis optimaluri ganawilebis amocanis amoxsna 
Mathcad-is bazaze 

 
vTqvaT, mocemuli gvaqvs garkveuli resursebi (nedle-

uli, samuSao Zala, danadgarebi): 

R1, R2, ..., Rm(2.31) 

Sesabamisi raodenobebiT 

b1,b2,...,bm    (2.32) 

am resursebis gamoyenebiT SeiZleba vawarmooT saqoneli: 

T1,T2,...,Tn(2.33) 

Tjsaqonlis erTi erTeulis sawarmoeblad saWiroa iR

resursis ija , ),1,,1( njmi  erTeuli. Riresursis TiToeuli 

erTeuli Rirs dilari. Tjsaqonlis TiToeuli erTeulis 

realizacia SesaZloa jC nj ,1(  ) larad. 

 saqonlis TiToeuli saxeobis warmoebuli erTeulebis 

raodenoba Semofarglulia moTxovniT. cnobilia, rom 

bazari ver STanTqavs jT ),1( nj  saqonlis jK erTeulze met 

raodenobas. 

ismis kiTxva:romeli saqoneli da ra raodenobiT unda 

iqnes warmoebuli imisaTvis, rom moxdes maqsimaluri mogebis 

realizeba? 

amoxsna:amocanis pirobebi CavweroT wrfivi daprogra-

mebis maTematikuri modelis saxiT. 

R
20

30

20

0

0

30











L R( ) 2000
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 moTxovnis pirobebi awesebs SezRudvebs: 

ii KX   ,  ni ,1  .                                        (2.34) 

 garda amisa, resursebi moixmareba araumetes im 

raodenobisa, vidre gvaqvs sawyobSi; amitom Rebuloben 

SezRudvebs:  

),1(i       
1

____





n

j

ijij mbxa .(2.35) 

 SevadginoT mogebis miznis funqcia. Tjsaxis saqonlis 

erTeuli raodenobis sj -TviTRirebuleba udris 





m

i

iijj das
1

),1( nj  .                     (2.36) 

 Tjsaqonlis, erTi erTeulis realizebiT miRebuli sufTa 

qjmogeba tolia mis gasayid cjAfassa da sjTviTRirebulebas 

Soris sxvaobisa: 

jjj scq   .                                                  (2.37) 

yvela saqonlis realizaciiT miRebuli saerTo sufTa 

mogeba iqneba: 

  
  


n

j

n

j

m

i

jiijjjjn xdacxqxxxL
1 1 1

21 max)(),...,,( .(2.38) 

 

 

 

ganvixiloT konkretuli amocana: 

amocana: sarTavi fabrika narTis ori saxeobis 

sawarmoeblad iyenebs sami tipis nedleuls – sufTa Sals, 

kaprons da akrils. 

 cxrilSi naCvenebia nedleulis xarjvis normebi, misi 

saerTo raodenoba, romelic fabrikam wlis ganmavlobaSi 
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unda gamoiyenos da TiToeuli saxis narTis erTi tonis 

realizaciiT miRebuli mogeba.  

 

nedleulis 

tipi  

1t narTze nedleulis 

xarjvis normebi 

nedleulis 

raodenoba 

(t) 
saxeoba 1 saxeoba 2 

Sali 5.011   2.012   6001 b  

kaproni 1.021 a  6.022 a  6202 b  

akrili 4.031 a  2.032 a  5003 b  

1 t narTis 

realizaciiT 

miRebuli 

mogeba 

11001 q  9002 q   

SevadginoT narTis warmoebis optimaluri wliuri gegma, 

mogebis maqsimizaciisaTvis. 

amoxsna:CamovayaliboT amocana maTematikis enaze. vTqvaT,  

х1 – pirveli saxis narTis raodenobaa da  х2 – meore saxis 

narTis raodenoba. 

maSin SezRudvebs eqneba Semdegi saxe: 















50022.014.0

62026.011.0

60022.015.0

XX

XX

XX

 

miznis funqcias (sufTa mogebas) eqneba Semdegi saxe: 

max290011100)2,1(  XXXXL  

SevadginoT Sesabamisi programa Mathcad-ze: 

amocanis miznis funqciaa: 

 

cvladebis sawyisi miaxloebebi: 

f x1 x2( ) 1100 x1 900 x2
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amocanis amoxsnisa da SezRudvebis programuli bloki 

 

 

 

 

 

 

 

maqsimumis wertilia: 

 

amocanisamonaxsnia: 

f(R0, R1) = 1320385.9 

 

 
2.4. arawrfivi daprogramebis amocanis amoxsna Mathcad-is 

bazaze 
 
arawrfivi daprogramebis amocanas aqvs Semdegi saxe: 

ipoveT minimumis (maqsimumis) wertili da minimaluri 

(maqsimaluri) mniSvneloba arawrfivi funqciisaTvis: 

),...,( 21 nxxxfz  ,                                               (2.39) 

roca SezRudvebis erTi nawili mocemulia tolobebis saxiT: 

0),...,,( 21 ni xxxS , ki ,1  ,(2.40) 

x1 1

x2 1

Given

x1 0

x2 0

0.5 x1 0.2 x2 600

0.1 x1 0.6 x2 620

0.4 x1 024 x2 500

R Maximizef x1 x2( )

R
1199.664

0.839
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xolo meore nawili - utolobebis saxiT: 

0),...,,( 21  nj xxx , mj ,1  .(2.41) 

ganvixiloT konkretuli amocana: 
 
amocana: vipovoT arawrfivi 𝑓(𝑥1, 𝑥2)funqciis maqsimaluri 

mniSvneloba: 

2)1(16)2,1( 2 xxxxxf   

Semdegi SezRudvebis pirobebSi: 




























02

,01

42

242213

15221

242312

x

x

x

xx

xx

xx

 

amoxsna: 

SevadginoT Sesabamisi programa Mathcad-ze: 

miznis funqciaa: 

 

amocaniscvladebissawyisimiaxloebebi 

 

 

SezRudvebisa da amocanis amoxsnis programuli bloki 

 

 

 

 

 

f x1 x2( ) 6 x1 x2 x1
2



x1 1

x2 1

Given

x1 0

4 x2 0

2 x1 3 x2 24

x1 2 x2 15
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maqsimumis wertilia: 

 

amocanis amonaxsni: 

 

2.4.1. arawrfivi daprogramebis zogadi amocanis amoxsna 
Mathcad-is bazaze 

 
ganvixiloT arawrfivi daprogramebis zogadi amocanis 

amoxsnis konkretuli magaliTi. maSasadame, gvaqvs arawrfivi 
miznis funqcia da Semofargvlis pirobebi, romelTagan zogi 
tolobis formisaa da zogic – utolobisa. 

amocana:ipoveTmin 𝑓(𝒙), Tu 𝑓(𝒙) = 𝑥1
2 + 3𝑥2

2 + 2𝑥3
2 + 𝑥4

2 da 
SezRudvis pirobebs aqvT saxe:  

{

𝑥1 + 𝑥2
2 + 3𝑥2 < 0

𝑥1 + 𝑥2 + 𝑥4 = 5

𝑥1𝑥3
2 − 𝑥1𝑥2 > 0

.                                  (2.42) 

amoxsna:  
SevadginoT Sesabamisi programa Mathcad-ze: 
 

 

 

 

 

 

 

 

 

3 x1 2 x2 24

R Maximizef x1 x2( )

R
3

4











f R
0

R
1

  13

ORIGIN 1

f x( ) x
1 

2
3 x

2 
2

 2 x
3 

2
 x

4 
2



x

0

0

0

0

















Given

x
1

x
2 

2
 3 x

2
 0

x
1

x
2

 x
4

 5

x
1

x
3 

2
 x

1
x
2

 0

s Minimizef x( )

s

1.286

0.518

0

4.232















 x s
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rogorc vxedavT, Mathcad programis maTematikuri uzrunvel-
yofa, saSualebas iZleva amovxsnaT optimizaciis sakmaod 
rTuli amocanebic. 
 
 
 
2.5. mravalkriteriumiani eqstremaluri amocanebis amoxsnis 

meTodebi 
 

praqtikaSi, xSirad, gvxvdeba iseTi eqstremaluri 
amocanebic, roca Semofargvlis pirobebTan erTad, gvaqvs 
mravalkriteriumiani miznis funqciebi anu gvaqvs ramodenime 
kriteriumi, romelTaganzogi moiTxovs miznis funqciis 
minimizacias, zogic – maqsimizacias. aseTi amocanebis 
amosaxsnelad, Sinaarsidan gamomdinare arsebobs ramdenime 
midgoma: 1)roca Semofargvlis pirobebTan erTad, gvaqvs 
erTnairi azris(𝑚𝑖𝑛 an 𝑚𝑎𝑥) ramdenime miznis funqcia, 
viyenebT sajarimo, woniTi funqciebis meTods anu Sesaba-
misad, gvaqvs minimizaciis mravalkriteriuli amocana an 
maqsimizaciis mravalkriteriuli amocana; 2)roca Semofar-
gvlis pirobebTan erTad, gvaqvs sxvadasxva azris (𝑚𝑖𝑛 da 
𝑚𝑎𝑥) ramdenime miznis funqcia, viyenebT specialuri tipis 
miznis funqciis agebis meTods. 

 
2.5.1. mravalkriteriuli maqsimizaciisa da minimizaciis 

amocanebi 
 
ganvixiloT mravalkriteriuli maqsimizaciis amocana: 
ipoveT: max 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) da max𝑔(𝑥1, 𝑥2, … , 𝑥𝑛) Tu 

SezRudvebis erTi nawili mocemulia gantolebebiT: 
0),...,,( 21 ni xxxS , ki ,1  ,                                                                      (2.43) 

xolo SezRudvebis meore nawili moicema utolobebiT: 

0),...,,( 21  nj xxx , mj ,1 .                                                                     (2.44) 

aseTi tipis amocanebis amosaxsnelad gvaqvs ori 
ZiriTadi meTodi: 

1) aseT SemTxvevaSi, vadgenT specialuri tipis miznis 
funqcias: 
𝐼(𝑥1, 𝑥2, … , 𝑥𝑛) = 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) + 𝑔(𝑥1, 𝑥2, … , 𝑥𝑛).           (2.45) 

f x( ) 20.371
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cxadia, rom  jami miaRwevs Tavis maqsimalur mniSvnelo-
bas maSin, roca TiToeuli Sesakrebi miaRwevs maqsimums. maSa-
sadame, Cveni mravalkriteriuli amocana SegviZlia daviy-
vanoT cnobil erTkriterialur arawrfivi daprogramebis 
amocanaze:    

max 𝐼(𝑥1, 𝑥2, … , 𝑥𝑛),                                     (2.46)  

0),...,,( 21 ni xxxS , ki ,1  ,                                                           (2.47) 

0),...,,( 21  nj xxx , mj ,1 .                                                  (2.48) 

 
2) arsebobs sxva midgomac, roca gvaqvs ramodenime erTi 

azris (𝑚𝑎𝑥 an 𝑚𝑖𝑛) miznis min𝑓𝑖 (𝑥1, 𝑥2, … , 𝑥𝑛)funqcia, 
adgenen specialuri tipis miznis funqcias: 
𝐼(𝑥1, 𝑥2, … , 𝑥𝑛) = ∑ 𝛼𝑖 ∙ 𝑓𝑖(𝑥1, 𝑥2, … , 𝑥𝑛)𝑖 ,                    (2.49) 

sadac ∑ 𝛼𝑖 = 1, 𝛼𝑖 > 0 𝑖 . es koeficientebi SeirCeva amocanis 
Sinaarsidan gamomdinare. is koeficienti iqneba ufro meti 
sididis, romlis Sesabamisi 𝑓𝑖(𝑥1, 𝑥2, … , 𝑥𝑛) funqciis minimiza-
ciac ufro mniSvnelovania. 

am SemTxvevaSi, amocana daismis Semdegnairad: 
min 𝐼(𝑥1, 𝑥2, … , 𝑥𝑛),                                      (2.50) 

0),...,,( 21 ni xxxS , ki ,1  ,                                                              (2.51) 

0),...,,( 21  nj xxx , mj ,1
.                              (2.52)  

 
 
2.5.2. mravalkriteriuli, urTierTsapirispiro kriteriumebis 

mqone amocanis amoxsna 
 

ganvixiloT mravalkriteriuli urTierTsapirispiro 
kriteriumebis mqone amocanis amoxsnis meTodi.  

mocemulia amocana: ipoveT iseTi (𝑥1, 𝑥2, … , 𝑥𝑛) wertili, 
romlisTvisac, hilbertis sivrcis winaswar mocemuli ori 
𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) da 𝑔(𝑥1, 𝑥2, … , 𝑥𝑛) funqciidan, erTi aRwevs Tavis 
maqsimalur mniSvnelobasmax 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛), xolo meore 
minimalurs min𝑔(𝑥1, 𝑥2, … , 𝑥𝑛). amasTanave, es wertilebi unda 
akmayofilebdnen Semofargvlis (SezRudvebis) pirobebs: 

0),...,,( 21 ni xxxS , ki ,1  ,                                                                       (2.53) 

Ψ𝑗(𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛) ≤ 0, 𝑗 = 1,𝑚̅̅ ̅̅ ̅̅ .                   (2.54) 
am tipis amocanebis amosaxsnelad, vadgenT specialuri 

tipis funqcias: 
𝐼(𝑥1, 𝑥2, … , 𝑥𝑛) = 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) − 𝑔(𝑥1, 𝑥2, … , 𝑥𝑛).            (2.55) 
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cxadia, rom sxvaoba aRwevs maqsimums, roca saklebia 
maqsimaluri da maklebia minimaluri. maSasadame, Cveni amoca-
na SegviZlia CamovayaliboT Semdegnairad: 

max 𝐼(𝑥1, 𝑥2, … , 𝑥𝑛),                                     (2.56) 

0),...,,( 21 ni xxxS , ki ,1  ,                                                            (2.57) 

Ψ𝑗(𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛) ≤ 0, 𝑗 = 1,𝑚̅̅ ̅̅ ̅̅ .                      (2.58) 
 

 
2.6. dinamikuri daprogrameba 

 
ganvixiloTupirobo optimizaciis amocana: 

min
(𝑡,𝑥)

𝑓(𝑡, 𝑥1, 𝑥2, … , 𝑥𝑛).                                  (2.59) 

dinamikuri daprogramebis meTodi saSualebas iZleva𝑛 + 1 
cvladis funqciis optimizaciis amocana daviyvanoT 𝑛 
cvladis funqciis optimizaciis amocanamde, Tu SesaZlebe-
lia sawyisi funqciis gancalebadi warmodgena: 

𝑓(𝑡, 𝒙) = 𝑓1(𝑡, 𝑓2(𝒙)).                           (2.60) 
aseT SemTxvevaSi (2.59) amocana daiyvaneba (2.61) amocanaze: 

min
(𝑡,𝑥)

𝑓(𝑡, 𝑥1, 𝑥2, … , 𝑥𝑛) = min
𝑡
𝑓1 (𝑡,min

𝑥
𝑓2(𝒙)).               (2.61)  

ismis kiTxva: rodisaa SesaZlebeli (2.59) amocanis Secvla 
(2.61) amocaniT ?   

am kiTxvaze pasuxs iZleva mittenis Teorema: Tu arsebobs   
𝒇(𝒕, 𝒙) funqciis iseTi gancalebadi (2.60) warmodgena, rom 𝒇𝟏 
funqcia araa monotonurad klebadi Tavisi meore_veqtoruli 
𝒙 cvladis mimarT, maSin 

Opt
(𝑡,𝑥)

𝑓(𝑡, 𝒙) = Opt
𝑡
(𝑓1 (𝑡, Opt

𝑥
(𝑓2(𝒙)))).                     (2.62) 

Opt
(𝑡,𝑥)

 _ optimumis qveS igulisxmeba maqsimumic da minimumic 

anu (2.62) formula ZalaSia, rogorc maqsimizaciis, aseve, 
minimizaciis amocanebisaTvis. 

im SemTxvevaSi, rodesac gvaqvs SezRudvebi sivrcul 𝑥 
cvladebze anu pirobiTi eqstremumis amocana, romelic 
gveubneba rom 𝒙 ∈ Ω𝑛 ⊂ ℝ

𝑛, maSin (2.62) formula miiRebs saxes: 

Opt
(𝑡,𝑥)

𝑓(𝑡, 𝒙) = Opt
𝑡
(𝑓1 (𝑡, Opt

𝒙∈Ω𝑛

(𝑓2(𝒙)))).                  (2.62) 

 
 



47 

 

amocanebi da savarjiSoebi 
 
1. ipoveT 𝑓(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2 − 𝑥𝑦 + 𝑥 − 2𝑧 funqciis eqst-
remumebi analizurad; 
2. ipoveT 𝑓(𝑥, 𝑦) = 𝑥2𝑦2(6 − 𝑥 − 𝑦) funqciis eqstremumebi ana-
lizurad; 
3. ipoveT 𝑓(𝑥, 𝑦) = 𝑥4 + 𝑦4 − 2𝑥2 + 4𝑥𝑦 − 2𝑦2 funqciis 
maqsimumebi da minimumebi; 
4. ipoveT 𝑓(𝑥, 𝑦) = 𝑥2 + 𝑦2 − 2𝑥 + 4𝑦 + 5 funqciis minimumi 
gradientuli daSvebis meTodiT; 
5. ipoveT 𝑓(𝑥, 𝑦, 𝑧) = 𝑥𝑦𝑧 funqciis pirobiTi eqstremumebi 
lagranJis mamravlTa meTodiT, Tu Semofargvlis pirobebs 

aqvT saxe: {
𝜑1 = 𝑥 + 𝑦 − 𝑧 − 3 = 0
𝜑2 = 𝑥 − 𝑦 − 𝑧 − 8 = 0

. 

6. ipoveT 𝑔(𝑥, 𝑦) = 𝑥2 + 𝑦2 funqciis pirobiTi eqstremumi, 

Tu Semofargvlis pirobaa: 
𝑥

2
+
𝑦

3
= 1. amocana amoxseniT anali-

zurad da Mathcad programis gamoyenebiT. gaanalizeT 
Sedegebi; 
7. ipoveT 𝑔(𝑥, 𝑦) = 6 − 4𝑥 − 3𝑦 funqciis pirobiTi 
eqstremumi, Tu Semofargvlis pirobaa: 𝑥2 + 𝑦2 = 1. amocana 
amoxseniT analizurad da Mathcad programis gamoyenebiT. 
gaanalizeT Sedegebi; 
8. ipoveT umoklesi manZili mocemuli A(1;0) 

wertilidan4𝑥2 + 9𝑦2 = 36 elifsamde; 
9. ipoveT manZili 𝑦 = 𝑥2 parabolasa da 𝑥 − 𝑦 = 5 wrfes 
Soris; 
10. ipoveT 𝑥2 + 𝑦2 = 𝑅2 wreSi Caxazuli udidesi farTobis 
mqone marTkuTxedis gverdebi; 
11. ipoveT im cilindris udidesi sruli zedapiris far-
Tobi, romelic Caxazulia 𝑅 radiusian birTvSi; 
12. ipoveT wrfivi daprogramebis amocanebis amonaxsni 
Mathcad programis gamoyenebiT: 

a)𝑥1 + 𝑥2 + 𝑥3 → 𝑚𝑎𝑥, Semofargvlis pirobebi:{

−𝑥1 + 𝑥2 + 𝑥3 = 2
3𝑥1 − 𝑥2 + 𝑥3 = 0

𝑥𝑖 ≥ 0, 𝑖 =  1,3̅̅ ̅̅
; 

b)𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 → 𝑚𝑎𝑥,Semofargvlis pirobebi: 

{

𝑥1 + 3𝑥2 + 𝑥3 + 2𝑥4 = 5
2𝑥1 − 𝑥3 + 𝑥4 = 1

𝑥𝑖 ≥ 0, 𝑖 =  1,4̅̅ ̅̅
; 
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g)2𝑥1 + 𝑥2 + 3𝑥3 + 5𝑥4 → 𝑚𝑎𝑥, Semofargvlis pirobebi: 

{

2𝑥1 + 3𝑥2 + 𝑥3 + 2𝑥4 ≤ 30
4𝑥1 + 2𝑥2 + 𝑥3 + 2𝑥4 ≤ 40

𝑥𝑖 ≥ 0, 𝑖 =  1,4̅̅ ̅̅

𝑥1 + 2𝑥2 + 3𝑥3 + 𝑥4 ≤ 25

; 

 
13. vTqvaT mcire sawarmos saamqrom unda daamzados sami 
tipis 100 nakeToba. TiToeuli nakeToba unda damzaddes 
aranakleb 20 calisa. nakeTobaze midis Sesabamisad 4, 3.4 da 2 
kg metali, roca misi saerTo maragi 340 kg-a, agreTve 4.75,11 
da 2 kg plastmasa 700 kg saerTo moculobiT. TiToeuli 
tipis Х1, Х2da Х3ramdeni nakeToba unda damzaddes, rom 
miviRoT gamoSvebis maqsimaluri moculoba fulad 
gamosaxulebaSi, Tu nakeTobis fasebi kalkulaciis mixedviT 
Seadgens 4, 3 da 2 lars; 
 
14. sami saxeobis 𝐴,𝐵da𝐶 nakeTobis sawarmoeblad 

gamoiyeneba 𝑇1, 𝑇2, 𝑇3tipis nedleuli. amasTan 

𝑇1da𝑇3nedleulis Sesyidvebi SezRudulia momwodeblebis 

SesaZleblobebiT. cxrilSi mocemulia nedleulis xarjvis, 

nedleulsa da nakeTobaze fasebis normebi da nedleulis 

Sesyidvis SezRudvebi. 

15.  

nedle

ulis 

tipi 

1kg 

nedle

ulis 

fasi 

(lari) 

erT nakeTobaze nedleulis 

xarjvis normebi (kg) 

 

nedleulis 

SeZenis 

SezRudvebi 

(kg) 

       A        B          C 

    T1  d1=2 a11=1    a12=3 a13=a   b1=3000 

    T2  d2=1 a21=4    a22=1 a23=3        - 

    T3  d3=b a31=6    a32=5 a33=2   b3=3320 

erTi 

nakeTobis fasi 

(lari) 

c1=6b+12 c2=5b+22 c3=c  
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gansazRvreTmogebismaqsimizaciismizniTproduqciiswarmoe

bisoptimalurigegma. SeadgineT zogadi saxis maTema-tikuri 

modeli. 

ganixileT (a,b,c)parametrebis mocemis sxvadasxva 

SemTxvevebi: 

a         b       c 

       2         1      17 

       2         2      19 

       2         3      21 

16. ipoveT arawrfivi funqciis maqsimaluri da minimaluri 

mniSvnelobebi: 
2

2

2

1 )4()3()(  xxxf , 

Semdegi SezRudvebiT: 

12418

810

723

21

21

21







xx

xx

xx

; 

01 x 02 x . 

17. ipoveT arawrfivi funqciis minimaluri mniSvneloba: 

2

22

2

11 84)( xxxxxf  , 

Semdgi SezRudvebiT: 

18021  xx , 

01 x 02 x . 

18. ipoveT arawrfivi funqciis maqsimaluri mniSvneloba: 
2

2

2

1

2

21 242)( xxxxxf  , 

Tu 



50 

 















00

122

82

21

21

21

xx

xx

xx

; 

19. ipoveT maxf , Tu 

















00

122

82

242)(

21

21

21

2

2

2

121

xx

xx

xx

xxxxxf

; 

20. ipoveT minf , Tu 

















02054

02123

00

)3()1()(

21

2

2

2

1

21

2

2

4

1

xx

xx

xx

xxxf

; 

21. ipoveT minf ,Tu 

05

)4()4()(

21

2

2

2

1





xx

xxxf
; 

22. ipoveT minf , Tu 

000

05

04

0

)3()2()1()(

321

3

2

3

2

2

2

1

2

2

2

1

2

3

3111











xxx

x

xxx

xxx

xxxxxf

; 

23. ipoveT maxf , Tu 

0,0,0)7()7(18;)( 21

2

2

2

1

2

2

2

1  xxxxxxxf ; 

24. ipoveT 𝑓(𝑥, 𝑦) = 𝑥𝑦 +
50

𝑥
+
20

𝑦
 funqciis eqstremumebi; 

25. ipoveT 𝑥1
2 + 𝑥2

2 → 𝑒𝑥𝑠𝑡𝑟, Tu 3𝑥1 + 4𝑥2 = 1; 
26. ipoveT 𝑥1 + 𝑥2 + 𝑥3 → 𝑒𝑥𝑠𝑡𝑟, Tu 

𝑥1 + 𝑥2 − 𝑥3 = 1, 𝑥1
2 + 𝑥2

2 + 𝑥3
2 = 1; 

27. 𝑥1
2 + 𝑥2

2 + 𝑥3
2 → 𝑚𝑖𝑛, Tu2𝑥1 − 𝑥2 + 𝑥3 ≤ 5,  𝑥1 + 𝑥2 + 𝑥3 = 3. 

amoxseniT lagranJis mamravlTa meTodiT da Mathcad 

programiT. Sedegebi SeadareT; 

28. 𝑥1
2 + 𝑥2

2 + 2𝑥3
2 → 𝑚𝑖𝑛, Tu  

𝑥1 − 𝑥2 − 𝑥3 + 1 ≤ 0,  −𝑥1 − 3𝑥2 + 3 ≤ 0.  
amoxseniT lagranJis mamravlTa meTodiT da Mathcad 

programiT. Sedegebi SeadareT; 
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29. 𝑥1 − 𝑥2
2 → 𝑒𝑥𝑠𝑡𝑟, {

𝑥1 − 𝑥2 − 1 = 0

𝑥1
2 + 𝑥2

2 − 5 ≤ 0
; 

30. 𝑥1
2 + (𝑥2 − 4)

2 → 𝑚𝑖𝑛, {
𝑥1
2 + 𝑥2

2 ≤ 4

4𝑥1
2 + 𝑥2

2 ≥ 4
. 

 
 
 

literatura 
 
1. Anrew F.Sigel. Practical Buisiness Statistics, Boston Burr Ridged,WI New 

York, San Francisco, Lisbon, London, Madrid, Toronto, 2000, 

2. А.А. Мицкевич. Деловая математика в экономической теории и 

практике,  Высшая школа экономики, М., 1995, 

3. Т.Пу. Нелинейная экономическая динамика, пер. с англ., М., 2002, 

4. В.В. Лебедев. Математическое моделирование социально-экономи-

ческих процессов, М., 1997, 

5. О.Н. Салманов. Математическая экономика с применением Mathcad и 

Excel, Санкт-Петербург, 2003, 

6. n.jiblaZe, a.TofCiSvili. 

statikurioptimizaciisricxviTimeTodebi, 

marTvissistemebisinstituti, T., 2001, 

7. Gilbert A.Cherchill. Marketing Reserch, New York, Orlando, Toronto, 

Montreal, London, Sydney, Tokyo, 1996, 

8. В. Дьяконов. Mathcad 2001 учебный курс численные и символьные 

вычисления, "Питер", Санкт-Петербург, Москва, Харьков, Минск, 2001, 

9. Т.А. Обгадзе. Высшая математика для экономистов, Министерство 

образования РФ, Институт гуманитарного образования, М., 2002, 

10.Т.А.Обгадзе, В.Г. Прокошев. Вычислительная физика, Министерство 

образования РФ, ВлГУ, Владимир, 1999, 

11. Christopher Dougherty. Introduction to econometrics, New York, Oxford 

University PRESS, 1992, 



52 

 

12.В. Дьяконов. Matlab, учебный курс универсальная интегрированная 

система компьютерной математики, "Питер", Санкт-Петербург, Москва, 

Харьков, Минск, 2001, 

13.Т.А. Обгадзе, З.Н.Цвераидзе. Математические модели в экономике; 20 

лабораторных работ на основе Mathcad 2001 Professional, ГТУ, Т., 2006, 

14. Tamaz obgaZe. maTematikuri modelirebis kursi(uwyveti 

maTematikuri modelebi), I tomi, saqarTvelos teqnikuri 

universiteti, T., 2006, 

15. Ф. Мостеллер. Пятьдесят занимательных вероятностных задач с 

решениями, пер. с англ., М., 1971, 

16. А.Я. Яглом, И.М. Яглом. Вероятность и информация, М., 1973, 

17. Ю.В. Прохоров. Ю.А. Розанов. Теория вероятностей, СМБ, М., 1973, 

18. В.Е. Гмурман. Руководство к решению задач по теории вероятностей и 

математической статистике, учеб. пос., М., 1975, 

19. Е.С. Вентцель, Л.А. Овчаров. Теория вероятностей, учеб. пос., задачи 

и упражнения, М., 1973, 

20. Т.А. Обгадзе. Математическая модель Лоренца в экономике произ-

водства, ГЭНЖ, компьютерные науки и телекоммуникации,№4(11), 2006, 

21.Н.Н.Моисеев,Ю.П.Иванилов.Методы оптимизации, Наука, М., 1978, 

22.Ф.П.Васильев. Численные методы решения экстремальных задач, 

Наука, М.,1988, 

23.Э.Полак. Численные методы оптимизации. Евиный подход, Мир, М., 

1974, 

24.М.Атане, П.Фалб.Оптимальное управление,Машиностроение,М.,1968, 

25.Э.П.Сейдж, Ч.С.Уайт. Оптимальное управление системами, Мир, М., 

1982, 

26.Э.М.Галеев,В.М.Тихомиров. Оптимизация, теория, примеры, задачи, 

УРСС, М., 2000, 



53 

 

27.М.Мину. Математическое программирование. Теория и алгоритмы, 

пер. с франц., наука, М.,1990, 

28.L.G.Mitten.Composition Prinsiples for Synthesis of Optimal Multistage 

Processes, Operations Research 12,1964, 

29. L.G.Mitten, A.R.Warburton. Implicit Enumeration Procedrures, Working 

Paper 251, Faculty of commerce and Business Administration, Univercity of 

British Columbia, Vancouver, Canada, 1973. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



54 

 

TaviIII.variaciuli aRricxva 

variaciuli aRricxva Seiswavlis funqcionalebis maqsi-

mumisa da minimumis povnis meTodebs. im amocanebs, romelSic 

moiTxoveba funqcionalis gamokvleva, maqsimumze an minimumze 

variaciuli amocanebi ewodebaT.  

fizikisa da meqanikis amocanaTa umravlesoba daiyvaneba 

romeliRac, Sesabamisi funqcionalis eqstremumis povnis 

amocanaze. aseTi formulirebis SemTxvevaSi, am kanonebs 

Sesabamisad, fizikis an meqanikis variaciul principebs 

uwodeben. variaciul principebs miekuTvneba: umciresi 
qmedebis principi, energiis Senaxvis kanoni, impulsis 
Senaxvis kanoni, moZraobis raodenobis Senaxvis kanoni, 
moZraobis raodenobis momentis Senaxvis kanoni, velis 
sxvadasxva klasikuri da relativisturi Teoriis 
variaciuli principi, fermas optikuri principi, 
kastilianos variaciuli principi drekadobis TeoriaSi da 

a.S. 

3.1. variaciuli aRricxvisklasikuri amocanebi 

variaciuli aRricxvis ganviTareba daiwyo 1696 wlidan 

da Camoyalibda damoukidebel maTematikur disciplinad, 

sakuTari kvlevis meTodebiT, genialuri leonard eileris 

da iohan bernulis moRvaweobis Sedegad.  

imisaTvis, rom viqonioT warmodgena variaciuli aRricx-

vis amocanebze, ganvixiloT ramdenime klasikuri amocana. 

3.1.1. gedeziuri wirebi sibrtyeze 

daviwyoT umartivesi amocaniT: ras warmoadgens brtyeli, 

umoklesi sigrZis mqone wiri, romelic sibrtyis romelime 

or wertils aerTebs? 

am amocanis maTematikuri formulirebisaTvis, vafiqsi-

rebT raime, or 𝐴(𝑥1; 𝑦1) da 𝐵(𝑥2; 𝑦2) wertils 𝑋𝑂𝑌 sibrtyeze. 

davuSvaT, rom 𝑥1 < 𝑥2 da ganvixiloT am ori wertilis 
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SemaerTebeli gluvi 𝑦 = 𝑓(𝑥) wiri 𝑥 ∈ [𝑥1; 𝑥2], romlisTvisac 

𝑦1 = 𝑓(𝑥1) da 𝑦2 = 𝑓(𝑥2). 

aseT SemTxvevaSi, am ori wertilis SemaerTebeli wiris 

sigrZe gamoiTvleba formuliT: 

𝐼(𝑓) = ∫ √1 + (𝑓′(𝑥))2
𝑥2
𝑥1

𝑑𝑥.                                (3.1) 

am amocanaSi, sapovnelia iseTi 𝒚 = 𝒇(𝒙) funqcia, romlis-

Tvisac (3.1) funqcionali miiRebs minimalur mniSvnelobas. 

cxadia, rom aseTi wiri evklidur sivrceSi, iqneba am ori 

wertilis SemaerTebeli wrfis monakveTi. 

 

3.1.2. geodeziuri wirebi nebismier zedapirze 

vTqvaT, gvaqvs nebismieri ori wertili raime zedapirze, 

romelic mocemulia gantolebiT: 

𝜑(𝑥, 𝑦, 𝑧) = 0.                                         (3.2) 

 vipovoT am zedapirze mdebare da mocemul or wer-

tilze gamavali, umciresi sigrZis mqone wiri nax. 3.1. 

 

nax. 3.1. geodeziuri wiris povnis sqema 

aseT wirebs, mocemuli zedapiris geodeziuri wirebi 

ewodeba. magaliTad, sibrtyeze geodeziuri wiria wrfe, 

sferos zedapirze geodeziuri wiria,centrze gamavali didi 

kveTis rkali, romelic am or wertilze gadis. 
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am amocanis formalizaciisaTvis, davuSvaT rom (3.2) 

funqcia aris gluvi da saZiebeli wiri, SegviZlia CavweroT 

gantolebebiT: 𝑦 = 𝑦(𝑥) da 𝑧 = 𝑧(𝑥) roca 𝑥 ∈ [𝑎; 𝑏]. maSin 

saZiebeli wiris sigrZe iqneba: 

𝐿[𝑦(𝑥); 𝑧(𝑥)] = ∫ √1 + (𝑦′)2 + (𝑧′)2𝑑𝑥
𝑏

𝑎
.(3.3) 

amocana daiyvaneba 𝒙 ∈ [𝒂; 𝒃] SualedSi, im ori gluvi 𝒚 =

𝒚(𝒙) da 𝒛 = 𝒛(𝒙) funqciis povnaze, romlebic akmayo-fileben 

gantolebebs: 

𝐹(𝑥. 𝑦(𝑥), 𝑧(𝑥)) ≡ 0,   𝑦(𝑥0) = 𝑦0, 𝑧(𝑥0) = 𝑧0, 𝑦(𝑥1) = 𝑦1, 𝑧(𝑥1) = 𝑧1, (3.4) 

daaniWeben (3.3) funqcionals minimalur mniSvnelobas. 

 

3.1.3. amocana braxistoxronas Sesaxeb 

mocemulia vertikalur sibrtyeSi, erT vertikalze ara 

mdebareori 𝑂 da 𝐵 wertili. mocemul sibrtyeSi, ipoveT am 

wertilebis SemaerTebeli iseTi wiri 𝑶𝑩, romelzec simZimis 

gavleniT moZraobisas, materialur wertils daWirdeba umci-

resi dro 𝑶 wertilidan 𝑩 wertilSi mosaxvedrad nax. 3.2. 

 

nax. 3.2. braxistoxronis amocanis sqema 

igive amocana SeiZleba asec CamovayaliboT: rogor 

davaproeqtoT saxlis saxuravi, rom wvimis wveTebi 

saxuravidan Camocurdnen umcires droSi ? 
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davuSvaT, rom materialuri wertilis sawyisi siCqare 

nulis tolia da ugulebelvyoT xaxunis Zala. drois im 

momentisaTvis, roca 𝑂𝑋𝑌 sibrtyeSi moZravi sxeulis 

koordinata 𝑂𝑌 RerZze iqneba 𝑦, sxeuli dakargavs 𝑚𝑔𝑦 

sididis potencialur energias (sadac 𝑚masaa, 𝑔_Tavisufali 

vardnis aCqareba). Sesabamisad, miiRebs kinetikur energias, 

romlis sididec iqneba: 
𝑚𝑣2

2
 sadac 𝑣_wertilis siCqarea. 

maSin, meqanikuri energiis Senaxvis kanonidan gamomdinare, 

gveqneba gantoleba: 

𝑚𝑣2

2
= 𝑚𝑔𝑦,                           (3.5) 

miviRebT rom: 

𝑣 = √2𝑔𝑦.                            (3.6) 

CavTvaloT, rom saZiebeli wiris gantolebaa 𝑦 = 𝑦(𝑥), 

sadac 𝑦(𝑥) mocemul [𝑎; 𝑏] Sualedze gansazRvruli, gluvi 

wiria, maSin miviRebT rom 

𝑣 =
𝑑𝑠

𝑑𝑡
=

√1+(𝑦′)2𝑑𝑥

𝑑𝑡
,                      (3.7) 

sadac 𝑑𝑠_wiris rkalis sigrZis diferencialia, 𝑡_ dro. Tu 

gaviTvaliswinebT (3.6) tolobas, maSin gveqneba 

√2𝑔𝑦𝑑𝑡 = √1 + (𝑦′)2𝑑𝑥,                   (3.8) 

aqedan gamomdinare, miviRebT rom: 

𝑑𝑡 =
√1+(𝑦′)2𝑑𝑥

√2𝑔𝑦
.                         (3.9) 

rac imas niSnavs, rom 𝑂 wertilidan, simZimis Zalis 

gavleniT 𝐵 wertilamde daSvebas daWirdeba dro: 

𝑡 = ∫
√1+(𝑦′)2𝑑𝑥

√2𝑔𝑦

𝑏

0
.                       (3.10) 

sawyisi da saboloo wertilebis koordinatebi gvaZlevs 

sasazRvro pirobebs: 
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𝑦(0) = 0, 𝑦(𝑏) = 𝑦𝐵 .                   (3.11) 

maSasadame, unda vipovoT (3.11) sasazRvro pirobebis 

damakmayofilebeli, iseTi gluvi 𝒚(𝒙) funqcia, romlis-

Tvisac 𝒕 → 𝒎𝒊𝒏. 

es amocana amoxsnes iakob bernulma, lopitalma da isaak 

niutonma. 

3.1.4. didonis izoperimetruli amocana 

Cven welTa aRricxvamde IX saukuneSi, finikielma dedo-

falma didonma, romelic gaurboda q.tiris warCinebulebs 

Tanmxleb pirebTan erTad, mimarTa afrikis CrdiloeTiT 

mdebare, xmelTaSua zRvis napirebs. aq man gadawyvita 

sabolood dasaxleba.  

didonma adgilobriv mmarTvels mimarTa TxovniT, miecaT 

misTvis dasasaxleblad miwis nakveTi, romelsac Semofarg-

lavda misi xaris tyavisagan damzadebuli qamari. 

gulubryvilo mmarTveli daTanxmda. didonma, amis Semdeg, 

qamari daWra wvril zolebad da gadaaba erTmaneTs. am 

qamriT man miizoma sanapiros sakmaod didi teritoria da aq 

daaarsa qalaqi karTageni. 

amocana, romelic dasva didonma, SegviZlia CamovayaliboT 

Semdegnairad: vipovoT mocemuli 𝑳 sigrZis iseTi wiri, 

romelic sibrtyeze Semofarglavs udidesi sididis 

farTobs. 

movaxdinoT amocanis formalizeba. CavTvaloT rom zRvis 

napiri swori xazia (wrfe). 𝑂𝑋𝑌marTkuTxa koordinatTa 

sistema movgezoT ise, rom 𝑂𝑋 RerZi daemTxves zRvis napirs. 

CavTvaloT, rom zRvis sanapiros didonis nawilia [𝑎; 𝑏] 

monakveTi, xolo mrudwiruli nawili aris gluvi 𝑦 = 𝑦(𝑥) 

wiri nax. 3.3. 
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nax. 3.3. didonis amocanis sqema 
 

cxadia, rom  
𝑦(𝑎) = 𝑦(𝑏).                               (3.12) 

sazRvris mrudwiruli nawilis sigrZe gamoiTvleba 
formuliT: 

𝐿 = ∫ √1 + (𝑦′)2𝑑𝑥
𝑏

𝑎
,                     (3.13) 

xolo miwis SemosazRvruli nawilis farTobi 
gamoiTvleba formuliT: 

𝑆 = ∫ 𝑦(𝑥)𝑑𝑥
𝑏

𝑎
.                             (3.14) 

amrigad, gvaqvs amocana: ipoveT iseTi gluvi 𝒚(𝒙) 
funqcia, romelic akmayofilebs (3.12) da (3.13) pirobebs (𝑳 fi-
qsirebuli ricxvia) da (3.14) integrals aniWebs maqsimalur 
mniSvnelobas. 

aseTi tipis amocanebs originalurad xsnidnen jer kidev 
aristotele da arqimedi. 
 
 

3.1.5.amocana brunvis zedapiris minimumis Sesaxeb 
 

 
 

nax. 3.4. amocana brunviTi zedapiris Sesaxeb 
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vTqvaT, gvinda 𝑋𝑂𝑌 sibrtyeSi, erTmaneTTan iseTi wiriT 
SevaerToT ori 𝐴(𝑎; 𝑦𝐴) da 𝐵(𝑏; 𝑌𝐵) wertili, rom miRebuli 
wiris 𝑂𝑋 RerZis garSemo brunvis Sedegad miRebuli brun-
viTi zedapiris farTobi iyos minimaluri nax. 3.4. 

davuSvaT, rom saZiebeli 𝑦 = 𝑦(𝑥) funqcia aris gluvi 
[𝑎; 𝑏] monakveTze. maSin gveqneba amocana: 

ipoveT iseTi gluvi [𝒂; 𝒃] monakveTze funqcia, romlis-
Tvisac 

𝑦(𝑎) = 𝑦𝐴, 𝑦(𝑏) = 𝑦𝐵,                            (3.15) 
da 

𝑆 = 2𝜋 ∫ 𝑦𝑑𝑠 = 2𝜋 ∫ 𝑦√1 + (𝑦′)2𝑑𝑥 → 𝑚𝑖𝑛
𝑏

𝑎

𝑏

𝑎
.                 (3.16)   

 
am amocanis ganzogadebas warmoadgens platos problema, 

romelic ase Camoyalibdeba:  
vTqvaT, mocemuli gvaqvs Caketili Jordanis wiri. ipoveT, 

am wirze gamavali iseTi zedapiri, romlis mocemuli wiriT 
SemosazRvruli zedapiris farTobic minimaluria.  

 
Cven SeviswavliT, sxvadasxva tipis funqcionalebis 

maqsimumisa da minimumis povnis meTodebs. maT Soris, 
ganixileba Semdegi tipis funqcionalebi, romlebic moicavs 
yvela moyvanili klasikuri amocanis amoxsnis meTods: 

∫ 𝐹(𝑥, 𝑦(𝑥), 𝑦′(𝑥))𝑑𝑥
𝑏

𝑎
,                               (3.17) 

∫ 𝐹 (𝑥, 𝑦(𝑥), 𝑦′(𝑥), 𝑦′′(𝑥),… , 𝑦(𝑛)(𝑥))𝑑𝑥
𝑏

𝑎
,                 (3.18) 

∫ 𝐹(𝑥, 𝑦1(𝑥), 𝑦2(𝑥),… , 𝑦𝑛(𝑥), 𝑦1
′(𝑥), 𝑦2

′(𝑥), … , 𝑦𝑛
′ (𝑥))𝑑𝑥

𝑏

𝑎
,      (3.19) 

∬𝐹 (𝑥, 𝑦, 𝑧(𝑥, 𝑦),
𝜕𝑧

𝜕𝑥
,
𝜕𝑧

𝜕𝑦
) 𝑑𝑥𝑑𝑦.                           (3.20) 

 
 

3.2. funqcionalis variacia 
 
ganvixiloT funqcionalis magaliTi: 

𝐽[𝑦] = ∫ [𝑦(𝑥)]2𝑑𝑥
1

0
 da gamoviTvaloT misi cvlileba∆𝐽 anu 

variacia, argumentis anu 𝑦(𝑥)funqciis mcire 𝜹𝒚cvlilebi-sas 
(funqciis variacia): 

∆𝐽 = 𝐽[𝑦 + 𝛿𝑦] − 𝐽[𝑦] = ∫ (𝑦 + 𝛿𝑦)2𝑑𝑥 − ∫ [𝑦]2
1

0

1

0
𝑑𝑥,          (3.21) 

am formulis gamartiveba gvaZlevs formulas: 

∆𝐽 = ∫ (2𝑦𝛿𝑦 + (𝛿𝑦)2)
1

0
𝑑𝑥 = 2∫ 𝑦𝛿𝑦𝑑𝑥 + ∫ (𝛿𝑦)2𝑑𝑥

1

0

1

0
.              (3.22) 
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(3.22) formula Sedgeba ori nawilisagan: pirveli wrfivi 
nawilia, 𝑦(𝑥) funqciis 𝛿𝑦 variaciis mimarT da mas 
funqcionalis 𝛿𝐽variacia ewodeba, xolo meore Sesakrebi, 
arawrfivia 𝛿𝑦 variaciis mimarT da maSasadame ufro mcirea 
(roca 𝛿𝑦 mcirea)  wrfiv nawilTan SedarebiT anufunqciona-
lis pirveli variacia iqneba: 

𝛿𝐽 = 2∫ 𝑦𝛿𝑦𝑑𝑥
1

0
.                                     (3.23) 

cxadia, rom  
∆𝐽 ≈ 𝛿𝐽.                                            (3.24) 

sazogadod, Tu 𝑦(𝑥) funqciis maxlobeli funqciebisa-
Tvis𝐽[𝑦]funqcionali iRebs eqstremalur mniSvnelobas, maSin 
∆𝐽[𝑦] < 0maqsimumis SemTxvevaSi da ∆𝐽[𝑦] > 0 minimumis 
SemTxvevaSi. funqcionals, funqciis msgavsad SeiZleba 
qondes ramdenime minimumi an maqsimumi.orive SemTxvevaSi ∆𝐽 
funqcionali ar icvlis niSans. aqedan gamomdinareobs, rom  

𝛿𝐽 = 0.                                            (3.25) 
marTlac (3.24) Tanadobidan, gvaqvs rom ∆𝐽 da 𝛿𝐽 erTnairi 

niSnis sidideebia. Tumca, (3.23) tolobidan gvaqvs rom,  funq-
ciis 𝛿𝑦 variacias SeuZlia miiRos nebismieri niSani, maSasa-
dame funqcionalis 𝛿𝐽 variaciac Seicvlis niSans, rac 
ewinaaRmdegeba im faqts, rom ∆𝐽 ar icvlis niSans. 

maSasadame  (3.25) piroba, warmoadgens funqcionalis eqst-
remumis arsebobis aucilebel pirobas. 

(3.25) pirobas,funqcionalis stacionarulobis piroba-
sac uwodeben. mraval amocanaSi mniSvnelovania, ara marto 
eqstremumebis povna, aramed, funqcionalis stacionaruli 
mniSvnelobebic.  

 
P.S.Tu funqcionali Seesabameba meqanikuri sistemis potenci-
alur energias, maSin misi stacionaruli mniSvnelobebi 
gvaZlevs sistemis statikuri wonasworobis mdgomareobebs, 
xolo, Tu gvaqvs potencialuri energiis funqcionalis 
minimumi, maSin wonasworobis mdgomareoba mdgradia. 

 
axla, ganvixiloT umartivesi tipis funqcionalis eqst-

remumis amocana: 

𝐽[𝑦] = ∫ 𝐹(𝑥, 𝑦)𝑑𝑥
𝑏

𝑎
,                                  (3.26) 

sadac 𝑦 = 𝑦(𝑥). imisaTvis, rom vipovoT  𝐽[𝑦] funqcionalis eq-
stremumis aucilebeli piroba, gamoviTvaloT ∆𝐽: 
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∆𝐽 = 𝐽[𝑦 + 𝛿𝑦] − 𝐽[𝑦] = ∫ 𝐹(𝑥, 𝑦 + 𝛿𝑦)𝑑𝑥 − ∫ 𝐹(𝑥, 𝑦)𝑑𝑥
𝑏

𝑎

𝑏

𝑎
.         (3.27) 

Tu gamoviyenebT teiloris formulas pirveli integralis 
integralqveSa gamosaxulebisaTvis, miviRebT rom: 

∆𝐽 = ∫ 𝐹𝑦
′(𝑥, 𝑦)𝛿𝑦𝑑𝑥 + ∫ 𝐹𝑦𝑦

′′ (𝑥, 𝑦)
(𝛿𝑦)2

2!
𝑑𝑥 + …

𝑏

𝑎

𝑏

𝑎
               (3.28) 

miviReT rom, 𝐽[𝑦] funqcionalis variacia anu ∆𝐽 nazrdis 
wrfivi nawili tolia: 

𝛿𝐽 = ∫ 𝐹𝑦
′(𝑥, 𝑦)

𝑏

𝑎
𝛿𝑦𝑑𝑥 = 0.                                 (3.29) 

aqedan gamomdinare, radgan 𝛿𝑦 funqciis nebismieri nazr-
dia, miviRebT rom pirveli variaciis nulTan toloba 
(lagranJis Teorema) gvaZlevs diferencialur gantolebas: 

𝐹𝑦
′(𝑥, 𝑦) = 0.                                          (3.30)  

 
P.S.rogorc vxedavT, funqciis diferencialsa da funqciona-
lis variacias Soris sruli analogiaa. 
 
 
 

3.2.1. analogia funqciis diferencialsa da funqcionalis 
variacias Soris 

 
variaciuli amocanebis amoxsnis meTodebi anu funqciona-

lebis eqstremumze gamokvlevis meTodebi, metad waagavs fun-
qciis maqsimumze da minimumze gamokvlevis meTodebs. amitom 
mizanSewonilia ufro detalurad ganvixiloT es analogia. 

 

1. 𝑧 = 𝑓(𝑥)funqcia ganimar-
teba, rogorc iseTi 𝑓 asaxva, 
romelic mocemuli 𝑋 simrav-
lis yovel elements Seusaba-
mebs 𝑍 simravlis erTaderT 
elements.𝑓: 𝑋 → 𝑍 

1. 𝐽[𝑦]funqcionali gani-
marteba, rogorc iseTi 𝐽 asa-
xva, romelic mocemuli 𝑀 
funqcionaluri simravlis 
yovel 𝑦(𝑥) funqcias Seusaba-
mebs raime namdvil ricxvs: 
𝐽:𝑀 → ℝ. 

2. mocemuli 𝑓(𝑥) funqciis 
𝑥argumentis nazrdi ∆𝒙 ewo-
deba sxvaobas mis romelime 
or mniSvnelobas Soris: ∆𝑥 =
𝑥 − 𝑥1. Tu 𝑥 damoukide-beli 
cvladia, maSin misi 
diferenciali emTxveva argu-

2. mocemuli 𝐽[𝑦] funqci-
onalis 𝑦(𝑥) argumentis nazr-
di anu 𝜹𝒚 variacia ewodeba 𝑀 
funqcionaluri sivrcis rome-
lime or funqcias Soris sx-
vaobas:𝛿𝑦 = 𝑦 − 𝑦1 
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mentis nazrds: 𝑑𝑥 = ∆𝑥 

3. 𝑓(𝑥)funqcias 
ewodebauwyveti, Tu 𝑥 
argumentis mcire cvlilebas, 
Seesabameba 𝑓(𝑥) funqciis 
mcire cvlile-ba. 

3. 𝐽[𝑦]funqcionals 
ewodebauwyveti, Tu 𝑦(𝑥) 
funqciis mcire 𝛿𝑦cvlilebas, 
Seesaba-meba  𝐽[𝑦] 
funqcionalis ∆𝐽mcire 
cvlileba.  

4. 𝒇(𝒙) funqcias ewodeba 
wrfivi, Tu 
𝑓(𝛼𝑥 + 𝛽𝑦) = 𝛼𝑓(𝑥) + 𝛽𝑓(𝑦), 
sadac 𝛼 da 𝛽 nebismieri 
namdvili ricxvebia. erTi 
cvladis wrfivi funqciis 
magaliTia:𝑓(𝑥) = 𝑘𝑥. 

4. 𝐽[𝑦]funqcionals ewodeba 
wrfivi, Tu adgili aqvs 
tolobas: 
𝐽[𝛼𝑦1 + 𝛽𝑦2] = 𝛼𝐽[𝑦1] + 𝛽𝐽[𝑦2], 
sadac 𝛼 da 𝛽 nebismieri namd-
vili ricxvebia. 
wrfivi funqcionalis magali-

Tia:𝐽[𝑦] = ∫ (𝑝(𝑥)𝑦 + 𝑞(𝑥)𝑦′)𝑑𝑥
𝑏

𝑎
. 

5.Tu 𝑓(𝑥) funqciis nazrdi: 
∆𝑓 = 𝑓(𝑥 + ∆𝑥) − 𝑓(𝑥) SegviZlia 
warmovadginoT 
∆𝑓 = 𝐴(𝑥)∆𝑥 + 𝛽(𝑥, ∆𝑥)∆𝑥 saxiT, 
sadac 𝐴(𝑥) araa damokide-
buli ∆𝑥-ze da lim

∆𝑥→0
𝛽(𝑥, ∆𝑥) = 0, 

maSin funqcias uwodeben 
diferencirebads, da 
funqciis nazrdis 
warmodgenis wrfiv nawils – 
funqciis diferencials: ∆𝑓 =
𝐴(𝑥)∆𝑥, aqedan, Tu gavwofT 
∆𝑥-ze da gadavalT zRvarze, 
roca ∆𝑥 → 0, miviRebT, rom 
𝐴(𝑥) = 𝑓′(𝑥) da maSasadame 
funqciis diferencialia: 
𝒅𝒚 = 𝒇′(𝒙)𝒅𝒙. 

5. Tu 𝐽[𝑦] funqcionalis naz-
rdi: ∆𝐽 = 𝐽[𝑦 + ∆𝑦] − 𝐽[𝑦] Se-
saZlebelia, rom warmovadgi-
noT Semdegi saxiT: 
∆𝐽 =
𝐿(𝑦(𝑥), 𝛿𝑦)+𝛽(𝑦(𝑥), 𝛿𝑦))𝑚𝑎𝑥|𝛿𝑦|, 
sadac 𝑳(𝒚(𝒙), 𝜹𝒚) wrfivi funq-
cionalia 𝜹𝒚 variaciis mi-
marT, xolo 
lim

𝑚𝑎𝑥|𝛿𝑦|→0
𝛽(𝑦(𝑥), 𝛿𝑦)) = 0, maSin, 

funqcionalis nazrdis wrfiv 
nawils 𝛿𝑦 argumentis 
(funqciis variaciis mimarT), 
funqcionalis variacia 
ewodeba da aRiniSneba 
𝜹𝑱𝟏[𝒚, 𝜹𝒚]simboloTi. 
mas freSes Zlier 
diferencials uwodeben. 

6.mocemuli 𝒇(𝒙) funqciis 
diferenciali SegviZlia 
ganvmartoT sxvanairadac, 
magaliTad tolobiT: 

𝑑𝑓 =
𝜕

𝜕𝛼
𝑓(𝑥 + 𝛼∆𝑥)|𝛼=0 

6. 𝐽[𝑦]funqcionalis pirveli 
variacia SegviZlia ganvsazR-
vroT sxvanairadac: 

𝛿𝐽[𝑦, 𝛿𝑦] =
𝜕

𝜕𝛼
𝐽[𝑦 + 𝛼𝛿𝑦]|𝛼=0 

masgatos susti diferenci-
ali ewodeba. 
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Teorema: Tu 𝐽[𝑦] funqcionali diferencirebadia 𝑦 
wertilSi, maSin misTvis gatos diferencialic arsebobs da 
is emTxveva freSes diferencials. 

 

7. Tu diferencirebadi 𝑓(𝑥) 
funqcia aRwevs maqsimums an 
minimums gansazRvris aris 
raime 𝑥 = 𝑥0 wertilSi, maSin 
am wertilSi funqciis freSes 
diferenciali aucileblad 
nulis tolia: 𝑑𝑓 = 0. 

7. Tu 𝐽[𝑦] funqcionals gaaC-
nia variacia da funqcionali, 
misi gansazRvris aris raime 
𝑦 = 𝑦0 wertilSi aRwevs maqsi-
mums an minimums, maSin am 
wertilSi misi gatos difere-
nciali aucileblad nulis 
tolia: 𝛿𝐽[𝑦, 𝛿𝑦] = 0. 

 
vaCvenoT, rom diferencirebadi funqciisaTvis, diferen-

cialis orive 5. da 6. gansazRvreba ekvivalenturia. marTlac, 

𝑑𝑓 =
𝜕

𝜕𝛼
𝑓(𝑥 + 𝛼∆𝑥)|𝛼=0 =

𝜕𝑓

𝜕𝑢

𝜕𝑢

𝜕𝛼
|
𝛼=0

,                      (3.31) 

sadac 

𝑢 = 𝑥 + 𝛼∆𝑥,maSin 
𝜕𝑓

𝜕𝑢
|
𝛼=0

= 𝑓′(𝑥) da 
𝜕𝑢

𝜕𝛼
|
𝛼=0

= ∆𝑥,       (3.32) 

maSin, cxadia rom 𝑑𝑓 = 𝑓′(𝑥)∆𝑥, rac emTxveva diferencialis 
cnobil formulas: 𝑑𝑓 = 𝑓′(𝑥)𝑑𝑥. 
 

ganvixiloT ramdenime magaliTi, funqcionalis nazrdisa 
da variaciis sapovnelad: 

 

magaliTi 1:ipoveT 𝐽[𝑦(𝑥)] = ∫ 𝑦(𝑥)𝑑𝑥
𝑏

𝑎
 funqcionalis ∆𝐽 

nazrdi da 𝛿𝐽 variacia. 

amoxasna: a)∆𝐽 = 𝐽[𝑦 + 𝛿𝑦] − 𝐽[𝑦] = ∫ [𝑦(𝑥) + 𝛿𝑦]𝑑𝑥 − ∫ 𝑦(𝑥)𝑑𝑥
𝑏

𝑎

𝑏

𝑎
, 

cxadia, rom maSin ∆𝐽 = ∫ 𝛿𝑦(𝑥)𝑑𝑥
𝑏

𝑎
, rac warmoadgens funqci-

onalis wrfiv nawils, maSasadame, am SemTxvevaSi funqci-
onalis nazrdi emTxveva freSes diferencials 

anufunqcionalis 𝜹𝑱 variacias:𝛿𝐽 = ∫ 𝛿𝑦(𝑥)𝑑𝑥
𝑏

𝑎
. 

b) amovxsnaT es amocana meore meTodiT anu vipovoT 
gatos diferenciali:  

𝛿𝐽[𝑦, 𝛿𝑦] =
𝜕

𝜕𝛼
𝐽[𝑦 + 𝛼𝛿𝑦]|𝛼=0 =

𝜕

𝜕𝛼
∫ [𝑦(𝑥) + 𝛼𝛿𝑦]𝑑𝑥
𝑏

𝑎
|
𝛼=0

= ∫ 𝛿𝑦𝑑𝑥
𝑏

𝑎
. 

rogorc vxedavT, orive meTodi erTnair Sedegs iZleva. 
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magaliTi 2: ipoveT 𝐽[𝑦(𝑥)] = ∫ 𝑦2(𝑥)𝑑𝑥
𝑏

𝑎
 funqcionalis ∆𝐽 

nazrdi da 𝛿𝐽 variacia. 

amoxsna:a) ∆𝐽 = 𝐽[𝑦 + 𝛿𝑦] − 𝐽[𝑦] = ∫ [𝑦(𝑥) + 𝛿𝑦]2𝑑𝑥 − ∫ 𝑦(𝑥)𝑑𝑥
𝑏

𝑎

𝑏

𝑎
, 

cxadia, rom maSin ∆𝐽 = 2∫ 𝑦(𝑥)𝛿𝑦(𝑥)𝑑𝑥 + ∫ (𝛿𝑦(𝑥))2𝑑𝑥
𝑏

𝑎

𝑏

𝑎
. am 

nazrdis wrfivi nawili 𝛿𝑦(𝑥)-is mimarT, warmoadgens freSes 
diferencials, romelic am SemTxvevaSi, mocemuli 
funqcionalis variaciasac warmoadgens anu 𝛿𝐽 =

2∫ 𝑦(𝑥)𝛿𝑦(𝑥)𝑑𝑥
𝑏

𝑎
. 

b) axla, vipovoT funqcionalis variacia am funqciis 
gatos diferencialis meSveobiT: 

𝛿𝐽[𝑦, 𝛿𝑦] =
𝜕

𝜕𝛼
𝐽[𝑦 + 𝛼𝛿𝑦]|𝛼=0 =

𝜕

𝜕𝛼
∫ [𝑦(𝑥) + 𝛼𝛿𝑦]2𝑑𝑥
𝑏

𝑎
|
𝛼=0

, cxadia rom 

𝛿𝐽[𝑦, 𝛿𝑦] = 2∫ 𝑦(𝑥)
𝑏

𝑎
𝛿𝑦𝑑𝑥, rac emTxveva freSes diferencialsac. 

es bunebrivia, radgan orive magaliTSi, ganxiluli funqci-
onali diferencirebadia. 

 

magaliTi 3: ipoveT 𝐽[𝑦] = ∫ 𝐿(𝑥, 𝑦(𝑥), 𝑦′(𝑥))𝑑𝑥
𝑏

𝑎
 funqcionalis 

∆𝐽 nazrdi da pirveli 𝛿𝐽 variacia. 
amoxsna: 

a)∆𝐽 = 𝐽[𝑦 + 𝛿𝑦] − 𝐽[𝑦] = ∫ [𝐿(𝑥, 𝑦 + 𝛿𝑦, 𝑦′ + 𝛿𝑦′) − 𝐿(𝑥, 𝑦, 𝑦′)]𝑑𝑥
𝑏

𝑎
. 

integralqveSa funqcia gavSaloT teiloris formuliT: 

𝐿(𝑥, 𝑦 + 𝛿𝑦, 𝑦′ + 𝛿𝑦′) − 𝐿(𝑥, 𝑦, 𝑦′) =
𝜕𝐿

𝜕𝑦
𝛿𝑦 +

𝜕𝐿

𝜕𝑦′
𝛿𝑦′ + 𝑅(𝑥, 𝑦, 𝑦′, 𝛿𝑦, 𝛿𝑦′), 

sadac 𝑅(𝑥, 𝑦, 𝑦′, 𝛿𝑦, 𝛿𝑦′) teiloris formulis naSTia. Tu, am 
gaSlas SevitanT funqcionalis nazrdis formulaSi, 
miviRebT, rom 

∆𝐽 = ∫ (
𝜕𝐿

𝜕𝑦
𝛿𝑦 +

𝜕𝐿

𝜕𝑦′
𝛿𝑦′)

𝑏

𝑎
𝑑𝑥 + ∫ 𝑅(𝑥, 𝑦, 𝑦′, 𝛿𝑦, 𝛿𝑦′)𝑑𝑥

𝑏

𝑎
. cxadia, rom am 

warmodgenis wrfivi nawili iqneba pirveli variacia anu 

freSes diferenciali: 𝛿𝐽 = ∫ (
𝜕𝐿

𝜕𝑦
𝛿𝑦 +

𝜕𝐿

𝜕𝑦′
𝛿𝑦′)

𝑏

𝑎
𝑑𝑥. 

b) axla, gamoviTvaloT pirveli variacia,gatos diferenci-
alis formulidan gamomdinare: 

𝛿𝐽[𝑦, 𝛿𝑦, 𝛿𝑦′] =
𝜕

𝜕𝛼
𝐽[𝑦 + 𝛼𝛿𝑦, 𝑦′ + 𝛼𝛿𝑦′]|𝛼=0. cxadia rom 

𝜕

𝜕𝛼
𝐽[𝑦 + 𝛼𝛿𝑦, 𝑦′ + 𝛼𝛿𝑦′] = ∫

𝜕

𝜕𝛼

𝑏

𝑎

 𝐿(𝑥, 𝑦(𝑥) + 𝛼𝛿𝑦, 𝑦′ + 𝛼𝛿𝑦′)𝑑𝑥 

𝜕

𝜕𝛼
𝐿(𝑥, 𝑦(𝑥) + 𝛼𝛿𝑦, 𝑦′ + 𝛼𝛿𝑦′) =

𝜕𝐿

𝜕𝑢

𝜕𝑢

𝜕𝛼
+

𝜕𝐿

𝜕𝑣

𝜕𝑣

𝜕𝛼
, sadac 𝑢 = 𝑦(𝑥) + 𝛼𝛿𝑦 

da 𝑣 = 𝑦′ + 𝛼𝛿𝑦′. maSin lim
𝛼→0

𝑢 = 𝑦(𝑥) da lim
𝛼→0

𝑣 = 𝑦′ e.i. 
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𝛿𝐽 = lim
𝛼→0

∫
𝜕

𝜕𝛼
𝐿(𝑥, 𝑦(𝑥) + 𝛼𝛿𝑦, 𝑦′ + 𝛼𝛿𝑦′)𝑑𝑥 = ∫ (

𝜕𝐿

𝜕𝑦
𝛿𝑦 +

𝜕𝐿

𝜕𝑦′
𝛿𝑦′)𝑑𝑥

𝑏

𝑎

𝑏

𝑎
. 

rogorc vxedavT, am SemTxvevaSic orive midgoma erTna-
irad efeqturia. 

am zogadi formulidan gamomdinare, amovxsnaT Semdegi  

magaliTi 4. ipoveT 𝐽[𝑦] = ∫ (𝑦′𝑒𝑦 + 𝑥𝑦2)𝑑𝑥
1

−1
 funqcionalis 

pirveli variacia. 
amoxsna: wina amocanis formulidan gamomdinare, radgan 

am SemTxvevaSi, 𝐿(𝑥, 𝑦(𝑥), 𝑦′(𝑥)) = 𝑦′𝑒𝑦 + 𝑥𝑦2 gveqneba, rom 

𝛿𝐽 = ∫ (
𝜕𝐿

𝜕𝑦
𝛿𝑦 +

𝜕𝐿

𝜕𝑦′
𝛿𝑦′)𝑑𝑥 = ∫ [(𝑦′𝑒𝑦 + 2𝑥𝑦)𝛿𝑦 + 𝑒𝑦𝛿𝑦′]𝑑𝑥

1

−1

1

−1
. 

 

magaliTi 5. ipoveT 𝐽[𝑦] = ∫ 𝐿(𝑥, 𝑦(𝑥), 𝑦′(𝑥),… , 𝑦(𝑛)(𝑥))𝑑𝑥
𝑏

𝑎
 

funqcionalis pirveli variacia. 
amoxsna:pirveli variaciis sapovnelad, gamoviyenoT gatos 

diferencialis formula: 

𝛿𝐽 =
𝜕

𝜕𝛼
𝐽[𝑦 + 𝛼𝛿𝑦, 𝑦′ + 𝛼𝛿𝑦′, … , 𝑦(𝑛) + 𝛼𝛿𝑦(𝑛)]|

𝛼=0
. cxadia, rom maSin 

amocana 3-is analogiurad gveqneba formula: 

𝛿𝐽 = ∫ (
𝜕𝐿

𝜕𝑦
𝛿𝑦 +

𝜕𝐿

𝜕𝑦′
𝛿𝑦′ + …+

𝜕𝐿

𝜕𝑦(𝑛)
𝛿𝑦(𝑛))

𝑏

𝑎
𝑑𝑥. 

 
 
 

3.2.2. funqcionalis meore variacia 
 
banaxis sivrcis romelime or funqciaze damokidebul 

𝐽[𝑥(𝑡), 𝑦(𝑡)] funqcionals ewodeba orad wrfivi, Tu adgili 
aqvs Tanadobebs: 

𝐽[𝛼1𝑥1(𝑡) + 𝛼2𝑥2(𝑡), 𝑦(𝑡)] = 𝛼1𝐽[𝑥1(𝑡), 𝑦(𝑡)] + 𝛼2𝐽[𝑥2(𝑡), 𝑦(𝑡)], 
𝐽[𝑥(𝑡), 𝛼1𝑦1(𝑡) + 𝛼2𝑦2(𝑡)] = 𝛼1𝐽[𝑥(𝑡), 𝑦1(𝑡)] + 𝛼2𝐽[𝑥(𝑡), 𝑦2(𝑡)]. 
orad wrfiv funqcionalSi, Tu davuSvebT rom 𝑦 = 𝑥, 

maSin miRebul 𝐽[𝑥, 𝑥] funqcionals kvadratuli funqcionali 
ewodeba. 

sasrul ganzomilebian sivrceSi gansazRvrul, orad 
wrfiv kvadratul funqcionals orad wrfivi forma ewodeba.  

𝐽[𝑥, 𝑥] kvadratul funqcionals ewodeba dadebiTad 
gansazRvruli, Tu 𝐽[𝑥, 𝑥] > 0 nebismieri aranulovani 𝑥(𝑡) fun-
qciisaTvis. 
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magaliTebi:  

1) 𝐽[𝑥(𝑡), 𝑦(𝑡)] = ∫ 𝐴(𝑡)𝑥(𝑡)𝑦(𝑡)𝑑𝑡
𝑏

𝑎
 funqcionali, sadac 𝐴(𝑡) 

cnobili uwyveti funqciaa, warmoadgens orad wrfiv 
funqcias, xolo 

2) 𝐽[𝑥(𝑡), 𝑥(𝑡)] = ∫ 𝐴(𝑡)𝑥2(𝑡)𝑑𝑡
𝑏

𝑎
_kvadratuli funqcionalia 

𝐶0[𝑎, 𝑏] sivrceSi da Tu damatebiT 𝐴(𝑡) > 0 nebismieri 𝑡 ∈
[𝑎; 𝑏] cvladisaTvis, maSin es kvadratuli funqcionali 
iqneba dadebiTad gansazRvruli; 

3) 𝐽[𝑥, 𝑥] = ∫ [𝐴(𝑡)𝑥2(𝑡) + 𝐵(𝑡)𝑥(𝑡)𝑥′(𝑡) + 𝐶(𝑡)𝑥′
2
(𝑡)]𝑑𝑡

𝑏

𝑎
 aris 

gluvi funqciebis 𝐶1[𝑎, 𝑏] sivrceSi gansazRvruli 
kvadratuli funqcionali. 
 

gansazRvreba: vTqvaT 𝐽[𝑦]banaxis sivrceSi gansazRvruli 
funqcionalia. vityviT, rom funqcionals aqvs meore 
variacia, Tu misi nazrdi ∆𝐽 = 𝐽[𝑦 + 𝛿𝑦] − 𝐽[𝑦]teiloris 
formuliT, SegviZlia warmovadginoT Semdegi saxiT:  

∆𝐽 = 𝛿𝑦 ∙ 𝛿𝐽[𝑦] +
(𝛿𝑦)2

2!
∙ 𝛿2𝐽[𝑦] +

(𝛿𝑦)3

3!
∙ 𝛿3𝐽[𝑦] + … anu 

∆𝐽 = 𝐿1[𝛿𝑦] +
1

2
𝐿2[𝛿𝑦] + 𝛽‖𝛿𝑦‖.                        (3.33) 

sadac 𝛿𝐽 = 𝐿1[𝛿𝑦] pirveli variaciaa, xolo 𝛿2𝐽 = 𝐿2[𝛿𝑦]_meore 
variacia da lim

‖𝛿𝑦‖→0
𝛽 = 0. 

 
magaliTi:  

mocemulia funqcionali 𝐽[𝑦] = ∫ (𝑥𝑦2 + (𝑦′)3)𝑑𝑥
1

0
, romelic 

gansazRvrulia 𝐶1[0; 1](𝑦(𝑥) funqcia uwyvetia, pirveli rigis 
warmoebulTan erTad) sivrceSi. vipovoT misi nazrdi, 
pirveli variacia da meore variacia. 

amoxsna: ganvixiloT funqcionalis nazrdi: 

∆𝐽 = 𝐽[𝑦 + ∆𝑦] − 𝐽[𝑦] = ∫ [𝑥(𝑦 + 𝛿𝑦)2 + (𝑦′ + 𝛿𝑦′)3 − 𝑥𝑦2 − (𝑦′)3]𝑑𝑥
1

0
, 

∆𝐽 = 2∫ (𝑥𝑦𝛿𝑦 + 3(𝑦′)2)𝑑𝑥 + ∫ [𝑥(𝛿𝑦)2 + 3𝑦′(𝛿𝑦′)2]𝑑𝑥 + ∫ (𝛿𝑦′)3𝑑𝑥
1

0

1

0

1

0
 

maSasadame, mocemuli funqcionalis pirveli variaciaa: 

𝛿𝐽 = 2∫ (𝑥𝑦𝛿𝑦 + 3(𝑦′)2)𝑑𝑥
1

0
,  

xolo meore variacia iqneba: 

𝛿2𝐽 = 2∫ [𝑥(𝛿𝑦)2 + 3𝑦′(𝛿𝑦′)2]𝑑𝑥
1

0
. 

 
mocemuli 𝐽[𝑦] funqcionalis meore variaciis sapovnelad 

SegviZlia gamoviyenoT gatos meore diferencialis cnebac. 
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marTlac, SemoviRoT aRniSvna: Φ(𝛼) = 𝐽[𝑦 + 𝛼𝛿𝑦], maSin funqci-
onalis meore variacia iqneba:  

𝛿2𝐽 =
𝑑2Φ(𝛼)

𝑑𝛼2
|
𝛼=0

.                                     (3.34) 

 
 
3.3. variaciuli amocanebi fiqsirebuli sazRvrebiT 

 
ganvixiloT variaciuli aRricxvis umartivesi amocana: 
 
SeiswavleT eqstremumze Semdegi funqcionali: 

𝐽[𝑦] = ∫ 𝐿(𝑥, 𝑦(𝑥), 𝑦′(𝑥))𝑑𝑥
𝑏

𝑎
,                             (3.35) 

romelic gansazRvrulia iseT 𝑦(𝑥) ∈ 𝐶1[𝑎; 𝑏] funqcionalur 
simravleSi, romlis elementebic akmayofileben pirobebs: 
𝑦(𝑎) = 𝑦1,    𝑦(𝑏) = 𝑦2.                                    (3.36) 
rogorc ukve viciT: funqcionalis eqstremumis arsebobis 

aucilebeli pirobaa pirveli variaciis nulTan toloba anu 
Cven SemTxvevaSi gveqneba: 

𝛿𝐽 =  𝛿𝐽[𝑦, 𝛿𝑦, 𝛿𝑦′] =
𝜕

𝜕𝛼
𝐽[𝑦 + 𝛼𝛿𝑦, 𝑦′ + 𝛼𝛿𝑦′]|𝛼=0 = 0. cxadia rom 

𝜕

𝜕𝛼
𝐽[𝑦 + 𝛼𝛿𝑦, 𝑦′ + 𝛼𝛿𝑦′] = ∫

𝜕

𝜕𝛼

𝑏

𝑎

 𝐿(𝑥, 𝑦(𝑥) + 𝛼𝛿𝑦, 𝑦′ + 𝛼𝛿𝑦′)𝑑𝑥 

𝜕

𝜕𝛼
𝐿(𝑥, 𝑦(𝑥) + 𝛼𝛿𝑦, 𝑦′ + 𝛼𝛿𝑦′) =

𝜕𝐿

𝜕𝑢

𝜕𝑢

𝜕𝛼
+

𝜕𝐿

𝜕𝑣

𝜕𝑣

𝜕𝛼
, sadac 𝑢 = 𝑦(𝑥) + 𝛼𝛿𝑦 

da 𝑣 = 𝑦′ + 𝛼𝛿𝑦′. maSin lim
𝛼→0

𝑢 = 𝑦(𝑥) da lim
𝛼→0

𝑣 = 𝑦′ e.i. 

𝛿𝐽 = lim
𝛼→0

∫
𝜕

𝜕𝛼
𝐿(𝑥, 𝑦(𝑥) + 𝛼𝛿𝑦, 𝑦′ + 𝛼𝛿𝑦′)𝑑𝑥 = ∫ (

𝜕𝐿

𝜕𝑦
𝛿𝑦 +

𝜕𝐿

𝜕𝑦′
𝛿𝑦′)𝑑𝑥

𝑏

𝑎

𝑏

𝑎
. 

 miviReT, rom am funqcionalis eqstremumis arsebobis 
aucilebel pirobas aqvs Semdegi saxe: 

∫ (
𝜕𝐿

𝜕𝑦
𝛿𝑦 +

𝜕𝐿

𝜕𝑦′
𝛿𝑦′) 𝑑𝑥

𝑏

𝑎
= 0.                             (3.37) 

am pirobidan SesaZlebelia gadavideT Sesabamis 
diferencialur gantolebaze, Tumca, am amocanis gadasawyve-
tad dagvWirdeba ori damxmare Teorema anu lema: 

 
1.lagranJislema:Tu 𝑓(𝑥) funqcia uwyvetia [𝑎; 𝑏] segmentze 

da nebismieri 𝜂(𝑥) ∈ 𝐶∞[𝑎; 𝑏] funqciisaTvis, romelic akmayo-
filebs 𝜂(𝑎) = 𝜂(𝑏) = 0 pirobebs, adgili aqvs tolobas: 

∫ 𝑓(𝑥)𝜂(𝑥)𝑑𝑥 = 0
𝑏

𝑎
,                                        (3.38) 

maSin 𝑓(𝑥) ≡ 0. 
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damtkiceba:davuSvaT, rom romeliRac 𝑥0 ∈ [𝑎; 𝑏] wertilSi 
𝑓(𝑥0) ≠ 0. zogadobis SeuzRudavad, vTqvaT 𝑓(𝑥0) > 0, maSin am 
funqciis uwyvetobis gamo, miZebneba misi Semcveli iseTi 
[𝑐; 𝑑] ⊂ [𝑎; 𝑏], rom am SualedSi 𝑓(𝑥) > 0. advili Sesamowme-
belia rom 

𝜑(𝑥) = {𝑒
−
1

𝑥,   𝑥 > 0;
0,   𝑥 ≤ 0

                                    (3.39) 

funqcia warmoebadia nebismier rigamde CaTvliT, amitom 
𝜂(𝑥) = 𝜑(𝑥 − 𝑐)𝜑(𝑑 − 𝑥),                                      (3.40) 
funqcia, agreTve warmoebadia nebismier rigamde CaTvliT da 
nulisagan gansxvavebulia mxolod (𝑐; 𝑑) intervalSi. maSasa-
dame, 

∫ 𝑓(𝑥)𝜂(𝑥)𝑑𝑥 =
𝑏

𝑎
∫ 𝑓(𝑥)𝜂(𝑥)𝑑𝑥 > 0
𝑑

𝑐
,                           (3.41) 

radgan integralqveSa gamosaxuleba uwyvetia da dadebiTi. 
ase, rom imis daSveba rom 𝑓(𝑥) funqcia ar udris nuls 
romelime wertilSi, arRvevs lemis daSvebis pirobebs. rac 
imas niSnavs, rom Tu adgili aqvs lemis pirobebs, maSin 
𝑓(𝑥) ≡ 0 r.d.g. 
 
P.S.lagranJis damtkicebuli lema advilad zogaddeba mrava-
li cvladis funqciebzec. magaliTad, ori cvladis 𝑓(𝑥, 𝑦) 
funqciis SemTxvevaSi: Tu 𝑓(𝑥, 𝑦) uwyvetia SemosazRvrul 𝐺 ∈
ℝ2 simravleSi da nebismieri 𝜂(𝑥, 𝑦) ∈ 𝐶∞(𝐺) funqciisaTvis, 
romelic uwyvetia �̅� Caketil simravleze da nulis tol 
mniSvnelobas iRebs, am aris 𝜕�̅� sazRvarze, adgili aqvs to-
lobas: 
∬𝑓(𝑥, 𝑦) 𝜂(𝑥, 𝑦)𝑑𝑥𝑑𝑦 = 0,                                     (3.42) 
maSin 𝑓(𝑥, 𝑦) = 0 am �̅� simravleze. 
es Teorema analogiurad mtkicdeba, mxolod sacdel 
funqciad unda ganvixiloT 𝜑(𝑟2 − 𝑥2 − 𝑦2) funqcia, romelic 
nulis tolia 𝑟2 = 𝑥2 + 𝑦2 wris gareT. 
 

2.diubua-raimonislema:vTqvaT 𝑓(𝑥) da 𝑔(𝑥) funqciebi 
uwyvetia [𝑎; 𝑏] SualedSi da nebismieri 𝜂(𝑥) ∈ 𝐶∞[𝑎; 𝑏] funqci-
isaTvis, romelic akmayofilebs 𝜂(𝑎) = 𝜂(𝑏) = 0 pirobebs, 
adgili aqvs tolobas: 

∫ (𝑓(𝑥)𝜂′(𝑥) + 𝑔(𝑥)𝜂(𝑥))𝑑𝑥 = 0
𝑏

𝑎
,                          (3.43) 

maSin 𝑓(𝑥) funqcia uwyvetad diferencirebadia [𝑎; 𝑏] 
SualedSi da adgili aqvs tolobas: 
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𝑓′(𝑥) − 𝑔(𝑥) = 0.                                         (3.44) 
 

am Teoremis damtkiceba sakmaod Sromatevadia. miTumetes, 
rom Cveni amocanaa viswavloT variaciuli aRricxvis 
amocanebis amoxsna da ara rTuli Teoremebis damtkiceba. 
amitom gadavideT aRniSnuli Teoremis gamoyenebaze. 

 
Cven ukve gvqonda variaciuli aRricxvis umartivesi 

amocanis eqstremumis arsebobis aucilebeli piroba (3.37): 

∫ (
𝜕𝐿

𝜕𝑦
𝛿𝑦 +

𝜕𝐿

𝜕𝑦′
𝛿𝑦′) 𝑑𝑥

𝑏

𝑎
= 0.                             (3.44) 

am tolobisaTvis gamoviyenoT diubua-raimonis Teorema. 
toloba (3.44) ZalaSia nebismieri dasaSvebi 𝛿𝑦 = 𝜂(𝑥) vari-

aciisaTvis, sadac 𝛿𝑦 ∈ 𝐶1[𝑎; 𝑏] da 𝛿𝑦(𝑎) = 𝛿𝑦(𝑏) = 0. am 

SemTxvevaSi, 𝑓(𝑥) =
𝜕𝐿

𝜕𝑦′
 da 𝑔(𝑥) =

𝜕𝐿

𝜕𝑦
.maSasadame, diubua-raimonis 

Teoremis ZaliT gveqneba toloba: 
𝑑

𝑑𝑥

𝜕𝐿

𝜕𝑦′
−

𝜕𝐿

𝜕𝑦
= 0.                                        (3.45) 

am tolobas eileris gantoleba ewodeba (es gantoleba 
pirvelad gamoqveynda 1744 wels). am gantolebis gluv 
amonaxsnebs (3.35) funqcionalis eqstremalebi ewodebaT. 

amrigad, funqcionalis eqstremumis wertilebi unda 
veZeboT mis eqstremalebs Soris.  

 
funqciis sruli warmoebulis formulis gamoyenebiT, 

gantoleba (3.45) SegviZlia gadavweroT Semdegnairad: 
𝑦′′(𝑥)𝐿𝑦′𝑦′

′′ + 𝑦′(𝑥)𝐿𝑦𝑦′
′′ + 𝐿𝑥𝑦′

′′ − 𝐿𝑦
′ = 0,                     (3.46) 

meore rigis diferencialuri (3.46) gantolebis zogadi 
amonaxsni, damokidebulia or nebismier mudmivze, romelTa 
SesarCevad unda gamoviyenoT sasazRvro pirobebi:   

𝑦(𝑎) = 𝑦1,    𝑦(𝑏) = 𝑦2.                             (3.47) 
 

Tumca, am amocanas yovelTvis rodi aqvs amonaxsni. 
 

P.S.aq iseTive situacia gvaqvs, rogorc erTi cvladis 
diferencirebadi funqciis eqstremumebis povnisas, roca 
eqstremumis wertilebs veZebT mis stacionarul wertilebs 
Soris. 
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3.3.1. variaciuli aRricxvis umartivesi amocanebis 
amoxsnis magaliTebi 

 
amocana 1. romel wirebze SeiZleba qondes eqstremumebi 

funqcionals: 

𝐽[𝑦] = ∫ ((𝑦′)2 − 2𝑥𝑦)𝑑𝑥
2

1
,                               (3.48) 

Tu 𝑦(1) = 0 da 𝑦(2) = −1. 
amoxsna: amSemTxvevaSi, 𝐿(𝑥, 𝑦, 𝑦′) = (𝑦′)2 −

2𝑥𝑦amitomeilerisgantolebaseqnebasaxe: 𝑦′′ + 𝑥 = 0. 

amgantolebiszogadiamonaxsnia: 𝑦 = −
𝑥3

6
+ 𝐶1𝑥 + 𝐶2. 

ammudmivebsvpoulobTSesabamisisasazRvropirobebidan:  

{
𝐶1 + 𝐶2 =

1

6

2𝐶1 + 𝐶2 =
1

3

⟹ {
𝐶1 =

1

6

𝐶2 = 0
. aqedangamomdinare, miviRebTrom𝑦 =

𝑥

6
−
𝑥3

6
. 

ganvixiloT am amocanis miaxloebiTi amoxsna Mathcad 

programis bazaze. 
amisaTvis (3.48) formulaSi Semaval integrantSi, 

saZiebeli 𝑦 funqcia warmovadginoT mravalwevris saxiT anu 

veZeboT Semdegi saxiT: 𝑦 = ∑ 𝛼𝑖𝑥
𝑖𝑛

𝑖=0 , maSin 𝐽[𝑦] funqcionali 
gadaiqceva mravali cvladis 𝐽(𝛼) funqciad anu gveqneba 
Semdegi saxis miaxloebis funqcia: 

𝐽(𝛼) = ∫ ((∑ 𝑖𝛼𝑖𝑥
𝑖−1𝑛

𝑖=1 )
2
− 2𝑥∑ 𝛼𝑖𝑥

𝑖𝑛
𝑖=0 )𝑑𝑥

2

1
L 

maSin, Sesabamis Mathcad programas eqneba saxe: 
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rogorc vxedavT, miaxloebiTi amonaxsni kargad 

uaxlovdeba zust amonaxsns.  
analogiurad amoixsneba variaciuli aRricxvis yvela 

umartivesi amocana. 
 
amocana 2. romel wirebze SeiZleba qondes eqstremumebi 

funqcionals: 

𝐽[𝑦] = ∫ ((𝑦′)2 − 𝑦2)𝑑𝑥
𝜋

2
0

,                                   (3.49) 

Tu 𝑦(0) = 0 da 𝑦 (
𝜋

2
) = 1. 

amoxsna:am SemTxvevaSi, 𝐿(𝑥, 𝑦, 𝑦′) = (𝑦′)2 − 𝑦2 amitom 
eileris gantolebas eqneba saxe: 𝑦′′ + 𝑦 = 0. am gantolebis 
zogadi amonaxsnia: 𝑦 = 𝐶1 cos 𝑥 + 𝐶2 sin 𝑥. Tu gamoviyenebT 
sasazRvro pirobebs, miviRebT rom: 𝐶1 = 0, 𝐶2 = 1. maSasadame, 
am SemTxvevaSi eqstremali iqneba: 𝑦 = sin 𝑥. 
 

amocana 3. romel wirebze SeiZleba qondes eqstremumebi 
funqcionals: 

𝐽[𝑦] = ∫ ((𝑦′)2 + 12𝑥𝑦)𝑑𝑥
1

0
,                                 (3.50) 

Tu 𝑦(0) = 0 da 𝑦(1) = 1. 
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amoxsna:am SemTxvevaSi, 𝐿(𝑥, 𝑦, 𝑦′) = (𝑦′)2 + 12𝑥𝑦 amitom 
eileris gantolebas eqneba saxe: 𝑦′′ − 6𝑥 = 0. am gantolebis 
zogadi amonaxsnia:𝑦 = 𝑥3 + 𝐶1𝑥 + 𝐶2. Tu gamoviyenebT 
sasazRvro pirobebs, miviRebT rom: 𝐶1 = 0, 𝐶2 = 0. maSasadame, 
am SemTxvevaSi eqstremali iqneba: 𝑦 = 𝑥3. 
 

amocana 3. romel wirebze SeiZleba qondes eqstremumebi 
funqcionals: 

𝐽[𝑦] = ∫ (3𝑥 − 𝑦)𝑦𝑑𝑥
3

1
,                                  (3.51) 

Tu 𝑦(1) = 1 da 𝑦(3) = 4.5. 
amoxsna:am SemTxvevaSi, 𝐿(𝑥, 𝑦, 𝑦′) = (3𝑥 − 𝑦)𝑦, amitom 

eileris gantolebas eqneba saxe: 3𝑥 − 2𝑦 = 0. aqedan 
gamomdinare miviRebT, rom 𝑦 = 1.5𝑥. radgan es amonaxsni ar 
akmayofilebs 𝑦(1) = 1 sasazRvro pirobas, am variaciul 
amocanas ara aqvs amonaxsni. 
 

amocana 4. romel wirebze SeiZleba qondes eqstremumebi 
funqcionals: 

𝐽[𝑦] = ∫ ((𝑦′)2 − 𝑦2)𝑑𝑥
2𝜋

0
,                               (3.52)                                   

Tu 𝑦(0) = 1 da 𝑦(2𝜋) = 1. 
amoxsna:am SemTxvevaSi, 𝐿(𝑥, 𝑦, 𝑦′) = (𝑦′)2 − 𝑦2, amitom 

eileris gantolebas eqneba saxe: 𝑦′′ + 𝑦 = 0. am gantolebis 
zogadi amonaxsnia: 𝑦 = 𝐶1 cos 𝑥 + 𝐶2 sin 𝑥. Tu gamoviyenebT 
sasazRvro pirobebs, miviRebT rom: 𝑦 = cos 𝑥 + 𝐶 sin 𝑥, sadac 𝐶 
nebismieri mudmivia. maSasadame, am variaciul amocanas aqvs 
usasrulod bevri amonaxsni. 
 

amocana 5. romel wirebze SeiZleba qondes eqstremumebi 
funqcionals: 

𝐽[𝑦] = ∫ ((𝑦′)2 + 2𝑦𝑦′ + 𝑦2)𝑑𝑥
2

1
,                            (3.53) 

Tu 𝑦(1) = 1 da 𝑦(2) = 0. 
amoxsna:am SemTxvevaSi, 𝐿(𝑥, 𝑦, 𝑦′) = (𝑦′)2 + 2𝑦𝑦′ + 𝑦2, amitom 

eileris gantolebas eqneba saxe: 𝑦′′ − 𝑦 = 0. misi zogadi 
amonaxsnia: 𝑦 = 𝐶1𝑒

𝑥 + 𝐶2𝑒
−𝑥 . mudmivi koeficientebis sapovne-

lad visargebloT sasazRvro pirobebiT, maSin gveqneba 

sistema: {
𝐶1𝑒 +

𝐶2

𝑒
= 1

𝐶1

𝑒
+ 𝐶2𝑒 = 0

⟹ {
𝐶1 = −

𝑒3

1−𝑒4

𝐶2 =
𝑒

1−𝑒4

; maSasadame gveqneba 

amonaxsni: 𝑦 = −
𝑒3

1−𝑒4
𝑒𝑥 +

𝑒

1−𝑒4
𝑒−𝑥 . 
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P.S.umetes wilad, eileris gantoleba gvaZlevs zust pasuxs 
funqcionalis eqstremumis Sesaxeb. Tu, funqcionalis 
Sinaarsidan gamomdinareobs rom, amocanas aqvs amonaxsni da 
eileris gantolebas aqvs erTaderTi iseTi amonaxsni, 
romelic akmayofilebs sasazRvro pirobebs, maSin es 
eqstremali iqneba funqcionalis eqstremumis amocanis 
amonaxsni. 
 

amocana 6. romel wirebze SeiZleba qondes eqstremumebi 
funqcionals: 

𝐽[𝑦] = ∫ (𝑥(𝑦′)3 − 3𝑦(𝑦′)2)𝑑𝑥
2

0
,                             (3.54) 

Tu 𝑦(0) = 4 da 𝑦(2) = 6. 
amoxsna:am SemTxvevaSi, 𝐿(𝑥, 𝑦, 𝑦′) = 𝑥(𝑦′)3 − 3𝑦(𝑦′)2, amitom 

eileris 𝑦′′(𝑥)𝐿𝑦′𝑦′
′′ + 𝑦′(𝑥)𝐿𝑦𝑦′

′′ + 𝐿𝑥𝑦′
′′ − 𝐿𝑦

′ = 0 gantolebas eqneba 

saxe: 𝑦′′(𝑥𝑦′ − 𝑦) = 0. es diferencialuri gantoleba gvaZlevs 
or gantolebas: 𝑦′′ = 0 da 𝑥𝑦′ − 𝑦 = 0. pirveli maTganis 
zogadi amonaxsnia: 𝑦 = 𝐶1𝑥 + 𝐶2, xolo meoresi _ 𝑦 = 𝐶𝑥. meore 
amonaxsni aris pirvelis qvesimravle, amitom mocemuli 
amocanis yvela eqstremali moicema mxolod pirveli zogadi  
𝑦 = 𝐶1𝑥 + 𝐶2 amonaxsniT. mudmivebs vpoulobT sasazRvro 
pirobebidan. 

{
𝐶1 ∙ 0 + 𝐶2 = 4
𝐶1 ∙ 2 + 𝐶2 = 6

⟹ {
𝐶2 = 4
𝐶1 = 1

;  

maSasadame, mocemuli amocanis amonaxsni iqneba 𝑦 = 𝑥 + 4 
funqcia. 

 
Tu 𝒚(𝒙) funqcia orjer diferencirebadia da 𝐿𝑦′𝑦′

′′ ≠ 0, 

maSin eileris gantolebisaTvis koSis amocanas aqvs erTad-
erTi amonaxsni, xolo, Tu 𝑳𝒚′𝒚′

′′ = 𝟎 (integranti gadagvare-

bulia), maSin eileris gantoleba an pirveli rigis 
diferencialuri gantolebaa, an _ algebruli gantoleba. 

 
daismis kiTxva: ra pirobebs unda akmayofilebdes 

𝐿(𝑥, 𝑦, 𝑦′) funqcia, rom 𝒚(𝒙)amonaxsni iyos orjer diferenci-
rebadi ? 

am kiTxvaze pasuxs iZleva Semdegi Teorema: 
vTqvaT 𝒚(𝒙) aris eileris gantolebis amonaxsni. Tu, 

𝑳(𝒙, 𝒚, 𝒚′) funqcias aqvs uwyveti kerZo warmoebulebi meore 
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rigamde CaTvliT, maSin 𝑿𝑶𝒀 sibrtyis yvela wertilSi,sadac 
𝑳𝒚′𝒚′
′′ ≠ 𝟎, eqstremali 𝒚(𝒙) orjer uywvetad diferenci-rebadia. 

eileris gantoleba iSviaTad ixsneba kvadraturebSi, 
radgan arsebobs iseTi integralebi, romlebic ar gamo-
isaxeba elementaruli funqciebiT. aseT SemTxvevaSi, iyeneben 
miaxloebiT meTodebs. 

 
 
 

3.3.2. eileris gantolebis kerZo SemTxvevebi 
 

Tu mocemuli gvaqvs funqcionali: 𝐽[𝑦] = ∫ 𝐿(∙)𝑑𝑥
𝑏

𝑎
 maSin, 

integralqveSa 𝐿(∙) funqcias integrants uwodeben. 
ganvixiloT eileris gantolebis sxvadasxva tipebi, 

integrantis saxis mixedviT. 
1.integranti araa damokidebuli 𝒚′ warmoebulze. aseT 

SemTxvevaSi𝐽[𝑦] = ∫ 𝐿(𝑥, 𝑦)𝑑𝑥
𝑏

𝑎
, maSin

𝜕𝐿

𝜕𝑦′
≡ 0. aqedan gamomdinare, 

eileris gantolebas eqneba saxe: 
𝜕𝐿

𝜕𝑦
= 0 anu algebruli 

gantolebaa𝑦(𝑥) funqciis mimarT. miRebuli eqstremalebi 
SeiZleba arc ki akmayofilebdnen sasazRvro pirobebs. 

magaliTi: ipoveT 𝐽[𝑦] = ∫ 𝑦3𝑑𝑥
𝑏

𝑎
 funqcionalis eqstremale-

bi, Tu 𝑦(𝑎) = 𝑦1 da 𝑦(𝑏) = 𝑦2. 
amoxsna:eileris gantolebas aqvs saxe: 3𝑦2 = 0. am 

gantolebas aqvs erTaderTi 𝑦 ≡ 0 amonaxsni. aqedan 
gamomdinare, Tu sasazRvro pirobebidan, erTi mainc 𝒚𝟏 da 𝒚𝟐 
ricxvebidan, gansxvavebulia nulisgan, maSin variaciul 
amocanas ara aqvs amonaxsni. 

 
2. integranti wrfivadaa damokidebuli 𝒚′ warmoebulze. am 

tipis funqcionalebisaTvis 𝐽[𝑦] = ∫ 𝐿(𝑥, 𝑦, 𝑦′)𝑑𝑥
𝑏

𝑎
 integrants 

aqvs saxe: 
𝐿(𝑥, 𝑦, 𝑦′) = 𝑃(𝑥, 𝑦) + 𝑄(𝑥, 𝑦)𝑦′.                         (3.55)  

maSin cxadia, rom 𝐿𝑦′𝑦′
′′ ≡ 0. naTelia, rom es SemTxveva 

moicavs pirvel SemTxvevasac. aseT funqcionalebs,gadagvare-
buls uwodeben.maSin eileris gantolebas eqneba saxe: 

𝑄𝑥
′ + 𝑄𝑦

′ 𝑦′ − 𝑃𝑦
′ − 𝑄𝑦

′ 𝑦′ = 0 anu 𝑄𝑥
′ − 𝑃𝑦

′ = 0.                (3.56) 
es gantoleba, rogorc wina SemTxvevaSi, algebrulia. 

amitom, misma amonaxsnma SeiZleba ver daakmayofilos 
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sasazRvro pirobebi da aseT SemTxvevaSi, variaciul 
amocanas ar eqneba amonaxsni.  
P.S. Tu 𝑃𝑑𝑥 + 𝑄𝑑𝑦 warmoadgens srul diferencials, maSin 
eileris 𝑄𝑥

′ − 𝑃𝑦
′ = 0gantoleba igivobas warmoadgens da 

maSasadame, nebismieri 𝑦(𝑥) ∈ 𝐶1[𝑎; 𝑏] funqcia iqneba misi 
amonaxsni anu eqstremali. 
 
3.integranti damokidebulia mxolod 𝒚′ warmoebulze. am 

SemTxvevaSi, funqcionals aqvs saxe: 𝐽[𝑦] = ∫ 𝐿(𝑦′)𝑑𝑥
𝑏

𝑎
, maSin 

cnobili 𝑦′′(𝑥)𝐿𝑦′𝑦′
′′ + 𝑦′(𝑥)𝐿𝑦𝑦′

′′ + 𝐿𝑥𝑦′
′′ − 𝐿𝑦

′ = 0 eileris ganto-

leba miiRebs saxes: 𝑦′′ = 0. mis zogad amonaxsns aqvs wrfivi 
funqciis saxe nebismieri ori mudmiviT: 𝑦 = 𝐶1𝑥 + 𝐶2. 

magaliTi:ipoveT 𝐽[𝑦] = ∫ (𝑦′ − (𝑦′)3)𝑑𝑥
𝑏

𝑎
 funqcionalis 

eqstremalebi, Tu 𝑦(𝑎) = 𝑦1 da 𝑦(𝑏) = 𝑦2. 
amoxsna:eileris gantolebas aqvs saxe: 𝑦′′ = 0. mis zogad 

amonaxsns aqvs wrfivi funqciis saxe nebismieri ori 
mudmiviT: 𝑦 = 𝐶1𝑥 + 𝐶2. am mudmivebis gansazRvra warmoebs 
sasazRvro pirobebidan da gveqneba eqstremali: 

𝑦(𝑥) =
𝑦2−𝑦1

𝑏−𝑎
(𝑥 − 𝑎) + 𝑦1. 

 
ganvixiloT meore magaliTi: 
ipoveT mocemuli funqcionalis eqstremalebi: 

𝐽[𝑦] = ∫ √1 + (𝑦′)2
𝑏

𝑎
,                                 (3.57) 

Tu 𝑦(𝑎) = 𝐴 da 𝑦(𝑏) = 𝐵. 
amoxsna:es funqcionali gansazRvravs wiris sigrZes (𝑎; 𝐴) 

da (𝑏; 𝐵) wertilebs Soris. geometriaulad esaa amocana or 
wertils Soris umoklesi manZilis povnaze. eileris 
gantolebas aqvs saxe: 𝑦′′ = 0, zogadi amonaxsnia: 𝑦 = 𝐶1𝑥 + 𝐶2. 
sasazRvro pirobebidan vpoulobT eqstremals (wrfis 
monakveTs) am wertilebs Soris:  

𝑦 =
𝐵−𝐴

𝑏−𝑎
(𝑥 − 𝑎) + 𝐴. 

 
4.integranti araa damokidebuli 𝒚 funqciaze. am SemTxvevaSi 
integrants aqvs saxe: 𝐿(𝑥, 𝑦′), xolo 𝑦′′(𝑥)𝐿𝑦′𝑦′

′′ + 𝑦′(𝑥)𝐿𝑦𝑦′
′′ +

𝐿𝑥𝑦′
′′ − 𝐿𝑦

′ = 0 eileris gantoleba miiRebs saxes: 

𝑦′′(𝑥)𝐿𝑦′𝑦′
′′ + 𝐿𝑥𝑦′

′′ = 0.                                    (3.58) 

es SemTxveva, Tavis TavSi moicavs wina SemTxvevas. 
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magaliTi: ipoveT 𝐽[𝑦] = ∫ ((𝑦′)2 + 2𝑥𝑦′)𝑑𝑥
𝑏

𝑎
 funqcionalis 

eqstremalebi, Tu 𝑦(𝑎) = 𝑦1 da 𝑦(𝑏) = 𝑦2. 

amoxsna: am SemTxvevaSi 𝐿(𝑥, 𝑦′) = (𝑦′)2 + 2𝑥𝑦′. Sesabamisad, 
eileris gantoleba miiRebs saxes: 𝑦′′ + 1 = 0 anu 

𝑦 = −
𝑥2

2
+ 𝐶1𝑥+𝐶2. nebismieri 𝐶1 da 𝐶2 mudmivebi, calsaxad 

ganisazRvrebian sasazRvro pirobebidan, yvela SemTxvevaSi. 
 
5.integranti araa damokidebuli 𝒙 argumentze. aseT 

SemTxvevaSi, integrants aqvs saxe: 𝐿(𝑦, 𝑦′), xolo eileris 
gantoleba, am SemTxvevaSi, gadaiwereba Semdegnairad: 

𝑦′′(𝑥)𝐿𝑦′𝑦′
′′ + 𝑦′(𝑥)𝐿𝑦𝑦′

′′ − 𝐿𝑦
′ = 0.                    (3.59) 

Tu gavamravlebT am gantolebas 𝑦′ warmoebulze, miviRe-
bT rom (3.57) SegviZlia gadavweroT (3.59) formiT anu 

𝑑

𝑑𝑥
(𝑦′𝐿𝑦′

′ − 𝐿) = 0,                                      

maSin miviRebT, rom SegviZlia vipovoT pirveli integra-
li: 

𝑦′𝐿𝑦′
′ − 𝐿 = 𝐶1.                                       (3.60) 

magaliTi: ipoveT 𝐽[𝑦] = ∫ ((𝑦′)2 + 𝑦𝑦′)𝑑𝑥
𝑏

𝑎
 funqcionalis eqs-

tremalebi. 
amoxsna: am SemTxvevaSi 𝐿(𝑦, 𝑦′) = (𝑦′)2 + 𝑦𝑦′. Sesabamisad, 

eileris (3.57) gantoleba miiRebs saxes: 
2𝑦′′ + 𝑦′ − 𝑦′ = 0 anu 𝑦′′ = 0. maSin zogadi amonaxsni damo-

kidebulia or mudmivze: 𝑦 = 𝐶1𝑥 + 𝐶2. 
magaliTi:iohan bernulis amocana braxistoxronas 

Sesaxeb. 

ipoveT 𝐽[𝑦] = ∫
√1+(𝑦′)2

√2𝑔𝑦
𝑑𝑥 → 𝑚𝑖𝑛

𝑏

0
, Tu 𝑦(0) = 0 da 𝑦(𝑏) = 𝑦𝐵 . 

amoxsna: am SemTxvevaSi 𝐿(𝑦, 𝑦′) =
√1+(𝑦′)2

√2𝑔𝑦
, maSin eileris 

𝑦′′(𝑥)𝐿𝑦′𝑦′
′′ + 𝑦′(𝑥)𝐿𝑦𝑦′

′′ − 𝐿𝑦
′ = 0 gantolebis pirveli integra-

li 𝑦′𝐿𝑦′
′ − 𝐿 = 𝐶1miiRebs Semdeg saxes:  

√1+(𝑦′)2

√2𝑔𝑦
− 𝑦′

𝑦′

√2𝑔𝑦√1+(𝑦′)2
= 𝐶1.                           (3.61) 

aqedan miviRebT, rom 
1

√2𝑔𝑦√1+(𝑦′)2
= 𝐶1.                                    (3.62) 

Tu (3.62) tolobas aviyvanT kvadratSi da mamravls 2𝑔 
SeviyvanT mudmivSi, miviRebT rom 



78 

 

𝑦(1 + (𝑦′)2) = 𝐶,                                     (3.63) 

sadac 𝐶 =
1

2𝑔𝐶1
2. 

amrigad, miviReT pirveli rigis diferencialuri 
gantoleba aracxadad mocemuli warmoebuliT. am gantole-
bis amoxsna xelsayreliaparametris Semoyvanis gziT. 

davuSvaT, rom 𝑦′ =
𝑑𝑦

𝑑𝑥
= cot 𝛽, maSin 1 + (𝑦′)2 =

1

(sin𝛽)2
 anu 

(3.63)-is gaTvaliswinebiT gveqneba, rom 

𝑦 =
𝐶

1+(𝑦′)2
= 𝐶(sin𝛽)2 =

𝐶

2
(1 − cos 2𝛽).                (3.64) 

𝑑𝑥 =
𝑑𝑦

𝑦′
=

2𝐶 sin𝛽 cos𝛽𝑑𝛽

cot𝛽
= 2𝐶(sin 𝛽)2𝑑𝛽 = 𝐶(1 − cos 2𝛽)𝑑𝛽.    (3.65)  

aqedan gamomdinare, miviRebT rom 

𝑥 = 𝐶 (𝛽 −
sin 2𝛽

2
) + 𝐶0.                           (3.66) 

gadavweroT es formula Semdegi saxiT: 

𝑥 =
𝐶

2
(2𝛽 − sin 2𝛽) + 𝐶0,       (3.67) 

Tu SemoviRebT aRniSvnas:  
2𝛽 = 𝑡,             (3.68)         

da gaviTvaliwinebT, rom𝑦 = 0 ⟹ 𝛽 = 0 ⟹ 𝑥 = 0 ⟹ 𝐶0 = 0,  pi-
robas. miviRebT, rom  

𝑥 =
𝐶

2
(𝑡 − sin 𝑡),                                 (3.69) 

𝑦 =
𝐶

2
(1 − cos 𝑡).                                (3.70) 

amrigad, 𝑋𝑂𝑌 sibrtyeSi miviReT cikloidis parametruli 

gantoleba, romelsac aRwers 
𝐶

2
 radiusis mqone wrewiri 𝑋𝑂𝑌 

sibrtyeSi gorvisas, ise rom,cikloida gadis𝑦(𝑏) =
𝑦𝐵wertilze. 

 
magaliTi: amocana minimaluri brunviTi zedapiris povnis 

Sesaxeb. ipoveT [𝑎; 𝑏] monakveTze gansazRvruli iseTi gluvi 
funqcia, romlisTvisac𝑦(𝑎) = 𝑦𝐴, 𝑦(𝑏) = 𝑦𝐵 .              (3.71) 

 
nax. 3.4. minimaluri brunviTi zedapiri 
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da am fuqciis grafikis 𝑂𝑋 RerZis garSemo brunvis Sedegad 
miRebuli brunviTi zedapiris farTobi aris minimaluri. 

𝑆 = 2𝜋 ∫ 𝑦𝑑𝑠 = 2𝜋 ∫ 𝑦√1 + (𝑦′)2𝑑𝑥 → 𝑚𝑖𝑛
𝑏

𝑎

𝑏

𝑎
.                 (3.72)   

amoxsna: rogorc vxedavT, integralqveSa gamosaxuleba 

(integranti) 𝐿(𝑦, 𝑦′) = 𝑦√1 + (𝑦′)2 saxisaa. maSasadame, mas aqvs 
pirveli integrali: 𝑦′𝐿𝑦′

′ − 𝐿 = 𝐶1, romelic Cveni amocanis 

pirobebSi miiRebs saxes: 
𝑦(𝑦′)2

√1+(𝑦′)2
− 𝑦√1 + (𝑦′)2 = 𝐶1.                        (3.73) 

Tu gavamartivebT am integrals, miviRebT gantolebas: 
𝑦

√1+(𝑦′)2
= 𝐶.                                           (3.74) 

am gantolebis integrebisaTvis, SemoviRoT aRniSvna: 
𝑦′ = sinh 𝑡 ⟹ 𝑦 = Ccosh 𝑡.                              (3.75) 

xolo 𝑑𝑥 =
𝑑𝑦

𝑦′
=

𝐶 sinh 𝑡𝑑𝑡

sinh 𝑡
= 𝐶𝑑𝑡 ⟹ 𝑥 = 𝐶𝑡 + 𝐶0.             (3.76) 

maSasadame, saZiebeli minimaluri brunviTi zedapiri 
miiReba im wiris brunviT abscisTa RerZis garSemo, romlis 
parametruli gantolebaa: 

{
𝑥 = 𝐶𝑡 + 𝐶0
𝑦 = Ccosh 𝑡

.                                        (3.77) 

Tu am parametruli gantolebebidan gamovricxavT 𝑡 
parametrs, maSin miviRebT saZiebeli wiris – eqstremalis 
gantolebas: 

𝑦 = 𝐶 cosh
𝑥−𝐶0

𝐶
.                                    (3.78) 

aseT wirebs katenoidebs uwodeben. ucnobi mudmivebi 
ganisazRvrebian sasazRvro 𝑦(𝑎) = 𝑦𝐴, 𝑦(𝑏) = 𝑦𝐵 pirobebidan. 
sasazRvro pirobebidan gamomdinare, amocanas SeiZleba 
qondes erTi, ori an saerTod ar qondes amonaxsni. 

 
 
3.3.3ramdenime,erTi cvladis funqciaze damokidebuli 

funqcionali 
 

axla, ganvixiloT funqcionali, romelic damokidebulia 
𝑥 cvladis or sxvadasxva 𝒚𝟏 da 𝒚𝟐 funqciaze: 

𝐽[𝑦1, 𝑦2] = ∫ 𝐿(𝑥, 𝑦1, 𝑦2, 𝑦1
′ , 𝑦2

′)𝑑𝑥
𝑏

𝑎
,                  (3.79) 

sadac 𝐿(𝑥, 𝑦1, 𝑦2, 𝑦1
′ , 𝑦2

′) xuTi cvladis orjer, uwyvetad difere-
ncirebadi funqciaa. 𝑦1, 𝑦2 funqciaTa gansazRvris area 𝐶1[𝑎; 𝑏] 
funqcionaluri simravlis, iseTi funqciebis simravle, 
romlebic akmayofileben pirobebs: 𝑦1(𝑎) = 𝑦11,   𝑦1(𝑏) = 𝑦12,  
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𝑦2(𝑎) = 𝑦21,   𝑦2(𝑏) = 𝑦22. 
radgan 𝑦1, 𝑦2 funqciebi segmentis boloebze iReben 

fiqsirebul mniSvnelobeb, miviRebT rom 𝛿𝑦1 da 𝛿𝑦2 dasaSvebi 
variaciebi arian𝐶1[𝑎; 𝑏] klasis funqciebi da akmayofileben 
erTgvarovan sasazRvro pirobebs: 𝛿𝑦1(𝑎) = 𝛿𝑦1(𝑏) = 𝛿𝑦2(𝑎) =

𝛿𝑦2(𝑏) = 0. 
funqciaTa nebismieri 𝛿𝑦1 da 𝛿𝑦2 variaciebisaTvis ganvi-

xiloT funqcia: 
𝜑(𝛼1, 𝛼2) = 𝐽[𝑦1 + 𝛼1𝛿𝑦1, 𝑦2 + 𝛼2𝛿𝑦2].               (3.80) 

cxadia, rom Tu 𝑦1, 𝑦2 funqciebisaTvis 𝐽[𝑦1, 𝑦2] funqciona-
li aRwevs Tavis eqstremums, maSin 𝜑(𝛼1, 𝛼2) funqcias aqvs 
eqstremumi (0; 0) wertilSi. am funqciisaTvis fermas Teoremi-
dan gamomdinare, adgili aqvs eqstremumis aucilebel 
pirobebs: 

𝜕𝜑

𝜕𝛼1
|
𝛼1=𝛼2=0

=
𝜕𝜑

𝜕𝛼2
|
𝛼1=𝛼2=0

= 0.                      (3.81) 

Tu gamoviyenebT laibnicis formulas gansazRvruli 
integralis parametiT gawarmoebis Sesaxeb, maSin (3.81) 
pirobebidan miviRebT, rom 

𝜕𝜑

𝜕𝛼1
|
𝛼1=𝛼2=0

= ∫ (𝐿𝑦1
′ 𝛿𝑦1 + 𝐿𝑦1′

′ 𝛿𝑦1
′)𝑑𝑥 = 0

𝑏

𝑎
,                 (3.82) 

𝜕𝜑

𝜕𝛼2
|
𝛼1=𝛼2=0

= ∫ (𝐿2
′ 𝛿𝑦2 + 𝐿𝑦2′

′ 𝛿𝑦2
′) 𝑑𝑥 = 0

𝑏

𝑎
.                  (3.83)  

diubua-raimonis Teoremidan gamomdinare (3.82),(3.83) 
formulebi SegviZlia gadavweroT Semdegi formiT: 

𝑑

𝑑𝑥
𝐿𝑦1′
′ − 𝐿𝑦1

′ = 0,                                    (3.84) 
𝑑

𝑑𝑥
𝐿𝑦2′
′ − 𝐿𝑦2

′ = 0.                                    (3.85) 

 
P.S.funqcionalis eqstremumis arsebobis aucilebeli 
(3.84),(3.85) pirobebi, SeiZleba ganzogaddes erTi cvladis 𝑛 
raodenobis funqciebze damokidebuli funqcionalisTvis. 

 
marTlac, Tu mocemuli gvaqvs 𝒏 raodenobis erTi cvla-

dis funqciaze damokidebuli funqcionali: 

𝐽[𝑦1, … , 𝑦𝑛] = ∫ 𝐿(𝑥, 𝑦1, … , 𝑦𝑛, 𝑦1
′ , … , 𝑦𝑛

′)𝑑𝑥
𝑏

𝑎
,                 (3.86) 

sadac 𝐿(𝑥, 𝑦1, … , 𝑦𝑛, 𝑦1
′ , … , 𝑦𝑛

′) orjer uwyvetad diferencirebadi 
funqciaa da𝐽[𝑦1, … , 𝑦𝑛] aRwevs eqstremums 𝑦1, … , 𝑦𝑛 ∈ 𝐶

1[𝑎; 𝑏] 
funqciaTa sistemaze, maSin funqciaTa es sistema, akmayofi-
lebs gantolebaTa sistemas: 
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𝑑

𝑑𝑥
𝐿
𝑦𝑖
′

′ − 𝐿𝑦𝑖
′ = 0,    𝑖 = 1, 𝑛̅̅ ̅̅ ̅.                              (3.87) 

am gantolebaTa sistemis nebismieri gluvi amonaxsni 
𝐽funqcionalis eqstremals warmoadgens. (3.87) gantolebaTa 
sistemas eileris gantolebebi ewodebaT. 

 
magaliTi: ipoveT funqcionalis eqstremalebi: 

𝐽[𝑦1, 𝑦2] = ∫ (2𝑦1𝑦2 − 2𝑦1
2 + (𝑦1

′)2 − (𝑦2
′)2)𝑑𝑥

𝑏

𝑎
,              (3.88) 

amoxsna: am SemTxvevaSi, 

𝐿(𝑥, 𝑦1, … , 𝑦𝑛 , 𝑦1
′ , … , 𝑦𝑛

′) = 2𝑦1𝑦2 − 2𝑦1
2 + (𝑦1

′)2 − (𝑦2
′)2. Sesabamis 

eileris gantolebebs eqnebaT saxe: 

{

𝑑

𝑑𝑥
𝐿𝑦1′
′ − 𝐿𝑦1

′ = 0

𝑑

𝑑𝑥
𝐿𝑦2′
′ − 𝐿𝑦2

′ = 0
;                                      (3.89) 

anu 

{
𝑦1
′′(𝑥)𝐿𝑦1′𝑦1′

′′ + 𝑦1
′(𝑥)𝐿𝑦1𝑦1′

′′ − 𝐿𝑦1
′ = 0

𝑦2
′′(𝑥)𝐿𝑦2′𝑦2′

′′ + 𝑦2
′(𝑥)𝐿𝑦2𝑦2′

′′ − 𝐿𝑦2
′ = 0

;                      (3.90) 

Cveni amocanisaTvis, es sistema miiRebs Semdeg saxes: 

{
2𝑦1

′′ + 2𝑦2 − 4𝑦1 = 0

−2𝑦2
′′ + 2𝑦1 = 0

⟹ {
𝑦2
𝐼𝑉 − 2𝑦2

′′ + 𝑦2 = 0

𝑦1 = 𝑦2
′′ .              (3.91) 

(3.91) sistemis pirveli toloba, erTgvarovani diferenci-
aluri gantolebaa mudmivi koeficientebiT. amitom misi amo-
naxsni iqneba: 

𝑦2 = 𝐶1𝑒
𝑥 + 𝐶2𝑥𝑒

𝑥 + 𝐶3𝑒
−𝑥 + 𝐶4𝑥𝑒

−𝑥,                     (3.92) 
Tu CavsvamT (3.92) amonaxsns (3.91) sistemis meore 

gantolebaSi, maSin miviRebT, rom 
𝑦1 = 𝐶1𝑒

𝑥 + 𝐶2(2𝑒
𝑥 + 𝑥𝑒𝑥) + 𝐶3𝑒

−𝑥 + 𝐶4(𝑥𝑒
−𝑥 − 2𝑒−𝑥),     (3.93) 

anu 
𝑦1 = 𝑒

𝑥(𝐶1 + 2𝐶2) + 𝑒
−𝑥(𝐶3 − 2𝐶4) + 𝑥(𝐶2𝑒

𝑥 + 𝐶4𝑒
−𝑥).     (3.94)  

 
 

3.3.4. umartivesi tipis funqcionali maRali rigis 
warmoebulebiT 

 

vTqvaT 𝐿(𝑥, 𝑦, 𝑦′, 𝑦′′, … , 𝑦(𝑛)) funqcia uwyvetad diferencire-

badia 𝑛 + 2_jer. ganvixiloT 𝑦(𝑥) ∈ 𝐶1[𝑎; 𝑏] simravleze gansaz-
Rvruli funqcionali: 

𝐽[𝑦] = ∫ 𝐿(𝑥, 𝑦, 𝑦′, 𝑦′′, … , 𝑦(𝑛))𝑑𝑥
𝑏

𝑎
,                      (3.95) 

romelic akmayofilebs sasazRvro pirobebs: 

𝑦(𝑎) = 𝑦10, 𝑦
′(𝑎) = 𝑦11, … , 𝑦

(𝑛−1)(𝑎) = 𝑦1,𝑛−1;           (3.96)   
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𝑦(𝑏) = 𝑦20, 𝑦
′(𝑏) = 𝑦21, … , 𝑦

(𝑛−1)(𝑏) = 𝑦2,𝑛−1.            (3.97) 
aseT SemTxvevaSi 𝑦 funqciisTvis dasaSvebi variacia 

SeiZleba iyos nebismieri 𝛿𝑦 ∈ 𝐶1[𝑎; 𝑏] funqcia, romelic 
akmayofilebs ertgvarovan sasazRvro pirobebs: 

𝛿𝑦(𝑎) = 0, 𝛿𝑦′(𝑎) = 0, … , 𝛿𝑦(𝑛−1)(𝑎) = 0;           (3.98)   

𝛿𝑦(𝑏) = 0, 𝛿𝑦′(𝑏) = 0,… , 𝛿𝑦(𝑛−1)(𝑏) = 0.            (3.99) 
vTqvaT, 𝑦(𝑥) funqcia aniWebs eqstremums 𝐽[𝑦] funqcio-

nals.Tu avirCevT nebismier dasaSveb 𝛿𝑦 variacias da 
ganvixilavT funqcias: 

𝜑(𝛼) = 𝐽[𝑦 + 𝛼𝛿𝑦] = ∫𝐿(𝑥, 𝑦 + 𝛿𝑦, 𝑦′ + 𝛿𝑦′, 𝑦′′ + 𝛿𝑦′′, … , 𝑦(𝑛) + 𝛿𝑦(𝑛))𝑑𝑥

𝑏

𝑎

 

miviRebT rom 𝜑(𝛼) funqciasac aqvs eqstremumi 𝛼 = 0 
wertilSi, radgan is diferencirebadia am wertilSi, gveqneba 
eqstremumis arsebobis aucilebeli piroba: 𝜑′(0) = 0 anu 

𝜑′(𝛼) =
𝑑

𝑑𝛼
𝐽[𝑦 + 𝛼𝛿𝑦] = 0,                          (3.100) 

cxadia, rom 

𝜑′(0) = ∫ (𝐿𝑦
′ 𝛿𝑦 + 𝐿𝑦′

′ 𝛿𝑦′ + …+ 𝐿
𝑦(𝑛)
′ 𝛿𝑦(𝑛)) 𝑑𝑥

𝑏

𝑎
= 0.   (3.101) 

davuSvaT, rom 𝑦(𝑥) ∈ 𝐶2𝑛[𝑎; 𝑏]. maSin Tu, gamoviyenebT 
nawilobiTi integrebis meTods ((3.102) gantolebaSi erTxel, 
(3.103) gantolebaSi _ orjer da a.S.) da sasazRvro pirobebs, 
miviRebT, rom 

∫ 𝐿𝑦′
′ 𝛿𝑦′𝑑𝑥 = −∫ (

𝑑

𝑑𝑥
𝐿𝑦′
′ ) 𝛿𝑦𝑑𝑥

𝑏

𝑎

𝑏

𝑎
,                         (3.102) 

∫ 𝐿𝑦′′
′ 𝛿𝑦′′𝑑𝑥 = ∫ (

𝑑2

𝑑𝑥2
𝐿𝑦′′
′ ) 𝛿𝑦𝑑𝑥

𝑏

𝑎

𝑏

𝑎
,                         (3.103) 

 .  .  . 

∫ 𝐿
𝑦(𝑛)
′ 𝛿𝑦(𝑛)𝑑𝑥

𝑏

𝑎
= (−1)𝑛 ∫ (

𝑑𝑛

𝑑𝑥𝑛
𝐿
𝑦(𝑛)
′ )

𝑏

𝑎
𝛿𝑦𝑑𝑥.                 (3.104) 

Tu am tolobebs SevitanT (3.101) gantolebaSi, maSin mivi-
RebT: 

∫ (𝐿𝑦
′ −

𝑑

𝑑𝑥
𝐿𝑦′
′ +

𝑑2

𝑑𝑥2
𝐿𝑦′′
′ + …+ (−1)𝑛

𝑑𝑛

𝑑𝑥𝑛
𝐿
𝑦(𝑛)
′ ) 𝛿𝑦𝑑𝑥 = 0

𝑏

𝑎
.     (3.105) 

es gantoleba ZalaSia nebismieri, usasrulod diferenci-
rebadi 𝛿𝑦 funqciisaTvis, romelic nulis tol mniSvnelo-
bebs iRebs [𝑎; 𝑏] segmentis boloebze. maSin, lagranJis 
Teoremis Tanaxmad, eqstremalebis sapovnelad, gveqneba 
eiler-puasonis gantoleba: 

𝐿𝑦
′ −

𝑑

𝑑𝑥
𝐿𝑦′
′ +

𝑑2

𝑑𝑥2
𝐿𝑦′′
′ + …+ (−1)𝑛

𝑑𝑛

𝑑𝑥𝑛
𝐿
𝑦(𝑛)
′ = 0.           (3.106) 

am gantolebis 2𝑛_jer uwyvetad diferencirebad amonax-
snebs,𝐽[𝑦] funqcionalis eqstremalebi ewodebaT. 
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P.S. am SemTxvevaSi, funqcionali aRwevs eqstremums eqstrema-
lebze. 

 

magaliTi: ipoveT 𝐽[𝑦] = ∫ ((𝑦′′′)2 + 𝑦2 − 2𝑦𝑥3)𝑑𝑥
𝑏

𝑎
 funqciona-

lis eqstremalebi. 

amoxsna: CavweroT 𝐿(𝑥, 𝑦, 𝑦′, 𝑦′′, … , 𝑦(𝑛)) = (𝑦′′′)2 + 𝑦2 − 2𝑦𝑥3 
funqciidan gamomdinare, mocemuli 𝐽[𝑦] funqcionalisaTvis 
eiler-puasonis gantoleba: 

−2𝑦𝑉𝐼 + 2𝑦 − 2𝑥3 = 0.                                (3.107) 
es aris mudmivkoeficientebiani, araerTgvarovani, wrfivi 

diferencialuri gantoleba, specialuri saxis marjvena nawi-
liT. mis amonaxsns aqvs saxe: 

𝑦(𝑥) = 𝑥3 + 𝐶1𝑒
𝑥 + 𝐶2𝑒

−𝑥 + (𝐶3𝑒
𝑥

2 + 𝐶4𝑒
−
𝑥

2) cos
√3

2
𝑥 + 

+(𝐶5𝑒
𝑥

2 + 𝐶6𝑒
−
𝑥

2) sin
√3

2
𝑥.                              (3.108) 

 
 

3.3.5. mravali cvladis funqciaze damokidebuli 
funqcionalebi 

 
a) ganvixiloT ori cvladis𝑧(𝑥, 𝑦) funqciaze damoki-

debuli funqcionali: 

𝐽[𝑧] = ∬𝐿(𝑥, 𝑦, 𝑧, 𝑧𝑥
′ , 𝑧𝑦

′ )𝑑𝑥𝑑𝑦,                     (3.109) 

vTqvaT, 𝑧(𝑥, 𝑦) ∈ 𝑀 ⊂ 𝐶2(�̅�) orjer uwyvetad diferen-
cirebadi funqciebia, gansazRvruli 𝐺 ⊂ ℝ2 areze. gamovikv-
lioT (3.109) funqcionali eqstremumebze, Tu urjeradi 

integreba xdeba 𝐷 ⊂ �̅� ⊂ 𝐺 areze, xolo 𝐿(𝑥, 𝑦, 𝑧, 𝑧𝑥
′ , 𝑧𝑦

′ ) integ-
ranti orjer uwyvetad diferencirebadi funqciaa Tavisi 
argumentebis mimarT. am funqcionalis gansazRvris ared 
ganvixiloT𝑀 funqcionaluri simravlis im elementebisagan 
Semdgari qvesimravle, romlebis mocemuli 𝐷 aris sazRvarze 
iReben cnobil 𝜑(𝑥, 𝑦) mniSvnelobebs anu 

𝑧(𝑥, 𝑦)|𝜕𝐷 = 𝜑(𝑥, 𝑦).                                 (3.110) 
am SemTxvevaSi, funqciis dasaSvebi variaciebi iqnebian, 

iseTi 𝛿𝑧(𝑥, 𝑦) ∈ 𝐶2(𝐺) funqciebi, romlebic 𝐷 aris 𝜕𝐷 
sazRvarze iReben nulis tol mniSvnelobebs. 
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rogorc viciT, funqcionalis eqstremumis arsebobis 
aucilebeli pirobaa misi pirveli variaciis nulTan 
toloba: 

𝛿𝐽[𝑧] = 0.                                     (3.111) 
Cven CemTxvevaSi, gveqneba rom: 

𝛿𝐽[𝑧] =
𝜕

𝜕𝛼
𝐽[𝑧 + 𝛼𝛿𝑧]|

𝛼=0
= 0.                           (3.112) 

es funqcionali SegviZlia CavweroT Semdegi saxiT: 

𝛿𝐽[𝑧] = ∬(𝐿𝑧
′ 𝛿𝑧 + 𝐿𝑝

′ 𝛿𝑝 + 𝐿𝑞
′ 𝛿𝑞)𝑑𝑥𝑑𝑦 = 0,                 (3.113) 

sadac 
𝑝 = 𝑧𝑥

′ da 𝑞 = 𝑧𝑦
′ .                                    (3.114) 

cxadia, rom Tu gamoviyenebT namravlis warmoebulis 
gamosaTvlel formulas, miviRebT: 

𝜕

𝜕𝑥
(𝐿𝑝
′ 𝛿𝑧) =

𝜕𝐿𝑝
′

𝜕𝑥
𝛿𝑧 + 𝐿𝑝

′ 𝛿𝑝,                               (3.115) 

𝜕

𝜕𝑦
(𝐿𝑞
′ 𝛿𝑧) =

𝜕𝐿𝑞
′

𝜕𝑦
𝛿𝑧 + 𝐿𝑞

′ 𝛿𝑞.                               (3.116)    

am formulebidan gamovsaxoT da gardavqmnaT (3.113) 
formulis integralqveSa gamosaxulebis bolo ori wevri 
Semdegnairad: 

∬(𝐿𝑝
′ 𝛿𝑝 + 𝐿𝑞

′ 𝛿𝑞)𝑑𝑥𝑑𝑦 = ∬(
𝜕

𝜕𝑥
(𝐿𝑝
′ 𝛿𝑧) +

𝜕

𝜕𝑦
(𝐿𝑞
′ 𝛿𝑧))𝑑𝑥𝑑𝑦 − 

−∬(
𝜕𝐿𝑝

′

𝜕𝑥
+
𝜕𝐿𝑞

′

𝜕𝑦
) 𝛿𝑧𝑑𝑥𝑑𝑦.                                  (3.117) 

Tu gamoviyenebT grinis formulas: 

∮(𝑃𝑑𝑥 + 𝑄𝑑𝑦) = ∬(
𝜕𝑄

𝜕𝑥
−
𝜕𝑃

𝜕𝑦
) 𝑑𝑥𝑑𝑦,                       (3.118) 

sadac marcxena wiriTi integrali vrceldeba 𝜕𝐷 sazRvarze, 
xolo marjvena orjeradi integrali ki _ 𝐷 areze; maSin  

∬(
𝜕

𝜕𝑥
(𝐿𝑝
′ 𝛿𝑧) +

𝜕

𝜕𝑦
(𝐿𝑞
′ 𝛿𝑧))𝑑𝑥𝑑𝑦 = ∮𝛿𝑧(𝐿𝑝

′ 𝑑𝑦 − 𝐿𝑞
′ 𝑑𝑥) = 0,       (3.119) 

radgan 𝛿𝑧|𝜕𝐷 ≡ 0. cxadia, rom aq 𝑄 = 𝐿𝑝
′ 𝛿𝑧 da 𝑃 = −𝐿𝑞

′ 𝛿𝑧. mivi-
ReT, rom 

∬(𝐿𝑝
′ 𝛿𝑝 + 𝐿𝑞

′ 𝛿𝑞)𝑑𝑥𝑑𝑦 = −∬(
𝜕𝐿𝑝

′

𝜕𝑥
+
𝜕𝐿𝑞

′

𝜕𝑦
) 𝛿𝑧𝑑𝑥𝑑𝑦.            (3.120) 

rac imas niSnavs, rom funqcionalis eqstremumis 
arsebobis aucilebeli (3.113) piroba gadaiwereba Semdegna-
irad: 

∬(𝐿𝑧
′ −

𝜕𝐿𝑝
′

𝜕𝑥
+
𝜕𝐿𝑞

′

𝜕𝑦
) 𝛿𝑧𝑑𝑥𝑑𝑦 = 0.                         (3.121) 

radgan (3.121) funqcionalis integralqveSa gamosaxuleba 

(integranti) (𝐿𝑧
′ −

𝜕𝐿𝑝
′

𝜕𝑥
+

𝜕𝐿𝑞
′

𝜕𝑦
) uwyveti funqciaa, xolo 𝛿𝑧 
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variacia nebismieri, uwyveti da sazRvarze nulovani 
funqciaa, lagranJis lemis safuZvelze miviRebT, rom 
funqcionalis eqstremumis arsebobis aucilebeli piroba 
Caiwereba gantolebis saxiT: 

𝜕𝐿𝑝
′

𝜕𝑥
+
𝜕𝐿𝑞

′

𝜕𝑦
− 𝐿𝑧

′ = 0.                                    (3.122) 

(3.122) gantolebas,eiler-ostrogradskis gantoleba 
ewodeba. am gantolebis nebismieri gluvi amonaxsni 
eqstremals warmoadgens. 

magaliTi: CavweroTeiler-ostrogradskis gantoleba 
dirixles funqcionalisTvis:  

𝐽[𝑧] =
1

2
∬((𝑧𝑥

′ )2 + (𝑧𝑦
′ )
2
)𝑑𝑥𝑑𝑦.                       (3.123) 

amoxsna: am SemTxvevaSi𝐿(𝑥, 𝑦, 𝑧, 𝑧𝑥
′ , 𝑧𝑦

′ ) = 𝑝2 + 𝑞2. maSin 

miviRebT, rom𝐿𝑝
′ = 2𝑝 = 2𝑧𝑥

′ , xolo 𝐿𝑞
′ = 2𝑞 = 2𝑧𝑦

′ , aseve, 𝐿𝑧
′ = 0 

e.i. eiler-ostrogradskis gantoleba am SemTxvevisTvis, 
miiRebs laplasis gantolebis saxes: 

𝜕2𝑧

𝜕𝑥2
+

𝜕2𝑧

𝜕𝑦2
= 0.                                  (3.124) 

laplasis gantolebas mokled asec weren: ∆𝑧 = 0. 
maSasadame, dirixles funqcionalisaTvis nebismieri 

harmoniuli funqcia eqstremali iqneba. 
 
magaliTi: CavweroTeiler-ostrogradskis gantoleba 

puasonis funqcionalisTvis:  

𝐽[𝑧] =
1

2
∬((𝑧𝑥

′ )2 + (𝑧𝑦
′ )
2
+ 2𝑧𝑓(𝑥, 𝑦)) 𝑑𝑥𝑑𝑦.                (3.125) 

amoxsna: am SemTxvevaSi 𝐿(𝑥, 𝑦, 𝑧, 𝑧𝑥
′ , 𝑧𝑦

′ ) = 𝑝2 + 𝑞2 + 2𝑧𝑓(𝑥, 𝑦). 

maSin 𝐿𝑝
′ = 2𝑝 = 2𝑧𝑥

′ , 𝐿𝑞
′ = 2𝑞 = 2𝑧𝑦

′ , 𝐿𝑧
′ = 𝑓(𝑥, 𝑦). maSin eiler-

ostrogradskis gantolebas eqneba puasonis gantolebis saxe: 
𝜕2𝑧

𝜕𝑥2
+

𝜕2𝑧

𝜕𝑦2
= 𝑓(𝑥, 𝑦).                                  (3.126) 

puasonis gantolebas, zogjer mokledac weren 
Semdegnairad: ∆𝑧 = 𝑓. 

maSasadame, puasonis funqcionalisaTvis, eqstremalebi 
akmayofileben puasonis gantolebas. 

 
magaliTi: ganvixiloT platos variaciuli amocana: 

vipovoT is zedapiri, romelic gavlebulia mocemul 𝐶 
Sekrul Jordanis wirze da aqvs minimaluri farTobi. am 
amocanis amoxsna daiyvaneba Semdegi funqcionalis 
eqstremumis povnis amocanaze: 

𝐽[𝑧] = ∬√1 + 𝑧𝑥
2 + 𝑧𝑦

2𝑑𝑥𝑑𝑦.                       (3.127) 
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amoxsna: am SemTxvevaSi 𝐿(𝑥, 𝑦, 𝑧, 𝑧𝑥
′ , 𝑧𝑦

′ ) = √1 + 𝑧𝑥
2 + 𝑧𝑦

2, Sesaba-

misad, 𝐿𝑝
′ =

𝑝

√1+𝑝2+𝑞2
, 𝐿𝑞

′ =
𝑞

√1+𝑝2+𝑞2
 da 𝐿𝑧

′ = 0. maSasadame, eiler-

ostrogradskis gantolebas eqneba saxe: 
𝜕

𝜕𝑥
(

𝑝

√1+𝑝2+𝑞2
) +

𝜕

𝜕𝑦
(

𝑞

√1+𝑝2+𝑞2
) = 0.                 (3.128) 

anu 
𝜕2𝑧

𝜕𝑥2
(1 + (

𝜕𝑧

𝜕𝑦
)
2

) − 2
𝜕𝑧

𝜕𝑥

𝜕𝑧

𝜕𝑦

𝜕2𝑧

𝜕𝑥𝜕𝑦
+

𝜕2𝑧

𝜕𝑦2
(1 + (

𝜕𝑧

𝜕𝑥
)
2

) = 0.              (3.139) 

ase, rom saSualo simrude yvela wertilSi nulis toli 
unda iyos. am pirobas akmayofilebs mocemul 𝑪 konturze 
gadaWimuli sapnis buSti. 

 
b) Tu mocemuli gvaqvs mravali cvladisfunqciaze 

damokidebuli funqcionali: 
𝐽[𝑧] = ∭ …∫𝐿(𝑥1, 𝑥2, … , 𝑥𝑛, 𝑧, 𝑝1, 𝑝1, … , 𝑝𝑛) 𝑑𝑥1𝑑𝑥2  … 𝑑𝑥𝑛 → 𝑒𝑥𝑡𝑟.  (3.130) 

sadac 𝑧 = 𝑧(𝑥1, 𝑥2, … , 𝑥𝑛) da 𝑝𝑖 =
𝜕𝑧

𝜕𝑥𝑖
 , 𝑖 = 1, 𝑛̅̅ ̅̅ ̅, maSin, misi eqstre-

malebisaTvis analogiurad Caiwereba eiler-ostrogradskis 
gantoleba: 

∑
𝜕

𝜕𝑥𝑖
𝐿𝑝𝑖
′ − 𝐿𝑧

′ = 0𝑛
𝑖=1 .                                    (3.140) 

magaliTi: ganvixiloT variaciuli amocana:  

𝐽[𝑢] =∭((𝑢𝑥
′ )2 + (𝑢𝑦

′ )
2
+ (𝑢𝑧

′ )2) 𝑑𝑥𝑑𝑦𝑑𝑧 → 𝑒𝑥𝑡𝑟.              (3.141) 

amoxsna: am SemTxvevaSi: 

𝐿(𝑥, 𝑦, 𝑧, 𝑢, 𝑝1, 𝑝1, 𝑝3) = (𝑢𝑥
′ )2 + (𝑢𝑦

′ )
2
+ (𝑢𝑧

′ )2 = 𝑝1
2 + 𝑝2

2 + 𝑝3
3, sadac 

𝑝1 = 𝑢𝑥
′ , 𝑝2 = 𝑢𝑦

′ da 𝑝3 = 𝑢𝑧
′ .maSin𝐿𝑝1

′ = 2𝑝1 = 2𝑢𝑥
′ ,  

𝐿𝑝2
′ = 2𝑝2 = 2𝑢𝑦

′ , 𝐿𝑝3
′ = 2𝑝3 = 2𝑢𝑧

′ , 𝐿𝑧
′ = 0. maSin miviRebT, rom 

eiler-ostrogradskis gantolebas eqneba saxe:  
𝜕

𝜕𝑥
𝐿𝑝1
′ +

𝜕

𝜕𝑦
𝐿𝑝2
′ +

𝜕

𝜕𝑧
𝐿𝑧
′ = 0. 

rac imas niSnavs, rom am SemTxvevaSi, gveqneba laplasis 
samganzomilebiani gantoleba: 

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
+
𝜕2𝑢

𝜕𝑧2
= 0.                                    (3.142) 

aqac SegviZlia gamoviyenoT mokle Canaweri: ∆𝑢 = 0. 
maSasadame, (3.141) funqcionalis eqstremali SeiZleba 

iyos nebismieri harmoniuli funqcia. 
 
g) Tu integranti damokidebulia mravali cvladis 

funqciis maRali rigis kerZo warmoebulebze, maSin 
eqstremalebisaTvis gveqneba eiler-puasonis formulis 
analogiuri formula. kerZod, ganvixiloT ori cvladis 
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𝒛(𝒙, 𝒚) funqcia Tavisi kerZo warmoebulebiT meore rigamde 
CaTvliT anu ganvixiloT variaciuli amocana: 

𝐽[𝑧] = ∬𝐿 (𝑥, 𝑦, 𝑧,
𝜕𝑧

𝜕𝑥
,
𝜕𝑧

𝜕𝑦
,
𝜕2𝑧

𝜕𝑥2
,
𝜕2𝑧

𝜕𝑥𝜕𝑦
,
𝜕2𝑧

𝜕𝑦2
) 𝑑𝑥𝑑𝑦 → 𝑒𝑥𝑠𝑡𝑟.      (3.143) 

maSin eqstremalebisaTvis miiReba gantoleba: 
𝜕

𝜕𝑥
𝐿𝑝
′ +

𝜕

𝜕𝑦
𝐿𝑞
′ +

𝜕2

𝜕𝑥2
𝐿𝑟
′ +

𝜕2

𝜕𝑥𝜕𝑦
𝐿𝑠
′ +

𝜕2

𝜕𝑦2
𝐿𝑡
′ − 𝐿𝑧

′ = 0.           (3.144)   

sadac 𝑝 = 𝑧𝑥, 𝑞 = 𝑧𝑦, 𝑟 = 𝑧𝑥𝑥, 𝑠 = 𝑧𝑥𝑦, 𝑡 = 𝑧𝑦𝑦. 
magaliTi.ganvixiloT variaciuli amocana: 

𝐽[𝑧] = ∬((
𝜕2𝑧

𝜕𝑥2
)
2

+ (
𝜕2𝑧

𝜕𝑦2
)
2

+ 2 (
𝜕2𝑧

𝜕𝑥𝜕𝑦
)
2

) 𝑑𝑥𝑑𝑦 → 𝑒𝑥𝑠𝑡𝑟.         (3.145) 

amoxsna:am SemTxvevaSi, 𝐿 = (
𝜕2𝑧

𝜕𝑥2
)
2

+ (
𝜕2𝑧

𝜕𝑦2
)
2

+ 2(
𝜕2𝑧

𝜕𝑥𝜕𝑦
)
2

anu  

𝐿 = 𝑟2 + 𝑡2 + 2𝑠2. maSin 𝐿𝑝
′ = 0, 𝐿𝑞

′ = 0, 𝐿𝑟
′ = 2𝑟 = 2𝑧𝑥𝑥,  

𝐿𝑠
′ = 4𝑠 = 4𝑧𝑥𝑦, 𝐿𝑡

′ = 2𝑡 = 2𝑧𝑦𝑦, 𝐿𝑧
′ = 0. maSasadame, miviRebT 

eqstremalebis gantolebas Semdegi formiT: 
𝜕4𝑧

𝜕𝑥4
+ 2

𝜕4𝑧

𝜕𝑥2𝜕𝑦2
+

𝜕4𝑧

𝜕𝑦4
= 0.                         (3.146) 

eqstremalebisaTvis miviReT biharmoniuli gantoleba. 
am gantolebas, zgjer, mokledac Caweren xolme: 

∆∆𝑧 = 0.  
 
 

3.3.6. eileris gantolebebis kanonikuri saxe 
 

ganvixiloT 𝐽[𝑦1, … , 𝑦𝑛] = ∫ 𝐿(𝑥, 𝑦1, … , 𝑦𝑛, 𝑦1
′ , … , 𝑦𝑛

′)𝑑𝑥
𝑏

𝑎
 funqcio-

nali, sadac 𝐿 integranti orjer uwyvetad diferencirebadi 
funqciaa. Cven SegviZlia es funqcionali gadavweroT veqto-
rebis gamoyenebiT Semdegnairad: 

𝐽[𝒚] = ∫ 𝐿(𝑥, 𝒚, 𝒚′)𝑑𝑥
𝑏

𝑎
,                          (3.147) 

sadac 𝒚 = (𝑦1, … , 𝑦𝑛). rogorc ukve viciT, (3.147) saxis 
funqcionalis eqstremalebisaTvis adgili aqvs eileris 
gantolebebs: 

𝑑

𝑑𝑥
𝐿
𝑦𝑖
′

′ − 𝐿𝑦𝑖
′ = 0,   𝑖 = 1, 𝑛̅̅ ̅̅ ̅.                        (3.148) 

es aris meore rigis Cveulebrivi diferencialuri ganto-
lebebisagan Semdgari sistema. es sistema SegviZlia 
daviyvanoT pirveli rigis diferencialur gantolebaTa 
sistemaze, Tu SemoviRebT saTanado aRniSvnebs: 

𝑦𝑖
′ = 𝑧𝑖,   𝑖 = 1, 𝑛̅̅ ̅̅ ̅.                                        (3.149) 

maSin 𝐿
𝑦𝑖
′

′ = 𝐿𝑧𝑖
′  da eileris (3.148) gantolebebi gadaiwereba 

Semdegnairad: 
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{

𝑑𝑦𝑖

𝑑𝑥
= 𝑧𝑖 ,                     𝑖 = 1, 𝑛̅̅ ̅̅ ̅

𝑑

𝑑𝑥
𝐿𝑧𝑖
′ − 𝐿𝑦𝑖

′ = 0,     𝑖 = 1, 𝑛̅̅ ̅̅ ̅
.                            (3.150) 

miRebuli gantolebaTa sistema araa normaluri sistema, 
amitom misi ricxviTi realizacia araa xelsayreli, Tumca, 
SegviZlia ise grdavqmnaT analizurad, rom mravali amocanis 
amoxsna iqneba SesaZlebeli. marTlac, SemoviRoT aRniSvna: 

𝐿
𝑦𝑖
′

′ = 𝐿𝑧𝑖
′ ≡ 𝑝𝑖 ,   𝑖 = 1, 𝑛̅̅ ̅̅ ̅.                                (3.151) 

integrantis, meore rigis kerZo warmoebulebisagan 
Semdgari matricis (hesis matrica) determinanti Tu 
gansxvavdeba nulisagan, maSin aracxadi funqciis Sesaxeb 
Teoremidan gamomdinare, 𝐿

𝑦𝑖
′

′ = 𝑝𝑖 ,   𝑖 = 1, 𝑛̅̅ ̅̅ ̅ gantolebebidan Seg-

viZlia Zveli 𝑦𝑖
′cvladebi gamovsaxoT axali cvladebiT anu 

𝑦𝑖
′ = ℎ𝑖(𝑥, 𝒚, 𝒑), 𝑖 = 1, 𝑛̅̅ ̅̅ ̅.                              (3.152) 

ganvixiloT funqcia: 

𝐻(𝑥, 𝒚, 𝒑) = −𝐿(𝑥, 𝒚, 𝒉(𝑥, 𝒚, 𝒑)) + ∑ ℎ𝑖(𝑥, 𝒚, 𝒑)𝑝𝑖
𝑛
𝑖=1 .           (3.153) 

am funqcias, mocemuli (3.147) funqcionalis 
hamiltonisfunqcias uwodeben, xolo 𝑥, 𝒚, 𝒑cvladebs, 
mocemuli funqcionalis_kanonikur cvladebs. 

hamiltonis funqciis gansazRvrebidan gamomdinareobs, 
rom  

𝑑𝐻 = −𝑑𝐿 + ∑ 𝑝𝑖𝑑𝑦𝑖
′ + ∑ 𝑦𝑖

′𝑑𝑝𝑖
𝑛
𝑖=1

𝑛
𝑖=1  anu 

𝑑𝐻 = −𝐿𝑥
′ 𝑑𝑥 − ∑ 𝐿𝑦𝑖

′ 𝑑𝑦𝑖 − ∑ 𝐿
𝑦𝑖
′

′ 𝑑𝑦𝑖
′ + ∑ 𝑝𝑖𝑑𝑦𝑖

′ + ∑ 𝑦𝑖
′𝑑𝑝𝑖

𝑛
𝑖=1

𝑛
𝑖=1

𝑛
𝑖=1

𝑛
𝑖=1 , (3.154) 

radgan aRniSvnis Tanaxmad 𝐿
𝑦𝑖
′

′ = 𝑝𝑖 ,   𝑖 = 1, 𝑛̅̅ ̅̅ ̅, formula 

(3.154)-is marjvena mxaris mesame da meoTxe wevri, erTmaneTs 
abaTilebs, Sesabamisad, miviRebT rom 

𝑑𝐻 = −𝐿𝑥
′ 𝑑𝑥 − ∑ 𝐿𝑦𝑖

′ 𝑑𝑦𝑖 + ∑ 𝑦𝑖
′𝑑𝑝𝑖

𝑛
𝑖=1

𝑛
𝑖=1 .                   (3.155) 

Tu hamiltonis funqcias warmovadgenT standarTuli 
formiT, miviRebT rom 

𝑑𝐻 = 𝐻𝑥𝑑𝑥 + ∑ 𝐻𝑦𝑖
𝑛
𝑖=1 𝑑𝑦𝑖 + ∑ 𝐻𝑝𝑖

𝑛
𝑖=1 𝑑𝑝𝑖 .                  (3.156) 

Tu SevadarebT (3.155) da (3.156) formulebs, miviRebT rom 
𝐻𝑥 = −𝐿𝑥

′ , 𝐻𝑦𝑖 = −𝐿𝑦𝑖
′ ,     𝐻𝑝𝑖 = 𝑦𝑖

′.                        (3.157) 

maSasadame, 𝐿𝑦𝑖
′ = −𝐻𝑦𝑖 ,   𝑦𝑖

′ = 𝐻𝑝𝑖 , 𝐿𝑧𝑖
′ = 𝑝𝑖 , tolobebis gaTva-

liswinebiT, eileris (3.150) gantolebebi gadaiwereba 
kanonikur cvladebSi:  

{

𝑑𝑦𝑖

𝑑𝑥
=

𝜕𝐻

𝜕𝑝𝑖
,       𝑖 = 1, 𝑛̅̅ ̅̅ ̅,

𝑑𝑝𝑖

𝑑𝑥
= −

𝜕𝐻

𝜕𝑦𝑖
,    𝑖 = 1, 𝑛,̅̅ ̅̅ ̅

 .                                 (3.158) 
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rogorc viciT, Cveulebrivi diferencialuri gantolebis 
pirveli integrali ewodeba iseT funqcias, romelic am 
sistemis nebismieri integraluri wiris gaswvriv mudmiv 
mniSvnelobas inarCunebs. 

imisaTvis, rom mocemuli gluvi funqcia iyos Cveuleb-
rivi diferencialuri gantolebis pirveli integrali, 
aucilebelia da sakmarisi, rom am funqciis sruli warmoe-
buli mocemuli diferencialuri gantolebidan gamomdinare, 
iyos nulovani. 

 
zogierTi kerZo SemTxvevisaTvis, SesaZlebelia vipovoT 

(3.158) sistemis pirveli integrali da maSasadame (3.150) 
sistemisac. 

 
magaliTi: vTqvaT integrants aqvs saxe: 𝐿(𝒚, 𝒚′)anu cxadi 

saxiT ar Seicavs 𝑥 cvlads.maSin Sesabamisi hamiltonis 

funqciac ar Sicavs 𝑥 cvlads, cxadi saxiT anu 
𝜕𝐻

𝜕𝑥
≡ 0. e.i. 

gveqneba, rom 
𝑑𝐻

𝑑𝑥
= ∑ 𝐻𝑦𝑖

′𝑛
𝑖=1

𝑑𝑦𝑖

𝑑𝑥
+ ∑ 𝐻𝑝𝑖

′ 𝑑𝑝𝑖

𝑑𝑥

𝑛
𝑖=1 ,                           (3.159) 

SevitanoT am tolobis marjvena nawilSi 𝐻𝑦𝑖
′  da 𝐻𝑝𝑖

′  (3.158) 
gantolebidan, maSin miviRebT, rom 

𝑑𝐻

𝑑𝑥
= −∑

𝑑𝑝𝑖

𝑑𝑥

𝑛
𝑖=1

𝑑𝑦𝑖

𝑑𝑥
+ ∑

𝑑𝑦𝑖

𝑑𝑥

𝑑𝑝𝑖

𝑑𝑥

𝑛
𝑖=1 = 0.                      (3.160) 

amrigad, Tu integranti araa cxadad damokidebuli 𝒙 
cvladze, maSin nebismieri eqstremalis gaswvriv, hamiltonis 
funqcia mudmivia. rac imas niSnavs, rom Tu integranti araa 
cxadad damokidebuli 𝒙 cvladze, maSin hamiltonis funqcia 
eileris gantolebis pirveli integralia. 

 
P.S. kanonikur cvladebSi Cawerili eileris (3.158) 

gantolebidan gamomdinareobs igivoba: 
𝑑𝐻

𝑑𝑥
=

𝜕𝐻

𝜕𝑥
. 

 
magaliTi. axla davsvaT aseTi sakiTxi: vipovoT ra 

pirobebs unda akmayofilebdes mocemuli 𝐹(𝑦, 𝑝) funqcia, rom 
is iyos (3.158) sistemis pirveli integrali ? 

amoxsna: vipovoT am funqciis sruli warmoebuli: 
𝑑𝐹

𝑑𝑥
= ∑ (𝐹𝑦𝑖

′ 𝑑𝑦𝑖

𝑑𝑥
+ 𝐹𝑝𝑖

′ 𝑑𝑝𝑖

𝑑𝑥
)𝑛

𝑖=1 ,                      (3.161) 

Tu gaviTvaliswinebT (3.158) gantolebebs, maSin miviRebT: 
𝑑𝐹

𝑑𝑥
= ∑ (𝐹𝑦𝑖

′ 𝑑𝑦𝑖

𝑑𝑥
+ 𝐹𝑝𝑖

′ 𝑑𝑝𝑖

𝑑𝑥
)𝑛

𝑖=1 = ∑ (𝐹𝑦𝑖
′ 𝐻𝑝𝑖

′ − 𝐹𝑝𝑖
′ 𝐻𝑦𝑖

′ )𝑛
𝑖=1 .          (3.162) 
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am tolobis marjvena mxares mdgar 
gamosaxulebas,puasonis [𝑭,𝑯] frCxilebs uwodeben. maSin 
miviRebT, rom 

𝑑𝐹

𝑑𝑥
= [𝐹, 𝐻].                                    (3.163) 

maSasadame, mocemuli 𝐹(𝑦, 𝑝) funqcia aris eileris 
gantolebis pirveli integrali, maSin da mxolod maSin, 
roca 𝐹 da 𝐻 funqciebis puasonis frCxili [𝐹, 𝐻] = 0 nulis 
tolia.   

magaliTi. mocemuli funqcionalisaTvis: 

𝐽[𝑦1, 𝑦2] = ∫ (2𝑦1𝑦2 − 2𝑦1
2 + (𝑦1

′)2 − (𝑦2
′)2)𝑑𝑥

𝜋

0
, 

SeadgineT eileris kanonikuri gantolebebi. 
amoxsna: Cven SemTxvevaSi 

𝐿(𝑥, 𝒚, 𝒚′) = 2𝑦1𝑦2 − 2𝑦1
2 + (𝑦1

′)2 − (𝑦2
′)2, Tu SemoviRebT aRniS-

vnebs: 𝐿𝑦1′
′ = 𝑝1, 𝐿𝑦2′

′ = 𝑝2. maSin miviRebT, rom 2𝑦1
′ = 𝑝1, −2𝑦2

′ = 𝑝2. 

am SemTxvevaSi, determinanti: |
𝐿𝑦1′𝑦1′
′′ 𝐿𝑦1′𝑦2′

′′

𝐿𝑦2′𝑦1′
′′ 𝐿𝑦2′𝑦2′

′′ | = |
2 0
0 −2

| = −4 ≠ 0. 

Tu miRebul gantolebebs amovxsniT 𝑦1
′ da 𝑦2

′ warmoebulebis 

mimarT, miviRebT rom 𝑦1
′ =

𝑝1

2
 da  𝑦2

′ = −
𝑝2

2
. maSin SegviZlia 

vipovoT mocemuli funqcionalis Sesabamisi hamiltoniani: 

𝐻 = (−𝐿 + 𝑦1
′𝐿𝑦1′
′ + 𝑦2

′𝐿𝑦2′
′ )|

𝑦1
′=

𝑝1
2
,  𝑦2

′=−
𝑝2
2

= 2𝑦1
2 − 2𝑦1𝑦2 +

𝑝1
2

4
−
𝑝2
2

4
. 

Sesabamisad, eileris kanonikur gantolebebs eqnebaT 
saxe: 

{

𝑑𝑦1

𝑑𝑥
=

𝑝1

2
,                  

𝑑𝑦2

𝑑𝑥
= −

𝑝2

2
𝑑𝑝1

𝑑𝑥
= −4𝑦1 + 2𝑦2 ,   

𝑑𝑝2

𝑑𝑥
= 2𝑦1

. 

 
3.3.7. funqcionalebisa da maTi Sesabamisi eqstremalebis 

gantolebaTa cxrili 
 

funqcionalis saxe eqstremalebis diferencialuri 
gantolebebi 

1 

𝐽[𝑦] = ∫𝐿(𝑥, 𝑦, 𝑦′)𝑑𝑥

𝑏

𝑎

 

𝑑

𝑑𝑥
𝐿𝑦′
′ − 𝐿𝑦

′ = 0 

eileris gantoleba 

1.2 

𝐽[𝑦] = ∫𝐿(𝑥, 𝑦)𝑑𝑥

𝑏

𝑎

 
𝐿𝑦
′ = 0 
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1.3 

𝐽[𝑦] = ∫(𝑃(𝑥, 𝑦) + 𝑄(𝑥, 𝑦)𝑦′)𝑑𝑥

𝑏

𝑎

 

𝑄𝑥
′ − 𝑃𝑦

′ = 0 

1.4 

𝐽[𝑦] = ∫𝐿(𝑦′)𝑑𝑥

𝑏

𝑎

 

𝑑

𝑑𝑥
𝐿𝑦′
′ = 0 

1.5 

𝐽[𝑦] = ∫𝐿(𝑥, 𝑦′)𝑑𝑥

𝑏

𝑎

 

𝑑

𝑑𝑥
𝐿𝑦′
′ = 0 

1.6 

𝐽[𝑦] = ∫𝐿(𝑦, 𝑦′)𝑑𝑥

𝑏

𝑎

 
𝑦′𝐿𝑦′

′ − 𝐿 = 𝐶1 

2 

𝐽[𝑦1, 𝑦2] = ∫𝐿(𝑥, 𝑦1, 𝑦2, 𝑦1
′ , 𝑦2

′)𝑑𝑥

𝑏

𝑎

 {

𝑑

𝑑𝑥
𝐿𝑦1′
′ − 𝐿𝑦1

′ = 0

𝑑

𝑑𝑥
𝐿𝑦2′
′ − 𝐿𝑦2

′ = 0

 

3 
𝐽[𝑦1, … , 𝑦𝑛] = ∫𝐿(𝑥, 𝑦1 ,  … , 𝑦𝑛, 𝑦1

′ , … , 𝑦𝑛
′ )𝑑𝑥

𝑏

𝑎

 
𝑑

𝑑𝑥
𝐿
𝑦𝑖
′

′ − 𝐿𝑦𝑖
′ = 0, 𝑖 = 1, 𝑛̅̅ ̅̅ ̅ 

4 

𝐽[𝑦] = ∫𝐿(𝑥, 𝑦, 𝑦′, 𝑦′′, … , 𝑦(𝑛))𝑑𝑥

𝑏

𝑎

 
𝐿𝑦
′ −

𝑑

𝑑𝑥
𝐿𝑦′
′ +

𝑑2

𝑑𝑥2
𝐿𝑦′′
′ + …+ (−1)𝑛

𝑑𝑛

𝑑𝑥𝑛
𝐿
𝑦(𝑛)
′ = 0 

eiler-puasonis gantoleba 

5 
𝐽[𝑦1, 𝑦2] = ∫𝐿(𝑥, 𝑦, 𝑧, 𝑧𝑥

′ , 𝑧𝑦
′ )𝑑𝑥𝑑𝑦

𝑏

𝑎

 

𝜕𝐿𝑝
′

𝜕𝑥
+
𝜕𝐿𝑞

′

𝜕𝑦
− 𝐿𝑧

′ = 0, 𝑝 = 𝑧𝑥
′ , 𝑞 = 𝑧𝑦

′ . 

eiler-ostrogradskis gantoleba 

5.1 𝐽[𝑢] =∭((𝑢𝑥
′ )2 + (𝑢𝑦

′ )
2
+ (𝑢𝑧

′ )2) 𝑑𝑥𝑑𝑦𝑑𝑧 ∆𝑢 = 0laplasis gantoleba 

5.2 𝐽[𝑧] =
1

2
∬((𝑧𝑥

′ )2 + (𝑧𝑦
′ )
2
+ 2𝑧𝑓(𝑥, 𝑦)) 𝑑𝑥𝑑𝑦 ∆𝑧 = 𝑓(𝑥, 𝑦)puasonis gantoleba 

5.3 
𝐽[𝑧] = ∬((

𝜕2𝑧

𝜕𝑥2
)

2

+ (
𝜕2𝑧

𝜕𝑦2
)

2

+ 2(
𝜕2𝑧

𝜕𝑥𝜕𝑦
)

2

)𝑑𝑥𝑑𝑦 
∆∆𝑧 = 0biharmoniuli gantoleba 

6 
𝐽[𝒚] = ∫𝐿(𝑥, 𝒚, 𝒚′)𝑑𝑥

𝑏

𝑎

 {

𝑑𝑦𝑖

𝑑𝑥
=

𝜕𝐻

𝜕𝑝𝑖
𝑑𝑝𝑖

𝑑𝑥
= −

𝜕𝐻

𝜕𝑦𝑖

.𝑖 = 1, 𝑛̅̅ ̅̅ ̅𝑝𝑖 = 𝐿𝑦𝑖
′ . 

eileris kanonikuri gantolebebi 

 
 

3.4. variaciuli amocanebi moZravi sazRvrebiT 
 

Cven ukve ganvixileT variaciuli amocanebi fiqsirebuli 
sazRvrebiT, sadac dasaSvebi funqciebi gansazRvruli iyo 
fiqsirebul [𝑎; 𝑏] monakveTze da grafikis bolo 𝐴(𝑎, 𝑦𝐴) da 
𝐵(𝑏, 𝑦𝐵) wertilebi iyo fiqsirebuli.  

praqtikuli amocanebis amoxsnisas, zogjer, saWiroa 
funqcionalis eqstremumis povna iseT pirobebSi, roca 
dasaSvebi funqciebi gansazRvrulia sxvadasxva SualedSi da 
Sualedis boloebze maTi mniSvneloba winaswar araa 
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cnobili. aseT amocanebs, moZrav sazRvrebian variaciul 
amocanebs uwodeben.  

 
3.4.1. variaciuli amocana, eqstremalis funqciis grafikis or 

paralelur, vertikalur wrfeze moZravi boloebiT 
 
ganvixiloT variaciuli amocana: 

𝐽[𝑦] = ∫ 𝐿(𝑥, 𝑦, 𝑦′)𝑑𝑥
𝑏

𝑎
,                               (3.164) 

funqcionalis eqstremumis Sesaxeb, sadac funqcionalis gan-
sazRvris area 𝐶1[𝑎; 𝑏] klasis funqciebis simravle (funqci-
onaluri sivrce). gansxvaveba adre ganxilul amocanebTan 
SedarebiT isaa, rom amjerad, dasaSvebi funqciebisaTvis ar 
gvaqvs mocemuli sasazRvro pirobebi. 

geometriuli TvalsazRisiT, amocana mdgomareobs iseTi 
funqciis povnaSi, romelic (3.164) funqcionals aniWebs 
eqstremalur mniSvnelobas da romlis grafikis boloebic, 
kveTs 𝑥 = 𝑎 da 𝑥 = 𝑏 vertikalur wrfeebs. aseT amocanas Cven 
vuwodebT variaciul amocanas eqstremalis funqciis 
grafikis or paralelur, vertikalur wrfeze moZravi 
boloebiTnax. 3.5. 

 
nax. 3.5. variaciuli amocana wiris moZravi boloebiT 

 
CavTvaloT, rom funqcionalis integranti, orjer 

uwyvetad diferencirebadi funqciaa. am SemTxvevaSi, 
dasaSvebi funqcia, SeiZleba iyos 𝐶1[𝑎; 𝑏] funqcionaluri 
sivrcis nebismieri elementi. vipovoT mocemuli funqci-
onalis pirveli variacia: 

𝛿𝐽[𝑦, 𝛿𝑦] = ∫ (𝐿𝑦
′ 𝛿𝑦 + 𝐿𝑦′

′ 𝛿𝑦′)𝑑𝑥
𝑏

𝑎
.                   (3.165) 

funqcionalis eqstremumis arsebobis aucilebeli 
pirobidan gamomdinare, rogorc viciT, adgili aqvs ganto-
lebas: 

𝛿𝐽[𝑦, 𝛿𝑦] = ∫ (𝐿𝑦
′ 𝛿𝑦 + 𝐿𝑦′

′ 𝛿𝑦′)𝑑𝑥
𝑏

𝑎
= 0.                (3.166) 
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maSin diubua-raimonis lemidan gamomdinare, miviRebT rom 
eqstremalebi akmayofileben eileris gantolebas: 

𝑑

𝑑𝑥
𝐿𝑦′
′ − 𝐿𝑦

′ = 0.                                   (3.167) 

gantoleba (3.166) saSualebas gvaZlevs vipovoT 
damatebiTi pirobebi, romelTac aucileblad, unda akmayofi-
lebdes funqcionalis eqstremali. 

Tu 𝐽[𝑦] funqcionali araa gadagvarebuli anu 𝐿𝑦′𝑦′
′′ ≠ 0, 

maSin misi 𝑦 eqstremali aris orjer, uwyvetad diferenci-
rebadi funqcia. maSin, SegviZlia gamoviyenoT nawilobiTi 
integrebis xerxi (3.166) gantolebisaTvis da miviRebT, rom: 

𝛿𝐽[𝑦, 𝛿𝑦] = ∫ (𝐿𝑦
′ −

𝑑

𝑑𝑥
𝐿𝑦′
′ ) 𝛿𝑦𝑑𝑥 + 𝐿𝑦′

′ 𝛿𝑦|
𝑎

𝑏𝑏

𝑎
             (3.168) 

anu gveqneba formula: 

𝛿𝐽[𝑦, 𝛿𝑦] = ∫ (𝐿𝑦
′ −

𝑑

𝑑𝑥
𝐿𝑦′
′ ) 𝛿𝑦𝑑𝑥 + 𝐿𝑦′

′ |
𝑥=𝑏

𝛿𝑦(𝑏) −
𝑏

𝑎
𝐿𝑦′
′ |

𝑥=𝑎
𝛿𝑦(𝑎).   (3.169) 

Tu 𝑦(𝑥) eqstremalia, maSin is akmayofilebs eileris 
gantolebas da maSasadame, (3.169) formulaSi integrali 
nulis tolia. maSin miviRebT, rom 

𝐿𝑦′
′ |

𝑥=𝑏
𝛿𝑦(𝑏) − 𝐿𝑦′

′ |
𝑥=𝑎

𝛿𝑦(𝑎) = 0.                     (3.170) 

mocemul amocanaSi, radgan 𝛿𝑦(𝑎) da 𝛿𝑦(𝑏) sidideebs 
SeuZliaT nebismieri mniSvnelobis miReba, cxadia rom (3.170) 
gantoleba gvaZlevs damatebiT aucilebel pirobebs 
imisaTvis, rom  𝑦(𝑥) funqcia iyos mocemuli funqcionalis 
eqstremali. am pirobebs aqvT saxe: 

𝐿𝑦′
′ |

𝑥=𝑏
= 0,   𝐿𝑦′

′ |
𝑥=𝑎

= 0.                           (3.171) 

am pirobebs, bunebriv sasazRvro pirobebs uwodeben. 
a)amrigad, aseTi amocanis amosaxsnelad, jer unda amovxsnaT 
eileris gantoleba da vipovoT eqstremalebi, xolo Semdeg, 
maTgan unda amovirCioT is eqstremalebi, romlebic 
akmayofileben bunebriv sasazRvro pirobebs. 

 
b)mocemuli (3.164) tipis funqcionalisTvis SegviZlia davsvaT 
Sereuli tipis amocanac anu magaliTad, mocemulia 
saZiebeli funqciis grafikis marcxena bolos koordinatebi 
𝐴(𝑎; 𝑦𝐴) xolo marjvena bolo Tavisuflad moZraobs 𝑥 = 𝑏 
vertikalur wrfeze. maSin gvaqvs erTi piroba, romelic 
aviwroebs dasaSveb funqciaTa simravles. dasaSvebi variacia 
unda akmayofilebdes 𝛿𝑦(𝑎) = 0 pirobas, radgan yvela 
dasaSvebi funqcia unda akmayofilebdes erTi da igive 
pirobas: 𝑦(𝑎) = 𝑦𝐴 .  

maSasadame, am SemTxvevaSi (3.170) pirobidan miviRebT, rom: 
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𝑦(𝑎) = 𝑦𝐴, 𝐿𝑦′
′ |

𝑥=𝑏
= 0.                            (3.172) 

 
magaliTi. ipoveT mocemuli funqcionalis eqstremalebi: 

𝐽[𝑦] = ∫ ((𝑦′)2 − 𝑦2 + 4𝑦 cos 𝑥)𝑑𝑥 → 𝑒𝑥𝑠𝑡𝑟
𝜋

4
0

,  𝑦(0) = 0.     (3.173) 

amoxsna: mocemuli funqcionalisTviseileris gantolebas 
aqvs saxe: 𝑦′′ + 𝑦 = 2 cos𝑥. am gantolebis zogadi amonaxsnia: 
𝑦 = 𝐶1 cos 𝑥 + 𝐶2 sin 𝑥 + 𝑥 sin 𝑥. 

radgan 𝑦(0) = 0, miviRebT rom 𝐶1 = 0. meore mudmivis 

sapovnelad, unda gamoviyenoT 𝐿𝑦′
′ |

𝑥=𝑏
= 0 piroba, romelsac 

mocemuli amocanis pirobebSi, aqvs saxe:2𝑦′|𝑥=𝜋
4
= 0 anu 𝑦′ (

𝜋

4
) =

0 maSin 𝐶2 = −1 −
𝜋

4
. miviReT, rom bunebriv sasazRvro 

pirobebs akmayofilebs eqstremali: 𝑦 = (𝑥 − 1 −
𝜋

4
) sin 𝑥. 

 
 

3.4.2. variaciuli aRricxvis umartivesi amocana nebismier or 
wirze moZravi sazRvrebiT 

 
Cven ukve ganvixileT variaciuli amocana, nebismier or 

vertikalur wrfeze moZravi sazRvrebiT.axla, ganvazogadoT 
es amocana im SemTxvevisaTvis, roca grafikis boloebi gada-
adgildebian ara mxolod vertikalur wrfeebze, aramed 
nebismier or gluv wirze. 

davsvaT amocana. vipovoT  

𝐽[𝑦] = ∫ 𝐿(𝑥, 𝑦, 𝑦′)𝑑𝑥
𝑏

𝑎
,                                    (3.174) 

funqcionalis eqstremumebi, Tu 𝐿 funqcionali orjer uwyve-
tad diferencirebadi funqciaa, xolo 𝑎 da 𝑏, 𝑦(𝑥) funqciis 
grafikis boloebis ucnobi abscisebia, xolo ordinatebi ki, 
Sesabamisad 𝑦(𝑎) da 𝑦(𝑏). amasTan erTad, cnobilia rom 𝑦(𝑥) 
funqciis boloebi ganlagebulia Sesabamisad, 𝑦 = 𝜑(𝑥) da 𝑦 =
𝜓(𝑥) wirebze anu 𝑦(𝑎) = 𝜑(𝑎) da 𝑦(𝑏) = 𝜓(𝑏). 

aseTi tipis amocanebis amosaxsnelad iyeneben Teoremas: 
Tu 𝒚(𝒙) aris (3.174) funqcionalis eqstremali, romelic 

𝒚 = 𝜑(𝑥)wiris(𝑎, 𝜑(𝑎)) wertils aerTebs 𝑦 = 𝜓(𝑥) wiris 

(𝑏, 𝜓(𝑏)) wertilTan, maSin is akmayofilebs eileris gantole-
bas: 

𝐿𝑦
′ −

𝑑

𝑑𝑥
𝐿𝑦′
′ = 0,                                      (3.175) 

da transversalobis pirobebs: 
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{
𝐿 + (𝜑′ − 𝑦′)𝐿𝑦′

′ |
𝑥=𝑎

= 0

𝐿 + (𝜓′ − 𝑦′)𝐿𝑦′
′ |

𝑥=𝑏
= 0

.                              (3.176) 

amrigad, moZrav sazRvrebiani variaciuli aRricxvis 
umartivesi amocanis amosaxsnelad saWiroa: 

1) amovxsnaT funqcionalis Sesabamisi eileris gantole-
ba da vipovoT or nebismier cvladze damokidebuli 
𝑦 = 𝑓(𝑥, 𝐶1, 𝐶2)eqstremalebis simravle; 

2) transversalobis pirobebidan gamomdinare da 
tolobebis: 

{
𝑓(𝑎, 𝐶1, 𝐶2) = 𝜑(𝑎)

𝑓(𝑏, 𝐶1, 𝐶2) = 𝜓(𝑎)
,                                  (3.177)   

gaTvaliswinebiT, vipovoT Sesabamisi 𝑎, 𝑏, 𝐶1, 𝐶2 cvlade-
bi. 

magaliTi.ipoveT manZili𝑦 = 𝑥2 parabolasa da 𝑦 = 𝑥 − 5 
wrfes Soris. 

amoxsna:Tu ganvixilavT manZils, or gadakveTis wertils 
Soris saZebn 𝑦(𝑥) wirze, romelic kveTs mocemul parabo-
lasa da wrfes, Sesabamisad, wertilebSi (𝑎, 𝑎2) da (𝑏, 𝑏 − 5), 
miviRebT, rom saZebni wiri minimums unda aniWebdes 
funqcionals: 

𝐽[𝑦] = ∫ √1 + 𝑦′2
𝑏

𝑎
𝑑𝑥, 

Cveni amocanis pirobebSi 𝜑(𝑥) = 𝑥2 da 𝜓(𝑥) = 𝑥 − 5. 
am SemTxvevaSi, eileris gantoleba iqneba: 𝑦′′ = 0 anu 

zogad amonaxsns aqvs saxe: 𝑦 = 𝐶1𝑥 + 𝐶2. maSin, 

(𝐿 + (𝜑′ − 𝑦′)𝐿𝑦′
′ )|

𝑥=𝑎
= 0

(𝐿 + (𝜓′ − 𝑦′)𝐿𝑦′
′ )|

𝑥=𝑏
= 0

 transversalobis pirobebs aqvT saxe: 

 

[
 
 
 
√1 + 𝑦′2 + (2𝑥 − 𝑦′)

𝑦′

√1 + 𝑦′2
]
 
 
 

𝑥=𝑎

= 0 

 

[
 
 
 
√1 + 𝑦′2 + (1 − 𝑦′)

𝑦′

√1 + 𝑦′2
]
 
 
 

𝑥=𝑎

= 0 

 
sadac 𝑦′ = 𝐶1. xolo (3.177) gantolebebi miiReben saxes: 
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{
𝐶1𝑎 + 𝐶2 = 𝑎

2

𝐶1𝑏 + 𝐶2 = 𝑏 − 5
. maSin gvaqvs oTxi gantoleba oTxi ucnobiT: 

(𝑎, 𝑏, 𝐶1, 𝐶2). am sistemis amonaxsni iqneba: 𝐶1 = −1, 𝐶2 =
3

4
, 𝑎 =

1

2
, 

𝑏 =
23

8
. maSin, eqstremalis gantoleba iqneba: 𝑦 = −𝑥 +

3

4
. maSin, 

manZili am wirebs Soris iqneba: 

𝑙 = ∫ √1 + (−1)2
23

8
1

2

𝑑𝑥 = √2𝑥|1
2

23

8 =
19√2

8
. 

 
 

3.5. funqcionalis pirobiTi eqstremumis amocanebi 
 

Cvens mier ganxilul amocanebSi, veZebdiT sxvadasxva 
saxis funqcionalis eqstremumebs, garkveuli tipis sasaz-
Rvro pirobebis SemTxvevaSi, Tumca, mravali praqtikuli 
amocana daiyvaneba iseTi funqcionalis eqstremumis 
amocanaze, roca dasakmayofilebelia garkveuli tipis 
damatebiTi pirobebi. magaliTad, didonis amocanis 
ganxilvisas, saqme gvqonda iseTi funqcionalis maqsimizaciis 
amocanasTan, romelsac unda qonoda mocemuli sigrZis 
perimetri. aseT amocanebs,izoperimetrul amocanebs 
uwodeben. 

ganvixiloT, sxvadasxva tipis variaciuli amocana 
Semofargvlis (bmis) pirobebis mixedviT. aseT amocanebs, 
funqcionalis pirobiTi eqstremumis amocanebi ewodeba, 
xolo funqcionals _ miznis funqcionali. 

 
3.5.1. lagranJis amocana 

 
vTqvaT, gvaqvs amocana: vipovoT (3.178) funqcionalis 

eqstremumebi, romlebic akmayofileben (3.179) sasazRvro da 
(3.180) bmis pirobebs, sadac 𝑓 da 𝑔𝑗 orjer uwyvetad diferen-
cirebadi funqciebia. 

𝐽[𝒚] = ∫ 𝑓(𝑥, 𝒚, 𝒚′)𝑑𝑥
𝑏

𝑎
,   𝒚 = (𝑦1, 𝑦2, … , 𝑦𝑛).                (3.178) 

𝒚(𝑎) = 𝒚1, 𝒚(𝑏) = 𝒚2.                                   (3.179) 

𝑔𝑗(𝑥, 𝒚, 𝒚
′) = 0,   𝑗 = 1, 𝑘̅̅ ̅̅̅, (𝑘 < 𝑛), 𝑥 ∈ [𝑎, 𝑏].                (3.180) 

(3.178),(3.179),(3.180) amocanas lagranJis amocanas uwodeben.  
Tu𝑔𝑗 bmis funqciebi ara arian damokidebuli 𝒚′ 

funqciaze, maSin aseT bmebs meqanikaSi holonomur bmebs 
uwodeben, xolo variaciul aRricxvaSi _ fazur Semofarg-
vlis pirobebs.  
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CamovayaliboT lagranJis (3.178),(3.179),(3.180) amocanis eqst-
remumis arsebobis aucilebeli piroba. vTqvaT, 𝑔𝑗 funqciebis 

𝒚′cvladebis mimarT iakobis matricis rangi maqsimaluria da 
udris 𝑘-s. maSin SegviZlia CavTvaloT, rom 

|
𝜕(𝑔1,𝑔2,…,𝑔𝑘)

𝜕(𝑦1
′ ,𝑦2

′ ,…,𝑦𝑛
𝑖 )
| =

|

|

𝜕𝑔1

𝜕𝑦1
′

𝜕𝑔1

𝜕𝑦2
′    …

𝜕𝑔1

𝜕𝑦𝑘
′

𝜕𝑔2

𝜕𝑦1
′

𝜕𝑔2

𝜕𝑦2
′    …

𝜕𝑔2

𝜕𝑦𝑘
′

 …
𝜕𝑔𝑘

𝜕𝑦1
′

𝜕𝑔𝑘

𝜕𝑦2
′    …

𝜕𝑔𝑘

𝜕𝑦𝑘
′

|

|
≠ 0.                  (3.181) 

rac imas niSnavs, rom SesaZlebelia 𝒚′cvladebi 
amovxsnaT 𝑔𝑗diferencialuri (an algebruli) gantolebebi-
dan. 

Teorema: Tu 𝒚∗(𝑥) = (𝑦1
∗(𝑥), … , 𝑦𝑛

∗) ∈

𝐶1[𝑎, 𝑏, ℝ𝑛]aris(3.178),(3.179),(3.180) amocanis amonaxsni da adgili 
aqvs (3.181) pirobas, maSin 𝒚∗(𝑥) warmoadgens specialuri saxis 

𝐽∗[𝒚] = ∫ 𝑓∗𝑑𝑥
𝑏

𝑎
,                                       (3.182) 

funqcionalis eqstremals, sadac  

𝑓∗ = 𝑓 + ∑ 𝜆𝑗𝑔𝑗
𝑘
𝑗=1 ,                                     (3.183)  

𝑓∗ funqcias, mocemuli amocanis lagranJiani ewodeba, xolo 
𝜆𝑗 koeficientebs _ lagranJis mamravlebi.   

am Teoremidan gamomdinare, 𝑛 + 𝑘 cvladebis sapovnelad 
gvaqvs amdenive gantoleba. esaa eileris 𝑛 gantoleba: 

𝑑

𝑑𝑥
(𝑓∗)

𝑦𝑗
′
′ − (𝑓∗)𝑦𝑗

′ = 0, 𝑗 = 1, 𝑛̅̅ ̅̅ ̅,                           (3.184) 

da 𝑘 bmis pirobebi: 

𝑔𝑗(𝑥, 𝒚, 𝒚
′) = 0,   𝑗 = 1, 𝑘̅̅ ̅̅̅, (𝑘 < 𝑛), 𝑥 ∈ [𝑎, 𝑏].               (3.185) 

magaliTi.ipoveT umoklesi manZili or 𝐴(1;−1; 0) da 
𝐵(2; 1;−1) wertils Soris 15𝑥 − 7𝑦 + 𝑧 − 22 = 0 zedapirze. 

amoxsna: rogorc cnobilia, or 𝐴(𝑥1, 𝑦1, 𝑧1) da 𝐵(𝑥2, 𝑦2, 𝑧2) 
wertils Soris manZili 𝜑(𝑥, 𝑦, 𝑧) = 0 zedapirze, gamoiTvleba 
formuliT: 

𝑙 = ∫ √1 + (𝑦′)2 + (𝑧′)2𝑑𝑥
𝑥2
𝑥1

.                           (3.186)  

Cveni amocanis pirobebSi: 𝑥1 = 1, 𝑥2 = 2,  
𝜑(𝑥, 𝑦, 𝑧) = 15𝑥 − 7𝑦 + 𝑧 − 22. SevadginoT lagranJiani: 

𝑓∗ = √1 + (𝑦′)2 + (𝑧′)2 + 𝜆(𝑥)(15𝑥 − 7𝑦 + 𝑧 − 22). 
maSin gveqneba specialuri saxis funqcionali: 

𝐽∗[𝑦, 𝑧] = ∫ [√1 + (𝑦′)2 + (𝑧′)2 + 𝜆(𝑥)(15𝑥 − 7𝑦 + 𝑧 − 22)]𝑑𝑥
2

1
,     (3.187) 

am funqcionalisaTvis eileris gantolebebs aqvs saxe: 
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𝜆(𝑥) ∙ (−7) −
𝑑

𝑑𝑥

𝑦′

√1+(𝑦′)2+(𝑧′)2
= 0,                         (3.188) 

𝜆(𝑥) ∙ 1 −
𝑑

𝑑𝑥

𝑧′

√1+(𝑦′)2+(𝑧′)2
= 0.                            (3.189) 

(3.188),(3.189) gantolebaTa sistemas unda mivuerToT bmis 
gantoleba: 15𝑥 − 7𝑦 + 𝑧 − 22 = 0 
da sasazRvro pirobebi: 

𝑦(1) = −1, 𝑦(2) = 1, 𝑧(1) = 0, 𝑧(2) = −1.                  (3.190) 
gavamravloT (3.189) gantoleba 7-ze da davumatoT (3.188) 

gantolebas. maSin miviRebT, rom 
𝑑

𝑑𝑥

𝑦′+7𝑧′

√1+(𝑦′)2+(𝑧′)2
= 0 anu 

𝑦′+7𝑧′

√1+(𝑦′)2+(𝑧′)2
= 𝐶1.                  (3.191) 

bmis gantolebis gawarmoebiT, miviRebT: 
𝑧′ = 7𝑦′ − 15. Tu am mniSvnelobas, SevitanT (3.191) pirvel 
integralSi, miviRebT: 
𝑦(𝑥) = 𝐶1𝑥 + 𝐶2. sasazRvro (3.190) pirobebidan mivirebT, rom 
𝐶1 = 2 da 𝐶2 = −3. maSasadame, 𝑦(𝑥) = 2𝑥 − 3. maSin 𝑧(𝑥) = 1 − 𝑥 
da 𝜆(𝑥) = 0. maSasadame, saZiebeli manZili iqneba: 

𝑙 = ∫ √1 + (𝑦′)2 + (𝑧′)2𝑑𝑥 = √6
2

1
. 

 
magaliTi. ipoveT mocemuli funqcionalis  

𝐽[𝑦1, 𝑦2] = ∫ [(𝑦1
′(𝑥))2 + 2𝑦1(𝑥)𝑦2(𝑥) + (𝑦2

′(𝑥))2]
1

0
,      (3.192) 

eqstremali, romelic akmayofilebs pirobebs: 𝑦1(0) = 1, 

𝑦2(0) = 1, 𝑦1(1) = 𝑒, 𝑦2(0) =
1

𝑒
, 𝑦1 − 𝑦2 − 𝑒

𝑥 + 𝑒−𝑥 = 0. 

amoxsna: radgan 𝑓 = (𝑦1
′(𝑥))2 + 2𝑦1(𝑥)𝑦2(𝑥) + (𝑦2

′(𝑥))2 da 
𝑔 = 𝑦1 − 𝑦2 − 𝑒

𝑥 + 𝑒−𝑥, lagranJis funqcias eqneba saxe: 
𝑓∗ = 𝑓 + 𝜆𝑔 = (𝑦1

′(𝑥))2 + 2𝑦1(𝑥)𝑦2(𝑥) + (𝑦2
′(𝑥))2 + 𝜆(𝑥)(𝑦1 − 𝑦2 − 𝑒

𝑥 + 𝑒−𝑥). 

axla SevadginoT Sesabamisi eiler-lagranJis gantolebebi: 

(𝑓∗)𝑦1
′ −

𝑑

𝑑𝑥
(𝑓∗)𝑦1′

′ = 2𝑦2 + 𝜆(𝑥) − 2𝑦1
′′ = 0, 

(𝑓∗)𝑦2
′ −

𝑑

𝑑𝑥
(𝑓∗)𝑦2′

′ = 2𝑦1 − 𝜆(𝑥) − 2𝑦2
′′ = 0. 

vipovoT am sistemis zogadi amonaxsni da 𝜆(𝑥). 
sistemas mivuerToT bmis gantolebac: 

𝑦1 − 𝑦2 − 𝑒
𝑥 + 𝑒−𝑥 = 0. maSin eileris gantolebebis Sekreba 

mogvcems, rom 𝑦1 + 𝑦2 − (𝑦1
′′ + 𝑦2

′′) = 0. maSin 𝑦1 + 𝑦2 = 𝐶1𝑒
𝑥 + 𝐶2𝑒

−𝑥, 
asevem bmis pirobidan gvaqvs, rom 𝑦1 − 𝑦2 = 𝑒

𝑥 − 𝑒−𝑥 . 
maSasadame, eqstremalebs eqnebaT Semdegi saxe: 

𝑦1(𝑥) =
𝐶1+1

2
𝑒𝑥 +

𝐶2−1

2
𝑒−𝑥,  𝑦2(𝑥) =

𝐶1−1

2
𝑒𝑥 +

𝐶2+1

2
𝑒−𝑥 . 

xolo 𝜆(𝑥) = 2𝑦1(𝑥) − 2𝑦2
′′(𝑥). 
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magaliTi. ipoveT mocemuli funqcionalis eqstremalebi: 

𝐽[𝑦1, 𝑦2] = ∫ [(𝑦1(𝑥))
2
+ 2(𝑦1

′)2 + (𝑦2
′)2] 𝑑𝑥

1

0
, 

Tu 𝑦1(0) = 0,  𝑦2(0) = 0, 𝑦1(1) = 𝑒 + 𝑒
−1,  𝑦2(1) = 2𝑒 − 𝑒

−1da 
gvaqvs diferencialuri bmis gantoleba: 𝑦1

′ − 𝑦2 = 0. 
amoxsna: a) SevadginoT lagranJis funqcia. radgan 𝑓 =

(𝑦1(𝑥))
2
+ 2(𝑦1

′)2 + (𝑦2
′)2, 𝑔 = 𝑦1

′ − 𝑦2, gveqneba lagranJis funqcia: 
𝑓∗ = 𝑓 + 𝜆𝑔, romelic Cveni amocanis pirobebSi iqneba: 

𝑓∗ = (𝑦1(𝑥))
2
+ 2(𝑦1

′)2 + (𝑦2
′)2 + 𝜆(𝑥)(𝑦1

′ − 𝑦2). 
b) CavweroT eilerisa da bmis gantolebebi:  

(𝑓∗)𝑦1
′ −

𝑑

𝑑𝑥
(𝑓∗)𝑦1′

′ = 2𝑦1(𝑥) − 4𝑦1
′′ − 𝜆′(𝑥) = 0, 

(𝑓∗)𝑦2
′ −

𝑑

𝑑𝑥
(𝑓∗)𝑦2′

′ = −𝜆(𝑥) − 2𝑦2
′′ = 0, 

𝑦1
′ − 𝑦2 = 0. 

g) vipovoT miRebuli sistemis zogadi amonaxsni. 
daviwyoT mesame gantolebidan, 𝑦1

′ = 𝑦2, maSin 𝑦2
′′ = 𝑦1

′′′, 𝜆 =

−2𝑦2
′′ = −2𝑦1

′′′, e.i. 𝜆′ = −2𝑦1
(4)da mivirebT gantolebas: 

𝑦1
(4)
− 2𝑦1

′′ + 𝑦1 = 0. maxasiaTebel gantolebas aqvs jeradi 
fesvebi, e.i. zogad amonaxsns eqneba saxe: 

𝑦1 = (𝐶1 + 𝐶2𝑥)𝑒
𝑥 + (𝐶3 + 𝐶4𝑥)𝑒

−𝑥 . maSin, radgan 𝑦2 = 𝑦1
′ , 

𝑦2 = (𝐶1 + 𝐶2𝑥 + 𝐶2)𝑒
𝑥 + (𝐶4 − 𝐶3 + 𝐶4𝑥)𝑒

−𝑥. 
c) sasazRvro pirobebidan vpoulobT, rom 
d) 𝐶1 = 0, 𝐶2 = 1, 𝐶3 = 1da 𝐶4 = 0. 

amrigad, miviReT eqstremalebi:  
𝑦1(𝑥) = 𝑥𝑒

𝑥 + 𝑒−𝑥 da 𝑦2(𝑥) = (𝑥 + 1)𝑒
𝑥 − 𝑒−𝑥 . 

Sesabamisad, 𝜆(𝑥) = −2(𝑥 + 3)𝑒𝑥 + 2𝑒−𝑥. 
 

 
3.5.2. maieris amocana 

 
ganvixiloT miznis funqcionalis eqstremumis amocana im 

SemTxvevisaTvis, roca bmis gantolebebs aqvT integraluri 
gantolebebis saxe. 

masSasadame, gvaqvs miznis funqcionali: 

𝐽[𝒚] = ∫ 𝑓(𝑥, 𝒚, 𝒚′)𝑑𝑥
𝑏

𝑎
,   𝒚 = (𝑦1, 𝑦2, … , 𝑦𝑛).                (3.193) 

sasazRvro pirobebi: 
𝒚(𝑎) = 𝒚1, 𝒚(𝑏) = 𝒚2.                                (3.194) 

bmis integraluri pirobebi: 
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𝐿𝑖 = ∫ ℎ𝑖(𝑥, 𝒚, 𝒚
′)

𝑏

𝑎
𝑑𝑥, 𝑖 = 1, 𝑠̅̅ ̅̅ .                           (3.195) 

aq igulisxmeba rom, 𝑓, ℎ𝑖 orjer uwyvetad diferenci-
rebadi funqciebia da (3.194) sasazRvro pirobebi ar 
ewinaaRmdegeba bmis pirobebs. (3.195) saxis bmebs integralur 
(izoperimetrul) bmebs uwodeben.  

 
P.S.izoperimetruli amocanebi warmoiSva klasikuri 
geometriuli amocanis ganzogadebis Sedegad, roca eZebdnen 
mocemuli perimetris mqone brtyel figurebs Soris, udidesi 
farTobis mqone figuras. 

 
izoperimetruli amocanebi, SegviZlia daviyvanoT 

lagranJis amocanaze, Tu SemoviRebT axal funqciebs: 

𝜓𝑖(𝑥) = ∫ ℎ𝑖(𝑥, 𝒚, 𝒚
′)𝑑𝑥

𝑥

𝑎
, 𝑖 = 1, 𝑠̅̅ ̅̅ .                      (3.196) 

maSin (3.195) integraluri bmis pirobebis nacvlad, 
gveqneba diferencialuri gantolebebis formiT Cawerili 
bmebi: 

𝜓𝑖
′(𝑥) = ℎ𝑖(𝑥, 𝒚, 𝒚

′), 𝑖 = 1, 𝑠̅̅ ̅̅ .                        (3.197) 
amasTan erTad, gveqneba damatebiTi sasazRvro pirobebi: 

𝜓𝑖(𝑎) = 0, 𝜓𝑖(𝑏) = 𝐿𝑖 ,   𝑖 = 1, 𝑠̅̅ ̅̅ .                     (3.198) 
maSasadame, izoperimetruli amocanis amosaxsnelad, 
1.  unda SevadginoT Sesabamisi specialuri saxis 

lagranJis funqcia: 

𝑓∗(𝑥, 𝒚, 𝒚′, 𝝍,𝝍′) = 𝑓(𝑥, 𝒚, 𝒚′) + ∑ 𝜆𝑗 (ℎ𝑗(𝑥, 𝒚, 𝒚
′) − 𝜓𝑗

′(𝑥))𝑠
𝑗=1 , 𝑗 = 1, 𝑠̅̅ ̅̅ .                   

(3.199) 
2. unda SevadginoT Sesabamisi eileris gantolebebi: 

𝑑

𝑑𝑥
(𝑓∗)

𝑦𝑗
′
′ − (𝑓∗)𝑦𝑗

′ = 0, 𝑗 = 1, 𝑛̅̅ ̅̅ ̅,                       (3.200) 

𝑑

𝑑𝑥
(𝑓∗)

𝜓𝑗
′

′ − (𝑓∗)𝜓𝑗
′ = 0, 𝑗 = 1, 𝑠̅̅ ̅̅ .                       (3.201) 

radgan (3.199)-dan gamomdinare, 
(𝑓∗)𝜓𝑗

′ = 0 da (𝑓∗)
𝜓𝑗
′

′ = −𝜆𝑗(𝑥),  

cxadia, rom (3.201)-is meore gantoleba miiRebs saxes: 
𝑑

𝑑𝑥
𝜆𝑗(𝑥) = 0,   𝑗 = 1, 𝑠̅̅ ̅̅ .                                  (3.202) 

rac imas niSnavs, rom 𝜆𝑗(𝑥) mudmivi ricxvebia. e.i. 
sakmarisia ganvixiloT eileris (3.200) gantoleba. 

3. eileris gantolebis zogadi amonaxsnis mudmivebi unda 
ganvsazRvroT, (3.198) da (3.194) sasazRvro pirobebidan. 
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Teorema:Tu 𝑦(𝑥) funqcia akmayofilebs (3.194),(3.195) 
pirobebs da eqstremums aniWebs (3.193) funqcionals, maSin is 
akmayofilebs eileris (3.200) gantolebebs lagranJis 𝐹∗ funq-

ciisaTvis, sadac 𝐹∗ = 𝑓 + ∑ 𝜆𝑗 (ℎ𝑗(𝑥, 𝑦, 𝑦
′))𝑠

𝑗=1 , 𝑗 = 1, 𝑠̅̅ ̅̅ . 

 
magaliTi. ipoveT funqcionalis eqstremali, Tu 

𝐽(𝑦) = ∫ (𝑦′)2𝑑𝑥
1

0
, 𝑦(0) = 1, 𝑦(1) = 6 da gvaqvs integraluri 

bmis piroba: ∫ 𝑦(𝑥)𝑑𝑥 = 3
1

0
. 

amoxsna:Cveni amocanis pirobebSi: 𝑓 = (𝑦′)2, ℎ𝑗 = 𝑦(𝑥), 𝑠 = 1. 

Sesabamisad, 𝐹∗ = (𝑦′)2 + 𝜆𝑦(𝑥).  
1. SevadginoT eileris gantolebebi: (𝐹∗)𝑦

′ = 𝜆, (𝐹∗)𝑦′
′ = 2𝑦′ 

da 
𝑑

𝑑𝑥
(𝐹∗)𝑦′

′ = 2𝑦′′. maSin, (𝐹∗)𝑦
′ −

𝑑

𝑑𝑥
(𝐹∗)𝑦′

′ = 𝜆 − 2𝑦′′ = 0.  

e.i. 𝑦(𝑥) =
𝜆

4
𝑥2 + 𝐶1𝑥 + 𝐶2.  

2. maSin, integraluri bmis pirobidan, miviRebT, rom 

∫ 𝑦(𝑥)𝑑𝑥 = 3
1

0
⟹ ∫ (

𝜆

4
𝑥2 + 𝐶1𝑥 + 𝐶2)

1

0
𝑑𝑥 = 3 ⟹ 

⟹ (
𝜆

12
+
𝐶1

2
+ 𝐶2 = 3). 

3.ganvsazRvroT𝐶1, 𝐶2, 𝜆 mudmivebi, sasazRvro da bmis pi-
robebidan: 

𝑦(0) = 𝐶2 = 1, 𝑦(1) =
𝜆

4
+ 𝐶1 + 𝐶2 = 6, 

𝜆

12
+
𝐶1

2
+ 𝐶2 = 3. 

am sistemis amonaxsnia: 𝐶1 = 2,  𝐶2 = 1 da 𝜆 = 12. 

maSasadame, saZiebeli eqstremali iqneba: 

𝑦(𝑥) = 3𝑥2 + 2𝑥 + 1. 

magaliTi.ganvixiloT didonis amocana, romelic izoperimet-
rul amocanas warmoadgens. 

𝐽[𝑦] = ∫ 𝑦𝑑𝑥
𝑎

−𝑎
→ 𝑚𝑎𝑥, 𝑦(−𝑎) = 𝑦(𝑎) = 0, 

𝐿 = ∫ √1 + (𝑦′)2𝑑𝑥,   𝐿 > 2𝑎
𝑎

−𝑎
. 

amoxsna: SevadginoT specialuri saxis funqcionali: 

𝐽∗[𝑦] = ∫ (𝑦 + 𝜆√1 + (𝑦′)2)𝑑𝑥
𝑎

−𝑎
 da CavweroT Sesabamisi eiler-

lagranJis gantoleba:𝜆
𝑑

𝑑𝑥
(

𝑦′

√1+(𝑦′)2
) − 1 = 0. cxadia, rom gvaqvs 

pirveli integrali: 𝜆
𝑦′

√1+(𝑦′)2
− 𝑥 = 𝐶1 anu 

𝜆2(𝑦′)2

1+(𝑦′)2
= (𝑥 + 𝐶1)

2. am 

gantolebidan amovxsnaT 𝑦′: 
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𝑦′ = ±
𝑥+𝐶1

√𝜆2−(𝑥+𝐶1)
2
. am gantolebas gancalebadi cvladebiT, aqvs 

amonaxsni: 𝑦 = ±√𝜆2 − (𝑥 + 𝐶1)2 + 𝐶2, aqedan gamomdinare, gveq-
neba rom (𝑥 + 𝐶1)

2 + (𝑦 − 𝐶2)
2 = 𝜆2. sasazRvro pirobebidan 

miviRebT, rom 𝐶1 = 0 da 𝜆
2 = 𝐶2

2 + 𝑎2. maSasadame, wiris ganto-

lebas eqneba saxe: 𝑥2 + (𝑦 − 𝐶2)
2 = 𝐶2

2 + 𝑎2. wrewiris wiris 
sigrZe uSualod SegviZlia gamoviTvaloT da miviRebT 

formulas: 2√𝐶2
2 + 𝑎2𝑎𝑟𝑐𝑠𝑖𝑛

𝑎

√𝐶2
2+𝑎2

= 𝐿, romelic 𝑡 =
𝐿

2√𝐶2
2+𝑎2

 

aRniSvniT 𝑡 ∈ (0,
𝜋

2
] miiyvaneba transcendentul gantolebamde: 

𝐿 sin 𝑡 = 2𝑎𝑡. am amocanis amonaxsni (0,
𝜋

2
] SualedSi, mogvcems 𝐶2 

mudmivis povnis saSualebas roca 𝐿 ≤ 𝜋𝑎. 
 
 

Tu lagranJis amocanaSi integralur (3.193) miznis 

funqcias, SevcvliT terminaluri miznis funqciiT: 

𝑇[𝒚] = 𝑇(𝒚(𝑎), 𝒚(𝑏)),                                   (3.203) 

sadac 𝑇(𝑦1, 𝑦2) orjer uwyvetad diferencirebadi funqciaa, 

maSin miviRebT maieris amocanas. 

 

3.5.3. bolcas amocana 

 

ganvixiloT 𝐽[𝒚] lagranJis funqcionalisagan gansxvave-

buli funqcionali: 

𝐵[𝒚] = 𝐽[𝒚] + 𝑇[𝒚],                                  (3.204) 

Sesabamisi sasazRvro da Semofargvlis pirobebiT: 

𝒚(𝑎) = 𝒚1, 𝒚(𝑏) = 𝒚2.                                  (3.205) 

𝑔𝑗(𝑥, 𝒚, 𝒚
′) = 0,   𝑗 = 1, 𝑘̅̅ ̅̅̅, (𝑘 < 𝑛), 𝑥 ∈ [𝑎, 𝑏].               (3.206) 

Sesabamisi (3.204) funqcionali Caiwereba Semdegnairad: 

𝐵[𝒚] = ∫ 𝑓(𝑥, 𝒚, 𝒚′)𝑑𝑥
𝑏

𝑎
+ 𝑇(𝒚(𝑎), 𝒚(𝑏)).                    (3.207) 

amocanas (3.205),(3.206),(3.207) bolcas amocana ewodeba, 

xolo (3.207) funqcionals _ bolcas funqcionali. 

bolcas funqcionalis eqstremumis arsebobis aucilebel 

pirobas aqvs saxe: 
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𝛿𝐵[𝑦] = ∫ [
𝜕𝑓

𝜕𝑦
𝛿𝑦 +

𝜕𝑓

𝜕𝑦′
𝛿𝑦′]

𝑏

𝑎
𝑑𝑥 +

𝜕𝑇

𝜕𝒚(𝑎)
𝛿𝑎 +

𝜕𝑇

𝜕𝒚(𝑏)
𝛿𝑏 = 0.       (3.208) 

integralqveSa gamosaxulebis meore wevri gardavqmnaT 

nawilobiTi integrebis formuliT: 

∫
𝜕𝑓

𝜕𝑦′
𝛿𝑦′𝑑𝑥 = 𝛿𝑦 ∙

𝜕𝑓

𝜕𝑦′
|
𝑎

𝑏
− ∫

𝑑

𝑑𝑥

𝜕𝑓

𝜕𝑦′

𝑏

𝑎

𝑏

𝑎
𝛿𝑦𝑑𝑥.                    (3.209) 

maSin miviRebT formulas: 

∫ [
𝜕𝑓

𝜕𝑦
−

𝑑

𝑑𝑥

𝜕𝑓

𝜕𝑦′
]

𝑏

𝑎
𝛿𝑦𝑑𝑥 + 𝛿𝑎 [

𝜕𝑇

𝜕𝒚(𝑎)
−

𝜕𝑓

𝜕𝑦′
|
𝑥=𝑎

] + 𝛿𝑏 [
𝜕𝑇

𝜕𝒚(𝑏)
+

𝜕𝑓

𝜕𝑦′
|
𝑥=𝑏

] = 0.      (3.210) 

radgan 𝑦(𝑥) eqstremalia, (3.210) formulis pirveli Sesak-

rebi nulis tolia. maSasadame, adgili aqvs gantolebas: 

𝛿𝑎 [
𝜕𝑇

𝜕𝒚(𝑎)
−

𝜕𝑓

𝜕𝑦′
|
𝑥=𝑎

] + 𝛿𝑏 [
𝜕𝑇

𝜕𝒚(𝑏)
+

𝜕𝑓

𝜕𝑦′
|
𝑥=𝑏

] = 0.                (3.211) 

(3.211) gantoleba ganvixiloT nebismieri 𝛿𝑎 ≠ 0 da 𝛿𝑏 = 0 

variaciebisaTvis. maSin gveqneba 
𝜕𝑇

𝜕𝒚(𝑎)
=

𝜕𝑓

𝜕𝑦′
|
𝑥=𝑎

.  

analogiurad, Tu 𝛿𝑎 = 0 da 𝛿𝑏 ≠ 0, maSin 
𝜕𝑇

𝜕𝒚(𝑏)
= −

𝜕𝑓

𝜕𝑦′
|
𝑥=𝑏

. 

maSasadame, gvaqvs Teorema:funqcia, romelic bolcas 

funqcionals aniWebs eqstremums, aucileblad unda akmayofi-

lebdes eileris gantolebebs da transversalobis pirobebs: 
𝜕𝑇

𝜕𝒚(𝑎)
=

𝜕𝑓

𝜕𝑦′
|
𝑥=𝑎

,  
𝜕𝑇

𝜕𝒚(𝑏)
= −

𝜕𝑓

𝜕𝑦′
|
𝑥=𝑏

.                        (3.212) 

 

amocana. amoxseniT bolcas amocana fiqsirebuli marcxe-

na sazRvriT: 

𝐵[𝑦] = ∫ (𝑦′)2𝑑𝑥 + 5𝑦2(1) → 𝑒𝑥𝑠𝑡𝑟
1

0
,  𝑦(0) = 1. 

amoxsna: am SemTxvevaSi 𝑓 = (𝑦′)2, maSasadame eileris gan-

tolebis zogadi amonaxsni iqneba: 𝑦(𝑥) = 𝐶1𝑥 + 𝐶2. 𝑦(0) =

1sasazRvro pirobidan gamomdinare, miviRebT, rom 𝐶2 = 1. 

marjvena sazRvari moZraobs 𝑥 = 1 wrfeze,  maSin 

transversalobis pirobas eqneba saxe: 

(𝑓𝑦′
′ +

𝜕𝑇

𝜕𝑦
)|
𝑥=1

= (2𝑦′ + 10𝑦)|𝑥=1 = 2𝑦
′(1) + 10𝑦(1) = 0.      (3.213) 

vipovoT 𝐶1 gantolebidan: 2𝐶1 + 10𝐶1 + 10 = 0 anu 𝐶1 =
5

6
. 

maSasadame, miviRebT eqstremals: 𝑦(𝑥) =
5

6
𝑥 + 1. 
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amocana.amoxseniT bolcas amocana fiqsirebuli marcxe-na 

sazRvriT: 

𝐵[𝑦1, 𝑦2] = ∫ (𝑦1
′𝑦2
′ + 𝑦1𝑦2)𝑑𝑥 + 𝑦1(1) + 𝑦2(1) → 𝑒𝑥𝑡𝑟

1

0
,   

𝑦1(0) = 𝑦2(0) = 0. 

amoxsna: am SemTxvevaSi 𝑓 = 𝑦1
′𝑦2
′ + 𝑦1𝑦2, 𝑓𝑦1

′ = 𝑦2, 𝑓𝑦1′
′ = 𝑦2

′ , 

𝑓𝑦2
′ = 𝑦1, 𝑓𝑦2′

′ = 𝑦1
′ .  

𝑑

𝑑𝑥
𝑓𝑦1′
′ = 𝑦2

′′, 
𝑑

𝑑𝑥
𝑓𝑦2′
′ = 𝑦1

′′. eileris gantolebebs 

eqnebaT saxe: 𝑓𝑦1
′ −

𝑑

𝑑𝑥
𝑓𝑦1′
′ = 𝑦2 − 𝑦2

′′ = 0, 𝑓𝑦2
′ −

𝑑

𝑑𝑥
𝑓𝑦2′
′ = 𝑦1 − 𝑦1

′′ = 0. am 

gantolebaTa sistemis zogadi amonaxsnia:  

𝑦1 = 𝐶1𝑒
𝑥 + 𝐶2𝑒

−𝑥,  𝑦2 = 𝐶3𝑒
𝑥 + 𝐶4𝑒

−𝑥 .   

terminalur wevrs aqvs saxe: 𝑇 = 𝑦1 + 𝑦2. Sesabamisad, 

transversalobis pirobebs aqvs saxe: 

(𝑓𝑦1′
′ +

𝜕𝑇

𝜕𝑦1
)|
𝑥=1

= 𝑦2
′(1) + 1 = 0, (𝑓𝑦2′

′ +
𝜕𝑇

𝜕𝑦2
)|
𝑥=1

= 𝑦1
′(1) + 1 = 0. sasaz-

Rvro pirobebidan gamomdinare, miviRebT, rom𝐶1 + 𝐶2 = 0 da 

𝐶3 + 𝐶4 = 0. e.i. 𝐶1 = −𝐶2 da 𝐶3 = −𝐶4. Tu gaviTva-liswinebT 

transversalobis pirobebs: 𝑦2
′(1) + 1 = 0 da 𝑦1

′(1) + 1 = 0, 

miviRebT rom 𝐶1 = −
𝑒

𝑒2+1
, 𝐶2 =

𝑒

𝑒2+1
, 𝐶3 = −

𝑒

𝑒2+1
, 𝐶4 =

𝑒

𝑒2+1
. 

Sesabamisad, miviReT eqstremalebi: 

𝑦1(𝑥) = 𝑦2(𝑥) = −
𝑒

𝑒2+1
𝑒𝑥 +

𝑒

𝑒2+1
𝑒−𝑥 . 

amocana. ipoveT funqcionalis eqstremalebi: 

𝐵[𝑦] = ∫ 𝑥2(𝑦′)2𝑑𝑥 − 2𝑦(1) + 𝑦2(2)
2

𝑎
→ 𝑒𝑥𝑠𝑡𝑟. 

amoxsna: am SemTxvevaSi, lagranJis funqcia emTxveva funq-

cionalis integrants: 𝐿 = 𝑓 = 𝑥2(𝑦′)2. am funqcionalisaTvis 

eileris gantolebas eqneba saxe:  

𝑓𝑦
′ −

𝑑

𝑑𝑥
𝑓𝑦′
′ = 0 anu 

𝑑

𝑑𝑥
𝑓𝑦′
′ =

𝑑

𝑑𝑥
(2𝑥2𝑦′) = 0. aqedan gamomdinare, 

2𝑥2𝑦′ = 𝐶, miviRebT rom 𝑦′ = −
𝐶1

𝑥2
, maSin 𝑦(𝑥) =

𝐶1

𝑥
+ 𝐶2. am 

mudmivebis sapovnelad, gamoviyenebT transversalobis piro-

bebs:  

𝜕𝑇

𝜕𝒚(𝑎)
=

𝜕𝑓

𝜕𝑦′
|
𝑥=𝑎

    anu −2 = 2𝑥2𝑦′|𝑥=1 
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𝜕𝑇

𝜕𝒚(𝑏)
= −

𝜕𝑓

𝜕𝑦′
|
𝑥=𝑏

 anu −2𝑦|𝑥=2 = 2𝑥
2𝑦′|𝑥=2 

 
aqedan miviRebT, rom zogadi amonaxsnis mudmivebia 𝐶1 = 1 

da 𝐶2 =
1

2
. e.i. mocemuli funqcionalis eqstremals aqvs saxe: 

𝑦 =
1

𝑥
+
1

2
. 

 
 

3.6. funqcionalis eqstremumis arsebobis sakmarisi pirobebi 
 
funqcionalis eqstremumis arsebobis aucilebeli piro-

baa, rom misi pirveli variacia unda iyos nulis toli. es 
faqti aris mravali cvladis funqciis eqstremumis arse-
bobis aucilebeli pirobis ganzogadeba. mravali cvladis 
funqciis eqstremumis arsebobis sakmarisi piroba, emyareba 
meore rigis diferencialis yofaqcevas kritikuli werti-
lSi. analogiuri situaciaa variaciul aRricxvaSic. 
ganixileba funqcionalis meore variaciis cneba, romelic 
azogadebs meore rigis diferencialis cnebas. funqcionalis 
eqstremumis arsebobis sakmarisi pirobebi emyareba meore 
variaciis yofaqcevas sakvlevi eqstremalis gaswvriv. 
variaciul aRricxvaSi ganasxvaveben Zlieri eqstremumis 
cnebas, romlis drosac ganixilaven uwyvet 𝐶[𝑎; 𝑏] funqciaTa 
simravles da susti eqstremumis cnebas, romelic emyareba 
uwyvetad diferencirebadi 𝐶1[𝑎; 𝑏] funqciebis simravles. 

 
 

3.6.1. susti eqstremumebi 
 

iseT 𝑓: 𝐸2 → ℝ gadasaxvas, romelic 𝐸 wrfivi sivrcis 
nebismier (𝑥, 𝑦) wyvils Seusabamebs 𝑓(𝑥, 𝑦) ricxvs, oradwrfivi 
forma ewodeba, Tu is wrfivia orive argumentis mimarT anu  

𝑓(𝛼1𝑥1 + 𝛼2𝑥2, 𝑦) = 𝛼1𝑓(𝑥1, 𝑦) + 𝛼2𝑓(𝑥2, 𝑦),                (3.214) 
𝑓(𝑥, 𝛼1𝑦1 + 𝛼2𝑦2) = 𝛼1𝑓(𝑥, 𝑦1) + 𝛼2𝑓(𝑥, 𝑦2).                (3.215) 

variaciul aRricxvaSi oradwrfiv formebs, oradwrfivi 
funqcionalebi ewodeba. Tu, oradwrfiv 𝐽[𝑦, 𝑧] funqcionalSi 
argumentebs gavutolebT, miviRebT 𝐺[𝑦] = 𝐽[𝑦, 𝑦] funqcionals, 
romelsac kvadratuli funqcionali ewodeba. 
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kvadratul 𝐺[𝑦] funqcionals ewodeba dadebiTad gansaz-
Rvruli, Tu 𝐺[𝑦] > 0 nebismieri 𝑦 ≠ 0 funqciisaTvis da ewo-
deba arauaryofiTad gansazRvruli, Tu 𝐺[𝑦] ≥ 0 nebismieri 
𝑦 ≠ 0 funqciisaTvis. 

magaliTi. 𝐶[𝑎, 𝑏] wrfiv funqcionalur sivrceSi, 
nebismieri uwyveti 𝐴(𝑥) funqciisaTvis, funqcionali: 

𝐽[𝑦, 𝑧] = ∫ 𝐴(𝑥)𝑦(𝑥)𝑧(𝑥)𝑑𝑥
𝑏

𝑎
 oradwrfivia, xolo Tu 𝑦 = 𝑧, maSin 

miviRebT kvadratul 𝐺[𝑦] = 𝐽[𝑦, 𝑦] = ∫ 𝐴(𝑥)(𝑦(𝑥))2𝑑𝑥
𝑏

𝑎
 funqcio-

nals. 𝐺[𝑦] kvadratuli funqcionali aris dadebiTad 
gansazRvruli, Tu 𝐴(𝑥) > 0 nebismieri 𝑥 ∈ [𝑎; 𝑏] ricxvisaTvis.  

vityviT rom, normirebul wrfiv sivrceze gansazRvruli 
𝐽[𝑦] funqcionali orjer diferencirebadia 𝑦 wertilSi,Tu 
funqcionalis nazrdi: 

∆𝐽 = 𝐽[𝑦 + 𝛿𝑦] − 𝐽[𝑦],                             (3.216) 
SegviZlia warmovadginoT Semdegi saxiT: 

∆𝐽 = 𝛿𝐽[𝑦, 𝛿𝑦] + 𝛿2𝐽[𝑦, 𝛿𝑦] + 𝑜(‖𝛿𝑦‖2),              (3.217) 
sadac 𝛿2𝐽[𝑦, 𝛿𝑦] aris kvadratuli funqcionali 𝛿𝑦 variaciis 
mimarT, am funqcionals 𝑦 wertilSi gansazRvruli 𝐽[𝑦] 
funqcionalis meore variacia ewodeba. 𝑜(‖𝛿𝑦‖2) maRali rigis 
usasrulod mcire sididea ‖𝛿𝑦‖2 sididesTan SedarebiT. 
 

Teorema: Tu 𝐽[𝑦] funqcionali orjer diferencirebadia 𝑦 

wertilSi da aqvs minimumi, maSin 𝜹𝟐𝑱[𝒚, 𝜹𝒚] ≥ 𝟎, xolo aqvs 

maqsimumi Tu 𝜹𝟐𝑱[𝒚, 𝜹𝒚] ≤ 𝟎 nebismieri 𝛿𝑦 variaciisaTvis. 
 
P.S. meore variaciisarauaryofiTad gansazRvruloba aris 
funqcionalis eqstremumis arsebobis aucilebeli, magram ara 
sakmarisi piroba. 
 

vityviT, rom normirebul wrfiv sivrceSi gansazRvruli 
𝐺[𝑦] kvadratuli forma aris  Zlierad dadebiTi, Tu 
arsebobs iseTi 𝐾 > 0 ricxvi, rom nebismieri 𝑦 funqciisaTvis 
adgili aqvs 𝐺[𝑦] ≥ 𝐾‖𝑦‖2 utolobas.  

 
P.S. sasrul ganzomilebian SemTxvevaSi, kvadratuli funqcio-
nali warmoadgens kvadratul formas, xolo kvadratuli 
funqcionalis Zlierad dadebiToba, ganapirobebs dadebiTad 
gansazRvrulobas, Tumca, usasrulo ganzomilebian 
SemTxvevaSi es ase araa. 



107 

 

 
Teorema: Tu, wrfiv normirebul sivrceSi gansazRvruli, 

𝑦∗ wertilSi orjer diferencirebadi 𝐽[𝑦] funqcionali-
saTvis,pirveli variacia 𝜹𝑱 = 𝟎, xolo meore variacia 

𝜹𝟐𝑱[𝒚, 𝜹𝒚] Zlierad dadebiTia, maSin 𝑦∗ wertilSi 𝐽[𝑦] 
funqcionals aqvs minimumi. 

 
 

3.6.2. leJandrisa da iakobis Teoremebi 
 
Teorema: variaciuli aRricxvis umartivesi amocanisa-

Tvis, Tu 𝐽[𝑦]funqcionali aRwevs minimums𝑦(𝑥) funqciaze, 
maSin adgili aqvs leJandris pirobas: 

𝑓𝑦′𝑦′
′′ (𝑥, 𝑦(𝑥), 𝑦′(𝑥)) ≥ 0.                                  (3.218) 

 
es piroba gamomdinareobs funqcionalis nazrdis (3.216) 

warmodgenidan. marTlac, Tu gamoviyenebT teiloris 
formulas funqcionalis nazrdisaTvis, maSin miviRebT rom 

∆𝐽 = ∫ (𝑓𝑦
′𝛿𝑦 + 𝑓𝑦′

′ 𝛿𝑦′)𝑑𝑥 +
1

2
∫ (𝑓𝑦𝑦

′′ (𝛿𝑦)2 + 2𝑓𝑦𝑦′
′′ 𝛿𝑦𝛿𝑦′ + 𝑓𝑦′𝑦′

′′ (𝛿𝑦′)2)
𝑏

𝑎

𝑏

𝑎
𝑑𝑥 + 𝑜(‖𝛿𝑦‖2).  

es warmodgena gviCvenebs, rom meore variacia iqneba: 

𝛿2𝐽[𝑦, 𝛿𝑦] =
1

2
∫ (𝑓𝑦𝑦

′′ (𝛿𝑦)2 + 2𝑓𝑦𝑦′
′′ 𝛿𝑦𝛿𝑦′ + 𝑓𝑦′𝑦′

′′ (𝛿𝑦′)2)
𝑏

𝑎
𝑑𝑥.       (3.219) 

Tu gamoviyenebT nawilobiTi integrebis meTods da 
sasazRvro pirobebs funqciis 𝛿𝑦 variaciisaTvis, miviRebT 
rom 

2∫ 𝑓
𝑦𝑦′
′′ 𝛿𝑦𝛿𝑦′𝑑𝑥 = ∫ 𝑓

𝑦𝑦′
′′ 𝑑((𝛿𝑦)2)

𝑏

𝑎

𝑏

𝑎

= 𝑓
𝑦𝑦′
′′ (𝛿𝑦)2|

𝑎

𝑏

−∫(
𝑑

𝑑𝑥

𝑏

𝑎

𝑓
𝑦𝑦′
′′ )(𝛿𝑦)2𝑑𝑥 = 

 

= −∫ (
𝑑

𝑑𝑥
𝑓
𝑦𝑦′
′′ ) (𝛿𝑦)2𝑑𝑥

𝑏

𝑎
.                       

maSasadame, 

𝛿2𝐽[𝑦, 𝛿𝑦] = ∫ (𝑄(𝛿𝑦)2 + 𝑃(𝛿𝑦′)2)𝑑𝑥
𝑏

𝑎
,                    (3.220) 

sadac 

𝑄 =
1

2
(𝑓𝑦𝑦

′′ −
𝑑

𝑑𝑥
𝑓𝑦𝑦
′′ ),   𝑃 =

1

2
𝑓𝑦′𝑦′
′′ . 

(3.220) formulaSi, radgan |𝛿𝑦| ≤ ∫ |𝛿𝑦′|𝑑𝑡 ≤ max
[𝑎;𝑏]

|𝛿𝑦′|(𝑏 − 𝑎)
𝑥

𝑎
, 

cxadia, rom integrantis meore wevri aris mTavari gavlenis 
momxdeni, saerTo mniSvnelobaze anu 𝑓𝑦′𝑦′

′′  funqciis niSani 

ganapirobebs meore variaciis niSans. 
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(3.220) funqcionalisaTvis SevadginoT eileris ganto-
leba, maSin miviRebT amocanas: 

𝑑

𝑑𝑥
(𝑃ℎ′) − 𝑄ℎ = 0,  ℎ(𝑎) = ℎ(𝑏) = 0.                   (3.221) 

am gantolebas aqvs trivialuri amonaxsni: ℎ(𝑥) ≡ 0. Tumca 
SesaZlebelia sxva amonaxsnebis arsebobac. 

Tu �̃� ∈ (𝑎; 𝑏] aris iseTi wertili, rom ℎ(�̃�) = 0 da ℎ(𝑥) ≠ 0 
arcerTi wertilisaTvis(𝑎; �̃�) Sualedidan, maSin �̃� wertils 𝒂 
wertilisSeuRlebuli wertili ewodeba. 

 
ganvixiloT variaciuli aRricxvis umartivesi amocana: 

𝐽[𝑦] = ∫ 𝑓(𝑥, 𝑦, 𝑦′)𝑑𝑥 → 𝑒𝑥𝑡𝑟
𝑏

𝑎
,  𝑦(𝑎) = 𝑦𝑎,   𝑦(𝑏) = 𝑦𝑏 .     (3.222) 

sadac 𝑓 orjer diferencirebadi funqciaa, xolo 𝑦 ∈ 𝐶1[𝑎; 𝑏]. 
pirveli variaciis nulTan toloba, gvaZlevs eqstremalebis 
simravles Semdgomi gamokvlevisaTvis, romelic emyareba 
meore variaciis gamoTvlas: 

𝛿2𝐽[𝑦, 𝛿𝑦] = ∫ (𝑄(𝛿𝑦)2 + 𝑃(𝛿𝑦′)2)𝑑𝑥
𝑏

𝑎
.                       (3.223) 

𝛿2𝐽[𝑦, 𝛿𝑦] kvadratul funqcionals warmoadgens. aq 

𝑃 = 𝑃(𝑥) =
1

2
𝑓𝑦′𝑦′
′′ (𝑥, 𝑦(𝑥), 𝑦′(𝑥)), 

𝑄 = 𝑄(𝑥) =
1

2
(𝑓𝑦𝑦

′′ (𝑥, 𝑦(𝑥), 𝑦′(𝑥)) −
𝑑

𝑑𝑥
𝑓𝑦′𝑦
′′ (𝑥, 𝑦(𝑥), 𝑦′(𝑥))).    (3.224) 

(3.223) funqcionalisaTvis eileris gantolebas aqvs saxe: 
𝑑

𝑑𝑥
(𝑃𝛿𝑦′) − 𝑄𝛿𝑦 = 0.                                   (3.225) 

am gantolebas 𝑱[𝒚] funqcionalis iakobis gantoleba 
ewodeba. praqtikuli amocanebis amoxsnisas SemoaqvT aRniSvna 
𝛿𝑦 = ℎ da Sesabamisad 𝛿𝑦′ = ℎ′. maSin gvaqvs iakobis 
gantoleba: 

𝑑

𝑑𝑥
(𝑃ℎ′) − 𝑄ℎ = 0, ℎ(𝑎) = ℎ(𝑏) = 0.                    (3.226) 

�̃� ∈ [𝒂, 𝒃] wertils ewodeba 𝒂 wertilis SeuRlebuli 𝑱[𝒚] 

funqcionalis azriT, Tu is SeuRlebulia 𝜹𝟐𝑱[𝒚, 𝜹𝒚] kvadra-
tuli funqcionalis azriT. 

 
iakobis gantoleba SegviZlia gadavweroT 𝐽[𝑦] 

funqcionalis 𝑓 integrantis gamoyenebiTac: 

(𝑓𝑦𝑦
′′ −

𝑑

𝑑𝑥
𝑓𝑦′𝑦
′′ ) ℎ(𝑥) −

𝑑

𝑑𝑥
(𝑓𝑦′𝑦′

′′ ℎ′) = 0.                    (3.227) 

 
iakobis pirobebi: iakobis gantoleba ZalaSia iseTi 

eqstremalebisaTvis, romlebic akmayofileben eileris 
gantolebas 𝐽[𝑦] funqcionalisaTvis, sasazRvro pirobebs da 
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aqvT aratrivialuri ℎ(𝑥) ≠ 0 amonaxsni, romelic akmayofi-
lebs ℎ(𝑎) = 0 ∧ (ℎ(𝑥) ≠ 0, 𝑥 ∈ (𝑎, 𝑏]) pirobebs. 

 
iakobis gantolebis pirobebi gansazRvravs 𝑦∗(𝑥) 

eqstremalis CarTvas eqstremalebis centralur velSi. 
eqstremalebis centraluri veli ewodeba iseTi 
eqstremalebis simravles romlebic ikveTebian mxolod 
centrSi da sxva wertilebSi ar ikveTebian nax. 3.6. 

 
nax. 3.6. eqstremalebis centraluri veli 

 
eqstremalebis centraluri veli aRiwereba gantolebiT 

𝑦 = 𝑦(𝑥, 𝐶). am eqstremalTa ojaxis eqstremalis raime werti-
lSi gavlebuli mxebis𝑝(𝑥, 𝑦) sakuTxo koeficients, velis 
daxriloba ewodeba Sesabamis wertilSi.  

𝐸 funqcias ewodeba vaierStrasis funqcia, Tu is moicema 
tolobiT: 

𝐸(𝑥, 𝑦, 𝑦′, 𝑝) = 𝑓(𝑥, 𝑦, 𝑦′) − 𝑓(𝑥, 𝑦, 𝑝) − (𝑦′ − 𝑝)𝑓𝑝
′(𝑥, 𝑦, 𝑝).    (3.228) 

' 
Teorema (susti minimumis arsebobis sakmarisi pirobebi):  
𝑦∗ ∈ 𝐶1[𝑎; 𝑏] funqcia warmoadgens (3.222) funqcionalis 

susti eqstremumis wertils, Tu adgili aqvs pirobebs: 
1) 𝑦(𝑥) funqcia warmoadgens 𝐽[𝑦] funqcionalis eqstre-

mals anu am funqciisaTvis, pirveli variacia nulis 
tolia; 

2) iakobis pirobebs; 
3) am funqciisaTvis adgili aqvs leJandris gaZliere-

bul pirobas:𝑃(𝑥) =
1

2
𝑓𝑦′𝑦′
′′ (𝑥, 𝑦(𝑥), 𝑦′(𝑥))|

𝑦=𝑦∗
> 0, 𝑥 ∈ (𝑎; 𝑏); 

an  
vaierStrasis pirobas: 𝐸(𝑥, 𝑦, 𝑦′, 𝑝) ≥ 0 im (𝑥, 𝑦) 
wertilebisaTvis, romlebic ganlagebulia eqstrema-
lis siaxloveSi da romelTaTvisac 𝑦′ axlosaa 𝑝 
daxrilobasTan; 
 

P.S.  Tu am TeoremSi adgili aqvs 𝐸(𝑥, 𝑦, 𝑦′, 𝑝) ≤ 0 pirobas 
vaierStrasis funqciisaTvis, an 𝑓𝑦′𝑦′

′′ < 0leJandris 
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gaZlierebul pirobas, maSin gvaqvs susti maqsimumis arsebo-
bis sakmarisi pirobebi. 

 
Teorema(Zlieri minimumis arsebobis sakmarisi pirobebi):  
𝑦∗ ∈ 𝐶[𝑎; 𝑏] funqcia warmoadgens (3.222) funqcionalis 

Zlieri eqstremumis wertils, Tu adgili aqvs pirobebs: 
1) 𝑦(𝑥) funqcia warmoadgens 𝐽[𝑦] funqcionalis eqstre-

mals anu am funqciisaTvis, pirveli variacia nulis 
tolia; 

2) iakobis pirobebs; 
3) am funqciisaTvis adgili aqvs leJandris 

pirobas:𝑃(𝑥) =
1

2
𝑓𝑦′𝑦′
′′ (𝑥, 𝑦(𝑥), 𝑦′(𝑥)) ≥ 0, 𝑥 ∈ (𝑎; 𝑏), 

nebismieri eqstremalisaTvis; 
an  
vaierStrasis pirobas: 𝐸(𝑥, 𝑦, 𝑦′, 𝑝) ≥ 0 im (𝑥, 𝑦) 
wertilebisaTvis, romlebic ganlagebulia eqstrema-
lis siaxloveSi da romelTaTvisac 𝑦′ anebismieria; 
 

P.S.  Tu am TeoremSi adgili aqvs 𝐸(𝑥, 𝑦, 𝑦′, 𝑝) ≤ 0 pirobas 
vaierStrasis funqciisaTvis, an 𝑓𝑦′𝑦′

′′ < 0leJandris pirobas, 

maSin gvaqvs Zlieri maqsimumis arsebobis sakmarisi pirobebi. 
 

magaliTi. ipoveT funqcionalis eqstremumi, Tu 

𝐽[𝑦] = ∫ (𝑦′ + 2(𝑦′)3)𝑑𝑥
2

1
, 𝑦(1) = 2, 𝑦(2) = 6.          (3.229) 

amoxsna: a) vipovoT am funqcionalis 𝑦∗ eqstremalebi. 
amisaTvis CavweroT Sesabamisi eileris gantoleba. radgan 
integranti 𝑓 = 𝑦′ + 2(𝑦′)3 araa damokidebuli 𝑥, 𝑦 cvladebze, 
misi eileris gantoleba iqneba: 𝑦′′ = 0 anu 𝑦 = 𝐶1𝑥 + 𝐶2. 

b) sasazRvro pirobebidan miviRebT, rom 
𝑦(1) = 𝐶1 + 𝐶2 = 2, 
𝑦(2) = 2𝐶1 + 𝐶2 = 6. 
maSasadame, 𝐶1 = 4 da 𝐶2 = −2. Sesabamisad, miviReT eqstre-

mali 𝑦∗(𝑥) = 4𝑥 − 2.  
SevamowmoT Zliri eqstremumis arsebobis sakmarisi 

pirobebi. 
g) iakobis pirobebi: 
SevadginoT iakobis (3.227) gantoleba: 

(𝑓𝑦𝑦
′′ −

𝑑

𝑑𝑥
𝑓𝑦′𝑦
′′ ) ℎ(𝑥) −

𝑑

𝑑𝑥
(𝑓𝑦′𝑦′

′′ ℎ′) = 0. 
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Cveni funqcionalisaTvis: 𝑦′ = 4, 𝑓𝑦𝑦
′′ = 0, 𝑓𝑦′𝑦

′′ = 0, 

𝑓𝑦′𝑦′
′′ |

𝑦=𝑦∗
= 12𝑦′|𝑦=𝑦∗ = 48. maSin, iakobis gantolebas eqneba 

saxe: 
𝑑

𝑑𝑥
(48ℎ′) = 0 anu ℎ′′(𝑥) = 0 ⟹ ℎ(𝑥) = 𝐴𝑥 + 𝐵. im pirobidan, 

rom ℎ(𝑎) = ℎ(1) = 0 gamomdinareobs 𝐴 + 𝐵 = 0 anu 𝐴 = −𝐵. maSin 
gveqneba, rom ℎ(𝑥) = 𝐴𝑥 + 𝐵 ⟹ ℎ(𝑥) = 𝐴(𝑥 − 1). aratrivialuri 
iqneba es amonaxsni Tu 𝐴 ≠ 0. maSi trivialuri iqneba mxolod 
roca 𝑥 = 1, xolo Tu 𝑥 ∈ (1; 2] is araa nuli. maSasadame, 
iakobis pirobebi sruldeba. 

d) radgan integranti samjer diferencirebadi funqciaa, 
Cven SegviZlia gamoviyenoT leJandris piroba. cxadia, rom 

𝑓𝑦′𝑦′
′′ = 12𝑦′. es funqcia ki niSancvladia, amitom 

Sesaswavli funqcionalis Zliri maqsimumis an Zlieri 
minimumis sakiTxi Riaa. 

SeviswavloT axla susti eqstremumis arsebobis sakiTxi: 
a) iakobis pirobebi sruldeba; 
b) gaZlierebuli leJandris piroba gvaZlevs, rom 

𝑓𝑦′𝑦′
′′ |

𝑦=𝑦∗
= 12𝑦′|𝑦∗(𝑥)=4𝑥−2 = 12 ∙ 4 = 48 > 0. 

rac imis maniSnebelia, rom𝑦∗(𝑥) = 4𝑥 − 2 eqstremalze Cveni 
funqcionali aRwevs sust minimums:  

𝑚𝑖𝑛 𝐽[𝑦∗] = ∫(4 + 2 ∙ 43)𝑑𝑥 = 132

2

1

. 

 
magaliTi. ipoveT funqcionalis eqstremumi, Tu 

𝐽[𝑦] = ∫ (𝑦2 + (𝑦′)2)𝑑𝑥
1

0
,  𝑦(0) = 0,  𝑦(1) = 1.              (3.230)  

amoxsna: am funqcionalis integranti 𝑓 = 𝑦2 + (𝑦′)2 araa 
damokidebuli 𝑥 cvladze. misTvis eileris gantolebis 

amonaxsns aqvs saxe: 𝑦∗(𝑥) =
𝑒

𝑒2−1
𝑒𝑥 +

𝑒

1−𝑒2
𝑒−𝑥 .  

SevamowmoT Zlieri eqstremumis pirobebi: 
a) SevadginoT iakobis gantoleba: 

(𝑓𝑦𝑦
′′ −

𝑑

𝑑𝑥
𝑓𝑦′𝑦
′′ ) ℎ(𝑥) −

𝑑

𝑑𝑥
(𝑓𝑦′𝑦′

′′ ℎ′) = 0.  

amisaTvis gamovTvaloT Sesabamisi warmoebulebi: 𝑓𝑦𝑦
′′ = 2, 

𝑓𝑦′𝑦
′′ = 0,𝑓𝑦′𝑦′

′′ = 2. maSin iakobis gantoleba miiRebs saxes; 

2ℎ − 2ℎ′′ = 0 anu ℎ′′ − ℎ = 0. masasadame, ℎ(𝑥) = 𝐶1𝑒
𝑥 + 𝐶2𝑒

−𝑥 . saw-
yisi pirobidan ℎ(0) = 0 e.i.𝐶1 + 𝐶2 = 0 ⟹ 𝐶2 = −𝐶1 anu  
ℎ(𝑥) = 𝐶1𝑒

𝑥 − 𝐶1𝑒
−𝑥 = 𝐶1(𝑒

𝑥 − 𝑒−𝑥). cxadia, rom Tu 𝐶1 ≠ 0 maSin 
ℎ(𝑥) ≠ 0, 𝑥 ∈ (0; 1], rac imas niSnavs, rom iakobis pirobebi 
sruldeba. 
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b)integranti samjer diferencirebadi funqciaa 𝑦′-is mimarT, 
amitom SegviZlia SevamowmoT leJandris piroba:𝑓𝑦′𝑦′

′′ = 2 > 0 

nebismieri 𝑦′ funqciisaTvis, masasadame 𝑦∗(𝑥) =
𝑒

𝑒2−1
𝑒𝑥 +

𝑒

1−𝑒2
𝑒−𝑥eqstremali mocemuli funqcionalis Zlieri minimumis 

da maSasadame susti minimumis wertilicaa.  
 

magaliTi. ipoveT funqcionalis eqstremumi, Tu 

𝐽[𝑦] = ∫ (12𝑥𝑦 − (𝑦′)2)𝑑𝑥
0

−1
, 𝑦(−1) = 1, 𝑦(0) = 0.         (3.231) 

amoxsna: am SemTxvevaSi, gvaqvs integranti: 𝑓 = 12𝑥𝑦 − (𝑦′)2. 
advili sapovnelia Sesabamisi eileris gantolebis 

amonaxsni: 𝑦∗(𝑥) = −𝑥3. SevamowmoT Zlieri eqstremumis 
arsebobis pirobebi: 
a) SevadginoT Sesabamisi iakobis gantoleba: 

(𝑓𝑦𝑦
′′ −

𝑑

𝑑𝑥
𝑓𝑦′𝑦
′′ ) ℎ(𝑥) −

𝑑

𝑑𝑥
(𝑓𝑦′𝑦′

′′ ℎ′) = 0 

Cveni integrantisaTvis: 𝑓𝑦𝑦
′′ = 0, 𝑓𝑦′𝑦

′′ = 0, 𝑓𝑦′𝑦′
′′ = −2. 

maSasadame, 
𝑑

𝑑𝑥
(2ℎ′) = 0 ⟹ ℎ′ = 𝐶1 ⟹ ℎ(𝑥) = 𝐶1𝑥 + 𝐶2. sasazRvro 

pirobidan ℎ(−1) = −𝐶1 + 𝐶2 = 0 ⟹ 𝐶2 = 𝐶1. e.i. ℎ(𝑥) = 𝐶1(𝑥 + 1). 
cxadia, rom Tu 𝐶1 ≠ 0 maSin ℎ(𝑥) ≠ 0, 𝑥 ∈ (−1; 0]. rac imas 
niSnavs, rom iakobis pirobebi Sesrulebulia. 
b) integranti samjer diferencirebadi funqciaa 𝑦′-is 
mimarT, amitom SegviZlia SevamowmoT leJandris piroba: 
𝑓𝑦′𝑦′
′′ = −2 < 0 nebismieri 𝑦′ funqciisaTvis, masasadame 

𝑦∗(𝑥) = −𝑥3eqstremali Zliri maqsimumis wertilia mocemuli 

funqcionalisaTvis da max 𝐽[𝑦∗] = ∫ (−12𝑥4 − 9𝑥4)𝑑𝑥 =
0

−1
−
21

5
 

 
 
 

amocanebi da savarjiSoebi 
1.ipoveT manZili 𝑦1(𝑥) = 𝑥

2 da 𝑦2(𝑥) = 𝑥
3 funqciebs Soris: 

 a) 𝐶[0; 1] normiT, b) 𝐶1[0; 1] normiT. 
2.ipoveT 𝐶1[𝑎; 𝑏] banaxis sivrceSi gansazRvruli funqciona-
lebis pirveli variacia: 

a) 𝐽[𝑦] = ∫ 𝑥2√1 + 𝑦2𝑑𝑥
1

0
;  b)  𝐽[𝑦] = ∫ (𝑦′𝑒𝑦 + 𝑥𝑦2)𝑑𝑥

1

−1
;   

g) 𝐽[𝑦] = ∫ 𝑦′ sin 𝑦 𝑑𝑥
𝜋

0
;  d) 𝐽[𝑦] = ∫ (𝑥𝑦 + (𝑦′)2)𝑑𝑥 + 𝑦2(0)

1

0
. 

3.ipoveT freSes da gatos diferenciali Semdegi funqciona-
lebisaTvis: 
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a) 𝐽[𝑦] = ∫ (𝑥 + 𝑦)𝑑𝑥
𝑏

𝑎
;  b) 𝐽[𝑦] = ∫ (𝑦2 − (𝑦′)2)𝑑𝑥

𝑏

𝑎
; 

g) 𝐽[𝑦] = 𝑦2(0) + ∫ (2𝑥𝑦 + 3(𝑦′)2)𝑑𝑥
1

0
; 

d) 𝐽[𝑦] = ∫ 𝐿(𝑥, 𝑦1, 𝑦2, … , 𝑦𝑛, 𝑦1
′ , 𝑦2

′ , … , 𝑦𝑛
′)𝑑𝑥

𝑏

𝑎
.   

3.ipoveT mocemuli variaciuli amocanis eqstremalebi: 

a) 𝐽[𝑦] = ∫ ((𝑦′)2 + 12𝑥𝑦)𝑑𝑥
1

0
,  𝑦(0) = 0, 𝑦(1) = 1; 

b) 𝐽[𝑦] = ∫ (4(𝑦′)2 − 7𝑦𝑦′ − 𝑦2)𝑑𝑥
2𝜋

𝜋
,  𝑦(𝜋) = 0, 𝑦(2𝜋) = 0; 

g) 𝐽[𝑦] = ∫ (𝑦′)2𝑒cos𝑦
′
𝑑𝑥

1

0
,  𝑦(0) = 0, 𝑦(1) = −4; 

d) 𝐽[𝑦] = ∫ ((𝑦′)2 − 𝑥6𝑦′ − 2𝑥𝑦)𝑑𝑥
1

0
,  𝑦(0) = 0, 𝑦(1) = −

1

6
; 

4.sibrtyeze mdebare ori (𝑥1, 𝑦1) da (𝑥2, 𝑦2) wertilis Semaer-
Tebel wirebs Soris, vipovoT iseTi wiri, romelic abscisTa 
RerZis garSemo brunvisas, Semowers umciresi farTobis 
zedapirs.  
5.aCveneT, rom nebismieri 𝑦′′ = 𝜑(𝑥, 𝑦, 𝑦′) saxis diferencialuri 
gantolebisaTvis, romlis marjvena mxarec orjer uwyvetad 
diferencirebadi funqciaa, SesaZlebelia iseTi 𝐿(𝑥, 𝑦, 𝑦′) 
funqciis povna, rom mocemuli diferencialuri gantolebis 

amonaxsnebi, iqnebian 𝐽[𝑦] = ∫ 𝐿(𝑥, 𝑦, 𝑦′)𝑑𝑥
𝑏

𝑎
 funqcionalis 

eqstremalebi. 
6.ipoveT mocemuli funqcionalebis eqstremalebi: 

a) 𝐽[𝑦1, 𝑦2] = ∫ (𝑥(𝑦1
′)2(𝑦2

′)2 + 𝑥𝑦1𝑦2)𝑑𝑥
3

1
, 𝑦1(1) = 1, 𝑦1(3) = ln 3 + 1, 

𝑦2(1) = 0, 𝑦2(3) = 0. 

b)𝐽[𝑦1, 𝑦2] = ∫ (2𝑦1 − 4𝑦2
2 + (𝑦2

′)2 − (𝑦1
′)2)𝑑𝑥

𝜋

4
0

, 𝑦1(0) = 0, 𝑦1 (
𝜋

4
) = 1, 

𝑦2(0) = 0, 𝑦2 (
𝜋

4
) = 1. 

g) 𝐽[𝑦1, 𝑦2] = ∫ ((𝑦1
′)2 + (𝑦2

′)2 + 2𝑦1)𝑑𝑥
1

0
,  𝑦1(0) = 1, 𝑦1(1) = 1.5, 

𝑦2(0) = 1, 𝑦2(1) = 1. 

d)𝐽[𝑦1, 𝑦2] = ∫ √1 + (𝑦1
′)2 + (𝑦2

′)2
3

0
𝑑𝑥, 𝑦1(0) = 1, 𝑦1(3) = 7, 

𝑦2(0) = −2, 𝑦2(3) = 1. 
7.ipoveT mocemuli funqcionalebis yvela eqstremali: 

a) 𝐽[𝑦] = ∫ (120𝑥𝑦 − 𝑦′′)𝑑𝑥
1

0
, 𝑦(0) = 0, 𝑦(1) = 1, 𝑦′(0) = 0, 𝑦′(1) = 6; 

b) 𝐽[𝑦] = ∫ ((𝑦′)2 + (𝑦′′)2)𝑑𝑥
𝑏

0
, 𝑦(0) = 0, 𝑦(𝑏) = 0, 𝑦′(0) = 0, 𝑦′(𝑏) = 0; 

g) 𝐽[𝑦] = ∫ ((𝑦′′′)2 − (𝑦′′)2)𝑑𝑥
1

0
, 𝑦(0) = 0, 𝑦′′(0) = 0, 𝑦′(0) = 1, 

𝑦′(1) = 𝑐ℎ1, 𝑦(1) = 𝑦′′(1) = 𝑠ℎ1; 

d)𝐽[𝑦] = ∫ (𝑦′′′)2𝑑𝑥
1

0
, 𝑦(0) = 𝑦′(0) = 𝑦′′(0) = 0, 𝑦(1) = 1, 𝑦′(1) = 4, 

𝑦′′(1) = 12; 
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8.mocemuli funqcionalebisaTvis SeadgineT eiler-
ostrogradskis gantoleba: 

a) 𝐽[𝑧] = ∬[(
𝜕𝑧

𝜕𝑥
)
2
− (

𝜕𝑧

𝜕𝑦
)
2

] 𝑑𝑥𝑑𝑦, sadac integreba xorcieldeba 

brtyel 𝐷 ⊂ ℝ2 areze; 

b) 𝐽[𝑢] = ∭[(
𝜕𝑢

𝜕𝑥
)
2
+ (

𝜕𝑢

𝜕𝑦
)
2
+ (

𝜕𝑢

𝜕𝑧
)
2
+ 2𝑢𝑓(𝑥, 𝑦, 𝑧)] 𝑑𝑥𝑑𝑦𝑑𝑧, sadac 

integreba xorcieldeba samganzomilebian 𝐷 ⊂ ℝ3 areze. 
9.vTqvaT mocemuli 𝐹(𝑥, 𝒚, 𝒑) da 𝐻(𝑥, 𝒚, 𝒑) funqciebi 
akmayofileben pirobebs: 𝐹𝑥

′ ≠ 0 da 𝐻𝑥
′ ≠ 0. daamtkiceT, rom Tu 

𝐻(𝑥, 𝒚, 𝒑) romelime variaciuli amocanis hamiltoniania, maSin 
eileris gantolebaTa sistemis nebismieri integraluri 
wirisaTvis adgili aqvs gantolebas: 
𝑑𝐹

𝑑𝑥
=

𝜕𝐹

𝜕𝑥
+ [𝐹, 𝐻]. 

9.ipoveT moZrav sazRvrebiani funqcionalebis eqstremalebi: 

a) ∫ (𝑦′)2𝑑𝑥 → 𝑒𝑥𝑡𝑟
𝑏

0
, 𝑦(0) = 0, 𝑦(𝑏) + 𝑏 + 1 = 0; 

b) ipoveT umoklesi manZili 𝑦 = 𝑥2 da 𝑦 = 𝑥 − 5 funqciis 
grafikebs Soris sibrtyeze; 

g)𝐽[𝑦] = ∫ √1 + (𝑦′)2𝑑𝑥 → 𝑒𝑥𝑠𝑡𝑟
𝑏

𝑎
,  marcxena sazRvari 𝑎 moZraobs 

𝑦 = 𝜑(𝑥) = 𝑥2 parabolaze, xolo marjvena𝑏 sazRvari _ 𝑦 =
𝜓(𝑥) = 𝑥 wrfeze; 
10.amoxseniT pirobiTi eqstremumis amocanebi funqcionalebi-
saTvis:  

a) 𝐽[𝑦, 𝑧] = ∫ 𝑦′𝑧′𝑑𝑥
1

0
, 𝑦(0) = 𝑦(1) = 𝑧(0) = 0, 𝑧(1) = 1, ∫ 𝑥𝑦𝑑𝑥 = 0

1

0
, 

∫ 𝑥𝑧𝑑𝑥 = 0
1

0
; 

b)𝐽[𝑦, 𝑧] = ∫ ((𝑦′)2 + (𝑧′)2)𝑑𝑥
1

0
, 𝑦(0) = 𝑦(1) = 𝑧(0) = 𝑧(1) = 0, 

∫ 𝑦𝑧𝑑𝑥 = −2
1

0
; 

g) 𝐽[𝑦] = ∫ 𝑦 sin 𝑥𝑑𝑥 → 𝑒𝑥𝑠𝑡𝑟
𝜋

0
, 𝑦(0) = 0, 𝑦(𝜋) = 𝜋, ∫ (𝑦′)2𝑑𝑥 =

3𝜋

2

𝜋

0
. 

11.gamoikvlieT eqstremumze funqcionalebi: 

a) 𝐽[𝑦] = ∫ ((𝑦′)2 + 2𝑦𝑦′ − 16𝑦2)𝑑𝑥
𝑎

0
, 𝑦(0) = 0, 𝑦(𝑎) = 0, 𝑎 > 0; 

b) 𝐽[𝑦] = ∫ 𝑦′(1 + 𝑥2𝑦′)𝑑𝑥,
2

1
𝑦(1) = 3, 𝑦(2) = 5; 

g) 𝐽[𝑦] = ∫ ((𝑦′)2 + 𝑦2 + 2𝑦𝑒2𝑥)𝑑𝑥
1

0
, 𝑦(0) =

1

3
, 𝑦(1) =

1

3
𝑒2; 

d) 𝐽[𝑦] = ∫ (𝑥2 + 휀(𝑦′)2 + 𝑦2)𝑑𝑥
1

0
, 𝑦(0) = 0, 𝑦(1) = 1. gamoikvlieT 휀 

parametris mixedviT. 
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