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saxelmZRvanelo miZRvnilia maTematikuri modelirebis 
rTuli da praqtikulad mniSvnelovani problemisadmi. naS-
romis meore tomSi ganxilulia mikro da makroekonomikis 
maTematikuri modelebis agebis teqnika da teqnologia: al-
baTobaTa Teoriis elementebi, ekonomikis ZiriTadi maTe-
matikuri modelebi, fundamentaluri ekonomikis ZiriTadi 
cnebebi da laboratoriuli samuSaoebi. yoveli laborato-
riuli samuSao bolovdeba kompiuteruli programebiT 
Mathcad-sa da   Matlab-ze. rac saSualebas iZleva, dinamiur 
reJimSi iqnas Seswavlili, maTematikuri modelirebis es 
ori ZiriTadi informaciuli teqnologia. 

naSromi saintereso iqneba inJiner-mkvlevarebisaTvis, 
romlebic kvlevis procesSi iZulebulni arian aagon gansa-
xilveli ekonomikuri procesebis maTematikuri modelebi. 
aseve, naSromi did daxmarebas gauwevs magistraturis im 
studentebs, romlebic swavloben ekonomikuri procesebis 
dinamikasa da marTvis teqnologiebs. 
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eZRvneba qarTveli filosofosis 
manana obgaZis 

 naTel xsovnas 
 
  

winasityvaoba 
  

SemoTavazebul kurss – “maTematikuri modelirebis 
kursi (ekonomiksi  Mathcad-isa da Matlab-is bazaze) II tomi, 
erT-erTi avtorTagani wlebis manZilze kiTxulobda vladi-
miris saxelmwifo universitetSi (ruseTi), vitebskis saxe-
lmwifo teqnologiur universitetSi (belorusia), moskovis 
saxelmwifo samTo universitetSi (ruseTi), moskovis bizne-
sisa da politikis institutSi (ruseTi), moskovis humanita-
ruli ganaTlebis institutSi (ruseTi), moskovis sabuRal-
tro aRricxvis, analizisa da auditis institutis krasno-
daris filialSi (ruseTi), moskovis saxelmwifo adminis-
trirebis institutSi (ruseTi), i. javaxiSvilis saxelobis 
Tbilisis saxelmwifo universitetis soxumis filialSi  da 
amJamad, kiTxulobs saqarTvelos teqnikur universitetSi.   

masalis gadmocemisa da meToduri miTiTebebis mimarT 
midgoma warmoadgens avtorTa sxva saswavlo-meToduri 
Sromebis gagrZelebas. saxelmZRvanelo moicavs kursis sam 
nawils, romelic Seesabameba sami semestris masalas 
bakalavrebisa da magistrebisaTvis. 

naSromSi farTod gamoiyeneba Mathcad 2001 PROFES-
SIONAL-isa da Matlab-is gamoyenebiTi programebis paketebi. 
yvela laboratoriuli samuSao dayvanilia konkretul 
ricxviT Sedegamde. warmodgenilia Sesabamisi programebi 
Mathcad-isa da Matlab-is enaze. yoveli laboratoriuli 
samuSaos bolos mocemulia gansxvavebuli variantebi stu-
dentebis individualuri muSaobisaTvis. TiToeulma stu-
dentma unda Seasrulos samuSaos Tavisi varianti da Caaba-
ros angariSi TiToeul samuSaoze Sesabamisi ganmartebebiT. 
saxelmZRvanelos bolos, moyvanilia literaturis sia la-
boratoriul samuSaoebSi warmodgenili masalis ufro 
Rrmad Sesaswavlad.   

avtorebi madlobas uxdian studentebs, romlebic 
Tavisi interesiT ubiZgebdnen maT winamdebare kursze 
muSaobisaken. avtorebi gulwrfelad madlierni arian 
kolegebisa, kursis xelnawerisadmi interesisa da misi gad-
mocemis stilis gaumjobesebisaken mimarTuli rCevebisaTvis, 
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ramac didad Seuwyo xeli kursis meToduri TvalsazrisiT 
srulyofas.  

programebi Matlab-ze ekuTvnis asocirebul profesors - 
nino mWedliSvils da asistent-profesors irma daviTaS-
vils, teqstis qarTuli Targmani da meore nawilis labo-
ratoriuli samuSaoebi – asistent-profesors nato TuSiS-
vils, xolo kursis mTliani ideologia srul profesors  
Tamaz obgaZes da doqtor lela obgaZes romlis sado-
qtoro disertaciac daedo safuZvlad, am monografiuli 
tipis saxelmZRvanelos.  

avtorebi madlobas uxdian akademikos arCil frangiS-
vils, erovnuli akademiis prezidents – b-n v. ramiSvils, 
srul profesor nodar jiblaZes, doqtor pantiko Tordias 
da nona Tordias Tanadgomisa da xelSewyobisaTvis. 

 
 
                                         
 
 
 
 
 
 
 
 

 
 

 
 
 



Nnawili I. albaTobaTa Teoriis elementebi 
 

Sesavali 
1. albaTobis gansazRvreba 

 
ekonomikur praqtikaSi, rogorc wesi, saqme gvaqvs 

SemTxveviT sidideebTan da movlenebTan. aseT situaciaSi, 
gadawyvetilebis miRebisas gasaTvaliswinebelia, Tu ramde-
nad mosalodnelia esa Tu is SemTxveva. magaliTad, mTian 
regionebSi rkinigzis gayvanisas, aucilebelia imis codna, 
Tu, ramdenadaa mosalodneli zvavi, Rvarcofi an mewyeri. 
matareblebis ganrigis darRvevisas _ ramdenadaa mosalod-
neli katastrofa, inflaciis SemTxvevaSi – ramdenadaa mo-
salodneli fasebis zrda sakveb produqtebsa da pirveladi 
moxmarebis sagnebze da a.S. 

swored, SemTxveviTobasTan dakavSirebuli movlenebis 
Sesaswavlad Seiqmna maTematikuri mecniereba, romelsac al-
baTobaTa Teorias uwodeben. albaTobaTa Teoriazea 
damyarebuli mecniereba – statistika, romelic warmoadgens 
fundaments, nebismieri ekonomikuri procesis kvlevisas. 

imisaTvis, rom ricxvobrivad Seafason, ramdenadaa mo-
salodneli A SemTxveviTi movlena, ganixilaven am movlenis 
P(A)-albaTobis cnebas. 

gansazRvreba: iseT movlenas, romelic SeiZleba moxdes, 
an SeiZleba arc moxdes, SemTxveviTi movlena ewodeba. 

magaliTad: dRes wvimis mosvla; Tovlis mosvla, fex-
burTis matCSi gamarjveba, xuTianis miReba da a.S. 

gansazRvreba: mocemuli eqsperimentisas, Sesaswavli 
movlenis TiToeul SesaZlo realizacias xdomileba 
ewodeba. 

magaliTad: a) movlena – kamaTelis agdeba: 
xdomilebebia: 1) iaqi(erTi), 2) du(ori), 3) se(sami), 
               4) Cari(oTxi), 5)beSi(xuTi) da 6)SeSi(eqvsi). 
            b) movlena – monetis agdeba: 
xdomilebebia: 1) gerbi, 2) ricxviani mxare. 
 
gansazRvreba: A movlenis yvela urTierTgamomricxav 

xdomilebaTa E erTobliobas, elementarul xdomilebaTa 
sivrce ewodeba. 

magaliTad: kamaTelis agdebisas E={1;2;3;4;5;6}, monetis 
agdebisas E={gerbi; ricxviani mxare}.  
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elementarul xdomilebaTa sivrcis nebismier  A qvesim-
ravles A⊆E movlena ewodeba. 

 gansazRvreba: movlenas, romelic aucileblad moxdeba, 
ueWveli(WeSmariti) movlena ewodeba. misi albaToba P(A)=1. 

gansazRvreba: movlenas, romelic arasodes ar moxdeba 
SeuZlebeli (mcdari) movlena ewodeba. misi albaToba 
P(A)=0. 

magaliTad :  
A – dRes mohyveba Rame – ueWveli movlenaa(Cveni ganedi-

saTvis). 
A – aRmarTs mohyveba daRmarTi _ ueWveli movlenaa. 
A – SiSveli Tu Sexvedi wyalSi, mSralad amosvla – 

SeuZlebeli movlenaa. 
am gansazRvrebebidan Cans, rom sazogadod  

0≤P(A)≤ 1                                                   (1) 
albaTobis gansazRvrisas ganixilaven klasikur da 

statistikur midgomebs. 
 albaTobis klasikuri gansazRvrisas gamoiyeneben for-

mulas:  

n
mAp =)(                            (2) 

sadac, m  – A movlenisaTvis xelSemwyob xdomilebaTa rao-
denobaa; n –A movlenisaTvis elementaruli xdomilebaTa  E  
sivrcis elementebis saerTo raodenobaa. 

 am SemTxvevaSi igulisxmeba, rom elementaruli xdomi-
lebebi Tanabrad mosalodneli arian da isini adgenen 
srul E simravles, e.i. A movlenis yvela SesaZlo xdomile-
ba ekuTvnis E simravles. 

 magaliTebi: 
 1)  monetis agdebisas vipovoT albaToba imisa, rom amo-

vardeba gerbi. 

amoxsna: m=1, n=2 e.i. 
2
1)( ==

n
mAp  

2) kamaTelis agdebisas vipovoT albaToba imisa, rom 
dajdeba beSi (5). 

amoxsna: m=1, n=6 e.i. 
6
1)( ==

n
mAp  

3) kamaTelis agdebisas vipovoT albaToba imisa, rom 
dajdeba luwi ricxvi.  

amoxsna: luwebia: 2,4,6 ⇒ m=3, magram n=6 e.i. 
2
1

6
3)( ===

n
mAp  
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4) ori kamaTelis agdebisas ipoveT albaToba imisa, rom 
orive damjdari kamaTelis jami iqneba Svidi. 

amoxsna: 7=1+6 7=6+1  
7=2+5 7=5+2 
7=3+4 7=4+3 

e.i. m=6, n=6×6=36 

6
1

36
6)( ===

n
mAp  

5) ori kamaTelis agdebisas vipovoT albaToba imisa, 
rom orive damjdari kamaTelis jami iqneba rva, xolo 
sxvaoba oTxi. 

amoxsna: Tavdapirvelad, vnaxoT Tu rodis iqneba ka-
maTelis ricxvebis jami 8: 

   8=6+2 8=2+6 
   8=5+3 8=3+5 
      8=4+4  

aqedan sxvaoba 4 iqneba or SemTxvevaSi 6-2=4, e.i. m=2, 

n=36   ⇒  
18
1

36
2)( ===

n
mAp . 

6) ori kamaTelis agdebisas vipovoT albaToba imisa, 
rom orive damjdari kamaTelis jami iqneba xuTi, xolo 
namravli oTxi. 

amoxsna: jami Tu xuTia: 
5=4+1  5=1+4 
5=3+2 5=2+3, 

maSin, namravli oTxia or SemTxvevaSi 1×4=4×1, e.i. m=2, n=36   

⇒  
18
1

36
2)( ===

n
mAp  

7) monetis orjer agdebisas vipovoT albaToba imisa, 
rom erTxel mainc dajdeba “gerbi”. 

amoxsna: gerbi aRvniSnoT erTi asoTi – g, meore mxare 
aRvniSnoT asoTi – r, maSin SesaZlo realizaciebia: gg, gr, 

rr, rg ⇒ n=4. erTxel mainc “g” gvxvdeba samjer: gg, gr, rg 

⇒ m=3. maSasadame, 
4
3)( ==

n
mAp . rogorc vxedavT, albaTobis 

klasikuri wesiT gamosaTvlelad saWiroa sxvadasxva 
SemTxveviTi realizaciebis yvela SesaZlo raodenobebis 
daTvla. msgavsi amocanebis amosaxsnelad SemuSavebulia 
maTematikuri Teoria, romelsac kombinatorikas uwodeben. 
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2. kombinatorikis elementebi 
 

ganvixiloT E simravle. misi sxvadasxva elementebisagan 
SevadginoT jgufebi. 

gansazRvreba: Tu n-elementiani simravlidan varCevT m 
(m<n) elementian jgufebs (qvesimravleebs) ise, rom 
sxvadasxva jgufebi erTmaneTisagan gansxvavdebian erTi 
elementiT mainc, maSin amboben, rom gvaqvs jufTeba  
n-elementiani simravlidan m-elementian qvesimravleebad. 

jufTebaTa raodenoba aRiniSneba simboloTi m
nC  da ga-

moiTvleba formuliT:  

)!(!
!

mnm
nCm

n −
= ,                        (3) 

0!=1 (nulis faqtoriali); 
1!=1 (erTis faqtoriali); 

2!=1⋅2 (oris faqtoriali); 

3!=1⋅2⋅3 (samis faqtoriali); 

4!=1⋅2⋅3⋅4 (oTxis faqtoriali); 
.  .  . 

n!= 1⋅2⋅3⋅. . . ⋅n. 
magaliTebi:  
1) vipovoT oci gamcileblidan ori gamcilebelis amor-

Cevis SesaZlo variantebis raodenoba 
amoxsna:  

190
!2
2019

!18!2
!20

)!220(!2
!202

20 =
⋅

=
⋅

=
−

=C . 

2) vipovoT oci studentidan lideris arCevis SesaZlo 
variantebis raodenoba    

amoxsna:  

20
!19
!20

)!120(!1
!201

20 ==
−

=C . 

 
gansazRvreba: Tu n-elementiani simravlidan virCevT m 

elementian (m<n) jgufebs (qvesimravleebs) ise, rom 
sxvadasxva jgufebi erTmaneTisagan gansxvavdebian erTi 
elementiT mainc an maTi rigiT, maSin amboben, rom gvaqvs 
wyoba n-elementiani simravlidan m-elementian qvesi-

mravleebad. wyobaTa raodenoba aRiniSneba simboloTi m
nA . 

wyobaTa ricxvis gamosaTvlelad gamoiyeneba formula:  

)!(
!
mn

nAm
n −

=                        (4) 
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magaliTebi: 
1) vipovoT oci studentidan studenturi kavSiris Tavm-

jdomaris da misi moadgilis arCevis SesaZlo variantebis 
raodenoba.    

amoxsna: amjerad mniSvneloba aqvs rigsac, amitom 
gveqneba wyoba  

3802019
!18
!20

)!220(
!202

20 =⋅==
−

=A . 

2) aT baraTze Cawerilia sxvadasxva cifrebi: 0;1;2;3;…;9. 
iReben 4 baraTs da adgenen oTxniSna ricxvs am baraTebze 
Cawerili cifrebidan. vipovoT ramdeni sxvadasxva oTxniSna 
ricxvi SeiZleba Sedges aseTi wesiT? 

amoxsna: cifrebis raodenobaa 10, amaTgan dgeba oTxniSna 
ricxvi. yvela SesaZlo wyobaTa (rigsac aqvs mniSvneloba) 

raodenoba iqneba 4
10A , magram am ricxvebidan unda amovardes 

is variantebi, sadac pirvel adgilze aRmoCnda 0, aseTi 

variantebis ricxvi iqneba 3
9A . e.i. sabolood gveqneba 

.45369987
!6
9!9

!6
)110(!9

!6
!910!9

!6
!9

!6
!10

)!39(
!9

)!410(
!103

9
4

10

=⋅⋅⋅=
⋅

=

=
−⋅

=
−⋅

=−=
−

−
−

=− AA
 

 
gansazRvreba: iseT wyobas, roca n-elementiani simra-

vlidan irCeven n-elementian qvesimravleebs, gadanacvleba 
ewodeba. 

gadanacvlebaTa raodenoba aRiniSneba simboloTi 
n

nn Ap = , (4)-dan miviRebT, rom 

!npn =  .                            (5) 

 
magaliTi: 
leqciebis cxrilSi mocemulia dReSi 4 sagani. vipovoT 

orSabaTis cxrilis Sedgenis SesaZlo variantebis raode-
noba. 

amoxsna: cxadia, am SemTxvevaSi saqme gvaqvs gadanacvle-
baTa raodenobis daTvlasTan. 

p4=4!=1⋅2⋅3⋅4=24. 
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ganvixiloT albaTobaTa TeoriaSi kombinatorikis gamo-
yenebis magaliTebi. 

 
magaliTebi: 
1) yuTSi 15 detalia, romelTa Soris 10 SeRebilia. am-

wyobi SemTxveviT iRebs 3 detals. vipovoT albaToba imisa, 
rom amoRebuli detalebi iqneba SeRebili. 

amoxsna: yvela SesaZlo xdomilebaTa raodenobaa 3
15Cn = , 

xelSemwyob xdomilebaTa ricxvi ki 3
10Cm = . e.i.   

91
24

151413!12!7
!121098!7

!15!7
!12!10

!12!3
!15
!7!3
!10

)( 3
15

3
10 =

⋅⋅⋅⋅
⋅⋅⋅⋅

=
⋅
⋅

=

⋅

⋅===
C
C

n
mAp . 

2) yuTSi 100 detalia, iqidan 10 wundebulia. SemTxveviT 
iReben oTx detals. vipovoT albaToba imisa imisa, rom 
amoRebuli detalebidan a) arcerTi araa wundebuli, b) 
yvela wundebulia. 

amoxsna: yvela SesaZlo xdomilebaTa ricxvia: 

 
432

100999897
!96!4
!1004

100 ⋅⋅
⋅⋅⋅

=
⋅

== Cn ; 

xelSemwyob xdomilebaTa ricxvia: 

a)
432

90898887
!86!4

!904
90 ⋅⋅

⋅⋅⋅
=

⋅
⋅

== Cm ; 

65.0
!97549

89287
100999897

432
432

90898887)( 4
100

4
90 ≈

⋅⋅
⋅⋅

=
⋅⋅⋅

⋅⋅
⋅

⋅⋅
⋅⋅⋅

===
C
C

n
mAp . 

b)
432
10987

!6!4
!104

10 ⋅⋅
⋅⋅⋅

=
⋅

⋅
== Cm ; 

00005.0
100999897

432
432
10987)( ≈

⋅⋅⋅
⋅⋅

⋅
⋅⋅
⋅⋅⋅

=Ap . 

 
3) telefonis nomris akrefisas abonents daaviwyda 

Tavisi satrfos nomris bolo sami cifri da axsovda 
mxolod is, rom es cifrebi iyo sxvadasxva, amitom man 
SemTxveviT akrifa bolo sami cifri. vipovoT albaToba 
imisa, rom akrefili iyo saWiro cifrebi. 

amoxsna: saWiro nomeri aris erTaderTi m=1, cifrebi 
aris sul 10 cali, (0,1,2,3,4,5,6,7,8,9) unda airCes 3 cifri ise, 
rom am cifrTa rigs ara aqvs mniSvneloba. e.i. gvaqvs wyoba:  

 7201098
!7
!103

10 =⋅⋅=== An , amitom   
720
11)( 3

10

===
An

mAp . 
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4) jgufSi 12 studentia, romelTagan 8 friadosania.  
SemTxveviT irCeven 9 students. vipovoT albaToba imisa, 
rom amorCeul studentebs Soris 5 friadosania. 

amoxsna: yvela SesaZlo xdomilebaTa ricxvi iqneba 

jufTeba 12-dan 9-ad 9
12Cn = , 8 friadosani studentidan 5 

friadosnis arCevaTa raodenobaa 5
8C , danarCeni 4 unda 

airCes arafriadosnebidan, e.i. 12-8=4-dan raodenoba iqneba 
4

4C , magram aq xdeba Sewyvileba 5 friadosani da 4 
arafriadosani, amitom gveqneba namravli  

 4
4

5
8 CCm ⋅= ;   

maSasadame, 
55
14)( 9

12

4
4

5
8 =

⋅
==

C
CC

n
mAp . 

 
 

3. albaTobis statistikuri gansazRvreba 
 

xSirad, saWiro xdeba, ama Tu im pirobebSi Sesaswavli 
movlenis, moxdenis SesaZleblobis dadgena eqsperimentebis 
safuZvelze. 
  aseT SemTxvevebSi, n da m winaswar ucnobia. isini miiRe-
bian ara Teoriul-kombinatorikuli mosazrebebidan, aramed 
eqsperimentis Sedegad. amitom, miRebul albaTobas – mov-
lenis fardobiT sixSires(statistikur albaTobas) uwode-
ben da gamoiTvlian formuliT: 

n
mAW =)( ,         (6) 

sadac, n – erTidaigive eqsperimentis CatarebaTa raodenobaa, 
xolo m – A _movlenis eqsperimentebSi moxdenaTa raodenoba. 

magaliTebi:  
1) teqnikuri kontrolis ganyofilebam amorCeuli 100 

elmavlidan aRmoaCina 5 wundebuli. vipovoT wundebuli el-
mavlebis fardobiTi sixSire. 

amoxsna: am SemTxvevaSi n=100, m=5 amitom 

05.0
100

5)( ===
n
mAp . 

2) 20 gasrolidan, 18 moxvda mizans. vipovoT mizanSi 
moxvedris fardobiTi sixSire. 

amoxsna: 9.0
10
9

20
18)( ===AW . 
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3) vagonebis gamocdisas dadginda, rom vargisi vagonebis 
fardobiTi sixSirea 0.9. vipovoT vargisi vagonebis ricxvi, 
Tu Sesaswavli iyo 200 vagoni. 

amoxsna: 9.0)( =AW  n=200, m=? 

1802009.0)()( =⋅=⋅=⇒= nAWm
n
mAW  vagoni. 

 
 

4. albaTobaTa Sekrebisa da 
gamravlebis Teoremebi 

 
gansazRvreba: ori A da B movlenis jami ewodeba iseT 

movlenas, rodesac adgili aqvs an A-s an B-s, anu am movle-
naTagan erT-erTs mainc. 

magaliTi: A – ori kamaTelis agdebisas jamSi 8-is da-
jdoma; B _ ori kamaTelis agdebisas namravlSi 12-is da-
jdoma; A+B _ ori kamaTelis agdebisas jamSi 8-is an nam-
ravlSi 12-is dajdoma. 

 gansazRvreba: ori A da B movlenis namravli ewodeba 
iseT movlenas, romelis drosac adgili aqvs ori A da B 
movlenis erTdroulad moxdenas. 

magaliTi: A  _ ori kamaTelis agdebisas jamSi 11-is da-
jdoma; B  _ ori kamaTelis agdebisas namravlSi 30-is da-

jdoma; A⋅B  _ ori kamaTelis agdebisas jdeba 5∧6 an 6∧5. 
gansazRvreba: or A da B movlenas ewodeba araTavsebadi, 

Tu SeuZlebelia maTi erTdrouli moxdena. 
magaliTi: A _ ori kamaTelis agdebisas luwi jamis da-

jdoma; B  _ ori kamaTelis agdebisas jamSi 7-is dajdoma; A 
da B araTavsebadi movlenebia. 

gansazRvreba: or A da B movlenas ewodeba damoukide-
beli movlenebi, Tu erTis moxdena ar axdens gavlenas 
meore movlenaze. 

Teorema araTavsebadi movlenebis jamis albaTobis Ses-
axeb: ori araTavsebadi A da B movlenis jamis albaToba am 
movlenaTa albaTobebis jamis tolia: 

)()()( BpApBAp +=+ .       (7) 
SeniSvna: Teorema ZalaSia nebismieri sasruli raodeno-

bis wyvil-wyvilad araTavsebadi movlenebis jamisTvisac, e.i. 
)()()()( 2121 nn ApApApAAAp +++=+++ LL ;     (8) 

anu                    ( )∑∑
==

=⎟
⎠

⎞
⎜
⎝

⎛ n

i
i

n

i
i ApAp

11
.               (9) 
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Teorema ori damoukidebeli movlenis namravlis alba-
Tobis Sesaxeb: ori damoukidebeli movlenis namravlis al-
baToba am movlenaTa albaTobebis namravlis tolia: 

)()()( BpApBAp ⋅=⋅ .                  (10) 
SeniSvna: Teorema ZalaSia nebismieri sasruli raodeno-

bis wyvil-wyvilad damoukidebeli movlenebisaTvis. 
)()()()( 2121 nn ApApApAAAp ⋅⋅⋅=⋅⋅⋅ LL ;       (11) 

anu 

( )∏∏
==

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ n

i
i

n

i
i ApAp

11

.       (12) 

Teorema urTierTdamokidebuli movlenebis namravlis 
albaTobis Sesaxeb: ori urTierTdamokidebuli movlenebis 
namravlis albaToba udris erT-erTi maTganis albaTobis 
namravls meore movlenis pirobiT albaTobaze, Tu pirveli 
movlena ukve moxda: 

)()()(
)()()(

ApBpBAp
BpApBAp

B

A

⋅=⋅
⋅=⋅

;                    (13) 

)(BpA  _ B movlenis moxdenis albaTobaa, Tu A ukve 

moxda,  xolo )(ApB  _ A movlenis moxdenis albaToba, Tu B 
ukve moxda.  

Teorema ori Tavsebadi movlenis jamis albaTobaze: ori 
Tavsebadi movlenis jamis albaToba udris am movlenebis 
albaTobaTa jams, Semcirebuls maTi namravlis albaTobiT. 

)()()()( BApBpApBAp ⋅−+=+ .              (14) 
sami movlenis jamisaTvis gveqneba formula: 

)()()()()()()( CApCBpBApCpBpApCBAp ⋅−⋅−⋅−++=++ .     (15) 
magaliTi: 
matareblis vagonSi 15 mgzavria, maTgan 5 ubileToa. re-

vizori amowmebs 3 SemTxveviT mgzavrs. vipovoT albaToba 
imisa, rom revizori aRmoaCens erT ubileTos mainc. 
amoxsna:  

B – revizori aRmoaCens 1 ubileTos; 
C – revizori aRmoaCens 2 ubileTos; 
D – revizori aRmoaCens 3 ubileTos; 
A – revizori aRmoaCens 1 ubileTos mainc. 

,DCBA ++=   )()()()( DpCpBpAp ++= , 

91
45)( 3

15

2
10

1
5 =

⋅
=

C
CC

Bp , 
91
20)( 3

15

1
10

2
5 =

⋅
=

C
CC

Cp , 

91
2)( 3

15

0
10

3
5 =

⋅
=

C
CC

Dp , 
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91
67

91
2

91
20

91
45)( =++=Ap . 

 
gansazRvreba: A movlenis sapirispiro movlena ewodeba 

iseT – A  movlenas, romelic xdeba maSin, roca A movlenas 
ara aqvs adgili. 

sapirispiro movlenaTa jami warmoadgens ueWvel movle-
nas, amitom misi albaToba erTis tolia: 

1)( =+ AAp .                     (16) 
Sekrebis formulis gamoyenebiT miviRebT, rom  

1)()( =+ ApAp ,                     (17) 
anu 

)(1)( ApAp −= .                         (18) 
gamoviyenoT formula (18) da amovxsnaT wina amocana 

meore gziT. 
A – revizori aRmoaCens 1 ubileTos mainc. 
A  – revizori ver aRmoaCens vercerT ubileTos. 

)(1)( ApAp −= , 

91
24)( 3

15

3
10 ==

C
C

Ap , 

e.i. 
91
67

91
241)( =−=Ap . 

magaliTebi: 
 1) tomaraSi aris TeTreulis 10 kompleqti, maTgan 4 

arastandartulia. Ggamcilebeli SemTxveviT amowmebs 3 kom-
pleqts. vipovoT albaToba imisa, rom is naxavs erT aras-
tandartul kompleqts mainc. 

amoxsna:  
A – gamcilebeli naxavs erT arastandartul kompleqts 

mainc; 
A  – gamcilebeli ver naxavs vercerT arastandartul 

kompleqts 

.
6
51)(1)( 3

10

3
6 =−=−=

C
C

ApAp  

2) A1 da A2 damoukidebeli movlenebis Sesabamisi alba-
Tobebia p1 da p2. vipovoT albaToba imisa, rom am movlene-
bidan moxdeba mxolod erTi. 

Aamoxsna: 
B1  _ moxdeba mxolod A1;  
B2  _ moxdeba mxolod A2. 



 15

.
,

122

211

AAB
AAB

⋅=

⋅=
 

albaToba imisa, rom A1-dan da A2-dan moxdeba mxolod 
erT-erTi:   

).1()1()()()()(
)()()()()(

12212121

21212121

ppppApApApAp
AApAApBpBpBBp

−⋅+−⋅=⋅+⋅=

=⋅+⋅=+=+
 

xSirad 1-p-s aRniSnaven q-Ti, maSin  

212121 )( pqqpBBp +=+ . 
3) avariis signalizaciisaTvis vagonze dayenebulia ori 

damoukideblad momuSave signalizatori. albaToba imisa, 
rom avariisas pirveli signalizatori amuSavdeba, udris 
0.95, xolo meore signalizatorisaTvis – 0.9. vipovoT alba-
Toba imisa, rom avariisas amuSavdeba mxolod erTi sig-
nalizatori. 

amoxsna:  
B1 – amuSavdeba pirveli signalizatori A1;  
B2  _ amuSavdeba meore signalizatori A2. 

,
,

122

211

AAB
AAB

⋅=

⋅=
 

.14.0045.0095.09.0005.0)9.01(95.0)()()()(
)()()()()(

2121

21212121

=+=⋅+−⋅=⋅+⋅=

=⋅+⋅=+=+

ApApApAp
AApAApBpBpBBp

 

4) ori mSvildosani isvris mizanSi. imis albaToba, rom 
pirveli moartyavs mizanSi 0.7-ia, meorisaTvis – 0.8. vipovoT 
albaToba imisa, rom srolisas mizanSi moartyavs mxolod 
erTi mSvildosani. 

Ppasuxi: 38.0)( =Ap . 
5) teqnikuri kontrolis ganyofileba amowmebs detale-

bis standartulobas. imis albaToba, rom detali standar-
tulia, udris 0.9. vipovoT albaToba imisa, rom ori Semow-
mebuli detalidan mxolod erTia standartuli. 

amoxsna:  
A1 _ pirvelad amoRebuli detali standartulia; 

1A  _ pirvelad amoRebuli detali arastandartulia; 
A2  _ meored amoRebuli detali standartulia; 

2A _ meored amoRebuli detali arastandartulia; 

A – mxolod erTi detalia standartuli; 

.18.009.009.09.01.01.09.0)()()()()(
,

2121

2121

=+=⋅+⋅=⋅+⋅=

⋅+⋅=

ApApApApAp
AAAAA
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6) saqonlis miRebuli partiidan saqonelmcodne arCevs 
umaRlesi xarisxis saqonels. imis albaToba, rom SemTxve-
viT aRebuli nawarmi aris umaRlesi xarisxis, aris 0.8. vipo-
voT albaToba imisa, rom aRebuli 3 nawarmidan mxolod 2 
aris umaRlesi xarisxis. 

amoxsna: 

.384.06.064.02.08.03)()()()(

,
2

321321321

321321321

=⋅=⋅⋅=⋅⋅+⋅⋅+⋅⋅=

⋅⋅+⋅⋅+⋅⋅=

AAApAAApAAApBp

AAAAAAAAAB
 

7) studenti eZebs saWiro formulas sam cnobarSi. imis 
albaToba, rom formula aris pirvel, meore, mesame cno-
barSi, Sesabamisad udris 0.6; 0.7; 0.8. vipovoT albaToba 
imisa, rom formula aris: 

a) mxolod erT cnobarSi; 
b) mxolod or cnobarSi; 
g) samive cnobarSi. 
pasuxi: a) 188.0=p ; b) 452.0=p ; g) 336.0=p . 
 
8*) mizanSi moxvedris albaToba aris 0.8. ramdeni gas-

rolaa saWiro, rom albaToba imisa, rom ar iqneba arcerTi 
acdena, 0.4-ze naklebi iyos? 

amoxsna:  
A1 _ pirveli srolisas moxvedra; 
A2 _ meore srolisas moxvedra; 

… … … … … 
An _ n-uri srolisas moxvedra. 

4.0)()()()( 2121 <⋅⋅⋅=⋅⋅⋅ nn ApApApAAAp LL , 

4.0lg8.0lg4.08.0 <⋅⇔< nn , 4.0
8.0log

8.0lg
4.0lg

=>n  

pasuxi: 5≥n  
 

5. pirobiTi albaToba 
 

9) biblioTekaSi albaTobis Teoriis 6 saxelmZRvaneloa, 
romelTagan 3 ydiTaa. biblioTekari mimdevrobiT iRebs 2 
nebismier saxelmZRvanelos. vipovoT albaToba imisa, rom 
orive saxelmZRvanelo ydiania. 

amoxsna:  
−1A pirveli wigni ydiTaa, 
−2A meore wigni ydiTaa. 

2
1

6
3)( 1 ==Ap . 
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albaToba imisa, rom meore wignic ydiTaa imis Semdeg, 

rac erTi ydiani wigni ukve daaklda Taros, 
5
2)( 21

=ApA  (pi-

robiTi albaToba). 

maSasadame, 
5
1

5
2

2
1)()()( 21121 =⋅=⋅=⋅ ApApAAp A . 

10) seqtemberSi TbilisSi moRrubluli dReebis ricxvi 
aris 6. vipovoT albaToba imisa, rom 1 da 2 seqtembers 
iqneba Rrubliani amindi. 

amoxsna:  
albaToba imisa, rom 1 seqtembers amindi Rrubliania 

.
5
1

30
6)( 1 ==Ap  

pirobiTi albaToba imisa, rom 2 seqtembersac moiRru-
bleba  

,
29
5)( 21

=ApA  e.i. 
29
1

29
5

5
1)()()( 2121 1

=⋅=⋅=⋅ ApApAAp A . 

11) jgufSi 7 gogona da 3 biWia. SemTxveviT iZaxeben 3 
students. vipovoT albaToba imisa, rom yvela gamoZaxebuli 
gogona iqneba. 

amoxsna:  
−1A pirvelad gamoiZaxes gogona; 
−2A meored gamoiZaxes gogona; 
−3A mesamed gamoiZaxes gogona. 

10
7)( 1 =Ap , 

3
2

9
6)( 21

==ApA , 

8
5)( 321

=Ap AA , 

24
7

8
5

3
2

10
7)()()()( 321321 211

=⋅⋅=⋅⋅=⋅⋅ ApApApAAAp AAA . 

12) studentma icis 25-dan 20 sakiTxi. vipovoT albaToba 
imisa, rom studenti bileTis samive sakiTxs sworad 
upasuxebs. 

amoxsna:  
−1A studenti upasuxebs I sakiTxs; 
−2A upasuxebs II sakiTxs; 
−3A upasuxebs III sakiTxs. 

25
20)( 1 =Ap , 

24
19)( 21

=ApA , 
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23
18)( 321

=Ap AA , 

115
57

23
18

24
19

25
20)( 321 =⋅⋅=⋅⋅ AAAp . 

13) 1891 wlis aRweriT inglisSi gamovlinda, rom: SavTva-
leba mamebi da Svilebi Seadgenen )( BA ⋅  5%-s, SavTvaleba ma-

mebi da cisferTvaleba Svilebi )( BA ⋅  _ 7.9%, cisferTvaleba 

mamebi da SavTvaleba biWebi )( BA ⋅  _ 8.9%,  cisferTvaleba 

mamebi da cisferTvaleba Svilebi )( BA ⋅  _ 78.2%. vipovoT kav-
Siri mamisa da Svilis TvalTa fers Soris. 

amoxsna:  
05.0)( =⋅ BAp ;   079.0)( =⋅ BAp ;   089.0)( =⋅ BAp ; 782.0)( =⋅ BAp ; 

pirobiTi albaToba imisa, rom Svili SavTvalebaa, Tu mamaa 
SavTvalebaa 

4.039.0
079.005.0

05.0
)()(

)(
)(

)()( ≈=
+

=
⋅+⋅

⋅
=

⋅
=

BApBAp
BAp

Ap
BApBpA ; 

albaToba imisa, rom Svili cisferTvalebaa, Tu mama 
SavTvalebaa 

6.04.100)(1)( ==−= BpBp AA ; 
albaToba imisa, rom Svili SavTvalaa, Tu mama cis-

ferTvalebaa 

102.0
)()(

)(
)(

)()( =
⋅+⋅

⋅
=

⋅
=

BApBAp
BAp

Ap
BApBpA . 

albaToba, rom Svili cisferTvalebaa mamasaviT: 
898.0102.01)(1)( =−=−= BpBp AA . 

 
6. ramodenime movlenidan, erTis mainc 

moxdenis albaTobis gamoTvla 
 

ganvixiloT damoukidebeli xdomilebebis sistema 
.,,, 21 nAAA K  vTqvaT, cnobilia TiToeuli maTganis moxdenis 

albaToba: ,)( 11 pAp =  nn pAppAp == )(,,)( 22 K . 

rac mokled Semdegnairad Caiwereba: 

 ,)( ii pAp =  ni ,1=  .                   (19) 

Sesabamisad am xdomilebaTa ar moxdenis albaTobebi 
iqneba: 

 iii qpAp =−= 1)( .                    (20) 

 ganvixiloT iseTi A movlenis albaToba, romelsac 
adgili aqvs maSin da mxolod maSin, Tu xdeba xdomilebaTa 

nAAA ,,, 21 K  sistemidan erTi mainc. cxadia, rom A movlenis 
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albaToba SeiZleba gamovTvaloT am movlenis sawinaaRmdego 
A  _movlenis albaTobis meSveobiT, nAAAA ⋅⋅⋅= L21  da  

)(1)(1)( 21 nAAApApAp ⋅⋅⋅−=−= L ,          (21) 

anu 

nqqqAp ⋅⋅⋅−= L211)( .           (22) 

Tu yvela iA  xdomilebis albaTobebi erTmaneTis tolia, ma-

Sin (22) formula miiRebs Semdeg saxes: 
nqAp −= 1)( .                        (23) 

magaliTebi: 
1) elmavlis eleqtroqselSi mimdevrobiT aris CarTuli 

sami elementi, romlebic muSaoben erTmaneTisagan damouki-
deblad. imis albaTobebi, rom daziandeba pirveli, meore an 
mesame elementi da qselSi deni ar gveqneba, Sesabamisad 
udris: 

1.01 =p  , 15.02 =p , 2.03 =p . 

vipovoT albaToba imisa, rom qselSi deni iqneba. 
amoxsna: radgan elementebi mimdevrobiT arian qselSi 

CarTuli, erTic rom daziandes, deni Sewydeba. saZebni al-
baToba Sesabamisad gamoiTvleba (22) formuliT: 

388.08.085.09.011)( 321 ≈⋅⋅−=⋅⋅−= qqqAp . 

3) albaToba imisa, rom snaiperi erTxel mainc moirtyavs 
mizanSi samjer gasrolisas udris 0.875. vipovoT albaToba 
imisa, rom snaiperi daazianebs samiznes erTi gasroliT. 

 amoxsna: mizanSi erTxel mainc moxvedris albaToba 
sami gasrolis SemTxvevaSi gamoiTvleba formuliT: 

 31)( qAp −= , 
sadac q – aris erTi gasrolis acilebis albaToba,  

5.0125.0875.011875.0 333 =⇔=⇔−=⇔−= qqqq ; 
maSasadame, mortymis albaToba iqneba: 

5.05.011 =−=−= qp . 
4*) raRac fizikur sidides mravaljer zomaven. alba-

Toba imisa, rom gazomva iqneba mcdari udris p –s. vipovoT 

gazomvaTa is n minimaluri raodenoba, romlis drosac al-
baToba imisa, rom erTi gazomva mainc iqneba mcdari .α>p  

amoxsna:  

,1
)1lg(
)1lg(

)1lg(
)1lg(

)1lg()1lg()1lg()1lg(
1)1(1

1)(

0 +⎥
⎦

⎤
⎢
⎣

⎡
−
−

=⇒
−
−

>⇔

⇔−<−⋅⇔−<−⇔

⇔−<−⇔−<⇔

⇔>−=

p
n

p
n

pnp
pq

qAP

n

nn

n

αα

αα

αα

α
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radgan   
11 <− p . 

 
7. sruli albaTobis formula 

 
Tu nBBB ,,, 21 K  xdomilebaTa damoukidebeli sruli siste-

maa, maSin A movlenis albaToba, romelic xdeba im 
SemTxvevaSi, Tu adgili aqvs mxolod erTs am xdomilebaTa 

(hipoTezaTa) { }n
iiB 1=  sistemidan, gamoiTvleba sruli albaTo-

bis formuliT: 
)()()()()()()(

2211 ApBpApBpApBpAp
nBnBB ⋅++⋅+⋅= L .             (24) 

magaliTebi: 
1) yuTSi, romelSic iyo 2 burTula, Cades erTi TeTri 

burTula. amis Semdeg SemTxveviT amoiRes erTi burTula. 
vipovoT albaToba imisa, rom amoRebuli burTula iqneba 
TeTri, Tu sawyisi ori burTulisaTvis yvela feri dasa-
Svebi da ucnobia. 

amoxsna:  
A  – amoRebuli burTula TeTria.  
SesaZlebelia Semdegi hipoTezebi ucnobi burTulebis 

Sesaxeb: 
B1 – TeTri ar iyo maT Soris; 
B2 – erTi TeTri iyo; 
B3 – orive iyo TeTri; 

radgan 321 ,, BBB  – amowuraven yvela SesaZleblobas e.i. sru-

li sistemaa, da maTi albaTobebic tolia 
3
1)()()( 321 === BpBpBp . 

Sesabamisad piroboTi albaTobebi iqneba: 
3
1)(

1
=ApB , 

3
2)(

2
=ApB , 

1)(
3

=ApB . maSin A–movlenis albaToba (24)-is mixedviT iqneba: 

3
2)()()()()()()(

321 321 =⋅+⋅+⋅= ApBpApBpApBpAp BBB . 

1) yuTSi iyo n burTula, Cades erTi TeTri, Semdeg 
amoiRes SemTxveviT erTi burTula. vipovoT albaToba imisa, 
rom amoRebuli burTula aris TeTri, Tu sawyisi bur-
Tulebis feris Sesaxeb yvela hipoTeza Tanabari albaTo-
bisaa. 

amoxsna: A _amoRebuli burTula TeTria. SesaZlo hipo-
Tezebi iqneba:   

B1 – iyo 0 TeTri, 
B2 – iyo 1 TeTri, 
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B3 – iyo 2 TeTri, 
B4 – iyo 3 TeTri, 

… … …  
Bn+1 – iyo n TeTri. 

radgan isini TanabaralbaTurni arian  

1
1)()()( 121 +

==== + n
BpBpBp nL . 

Sesabamisi pirobiTi albaTobebi iqneba: 

;
1

1)(
1 +

=
n

ApB  ;
1

2)(
2 +

=
n

ApB  ;
1

3)(
3 +

=
n

ApB   1)(
)1(

=
+

Ap
nBK . 

maSasadame, 

( ) ( ) .
12
2)1(

2
11

1
1

1
)1(321

1
11

1
3

1
2

1
1

1
1

1
1

1
1

3
1

1
1

2
1

1
1

1
1

1

)()()()()()()(

2

12 )1(211

+
+

=+⋅
++

⋅
+

=

=
+

+++++
⋅

+
=⎟

⎠
⎞

⎜
⎝
⎛ ++

+
+

+
+

++
=

=⋅
+

++
+

⋅
+

+
+

⋅
+

+
+

⋅
+

=

=⋅++⋅+⋅=
++

n
nnn

n

n
n

nnnnn

nnnnnnn

ApBpApBpApBpAp
nBnBB

L
L

L

L

 

 
 
 

8. baiesis formula 
 

Tu { }n
iiB 1=  xdomilebaTa sruli, damoukidebeli sistemaa 

da A movlena xdeba im SemTxvevaSi, roca adgili aqvs 
mxolod erTs am sistemidan, amasTan cnobilia, rom A mov-
lena ukve moxda, maSin hipoTezebis albaTobebi SeiZleba 
dazustebul iqnes baiesis formulebiT: 

)(
)()(

)(
Ap

ApBp
Bp iBi

iA

⋅
=  ni ,1= ,              (25) 

sadac 
)()()()()()()(

)(2211 ApBpApBpApBpAp
nBnBB ⋅++⋅+⋅= L .      (26) 

magaliTi:  
ori saamqro uSvebs erTnair detalebs, romlebic mie-

wodeba saerTo konveiers. pirveli saamqros warmadoba 2-
jer metia meoresTan SedarebiT. pirveli saamqro saSualod 
uSvebs 60% wundaudebel saqonels, xolo meore – 84%-s. 
konveiridan SemTxveviT aRebuli detali aRmoCnda wun-
daudebeli. vipovoT albaToba imisa, rom es detali 
damzadda pirvel saamqroSi. 
    amoxsna:  
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A _ detali wundaudebelia. gveqneba hipoTezebi:    
B1 – detali I saamqrodanaa, 
B2 – detali II saamqrodanaa  

radgan I saamqros warmadoba 2-jer metia meoreze, gveqneba  

3
2)( 1 =Bp  

3
1)( 2 =Bp , 

6.0)(
1

=ApB   (60%), 

84.0)(
2

=ApB  (84%), 

68.084.0
3
16.0

3
2)()()()()(

2211 =⋅+⋅=⋅+⋅= ApBpApBpAp BB . 

saZiebeli dazustebuli albaToba iqneba: 

17
10

68.0

6.0
3
2

)(
)()(

)( 11
1 =

⋅
=

⋅
=

Ap
ApBp

Bp B
A . 

 
 
9. ganmeorebiTi eqsperimentebi. bernulis formula 
 

erTidaimave eqsperimentebis n-jer Catarebisas rodesac 
saWiroa dadgindes mocemul damoukidebel eqsperimentebs 
Soris A movlenis gameorebis ricxvi unda visargebloT 
bernulis TeoremiT. 

bernulis Teorema: albaToba imisa, rom n damoukidebeli 
eqsperimentis Catarebisas, A movlena, romlis albaTobac 
TiToeul eqsperimentSi aris p, moxdeba k-jer udris 

knkk
nn qpCkp −⋅=)( ,                      (27) 

sadac 
pq −= 1 .                         (28) 

albaToba imisa, rom A movlena moxdeba: 
a) k-ze naklebjer; 
b) k -ze metjer; 
g) k -ze aranaklebjer; 
d) k -ze araumetes,  
Sesabamisad gamoiTvleba formulebiT: 

);1()1()0( −+++ kppp nnn L                (29) 
);()2()1( npkpkp nnn +++++ L               (30) 

);()1()( npkpkp nnn ++++ L                  (31) 

          ).()1()0( kppp nnn +++ L                    (32) 
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magaliTebi: 
1) gamcilebeli TveSi asrulebs 10 reiss. albaToba 

imisa, rom mis vagons Seamowmebs revizori, an ar Seamowmebs, 
erTnairia. vipovoT albaToba imisa, rom TveSi SemowmebaTa 
ricxvi iqneba: 

a) 3-ze naklebi;  
b) 3-ze meti; 
g) 3-ze aranaklebi; 
d) 3-ze araumetesi; 
e) iqneba 1. 
 
amoxsna:  

1010

1010 2
1

)!10(!
!10

2
1

2
1)( ⎟

⎠
⎞

⎜
⎝
⎛⋅

−⋅
=⎟

⎠
⎞

⎜
⎝
⎛⋅⎟

⎠
⎞

⎜
⎝
⎛=

−

kk
Ckp

kk
k . 

a) );2()1()0( 101010 ppp ++  

b) );10()9()8()7()6()5()4( 10101010101010 ppppppp ++++++  

g) ;)(
10

3
10∑

=k
kp  

d) ;)(
3

0
10∑

=k

kp  

e) .
2
110

2
1

!9!1
!10)1(

1010

10 ⎟
⎠
⎞

⎜
⎝
⎛⋅=⎟

⎠
⎞

⎜
⎝
⎛=p  

2) ori erTnairi siZlieris moTamaSe TamaSobs Wadraks. 
ra ufro albaTuria: is, rom moigebs erT-erTi 4-dan 2-jer, 
Tu is, rom moigebs 6-dan 3-jer? (yaimebi ar iTvleba).  

amoxsna:  

radgan moWadrakeebi Tanabari siZlieris arian 
2
1

=p , e.i. 

2
11 =−= pq  da maSasadame,  

n
k
n

knk
k
nn CCkp ⎟

⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛⋅⎟

⎠
⎞

⎜
⎝
⎛=

−

2
1

2
1

2
1)( ; 

albaToba imisa, rom 4-dan 2-s moigebs erT-erTi, aris: 

;
16
6

162
43

16
1

!2!2
!4

16
1

)!24(!2
!4

2
1)2(

4
2
44 =

⋅
⋅

=⋅
⋅

=⋅
−⋅

=⎟
⎠
⎞

⎜
⎝
⎛= Cp  

albaToba imisa, rom 6-dan iqneba 3 mogeba: 

;
16
5

646
654

2
1

!3!3
!6

2
1)3( 6

6
3
66 =

⋅
⋅⋅

=⋅
⋅

=⎟
⎠
⎞

⎜
⎝
⎛= Cp  

e.i. ).2()3( 46 pp <  anu oTxi partiidan oris mogeba ufro 

albaTuria, vidre eqvsidan samis mogeba. 
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3) samSobiaro palataSi 5 bavSvia. vipovoT albaToba 
imisa, rom am bavSvebs Soris:  

a) ori biWia; 
b) ori mainc aris biWi,  
Tu biWis dabadebis albaToba 51.0=p . 
amoxsna: 

a) ;31.049.051.0
2

54)51.01(51.0
!3!2

!5)2( 35352552
55 ≅⋅⋅

⋅
=−⋅⋅

⋅
=⋅⋅= −qpCp  

b) ∑∑
=

−

=

⋅⋅==+++
5

2

5
5

5

2
55555 49.051.0)()5()4()3()2(

k

kkk

k
Ckppppp . 

 
10. damoukidebel eqsperimentebSi movlenis moxdenis ual-

baTesi ricxvi 
 

gansazRvreba: Tu TiToeul eqsperimentSi A movlenis 
moxdenis albaToba erTnairia da udris p-s, maSin eqsperi-
mentis n-jer gameorebisas, mocemuli A movlenis moxdenis 
raodenobaTa yvelaze ufro mosalodnel k0 raodenobas 
ualbaTes ricxvs uwodeben. 

ualbaTesi ricxvi k0 akmayofilebs ormag utolobas: 
,0 qnpkqnp +≤≤−                 (33) 

amasTan 
a) Tu qnp −  wiladi ricxvia, maSin gvaqvs erTaderTi 

ualbaTesi ricxvi k0; 
b) Tu qnp −  mTeli ricxvia, maSin gvaqvs ori ualbaTesi 

ricxvi, 0k  da 10 +k ; 

g) Tu np  mTeli ricxvia, maSin ualbaTesi ricxvi npk =0 .  

magaliTebi: 
1) elmavlis 15 elementis Semowmebisas, vipovoT im ele-

mentebis ualbaTesi ricxvi, romlebic gamocdas gauZleben, 
Tu albaToba imisa, rom TiToeuli maTgani gamocdas 
gauZlebs, erTnairia da udris 0.9. 

amoxsna:  
;15=n  ;9.0=p  1.01 =−= pq ; 

ualbaTesi k0 ricxvi akmayofilebs utolobas 
9.09.0151.09.015 0 +⋅≤≤−⋅ k ; 

anu 4.144.13 0 ≤≤ k ; 

radgan, igi unda iyos mTeli ricxvi miviReT, rom k0=14. 
2) saqonelmcodne amowmebs produqciis 24 nimuSs. alba-

Toba imisa, rom TiToeuli nimuSi aris gamosadegi, udris 
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0.6. vipovoT im nimuSTa ualbaTes ricxvTa raodenoba, rom-
lebsac saqonelmcodne moiwonebs. 

amoxsna:  
;24=n  ;6.0=p  4.01 =−= pq ; 

e.i. 6.06.0244.06.024 0 +⋅≤≤−⋅ k  anu 1514 0 ≤≤ k ; 

radgan, 14=− qnp  mTeli ricxvia, ualbaTesi ricxvebis 
raodenoba aris ori, anu 140 =k , 1510 =+k . 

3) albaToba imisa, rom megobari gagviRimebs aris 0.4. 
ramdenjer unda SevxvdeT megobars, rom gaRimebaTa ual-
baTesi ricxvi iyos 25? 

amoxsna:  
;25=n  ;4.0=p  6.0=q ; 

,0 qnpkqnp +≤≤−  e.i.  

  
,64

4.0
6.25

,256.04.0

=≤

≤−

n

n
 da 

.5.61
4.0
6.24

,4.04.025

=≥

+≤

n

n
 

ase, rom .6462 ≤≤ n  
 

 
11. warmomqmneli funqcia 

 
aqamde ganvixilavdiT eqsperimentebs, romlis drosac A 

movlenis moxdenis albaToba p erTnairi iyo yoveli eq-
sperimentis dros. 

axla ganvixiloT eqsperimentebi, romlebic kvlav erT-
maneTisagan damoukideblebi arian, magram A movlenis alba-
Toba pirvel eqsperimentSi aris p1, meore eqsperimentSi 

aris p2,…, n-ur eqsperimentSi pn. pn(k) aris n  eqsperimentSi A 
movlenis k-jer moxdenis albaToba. 

pn(k) albaTobaTa warmomqmneli funqcia ewodeba 
)())(()( 2211 nnn qzpqzpqzpzY +⋅⋅++= K ,           (34) 

funqcias. 
pn(k) ricxvobrivad udris warmomqmneli funqciis gamar-

tivebis SedegSi kz -s koeficients. magaliTad, Tu 2=n , maSin 

211221
2

2122112 )())(()( qqzqpqpzppqzpqzpzY +⋅++⋅⋅=++= ,  (35) 

212 )2( ppp =  aris 2z -is koeficienti, (2 eqsperimenti, A mox-
deba 2-jer), 

12212 )1( qpqpp +=  aris z -is koeficienti (2 eqsperimenti, A 
moxdeba erTxel), 
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212 )0( qqp =  aris 0z -is koeficienti (2 eqsperimenti, A ar 
moxdeba). 

magaliTebi: 
1) elmavals aqvs sami erTmaneTisagan damoukideblad 

momuSave elementi. t  drois ganmavlobaSi TiToeuli am 
elementis SeukeTeblad muSaobis albaToba Sesabamisad 
udris ;7.01 =p  ;8.02 =p  ;9.03 =p  vipovoT albaToba imisa, rom t  
drois ganmavlobaSi SeukeTeblad imuSavebs: a) samive eleme-
nti; b) ori elementi; g) erTi elementi; d) arcerTi eleme-
nti. 

amoxsna:  
;7.01 =p  ;8.02 =p  ;9.03 =p  e.i. ;3.01 =q  ;2.02 =q  ;1.03 =q  

SevadginoT warmomqmneli funqcia: 
.006.0092.0398.0504.0))()(()( 23

3322113 +++=+++= zzzqzpqzpqzpzY  

a) albaToba imisa, rom samive elementi imuSavebs Seu-
keTeblad udris koeficients 3z -Tan, e.i. ;504.0)3(3 =p  

b) albaToba imisa, rom ori elementi imuSavebs SeukeTe-
blad udris koeficients 2z -Tan. e.i. ;398.0)2(3 =p  

g) albaToba imisa, rom erTi elementi imuSavebs Seu-
keTeblad udris koeficients 1z -Tan, e.i.  ;092.0)1(3 =p  

d) albaToba imisa, rom arcerTi elementi ar imuSavebs 
SeukeTeblad aris Tavisufali wevri, e.i. .006.0)0(3 =p  

 
12. diskretuli SemTxveviTi sidideebi 

 
gansazRvreba: SemTxveviT sidides ewodeba diskretuli, 

TuU misi SesaZlo mniSvnelobebis simravle sasrulia an 
Tvladi. 

magaliTad: X={2; 3; 7; 5; 1}. 
gansazRvreba: diskretuli SemTxveviTi sididis ganawi-

lebis kanoni ewodeba cxrils, romelic Seicavs SesaZlo 
mniSvnelobebs Sesabamis albaTobebTan erTad. 

diskretuli SemTxveviTi sididis ganawilebis kanoni 
Seicavs or striqons. pirvel striqonSi mocemulia misi 
yvela SesaZlo mniSvnelobebi, xolo meoreSi – Sesabamisi 
albaTobebi.  

magaliTad:  
 

                         
             (36) 
    

X x1 x2 … xn 
P p1 p2 … pn 
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p1 aris albaToba imisa, rom diskretuli X SemTxveviTi 
sidide miiRebs x1 mniSvnelobas;  

p2  albaToba imisaa, rom X sidide miiRebs x2 mniSvnelobas 
da a.S.  

radgan ganawilebis kanonSi monawileobs X-is yvela 
SesaZlo mniSvneloba, isini adgenen xdomilebaTa srul 
sistemas, rac imas niSnavs, rom  

∑
=

=
n

i
ip

1
1 .                           (37) 

diskretuli SemTxveviTi sididis ganawilebis kanoni SeiZ-
leba mocemuli iqnas rogorc analizurad, 

)()( ii xxXP ϕ== .                      (38) 

aseve, grafikuladac, amisaTvis marTkuTxa koordinatTa 
sistemaSi ageben wertilebs: 

),;( 111 pxM  ).;(,),;( 222 nnn pxMpxM K           (39) 

Semdeg am wertilebs aerTeben monakveTebiT. miRebul figu-
ras ganawilebis mravalkuTxeds uwodeben. 

 
gansazRvreba: ganawilebis kanons binomialuri ewodeba, 

Tu, ganixileba n damoukidebel eqsperimentebs Soris X  
movlenis moxdenis k raodenobaTa ricxvis diskretuli 
SemTxveviTi sidide pn(k), romlis Sesabamisi albaTobebis 
gamoTvla warmoebs bernulis formuliT. e.i. ganawilebis 
kanons aqvs saxe: 

 
 
 
 

knkk
nn qpCkp −=)( .                      (40) 

Tu, eqsperimentebis n -ricxvi didia ( n>200), xolo mov-
lenis moxdenis albaToba p-metad mcirea (p<<1), maSin alba-
Tobebis gamosaangariSeblad iyeneben miaxloebiT formulas: 

,
!

)(
k
ekp

k

n

λλ −⋅
≅  pn ⋅=λ ;               (41) 

amboben, rom SemTxveviTi sidide ganawilebulia puasonis 
kanoniT. 

magaliTebi: 
1) diskretuli SemTxveviTi X sidide mocemulia ga-

nawilebis kanoniT: 
 

X 0 1 2 3 … n 
P pn(0) pn(1) pn(2) pn(3) … pn(n) 
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avagoT ganawilebis mravalkuTxedi; 
 
amoxsna:  

),2.0;1(1M  ),1.0;3(2M  ),4.0;6(3M  ),3.0;8(4M  

 
 
 

2) diskretuli SemTxveviTi X  sidide mocemulia ganawi-
lebis kanoniT: 

 
a) 

 
 
 
 

b) 
 
 

aageT ganawilebis mravalkuTxedi. 
 

3) vagoni Seicavs sam erTmaneTisagan damoukideblad mo-
muSave elements. TiToeuli elementis wyobidan gamosvlis 
albaToba udris 0,1. SevadginoT wyobidan gamosul ele-
mentTa raodenobis ganawilebis kanoni. 

 
amoxsna: radgan TiToeuli elementis wyobidan ga-

mosvlis albaTobebi erTmaneTis tolia, Cven gvaqvs binomi-
aluri ganawileba. wyobidan gamosul elementTa raodenobe-
bia: 0 1 2 3. davTvaloT Sesabamisi albaTobebi: 

729.09.0)1.01(1
!3!0

!3)0( 330300
33 ==−⋅⋅== −qpCp ; 

X 1 3 6 8 
P 0.2 0.1 0.4 0.3 

X 2 4 5 6 
P 0.2 0.1 0.4 0.3 

X 10 15 20 
P 0.1 0.7 0.2 

M2 

Pi 

M1 

M3 

M4 

Xi 
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243.09.01.039.01.0
!2!1

!3)1( 221311
33 =⋅⋅=⋅⋅== −qpCp ; 

027.09.01.039.01.0
!1!2

!3)2( 2122322
33 =⋅⋅=⋅⋅== −qpCp ; 

001.011.019.01.0
!0!3

!3)3( 3133333
33 =⋅⋅=⋅⋅== −qpCp . 

e.i. ganawilebis kanons eqneba saxe: 
 
 
 
 
Semowmeba: 

∑
=

=
4

1

1
i

ip . 

4) SevadginoT binomialuri ganawilebis kanoni X disk-
retuli SemTxveviTi sididisaTvis – gerbis amovardnis 
raodenoba monetis orjer agdebisas. 

amoxsna: monetis orjer agdebisas gerbis amovardna 
SeiZleba moxdes: 0, 1 an 2-jer. rac warmoadgens X-is 
SesaZlo mniSvnelobebs. Sesabamisi albaTobebi daiTvleba 

bernulis formuliT, sadac 
2
1

=p . 

4
1

2
1

2
1)0(

20
0
22 =⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛= Cp , 

2
1

4
12

2
1

2
1)1(

11
1
22 =⋅=⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛= Cp , 

4
1

2
1)2(

2
2
22 =⎟

⎠
⎞

⎜
⎝
⎛= Cp . 

 
 
 

5) saxelmZRvanelo gamocemulia tiraJiT 100 000 egzem-
plari. albaToba imisa, rom saxelmZRvanelo cudadaa akinZ-
uli aris 0,0001. vipovoT albaToba imisa, rom tiraJi Sei-
cavdes zustad 5 wundebul saxelmZRvanelos. 

 
amoxsna: n=100 000 p=0.0001, k=5 radgan n didi ricxvia, 

xolo p mcirea, Cven SegviZlia gamoviyenoT puasonis ga-
nawileba: 

 ,
!

)(
k
ekp

k

n

λλ −⋅
≅  

X 0 1 2 3 
P 0.729 0.243 0.027 0.001 

X 0 1 2 
P 1/4 1/2 1/4 
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vipovoT 100001.0100000 =⋅=⋅= pnλ  

.0375.0
120

000045.010
!5

10)5(
5105

100000 =
⋅

≈
⋅

≅
−ep  

6) qarxanam bazarze gaagzavna 500 nakeToba. transpor-
tirebisas nakeTobis dazianebis albaToba aris 0,002. vipo-
voT albaToba imisa, rom dazianda zustad 3 nakeToba. 

 
amoxsna:  
n=500 didi ricxvia, p=0.002 _ mcire. gansaxilveli mov-

lenebi erTmaneTisagan damoukidebelia, amitom unda gan-
vixiloT puasonis ganawileba. 

1002.0500 =⋅=⋅= pnλ ; 

0613.0
6

36788.0
6!3

)3(
13

500 ===
⋅

≅
−− eep

λλ
. 

 
 

13. diskretuli SemTxveviTi sidideebis ricxviTi maxasiaTe-
blebi 

 
SemTxveviTi diskretuli sididis saSualo mniSvnelobis 

maxasiaTeblad ganixilaven  maTematikur lodins. 
gansazRvreba: diskretuli SemTxveviTi sididis maTe-

matikuri lodini ewodeba sididis SesaZlo mniSvnelobaTa 
Sesabamis albaTobebze namravlebis jams. aRiniSneba )(XM . 
e.i. 

nn pxpxpxXM +++= L2211)( .              (42) 

Tu SemTxveviTi sidide iRebs Tvladi raodenobis mniSvne-
lobebs, maSin 

∑
∞

=

=
1

)(
i

ii pxXM .                (43) 

maTematikuri lodinis Tvisebebi: 
1. mudmivi sididis maTematikuri lodini TviT am ricx-

vis tolia: 
CCM =)( .                          (44) 

2. diskretuli SemTxveviTi sidideebis jamis maTemati-
kuri lodini maTi maTematikuri lodinebis jamis tolia: 

)()()()( 2121 nn xMxMxMxxxM +++=+++ LL .        (45) 

3. erTmaneTisagan damoukidebel SemTxveviT sidideTa 
namravlis maTematikuri lodini, am sidideTa maTematikuri 
lodinebis namravlis tolia: 

)()()()( 2121 nn xMxMxMxxxM ⋅⋅⋅=⋅⋅⋅ LL .           (46)  
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4. binomialuri ganawilebis mqone SemTxveviTi sididis 
maTematikuri lodini eqsperimentebis n raodenobisa da erT 
eqsperimentSi movlenis moxdenis p albaTobis namravlis 
tolia, e.i. 

pnXM ⋅=)(                         (47) 
saSualo mniSvnelobis garSemo, SemTxveviTi sididis 

mniSvnelobaTa gabnevis maxasiaTebel sidided ganixilaven 
dispersiasa da saSualo kvadratul gadaxras. 

gansazRvreba: dispersia ewodeba SemTxveviTi sididisa 
da maTematikuri lodinis sxvaobis kvadratis maTematikur 
lodins, anu 

[ ]2)()( XMXMXD −= .                  (48) 
dispersiis (48) formula SeiZleba gavamartivoT, Tu ga-

moviyenebT maTematikuri lodinis Tvisebebs: 

[ ] ( )
( ) ( ) ( )22222

222

)()()()(2)(

))()(2()()(

XMXMXMXMXM

XMXMXXMXMXMXD

−=+⋅−=

=+⋅⋅−=−=
, 

e.i. dispersia gamoiTvleba formuliT: 

( )22 )()()( XMXMXD −= .                (49) 
dispersiis Tvisebebi: 
1. mudmivis dispersia nulis tolia: 

0)( =CD .                          (50) 
2. mudmivi mamravli gamodis dispersiidan kvadratSi ay-

venili: 
)()( 2 XDCXCD ⋅=⋅ .                    (51) 

3. damoukidebeli SemTxveviTi sidideebis jamis disper-
sia, am sidideTa dispersiebis jamis tolia. 

)()()()( 2121 nn XDXDXDXXXD +++=+++ LL .        (52) 

4. binomialuri ganawilebis dispersia gamoiTvleba 
formuliT: 

 qpnXD ⋅⋅=)( .                       (53) 
gansazRvreba: diskretuli SemTxveviTi sididis saSualo 

kvadratuli gadaxra ewodeba kvadratul fesvs dispersi-
idan: 

)()( XDX =σ .                      (54) 

magaliTebi: 
1) vipovoT diskretuli SemTxveviTi sididis maTemati-

kuri lodini, Tu mocemulia misi ganawilebis kanoni: 
a) 
  
 
 

X -4 6 10 
P 0.2 0.3 0.5 
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b) 
 
 

 
amoxsna:  
a) 65.0103.062.04)( =⋅+⋅+⋅−=XM ; 
b) 535.04.061.05.054.01.021.0)( =⋅+⋅+⋅=XM . 

2) vipovoT Z sididis maTematikuri lodini, Tu mocemu-
lia X da Y sidideebis maTematikuri lodinebi: 

a) ,2 YXZ ⋅+=  ,5)( =XM  3)( =YM . 
b) ,43 YXZ ⋅+⋅=  ,2)( =XM  6)( =YM . 
amoxsna:  
a) 11325)(2)()( =⋅+=⋅+= YMXMZM . 
b) 306423)(4)(3)( =⋅+⋅=⋅+⋅= YMXMZM . 

3) X-diskretuli SemTxveviTi sidide iRebs sam SesaZlo 
mniSvnelobas: x1=4 albaTobiT p1=0.5; x2=6 albaTobiT p2=0.3; 
da x3 albaTobiT p3 . vipovoT x3 da p3 Tu M(X)=8. 

 
amoxsna:  
SevadginoT ganawilebis kanoni: 

 
 
 

anu, 
 
 
 

 
radgan 2.013.05.01 33 =⇒=++⇒=∑ ppp

i
i ; 

.21
2.0
2.48.1282.0

82.03.065.04)(

333

3

=⇒=⇒−−=⋅⇒

⇒=⋅+⋅+⋅== ∑

xxx

xpxXM
i

ii

 

4) diskretuli SemTxveviTi X sidide Rebulobs mniSvne-
lobebs:  

,11 −=x  ,02 =x  ,13 =x  
aseve cnobilia am sididis da misi kvadratis maTematikuri 
lodinebi M(X)=0.1 da  M(X2)=0.9. 

vipovoT 21 , xx  da 3x  sidideebis Sesabamisi 21 , pp  da 3p  

albaTobebi. 

X 0.21 0.54 0.61 
P 0.1 0.5 0.4 

X x1 x2 X3

P p1 p2 p3 

X 4 6 X3 
P 0.5 0.3 P3 
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amoxsna: 

⎪
⎩

⎪
⎨

⎧

=⋅+⋅+⋅−

=⋅+⋅+⋅−
=++

9.010)1(

1.010)1(
1

3
2

2
2

1
2

321

321

ppp

ppp
ppp

; 

am sistemis amonaxsnebia: 
;4.01 =p  ;22 =p  5.03 =p  

5) mocemulia X diskretuli SemTxveviTi sididis SesaZ-
lo mniSvnelobebi: 

,11 =x  ,32 =x   ,33 =x  

aseve, cnobilia am sididis da misi kvadratis maTemati-
kuri lodinebi: M(X)=2.3 da M(X2)=5.9. 

ipoveT X sididis SesaZlo mniSvnelobebis SesaZlo al-
baTobebi 21 , pp  da 3p . 

 
amoxsna: 

⎪
⎩

⎪
⎨

⎧

=⋅+⋅+⋅

=⋅+⋅+⋅
=++

9.5321

3.2321
1

3
2

2
2

1
2

321

321

ppp

ppp
ppp

; 

am sistemis amonaxsnebia 
;2.01 =p  ;32 =p  5.03 =p . 

6) ipoveT X diskretuli SemTxveviTi sididis dispersia. 
Tu ganixileba A movlenis moxdenis raodenobebi ori da-
moukidebeli cdisas, Tu orive cdaSi movlenis albaTobebi 
erTnairia da cnobilia, rom M(X)=0.9. 

 
amoxsna: 

 
 
 

e.i. gvaqvs bernulis ganawilebis kanoni 
45.09.02)( =⇒=⋅=⋅= pppnXM  

495.055.09.0)45.01(45.02)( =⋅=−⋅⋅=⋅⋅= qpnXD . 

7) atareben cdebs A movlenis moxdenis erTnairi alba-
TobebiT. vipovoT A movlenis moxdenis albaToba, Tu sami 
cdisas movlenis moxdenaTa ricxvis SemTxveviTi sididis 
dispersia udris 0,63. 

amoxsna: radgan cdebi damoukidebelia da TiToeul 
cdaSi movlenis moxdenis albaToba erTnairia, gveqneba bi-
nomialuri ganawileba: sami cdisas n=3, D(X)=0.63. 

X 0 1 2 
P p2(0) p2(1) p2(2)
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.7.0;3.0021.0
21.063.0)1(3)(

21
2

2

==⇒=+−⇒

⇒=−⇒=−⋅⋅=⋅⋅=

pppp
ppppqpnXD  

 
ganvixiloT ekonomikis is ZiriTadi amocanebi, romlis 

amoxsna SesaZlebelia Tanamedrove maTematikuri meTodebis 
saSualebiT.  
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nawili II. ekonomikis ZiriTadi maTematikuri 
modelebi da laboratoriuli samuSaoebi 

 
Tema 1: regionSi saqonelze saSualo fasis dadgenis sta-

tistikuri meTodi 
 

didi moculobis informaciis damuSavebisas, ekonomi-
kaSi farTod gamoiyeneba monacemTa analizis statistikuri 
meTodebi. ganvixiloT statistikis is cnebebi da ricxviTi 
maCveneblebi, romlebic aucilebelia mocemuli amocanis 
gadasawyvetad.  

statistikis cnebebsa da maCveneblebs gamoiyeneben, moce-
mul regionSi, drois mokle monakveTebSi, fasis mudmivobis 
pirobebSi, saqonlis saSualo fasis SeswavlisaTvis, maSin 
roca savaWro wertilebis raodenoba N didi ricxvia 
(N>1000) da maT Soris manZilebi sakmarisia imisaTvis, rom 
mouxerxebeli gaxdes yvela maTganis Semovla.  

ZiriTadi cnebebi: 
gansazRvreba: regionis savaWro wertilebis saerTo 

ricxvs ewodeba generaluri erTobliobis moculoba. 
ganvixiloT SemTxveva, rodesac generaluri erTobli-

obis moculoba N=1000, maSin mizanSewonilia movaxdinoT 
amorCeva generaluri erTobliobidan. sxvanairad rom 
vTqvaT, yvela savaWro wertilebidan (N=1000) amovirCioT 
mxolod zogierTi maTgani, mag. n=100, ise, rom advili iyos 
am wertilebis Semovla da Sesabamisi fasebis gageba. amor-
Ceva ise unda ganxorcieldes, rom mocemuli regionis yvela 
raioni proporciulad iyos warmodgenili. 

gansazRvreba: amorCeuli savaWro wertilebis saerTo 
ricxvs ewodeba amorCevis moculoba.  

Cvens SemTxvevaSi amorCevis moculoba n=100. 
Semdgom SeviswavloT amorCevis saSualo maxasiaTe-

blebi da miRebuli Sedegebi gadavitanoT cnobili for-
mulebiT generalur erTobliobaze.  

vTqvaT amorCeuli savaWro wertilebis Semovlis Semdeg 
Cven miviReT raime produqtis (mag. puris) fasis Semdegi 
mniSvnelobebi TeTrebSi(monacemTa statistikuri mwkrivi): 

44 344 21 ;40;...;40;40;40         43421 ;50;...;50;50         ;45;45;45                43421 ;60;...;60                   (1) 

    10 - jer          70 - jer                                    17 - jer 
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fasebis ricxvTa am masivis dasamuSaveblad SevadginoT-
variaciuli mwkrivi.  

gansazRvreba: X maxasiaTeblis mniSvnelobaTa ranJire-
bul cxrils, Sesabamisi F sixSireebiT variaciuli mwkrivi 
ewodeba.  

(1) monacemebisaTvis statistikur mwkrivs aqvs Semdegi 
saxe: 
                           

                                                                                  (2)                 
 
       

gansazRvreba: fasis mocemuli Xi, mniSvnelobis ganmeore-
baTa ricxvs ewodeba Fi  sixSire. 

(2) statistikuri mwkrividan cxadia, rom F1=10 gviCvenebs, 
rom fasis X1=40-is toli mniSvnelobebi gvxvdeba amorCevis 
10 savaWro wertilSi, F2=70 ki, rom X2=50-is toli mniSvne-
loba _ 70 savaWro wertilSi da a.S. 

(2) statistikuri mwkrivis monacemTa damuSaveba iwyeba 
ranJirebiT.  

gansazRvreba: statistikur mwkrivs, sadac maxasiaTeblis 
mniSvnelobebi ganTavsebulia zrdadobis an klebadobis 
mixedviT ewodeba ranJirebuli(variaciuli mwkrivi). 
gadavweroT (2) statistikuri mwkrivi variaciuli mwkrivis 
saxiT: 
 
 

                              (3) 
            

gadavideT (3) variaciuli mwkrivis saSualo maxasiaTe-
blebis Seswavlaze. 

saSualo maxasiaTeblebi. ranJirebuli variaciuli 
mwkrivis saSualo maxasiaTeblebs warmoadgenen: mediana, 
moda da amorCevis saSualo mniSvneloba. 

gansazRvreba: variaciuli mwkrivis mediana ewodeba max-
asiaTeblis (fasis) im mniSvnelobas, romelic dgas mwkrivis 
SuaSi (MeX). 

MeX=50(TeTri) .                                         (4) 
gansazRvreba: variaciuli mwkrivis moda (MoX) ewodeba 

maxasiaTeblis iseT mniSvnelobas, romelsac Seesabameba 
yvelaze maRali sixSire. 

    Х     40   50   45  60 
    F     10   70 3  17 

      X       40  45    50   60 
    F  10    3   70 17 
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Cvens magaliTSi (3) umaRlesi sixSire Fimax=70, aqvs Tvise-
bis mniSvnelobas Xi=50, amitom (3) variaciuli mwkrivis moda 
iqneba    

МоХ=50.                                                   (5)  
gansazRvreba: amorCevis saSualo mniSvneloba ewodeba 

variaciuli mwkrivis Sewonil saSualos. 

∑

∑

=

=

⋅
=Χ n

i
i

n

i
ii

F

FX

1

1
saS .                                                (6) 

Cvens magaliTSi 

∑

∑

=

=

⋅
=Χ 4

1

4

1

i
i

i
ii

F

FX
saS .                                              (7) 

P.S. Mathcad–Si Sejamebisas parametri i icvleba 0–dan, Tu 
damatebiT ar mivuTiTebT Sesabamisi operatoriT. 

  
gabnevis maxasiaTeblebi. 
fasis mniSvnelobaTa gabnevis Sesafaseblad iyeneben 

Semdeg cnebebs: dispersia - (DX), saSualo kvadratuli gad-
axra - (σΧ) da variaciis koeficienti - (νХ). 

gansazRvreba: maxasiaTeblis saSualo mniSvnelobidan 
gadaxris kvadratis saSualo mniSvnelobas dispersia 
ewodeba.  

( )

∑

∑

=

=

⋅−
= n

i
i

n

i
ii

F

FXX
DX

1

1

2
saS

 .                               (8) 

Cvens SemTxvevaSi: 

( )

∑

∑

=

=

⋅−
= 4

1

24

1

i
i

i
i

i

F

FXX
DX

saS

.                                (9) 

dispersiis mniSvnelobas Xi maxasiaTebelTan SedarebiT 
aqvs kvadratuli ganzomileba, amitom ganixilaven gabnevis 
sxva maxasiaTebels, romelsac es nakli aRar gaaCnia.  
gansazRvreba: maxasiaTeblis saSualo mniSvnelobidan saSu-
alo kvadratuli gadaxris mniSvneloba gamoiTvleba, 

DXX =σ  .                                                (10) 
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P.S. saSualo kvadratuli gadaxra σХ warmoadgens Xi  max-
asiaTeblis XsaS saSualo mniSvnelobidan gadaxris (abso-
luturi cdomilebis) sididis mniSvnelobas.  

ganvixiloT gabnevis (fardobiTi cdomilebis) koefi-
cienti, romelsac variaciis koeficienti (νх) ewodeba da ga-
moiTvleba formuliT: 

%100⋅
Χ

=Χ
saSX

σν .                                     (11) 

variaciis koeficienti iZleva fardobiT gabnevas pro-
centebSi. 

generaluri erTobliobis XGsaS saSualo mniSvnelobis 
gadaangariSebisaTvis gamoiyeneba Sefasebebi: 

 

n
XXXG

n
XX σσ

+≤≤− saSsaSsaS ,  Tu 1.0≤
N
n  ;           (12)                 

 

)1()()1()( 22

N
n

n
XXXG

N
n

n
XX −+≤≤−−

σσ
saSsaSsaS ,  Tu 9.01.0 ≤<

N
n .   (13) 

maxasiaTeblis mniSvnelobebis sixSireTa ganawilebis 
Sesaswavlad gamoiyeneba agreTve grafikuli meTodebi. 

gansazRvreba: sixSireTa ganawilebis maxasiaTeblis 
mniSvnelobebze damokidebulebis grafiks sixSireTa poli-
goni ewodeba. 

sixSireTa poligonis geometriuli Tvisebebis Sesafase-
blad SemoaqvT asimetriis koeficientisa da eqscesis cne-
bebi. 

gansazRvreba: asimetriis koeficienti ewodeba mesame mo-
ments: 

( )

( ) ∑

∑

=

=

⋅

⋅−
= n

i
i

n

i
ii

FX

FXX
X

1

3

1

3

σ
μ

saS

.                                  (14) 

Cvens SemTxvevaSi:                         

( )

( ) ∑

∑

=

=

⋅

⋅−
= 4

1

3

4

1

3

i
i

i
ii

FX

FXX
X

σ
μ

saS

 .                                 (15) 

 
P.S. Tu sixSireTa poligonis grafiki medianis mimarT 

simetriulia, maSin μX=0. Tu μX>0, maSin simetria irRveva me-
dianidan marjvniv, xolo Tu μX<0, maSin _ marcxniv.  
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gausis normaluri ganawilebis kanonTan SedarebiT six-
SireTa poligonis cvlilebis siswrafis Sesafaseblad 
ganixileba meoTxe momenti, romelsac eqscesi ewodeba. 

( )

( )
3

1

4

1

4

−
⋅

⋅−
=

∑

∑

=

=
n

i
i

n

i
ii

FX

FXX
EX

σ

saS

                              (16) 

Cveni SemTxvevaSi: 

 
( )

( )
34

1

4

4

1

4

−
⋅

⋅−
=

∑

∑

=

=

i
i

i
ii

FX

FXX
EX

σ

saS

                               (17)                 

es ricxvi (16) formulaSi uzrunvelyofs im faqts, rom 
gausis ganawilebisaTvis eqscesis mniSvneloba ЕХ=0. Tu 
ЕХ>0, maSin sixSireTa eqsperimentuli ganawileba gausis ga-
nawilebasTan SedarebiT ufro swrafad icvleba, xolo  
ЕХ<0-is SemTxvevaSi _ ufro nela. 

 

laboratoriuli samuSao № 1 
 

amocana: amorCevis (n=100; N=1000) saSualo fasis Ses-
wavlisas miRebulia  variaciuli mwkrivi. 
 

     X    45            49     50     55     60 65 70 
     F     10     30     40     5      2 3 10 

 
vipovoT:  MeX; MoX; Xsash; DX; σX; νX; μX; EX. 

avagoT sixSireTa  f=S(x) poligoni. SevafasoT gener-
aluri erTobliobis saSualo mniSvneloba.  
amoxsna: ranJirebuli mwkrivis monacemebs gadavwerT ma-
triculi saxiT: 
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programa  Mathcad-ze 
 

sawyisi monacemebi 
1000:=N  100:=n  

X

45

49

50

55

60

65

70

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=

                   

F

10

30

40

5

2

3

10

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=

   

 

saSualo maxasiaTeblebi 
mediana,  

50:=Mex    
moda 

MoX 50:= ,  
saSualo Sewonili mniSvneloba, 

 

Xsr
0

6

i

Xi Fi⋅∑
=

0

6

i

Fi∑
=

:=  

Xsr 52.1=  
gabnevis maxasiaTeblebi: 

 dispersia, 

DX
0

6

i

Xi Xsr−( )2 Fi⋅∑
=

0

6

i

Fi∑
=

:=  

DX 48.39=   
saSualo kvadratuli gadaxra, 

S DX:=  
S 6.956=     

variaciis koeficienti, 
 

ν
S

Xsr
100⋅:=  

ν 13.352=  
1.0=

N
n   
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404.51=−
n

SXsr  

796.52=+
n

SXsr
 

generaluri erTobliobis saSualo mniSvneloba moTavse-
bulia SualedSi ( 51.4, 52.8). 

  
monacemTa geometriuli maxasiaTeblebi: 

 
asimetriis koeficienti, 

μ
0

6

i

Xi Xsr−( )3 Fi⋅∑
=

S3

0

6

i

Fi∑
=

⋅

:=  

μ 1.784=  
eqscesi, 

E
0

6

i

Xi Xsr−( )4 Fi⋅∑
=

S4

0

6

i

Fi∑
=

⋅

3−:=  

E 1.898=  
 
sixSireTa poligoni 

45 50 55 60 65 70
0

20

40

F

X

 

 
 

programa  Matlab-ze 
 

% monacemebis Setana: 
n=100; N=1000; 
X=[45,49,50,55,60,65,70] 
F=[10,30,40,5,2,3,10] 
%saSualo maxasiaTeblebis gamoTvla 
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%mediana 
MeX=50; 
%saSualo Sewonili mniSvneloba 
Xsash=sum(X.*F)/sum(F) 
%gabnevis maxasiaTeblebis gamoTvla: 
 % dispersia 
DX=sum((X-Xsash).^2.*F)/sum(F) 
% saSualo kvadratuli gadaxra 
S=sqrt(DX) 
% variaciis koeficienti 
v=S/Xsash*100 
% monacemTa geometriuli maxasiaTeblebis gamoTvla: 
%asimetriis koeficienti 
mu=sum((X-Xsash).^3.*F)/(S^3*sum(F)) 
%eqscesi 
E=sum((X-Xsash).^4.*F)/(S^4*sum(F))-3 
% sixSireTa poligoni 
plot(X,F,'r'); grid on; title('Poligon'); xlabel('X'); ylabel('F') 
grid on; title('Poligon'); xlabel('X'); ylabel('F') 
 
Sedegebi: 
X = 
    45    49    50    55    60    65    70 
F = 
    10    30    40     5     2     3    10 
MeX = 
    50 
Xsash = 
   52.1000 
DX = 
   48.3900 
S = 
    6.9563 
v = 
   13.3518 
mu = 
    1.7842 
E = 
    1.8975 
>> 
% generaluri erTobliobis saSualo mniSvnelobis Sefaseba 
>> n/N 
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ans= 
       0.1 
>>Xsash1=Xsash-S/sqrt(n) 
    Xsash1 =   51.4044 
>>Xsash2=Xsash+S/sqrt(n) 
    Xsash2 =   52.7956 

 
 

savarjiSo 

ipoveT: MeX, MoX, Xsash, DX, σХ‚ νХ‚ nX, EX. 
SeafaseT generaluri erTobliobis saSualo 

mniSvneloba. 
aageT f=S(X) sixSireTa poligoni. ganmarteT miRebuli 

monacemebi, Tu N=1000 moculobis generalur erTobliobaSi 
saqonlis fasebis Seswavlisas moxda amorCeva n=100 mocu-
lobiT da miRebulia variaciuli mwkrivi: 
 
1.                    

X 7 6 5 8 9 
F 70 10 5 5 10 

2. 
 
 
 

 
yvela studentma Seadginos TavisTvis analogiuri mona-
cemebi da amoxsnas amocana Mathcad-sa da Matlab-Si.

X 25 30 28 20 10 
F 5 30 5 50 10 
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Tema 2: sainvesticio proeqtis rentabelobisa da riskis 
gamoTvla 

 
sainvesticio proeqtis rentabelobisa da riskis cnebe-

bis Sesaswavlad ganvixiloT konkretuli amocana. 
gansazRvreba: mosalodneli Semosavlis moculobis 

fardobas sainvesticio kapitalis moculobasTan proeqtis 
rentabelobis maCvenebeli ewodeba. 

magaliTad, Tu Cveni proeqtis realizaciisaTvis saWi-
roa $20000 moculobis investiciebi da mosalodneli wli-
uri Semosavalia $30000, maSin rentabelobis ReX maCvenebeli 
iqneba:  

 

5.1
20000
30000

==RX                                          (1) 

gansazRvreba: diskretuli SemTxveviTi sididis ganawi-
lebis funqcia ewodeba SemTxveviTi sididis mniSvnelobaTa 
cxrils Sesabamis albaTobebTan erTad.  
 

X x1 x2 ... xn 
P p1 p2 ... pn 

 
pi aris albaToba imisa, rom SemTxveviTi X sididis 

mniSvneloba iqneba  xi. 
diskretuli SemTxveviTi Х sididis saSualo mniSvne-

lobis Sesafaseblad Semodis maTematikuri lodinis (МХ) 
cneba.  

gansazRvreba: diskretuli SemTxveviTi Х sididis maTe-
matikuri lodini (МХ) ewodeba Xi  mniSvnelobaTa Sesabamis pi 
albaTobebze namravlebis jams, anu 

∑
=

⋅=
n

i
ii pxMX

1
                                              (2) 

SemTxveviTi sididis dispersia DX axasiaTebs SemTxve-
viTi Х sididis mniSvnelobaTa gabnevas misi saSualo 
mniSvnelobidan   - maTematikuri lodinidan. 

( )∑
=

⋅−=
n

i
ii pMXxDX

1

2                                     (3) 

gansazRvreba:  kvadratul fesvs dispersiidan saSualo 
kvadratuli gadaxra ewodeba.  

DXSX =                                                      (4) 
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P.S. finansur analizSi saSualo kvadratul gadaxras 
riskis absoluturi mniSvneloba ewodeba. 

gansazRvreba: riskis fardobiTi mniSvneloba ewodeba 
riskis absoluturi mniSvnelobisa da mosalodnel saSu-
alo Semosavalis sididis fardobas gamoxatuls procen-
tebSi. 

%100⋅=
MX
SXXν                                              (5) 

 

laboratoriuli samuSao №2 
 

amocana: mocemuli proeqtis $20000 moculobiT inves-
tirebisas mosalodneli wliuri mogeba Seadgens 30%-s. 
proeqtis Cavardnis albaToba р=0,05. SeiswavleT renta-
beloba da SeafaseT SemoTavazebuli proeqtis riskis SesaZ-
lo mniSvnelobebi. 

 
amoxsna: proeqtis $20000 moculobiT investirebisas 

wlis bolos Cven gvaqvs ori SesaZlebloba: a) warmateba, 
maSin miviRebT: 1.3200000.32000020000 ⋅=⋅+ ; b) Cavardna, maSin vRe-
bulobT 0–s (e.i. Cadebuli fuli ikargeba). samuSaos Sesas-
ruleblad saWiroa albaTobaTa Teoriis zogierTi cneba, 
rogoricaa SemTxveviTi sididis ganawilebis funqcia, maTe-
matikuri lodini, dispersia, saSualo kvadratuli gadaxra 
da variaciis koeficienti. 

mosalodneli wliuri Semosavlis ganawilebis funqcias 
aqvs Semdegi saxe: 
  

      X 20000 · 1.3       0 
       P        0.95    0.05 

 
amovxsnaT mocemuli amocana Mathcad–isa da Matlab-is 

programuli paketebis saSualebiT. 
 

programa  Mathcad-ze 
 

sawyisi monacemebis Setana 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ⋅
=

0
3.120000

:X                 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=
95.01

95.0
:P  

 
mosalodneli saSualo Semosavali (maTematikuri lodini), 
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MX

0

1

i

Xi Pi⋅∑
=

:=

 
MX 24700=   

    
rentabelobis maCvenebeli 

RX:=MX/20000    
RX=1.235 

 
dispersia, 

DX

0

1

i

Xi MX−( )2 Pi⋅∑
=

:=

 
DX 32110000=    

riskis absoluturi mniSvneloba (saSualo kvadratuli 
gadaxra), 

S DX:=  
S 5666.569=    

finansuri riskis fardobiTi mniSvneloba (variaciis koefi-
cienti),  

ν
S

MX
100⋅:=  

ν 22.942=   
 

 
programa  Matlab-ze 

 
% sawyisi monacemebis Setana 
X=[20000*1.3, 0] 
P=[0.95, 1-0.95] 
% mosalodneli saSualo Semosavali 
MX=sum(X.*P) 
% dispersia 
DX=sum((X-MX).^2.*P) 
% riskis absoluturi mniSvneloba 
S=sqrt(DX) 
% finansuri riskis fardobiTi mniSvneloba 
v=S/MX*100 
 
Sedegebi: 
 
X = 
       26000           0 
P = 
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    0.9500    0.0500 
MX = 
       24700 
DX = 
    32110000 
S = 
  5.6666e+003  
v = 
   22.9416 
 
 

savarjiSo 
 

mocemuli proeqtis I moculobiT investirebisas mosa-
lodneli wliuri mogeba udris m%. proeqtis Cavardnis al-
baToba p=PA. SeiswavleT rentabeloba da SeafaseT war-
modgenili proeqtis riskis SesaZlo mniSvnelobebi, Tu:  
1. I=$30000,   m=25%,   PA=0.01 
2. I=$50000,   m=20%,   PA=0.02 
3. I=$60000,   m=30%,   PA=0.03 
4. I=$70000,   m=15%,   PA=0.011 
5. I=$80000,   m=35%,   PA=0.1 
6. I=$20000,   m=25%,   PA=0.07 
7. I=$40000,   m=35%,   PA=0.03 
8. I=$60000,   m=18%,   PA=0.001 
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Tema 3: ori alternatiuli sainvesticio proeqtis Sedarebis 
teqnologia 

 
gansazRvreba: or sainvesticio proeqts ewodeba alter-

natiuli, Tu erTi maTganis investireba gamoricxavs meore 
proeqtis investirebas. 

ori proeqtis alternatiulobis SemTxvevaSi gamoiTv-
lian orive proeqtisaTvis rentabelobis maCveneblebsa da 
riskis koeficientebs. 

ganvixiloT sxvadasxva SemTxvevebi: 
a) Tu orive proeqts rentabelobis erTi da igive maCve-

nebeli aqvs, maSin irCeven im proeqts, romlis riskis far-
dobiTi maCvenebelic naklebia; 

b) Tu orive proeqtis riskis fardobiTi koeficientis 
maCvenebeli erTnairia, amoirCeven im proeqts, romelsac 
rentabelobis maRali maCvenebeli aqvs;  

g) Tu pirveli proeqtis rentabelobis maCvenebeli metia 
da riskis koeficienti naklebi, vidre meore proeqtisa, ma-
Sin upiratesoba eniWeba pirvel proeqts; 

d) Tu pirveli proeqtis rentabelobis maCvenebelic da 
riskis koeficienti metia meore proeqtisaze, maSin arCevans 
akeTebs menejeri investorisaTvis damatebiTi monacemebidan, 
kerZod, riskis dasaSveb sidideebsa da rentabelobis far-
dobiTi koeficientis Rirebulebaze dayrdnobiT.  

ramdenadac es amocana emyareba meore laboratoriul 
samuSaoSi mocemul cnebebs, SegviZlia pirdapir gadavideT 
konkretul amocanaze. 
 
 

laboratoriuli samuSao #3 
 

amocana: investors warmoudgines ori alternatiuli 
sainvesticio A da B proeqti.  А proeqti moiTxovs $100 aTasi 
moculobis investiciebs 25%-iani wliuri mogebiT da misi 
Cavardnis albaTobaa РА=0,011. B proeqti moiTxovs $250 
aTasi moculobis investiciebs 30%-iani wliuri mogebiT, 
Cavardnis albaTobaa РВ=0,012. 

gavakeToT arCevani am or proeqts Soris. 
amoxsna: orive proeqtisaTvis SevadginoT mosalodneli 

Semosavlebisa da Sesabamisi albaTobebis matricebi.  
SevadginoT ganawilebis funqciebi: 
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 (1) 
 

 
TiToeuli proeqtisaTvis viangariSoT rentabelobis 

maCveneblebi da riskis koeficientebi, rac SemdgomSi mog-
vcems proeqtebis Sedarebis saSualebas. ganawilebis (1) fun-
qciidan gamomdinare SevadginoT programebi Mathcad–Si da 
Matlab-Si. 
 

programa  Mathcad-ze 
 
sawyisi monacemebis Setana 
 

A
100 1.25⋅

0
⎛
⎜
⎝

⎞
⎟
⎠

:=
               ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

=
989.01

989.0
:PA  

 
B

250 1.3⋅

0
⎛
⎜
⎝

⎞
⎟
⎠

:=
                  ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

=
988.01

988.0
:PB  

 
mosalodneli saSualo Semosavali TiToeuli proeqtisa-
Tvis 

 

MA

0

1

i

Ai PAi⋅∑
=

:=

                   
MB

0

1

i

Bi PBi⋅∑
=

:=

 
 

MA 123.625=                                     MB 321.1=  
 
rentabeloba 

RA
MA
100

:=
                        

RB
MB
250

:=
 

 
 
dispersia 

DA

0

1

i

Ai MA−( )2 PAi⋅∑
=

:=

                 
DB

0

1

i

Bi MB−( )2 PBi⋅∑
=

:=

 
DA 169.984=                                             DB 1252.29=  

 
riskis absoluturi mniSvneloba 

SA DA:=                                                       SB DB:=  
SA 13.038=                                                    SB 35.388=  

 

A 100·1.25     0 
   PA 0.989 0.011 

   B 250·1.3     0 
   PB 0.988 0.012 
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finansuri riskis fardobiTi mniSvneloba 
νA

SA
MA

100⋅:=
                                               

νB
SB
MB

100⋅:=  

                       νA 10.546=                     νB 11.021=                                           
                       RA 1.236=                      RB 1.284=  

 
 

programa  Matlab-ze 
 

% sawyisi monacemebis Setana 
A=[100*1.25,0] 
PA=[1-0.011,0.011] 
B=[250*1.3,0] 
PB=[1-0.012, 0.012] 
 
% mosalodneli saSualo Semosavali TiToeuli proeqtisa-
Tvis 
MA=sum(A.*PA) 
MB=sum(B.*PB) 
RA=MA/100 
RB=MB/250 
 
% dispersia 
DA=sum((A-MA).^2.*PA) 
DB=sum((B-MB).^2.*PB) 
 
% riskis absoluturi mniSvneloba 
SA=sqrt(DA) 
SB=sqrt(DB) 
 
% finansuri riskis fardobiTi mniSvneloba 
vA=SA/MA*100 
vB=SB/MB*100 
 
Sedegebi: 
A = 
   125     0 
PA = 
    0.9890    0.0110 
B = 
   325     0 
PB = 
    0.9880    0.0120 
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MA = 
  123.6250 
MB = 
  321.1000 
RA= 
  1.236 
RB = 
    1.2844 
DA = 
  169.9844 
DB = 
  1.2523e+003 
SA = 
   13.0378 
SB = 
   35.3877 
vA = 
   10.5463 
vB = 
   11.0208 
  

am magaliTSi rentabelobis maCveneblebi da fardobiTi 
riskebi orive proeqtisaTvis TiTqmis erTnairia, amitom 
proeqtis amorCeva xdeba damatebiTi mosazrebebidan inve-
storisaTvis fulis Rirebulebisa da proeqtebis maxasiaTe-
blebs Soris gansxvavebaTa Sesabamisi mniSvnelobebis mixed-
viT. 
 

 savarjiSo 
 

investors warudgines ori А da В alternatiuli pro-
eqti. А proeqti moiTxovs IA moculobis investiciebs ma% 
wliuri mogebiT, proeqtis Cavardnis albaTobaa PA. В pro-
eqti moiTxovs IB moculobis investiciebs mb% wliuri 
mogebiT, proeqtis Cavardnis albaTobaa PВ. gaakeTeT arCevani 
am or proeqts Soris, Tu:  
 
1. IA= $ 80 000,     ma= 30 %,      PA= 0.02     
    IB= $ 70 000,     mb= 40 %,      PB= 0.04  
2. IA= $ 100 000,   ma= 15 %,      PA= 0.011     
    IB= $ 200 000,   mb= 15 %,      PB= 0.02 
3. IA= $ 90 000,     ma= 20 %,      PA= 0.05     
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    IB= $ 90 000,     mb= 18 %,      PB= 0.02 
4. IA= $ 400 000,   ma= 15 %,      PA= 0.02     
    IB= $ 500 000,   mb= 20 %,      PB= 0.05 
5. IA= $ 1.5 млн.,  ma= 20 %,      PA= 0.03     
    IB= $  2.1 млн., mb= 15 %,      PB= 0.01 
6. IA= $ 4.5 млн.,  ma= 15 %,      PA= 0.02     
    IB= $ 5 млн.,     mb= 18 %,      PB= 0.03 
7. IA= $ 30 млн.,   ma= 20 %,      PA= 0.02     
    IB= $ 35 млн.,   mb= 25 %,      PB= 0.04 
8. IA= $ 15 млн.,   ma= 18 %,      PA= 0.01     
    IB= $ 20 млн.,   mb= 17 %,      PB= 0.01 
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Tema 4: dargTaSorisi balansis leontievis modeli 
 

ganvixiloT dargTaSorisi balansis amocana, romlis 
arsi mdgomareobs imaSi, rom ganvlili wlis dargTaSorisi 
balansis safuZvelze meurneobis calkeuli dargebis pri-
oritetuli ganviTarebis aucileblobis pirobebSi, sworad 
daigegmos mimdinare wlis yvela dargis produqciis saerTo 
gamoSveba. es amocana SeiZleba ganvixiloT, rogorc calke 
aRebuli romelime raionis an regionis farglebSi, aseve 
mTeli saxelmwifos masStabiT.   

Sesabamisi maTematikuri modelis asagebad SemovitanoT 
aRniSvnebi: vTqvaT, xi _ i-uri dargis saerTo gamoSvebaa fu-
lad gamosaxulebaSi, xij _i-uri dargis produqciis moculo-
ba, romelic gamoiyeneba j-uri dargis warmoebis uzrunvel-
sayofad,   yi _ i-uri dargis saboloo produqtis moculobaa 
arasawarmoo daniSnulebisaTvis fulad gamosaxulebaSi. 

maSin, vRebulobT dargTaSorisi balansis leontievis 
gantolebas Semdegi saxiT: 

∑
=

+=
n

j
iiji yxx

1
,                                             (1) 

SemovitanoT aRniSvnebi: 

j

ij
ij x

x
a =                                                            (2) 

ijα  i-uri dargis produqciis moculobaa, romelic ixar-

jeba j-uri dargis produqciis erTeulovani moculobis 
warmoebaze. 
 

gansazRvreba: ijα  matricas ewodeba teqnologiuri ma-

trica. 
(2) da (1)-dan vRebulobT leontievis gantolebas Sem-

degi saxiT: 

∑
=

+⋅=
n

j
ijiji yxax

1
 .                                        (3) 

dargTaSorisi balansis (3) gantoleba unda amoixsnas 

ix -is mimarT. amisaTvis SemovitanoT matriculi aRniSvnebi: 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

nx

x
x

X
...

2

1

,    
⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

nn2n1n

n22221

n11211

a...aa
.................

a...aa
a...aa

A ,   
⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

n

2

1

y
...
y
y

Y .                             (4) 



 54

maSin, leontievis (3) gantoleba SeiZleba gadavweroT 
matriculi saxiT: 

YXAX +⋅=                                                    (5) 
(5) gantolebis amosaxsnelad X-is Semcveli Sesakrebebi 

gadavitanoT tolobis marcxena mxares da gavitanoT 
frCxilebs gareT: 

( ) YXAE =⋅−  .                                                (6) 
(6)-dan advilad vRebulobT leontievis (5) matriculi 

gantolebis amonaxsns: 
YAEX ⋅−= −1)(  .                                             (7) 

 
laboratoriuli samuSao № 4 

 
amocana: gasuli wlis ganmavlobaSi meurneobis samma 

dargma: soflis meurneobam, manqanaTmSeneblobam da ener-
getikam saSualeba mogvca Segvedgina dargTaSorisi balan-
sis cxrilebi: 

 
 
№ 

 soflis 
meurneoba

manqa-
naTmSe-
nebloba

ener-
geti-
ka 

sabo-
loo 

produ-
qti 

saerTo
gamoS-
veba 

  
1 

soflis 
meurneoba 

   x11=10 x12=20 x13=30  y1=40    x1=100 

  
2   

manqanaTmS
enebloba 

   x21=30 x22=20 x23=10 y2=30 x2=90 

  
3 

ener-
getika 

   x31=20 x32=30 x33=20 y3=50 x3=120 

 
SevadginoT mimdinare wlis saerTo gamoSvebis gegma im 

pirobiT, rom pirveli dargis (soflis meurneoba) saboloo 
produqti unda gaizardos 10%-iT, meore dargis (manqanaT-
mSenebloba) – 20%-iT, xolo mesame dargisa (energetika) – 
8%-iT.  

 
amoxsna:  
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programa  Mathcad-ze 

samive dargis saboloo produqtis moculobis rekomende-

buli mniSvnelobebi. 
 

                               
Y

40 1.1⋅

30 1.2⋅

50 1.08⋅

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

:=

   

A

10
100

30
100

20
100

20
90

20
90

30
90

30
120

10
120

20
120

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=

                         

E

1

0

0

0

1

0

0

0

1

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

:=

 

mocemuli sami dargis saerTo gamoSvebis gegma. 

X E A−( ) 1− Y⋅:=

 

 

X

111.362

103.481

132.919

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

=

 
 

programa  Matlab-ze 
 

% samive dargis saboloo produqtis moculobis reko-
mendebuli mniSvnelobebi

 Y=[40*1.1;30*1.2;50*1.08] 
A=[10/100,20/90,30/120;30/100,20/90,10/120;20/100,30/90,20/120] 
E=eye(3) 

% mocemuli sami dargis saerTo gamoSvebis gegma. 
X=(E-A)^(-1)*Y 
 
Sedegebi: 
Y = 
    44 
    36 
    54 
A = 
    0.1000    0.2222    0.2500 
    0.3000    0.2222    0.0833 
    0.2000    0.3333    0.1667 
 
E =1     0     0 
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     0     1     0 
     0     0     1 
X = 
  111.3617 
  103.4809 
  132.9191 

  savarjiSo: 

 
wina wels meurneobis rva dargma saSualeba mogvca Seg-

vedgina dargTaSorisi balansis cxrilebi: 
 

 
№ 

 
1 

 
2 

 
3 

 
4 

 
5 

 
6 

 
7 

 
8 

saboloo 
produqti 

saerTo 
gamoS-
veba 

1 10 20 30 40 20 10 30 40 100 300 
2 20 10 40 30 10 20 40 30 150 350 
3 40 20 10 20 30 10 30 40 200 400 

4 20 20 10 40 40 30 10 30 100 300 
5 10 40 20 20 30 30 40 10 200 400 
6 10 30 20 40 20 40 30 10 150 350 
7 40 30 10 20 40 30 20 10 100 300 
8 10 10 20 20 30 30 40 40 50 250 

ipoveT mimdinare wlis saerTo gamoSvebis gegma im pi-
robiT, rom pirveli dargis saboloo produqti gaizrdeba 
m1%-iT, meore dargisa  m2%-iT, mesamisa  m3%-iT, ..., merve 
dargisa  m8%-iT, sadac: 
1. m1=10%; m2=20%;  m3=5%;     m4=8%;  m5=20%;  m6=5%;  m7=0%;  m8=9%; 
2. m1=5%;   m2=9%;    m3=10%;   m4=8%;  m5=6%;    m6=0%;  m7=0%;  m8=0%; 
3. m1=10%; m2=5%;    m3=-20%;  m4=2%;  m5=-10%; m6=5%;  m7=2%;  m8=9%; 
4. m1=9%;   m2=9%;    m3=20%;   m4=5%;  m5=10%;  m6=5%;   m7=2%;  
m8=10%; 
5. m1=8%;   m2=-10%; m3=-25%; m4=2%;  m5=-40;    m6=2%;    m7=4%;  
m8=20%;  
6. m1=5%;   m2=10%;  m3=10%;   m4=5%;  m5=8%;    m6=20%;  m7=5%;  
m8=10%; 
7. m1=20%; m2=-10%; m3=50%;  m4=10%; m5=50%;  m6=10%;  m7=2%;  
m8=20%; 
8. m1=10%; m2=35%;  m3=45%;   m4=10%; m5=6%;   m6=-10%; m7=8%;  
m8=15%. 
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Tema 5: erovnuli Semosavlis dinamikis samuelson-hiqsis 
modeli 

 
ekonomikisTvis damaxasiaTebelia ganviTarebis talRuri 

buneba, amitom erovnuli Semosavali xan izrdeba, xan 
mcirdeba. 

ekonomikis ganviTarebis talRuri bunebis Sesaswavlad 
samuelsonma da hiqsma Seadgines Sesabamisi maTematikuri 
modeli. am modelSi X(t) erovnuli Semosavlis sididis 
rxevebi aixsneba aqseleraciis principiTa da multiplika-
toris koncepciiT. 

aqseleraciis principi amtkicebs, rom investiciis 
masStabebi damokidebulia saboloo produqtze moTxovnis 
zrdis tempze. sainvesticio moTxovna saboloo produqtze 
moTxovnis proporciulia. proporciulobis xarisxs 
ewodeba aqseleraciis faqtori. 

samuelson-hiqsis modelSi aqseleraciis principze da-
fuZnebul investiciis gantolebas aqvs Semdegi saxe:  

( ) ( ))2()1( −−−= tXtXtI β ,                               (1) 
sadac β – aqseleraciis koeficientia (faqtori). 

C(t) xarjis sidide wrfivad damokidebulia moTxovnaze, 
sadac ganixileba erTeulovani lagi (Seyovneba): 

AtXtC +−⋅= )1()( α                                         (2)  
sadac, α ∈(0,1) _ ganisazRvreba regresiuli analizis safu-
Zvelze (qvemoT iqneba ganxiluli).  

A=(saarsebo minimumi)×(mcxovrebTa ricxvi).    (3) 
Tu gaviTvaliswinebT moTxovnisa da miwodebis wonas-

worobis pirobas, miviRebT: 
)()()( tItCtX +=                                               (4) 

Tu SevitanT (4)-Si C(t) da I(t) mniSvnelobebs da Sevas-
rulebT Sesabamis gardaqmnebs, miviRebT samuelson-hiqsis 
gantolebas: 

AtXtXtX +−⋅−−⋅+= )2()1()()( ββα                   (5) 
β  aqseleraciis koeficientis mixedviT, (5)-dan SeiZleba 

miviRoT erovnuli Semosavlis rxevebi rogorc mzardi, ise 
klebadi amplitudiT. 
 

laboratoriuli samuSao № 5 
 

amocana: SeviswavloT erovnuli Semosavlis dinamika 
samuelson-hiqsis gantolebiT, roca 5.0=α . 
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qalaq TbilisisaTvis vipovoT  А koeficienti da β  koe-
ficientis  sxvadasxva mniSvnelobebisaTvis SeviswavloT 
X(t)-s dinamika. 

amoxsna: 
amocanis amosaxsnelad virCevT sawyis pirobebs.  

 
 

programa  Mathcad-ze 
 

erovnuli Semosavlis sawyisi mniSvnelobebi  
X0 106

:=       X1 107
:=  

(mcxovrebTa ricxvi) × (saarsebo minimumi) 
A 1.5 108

⋅:=  
α 0.5:=  

 
aqseleraciis koeficienti, 

β:=0.8 
 

samuelson-hiqsis rekurentuli modeli 

n 2 120..:=  
 

Xn α β+( ) Xn 1−⋅ β Xn 2−⋅− A+:=
 

0 50 100 150
0

2.108

4.108

6.108

Xn

n

 

 
 

β 1.2:=  
Xn α β+( ) Xn 1−⋅ β Xn 2−⋅− A+:=  
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0 20 40 60 80 100 120
2.1013

0

2.1013

Xn

n

 

 
 

β 1.:=  
Xn α β+( ) Xn 1−⋅ β Xn 2−⋅− A+:=

 

0 20 40 60 80 100 120
2 .109

0

2 .109

4 .109

Xn

n

 

 
Matlab programis dasawerad gamoviyenoT for…end ciklis 

operatori. 
  

programa  Matlab -ze 
 
% erovnuli Semosavlis sawyisi mniSvnelobebi 
X0=10^6; 
X1=10^7; 
% (mcxovrebTa ricxvi) × (saarsebo minimumi) 
A=1.5*10^8; 
alfa=0.5;  
% aqseleraciis koeficienti 
beta1=0.8; 
beta2=1.2; 
beta3=1; 
%samuelson-hiqsis rekurentuli modeli 
x(1)=X0;x(2)=X1; 
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x1(1)=X0;x1(2)=X1; 
x2(1)=X0;x2(2)=X1; 
for i=3:120 
    x(i)=(alfa+beta1)*x(i-1)-beta1*x(i-2)+A; 
    x1(i)=(alfa+beta2)*x1(i-1)-beta2*x1(i-2)+A; 
    x2(i)=(alfa+beta3)*x2(i-1)-beta3*x2(i-2)+A; 
end 
n=1:120; 
subplot(3,1,1);plot(n,x);grid on;title('beta=0.8'); 
subplot(3,1,2);plot(n,x1);grid on;title('beta=1.2') 
subplot(3,1,3);plot(n,x2);grid on;title('beta=1') 
xlabel('n') 
ylabel('Xn') 
 
Sedegebi: 
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savarjiSo: 

 
SeiswavleT erovnuli Semosavlis dinamika samuelson-

hiqsis gantolebis mixedviT, roca α cnobilia. qalaqisaTvis 
Ν-mcxovrebiT da l saarsebo minimumiT, β aqseleraciis koe-
ficientis sxvadasxva mniSvnelobebisaTvis SeiswavleT X(t) 
dinamika, Tu: 
1. α=0.3;  N=3·106;  l=80;      β-? 
2. α=0.2;  N=3·106;  l=80;      β-? 
3. α=0.1;  N=3·106;   l=80;      β-? 
4. α=0.4;  N=5·106;  l=100;    β-? 
5. α=0.5;  N=5·106;  l=100;    β-? 
6. α=0.6;  N=5·106;  l=100;    β-? 
7. α=0.1;  N=3·106;  l=100;    β-? 
8. α=0.1;  N=3·106;  l=100;    β-? 
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Tema 6: ferhiulstis modeli bankSi anabrebis dinamikisaT-
vis 

 
vTqvaT, Xn  fuladi anabrebis moculobaa n weliwadSi. 

anabrebis fardobiTi nazrdis koeficienti aRvniSnoT R-iT, 
maSin gveqneba: 

n

nn

X
XX

R
−

= +1  ,                                               (1) 

anu                                        nnn XRXX ⋅+=+1 ,                                                (2) 
sadac, constRR == 0 . 

anabrebis dinamikis gamosakvlevad (2) formula gadavwe-
roT Semdegi saxiT:  

( ) nn XRX ⋅+=+ 01 1                                                (3) 
cxadia, rom Tu fuladi anabrebis sawyisi mniSvneloba 

iyo X0, maSin 
( ) 001 1 XRX ⋅+=  , 
( ) ( ) 0

2
0102 11 XRXRX ⋅+=+=  ,                        (4) 

 .   .   . 
( ) 001 XRX n

n ⋅+=  
(4) iteraciuli formulidan gamomdinareobs, rom n-is 

zrdasTan erTad fuladi Senatanebis raodenoba usasru-
lod izrdeba, radgan 

∞→
∞→ nn

xlim                                                  (5) 

(4) formula saSualebas gvaZlevs amovxsnaT amocana R-s 
zrdis dasaSvebi procentebis Sesaxeb. magaliTad, gavigoT 
rogori unda iyos R0, rom anabrebis gaormageba moxdes 50 
weliwadSi. gvaqvs 

( ) 21 50
0

0

50 =+= R
X
X ,                                      (6) 

maSin 

1250
0 −=R                                                    (7) 

e.i. procentul gamosaxulebaSi vRebulobT nazrdis normas 

( ) %1001250 ⋅−                                                (8) 
davuSvaT, rom klientebis mosazidad bankis direqtorTa 

sabWom gadawyvita R nazrdis koeficientis gazrda. gakotre-
bisagan Tavis dasacavad direqtorTa sabWom gadawyvita 
aRar dauSvas anabrebis Semdgomi zrda, Tu misi sidide mi-
aRwevs 1-s _ maqsimalur mniSvnelobas. amis Semdeg koefi-
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cienti unda gaxdes uaryofiTi, rom Semcirdes anabrebi, 
vidre isini ar gaxdeba 1-ze naklebi. 

am procesis uzrunvelsayofad gadawyda, rom  
( )nXrR −= 1                                                     (9) 

maSin (1) formulidan miviRebT 

 ( )n
n

nn Xr
X

XX
−=

−+ 11 ,       sadac  r>R0               (10) 

(10)-dan gveqneba rekurentuli Tanafardoba 
( ) 2

1 1 nnn XrXrX ⋅−⋅+=+                                        (11) 
am sistemas ewodeba ferhiulstis modeli. gamovikvlioT 

misi wonasworobis wertilebi.  
gansazRvreba: rekurentuli sistemis wonasworobis wer-

tilebi ewodeba Xn–is im mniSvnelobebs, romlebic ar icv-
leba n-is zrdasTan erTad, e.i. Xn –is is mniSvnelobebi, ro-
melTaTvisac  

nn XX =+1                                                       (12) 
warmoadgenen ferhiulstis modelis (11) wonasworobis wer-
tilebs.  

cxadia, rom es mniSvnelobebia:  
a) Xn=0;      b)  Xn=1 . 
imisaTvis, rom wonasworobis wertili ganxorcieldes 

pratikulad, saWiroa misi mdgradoba mcire SeSfoTebebis 
mimarT. 

gamovikvlioT es mdgomareobebi mdgradobaze: 
a) Tavdapirvelad ganvixiloT wonasworobis mdgo-

mareoba Xn=0, anu mdgomareoba, roca Cvens angariSze fuli 
ar aris. davumatoT “mcire SeSfoTeba” _ nδ <<1, wonasworobis 
wertils da gamovikvlioT misi dinamika droSi, anu 

nnX δ+= 0 , maSin (11) formulidan miviRebT 

 2
1 )1( nnn rr δδδ −+=+                                              (13) 

vinaidan nδ <<1 , cxadia, rom ( )nn δδ 02 = <<1 , amitom (13) gan-
tolebaSi is SeiZleba ugulebelvyoT. amis Sedegad gveqneba 

( ) nn r δδ +=+ 11                                                  (14) 
aqedan advilad miviRebT, rom 

n

n

δ
δ 1+ >1,                                                  (15) 

e.i. SeSfoTebebi droSi izrdeba, rac niSnavs wonasworobis 
wertilis Xn=0 aramdgradobas. amocanis arsis mixedviT es 
gamoixateba imaSi, rom droTa ganmavlobaSi anabris gaiz-
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rdeba Tu ki angariSze daericxeba fulis raRac sul mcire 
raodenoba nδ . 

b) gamovikvlioT wonasworobis meore wertilis Xn=1 
mdgradoba. wonasworobis wertils aqac mivceT mcire naz-
rdi nδ <<1, anu ganvixiloT nnX δ+= 1  mniSvneloba da ga-

movikvlioT am mdgomareobis dinamika n drois ganmavlobaSi. 
(11) formulidan vRebulobT: 

( )( ) ( )2
1 1111 nnn rr δδδ +−++=+ +                        (16) 

gardaqmnebis Sedegad gvaqvs: 
( ) 2

1 2111 nnnn rrrrr δδδδ −−−+++=+ +             (17) 
Tu gaviTvaliswinebT, rom ( )nn δδ 02 = <<1  da amis gamo 

ugulebelvyofT mas, gveqneba 
( ) nn r δδ −=+ 11                                                  (18) 

Xn=1 wonasworobis wertilis mdgradobisaTvis unda 
sruldebodes piroba 

n

n

δ
δ 1+ <1,                                                        (19) 

anu                      r−1 <1.                                                        (20) 
Tavis mxriv es piroba niSnavs, rom 

0 < r < 2.                                                      (21) 
amrigad, Tu sruldeba (21) piroba, maSin ferhiulstis 

sistemis wonasworobis wertili Xn=1 mdgradia. winaaRmdeg 
SemTxvevaSi SeviWrebiT aramdgradobis zonaSi, romelic 
savsea moulodnelobebiT. 

kerZod, roca r=2.3 aRiZvreba Xn-is perioduli rxevebi 
(nax.1). 

0 20 40 60 80 100
0

0.5

1

1.5

Xn

n

 

nax 1. anabris perioduli rxevebi 
 

r=2.57 SemTxvevaSi suraTi rTuldeba da Cndeba ormagad 
perioduli rxevebi (nax 2.). 
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Xn

n

 

nax 2. anabris ormagad perioduli rxevebi 
 
 

nazrdis r koeficientis Semdgomi zrdisas vRebulobT 
periodis gaoTxmagebas da a.S. Tu 0.3≥r  SeiniSneba qaosuri 
rxevebi (nax 3.). 

0 20 40 60 80 100
0

1

21.331

7.704 10 3−×

Xn

1000 n

 

nax 3. anabris qaosuri rxevebi. 
 

amrigad, ferhiulstis tipis arawrfivi rekurentuli 
sistemebi moicaven bevr saidumlos da maT asaxsnelad 
saWiroa damatebiTi kvlevebi calkeul konkretul SemTxve-
vaSi. miTumetes, rom yovelTvis ar xerxdeba rekurentuli 
sistemiT mocemuli iteraciuli procesis krebadobis 
globaluri Sefaseba. 
 
 

laboratoriuli samuSao № 6 
 
amocana: gamoikvlioT ferhiulstis modeli: 

( ) 2
1 1 nnn XrXrX ⋅−⋅+=+                                  (22) 

r nazrdis koeficientis sxvadasxva mniSvnelobebisa da sawy-
isi pirobebisaTvis. 

 
amoxsna: laboratoriuli samuSaos Sesasruleblad Se-

movifargloT X0 sawyisi pirobebiT da r nazrdis koeficien-
tis mniSvnelobiT.  
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programa  Mathcad-ze 
 

sawyisi anabari pirad angariSze 
X0 0.1:=  

anabris moculobis dinamikis gamoTvla ferhiulstis mod-
eliT procentuli ganakveTiT r=2,3. 

r 2.3:=  
n 0 100..:=  
Xn 1+ 1 r+( ) Xn⋅ r Xn( )2

⋅−:=  

0 20 40 60 80 100
0

0.5

1

1.5

Xn

n  
ferhiulstis modeliT anabris moculobis dinamikis gamoT-
vla procentuli ganakveTiT r=2,57. 

r 2.57:=  
n 0 100..:=  
Xn 1+ 1 r+( ) Xn⋅ r Xn( )2

⋅−:=  

0 20 40 60 80 100
0

0.5

1

1.5

Xn

n  
ferhiulstis modeliT anabris moculobis dinamikis gamoT-
vla procentuli ganakveTiT r=3. 
 

r 3:=  
Xn 1+ 1 r+( ) Xn⋅ r Xn( )2

⋅−:=  
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0 20 40 60 80 100
0

1
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7.704 10 3−×

Xn

1000 n

 

 
programis Matlab-ze dasawerad gamoviyenoT for…end cik-

lis operatori. 
 

programa  Matlab-ze 
 
% sawyisi anabari pirad angariSze 
x0=0.1; 
%ferhiulstis modeliT anabris moculobis dinamikis ga-
moTvla procentuli ganakveTiT r=2,3;2.57;3; 
r1=2.3; 
r2=2.57; 
r3=3; 
x1(1)=x0; 
x2(1)=x0; 
x3(1)=x0; 
for i=2:100  
    x1(i)=(1+r1)*x1(i-1)-r1*x1(i-1)^2; 
        x2(i)=(1+r2)*x2(i-1)-r2*x2(i-1)^2; 
            x3(i)=(1+r3)*x3(i-1)-r3*x3(i-1)^2; 
end 
% ferhiulstis modeliT anabris moculobis dinamikis ga-
moTvla sxvadasxva procentuli ganakveTiT da grafikebis 
ageba  
n=1:100; 
subplot(3,1,1);plot(n,x1);grid on;title('r=2.3');ylabel('Xn') 
subplot(3,1,2);plot(n,x2);grid on;title('r=2.57');ylabel('Xn') 
subplot(3,1,3);plot(n,x3);grid on;title('r=3'); 
xlabel('n') 
ylabel('Xn') 
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Sedegebi: 

 
 
 

savarjiSo: 

 
gamoikvlieT ferhiulstis modeli 

( ) 2
1 1 nnn XrXrX ⋅−⋅+=+  

r nazrdis koeficientis sxvadasxva mniSvnelobebisa da 
sawyisi pirobebisaTvis, Mathcad-isa da Matlab-is grafikuli 
saSualebebis safuZvelze. 

SeadgineT analogiuri rekurentuli arawrfivi sistema, 
ipoveT wonasworobis wertilebi, gamoikvlieT isini mdgra-
dobaze  
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Tema 7: frangiSvili-obgaZis maTematikuri modeli 
 

ganvixiloT wonasworuli ekonomoka, anu ekonomika, 
roca moTxovna tolia miwodebisa. sxvanairad rom vTqvaT, 
iwarmoeba zustad imdeni X(t), ramdenic sWirdeba bazars Y(t). 

)()( tYtX = .                                                     (1) 
X(t) aris miwodeba (warmoebis moculoba), Y(t) - moTxovna. 
(1) wonasworobis pirobiT SeiZleba SevadginoT ganto-

leba: 
I(t),C(t)X(t) +=                                                (2) 

sadac,  C(t) – moTxovnis funqciaa, I(t) – investiciis fun-
qcia. 

samuelson-hiksis aqseleraciis principze dayrdnobiT 
SeiZleba davweroT gantoleba:  

)t(X)t(I
⋅

= β  ,                                                 (3) 
sadac β -aqseleraciis koeficientia. 

garda amisa, moxmareba warmoadgens warmoebis moculobis 
funqcias, romelic damokidebulia warmoebis mTel wina is-
toriaze gavlil t droSi. sxvanairad,  

  C(t)= [ ]
0

( ),  ,
t

F X dτ τ τ∫                                   (4) 

wonasworobis (2) gantolebaSi (4) da (3) CasmiT miviRebT: 

( ) ( ) ( )[ ]dttXFtXtX
t

0
∫+=

•

β  .                               (5) 

(5) gantolebis orive mxaris diferencirebiT miviRebT: 

( ) ( ) ( )[ ]tXFtXtX +⋅=
•••

β .                                   (6) 
anu, miviRebT frangiSvili-obgaZis dinamikis diferen-

cialur gantolebas Semdegi saxiT: 

( ) ( ) ( )[ ] 011
=+−

•••

tXFtXtX
ββ

                            (7)    

vTqvaT: 

;1
e

−=β                                           (8) 

maSin miviRebT wonasworuli ekonomikis dinamikis gantole-
bas Semdegi saxiT: 

( ) ( ) ( )[ ] 01 =+⋅+
•••

tXFtXetX ,                               (9) 
sadac: 

conste = , xolo  ( )[ ]tXF1   moxmarebis simkvrivea. 
Tu, ganvixilavT SemTxvevas, rodesac  
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( )[ ] ( )[ ] ( ) )cos(3
1 tAtXtXtXF ⋅⋅−−= ω .               (10) 

maSin (9)-dan miviRebT diufingis gantolebas Semdegi saxiT:  

( ) ( ) ( ) ( )[ ] )tcos(AtXtXtXetX 3 ⋅=+−⋅+
•••

ω .       (11)  
 (11) gantolebis amosaxsnelad unda gadavweroT igi 

normaluri, e.i. pirveli rigis ori gantolebis sistemis 
saxiT. amisaTvis unda SemovitanoT aRniSvnebi: 

( ) 1XtX ≡
•

;     ( ) 0XtX ≡  .                                 (12) 
maSin, (11) gantoleba gadaiwereba Semdegnairad: 

 ( )

( ) ( )⎪⎩

⎪
⎨
⎧

⋅−−+⋅=

=
•

•

1
3
001

10

cos XeXXtAtX

XtX

ω
.             (13) 

 
laboratoriuli samuSao № 7 

 
amocana: ganvixiloT diufingis ekonomikuri dinamikis 

gantoleba Semdegi sawyisi pirobebiT 
( )
( )⎩

⎨
⎧

=
=

10X
10X

1

0                                                             (14) 

da 2.0;0,1;25.0 === eA ω  monacemebiT, Semdeg amoxseniT 

amocana Mathcad-Si da Matlab-Si. 
 
amoxsna: diufingis gantolebis amosaxsnelad 

SevadginoT programa.  
 
 

programa  Mathcad-ze 
 

dempfirebis proporciulobis koeficienti, 
c:=0.2 

moTxovnis gare SeSfoTebis sezonuri sixSire, 
ω 1.0:=  

moTxovnis gare SeSfoTebis amplituda, 
A:=0.25 

 
warmoebis moculobisa da misi cvlilebis siCqaris sawyisi 
pirobebi 

ic
1

1
⎛
⎜
⎝

⎞
⎟
⎠

:=
 

 diufingis gantolebaTa sistemis marjvena mxaris matrica.  
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D t X,( )

X1

A cos ω t⋅( )⋅ X0+ X0( )3
− c X1⋅− 0.3+

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

:=

 
Cveulebrivi diferencialuri gantolebaTa sistemis 
amoxsnis operatori runge-kutas meTodiT cvladi bijiT. 

S Rkadapt ic 0, 100, 500, D,( ):=  
warmoebis moculobis damokidebuleba droze da dinamikis 
suraTi fazur sibrtyeze  

 
i 0 last S 0〈 〉( )..:=  
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S 2〈 〉

S 1〈 〉

 

 
 

programa  Matlab-ze 
funqcia faili: 
function dydt=obg(t,S) 
A=0.25;w=1;e=0.2; 
dydt=[S(2) 
A*cos(w*t)+S(1)-S(1)^3-e*S(2)+0.3]; 
programa faili: 
 
t=[0 120]; 
y0=[1;1]; 
[t,S]=ode45(@obg,t,y0); 
subplot(2,1,1);plot(t,S(:,1));xlabel('t');ylabel('S(1)') 
subplot(2,1,2);plot(S(:,1),S(:,2));xlabel('S(1)');ylabel('S(2)') 
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Sedegebi: 
 

 
 
 

savarjiSo:  

 
ganixileT diufingis gantoleba normaluri saxiT: 

( )⎪⎩

⎪
⎨
⎧

−−+=

=
••

•

1
3
001

10

eXXXtcosAX

XX

ω
 

da amoxseniT sawyisi pirobebiT 
( )
( )⎩

⎨
⎧

=
=

10
10

1

0

X
X  

ω,A ,e parametrebis sxvadasxva mniSvnelobebisaTvis 
SeecadeT ise SearCioT parametrebis mniSvnelobebi, rom 
miiRoT ekonomikis ganviTarebis sxvadasxva reJimebi. 
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Tema 8: ekonomikuri dinamikis maties gantoleba 
 

ganvixiloT wonasworuli ekonomika. 
wonasworobis pirobebis mixedviT vadgenT wonasworobis 

gantolebas. 
X(t)=C(t)+I(t),                                                            (1) 

sadac, C(t) moxmarebaa, I(t) _investiciebi. 
samuelson-xiqsis aqseleraciis principze dayrdnobiT 

SeiZleba CavweroT investiciebis ganzogadebuli gantoleba 
( ) ( ) ( )tXttI &⋅= β ,                                                (2)  

sadac,  ( )tβ  aqseleraciis koeficientia. garda amisa, ( )tC  
moxmareba warmoadgens warmoebis moculobis funqcias, 
amasTan is damokidebulia moxmarebis mTel wina istoriaze, 
anu erovnuli Semosavlis moculobaze: 

( ) ( )[ ]∫=
t

dttXFtC
0

.                                            (3) 
(2)-is da (3)-is (1)-Si SetaniT miviRebT 

( ) ( ) ( ) ( )[ ]∫+⋅=
t

dttXFtXttX
0

&β .                                   (4) 
(4) gantolebis orive mxaris t-Ti diferencirebiT 

miviRebT 
( ) ( ) ( ) ( ) ( ) ( )[ ]tXFtXttXttX +⋅+⋅= &&&&& ββ .                          (5) 

anu vRebulobT dinamikis diferencialur gantolebas 
Semdegi saxiT: 

( ) ( ) ( )( ) ( ) ( )[ ] 01 =+−+⋅ tXFtXttXt &&&& ββ .                           (6) 
radgan, ( ) 0≠tβ , SeiZleba (6) gantoleba gavyoT ( )tβ -ze.  
miviRebT dinamikis gantolebas Semdegi saxiT: 

( ) ( )
( ) ( ) ( ) ( )[ ] 011

=⋅+⋅
−

+ txF
t

tX
t

ttX
ββ

β &
&

&& .                        (7) 

Tu (7)-Si SevarCevT ( )tβ  da ( )[ ]txF   
( )

( )[ ] ( ) ( )txtttxF
tt

⋅+=

=

2cos2 εω

β
   ;                                 (8) 

miviRebT ekonomikuri dinamikis maties gantolebas: 
( ) ( ) ( ) 02cos2 =++ txttX εω&&                                      (9) 

am gantolebis amosaxsnelad unda gadavweroT is 
normaluri saxiT, anu pirveli rigis ori gantolebis 
sistemis saxiT. amisaTvis SemovitanoT aRniSvnebi: 

( ) ( ) .      ; 010 XtXXtX ≡≡&                                  (10) 
maSin (9) Semdegnairad gadaiwereba: 

( )
( )⎪⎩

⎪
⎨
⎧

⋅+−=

=

0
2

1

10

)2cos( XttX

XtX

εω&

&
.                                 (11) 
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laboratoriuli samuSao № 8 
 

amocana: ganvixiloT ekonomikuri dinamikis maties 
gantoleba Semdegi sawyisi pirobebiT:  

( )
( )⎩

⎨
⎧

=
=

10
10

1

0

X
X                                                       (12) 

da monacemebiT 3.0;5.0 == εω . SeviswavloT ekonomikuri di-
namika ω -sa da ε -is sxvadasxva mniSvnelobebisaTvis. 

avagoT )(0 tX  damokidebulebis grafiki parametrebis sxva-

dasxva mniSvnelobebisaTvis da SeviswavloT fazuri 
portreti. 

 
amoxsna:  

programa  Mathcad-ze 
 
warmoebis moculobis dempfirebis koeficientis SeSfoTebis 
mcire amplituda.  

8.0:=ε  
SeSfoTebis sixSire 

ω 0.01:=  
 
warmoebis moculobisa da misi cvlilebis siCqaris sawyisi 
miaxloebebi 

ic
1

1
⎛
⎜
⎝

⎞
⎟
⎠

:=
 

maties gantolebis marjvena nawilebis matrica  

D t X,( )

X1

X0− ω
2

ε cos 2 t⋅( )⋅+( )⋅ 1.1+

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

:=

 
Cveulebrivi diferencialur gantolebaTa sistemis runge-
kutas meTodiT amoxsnis operatori cvladi bijis 
gamoyenebiT 

S Rkadapt ic 0, 100, 500, D,( ):=  
warmoebis moculobis damokidebuleba droze da dinamikis 
suraTi fazur sibrtyeze warmodgenilia Semdeg naxazebze 
 

i 0 last S 0〈 〉( )..:=  
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programa  Matlab-ze 
funqcia faili: 
 
function dydt=f8(t,S) 
w=0.01;e=0.8; 
dydt=[S(2) 
       -S(1)*(w^2+e*cos(2*t))+1.1]; 
 
programa faili: 
t=[0 120]; 
y0=[1;1]; 
[t,S]=ode45(@f8,t,y0); 
subplot(2,1,1);plot(t,S(:,1));xlabel('t');ylabel('S(1)') 
subplot(2,1,2);plot(S(:,1),S(:,2));xlabel('S(1)');ylabel('S(2)') 
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Sedegebi: 
 

 
 
 

savarjiSo: 

 
SeiswavleT maties modeli ε   da ω  ganmsazRvreli 

parametrebis sxvadasxva mniSvnelobebisaTvis. 
SeiswavleT sawyisi pirobebis gavlena. 
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Tema 9: kurasaos ekonomikur-politikuri 
brZolis meTodi 

 
biologiaSi arasasurvel biologiur saxeobasTan 

brZolis sxvadasxva meTodebi arsebobs. erTi maTgani 
cnobilia “brZolis kurasaos meTodi”-s saxelwodebiT. misi 
arsi SemdeggomSi mdgomareobs: raRac arealze mcxovreb 
saxeobaTa populaciaSi, romlis ganadgurebac ganizraxes, 
regularulad SehyavT steriluri individi. es steriluri 
individebi ar monawileoben kvlavwarmoebis procesSi, 
magram sxva danarCenebTan erTad monawileoben 
Sidasaxeobriv brZolaSi, riTac amcireben populaciis 
bunebrivi zrdis siCqares. igive xdeba ekonomikasa da 
politikaSic.   

ganvixiloT Sesabamisi modeli.  
vTqvaT, N1(t) – normaluri individebis ricxvia, M(t) – 

siCqare, romliTac am populaciaSi SehyavT steriluri 
individebi, romelTa raodenoba N2(t)-s tolia. amocana 
mdgomareobs M(t)-s SeZlebisdagvarad im minimaluri siCqaris 
gansazRvraSi, romlis drosac N1 populacia qreba. 
ganvixiloT kurasaos meTodis Semdegi dinamikuri modeli: 

⎪
⎪
⎩

⎪⎪
⎨

⎧

+−=

+−=

)(
)(
)(

)(

21
22

2

21
1

1

hNgNm
tN
tM

dtN
dN

hNgNma
dtN

dN

                            (1) 

sadac, m _ populaciis mgrZnobiarobis koeficientia sakve-
bis ukmarisobaze, a–Warbi sakvebis pirobebSi populaciis 
raodenobis bunebrivi zrdis koeficienti, g da h, ki dadebiTi 
konstantebi (populaciis gaumaZRrobis koeficienti). 

davuSvaT, rom steriluri individebi SehyavT 
populaciis N2(t) moculobis proporciulad, e.i. 

( ) )(2 tNKtM ⋅=                                               (2) 
aseve Tu aviRebT Semdeg gaumaZRrobis koeficientebs 

g=h=1                                                        (3) 
(1) da (2)-dan miviRebT kurasaos models:   

( )[ ]
[ ]⎪⎩

⎪
⎨
⎧

+−=

+−=

)()( 2122

2111

NNmktNN

NNmaNN
&

&
                                 (4) 

gamoTvlebi gviCvenebs, rom: 
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a) Tu a>k , normaluri populacia ar kvdeba maSinac ki, 
roca N2(0) Zalian didia. ufro metic, am SemTxvevaSi ster-
iluri individebi adre Tu gvian kvdebian, 

b) Tu a<k, maSin normaluri populacia kvdeba, xolo 
steriluri individebis populacia izrdeba da misi 
raodenoba aRwevs Tavis maqsimalur N2=k/m mniSvnelobas. 
amis Semdeg sterilur individTa populaciac iwyebs 
kvdomas. 

kurasaos meTodis erT-erTi strategiaa: (2) 
damokidebulebis nacvlad misi maqsimaluri stabiluri, 
droSi ucvleli amonaxsnis gamoyeneba 

m
k

m
kKNKMM

2

max20 =⋅=⋅==                          (5) 

am SemTxvevaSi miRebulia, rom a da m parametrebi 
cnobilia, xolo k koeficientisaTvis sruldeba piroba k>a, 
ris Sedegadac normaluri populaciis raodenoba N1(t) → 0.                  

mecnierebaSi analogiur amocanas vawydebiT, magaliTad, 
romelime SemoqmedebiTi koleqtivis samecniero 
potencialis analizis dros, romlis Sevseba xdeba 
arakvalificirebuli kadrebiT. 

ekonomikuri analogiis saxiT gamodgeba uvargisi 
danadgarebis SeZena.  

analogiuri amocana SeiZleba avagoT raime sawarmoo 
jgufebis konkurenciis analizis dros, saqonlis axal 
saxeobaTa warmoebis aTvisebisas, rodesac, magaliTad, erT-
erTi mowinaaRmdege “Seityuebs” Tavis konkurents konstru-
qciuli damuSavebis analizis naklebad perspeqtiul gzaze, 
romelic miiyvans mas arakonkurentunariani produqciis 
Seqmnamde.  
 

laboratoriuli samuSao № 9 
 

amocana: SeiswavleT brZolis kurasaos meTodis 
maTematikuri modeli: 
 

[ ]
[ ]⎪⎩

⎪
⎨
⎧

+−=

+−=

)(

)(

2122

2111

NNmkNN

NNmaNN
&

&
, 

 
sawyisi pirobebiT: 

⎩
⎨
⎧

=
=

2000)0(
2000)0(

2

1

N
N , 
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rodesac                 
                                       a) m= 00001.0 ; a=9.9; k=10 (a<k); 
                                       b) m=0.01; a=10; k=9.9 (a>k). 
amoxsna:  
 

programa  Mathcad-ze 
 

dasaTrguni populaciis bunebrivi zrdis tempi  
a 9.9:=

  dasaTrguni da Setanili populaciebis sawyisi moculobebi
 

ic
2000

2000
⎛
⎜
⎝

⎞
⎟
⎠

:=
 

steriluri populaciis zrdis tempi 
k 10:=  

populaciis gaumaZRrobis maCvenebeli 
m 0.00001:=

 kurasaos modelis marjvena nawilebis matrica
 

 

D t X,( )
X0 a m X0 X1+( )⋅−⎡⎣ ⎤⎦⋅

X1 k m X0 X1+( )⋅−⎡⎣ ⎤⎦⋅

⎡⎢
⎢
⎣

⎤⎥
⎥
⎦

:=

 
 
Cveulebrivi diferencialuri gantolebaTa sistemis runge-
kutas meTodiT amoxsnis operatori cvladi bijiT 

S Rkadapt ic 0, 200, 300, D,( ):=  
populaciis dinamika drosTan damokidebulebaSi 

i 0 last S 0〈 〉( )..:=  
t S 0〈 〉

:=  
X0 S 1〈 〉

:=  

X1 S 2〈 〉
:=  

 

0 50 100 150 200
0

5000

1 .104

X0

X1

t
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programa  Matlab-ze 
funqcia faili: 
function dydt=f9(t,S) 
a=9.9;k=10;m=sqrt(0.00001); 
dydt=[S(1)*(a-m*(S(1)+S(2))) 
  S(2)*(k-m*(S(1)+S(2)))]; 
 
programa faili: 
t=[0 200]; 
y0=[2000;2000]; 
[t,S]=ode45(@f9,t,y0); 
plot(t,S(:,1),'r',t,S(:,2),':b');xlabel('t');ylabel('S(1);S(2)') 
 

 
 

savarjiSo 

 
SeiswavleT brZolis kurasaos maTematikuri modeli m, 

a, k parametrebis sxvadasxva mniSvnelobebis dros. ganixileT 
sawyisi pirobebis sxvadasxva variantebi. aageT Tqveni 
Sedegebis grafikebi da axseniT miRebuli Sedegebi. 
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Tema 10:  wrfivi daprogrameba 
 

praqtikis bevr dargSi wamoiWreba amonaxsnis 
optimizaciis Taviseburi amocanebi, romelTaTvisac 
damaxasiaTebelia Semdegi Tvisebebi:  

a) efeqturobis maCvenebeli L(x1, x2, ..., xn) warmoadgens 
amonaxsnis x1, x2, ..., xn  elementebis wrfiv funqcias; 

b) SesaZlo amonaxsnebze gavrcelebul SezRudvis 
pirobebs aqvs wrfivi gantolebebis an utolobebis saxe.   

aseT amocanebs wrfivi daprogramebis amocanebi ewodeba. 
ganvixiloT wrfivi daprogramebis konkretuli amocana. 

 
laboratoriuli samuSao № 10 

 
amocana: mecxoveleobis fermaSi Zroxebis kvebis ra-

cioni SeiZleba Sedges sami produqtisagan – Tiva, silosi, 
koncentratebi, romlebic Seicaven cilebs, kalciumsa da 
vitaminebs. ricxviTi monacemebi mocemulia cxrilSi: 

 
sakvebi nivTierebebi 

produqtebi cila 
(g/kg) 

kalciumi (g/kg) vitaminebi 

Tiva 5011 =α  1021 =α  231 =α  
silosi 7012 =α  622 =α  332 =α  
koncentrate
bi 

18013 =α  323 =α  133 =α  

  
cilisa da kalciumis moxmarebis dRe-Ramuri normebi 

erT sul Zroxaze gadaangariSebiT Seadgens aranakleb 2000g 
da 210g Sesabamisad. vitaminebis moxmareba mkacrad 
dozirebulia da unda Seadgendes 87mg-s dRe-RameSi. 

 SevadginoT yvelaze iafi racioni, Tu erTi kg Tivis 
Rirebuleba 150 rublia, silosisa – 200 rubli da 
koncentratisa – 600 rubli. 
 

amoxsna: movaxdinoT amocanis formalizacia anu 
SevadginoT Sesatyvisi maTematikuri modeli. 

vTqvaT, optimaluri raodenobaa: Tivisa _  X1 kg, 
silosisa _ X2 kg, koncentratisa _ X3 kg. maSin miznis 
funqcia (racionis Rirebuleba dRe-RameSi) iqneba: 

L(X1, X2, X3)=150·X1+200·X2+600·X3.                     (1) 
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amocanis pirobebSi saWiroa am funqciis minimizireba. 
movaxdinoT SezRudvaTa formalizeba: dRe-RameSi cilis 

raodenoba ≥2000g, kalciumisa ≥210g, xolo vitaminebi 
zustad =87mg: 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

>>>
=⋅+⋅+⋅

≥⋅+⋅+⋅
≥⋅+⋅+⋅

03,02,01
87312312

2103326110
20003180270150

XXX
XXX

XXX
XXX

                      (2) 

 
programa  Mathcad-ze 

 
miznis funqcia 

f x1 x2, x3,( ) 150 x1⋅ 200 x2⋅+ 600 x3⋅+:=  , 
cvladebis sawyisi miaxloebebi  

x1 1:=  
x2 1:=  
x3 1:= . 

amocanis amoxsnisa da SezRudvebis programuli bloki 
Mathcad-Si. 
 

Given 
 

x1 1≥  

x2 1≥  
x3 1≥  

50 x1⋅ 70 x2⋅+ 180 x3⋅+ 2000≥  
10 x1⋅ 6 x2⋅+ 3 x3⋅+ 210≥  
2 x1⋅ 3 x2⋅+ 1 x3⋅+ 87 
R:=minimize(f,x1,x2,x3) 

miznis funqciis minimumis wertili 

R

5.833

24.778

1

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

=

 miznis funqciis minimaluri mniSvneloba 
f R0 R1, R2,( ) 6430.556=  
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programa  Matlab-ze 
% miznis funqcia, 
f=[150;200;600] 
% monacemebi 
A=[-50,-70,-180;-10,-6,-3] 
b=[-2000;-210] 
Aeq=[2,3,1] 
beq=87 
ib=[1;1;1] 
% amocanis gadawyveta 
[R,fval]=linprog(f,A,b,Aeq,beq,ib) 
 
Sedegebi: 
f = 
   150 
   200 
   600 
A = 
   -50   -70  -180 
   -10    -6    -3 
b = 
       -2000 
        -210 
Aeq = 
     2     3     1 
beq = 
    87 
ib = 
     1 
     1 
     1 
Optimization terminated successfully. 
R = 
    5.8333 
   24.7778 
    1.0000 
fval =  6.4306e+003 
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savarjiSo: 

 
vTqvaT mcire sawarmos saamqrom unda daamzados sami 

tipis 100 nakeToba. TiToeuli nakeToba unda damzaddes 
aranakleb 20 calisa. nakeTobaze midis Sesabamisad 4, 3.4 da 
2 kg metali, roca misi saerTo maragi 340 kg-a, agreTve 
4.75,11 da 2 kg plastmasa 700 kg saerTo moculobiT. Ti-
Toeuli tipis Х1, Х2 da Х3 ramdeni nakeToba unda damzaddes, 
rom miviRoT gamoSvebis maqsimaluri moculoba fulad ga-
mosaxulebaSi, Tu nakeTobis fasebi kalkulaciis mixedviT 
Seadgens 4, 3 da 2 lars?  



 85

Tema 11: saarsebo minimumis dadgena mocemul qalaqSi,  
mocemul raionSi 

 
wrfivi daprogramebis amocanebs ganekuTvneba: amocana 

saarsebo minimumze, warmoebaze, agreTve satransporto 
amocana gadazidvebze, amocana mindvris savargulebis 
optimalur ganawilebaze da a.S.   

 amocana: ganvixiloT saarsebo minimumis dadgena. 
vTqvaT, gvaqvs kvebis n produqti (puri, xopci, rZe, 

kartofili, marili, Saqris fxvnili, …), romlebic Seicaven 
sasicocxlod aucilebel nivTierebebs (cximebs, cilebs, 
naxSirwylebs da vitaminebs). 

 cnobilia Semdegi parametrebi:  
 ija _ j-uri produqtis erTeulSi i-uri nivTierebis 

Semcveloba )0( ≥ija ; 
 ib _ i-uri nivTirebis minimaluri raodenoba, romelic 

unda moixmaros individma drois mocemul SualedSi (dRe-

RameSi, dReSi, TveSi, …);  
 jc _ j-uri produqtis erTeulis sabazro fasi  (cj>0). 
kvebis yvela racions (X1,X2,...,Xn) Soris, romlebic 

akmayofilebs individis minimalur moTxovnilebas 
sasargeblo nivTierebebze, unda amovirCioT SedarebiT iafi. 
Xj warmoadgens individis mier drois mocemul SualedSi 
moxmarebul j-uri produqtis raodenobas. garda amisa unda 
gaviTvaliswinoT, rom drois mocemul SualedSi individma 
unda miiRos kaloriebis mocemuli q raodenoba; 

t1_ i-uri produqtis erTeulSi kaloriebis Semcveloba. 
 
amoxsna: CamovayaliboT amocana saarsebo minimumis 

dadgenaze. 
miznis funqcia  (racionis Rirebuleba (X1,X2,X3,...Xn)) 

∑
=

→⋅=
n

j
jj XCXnXXL

1
min),...,2,1( .                    (1) 

SevadginoT SezRudvebi drois mocemul SualedSi 
cximebis, cilebis, naxSirwylebis da vitaminebis aucilebel 
raodenobebze: 

∑
=

≥⋅
n

j
ijij bXa

1
,                                         (2) 

sadac, mi ,1= , m aucilebeli nivTierebebis ricxvia. 



 86

 garda (2) SezRudvisa gvaqvs gantolebis saxiT moce-
muli SezRudva kaloriebis aucilebel moculobaze: 

∑
=

=⋅
n

i
ii qXt

1
.                                               (3) 

 (1)-(2)-(3) amocana warmoadgens, rogorc wrfivi 
daprogramebis amocanas. 

 vipovoT (X1,X2,...,Xn) optimaluri mniSvnelobebi, romel-
Ta dros miznis funqcia (1) miiRebs minimalur mniSvnelobas. 
amasTan, es mniSvnelobebi unda akmayofilebdes (2), (3) 
SezRudvebs. 
 

laboratoriuli samuSao № 11 
 

 amocana: davadginoT saarsebo minimumi raionSi, sadac 
kvebis ZiriTad produqtebs Seadgens: puri, kartofili, 
xorci. sabazro fasi purze – 0.5 l, kartofilze – 0.6 l, 
xorcze – 10 lari.   

 
amoxsna: 
miznis funqcia iqneba: 
L(X1,X2,X3)=0.5·X1+0.6·X2+10·X3→min. 
 bi _ cximebis, cilebis da vitaminebis aucilebeli 

raodenobis mniSvneloba, agreTve am nivTierebebis 
Semcveloba aij produqtebSi, kaloriebis aucilebeli q rao-
denoba, da mocemul produqtebSi  ti kaloriebis Semcveloba 
ganTavsebulia internetSi. 

magaliTisaTvis (aq ricxvebi aRebulia nebismierad), Tu  

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

90
80
100

b ;   
⎜
⎜
⎜

⎝

⎛
=

2.0
3.0
1.0

)( ija
1.0
4.0
2.0

 
⎟
⎟
⎟

⎠

⎞

5.0
2.0
1.0

; 15000=q ; 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

30
15
20

t , 

maSin miviRebT SezRudvebs: 
0.1·X1+0.2·X2+0.1·X3 ≥100; 
0.3·X1+0.4·X2+0.2·X3≥80; 
0.2·X1+0.1·X2+0.5·X3≥90; 
20·X1+15·X2+30·X3=15000. 
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programa  Mathcad-ze 
 
amocanis miznis funqcia 

f x1 x2, x3,( ) 0.5 x1⋅ 0.6 x2⋅+ 10 x3⋅+:= * 
 
amocanis cvladebis sawyisi miaxloebebi 

x1 1:=  
x2 1:=  
x3 1:=  

SezRudvebisa da amonaxsnis povnis programuli bloki 
Given  
x1 0≥  
x2 0≥  
x3 0≥  

0.1 x1⋅ 0.2 x2⋅+ 0.1 x3⋅+ 100≥  
0.3 x1⋅ 0.4 x2⋅+ 0.2 x3⋅+ 80≥  

20 x1⋅ 15 x2⋅+ 30 x3⋅+ 15000  
0.2 x1⋅ 0.1 x2⋅+ 0.5 x3⋅+ 90≥  

R Minimize f x1, x2, x3,( ):=  
 

amocanis minimumis wertili 

R

600

200

0

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

=

 
amocanis amonaxsni 

f(R0, R1, R2) = 420 
 

 
programa  Matlab-ze 

 
% miznis funqcia, 
f=[150;200;600] 
% monacemebi 
A=[-50,-70,-180;-10,-6,-3] 
b=[-2000;-210] 
Aeq=[2,3,1] 
beq=87 
ib=[1;1;1] 
% amocanis gadawyveta 
[R,fval]=linprog(f,A,b,Aeq,beq,ib) 
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Sedegebi: 
f = 
   150 
   200 
   600 
A = 
   -50   -70  -180 
   -10    -6    -3 
b = 
       -2000 
        -210 
Aeq = 
     2     3     1 
beq = 
    87 
ib = 
     1 
     1 
     1 
Optimization terminated successfully. 
R = 
    5.8333 
   24.7778 
    1.0000 
fval =  6.4306e+003 

 
qalaq Tbilisis isnis raionSi saarsebo minimumis 

dadgena wrfivi daprogramebis amocanis safuZvelze 
 
saarsebo minimumis gamosaTvlelad saWiroa 

gamovikvlioT kvebis is produqtebi, romlebzec sakvlev 
raionSi yvelaze didi moTxovnaa. 

isnis raionSi yvelaze didi moTxovna Semdeg 
produqtebzea: 

 puri 
 cxvris xorci 
 xaWo 
 kartofili 
 lobio 
 saqonlis xorci 
 brinji 
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cnobilia, rom sicocxlis SesanarCuneblad adamianma 
unda miiRos: cilebi, cximebi da naxSirwylebi, romlebsac 
Seicavs mis mier moxmarebuli kvebis produqtebi (monacemebi 
moyvanilia Semdeg cxrilSi): 

 

  naxSirwylebi cilebi cximebi 

1 puri a11=5.0 a21=7.9 a31=0.8 

2 cxvris xorci a12=16 a22=2.0 a32=0 

3 xaWo a13=2.8 a23=13.2 a33=20.0 

4 kartofili a14=16 a24=2.0 a34=0 

5 lobio a15=46 a25=21 a35=0 

6 
 
saqonlis 
xorci 

a16=0 а26=18.9 а36=12.4 

7 brinji a17=1.0 a27=71 a37=0 

 
 

 
dRe-Ramuri 
norma 

 
b1≤500 

 
b2≤90 

 
b3≤100 

 
                         

programa  Mathcad-ze 
 

L X( ) 0.40 X1⋅ 1.10 X2⋅+ 2.5 X3⋅+ 0.50 X4⋅+ 2 X5⋅+ 4 X6⋅+ 1 X7⋅+:=
 

X 1 1:=
 

X 2 1:=
 

X 3 1:=
 

X 4 1:=
 

X 5 1:=
 

X 6 1:=
 

X 7 1:=
 

Given  
 

X 1 0.500≥
 

X 2 0.500≥  
X 3 0.500≥  
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X 4 0.500≥  
X 5 0.500≥  
X 6 0.500≥  
X 7 0.500≥

 
 
3950 X1⋅ 500 X2⋅+ 13200X3⋅+ 2000 X4⋅+ 21000X5⋅+ 18900X6⋅+ 1000 X7⋅+ 90≥

 
 

400 X1⋅ 83500X2⋅+ 20000X3⋅+ 0 X4⋅+ 0 X5⋅+ 12400X6⋅+ 0 X7⋅+ 100≥
 

 
250000X1⋅ 1300X2⋅+ 2800X3⋅+ 16000X4⋅+ 46000X5⋅+ 0 X6⋅+ 71000X7⋅+ 500≥

 
 

255 X1⋅ 781 X2⋅+ 94 X3⋅+ 94 X4⋅+ 55 X5⋅+ 187 X6⋅+ 351 X7⋅+ 1200
 

 
R Minimize L X,( ):=  

 

R

0

0.5

0.873

0.5

0.5

0.5

0.5

0.5

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

 
 

L R( ) 6.161=  
 
 

programa  Matlab-ze 
 
% miznis funqcia 
f=[0.4,1.1,2.5,0.5,2,4,1]  
% monacemebi 
A=[-3950,-500,-13200,-2000,-21000,-18900,-1000;... 
        -400,-83500,-20000,0,0,-12400,0;... 
        -250000,-1300,-2800,-16000,-46000,0,-71000] 
b=[-90;-100;-500] 
Aeq=[255,781,94,94,55,187,351] 
beq=1200 
ib=[0.5,0.5,0.5,0.5,0.5,0.5,0.5] 
% amocanis gadawyveta 
 [R,fval]=linprog(f,A,b,Aeq,beq,ib) 
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Sedegebi: 
 
f = 
    0.4000    1.1000    2.5000    0.5000    2.0000    4.0000    1.0000 
A = 
       -3950        -500      -13200       -2000      -21000      -18900       -1000 
        -400      -83500      -20000           0           0      -12400           0 
     -250000       -1300       -2800      -16000      -46000           0      -71000 
b = 
   -90 
  -100 
  -500 
Aeq = 
   255   781    94    94    55   187   351 
beq = 
        1200 
ib = 
    0.5000    0.5000    0.5000    0.5000    0.5000    0.5000    0.5000 
R = 
    0.7354 
    0.7964 
    0.5000 
    0.5000 
    0.5000 
    0.5000 
    0.5000 
 
fval = 
    6.1702 

 saarsebo minimumi qalaq Tbilisis isnis raionisaTvis 
Seadgens 6.161 lars dReSi da 184.83 lars TveSi. 
 

savarjiSo: 

 
daadgineT saarsebo minimumi Tqvens raionSi, sadac 

kvebis ZiriTadi produqtebia: puri, kartofili, xorci,... 
SeniSvna: gamoiyeneT sabazro fasebi mocemul 

produqtebze. aucilebeli yvela informacia moipoveT 
internetSi da SeadgineT kvebis optimaluri racioni.  
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Tema 12: resursebis optimaluri ganawileba 

 
vTqvaT, mocemuli gvaqvs garkveuli resursebi (nedle-

uli, samuSao Zala, danadgarebi): 
R1, R2, ..., Rm                                                  (1) 

Sesabamisi raodenobebiT 
b1,b2,...,bm                                             (2) 

am resursebis gamoyenebiT SeiZleba vawarmooT saqoneli: 
T1,T2,...,Tn                                                       (3)                

 Tj saqonlis erTi erTeulis sawarmoeblad saWiroa iR   

resursis ija , ),1,,1( njmi == erTeuli. Ri resursis TiToeuli 

erTeuli Rirs di lari. Tj saqonlis TiToeuli erTeulis 

realizacia SesaZloa jC  nj ,1( = ) larad. 

 saqonlis TiToeuli saxeobis warmoebuli erTeulebis 
raodenoba Semofarglulia moTxovniT. cnobilia, rom 

bazari ver STanTqavs jT  ),1( nj =  saqonlis jK  erTeulze met 

raodenobas. 
 
 ismis kiTxva: romeli saqoneli da ra raodenobiT unda 

iqnes warmoebuli imisaTvis, rom moxdes maqsimaluri 
mogebis realizeba? 

 amoxsna: amocanis pirobebi CavweroT wrfivi 
daprogramebis maTematikuri modelis saxiT. 

 moTxovnis pirobebi awesebs SezRudvebs: 

ii KX ≤  ,  ni ,1=  .                                        (4) 
  garda amisa, resursebi moixmareba araumetes im 

raodenobisa, vidre gvaqvs sawyobSi; amitom Rebuloben 
SezRudvebs:  

),1(i       
1

____

∑
=

=≤
n

j
ijij mbxa .                                    (5) 

 SevadginoT mogebis miznis funqcia. Tj saxis saqonlis 
erTeuli raodenobis sj -TviTRirebuleba udris 

∑
=

=
m

i
iijj das

1
    ),1( nj = .                                   (6) 

 Tj saqonlis, erTi erTeulis realizebiT miRebuli 
sufTa qj mogeba tolia mis gasayid cjAfassa da sj TviTRire-
bulebas Soris sxvaobisa: 

 jjj scq −=  .                                                  (7) 
yvela saqonlis realizaciiT miRebuli saerTo sufTa 

mogeba iqneba: 
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∑ ∑ ∑
= = =

→⋅−==
n

j

n

j

m

i
jiijjjjn xdacxqxxxL

1 1 1
21 max)(),...,,( . 

 

laboratoriuli samuSao № 12 
  

 amocana: sarTavi fabrika narTis ori saxeobis sawar-
moeblad iyenebs sami tipis nedleuls – sufTa Sals, 
kaprons da akrils. 

 cxrilSi naCvenebia nedleulis xarjvis normebi, misi 
saerTo raodenoba, romelic fabrikam wlis ganmavlobaSi 
unda gamoiyenos da TiToeuli saxis narTis erTi tonis 
realizaciiT miRebuli mogeba.  
 

1t narTze nedleulis 
xarjvis normebi 

 
nedleulis 
tipi         saxeoba 1         saxeoba 2 

 
nedleulis 
raodenoba 
(t) 

Sali 5.011 =α   2.012 =α   6001 =b  

kaproni 1.021 =a    6.022 =a    6202 =b  

akrili 4.031 =a    2.032 =a     5003 =b  

1 t narTis 
realizaciiT 
miRebuli 
mogeba 

11001 =q  9002 =q   

 
SevadginoT mogebis maqsimizaciisaTvis narTis 

warmoebis wliuri gegma. 
 
amoxsna: CamovayaliboT amocana. vTqvaT,  х1 – pirveli 

saxis narTis raodenobaa da  х2 – meore saxis narTis raode-
noba. 

maSin SezRudvebs eqneba Semdegi saxe: 

⎪
⎩

⎪
⎨

⎧

≤⋅+⋅
≤⋅+⋅
≤⋅+⋅

50022.014.0
62026.011.0
60022.015.0

XX
XX
XX

 

miznis funqcias (sufTa mogebas) eqneba Semdegi saxe: 
max290011100)2,1( →⋅+⋅= XXXXL  
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programa  Mathcad-ze 
 
amocanis miznis funqcia 

f x1 x2,( ) 1100 x1⋅ 900 x2⋅+:=  
 

cvladebis sawyisi miaxloebebi 
x1 1:=  
x2 1:=  

 
amocanis amoxsnisa da SezRudvebis programuli bloki 

Given 
x1 0≥  
x2 0≥  

0.5 x1⋅ 0.2 x2⋅+ 600≤  
0.1 x1⋅ 0.6 x2⋅+ 620≤  
0.4 x1⋅ 024 x2⋅+ 500≤  
R Maximizef x1, x2,( ):=  

maqsimumis wertili 

R
1199.664

0.839
⎛
⎜
⎝

⎞
⎟
⎠

=
 

 
amocanis amonaxsni 

f(R0, R1) = 1320385.9 
 
 

programa  Matlab-ze 
% miznis funqcia 
f=[-1100;-900] 
% monacemebi  
A=[0.5,0.2;0.1,0.6;0.4,024] 
b=[600;620;500] 
Aeq=[]; 
beq=[]; 
ib=[0;0] 
% amocanis gadawyveta 
[R,fval1]=linprog(f,A,b,Aeq,beq,ib); 
fval=abs(fval1) 
 
Sedegebi: 
 
f = 
       -1100 
        -900 
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A = 
    0.5000    0.2000 
    0.1000    0.6000 
    0.4000   24.0000 
b = 
   600 
   620 
   500 
ib = 
     0 
     0 
Optimization terminated successfully. 
R = 
  1.0e+003 * 
    1.1997 
    0.0008 
fval = 
  1.3204e+006 
 

savarjiSo: 

 
sami saxeobis A, B da C nakeTobis sawarmoeblad 

gamoiyeneba Т1, Т2, Т3 tipis nedleuli. amasTan Т1 da Т3 
nedleulis Sesyidvebi SezRudulia momwodeblebis 
SesaZleblobebiT. cxrilSi mocemulia nedleulis xarjvis, 
nedleulsa da nakeTobaze fasebis normebi da nedleulis 
Sesyidvis SezRudvebi. 

erT nakeTobaze nedleulis 
xarjvis normebi (kg) 
 

nedle
ulis 
tipi 

1kg 
nedle
ulis 
fasi 
(lari) 

       A        B          C 

nedleulis 
SeZenis 
SezRudvebi 
(kg) 

    T1  d1=2 a11=1    a12=3 a13=a   b1=3000 
    T2  d2=1 a21=4    a22=1 a23=3        - 
    T3  d3=b a31=6    a32=5 a33=2   b3=3320 
erTi 
nakeTobis fasi 
(lari) 

c1=6b+1
2 

c2=5b+22 c3=c  
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gansazRvreT mogebis maqsimizaciis mizniT produqciis 
warmoebis optimaluri gegma. SeadgineT zogadi saxis maTe-
matikuri modeli. 

ganixileT (a,b,c) parametrebis mocemis sxvadasxva 
SemTxvevebi: 

 
       a         b       c 
       2         1      17 
       2         2      19 
       2         3      21 
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Tema 13: gadazidvebis satransporto amocana 
 

vTqvaT, raRac produqti (qvanaxSiri, aguri, benzini,…) 
inaxeba m sawyobSi da gamoiyeneba n punqtSi (qarxnebSi, 

mSeneblobaze, maRaziebSi, benzingasamarT sadgurebSi, …). 

ia  aris produqtis maragi i-ur sawyobSi )0( >ia ; jb  _ 
ganacxadebi saqonelze moxmarebis j-ur punqtSi; cij _ i-uri 
sawyobidan moxmarebis j-ur punqtSi erTeulovani 
raodenobis produqtis gadazidvis Rirebuleba, ,0>ijc  

mi ,1= , nj ,1= . 
amasTan iTvleba, rom amocana dabalansebulia, e.i. 

jamuri maragebi tolia jamuri moTxovnilebisa.  

∑ ∑
= =

=
m

i

n

j
ji ba

1 1
.                                                (1) 

unda avirCioT gadazidvebis iseTi strategia, rom 
srulad davakmayofiloT moTxovnilebebi, amasTan gada-
zidvebis jamuri xarjebi iyos minimaluri. 

amoxsna: vTqvaT, xij saqonlis raodenobaa, romelic 
gadaizideba i-uri punqtidan moxmarebis j-ur punqtSi, 
maSin miznis funqcias (gadazidvebis jamuri xarjebi) aqvs 
Semdegi saxe: 

∑∑
= =

→=
n

j

m

i
ijij xcL

1 1
min .                                       (2) 

garda amisa, unda davakmayofiloT yvela ganacxadi, e.i.  

    ∑
=

=
m

i
jij bx

1
, ),1( nj = .                                        (3) 

radgan gasaxarjia sawyobebis mTeli maragi, gveqneba: 

∑
=

=
n

j
iij aX

1
, ),1( mi = .                                       (4) 

cxadia, rom 
0≥ijX .                                                   (5) 

amrigad vRebulobT wrfivi daprogramebis (2)-(5) 
amocanas, romlis amoxsnac ukve viciT. 
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laboratoriuli samuSao № 13 
 

amocana: regionSi aris ori cementis qarxana da maTi 
produqciis momxmarebeli sami binaTmSeneblobis kombi-
nati. cxrilSi mocemulia cementis warmoebis dReRamuri 
moculobebi, kombinatebis dRe-Ramuri moTxovnilebebi da 
TiToeuli qarxnidan TiToeul kombinatamde erTi tona 
cementis gadazidvis Rirebuleba.   

SevdginoT cementis gadazidvebis optimaluri gegma 
satransporto xarjebis minimizaciis mizniT. 
 

 
1 t cementis gadazidvis 
Rirebuleba 

 
qarxnebi 

  
cementis warmoeba 
t/dR 

komb.1 komb. 2 komb. 3 
I qarxana          a1=40  c11=10   c12=15   c13=25 
II qarxana          a2=60  c21=20   c22=30   c23=30 
 cementis moxmareba 

t/dR 
 b1=50   b2=20   b3=30 

 
amoxsna: amocanis amosaxsnelad vadgenT maTematikur 

models. 

vTqvaT, ijX  -cementis raodenobaa ( )2,1=i  ori qarxnidan 

gadaziduli ( )3,1=j  sam binaTsamSeneblo kombinatSi. maSin, 
miznis funqcias aqvs Semdegi saxe: 

( ) ∑∑
= =

→⋅=
3

1

2

1
min

j i
ijij XCXL  

 gvaqvs Semdegi saxis SezRudvebi: 

∑
=

=
2

1i
jij bX ,  ( )3,1=j  

∑
=

=
3

1j
iij aX ,  ( )2,1=i  

0≥ijX . 
satransporto amocanis amosaxsnelad vadgenT progra-

mas  
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programa  Mathcad-ze 
 

indeqsacia iwyeba i=1-dan 
ORIGIN 1:=  

 
gadazidvis fasebi 

C
10

20

15

30

25

30
⎛
⎜
⎝

⎞
⎟
⎠

:=
 

 
or qarxanaSi cementis maragi 

A
40

60
⎛
⎜
⎝

⎞
⎟
⎠

:=
 

 
sami binaTsamSeneblo kombinatis moTxovnileba 

B

50

20

30

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

:=

 
 

gadazidvebis miznis funqcia 

L X( )

1

3

j 1

2

i

Ci j, Xi j,⋅∑
=

∑
=

:=

 
cvladebis sawyisi miaxlovebebi

 i 1 2..:=  
i 1 2..:=  
j 1 3..:=  
Xi j, 1:=  

SezRudvebisa da amocanis amoxsnis programuli bloki 
 

Given 

1

2

i

Xi 1,∑
=

B1
 

1

2

i

Xi 2,∑
=

B2
 

1

2

i

Xi 3,∑
=

B3
 

1

3

j

X1 j,∑
=

A1
 

1

3

j

X2 j,∑
=

A2
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X 0≥  
R Minimize L X,( ):=  

 
amocanis minimumis wertili 

R
20

30

20

0

0

30
⎛
⎜
⎝

⎞
⎟
⎠

=
 

 
gadazidvebis optimizebuli fasi 

L R( ) 2000=  
 

 
programa  Matlab-ze 

 
% miznis funqcia 
L=[10,15,25,20,30,30]; 
% monacemebi  
Aeq=[1,0,0,1,0,0;0,1,0,0,1,0;0,0,1,0,0,1;... 
        1,1,1,0,0,0;0,0,0,1,1,1]; 
beq=[50,20,30,40,60]; 
ib=[0,0,0,0,0,0]; 
% amocanis gadawyveta 
 [R,Lval]=linprog(L,[],[],Aeq,beq,ib) 
 
Sedegebi: 
>>optimaluri wertilis koordinatebi 
R = 
   20.0000 
   20.0000 
    0.0000 
   30.0000 
    0.0000 
   30.0000 
Lval =  2.0000e+003 
 

savarjiSo: 

 
SeadgineT gadazidvebis analogiuri amocana Tqveni 

raionisaTvis da ipoveT gadazidvebis optimaluri gegma. 
(TiToeul students unda hqondes sxvadasxva monacemebi da 
amocanis gansxvavebuli Sinaarsi). 
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Tema 14:  arawrfivi daprogramebis amocana 
 

arawrfivi daprogramebis amocanas aqvs Semdegi saxe: 
ipoveT minimumis (maqsimumis) wertili da minimaluri 

(maqsimaluri) mniSvneloba arawrfivi funqciisaTvis: 
),...,( 21 nxxxfz = ,                                               (1) 

SezRudvebisas, romlebic mocemulia tolobebis saxiT: 

0),...,,( 21 =ni xxxS , ki ,1=  ,                                       (2) 
da utolobebis saxiT 

0),...,,( 21 ≤Ψ nj xxx , mj ,1=  .                                     (3) 
 

laboratoriuli samuSao № 14 
 

amocana: vipovoT arawrfivi funqciis maqsimaluri mniSv-
neloba: 

2)1(16)2,1( 2 xxxxxf +−=  
Semdegi SezRudvebiT: 

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

≥
≥
≤

≤⋅+
≤⋅+
≤+

02
,01

42
242213

15221
242312

x
x
x

xx
xx
xx

 

amoxsna:  
 

programa  Mathcad-ze 
 
miznis funqcia 

f x1 x2,( ) 6 x1⋅ x2+ x12−:=  
 

amocanis cvladebis sawyisi miaxloebebi 
x1 1:=  
x2 1:=  

 
SezRudvebisa da amocanis amoxsnis programuli bloki 

Given 
x1 0≥  

4 x2≥ 0≥  
2 x1⋅ 3 x2⋅+ 24≤  

x1 2 x2⋅+ 15≤  
3 x1⋅ 2 x2⋅+ 24≤  
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R Maximizef x1, x2,( ):=  
 

maqsimumis wertili 

R
3

4
⎛
⎜
⎝

⎞
⎟
⎠

=
 

amocanis amonaxsni 
 

f R0 R1,( ) 13=  
 

programa  Matlab-ze 
 

% miznis funqcia 
H=[2,0;0,0]; 
f=[-6;-1]; 
% monacemebi  
A=[2,3;1,2;3,2]; 
B=[24;15;24]; 
lb=[1,1]; 
ub=[10,4];  
% amocanis gadawyveta 
[R,fval1]=quadprog(H,f,A,B,[],[],lb,ub); 
R 
fval=abs(fval1) 
 
Sedegebi: 
 
optimaluri wertilis koordinatebi  
R = 
     3 
     4 
 
fval =    13 
 
savarjiSo 
 

1. ipoveT arawrfivi funqciis maqsimaluri da 
minimaluri mniSvnelobebi 

    2
2

2
1 )4()3()( −+−= xxxf , 

          Semdegi SezRudvebiT: 

12418
810
723

21

21

21

≤+−
≤−
≥+

xx
xx
xx

; 
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01 ≥x   02 ≥x . 
pasuxi:  

;2

;
101
123

max2

min1

=

=

x

x    
;12

;
101
422

max2

min2

=

=

x

x      
65
101
324

max

min

=

=

f

f . 

2. ipoveT arawrfivi funqciis minimaluri mniSvneloba 
2
22

2
11 84)( xxxxxf +++= , 

Semdgi SezRudvebiT:     
18021 =+ xx , 

01 ≥x  02 ≥x . 
pasuxi:  

;91min1 =x  ;89min2 =x  17278min =f . 
3. ipoveT maqsimaluri mniSvneloba 

2
2

2
1

2
21 242)( xxxxxf −−+= , 

Tu 

⎪
⎩

⎪
⎨

⎧

≥≥
≤−
≤+

00
122
82

21

21

21

xx
xx
xx

; 

 
pasuxi: 

,1max2max1 == xx  3max =f . 
4.ipoveT  maxf , Tu 

⎪
⎩

⎪
⎨

⎧

≥≥
≤−
≤+

−−+=

00
122
82

242)(

21

21

21

2
2

2
121

xx
xx
xx

xxxxxf

; 

pasuxi:  
99957.2;96321.0;99528.0 maxmax2max1 === fxx . 

5.ipoveT  minf , Tu 

⎪
⎩

⎪
⎨

⎧

≥+−−
≥+−−

≥≥

−+−=

02054
02123

00
)3()1()(

21

2
2

2
1

21

2
2

4
1

xx
xx

xx
xxxf

; 

pasuxi: 
0;999763.2;9989.0 minmin2min1 === fxx . 

6. ipoveT minf , Tu 

05
)4()4()(

21

2
2

2
1

=−+
−+−=

xx
xxxf ; 
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pasuxi: 
.5.4;5.2;5.2 minmin2min1 === fxx  

7. ipoveT  minf , Tu 

000
05

04

0

)3()2()1()(

321

3

2
3

2
2

2
1

2
2

2
1

2
3

3111

≥≥≥
≥−

≥−++

≥−−

+−⋅−⋅−=

xxx
x

xxx

xxx

xxxxxf

; 

pasuxi: 
 0.2;011.2;001.0;01.2 minmin3min2min1 ==== fxxx . 
8. ipoveT  maxf , Tu 

0,0,0)7()7(18;)( 21
2

2
2

1
2
2

2
1 ≥≥≥−−−−−−= xxxxxxxf . 

 pasuxi: 
337.32;021.4;021.4 max2max1 −=== fxx .  
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Tema 15: gausis umcires kvadratTa meTodi aqciis fasebis 
prognozirebisaTvis. wrfivi regresia 

 
amocana: gausis umcires kvadratTa meTodi saSualebas 

iZleva eqsperimentalur wertilebs optimalurad 
mivuaxlovdeT, mocemuli klasis funqciebis meSveobiT. 
amasTan, Tu mocemuli funqciebis klasi warmoadgens wrfiv 
funqciaTa simravles bxay +⋅= , maSin amocanas ewodeba 
wrfivi regresiis amocana, xolo Tu mocemuli funqcia 
miekuTvneba arawrfiv funqciaTa klass, maSin gvaqvs 
arawrfivi regresiis amocana.  

ganvixiloT wrfivi funqciiT eqsperimentis SedegebTan 
miaxloebis amocana: bxay +⋅=   

 
X x1 x2 .. xn 
Y y1 y2 .. yn 

 
amoxsna: saxeldobr, im bxay +⋅=  funqciis sapovnelad, 

romelic sxvebze ukeTesad axdens eqsperimentuli 
wertilebis aproqsimirebas, yovel (xi, yi) wertilSi unda 
SevadginoT sxvaobebi (gadaxrebi). 

( ) iii ybaxr −+= ,                                              (1) 
sadac, baxi +  eqsperimentalur yi mniSvnelobasTan 

Teoriuli miaxloebaa x=xi  wertilSi. amrigad, ri 
warmoadgens x=xi wertilSi funqciis Teoriulsa da 
esqperimentul mniSvnelobebs Soris sxvaobis mniSvnelobas. 

unda Sedges (1) gadaxrebis kvadratTa jami, romelsac 

ewodeba ),(2
1 baG  gausis funqcia  [10] . 

∑ ∑
= =

−+==
n

i

n

i
iii ybaxrbaG

1 1

222
1 )(),(   .                           (2)  

movaxdinoT gausis ),(2
1 baG  funqciis minimizacia. 

minimumis wertili ( )minmin b,a  individualobas sZens swored im  

minmin bxay +⋅=                                             (3) 
wrfes, romelic yvelaze ukeTesad miuaxlovdeba 
eqsperimentalur (xi, yi) wertilebs erTobliobaSi. 

radgan gausis meTodSi saukeTeso miaxloebis 
kriteriums warmoadgens gadaxraTa kvadratebis jamis 
minimizacia, amitom am meTods umcires kvadratTa meTodi 
ewodeba.  

orucnobiani (2) funqciisaTvis eqstremumis aucilebeli  
pirobebi saSualebas gvaZlevs SevadginoT wrfiv gantole-
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baTa sistema, romelic gansazRvravs minimumis wertils 
),( minmin ba             

⎪
⎪
⎭

⎪
⎪
⎬

⎫

=−+⋅⋅=
∂

∂

=⋅−+⋅=
∂

∂

∑

∑

=

=

n

i
ii

n

i
iii

ybxa
b

G

xybax
a
G

1

2
1

1

2
1

0)(2

0)(2 

.                              (4) 

(4) sistema gadavweroT Semdegi saxiT: 

⎪
⎪
⎩

⎪⎪
⎨

⎧

=⋅+⋅

=⋅+⋅

∑ ∑

∑ ∑ ∑

= =

= = =

n

i

n

i
ii

n

i

n

i

n

i
iiii

ynbXa

yXXbXa

1 1

1 1 1

2

   ;                             (5) 

Semdeg, 

∑ ∑
∑

∑∑
= =

=

== ⎟
⎠

⎞
⎜
⎝

⎛
−⋅==

n

1i

2n

1i
i

2
in

1i
i

n

1i
i

n

1i

2
i

XXn
nX

XX
Δ ; 

∑ ∑∑
∑

∑∑
= ==

=

== ⎟
⎠

⎞
⎜
⎝

⎛
⎟
⎠

⎞
⎜
⎝

⎛
−⋅==

n

1i

n

1i
i

n

1i
iiin

1i
i

n

1i
i

n

1i
ii

a yXyXn
ny

XyX
Δ ; 

⎟
⎠

⎞
⎜
⎝

⎛
⎟
⎠

⎞
⎜
⎝

⎛
−⎟

⎠

⎞
⎜
⎝

⎛
== ∑∑∑∑

∑∑

∑∑
====

==

==
n

1i
ii

n

1i
i

n

1i
i

n

1i

2
in

1i
i

n

1i
i

n

1i
ii

n

1i

2
i

b yXXyX
yX

yXX
Δ ; 

aqedan miviRebT: 

⎪
⎪
⎩

⎪⎪
⎨

⎧

Δ
Δ

=

Δ
Δ

=

b

a

b

a

min

min

 

Semdeg, erT suraTze vagebT or grafiks: 
eqsperimentalur wertilebs da Teoriul optimalur wrfes. 

0 2 4 6 8 10 12 14
0

100
Y

f x( )

X x,

 

 eqsperimentaluri wertilebi da Teoriuli wrfe. 
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laboratoriuli samuSao № 15 
 

amocana: aqciis Y-fasis dinamika X-pirveli 10 Tvis 
manZilze mocemulia cxrilSi: 

 
X 1 2 3 4 5 6 7 8 9 10 11 12 

Y 100 80 90 110 20 90 85 100 80 90 ? ? 
 
SevadginoT fasis prognozi noembersa da dekemberSi.  
 
amoxsna:  

programa  Mathcad-ze 
    
indeqsacia iwyeba i=1-dan 

ORIGIN 1:=  
 

eqsperimentuli monacemebi 

X

1

2

3

4

5

6

7

8

9

10

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=

                                          

Y

100

80

90

110

120

90

85

100

80

90

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=  

 
monacemTa wrfivi warmodgenis koeficientebis moZebna 

b intercept X Y,( ):=  
a slope X Y,( ):=  
b 99.333=  
a 0.879−=  

amocanis eqsperimentuli monacemebis miaxlovebis Teoriuli 
funqcia 

f z( ) a z⋅ b+:=  
monacemTa miRebuli damokidebulebis prognozirebuli 
mniSvnelobebi 

f 11( ) 89.667=  
f 12( ) 88.788=  
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0 2 4 6 8 10 12 14
0

100
Y

f x( )

X x,

 

                                        
amovxsnaT igive amocana  Matlab-Si. amisaTvis SevqmnaT lab15.m 
faili da SevadginoT programa  Matlab-is enaze. 
 

programa  Matlab-ze 
 
X=[1,2,3,4,5,6,7,8,9,10] 
Y=[100,80,90,110,120,90,85,100,80,90] 
n=length(X) 
xx=[ones(n,1) X'] 
a=regress(Y',xx) 
z=[11,12] 
f=a(2)*z+a(1) 
f2=a(2)*X+a(1); 
plot(X,Y,'or',X,f2) 
 
Sedegebi: 
X = 
     1     2     3     4     5     6     7     8     9    10 
Y = 
   100    80    90   110   120    90    85   100    80    90 
n = 
    10 
xx = 
     1     1 
     1     2 
     1     3 
     1     4 
     1     5 
     1     6 
     1     7 
     1     8 
     1     9 
     1    10 
a = 
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   99.3333 
   -0.8788 
z = 
    11    12 
f = 
   89.6667   88.7879 
>> 
 

 
 
 
  

savarjiSo: 

 
SeiswavleT TqvenTvis cnobili msxvili sawarmoebis 

aqciebis kursi wina Tveebis ganmavlobaSi da SeadgineT 
aqciebis kursis prognozi momdevno sami TvisaTvis. Tqveni 
Sedegebi gamosaxeT grafikulad. 
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Tema 16: ganzogadebuli wrfivi regresia saqonlis fasis 
prognozisaTvis 

 
wrfivi regresiis miTodi, zogjer, uxeS miaxloebas 

iZleva aqciis kursis, saqonlis fasisa da erovnuli valu-
tis  kursis prognozirebisas. aseT SemTxvevebSi, xSirad 
iyeneben ganzogadebuli wrfivi regresiis meTods. am meTo-
dis arsi mdgomareobs imaSi, rom eqsperimentuli wer-
tilebis mocemul erTobliobas uaxlovdebian  

F(x, k1, k2,...,kn)=k1·F1(x)+k2·F2(x)+...+kn·Fn(x)                    (1) 
tipis funqciiT, anu F1(x), F2(x),..., Fn(n), funqciis wrfivi kom-
binaciiT, amasTan TviT es funqciebi SeiZleba iyos wrfivic, 
rac mkveTrad afarToebs aseTi aproqsimaciis SesaZle-
blobebs da ganavrcobs mas arawrfiv funqciebzec. 
  

laboratoriuli samuSao № 16 
 

amocana: cnobilia, rom 5 Tvis ganmavlobaSi VX 
saqonlis fasi icvleboda mocemuli cxrilis mixedviT: 

 
VX 1 2 3 4 5 6 7 8 
VY 15 12 9.4 16.2 26 ? ? ? 

  
SevadginoT momdevno sami TvisaTvis fasis prognozi. 
amoxsna: zogadi saxis wrfivi regresiis 

realizebisaTvis gamoiyeneba linfit(VX,VY,F) funqcia, romelic 
abrunebs  zogadi saxis wrfivi regresiis koeficientebis 
veqtors, romlis drosac (VX,VY) koordinatebis mqone 
sawyisi wertilebis  “Rrublis” miaxloebis saSualo 
kvadratuli gadaxra iqneba minimaluri. F veqtori unda 
Seicavdes F1(x),F2(x),...,Fn(x) funqciebs Cawerils simboluri 
saxiT. 
amocanis eqsperimentuli monacemebi 
 

programa  Mathcad-ze 
 

VX

1

2

3

4

5

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:=

                              

VY

15

12

9.4

16.2

26

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:=

 
miaxloebis funqciaTa matrica  
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F x( )

1
x

x2

ex

⎛⎜
⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟
⎟⎠

:=

 

gaSlis koeficientebis povnis programa 
i 0 4..:=  
K linfit VX VY, F,( ):=  

K

14.899

0.509

0.07

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

=

 
miaxloebis funqciis ageba 

g t( ) F t( ) K⋅:=  
r 1 1.25, 5..:=  

0 2 4 6 8
0

10

20

30

g r( )

VY

r VX,

 

funqcionaluri damokidebulebis prognozirebuli  
mniSvnelobebi 

g 6( ) 48.98=  
g 7( ) 103.651=  
g 8( ) 242.607=  
  

programa  Matlab-ze 
 
funqcia faili: 
function yhat=oblinreg(v,X); 
x=v(1);y=v(2);z=v(3); 
F1=1./X; 
F2=X.^2; 
F3=exp(X); 
yhat=x*F1+y*F2+z*F3; 
  
programa faili:       
v0=[2,1,1]; 
X=[1,2,3,4,5]; 



 112

Y=[15,12,9.4,16.2,26]; 
k=nlinfit(X,Y,@oblinreg,v0) 
% 
X1=1:0.1:5; 
F1=1./X1; 
F2=X1.^2; 
F3=exp(X1); 
ym=k(1)*F1+k(2)*F2+k(3)*F3; 
plot(X,Y,'*',X1,ym) 
% 
X2=[6,7,8]; 
F1=1./X2; 
F2=X2.^2; 
F3=exp(X2); 
yp=k(1)*F1+k(2)*F2+k(3)*F3 
 
Sedegebi: 
 

 
 
yp =   48.9796  103.6485  242.5997 
 

savarjiSo: 

 
aageT ganzogadebuli wrfivi regresiis meTodiT fasis 

dinamikis kanonTan miaxloeba: a) navTobisaTvis; b) 
gazisaTvis da g) eleqtroenergiisaTvis. gamoTvaleT fasTa 
prognozirebuli mniSvnelobebi uaxloesi sami TvisaTvis.  
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Tema 17: arawrfivi regresia aqciis 
kursis prognozisaTvis 

 
roca wrfivi regresia da ganzogadebuli wrfivi 

regresia Cveni prognozisaTvis uxeS Sedegebs iZleva, 
umjobesia mivmarToT zogadi saxis arawrfivi regresiis 
meTodebs.    

zogadi saxis arawrfiv regresiaSi igulisxmeba 
nebismieri F(x,k1,k2,...,kn) funqciis K parametrebis veqtoris 
povna, romlis drosac, uzrunvelyofilia sawyisi 
wertilebis “Rrublis” optimaluri miaxloeba.  
              
 

laboratoriuli samuSao № 17 
  

amocana: ruseTis gazpromis aqciebis kursi naxevari 
wlis manZilze icvleboda cxriliT mocemuli wesiT: 
 

VX 1 2 3 4 5 6 7 8 9 
VY 1.9 1.6 1.34 1.22 1.35 1.05 ? ? ? 

 
SevadginoT aqciebis kursis prognozi momdevno sami 

TvisaTvis. 
 
amoxsna: zogadi saxis arawrfivi regresiis Casatare-

blad gamoiyeneba funqcia  
genfit (VX,VY,VS,F).                                       (1) 

igi abrunebs F funqciis K-parametrebis veqtors, romelic 
Tavis mxriv gvaZlevs sawyisi monacemebis  F(x,k1,k2,...,kn) 
funqciiT daaxloebis minimalur saSualo kvadratul 
cdomilebas. 

F veqtori unda Seicavdes simbolur elementebs, amasTan 
isini unda Seicavdnen analizur gamosaxulebas sawyisi 
funqciisa da misi warmoebulebisaTvis yoveli parametris 
mixedviT, anu  
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⎟⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

F
dk
d

F
dk
d

F

kxF

n

...
),( 1                                            (2) 

 VS veqtori unda Seicavdes sawyis miaxloebebs K 
veqtorisaTvis, rac aucilebelia regresiis arawrfiv 
gantolebaTa sistemis iteraciuli meTodiT amosaxsnelad. 

 ganvixiloT zogadi saxis arawrfivi regresiis 
magaliTi Semdegi funqciis saSualebiT: 

baxbabaxF ⋅+⋅−⋅= )exp(),,(                                 (3) 
gamovTvaloT warmoebulebi yvela parametris mixedviT, anu  

bbxbaxF
da
d

+−→ )exp(),,(                                  (4) 

axbxabaxF
db
d

+⋅−⋅⋅−→ )exp(),,(                              (5) 

matriculi F(x,k) funqcia miiRebs saxes: 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

+⋅−⋅⋅−
+⋅−

⋅+⋅−⋅
=

121

22

2121

)exp(
)exp(

)exp(
),(

kxkxk
kxk

kkxkk
kxF                              (6) 

ganvixiloT prognozis konkretuli amocana. 
gazpromis aqciebis kursis cvlilebis kanonis 

aproqsimaciisaTvis visargebloT zogadi saxis arawrfivi 
regresiiT. miaxloebis funqciis sayrden klasad avirCioT 
(3) eqsponencialur funqciaTa simravle: 

21)2exp(1)2,1,( kkxkkkkxF ⋅+⋅−⋅=                        (7) 
maSin 

2)2exp()2,1,(
1

kxkkkxF
dk
d

+⋅−=                          (8) 

 
                   1)2exp(1)2,1,(

2
kxkxkkkxF

dk
d

+⋅−⋅⋅−=                     (9) 
  

programa  Mathcad-ze 
 

ORIGIN 1:=  
 

sawyisi monacemebi 
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VX

1

2

3

4

5

6

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=

                          

VY

1.9

1.607

1.34

1.22

1.35

1.05

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=

 
miaxloebis funqciisa da misi k koeficientebiT kerZo 
warmoebulebis matrica  

F x k,( )

k1 e
k2− x⋅

⋅ k1 k2⋅+

e
k2− x⋅

k2+

k1− x⋅ e
k2− x⋅

⋅ k1+

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:=

 

ucnobi

 

k koeficientebis sawyisi miaxloebebi 

VS
2

2
⎛
⎜
⎝

⎞
⎟
⎠

:=
 

amocanis amoxsnis operatori 
P genfit VX VY, VS, F,( ):=  

 
gaSlis saZiebeli koeficientebis mniSvnelobebi 

P
1.62

0.712
⎛
⎜
⎝

⎞
⎟
⎠

=
 

 
miaxloebis funqciis ageba 

G x( ) F x P,( )1:=  

0 2 4 6 8
0

2VY

G x( )

VX x,

 

 
napovni prognozirebuli mniSvnelobebi 

G 7( ) 1.164=  
G 8( ) 1.158=  

         G 9( ) 1.156=  
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programa  Matlab-ze 
funqcia faili: 
function yhat=nelinreg(v,X); 
x=v(1);y=v(2); 
yhat=x*exp(-y*X)+x*y; 
 
programa faili: 
v0=[1,1];  
X=[1,2,3,4,5,6]; 
Y=[1.9,1.607,1.34,1.22,1.35,1.05]; 
k=nlinfit(X,Y,@nelinreg,v0) 
% 
X1=0:0.1:8; 
ym=k(1)*exp(-k(2)*X1)+k(1)*k(2); 
plot(X,Y,'*',X1,ym) 
% prognozirebis funqcia: 
X2=[7,8,9]; ym=k(1)*exp(-k(2)*X2)+k(1)*k(2) 
 
Sedegebi: 
k = 
    1.6197 
    0.7118 
ym = 
    1.1640    1.1583    1.1555 
 

 

savarjiSo: 

 
1. РАО ЭС РФ-is aqciebis kursi naxevari wlis ganmavlo-

baSi icvleboda cxriliT mocemuli wesiT. 
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 VX   1    2    3    4   5   6   7   8  9 

 VY   2  1.9  1.7  1.8  1.3 1.25   ?   ?  ? 

SeadgineT aqciebis kursis prognozi momdevno sami 
TvisaTvis. 

 
2. SeiswavleT (internetis daxmarebiT) msoflios wamy-

vani korporaciebis aqciebis kursis dinamika da SeadgineT 
kursis prognozi uaxloesi sami TvisaTvis. 
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Tema 18: polinomialuri regresia 

 
 arawrfivi regresiis erT-erTi saxea polinomialuri 

regresia, romlis drosac aproqsimaciis funqciad irCeven 
mravalwevrTa simravles. 

 ganvixiloT konkretuli amocana. 
 

laboratoriuli samuSao #18 
 

 amocana: mocemulia surguTnavTobis aqciebis kursis 
dinamika: 

 

X 1 2 3 4 5 6 7 8 9 

Y 0.8 3.5 8 15 19 26 ? ? ? 
 

avagoT polinomi, romelic movcems saukeTeso 
miaxlovebas am monacemebTan da SevadginoT aqciebis kursis 
prognozi momdevno sami TvisaTvis. 

 
 amoxsna:  Mathcad-Si arsebobs funqcia polinomialuri 

regresiis uzrunvelsayofad, regresiis mravalwevris 
nebismieri xarisxis dros:  

VS:=regress (VX, VY, h)                                          (1) 
romelic gvaZlevs Semdegi funqciiT moTxovnil VS veqtors 

f(x):=interp (VS, VX, VY, x)                                   (2) 
da Seicavs iseTi n-uri xarisxis mravalwevris 
koeficientebs, romelic saukeTesod aaxlovebs VX da VY 
veqtorebiT mocemuli koordinatebis mqone wertilebis 
Rrubels (erTobliobas), xolo (2) operatori iZleva x 
wertilSi splainis mniSvnelobas sawyisi VX da VY-iT da 
splainis  VS koeficientebiT. 

SevadginoT data monacemTa matrica 

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

266
195
154
83
5.32
8.01

:data                         (3) 

vTqvaT polinomis xarisxi  
k:=3                                                       (4) 
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vadgenT sawyisi monacemebis VX da XY veqtorebs: 
VX:=data<0>   VY:=data<1>                                  (5) 

gamoviTvliT mesame xarisxis “saukeTeso” mravalwevris 
koeficientebs (k=3): 

VS:=regress (VX, VY, k)                                    (6) 
vagebT saukeTeso polinomialur miaxlovebebs: 

f(x):=interp(VS, VX, VY, x)                                 (7) 
vagebT Sedegebis grafikul interpretacias 

0 2 4 6 8 10
20

0

20

40

VY

f x( )

VX x,

 

polinomialuri regresiis interpretacia. 
 

ukve SesaZlebelia gamovTvaloT prognozirebuli 
mniSvnelobebi: 

f(7)=?         f(8)=?       f(9)=? 
 

programa Mathcad-ze 
 

amocanis monacemebi 

data

1

2

3

4

5

6

0.8

3.5

8

15

19

26

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=

 
miaxloebis polinomis xarisxi 

k 3:=  
monacemTa veqtorebis formireba matricis monacemebidan 

VX data 0〈 〉
:=  

VY data 1〈 〉
:=  

amocanis amoxsnis operatori 
VS regress VX VY, k,( ):=  
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VS

3

3

3

0.2−

0.391−

1.369

0.097−

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=
 

f x( ) interp VS VX, VY, x,( ):=  

0 2 4 6 8 10
20

0

20

40

VY

f x( )

VX x,

 

monacemTa prognozirebuli mniSvnelobebi 
f 7( ) 30.8=  

f 8( ) 34.514=  
f 9( ) 36.3=  

gaSlis koeficientebis povna 
coeffs submatrix VS 3, length VS( ) 1−, 0, 0,( ):=  
coeffsT 0.2− 0.391− 1.369 0.097−( )=  

a coeffs:=  

aproqsimaciis polinomi 

p x( )

0

3

i

a3 i− x3 i−
⋅∑

=

:=

 

0 2 4 6 8 10
20

0

20

40

p x( )

VY

x VX,

 

programa  Matlab-ze 
 

X=[1,2,3,4,5,6] 
Y=[0.8,3.5,8,15,19,26]  
n=length(X); 
p=polyfit(X,Y,3) 
f=polyval(p,X) 
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z=[7,8,9]; 
fpr=polyval(p,z) 
X1=[1,2,3,4,5,6,7,8,9]; 
f2=polyval(p,X1); 
plot(X,Y,'xr',X1,f2); grid on;  
xlabel('X'); ylabel('Y,f(x)');legend('Y','f(x)') 
 
Sedegebi: 
 
X = 
     1     2     3     4     5     6 
Y = 
    0.8000    3.5000    8.0000   15.0000   19.0000   26.0000 
p = 
   -0.0972    1.3690   -0.3909   -0.2000 
f = 
    0.6810    3.7167    8.3238   13.9190   19.9190   25.7405 
fpr= 
   30.8000   34.5143   36.3000 
 

 
 

savarjiSo: 

 
 polinomialuri regresiis meTodiT SeiswavleT 2005 

wlis pirvel naxevarSi energomatareblebze fasis dinamika 
qalaq TbilisSi da SeadgineT prognozi wlis meore 
naxevrisaTvis. Sedegebi SeadareT realurs. axseniT 
gansxvavebebi. 
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Tema 19: kvebis produqtebze erToblivi moTxovnis  
gansazRvra. mravlobiTi regresiuli analizi 

 
mravlobiTi regresiuli analizi warmoadgens orcv-

ladiani regresiuli analizis ganviTarebas, romelic im 
SemTxvevaSi gamoiyeneba, rodesac sistemis agregirebuli 
maxasiaTebeli dakavSirebulia erTze met damoukidebel 
ganmsazRvrel cvladTan.   

ganvixiloT kvebis produqtebze erToblivi moTxovnis 
gansazRvris magaliTi. mosaxleobis x Semosavlebisa da kve-
bis produqtebze p fasebis arsebuli monacemebidan gamomdi-
nare vipovoT kavSiri  

y=f(x,p),                                                     (1) 
sadac, y kvebis xarjebis saerTo sididea, f – funqciaa moce-
muli klasidan. magaliTisaTvis visargebloT polinomebiT, 
anu polinomialuri regresiiT mravalganzomilebiani Sem-
TxvevisTvis. mravlobiTi polinomialuri regresiis kerZo 
saxes warmoadgens mravalganzomilebiani wrfivi regresia, 
anu SemTxveva, roca monacemebs uaxlovdebiT formuliT:   

pxy ⋅+⋅+= 21 ββα .                                           (2) 
 mravlobiTi polinomialuri regresiis amocanis 

amosaxsnelad, mocemuli unda iqnas ricxvTa masivi, ro-
melic Seesabameba Y cvlads. vTqvaT 

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

450
400
380
400
360
350

:Y ;                                                       (3) 

SevqmnaT organzomilebiani MXP monacemTa masivi, Sesabamisi 
(x, p) wertilebisaTvis.  

 
 

                                                 (4) 
                                                          

 
 

 
 

 

MXP

400

400

400

400

400

400

2.5

3

3.5

3.4

3.35

3.4

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=
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laboratoriuli samuSao № 19 
 

amocana: mocemulia Y erToblivi moTxovna da Sesabamisi 
monacemTa MXP matrica, mosaxleobis X Semosavlebisa da 
kvebis produqtebze  P fasebis mixedviT. avagoT miaxloebis 
(2) mravalwevri, gavakeToT prognozi, SevafasoT aproqsima-
ciis cdomileba.  

 
amoxsna: gamoviyenoT regress(MXP,Y,n) operatori, sadac n – mi-
axloebis polinomis xarisxia. (2) formulisaTvis gvaqvs 
n:=1 

VS:=regress(MXP, Y, n),                                    (5) 
sadac, VS – (2) polinomis saukeTeso miaxloebis koeficien-
tebia. avagoT TviT miaxloebis polinomi (2), sadac X0:=X  da 
X1:=P 

f(x):=interp(VS, MXP, Y, X)                                (6) 

da bolos, SevadginoT prognozi ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

1

0

X
X

sxva mniSvnelobe-

bisTvisac. 
grafikuli interpretaciisaTvis moxerxebulia, Y erTo-

blivi moTxovnis aRniSvna  Z-iT da monacemTa matriculi 
saxiT Seyvana.  

          1:=n                  

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

450
400
380
400
360
350

:Z           

 
VS:=regress(MXP,Z,n)    f(x):=interp(VS,MXP,Z,x) 
 

prognozi : ?
40.3

450
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
f   (pas.: 426)   ?

00.4
500

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
f  (pas.: 488) 

X:=MXP<0>       P=MXP<1> 
              i:=0..5 
 

gamoTvlebis absoluturi cdomileba: i
i

i
i Z

P
X

fC −⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=Δ   ?=ΔC  

MXP

400

400

400

400

400

400

2.5

3

3.5

3.4

3.35

3.4

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=
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gamoTvlebis fardobiTi cdomileba: 100
450

: ⋅
Δ

=
Cν  ?=ν  

%10max ≈ν  

iX
i

i +=
=

400:1
100..0:

  jP
j

j ⋅+=
=

5.1250:1
100..0:

    ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

j

i
ji P

X
fM

1
1

:1 ,  

 
 

programa  Mathcad-ze 
 
kvebis produqtebze erToblivi moTxovnis monacemebi, kvebis 
xarjebi da Semosavlebis monacemebi 

Z

350

360

400

380

400

450

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=

                     

                             

 

X MXP 0〈 〉
:=  

P MXP 1〈 〉
:=  

koeficientebis moZebna 
n 1:=  

VS regress MXP Z, n,( ):=  

VS

3

3

1

0.439

67.167

0.001

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

 

miaxloebis funqciis ageba 
f X( ) interp VS MXP, Z, X,( ):=  

 
erToblivi moTxovnis mniSvnelobaTa prognozireba 

f
450

3.40
⎛
⎜
⎝

⎞
⎟
⎠

425.946=
 

f
500

4
⎛
⎜
⎝

⎞
⎟
⎠

488.199=
 

coeffs submatrix VS 3, length VS( ) 1−, 0, 0,( ):=  
 
 

 coeffsT=(0.439  67.167 0.001)    
a:=(coeffsT)<0> 

MXP

400

400

400

400

400

400

2.5

3

3.5

3.4

3.35

3.4

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=
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a=(0.439)
  

b:=(coeffsT)<1> 

b=(67.167)  
m:=(coeffsT)<2> 

m=(0.001)  
Z=m+α∗X+β∗ P  -   erToblivi moTxovnis funqciaa  

Z1 X P,( ) 0.001 0.439 X⋅+ 67.167 P⋅+:=  
i 0 5..:=  

absoluturi cdomileba 

Δci f
Xi

Pi

⎛
⎜
⎝

⎞
⎟
⎠

⎛
⎜
⎝

⎞
⎟
⎠

Zi−:=  

Δc

6.457

17.126

10.71

23.993

0.635

46.007

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

 
fardobiTi cdomileba 

ν
Δc
450

100⋅:=
 

 

ν

1.435

3.806

2.38

5.332

0.141

10.224

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=  

max ν( ) 10.224=  
 
gamoTvlebis fardobiTi cdomilebis grafiki 

0 2 4 6
0

5

10

15
CDOMILEBA

ν i

i
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programa  Matlab-ze 
 
Z=[350,360,400,380,400,450]; 
X1=[400,400,400,400,400,400]; 
X2=[2.50,3.00,3.50,3.40,3.35,3.40]; 
xx=[ones(6,1) X1' X2'] 
VS=xx\Z' 
x=[450,500]; 
p=[3.40,4.00]; 
Z1=VS(1)+VS(2)*x+VS(3)*p 
Z1=VS(1)+VS(2)*X1+VS(3)*X2; 
deltac=abs(Z1-Z) 
v=deltac/450*100 
max(v) 
plot(v,'r');title('cdomileba');xlabel(i) 
 
Sedegebi: 
 
xx = 
     1   400   2.50 
     1   400   3.00 
     1   400   3.50 
     1   400   3.40 
     1   400   3.35 
     1   400   3.40 
 
VS = 
         0 
    0.4391 
    67.1668 
Z1 = 
  425.9463  488.1997 
deltac = 
    6.4570   17.1264   10.7098   23.9931    0.6347   46.0069 
v = 
    1.4349    3.8059    2.3799    5.3318    0.1411   10.2238 
ans = 
   10.2238 
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savarjiSo: 

 
 mocemuli Y erToblivi moTxovniT da Sesabamisi 

monacemTa MXP matriciT, mosaxleobis X Semosavlebisa da 
kvebis produqtebze  P fasebis mixedviT aageT miaxloebis 
optimaluri mravalwevri:  

PXY ⋅+⋅+= 21 ββα  ,  
SeadgineT prognozi da aageT grafikuli interpretacia. 
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Tema 20: kob-duglasis sawarmoo funqcia 
 

 1927 wels ganaTlebiT ekonomistma pol duglasma 
aRmoaCina, rom Tu erTmaneTs SevuTavsebT (Y) gamoSvebis 
realuri moculobis, (K) kapitaluri danaxarjebis da (L) 
Sromis danaxarjebis maCveneblebis logariTmebis droze 
damokidebulebis  grafikebs, maSin daSorebebi gamoSvebis 
maCveneblebis wertilebidan Sromis danaxarjebis 
maCveneblebisa da kapitalis xarjebis grafikebis 
wertilebamde Seadgenen mudmiv proporcias. Semdeg, man 
TxovniT mimarTa maTematikos Carlz kobs, epova aseTi 
Taviseburebis mqone maTematikuri damokidebuleba. kobma 
SesTavaza Semdegi funqcia: 

αα −⋅⋅= 1LKAY                                                 (1) 
 xSirad ganixilaven kob-duglasis ganzogadebul 

formulas: 
βα LKAY ⋅⋅= ,                                                  (2) 

sadac, α  ,A  da β  koeficientebi ganisazRvreba arawrfivi 

mravlobiTi regresiis meTodiT, rodesac mocemulia Y 
monacemTa veqtori, K da L . 
 

laboratoriuli samuSao �#20 
 

 amocana: mocemulia warmoebis (Y) realuri moculobis, 
(K) realuri kapitaluri xarjebisa da (L) realuri Sromis 
xarjebis indeqsebi amerikaSi 1899 – 1922 wlebisaTvis. ipoveT 
(2) damokidebuleba, Tu gvaqvs Semdegi monacemebi (sa-
fuZvlad aRebulia 1899 wlis 100-is toli moculoba) 

weli Y K L  weli Y K L 
1899 100 100 100  1911 153 216 145 
1900 101 107 105  1912 177 226 152 
1901 112 114 110  1913 184 236 154 
1902 122 122 118  1914 169 244 149 
1903 124 131 123  1915 189 266 154 
1904 122 138 116  1916 225 298 182 
1905 143 149 125  1917 227 335 196 
1906 152 163 133  1918 223 336 200 
1907 151 176 138  1919 218 387 193 
1908 126 185 121  1920 231 407 193 
1909 155 198 140  1921 179 417 147 
1910 159 208 144  1922 240 431 161 
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amoxsna: kob-duglasis Tanadobis parametrebis mosaZeb-
nad gavalogariTmoT (2) damokidebuleba: 

LKAY lnlnlnln ⋅+⋅+= βα  .                                  (3) 
Tu SevitanT aRniSvnebs: 

yY ≡ln ;  mA ≡ln ;  XK ≡ln ; PL ≡ln                            (4) 
miviRebT damokidebulebas 

Pxmy ⋅+⋅+= βα                                           (5) 
anu, pirveli xarisxis polinomis saxiT mocemul 

damokidebulebas, sadac ,m  α  da β  unda ganvsazRvroT 
mravlobiTi polinomialuri regresiis meTodiT da Semdeg 
(4) formulis gamoyenebiT ganvsazRvroT saZiebeli A  
parametric, rogorc  

meA =                                                        (6) 
 

programa  Mathcad-ze 
 

Y

100

101

112

122

124

122

143

152

151

126

155

159

153

177

184

169

189

225

227

223

218

231

179

240

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:= K

100

107

114

122

131

138

149

163

176

185

198

208

216

226

236

244

266

298

335

366

387

407

417

431

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:= L

100

105

110

118

123

116

125

133

138

121

140

144

145

152

154

149

154

182

196

200

193

193

147

161

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=

 
i 0 23..:=  
Y1i ln Yi( ):=  
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K1i ln Ki( ):=  
L1i ln Li( ):=  

MXP 0〈 〉
K1:=  

MXP 1〈 〉
L1:=  

n 1:=  
VS regress MXP Y1, n,( ):=  

VS

3

3

1

0.233

0.807

0.177−

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=  

f X( ) interp VS MXP, Y1, X,( ):=  
coeffs submatrix VS 3, length VS( ) 1−, 0, 0,( ):=  

kob-duglasis sawarmoo funqciis logariTmuli gaSlis 

koeficientebi lnY=lnA+αlnK+βlnL; 
 

coeffsT 0.233 0.807 0.177−( )=  
α coeffsT( ) 0〈 〉

:=  
a=0.233  

β coeffsT( ) 1〈 〉
:=  

b=0.807 

                                                                  A e coeffsT( ) 2〈 〉

:=  
A=0.838 

 
sawarmoo funqciis prognozirebuli mniSvnelobebi 

f
420

330
⎛
⎜
⎝

⎞
⎟
⎠

⎛
⎜
⎝

⎞
⎟
⎠

364.107=  

f
400

300
⎛
⎜
⎝

⎞
⎟
⎠

⎛
⎜
⎝

⎞
⎟
⎠

335.228=
 

 
programa  Matlab-ze 

 
Y=[100,101,112,122,124,122,143,152,151,126,155,159,153,177,... 
184,169,189,225,227,223,218,231,179,240];  
K=[100,107,114,122,131,138,149,163,176,185,198,208,... 
216,226,236,244,266,298,335,366,387,407,417,431]; 
L=[100,105,110,118,123,116,125,133,138,121,140,144,... 
145,152,154,149,154,182,196,200,193,193,147,161]; 
Y1=log(Y); 
K1=log(K); 
L1=log(L); 
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n=length(Y); 
xx=[ones(n,1) K1' L1']; 
VS=regress(Y1',xx) 
A=exp(VS(1)) 
alfa=VS(2) 
beta=VS(3) 
% movaxdinoT prognozireba f(420,330)=f1 da f(400,300)=f2 
f1=A*420^VS(2)*330^VS(3) 
f2=A*400^VS(2)*300^VS(3) 
 
Sedegebi: 
 

VS = 
   -0.1773 
    0.2331 
    0.8073 
A = 
    0.8375 
alfa = 
    0.2331 
beta = 
    0.8073 
 
f1 = 
  369.3977 
f2= 
  338.1743 
P.S. produqciis gamoSvebis elastiuroba kapitalisa da 

Sromis mixedviT Sesabamisad α  da β -s tolia. 
 

 

savarjiSo: 

 
moiZieT (Y) warmoebis realuri moculobis, (K) realuri 

kapitaluri xarjebis da (L) Sromis realuri xarjebis 
indeqsebis cvlilebebi drois mixedviT saqarTvelosaTvis. 
ipoveT, aucilebeli monacemebi da gansazRvreT kob-
duglasis sawarmoo funqciis parametrebi. 



 132

nawili III. fundamentaluri ekonomikis ZiriTadi 
cnebebi 

 
Tema 21: mikroekonomikis ZiriTadi cnebebi. ganurCevlobis 

mrudebi. moxmarebisa da moTxovnis Teoria. 
 

piradi moTxovnilebebis dasakmayofileblad individebi 
moixmaren sxvadasxva dovlaTs. 

piradi moxmarebis modelirebisaTvis iyeneben 
ganurCevlobis mrudis cnebas.  

ganvixiloT magaliTi, vTqvaT, saojaxo meurneoba 
moixmars ori saxis dovlaTs (dovlaTi 1 da dovlaTi 2). 
davuSvaT, rom drois raRac periodis ganmavlobaSi pirveli 
dovlaTi moixmares Y1 , xolo meore dovlaTi _ Y2 
raodenobiT. organzomilebian (Y1,Y2) veqtors uwodeben 
moxmarebis gegmas. saojaxo meurneoba moxmarebis A=( AA YY 21 , ) 
veqtors adarebs, moxmarebis sxva ),( 21

BB YYB =  veqtors da 
akeTebs qvemoT CamoTvlilidan erT-erT daskvnas: 

a) A veqtors aqvs upiratesoba B veqtorTan; 
b) B veqtors aqvs upiratesoba  A veqtorTan; 
g) A da B veqtorebs Tanabari upiratesoba aqvT 

(momxmareblisTvis sulerTia romels airCevs,  A Tu B 
veqtors). 

gansazRvreba: moxmarebis gegmaTa simravle, romelic 
ganurCevlobis mdgomareobaSia gansaxilvel gegmasTan, 
sibrtyeze Seadgens wertilTa simravles, romelsac 
ganurCevlobis mrudi ewodeba.  

Tu  U=U(Y1,Y2)-iT aRvniSnavT funqcias, an sxvanairad, 
sargeblianobis indeqss, romelic SeiZleba miviRoT (Y1 ,Y2) 
veqtoriT mocemuli dovlaTis moxmarebiT, maSin ganurCev-
lobis mrudi warmoadgens (Y1 ,Y2) mniSvnelobaTa 
erTobliobas, romelTac mivyavarT sargeblianobis U 
indeqsis erTsa da imave mniSvnelobamde (e. i. ganurCevlobis 
mrudebi warmoadgenen sargeblianobis funqciis donis 
wirebs). 

ganurCevlobis mrudebi ganisazRvrebian sargeblianobis 
funqciis mixedviT. 

ganvixiloT sargeblianobis funqciis ramdenime tipi, 
romlebic xSirad gamoiyeneba ekonomikaSi: 

1. funqcia dovlaTTa sruli urTierTCanacvlebiT (mag. 
Saqris fxvnili da Saqari natexebSi;...) 
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2211 YYU αα += ;                                         (1) 
2. sargeblianobis neoklasikuri (kob-duglasis) funqcia:               

      1, 21210
21 ≤+×= ααα αα YYU ;               (2) 

3. sargeblianobis funqcia srulad urTierTSemavsebeli 
dovlaTebisaTvis (mag. karaqi da puri, mowuwniki (sosisi) da 
mdogvi)...: 

                     ,),min(
2

2

1

1 uUYYU =⇔=
αα

 sadac 
⎩
⎨
⎧

≥
≥

uY
uY

22

11

α
α ;  (3) 

4. Sereuli, Semavsebel-Camnacvlebeli tipis funqcia 
(mag. Cai da rZe): 

                    21 uuU += ,   sadac 
⎩
⎨
⎧

+≥
+≥

22122

21111

uuY
uuY

βα
βα .       (4) 

ganurCevlobis mrudis asagebad sargeblianobis 
funqciis erT-erTi argumenti unda gamovsaxoT sxva 
argumentiTa da sargeblianobis funqciis U mniSvnelobiT. 
magaliTad, (1) funqciisaTvis gveqneba: 

2

11
2 α

α YUY −
= .                          (5) 

mivaniWoT α1 da α2 koeficientebs mudmivi mniSvnelobebi 
da SevarCioT sargeblianobis funqciis U0 mniSvneloba, 
Semdgom mivaniWebT ra, sxvadasxva mniSvnelobebs Y1-s, (5)-dan 
miviRbT Y2-is Sesabamis mniSvnelobebs. miRebuli (Y1,Y2) 
wertilebis  sibrtyeze asaxviT ki, miviRebT ganurCevlobis 
mruds (nax. 1). 

miviRebT wrfeebs, amasTan rac 
ufro metia U0 miT ufro Sors gan-
Tavsdeba Sesabamisi ganurCevlobis mru-
di koordinatTa saTavidan. 

funqciebi sruli urTierTCanac-
vlebiT Tavs iCens maSin, rodesac Y1 da 
Y2 urTierTSemcvlelebia. magaliTad, 
Tu  Y1 Caia da Y2 yava.   

sargeblianobis (2) funqciisaTvis 
ganurCevlobis mrudis asagebad 
vpoulobT  Y2-s:                                    

                      
2

1

1

10
2

α

αα ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

Y
UY ;     (6)                 

(Y1,Y2) sibrtyeze α0, α1, α2 da U0-is dafiqsirebiT, miviRebT 
ganurCevlobis mruds (nax. 2).                                                                                   

Y2 

0 
nax.1
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rac ufro metia U0-is mniSvneloba, miT metad aris 
daSorebuli koordinatTa saTavidan ganurCevlobis mrudi. 

 
 sargeblianobis (6) funqciisaTvis 

ganurCevlobis mruds aqvs (nax. 2)-iT 
mocemuli saxe. 

 funqciebi sruli urTierTSemavse-
blebiT Tavs iCens maSin, roca Y1 da Y2 
erTad gamoiyeneba; magaliTad, Tu Y1 
Caia da Y2 Saqari (nax.3). 

 Sereuli tipis funqciisaTvis gvaqvs (nax.4)-iT 
mocemuli ganurCevlobis mrudebi. 
                                      
       
 

                 
                                                

 
 
 
 
 

 

 

zRvruli sargeblianoba da Canacvlebis zRvruli norma 

 
moxmarebis Teoriis ZiriTadi cnebebia zRvruli 

sargeblianoba da Canacvlebis zRvruli norma. vTqvaT, 
U=U(Y1,Y2) - sargeblianobis funqciaa. 

gansazRvreba: sargeblianobis funqciis i-uri cvladis 

mixedviT cvlilebis  
1Y

U
∂
∂  siCqares, i-uri dovlaTis zRvruli 

sargeblianoba ewodeba.  

 magaliTad: sargeblianobis U=α1Y1+α2Y2 funqciisaTvis 

Y1 dovlaTis zRvruli sargeblianobaa 1
1

α=
∂
∂

Y
U ; xolo Y2 

dovlaTis zRvruli sargeblianoba iqneba 2
2

α=
∂
∂
Y
U . (zRvruli 

sargeblianoba - marginal utility). 

0 
 

Y2 

nax. 2 

nax.3 
0 Y1 

Y2 

nax.4 
0 

Y2 

Y1 
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 kob-duglasis neoklasikuri tipis sargeblianobis 

funqciisaTvis 21
210

ααα YYU = , sadac α1+α2≤ 1. miviRebT, rom 

dovlaTis zRvruli sargeblianoba iqneba:  

.
1

11
1120

1

12

Y
UYY

Y
U ααα αα ==

∂
∂ −

 

 
 Y1 dovlaTis dY1 sididiT Semcirebisas sargeblianobis 

winandeli U donis SesanarCuneblad saWiroa, meore dov-
laTis moxmareba gavzardoT dY2 sididiT. 

 am cvlilebis amsaxvel fardobas uwodeben Canacv-
lebis zRvrul normas (marginal rate of substitution). 

 gansazRvreba: samomxmareblo dovlaTis Canacvlebis 
zRvruli norma  (MRS) ewodeba Semdegi gamosaxulebiT 
mocemul fardobas: 

constUdY
dY

MRS
=

−=
1

2  .                         (7) 

 Tu, gaviTvaliswinebT, rom A=(Y1,Y2) da B(Y1+dY1;Y2+dY2) 
wertilebi, ganurCevlobis erTsa da imave mrudze Zevs, (e.i. 
Seesabameba sargeblianobis funqciis erTi da igive dones), 
gveqneba: 

  U(Y1,Y2)=U(Y1+dY1;Y2+dY2)                            (8) 
e.i. dU=0 , rac niSnavs, rom 

02
2

1
1

=
∂
∂

+
∂
∂ dY

Y
UdY

Y
U                          (9) 

aqedan gamomdinareobs, rom 

constU
constU

Y
U
Y
U

dY
dYMRS

=
=

∂
∂
∂
∂

=−=

2

1

1

2             (10)                 

PP.S. maSasadame, Canacvlebis zRvruli norma gamoisaxeba 
dovlaTTa zRvruli sargeblianobebis fardobiT.  

 
moTxovnis funqcia 
 
TiToeuli pirovnebisaTvis damaxasiaTebeli 

moTxovnileba, sxvadasxva saxis dovlaTze, aisaxeba 
ganurCevlobis mrudis meSveobiT, xolo momxmareblis 
moTxovnis SezRudva moicema sabiujeto SezRudvebis 
pirobebiT. 
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 Tu, pirveli da meore dovlaTis sabazro fasebs aRv-
niSnavT P1 da P2-iT, xolo momxmareblis Semosavals (biu-
jets) B-Ti, maSin dovlaTis moxmarebis (Y1,Y2) gegmisaTvis 
sabiujeto SezRudvis utolobasa da biujetis wrfis gan-
tolebas mocemuli pirovnebisaTvis eqneba Semdegi saxe: 

P1Y1+P2Y2≤B                         (11) 
toloba (11)-Si, iZleva sabiujeto SezRudvis gantolebas. 

 ganvixiloT ganurCevlobis mrudebi da biujetis wrfe 
(nax. 5). 
 
 
 
                           
 
 
 
 

 
 
 

CavTvaloT, rom TiToeuli pirovneba biujetis 
SezRudvis farglebSi cdilobs Tavisi Semosavali ise 
gadaanawilos sxvadasxva samomxmareblo dovlaTs Soris, 
rom miaRwios sargeblis maqsimizacias: 

BYPYP
U

≤+
→

2211

max,
 .                                          (12) 

dovlaTis Sesabamisi mniSvnelobebis ( )∗
2

*
1 ,YY  erTobliobas 

moxmarebis optimaluri gegma ewodeba. is aRniSnavs 
biujetis wrfisa da ganurCevlobis mrudis Sexebis 
wertils. 

maSasadame, rodesac sabazro fasebi da pirovnebis 
Semosavali mocemulia, pirovnebis moxmarebis optimaluri 
gegma ganisazRvreba sargeblis maqsimizaciis principiT, 
biujetSi arsebuli SezRudvebisas. moxmarebis optimaluri 
gegma icvleba fasisa da Semosavlis (pirovnebis biujetis) 
mixedviT.   

( )
( )⎩

⎨
⎧

=
=

,,,
,,,

212
*

2

211
*

1

BPPY
BPPY

ϕ
ϕ              (13) 

am funqciebs uwodeben saojaxo meurneobis moTxovnis  
funqciebs. 

 

0 

U=U0

U=U1

U=U2 

sabiujeto wrfe

ganurCevlobis mrudebi

Y1 

Y2 

1∗ 

 

2∗ 

nax. 5 
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sargeblianobis funqciis Tvisebebi 

sargeblianobis U=U(Y1,Y2) funqciis arsidan gamomdinare 
sargeblianobis funqcias aqvs Semdegi zogadi (e.i. funqciis 
tipisgan damoukideblad) Tvisebebi: 

1) Tu Y2=const., maSin Y1–is zrdasTan erTad 
sargeblianobis funqciac izrdeba; aseve, Tu Y1=const da  Y2 
izrdeba, maSin sargeblianobis funqciac izrdeba, 
sxvagvarad 

00
21

>
∂
∂

∧>
∂
∂

Y
U

Y
U .             (14) 

 e.i. produqtebis zRvruli sargeblianoba dadebiTia. 
2) TiToeuli produqtis zRvruli sargeblianoba 

klebulobs, Tu misi moxmarebis moculoba izrdeba. 

0
Y
U0

Y
U

2
2

2

2
1

2

<
∂
∂

∧<
∂
∂ .              (15) 

am Tvisebas uwodeben zRvruli sargeblianobis klebis 
kanons. es Tviseba imas niSnavs, rom saqonlis TiToeul 
saxeobaze moxmareba SezRudulia moTxovniT.  

3) dovlaTis TiToeuli saxeobis zRvruli 
sargeblianoba izrdeba, Tu izrdeba dovlaTis sxva 
saxeobis raodenoba. am SemTxvevaSi saqoneli, romlis 
raodenoba fiqsirebulia, SedarebiT deficituria. amitom 
misi yoveli damatebiTi erTeuli iZens met Rirebulebas da 
SeiZleba ufro efeqturad iqnes gamoyenebuli. Tviseba 
marTebulia, dovlaTis mxolod im Y1 da Y2 saxeobebisaTvis, 
romlebic erTmaneTs srulad ver Caanacvleben. igi 
analizurad Semdegnairad gamoisaxeba: 

0
21

2

>
∂∂

∂
YY

U .                             (16) 

 zemoTmoyvanili Tvisebebi gviCvenebs, rom (10)-is 
gamoyenebiT SegviZlia miviRoT utoloba: 
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0

2

1

1

2 <

∂
∂
∂
∂

−=

Y
U
Y
U

dY
dY ;       (17) 

rac niSnavs, rom Y1-is zrdasTan Y2 mcirdeba. 
 gamovTvaloT meore rigis warmoebuli 

,2

2

121

2

2
2

1

2

1

2

1
2

1

2
2

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

⋅
∂∂

∂
−

∂
∂

⋅
∂
∂

−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

Y
U

Y
U

YY
U

Y
U

Y
U

dY
dY

dY
d

dY
Yd                  (18) 

samive Tvisebidan gamomdinare vRebulobT, rom  

,02
1

2
2

>
dY

Yd                  (19) 

e.i. Y2=f(Y1) funqciis grafiki Cazneqilia, anu aqvs 
ganurCevlobis mrudis grafikze (nax.5), gamosaxuli forma. 

 
 ganvixiloT konkretuli amocana momxmareblis 

arCevanze.  
 amocana: vTqvaT gvaqvs Semdegi saxis sargeblianobis 

funqcia:  

21 YYU ⋅= ,                (20)  
cnobilia Y1 da Y2 produqtebis Sesabamisi P1 da P2 fasebi. 
gvaqvs sabiujeto SezRudva 

,2211 BYPYP ≤+⋅                           (21) 
 am pirobebSi ipoveT optimaluri gegma, e.i. Y1 da Y2 

produqtebis is raodenoba, romlis drosac sargeblianobis 
U funqcia maqsimaluria. 

 amoxsna: cxadia, rom (21) piroba optimalur wertilSi 
iZens tolobis niSans, amitom gvaqvs amocana: 

⎩
⎨
⎧

=⋅+⋅
→⋅=

BYPYP
YYU

2211

21 max  ;                 (22) 

SevadginoT lagranJis funqcia: 

( )BYPYPYYL −⋅+⋅+⋅= 221121 λ ;                   (23) 
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eqstremumis aucilebel pirobebs Semdegi saxe aqvs:  

0

0

0

2211

21
2

12
1

=−+=
∂
∂

=+=
∂
∂

=+=
∂
∂

BYPYP
Y
L

PY
Y
L

PY
Y
L

λ

λ

; e. i.    

,

,

,

2211

21

12

BYPYP

PY

PY

=+

−=

−=

λ

λ

          (24) 

saidanac vRebulobT: 

⎪⎩

⎪
⎨

⎧

=+⋅

=

BYPYP
P
P

Y
Y

2211

2

2

1

2

.                          (25) 

pirveli piroba niSnavs, rom orive produqtze 
daxarjuli fulis raodenoba unda iyos erTnairi  

(P1⋅Y1=P2⋅Y2). maSin (25)-is meore gantolebidan vpoulobT 
moTxovnis funqciebs: 

;
2 1

1 P
BY =                        (26) 

.
2 2

2 P
BY =                        (27) 

amrigad, TiToeul produqtze gaweuli xarji Seadgens 
momxmareblis saerTo Semosavlis naxevars (es 
dakavSirebulia sargeblianobis funqciis Y1 da Y2-is mimarT 
simetriulobasTan). 

 
momxmareblis arCevanis zogadi modeli 

 
 vTqvaT, gvaqvs sargeblianobis funqcia U=U(Y1,Y2,…,Yn), 

sadac Yi - i-uri dovlaTis raodenobaa, P=(P1,P2,…,Pn)-fasebis 
veqtori  da B- momxmareblis biujeti. 

 maSin, miviRebT momxmareblis arCevanis zogad amocanas: 

max,),...,,( 21 →nYYYU             (28) 

BYPYPYP nn ≤+++ K2211 ,     (29) 

,0>iY   ni ,1=  .            (30) 
CavweroT lagranJis funqcia (28)-(30) amocanisaTvis: 

( ) ( )BYPYPYPYYYUL nnn −⋅++⋅+⋅+= KK 221121 ,,, λ .           (31) 
eqstremumis arsebobis aucilebel pirobebs aqvT 

Semdegi saxe: 
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,0, , =+= iii PUL λ  i=
____
,1 n ;                          (32) 

BYPYPYP nn =⋅++⋅+⋅ K2211 ,               (33) 
saidanac gamomdinareobs, rom 

______

 ,

 , n1,j   ;n1,i    , ===
j

i

j

i

P
P

U
U .                            (34) 

ase rom, optimumis wertilSi nebismieri ori dovlaTis 
zRvruli sargeblianobis fardoba, udris maTi sabazro 
fasebis fardobas. 

P.S. cxadia, rom zogadad moTxovnis funqciis analizuri 
saxiT warmodgena SeuZlebelia Tu, ar SemovifarglebiT 
garkveuli saxis sargeblianobis funqciebiT. 
sargeblianobis funqciis asagebad gamoiyeneba regresiuli 
analizis meTodebi, Sesabamisi Tvisebebis gaTvaliswinebiT. 

amocana. amoxseniT momxmareblis arCevanis amocana da 
ipoveT moTxovnis funqcia, roca dovlaTze fasebia: P1=10; 
P2=2,  biujeti B=60, xolo sargeblianobis funqcias aqvs saxe: 

a) max;YU 21 →⋅= Y  
b) max;YU 3/2

2
2/1

1 →⋅= Y  
g) max;)3()1Y(U 4/3

2
4/1

1 →−⋅−= Y  
d) .min)7()5(3U 2

2
2

1 →−+−= YY  
gamosaxeT ganurCevlobis mrudebi da biujetis wrfe. 
 
 

laboratoriuli samuSao № 21 
 

amocana: mocemulia sargeblianobis funqcia: 
2/1

2
2/1

112 YYU ⋅=   
 saqonlis fasebia: 75.01 =P  5.02 =P  da biujeti 25=B . 
am pirobebSi, unda vipovoT optimaluri gegma; anu Y1-isa 

da Y2-is is mniSvnelobebi, romlis drosac sargeblianobis 
funqcia maqsimaluria. (amocana amoxseniT analizurad da 
kompiuteris meSveobiT, Sedegebi SeadareT erTmaneTs. aageT 
amocanis grafikuli interpretacia). 

 
amoxsna: 
SevadginoT sabiujeto SezRudva: 

BYPYP =+ 2211 , 
255.075.0 21 =+ YY . 

SevadginoT lagranJis funqcia: 
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)5.075.025(12),,( 21
2/1

2
2/1

121 YYYYYYL −−+⋅= λλ  
da Sesabamisi SezRudvebi: 

05.075.025

05.0
2
112

075.06

21

2/1
2

2/1
1

2

2/1
2

2/1
1

1

=−−=
∂
∂

=−⋅=
∂
∂

=−⋅=
∂
∂

−

−

YYL

YY
Y
L

YY
Y
L

λ

λ

λ

; 

mivceT sistemis saxe: 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=−−

=−⋅

=−⋅

−

−

05.075.025

05.0
2
112

075.06

21

2/1
2

2/1
1

2/1
2

2/1
1

YY

YY

YY

λ

λ

; 

⎪
⎪
⎩

⎪⎪
⎨

⎧

=−−

⋅
=

⋅
−

−

05.075.025
5.0
2
112

75.0
6

21

2/1
2

2/1
12/1

2
2/1

1

YY

YYYY
; 

( )
⎪⎩

⎪
⎨

⎧

=−−

⋅⎟
⎠
⎞

⎜
⎝
⎛ ⋅=⋅⋅ −−

05.075.025

75.0
2
1125.06

21

2/1
2

2/1
1

2/1
2

2/1
1

YY

YYYY ; 

⎩
⎨
⎧

=−−
⋅=⋅

05.075.025
75.065.06

21

2/1
1

2/1
1

2/1
2

2/1
2

YY
YYYY ; 

⎩
⎨
⎧

=−−
=

05.075.025
5.43

21

12

YY
YY ; 

⎩
⎨
⎧

=−−
=

05.075.025
5.1

21

12

YY
YY ; 

25
67.16

05.125
05.15.075.025

2

1

1

11

=
=

=−
=⋅−−

Y
Y

Y
YY

. 

 
programa  Mathcad-ze 

 
miznis funqciis Setana: 

U Y1 Y2,( ) 12Y1

1

2 Y2

1

2
⋅:=  

 
sawyisi monacemebis gansazRvra: 
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Y1 1:=

Y2 1:=  
SezRudvaTa sistema: 

Given

Y1 0≥

Y2 0≥

0.75 Y1⋅ 0.5 Y2⋅+ 25 
sargeblianobis funqciis maqsimumis Sesabamisi 
mniSvnelobebi: 

 
R MaximizeU Y1, Y2,( ):=  

R
16.667

25
⎛
⎜
⎝

⎞
⎟
⎠

=  

U R0 R1,( ) 244.949=
 

avagoT sabiujeto SezRudvis grafiki da ganurCevlobis 
mrudi erT sakoordinato sibrtyeze. amisaTvis Y2  
gamovsaxoT Y1-is saSualebiT, miviRebT funqcias: 

F y( )
25 0.75 y⋅−

0.5
:=

 
ganurCevlobis mrudis asagebad, movaxdinoT aseTive 
gamosaxva da SevitanoT Cvens mier gamoTvlili 
sargeblianobis funqciis mniSvneloba, miviRebT: 

G y( )
244.949

12 y

1

2
⋅

⎛⎜
⎜
⎜⎝

⎞⎟
⎟
⎟⎠

2
:=

 
avagoT grafiki: 

0 20 40
0

50

100

F y( )

G y( )

y

 

 miRebuli Sexebis wertili warmoadgens momxmareblis 
arCevanis Sesabamis wertils. 
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programa  Matlab-ze 
funqcia faili:   
function f=myfun(x) 
f=-12*x(1)^0.5*x(2)^0.5; 
programa faili: 
x0=[0;0]; 
Aeq=[0.75,0.5]; 
beq=25; 
[R,fval1]=fmincon(@myfun,x0,[],[],Aeq,beq); 
R 
fval=abs(fval1) 
% 
y=1:0.1:60; 
G=(fval./(12*y.^0.5)).^2; 
F=(25-0.75*y)/0.5; 
plot(y,G,y,F) 
xlabel('y') 
ylabel('F(y),G(y)') 
grid on 
 
Sedegebi: 
 
R = 
   16.6667 
   25.0000 
fval = 
  244.9490 
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savarjiSo: 

 
mocemulia sargeblianobis funqcia: 

2/1
2

2/1
1 YYU ⋅=   

 saqonlis fasebia: 75.01 =P  5.02 =P  da biujeti 29=B . 
am pirobebSi, unda vipovoT optimaluri gegma; anu Y1-isa 

da Y2-is is mniSvnelobebi, romlis drosac sargeblianobis 
funqcia maqsimaluria. (amocana amoxseniT analizurad da 
kompiuteris meSveobiT, Sedegebi SeadareT erTmaneTs. aageT 
amocanis grafikuli interpretacia) 
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Tema 22: r. stounis sargeblianobis funqcia da momxmareb-
lis arCevanis amocana 

 
stounis sargeblianobis funqcias aqvs Semdegi saxe: 

( ) ( ) ( ) ( ) max:::,,, 21
221121 →−−−= n

nnn aYaYaYYYYU ααα
KK   (1) 

sadac, ai i-uri dovlaTis aucilebeli minimaluri 
raodenobaa, romelic Seisyideba nebismier SemTxvevaSi da 

ar warmoadgens arCevanis sagans. imisaTvis, rom ai, ni ,1=  
dovlaTTa erToblioba, srulad iqnes SeZenili, 
aucilebelia, rom B biujeti iyos am dovlaTTa 
erTobliobis SesaZenad saWiro fulis raodenobaze meti.  
αi>0 xarisxis maCveneblebi axasiaTeben, momxmareblisaTvis 
dovlaTTa fardobiT Rirebulebas, anu axasiaTeben imas, Tu 
ramdenad metad sasurvelia esa, Tu is saxis dovlaTi 
momxmareblisaTvis. 
(1) miznis funqciaze sabiujeto SezRudvebis damatebiT  

BYPYPYP nn ≤⋅++⋅+⋅ K2211  
,ii aY ≥  ni ,1=       (2) 

miviRebT r. stounis models. 
r. stounis sargeblianobis funqciisaTvis, momxmareblis 

arCevanis amocanis amosaxsnelad, SevadginoT lagranJis 
funqcia: 

( ) ( )∏
=

−⋅++⋅+⋅+−=
n

i
nnii BYPYPYPaYL i

1
2211 Kλα   (3) 

eqstremumis aucilebeli pirobebi iZleva: 
( )

,0
,,, 21 =+

−
⋅

=
∂
∂

i
ii

ni

i

P
aY

YYYU
Y
L λ

α K  ni ,1=    (4) 

e.i. ,
i

i
ii P

U
aY

λ
α ⋅

−=           (5) 

aseve, gvaqvs piroba: 
BYPYPYP nn =⋅++⋅+⋅ K2211                 (6) 

gavamravloT (5)-Si yoveli i-uri gantoleba λPi-ze da 
SevajamoT i-s mimarT, maSin miviRebT: 

∑ ∑∑
= ==

−=⋅
n

i

n

i
iii

n

i
ii UaPaPY

1 11

λλ                       (7) 

 (6)-is gamoyenebiT (7)-dan vRebulobT: 

∑ ∑
= =

⋅−=⋅−⋅
n

i

n

i
iii UPaB

1 1
,αλλ                 (8) 

sxvagvarad: 
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,

1

1

∑

∑

=

=

−
=− n

i
i

n

i
ii PaB

U

αλ
     (9) 

(5)-Si (9)-is CasmiT gveqneba moTxovnis funqcia: 

____

1

1 n1,i    , =
⎟
⎠

⎞
⎜
⎝

⎛
−

+=

∑

∑

=

=
n

i
ii

n

i
iii

ii

P

aPB
aY

α

α
              (10) 

am funqciis interpretireba iolia. Tavdapirvelad 
gamoiyeneba yoveli ai dovlaTis minimalurad aucilebeli 
raodenoba, Semdeg gamoiTvleba fulis darCenili 
raodenoba, romelic gadanawildeba mocemuli saxis 

dovlaTis sasurvelobis αi mniSvnelobis (wonadobis) 
mixedviT proporciulad. fulis raodenobis Pi fasze 
gayofiT miviRebT minimumis garda damatebiT SesaZen i–uri 
dovlaTis raodenobas da davumatebT mas ai-s. 

 
 

laboratoriuli samuSao # 22 
 
amocana: sargeblianobis funqcias aqvs r. stounis saxe. 

ipoveT moTxovnis funqcia im SemTxvevaSi, roca 
momxmarebeli aucileblad moixmars TveSi a1=18 cal purs 
P1=0.5 laris RirebulebiT,  a2=4 kg kartofils P2=1.20 laris 
RirebulebiT, a3= 3kg xorcs P3=8 laris RirebulebiT, a4=2kg 
Tevzs P4=10 laris RirebulebiT da a5=10 cal kvercxs 
P5=0.25 laris RirebulebiT, Tu a1=5; a2=4; a3=2; a4=3; a5=1. 
momxmareblis biujeti TveSi 500 laria. amocana amoxseniT 
analizurad da kompiuteriT. Sedegebi SeadareT erTmaneTs. 

 
amoxsna: r. stounis sargeblianobis funqcias aqvs saxe: 
U(Y1,Y2,Y3,Y4,Y5)=(Y1-a1)a1(Y2-a2)a2(Y3-a3)a3(Y4-a4)a4(Y5-a5)a5 
sabiujeto SezRudvebs aqvT saxe: 
P1Y1+ P2Y2+ P3Y3+ P4Y4+ P5Y5§B 
Y1¥ a1  Y2¥ a2  Y3¥ a3  Y4¥ a4  Y5¥ a5 
amocanis analizuri amoxsnis Sedegad miviReT, rom 

moTxovnis funqcias aqvs saxe(10): 
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____

5

1

5

1 1,5i   , =
⎟
⎠

⎞
⎜
⎝

⎛
−

+=

∑

∑

=

=

i
ii

i
iii

ii

P

aPB
aY

α

α
. 

moTxovnis funqciis mniSvnelobebi gamoviTvaloT 
ornairad: momxmareblis arCevanis amocanis amonaxsnidan da 
analizuri amonaxsnidan. 

 
programa Mathcad-ze 

 
monacemebis Seyvana da amocanis ornairi  

amonaxsni 
amocanis amonaxsni, analizuri amonaxsnis bazaze 
 
     ORIGIN 1:=  
B 500:=  

a

18

4

3

2

10

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:= α

5

4

2

3

1

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:= P

0.5

1.2

8

10

0.25

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:= i 1 5..:= Y1i ai αi

B

1

5

i

Pi ai⋅∑
=

−
⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

Pi
1

5

i

αi∑
=

⋅

⋅+:=  

                                                                                                                                            

Y1

311.133

101.711

10.328

10.794

127.253

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

=

 
U Y1( ) 8.449 1026

×=

 

 
amocanis amonaxsni arawrfivi daprogramebis amocanis  

bazaze 

                                                         

 

U Y( )

1

5

i

Yi ai−( )α i∏
=

:=

 
Y a:=

 
 
Given  
Y a≥  
 

1

5

i

Pi Yi⋅∑
=

B≤  

R MaximizeU Y,( ):=  
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Sedegebi: 

R

311.56

101.589

10.327

10.792

127.099

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

=  

 

U R( ) 8.449 1026
×=  

 
 

 
programa  Matlab-ze 

 
% arawrfivi daprogramebis amocanis amoxsna monte-karlos 
%meTodiT 
a=[18, 4, 3, 2, 10]; 
alfa=[5 4 2 3 1]; 
P=[0.5 1.2 8 10 0.25]; 
B=500; 
b=[315,105,12,12,130]; 
y=[310,100,8,8,120]; 
% 
Umax=prod((y-a).^alfa); 
for j=1:10^7 
    r=rand(1,5); 
      y=a+(b-a).*r; 
      y1=sum(P.*y); 
      if y1<=B 
    U=prod((y-a).^alfa); 
    if U>=Umax 
        Umax=U; 
        ymax=y; 
    end 
end 
end 
Umax 
ymax 
 
Sedegebi: 
 
Umax = 
  8.3663e+026 
ymax = 
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  311.6736  102.1869   10.7863   10.6214  116.0728 
 
% arawrfivi daprogramebis amocanis amoxsna analizuri 
%meTodiT 
 
a=[18; 4; 3; 2; 10]; 
alfa=[5;4;2;3;1]; 
P=[0.5;1.2;8;10;0.25]; 
B=500; 
Y1=a+alfa*(B-sum(P.*a))./(P*sum(alfa)) 
Umax=prod((Y1-a).^alfa) 
Sedegebi: 
 

Y1 = 
 
  311.1333 
  101.7111 
   10.3283 
   10.7940 
  127.2533 
 
Umax = 
  8.4488e+026 
 
 
 

savarjiSo:  

 
sargeblianobis funqcias aqvs r. stounis saxe. ipoveT 

moTxovnis funqcia im SemTxvevaSi, roca momxmarebeli 
aucileblad moixmars TveSi a1=15 cal purs P1=0.5 laris 
RirebulebiT,  a2=5 kg kartofils P2=1.20 laris Rirebu-
lebiT, a3= 3kg xorcs P3=10 laris RirebulebiT, a4=2kg 
Tevzs P4=10 laris RirebulebiT da a5=10 cal kvercxs 
P5=0.25 laris RirebulebiT, Tu a1=5; a2=3; a3=2; a4=4; a5=1. 
momxmareblis biujeti TveSi 400 laria. amocana amoxseniT 
analizurad da kompiuteriT. Sedegebi SeadareT erTmaneTs. 
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Tema 23: funqciis elastiuroba 
 

ganvixiloT y=f(x) funqcionaluri damokidebuleba. damo-
ukidebeli x cvladis cvlilebas mivyavarT y funqciis 
mniSvnelobis cvlilebamde. ismis kiTxva: rogor gavzomoT 
damokidebuli y cvladis mgrZnobiaroba x-is cvlilebis 
mimarT?! am cvlilebis erT-erT maCvenebels warmoadgens 
funqciis warmoebulis cneba y′ , rac axasiaTebs y-is cvli-

lebis siswrafes x-is cvlilebisas. 
Tumca, ekonomikaSi warmoebulis cnebis gamoyeneba 

xSirad mouxerxebelia, vinaidan is damokidebulia sazomi 
erTeulis arCevaze. magaliTad, Tu ganvixilavT Saqarze 
moTxovnis y funqcias x=p fasze damokidebulebiT, vnaxavT, 
rom p fasis TiToeuli mniSvnelobis dros, warmoebulis 

ricxviTi mniSvneloba 
x
yy

∂
∂

=′  damokidebulia imaze, rom 

Saqarze moTxovna izomeba kilogramebSi Tu, centnerebSi. 
pirvel SemTxvevaSi warmoebuli izomeba kg/lari-Si, 
Sesabamisad, misi mniSvneloba fasis erTidaimave 
mniSvnelobis dros, moTxovnis sididis erTeulidan 
gamomdinare, iqneba sxvadasxva. amitom, ekonomikaSi funqciis 
cvlilebis mgrZnobiarobis gasazomad Seiswavlian х-isa da 
y-is ara absoluturi, aramed maTi fardobiTi an 
procentuli cvlilebebis kavSirs (maSin, roca fizikaSi am 
sirTules Tavs arideben erTeulTa saerTaSoriso SI 
sistemis SemotaniT).  

gansazRvreba: y=f(x) funqciis elastiuroba ewodeba х da 
y cvladebis fardobiTi cvlilebebis Sefardebis zRvars, 
roca argumentis nazrdi .0→Δx  

sxvagvarad, Tu  y=f(x) funqciis elastiurobas aRvniSnavT 
Ex(y)-iT, maSin  

 ( )
y
x

dx
dy

x
y

y
x

x
x

y
y

yE
xx

def

x ⋅=
Δ
Δ

⋅=
Δ

Δ

≡
→Δ→Δ

limlim
00

                      (1) 

gansazRvreba: f(x) funqciis saSualo mniSvneloba x 
wertilSi ewodeba fardobas f(x)/x. 

Tu, f(x) funqciis saSualo mniSvnelobas aRvniSnavT 
Af(x)-iT, gveqneba 

( ) ,
x
xfAf

def
≡       (2) 
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gansazRvreba: funqciis zRvruli mniSvneloba ewodeba 
funqciis )(xf ′  warmoebuls (aRniSvna Mf). 

amrigad, es ori gansazRvreba saSualebas gvaZlevs 
ganvmartoT f(x) funqciis elastiuroba, rogorc zRvruli 
mniSvnelobis Sefardeba saSualo mniSvnelobasTan, anu 

( ) ,
)(

x
xf
xf

Af
MffEx

′
==       (3) 

zogjer mosaxerxebelia elastiurobis warmodgena 
logariTmuli warmoebulis saxiT. 

( )
( ) ,
ln
ln

xd
ydEf =                    (4) 

gadavideT elastiurobis cnebis geometriul interpre-
taciaze. 

 
 
 
 
 
 

 
 
 
 
 
Cven ganvixilavT or SemTxvevas nax. 6, sadac ( )xf  

funqcia klebulobs da nax.7 – sadac ( )xf  funqcia izrdeba. 
gansazRvrebis Tanaxmad ( )xfy =  funqciis elastiuroba 

( )yxC ;  wertilSi moicema formuliT: ( ) ,
y
x

dx
dyyEx ⋅=  αtg

dx
dy

−=   

(nax. 6-is SemTxvevaSi)  da αtg
dx
dy

=  (nax. 7-is SemTxvevaSi) 

warmoebulis geometriuli Sinaarsis mixedviT, amrigad, 
erTmaneTis paralelurad ganvixilavT or SemTxvevas: a) nax. 
6 da b) nax. 7. 

cxadia, rom    

a) ( ) ;
y
xtgyEx ⋅−= α  

b) ( ) .
y
xtgyEx ⋅= α  

 
 

0 x 

y 

y 

xA 

α 

Y=f(x)

C

B 

nax. 6 

0
B

A
α

x x 

y

y

C 

nax. 7
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cxadia, rom Tu 
a) ;Oxx =  
    .Oyy =  
b) ;OAAxx +=  
    .Oyy =  
maSin miviRebT: 

a) ( ) ;
Oy
Ox

tgyEx α−=    
;sin

;cos

α

α

ACxCOy

BCyCOx

==

==
 

b) ( ) ;
Oy

OAAx
tgyEx

+
= α  

;cosαACAx =  ;cosαABOA =  .sinαACOy =  
 

rac saSualebas iZleva ( )xfy =  funqciis elastiuroba 
CavweroT Semdegi saxiT: 

a) ( ) ;
sin
cos

AC
BC

AC
BC

tgyEx −=⋅−=
α
α

α   

b) ( ) .
sin

coscos
AC
BC

AC
ABAC

tgyEx =
+

⋅=
α

αα
α  

amgvarad, ( )xfy =  funqciis elastiuroba tolia: 

( ) ,
AC
BC

yEx −=  

roca С wertilSi gamavali AB mxebis koordinatTa Rer-
ZebTan gadakveTis A da B wertilebi ganlagebulia С wer-
tilidan sxvadasxva mxares (nax. 6-is SemTxvevaSi); xolo Tu 
gadakveTis A da B wertilebi ganlagebulia С wertilis erT 
mxares (nax. 7-is SemTxvevaSi), maSin  

 ( ) .
AC
BC

yEx =   

ganvixiloT funqciis elastiurobis operatoris 
Tvisebebi: 

1) elastiuroba warmoadgens sidides, romlis 
mniSvneloba ar aris damokidebuli imaze, Tu ra 
erTeulebSi izomeba x da y sidideebi. e.i. 

( ) ( ),yEbyE xdx =                                                    (5) 
damtkiceba: 

( ) ( )
( ) ( ).yE

by
ax

dx
dy

a
b

by
ax

axd
bydybE xdx =⋅⋅=⋅=⋅   risi damtkicebac gvin-

doda. 
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2) urTierTSebrunebuli funqciebis elastiurobebi 
aseve urTierTSebrunebuli sidideebia: 

( ) ( ) .1
xE

yE
y

x =         (6) 

damtkiceba: 

( ) ( ) .11
xE

x
y

dy
dxy

x
dx
dyyE

y
x =

⋅
=⋅=   

3) erTidaigive х argumentze damokidebuli ori U(x) da 
V(x) funqciis namravlis elastiuroba tolia elastiuro-
baTa jamisa: 

( ) ( ) ( ).VEUEVUE xxx +=⋅     (7) 
damtkiceba: 

( ) ( ) ( ) ( )VEUE
V
x

dx
dV

U
x

dx
dUx

VU
UVVU

VU
x

dx
VUdVUE xxx +=⋅+⋅=⋅

⋅
⋅′+⋅′

=
⋅

⋅
⋅

=⋅  

 
4) erTidaigive х argumentze damokidebuli ori U(x) da 

V(x) funqciis Sefardebis elastiuroba tolia elasti-
urobaTa sxvaobisa: 

( ) ( )VEUE
V
UE xxx −=⎟

⎠
⎞

⎜
⎝
⎛     (8) 

damtkiceba: 

 ( ) ( )VEUE
V
x

dx
dV

U
x

dx
dU

U
xV

V
UVVU

V
U
x

dx
V
Ud

V
UE xxx −=⋅−⋅=⋅

⋅′−⋅′
=⋅

⎟
⎠
⎞

⎜
⎝
⎛

=⎟
⎠
⎞

⎜
⎝
⎛

2  

5) erTidaigive х argumentze damokidebuli ori U(x) da 
V(x)  funqciis jamis elastiuroba gamoiTvleba formuliT: 

( ) ( ) ( )
.

VU
VVEUUE

VUE xx
x +

+
=+     (9) 

damtkiceba: 

( ) ( ) ( ) =
+

⋅⋅+⋅⋅
=

+
⋅′+′=

+
⋅

∂
+∂

=+
VU

V
x

dx
dVV

U
x

dx
dUU

VU
xVU

VU
x

x
VUVUEx  

( ) ( )
.

VU
VEVUEU xx

+
⋅+⋅

=  

6) ( ) 1=xEx  
damtkiceba: 

( ) ,1=⋅=
x
x

dx
dxxEx  
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Sedegebi: 
 
a) ( )( ) ( );UnExUE x

n
x =  

b) xarisxovani nxy =  funqciis elastiuroba 
( ) ( ) ;nxnExE x

n
x ==  

g) maCvenebliani xay = funqciis elastiuroba  

( ) ;lnln ax
a
xaa

a
x

dx
daaE x

x
x

x
x

x =⋅=⋅=  

d) wrfivi baxy +=  funqciis elastiuroba 

( ) ( ) .
bax

ax
bax

x
dx

baxdbaxEx +
=

+
⋅

+
=+  

grafikulad ganvixiloT elastiurobis sididis 
cvlileba wrfivi baxY += funqciisaTvis (nax. 8). 

 
 
 
 
 
 
 
 

 
 
 

rogorc vxedavT, wrfivi funqciis elastiuroba 
damokidebulia wertilze, romelSic mas ganvixilavT, da 
misi sidide icvleba ∞− -dan (abscisaTa RerZTan gadakveTis 
wertilSi) nulovan mniSvnelobamde (ordinatTa RerZTan 
gadakveTis wertilSi). 

 
elastiurobis cnebis gamoyeneba ekonomikaSi 

 
vTqvaT, gvaqvs Y dovlaTze moTxovnis funqcia ( ),, BpfY =  

sadac  р – qonebis fasia, xolo В – momxmareblis biujeti. 
maSin, moTxovnis elastiuroba fasis mixedviT  

( )
Y
P

P
YYE p ⋅

∂
∂

=                       (10) 

gviCvenebs Y dovlaTze moTxovnis sididis procentul 
cvlilebas, roca am qonebis fasi 1%-iT icvleba.  

( )YE p  axasiaTebs momxmareblis mgrZnobiarobas produ-

qciaze fasis cvlilebis mimarT. Tu moTxovnis fasobrivi 

0

y ( ) 0=yEx  

( ) 1−=yEx ( ) −∞=+ baxEx

x

baxy +=a
b

−
a

b
2

−  
nax. 8 
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elastiuroba absoluturi sididiT metia 1-ze, maSin 
moTxovnas uwodeben elastiurs, Tu naklebia 1-ze, maSin 

moTxovnas uwodeben araelastiurs. xolo Tu ( ) ,1=YE p maSin 

amboben, rom moTxovnas aqvs erTeulovani elastiuroba. 

sidides                ( )
Y
B

B
YYEB ⋅

∂
∂

=             (11) 

uwodeben moTxovnis elastiurobas Semosavlebis mixedviT. 
es sidide axasiaTebs Y dovlaTze moTxovnis sididis 
procentul cvlilebas momxmareblis В Semosavlis erTi 
procentiT Secvlisas. 

moTxovnis dadebiTi elastiuroba Semosavlis mixedviT 
axasiaTebs dovlaTis xarisxian saqonels, xolo uaryofiTi 
elastiuroba – uxarisxo saqonels (romelsac yiduloben 
mxolod dabali fasisa da momxmareblis mcire В Semosav-
lis gamo). 

ase, rom meurneobis dargSi Semosavlis mixedviT, 
moTxovnis maRali dadebiTi elastiurobis koeficienti 

( )YEB  miuTiTebs imaze, rom misi wili ekonomikur zrdaSi 
metia, vidre wili ekonomikis struqturaSi. amitom, mas aqvs 
Sansi samomavlo zrdisa da ganviTarebisaTvis. piriqiT, Tu  

( ) ,1<YEB  maSin Y- saqonels moelis Cawola da warmoebis Sem-
cirebis perspeqtiva. 

iY -dovlaTze moTxovnis sididis Seswavlisas, roca sxva 

jY  - dovlaTze (moxmarebaSi misi Semcvleli an Semavsebeli) 

jp  fasi icvleba erTi procentiT, Semodis fasis mixedviT 

moTxovnis jvaredini elastiurobis cneba.  

( )
i

j

j

i

j

j

i

i

ipj Y
P

dP
dY

P
dP
Y
dY

YE ⋅==                        (12) 

Tu ( ) ⇒> 0ipj YE  i da j dovlaTi urTierTCamnacvleblebia. 

Tu  ⇒< 0pjE  dovlaTebi urTierTSemavsebelia. 

daskvnebi: 
1) moTxovnis funqciis, fasis mixedviT elastiuroba miT 
ufro maRalia, rac ufo maRalia dovlaTis 
Canacvlebisunarianoba; 
2) moTxovnis funqciis, fasis mixedviT elastiuroba miT 
ufro maRalia, rac ufro maRalia mocemul dovlaTze 
xarjebis xvedriTi wona momxmareblis SemosavalSi; 
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3) moTxovnis funqciis, fasis mixedviT elastiuroba miT 
ufro maRalia, rac ufro dabalia mocemul dovlaTze 
moTxovnis subieqturi aucilebloba; 
4) moTxovnis funqciis, fasis mixedviT elastiuroba 
izrdeba relaqsaciis drois Sualedis zrdasTan erTad. 

 
 

laboratoriuli samuSao #23.1 
 

amocana: ori produqtisaTvis, romelTa fasebia Sesa-
bamisad 1P  da 2P , moTxovna warmodgenilia stounis funqci-
iT. unda vipovoT TiToeul produqtze moTxovnis elasti-
uroba fasis mixedviT. 

dasmuli amocanis amosaxsnelad SevadginoT programa.  
 

programa  Mathcad-ze 
 

sawyisi monacemebis Setana: 
B 120:=  
a1 2:=

a2 3:=

α1 0.4:=

α2 0.6:=  
fasis mixedviT moTxovnis stounis funqcia mocemuli ori 
produqtisaTvis: 

Y1 P1 P2,( ) a1

α1 B P1 a1⋅− P2 a2⋅−( )
P1 α1 α2+( )⋅

+:=

Y2 P1 P2,( ) a2

α2 B P1 a1⋅− P2 a2⋅−( )
P2 α1 α2+( )⋅

+:=
 

maTi elastiurobis gamoTvla: 

E1 P1 P2,( )
P1

Y1 P1 P2,( )d
d

⎛
⎜
⎝

⎞
⎟
⎠

P1
Y1 P1 P2,( )

⋅:=

E2 P1 P2,( )
P2

Y2 P1 P2,( )d
d

⎛
⎜
⎝

⎞
⎟
⎠

P2
Y2 P1 P2,( )

⋅:=
 

fasis konkretuli mniSvnelobisaTvis elastiurobis 
gamoTvla: 
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P1 15:=

P2 12:=  
E1(P1,P2):=-0.651 
E2(P1,P2):=-0.789 

programa  Matlab-ze 
 

a1=2; 
a2=3; 
alfa1=0.4; 
alfa2=0.6; 
B=120; 
syms P1 P2 
Y1=a1+(alfa1*(B-P1*a1-P2*a2)/(P1*(alfa1+alfa2))); 
Y2=a2+(alfa2*(B-P1*a1-P2*a2)/(P2*(alfa1+alfa2))); 
EY1=P1/(Y1)*diff(Y1,P1); 
EY2=P2/(Y2)*diff(Y2,P2); 
P1=15; 
P2=12; 
EY1=eval(EY1) 
EY2=eval(EY2) 
 
Sedegebi: 
 
EY1 = 
   -0.6512 
EY2 = 
   -0.7895 

 
 

laboratoriuli samuSao #23.2 
 

amocana: mocemuli gvaqvs moTxovnis funqcia: 
Y:=100-2ÿBÿP 

 
ipoveT moTxovnis elastiuroba fasisa da biujetis 

mixedviT, aageT Sesabamisi grafikebi; ipoveT, elastiurobis 
mniSvnelobebi fasisa da biujetis sxvadasxva 
mniSvnelobebisaTvis. 
 
amoxsna: 

mocemuli gvaqvs moTxovnis funqcia: 
PBY ⋅−= 2100  
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davuSvaT, rom momxmareblis biujetia: 
1000=B  

xolo saqonlis fasi: 
50=P  

vipovoT moTxovnis elastiuroba fasis mixedviT: 

1
999

1000
100000100
502000

2000100
502000)(

2000100

≈=
−

⋅−=
−

⋅−=⋅
∂
∂

=

−=

PY
P

P
YYE

PY

P

 

radgan moTxovnis elastiuroba fasis mixedviT 
absoluturi mniSvnelobiT 1-is tolia,  gvaqvs erTeulovani 
elastiuroba. 

vipovoT moTxovnis elastiuroba biujetis mixedviT: 

1
999

1000
)1(100

1000100)(

100100502100

≈=
−

⋅−=⋅
∂
∂

=

−=⋅−=

BY
B

B
YYE

BBY

B

 

moTxovnis elastiurobis dadebiTi mniSvneloba 
Semosavlis mixedviT axasiaTebs xarisxian saqonels. 

 
 

programa  Mathcad-ze 
 

Y P( ) 100 2000 P⋅−:=  

0 0.02 0.04
0

50

100

Y P( )

P

 

moTxovnis elastiurobis gamoTvla fasis mixedviT: 

E P( )
P

100 2000 P⋅−( )d
d

⎡
⎢
⎣

⎤
⎥
⎦

P
100 2000 P⋅−

⋅:=
 

avagoT moTxovnis fasis mixedviT elastiurobis fasze 
damokidebulebis grafiki, saidanac Cans, Tu rogor icvleba 
elastiurobis mniSvneloba fasis sxvadasxva 
mniSvnelobebisaTvis: 
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0 5 10
1

1.05

1.1

E P( )

P

 

 
P 50:=

E P( ) 1.001:=

 
    avagoT moTxovnisa da moTxovnis, biujetis mimarT 
elastiurobis, biujetze damokidebulebis grafikebi,  

Y B( ) 100 100 B⋅−:=  

0 0.5 1
0

50

100

Y B( )

B

 

 
E B( )

B
100 100 B⋅−( )d

d
⎡
⎢
⎣

⎤
⎥
⎦

B
100 100 B⋅−

⋅:=
 

0 50 100
0

2

4

E B( )

B

 

 
B:=1000 

E(B):=1.001 
 

programa  Matlab-ze 
 

P=0:0.01:0.04;Y=100-2000*P; 
subplot(2,2,1);plot(P,Y,'b');grid on;xlabel('P');ylabel('Y(P)') 
% 
syms P 
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Y=100-2000*P; 
EP=P/(Y)*diff(Y,P) 
% 
P=50 
EP=eval(EP) 
% 
syms B 
Y=100-100*B; 
EB=B/(Y)*diff(Y,B) 
% 
B=1000 
EB=eval(EB) 
 
% avagoT grafiki: 
P=0.1:0.1:10; 
EP =-2000*P./(100-2000*P); 
subplot(2,2,2);plot(P,EP,'m');grid on;ylabel('E(P)') 
B=0:0.1:1; 
YB =100-100*B; 
subplot(2,2,3);plot(B,YB,'r');grid on;xlabel('B');ylabel('Y(B)') 
B=1:0.8:100; 
EB=-100*B./(100-100*B); 
subplot(2,2,4);plot(B,EB,'r');grid on;xlabel('B');ylabel('E(B)') 
 
Sedegebi: 

 
EP =-2000*P/(100-2000*P) 
P =    50 
EP =    1.0010 
EB =   -100*B/(100-100*B) 
B =        1000 
EB =    1.0010 
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savarjiSo: 
 

mocemuli gvaqvs moTxovnis funqcia: 
Y:=1000-8ÿBÿP 

ipoveT moTxovnis elastiuroba fasisa da biujetis 
mixedviT, aageT Sesabamisi grafikebi; ipoveT, elastiurobis 
mniSvnelobebi fasisa da biujetis sxvadasxva 
mniSvnelobebisaTvis. 

 
 
 
 
 
 
 
 
 
 
 



 162

Tema 24: moTxovnis jvaredini elastiuroba 
fasis mixedviT 

 

iY -dovlaTze moTxovnis sididis cvlilebis 

Sesaswavlad, roca sxva jY  - dovlaTze (moxmarebaSi misi 

Semcvleli an Semavsebeli) jp  fasi icvleba erTi 

procentiT, Semodis fasis mixedviT moTxovnis jvaredini 
elastiurobis cneba.  

( )
i

j

j

i

j

j

i

i

ip Y
P

dP
dY

P
dP
Y
dY

YE
j

⋅==
 

                (1) 

Tu, ( ) ⇒> 0ip YE
j

 i da j dovlaTi 

urTierTCamnacvleblebia(yava da Cai). Tu  ⇒< 0
 jpE dovlaTebi 

urTierTSemavsebelia(Saqari da Cai). 
 

laboratoriuli samuSao #24 
 

amocana: mocemuli gvaqvs ori produqti, Sesabamisi 
fasebi da momxmareblis biujeti. moTxovna mocemulia 
stounis funqciis meSveobiT. gamovTvaloT fasis mixedviT 
moTxovnis jvaredini elastiuroba.  
amoxsna: SevadginoT Sesabamisi programa. 

 
programa  Mathcad-ze 

 
sawyisi monacemebis Setana: 

n 2:=

a1 2:=

a2 3:=

α1 0.4:=

α2 0.6:=

B 120:=
 

moTxovna mocemulia r. stounis formulebiT: 

Y1 P1 P2,( ) a1
α1 B P1 a1⋅− P2 a2⋅−( )⋅

P1 α1 α2+( )⋅
+:=

Y2 P1 P2,( ) a2
α2 B P1 a1⋅− P2 a2⋅−( )⋅

P2 α1 α2+( )⋅
+:=

 
moTxovnis jvaredini elastiurobis gamoTvla fasis 
mixedviT: 
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EY1 P1 P2,( )
P2

Y1 P1 P2,( )d
d

⎛
⎜
⎝

⎞
⎟
⎠

P2
Y1 P1 P2,( )

⋅:=

EY2 P1 P2,( )
P1

Y2 P1 P2,( )d
d

⎛
⎜
⎝

⎞
⎟
⎠

P1
Y2 P1 P2,( )

⋅:=
 

fasis mniSvnelobebis Setana: 
P1 15:= P2 12:=  

elastiurobis gamoTvla:  
     EEY1(P1,P2):=-0.279 

                                                                        EY2(P1,P2):=-0.263 
 

e.i. dovlTebi urTierTSemavseblebia. 
 

programa  Matlab-ze 
 
n=2; 
a1=2; 
a2=3; 
alfa1=0.4; 
alfa2=0.6; 
B=120; 
syms P1 P2 
Y1=a1+(alfa1*(B-P1*a1-P2*a2)/(P1*(alfa1+alfa2))); 
Y2=a2+(alfa2*(B-P1*a1-P2*a2)/(P2*(alfa1+alfa2))); 
EY1=P2/(Y1)*diff(Y1,P2) 
EY2=P1/(Y2)*diff(Y2,P1) 
% 
P1=15 
P2=12 
EY1=eval(EY1) 
EY2=eval(EY2) 
Sedegebi: 
 
EY1 =   -0.2791 
EY2 =   -0.2632 

savarjiSo: 

amocana: mocemuli gvaqvs sami produqti, Sesabamisi 
fasebi da momxmareblis biujeti airCieT damoukideblad. 
moTxovna mocemulia stounis funqciis meSveobiT. 
gamovTvaloT fasis mixedviT moTxovnis jvaredini 
elastiuroba. avxsnaT miRebuli Sedegebis ekonomikuri arsi. 
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Tema 25: amonagebis elastiuroba fasis mixedviT 
 

Y dovlaTis gayidvidan amonagebis elastiuroba fasis 
mixedviT tolia: 

( ) ( ) ( ) ( )YE1YE pp +=+= pEpYE pp   vinaidan moTxovnis, fasis 

mixedviT elastiuroba mudam uaryofiTia, am formulidan 
gamodis, rom elastiuri moTxovnis dros amonagebi izrdeba 
Y-is raodenobis zrdasTan, an fasis SemcirebasTan erTad, 
xolo araelastiuris dros – klebulobs. 

magaliTad, kargi mosavlis dros fermerebis 
Semosavlebi Semcirdeba, radgan soflis meurneobis 
produqtebze moTxovnis elastiuroba sakmaod dabalia. 
analogiurad, Tu gavzrdiT aqcizebs aryis warmoebaze, 
biujetSi Semosavlebma SeiZleba iklos, vinaidan sxva 
qveynebidan importirebuli iqneba iafi arayi. rasac adgili 
hqonda 1993 wels ssrk-Si (gorbaCovis kampania). analogiuri 
Secdomebi ufro adre daSvebuli iyo vaSingtonSi 80-ian 
wlebSi, roca 6%-iT gazardes gadasaxadi benzinze, razec 
moTxovnis elastiuroba amerikeli ekonomistebis SefasebiT 
Seadgenda 0.2-s, Tumca, aman moaxdina moTxovnis 33%-iT 
dacema, rac Seesabameba elastiurobis 5.5-s tol 
mniSvnelobas.  ase, rom didi mniSvneloba aqvs moTxovnis 
funqciis analizuri saxis swor dadgenas, rac 
xorcieldeba Cvens mier ukve ganxiluli mravlobiTi 
regresiuli analizis meSveobiT.  

 
laboratoriuli samuSao #25 

 
amocana: mocemuli gvaqvs saqonlis moTxovnis funqcia 
Y(P):=28-0.25ÿP. vipovoT gayidvebidan amonagebis elastiuroba 

fasis mixedviT  )(PEPY , fasis konkretuli mniSvnelobisaTvis 
P 12:=  . 

amoxsna: 
programa  Mathcad-ze 

 
saqonlis moTxovnis funqciis fasze damokidebulebis 
mixedviT: 

Y P( ) 28
1
4

P⋅−:=
 

avagoT moTxovnis fasze damokidebulebis grafiki: 
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0 50 100
0

20

40

Y P( )

P

 

 
gamovTvaloT saqonlis moTxovnis elastiuroba fasis mixe-
dviT: 

EY P( )
P

Y P( )d
d

⎛
⎜
⎝

⎞
⎟
⎠

P
Y P( )

⋅:=
 

da saqonlis gayidvidan amonagebis elastiuroba misi fasis 
mixedviT: 

EPY P( ) 1 EY P( )−:=  
orive maTganis grafikebi avagoT erT sibrtyeze: 

0 20 40 60 80 100
5

0

5

EY P( )

EPY P( )

P

 

fasis konkretuli mniSvnelobisaTvis vipovoT amonagebis 
elastiuroba : 

P 12:=  
EPY(P):=0.88 

 
miviReT, rom Y-is raodenobis zrdasTan, an fasis 

SemcirebasTan erTad, amonagebi mcirdeba. 
 

programa  Matlab-ze 
 
P=0:100; 
y=28-0.25*P; 
subplot(1,2,1);plot(P,y,'r');grid on;xlabel('P') ;ylabel('Y(P)') 
% 
syms P 
Y=28-0.25*P; 
EP=P/(Y)*diff(Y,P) 
EPY=1-abs(EP) 
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% 
P=12 
EPY=eval(EPY) 
% 
P=00.1:100; 
EP =-1/4*P./(28-1/4*P); 
EPY =1-1/4*abs(P./(28-1/4*P)); 
subplot(1,2,2);plot(P,EP,P,EPY,'r') 
grid on 
xlabel('P') 
ylabel('EY(P),EPY(P)') 
 
Sedegebi: 
 
EP =-1/4*P/(28-1/4*P) 
EPY =1-1/4*abs(P/(28-1/4*P)) 
P =    12 
EPY =    0.8800 
 

 

 
 

savarjiSo: 

amocana: mocemuli gvaqvs saqonlis moTxovnis funqcia 
Y(P):=29-0.2ÿP. vipovoT gayidvebidan amonagebis elastiuroba 

fasis mixedviT  )(PEPY  fasis konkretuli mniSvnelobisaTvis 
P 12:=  . 
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Tema 26: warmoebis Teoria. sawarmoo funqcia 
 

warmoebis TeoriaSi sawarmoo saqmianobis sakiTxebi 
yvelaze ZiriTadia, magram Cven Tavidan SemovitanT, adre, 
moxmarebis TeoriaSi Semotanilis analogiur cnebebs; raTa 
advili iyos ekonomiqsis problematikasTan dakavSirebuli 
sakiTxebis formalizacia. 

sargeblianobis funqciis donis wirebs warmoadgenen 
ganurCevlobis mrudebi. warmoebis TeoriaSi sargeblianobis 
funqcias Seesabameba sawarmoo funqciis cneba, xolo, 
sawarmoo funqciis donis wirebs_izokvantas uwodeben. 
maSasadame, izokvantas cneba warmoebis TeoriaSi, iseTive 
rols TamaSobs, rogorc ganurCevlobis mrudis cneba 
moxmarebis TeoriaSi. aq, ara marto analogiasTan gvaqvs 
saqme, aramed funqciis saxeebic Tanxvdeba.  

gansazRvreba: Y Y=f(x1,x2,...xn)  saxis funqcias, sadac,  
x1,x2,...xn gamoyenebuli resursebis moculobebia, xolo Y 
gamoSvebuli produqciis moculoba, sawarmoo funqcia 
ewodeba. 

mocemuli produqtis gamomSvebi calkeuli 
sawarmosaTvis (firmisaTvis) sawarmoo funqcia Y=f(x1,x2,...xn)  
gamoSvebuli produqciis moculobas akavSirebs (naturalur 
an RirebulebiT gamosaxulebaSi) sxvadasxva saxis SromiT 
danaxarjebTan; aseve  drois, nedleulis sxvadasxva 
saxeobis, makompleqtebeli nawilebis, energiis, ZiriTadi 
kapitalis danaxarjebTan. aseTi tipis sawarmoo funqcia 
kargad axasiaTebs warmoebis moqmed teqnologias. 

sawarmoo funqciis agebisas, calkeuli regionis an 
mTlianad qveynisaTvis, produqtis wliuri gamoSvebis Y 
maCveneblad ufro xSirad iReben regionis an Sesabamisad 
qveynis erTobliv produqts (Semosavals), aRricxuls 
ucvlel fasebSi, resursebad ganixilaven ZiriTad kapitals 
(х1=К – wlis ganmavlobaSi gamoyenebuli moculoba) da co-
cxal Sromas (х2=L _ erTi wlis ganmavlobaSi cocxali 
muSaxelis erTeulTa raodenoba). amrigad, makroekonomikaSi 
ganixilaven orfaqtorian sawarmoo funqcias. 

( )LKfY ,=      (1) 
P.S. zogjer, gamoyenebuli bunebrivi resursebis 

moculobis damatebiT gaTvaliswinebis xarjze, ganixilaven 
makroekonomikis samfaqtorian sawarmoo funqcias. rac metia 
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faqtorTa ricxvi, miT ufro zustia modeli, magram ufro 
rTulic.  

 
sawarmoo funqciis zogadi Tvisebebi 

 
a) warmoebaSi gamoyenebuli resursebis xarjis gazrdiT 

produqciis gamoSveba ver Semcirdeba, e.i. 

,0>
∂
∂

ix
f  ni ,1=      (2) 

gansazRvreba: G simravles ewodeba Y=f(x1,x2,...xn)   sawar-
moo funqciis ekonomikuri areali, Tu ( ) ( ) ( )( )00

2
0

1 ,,, nxxx K∀  werti-
lisaTvis G simravlidan adgili aqvs (2) Tanadobas. 

magaliTi: Tu resursad ganixileba miwa, maSin samuSao 
Zalis ucvlelobisas, ijariT aRebuli miwis farTobis 
gazrdam SeiZleba ki ar gazardos Semosavali, piriqiT, Seam-
ciros kidec. is maqsimaluri farTobi, romelamdec 
daqiravebuli miwis farTobis gazrda momgebiania, war-
moadgens mocemul magaliTSi resursis ekonomikuri 
arealis zRvars. ekonomikuri arealis gareT, resursis 
efeqturoba iwyebs dacemas;  

b) gansazRvreba: Y=f(x1,x2,...xn)  sawarmoo funqciis cvli-
lebis siswrafes, ix  resursis cvlilebis mixedviT, i-uri 
resursis zRvruli efeqturoba ewodeba. cxadia, rom i-uri 
resursis zRvruli efeqturoba warmoadgens i-uri cvladis 

Semcveli sawarmoo funqciis kerZo warmoebuls: .
ix

f
∂
∂  

sxva resursebis raodenobis mudmivobis pirobebSi, erTi 
romelime resursis raodenobis zrdasTan erTad, am 
resursis gamoyenebis efeqturoba mcirdeba. sawarmoo 
funqciis am meore Tvisebas uwodeben klebadi zRvruli 
efeqturobis Tvisebas. es piroba mocemulia utolobiT: 

,02

2

<
∂
∂

ix
f   ni ,1=      (3) 

g) erTi i-uri resursis gazrdiT sxva j-uri resursis 
zRvruli efeqturoba izrdeba, e.i.  

,0
2

>
∂∂

∂

ji xx
f       ni ,1=   nj ,1=   ji ≠   (4) 

d) sawarmoo funqcia warmoadgens 0>k  xarisxis erTgva-
rovan funqcias. roca 1>k , warmoebis masStabis t-jer 
gazrdiT ( 1>t ) warmoebis moculoba izrdeba kt -jer, e.i. 
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adgili aqvs warmoebis masStabis zrdiT gamowveul warmoe-
bis efeqturobis zrdas. roca 1=k , gvaqvs warmoebis mudmivi 
efeqturoba warmoebis mzardi masStabebis pirobebSi (an 
gvaqvs xvedriTi gamoSvebis damoukidebloba warmoebis 
masStabisagan - constant returns to scale). 

es piroba Caiwereba Semdegi saxiT:  
 ( ) ( ) .  ,,,,, 2121 n

k
n xxxfttxtxtxf KK =    (5) 

 
ramdenime resursis mqone, tipiuri sawarmoo funqciebi 
 

a) rogorc mikro, aseve makroekonomikur doneze 
sawarmoo saqmianobis modelirebisaTvis sxvebze xSirad 
gamoiyeneba kob-duglasis sawarmoo funqcia:  

11 1
210

ααα −= xxY .               (6) 
am funqcias uwodeben multiplikaciur(namravlis 

formis gamo) sawarmoo funqcias. 
ganixilaven SemTxvevas, roca Kx =1  gamoyenebuli 

ZiriTadi kapitalis moculobaa (ZiriTadi fondebi), xolo 
Lx =2  cocxal samuSao Zalaze danaxarjebi. e.i.  

11 1
0

ααα −= LKY .    (7) 
b) wrfiv sawarmoo funqcias Semdegi saxe aqvs: 

nn xaxaxaaY ++++= K22110 .   (8) 
igi e.w. aditiuri(jamis formis gamo) sawarmoo funqcias 

warmoadgens. gadasvla multiplikaciuridan aditiur 
sawarmoo funqciaze xdeba galogariTmebiT. 

marTlac, (6)-dan galogariTmebiT miviRebT: 

21110 ln)1(lnlnln xxY ααα −++= .             (9) 
anu gadavdivarT aditiur formaze. 
ufro dawvrilebiT ganvixiloT kob-duglasis (7) 

funqcia. is SeiZleba CavweroT Semdegi saxiT: 
α

α
1

0 ⎟
⎠
⎞

⎜
⎝
⎛=

L
K

L
Y .                (10) 

gansazRvreba: wiladebs  
L
Y  da 

L
K  Sesabamisad Sromis 

mwarmoebluroba da Sromis kapitalaRWurviloba ewodeba. 

gansazRvreba: 
K
Y
 wilads kapitalis mwarmoebluroba an 

kapitalukugeba. ewodeba 
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gansazRvreba: 
Y
K  wilads produqciis gamoSvebis kapi-

taltevadoba ewodeba, xolo  
Y
L  -s _ produqciis gamoSvebis 

Sromatevadoba. 
sawarmoo funqciisaTvis nααα ,,, 10 K  parametrebs pouloben 

gausis umciresi kvadratTa meTodiT, gamoiyeneben 
resursebisa da gamoSvebebis moculobaTa droiT mwkrivebs. 

P.S.: unda gaviTvaliswinoT, rom, Tu sawarmoo funqciis 
parametrebs ganvsazRvravT 0T  drois periodSi mocemuli 

droiTi mwkrivebis safuZvelze, maSin miRebulma sawarmoo 
funqciam SeiZleba mogvces sarwmuno Sedegebi momavli 
drois SualedisaTvis, romelic xangrZlivobiT ar 

aRemateba 03
1 T -s.  

gansazRvreba: wertilTa simravles, romelic 
warmoadgens ),,,( 11 nxxxfY K=  sawarmoo funqciis donis wirebs 
(hiperzedapirs) izokvanta ewodeba.  

P.S. rogorc vxedavT, izokvantis cneba sawarmoo 
funqciisaTvis, analogiuria, ganurCevlobis mrudis cnebisa 
sargeblianobis funqciisaTvis.  

gansazRvreba: ),,,( 11 nxxxfY K=  sawarmoo funqciis ( )YEx1
 

elastiurobas −i uri resursis mixedviT uwodeben  −i uri 
resursis iM  zRvruli mwarmoeblurobis Sefardebas mis Ai 

saSualo mwarmoeblurobasTan −i uri resursis mixedviT. 

( )
),,,( 11 n

i

ii

i
x xxxf

x
x
f

YA
YM

YE
i K

⋅
∂
∂

== .           (11) 

gansazRvreba: yvela resursis mixedviT elastiurobaTa 
jams ewodeba warmoebis elastiuroba:   

( ) ( )∑
=

=
n

i
xx YEYE

i
1

.     (12) 

amocana: SeamowmeT sruldeba, Tu ara sawarmoo 
funqciis zogadi Tvisebebi multiplikaciuri da aditiuri 
sawarmoo funqciisaTvis. 

gansazRvreba: −i uri resursis j-uriT Canacvlebis 
zRvrul normas uwodeben gamosaxulebas:  

,
i

j
ij dx

dx
R −=  nji ,1, = ;                (13) 

gamoSvebis Y moculobis mudmivobis pirobebSi. 
amocana: orfaqtoriani sawarmoo ),( 11 xxfY =  funqciisaT-

vis CamoayalibeT Teoria analogiuri im Teoriisa, romelic 
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CamovayalibeT or dovlaTiani sargeblianobis funqciisaT-
vis. SeiswavleT am SemTxvevaSi izokvantebis saxe. 
daamtkiceT, rom am SemTxvevaSi Canacvlebis zRvrul normaa:  

1

2

2

1
12 x

x
YEx
YEx

R ⋅=      (14) 

dinamikuri modelebi ekonomikaSi 
bazris muSaobis obobasqseliseburi modeli 

 
aqamde, ZiriTadad ganvixilavdiT statikuri ekonomikis 

amocanebs. exla SevudgeT dinamiuri amocanebis Seswavlas, 
anu im amocanebisa, sadac ekonomikis ganmsazRvreli parame-
trebi – fasebi, moTxovna, miwodeba da a.S. icvleba droSi 
da urTierTqmedebs erTmaneTTan. 

daviwyoT bazris umartivesi modeliT, romelsac 
uwodeben obobasqseliseburs (cobweb model). 

CavTvaloT, rom erTi saqonlis bazarze, ( )tD  moTxovnis 

funqcia da Y(t) miwodebis funqcia, ( )tP  fasis wrfivi fun-
qciebia an ( )1−tP  fasisa, drois wina momentisaTvis. 

moTxovnis funqcia: 
( ),)( 12 tPAAtD ⋅+=                                  (15) 

sadac, 1A  da 2A  mudmivi parametrebia. 
miwodebis funqcia: 

( ),1)( 12 −⋅+= tPBBtY      (16) 
sadac 1B  da 2B  mudmivi parametrebia. 
gamovsaxoT moTxovnisa da mowodebis mrudebi 

sibrtyeze, romlis abscisaTa RerZze ganTavsebulia fasebi, 
xolo ordinatTa RerZze garigebaTa ricxvi. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

obo-

garigebaTa 
ricxvi

( )DY ,   

∗P
11 BA >

> βα
 

miwodebis 
mrudi 

nax. 9 

P(0) fasi (P) 

G5 

G4 G3 

G2 

β α 
G1 



 172

basqseliseburi modelis arsi mdgomareobs SemdegSi:  
a) miwodeba reagirebs fasis cvlilebaze garkveuli 

lagiT (dagvianebiT), sxva sityvebiT, dRevandeli ( )tY  
miwodeba ganisazRvreba guSindeli ( )1−tP  fasiT, xolo 
dRevandeli ( )tD   moTxovna  ganisazRvreba dRevandeli 
fasiT. 

b) yoveli periodis ( )tP  fasebi dgindeba im doneze, rom 
gaTanabrdes moTxovna da miwodeba, e.i. im doneze, romlis 
drosac ( )tD = ( )tY . 

es procesi TandaTan uaxlovdeba wonasworul ∗P  fass, 

Tu .1
1

1 <
A
B

sxvagvarad procesi ganSladia. 

ganvixiloT nax. 9 procesi iwyeba 1G  wertilidan, rode-

sac produqtis fasi tolia ( )0P . vinaidan 1G  wertili mde-
bareobs moTxovnis mrudis qvemoT, fasi gaizrdeba 2G  wer-
tilamde, Semdeg fasi gaiyineba da izrdeba produqtis mo-
wodebis moculoba 3G  wertilamde. radgan  3G  wertili mde-

bareobs moTxovnis mrudis zemoT, Cven gvaqvs imaze meti 
saqoneli, vidre moTxovnaa masze, amitom 3G  wertilidan 4G  
wertilamde fasebi daecema. 4G  wertilSi fasi iyineba da 
mcirdeba bazarze mowodebuli saqonlis moculoba 5G  wer-
tilamde. amis Semdeg moTxovna kvlav aRemateba miwodebas 
da fasebi izrdeba da a.S.  

 

laboratoriuli samuSao № 26 
 

amocana: sawarmoo funqcias aqvs saxe: 
),,,( 21 nyyyfY K= . 

orfaqtoruli sawarmoo funqciis SemTxvevaSi: 
),( 21 yyfY = . 

davamtkicoT, rom am SemTxvevaSi: 
( )
( ) 1

2

2

1
2,1 y

y
fE
fE

R
y

y ⋅=  

damtkiceba: ganvsazRvroT elastiuroba 21 , yy -sTvis: 

( )
f
y

y
ffE y

1

1
1 ⋅

∂
∂

= ;  ( )
f

y
y
ffE y

2

2
2 ⋅

∂
∂

= ; 

( )

( )

( )( ) ( )

( )( ) ( ) .
,,

,,

,

,

1

2

2

12

12

1

2

21
212

1

21
211

2

21

1

21

1

2
2,1 y

y
E
E

f
y

y
f

E
E

y
yyfyyfE

y
yyfyyfE

y
yyf

y
yyf

dy
dy

R
y

y

⋅=⋅⋅=
⋅

⋅
−=

∂
∂

∂
∂

=−=  
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SevamowmoT sruldeba Tu ara sawarmoo funqciis 
ZiriTadi Tvisebebi, multiplikaciuri sawarmoo 
funqciisaTvis. 

1. mocemuli produqtis raodenobis zrdasTan erTad 
efeqturoba izrdeba, e.i. 

 0
1

>
∂
∂
y
f  

davamtkicoT es multiplikaciuri sawarmoo 
funqciisaTvis 

    0.        1;       ; i21210
21 ≥=+⋅⋅= αααα αα yyf  

=⋅⋅⋅=
∂
∂ −− 11 1

2
1

110
1

αααα yy
y
f ;

1

2

1
10

1 −

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅⋅

α

αα
y
y  

0,
0,

21

10

>
>

yy
αα  

anu:  

0
1

2

1
10

1

>⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅⋅

−α

αα
y
y  r.d.g. 

2. mocemuli resursis moxmarebis zrdasTan erTad 
am resursis efeqturoba mcirdeba: 

02
1

2

<
∂
∂
y

f  

vaCvenoT es Tviseba kob-duglasis funqciisaTvis: 

( ) 011
2

2

2

1
1102

1

2 1

<⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⋅−⋅⋅=

∂
∂

−

yy
y

y
f

α

ααα  r.d.g. 

3. romelime resursis raodenobis zrdasTan erTad 
sxva resursis efeqturoba izrdeba. 

( ) 01 2
2

1

2

2

1
110

21

2 1

≥⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−⋅⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⋅−⋅⋅=

∂∂
∂

−

y
y

y
y

yy
f

α

ααα  r.d.g. 

vaCvenoT, rom sawarmoo funqcia erTgvarovania 

),()()( ),( 21
1

21
1

0
1

21021
111111 yyKfyyKKKyKyKyKyf =⋅=⋅⋅= −−− αααααα αα  

r.d.g. 

savarjiSo: 

 
mravlobiTi polinomialuri regresiis meTodis 

gamoyenebiT da romelime warmoebis monacemTa bazis 
mixedviT, aageT, am warmoebis sawarmoo kob-duglasis 
funqcia da SeiswavleT sawarmoo funqciis elastiuroba 
kapitaldabandebaTa mimarT. 



 174

Tema 27: valrasis Tanmimdevruli miaxloebis procesi 
erou-gurvicis modelSi 

 
makroekonomikuri analizis erT-erTma fuZemdebelma  

l. valrasma SeimuSava bazris zogadi ekonomikuri 
wonasworobis Teoria. am Teoriis demonstrirebisaTvis 
ganvixiloT erou-gurvicis maTematikuri modeli safondo 
birJebis an kvebis produqtebis bazris funqcionirebis 
aRwerisaTvis, sadac „samarTliani“ auqcionisti adarebs 
bazris monawileTa moTxovnasa da miwodebas, da fasebis 
aweviT an daweviT aregulirebs yidva-gayidvas, obobas 
qseliseburi modelis analogiurad. 

bazris funqcionirebis procesSi monawile sameurneo 
subieqtebad avirCioT ori sawarmo, romelTagan TiToeuli 
flobs orivesTvis xelmisawvdom erTaderT resurss (mag. 
cocxal Sromas), awarmoebs saboloo moTxovnisa da erTi 
moxmarebis TiTo saxeobis produqcias, romelic am 
moTxovnis sagans warmoadgens. SevTanxmdeT agreTve, rom 
gacvla xorcieldeba erTaderTi Suamavlis – auqcionistis 
meSveobiT. am SemTxvevaSi ekonomikuri cikli ase 
gamoiyureba:  

 

 

 

aseTi ekonomikisaTvis resursebis optimaluri 
ganawilebis problema formulirdeba Semdegi saxiT: 

a) produqciis moTxovnisa da miwodebis pirobebi: 
( ) d

i
d
ii

s
i YLFY ≥= ;    (1) 

sadac, Yi
S aris i-uri sawarmos mier produqtis miwodebis 

moculoba, Yd
i _ i-ur produqtze momxmareblis moTxovnis 

moculoba, Ld
i - resursze i–uri sawarmos moTxovnis 

moculoba, Fi  _ i–uri sawarmos sawarmoo funqcia. 
b) resursis miwodebisa da moTxovnis pirobebi: 

∑
=

≤
2

1i

sd
i LL ;     (2) 

g) momxmareblis mier maqsimizirebuli sargeblianobis 
funqcia: 

produqti 2

produqti 1 
auqcionisti momxmarebeli resursi 

nax. 13 

sawarmo №2 

sawarmo №1 
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( ) max, 11 →dd YYU ;     (3) 
sadac, U  momxmareblis sargeblianobis funqciaa. 

SeniSvna: maTematikur ekonomikaSi moTxovnis cvladebi 
aRiniSnebian d asoTi (ingl. Demand –moTxovna), xolo 
miwodebis cvladebi  s asoTi (ingl. Supply –miwodeba). 

cxadia, rom erou-gurvicis es amocana, rodesac 
mocemulia Fi  sawarmoo funqcia da sargeblianobis funqcia 
stacionaruli ekonomikis pirobebSi, SeiZleba amoixsnas 
monte-karlos meTodiT. marTlac, erou-gurvicis 
stacionaruli modelisaTvis specialur funqcias Semdegi 
saxe aqvs:     

( ) ( )( ) ( )( )22
32223

22
21112

22

1

2
1121 , τλτλτλ +−−+−−⎟

⎠

⎞
⎜
⎝

⎛
+−−= ∑

=

∗ dddd

i

sd
i

dd LFYLFYLLYYUI . (4)  

 Cvens SemTxvevaSi 1−≅ ελi  ( −ε  SezRudvaTa dakmayofilebis 

sizustea); Tumca unda gaviTvaliswinoT Semdegi pirobac: 
 d)  i-uri sawarmos mogebis maqsimizacia: 

( ) d
i

d
iiii LWLFP ⋅−⋅=π  ;                        (5) 

sadac, Pi  aris  i -uri sawarmos produqciis fasi, 
 W  _ L resursis fasia. 
maSin, stacionaruli ekonomikisaTvis specialuri 

funqcia miiRebs Semdeg saxes:  

∑
=

∗ +=
2

1i
iII π  .     (6) 

Tumca, valrasis sabazro procesi dinamikur process 
aRwers, anu mogeba da fasebi drois funqciebia, iseve, 
rogorc moTxovna da miwodeba; mogebis gamosaxulebas 
Semdegi saxe aqvs: 

( ) ( ) ( )( ) ( ) ( )tLtWtLFtPt d
i

d
iiii ⋅−⋅=π .   (7) 

am amocanis monte-karlos meTodiT amosaxsnelad drois 
yovel momentSi gveqneboda sxvadasxva (6) funqciebi da 
mTeli dinamikis gansazRvrisaTvis mogviwevda mravalcvla-
diani funqciis minimizireba, amasTan drois sakmaod grZel 
monakveTSi Seswavlisas cvladebis ricxvi ise swrafad 
icvleba, rom amoxsna moiTxovs samanqano drois ramdenime 
saaTs. 

am amocanis amosaxsnelad gamoiyeneba valrasis mimdev-
robiTi miaxloebis meTodi. 
a) auqcionisti i -ur sawarmosTvis awesebs misi produqciis 

( )tPi  fassa da misi resursis W(t) fass, agreTve momxmarebels 
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acnobebs ( )tPi  fassa da moTxovnis fass, romelic zRvruli 

sargeblianobis tolia.   

( )1−
∂
∂ t
Y
U

d
i

,      (8) 

b)  i-uri sawarmo misTvis micemuli fasebidan gamom-
dinare, irCevs warmoebis xarjebisa da Sedegebis iseT 
Tanwyobas, romelic misi ( )tiπ  mogebis maqsimizirebas axdens 
da am Tanwyobas gansaxilvelad warudgens auqcionerebs.  

g) momxmarebeli i -ur produqtze moTxovnas Semdegnairad 
acxadebs: Tu i-ur produqtze moTxovna ar aris, an 
moxmarebis zRvruli sargeblianoba zRvrul xarjebze nak-
lebia, maSin momxmarebeli moTxovnis sidides ucvlelad 
tovebs, winaaRmdeg SemTxvevaSi, is moTxovnas koreqtirebas 
ukeTebs, zRvruli sargeblianobisa da zRvruli xarjebis 
sxvaobis proporciulad da Sedegad awesebs ( )tY d

i –is Sesa-

bamis sidides. 
d) auqcionisti xelmZRvanelobs moTxovnisa da miwo-

debis kanoniT da cvlis fasebs (Tanmimdevruli mosinjvis 
procesi). Tu produqtze moTxovna aRemateba miwodebas, is 
aswevs fass da piriqiT. Tumca im SemTxvevaSi, roca Warbi 
moTxovna uaryofiTia da misi Sesabamisi fasebi nulis 
tolia, fasebis arsebul doneze qvemoT daweva SeuZlebelia. 

ekonomikuri zrdis TeoriaSi, sagareo vaWrobisa da 
finansebis analizSi xSirad gamoiyeneben zogadi 
wonasworobis modelis erT-erT nairsaxeobas – 
orseqtorian models. igi wina modelisagan imiT 
gansxvavdeba, rom:  

a) masSi Seyvanilia warmoebis faqtorebis ori saxe 
(kapitali da Sroma); 

b) yoveli sawarmo ganixileba, rogorc calkeuli 
dargi; 

g) maTi sawarmoo funqciebi akmayofileben warmoebis 
masStabis erTeulze mudmiv ukugebis dros miwodebas 
(wrfivi erTgvarovani funqciebi). 

 

wonasworuli ekonomikis makroekonomikuri analizi 

 “didi depresiis” dasawyisia movlena, romelsac Sem-
dgomSi “Savi orSabaTi” uwodes, roca erTi dRis ganmavlo-
baSi amerikaSi moxda fasiani qaRaldebis kursis katas-
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trofuli vardna. am momentidan ekonomikuri azrovnebis 
avanscenaze neoklasikuri Teoriis nacvlad gamovida  
keinsis makroekonomikuri koncefcia, romlis mixedviTac – 
erovnul meurneobaSi warmoeba, ganawileba da xarjebi 
ganisazRvreba erTi agregirebuli faqtoriT – erovnuli 
SemosavliT. erovnuli Semosavali ganisazRvreba efeqturi 
moTxovniT. makroekonomikur Teorias xSirad Semosavlebis 
Teorias uwodeben.   

aRsaniSnavia, rom „didi depresia“ aRiniSneboda 
„keinsianelobis“ CasaxviT makroekonomikur TeoriaSi, xolo 
ekonomikis analizis dargSi man dasawyisi daudo 
maTematikuri makroekonomikis dabadebas. 

ganvixiloT erovnuli Semosavlis gansazRvris meqanizmi 
efeqturi moTxovnis principis safuZvelze.   

efeqturi moTxovnis principis mixedviT, drois sakmaod 
mokle SualedebisaTvis, romelzec sawarmoo SesaZleblo-
baTa done mocemulad iTvleba, erovnuli Semosavali 
(gamoSvebis done) ganisazRvreba moTxovnis mier marTvadi 
faqtorebiT. 

SevadginoT Sesabamisi maTematikuri modeli. erToblivi 
efeqturi moTxovna D ganisazRvreba, rogorc C moxmarebisa 
da I investiciis jami: 

ICD +=          (9)  
samomxmareblo moTxovna SeiZleba ase warmovadginoT: 

AYC += α , (0<α<1)    (10) 
sadac, C moTxovnaa, Y _ erovnuli Semosavlis wrfivi funq-

cia, α da A konstantebi,  
A=(saarsebo minimumi)×(mcxovrebTa ricxvi). 
P.S. C=Consumption (moxmareba), I=Investment (kapital-

dabandeba), D=demand (moTxovna). 
α-koeficients ewodeba moxmarebisadmi midrekileba;  
A – s _ sabazo moxmareba. 
investiciebis gansazRvrisaTvis visargebloT investi-

ciis damoukidebeli xasiaTis hipoTeziT, romlis Tanaxmad 
investiciis done ganisazRvreba sawarmos Semosavlebis 
donisgan garkveulwilad damoukidebeli grZelvadiani 
molodiniT.  

wonasworuli Y* erovnuli Semosavali, romelic pasu-
xobs moTxovnisa da miwodebis tolobis pirobas,  

D=Y*       (11) 
ganisazRvreba, rogorc gantolebis amonaxsni:   
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YIC =+         (12) 
romelic miiReba (9) da (11)-dan. Semdeg, (10)-is da (12)-is 
gaTvaliswinebiT miviRebT 

∗∗ =++ YIAYα                     (13) 
(13)-dan advilad miviRebT 

( ) ∗−=+ YIA α1                              (14) 
rac Tavis mxriv SesaZlebels xdis Y* wonasworuli 

erovnuli Semosavlis povnas, 

( ) ( )IAY +−= −∗ 11 α                         (15) 
gansazRvreba: gamosaxulebas ( ) 11 −−α  – romelic gviCvenebs 

investiciebis mocemuli zrdis pirobebSi ramdenad izrdeba 
erovnuli Semosavali, investiciis multiplikatori 
ewodeba. 

 wonasworobis wertili Y* asaxavs mimdinare sameurneo 
aqtiurobis iseT dones, romelic garkveulwilad 
akmayofilebs saojaxo meurneobebisa da sawarmoebis 
moTxovnilebebs, magram ar emTxveva sasurvel dones – 
romlis drosac miiRweva sruli dasaqmeba. amitom, 
saxelmwifo politikis mizania investiciebis mozidviT 
miaRwios erovnuli Semosavlis iseT ∗> YY f  dones, romlis 

drosac uzrunvelyofilia sruli dasaqmeba. 
 

laboratoriuli samuSao #27 
 

amocana: investiciebis multiplikatoris, investiciebis 
sididisa da sabazo moxmarebis konkretuli 
mniSvnelobebisaTvis vipovoT wonasworuli erovnuli 
Semosavali. 

moxmarebisadmi midrekileba 
35.0=α  

sabazo moxmareba 
8102.1 ⋅=A  

investicia 

50000=I  
 
amoxsna: vipovoT wonasworuli erovnuli Semosavali, 

romelic gamoiTvleba Semdegi formuliT: 
)()1()( 1 IAIY +⋅−= −α  

masSi konkretuli mniSvnelobebis SetaniT miviRebT: 
Y(I):=1.847x108 
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programa  Mathcad-ze 
 

sawyisi monacemebis Setana: 
moxmarebisadmi midrekileba 

α 0.35:=  
sabazo moxmareba 

A 1.2 108⋅:=  
erovnuli Semosavali: 

Y I( ) 1 α−( ) 1− A I+( )⋅:=  
                 grafikze vxedavT, Tu rogor icvleba erovnuli 
Semosavali investiciebis sididis cvlilebis dros:  

0 2 4 6 8 10
1.8461538 .108

1.8461539 .108

1.846154 .108

Y I( )

I

 

gamovTvaloT wonasworuli erovnuli Semosavali 
investiciis konkretuli mniSvnelobis dros: 

I 50000:=  
 

Y(I):=1.847x108 

naxazidan Cans, rom investiciebis sididis zrda iwvevs 
erovnuli Semosavlis zrdas, anu wonasworuli erovnuli 
Semosavali izrdeba investiciebis mozidvis Sedegad. 

 
programa  Matlab-ze 

 
alfa=0.35 
A=1.2*10^8 
I=0:10; 
Y=(1-alfa)^(-1)*(A+I); 
plot(I,Y,'r') 
grid on; 
xlabel('I') 
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ylabel('Y(I)') 
I=50000 
Y=(1-alfa)^(-1)*(A+I) 
 
Sedegebi: 

 
I =  50000 
Y =  1.8469e+008 

 

savarjiSo: 

 
amocana: investiciebis multiplikatoris, investiciebis 

sididisa da sabazo moxmarebis konkretuli 
mniSvnelobebisaTvis vipovoT wonasworuli erovnuli 
Semosavali. saWiro monacemebi moiZieT praqtikidan 
gamomdinare. 
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Tema 28: ekonomikuri zrdis makromodeli 
 

wina wonasworul makroekonomikur modelSi Cven 
vTvlidiT, rom sawarmoo simZlavreebis moculoba mudmivi 
sididea. es daSveba, realurTan axloa mxolod im 
SemTxvevaSi, Tu ganvixilavT nacionaluri meurneobis 
ekonomikuri saqmianobis drois mokle Sualedebs. 

ganvixiloT SemTxveva, rodesac sawarmoo simZlavreebi 
investiciebis wyalobiT izrdeba. gaviTvaliswinoT agreTve 
kapitalis dagrovebis SesaZleblobebi, rac SesaZleblobas 
iZleva avagoT ekonomikuri zrdis makromodeli. 

ganvixiloT wrfivi, erTgvarovani sawarmoo funqcia 
ucvleli masStabiT.  

( )LKFY ,= ;          (1) 
sadac K  kapitalia, L  _ cocxali Sroma, Y  _ erovnuli 

Semosavali. cvladad SegviZlia ganvixiloT kapitalaRWur-
viloba (fondaRWurviloba): 

L
Kx = ;         (2) 

Tu, gavalogariTmebT (2)-s, miviRebT:  
LKx lnlnln −= .      (3) 

vipovoT (3) gantolebis orive nawilis warmoebulebi  
droiT: 

L
L

K
K

x
x &&&

−= ;                                  (4) 

aRvniSnoT 
L
Yy =  – Sromis mwarmoebluroba. (1) sawarmoo 

funqciis wrfivi erTgvarovnebidan gamomdinare SegviZlia 
davweroT  

⎟
⎠
⎞

⎜
⎝
⎛= 1,

L
KF

L
Y ;         (5) 

sxvanairad,                                        
                                     ( )1,xFy =                                                             (6) 

 (2)-is gaTvaliswinebiT miviRebT: 
( )xfy = .       (7) 

exla gavakeToT Semdegi daSvebebi: 



 182

a) drois TiToeuli monakveTisaTvis erovnuli Semosav-
lis gamouyenebeli nawilis wili, anu dagrovebis norma  

const
Y

CYs =
−

= ,     (8) 

xolo, drois yoveli monakveTisaTvis dagrovebuli 
kapitalis zrda, drois mocemul monakveTSi gamocxadebuli 
axali sainvesticio moTxovnis tolia, e.i. KI &= . 

b) Sromis miwodebis zrda n–is toli mudmivi sididea, 
rac formulis saxiT ase Caiwereba   

n
L
L

=
&

;      (9) 

e.i. n - cocxali Sromis zrdis tempia. 
miRebuli daSvebebidan gamomdinare, gamoviyvanT zrdis 

makroekonomikis ZiriTad gantolebas. (9)-is gaTvaliswinebiT 
(4)-dan miviRebT: 

nx
K
Kxx −=
&

&                    (10) 

Tu gaviTvaliswinebT (2)-s da mxedvelobaSi miviRebT 
KI &=   daSvebas, gveqneba: 

( )xfssy
Y

CY
L
Y

Y
I

L
YI

LK
I

L
K

K
Ix

K
Kx ⋅=⋅=

−
⋅=⋅=⋅=⋅==

1
1&

. (11) 

saidanac (10)-is gaTvaliswinebiT vRebulobT: 
( ) nxxfsx −⋅=&      (12) 

(12) warmoadgens ekonomikuri zrdis dinamikur gantolebas. 
(12) gantolebis wonasworobis ∗x  wertili gvaZlevs 

Sromis wonasworul kapitalaRWurvilobas: 
( ) ∗∗ ⋅=⋅ xnxfs        (13) 

(13) gantolebidan vRebulobT dasaqmebis zrdis tempis 
mniSvnelobas: 

( )
∗

∗⋅
=

x
xfsn ,              (14) 

romlis drosac miiRweva ekonomikuri wonasworoba. 
 

laboratoriuli samuSao #28 
 
amocana: mocemulia sawarmoo funqcia  

f X( )
1
3

X⋅ 2+:=
 

amoxseniT Sesabamisi ekonomikuri zrdis dinamikuri 
gantoleba da ipoveT: kapitalaRWurvilobis wonasworuli 
mniSvneloba Tu, dagrovebis norma s=0.4 da dasaqmebis zrdis 
tempi n=0.3. 
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amoxsna: 
 
ganvixiloT, funqciis mniSvneloba da sawyisi monacemebi 

f X( )
1
3

X⋅ 2+:=
 

s 0.4:=

n 0.3:=  
amovxsnaT Semdegi gantoleba: 
s f X( )⋅ n X⋅  
1
3

X⋅ 2+
n X⋅

s  
X

2
n
s

1
3

−

:=

 
miviRebT Sedegs: 
X 4.8=  
 

 
programa  Mathcad-ze 

f X( )
1
3

X⋅ 2+:=
 

 

0 50 100
0

20

40

f X( )

X

 

n 0.3:=

s 0.4:=

X 1:=  
Given

s
1
3

X⋅ 2+⎛⎜
⎝

⎞⎟
⎠

⋅ n X⋅
 

Find X( ) 4.8=  

programa  Matlab-ze 
n=0.3 
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s=0.4 
x=solve('0.4*(x/3+2)=0.3*x') 
X=0:100; 
fx=1/3*X+2; 
plot(X,fx);xlabel('X');ylabel('f(x)') 
grid on; 
 

Sedegebi: 

>>  
n = 
    0.3000 
s = 
    0.4000 
x = 
4.799 
>> 

 
miviReT, rom wonasworuli kapitalaRWurviloba udris 4.8-s. 

 

savarjiSo: 

 
mocemulia sawarmoo funqcia  
f(X):=8ÿX+29. 
amoxseniT Sesabamisi ekonomikuri zrdis dinamikuri gan-
toleba da ipoveT: kapitalaRWurvilobis wonasworuli 
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mniSvneloba Tu, dagrovebis norma s=0.2 da dasaqmebis zrdis 
tempi n=0.5 

 
 

Tema 29: fon neimanis wonasworuli ekonomikuri zrdis, 
dinamikuri dargTaSorisi balansis modeli 

 
Cven ukve SeviswavleT dargTaSorisi balansis 

leontievis stacionaruli modeli. exla ganvixiloT 
dinamikuri modeli:  

( ) ( ) ( )tYtAXtX += ,                                   (1) 
sadac, ( )tY  saboloo moTxovnis(arawarmoebiTi daniSnulebis) 
veqtoria, ( )tX  - ekonomikis seqtorebis gamoSvebis veqtori, 

xolo A –teqnologiuri matricaa. 
 saboloo moTxovnis veqtori Sedgeba ori 

komponentisagan ( )tC  moxmarebis veqtorisa da ( )tI  investiciis 
veqtorisagan, e.i. 

( ) ( ) ( )tItCtY += .     (2) 
Tu, drois t momentSi Semosavals aRvniSnavT ( )tF -Ti, 

maSin dovlaTis (ekonomikis seqtorebis) calkeuli 
saxeobebis moxmarebis funqcia SeiZleba CavweroT ase: 

( ) ( )tFhtC ii ⋅=                  (3) 
( )tF  Semosavali SeiZleba warmovadginoT funqciis saxiT  

( ) ( ) ( ) ( )tXPtXPtXPtF nn+++= K2211             (4) 
sadac, iP  aris i-uri dovlaTisaTvis damatebuli 

Rirebulebis wili. 
Sesabamisi veqtorebis SemotaniT miviRebT: 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

nh

h
h

h
M
2

1

; 
⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

nP

P
P

P
M
2

1

; 

(3) da (4)-dan vRebulobT: 
( ) ( )tpXhtC ⋅= .                   (5) 

Tu, i-uri dargidan miRebuli i-uri saxis kapitalis 
sidides, romelic aucilebelia j dovlaTis warmoebisaTvis, 
aRvniSnavT ijb -iT, maSin kapitalis koeficientebis B matrica 
Caiwereba Semdegnairad: 
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⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

nnnn

n

n

bbb

bbb
bbb

B

K

KKKK

K

K

21

22221

11211

. 

Semdeg, gamoviyenoT samuelson-hiksis koncefcia. Tu 
davuSvebT, rom produqciis gamoSvebasa da amisTvis aucile-
bel kapitals Soris arsebobs proporciuli damokidebu-
leba, maSin miviRebT, rom t drois manZilze i-ur dovlaTze 
(i–uri dargis saqoneli) sainvesticio moTxovna  

( ) ( )∑
=

Δ=
n

j
jiji tXbtI

1
,  sadac  ( ) ( ) ( )tXtXtX jjj −+=Δ 1                  (6) 

 (6) gamosaxuleba SeiZleba gadaiweros matriculi 
saxiT: 

( ) ( ) ( )( )tXtXBtI −+= 1       (7) 
(1) da (2) gantolebebidan gveqneba: 

( ) ( ) ( ) ( )tItCtAXtX ++=                 (8) 
Semdeg (5), (7) da (8)-dan miviRebT: 

( ) ( ) ( ) ( ) ( )( )tXtXBtPXhtXAtX −+⋅+⋅+⋅= 1      (9) 
anu 

( ) ( ) ( ) ( ) ( )( )tXtXBtXPhAtX −+⋅+⋅+= 1             (10) 
swored es aris dinamikuri dargTaSorisi modelis 

ZiriTadi gantoleba. am matriculi gantolebis amoxsniT 
miviRebT, rom 

X t 1+( ) B 1− X t( ) A X t( )⋅− h P X t( )⋅( )⋅− B X t( )⋅+[ ]⋅:=X t 1+( ) B 1− X t( ) A X t( )⋅− h P X t( )⋅( )⋅− B X t( )⋅+[ ]⋅:= .                                               (11)  
 

laboratoriuli samuSao #29 
 

amocana: vipovoT mTliani gamoSvebis axali gegma 
dinamikuri dargTaSorisi modelisaTvis Tu, mocemulia 
matricebi drois wina saangariSo periodisaTvis: 

B
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⎟
⎟
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 ,                    
A
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⎛
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⎝
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⎟
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 ,                 
X
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⎛
⎜
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⎞
⎟
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:=

, 
     

E
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0

1

⎛
⎜
⎜
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⎞
⎟
⎟
⎠
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,           
h

0.8

0.9

0.5

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

:=

,                 
P

0.05

0.13

0.1

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

:=

, 
 sadac, iP  damatebuli Rirebulebis wilia i-uri 

dovlaTisTvis, )(tX  _ ekonomikis seqtoris gamoSvebuli 
dovlaTis veqtoria wina saangariSo periodisaTvis. 



 187

 Cveni mniSvnelobebis CasmiT dinamikur dargTaSoris 
modelSi, miviRebT:  

X1 B 1− X A X⋅− h P X⋅( )⋅− B X⋅+[ ]⋅:=

X1

51.345

78.562

60.14

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

=

 
 

programa  Mathcad-ze 
 

sawyisi monacemebi 

B
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:=

 
saerTo gamoSvebis, axali gegmis gamosaTvleli formula: 

X1 B 1− X A X⋅− h P X⋅( )⋅− B X⋅+[ ]⋅:=

 
Sedegebi: 

X1

51.345

78.562

60.14

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

=

 
 

 
 
 

programa  Matlab-ze 
 

B=[10,20,30;30,20,10;20,30,20] 
A=[0.1,0.4,0.15;0.3,0.4,0.05;0.2,0.6,0.1] 
X=[50;80;60]; 
E=eye(3) 
h=[0.8;0.9;0.5] 
P=[0.05;0.13;0.1] 
X1=B^(-1)*(X-A*X-h*(P'*X)+B*X) 
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B = 
    10    20    30 
    30    20    10 
    20    30    20 
A = 
    0.1000    0.4000    0.1500 
    0.3000    0.4000    0.0500 
    0.2000    0.6000    0.1000 
E = 
 
     1     0     0 
     0     1     0 
     0     0     1 
h = 
    0.8000 
    0.9000 
    0.5000 
P = 
    0.0500 
    0.1300 
    0.1000 
 
Sedegebi: 
 
X1 = 
   51.3454 
   78.5615 
   60.139 
>> 
 

 

 

 

savarjiSo: 

 
vipovoT mTliani gamoSvebis axali gegma dinamikuri 

dargTaSorisi modelisaTvis Tu, mocemulia matricebi 
drois wina saangariSo periodisaTvis: 
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sadac, iP  damatebuli Rirebulebis wilia i-uri 

dovlaTisTvis, )(tX  _ ekonomikis seqtoris gamoSvebuli 
dovlaTis veqtoria wina saangariSo periodisaTvis. 
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Tema 30: lorencis maTematikuri modeli ekonomikaSi 
 

warmoebis moculobis cvlilebis siCqare tolia, 
produqciis realizaciidan amonagebsa da warmoebis 
danaxarjebs Soris sxvaobisa. 

Tu, SemoviRebT aRniSvnebs: 
x – warmoebis moculoba; 
y – realizebuli produqciis moculoba;  
a– realizebuli produqciis erTeuli moculobis fasi; 
b–warmoebuli produqciis erTeuli moculobis 

TviTRirebuleba; 
maSin, miviRebT gantolebas: 

x -y ⋅⋅=
⋅

βαx .                                               (1) 
realizebuli produqciis moculobis cvlilebis 

siCqare tolia, warmoebuli produqciis bazriT 
uzrunvelyofis mocu-lobisa, gajerebis moculobisa da 
warmoebis resursebiT uz-runvelyofis moculobaTa 
sxvaobisa. 

Tu, SemoviRebT aRniSvnebs: 
r  - bazris moTxovnis koeficienti warmoebis x moculo-

baze; 
γ   -  bazris gajerebis koeficienti; 
δ  -  warmoebis resursebiT uzrunvelyofis koeficienti; 
z  -  warmoebisaTvis saWiro resursebis moculoba; 
maSin, miviRebT gantolebas: 

zx -y  - ⋅⋅⋅⋅=
⋅

δγxry .                                         (2) 
warmoebis resursebis moculobis cvlilebis siCqare 

to-lia, resursebiT uzrunvelyofis moculobasa da 
daxarjuli resursebis moculobaTa Soris sxvaobisa.  

Tu, SemoviRebT aRniSvnebs: 
b  – resursebis xarjvis siCqaris koeficienti; 
l  –  warmoebis resursebiT uzrunvelyofis koeficienti; 
maSin, miviRebT gantolebas: 

yxl  ⋅⋅+⋅−=
⋅

zbz .                                            (3) 
 amrigad, miviReT sawarmos funqcionirebis maTematikuri 

modeli: 

x -y ⋅⋅=
⋅

βαx ; 

zx -y  - ⋅⋅⋅⋅=
⋅

δγxry ;                                         (4) 

yxl  ⋅⋅+⋅−=
⋅

zbz .                                                              
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advilad SevniSnavT, rom (4) gantolebebi emTxvevian 
lorencis maTematikur models, roca 

a=b=10; r=28; g=d=l=1; b=
3
8 . 

am SemTxvevaSi, fazur sibrtyeze miviRebT lorencis 
atraqtors, romelic fraqtalur simravles warmoadgens. 
lorencis atraqtori Seesabameba determinirebul sistemaSi 
qaosis warmoqmnis movlenas. am SemTxvevaSi, warmoebisa da 
amonagebis moculobebi aRaraa marTvadi da sistema midis 
ngrevisaken. amitom, cdiloben Tavi aaridon sistemis 
qaosuri muSaobis reJimebs, parametrebis Sesabamisi 
dinamikis saSu-alebiT.  

 
 

laboratoriuli samuSao #30 
 
amocana: amoxseniT lorencis gantolebaTa sistema: 

t
x t( )d

d
10 y t( )⋅ 10 x t( )⋅−

,
 

t
y t( )d

d
y t( )− x t( ) z t( )⋅− 28 x t( )⋅+

,
 

t
z t( )d

d
x t( ) y t( )⋅

8
3

z t( )⋅−
,  

erTeulovani sawyisi pirobebis SemTxvevaSi da gamoikvlieT 
lorencis ucnauri atraqtori fazur sibrtyeze. 
 
amoxsna:  
lorencis gantolebaTa sistemas advilad amovxsniT 
Mathcad-is meSveobiT. 
 

programa Mathcad-ze 
 

lorencis gantolebaTa sistemas, Mathcad-ze Seesabameba 
matriculi operatori: 

D t Q,( )

10 Q1⋅ 10 Q0⋅−

Q1− Q0 Q2⋅− 28 Q0⋅+

Q0 Q1⋅
8
3

Q2⋅−

⎛
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎠

:=
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Npts 3000:=  

L Rkadapt

1

1

1

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

0, 50, Npts, D,
⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

:=  

t L 0〈 〉
:=  

X L 1〈 〉
:=  

Y L 2〈 〉
:=  

Z L 3〈 〉
:=  

amonaxsnebi moicemian grafikebis meSveobiT: 
i 0 Npts..:=  
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ti
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ti
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60

Zi

ti

 

avagoT dinamikis suraTi fazur sibrtyeze: 
ε 0.001:=  

R 0〈 〉
X:=  

R 1〈 〉
X ε+:=  
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S 0〈 〉
Y:=  

S 1〈 〉
Y ε+:=  

T 0〈 〉
Z:=  

T 1〈 〉
Z ε+:=  

miviRebT lorencis ucnauri atraqtoris suraTs, romelic 
Seesabameba determinirebuli sistemis qaosur reJimSi 
gadasvlas, magram romelic icvlis “pepelas frTebis” 
moxazulobas r-parametris cvlilebisas. rac Seesabameba 
bazris moTxovnis cvlilebas warmoebuli produqtis 
moculobaze. 

R S, T,( )

 
 
 
 

programa Matlab-ze 
 
function dxdt=lorenci(t,p) 
dxdt=[10*(p(2)-p(1)) 
    28*p(1)-p(2)-p(1)*p(3) 
    p(1)*p(2)-8/3*p(3)]; 
end 
t=[0 50]; 
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y0=[1;1;1]; 
[t,p]=ode45(@lorenci,t,y0); 
subplot(3,1,1);plot(t,p(:,1));xlabel('t');ylabel('p(1)') 
subplot(3,1,2);plot(t,p(:,2));xlabel('t');ylabel('p(2)') 
subplot(3,1,3);plot(t,p(:,3));xlabel('t');ylabel('p(3)') 
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t=[0 50]; 
y0=[1;1;1]; 

[t,p]=ode45(@lorenci,t,y0);plot(p(:,1),p(:,2))

-20 -15 -10 -5 0 5 10 15 20
-30

-20

-10

0

10

20

30
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x=[0.1,0.1,0.1]; 
xdot=[0,0,0]; 
sigma=10; 
r=28; 
b=8/3; 
h=0.01; 
p13=plot3(x(3),x(1),x(2),'-',... 
    'EraseMode','none','color','b'); 
grid 
axis([-20 20 -20 20 0 80]) 
xlabel('x') 
ylabel('y') 
zlabel('z') 
hold on 
while 1 
    xdot(1)=sigma*(x(2)-x(1)); 
    xdot(2)=r*x(1)-x(2)-x(1)*x(3); 
    xdot(3)=x(1)*x(2)-b*x(3); 
    xp=x; 
    x=x+h*xdot; 
    set(p13,'XData',[xp(1) x(1)],... 
        'YData',[xp(3) x(2)],... 
        'ZData',[xp(3) x(3)]) 
    drawnow 
end 
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sarCevi 
 
 

winasityvaoba  ------------------------------------------------------------------
---- 

3 

nawili I. albaTobaTa Teoriis elementebi. 
1. albaTobis gansazRvreba. -------------------------------------- 

 
5 

2. kombinatorikis elementebi. ---------------------------------- 8 

3. albaTobis statistikuri gansazRvreba -------------- 11 
4. albaTobaTa Sekrebisa  da gamravlebis  
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12 
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18 
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11. warmomqmneli funqcia. ------------------------------------------ 25 

12. diskretuli SemTxveviTi sidideebi. ------------------- 26 

13. diskretuli SemTxveviTi sidideebis  
ricxviTi  maxasiaTeblebi. --------------------------------------- 

 
30 

nawili II. ekonomikis ZiriTadi maTematikuri  
modelebi da laboratoriuli samuSaoebi. 

 

Tema 1: regionSi saqonelze saSualo fasis 
dadgenis statistikuri meTodi ------------------------------ 

 
35 

laboratoriuli samuSao #1. -------------------------- 39 

programa Mathcad-ze -------------------------------------- 40 

programa Matlab-ze ----------------------------------------- 41 
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