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ეძღვნება გამოჩენილი ქართველი ინჟინრის  

ლევან შაფაქიძის  ნათელ ხსოვნას. 

 

წინასიტყვაობა 
 

სოციალურ-ეკონომიკური სისტემები მიეკუთვნება რთული, 

აქტიური სისტემების რიგს. მათთვის დამახასიათებელია გარემო 

პირობების მუდმივი ცვალებადობა, რაც იწვევს თვით ამ სისტემების 

განმსაზღვრელი პარამეტრების დინამიკური სურათის ცვლილებას. 

აქტიურ სისტემებში ხშირად ისე იცვლება გარემო პირობები, რომ 

სისტემის მუშაობის მექანიზმი თვისებრივად განიცდის ცვლილებას. 

სისტემა იმდენად რთულია, რომ მისი დინამიკის თვისებრივი 

ცვლილება, იწვევს გარემო პირობების შეცვლას. ასე რომ, სოციალურ-

ეკონომიკური სისტემა, უმეტესწილად არის ღია სისტემა, რის გამოც 

მუდმივად მიმდინარეობს “ენერგიის” გაცვლა “გარე 

სამყაროსთან”(გარემო პირობებთან), რაც, თავის მხრივ, იწვევს 

სისტემის თვითორგანიზებას. ყოველივე ეს განაპირობებს 

სინერგეტიკის მეთოდების პოპულარობას აქტიური სისტემების 

შესწავლის პროცესში. მაგალითად, როცა ბაზარზე გვაქვს “დიდი 

რაოდენობის”(კრიტიკული მასის) ერთი სახეობის პროდუქტი, ის 

მოქმედებს მოთხოვნაზე (მოთხოვნა კლებულობს) და მისი გასაყიდი 

ფასი ეცემა (ვინაიდან, იმ შემთხვევაში, თუ შევინახეთ ჭარბი 

პროდუქტი, დაგვჭირდება დამატებითი ხარჯების გაწევა 

საწყობისათვის ან ტრანსპორტირებისათვის, თუ წავიღებთ საკუთარ 

საწყობში). აქედან გამომდინარე, საქონლის რეალიზაციის მოცულობის 

გაზრდის მიზნით, ხშირად უმჯობესია მისი ფასის შემცირება 

გარკვეულ საზღვრამდე. ცხადია, ფასს იმაზე მეტად ვერ შევამცირებთ, 

ვიდრე მისი სარეალიზაციო პროდუქტად გადაქცევა დაგვიჯდა. 

უფრო მეტიც, გვინდა, რომ რეალიზაციის ფასმა ხარჯებიც დაფაროს  

და მოგებაც მოგვცეს.  

P.S. თუმცა, არსებობს სიტუაციები, როდესაც საჭიროა სუსტი 

კონკურენტების მოცილება და სპეციალურად დემპინგურ 

(თვითღირებულებაზე ნაკლებ) ფასებში გაყიდვა საქონლის, რათა 

დავიპყროთ ბაზარი, ხოლო შემდეგ გავადიდოთ ფასები და მივიღოთ 

მეტი მოგება.  

ასეთ შემთხვევაში, ჩვენი ფირმა, რომელიც საქონელს აქცევს 

სარეალიზაციო პროდუქტად, სოციალ-ეკონომიკურ სისტემას 



 4 

წარმოადგენს, ხოლო ბაზარი მყიდველებსა და გამყიდველებთან 

ერთად არის გარემო, რომელშიც მუშაობა უხდება  სისტემას. აქ 

ნათლად ჩანს ის ურთიერთქმედება სისტემასა და მის გარემოს 

შორის, რაზეც ადრე იყო საუბარი. 

ამ მაგალითის განზოგადება ადვილია როგორც დიდი 

კომპანიისათვის, ისე სახელმწიფო მასშტაბით.  

სახელმწიფო ყოველთვის დაინტერესებულია იმით, რომ 

ექსპორტი სჭარბობდეს იმპორტს და, მაშასადამე, სალდო იყოს 

დადებითი. თუ სალდო უარყოფითი იქნება, მაშინ სახელმწიფო 

იძულებულია დახარჯოს საერთაშორისო სავალუტო რეზერვები, რაც 

განაპირობებს ბალანსის დარღვევას ადგილობრივსა და უცხოურ 

ვალუტას შორის. ეს კი იწვევს ადგილობრივი ვალუტის 

გაუფასურებას (ინფლაციას).  

იმისათვის, რომ სახელმწიფომ  საკუთარი ქვეყნის მეწარმეები 

დაიცვას უცხო ქვეყნის უფრო იაფი საქონლის შემოდინებისაგან, რაც 

საბოლოოდ იწვევს ეროვნული საწარმოების გაკოტრებას და 

უმუშევრობის ზრდას, ხდება გარკვეული ქვეყნისათვის 

სტრატეგიული მნიშვნელობის პროდუქციის შემოტანაზე აქციზის 

(დამატებითი გადასახადის) დაწესება. აქციზის სიდიდე ისეთი უნდა 

იყოს, რომ უცხო ქვეყნის საწარმომ ვეღარ შეძლოს ეროვნული 

საწარმოების გაკოტრება (შემოტანილი საქონლის თვითღირებულება 

უფრო მეტი უნდა იყოს, ვიდრე ეროვნული პროდუქტისა); ასევე, 

იკრძალება საქონლის დემპინგურ ფასებში გაყიდვა. 

ზოგჯერ, კორუმპირებული სახელმწიფო მოხელეები “წილში 

უჯდებიან” უცხო ქვეყნის მეწარმეებს, აქციზის გარეშე 

შემოატანინებენ საქონელს და აკოტრებენ ეროვნულ საწარმოებსა და 

ფერმერებს საკუთარი “ჯიბის გასქელების” ხარჯზე. ასე ხდებოდა 

კარგა ხანს საქართველოშიც, როცა თურქეთიდან შემოჰქონდათ 

ნიტრატებით გაჟღენთილი მავნე, მაგრამ იაფი კვების პროდუქტები, 

რითაც წამლავდნენ და აავადებდნენ საკუთარ მოსახლეობას, 

საკუთარი გამდიდრების მიზნით აკოტრებდნენ ფერმერებსა და 

სოფლის მთელ მოსახლეობას. იქამდეც კი მივიდნენ, რომ გააუქმეს 

სანიტარიული სამსახური, რომელსაც ევალებოდა სარეალიზაციო 

პროდუქციის ხარისხის შემოწმება (კორუფციის მოსპობის მიზეზით). 

მოსახლეობის ცხოვრების დონის მკვეთრი ვარდნა კი იწვევს 

სოციალურ დაძაბულობას და რევოლუციურ სიტუაციას ქმნის. 
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კორუფცია დემოკრატიის თანმდევი სენია, რადგან ის 

თავისუფლებას აძლევს ადამიანის ხარბსა და გაუმაძღარ ბუნებას. 

კორუფციის მთლიანი მოსპობა შეუძლებელია, თუმცა დასაშვებ 

საზღვრებში (5%-10%) მოქცევა მხოლოდ სტალინის ტიპის 

დიქტატორსა და კონსტიტუციურ მონარქს შეუძლია, ვინაიდან 

დიქტატურა ფიზიკური განადგურების შიშზეა დამყარებული, ხოლო 

კონსტიტუციური მონარქის ძალაუფლებას შეუძლია ყოველთვის 

შეცვალოს კორუმპირებული მთავრობა.  

რაც შეეხება მრავალპარტიულ სისტემას მეფის გარეშე, ის 

ყოველთვის კორუფციის ბუდე იქნება და როგორც კი დაირღვევა 

ბალანსი საკანონმდებლო და აღმასრულებელ ხელისუფლებას შორის, 

კორუფციაც გალაღდება. თუ, კორუფციამ ქვეყანაში მიაღწია 29%, 

მაშინ სახელმწიფოებრიობა იწყებს მკვეთრ ნგრევას რევოლუციური 

გზით. თუ ერთმა პარტიამ მოიპოვა კონსტიტუციური უმრავლესობა 

პარლამენტში, მაშინ დიდია დიქტატურისა და კორუფციული 

მთავრობის ჩამოყალიბების ალბათობა. 

ნაშრომი ძირითადად ემყარება ავტორების მიერ მრავალი წლის 

განმავლობაში ჩატარებული კვლევის შედეგებს და მთლიანად 

ეხმაურება დარგის თანამედროვე განვითარების დონეს. იგი მოიცავს 

როგორც ეკონომიკსის ძირითად საკითხებს, ისე პრაქტიკულ 

ეკონომეტრიკასა და ფინანსური მათემატიკის საწყისებს. განხილულია 

სოციალურ-ეკონომიკური სისტემების შესაბამისი დინამიკური 

სისტემების აგების მეთოდები. აქტიური სისტემებისათვის აგებულია 

წილადური რიგის მათემატიკური მოდელები, განხილულია თამაშთა 

თეორიისა და მასობრივი მომსახურების თეორიის მათემატიკური 

მოდელები, ქსელური მოდელების გამოთვლის ალგორითმები, 

არამკაფიო ლოგიკის მათემატიკური მოდელების აგების ტექნიკა 

სოციალურ-ეკონომიკური სისტემებისათვის. მაკროეკონომიკური 

მაჩვენებლების პროგნოზირებისათვის გამოყენებულია ვეივლეტ-

ანალიზი. 

ავტორები მადლობას უხდიან საინჟინრო აკადემიის 

პრეზიდენტს, საქართველოს ტექნიკური უნივერსიტეტის რექტორს 

ბატონ არჩილ ფრანგიშვილს მუშაობის პროცესში ხელშეწყობისათვის. 

დიდი მადლიერებით აღნიშნავენ ნატო თუშიშვილის ღვაწლს რიგი 

საკითხების განხილვაში მონაწილეობისთვის და ვერა ქორთიევას მიერ 

ტექნიკური სამუშაოების ხარისხიანად შესრულებას. 
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თავი I. fundamenturi ekonomikis ZiriTadi cnebebi 
 

1.1. mikroekonomikis ZiriTadi cnebebi. ganurCevlobis mrudebi. 
moxmarebisa da moTxovnis Teoria 

 
piradi moTxovnilebebis dasakmayofileblad individebi 

sxvadasxva dovlaTs moixmaren. 
piradi moxmarebis modelirebisaTvis iyeneben 

ganurCevlobis mrudis cnebas.  
ganvixiloT magaliTi. vTqvaT, saojaxo meurneoba moixmars 

ori saxis dovlaTs (dovlaTi 1 da dovlaTi 2). davuSvaT 

drois raRac periodში pirveli dovlaTi moixmares Y1 , xolo 
meore dovlaTi _ Y2 raodenobiT. organzomilebian (Y1,Y2) 

veqtors uwodeben moxmarebis gegmas. saojaxo meurneoba 
moxmarebis A=( AA YY 21 , ) veqtors adarebs, moxmarebis sxva ),( 21

BB YYB   

veqtors da akeTebs qvemoT CamoTvlilidan erT-erT daskvnas: 

a) A veqtors upiratesoba aqvs B veqtorTan შედარებით; 

b) B veqtors upiratesoba aqvs  A veqtorTan შედარებით; 

g) A da B veqtorebs Tanabari upiratesoba aqvს 
(momxmareblisTvis sulerTia romels airCevs,  A Tu B veqtors). 

gansazRvreba. moxmarebis gegmaTa simravle, romelic 
ganurCevlobis mdgomareobaSia gansaxilvel gegmasTan, 

sibrtyeze Seadgens wertilTa simravles, და მას ganurCevlobis 
mrudi ewodeba.  

Tu  U=U(Y1,Y2)-iT aRvniSnavT funqcias an sxvanairad, 
sargeblianobis indeqss, romelic SeiZleba miviRoT (Y1 ,Y2) 

veqtoriT mocemuli dovlaTis moxmarebiT, maSin ganurCev-
lobis mrudi iqneba (Y1 ,Y2) mniSvnelobaTa erToblioba, 
romelTac mivyavarT sargeblianobis U indeqsis erTsa da imave 
mniSvnelobamde (e.i. ganurCevlobis mrudebi sargeblianobis 

funqciis donis wirebია). 
ganurCevlobis mrudebi ganisazRvreba sargeblianobis 

funqciis mixedviT. 
ganvixiloT sargeblianobis funqciis ramdenime tipi, 

romlebic ekonomikaSi xSirad gamoiyeneba: 

1. funqcia dovlaTTa sruli urTierTCanacvlebiT (mag., 

fxvnili Saqri da natexი Saqari) 

2211 YYU   .                                         (1.1) 

2. sargeblianobis neoklasikuri (kob-duglasis) funqcia:                
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      1, 21210
21   

YYU .               (1.2) 

3. sargeblianobis funqcia srulad urTierTSemvseბi 

dovlaTebisaTvis (mag., karaqi da puri, sosisi da mdogvi) 

                     ,),min(
2

2

1

1 uU
YY

U 


 sadac 








uY

uY

22

11




;  (1.3) 

4. Sereuli, Semvseb-Camnacvlebeli tipis funqcia (mag., Cai 
da rZe): 

                    21 uuU  ,   sadac 








22122

21111

uuY

uuY




       (1.4) 

ganurCevlobis mrudis asagebad sargeblianobis funqciis 
erT-erTi argumenti unda gamovsaxoT sxva argumentiTa da 

sargeblianobis funqciis U mniSvnelobiT. magaliTad, (1.1) 
funqciisaTvis gveqneba 

2

11
2



 YU
Y


 .                          (1.5) 

1 da 2 koeficientebs mivaniWoT mudmivi mniSvnelobebi da 
SevarCioT sargeblianobis funqciis U0 mniSvneloba, Semdgom 

Y1-სთვიs sxvadasxva mniSvnelobebიs მინიჭებისას, (1.5)-dan 

miviRეbT Y2-is Sesabamis mniSvnelobebs. miRebuli (Y1,Y2) 

wertilebis  sibrtyeze asaxviT ki miviRebT ganurCevlobis 

mruds (nax. 1.1). 

miiReba wrfeebი da amavdroulad, rac 

metia U0, Sesabamisi ganurCevlobis mrudi 
miT ufro Sors ganTavsdeba koordinatTa 
saTavidan. 

funqciebi sruli urTierTCanac-
vlebiT Tavs iCens maSin, rodesac Y1 da Y2 

urTierTSemcvlelebia; magaliTad, Tu  Y1 

არის Cai da Y2 - yava.   

sargeblianobis (1.2) funqciisaTvis 
ganurCevlobis mrudis asagebad vpoulobT  

Y2-s:                                                                                                         

                      
2

1

1

10

2




 















Y

U
Y .     (1.6)                                                                    

(Y1,Y2) sibrtyeze 0, 1, 2 da U0-is dafiqsirebiT, miviRebT 

ganurCevlobis mruds (nax. 1.2).                                                                                         
rac ufro metia U0-is mniSvneloba, ganurCevlobis mrudi 

miT metad aris daSorebuli koordinatTa saTavidan. 

Y2 

0 

nax.1.1 
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 sargeblianobis (1.6) funqciisaTvis 

ganurCevlobis mruds aqvs 1.2 ნახ-ზე 
mocemuli saxe. 

 funqciebi sruli urTierTSemv–
sebebiT Tavs iCens maSin, roca Y1 da Y2 

erTad gamoiyeneba. magaliTad, Tu Y1 Caia 

da Y2 Saqari (nax.1.3). 
 Sereuli tipis funqciisaTvis gvaqvs 1.4 nax-ze mocemuli 

ganurCevlobis mrudebi. 
                                      

       

 

                 

                                                

 

 

 

 

 
 

 

zRvruli sargeblianoba da Canacvlebis zRvruli norma 

 
moxmarebis Teoriis ZiriTadi cnebebia zRvruli 

sargeblianoba da Canacvlebis zRvruli norma. vTqvaT, 
U=U(Y1,Y2) - sargeblianobis funqciaa. 

gansazRvreba. sargeblianobis funqciis i-uri cvladis 

mixedviT cvlilebis  
1Y

U




 siCqares, i-uri dovlaTis zRvruli 

sargeblianoba ewodeba.  

 magaliTad, sargeblianobis U=1Y1+2Y2 funqciisaTvis Y1 

dovlaTis zRvruli sargeblianobaa 1

1






Y

U
; xolo Y2 dovlaTis 

zRvruli sargeblianoba iqneba 2

2






Y

U
 (zRvruli 

sargeblianoba - marginal utility). 
 kob-duglasis neoklasikuri tipis sargeblianobis 

funqciisaTvis 
21

210


 YYU  , sadac 1+2 1, miviRebT, rom 

dovlaTis zRvruli sargeblianoba iqneba:  

0 

 

Y2 

nax. 1.2 

nax.1.3 

0 Y1 

Y2 

nax.1.4 

0 

Y2 

Y1 
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.
1

11

1120

1

12

Y

U
YY

Y

U 







 

 

 
 Y1 dovlaTis dY1 sididiT Semcirebisas sargeblianobis 

winandeli U donis SesanarCuneblad saWiroa, meore dovlaTis 
moxmareba gavzardoT dY2 sididiT. 

 am cvlilebis amsaxvel fardobas uwodeben Canacvlebis 
zRvrul normas (marginal rate of substitution). 

 gansazRvreba: samomxmareblo dovlaTis Canacvlebis 
zRvruli norma  (MRS) ewodeba Semdegi gamosaxulebiT 
mocemul fardobas: 

constU
dY

dY
MRS




1

2  .           (1.7) 

 Tu gaviTvaliswinebT, rom A=(Y1,Y2) da B(Y1+dY1;Y2+dY2) 

wertilebi ganurCevlobis erTsa da imave mrudze Zevs (e.i. 
Seesabameba sargeblianobis funqciis erTsa da imave dones), 
gveqneba: 

  U(Y1,Y2)=U(Y1+dY1;Y2+dY2).                            (1.8) 

amrigad, dU=0 , rac niSnavs,  

02

2

1

1










dY

Y

U
dY

Y

U
 .                        (1.9) 

aqedan gamomdinare 

constU

constU

Y

U

Y

U

dY

dY
MRS















2

1

1

2

.                (1.10) 

PP.S. maSasadame, Canacvlebis zRvruli norma gamoisaxeba 
dovlaTTa zRvruli sargeblianobaTa fardobiT.  

 
moTxovnis funqcia 

 
TiToeuli pirovnebisaTvis damaxasiaTebeli moTxovnileba, 

sxvadasxva saxis dovlaTze, aisaxeba ganurCevlobis mrudis 
meSveobiT, xolo momxmareblis moTxovnis SezRudva moicema 
sabiujeto SezRudvebis pirobebiT. 

 Tu pirveli da meore dovlaTis sabazro fasebs 
aRvniSnavT P1 da P2-iT, xolo momxmareblis Semosavals 
(biujets) ki B-Ti, maSin dovlaTis moxmarebis (Y1,Y2) 

gegmisaTvis sabiujeto SezRudvis utolobasa da biujetis 
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wrfis gantolebas mocemuli pirovnebisaTvis eqneba Semdegi 
saxe: 

P1Y1+P2Y2B.                         (1.11) 

gamosaxuleba (1.11) iZleva sabiujeto SezRudvis gantolebas. 
 ganvixiloT ganurCevlobis mrudebi da biujetis wrfe 

(nax. 1.5). 
 

 

 

                           

 

 

 

 

 

 

 
CavTvaloT, rom TiToeuli pirovneba biujetis SezRudvis 

farglebSi cdilobs Tavisi Semosavali ise gadaanawilos 
sxvadasxva samomxmareblo dovlaTs Soris, rom miaRwios 
sargeblis maqsimizacias: 

.

max,

2211 BYPYP

U




                                          (1.12) 

dovlaTis Sesabamisi mniSvnelobebis  2*

1 ,YY  erTobliobas 
moxmarebis optimaluri gegma ewodeba. is aRniSnavs biujetis 
wrfisa da ganurCevlobis mrudis Sexebis wertils. 

maSasadame, rodesac sabazro fasebi da pirovnebis 
Semosavali mocemulia, pirovnebis moxmarebis optimaluri 
gegma biujetSi arsebuli SezRudvebisas ganisazRvreba 
sargeblis maqsimizaciis principiT. moxmarebis optimaluri 
gegma icvleba fasisa da Semosavlis (pirovnebis biujetis) 
mixedviT.   

 

 







.,,

,,

212

*

2

211

*

1

BPPY

BPPY




             (1.13) 

am gamosaxulebas uwodeben saojaxo meurneobis moTxovnis  
funqciebs. 

 
 
 
 
 

0 

U=U0 

U=U1 

U=U2 

sabiujeto wrfe 

ganurCevlobis mrudebi 

Y1 

Y2 

1
 

 

2
 

 

nax. 1.5 
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sargeblianobis funqciis Tvisebebi 

sargeblianobis U=U(Y1,Y2) funqciis arsidan gamomdinare 

მას aqvs Semdegi zogadi (e.i. funqciis tipisgan damoukidebელი) 
Tvisebebi: 

1) Tu Y2=const, maSin Y1–is zrdasTan erTad, 
sargeblianobis funqciac izrdeba; aseve, Tu Y1=const da  Y2 

izrdeba, maSin sargeblianobis funqciac izrdeba, sxvagvarad 

გვექნება: 

00
21











Y

U

Y

U
.             (1.14) 

 amrigad produqtebis zRvruli sargeblianoba dadebiTia; 
2) TiToeuli produqtis zRvruli sargeblianoba 

klebulobs, Tu misi moxmarebis moculoba izrdeba 

0
Y

U
0

Y

U
2

2

2

2

1

2










.              (1.15) 

am Tvisebas uwodeben zRvruli sargeblianobis klebis 
kanons. es Tviseba imas niSnavs, rom saqonlis TiToeul 

saxeobaze moxmareba SezRudulia moTxovniT;  

3) dovlaTis TiToeuli saxeobis zRvruli sargeblianoba 
izrdeba, Tu izrdeba dovlaTis sxva saxeobis raodenoba. am 
SemTxvevaSi saqoneli, romlis raodenoba fiqsirebulia, 

SedarebiT deficituria. amitom, misi yoveli damatebiTi 
erTeuli iZens met Rirebulebas da SeiZleba ufro efeqturad 
iqnes gamoyenebuli. Tviseba marTebulia dovlaTis mxolod im 
Y1 da Y2 saxeobebisaTvis, romlebic erTmaneTs srulad ver 
Caanacvleben. igi analizurad Semdegnairad gamoisaxeba: 

0
21

2






YY

U
.                             (1.16) 

 zemoT moyvanili Tvisebebi gviCvenebs, rom (1.10)-is 
gamoyenebiT SegviZlia miviRoT Semdegi utoloba: 

.0

2

1

1

2 











Y

U

Y

U

dY

dY
       (1.17) 

es niSnavs, rom Y1-is zrdasTan erTad, Y2 mcirdeba. 
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 gamovTvaloT meore rigis warmoebuli 

.
2

2

121

2

2

2

1

2

1

2

1

2

1

2

2











































Y

U

Y

U

YY

U

Y

U

Y

U

dY

dY

dY

d

dY

Yd
              (1.18) 

samive Tvisebidan gamomdinare vRebulobT, rom  

.0
2

1

2

2


dY

Yd
                 (1.19) 

amrigad Y2=f(Y1) funqciis grafiki Cazneqilia, anu aqvs 
ganurCevlobis mrudis grafikze (nax1.5), gamosaxuli forma. 

 
 ganvixiloT konkretuli amocana momxmareblis arCevanze.  
 amocana. vTqvaT gvaqvs Semdegi saxis sargeblianobis 

funqcia:  

21 YYU  ,                (1.20)  

sadac cnobilia Y1 da Y2 produqtebis Sesabamisi P1 da P2 fasebi. 
gvaqvs sabiujeto SezRudva 

.2211 BYPYP                            (1.21) 

 am pirobebSi ipoveT optimaluri gegma, e.i. Y1 da Y2 

produqtebis is raodenoba, romlis drosac sargeblianobis U 

funqcia maqsimaluria. 

 amoxsna. cxadia, (1.21) piroba optimalur wertilSi iZens 
tolobis niSans, amitom gvaqvs: 









BYPYP

YYU

2211

21 max
.                (1.22) 

SevadginoT lagranJis funqcia: 

 BYPYPYYL  221121  .                   (1.23) 

eqstremumis aucilebel pirobebs Semdegi saxe aqvs:  

0

0

0

2211

21

2

12

1
















BYPYP
Y

L

PY
Y

L

PY
Y

L





.          e. i.    

,

,

,

2211

21

12

BYPYP

PY

PY











          (1.24) 
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saidanac vRebulobT: 













BYPYP

P

P

Y

Y

2211

2

1

1

2

.                          (1.25) 

pirveli piroba niSnavs, rom orive produqtze daxarjuli 

fulis raodenoba unda iyos erTnairi  (P1Y1=P2Y2), maSin (1.25)-
is meore gantolebidan vpoulobT moTxovnis funqciebs: 

;
2 1

1
P

B
Y                         (1.26) 

.
2 2

2
P

B
Y                         (1.27) 

amrigad, TiToeul produqtze gaweuli xarji Seadgens 
momxmareblis saerTo Semosavlis naxevars (es dakavSirebulia 
sargeblianobis funqciis Y1 da Y2-is mimarT simetriulo-
basTan). 

 
momxmareblis arCevanis zogadi modeli 

 

 vTqvaT, gvaqvs sargeblianobis funqcia U=U(Y1,Y2,…,Yn), 

sadac Yi aris i-uri dovlaTis raodenoba, P=(P1,P2,…,Pn) - fasebis 
veqtori  da B - momxmareblis biujeti. 

 maSin, miviRebT momxmareblis arCevanis zogad amocanas: 

max,),...,,( 21 nYYYU             (1.28) 

BYPYPYP nn  2211 ,     (1.29) 

,0iY   ni ,1  .            (1.30) 

lagranJis funqcia (1.28)-(1.30) CavweroT amocanisaTvis: 

   BYPYPYPYYYUL nnn   221121 ,,,  .           (1.31) 

eqstremumis arsebobis aucilebel pirobebs aqvs Semdegi 
saxe: 

,0, ,  iii PUL   i=
____

,1 n ;                    (1.32) 

BYPYPYP nn  2211 ,               (1.33) 

saidanac gamomdinareobs, rom 
______

 ,

 ,
n1,j   ;n1,i    , 

j

i

j

i

P

P

U

U
.                            (1.34) 

ase rom, optimumis wertilSi nebismieri ori dovlaTis 
zRvruli sargeblianobis fardoba udris maTi sabazro 
fasebis fardobas. 
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P.S. cxadia, rom zogadad moTxovnis funqciis analizuri 
saxiT warmodgena SeuZlebelia, Tu ar SemovifarglebiT 
garkveuli saxis sargeblianobis funqciebiT. sargeblianobis 
funqciis asagebad gamoiyeneba regresiuli analizis meTodebi, 
Sesabamisi Tvisebebis gaTvaliswinebiT. 

amocana. amoxseniT momxmareblis arCevanis amocana da 
ipoveT moTxovnis funqcia, roca dovlaTze fasebia: P1=10; P2=2,  

biujeti B=60, xolo sargeblianobis funqcias aqvs saxe: 
a) max;YU 21  Y  

b) max;YU
3/2

2

2/1

1  Y  

g) max;)3()1Y(U 4/3

2

4/1

1  Y  

d) .min)7()5(3U 2

2

2

1  YY  

gamosaxeT ganurCevlobis mrudebi da biujetis wrfe. 
 
 

laboratoriuli samuSao 1.1 
 

amocana. mocemulia sargeblianobis funqcia: 
2/1

2

2/1

112 YYU    

 saqonlis fasebia: ,75.01 P  5.02 P  da biujeti 25B . 

am pirobebSi, unda vipovoT optimaluri gegma, anu Y1-isa 
da Y2-is is mniSvnelobebi, romlis drosac sargeblianobis 
funqcia maqsimaluria. (amocana amoxseniT analizurad da 
kompiuteris meSveobiT, Sedegebi SeadareT erTmaneTs. aageT 
amocanis grafikuli interpretacia). 

 
amoxsna. 
SevadginoT sabiujeto SezRudva: 

BYPYP  2211 , 

255.075.0 21  YY . 

SevadginoT lagranJis funqcia: 

)5.075.025(12),,( 21

2/1

2

2/1

121 YYYYYYL    

da Sesabamisi SezRudvebi: 

05.075.025

05.0
2

1
12

075.06

21

2/1

2

2/1

1

2

2/1

2

2/1

1

1




















YY
L

YY
Y

L

YY
Y

L







;  

mivceT sistemis saxe: 
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





















05.075.025

05.0
2

1
12

075.06

21

2/1

2

2/1

1

2/1

2

2/1

1

YY

YY

YY





; 




















05.075.025

5.0

2

1
12

75.0

6

21

2/1

2

2/1

12/1

2

2/1

1

YY

YY
YY

; 

 






















05.075.025

75.0
2

1
125.06

21

2/1

2

2/1

1

2/1

2

2/1

1

YY

YYYY
; 









05.075.025

75.065.06

21

2/1

1

2/1

1

2/1

2

2/1

2

YY

YYYY
;                       

 









05.075.025

5.43

21

12

YY

YY
; 









05.075.025

5.1

21

12

YY

YY
; 

25

67.16

05.125

05.15.075.025

2

1

1

11









Y

Y

Y

YY

. 

 

programa  Mathcad-ze 
 
miznis funqciis Setana: 

U Y1 Y2( ) 12Y1

1

2
Y2

1

2
 ; 

 
sawyisi monacemebis gansazRvra: 
 

Y1 1

Y2 1  
SezRudvaTa sistema: 
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Given

Y1 0

Y2 0

0.75 Y1 0.5 Y2 25 
sargeblianobis funqciis maqsimumis Sesabamisi mniSvnelobebi: 

 
R MaximizeU Y1 Y2( )  

R
16.667

25









  

U R
0

R
1

  244.949
 

avagoT sabiujeto SezRudvis grafiki da ganurCevlobis mrudi 
erT koordinatTa sibrtyeze. amisaTvis, Y2  gamovsaxoT Y1-is 
saSualebiT, miviRebT funqcias: 

F y( )
25 0.75y

0.5


 
ganurCevlobis mrudis asagebad, CavataroT aseTive gamosaxva 
da masSi SevitanoT Cven mier gamoTvlili sargeblianobis 
funqciis mniSvneloba, miviRebT: 

G y( )
244.949

12 y

1

2












2



. 
avagoT grafiki. 

0 20 40
0

50

100

F y( )

G y( )

y

 

 miRebuli Sexebis wertili warmoadgens momxmareblis 
arCevanis Sesabamis wertils. 
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savarjiSo. 

 
mocemulia sargeblianobis funqcia: 

2/1

2

2/1

1 YYU   . 

 saqonlis fasebia: ,75.01 P  5.02 P  da biujeti 29B . 

am pirobebSi, unda vipovoT optimaluri gegma, anu Y1-isa 
da Y2-is is mniSvnelobebi, rodesac sargeblianobis funqcia 
maqsimaluria (amocana amoxseniT analizurad da kompiuteris 
meSveobiT, Sedegebi SeadareT erTmaneTs. aageT amocanis 
grafikuli interpretacia). 

 
 

 

 

1.2. r. stounis sargeblianobis funqcia da momxmareblis 
arCevanis amocana 

 
stounis sargeblianobis funqcias aqvs Semdegi saxe: 

        max:::,,, 21

221121  n

nnn aYaYaYYYYU


   (1.35) 

sadac ai aris i-uri dovlaTis aucilebeli minimaluri 
raodenoba, romelic Seisyideba nebismier SemTxvevaSi da ar 

warmoadgens arCevanis sagans. imisaTvis, rom ai, ni ,1  dovlaTTa 

erToblioba srulad iqnes SeZenili aucilebelia, B biujeti 
iyos am dovlaTTa erTobliobis SesaZenad saWiro fulis 

raodenobaze meti.  i0 xarisxis maCveneblebi axasiaTebs, 
momxmareblisaTvis dovlaTTa fardobiT Rirebulebas, anu 
axasiaTebs imas, Tu momxmareblisaTvis ramdenad metad 
sasurvelia esa, Tu is saxis dovlaTi. 

(1.35) miznis funqciaze sabiujeto SezRudvebis damatebiT  
BYPYPYP nn  2211  

,ii aY   ni ,1       (1.36) 

miviRebT r. stounis models. 
r. stounis sargeblianobis funqciisaTvis momxmareblis 

arCevanis amocanis amosaxsnelad, SevadginoT lagranJis 
funqcia: 

   



n

i

nnii BYPYPYPaYL i

1

2211 
   (1.37) 

eqstremumis aucilebeli pirobebiT miiReba: 
 

,0
,,, 21 









i

ii

ni

i

P
aY

YYYU

Y

L


 
 ,,1 ni     (1.38) 
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e.i. .
i

i

ii
P

U
aY



 
           (1.39) 

aseve, gvaqvs piroba: 

.2211 BYPYPYP nn                   (1.40) 

gavamravloT (1.39)-Si yoveli i-uri gantoleba Pi-ze da 
SevajamoT i-s mimarT, maSin miviRebT: 

.
1 11

 
 


n

i

n

i

iii

n

i

ii UaPaPY                       (1.41) 

 (1.40)-is gamoyenebiT, (1.41)-dan vRebulobT: 

 
 


n

i

n

i

iii UPaB
1 1

,   (1.42) 

sxvagvarad, 

,

1

1












n

i

i

n

i

ii PaB
U




     (1.43) 

(1.39)-Si CavsviT (1.43, miviRebT moTxovnis funqcias: 

.n1,i    ,
____

1

1






















n

i

ii

n

i

iii

ii

P

aPB

aY





              (1.44) 

am funqciis interpretireba iolia. Tavdapirvelad 
gamoiyeneba yoveli ai dovlaTis minimalurad aucilebeli 
raodenoba, Semdeg gamoiTvleba fulis darCenili raodenoba, 
romelic proporciulad gadanawildeba mocemuli saxis 

dovlaTis sasurvelobis i mniSvnelobis (wonadobis) mixedviT. 
fulis raodenobis Pi fasze gayofiT minimumis garda miviRebT 
damatebiT SesaZen i–uri dovlaTis raodenobas da mas 
davumatebT ai-s. 

 
 

laboratoriuli samuSao 1.2 
 
amocana. sargeblianobis funqcias aqvs r. stounis saxe. 

ipoveT moTxovnis funqcia im SemTxvevaSi, roca momxmarebeli 
aucileblad moixmars TveSi a1=18 cal purs P1=0.5 laris 
RirebulebiT,  a2=4 kg kartofils - P2=1.20 laris RirebulebiT, 
a3= 3kg xorcs - P3=8 laris RirebulebiT, a4=2kg Tevzs P4=10 
laris RirebulebiT da a5=10 cal kvercxs - P5=0.25 laris 

RirebulebiT, Tu 1=5; 2=4; 3=2; 4=3 da 5=1. momxmareblis 
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biujeti TveSi 500 laria. amocana amoxseniT analizurad da 
kompiuteris meSveobiT. miRebuli Sedegebi SeadareT erTmaneTs. 

 
amoxsna. stounis sargeblianobis funqcias aqvs saxe: 

U(Y1,Y2,Y3,Y4,Y5)=(Y1-a1)


1(Y2-a2)


2(Y3-a3)


3(Y4-a4)


4(Y5-a5)


5; xolo 
sabiujeto SezRudvebs aqvT saxe: 

P1Y1+ P2Y2+ P3Y3+ P4Y4+ P5Y5B; 

Y1 a1  Y2 a2  Y3 a3  Y4 a4  Y5 a5. 
amocanis analizuri amoxsnis Sedegad miviReT, rom 

moTxovnis funqcias aqvs saxe(1.10): 

____

5

1

5

1
1,5i   , 





















i

ii

i

iii

ii

P

aPB

aY





. 

moTxovnis funqciis mniSvnelobebi gamovTvaloT 
ornairad: momxmareblis arCevanis amocanis amonaxsnidan da 
analizuri amonaxsnidan. 

 
programa Mathcad-ze 

 

monacemebis Seyvana da amocanis ornairi  
amonaxsni 

 

amocanis amonaxsni, analizuri amonaxsnis bazaze 
 

ORIGIN 1  
 

B 500  
 

a

18

4

3

2

10

















 

5

4

2

3

1

















 P

0.5

1.2

8

10

0.25

















 i 1 5 Y1
i

a
i

i

B

1

5

i

P
i

a
i
















P
i

1

5

i

i




  

 

Y1

311.133

101.711

10.328

10.794

127.253


















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U Y1( ) 8.449 10
26

  

 
amocanis amonaxsni arawrfivi daprogramebis amocanis  

bazaze 

                                                         

 

U Y( )

1

5

i

Y
i

a
i

 
 i






 
Y a

 
 

Given  

Y a  
 

1

5

i

P
i

Y
i




B  

R MaximizeU Y( )  

 
Sedegebi: 

R

311.56

101.589

10.327

10.792

127.099

















  

 

U R( ) 8.449 10
26

  

 

 

savarjiSo.  

 
sargeblianobis funqcias aqvs r. stounis saxe. ipoveT 

moTxovnis funqcia im SemTxvevaSi, roca momxmarebeli 
aucileblad moixmars TveSi a1=15 cal purs P1=0.5 laris 
RirebulebiT,  a2=5 kg kartofils - P2=1.20 laris Rirebu-
lebiT, a3= 3kg xorcs - P3=10 laris RirebulebiT, a4=2kg Tevzs 
- P4=10 laris RirebulebiT da a5=10 cal kvercxs - P5=0.25 

laris RirebulebiT, Tu 1=5; 2=3; 3=2; 4=4 da 5=1. 
momxmareblis biujeti TveSi 400 laria. amocana amoxseniT 
analizurad da kompiuteris meSveobiT. miRebuli Sedegebi 
SeadareT erTmaneTs. 
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1.3. funqciis elastikuroba 
 

ganvixiloT y=f(x) funqcionaluri damokidebuleba. damo-
ukidebeli x cvladis cvlileba iwvevs y funqciis 
mniSvnelobis cvlilebas. ismis kiTxva: rogor gavzomoT 
damokidebuli y cvladis mgrZnobiaroba x-is cvlilebis 
mimarT?! am cvlilebis erT-erTi maCvenebelia funqciis 
warmoebulis cneba y , rac axasiaTebs y-is cvlilebis 

siswrafes x-is cvlilebisas. 
Tumca, ekonomikaSi warmoebulis cnebis gamoyeneba xSirad 

mouxerxebelia, vinaidan damokidebulia sazomi erTeulis 
arCevaze. magaliTad, Tu ganvixilavT Saqarze moTxovnis y 

funqcias x=p fasze damokidebulebiT, vnaxavT, rom p fasis 
TiToeuli SemTxvevaSi, warmoebulis ricxviTi mniSvneloba 

x

y
y




  damokidebulia imaze, rom Saqarze moTxovna izomeba 

kilogramobiT Tu centnerobiT. pirvel SemTxvevaSi, warmo-
ebuli izomeba kg/lariT, Sesabamisad, misi mniSvneloba fasis 
erTsa da imave mniSvnelobisas, moTxovnis sididis erTeulidan 
gamomdinare, sxvadasxva iqneba. amitom, ekonomikaSi funqciis 
cvlilebis mgrZnobiarobis gasazomad Seiswavlian х-isa da y-
is ara absoluturi, aramed maTi fardobiTi an procentuli 
cvlilebebis kavSirs (maSin, roca fizikaSi am sirTules Tavs 
arideben erTeulTa saerTaSoriso SI sistemis SemotaniT).  

gansazRvreba. y=f(x) funqciis elastikuroba ewodeba х da y 

cvladebis fardobiTi cvlilebebis Sefardebis zRvars, roca 
argumentis nazrdi .0x  

sxvagvarad, Tu  y=f(x) funqciis elastikurobas aRvniSnavT 
Ex(y)-iT, maSin  

   .limlim
00 y

x

dx

dy

x

y

y

x

x

x

y

y

yE
xx

def

x 












                      (1.45) 

gansazRvreba. f(x) funqciis saSualo mniSvneloba x 

wertilSi, ewodeba f(x)/x fardobas. 

Tu, f(x) funqciis saSualo mniSvnelobas aRvniSnavT Af(x)-
iT, gveqneba 

 
.

x

xf
Af

def

       (1.46) 

gansazRvreba. funqciis zRvruli mniSvneloba ewodeba 
funqciis )(xf   warmoebuls (aRniSvna Mf). 
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amrigad, am ori gansazRvrebiT SesaZlebelia ganvmartoT 
f(x) funqciis elastikuroba, rogorc zRvruli mniSvnelobis 
Sefardeba saSualo mniSvnelobasTan, anu 

 
.

)(

x

xf

xf

Af

Mf
fEx


       (1.47) 

zogjer mosaxerxebelia elastikurobis warmodgena 
logariTmuli warmoebulis saxiT. 

 
 

.
ln

ln

xd

yd
Ef                    (1.48) 

gadavideT elastikurobis cnebis geometriul interpre-
taciaze. 

 
 
 
 
 
 

    
 
 
 
 

ganvixilavT or SemTxvevas: 1.6 nax-ze  xf  funqcia 

klebulobs, xolo 1.7 nax-ze – izrdeba. 
gansazRvrebis Tanaxmad,  xfy   funqciis elastikuroba 

 yxC ;  wertilSi gamoiaxeba Semdegi formuliT:   ,
y

x

dx

dy
yEx   

tg
dx

dy
  (1.6 nax-is SemTxvevaSi)  da tg

dx

dy
  (1.7 nax-is SemTxvevaSi) 

warmoebulis geometriuli Sinaarsis mixedviT: amrigad, 
erTmaneTis paralelurad ganvixilavT Semdeg or SemTxvevas:  

a). 1.6 nax da b) 1.7 nax. 
cxadia,  

a)   ;
y

x
tgyEx    

b)   .
y

x
tgyEx    

 
 
 
 

0 x 

y 

y 

x A 

 

Y=f(x) 

C 

B 

nax. 1.6 

0 

B 

A 
 

x x 

y 

y 

C 

nax. 1.7 
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aseve cxadia, Tu: 
a) ;Oxx   

    .Oyy 
 

 

b) ;OAAxx   

    Oyy   

maSin miviRebT: 

a)   ;
Oy

Ox
tgyEx     

;sin

;cos





ACxCOy

BCyCOx




 

b)   ;
Oy

OAAx
tgyEx


   

;cosACAx   ;cosABOA   .sinACOy   

 
rac saSualebas iZleva  xfy   funqciis elastikuroba 
CavweroT Semdegi saxiT: 

a)   ;
sin

cos

AC

BC

AC

BC
tgyEx 




   

b)   .
sin

coscos

AC

BC

AC

ABAC
tgyEx 







  

amgvarad,  xfy   funqciis elastikuroba tolia: 

  .
AC

BC
yEx   

roca С wertilSi gamavali AB mxebis koordinatTa 
RerZebTan gadakveTis A da B wertilebi ganlagebulia С 

wertilidan sxvadasxva mxares (1.6 nax-isSemTxvevaSi); xolo, Tu 
gadakveTis A da B wertilebi ganlagebulia С wertilis erT 
mxares (1.7nax-is SemTxvevaSi), maSin  

   .
AC

BC
yEx    

ganvixiloT funqciis elastikurobis operatoris Semdegi 
Tvisebebi: 

1) elastikuroba warmoadgens sidides, romlis mniSvneloba 
ar aris damokidebuli imaze, Tu ra erTeulebiT izomeba x da y 

sidideebi, e.i. 

   .yEbyE xdx                                                     (1.49) 

damtkiceba. 

 
 
 

 .yE
by

ax

dx

dy

a

b

by

ax

axd

byd
ybE xbx    risi damtkicebac gvindoda; 
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2) urTierTSebrunebuli funqciebis elastikurobebi, aseve 
urTierTSebrunebuli sidideebia 

 
 

.
1

xE
yE

y

x          (1.50) 

damtkiceba. 

 
 

;
11

xE

x

y

dy

dxy

x

dx

dy
yE

y

x 



   

3) erTsa da imave х argumentze damokidebuli ori U(x) da 

V(x) funqciis namravlis elastikuroba tolia elastikurobaTa 
jamis: 

     .VEUEVUE xxx      (1.51) 

damtkiceba. 

 
 

   .VEUE
V

x

dx

dV

U

x

dx

dU
x

VU

UVVU

VU

x

dx

VUd
VUE xxx 










  

 

4) erTsa da imave х argumentze damokidebuli ori U(x) da 

V(x) funqciis Sefardebis elastikuroba tolia elastik-
urobaTa sxvaobisa: 

 
   .VEUE

V

U
E xxx 








    (1.52) 

damtkiceba. 

    ;
2

VEUE
V

x

dx

dV

U

x

dx

dU

U

xV

V

UVVU

V

U

x

dx

V

U
d

V

U
E xxx 





















 

5) erTsa da imave х argumentze damokidebuli ori U(x) da 

V(x)  funqciis jamis elastikuroba gamoiTvleba Semdegi 
formuliT: 

 
   

.
VU

VVEUUE
VUE xx

x



     (1.53) 

damtkiceba. 

 
 

  
















VU

V

x

dx

dV
V

U

x

dx

dU
U

VU

x
VU

VU

x

x

VU
VUEx  

   
.

VU

VEVUEU xx




  

6)   .1xEx  

damtkiceba: 

  .1
x

x

dx

dx
xEx  
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Sedegebi. 
 
a)     ;UnExUE x

n

x   

b) xarisxovani nxy   funqciis elastikuroba 

    ;nxnExE x

n

x   

g) maCvenebliani xay  funqciis elastikuroba  

  ;lnln ax
a

x
aa

a

x

dx

da
aE

x

x

x

x
x

x   

d) wrfivi baxy   funqciis elastikuroba 

 
 

.
bax

ax

bax

x

dx

baxd
baxEx








  

grafikulad ganvixiloT elastikurobis sididis 

cvlileba wrfivi baxY  funqciisaTvis (nax. 1.8). 
 
 

 

 

 

 

 

 

 

 

 

 
 
rogorc vxedavT, wrfivi funqciis elastikuroba 

damokidebulia wertilze, romelSic mas ganvixilavT, da misi 
sidide icvleba  -dan (abscisaTa RerZTan gadakveTis 
wertilSi) nulovan mniSvnelobamde (ordinatTa RerZTan 
gadakveTis wertilSi). 

 

 

 

1.3.1. elastikurobis cnebis gamoyeneba ekonomikaSi 
 

vTqvaT, gvaqvs Y dovlaTze moTxovnis funqcia  ,, BpfY   

sadac  р qonebis fasia, xolo В – momxmareblis biujeti. 
maSin, moTxovnis elastikuroba fasis mixedviT  

 
Y

P

P

Y
YE p 




                       (1.54) 

0 

y   0yEx

 

  1yEx

 
   baxEx  

x 

baxy   a

b
  

a

b

2
  

nax. 1.8 
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gviCvenebs Y dovlaTze moTxovnis sididis procentul 
cvlilebas, roca am qonebis fasi 1%-iT icvleba.  

 YE p  axasiaTebs momxmareblis mgrZnobiarobas produqciaze 

fasis cvlilebis mimarT. Tu moTxovnis fasobrivi 
elastikuroba absoluturi sididiT metia 1-ze, maSin 
moTxovnas ewodeba elastikuri, Tu naklebia 1-ze, maSin - 

araelastikuri. xolo, Tu   ,1YE p
maSin amboben, rom 

moTxovnas aqvs erTeulovani elastikuroba. 

                
Y

B

B

Y
YEB 




             (1.55) 

sidides ewodeba moTxovnis elastikuroba Semosavlebis 
mixedviT. es sidide axasiaTebs Y dovlaTze moTxovnis sididis 
procentul cvlilebas momxmareblis В Semosavlis erTi 
procentiT Secvlisas. 

moTxovnis dadebiTi elastikuroba Semosavlis mixedviT 
axasiaTebs dovlaTis xarisxian saqonels, xolo uaryofiTi 
elastikuroba – uxarisxo saqonels (romelsac yiduloben 
mxolod dabali fasisa da momxmareblis mcire В Semosavlis 
gamo). 

ase rom, meurneobis dargSi Semosavlis mixedviT, 
moTxovnis maRali dadebiTi elastikurobis koeficienti  YEB  

miuTiTebs imaze, rom misi wili ekonomikur zrdaSi metia, 
vidre wili ekonomikis struqturaSi. amitom, mas aqvs Sansi 
samomavlo zrdisa da ganviTarebisaTvis. piriqiT, Tu    ,1YEB  

maSin Y saqonels moelis Cawola da warmoebis Semcirebis 
perspeqtiva. 

iY  dovlaTze moTxovnis sididis Seswavlisas, roca sxva jY  

- dovlaTze (moxmarebaSi misi Semcvleli an Semavsebeli) jp  

fasi icvleba erTi procentiT, Semodis fasis mixedviT 
moTxovnis jvaredini elastikurobis cneba.  

  .
i

j

j

i

j

j

i

i

ipj
Y

P

dP

dY

P

dP

Y

dY

YE                         (1.56) 

Tu    0ipj YE
,
 i da j dovlaTi urTierTCamnacvleblebia, 

xolo Tu   0pjE
,
 dovlaTebi urTierTSemavsebelia. 

daskvna: 
1) moTxovnis funqciis fasis mixedviT elastikuroba miT ufro 
maRalia, rac ufo maRalia dovlaTis Canacvlebisunarianoba; 
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2) moTxovnis funqciis fasis mixedviT elastikuroba miT ufro 
maRalia, rac ufro maRalia mocemul dovlaTze xarjebis 
xvedriTi wona momxmareblis SemosavalSi; 
3) moTxovnis funqciis fasis mixedviT elastikuroba miT ufro 
maRalia, rac ufro dabalia mocemul dovlaTze moTxovnis 
subieqturi aucilebloba; 
4) moTxovnis funqciis fasis mixedviT elastikuroba izrdeba 
relaqsaciis drois Sualedis zrdasTan erTad. 

 
 

laboratoriuli samuSao 1.3 
 

amocana. ori produqtisaTvis, romelTa fasebia Sesabamisad 

1P  da 2P , moTxovna warmodgenilia stounis funqciiT. unda 
vipovoT TiToeul produqtze moTxovnis elastikuroba fasis 
mixedviT. 

dasmuli amocanis amosaxsnelad SevadginoT programa.  

 
programa  Mathcad-ze 

 
sawyisi monacemebis Setana: 

B 120  
a

1
2

a
2

3

1 0.4

2 0.6

Y1 P1 P2( ) a
1

1 B P1 a
1

 P2 a
2

 
P1 1 2 



 
fasis mixedviT moTxovnis stounis funqcia mocemuli ori 
produqtisaTvis: 

Y1 P1 P2( ) a
1

1 B P1 a
1

 P2 a
2

 
P1 1 2 



Y2 P1 P2( ) a
2

2 B P1 a
1

 P2 a
2

 
P2 1 2 



 
maTi elastikurobis gamoTvla: 

E1 P1 P2( )
P1

Y1 P1 P2( )
d

d









P1

Y1 P1 P2( )


E2 P1 P2( )
P2

Y2 P1 P2( )
d

d









P2

Y2 P1 P2( )

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fasis konkretuli mniSvnelobisaTvis elastikurobis 
gamoTvla: 

P1 15

P2 12  
 

E1(P1,P2):=-0.651 
 

E2(P1,P2):=-0.789 

 

savarjiSo. 
 

mocemulia moTxovnis funqcia: 

Y:=1000-8BP 

ipoveT moTxovnis elastikuroba fasisa da biujetis 
mixedviT, aageT Sesabamisi grafikebi; ipoveT, elastikurobis 
mniSvnelobebi fasisa da biujetis sxvadasxva 
mniSvnelobebisaTvis. 

 
 

1.4.  moTxovnis jvaredini elastikuroba 
fasis mixedviT 

 

iY  dovlaTze moTxovnis sididis cvlilebis Sesaswavlad, 

roca sxva jY  dovlaTze (moxmarebaSi misi Semcvleli an 

Semavsebeli) jp  fasi erTi procentiT icvleba, Semodis fasis 

mixedviT moTxovnis jvaredini elastikurobis cneba.  

  .
 

i

j

j

i

j

j

i

i

ip
Y

P

dP

dY

P

dP

Y

dY

YE
j

                 (1.57) 

Tu   ,0ip YE
j

 i da j dovlaTi urTierTCamnacvleblebia(yava 

da Cai). Tu  ,0
 


jpE

 
dovlaTi urTierTSemavsebelia (Saqari da 

Cai). 
 

laboratoriuli samuSao 1.4 
 

amocana: mocemulia ori produqti, Sesabamisi fasebiT da 
momxmareblis biujetiT. moTxovna mocemulia stounis 
funqciis meSveobiT. gamovTvaloT fasis mixedviT moTxovnis 
jvaredini elastikuroba.  
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amoxsna. SevadginoT Sesabamisi programa. 
 

programa  Mathcad-ze 
 

sawyisi monacemebis Setana: 
n 2

a1 2

a2 3

1 0.4

2 0.6

B 120

 
moTxovna mocemulia stounis formulebiT: 

Y1 P1 P2( ) a1
1 B P1 a1 P2 a2( )

P1 1 2 


Y2 P1 P2( ) a2
2 B P1 a1 P2 a2( )

P2 1 2 


 
moTxovnis jvaredini elastikurobis gamoTvla fasis mixedviT: 

EY1 P1 P2( )
P2

Y1 P1 P2( )
d

d









P2

Y1 P1 P2( )


EY2 P1 P2( )
P1

Y2 P1 P2( )
d

d









P1

Y2 P1 P2( )


 
fasis mniSvnelobebis Setana: 

P1 15 P2 12
 

elastikurobis gamoTvla:  
     EEY1(P1,P2):=-0.279 

                                                                        EY2(P1,P2):=-0.263 

 
amrigad, dovlaTebi urTierTSemavsebelia. 

 

savarjiSo. 

amocana. mocemulia sami produqti. Sesabamisi fasebi da 
momxmareblis biujeti airCieT damoukideblad. moTxovna 
mocemulia stounis funqciis meSveobiT. gamovTvaloT fasis 
mixedviT moTxovnis jvaredini elastikuroba. avxsnaT 
miRebuli Sedegebis ekonomikuri arsi. 
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1.5. amonagebis elastikuroba fasis mixedviT 
 

Y dovlaTis gayidvidan amonagebis elastikuroba fasis 
mixedviT tolia: 

       .YE1YE pp  pEpYE pp    

vinaidan moTxovnis fasis mixedviT elastikuroba mudam 
uaryofiTia, am formulidan gamodis, rom elastikuri 
moTxovnis dros amonagebi izrdeba Y-is raodenobis zrdasTan, 
an fasis SemcirebasTan erTad, xolo araelastikuris dros – 
klebulobs. 

magaliTad, kargi mosavlis dros fermerebis Semosavali 
Semcirdeba, radgan soflis meurneobis produqtebze 
moTxovnis elastikuroba sakmaod dabalia. analogiurad, Tu 
gavzrdiT aqcizebs aryis warmoebaze, biujetSi Semosavlebma 
SeiZleba iklos, vinaidan sxva qveynebidan importirebuli 
iqneba iafi arayi. rasac adgili hqonda 1993 wels ssrk-Si 
(gorbaCovis kampania). analogiuri Secdomebi ufro adre 
daSvebuli iyo vaSingtonSi 80-ian wlebSi, roca 6%-iT 
gazardes gadasaxadi benzinze, razec moTxovnis elastikuroba 
amerikeli ekonomistebis SefasebiT Seadgenda 0.2-s, Tumca, aman 
gamoiwvia moTxovnis 33%-iT dacema, rac Seesabameba 
elastikurobis 5.5-is tol mniSvnelobas.  ase rom, didi 
mniSvneloba aqvs moTxovnis funqciis analizuri saxis swor 
dadgenas, rac Cvens mier xorcieldeba ukve ganxiluli 
mravlobiTi regresiuli analizis meSveobiT.  

 

laboratoriuli samuSao 1.5 
 

amocana. mocemulia saqonlis moTxovnis funqcia 
Y(P):=28-0.25P. vipovoT gayidvebidan amonagebis elastikuroba 

fasis mixedviT  )(PEPY  konkretuli mniSvnelobisaTvis P 12  . 
amoxsna. 

programa  Mathcad-ze 
 

saqonlis moTxovnis funqciis fasze damokidebulebis 
mixedviT, 

Y P( ) 28
1

4
P
 

avagoT moTxovnis fasze damokidebulebis grafiki: 
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0 50 100
0

20

40

Y P( )

P

 

 
gamovTvaloT saqonlis moTxovnis elastikuroba fasis mixe-
dviT: 

EY P( )
P

Y P( )
d

d









P

Y P( )


 
da saqonlis gayidvidan amonagebis elastikuroba misi fasis 
mixedviT: 

EPYP( ) 1 EY P( )  
orives grafiki avagoT erT sibrtyeze: 

0 20 40 60 80 100
5

0

5

EY P( )

EPY P( )

P

 

fasis konkretuli mniSvnelobisaTvis vipovoT amonagebis 
elastikuroba : 

P 12  
EPY(P):=0.88 

 

miviReT, rom Y-is raodenobis zrdasTan an fasis 
SemcirebasTan erTad, amonagebi mcirdeba. 
 

 

 

savarjiSo. 

amocana. mocemulia saqonlis moTxovnis funqcia Y(P):=29-0.2P. 

vipovoT gayidvebidan amonagebis elastikuroba fasis mixedviT  

)(PEPY  konkretuli mniSvnelobisaTvis P 12  . 
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1.6. warmoebis Teoria. sawarmoo funqcia 
 

unda aRiniSnos, rom warmoebis TeoriaSi yvelaze 
ZiriTadia sawarmoo saqmianobis sakiTxebi. magram Cven 
Tavidanve SemovitanoT, adre, moxmarebis TeoriaSi 
Semotanilis analogiur cnebebi; raTa advili iyos 
ekonomiqsis problematikasTan dakavSirebuli sakiTxebis 
Camoyalibeba. 

sargeblianobis funqciis donis wirebs warmoadgens 
ganurCevlobis mrudebi. warmoebis TeoriaSi sargeblianobis 
funqcias Seesabameba sawarmoo funqciis cneba, xolo, 
sawarmoo funqciis donis wirebs izokvanta ewodeba. 
maSasadame, izokvantas cneba warmoebis TeoriaSi, iseTive 
rols asrulebs, rogorc ganurCevlobis mrudis cneba 
moxmarebis TeoriaSi. aq, ara marto analogiasTan gvaqvs saqme, 
aramed funqciis saxeebic Tanxvdenilia.  

gansazRvreba. Y Y=f(x1,x2,...xn)  saxis funqcias, sadac  x1,x2,...xn 

gamoyenebuli resursebis moculobebia, xolo Y gamoSvebuli 
produqciis moculobaa da mas sawarmoo funqcia ewodeba. 

mocemuli produqtis gamomSvebi calkeuli sawarmosaTvis 
(firmisaTvis) sawarmoo funqcia Y=f(x1,x2,...xn)  gamoSvebuli 
produqciis moculobas akavSirebs (naturalur an 
RirebulebiT gamosaxulebaSi) sxvadasxva saxis SromiT 
danaxarjebTan da agreTve drois, nedleulis sxvadasxva 
saxeobis, makompleqtebeli nawilebis, energiis, ZiriTadi 
kapitalis danaxarjebTan. aseTi tipis sawarmoo funqcia 
kargad axasiaTebs warmoebis moqmed teqnologias. 

sawarmoo funqciis agebisas, calkeuli regionis an 
mTlianad qveynisaTvis, produqtis wliuri gamoSvebis Y 

maCveneblad ufro xSirad iReben regionis an Sesabamisad 
qveynis erTobliv produqts (Semosavals), aRricxuls ucvlel 
fasebSi, resursebad ganixilaven ZiriTad kapitals (х1=К – 
wlis ganmavlobaSi gamoyenebuli moculoba) da cocxal 
Sromas (х2=L _ erTi wlis ganmavlobaSi cocxali muSaxelis 
erTeulTa raodenoba). amrigad, makroekonomikaSi ganixilaven 
orfaqtorian sawarmoo funqcias 

 ., LKfY       (1.58) 

P.S. zogjer, gamoyenebuli bunebrivi resursebis 
moculobis damatebiT gaTvaliswinebis xarjze, ganixilaven 
makroekonomikis samfaqtorian sawarmoo funqcias. rac metia 
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faqtorTa ricxvi, miT ufro zustia modeli, magram ufro 
rTulic.  

 

 

 

1.6.1. sawarmoo funqciis zogadi Tvisebebi 
 

a) warmoebaSi gamoyenebuli resursebis xarjis gazrdiT 
produqciis gamoSveba ver Semcirdeba, e.i. 

,0




ix

f
 .,1 ni       (1.59) 

gansazRvreba. G simravles ewodeba Y=f(x1,x2,...xn)   sawarmoo 
funqciis ekonomikuri areali, Tu       00

2

0

1 ,,, nxxx   wertilisaTvis 

G simravlidan adgili aqvs (1.59) Tanadobas. 
magaliTi. Tu resursad ganixileba miwa, maSin samuSao 

Zalis ucvlelobisas, ijariT aRebuli miwis farTobis 
gazrdam SeiZleba ki ar gazardos Semosavali, piriqiT, Seam-
ciros kidec. is maqsimaluri farTobi, romelamdec 
daqiravebuli miwis farTobis gazrda momgebiania, warmoadgens 
mocemul magaliTSi resursis ekonomikuri arealis zRvars. 
ekonomikuri arealis gareT, resursis efeqturoba iwyebs 
dacemas;  

b) gansazRvreba: Y=f(x1,x2,...xn)  sawarmoo funqciis cvlilebis 
siswrafes, ix  resursis cvlilebis mixedviT, i-uri resursis 

zRvruli efeqturoba ewodeba. cxadia, i-uri resursis 
zRvruli efeqturoba warmoadgens i-uri cvladis Semcveli 

sawarmoo funqciis kerZo warmoebuls .
ix

f




 

sxva resursebis raodenobis mudmivobis pirobebSi, erTi 
romelime resursis raodenobis zrdasTan erTad, am resursis 
gamoyenebis efeqturoba mcirdeba. sawarmoo funqciis am meore 
Tvisebas ewodeba klebadi zRvruli efeqturoba. es piroba 
mocemulia Semdegi utolobiT: 

,0
2

2






ix

f
  .,1 ni       (1.60) 

g) erTi i-uri resursis gazrdiT sxva j-uri resursis 
zRvruli efeqturoba izrdeba, e.i.  

,0
2






ji xx

f
      ni ,1   nj ,1   .ji    (1.61) 
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d) sawarmoo funqcia warmoadgens 0k  xarisxis 
erTgvarovan funqcias. roca 1k , warmoebis masStabis t-jer 
gazrdiT ( 1t ) warmoebis moculoba kt -jer izrdeba, e.i. adgili 
aqvs warmoebis masStabis zrdiT gamowveul warmoebis 
efeqturobis zrdas. roca 1k , gvaqvs warmoebis mudmivi 
efeqturoba warmoebis mzardi masStabebis pirobebSi (an gvaqvs 
kuTri gamoSvebis damoukidebloba warmoebis masStabisagan - 
constant returns to scale). 

es piroba Caiwereba Semdegi saxiT:  

     .  ,,,,, 2121 n

k

n xxxfttxtxtxf      (1.62) 

 

1.6.2. ramdenime resursis tipuri sawarmoo funqciebi 
 

a) rogorc mikro, aseve makroekonomikur doneze sawarmoo 
saqmianobis modelirebisaTvis xSirad gamoiyeneba kob-
duglasis sawarmoo funqcia:  

11 1

210

 
 xxY .               (1.63) 

am funqcias uwodeben multiplikaciur(namravlis formis 
gamo) sawarmoo funqcias. 

ganixilaven SemTxvevas, roca Kx 1  gamoyenebuli ZiriTadi 
kapitalis moculobaa (ZiriTadi fondebi), xolo Lx 2  cocxal 
samuSao Zalaze danaxarjebi, e.i.  

11 1

0

 
 LKY .    (1.64) 

b) wrfiv sawarmoo funqcias Semdegi saxe aqvs: 

nn xaxaxaaY  22110 .   (1.65) 

igi e.w. aditiuri(jamis formis gamo) sawarmoo funqcias 
warmoadgens. multiplikaciuridan aditiur sawarmoo funq-
ciaze gadasvla xdeba galogariTmebiT. 

marTlac, (1.63)-dan galogariTmebiT miviRebT: 

21110 ln)1(lnlnln xxY   .             (1.66) 

amrigad gadavdivarT aditiur formaze. 

ufro dawvrilebiT ganvixiloT kob-duglasis (1.64) 
funqcia. is SeiZleba CavweroT Semdegi saxiT: 




1

0 









L

K

L

Y
.                (1.67) 

gansazRvreba.  
L

Y
 da 

L

K
 wiladebs Sesabamisad ewodeba 

Sromis mwarmoebloba da Sromis kapitalaRWurviloba. 
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gansazRvreba. 
K

Y
 wilads kapitalis mwarmoebluroba an 

kapitalukugeba ewodeba. 

gansazRvreba. 
Y

K
 wilads ewodeba produqciis gamoSvebis 

kapitaltevadoba, xolo  
Y

L
-s _ produqciis gamoSvebis 

Sromatevadoba. 
sawarmoo funqciisaTvis n ,,, 10   parametrebs pouloben 

gausis umcires kvadratTa meTodiT, iyeneben resursebisa da 
gamoSvebebis moculobaTa droiT mwkrivebs. 

P.S. unda gaviTvaliswinoT, rom sawarmoo funqciis 
parametrebi 0T  drois periodSi mocemulia droiTi mwkrivebis 

safuZvelze. miRebulma sawarmoo funqciam SeiZleba sarwmuno 
Sedegebi mogvces momavli drois SualedisaTvis, romelic 

xangrZlivobiT ar aRemateba 0
3

1
T -s.  

gansazRvreba. wertilTa simravles, romelic warmoadgens 
),,,( 11 nxxxfY   sawarmoo funqciis donis wirebs (hiperzedapirs), 

izokvanta ewodeba.  
P.S. rogorc vxedavT, izokvantis cneba sawarmoo 

funqciisaTvis, ganurCevlobis mrudis cnebis analogiuria 
sargeblianobis funqciisaTvis.  

gansazRvreba. ),,,( 11 nxxxfY   sawarmoo funqciis  YEx1
 

elastikurobas i uri resursis mixedviT ewodeba  i uri 
resursis iM  zRvruli mwarmoeblobis Sefardeba mis Ai 

saSualo mwarmoeblobasTan i uri resursis mixedviT. 

 
),,,( 11 n

i

ii

i

x
xxxf

x

x

f

YA

YM
YE

i 





 .           (1.68) 

gansazRvreba. yvela resursis mixedviT elastikurobaTa 
jams, ewodeba warmoebis elastikuroba:   

   



n

i

xx YEYE
i

1

.     (1.69) 

amocana. SeamowmeT, sruldeba Tu ara sawarmoo funqciis 
zogadi Tvisebebi, multiplikaciuri da aditiuri sawarmoo 
funqciisaTvis. 

gansazRvreba. i uri resursis j-uriT Canacvlebis zRvruli 
norma ewodeba Semdeg gamosaxulebas:  

,
i

j

ij
dx

dx
R   nji ,1,                  (1.70) 

gamoSvebis Y moculobis mudmivobis pirobebSi. 
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amocana. orfaqtoriani sawarmoo ),( 11 xxfY   funqciisaTvis 
CamoayalibeT Teoria analogiuri im Teoriisa, romelic 
CamovayalibeT ordovlaTiani sargeblianobis funqciisaTvis. 
am SemTxvevaSi SeiswavleT izokvantebis saxe. daamtkiceT, rom 
am dros Canacvlebis zRvruli normaa:  

.
1

2

2

1
12

x

x

YEx

YEx
R       (1.71) 

 

1.7. bazris muSaobis obobas qselisebri modeli 
 

Cven ZiriTadad ganvixileT statikuri ekonomikis 
amocanebi. axla SeviswavloT dinamikuri amocanebi, anu 
amocanebi, sadac ekonomikis ganmsazRvreli parametrebi – 
fasebi, moTxovna, miwodeba da a.S. icvleba drois mixedviT da 
urTierTqmedebs erTmaneTTan. 

pirvel rigSi SeviswavloT bazris umartivesi modeli, 
romelsac uwodeben obobas qselisebrs (cobweb model). 

CavTvaloT, rom erTi saqonlis bazarze  tD  moTxovnis 

funqcia da Y(t) miwodebis funqcia,  tP  fasis wrfivi 
funqciebia an  1tP  fasisa, drois wina momentisaTvis. 

moTxovnis funqcia: 

 ,)( 12 tPAAtD                                   (1.72) 

sadac 1A  da 2A  mudmivi parametrebia; 
miwodebis funqcia: 

 ,1)( 12  tPBBtY      (1.73) 
sadac 1B  da 2B  mudmivi parametrebia. 
moTxovnisa da mowodebis mrudebi gamovsaxoT sibrtyeze, 

romlis abscisaTa RerZze ganTavsebulia fasebi, xolo 
ordinatTa RerZze - garigebaTa ricxvi. 

 

 

 

 

 

 

 

 

 

 

 

 

 

garigebaTa 
ricxvi

 DY ,   

P  

11 BA 

 

 

miwodebis 
mrudi 

nax. 1.9 

P(0) fasi (P) 

G5 

G4 G3 

G2 

  
G1 



 37 

obobas qselisebri modelis arsi Semdegia:  
a) miwodeba reagirebs fasis cvlilebaze garkveuli lagiT 

(dagvianebiT); sxva sityvebiT, dRevandeli  tY  miwodeba 
ganisazRvreba guSindeli  1tP  fasiT, xolo dRevandeli  tD   
moTxovna  ganisazRvreba dRevandeli fasiT. 

b) yoveli periodis  tP  fasi dgindeba im doneze, rom 
gaTanabrdes moTxovna da miwodeba, e.i. im doneze, romlis 
drosac  tD =  tY . 

es procesi TandaTan uaxlovdeba wonasworul P  fass, Tu 

.1
1

1 
A

B
sxvagvarad, procesi ganSladia. 

ganvixiloT 1.9 nax. procesi iwyeba 1G  wertilidan, rodesac 

produqtis fasi tolia  0P . vinaidan 1G  wertili mdebareobs 
moTxovnis mrudis qvemoT, fasi gaizrdeba 2G  wertilamde, 
Semdeg fasi gaiyineba da produqtis mowodebis moculoba 3G  

wertilamde izrdeba. radgan  3G  wertili mdebareobs 

moTxovnis mrudis zemoT, Cven gvaqvs imaze meti saqoneli, 
vidre moTxovnaa masze; amitom 3G  wertilidan 4G  wertilamde 

fasebi daecema. 4G  wertilSi fasi iyineba da bazarze 
mowodebuli saqonlis moculoba 5G  wertilamde mcirdeba. amis 

Semdeg, moTxovna kvlav aRemateba miwodebas, fasebi izrdeba 
da a.S.  

 
 

laboratoriuli samuSao 1.7 
 

amocana. sawarmoo funqcias aqvs Semdegi saxe: 
),,,( 21 nyyyfY  . 

orfaqtoruli sawarmoo funqciis SemTxvevaSi, 
),( 21 yyfY  . 

davamtkicoT, rom am dros: 
 

 
.

1

2

2

1

2,1
y

y

fE

fE
R

y

y
  

damtkiceba. ganvsazRvroT elastikuroba 21, yy -sTvis: 

 
f

y

y

f
fE y

1

1

1 



 ;   

f

y

y

f
fE y

2

2

2 



 ; 

 

 

  
 

  
 

.
,

,

,
,

,

,

1

2

2

12

12

1

2

21
212

1

21
211

2

21

1

21

1

2
2,1

y

y

E

E

f

y

y

f

E

E

y

yyf
yyfE

y

yyf
yyfE

y

yyf

y

yyf

dy

dy
R

y

y

















  
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SevamowmoT multiplikaciuri sawarmoo funqciisaTvis 
sruldeba Tu ara sawarmoo funqciis ZiriTadi Tvisebebi. 

1. mocemuli produqtis raodenobis zrdasTan erTad, 
efeqturoba izrdeba, e.i. 

 .0
1






y

f
 

es davamtkicoT multiplikaciuri sawarmoo funqciisaTvis 

    0.        1;       ; i21210
21  


yyf  




  11 1

2

1

110

1

 yy
y

f
;

1

2

1
10

1














y

y
 

0,

0,

21

10





yy


 

anu:  

0

1

2

1
10

1














y

y
 r.d.g. 

2. mocemuli resursis moxmarebis zrdasTan erTad, am 
resursis efeqturoba mcirdeba: 

.0
2

1

2






y

f
 

es Tviseba vaCvenoT kob-duglasis funqciisaTvis: 

  0
1

1
2

2

2

1
1102

1

2 1

























yy

y

y

f


  r.d.g. 

3. romelime resursis raodenobis zrdasTan erTad, 
sxva resursis efeqturoba izrdeba. 

  01
2

2

1

2

2

1
110

21

2 1































y

y

y

y

yy

f


  r.d.g. 

vaCvenoT, rom sawarmoo funqcia erTgvarovania 

),()()( ),( 21

1

21

1

0

1

21021
111111 yyKfyyKKKyKyKyKyf 

    

r.d.g. 
 

savarjiSo. 

 
mravlobiTi polinomuri regresiis meTodis gamoyenebiT da 

romelime warmoebis monacemTa bazis mixedviT, aageT am 
warmoebis sawarmoo kob-duglasis funqcia da SeiswavleT 
sawarmoo funqciis elastikuroba kapitaldabandebaTa mimarT. 
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1.8.  valrasis Tanamimdevruli miaxloebis procesi erou-
gurvicis modelSi 

 
makroekonomikuri analizis erT-erTma fuZemdebelma l. 

valrasma SeimuSava bazris zogadi ekonomikuri wonasworobis 
Teoria. am Teoriis demonstrirebisaTvis erou-gurvicis 
maTematikuri modeli ganvixiloT safondo birJebis an kvebis 
produqtebis bazris funqcionirebis aRwerisaTvis, sadac 
„samarTliani“ auqcionisti adarebs bazris monawileTa 
moTxovnasa da miwodebas, da fasebis aweviT an daweviT yidva-
gayidvas aregulirebs, obobas qselisebri modelis 
analogiurad. 

bazris funqcionirebis procesSi monawile sameurneo 
subieqtebad avirCioT ori sawarmo, romelTagan TiToeuli 
flobs orivesTvis xelmisawvdom erTaderT resurss (mag., 
cocxal Sromas), awarmoebs saboloo moTxovnisa da erTi 
moxmarebis TiTo saxeobis produqcias, romelic am moTxovnis 
sagans warmoadgens. SevTanxmdeT agreTve, rom gacvla 
xorcieldeba erTaderTi Suamavlis – auqcionistis meSveobiT. 
am SemTxvevaSi ekonomikuri cikli ase gamoiyureba:  

 

 

 

aseTi ekonomikisaTvis resursebis optimaluri ganawilebis 
problema Camoyalibdeba Semdegi saxiT: 

a) produqciis moTxovnisa da miwodebis pirobebi: 

  d

i

d

ii

s

i YLFY  ,    (1.74) 

sadac Yi
S aris i-uri sawarmos mier produqtis miwodebis 

moculoba, Y
d

i _ i-ur produqtze momxmareblis moTxovnis 
moculoba, L

d
i - resursze i–uri sawarmos moTxovnis moculoba, 

Fi  _ i–uri sawarmos sawarmoo funqcia; 
b) resursis miwodebisa da moTxovnis pirobebi: 





2

1i

sd

i LL ;     (1.75) 

g) momxmareblis mier maqsimizebuli sargeblianobis 
funqcia: 

  max, 11 dd YYU ;     (1.76) 

produqti 2 

produqti 1 
auqcionisti momxmarebeli resursi 

nax. 1.13 

sawarmo №2 

sawarmo №1 
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sadac U  momxmareblis sargeblianobis funqciaa. 
SeniSvna. maTematikur ekonomikaSi moTxovnis cvladebi 

aRiniSnebian d asoTi (ingl. Demand –moTxovna), xolo miwodebis 
cvladebi -  s asoTi (ingl. Supply –miwodeba). 

cxadia, erou-gurvicis es amocana, rodesac mocemulia Fi  

sawarmoo funqcia da sargeblianobis funqcia stacionaruli 
ekonomikis pirobebSi, SeiZleba amoixsnas monte-karlos 
meTodiT. marTlac, erou-gurvicis stacionaruli 
modelisaTvis specialur funqcias Semdegi saxe aqvs:     

       22

32223

22

21112

2
2

1

2

1121 ,  







 



 dddd

i

sd

i

dd LFYLFYLLYYUI . (1.77)  

 Cvens SemTxvevaSi, 
1 i  (   SezRudvaTa dakmayofilebis 

sizuste); Tumca, unda gaviTvaliswinoT Semdegi pirobac: 
 d)  i-uri sawarmos mogebis maqsimizacia: 

  d

i

d

iiii LWLFP   ;                        (1.78) 

sadac Pi  aris  i -uri sawarmos produqciis fasi, 
 W  _ L resursis fasi. 
maSin, stacionaruli ekonomikisaTvis specialuri funqcia 

miiRebs Semdeg saxes:  




 
2

1i

iII  .     (1.79) 

Tumca, valrasis sabazro procesi dinamikur process 
aRwers, anu mogeba da fasebi drois funqciebia, iseve rogorc 
moTxovna da miwodeba; mogebis gamosaxulebas Semdegi saxe 
aqvs: 

          tLtWtLFtPt d

i

d

iiii  .   (1.80) 

am amocanis monte-karlos meTodiT amosaxsnelad drois 

yovel momentSi gveqneboda sxvadasxva (1.79) funqciebi da 
mTeli dinamikis gansazRvrisaTvis mogviwevda mravalcvla-
diani funqciis minimizeba, amasTan drois sakmaod grZel 

monakveTSi Seswavlisas, cvladebis ricxvi ise swrafad 
icvleba, rom amoxsna moiTxovs samanqano drois ramdenime 
saaTs. 

am amocanis amosaxsnelad gamoiyeneba valrasis mimdevro-
biTi miaxloebis Semdegi meTodebi: 
a) auqcionisti i -ur sawarmosTvis awesebs misi produqciis 
 tPi  fassa da misi resursis W(t) fass, agreTve momxmarebels 

acnobebs  tPi  fassa da moTxovnis fass, romelic zRvruli 

sargeblianobis tolia;   
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 ;1



t

Y

U
d

i

      (1.81) 

b)  i-uri sawarmo, misTvis micemuli fasebidan gamomdinare, 
irCevs warmoebis xarjebisa da Sedegebis iseT Tanwyobas, 
romelic misi  ti  mogebis maqsimizebas axdens da am Tanwyobas 

gansaxilvelad warudgens auqcionerebs;  
g) momxmarebeli i -ur produqtze moTxovnas Semdegnairad 

acxadebs: Tu i-ur produqtze moTxovna ar aris an moxmarebis 
zRvruli sargeblianoba zRvrul xarjebze naklebia, maSin 
momxmarebeli moTxovnis sidides ucvlelad tovebs; 
winaaRmdeg SemTxvevaSi, is moTxovnas koreqtirebas ukeTebs 
zRvruli sargeblianobisa da zRvruli xarjebis sxvaobis 
proporciulad da Sedegad awesebs  tY d

i –is Sesabamis sidides; 

d) auqcionisti xelmZRvanelobs moTxovnisa da miwodebis 
kanoniT da cvlis fasebs (Tanamimdevruli mosinjvis procesi). 
Tu produqtze moTxovna aRemateba miwodebas, is aswevs fass 
da piriqiT. Tumca im SemTxvevaSi, roca Warbi moTxovna 
uaryofiTia da misi Sesabamisi fasebi nulis tolia, fasebis 
arsebul doneze qvemoT daweva SeuZlebelia. 

ekonomikuri zrdis TeoriaSi, sagareo vaWrobisa da 
finansebis analizisas xSirad gamoiyeneba zogadi 
wonasworobis modelis erT-erTi nairsaxeoba – orseqtoriani 
modeli. igi wina modelisagan imiT gansxvavdeba, rom:  

a) masSi Seyvanilia warmoebis faqtorebis ori saxe 
(kapitali da Sroma); 

b) yoveli sawarmo ganixileba, rogorc calkeuli dargi; 
g) maTi sawarmoo funqciebi akmayofilebs warmoebis 

masStabis erTeulze mudmiv ukugebis dros miwodebas (wrfivi 
erTgvarovani funqciebi). 

 

1.9. wonasworuli ekonomikis makroekonomikuri analizi 

 “didi depresiis” dasawyisia movlena, romelsac SemdgomSi 
“Savi orSabaTi” uwodes - roca erTi dRis ganmavlobaSi 
amerikaSi moxda fasiani qaRaldebis kursis katastrofuli 
vardna. am momentidan, ekonomikuri azrovnebis avanscenaze 
neoklasikuri Teoriis nacvlad gamovida keinsis 
makroekonomikuri koncefcia, romlis mixedviT – erovnul 
meurneobaSi warmoeba, ganawileba da xarjebi ganisazRvreba 
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erTi agregirebuli faqtoriT – erovnuli SemosavliT. Tavis 
mxriv erovnuli Semosavali ganisazRvreba efeqturi 
moTxovniT. makroekonomikur Teorias, xSirad Semosavlebis 
Teorias uwodeben.   

aRsaniSnavia, rom „didi depresia“ aRiniSneboda 
„keinsianelobis“ CasaxviT makroekonomikur TeoriaSi, xolo 
ekonomikis analizis dargSi man dasawyisi daudo maTematikuri 
makroekonomikis dabadebas. 

ganvixiloT erovnuli Semosavlis gansazRvris meqanizmi 
efeqturi moTxovnis principis safuZvelze.   

efeqturi moTxovnis principis mixedviT, drois sakmaod 
mokle SualedebisaTvis, romelzec sawarmoo SesaZleblobaTa 
done mocemulad iTvleba, erovnuli Semosavali (gamoSvebis 
done) ganisazRvreba moTxovnis mier marTvadi faqtorebiT. 

SevadginoT Sesabamisi maTematikuri modeli. erToblivi 
efeqturi moTxovna D ganisazRvreba, rogorc C moxmarebisa da I 
investiciis jami: 

.ICD           (1.82)  

samomxmareblo moTxovna SeiZleba ase warmovadginoT: 

AYC   (0<<1)    (1.83) 

sadac C moTxovnaa; Y _ erovnuli Semosavlis wrfivi funqcia, 

 da A - konstantebi,  

A=(saarsebo minimumi)(mcxovrebTa ricxvi). 

P.S. C=Consumption (moxmareba), I=Investment (kapitaldabandeba), 

D=demand (moTxovna). 

-koeficients ewodeba moxmarebisadmi midrekileba,  
xolo A–s _ sabazo moxmareba. 
investiciebis gansazRvrisaTvis visargebloT investiciis 

damoukidebeli xasiaTis hipoTeziT, romlis Tanaxmad 
investiciis done sawarmos Semosavlebis donis mixedviT 
ganisazRvreba garkveulwilad damoukidebeli grZelvadiani 
molodiniT.  

wonasworuli Y* erovnuli Semosavali, romelic pasu-xobs 
moTxovnisa da miwodebis tolobis pirobas,  

D=Y*       (1.84) 

ganisazRvreba, rogorc Semdegi gantolebis amonaxsni:   

,YIC          (1.85) 

romelic miiReba (1.82) da (1.84)-dan. Semdeg, (1.83)-is da (1.85)-is 
gaTvaliswinebiT, miviRebT 

.  YIAY                     (1.86) 
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xolo (1.86)-dan advilad miviRebT 

  .1  YIA                               (1.87) 

rac, Tavis mxriv, SesaZlebels xdis Y* wonasworuli 
erovnuli Semosavlis povnas 

   .1
1

IAY 
                          (1.88) 

gansazRvreba. gamosaxulebas   1
1


 , romelic gviCvenebs 

investiciebis mocemuli zrdis pirobebSi ramdenad izrdeba 
erovnuli Semosavali, investiciis multiplikatori ewodeba. 

 wonasworobis wertili Y* asaxavs mimdinare sameurneo 
aqtiurobis iseT dones, romelic garkveulwilad 
akmayofilebs saojaxo meurneobebisa da sawarmoebis 
moTxovnilebebs, magram ar emTxveva sasurvel dones, romlis 
drosac miiRweva sruli dasaqmeba. amitom, saxelmwifo 
politikis mizania investiciebis mozidviT miaRwios erovnuli 
Semosavlis iseT  YY f  dones, romlis drosac 

uzrunvelyofilia sruli dasaqmeba. 
 
 

laboratoriuli samuSao 1.9 
 

amocana. investiciebis multiplikatoris, investiciebis 
sididisa da sabazo moxmarebis konkretuli 
mniSvnelobebisaTvis vipovoT wonasworuli erovnuli 
Semosavali. 

moxmarebisadmi midrekileba 
;35.0  

sabazo moxmareba 
;102.1 8A  

investicia 
.50000I  

 
amoxsna. vipovoT wonasworuli erovnuli Semosavali, 

romelic gamoiTvleba Semdegi formuliT: 
).()1()( 1 IAIY    

masSi konkretuli mniSvnelobebis SetaniT miviRebT: 
Y(I):=1.847x10

8
. 
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programa  Mathcad-ze 
 

sawyisi monacemebis Setana: 
moxmarebisadmi midrekileba 

 0.35  
sabazo moxmareba 

A 1.2 10
8

  
erovnuli Semosavali: 

Y I( ) 1 ( )
1

A I( )
 

                 grafikze vxedavT, Tu rogor icvleba erovnuli 
Semosavali investiciebis sididis cvlilebisas:  

0 2 4 6 8 10
1.846153810

8

1.846153910
8

1.84615410
8

Y I( )

I

 

gamovTvaloT wonasworuli erovnuli Semosavali 
investiciis konkretuli mniSvnelobis dros: 

I 50000  
 

Y(I):=1.847x10
8 

naxazidan Cans, rom investiciebis sididis zrda iwvevs 
erovnuli Semosavlis zrdas, anu wonasworuli erovnuli 
Semosavali izrdeba investiciebis mozidvis Sedegad. 

 

 

savarjiSo. 

 
amocana. investiciebis multiplikatoris, investiciebis 

sididisa da sabazo moxmarebis konkretuli mniSvnelobebisa–
Tvis vipovoT wonasworuli erovnuli Semosavali. saWiro 
monacemebi moiZieT praqtikidan gamomdinare. 
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1.10. ekonomikuri zrdis makromodeli 
 

wina wonasworul makroekonomikur modelSi 
igulisxmeboda, rom sawarmoo simZlavreebis moculoba 
mudmivi sididea. es daSveba realurTan axloa mxolod im 
SemTxvevaSi, Tu ganvixilavT nacionaluri meurneobis 
ekonomikuri saqmianobis drois mokle Sualedebs. 

ganvixiloT SemTxveva, rodesac sawarmoo simZlavreebi 
investiciebis wyalobiT izrdeba. gaviTvaliswinoT agreTve 
kapitalis dagrovebis SesaZleblobebi, romlis meSveobiT 
SesaZlebelia avagoT ekonomikuri zrdis makromodeli. 

ganvixiloT wrfivi, erTgvarovani sawarmoo funqcia 
ucvleli masStabiT  

 LKFY , ,          (1.89) 

sadac K  kapitalia; L  _ cocxali Sroma, Y  _ erovnuli 
Semosavali. cvladad SegviZlia CavTvaloT kapitalaRWur-
viloba (fondaRWurviloba): 

L

K
x  .         (1.90) 

Tu, gavalogariTmebT (1.90)-s, miviRebT:  

LKx lnlnln  .      (1.91) 

vipovoT (1.91) gantolebis orive nawilis warmoebulebi  
droiT: 

L

L

K

K

x

x 
 ;                                  (1.92) 

L

Y
y  –iT aRvniSnoT Sromis mwarmoebloba. (1.89) sawarmoo 

funqciis wrfivi erTgvarovnebidan gamomdinare, SegviZlia 
davweroT  









 1,

L

K
F

L

Y
.         (1.93) 

sxvanairad,                                        

                                      .1,xFy                                                              (1.94) 

 (1.90)-is gaTvaliswinebiT, miviRebT: 

 xfy  .       (1.95) 

axla gavakeToT Semdegi daSvebebi: 
a) drois TiToeuli monakveTisaTvis erovnuli Semosavlis 

gamouyenebeli nawilis wili, anu dagrovebis norma  

const
Y

CY
s 


 ,     (1.96) 
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xolo, drois yoveli monakveTisaTvis dagrovebuli kapitalis 
zrda, drois mocemul monakveTSi gamocxadebuli axali 
sainvesticio moTxovnis tolia, e.i. KI  ; 

b) Sromis miwodebis zrda n–is toli mudmivi sididea, rac 
formulis saxiT ase Caiwereba:   

n
L

L



.      (1.97) 

amrigad, n  cocxali Sromis zrdis tempia. 
miRebuli daSvebebidan gamomdinare, gamoviyvanT zrdis 

makroekonomikis ZiriTad gantolebas. (1.97)-is gaTvaliswinebiT 

(1.92)-dan miviRebT: 

.nx
K

K
xx 


                    (1.98) 

Tu gaviTvaliswinebT (1.90)-s da mxedvelobaSi miviRebT 
KI    daSvebas, gveqneba: 

 xfssy
Y

CY

L

Y

Y

I

L

YI

LK

I

L

K

K

I
x

K

K
x 




1

1
, (1.99) 

saidanac (1.98)-is gaTvaliswinebiT vRebulobT: 

  .nxxfsx       (1.100) 

(1.100) warmoadgens ekonomikuri zrdis dinamikur gantolebas. 

(1.100) gantolebis wonasworobis x  wertili gvaZlevs 
Sromis wonasworul kapitalaRWurvilobas: 

  .  xnxfs        (1.101) 

amrigad, (1.101) gantolebidan vRebulobT dasaqmebis zrdis 
tempis mniSvnelobas: 

 





x

xfs
n ,              (1.102) 

romlis drosac miiRweva ekonomikuri wonasworoba. 
 

laboratoriuli samuSao 1.10 
 

amocana. mocemulia sawarmoo funqcia  

f X( )
1

3
X 2

 

amoxseniT Sesabamisi ekonomikuri zrdis dinamikuri gantoleba 
da ipoveT: kapitalaRWurvilobis wonasworuli mniSvneloba 
Tu, dagrovebis norma s=0.4 da dasaqmebis zrdis tempi n=0.3. 

amoxsna. ganvixiloT, funqciis mniSvneloba da sawyisi 
monacemebi 

f X( )
1

3
X 2
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s 0.4

n 0.3  
amovxsnaT Semdegi gantoleba: 

s f X( ) n X  
1

3
X 2

n X

s  
X

2

n

s

1

3




 
miviRebT Sedegs 

X 4.8  
 

 
programa  Mathcad-ze 

f X( )
1

3
X 2

 
 

0 50 100
0

20

40

f X( )

X

 

n 0.3

s 0.4

X 1  
 

Given

s
1

3
X 2









 n X
 

Find X( ) 4.8  

miviReT, rom wonasworuli kapitalaRWurviloba udris 4.8-s. 
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savarjiSo. 

 
mocemulia sawarmoo funqcia  
f(X):=8X+29. 

amoxseniT Sesabamisi ekonomikuri zrdis dinamikuri gantoleba 
da ipoveT: kapitalaRWurvilobis wonasworuli mniSvneloba 
Tu, dagrovebis norma s=0.2 da dasaqmebis zrdis tempi n=0.5. 

 
 
 

1.11. fon neimanis wonasworuli ekonomikuri zrdis dinamikuri 
dargTaSorisi balansis modeli 

 
Cven SeviswavleT dargTaSorisi balansis leontievis 

stacionaruli modeli. axla ganvixiloT dinamikuri modeli:  

     tYtAXtX  ,                                   (1.103) 

sadac,  tY  saboloo moTxovnis(arawarmoebiTi daniSnulebis) 
veqtoria,  tX  - ekonomikis seqtorebis gamoSvebis veqtori, 

xolo A – teqnologiuri matrica. 
 saboloo moTxovnis veqtori Sedgeba ori komponentisagan: 

 tC  moxmarebis veqtorisa da  tI  investiciis veqtorisagan, e.i. 

     tItCtY  .     (1.104) 

Tu drois t momentSi Semosavals aRvniSnavT  tF -Ti, maSin 
dovlaTis (ekonomikis seqtorebis) calkeul saxeobaTa 
moxmarebis funqcia SeiZleba CavweroT ase: 

   .tFhtC ii                   (1.105) 

 tF  Semosavali SeiZleba warmovadginoT funqciis saxiT  

       ,2211 tXPtXPtXPtF nn              (1.106) 

sadac iP  aris i-uri dovlaTisaTvis damatebuli Rirebulebis 

wili. 
Sesabamisi veqtorebis SemotaniT, miviRebT: 























nh

h

h

h

2

1

; 























nP

P

P

P

2

1

; 

(1.105) da (1.106)-dan vRebulobT: 

   tpXhtC  .                   (1.107) 

Tu i-uri dargidan miRebuli i-uri saxis kapitalis 
sidides, romelic aucilebelia j dovlaTis warmoebisaTvis, 
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aRvniSnavT ijb -iT, maSin kapitalis koeficientebis B matrica 

Caiwereba Semdegnairad: 























nnnn

n

n

bbb

bbb

bbb

B









21

22221

11211

. 

Semdeg gamoviyenoT samuelson-hiksis koncefcia. Tu 
davuSvebT, rom produqciis gamoSvebasa da amisTvis aucile-
bel kapitals Soris arsebobs proporciuli damokidebuleba, 
maSin miviRebT, rom t drois manZilze i-ur dovlaTze (i–uri 
dargis saqoneli) sainvesticio moTxovnaa  

   



n

j

jiji tXbtI
1

,  sadac       .1 tXtXtX jjj                   (1.108) 

(1.108) gamosaxuleba SeiZleba gadaiweros matriculi saxiT: 

      .1 tXtXBtI        (1.109) 

(1.103) da (1.104) gantolebebidan gveqneba: 

       .tItCtAXtX                  (1.110) 

Semdeg (1.105), (1.107) da (1.110)-dan miviRebT: 

          tXtXBtPXhtXAtX  1      (1.111) 

anu 

          .1 tXtXBtXPhAtX              (1.112) 

swored es aris dinamikuri dargTaSorisi modelis 
ZiriTadi gantoleba. am matriculi gantolebis amoxsniT 
miviRebT, rom 

X t 1( ) B
1

X t( ) A X t( ) h P X t( )( ) B X t( )[ ]X t 1( ) B
1

X t( ) A X t( ) h P X t( )( ) B X t( )[ ] .                                               (1.113)  
 

 

 

laboratoriuli samuSao 1.11 
 

amocana. vipovoT mTliani gamoSvebis axali gegma 
dinamikuri dargTaSorisi modelisaTvis Tu, mocemulia 
matricebi drois wina saangariSo periodisaTvis: 

 

B

10

30

20

20

20

30

30

10

20













 ,                    

A

0.1

0.3

0.2

0.4

0.4

0.6

0.15

0.05

0.1













 ,                 

X

50

80

60













, 
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E

1

0

0

0

1

0

0

0

1













,           

h

0.8

0.9

0.5













,                 

P

0.05

0.13

0.1













, 
sadac iP  damatebuli Rirebulebis wilia i-uri 

dovlaTisTvis, )(tX  _ ekonomikis seqtoris gamoSvebuli 

dovlaTis veqtori, wina saangariSo periodisaTvis. 

 Cveni mniSvnelobebis CasmiT, dinamikur dargTaSoris 
modelSi miviRebT:  

X1 B
1

X A X h P X( ) B X[ ]

X1

51.345

78.562

60.14













 

 

 
programa  Mathcad-ze 

 
sawyisi monacemebi 

B

10

30

20

20

20

30

30

10

20











 A

0.1

0.3

0.2

0.4

0.4

0.6

0.15

0.05

0.1













h

0.8

0.9

0.5












E

1

0

0

0

1

0

0

0

1













P

0.05

0.13

0.1











 X

50

80

60













 

saerTo gamoSvebis axali gegmis gamosaTvleli formula: 

X1 B
1

X A X h P X( ) B X[ ]

 
Sedegebi. 

X1

51.345

78.562

60.14












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savarjiSo. 

 
vipovoT mTliani gamoSvebis axali gegma dinamikuri 

dargTaSorisi modelisaTvis, Tu mocemulia matricebi drois 
wina saangariSo periodisaTvis: 

B

10

30

20

20

20

10

30

10

30











 A

0.1

0.3

0.2

0.4

0.2

0.6

0.15

0.05

0.1













h

0.8

0.3

0.5












E

1

0

0

0

1

0

0

0

1













P

0.5

0.14

0.2











 X

80

83

65













   
 

sadac iP  damatebuli Rirebulebis wilia i-uri dovlaTisTvis, 

)(tX  _ ekonomikis seqtoris gamoSvebuli dovlaTis veqtori, 
wina saangariSo periodisaTvis. 

 

 

1.12. lorencis maTematikuri modeli ekonomikaSi 
 

warmoebis moculobis cvlilebis siCqare tolia 
produqciis realizaciidan amonagebsa da warmoebis 
danaxarjebs Soris sxvaobisa. 
Tu SemoviRebT aRniSvnebs: 

x – warmoebis moculoba; 

y – realizebuli produqciis moculoba;  

– realizebuli produqciis erTeuli moculobis fasi; 

–warmoebuli produqciis erTeuli moculobis 
TviTRirebuleba; 

maSin miviRebT gantolebas: 

x -y 


x .                                              (1.114) 
realizebuli produqciis moculobis cvlilebis siCqare 

tolia warmoebuli produqciis bazriT uzrunvelyofis mocu-
lobisa, gajerebis moculobisa da warmoebis resursebiT uz-
runvelyofis moculobaTa sxvaobis. 

Tu SemoviRebT aRniSvnebs: 
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r  - bazris moTxovnis koeficienti warmoebis x 

moculobaze; 
   -  bazris gajerebis koeficienti; 
  -  warmoebis resursebiT uzrunvelyofis koeficienti; 

z  -  warmoebisaTvis saWiro resursebis moculoba, 
maSin miviRebT gantolebas 

zx -y  - 


xry .                                        (1.115) 
warmoebis resursebis moculobis cvlilebis siCqare to-

lia, resursebiT uzrunvelyofis moculobasa da daxarjuli 
resursebis moculobaTa Soris sxvaobisa.  

Tu SemoviRebT aRniSvnebs: 
b  – resursebis xarjvis siCqaris koeficienti; 
l  –  warmoebis resursebiT uzrunvelyofis koeficienti; 
maSin miviRebT gantolebas: 

yxl  


zbz .                                            (1.116) 
 amrigad, miviReT sawarmos funqcionirebis maTematikuri 

modeli: 

x -y 


x ; 

zx -y  - 


xry ;                                        (1.117) 

yxl  


zbz .                                                              

advilad SevniSnavT, rom (1.117) gantolebebi emTxveva 
lorencis maTematikur models, roca 

==10; r=28; ==l=1; b=
3

8
. 

am SemTxvevaSi, fazur sibrtyeze miviRebT lorencis 
atraqtors, romelic fraqtalur simravles warmoadgens. 
lorencis atraqtori Seesabameba determinirebul sistemaSi 
qaosis warmoqmnis movlenas. am SemTxvevaSi, warmoebisa da 
amonagebis moculobebi aRaraa marTvadi da sistema midis 

ngrevisaken. amitom cdiloben, sistemis qaosuri muSaobis 

reJimebs Tavi aaridon, პარამეტრების შესაბამისად შერჩევის saSu-
alebiT.  
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laboratoriuli samuSao 1.12    
 

amocana. amoxseniT lorencis gantolebaTa sistema: 

t
x t( )

d

d
10 y t( ) 10 x t( )

,

 

t
y t( )

d

d
y t( ) x t( ) z t( ) 28 x t( )

,

 

t
z t( )

d

d
x t( ) y t( )

8

3
z t( )

,  

erTeulovani sawyisi pirobebis SemTxvevaSi da gamoikvlieT 
lorencis ucnauri atraqtori fazur sibrtyeze. 
 

amoxsna. 
lorencis gantolebaTa sistemas advilad amovxsniT 
Mathcad-is meSveobiT. 
 

programa Mathcad-ze 
 

lorencis gantolebaTa sistemas Mathcad-ze Seesabameba 
matriculi operatori: 

D t Q( )

10 Q
1

 10 Q
0



Q
1

 Q
0

Q
2

 28 Q
0



Q
0

Q
1


8

3
Q

2
















  

 

Npts 3000  

L Rkadapt

1

1

1











0 50 Npts D











  

t L
0 

  

X L
1 

  

Y L
2 

  

Z L
3 

  
 

amonaxsnebi moicema grafikebis meSveobiT: 

 
i 0 Npts  
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0
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ti

 

avagoT dinamikis suraTi fazur sibrtyeze: 
 0.001  

R
0 

X  

R
1 

X   

S
0 

Y  

S
1 

Y   

T
0 

Z  

T
1 

Z   
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miviRebT lorencis ucnauri atraqtoris suraTs, 
romelic Seesabameba determinirebuli sistemis qaosur reJimSi 
gadasvlas, magram romelic icvlis “pepelas frTebis” 

moxazulobas r-parametris cvlilebisas, rac Seesabameba 
bazris moTxovnis cvlilebas warmoebuli produqtis 
moculobaze.

R S T( )
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თავი II.  ეკონომეტრიკის ელემენტები. სოციალურ-

ეკონომიკური სისტემების კორელაციური და რეგრესიული 

ანალიზი 
 

2.1.  მონაცემთა კორელაციური ანალიზი. ეროვნული შემოსავლისა 

და მოხმარების კორელაცია. რეგრესიული ანალიზი 

 
socialur-ekonomikuri procesebis Seswavlisas, xSirad 

gvaqvs amocana: gavarkvioT sxvadasxva ganmsazRvrel 
maxasiaTebel sidideebs Soris rogori analizuri kavSiria. am 
amocanis amosaxsnelad atareben monacemebis korelaciur 
analizs. 

ganvixiloT situacia, roca eqsperimentis Sedegad gvaqvs 

ori ganmsazRvreli parametris x da y mniSvnelobaTa monacemebi. 
magaliTad, umuSevroba da inflaciis xarisxi; moTxovna da 
miwodeba; fasi da moTxovna. 

ase rom, monacemebi warmoadgens  wyvilebis 

simravles, sadac n eqsperimentul monacemTa raodenobaa. x da y 
sidideTa monacemebis statistikuri damuSavebis garda, ismis 
kiTxva: damoukidebelia es sidideebi Tu ara ? Tu ar aris 
damoukidebeli, maSin rogoria maT Soris kavSiri (wrfivi Tu 
arawrfivi) ? 

am kiTxvebze pasuxis gasacemad ageben  x da y sidideTa 
Soris SesaZlo damokidebulebis grafikul suraTs, saidanac 
vizualurad Cans - maT Soris aris Tu ara funqcionaluri 
damokidebuleba. Tu monacemebis Sesabamisi wertilebi 
jgufdebian romelime wrfis maxloblobaSi, maSin amboben, rom 
es sidideebi korelireben da maT Soris arsebobs wrfivi 
damokidebuleba. Tu ramdenadaa es monacemebi erTmaneTTan 
dakavSirebuli, moicema korelaciis  koeficientis sididis 
mixedviT. korelaciis koeficienti yovelTvis akmayofilebs 
ormag utolobas: 

.                                                     (2.1) 
Tu  x da y sidideTa Soris wrfivi damokidebulebaa, maSin 

korelaciis koeficienti unda iRebdes  1 an -1 mniSvnelobas. 
rac ufro axloa am mniSvnelobebTan korelaciis 
koeficientis mniSvneloba, maT Soris damokidebuleba miT 
ufro axloa wrfivTan. Tu, korelaciis koeficientis 
mniSvneloba axlosaa nulTan, maSin maT Soris araa wrfivi 
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damokidebuleba, anu, damokidebuleba an arawrfivia, an 
saerTod ar korelireben es sidideebi. 

korelaciis koeficientis gamosaTvlelad gamoiyeneba 
Semdegi formulebi: 

 

;                                                     (2.2) 

 ;                                                       (2.3) 

  ;                                              (2.4) 

 ;                                              (2.5) 

 ;                                       (2.6) 

 .                                                         (2.7) 
korelaciis koeficientis kvadrats, determinaciis 

koeficienti ewodeba. 

 .                                                       (2.8) 
Tu  determinaciis koeficienti metia 0.5-ze, maSin amboben, 

rom   x da y sidideTa Soris aris dadebiTi damokidebuleba; 
xolo, Tu naklebia 0.5-ze, maSin maT Soris susti kavSiria. es 
ki Seesabameba imas, rom, Tu korelaciis koeficienti metia 0.71-
ze maSin gvaqvs dadebiTi kavSiri; xolo, Tu korelaciis 
koeficienti naklebia 0.71-ze, maSin - susti kavSiri. 

 ganvixiloT  erovnuli Semosavlisa da moxmarebis 
dinamika wlebis mixedviT  (cxrili 2.1) da SeviswavloT am 
monacemebis korelacia. 

 
ცხრილი 2.1. ეროვნული შემოსავლისა და მოხმარების დინამიკა 2003-2009წ. 

 

 

 

 

 

 

 

 

gamoviyenoT (2.2)-(2.7) formulebi, miviRebT rom korelaciis 
koeficienti  , determinaciis koeficienti    

მლნ.ლარი 2003 2004 2005 2006 2007 2008 2009 

t 0 1 2 3 4 5 6 

ეროვნული 

შემოსავალი x 

8631,3 

 

10004,9 

 

11791,7 

 

14102,5 

 

17060,5 

 

18818,0 

 

17682,8 

 

მოხმარება y 5442,1 6044,1 7159,0 8478,9 10625,8 11796,9 10752,7 
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rac imas niSnavs, rom x da y sidideTa Soris  aris dadebiTi 
damokidebuleba 99.6%, es iZleva Sesabamisi regresiuli 
analizis Catarebis SesaZleblobas. 

vTqvaT, damokidebuleba x da y sidideTa Soris  aris 
wrfivi, anu, aqvs saxe: 

      y=ax+b,                                                          (2.9) 
sadac  ucnobi a da b  koeficientebis sapovnelad iyeneben 
gausis umcires kvadratTa meTods. amocanis amosaxsnelad 

gamoiyeneba monacemTa wyvilebi:  sadac   gausis umcires 
kvadratTa meTodi moiTxovs, rom eqsperimentuli     
wertilebis (2.9) wrfidan gadaxris kvadratebis jami unda iyos 
minimaluri. es imas niSnavs, rom 

;                                              (2.10) 
funqciam unda miiRos minimaluri mniSvneloba.  I(a,b) aris ori 
cvladis funqcia, romlis minimumis arsebobis aucilebel 
pirobebs (fermas Teorema) aqvT saxe: 

                                                             (2.11) 

.                                                              (2.12) 

(2.10) funqciis CasmiT (2.11) da (2.12) gantolebebSi, advilad 
miviRebT, rom  

                                         (2.13) 

                                             (2.14) 

 (2.13) da (2.14) sistemas aqvs erTaderTi amonaxsni: 

;    .                                                                          (2.15) 
am koeficientebis Casma (2.9) formulaSi gvaZlevs wrfivi 

regresiis formulas, romlis meSveobiT vipoviT yoveli x-is 
Sesabamis y-s. ase rom, umcires kvadratTa meTodi saSualebas 
gvaZlevs amovxsnaT prognozis amocanebic. 

Tu regresiis wrfe napovnia, SegviZlia SevafasoT igi 
ramdenad karg miaxloebas gvaZlevs eqsperimentul 
monacemebTan SedarebiT. amisaTvis, gamoiTvlian Sesabamis 
saSualo kvadratul cdomilebas: 
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                                                                            (2.16) 

 
cxadia, rac ufro mcirea   cdomileba, miT ufro kargia 
miaxloeba. 

ganvixiloT, Sesabamisi laboratoriuli samuSao 2.1 
moxmarebis erovnuli Semosavlis mixedviT korelaciisa da 
wrfivi regresiis amocanis gadasawyvetad  Mathcad-is bazaze. 

 

laboratoriuli samuSao 2.1 

 

X

8631.3

10004.9

11791.7

14102.5

17060.5

18818.0

17682.8

























                                

Y

5442.1

6044.1

7159.0

8478.9

10625.8

11796.9

10752.7

























 

 
Xsr

0

6

i

X
i



7


           
Ysr

0

6

i

Y
i



7


 

sx2
1

7
0

6

i

X
i 

2
















Xsr
2



            sx2 13687493.951  

sy2
1

7
0

6

i

Y
i 

2
















Ysr
2



             sy2 5364691.664  

Sxy
1

7
0

6

i

X
i

Y
i

 














Xsr Ysr

           
Kxy

Sxy

sx2 sy2


 
Kxy 0.998  korelaciis koeficienti, 

Dxy Kxy
2

  
Dxy 0.996 determinaciis koeficienti, 

 
wrfivi regresia 

a
Sxy

sx2


             b Ysr a Xsr             a 0.625      b 141.215  
f x( ) a x b  
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
0

6

i

Y
i

a X
i

 b 
2




7


     saSualo kvadratuli cdomileba 

 146.224  

5000 1 10
4

1.5 10
4

2 10
4

5000

1 10
4

Y

f X( )

X  
 

rogorc vxedavT, wrfivi regresia sakmaod karg miaxloebas 
iZleva moxmarebisa da erovnuli Semosavlis urTierTda-
mokidebulebis Sesaswavlad. 

 

 

savarjiSo 
gamoikvlieT moxmarebis saSualo moculobis cvlileba, 

Tu erovnuli Semosavalis saSualo mniSvneloba  1.2-jer 
izrdeba. 

 

 

 

 

2.2. eqsport-importis cneba. eqsport - imports Soris 
arsebuli uaryofiT saldosa da umuSevrobis koeficients 
Soris arsebuli korelacia, determinaciis koeficienti 

 

eqsporti aris qveyanaSi warmoebuli produqciis 
realizacia mis sazRvrebs gareT. cxadia, eqsporti saSualebas 
iZleva qveyanaSi Semovides konvertirebadi valuta, dasaqmdes 
sakuTari muSa xeli, damatebiTi stimuli mieces warmoebis 
simZlavreebis gadidebas da a.S. 

 
importi aris  sazRvargareT warmoebuli produqciis 

Semotana Sida bazarze realizaciisaTvis. igi dadebiT rols 



 61 

asrulebs, Tu xels uwyobs qveynis SigniT arsebuli 
deficitis Sevsebas. magram adgili aqvs uaryofiT movlenas, 
Tu xels uSlis Sida warmoebiTi simZlavreebis gazrdas da 
xalxis dasaqmebas. gansakuTrebiT mavnea saqarTvelosTvis 
iafi-uxarisxo kvebis produqtebis Semotana, radgan 
saqarTvelo agraruli qveyanaa, miT umetes, Tu isini genuri 
inJineriiTaa moyvanili da bolomde araa gamokvleuli maTi 
moqmedeba adamianis janmrTelobaze. 

sxvaobas eqsportisa da importis moculobebs Soris 
saldo ewodeba. 

 Tu  saldo uaryofiTia rac niSnavs, rom ufro meti 
produqcia Semogvaqvs, vidre gagvaqvs, maSin qveynis savaluto 
rezervebi mcirdeba da qveyana finansurad sustdeba. xolo Tu, 
saldo dadebiTia, maSin Cveni qveyana adgas ganviTarebis gzas 
da TandaTan Zlierdeba finansurad. 

ganvixiloT saqarTvelos eqsport-importis moculobaTa 
dinamika (cxrili 2.2.) 

ცხრილი 2.2. საქართველოს ექსპორტ-იმპორტისა და მათ შორის პროცენტული 

სხვაობის მნიშვნელობები 
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პროცენტული სხვაობა 

საქართველოს იმპორტსა 
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rogorc cxrilidan Cans, eqsport-importis uaryofiTi 
saldo aSkarad izrdeba 2007 wlamde; es niSnavs, rom 
saqarTvelos ekonomika suls Rafavs. ar viTardeba warmoebiTi 
simZlavreebi, ver movipoveT bazari saqonlis 
realizaciisaTvis da saqarTvelo iqca iafi - dabali xarisxis  
ucxouri produqciis bazrad. 

 

procentuli sxvaoba saqrTvelos importsa da eqsports Soris

0,0

50,0

100,0

150,0

200,0

250,0

300,0
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400,0

450,0

2000 2001 2002 2003 2004 2005 2006 2007 2008 2009

wlebi

procentuli sxvaoba saqrTvelos importsa da eqsports Soris  
ნახ.2.1. პროცენტული სხვაობა საქართველოს ექსპორტსა და იმპორტს შორის 

 
yovelive amis Sedegi, iwvevs umuSevrobis zrdasa da 

mosaxleobis gaRatakebas. rac sabolood iwvevs socialuri 
daZabulobis zrdas da xelisuflebis reitingis dacemas. 

umuSevroba - ekonomikurad aqtiuri mosaxleobis droebiT 
dausaqmebloba. Sromis saerTaSoriso organizaciis 
ganmartebiT, umuSevrad iTvleba adamiani, romelsac SeuZlia 
muSaoba, magram samuSaos arqonis gamo, aqtiurad eZebs mas.  

saqarTveloSi gvaqvs cikluri umuSevroba, romelic 
dakavSirebulia saqonelsa da momsaxurebaze arasakmarisi 
erToblivi moTxovniT. 

 v.oukenis kanonis mixedviT, umuSevrobis nazrdis yoveli 
erTi procenti misi bunebrivi donis zemoT, iwvevs mSp-s 
moculobis 2.5 procentiT CamorCenas. 

2.3. cxrilSi mocemulia dasaqmebulTa da umuSevarTa 
raodenobis dinamika wlebis mixedviT. 
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cxrili 2.3. dasaqmebisa da umuSevrobis dinamika saqarTveloSi 
 

  1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 

dasaqmebuli 1728,5 1694,4 111 1877,7 1839,2 1814,9 1783,3 1744,6 1747,3 1704,3 1601,9 1656,1 

umuSevari 244,2 244,9 212 235,6 265 235,9 257,6 279,3 274,5 261 315,8 335,6 

 

2.2 da 3.3 cxrilebi saSualebas iZleva gamovikvlioT 
korelacia eqsport-importis uaryofiT procentul saldosa 
da umuSevrobis koeficients Soris. 

umuSevrobis koeficienti gamoiTvleba formuliT: 

 

                                  ,                                                     (2.9) 

სადაც   umuSevarTa raodenobaa; 

                 - dasaqmebulTa raodenoba. 

maSin miviRebT, rom korelaciis koeficienti 782.0Kxy  და 
determinaciis koeficienti .612.0Dxy   

es niSnavs, rom x da y sidideTa Soris aris wrfivi 
damokidebuleba 61.2%-is sizustiT. Tumca, es damokidebuleba 
sakmaod mcirea. 

es  iZleva Sesabamisi regresiuli analizis Catarebis 
SesaZleblobas. ganvixiloT, Sesabamisi laboratoriuli 
samuSao 2.2. eqsport-imports Soris arsebuli uaryofiT 
saldosa da umuSevrobis koeficients Soris arsebuli 
korelaciisa da wrfivi regresiis amocanis gadasawyvetad 

Mathcad - is bazaze. 
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laboratoriuli samuSao 2.2. 
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wrfivi regresia 

a
Sxy

sx2


                               b Ysr a Xsr                   a 0.00019863           
b 0.06998927   

          f x( ) a x b         
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200 300 400 500
0

0.2Y
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a X
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 b 
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


n


 
ცდომილება 

 0.01253006  
 

rogorc vxedavT, wrfivi regresia sakmaod karg miaxloebas 
iZleva eqsport-imports Soris arsebul uaryofiT saldosa da 
umuSevrobis koeficients Soris urTierTdamokidebulebis 
Sesaswavlad. 

 
 

savarjiSo. 
gamoikvlieT umuSevrobis koeficientis saSualo sididis 

cvlileba, Tu eqsport-importis uaryofiTi saldos saSualo 
mniSvneloba   1.2 jer izrdeba. 

 

 

2.3. korelacia sagareo valebis moculobasa da 
saqarTvelos biujets Soris 

 

cxovrebis donisa da sazogadoebis ganviTarebis tempebis 
dasaxasiaTeblad, ganvixiloT  saxelmwifo valisa da 
saxelmwifo biujetis damokidebuleba. 
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cxrili 2.4. saxelmwifo biujetis struqtura 

 

 

 

 

 

 

 

 

 

avagoT Sesabamisi naxazi 2.2, romelzec SeimCneva Sualedebi, 

roca saxelmwifo vali aWarbebda biujets da biujetis 

Sevseba xdeboda valebis xarjze. Semdgom SeiniSneba dadebiTi 

tendencia, roca biujeti izrdeboda valebze ufro swrafad 

da 2006 wlidan 2008 wlamde gadaaWarba kidec valebs. Tumca, 

agvistos omma es warmateba waSala da 2009 wels valma kvlav 

gadaaWarba biujetis Semosavlebs.   
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ნახ.2.2. სახელმწიფო ბიუჯეტისა და ვალების დინამიკა 

1 520,3

3 323,0

1 567,9

3 040,1

1 575,8

2 730,8

1 535,3

2 540,8

1 510,9

2 344,5

1 489,9

2 429,7

1 458,9

3 694,7

1 693,2

4 532,0
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4 000,0
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7 000,0
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ნახ.2.3.საშინაო და საგარეო ვალების დინამიკა საქართველოში 2002-2009წწ. 

zemoT moyvanili monacemebi saSualebas iZleva CavataroT 

biujetisa da valebis korelaciuri analizi, romlis 

meSveobiT SesaZlebelia gadavideT Sesabamis regresiul 

analizze, gamovikvlioT biujetisa da valebis dinamikis 

Semdgomi momavali. 

maSin miviRebT, rom korelaciis koeficienti Kxy=0.36, 

determinaciis koeficienti Dxy=0.132; es ki niSnavs, rom x da y 

sidideTa Soris ar aris wrfivi damokidebuleba. amitom, an 

gvaqvs arawrfivi damokidebuleba, an saerTod araa korelacia 

am sidideebs Soris. 

ganvixiloT Sesabamisi laboratoriuli samuSao 2.3, 

sagareo valebis moculobasa da saqarTvelos biujets  Soris 

arsebuli korelaciis dasadgenad Mathcad - is bazaze. 
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ლაბორატორიული სამუშაო 2.3. 

 

X
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n
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X
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Y
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




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




Xsr Ysr

 
 

Kxy
Sxy

sx2 sy2
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Kxy 0.36301850  

Dxy Kxy
2

  
Dxy 0.13178243  
 

 
rogorc vxedavT, korelaciis koeficientia 0.36, xolo 

determinaciis koeficienti 0.132, es niSnavs, rom saqarTvelos 
biujetsa da gare valebs Soris ar arsebobs wrfivi 
damokidebuleba. maSasadame, kavSiri an arawrfivia,  an 
saerTod ar korelireben es cvladebi erTmaneTTan. 

 
2.4. korelacia samomxmareblo kalaTis moculobasa da 

inflaciis maCvenebels Soris 

 
samomxmareblo kalaTis gaangariSebis wess ganvixilavT 

mesame TavSi. axla ki moviyvanT monacemebs saqarTvelosaTvis, 
saarsebo minimumis dinamikas wlebis mixedviT 
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ცხრილი 2.5. საშუალო მომხმარებლის საარსებო მინიმუმის დინამიკა (ლარი თვეში) 

წლები  

 

საშუალო მომხმარებლის 

საარსებო მინიმუმი 

(ლარი თვეში) 

2004  85.2 

2005  87.1 

2006  106.5 

2007  102.7 

2008 115.8 

2009 111.7 

 
 

Tu ganvixilavT inflaciis koeficientis dinamikis 

Sesabamis cxrils 2.6, maSin, advilad SeiZleba CavataroT 

Sesabamisi korelaciuri analizi. 

ცხრილი 2.6. ინფლაციის კოეფიციენტის დინამიკა წლების მიხედვით 

 2005 2006 2007 2008 2009 2010 

საშუალო წლიური წინა წლის საშუალო წლიურთან 108.2 109.2 109.2 110.0 101.7 107.1 

დეკემბერი წინა წლის დეკემბერთან 106.2 108.8 111.0 105.5 103.0 111.2 

წლიური ინფლაციის დონე 6.2 8.8 11.0 5.5 3.0 11.2 

 
miviRebT, rom korelaciis koeficienti 576.0Kxy   da 

determinaciis koeficienti  .332.0Dxy  es ki niSnavs, rom   x da y 
sidideTa Soris  damokidebuleba sul raRac 33.2%-ia. amrigad, 
damokidebuleba metad sustia, radgan 33.2% <  50%. 

 es ki ar iZleva Sesabamisi wrfivi regresiuli analizis 
Catarebis SesaZleblobas.  

ganvixiloT, Sesabamisi laboratoriuli samuSao 2.4, 
samomxmareblo kalaTis moculobasa da inflaciis maCvenebels 
Soris arsebuli korelaciis  amocanis  gadasawyvetad  

Mathcad - is bazaze. 
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laboratoriuli samuSao 2.4 
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              Kxy 0.576  

Dxy Kxy
2

            

Dxy 0.332  

rogorc vxedavT,  korelaciis koeficientia 0.58, xolo 
determinaciis koeficienti - 0.332, rac niSnavs, rom 
saqarTvelos biujetsa da gare valebs Soris ar arsebobs 
wrfivi damokidebuleba. maSasadame, kavSiri an arawrfivia,  an 
es cvladebi saerTod ar korelireben erTmaneTTan. 

 
2.5.  kavSiri kvebis produqtebze erTian moTxovnas, 

saSualo xelfassa  da saSualo fass Soris. mravlobiTi 
regresiuli analizi 

 

ganvixiloT SesaZlo kavSiri kvebis produqtebze erTian 

moTxovnas, saSualo xelfassa da saSualo fass Soris. 

imisaTvis, rom davadginoT, rogoraa damokidebuli erTiani 
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moTxovna  y saSualo x xelfassa da saSualo p fasebze, unda 

SevadginoT arsebuli monacemebis Sesabamisi cxrili 2.7. 

ცხრილი 2.7 

№ y x p 

1 350 400 2.5 

2 360 400 3 

3 400 400 3.5 

4 380 400 3.4 

5 400 400 3.35 

6 450 400 3.4 

mravlobiTi regresiuli analizi warmoadgens 
orcvladiani regresiuli analizis ganviTarebas, romelic im 
SemTxvevaSi gamoiyeneba, rodesac sistemis agregirebuli 
maxasiaTebeli dakavSirebulia erTze met damoukidebel 
ganmsazRvrel cvladTan.   

ganvixiloT kvebis produqtebze erToblivi moTxovnis 

gansazRvris magaliTi. mosaxleobis x Semosavlebisa da kvebis 

produqtebze  p  fasebis arsebuli monacemebidan gamomdinare 
vipovoT kavSiri  

                                                     (2.10) 

 

sadac y kvebis xarjebis saerTo sididea; f – funqcia 
mocemuli klasidan. magaliTisaTvis visargebloT 
polinomebiT, anu polinomuri regresiiT 
mravalganzomilebiani SemTxvevisa 

Tvis. mravlobiTi polinomuri regresiis kerZo saxes 
warmoadgens mravalganzomilebiani wrfivi regresia, anu 
SemTxveva, roca monacemebs uaxlovdebiT formuliT   

pxy  21  .                                           (2.11) 

 
 mravlobiTi polinomuri regresiis amocanis 

amosaxsnelad, mocemuli unda iyos ricxvTa masivi, romelic 
Seesabameba Y cvlads. vTqvaT  
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SevqmnaT organzomilebiani MXP monacemTa masivi, 

Sesabamisi (x, p) wertilebisaTvis. 

 

 
laboratoriuli samuSao 2.5 

 

amocana. mocemulia Y erToblivi moTxovna da Sesabamisi 
monacemTa MXP matrica, mosaxleobis X Semosavlebisa da 
kvebis produqtebze P fasebis mixedviT. avagoT mosaxleobis 
erToblivi moTxovnis miaxloebis mravalwevri, gavakeToT 
prognozi, SevafasoT aproqsimaciis cdomileba. 

 

amoxsna. gamoviyenoT regress(MXP,Y,n) operatori, sadac   

n miaxloebis polinomis xarisxia. n:=1, 
VS:=regress(MXP, Y, n), 

sadac VS polinomis saukeTeso miaxloebis koeficientebia. 

avagoT miaxloebis polinomi, sadac X0:=X  და X1:=P 

f(x):=interp(VS, MXP, Y, X). 

da bolos, SevadginoT prognozi 
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mniSvnelobebisTvisac. 

grafikuli interpretaciisaTvis moxerxebulia Y 

erToblivi moTxovnis aRniSvna Z-iT da monacemTa matriculi 
saxiT Seyvana. 

          1:n                  





























450

400

380

400

360

350

:Z           

 

MXP

400

400

400

400

400

400

2.5

3

3.5

3.4

3.35

3.4























MXP

400

400

400

400

400

400

2.5

3

3.5

3.4

3.35

3.4

























 73 

VS:=regress(MXP,Z,n)    f(x):=interp(VS,MXP,Z,x). 
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              i:=0..5. 
programa  Mathcad-ze 

 
kvebis produqtebze erToblivi moTxovnis, kvebis 

xarjebisa da Tviuri Semosavlebis monacemebi: 
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 coeffs
T
=(0.439  67.167 0.001)    

:=(coeffs
T
)
<0> 

MXP

400

400

400

400

400

400

2.5

3

3.5

3.4

3.35

3.4






















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=(0.439)
  

:=(coeffs
T
)
<1> 

=(67.167)
  

m:=(coeffs
T
)
<2> 

m=(0.001)
  

Z=m+X+P  aris   erToblivi moTxovnis funqcia 
Z1 X P( ) 0.001 0.439X 67.167P  

i 0 5  

ci f

X
i

P
i





















Z
i



 

c

6.457

17.126

10.71

23.993

0.635

46.007





















 


c

450
100

 
 



1.435

3.806

2.38

5.332

0.141

10.224





















 
 

max   10.224  

0 2 4 6
0

5

10

15

 i

i
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savarjiSo. 

 mocemuli Y erToblivi moTxovniT da Sesabamis monacemTa 

MXP matriciT, mosaxleobis X Semosavlebisa da kvebis 

produqtebze P fasebis mixedviT, aageT miaxloebis optimaluri 
mravalwevri: PXY  21  . 

SeadgineT prognozi da aageT grafikuli interpretacia. 

 
 

2.6. კობ-დუგლასის წარმოებითი ფუნქცია Mathcad-ის ბაზაზე. 

 1927 wels, ganaTlebiT ekonomistma pol duglasma 
aRmoaCina, rom, Tu erTmaneTs SeuTavsebT Y gamoSvebis realuri 
moculobis, K kapitaluri danaxarjebisa da L Sromis 
danaxarjebis maCveneblebis logariTmebis droze 
damokidebulebis grafikebs, maSin, gamoSvebis maCveneblebis 
wertilebidan Sromis danaxarjebis maCveneblebisa da 
kapitalis xarjebis grafikebis wartilebamde daSorebebi 
Seadgens mudmiv proporcias. Semdeg, man TxovniT mimarTa 
maTematikos Carlz kobs, epova aseTi Taviseburebis mqone 
maTematikuri damokidebuleba. kobma SesTavaza Semdegi 
funqcia: 

.1   LKAY                                                 (2.13) 

xSirad, ganixilaven kob-duglasis ganzogadebul formulas: 
 LKAY  ,                                                  (2.14) 

sadac   ,A  da   koeficientebi ganisazRvreba arawrfivi 

mravlobiTi regresiis meTodiT, rodesac mocemulia Y  

monacemTa K da L veqtori . 

 

 
 

laboratoriuli samuSao 2.6 
 

 amocana. mocemulia warmoebis Y realuri moculobis, K 

realuri kapitaluri xarjebisa da L realuri Sromis 
xarjebis indeqsebi amerikaSi 1899 - 1922 wlebisaTvis (cxrili 
2.8). ipoveT kobi-duglasis damokidebuleba, Tu gvaqvs 2.8 
cxrilSi aRniSnuli monacemebi (safuZvlad aRebulia 1899 
wlis 100-is toli moculoba). 
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        cxrili 2.8. 

წელი Y K L  წელი Y K L 

1899 100 100 100  1911 153 216 145 

1900 101 107 105  1912 177 226 152 

1901 112 114 110  1913 184 236 154 

1902 122 122 118  1914 169 244 149 

1903 124 131 123  1915 189 266 154 

1904 122 138 116  1916 225 298 182 

1905 143 149 125  1917 227 335 196 

1906 152 163 133  1918 223 336 200 

1907 151 176 138  1919 218 387 193 

1908 126 185 121  1920 231 407 193 

1909 155 198 140  1921 179 417 147 

1910 159 208 144  1922 240 431 161 

 

amoxsna. kob-duglasis Tanadobis parametrebis mosaZebnad 

gavalogariTmoT es damokidebuleba: 

LKAY lnlnlnln    .                                  (2.15) 

Tu SevitanT Semdeg aRniSvnebs: 

yY ln ;  mA ln ;  XK ln ; ,ln PL                             (2.16) 

miviRebT damokidebulebas: 

.Pxmy                                             (2.17) 

anu, pirveli xarisxis polinomis saxiT mocemul 
damokidebulebas, sadac ,m    da    unda ganvsazRvroT 
mravlobiTi polinomuri regresiis meTodiT, Semdeg ki 
ganvsazRvroT  A parametric 

.meA                                                         (2.18) 
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programa  Mathcad-ze 

 

Y

100

101

112

122

124

122

143

152

151

126

155

159

153

177

184

169

189

225

227

223

218

231

179

240





































































 K

100

107

114

122

131

138

149

163

176

185

198

208

216

226

236

244

266

298

335

366

387

407

417

431





































































 L

100

105

110

118

123

116

125

133

138

121

140

144

145

152

154

149

154

182

196

200

193

193

147

161







































































 
i 0 23  
Y1
i
ln Y

i   

K1
i
ln K

i   

L1
i
ln L

i   

MXP
0 

K1  

MXP
1 

L1  
n 1  
VS regress MXP Y1 n( )  

VS

3

3

1

0.233

0.807

0.177



















  

f X( ) interp VS MXP Y1 X( )  
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coeffs submatrix VS 3 length VS( ) 1 0 0( )  
kob-duglasis sawarmoo funqciis logariTmuli gaSlis 
koeficientebi lnY=lnA+lnK+lnL; 

 

coeffs
T

0.233 0.807 0.177( )  

 coeffs
T 

0 

  
=0.233  

 coeffs
T 

1 

  
=0.807 

                                                                  A e
coeffs

T  2 

  
A=0.838 

 

საწარმოო ფუნქციის პროგნოზირებული მნიშვნელობები 

 

f
420

330

















364.107

 
 

f
400

300

















335.228

 

 

savarjiSo. 
 

moiZieT Y warmoebis realuri moculobis, K realuri 

kapitaluri danaxarjebisa da L Sromis realuri xarjebis 
indeqsis cvlilebebi,  drois mixedviT saqarTvelosaTvis. 
ipoveT, aucilebeli monacemebi da gansazRvreT kob-duglasis 
sawarmoo funqciis parametrebi. 

 

 
2.7. korelacia inflaciis donesa  da  umuSevrobis 

koeficients Soris saqarTvelos magaliTze. filipsis mrudi 
 

ganvixiloT SesaZlo kavSiri wliur inflaciis donesa da 
umuSevrobis koeficients Soris. amisaTvis visargebloT 
arsebuli oficialuri monacemebiT (cxrili 2.9 da cxrili 
2.10.) 
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   ცხრილი 2.9 

 

 

 2005 2006 2007 2008 2009 

საშუალო წლიური წინა წლის  

საშუალო წლიურთან 

108.2 109.2 109.2 110.0 101.7 

დეკემბერი წინა წლის დეკემბერთან 106.2 108.8 111.0 105.5 103.0 

წლიური ინფლაციის დონე 6.2 8.8 11.0 5.5 3.0 

 

 

ცხრილი 2.10. 

 2005 2006 2007 2008 2009 

დასაქმებული 1744,6 1747,3 1704,3 1601,9 1656,1 

უმუშევარი 279,3 274,5 261 315,8 335,6 

უმუშევრობის  

კოეფიციენტი 

0.138 0.136 0.133 0.165 0.169 

 

wliur inflaciis donesa da umuSevrobis koeficients Soris 
rom SeviswavloT SesaZlo kavSiri, SevadginoT programa 
Mathcad-ze da gamovTvaloT Sesabamisi korelaciis 
koeficienti. 
 

laboratoriuli samuSao 2.7 
 

 

   

 

 

 

 

 

 

Dxy 0.734  

Y

0.138

0.136

0.133

0.165

0.169

















  X

6.2

8.8

11.0

5.5

3.0

















  

Xsr
0

n 1

i

X
i



n
  

n 5  

Ysr
0

n 1

i

Y
i



n
  

sx2
1

n
0

n 1

i

X
i 

2
















Xsr
2



                                         

 sy2
1

n
0

n 1

i

Y
i 

2
















Ysr
2



 
sy2 0  

sx2 7.616  

Kxy
Sxy

sx2 sy2
  

Dxy Kxy
2

  
Sxy

1

n
0

n 1

i

X
i

Y
i

 














Xsr Ysr  

Kxy 0.857  
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wrfivi regresia 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
rogorc vxedavT, wrfivi regresia sakmaod karg 

miaxloebas iZleva umuSevrobisa da inflaciis koeficientis 
urTierTdamokidebulebis Sesaswavlad. regresiis wrfidan 
gamomdinare SegviZlia davaskvnaT, rom inflaciis gazrdiT, 
umuSevroba kelebulobs, rac swored filipsis mrudis ideas 
Seesabameba. 

 

 

 

2.8. განზოგადებული წრფივი რეგრესია საქონლის ფასის 

პროგნოზირებისათვის 

 

zogjer wrfivi regresiis mეTodi uxeS miaxloebas iZleva 
aqciis kursis, saqonlis fasisa da erovnuli valutis  kursis 
prognozirebisas. aseT SemTxvevebSi, xSirad iyeneben 
ganzogadebuli wrfivi regresiis meTods. am meTodis arsi 

ისაა, rom eqsperimentuli wertilebis mocemul erTobliobas 

uaxlovdebა  

F(x, k1, k2,...,kn)=k1∙F1(x)+k2∙F2(x)+...+kn∙Fn(x)                    (2.19) 

tipis funqciiT, anu F1(x), F2(x) Fn(n), funqciis wrfivi 
kombinaciiT, amasTan TviT es funqciebi SeiZleba iyos 
wrfivic, rac mkveTrad afarToebs aseTi aproqsimaciis 
SesaZleblobebs da mas arawrfiv funqciebzec ganavrcobs. 

 

b Ysr a Xsr  
a

Sxy

sx2
  

2 4 6 8 10 12
0.12

0.14

0.16

0.18

Y

f X( )

X

 

a 0.005  b 0.181  

f x( ) a x b  


0

n 1

i

Y
i

a X
i

 b 
2




n
  

 0.008  
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laboratoriuli samuSao 2.8 

 

amocana. cnobilia, rom 5 Tvis ganmavlobaSi VX saqonlis 
fasi icvleboda Semdegi cxrilis mixedviT: 

 

VX 1 2 3 4 5 6 7 8 

VY 15 12 9.4 16.2 26 ? ? ? 

  
SevadginoT momdevno sami TvisaTvis fasis prognozi. 

amoxsna. zogadi saxis wrfivi regresiis realizebisaTvis 

gamoiyeneba linfit(VX,VY,F) funqcia. იგი abrunebs  zogadi saxis 
wrfivi regresiis koeficientebis veqtors, romlis drosac 
(VX,VY) koordinatebis sawyisi wertilebis  “Rrublis” 
miaxloebis saSualo kvadratuli gadaxra iqneba minimaluri. F 

veqtori unda Seicavdes F1(x),F2(x),...,Fn(x) funqciebs, Cawerils 
simboluri saxiT. 
amocanis eqsperimentuli monacemebi 
 

 

 

programa Mathcad-ზე 

 

VX

1

2

3

4

5



















                              

VY

15

12

9.4

16.2

26



















 
miaxloebis funqciaTa matrica  

F x( )

1

x

x
2

e
x

















 

gaSlis koeficientebis povnis programa 
i 0 4  

K linfit VX VY F( )  

K

14.899

0.509

0.07













 

miaxloebis funqciis ageba 
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g t( ) F t( ) K  

r 1 1.25 5  

0 2 4 6 8
0

10

20

30

g r( )

VY

r VX

 

funqcionaluri damokidebulebis prognozirebuli  
mniSvnelobebi 

g 6( ) 48.98  

g 7( ) 103.651  

g 8( ) 242.607  

 

 

savarjiSo. 

ganzogadebuli wrfivi regresiis meTodiT aageT fasis 
dinamikis kanonTan miaxloeba: a) navTobisaTvis; b) gazisaTvis 
da g) eleqtroenergiisaTvis. gamoTvaleT fasTa prognozi-
rebuli mniSvnelobebi uaxloesi sami TvisaTvis.  

 

 

2.9. arawrfivi regresia aqciis kursis prognozisaTvis 

 
roca wrfivi regresia da ganzogadebuli wrfivi regresia 

Cveni prognozisaTvis uxeS Sedegebs iZleva, umjobesia 
mivmarToT zogadi saxis arawrfivi regresiis meTodebs.    

zogadi saxis arawrfiv regresiaSi igulisxmeba nebismieri 
F(x,k1,k2,...,kn) funqciis K parametrebis veqtoris povna, romlis 
drosac uzrunvelyofilia sawyisi wertilebis “Rrublis” 
optimaluri miaxloeba.  

              

 

 

laboratoriuli samuSao 2.9 
  

amocana. ruseTis gazpromis aqciebis kursi naxevari wlis 

manZilze icvleboda cxriliT mocemuli wesiს მიხედვით: 
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VX 1 2 3 4 5 6 7 8 9 

VY 1.9 1.6 1.34 1.22 1.35 1.05 ? ? ? 

 
SevadginoT aqciebis kursis prognozi momdevno sami 

TvisaTvis. 

amoxsna. zogadi saxis arawrfivi regresiis Casatareblad 
gamoiyeneba funqcia  

genfit (VX,VY,VS,F).                                       (2.20) 

igi abrunebs F funqciis K-parametrebis veqtors, romelic 
Tavis mxriv gvaZlevs sawyisi monacemebis  F(x,k1,k2,...,kn) 
funqciiT daaxloebis minimalur saSualo kvadratul 
cdomilebas. 

F veqtori unda Seicavdes simbolur elementebs, 
romlebic, Tavis mxriv unda Seicavdes analizur 
gamosaxulebas sawyisi funqciisa da misi warmoebulebisaTvis 
yoveli parametris mixedviT, anu  

.
...

),(
1





























F
dk

d

F
dk

d

F

kxF

n

                                           (2.21) 

 VS veqtori unda Seicavdes sawyis miaxloebebs K 

veqtorisaTvis, rac aucilebelia regresiis arawrfiv 
gantolebaTa sistemis iteraciuli meTodiT amosaxsnelad. 

 ganvixiloT zogadi saxis arawrfivi regresiis magaliTi 
Semdegi funqciis saSualebiT: 

.)exp(),,( baxbabaxF                                  (2.22) 

gamovTvaloT warmoebulebi yvela parametris mixedviT, anu  

,)exp(),,( bbxbaxF
da

d
                                  (2.23) 

.)exp(),,( axbxabaxF
db

d
                              (2.24) 

matriculi F(x,k) funqcia miiRebs saxes: 

.

)exp(

)exp(

)exp(

),(

121

22

2121

























kxkxk

kxk

kkxkk

kxF                              (2.25) 

ganvixiloT prognozis konkretuli amocana. 
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gazpromis aqciebis kursis cvlilebis kanonis 
aproqsimaciisaTvis visargebloT zogadi saxis arawrfivi 
regresiiT. miaxloebis funqciis sayrden klasad avirCioT 

(2.22) eqsponencialur funqciaTa simravle: 

,21)2exp(1)2,1,( kkxkkkkxF                         (2.26) 

maSin 

,2)2exp()2,1,(
1

kxkkkxF
dk

d
                          (2.27) 

 

                   .1)2exp(1)2,1,(
2

kxkxkkkxF
dk

d
                     (2.28) 

  
programa  Mathcad-ze 

 

ORIGIN 1  
 

sawyisi monacemebi 

VX

1

2

3

4

5

6





















                          

VY

1.9

1.607

1.34

1.22

1.35

1.05





















 
miaxloebis funqciisa da misi k koeficientebiT kerZo 
warmoebulebis matrica  

F x k( )

k
1

e
k2 x

 k
1

k
2



e
k2 x

k
2



k
1

 x e
k2 x

 k
1





















 

ucnobi

 

k koeficientebis sawyisi miaxloebebi 

VS
2

2











 
amocanis amoxsnis operatori 

P genfit VX VY VS F( )  
 

gaSlis saZiebeli koeficientebis mniSvnelobebi 

P
1.62

0.712











 
 

miaxloebis funqciis ageba 
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G x( ) F x P( )
1

  

0 2 4 6 8
0

2VY

G x( )

VX x

 

 
napovni prognozirebuli mniSvnelobebi 

G 7( ) 1.164  

G 8( ) 1.158  

         G 9( ) 1.156  

savarjiSo. 

 
1. РАО ЭС РФ-is aqciebis kursi naxevari wlis ganmavlobaSi 

icvleboda cxriliT mocemuli wesis mixedviT: 
 VX   1    2    3    4   5   6   7   8  9 

 VY   2  1.9  1.7  1.8  1.3 1.25   ?   ?  ? 

SeadgineT aqciebis kursis prognozi momdevno sami 
TvisaTvis. 

2. SeiswavleT (internetis saSualebiT) msoflios wamyvani 
korporaciebis aqciebis kursis dinamika da SeadgineT kursis 
prognozi uaxloesi sami TvisaTvis. 

 

 

2.10. polinomuri regresia 

 
 arawrfivi regresiis erT-erTi saxea polinomuri 

regresia, romlis drosac aproqsimaciis funqciad irCeven 
mravalwevrTa simravles. 

 ganvixiloT konkretuli amocana. 
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laboratoriuli samuSao 2.10 
 

 amocana. mocemulia surguTnavTobis aqciebis kursis 
dinamika: 

 

X 1 2 3 4 5 6 7 8 9 

Y 0.8 3.5 8 15 19 26 ? ? ? 

 
avagoT polinomi, romelic saukeTeso miaxloebas mogvcems 

am monacemebTan; SevadginoT aqciebis kursis prognozi 
momdevno sami TvisaTvis. 

 
 amoxsna.  Mathcad-Si arsebobs funqcia polinomuri 

regresiis uzrunvelsayofad, regresiis mravalwevris 
nebismieri xarisxis dros:  

VS:=regress (VX, VY, h),                                         (2.29) 

romelic gvaZlevs Semdegi funqciiT moTxovnil VS veqtors: 

f(x):=interp (VS, VX, VY, x)                                   (2.30) 

da Seicavs iseTi n-uri xarisxis mravalwevris koeficientebs, 
romlebic saukeTesod aaxlovebs VX da VY veqtorebiT mocemul 

koordinatTa wertilebis Rrubels (erTobliobas), xolo (2.30) 
operatori iZleva x wertilSi splainis mniSvnelobas sawyisi 
VX da VY-iT, da splainis  VS koeficientebiT. 

SevadginoT data monacemTa matrica 





























266

195

154

83

5.32

8.01

:data  .                       (2.31) 

vTqvaT, polinomis xarisxi  

k:=3.                                                       (2.32) 

SevadginoT sawyisi monacemebis VX da XY veqtorebi: 

VX:=data
<0>

   VY:=data
<1>

.                                  (2.33) 

gamoviTvliT mesame xarisxis “saukeTeso” mravalwevris 
koeficientebs (k=3): 

VS:=regress (VX, VY, k).                                    (2.34) 

avagoT saukeTeso polinomuri miaxloebebi: 
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f(x):=interp(VS, VX, VY, x)                                 (2.35) 

da Sedegebis grafikuli interpretacia: 

0 2 4 6 8 10
20

0

20

40

VY

f x( )

VX x

 

polinomuri regresiis interpretacia 
 

ukve SesaZlebelia gamovTvaloT prognozirebuli 
mniSvnelobebi: 

f(7)=?         f(8)=?       f(9)=? 
 

 

programa Mathcad-ze 
 

amocanis monacemebi 

data

1

2

3

4

5

6

0.8

3.5

8

15

19

26





















 
miaxloebis polinomis xarisxi 

k 3  
monacemTa veqtorebis formireba matricis monacemebidan 

VX data
0 

  

VY data
1 

  
amocanis amoxsnis operatori 

VS regress VX VY k( )  
 

VS

3

3

3

0.2

0.391

1.369

0.097
























 

f x( ) interp VS VX VY x( )  
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0 2 4 6 8 10
20

0

20

40

VY

f x( )

VX x

 

monacemTa prognozirebuli mniSvnelobebi 
f 7( ) 30.8  

f 8( ) 34.514  

f 9( ) 36.3  
gaSlis koeficientebis povna 

coeffs submatrixVS 3 length VS( ) 1 0 0( )  

coeffs
T

0.2 0.391 1.369 0.097( )  

a coeffs  

aproqsimaciis polinomi 

p x( )

0

3

i

a
3 i

x
3 i






 

0 2 4 6 8 10
20

0

20

40

p x( )

VY

x VX  

 

savarjiSo. 

 polinomuri regresiis meTodiT SeiswavleT 2011 wlis 
pirvel naxevarSi energomatareblebze fasis dinamika qalaq 
TbilisSi da SeadgineT prognozi wlis meore naxevrisaTvis. 
Sedegebi SeadareT realurs, axseniT gansxvavebebi. 
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Tavi III. statikuri optimizaciis amocanebi ekonomikaSi 
 

 

3.1.  wrfivi daprogrameba 
 

bevr praqtikul dargSi wamoiWreba amonaxsnis 
optimizaciis Taviseburi amocanebi, romelTaTvisac 
damaxasiaTebelia Semdegi Tvisebebi:  

a) efeqturobis maCvenebeli L(x1, x2, ..., xn) warmoadgens 
amonaxsnis x1, x2, ..., xn  elementebis wrfiv funqcias; 

b) SesaZlo amonaxsnebze gavrcelebuli SezRudvis 
pirobebs aqvs wrfivi gantolebis an utolobis saxe.   

aseT amocanebs, wrfivi daprogramebis amocanebi ewodeba. 
ganvixiloT wrfivi daprogramebis konkretuli amocana. 

 
laboratoriuli samuSao 3.1 

 
amocana. mecxoveleobis fermaSi Zroxebis kvebis racioni 

SeiZleba Sedges sami produqtisagan – Tiva, silosi, 
koncentratebi, romlebic Seicaven cilebs, kalciumsa da 
vitaminebs. ricxviTi monacemebi mocemulia cxrilSi: 

 

produqtebi 

sakvebi nivTierebebi 

cila 
(g/kg) 

kalciumi (g/kg) vitaminebi 

Tiva 5011   1021   231   

silosi 7012   622   332   

koncentrate
bi 

18013   323   133   

  
cilisa da kalciumis moxmarebis dRe-Ramuri normebi erT 

sul Zroxaze gadaangariSebiT, Seadgens aranakleb 2000 g da 
210 g Sesabamisad. vitaminebis moxmareba mkacrad dozirebulia 
da unda Seadgendes 87 mg-s dRe-RameSi. 

 SevadginoT yvelaze iafi racioni, Tu erTi kg Tivis 
Rirebuleba 150 laria, silosis – 200 lari da koncentratisa 
– 600 lari. 
 

amoxsna. CamovayaliboT amocana, anu SevadginoT Sesatyvisi 
maTematikuri modeli. 
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vTqvaT, optimaluri raodenobaa: Tivis _  X1 kg, silosis _ 
X2 kg, koncentratis _ X3 kg. maSin miznis funqcia (racionis 
Rirebuleba dRe-RameSi) iqneba: 

L(X1, X2, X3)=150∙X1+200∙X2+600∙X3.                     (3.1) 
amocanis pirobebSi saWiroa am funqciis minimizacia. 
CamovayaloboT SezRudvaTa raodenoba: dRe-RameSi cilis 

≥2000g, kalciumis ≥210g, xolo vitaminebi zustad =87mg. 





















03,02,01

87312312

2103326110

20003180270150

XXX

XXX

XXX

XXX

                      (3.2) 

 
programa  Mathcad-ze 

 
miznis funqcia 

f x1 x2 x3( ) 150 x1 200 x2 600 x3  , 
cvladebis sawyisi miaxloebebi  

x1 1  

x2 1  
x3 1 . 

amocanis amoxsnisa da SezRudvebis programuli bloki Mathcad-
Si. 
 

Given 

 

x1 1  

x2 1  

x3 1  

50 x1 70 x2 180 x3 2000  

10 x1 6 x2 3 x3 210  

2 x1 3 x2 1 x3 87 
R:=minimize(f,x1,x2,x3) 

 

miznis funqciis minimumis wertili 
 

R

5.833

24.778

1













 

 
miznis funqciis minimaluri mniSvneloba 
 

f R
0

R
1

 R
2

  6430.556
 

 



 91 

savarjiSo. 

vTqvaT, mcire sawarmos saamqrom unda daamzados sami 
tipis 100 nakeToba. TiToeuli nakeToba unda damzaddes 
aranakleb 20 calisa. nakeTobaze ixarjeba Sesabamisad 4, 3.4 da 
2 kg liToni, roca misi saerTo maragi 340 kg-a, agreTve 4.75,11 
da 2 kg plastmasa 700 kg saerTo moculobiT. TiToeuli tipis 
Х1, Х2 da Х3 ramdeni nakeToba unda damzaddes, rom miviRoT 
gamoSvebis maqsimaluri moculoba fuladi gamosaxulebiT, Tu 
nakeTobis fasi kalkulaciis mixedviT Seadgens 4, 3 da 2 
lars?  

 
 

3.2. saarsebo minimumis dadgena mocemul qalaqSi,  
mocemul raionSi 

 
wrfivi daprogramebis amocanebs ganekuTvneba: amocana 

saarsebo minimumze, warmoebaze, agreTve satransporto amocana 
gadazidvebze, mindvris savargulebis optimalur ganawilebaze 
da a.S.   

 amocana. ganvixiloT saarsebo minimumis dadgena. vTqvaT, 
gvaqvs kvebis n produqti (puri, xorci, rZe, kartofili, 
marili, Saqris fxvnili da a.S.), romlebic Seicavs 
sasicocxlod aucilebel nivTierebebs (cximebs, cilebs, 
naxSirwylebs da vitaminebs). 

 cnobilia Semdegi parametrebi:  
 ija

 
 aris j-uri produqtis erTeulSi i-uri nivTierebis 

Semcveloba )0( ija ; 

 ib _ i-uri nivTierebis minimaluri raodenoba, romelic 

unda moixmaros individma drois mocemul SualedSi (dRe-
RameSi, dReSi, TveSi da a.S.);  

 jc
 
aris j-uri produqtis erTeulis sabazro fasi  (cj>0). 

kvebis yvela racions (X1,X2,...,Xn) Soris, romlebic 
akmayofilebs individis minimalur moTxovnilebas sasargeblo 
nivTierebebze, unda amovirCioT SedarebiT iafi. Xj warmoadgens 
individis mier drois mocemul SualedSi moxmarebul j-uri 
produqtis raodenobas. garda amisa unda gaviTvaliswinoT, 
rom drois mocemul SualedSi individma unda miiRos 
kaloriebis mocemuli q raodenoba; 

t1_ i-uri produqtis erTeulSi kaloriebis Semcveloba. 
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amoxsna. CamovayaliboT amocana saarsebo minimumis 
dadgenaze. 

miznis funqcia  (racionis Rirebuleba (X1,X2,X3,...Xn)) 





n

j

jj XCXnXXL
1

min),...,2,1( .                    (3.3) 

SevadginoT SezRudvebi drois mocemul SualedSi 
cximebis, cilebis, naxSirwylebis da vitaminebis aucilebel 
raodenobebze: 





n

j

ijij bXa
1

,                                         (3.4) 

sadac mi ,1  da m aucilebeli nivTierebebis ricxvia. 
 garda (3.4) SezRudvisa gvaqvs gantolebis saxiT moce-

muli SezRudva kaloriebis aucilebel moculobaze: 





n

i

ii qXt
1

.                                               (3.5) 

 (3.3), (3.4) da (3.5) amocana, wrfivi daprogramebis amocanebia. 
 vipovoT (X1,X2,...,Xn) optimaluri mniSvnelobebi, rodesac 

miznis funqcia (3.3) miiRebs minimalur mniSvnelobas. amasTan, 
es mniSvnelobebi unda akmayofilebdes (3.4) da (3.5) SezRudvebs. 

 

 
laboratoriuli samuSao 3.2 

 
 amocana. davadginoT saarsebo minimumi raionSi, sadac 

kvebis ZiriTad produqtebs Seadgens: puri, kartofili, xorci. 
sabazro fasi purze – 0.5 l, kartofilze – 0.6 l, xorcze – 10 
lari.   

 
amoxsna. 
miznis funqcia iqneba: 
L(X1,X2,X3)=0.5∙X1+0.6∙X2+10∙X3→min. 

 bi _ cximebis, cilebisa da vitaminebis aucilebeli 
raodenobis mniSvneloba, agreTve am nivTierebebis Semcveloba 
aij produqtebSi, kaloriebis aucilebeli q raodenoba. mocemul 
produqtebSi  ti kaloriebis Semcveloba ganTavsebulia 
internetSi. 

magaliTisaTvis (aq aRebulia nebismieri ricxvebi), Tu  



















90

80

100

b ;   










2.0

3.0

1.0

)( ija

1.0

4.0

2.0

 








5.0

2.0

1.0

; 15000q ; 


















30

15

20

t , 
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maSin miviRebT Semdeg SezRudvebs: 
 
0.1∙X1+0.2∙X2+0.1∙X3 ≥100; 

0.3∙X1+0.4∙X2+0.2∙X3≥80; 

0.2∙X1+0.1∙X2+0.5∙X3≥90; 

20∙X1+15∙X2+30∙X3=15000. 

 

 
 

programa  Mathcad-ze 
 
amocanis miznis funqcia 

f x1 x2 x3( ) 0.5 x1 0.6 x2 10 x3
* 

 
amocanis cvladebis sawyisi miaxloebebi 

x1 1  

x2 1  

x3 1  
SezRudvebisa da amonaxsnis povnis programuli bloki 

Given  

x1 0  

x2 0  

x3 0  

0.1 x1 0.2 x2 0.1 x3 100  

0.3 x1 0.4 x2 0.2 x3 80  

20 x1 15 x2 30 x3 15000  

0.2 x1 0.1 x2 0.5 x3 90  

R Minimizef x1 x2 x3( )  
 

amocanis minimumis wertili 

R

600

200

0













 
amocanis amonaxsni 

f(R0, R1, R2) = 420 

 
 

 
qalaq Tbilisis isnis raionSi saarsebo minimumis dadgena 

wrfivi daprogramebis amocanis safuZvelze 
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saarsebo minimumis gamosaTvlelad saWiroa gamovikvlioT 
kvebis is produqtebi, romlebzec sakvlev raionSi yvelaze 
didi moTxovnaa. 

isnis raionSi yvelaze didi moTxovna Semdeg 
produqtebzea: 

 puri 

 cxvris xorci 

 xaWo 

 kartofili 

 lobio 

 saqonlis xorci 

 brinji. 
cnobilia, rom sicocxlis SesanarCuneblad adamianma unda 

miiRos: cilebi, cximebi da naxSirwylebi, romlebsac Seicavs 
mis mier moxmarebuli kvebis produqtebi (monacemebi 
moyvanilia Semdeg cxrilSi) 

 
 

  naxSirwylebi cilebi cximebi 

 puri a11=5.0 a21=7.9 a31=0.8 

 cxvris xorci a12=16 a22=2.0 a32=0 

 xaWo a13=2.8 a23=13.2 a33=20.0 

 kartofili a14=16 a24=2.0 a34=0 

 lobio a15=46 a25=21 a35=0 

 

 
saqonlis 
xorci 

a16=0 а26=18.9 а36=12.4 

 brinji a17=1.0 a27=71 a37=0 

 

 

 
dRe-Ramuri 
norma 

 

b1≤500 
 

b2≤90 
 

b3≤100 

 

                         

programa  Mathcad-ze 
 

L X( ) 0.40 X
1

 1.10 X
2

 2.5 X
3

 0.50 X
4

 2 X
5

 4 X
6

 1 X
7


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X
1

1
 

X
2

1
 

X
3

1
 

X
4

1
 

X
5

1
 

X
6

1
 

X
7

1
 

Given 
 

X
1

0.500
 

X
2

0.500  

X
3

0.500  

X
4

0.500  

X
5

0.500  

X
6

0.500  

X
7

0.500
 

 

3950 X
1

 500 X
2

 13200X
3

 2000 X
4

 21000X
5

 18900X
6

 1000 X
7

 90
 

 

400 X
1

 83500X
2

 20000X
3

 0 X
4

 0 X
5

 12400X
6

 0 X
7

 100
 

 

250000X
1

 1300 X
2

 2800 X
3

 16000X
4

 46000X
5

 0 X
6

 71000X
7

 500
 

 

255 X
1

 781 X
2

 94 X
3

 94 X
4

 55 X
5

 187 X
6

 351 X
7

 1200
 

 

R MinimizeL X( )  
 

R

0

0.5

0.873

0.5

0.5

0.5

0.5

0.5



























 
 

L R( ) 6.161  

 
 

saarsebo minimumi qalaq Tbilisis isnis raionisaTvis 
Seadgens 6.161 lars dReSi da 184.83 lars TveSi. 
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savarjiSo. 

 
daadgineT saarsebo minimumi Tqvens raionSi, sadac kvebis 

ZiriTadi produqtebia: puri, kartofili, xorci da a. S. 
SeniSvna. gamoiyeneT sabazro fasebi mocemul produqtebze. 

aucilebeli yvela informacia moipoveT internetSi da 
SeadgineT kvebis optimaluri racioni.  

 

 
3.3. resursebis optimaluri ganawileba 

 
vTqvaT, mocemulia garkveuli resursebi (nedleuli, 

samuSao Zala, danadgarebi): 
R1, R2, ..., Rm,                                                  (3.6) 

Sesabamisi raodenobebiT 
b1,b2,...,bm,                                             (3.7) 

am resursebis gamoyenebiT SeiZleba vawarmooT saqoneli: 
T1,T2,…,Tn .                                                      (3.8)                                                               

 Tj saqonlis erTi erTeulis sawarmoeblad saWiroa iR   

resursis ija  ),1,,1( njmi  erTeuli. Ri resursis TiToeuli 

erTeuli Rirs di lari; Tj saqonlis TiToeuli erTeulis 

realizacia SesaZloa jC  nj ,1(  ) larad. 

 saqonlis TiToeuli saxeobis warmoebuli erTeulebis 
raodenoba Semofarglulia moTxovniT. cnobilia, rom bazari 

ver STanTqavs jT  ),1( nj   saqonlis jK  erTeulze met raodenobas. 

 
 ismis kiTxva: romeli saqoneli da ra raodenobiT unda 

iqnes warmoebuli imisaTvis, rom moxdes maqsimaluri mogebis 
realizeba? 

 amoxsna. amocanis pirobebi CavweroT wrfivi 
daprogramebis maTematikuri modelis saxiT. 

 moTxovnis pirobebi awesebs SezRudvebs: 

ii KX   ,  ni ,1  .                                        (3.9) 

  garda amisa, resursebi moixmareba ara umetes im 
raodenobisa, vidre gvaqvs sawyobSi; amitom Rebuloben 
SezRudvebs:  

),1(i       
1

____





n

j

ijij mbxa .                                    (3.10) 

 SevadginoT mogebis miznis funqcia. Tj saxis saqonlis 
erTeuli raodenobis sj TviTRirebuleba udris 
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



m

i

iijj das
1

    ),1( nj  .                                   (3.11) 

 Tj saqonlis erTi erTeulis realizebiT miRebuli sufTa 
qj mogeba tolia mis gasayid cjAfassa da sj TviTRirebulebas 
Soris sxvaobisa: 

 jjj scq   .                                                  (3.12) 

yvela saqonlis realizaciiT miRebuli saerTo sufTa 
mogeba iqneba: 

  
  


n

j

n

j

m

i

jiijjjjn xdacxqxxxL
1 1 1

21 max)(),...,,( . 

 
laboratoriuli samuSao 3.3 

  
 amocana. sarTavi fabrika narTis ori saxeobis 

sawarmoeblad iyenebs sami tipis nedleuls – sufTa Sals, 
kaprons da akrils. 

 cxrilSi naCvenebia nedleulis xarjvis normebi, misi 
saerTo raodenoba, romelic fabrikam wlis ganmavlobaSi unda 
gamoiyenos da TiToeuli saxis narTis erTi tonis 
realizaciiT miRebuli mogeba.  
 

 
nedleulis 
tipi  

1t narTze nedleulis 
xarjvis normebi 

 
nedleulis 
raodenoba 
(t) 

       saxeoba 1         saxeoba 2 

Sali 5.011    2.012    6001 b  

kaproni 1.021 a    6.022 a    6202 b  

akrili 4.031 a    2.032 a     5003 b  

1 t narTis 
realizaciiT 
miRebuli 
mogeba 

11001 q  9002 q   

 
SevadginoT mogebis maqsimizaciisaTvis narTis warmoebis 

wliuri gegma. 
 

amoxsna. CamovayaliboT amocana მათემატიკურ ენაზე. vTqvaT,  
х1 pirveli saxis narTis raodenobaa da  х2 – meore saxis narTis 
raodenoba. 
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maSin SezRudvebs eqneba Semdegi saxe: 















50022.014.0

62026.011.0

60022.015.0

XX

XX

XX

 

xolo miznis funqcias (sufTa mogebas) - Semdegi saxe: 
.max290011100)2,1(  XXXXL  

             
 

programa  Mathcad-ze 
 
amocanis miznis funqcia 

f x1 x2( ) 1100 x1 900 x2  
 

cvladebis sawyisi miaxloebebi 
x1 1  

x2 1  
 

amocanis amoxsnisa da SezRudvebis programuli bloki 
Given 

x1 0  

x2 0  

0.5 x1 0.2 x2 600  

0.1 x1 0.6 x2 620  

0.4 x1 024 x2 500  

R Maximizef x1 x2( )  
maqsimumis wertili 

R
800

900











 
 

amocanis amonaxsni 
 

f R
0

R
1

  1690000  

 

 

 

 

 

savarjiSo. 
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sami saxeobis A, B da C nakeTobis sawarmoeblad gamoiyeneba 
Т1, Т2, Т3 tipis nedleuli. amasTan, Т1 da Т3 nedleulis 
Sesyidvebi SezRudulia momwodeblebis SesaZleblobebiT. 
cxrilSi mocemulia nedleulis xarjvis, nedleulsa da 
nakeTobaze fasebis normebi da nedleulis Sesyidvis 
SezRudvebi. 

 

nedle-
ulis 
tipi 

1kg 
nedleu
lis 
fasi 
(lari) 

erT nakeTobaze nedleulis 
xarjvis normebi (kg) 
 

nedleulis 
SeZenis 
SezRudvebi 
(kg)        A        B          C 

    T1  d1=2 a11=1    a12=3 a13=a   b1=3000 

    T2  d2=1 a21=4    a22=1 a23=3        - 

    T3  d3=b a31=6    a32=5 a33=2   b3=3320 

erTi nakeTobis 
fasi (lari) 

c1=6b+12 c2=5b+22 c3=c  

 
gansazRvreT mogebis maqsimizaciis mizniT produqciis 

warmoebis optimaluri gegma. SeadgineT zogadi saxis 
maTematikuri modeli. 

 
ganixileT (a,b,c) parametrebis mocemis sxvadasxva 

SemTxvevebi: 
 

       a         b       c 

       2         1      17 

       2         2      19 

       2         3      21 

 
 

3.4. gadazidvebis satransporto amocana 
 

vTqvaT, raRac produqti (qvanaxSiri, aguri, benzini,) 
inaxeba m sawyobSi da gamoiyeneba n punqtSi (qarxnebSi, 
mSeneblobaze, maRaziebSi, benzingasamarT sadgurebSi da a.S.). 

ia  aris produqtis maragi i-ur sawyobSi )0( ia ; jb  _ ganacxadebi 

saqonelze moxmarebis j-ur punqtSi; cij _ i-uri sawyobidan 
moxmarebis j-ur punqtSi erTeulovani raodenobis produqtis 

gadazidvis Rirebuleba, ,0ijc  mi ,1 , nj ,1 . 
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amasTan iTvleba, rom amocana dabalansebulia, e.i. 
jamuri maragebi tolia jamuri moTxovnilebisa  

 
 


m

i

n

j

ji ba
1 1

.                                                (3.13) 

unda avirCioT gadazidvebis iseTi strategia, rom 
srulad davakmayofiloT moTxovnilebebi, amasTan gada-
zidvebis jamuri xarjebi iyos minimaluri. 

amoxsna. vTqvaT, xij saqonlis raodenobaa, romelic 
gadaizideba i-uri punqtidan moxmarebis j-ur punqtSi, maSin 
miznis funqcias (gadazidvebis jamuri xarjebi) aqvs Semdegi 
saxe: 


 


n

j

m

i

ijij xcL
1 1

min .                                       (3.14) 

garda amisa, unda davakmayofiloT yvela ganacxadi, e.i.  

    



m

i

jij bx
1

, ),1( nj  .                                        (3.15) 

radgan dasaxarjia sawyobebis mTeli maragi, gveqneba: 





n

j

iij aX
1

, ),1( mi  .                                       (3.16) 

cxadia,  
0ijX .                                                   (3.17) 

amrigad, vRebulobT wrfivi daprogramebis (3.14)-(3.17) 
amocanas, romlis amoxsnac ukve viciT. 

 

 
laboratoriuli samuSao 3.4 

 
amocana. regionSi aris cementis ori qarxana da maTi 

produqciis momxmarebeli sami binaTmSeneblobis kombinati. 
cxrilSi mocemulia cementis warmoebis dReRamuri 
moculobebi, kombinatebis dRe-Ramuri moTxovnilebebi da 
TiToeuli qarxnidan TiToeul kombinatamde erTi tona 
cementis gadazidvis Rirebuleba.   

SevadginoT cementis gadazidvebis optimaluri gegma 
satransporto xarjebis minimizaciis mizniT. 

 
 

 
qarxnebi 

  
cementis warmoeba 
t/dR 

 
1 t cementis gadazidvis 
Rirebuleba 
komb.1 komb. 2 komb. 3 
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I qarxana          a1=40  c11=10   c12=15   c13=25 

II qarxana          a2=60  c21=20   c22=30   c23=30 

 cementis moxmareba 
t/dR 

 b1=50   b2=20   b3=30 

 
amoxsna. amocanis amosaxsnelad vadgenT maTematikur 

models. 

vTqvaT, ijX
 
cementis raodenobaa  2,1i  ori qarxnidan 

gadaziduli  3,1j  sam binaTsamSeneblo kombinatSi. maSin, 
miznis funqcias aqvs Semdegi saxe: 

  .min
3

1

2

1


 


j i

ijij XCXL  

 gvaqvs Semdegi saxis SezRudvebi: 





2

1i

jij bX ,   3,1j  





3

1j

iij aX ,   2,1i  

0ijX . 

satransporto amocanis amosaxsnelad vadgenT Semdeg 
programas  
 

programa  Mathcad-ze 
 

indeqsacia iwyeba i=1-dan 
ORIGIN 1  

 
gadazidvis fasebi 

C
10

20

15

30

25

30











 
 
or qarxanaSi cementis maragi 

A
40

60











 
 

sami binaTsamSeneblo kombinatis moTxovnileba 
 

B

50

20

30













 
 

gadazidvebis miznis funqcia 
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L X( )

1

3

j 1

2

i

C
i j

X
i j









 
cvladebis sawyisi miaxloebebi

 i 1 2  
i 1 2  

j 1 3  
X

i j
1
 

SezRudvebisa da amocanis amoxsnis programuli bloki 
 

Given 

1

2

i

X
i 1



B
1
 

1

2

i

X
i 2



B
2
 

1

2

i

X
i 3



B
3
 

1

3

j

X
1 j



A
1
 

1

3

j

X
2 j



A
2
 

X 0  

R MinimizeL X( )  
 

amocanis minimumis wertili 

R
20

30

20

0

0

30











 
 

gadazidvebis optimizebuli fasi 
L R( ) 2000  

 
 

 

savarjiSo. 

 
SeadgineT gadazidvebis analogiuri amocana Tqveni 

raionisaTvis da ipoveT gadazidvebis optimaluri gegma. 
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(TiToeul students unda hqondes sxvadasxva monacemebi da 
amocanis gansxvavebuli Sinaarsi). 

 

 
3.5.  arawrfivi daprogramebis amocana 

 
arawrfivi daprogramebis amocanas aqvs Semdegi saxe: 
ipoveT minimumis (maqsimumis) wertili da minimaluri 

(maqsimaluri) mniSvneloba arawrfivi funqciisaTvis: 
),...,( 21 nxxxfz                                                 (3.18) 

SezRudvebis პირობებში, romlebic mocemulia tolobebis saxiT 

0),...,,( 21 ni xxxS , ki ,1  ,                                       (3.19) 

ან utolobebis saxiT 

0),...,,( 21  nj xxx , mj ,1  .                                     (3.20) 

 

 
laboratoriuli samuSao 3.5 

 
amocana. vipovoT arawrfivi funqciis maqsimaluri mniSv-

neloba 
2)1(16)2,1( 2 xxxxxf   

Semdegi SezRudvebiს pirobebSi: 




























02

,01

42

242213

15221

242312

x

x

x

xx

xx

xx

 

 
amoxsna. 

programa  Mathcad-ze 
 
miznis funqcia 

f x1 x2( ) 6 x1 x2 x1
2

  
 
amocanis cvladebis sawyisi miaxloebebi 

x1 1  

x2 1  
 

SezRudvebisa da amocanis amoxsnis programuli bloki 
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Given 

x1 0  

4 x2 0  

2 x1 3 x2 24  

x1 2 x2 15  

3 x1 2 x2 24  

R Maximizef x1 x2( )  
maqsimumis wertili 

R
3

4











 
amocanis amonaxsni 

 
f R

0
R

1
  13  

 
savarjiSo 
 

1. ipoveT arawrfivi funqciis maqsimaluri da minimaluri 
mniSvnelobebi 

    2

2

2

1 )4()3()(  xxxf  

          Semdegi SezRudvebiT: 

12418

810

723

21

21

21







xx

xx

xx

; 

01 x   02 x . 

pasuxi:  

;2

;
101

123

max2

min1





x

x
   

;12

;
101

422

max2

min2





x

x
     

.65

101

324

max

min





f

f
. 

2. ipoveT arawrfivi funqciis minimaluri mniSvneloba 
2

22

2

11 84)( xxxxxf  , 

Semdgi SezRudvebiT:     
18021  xx , 

01 x  02 x . 

pasuxi.  
;91min1 x  ;89min2 x  17278min f . 

3. ipoveT maqsimaluri mniSvneloba 
2

2

2

1

2

21 242)( xxxxxf  , 

Tu 















00

122

82

21

21

21

xx

xx

xx
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pasuxi. 

,1max2max1  xx  3max f . 

4.ipoveT  maxf , Tu 

















00

122

82

242)(

21

21

21

2

2

2

121

xx

xx

xx

xxxxxf

 

pasuxi.  
99957.2;96321.0;99528.0 maxmax2max1  fxx . 

5.ipoveT  minf , Tu 

















02054

02123

00

)3()1()(

21

2

2

2

1

21

2

2

4

1

xx

xx

xx

xxxf

 

pasuxi. 
0;999763.2;9989.0 minmin2min1  fxx . 

6. ipoveT minf , Tu 

.05

)4()4()(

21

2

2

2

1





xx

xxxf
; 

pasuxi. 
.5.4;5.2;5.2 minmin2min1  fxx  

7. ipoveT  minf , Tu 

000

05

04

0

)3()2()1()(

321

3

2

3

2

2

2

1

2

2

2

1

2

3

3111











xxx

x

xxx

xxx

xxxxxf

 

pasuxi. 

 0.2;011.2;001.0;01.2 minmin3min2min1  fxxx . 

8. ipoveT  maxf , Tu 

0,0,0)7()7(18;)( 21

2

2

2

1

2

2

2

1  xxxxxxxf . 

 pasuxi. 
337.32;021.4;021.4 max2max1  fxx .  

Tavi IV.  sainvesticio proeqtebis Sefasebis meTodebi 
 

Tanamedrove etapze sainvesticio proeqtebis Sefasebisas, 
sabazro ekonomikis mqone qveynebSi farTod gamoiyeneba 
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diskontirebis teqnika, romelic emyareba rTuli procentis 
logikas. am TavSi ganvixilavT aseTi meTodebis arssa da 
upiratesobebs. 

 

 

 

 

4.1. proeqtis rentabelurobisa da riskis gamoTvla 

 

sainvesticio proeqtis rentabelურobisa da riskis 
cnebebis Sesaswavlad ganvixiloT konkretuli amocana. 

gansazRvreba. mosalodneli Semosavlis moculobis 
fardobas sainvesticio kapitalis moculobasTan proeqtis 

rentabelურobis maCvenebeli ewodeba. 
magaliTad, Tu Cveni proeqtis realizaciisaTvis saWiroa 

$20000 moculobis investiciebi da mosalodneli wliuri 

Semosavalia $30000, maSin rentabelურobis ReX maCvenebeli 
iqneba:  

 

.5.1
20000

30000
RX                                (4.1) 

gansazRvreba. diskretuli SemTxveviTi sididis ganawi-
lebis funqcia ewodeba SemTxveviTi sididis mniSvnelobaTa 
cxrils Sesabamis albaTobebTan erTad.  
 

X x1 x2 ... xn 

P p1 p2 ... pn 

 

pi aris albaToba imisa, rom SemTxveviTi X sididis 
mniSvneloba iqneba  xi. 

diskretuli SemTxveviTi Х sididis saSualo mniSvnelobis 
Sesafaseblad Semodis maTematikuri lodinis (МХ) cneba.  

gansazRvreba. diskretuli SemTxveviTi Х sididis 
maTematikuri lodini (МХ) ewodeba Xi  mniSvnelobaTa Sesabamis 

pi albaTobebze namravlთა jams, anu 

.
1





n

i

ii pxMX                                    (4.2) 

SemTxveviTi sididis dispersia DX axasiaTebs SemTxveviTi Х 

sididis mniSvnelobaTa gabnevas misi saSualo mniSvnelobidan   
- maTematikuri lodinidan. 
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  .
1

2





n

i

ii pMXxDX                          (4.3) 

gansazRvreba.  kvadratul fesvs dispersiidan saSualo 
kvadratuli gadaxra ewodeba.  

.DXSX                                          (4.4) 

 

P.S. finansur analizSi saSualo kvadratul gadaxras 
riskis absoluturi mniSvneloba ewodeba. 

gansazRvreba. riskis fardobiTi mniSvneloba ewodeba 

riskis absoluturi mniSvnelobisa da mosalodnelი saSualo 

Semosavalis sididis fardobas, gamoxatuls procentოbiT. 

%.100
MX

SX
X                                  (4.5) 

 

 

laboratoriuli samuSao 4.1 
 

amocana. mocemuli proeqtis $20000 moculobiTi inves-
tirebisas mosalodneli wliuri mogeba Seadgens 30%-s. 
proeqtis Cavardnis albaToba р=0,05. SeiswavleT renta-
beluroba da SeafaseT SemoTavazebuli proeqtis riskis SesaZ-
lo mniSvnelobebi. 

 

amoxsna. proeqtis $20000 moculobiTi investirebisas, wlis 
bolos gvaqvs ori SesaZlebloba:  

a) warmateba, maSin miviRebT: 1.3200000.32000020000  ; b) 
Cavardna, maSin vRebulobT 0–s (e.i. Cadebuli fuli ikargeba). 
samuSaos Sesasruleblad saWiroa albaTobaTa Teoriis 
zogierTi cneba, rogoricaa: SemTxveviTi sididis ganawilebis 
funqcia, maTematikuri lodini, dispersia, saSualo 
kvadratuli gadaxra da variaciis koeficienti. 

mosalodneli wliuri Semosavlis ganawilebis funqcias 
aqvs Semdegi saxe: 
  
      X 20000 ∙ 1.3       0 

       P        0.95    0.05 
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amovxsnaT mocemuli amocana Mathcad–programuli paketis 
saSualebiT. 

programa  Mathcad-ze 
 

sawyisi monacemebis Setana 








 


0

3.120000
:X

               
 












95.01

95.0
:P  

 
mosalodneli saSualo Semosavali  
(maTematikuri lodini), 

MX

0

1

i

X
i
P
i






 
MX 24700   

    
rentabelurobis maCvenebeli 

RX:=MX/20000    

RX=1.235 

dispersia, 

DX

0

1

i

X
i
MX 

2
P
i






 
DX 32110000    

riskis absoluturi mniSvneloba (saSualo kvadratuli 
gadaxra) 

S DX  

S 5666.569    
finansuri riskis fardobiTi mniSvneloba (variaciis 
koeficienti) 


S

MX
100  

 22.942   

savarjiSo 
 

mocemuli proeqtis I moculobiT investirebisas 
mosalodneli wliuri mogebaa m%. proeqtis Cavardnis 
albaToba p=PA. SeiswavleT rentabeluroba da SeafaseT 
warmodgenili proeqtis riskis SesaZlo mniSvnelobebi, Tu:  
1. I=$30000,   m=25%,   PA=0.01 

2. I=$50000,   m=20%,   PA=0.02 

3. I=$60000,   m=30%,   PA=0.03 

4. I=$70000,   m=15%,   PA=0.011 

5. I=$80000,   m=35%,   PA=0.1 
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4.2. ori alternatiuli sainvesticio proeqtis Sedarebis 
teqnologia 

 
gansazRvreba. or sainvesticio proeqts ewodeba 

alternatiuli, Tu erTi maTganis investireba gamoricxavs 
meore proeqtis investirebas. 

ori proeqtis alternatiulobis SemTxvevaSi, gamoiTvlian 
orive proeqtisaTvis rentabelurobis maCveneblebsa da riskis 
koeficientebs. 

ganvixiloT sxvadasxva SemTxvevebi: 
a) Tu orive proeqts rentabelurobis erTi da igive 

maCvenebeli aqvs, maSin irCeven im proeqts, romlis riskis 
fardobiTi maCvenebelic naklebia; 

b) Tu orive proeqtis riskis fardobiTi koeficientis 
maCvenebeli erTnairia, amoirCeven im proeqts, romelsac 
rentabelurobis maRali maCvenebeli aqvs;  

g) Tu pirveli proeqtis rentabelurobis maCvenebeli metia 
da riskis koeficienti naklebi, vidre meore proeqtisa, maSin 
upiratesoba eniWeba pirvel proeqts; 

d) Tu pirveli proeqtis rentabelurobis maCvenebelic da 
riskis koeficienti metia meore proeqtisaze, maSin arCevans 
akeTebs menejeri investorisaTvis damatebiTi monacemebidan, 
kerZod, riskis dasaSveb sidideebsa da rentabelurobis 
fardobiTi koeficientis Rirebulebaze dayrdnobiT.  

ramdenadac es amocana emyareba meore laboratoriul 
samuSaoSi mocemul cnebebs, SegviZlia pirdapir gadavideT 
konkretul amocanaze. 
 

 

laboratoriuli samuSao 4.2 
 

amocana. investors warmoudgines ori alternatiuli 
sainvesticio A da B proeqti.  А proeqti moiTxovs $100 aTasi 
moculobis investiciebs 25%-iani wliuri mogebiT da misi 
Cavardnis albaTobaa РА=0,011. B proeqti moiTxovs $250 aTasi 
moculobis investiciebs 30%-iani wliuri mogebiT, Cavardnis 
albaTobaa РВ=0,012. 

gavakeToT arCevani am or proeqts Soris. 

 
amoxsna. orive proeqtisaTvis SevadginoT mosalodneli 

Semosavlebisa da Sesabamisi albaTobebis matricebi, iseve 
rogorc 4.1 laboratoriuli samuSaos amocanis dros. 
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SevadginoT ganawilebis funqciebi: 

 

 
 
 

TiToeuli proeqtisaTvis viangariSoT rentabelurobis 
maCveneblebi da riskis koeficientebi, rac SemdgomSi mogvcems 
proeqtebis Sedarebis saSualebas. ganawilebis funqciidan 

gamomdinare, SevadginoT programebi Mathcad–ზე. 
 

programa  Mathcad-ze 
 
sawyisi monacemebis Setana 

 

A
100 1.25

0











               











989.01

989.0
:PA  

 

B
250 1.3

0











                  











988.01

988.0
:PB  

 
mosalodneli saSualo Semosavali TiToeuli proeqtisaTvis 

 

MA

0

1

i

A
i
PA
i






                   

MB

0

1

i

B
i
PB
i






 
 

MA 123.625                                     MB 321.1  
 
rentabeluroba 

RA
MA

100


                        
RB

MB

250


 
 

 
dispersia 

DA

0

1

i

A
i
MA 

2
PA
i






                 

DB

0

1

i

B
i
MB 

2
PB
i






 
DA 169.984                                             DB 1252.29  

riskis absoluturi mniSvnelobები 
SA DA                                                       SB DB  
SA 13.038                                                    SB 35.388  

 

finansuri riskis fardobiTi mniSvnelobები 

A 100∙1.25     0 

   PA 0.989 0.011 
   B 250∙1.3     0 

   PB 0.988 0.012 
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A
SA

MA
100

                                               
B

SB

MB
100  

                       A 10.546                     B 11.021                                           

                       RA 1.236                      RB 1.284  
 

 
am magaliTSi, rentabelurobis maCveneblebi da fardobiTi 

riski orive proeqtisaTvis TiTqmis erTnairia, amitom 
proeqtis amorCeva xdeba damatebiTi mosazrebebidan investo-
risaTvis fulis Rirebulebisa da proeqtebis maxasiaTeblebs 
Soris gansxvavebaTa Sesabamisi mniSvnelobebis mixedviT. 
 

 savarjiSo 
 

investors warudgines А da В alternatiuli ori proeqti. А 
proeqti moiTxovs IA moculobis investiciebs ma% wliuri 
mogebiT, proeqtis Cavardnis albaTobaa PA; xolo В proeqti 
moiTxovs IB moculobis investiciebs mb% wliuri mogebiT, 
proeqtis Cavardnis albaTobaa PВ. gaakeTeT arCevani am or 
proeqts Soris, Tu:  
 

1. IA= $ 80 000,     ma= 30 %,      PA= 0.02     

    IB= $ 70 000,     mb= 40 %,      PB= 0.04  

2. IA= $ 100 000,   ma= 15 %,      PA= 0.011     

    IB= $ 200 000,   mb= 15 %,      PB= 0.02 

3. IA= $ 90 000,     ma= 20 %,      PA= 0.05     

    IB= $ 90 000,     mb= 18 %,      PB= 0.02 

4. IA= $ 400 000,   ma= 15 %,      PA= 0.02     

    IB= $ 500 000,   mb= 20 %,      PB= 0.05 

5. IA= $ 1.5 млн.,  ma= 20 %,      PA= 0.03     

    IB= $  2.1 млн., mb= 15 %,      PB= 0.01 

 

 

4.3. sainvesticio proeqtis dRevandeli sufTa faseulobis 

(NPV) dadgena 

 
diskonti aris kreditis an fulis momavali Rirebuleba, 

raime periodis gasvlis Semdeg. 
saprocento ganakveTi aris:  
a) drois fiqsirebul intervalSi miRebuli Semosavlis 

fardobiTi sidide  
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b) procentuli gadasaxadebis SedarebiTi sidide, 
romelsac msesxebeli uxdis kreditors drois garkveul 
periodSi(Tve, weli). igi SeiZleba gamoisaxos procentis an 
aTwiladi ricxvis saxiT. 

ganvixiloT  aRniSvnebi: 
 

PV — present value, dRevandeli sidide, sawyisi Tanxa; 
FV — future value, momavali sidide, gazrdili Tanxis sidide; 
I = (FV - PV) — interest money, Semosavlis sidide; 
r = I/PV = (FV-PV)/PV — interest, saprocento ganakveTi; 
d = I/FV = (FV-PV)/FV — discount rate, diskontirebis ganakveTi. 

Tu, viciT diskontirebis ganakveTi da gazrdili Tanxis 
sidide, SegviZlia amovxsnaT diskontirebis amocana (vpoulobT 
sawyisi Tanxis sidides): 

PV = FV*(1-d).                                                                 (4.6) 

diskontirebis ganakveTi da saprocento ganakveTi erTmaneTTan 

dakavSirebulia Semdegi saxiT: 

r= d * (FV/PV);                   d = r * (PV/FV).                                       (4.7) 

 

proeqtis  sufTa dRevandeli  faseuloba ganisazRvreba, 
rogorc drois erTsa da imave momentisaTvis diskontirebuli 
proeqtis Semosavlebisa da xarjebis sxvaoba: 

  

sadac  

 aris proeqtidan  drois ganmavlobaSi miRebuli fulis 
nakadi; 

 -  proeqtis danaxarjebi  drois ganmavlobaSi; 

- diskontirebis ganakveTi ; 

 - proeqtis sasicocxlo cikli. 
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im SemTxvevaSi, rodesac fuladi investicia xorcieldeba 
erTjeradad, sawyis momentSi proeqtis  sufTa dRevandeli  
faseuloba ganisazRvreba Semdegi formuliT 

 

 
sadac   - sawyisi investiciaa drois nulovan etapze. 

 

am formuliT sargebloba sakmaod martivia. Tu NPV>0, 
maSin investori miiRebs am sididis Sesabamis Semosavals 

sasurveli Tanxis zemoT. Tu NPV<0, maSin investori ara marto 
daibrunebs Cadebul investicias, aramed miiRebs gadidebul 
Tanxas, diskontirebis ganakveTis Sesabamisad. 

Tu   , maSin es proeqti unda uarvyoT. 

aRsaniSnavia, rom  sidide aditiuria droSi, anu 
ramdenime proeqtis sufTa dRevandeli  faseulobebi 
SegviZlia SevkriboT, rac metad mniSvnelovania sainvesticio 
portfelis  optimalurobis  amocanis  Seswavlisas. 

 

4.4. investiciebis rentabelurobis   indeqsis gansazRvra 
diskontirebis gaTvaliswinebiT 

investiciebis rentabelurobis indeqsi ganisazRvreba, 
rogorc diskontirebuli mogebis fardoba Sesabamisi 
investiciebis moculobasTan. ase rom, magaliTad, erTjeradi 
sawyisi investirebis SemTxvevaSi, rentabelurobis indeqsi 
gamoiTvleba Semdegi formuliT: 
 

 
 

im SemTxvevaSi, roca PI>1 , proeqti momgebiania; xolo, Tu, 

PI<1, maSin proeqtze uari unda vTqvaT. Tu, rentabelurobis 
indeqsi erTis tolia, maSin proeqti arc momgebiania da arc 
wamgebiani. 

PI maCveneblis upiratesoba isaa, rom is fardobiTi 

maCvenebelia NPV sufTa dRevandeli faseulobisagan 
gansxvavebiT. amitom, roca ramdenime proeqtis Sedareba 

gviwevs erTnairi  maCvenebliT, upiratesoba aqvs proeqts 
meti rentabelobis maCvenebliT. aseve, roca ramdenime 
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proeqtis arCeva uwevs investors, is  ranJirebas axdens 
rentabelurobis maCveneblebis mixedviT da irCevs proeqtebis 
im portfels, sadac rentabeloba metia. radgan yvela 
proeqtis erTdrouli dafinansebisaTvis SeiZleba ar eyos 
finansuri resursebi. 

 

 

4.5. ინვესტიციების რენტაბელურობის IRR ნორმის განსაზღვრა 

 

investiciebis rentabelurobis norma (internal rate of return) 

aris diskontirebis is procentuli ganakveTi IRR, romlis 
drosac proeqtis sufTa dRevandeli faseuloba nulis tolia, 
anu adgili aqvs tolobas: 

 

 
IRR koeficientis sidide gviCvenebs proeqtis xarjebis 

maqsimalur dasaSveb mniSvnelobas. magaliTad, Tu proeqti 
mTlianad finansdeba sabanko kreditis meSveobiT, maSin 
rentabelurobis norma gviCvenebs im maqsimaluri sabanko 
procentis ganakveTis sidides, romlis zemoTac proeqti 
wamgebiani xdeba. 

 

 

4.6. sainvesticio proeqtis danaxarjebis anazRaurebis 

diskontirebuli T vadis gansazRvris meTodi 

 
danaxarjebis anazRaurebis diskontirebuli vada aris is 

minimaluri dro, romlis ganmavlobaSic investori mTlianad 
ibrunebs proeqtSi Cadebul investiciebs, uzrunvelyofs ra 
Semosavlebis saWiro dones.  

danaxarjebis diskontirebuli T vadis gansazRvra xdeba 
gantolebidan: 

 
sadac T danaxarjebis anazRaurebis diskontirebuli drois 
sididea; 

  investiciebis dRevandeli fasi. 
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am meTods iyeneben, roca proeqtebis riski didia; maSin 
cdiloben, rac SeiZleba male amoiRon Cadebuli investiciebi.   

 

4.7. ფინანსური ინსტრუმენტები 

 
finansur instrumentebs miekuTvneba: forvarduli da 

fiuCersuli kontraqtebi, opcionebi, variantebi, svopi, 
kombinaciebi, spredebi da a.S. 

ganvixiloT, TiToeuli maTgani cal-calke. 
1. forvarduli kontraqti anu forvardi, es winaswari 

yidva-gayidvis SeTanxmebaa garkveul saqonelze, garkveul 
droze momavalSi fiqsirebul fasze. 

magaliTad, glexi, ukve gazafxulze awarmoebs 
molaparakebas bostneulis sacavis mepatronesTan, rom 
Semodgomaze  fiqsirebul fasad miawodebs bostneulis 
gansazRvrul moculobas, Tumca, jer arc ki daurgavs 
CiTilebi; bostneulis sacavis mepatrone  molaparakebas 
awarmoebs realizaciis punqtebis-maRaziebis, restornebis . . . 
mepatroneebTan, rom  bostneuls miawodebs winaswar 
SeTanxmebul, fiqsirebul fasad. 

aseTi SeTanxmebebi  monawileebs icavs katastrofebisa da 
bankrotobisagan: glexs icaven rom bostneuli ar gaufuWdes 
da droze gayidos, bostneulis sacavis mepatrones saSualebas 
aZlevs, rom ar mocdes misi sacavebi da droze gaukeTos 
produqcias realizacia, xolo restornebisa da maRaziebis 
mepatroneebs saSualebas aZlevs Seuferxeblad imuSaon da  
meti mogeba miiRon. 

winaswari SeTanxmebiT miRebuli fasebi SeiZleba aRar 
awyobdes erT-erT monawiles, Tumca, yvela monawile mzadaa 
mcire wagebisaTvis, oRondac Tavi daicvas ufro didi 
zaralisagan. ase rom, forvarduli kontraqti, aris riskebis 
Semcirebis saSualeba orive monawilisaTvis. esaa, swored 
yvela sxva warmoebuli finansuri instrumentebis warmoSobis 
mizezic. 

forvarduli SeTanxmeba xdeba or monawiles Soris mowmis 
gareSe, ris gamoc, didia cduneba romelime mxarem daarRvios 
xelSekruleba, Tu adre SeTanxmebuli fasi, misTvis ukve 
wamgebiania. swored aseTi SemTxvevebisaTvis Seiqmna fiuCersebi. 

 
2. fiuCersuli kontraqtebi anu fiuCersebi iseTi 

SeTanxmebebia, romlebic forvardis analogiuria, magram 
damatebuli aqvs gadaangariSebis meqanizmebi, romlebic 
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wamgebians xdis nebismieri monawilisaTvis xelSekrulebis 
darRvevas. 

gadaangariSebis meqanizmi  birJaze warmoebs kliringis 
palatis meSveobiT, romelic SeTanxmebis orive monawili-
saTvis xsnis specialur angariSs. fiuCersuli SeTanxmebis 
momentisaTvis orive monawiles Seaqvs am angariSebze 
garkveuli Tanxa, rogorc wesi 2%-10% xelSekrulebis 
moculobidan, romelsac sawyis marJas uwodeben. saqonlis 
sabazro fasis cvlilebisas, kliringis palata TviTon 
gadaricxavs wagebuli monawilis angariSze Sesabamis Tanxas, 
mogebulis angariSidan, raTa  mas aunazRauros mosalodneli 
wageba, Tu mogebuli mxare moindomebs Secvlili sabazro 
fasiT sargeblobas. 

 
3. opcioni aris kontraqti, romelic gamyidvels an 

myidvels aZlevs uflebas gayidos faseuloba winaswar 
garkveul droSi, winaswar SeTanxmebuli pirobebiT. es 
pirobebi, rogorc wesi, daiyvaneba yidva-gayidvis fasze. 

ganasxvaveben myidvelis opcions (opcioni-koli) da 
gamyidvelis opcions (opcioni-puti). opcion-kolis patrons  
ufleba aqvs iyidos, xolo opcion-putis patrons aqvs ufleba 
gayidos. 

opcionebi arsebobs evropuli da amerikuli tipis. 
evropuli tipis opcionebSi, yidva-gayidvis TariRi 
fiqsirebulia momaval droSi; xolo amerikuli tipis 
opcionebSi yidva-gayidvis moments irCevs opcionis mflobeli, 
Tumca fiqsirebulia drois garkveuli Sualedi, roca 
SesaZlebelia opcionis Sesruleba. 
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თავი V. სოციალურ-ეკონომიკური რხევითი პროცესების 

მოდელირება 
 

შესავალი 

 
 Cven garSemo arsebuli movlenebis umravlesoba 

xasiaTdeba ganmsazRvreli parametrebis rxeviTi 
cvalebadobiT, raime monotonurad cvladi parametris(drois) 
mimarT. aseT procesebs, rxeviTi procesebi ewodeba. rxeviT 
sistemebs, zogjer, oscilatorebs uwodeben. 

zogad SemTxvevaSi, rxeviTi sistema xasiaTdeba 
Tavisuflebis xarisxiT anu sistemis ganmsazRvreli 
parametrebis aucilebeli raodenobiT. magaliTad, Tu  
vswavlobT myari sxeulis brunviT rxevebs simetriis RerZis 
garSemo, maSin moZraobis aRsawerad sakmarisia erTi parametri 
-  mobrunebis kuTxe. rac niSnavs, rom aseT SemTxvevaSi, gvaqvs 
sistema, romlis Tavisuflebis xarisxi erTis tolia. rxeviTi 
sistemebis ZiriTadi Taviseburebebi naTlad Cans iseTi 
oscilatorebis magaliTzec, romelTa Tavisuflebis xarisxi 
erTis tolia. amitom simartivi-saTvis,  ganvixilavT rxeviTi 
sistemebis ZiriTad cnebebs swored aseTi martivi 
oscilatorebis magaliTze, Tumca arsebobs iseTi rxeviTi 
sistemebic, romelTa Tavisuflebis xarisxi erTze metia. 

rxeviTi sistemebi xasiaTdeba, aseve ori ZiriTadi 
mimarTulebiT; Eesenia: wrfivi da arawrfivi rxeviTi sistemebi, 
imis mixedviT, Tu rogor tips miekuTvneba is diferencialuri 
gantolebebi, romlebic aRwers Sesabamis maTematikur 
modelebs. realuri rxeviTi sistemebi yovelTvis arawrfivia, 
Tumca miaxloebiT, kvlevis gamartivebis mizniT, isini 
SeiZleba Seicvalos Sesabamisi wrfivi sistemebiT. 

vTqvaT, ganixileba rxeviTi sistema erTi ganmsazRvreli 
)(tx  parametriT, romelic damokidebulia monotonurad cvlad 

t  parametrze. 
 
gansazRvreba. iseT rxeviT sistemebs, romelTaTvis adgili 

aqvs )()( Ttxtx   tolobas, perioduli rxeviTi sistema ewodeba; 

xolo iseT Т minimalur mniSvnelobas, romlisTvisac am 

tolobas aqvs adgili, rxeviს periodi ewodeba. 

gansazRvreba. rxevis periodis 
T

f
1

  Sebrunebul sidides, 

rxevis sixSire ewodeba. rxevis sixSire gviCvenebs srul 
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rxevaTa raodenobas monotonuri parametris (drois) erTi 

erTeuliT cvlilebisას.  Tu rxevis periods wamobiT 

gavzomavT, maSin rxevis sixSiris erTeuli იქნება herci 

(rxevaTa ricxvi erT wamSi).   
 

rxevis sixSiris dasaxasiaTeblad, zogjer iyeneben    

კუთხურ  სიხშირეს, romelic gamoxatavs rxevaTa raodenobas 2  

wamis (monotonuri parametris mniSvnelobis) ganmavlobaSi, 

T
f




2
 2  . 

qvemoT mocemulia im rxeviTi procesebis rxevis sixSiris 

ricxviTi mniSvnelobebi (gamosaxuli wm-1 erTeulebiT), rac 
bunebaSi gvxvdeba: 

 

10-10 – planetebis saukunoebriv SeSfoTebaTa sixSire; 

10-8 – planetebis brunvis sixSire; 

10-5 – moqceva-ukuqcevis sixSire; 

101 – rxevis sixSire manqanebSi; 

100 – wamis qanqara; 

104 – akustikuri rxevebi; 

105 – 108 – ultrabgeriTi meqanikuri rxevebi; 

50 – cvladi deni; 

1012 – infrawiTeli gamosxiveba; 

1015 – xiluli optikuri speqtri; 

1018 – rentgenis sxivebi; 

1020 -   - sxivebi; 
1023 – kosmosuri sxivebi. 
 

rxeviTi procesebi aseve xasiaTdebა  A amplitudiT. 
 

gansazRvreba. erTi sruli rxevis ganmavlobaSi gadaxris 
naxevris sigrZes, amplituda ewodeba. 

Tu maxx  udidesi da minx  umciresi mniSvnelobebia )(tx  

gadaxrisაs rxevis erTi periodis ganmavlobaSi, maSin rxevis 

amplituda  minmax
2

1
xxA  . 

perioduli rxevisas gadaxris ganzogadebuli koordinati 
)(tx  rxevebs asrulebs 0x  saSualo mniSvnelobis midamoSi 
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 minmax0
2

1
xxx   simetriuli rxevebis SemTxvevaSi, es mniSvneloba 

Seesabameba agreTve wonasworobis an uZraobis mdgomareobas. 

gansazRvreba. Tu )(tx  funqcia mxolod miaxloebiTaa 

perioduli anu  )()( Ttxtx  winaswar arCeuli   mcire 

sididisaTvis, maSin )(tx  funqcias TiTqmis perioduli funqcia 
ewodeba.  

rxeviTi sistemebi xasiaTdeba rxevis amplitudis 

cvlilebiთ raime monotonuri parametris (drois) mixedviT. 
ganasxvaveben: rxevebs zrdadi amplitudiT (ngrevadi sistemebi) 

(nax. 5.1), mudmivi amplitudiT(perioduli) (nax. 5.2) da klebadi 

amplitudiT (milevadi) (nax.5.3). 

20 0 20 40 60 80 100
100

0

100

f t( )

t  

nax. 5.1. rxevebi zrdadi amplitudiT 

10 5 0 5 10

0f t( )

t  

nax. 5.2. rxevebi mudmivi amplitudiT 

 

nax. 5.3. rxevebi milevadi amplitudiT 
 

0 20 40 60 80 100
1

0

1

f t( )

t
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warmoqmnis meqanizmidan gamomdinare, rxeviTი sistemebი 
iyofa Semdeg tipebad: 

 
1. sakuTrivi rxeviTi sistemebi (Tavisufali rxevebi); 
2. avtorxeviTi sistemebi (TviTagznebadi rxevebi); 
3. parametruli rxeviTi sistemebi (parametriT agznebadi 

rxevebi); 
4. iZulebiTi rxeviTi sistemebi (maiZulebeli Zalis 

gavleniT warmoqmnili rxevebi); 

5. bmulი  rxeviTi sistemebi (erTmaneTTan SekavSirebuli 

ramdenime rxeviTi sistema).  

 
ganvixiloT rxeviTi sistemis TiToeuli  tipi. 

sakuTrivi(Tavisufali) rxeviTi sistemebiს dinamika 

mTlianad emyareba sawyis biZgs da Semdeg  aRar iRebს gare 
zemoqmedebas, e.i. energiis gazrda ar xdeba sistemis garedan. 

Gganixileba ori tipis sakuTrivი (Tavisufalი) rxeviTი 

sistemebი:  aradempfirebuli da dempfirebuli.  dempfirebuli 

rxeviTi sistemebi imiT gamoirCevა, rom  adgili aqvs energiis 
daxarjvas winaaRmdegobis Zalebis daZlevaze. magaliTad, 
gravitaciuli qanqara sawyisi biZgis Semdeg,  Tavisufal 
rxevas iwyebs. Tavisufali rxeviTi sistemebis dinamika 
aRiwereba erTgvarovani diferencialuri gantolebebiT. 

 
sakuTrivi rxevebisagan gansxvavebiT, avtorxeviT sistemebSi 

adgili aqvs energiis garedan Semodinebas. amasTan, energiis 
wyaro araa TviTon rxeviTi sistema; sistema garedan iRebs 
zustad imden energias, ramdensac xarjavs. 

 magaliTi. ganvixiloT saaTi, romelSic energiis wyaroa  
aweuli tvirTi an SekumSuli zambara. aseTi saaTi avtorxeviT 

sistemas warmoadgens. avtorxevebi aRiwerebა  arawrfivi 
diferencialuri gantolebebiT. 

 
sakuTrivi rxevebisa da avtorxeviTi sistemebis 

SemTxvevaSi, rxevis sixSire ganisazRvreba TviT rxeviTi 
sistemis xasiaTidan gamomdinare, amitom, aseT sistemebs, 
avtonomiurs uwodeben.  

 
maTgan gansxvavebiT, parametrul da iZulebiT rxeviT 

sistemebs, heteronomiuli sistemebi ewodeba, radgan aseT 
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sistemebSi rxevis sixSire ganisazRvreba gare zemoqmedebidan 
gamomdinare. parametruli agznebadobis sistemebSi, gare 
zemoqmedeba iwvevs sistemis Siga parametrebis periodul 
cvalebadobas. aseTia magaliTad, maTematikuri qanqara Zafze 
Camokiduli tvirTiT, roca Zafis sigrZe periodulad icvleba. 
parametruli rxeviTi sistemebis maTematikuri modelebi imiT 

gamoirCevა, rom Sesabamisi diferencialuri gantolebebis 
zogierTi koeficienti aris monotonuri parametris(drois) 

periodulი funqcia. 
iZulebiT rxeviT sistemebSi, sistemaze aseve moqmedebs  

gare Zala, romelic gansazRvravs rxevis kanons; aq, rxeviT 

procesebs ki gansazRvravს ara perioduli parametrebi, aramed 
damatebiTi wevrebi Sesabamis maTematikur modelSi, rac 
Sesabamisi diferencialuri gantolebebis araerTgvarovnebas 
iwvevs.   

bmuli rxeviTi sistemebis SemTxvevaSi, saqme gvaqvs or an 
met  rxeviT sistemasTan, romlebic erTmaneTze axdenen 
gavlenas. Tu erTi sistema axdens gavlenas meoreze, xolo 

meore ver axdens gavlenas pirvelze, es ar iqneba bmuli 
rxeviTi sistema. aseT SemTxvevaSi, ZiriTadi (pirveli) sistema 
iqneba Tavisufali, xolo meore sistema - iZulebiTi rxeviTi 
sistema, romelic  pirveli sistemiT imarTeba. 

P.S. arsebobს Sereuli tipis sistemebic, romlebic 

erTdroulad iZulebiTi da avtorxeviTi sistemebiა da a.S. 
am nawilSi ganvixilavT wrfiv rxeviT procesebs, anu iseT 

rxeviT procesebs, romelTa Sesabamisi maTematikuri modelebi 
warmoadgens wrfiv diferencialur gantolebebs Sesabamisi 
sawyisi pirobebiT.  
 

 

 5.1. aradempfirebuli, Tavisufali socialuri rxeviTi 
procesebis modelireba 

Tavisufali rxeviTi procesebi warmoiqmnebა, roca 

sistemaze sawyis momentSi moqmedebს amZravi Zalebi, romlebic 

Semdeg qrebა da sistemas saSualebas aZlevს  gamoaCinos Tavisi 
Sinagani buneba. Tavisufali rxeviTi procesebis dros, 
sistemis kinetikuri da potenciuri energiebi periodulad 
cvlian erTmaneTs. Tu sistemis kinetikuri da potenciuri 
energiebis jami monotonuri parametris(drois) mixedviT ar  
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icvleba (mudmivia), maSin am sistemas konservatიuli ewodeba. 

konservatიul sistemebSi gvaqvs aradempfirebuli 
(aramilevadi) rxevebi.  

 
ganvixiloT volteras cnobili modeli  mtacebeli-

msxverpli. am modelSi, ori saxeobis cxoveliა. aqedan, erTi 

saxeobis cxoveli ikvebebა meore saxeobis cxoveliT, xolo 
meore saxeobis cxoveli ikvebeba balaxiT. ismis kiTxva, 

mosalodnelia Tu ara, rom pirvelma saxeobam mTlianad 
gaanadguros meore saxeobis cxoveli ? 

am saxeobaTa raodenobis Sesaswavlad avagoT Sesabamisi 

maTematikuri modeli. vTqvaT, )(1 tN  aris pirveli saxეობis 
(mtaceblebis) raodenoba drois mocemul momentSi, xolo )(2 tN  
- msxverplis Sesabamisi raodenoba. Tu msxverpli cxovrobs 
marto Sesabamisi kvebis arealze, maSin misi raodenoba 
izrdeba da  

222 NN 


,                                             (5.1) 

sadac 2  zrdis siCqaris koeficientiა. 
aseve, Tu mtaceblebi marto aRmoCndebian, maSin maTi 

raodenoba SimSilis gamo ganadgurdeba. Sesabamis kanons aqvs 

saxe: 

111 NN 


,                                             (5.2) 
sadac 1  aris mtaceblebis sikvdilianobis siCqaris 
koeficienti. 

axla ganvixiloT am ori saxeobis erTdrouli 
Tanacxovreba Sesabamis arealze. maSin, mtaceblebis 
gamravlebis siswrafe damokidebuli iqneba msxverplTan maTi 
Sexvedrebis raodenobaze, romelic 21 NN   sididis 
proporciulia. maSasadame, sabolood miviRebT volteras 
models 

212111 NNNN  


,                                       (5.3) 

211222 NNNN  


,                                       (5.4) 
sadac 1  msxverplis sikvdilianobis koeficientia 
mtaceblebTan Sexvedris gamo; 2  - mtaceblebis gamravlebis 
koeficienti. 

axla, ganvixiloT am modelis wonasworobis wertilebi 
anu is mniSvnelobebi, romelTa SemTxvevaSi sistema 
stacionarulia 
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0212111 


NNNN   ,                                   (5.5) 

0211222 


NNNN  .                                    (5.6) 
am sistemis aratrivialuri amonaxsnia 

2

1
2

0

1

2
1

0 N       ,







N .                                     (5.7) 

saxeobaTa raodenobebis wonasworuli mniSvnelobebis 

mcire midamoSi anu, roca )(1 tn  da )(2 tn  mcire sidideebia, gvaqvs 

Tanafardobebi: 

)()(N      ,)()( 2

0

221

0

11 tnNttnNtN  .                         (5.8) 

Tu am mniSvnelobebs SevitanT volteras (5.5),(5.6) modelSi 
da CavatarebT miRebuli gantolebebis linearizacias, gveqneba 

sistema: 

2

1

22
1 nn








,                                             (5.9)  

1

2

11
2 nn








.                                            (5.10) 

Tu (5.9) gantolebaს droiT gavawarmoebT da  

gaviTvaliswinebT (5.10)  gantolebaს, miviRebT: 

01211 


nn  ,                                            (5.11) 
sadac, Tu SemoviRebT aRniSvnas 

21

2

0   ,                                              (5.12) 

miviRebT Tavisufali sistemebis rxevis kanonikur gantolebas 

01

2

01 


nn  .                                            (5.13) 

P.S. rogorc vxedavT, aqac miviReT Tavisufali rxeviTi 
sistemebis rxevis maTematikuri modeli. naTlad Cans,   ori 
saxeobis Tanacxovrebis Sedegi damokidebulia maTi 
gamravlebisa da sikvdilianobis siCqareTa koeficientebis 
mniSvnelobebze. 
 
 
 

5.2. aradempfirebuli, Tavisufali ekonomikuri rxeviTi 
procesebis modelireba (frangiSvil-obgaZis modeli) 

  
ganvixiloT ekonomikuri wonasworobis gantoleba keinsis 

sistemaSi 

)()()( tItCtX  ,                                         (5.14) 
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sadac )(tC  moxmarebaa ; )(tI  - investiciebi; )(tX - erovnuli 
Semosavali. 

samuelson-xiqsis aqseleraciis principze dayrdnobiT, 
SeiZleba CavweroT investiciebis ganzogadebuli gantoleba 



 )()()( tXttI  ,                                         (5.15) 
sadac )(t  aqseleraciis koeficientia.  

)(tC  moxmareba erovnuli Semosavlis funqciaa da 
damokidebulia moxmarebis wina istoriaze 

   dXFtC

t

 ),()(
0

 .                                      (5.16) 

Tu (5.15) da (5.16) gamosaxulebebs SevitanT (5.14) 

wonasworobis gantolebaSi, miviRebT: 

        
t

dtXFtXttX
0

,  .                                                            (5.17) 

gantolebis orive mxaris t-Ti diferencirebiT, miviRebT: 

                   ttXFtXttXttX ,   .                                                   (5.18) 

amrigad miviReT dinamikis frangiSvil-obgaZis diferenci-
aluri gantoleba Semdegi saxiT: 

            0,1 


ttXFtXttXt   .                                                  (5.19) 

radgan   0t , SeiZleba (5.19) gantoleba gavyoT  t -ze da   
miviRebT dinamikur gantolebas: 

 
 
 

 
 

   0,
11




 ttXF
t

tX
t

t
tX



 


 .                                                 (5.20) 

Tu frangiSvil-obgaZis (5.20) ganzogadebul gantolebaSi 
CavsvamT Semdeg gamosaxulebas:  

tt )(  da   )()(),( 2 tXtttXF   ,                        (5.21) 

maSin dinamikis (5.20) gantolebidan miviRebT Tavisufali 
rxeviTi sistemebis kanonikur gantolebas: 

0)()(
2

0 


tXtX  .                                       (5.22) 

 

P.S. rogorc vxedavT, kvlav miviReT Tavisufali rxeviTi 
sistemis maTematikuri modeli; rac imas mowmobs, rom 
Tavisufali rxeviTi sistemis maTematikuri modeli 
universaluria da gvxvdeba sruliad sxvadasxva Sinaarsis 
amocanebis gadawyvetisas.  
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savarjiSoebi. 
 
1. SeadgineT Tavisufali rxeviTi sistemis maTematikuri 

modeli da gamoikvlieT miRebuli sistemis rxevis periodi, 
sixSire, faza da amplituda, sistemis sawyisi 
mdgomareobidan gamomdinare. 

2. SeiswavleT energiis mudmivobis kanoni Tavisufali rxeviTi 
sistemebisaTvis. 

3. gamoikvlieT Tavisufali rxeviTi sistema fazur sibrtyeze. 
ipoveT traeqtoriebi fazur sibrtyeze. 

4. CamoTvaleT rxeviTi sistemebis tipebi. 
 

 
 

5.3. dempfirebuli, sakuTrivi socialuri rxeviTi procesebis 
modelireba 

 
Tu, rxeviTi sistemis mTliani energia mcirdeba 

(winaaRmdegobis Zalebis gadalaxvaze Sesrulebuli muSaobis 
gamo), maSin aseT sistemas dempfirebuli ewodeba. dempfirebul 
Tavisufal sistemebSi gvaqvs dempfirebuli (periodul-
milevadi an araperiodul-milevadi) rxevebi. 

 
ganvixiloT volteras cnobili modeli  mtacebeli-

msxverpli. am modelSi, aris ori saxis cxoveli. aqedan, meore 
saxis cxovelebi ikvebebian pirveli saxis cxovelebiT; xolo 
pirveli saxis cxovelebi ikvebebian balaxiT. SeviswavloT am 
sistemis Sesabamisi dinamika. amisaTvis aucilebelia sistemis 
maTematikuri modelis Sedgena. 

am saxeobaTa raodenobis Sesaswavlad avagoT,Sesabamisi 
maTematikuri modeli. vTqvaT, )(1 tN  aris pirveli saxeobis 
(msxverplis) raodenoba drois mocemul momentSi, xolo )(2 tN  - 
mtaceblebis Sesabamisi raodenoba. Tu msxverpli cxovrobs 
marto Sesabamisi kvebis arealze, maSin misi raodenoba 
izrdeba mudmivi 0k  siCqariT, magram mtaceblebTan  Sexvedra 

iwvevs maTi zrdis siCqaris Semcirebas 2k  siCqaris 
koeficientiT. mtaceblebisa da msxverplis Sexvedris sixSire 
damokidebulia maTi raodenobebis namravlze da, maSasadame, 
SegviZlia SevadginoT Sesabamisi dinamikis gantoleba: 



 126 

21101 )( NNkktN 


.                                       (5.23) 

analogiurad, mtaceblebis raodenobis zrda damoki-
debulia msxverplTan Sexvedrebis raodenobaze, rac pirda-
pirproporciulia maTi raodenobebis namravlisa. magram, 
mtaceblebic iRupebian siberiT, avadmyofobiT an ufro Zlier 
mtacebelTan brZolaSi. maTi sikvdilianobis koeficientia 2k . 
maSin, Sesabamisi dinamikis gantolebas eqneba saxe: 

222112 NkNNkN 


.                                       (5.24) 
stacionaruli wertilis gamosaTvlelad nuls 

gavutoloT  (5.23),(5.24) gantolebebis marjvena nawilebi. 
miRebuli sistemis amonaxsni iqneba: 

2

00

2

1

20

1 N      ,
k

k

k

k
N  .                                      (5.25) 

SeviswavloT (5.23), (5.24) sistema stacionaruli (5.25) 
amonaxsnis midamoSi. amisaTvis saZiebel raodenobebs mivceT 

mcire nazardebi )(1 tn  da )(2 tn , anu (5.23), (5.24) gantolebebSi 
SevitanoT axali sidideebi da ukuvagdoT kvadratuli wevrebi 
mcire nazrdebis mimarT 

)()( 1

0

11 tnNtN  ,                                        (5.26) 

)()( 2

0

22 tnNtN  .                                        (5.27) 
maSin miviRebT: 

1

2

01
221 )( n

k

kk
nktn 



,                                      (5.28) 

1

2

10
2)( n

k

kk
tn 



.                                           (5.29) 

Tu gavawarmoebT (5.26) gantolebas da )(2 tn


-s mniSvnelobas 

SevitanT (5.27) gantolebidan, maSin  

01101

2

01
1 



nkkn
k

kk
n .                                      (5.30) 

Tu SemoviRebT aRniSvnebs: 

 2
2

01

k

kk
  da 2

010 kk , 

maSin (5.30) gantoleba gadaiwereba dempfirebuli, Tavisufali 
rxeviTi sistemis kanonikuri saxiT: 

02 1

2

011 


nnn  .                                       (5.31) 

es sistema ki ukve Seswavlili gvaqvs. 
 
P.S. rogorc vxedavT, dempfirebuli Tavisufali rxeviTi 

sistema gvxvdeba socialur sistemebSic. rac iZleva imis 
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safuZvels, rom  CavuRrmavdeT sxvadasxva procesis aRweras da 
naklebad davixarjoT miRebuli modelebis aRmweri 
gantolebebis gamokvleviT. 

 

 

 

5.4. dempfirebuli, sakuTrivi ekonomikuri rxeviTi 
procesebis modelireba frangiSvil-obgaZis modelis bazaze 

 
ganvixiloT ekonomikuri wonasworobis gantoleba keinsis 

sistemaSi 

)()()( tItCtX  ,                                         (5.32) 
sadac )(tC  moxmarebaa, )(tI  - investiciebi, )(tX  - erovnuli  
Semosavali. 

samuelson-xiqsis aqseleraciis principze dayrdnobiT, 
SeiZleba CavweroT investiciebis ganzogadebuli gantoleba: 



 )()()( tXttI  ,                                         (5.33) 
sadac )(t  aqseleraciis koeficientia. garda amisa, 

)(tC  moxmareba erovnuli Semosavlis funqciaa da 
damokidebulia moxmarebis mTel winaistoriaze 

   dXFtC

t

 ),()(
0

 .                                      (5.34) 

Tu (5.33) da (5.34) gantolebebs SevitanT (5.32) wonasworobis 
gantolebaSi, miviRebT: 

        
t

dtXFtXttX
0

,  .                                                           (5.35) 

gantolebis orive mxaris t-Ti diferencirebiT, miviRebT: 

                  ttXFtXttXttX ,   ,                                                   (5.36) 

anu vRebulobT dinamikis diferencialur gantolebas Semdegi 
saxiT: 

            0,1 


ttXFtXttXt   .                                                (5.37) 

radgan   0t , (5.37) gantoleba SeiZleba gavyoT  t -ze,  
miviRebT Semdegi saxis dinamikis gantolebas:  

 
 
 

 
 

   0,
11




 ttXF
t

tX
t

t
tX



 


 .                                               (5.38) 

Tu frangiSvil-obgaZis (5.38) ganzogadebul gantolebaSi  
CavsvamT Semdeg gamosaxulebas 










 











2

1
)(

2
2

t
t e

et  ,    )()(),( 2

0 tXtttXF                   (5.39) 
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miviRebT dempfirebuli, Tavisufali rxeviTi sistemis 
kanonikur gantolebas: 

02 2

0 


XXX  ,                                      (5.40) 

romelic ukve SeviswavleT sxva Sinaarsis procesebisaTvis. 
P.S. rogorc vxedavT, kvlav miviReT dempfirebuli, Tavisufali 
rxeviTi sistemis maTematikuri modeli. rac  mowmobs, rom 
dempfirebuli, Tavisufali rxeviTi sistemis maTematikuri 
modeli universaluria da is gvxvdeba sruliad sxvadasxva 
Sinaarsis amocanebis gadawyvetisas. 

 
 
 

savarjiSoebi 
 
1. rogor sistemebs uwodeben dempfirebuls? 
2. rogor gamoiTvleba dempfirebuli sakuTrivi rxeviTi 
sistemis milevadi rxevebis periodi, ra aris logariTmuli 
dekrementi da risTvisaa saWiro? 
3. ra SemTxvevaSi gvaqvs Tavisufal, dempfirebul sistemaSi 
araperioduli milevadi rxevebi? 

4. moiyvaneT socialuri dempfirebuli sistemis magaliTi da 
aCveneT koeficientebis ra mniSvnelobebisTvisaa mosalodneli 
milevadi rxeviTi procesebi da ra Sinaarsi Seesabameba am 
SemTxvevas. 

 
 

 

5.5. iZulebiTi socialuri rxeviTi procesebis modelireba 
 
 

iZulebiT rxeviT sistemebSi moqmedebs gare Zala, romelic 
gansazRvravs rxevis kanons. aq Sesabamis maTematikur modelSi 

rxeviT procesebs gansazRvravს damatebiTi wevrebi, rac iwvevs 
Sesabamisi diferencialuri gantolebebis araerTgvarovnebas. 

ganvixiloT sociumis dinamika droSi. vTqvaT, )(tN  aris 
sociumis moculobis cvlilebis kanoni droSi. m  am sociumis 
saarsebo arealia, xolo )(1 tf  - sociumis moculobis 
cvlilebis gamomwvevi Zala. amitom, sociumis moculobis 
cvlilebis kanonis sapovnelad ganvixiloT Sesabamisi 
dinamikis gantoleba 
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)(1 tfNm 


.                                             (5.41) 
cxadia, sociumis moculobis cvlilebis gamomwvevi Zala 

sami nawilisagan Sedgeba: 
a) dadebiTi wevri, romelic gamowveulia gare migraciiT 

mocemul sociumSi )(tf ;  
b) kN  uaryofiTi wevriT, rac Seesabameba sociumis 

Semcirebis gamomwvev Zalas bunebrivi sikvdilianobis gamo. k  
Sesabamisi sikvdilianobis koeficientia; 

g) 


 N2  Zalaa, romelic iwvevs sociumis Semcirebas sxva 
sociumebTan brZolaSi marcxis gamo. es niSnavs, rom 

kNNtftf 


2)()( 21 .                                    (5.42) 

Tu (5.42) gamosaxulebas SevitanT (5.41)-Si, miviRebT 
dinamikis gantolebas 

)(2 2 tfkNNNm 


 .                                     (5.43) 
am gantolebis m  arealis sidideze gayofiT da Sesabamisi 

aRniSvnebiT, miviRebT: 

).(
)(f

   ,
m

k
     , 22

0 tf
m

t

m
 


                               (5.44) 

(5.43) gantoleba  gadaiwereba Semdegi saxiT: 

)(2 2

0 tfNNN 


 .                                     (5.45) 

es gantoleba emTxveva wrfivi, iZulebiTi rxeviTi sistemis 
maTematikur models. rac niSnavs, rom rxeviTi sistemis 
maTematikuri modeli universaluria da aRwers sruliad 
sxvadasxva Sinaarsis procesebs. 

 
 
 

5.6. iZulebiTi ekonomikuri rxeviTi procesebis modelireba 
 

 
ganvixiloT ekonomikuri wonasworobis gantoleba keinsis 

sistemaSi 

)()()( tItCtX  ,                                        (5.46) 
sadac  )(tC  moxmarebaa, )(tI  - investiciebi, )(tX - erovnuli 
Semosavali. 

samuelson-xiqsis aqseleraciis principze dayrdnobiT, 
SeiZleba CavweroT investiciebis ganzogadebuli gantoleba 



 )()()( tXttI  ,                                         (5.47) 
sadac )(t  aqseleraciis koeficientia. 
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garda amisa, )(tC   moxmareba aris erovnuli Semosavlis 
funqcia da damokidebulia moxmarebis mTel winaistoriaze 

   dXFtC

t

 ),()(
0

 .                                      (5.48) 

Tu (5.47) da (5.48) Tanafardobebs SevitanT (5.46) 
wonasworobis gantolebaSi, miviRebT: 

        
t

dtXFtXttX
0

,                                                              (5.49) 

gantolebis orive mxaris t-Ti diferencirebiT, miviRebT: 

                   ttXFtXttXttX ,    ,                                                 (5.50) 

anu dinamikis diferencialur gantolebas Semdegi saxe 
aqvs: 

            0,1 


ttXFtXttXt   .                                                (5.51) 

radgan   0t , (5.51) gantoleba SeiZleba gavyoT  t -ze.  
miviRebT dinamikis gantolebas:  

 
 
 

 
 

   0,
11




 ttXF
t

tX
t

t
tX



 


 .                                               (5.52) 

Tu frangiSvil-obgaZis  ganzogadebul gantolebaSi (5.52) 
movaxdenT Casmas, miviRebT: 










 











2

1
)(

2
2

t
t e

et ,        )()()(),( 2

0 tftXtttXF   .         (5.53) 

amrigad, wrfivi, iZulebiTi, თავისუფალი rxeviTi sistemis 
dinamikis maTematikuri modeli Caiwereba  Semdegi  saxiT: 

 )(2 2

0 tfXXX 


 .                                   (5.54) 

 
P.S. rogorc vxedavT, kvlav miviReT wrfivi, dempfirebuli, 
iZulebiTi rxeviTi sistemis maTematikuri modeli. rac 
mowmobs, rom dempfirebuli, iZulebiTi rxeviTi sistemis 
maTematikuri modeli universaluria da  gvxvdeba sruliad 
sxvadasxva Sinaarsis amocanebis gadawyvetisas. 
 
 
savarjiSoebi. 
 

1. aageT iZulebiTi, wrfivi, dempfirebuli rxeviTi sistemis 
maTematikuri modeli, roca maiZulebeli Zala nebismieri 
perioduli, ara  aucileblad harmoniuli, funqciaa. 
2. aageT iZulebiTi, wrfivi, dempfirebuli rxeviTi sistemis 
maTematikuri modeli, roca maiZulebeli Zala nebismieri, 
zogadad, araperioduli funqciaa. 
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3. SeadgineT iZulebiTi, wrfivi, dempfirebuli rxeviTi 
sistemis maTematikuri modelis gamosakvlevi programa Mathcad 

-is bazaze. 
4. ra Taviseburebebi axasiaTebs aradempfirebul, iZulebiT 
rxeviT sistemebs?  
5. riT gansxvavdeba  iZulebiTi, wrfivi, rezonansuli 
dempfirebuli da aradempfirebuli rxeviTi sistemebi? 
 
 
 
 

5.7. bmuli socialuri rxeviTi procesebis modelireba 
 

bmuli rxeviTi sistemebis SemTxvevaSi saqme gvaqvs ori an 
meti raodenobis rxeviT sistemasTan, romlebic erTmaneTze 
axdenen gavlenas. Tu erTi sistema axdens gavlenas meoreze, 
xolo meore ver axdens gavlenas pirvelze, es ar iqneba bmuli 
rxeviTi sistema. aseT SemTxvevaSi, ZiriTadi (pirveli) sistema 
iqneba Tavisufali, xolo meore sistema - iZulebiTi rxeviTi 
sistema, romelic pirveli sistemiT imarTeba. 

ganvixiloT, urTierTmoqmedi ori socialuri jgufi, 
romelTa moculobebs aRvniSnavT, Sesabamisad, 1N  da 2N -iT. am 
ori sociumis moqmedebis arealebi aRvniSnoT 1m  da 2m .  Tu 
gaviTvaliswinebT, rom socialuri jgufebi urTierTqmedebs 
toli da sawinaaRmdegod mimarTuli ZalebiT, romlebic 
pirdapirproporciulia maTi moculobebis sxvaobisa, anu 

 122 NNk  ; amasTan, Tu CavTvliT, rom jgufebis moqmedebis 1m  
da 2m  arealebi SezRudulia da, maSasadame, rac ufro 
gaizrdeba sociumis 1N  da 2N  moculobebi, miT ufro naklebi 
iqneba am sociumis zrdis siCqare, miviRebT bmuli socialuri 
rxeviTi sistemis maTematikur models: 

 1221111 NNkNkNm 


,                               (5.55) 

 1222322 NNkNkNm 


.                              (5.56) 

 

P.S. rogorc vxedavT, am SemTxvevaSic miviReT bmuli rxeviTi 
sistemis maTematikuri modeli, romelic analogiuria 
Sesabamisi eleqtruli bmuli rxeviTi sistemis maTematikuri 
modelisa. 
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5.8. bmuli ekonomikuri rxeviTi procesebis modelireba 
 

ganvixiloT ori, urTierTkonkurentunariani produqciis, 
bazarze realizebul moculobaTa 1X  da 2X  dinamika. cxadia, 
rac ufro didia realizebuli produqciis moculoba, miT 
ufro naklebia realizebuli produqciis zrdis siCqaris 
cvlileba, bazris gajerebis gamo. aseve, realizebuli 
produqciis moculobis cvlilebis siCqare 
pirdapirproporciulia moculobaTa sxvaobisa. amave dros, 
moqmedi Zalebi sididiT tolia da mimarTulebiT 
sawinaaRmdego. Tu  1m  da 2m   Sesabamisi produqciis fasebia, 
miviRebT bmuli ekonomikuri rxeviTi sistemis maTematikur 
models:  

 1221111 XXkXkXm 


,                               (5.57) 

 1222322 XXkXkXm 


.                              (5.58) 

P.S. rogorc vxedavT, am SemTxvevaSic miviReT bmuli rxeviTi 
sistemis maTematikuri modeli, romelic analogiuria 
Sesabamisi eleqtruli bmuli rxeviTi sistemis maTematikuri 
modelisa. am modelis ageba SesaZlebelia frangiSvil-obgaZis 
modelis bazazec. 
 
 
savarjiSoebi. 
 

1. gamoikvlieT bmuli rxeviTi sistema Mathcad programis 
saSualebiT. 

2. aageT bmuli rxeviTi socialuri sistemis maTematikuri 
modeli da gamoikvlieT Mathcad programis saSualebiT. 

3. aageT bmuli rxeviTi ekonomikuri sistemis maTematikuri 
modeli frangiSvil-obgaZis (2.37) modelis bazaze da 
gamoikvlieT Mathcad programis saSualebiT. 

4. aageT bmuli rxeviTi fsiqologiuri sistemis maTematikuri 
modeli. 
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5.9. rxeviTi sistemebis modelirebis variaciuli meTodebi 
 

 
maTematikuri modelebis asagebad iyeneben universalur 

variaciul principebs, romlebic emyareba saukunovan 
praqtikul gamocdilebas bunebaSi mimdinare procesebis 
Sesaxeb. cnobilia, rom buneba erTiania anu mecnierebis erT 

sferoSi mimdinare procesebi, analogiuria, meore sferoSi 
mimdinare procesebisa. rac imas niSnavs, rom sakmarisia 
aRmovaCinoT procesebis msgavsebis kriteriumebi, rom 
SegviZlia fizikaSi damuSavebuli modelebi gamoviyenoT 
sxvadasxva inteleqtualur sferoSi. 

 

 

5.9.1. hamiltonis universaluri variaciuli principi, 
zogadi Teorema da praqtikuli realizaciis algoriTmi, 

Tavisufali rxeviTi sistemis maTematikuri modelis 
ageba 

 
ganvixiloT dinamikuri sistema, romlisTvis )(tQ  

mdgomareobis ganmsazRvreli koordinatia.  Sesabamisad, 


Q  
warmoadgens ganmsazRvreli parametris cvlilebis siCqares. 
ganvsazRvroT dinamikuri sistemis lagranJis funqcia, rogorc 
sxvaoba mis kinetikur da potenciur energiebs Soris 

pk EE
dt

dQ
QL ),( ,                                       (5.59) 

sadac kE  da pE , Sesabamisad, sistemis kinetikuri da 

potenciuri energiebia. 

ganvixiloT sidide, romelsac moqmedebas uwodeben da 

Caweren formuliT: 

 









2

1

,)(

t

t

dt
dt

dQ
QLQS .                                       (5.60) 

am sididezea damokidebuli sistemis yofaqceva. hamiltonis 
universaluri principis Tanaxmad,  Tu sistema realuria, 

maSin )(tQ  aris )(QS  funqcionalis stacionaრuლi funqcia anu 

  0
0





QS
d

d
.                                       (5.61) 

hamiltonis principSi moqmedi )(t  funqcia sacdeli 

funqciaა, romelic nulis toli xdeba drois 1t  da 2t  
momentebSi. )(t   funqcias, )(tQ  funqciis variacia ewodeba. 
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hamiltonis principi saSualebas iZleva avagoT rxeviTi 
sistemis maTematikuri modeli. 

ganvixiloT sistemis Tavisufali rxevebi, roca mocemulia 

zambara m  masis tvirTiT.  zambaris sixistis koeficientia c . 
maSin  sistemis lagranJis funqcia  

22

2

2

X
c

dt

dX
m

L 










 .                                       (5.62) 

მოqmedebisaTvis gveqneba gamosaxuleba: 

 

















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
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2

2

22
),()(

t

t

t

t

dtX
c

dt

dXm
dt

dt

dX
XLXS .                      (5.63) 

gamovTvaloT მოqmedeba )(t   variaciis SemTxvevaSi 

 
 

 
















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

 

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22

t

t

dtX
c
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Xdm
XS 


 .                    (5.64) 

gavawarmooT es funqcia   cvladiთ,  maSin  

 
 
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
































2

1

222

2

2

2

22

2

1
t

t

dtXXc
dt

d

dt

d

dt

dX

dt

dX
m

d

d
XS

d

d 
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    














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dX
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


.                          (5.65) 

Tu  davuSvebT, rom 0 , maSin 

   







 

2

1

00

t

t

dtcX
dt

d

dt

dX
mXS

d

d






 .                       (5.66) 

am gantolebis marjvena nawilis pirveli wevris 
nawilobiTi integrirebiT da imis gaTvaliswinebiT, rom 

0)()( 21  tt  , miviRebT 

  0
2

1

2

2

0 







  dtcX

dt

Xd
mXS

d

d
t

t




 .                        (5.67) 

radgan )(t  nebismieri sacdeli funqciaa, miviRebT 
Tavisufali rxeviTi sistemis maTematikur models 

0
2

2

 cX
dt

Xd
m .                                          (5.68) 

 Tu SemoviRebT aRniSvnas: 

m

c
2 ,                                                (5.69) 

miviRebT Tavisufali rxeviTi sistemis klasikur maTematikur 

models: 



 135 

.02 


XX                                              (5.70) 
 

P.S. rogorc vxedavT, variaciul meTods Tavisufali rxeviTi 

sistemisaTvიs mivyavarT imave maTematikur modelamde.  
 
 
 

5.9. 2. iZulebiTi rxeviTi sistemis maTematikuri modelireba 
variaciuli meTodiT 

 
im SemTxvevaSi, roca sistemaze moqmedebs maiZulebeli 0F  

Zala, icvleba potenciuri energiis mxolod formula  

 

X

p XF
X

cdXF
X

cE
0

0

2

0

2

22
,                             (5.71) 

xolo kinetikuri energiis gamosaxuleba ucvleli rCeba 

2

2











dt

dX

mEk .                                           (5.72) 

Sesabamis lagranJis funqcias eqneba saxe: 

XF
X

c
dt

dX

mL 0

2

2

22











 .                                  (5.73) 

Tu ganvaxorcielebT wina paragrafis analogiur 
gardaqmnebs, maSin miviRebT iZulebiTi, aradempfirebuli, 

rxeviTi sistemis maTematikur models: 

02

2

FcX
dt

Xd
m  .                                        (5.74) 

 
davaleba studentebs. aageT iZulebiTi rxeviTi sistemis 
maTematikuri modeli variaciuli meTodiT. 
 
 
 
savarjiSoebi. 
 
1. CamoayalibeT hamiltonis universaluri variaciuli principi. 
2. aageT Tavisufali rxeviTi sistemis maTematikuri modeli 

hamiltonis variaciuli principis bazaze. 
3. aageT iZulebiTi, aradempfirebuli rxeviTi sistemis 

maTematikuri modeli hamiltonis principis bazaze. 
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4. lagranJis funqciisa da hamiltonis funqciis kavSiri. 
5. lagranJis funqciisa da hamiltonis funqciis 

ganmasxvavebeli Tvisebebi. 
 
 
 
 

 

5.10. aradempfirebuli,  Tavisufali, arawrfivi rxeviTi 
procesebis maTematikuri modelireba 

 
 

arawrfivi rxeviTi sistemis Sesabamisi maTematikuri 
modelebi aRiwereba arawrfivi gantolebebiT. realuri 
sistemebi arawrfivia da mxolod garkveuli miaxloebiT 
SeiZleba Seicvalos wrfivi sistemebiT. wrfivi rxeviTi 
sistemebis maTematikuri modelirebis sakiTxebi  ukve 
ganvixileT da axla SeviswavloT  arawrfivi sistemebi. 

ganvixiloT  Tavisufali, arawrfivi rxeviTi sistema. Aam 
SemTxvevaSi arawrfivia aRmdgeneli Zalis damokidebuleba 
ganmsazRvrel  parametrze anu gvaqvs )(xf  damokidebuleba. 
Sesabamis maTematikur models aqvs saxe: 

0f(x)  


xm .                                                                                      (5.74) 

am gantolebis amoxsna kvadraturebSi, zogadad, 
SeuZlebelia. am gantolebis zogadi Tvisebebis Seswavla 
SesaZlebelia energetikuli meTodis meSveobiT.  

(5.74)Ggantoleba gavamravloT 


x  sidideze da gavainte-
griroT, maSin  

 


0

2

xf(x)  
2

1
Econstdtxm .                              (5.75) 

amasTan,  

  


potEdxxfdtxxf )()( .                                  (5.76) 

amrigad, (7.75) gantoleba warmoadgens energiis mudmivobis 
kanons: 

okin EE  potE  .                                           (5.77) 

cxadia, (5.75) tolobidan SegviZlia CavweroT  

potEExm 


0

2

2

1
.                                        (5.78)  

Aaqedan gamomdinare, SegviZlia vipovoT rxevis siCqare 
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)(
2

0 potEE
m

vx 


.                                      (5.79) 

Ffazur sibrtyeze 0x  wertilidan x  wertilamde 

gadaadgilebis dro gamoiTvleba formuliT: 

 




x

x

x

x
potEE

m

dx
t

v

dx
tt

0 0 )(
2

0

00 .                             (5.80) 

Sesabamisad, rxevis periodis gamosaTvlelad miiReba 
formula: 





max

min )(
2

2

0

x

x
potEE

m

dx
T .                                    (5.81) 

(7.81) formula marTebulia mxolod Sekruli fazuri 
traeqtoriebisaTvis. 

 
 
 

5.11. Tavisufali rxeviTi sistema alag-alag wrfivi  aRmdgeni 
ZaliT 
 

ganvixiloT rxeviTi sistema alag-alag wrfivi aRmdgeni 
ZaliT 










 0 xif h,-

0 xif , 
sgn)(

h
xhxf .                                (5.82) 

aseTi situaciaa releur marTvis sistemebSi.  
Aam SemTxvevaSi amonaxsni unda veZeboT cal-calke im 

SemTxvevebisaTvis, roca x>0 da x<0. 

roca x>0, maSin 

,)( hxfxm 


                                        (5.83) 

0vt
m

h
x 


,                                           (5.84) 

00

2

2
xtvt

m

h
x  .                                     (5.85) 

Tu CavTvliT, rom rxeviTi sistema sawyis momentSi 
imyofeba  zRvrul mdebareobaSi, miviRebT sawyis pirobebs  

Ax )0(0 ,                                              (5.86) 

0)0(0 v .                                               (5.87)  
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Tu (5.84) gantolebidan ganvsazRvravT t  parametrs da 

CavsvamT (5.85) tolobaSi, miviRebT fazuri traeqtoriebis 








 

xx; gantolebas 

)(
2

xA
m

h
vx 



.                                       (5.88) 

 
 
 
 

5.12. dempfirebuli, Tavisufali rxeviTi procesebis 
maTematikuri modelireba 

 
Ddempfirebisas rxeviTi sistema xarjavs energias winaRobis 

Zalis daZlevaze. Sesabamis maTematikur modelSi winaRobis 

Zala damokidebulia ganmsazRvreli parametris 


x  
warmoebulze. 

 
zogadad, dempfirebuli, Tavisufali rxeviTi sistemis 

maTematikur models aqvs Semdegi saxe: 

0)()( 


xfxgx .                                        (5.89) 
zogjer, dempfirebisa  da aRmdgeni Zalebi ise mWidrodaa 

dakavSirebuli erTmaneTTan, rom maTi gancalkeveba ar 
xerxdeba. aseT SemTxvevaSi, 

0),( 


xxfx .                                           (5.90) 
SevadginoT am sistemis Sesabamisi gantoleba fazur 

sibrtyeze. amisaTvis SemoviRoT aRniSvna vx 


, maSin 

dx

dv
v

dt

dx

dx

dv

dt

dv
x 


. Aaqedan gamomdinare, (5.90) gantoleba 

gadaiwereba Semdegi saxiT: 

.
),(

v

xxf

dx

dv


                                            (5.91) 

Ees gantoleba saSualebas gvaZlevs SevadginoT 
dempfirebuli, Tavisufali rxeviTi sistemis Sesabamisi 
suraTi fazur sibrtyeze. 

Eaxla ganvixiloT am sistemis Sesabamisi energetikuli 

gantoleba. Aam gantolebis misaRebad, gavamravloT (5.89) 

gantoleba 


x  sidideze da vaintegriroT. maSin miviRebT, rom 
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 
 xt

Edxxfdtxxgmv
0

0

0

2 )()(
2

1
.                             (5.92) 

Tu SemoviRebT aRniSvnas DE  dempfirebis Zalebis 
gadalaxvaze daxarjuli energiisaTvis, miviRebT energiis 
gantolebas 

Dpotkin EEEE  0 .                                       (5.93) 

Aam gantolebidan naTlad Cans, rom dempfirebul, 
Tavisufal rxeviT sistemaSi adgili aqvs energiis disipacias. 

 
 

 
 

5.13.  dempfirebuli, Tavisufali rxeviTi sistema mSrali 
xaxuniT 

 
myar sxeulebs Soris mSral xaxuns adgili aqvs im 

SemTxvevaSi, roca erTmaneTs exeba ori sxeuli, romlebic 
gadaadgildeba erTmaneTis mimarT ise, rom maT Soris ar aris 
Txevadi masa. am SemTxvevaSi, xaxunis Zalebi TiTqmis ar aris 
damokidebuli gadaadgilebis siCqareze da mimarTulia 
fardobiTi siCqaris sapirispirod. 

umetes SemTxvevaSi, mSrali xaxunis Zala miaxloebiT 
Semdegi formuliT gamoiTvleba:  










0. vifr  

0,  vif  r
Kr                                        (5.94) 

Aase rom, 


 x sgnrKr .                                          (5.95) 
rac imas niSnavs, rom procesis Sesabamis maTematikur 

models aqvs Semdegi saxe:   

0)(x sgn 


xfrxm .                                    (5.96) 
es gantoleba cal-calke ganixileba im SemTxvevebisa-Tvis, 

roca 0v  da 0v . 

Tu 0v , maSin (5.96) gantolebidan miviRebT, rom 

rxfxm 


)( .                                         (5.97) 
Mmis Sesabamis energetikul gantolebas aqvs saxe: 

00 ExrEEE potkin  .                                  (5.98) 

Aam rxeviTi sistemisaTvis fazuri traeqtoriebis 
gantoleba Semdegia: 
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 
potExrE

m
v  0

2
  ,    Tu 0v ,                     (5.99)             

 
potExrE

m
v  0

2
  ,    Tu 0v .                     (5.100) 

 
 
savarjiSoebi. 
 

1. gamoiyvaneT aradempfirebuli, Tavisufali rxeviTi sistemis 
energetikuli gantoleba. 

2. gamoiyvaneT Tavisufali, rxeviTi sistemis fazuri 
traeqtoriebis gantoleba, alag-alag wrfivi aRmdgeni Zalis 
SemTxvevaSi. 

3. SeadgineT dempfirebuli, Tavisufali rxeviTi sistemis 
Sesabamisi suraTi fazur sibrtyeze. 

4. gamoiyvaneT dempfirebuli, Tavisufali rxeviTi sistemis 
traeqtoriebis gantoleba fazur sibrtyeze, mSrali xaxunis 
SemTxvevaSi. 

5. gamoiyvaneT arawrfivi sistemis traeqtoriebis zogadi 
gantoleba fazur sibrtyeze. 

 
 

5.14. parametruli rxevebi frangiSvili-obgaZis ekonomikuri 
sistemis farglebSi  (maties gantoleba) 

 
 

parametruli rxeviTi sistemebisaTvis damaxasiaTebelia 
rxevebis agzneba romelime ganmsazRvreli parametris droSi 
cvlilebis gamo. yvelaze ufro xSirad gvxvdeba, aseTi 
parametrebis perioduli cvlileba. sistemaSi parametruli 
rxevebi ar aRiZvreba, Tu is wonasworobis mdgomareobaSia. es 
ganasxvavebs parametrul rxevebs iZulebiTi rxevebisagan. 

ganvixiloT wonasworuli ekonomika. 
wonasworobis pirobebis mixedviT vadgenT wonasworobis 

gantolebas 

 (t)=C(t)+I(t),                                                      (5.101) 

სadac   C(t)  moxmarebaa, I(t) _investiciebi. 

samuelson-xiqsis aqseleraciis principze dayrdnobiT, 
SeiZleba CavweroT investiciebis ganzogadebuli gantoleba 

     tXttI   ,                                          (5.102) 
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sadac  t  aqseleraciis koeficientia.  tC  moxmareba 
warmoadgens warmoebis moculobis funqcias da  damokide-
bulia moxmarebis mTel wina istoriaze anu erovnuli 
Semosavlis moculobaze 

    
t

dttXFtC
0

,                                       (5.103) 

(5.102)-isა   da (5.103)-is (5.101)-Si SetaniT miviRebT: 

        
t

dttXFtXttX
0

 .                              (5.104) 

(5.104) gantolebis orive mxaris t-Ti diferencirebiT,  

            tXFtXttXttX    ,                 (5.105) 

anu vRebulobT dinamikis diferencialur gantolebas  

            01  tXFtXttXt   .                    (5.106) 

radgan   0t , SeiZleba (5.106) gantoleba gavyoT  t -ze.  
miviRebT dinamikis gantolebas  

 
 
 

 
 

   0
11




 txF
t

tX
t

t
tX



 


 .                   (5.107) 

Tu (5.107)-Si SevarCevT  t   -s da   txF  -s mniSvnelobebs 

 

      tXtttXF

tt





2cos2 


   ,                                 (5.108) 

miviRebT ekonomikuri dinamikis maties gantolebas 

      02cos2  tXttX  .                             (5.109) 

rogorc vxedavT, miviReT maties gantoleba, romlisTvisac 
damaxasiaTebelia parametruli rxevebis arseboba. 
 
 
savarjiSoebi. 
 
1. riT gansxvavdeba parametruli rxevebi Tavisufali 
rxevebisagan? 

2. gamoiyvaneT maties maTematikuri modeli parametruli 
rxevebisaTvis. 
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5.15. frangiSvili-obgaZis arawrfivi, iZulebiTi, 
ekonomikuri rxeviTi sistemis maTematikuri modeli (diufingis 

gantoleba) 
 

 

iZulebiT rxeviT sistemebზე moqmedebs gare Zala, romelic 

gansazRvravs rxevis kanons. aq rxeviT procesebs gansazRvravს 

Sesabamisi maTematikuri modelის damatebiTi wevrebi, rac 
Sesabamisi diferencialuri gantolebebis araerTgvarovnebas 
iwvevs. 

wrfivi iZulebiTi rxeviTi sistemebisgan gansxvavebiT, 
arawrfiv iZulebiT rxeviT sistemebSi adgili aqvs arawrfivi 
rezonansis movlenas. am movlenis saxelwodebiT erTiandeba is 

movlenebi, romelTac adgili aqvს arawrfiv sistemebSi, gare 
perioduli zemoqmedebis dros da romlebic rxevebis 
Tvisebrivi da raodenobrivi maxasiaTeblebis cvlilebiT 

mJRavndeba, gare zemoqmedebis amplitudisa da sixSiris 
mixedviT. 

ganvixiloT wonasworuli ekonomika anu ekonomika, roca 
moTxovna miwodebis tolia. sxvanairad rom vTqvaT, iwarmoeba 
zustad imdeni X(t), ramdenic sWirdeba bazars Y(t). 

)()( tYtX  .                                                (5.110) 

X(t) aris miwodeba (warmoebis moculoba), Y(t) - moTxovna. 

(5.110) wonasworobis pirobis mixedviT, SeiZleba 
SevadginoT gantoleba: 

I(t),C(t)X(t)                                            (5.111) 

sadac   C(t)   moTxovnis funqciaa, I(t) – investiciis funqcia. 

samuelson-xiksis aqseleraciis principze dayrdnobiT, 
SeiZleba davweroT gantoleba:  

)t(X)t(I


   ,                                                                                     (5.112) 

sadac    aqseleraciis koeficientia. 

garda amisa, moxmareba aris  warmoebis moculobis funqcia, 
romelic damokidebulia warmoebis mTel wina istoriaze 
gavlil t droSi. sxvanairad,  

  C(t)=  
0

( ),  ,

t

F X d                                                                           (5.113) 

wonasworobis (5.11) gantolebaSi (5.112) da (5.113) CasmiT 
miviRebT: 
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      dttXFtXtX

t

0




  .                                                                    (5.114) 

(5.114) gantolebis orive mxaris diferencirebiT,  miviRebT: 

      tXFtXtX 


 ,                                                                           (5.115) 

anu miviRebT frangiSvil-obgaZis dinamikis diferenci-
alur gantolebas  

       0
11




tXFtXtX


.                                                                (5.116)    

vTqvaT, 

e

1
                                                                                                (5.117) 

maSin wonasworuli ekonomikis dinamikis gantolebas Semdegi 

saxე  eqneba: 

       01 


tXFtXetX ,                                                                  (5.118) 

sadac   conste  , xolo    tXF1   moxmarebis simkvrivea. 
Tu ganvixilavT SemTxvevas, rodesac  

        )cos(
3

1 tAtXtXtXF   ,                                                   (5.119) 

maSin (7.119)-dan miviRebT diufingis gantolebas  

         )cos(
3

tAtXtXtXetX 


 ,                                           (5.120)  

romelic aRwers arawrfiv, iZulebiT rxevebs frangiSvili-
obgaZis ekonomikur sistemaSi. 

 
 

 

 

 
savarjiSoebi 
 
1. arawrfivi, iZulebiTi rxeviTi sistemis maTematikuri 
modelis zogadi saxe. 
2. gamoiyvaneT arawrfivi, iZulebiTi, ekonomikuri rxeviTi 
sistemis maTematikuri modeli frangiSvil-obgaZis modelis 
bazaze  (diufingis gantoleba). 

3. Mathcad-is bazaze amoxseniT diufingis gantoleba da 
SeiswavleT amonaxsnebis yofaqceva fazur sibrtyeze. 
4. gamoiyvaneT xalxis masis emociuri qcevis dinamikis 

maTematikuri modeli da gamoikvlieT Mathcad-is bazaze.  
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Tavi VI. wiladuri rigis maTematikuri modeli ekonomikaSi 

 
wiladuri rigis diferencialur aRricxvas 

oTxsaukunovani istoria aqvs. pirvelad mis Sesaxeb 
informacias vxvdebiT i.bernulisa da g. laibnicis mimoweraSi. 
jer kidev 1695 wels laibnicma iwinaswarmetyvela, rom 
wiladuri rigis diferencialebs momavalSi didi gamoyeneba 
eqneboda. am sakiTxze muSaobdnen iseTi geniosebi, rogorebic 
iyvnen eileri da lagranJi, Semdgom ki - laplasi, furie, 
abeli, liuvili, rimani,xevisaidi, xardi, zigmundi, kuranti, 
letnikovi, simaki,vasilevi da a.S. 

Tanamedrove etapze, mimdinareobs maTematikuri analizis am 
axali mimarTulebis praqtikuli gamoyenebis aqtiuri 
ganviTareba da danergva: ekonomikaSi, finansur gaTvlebSi, 
signalebis TeoriaSi, meqanikasa da sxva. 

 
6.1. elementaruli funqciebis Cveulebrivi da wiladuri 

rigis warmoebulebis SedarebiTi analizi 
 

wiladuri rigis maTematikur analizSi xSirad gvxvdeba 
klasikuri - eqsponencialuri funqciisa da faqtorialis 
ganzogadeba, amitom daviwyebT swored am funqciebiT. 

ganvixiloT, eileris gama–funqcia da msgavsi klasikuri 
funqciebi 






























x if  ,
1)-n2)...(x(x1)(xx

nn!
lim

0,Re(x)  if   ,

)(
1-x

0

1

n

xt dxte

xГ .                                           (6.1) 

gama–funqciis argumenti SeiZleba iyos nebismieri namdvili 
ricxvi, rogorc mTeli, aseve wiladuric. Tu,  nx   mTeli 
dadebiTi ricxvia, maSin 

)!1()(  nnГ .                                                                                           (6.2) 
gama–funqciis garda, farTod gamoiyeneba agreTve, 

arasruli gama–funqcia, beta–funqcia da fsi–funqcia. 
arasrul gama–funqcias aqvs saxe 

 










x

i

i
x

x

ciГ

x
xdyyy

xГ

c
xc

0 0

1

)1(
)exp()exp(

)(
),( .                            (6.3) 

beta–funqcia ganisazRvreba gama–funqciis meSveobiT: 

)(

)()(
),(

qpГ

qГpГ
qpB




 .                                                                                 (6.4) 

fsi–funqcia gama–funqciasTan dakavSirebulia formuliT: 
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dx

xdГ

xГ
x

)(

)(

1
)(  .                                                                                          (6.5) 

am funqcias axasiaTebs rigi Tvisebebi, rac ganapirobebs 
mis farTo gamoyenebas wiladur analizSi: 

1)()1(  xxx  ,                                                                                          (6.6) 





n

i i
n

1

1
)1()1(   .                                                                                        (6.7) 

fsi–funqcia aris poli–gama funqciis kerZo SemTxveva. 
axla, ganvixiloT elementaruli funqciebis klasikuri da 

wiladuri rigis warmoebulebi.  

1. განვიხილოთ ხარისხოვანი kttx )(  ფუნქციის წარმოებულები: 

1)(  ktk
dt

tdx
;                                                                                                   (6.8) 

2

2

2

)1(
)(  ktkk

dt

txd
;                                                                                      (6.9) 

      . . . 

nknk

n

n

t
nk

k
tnkkkk

dt

txd  



)!(

!
)1)...(2()1(

)(
.                                      (6.10) 

rogorc  (6.10) formulidan Cans, radgan gvaqvs faqtorialis 
ganzogadebuli cneba wiladuri ricxvebisaTvis, advilad 
ganvazogadebT am formulas gama–funqciis meSveobiT 
wiladuri rigis warmoebulebisaTvisac: 













 kt

kГ

kГ

dt

txd

)1(

)1()(
.                                                                                  (6.11) 

  SeiZleba iyos rogorc mTeli, aseve wiladuri ricxvi. 

 

2. განვიხილოთ ექსპონენციალური tketx )(  ფუნქციის წარმოებუ–

ლები: 
tkek

dt

tdx 
)(

;                                                                                                    (6.12) 

tkek
dt

txd  2

2

2 )(
;                                                                                             (6.13) 

. . . 

tkn

n

n

ek
dt

txd 
)(

.                                                                                             (6.14) 

wiladuri rigis warmoebulebze advilad ganzogaddeba 
(6.14) formula, aq ubralod  mTeli maCvenebeli n  Seicvleba 

wiladuri    maCvenebliT: 

 

tkek
dt

txd  



 )(
.                                                                                           (6.15) 
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3. ლოგარითმული ttx ln)(   ფუნქციის წარმოებულები: 

  
tdt

tdx 1)(
 ;                                                                                                   (6.16)  

   
22

2 1)(

tdt

txd
 ;                                                                                             (6.17) 

   . . .  

  
n

n

n

n

t
n

dt

txd 1
)1()1(

)( 1   .                                                                                 (6.18)  

rac Seexeba logariTmuli funqciis wiladuri rigis 
warmoebuls, is ganimarteba formuliT 

)1(

1
))1()1((ln

)(









 

Г
tt

dt

txd
.                                                      (6.19) 

 

4. analogiurad xdeba  )sin()(   ttx  trigonometriuli 

funqciebis warmoebulebis ganzogadebac.  

 )
2

sin()cos(
)( 

  tt
dt

tdx
;                                             (6.20) 

)2/2sin(
)( 2

2

2

  t
dt

txd
;                                                                        (6.21) 

     . . . 

)
2

sin(
)( 

  nt
dt

txd n

n

n

.                                                                          (6.22) 

(6.22) formulac martivad ganzogaddeba wiladuri rigis 
warmoebulis SemTxvevisaTvis: 

)
2

sin(
)( 

 





 t
dt

txd
.                                                                      (6.23) 

 

savarjiSo. 
1. ipoveT funqciebis meore da 1/2½ rigis warmoebulebi 
  a) 5)( ttx   ;   b) tetx  23)(  ;  g) ttx ln5)(   ; d) ttx  3sin8)( . 
2. ipoveT funqciebis pirveli da 3/4¾ rigis warmoebulebi 
  a) tttx  2sin)( 5  ;   b) tetx t  23)(  ;  g) tttx ln5)(   ;  
  d) tttx cos3sin8)(  . 
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6.2. wiladuri rigis, dempfirebis Zalis ekonomikuri rxeviTi 
sistema 

 
   

ganvixiloT funqciis  klasikuri warmoebulis  sasrul-
sxvaobiani miaxloebebi da SevadginoT wiladuri rigis 

warmoebulis  Sesabamisi formula. 

;                                                            (6.24)       

;                                                        (6.25) 

         . . . 

  ,                                           (6.26) 

სადაც   ბინომიალური კოეფიციენტებია. 

Tu, (6.26)  formulaSi warmoebulebis n rigs SevcvliT 
Sesabamisad, wiladuri   asoTi, xolo faqtorialebs  gama-
funqciebiT, miviRebT wilad rigis warmoebulebis griunvald-
letnikovis formulas 

 

 ;                      (6.27) 

         

sadac  -aris mTeli nawili. 
roca  , maSin (6.27) formula Seesabameba wiladuri 

rigis integralis cnebas. 
arsebobs wiladuri rigis warmoebulisa da integralis 

cnebis gansazRvreba, romelic emyareba koSis integraluri 
formulis ganzogadebas (riman-liuvilis formula). rogorc 
vxedavT, wiladuri rigis maTematikuri analizisas, 
warmoebulsa da integrals Soris gansxvaveba mxolod   

warmoebulis rიgis niSniT gamoixateba. Tu dadebiTia misi 
niSani, gvaqvs warmoebuli, Tu uaryofiTia - integrali. amitom, 
maT saerTo saxeli, diferintegralebi ewodeba. 

diferintegralebis koSiseul warmodgenas aqvs saxe 

;                                                                    (6.28) 

,                                                      (6.29) 



 148 

სადაც   - ინტეგრალური ოპერატორია ;  - 

დიფერენციალური ოპერატორი . 
unda aRvniSnoT, rom arsebobs wiladuri rigis integro-

diferencialuri operatorebis sxva gansazRvrebebic:  veilis, 
kaputos da a.S. praqtikis TvalsazrisiT, yvelaze ufro 
xelsayrelia kaputos gansazRvreba. riman-liuvilisagan 
gansxvavebiT, jer pouloben funqciis warmoebuls, umciresi 
naturaluri n rigiT, romelic aRemateba  wiladurs da Semdeg 
Sedegs aintegrireben    rigiT: 

;                                                                         (6.30) 

 

სადაც  . 
ganvixiloT diferintegralebis Tvisebebi: 

1. wiladuri rigis warmoebulisa da integralis operatorebi 
wrfivobis TvisebiT xasiaTdebian 

;                                                      (6.32) 

;                                                      (6.33)  

2.   ori funqciis namravlis wiladuri rigis warmoebuli da 
integrali, anu ori funqciis namravlis wiladuri rigis 
diferintegralisaTvis gvaqvs formula: 

 

  .                                             (6.34)      

 
wiladuri rigis Cveulebriv, wrfiv integro diferencialur 
gantolebebs  aqvs saxe     

;                                                                        (6.35)                                                 

 სადაც .                                                                     (6.36) 

    
ganvixiloT wiladuri rigis, dempfirebis Zalis mqone 

ekonomikuri rxeviTi sistema (5.54) 

)(2 2

0 tfXXX 


                                                                            (6.37) 

Tu am gantolebaSi   dempfirebis Zalis Sesabamis 

wevrs, SevcvliT  wiladuri rigis 
integrodiferencialuri operatoriT, miviRebT baglei-
torvikis gantolebas  Sesabamisi sawyisi pirobebiT 

(t) ;                                                               (6.38) 
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(0)= .                                                                                  (6.39) 
Tu wiladuri rigis warmoebuls, ganvsazRvravT kaputos 

wesiT, maSin miviRebT gantolebas 

(t) .                                                              (6.40) 

                                                         

 

 
6.3. wiladuri rigis finansuri sistemis maTematikuri modeli 

 

 
wiladuri maTematikuri analizi gamoiyeneba finansuri 

sistemebis modelirebis saqmeSic. Sesabamisi maTematikuri 
modelebi iZleva saintereso dinamikur suraTs da saSualebas 
gvaZlevs SeviswavloT finansuri qaosis warmoqmnis meqanizmebi. 

cnobilia sami arawrfivi gantolebisagan Semdgari 
finansuri sistemis maTematikuri modeli 

;                                                                                     (6.41) 

;                                                                                        (6.42) 

 ,                                                                                             (6.43) 
sadac   saprocento ganakveTia;   - moTxovna 
kapdabandebebze;  -  fasebis indeqsi;   - arauaryofiTi 
koeficientebi. 

agebulia am modelis Sesabamisi wiladuri rigis 
finansuri maTematikuri modeli: 

 

;                                                                                   (6.44) 

  

 ;                                                                                   (6.45) 

 

 .                                                                                         (6.46) 

 

ამ მოდელის შესწავლა მნიშვნელოვნად აუმჯობესებს ფინანსური 

კრიზისების მექანიზმებში გარკვევასა და მათგან დროულად 

თავდაღწევის საშუალებას.     
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savarjiSoebi. 

 

1.gamoTvaleT mudmivis warmoebulebi:  
a) klasikuri azriT;  
b) 3/2 rigis warmoebuli griunval-letnikovis formuliT; 
g)5/2 rigis warmoebuli  riman-liuvilis formuliT; 

d)3/2 rigis warmoebuli kaputos formuliT. 

 
2.SeadgineT socialuri sistemis fuqcionirebis wiladuri 
rigis maTematikuri modeli. 
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თავი VII. socialur-ekonomikuri procesebis modelireba 
dinamikuri sistemebis Teoriis bazaze 

 
ekonomikaSi farTod gamoiyeneba dinamikuri sistemebis 

Teoria. es Teoria saSualebas iZleva ekonomikuri procesebis 
mTlian evolucias mivadevnoT Tvali, modelireba gavukeToT 
ekonomikuri procesebis mimdinareobas da miviRoT iseTi 
gadawyvetilebebi, romlebic  Sesabamis Sedegs mogvcems. 

 
 7.1. dargTaSorisi balansis leontievis modeli 

 
ganvixiloT dargTaSorisi balansis amocana, romlis arsi 

ისაა, rom ganvlili wlis dargTaSorisi balansis safuZvelze 
meurneobis calkeuli dargebis prioritetuli ganviTarebis 
aucileblobis pirobebSi, sworad daigegmos mimdinare wlis 
yvela dargis produqciis saerTo gamoSveba. es amocana 
SeiZleba ganvixiloT, rogorc calke aRebuli romelime 

raionis an regionis farglebSi, ისე mTeli saxelmwifos 
masStabiT.   

Sesabamisi maTematikuri modelis asagebad SemovitanoT 

aRniSvnebi: vTqvaT, xi არის i-uri dargis saerTo gamoSveba fu-
ladi gamosaxulebiT, xij _ i-uri dargis produqciis moculoba, 
romelic gamoiyeneba j-uri dargis warmoebis 
uzrunvelsayofad,   xolo yi  _ i-uri dargis saboloo 
produqtis moculobaa arasawarmoo daniSnulebisaTvis fulad 
gamosaxulebaSi. 

maSin, vRebulobT dargTaSorisi balansis leontievis 
gantolebas Semdegi saxiT: 





n

j

iiji yxx
1

 .                                            (7.1) 

SemovitanoT aRniSvnebi: 

j

ij

ij
x

x
a    .                                                         (7.2) 

ij  aris i-uri dargis produqciis moculoba, romelic 

ixarjeba j-uri dargis produqciis erTeulovani moculobis 
warmoebaze. 
 

gansazRvreba. ij  matricas ewodeba teqnologiuri matrica. 
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(2) da (1)-dan vRebulobT leontievis gantolebas Semdegi 
saxiT: 





n

j

ijiji yxax
1

 .                                        (7.3) 

dargTaSorisi balansis (7.3) gantoleba unda amoixsnas ix -

is mimarT. amisaTvis SemovitanoT matriculi aRniSvnebi: 























nx

x

x

X
...

2

1

,    























nn2n1n

n22221

n11211

a...aa

.................

a...aa

a...aa

A ,   























n

2

1

y

...

y

y

Y .                             (7.4) 

maSin, leontievis (7.4) gantoleba SeiZleba gadavweroT 
matriculi saxiT: 

.YXAX                                                     (7.5) 

(7.5) gantolebis amosaxsnelad X-is Semcveli Sesakrebebi 
gadavitanoT tolobis marcxena mxares da gavitanoT 
frCxilebs gareT: 

  YXAE   .                                                (7.6) 

(7.6)-dan advilad vRebulobT leontievis (7.5) matriculi 
gantolebis amonaxsns: 

YAEX  1)(  .                                             (7.7) 

 
laboratoriuli samuSao 7.1 

 
amocana. gasuli wlis ganmavlobaSi meurneobis samma 

dargma: soflis meurneobam, manqanaTmSeneblobam da 
energetikam saSualeba mogvca Segvedgina dargTaSorisi 
balansis cxrilebi 

 

 

№ 

 soflis 
meurneoba 

manqa-
naTmSene
bloba 

energ
etika 

saboloo 
produqt

i 

saerTo 
gamoSve

ba 

  

1 

soflis 
meurneoba 

   x11=10 x12=20 x13=30      y1=40    x1=100 

  

2      

manqanaT-
mSenebloba 

   x21=30 x22=20 x23=10 y2=30 x2=90 

  

3 

energetika    x31=20 x32=30 x33=20 y3=50 x3=120 
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SevadginoT mimdinare wlis saerTo gamoSvebis gegma im 
pirobiT, rom pirveli dargis (soflis meurneoba) saboloo 
produqti 10%-iT unda gaizardos, meore dargis (manqanaTmSene-
bloba) – 20%-iT, xolo mesame dargisa (energetika) – 8%-iT.  

 

 

 
amoxsna.  

 
 

programa  Mathcad-ze 

samive dargis saboloo produqtis moculobis 

rekomendebuli mniSvnelobebi. 
 

                               

Y

40 1.1

30 1.2

50 1.08













   

A

10

100

30

100

20

100

20

90

20

90

30

90

30

120

10

120

20

120





















                         

E

1

0

0

0

1

0

0

0

1













 

mocemuli sami dargis saerTo gamoSvebis gegma. 

X E A( )
1

Y

 

 

X

111.362

103.481

132.919













 

 

 
 

 

 

savarjiSo. 

 
wina wels meurneobis rva dargma saSualeba mogvca 

Segvedgina dargTaSorisi balansis cxrilebi: 
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№ 

 

1 

 

2 

 

3 

 

4 

 

5 

 

6 

 

7 

 

8 

saboloo 
produqti 

saerTo 
gamoSve

ba 

1 10 20 30 40 20 10 30 40 100 300 

2 20 10 40 30 10 20 40 30 150 350 

3 40 20 10 20 30 10 30 40 200 400 

4 20 20 10 40 40 30 10 30 100 300 

5 10 40 20 20 30 30 40 10 200 400 

6 10 30 20 40 20 40 30 10 150 350 

7 40 30 10 20 40 30 20 10 100 300 

8 10 10 20 20 30 30 40 40 50 250 

ipoveT mimdinare wlis saerTo gamoSvebis gegma im 
pirobiT, rom pirveli dargis saboloo produqti gaizrdeba 

m1%-iT, meore dargisa  m2%-iT, mesamisa - m3%-iT, ..., merve 
dargisa  m8%-iT, sadac: 
1. m1=10%; m2=20%;  m3=5%;     m4=8%;  m5=20%;  m6=5%;  m7=0%;  m8=9%; 

2. m1=5%;   m2=9%;    m3=10%;   m4=8%;  m5=6%;    m6=0%;  m7=0%;  m8=0%; 

3. m1=10%; m2=5%;    m3=-20%;  m4=2%;  m5=-10%; m6=5%;  m7=2%;  m8=9%; 

4. m1=9%;   m2=9%;    m3=20%;   m4=5%;  m5=10%;  m6=5%;   m7=2%;  m8=10%; 

5. m1=8%;   m2=-10%; m3=-25%; m4=2%;  m5=-40;    m6=2%;    m7=4%;  m8=20%;  

6. m1=5%;   m2=10%;  m3=10%;   m4=5%;  m5=8%;    m6=20%;  m7=5%;  m8=10%; 

7. m1=20%; m2=-10%; m3=50%;  m4=10%; m5=50%;  m6=10%;  m7=2%;  m8=20%; 

8. m1=10%; m2=35%;  m3=45%;   m4=10%; m5=6%;   m6=-10%; m7=8%;  m8=15%. 

 

 

 

 

7.2. erovnuli Semosavlis dinamikis samuelson-hiqsis modeli 
 

ekonomikisTvis damaxasiaTebelia ganviTarebis talRuri 
buneba, amitom erovnuli Semosavali xan izrdeba, xan 
mcirdeba. 

ekonomikis ganviTarebis talRuri bunebis Sesaswavlad 
samuelsonma da hiqsma Seadgines Sesabamisi maTematikuri 
modeli. am modelSi X(t) erovnuli Semosavlis sididis rxevebi 
aixsneba aqseleraciis principiTa da multiplikatoris 
koncefciiT. 

aqseleraciis principi amtkicebs, rom investiciis 
masStabebi damokidebulia saboloo produqtze moTxovnis 
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zrdis tempze. sainvesticio moTxovna saboloo produqtze 
moTxovnis proporciulia. proporciulobis xarisxs, ewodeba 
aqseleraciis faqtori. 

samuelson-hiqsis modelSi aqseleraciis principze 
dafuZnebul investiciis gantolebas aqvs Semdegi saxe:  

   )2()1(  tXtXtI  ,                               (7.8) 

sadac β aqseleraciis koeficientia (faqtori). 
C(t) xarjis sidide wrfivad damokidebulia moTxovnaze, 

sadac ganixileba erTeulovani lagi (Seyovneba): 

,)1()( AtXtC                                          (7.9)  

sadac α (0,1) ganisazRvreba regresiuli analizis safuZvelze 
(qvemoT iqneba ganxiluli).  

A=(saarsebo minimumi)×(mcxovrebTa ricxvi).    (7.10) 

Tu gaviTvaliswinebT moTxovnisa da miwodebis 
wonasworobis pirobas, miviRebT: 

).()()( tItCtX                                                (7.11) 

Tu (7.11)-Si SevitanT C(t) da I(t) mniSvnelobebs da 
SevasrulebT Sesabamis gardaqmnebs, miviRebT samuelson-hiqsis 
gantolebas: 

.)2()1()()( AtXtXtX                     (7.12) 

  aqseleraciis koeficientis mixedviT, (7.12)-dan SeiZleba 
miviRoT erovnuli Semosavlis rxevebi rogorc mzardi, ise 
klebadi amplitudiT. 
 

laboratoriuli samuSao 7.2 
 

amocana. SeviswavloT erovnuli Semosavlis dinamika 
samuelson-hiqsis gantolebiT, roca 5.0 . 

qalaq TbilisisaTvis vipovoT  А koeficienti da   koefi-

cientis  sxvadasxva mniSvnelobebisaTvis SeviswavloT X(t)-s 
dinamika. 

amoxsna. 

amocanis amosaxsnelad virCevT sawyis pirobebs.  
 

 

programa  Mathcad-ze 
 

erovnuli Semosavlis sawyisi mniSvnelobebi  

X
0

10
6


      

X
1

10
7


 

(mcxovrebTa ricxvi) × (saarsebo minimumi) 
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A 1.5 10
8

  
 0.5  

 
aqseleraciis koeficienti, 

β:=0.8 

 

samuelson-hiqsis rekurentuli modeli 

n 2 120  
 

X
n

   X
n 1

  X
n 2

 A
 

0 50 100 150
0

2 10
8

4 10
8

6 10
8

Xn

n

 

 

 

 1.2  
X

n
   X

n 1
  X

n 2
 A  

0 20 40 60 80 100 120
2 10

13

0

2 10
13

Xn

n

 

 

 
 1.  
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X
n

   X
n 1

  X
n 2

 A
 

0 20 40 60 80 100 120
2 10

9

0

2 10
9

4 10
9

Xn

n

 

rogorc vxedavT, erTi parametris cvlileba saSualebas 
gvaZlevs miviRoT dinamikis sruliad gansxvavebuli reJimebi: 
a)milevadi rxevebi,  
b)rxevebi mzardi amplitudiT,  
g)perioduli rxevebi. aseT SemTxvevebSi amboben, rom sistemaSi 
adgili aqvs bifurkacias. bifurkaciis wertilia . am 
wertilSi sistema aris struqturulad aramdgradi. 

 

savarjiSo. 

 
SeiswavleT erovnuli Semosavlis dinamika samuelson-

hiqsis gantolebis mixedviT, roca α cnobilia. qalaqisaTvis 
Ν mcxovrebiT da l saarsebo minimumiT, β aqseleraciis 
koeficientis sxvadasxva mniSvnelobebisaTvis SeiswavleT X(t) 

dinamika, Tu: 
1. α=0.3;  N=3∙10

6
;  l=80;      β-? 

2. α=0.2;  N=3∙10
6
;  l=80;      β-? 

3. α=0.1;  N=3∙10
6
;

   
l=80;      β-? 

4. α=0.4;  N=5∙10
6
;  l=100;    β-? 

5. α=0.5;  N=5∙10
6
;  l=100;    β-? 

6. α=0.6;  N=5∙10
6
;  l=100;    β-? 

7. α=0.1;  N=3∙10
6
;  l=100;    β-? 

8. α=0.1;  N=3∙10
6
;  l=100;    β-? 
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7.3. ferhiulstis modeli bankSi anabrebis dinamikisaTvis 
 

vTqvaT, Xn  fuladi anabrebis moculobaa n weliwadSi. 
anabrebis fardobiTi nazrdis koeficienti aRvniSnoT R-iT, 
maSin gveqneba: 

n

nn

X

XX
R


 1  ,                                               (7.13) 

anu                                        nnn XRXX 1 ,                                                (7.14) 

sadac constRR  0 . 

anabrebis dinamikis gamosakvlevad (7.14) formula gadavwe-
roT Semdegi saxiT:  

  .1 01 nn XRX                                                 (7.15) 

cxadia, Tu fuladi anabrebis sawyisi mniSvneloba iyo X0, 

maSin 
  001 1 XRX   , 

    0

2

0102 11 XRXRX   ,                        (7.16) 

 .   .   . 

  .1 00 XRX
n

n   

(7.16) iteraciuli formulidan gamomdinareobs, rom n-is 
zrdasTan erTad fuladi Senatanebis raodenoba usasrulod 
izrdeba, radgan 

.lim 


n
n

x                                                  (7.17) 

(7.16) formula saSualebas gvaZlevs amovxsnaT amocana R-s 
zrdis dasaSvebi procentebis Sesaxeb. magaliTad, gavigoT 
rogori unda iyos R0, rom anabrebis gaormageba moxdes 50 
weliwadSi. gvaqvs 

  21
50

0

0

50  R
X

X
,                                      (7.18) 

maSin 

.1250
0 R                                                    (7.19) 

e.i. procentul gamosaxulebaSi vRebulobT nazrdis normas 

  %.1001250                                                 (7.20) 

davuSvaT, klientebis mosazidad bankis direqtorTa sabWom 
gadawyvita R nazrdis koeficientis gazrda. gakotrebisagan 
Tavis dasacavad, direqtorTa sabWom gadawyvita aRar dauSvas 
anabrebis Semdgomi zrda, Tu misi sidide miaRwevs 1-s _ 
maqsimalur mniSvnelobas. amis Semdeg, koeficienti unda 
gaxdes uaryofiTi, raTa Semcirdes anabrebi, vidre ar gaxdeba 
1-ze naklebi. 
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am procesis uzrunvelsayofad gadawyda, rom  

 .1 nXrR                                                      (7.21) 

maSin (7.13) formulidan miviRebT 

  n

n

nn Xr
X

XX


 11 ,       sadac  r>R0.              (7.22) 

(7.22)-dan gveqneba rekurentuli Tanafardoba 

  .1 2

1 nnn XrXrX                                         (7.23) 

am sistemas ewodeba ferhiulstis modeli. gamovikvlioT 
misi wonasworobis wertilebi.  

gansazRvreba: rekurentuli sistemis wonasworobis 
wertilebi ewodeba Xn–is im mniSvnelobebs, romlebic ar 
icvleba n-is zrdasTan erTad, e.i. Xn –is is mniSvnelobebi, 
romelTaTvisac  

nn XX 1                                                       (7.24) 

warmoadgens ferhiulstis modelis (7.23) wonasworobis 
wertilebs.  

cxadia, es mniSvnelobebia:  
a) Xn=0;      b)  Xn=1 . 

imisaTvis, rom wonasworobis wertili ganxorcieldes 
pratikulad, saWiroa misi mdgradoba mcire SeSfoTebebis 
mimarT. 

gamovikvlioT es mdgomareobebi mdgradobaze: 
a) Tavdapirvelad ganvixiloT wonasworobis mdgomareoba 

Xn=0, anu mdgomareoba, roca Cvens angariSze fuli ar aris. 
davumatoT “mcire SeSfoTeba” _ n <<1, wonasworobis wertils 

da gamovikvlioT misi dinamika droSi, anu nnX  0 , maSin (7.23) 

formulidan miviRebT 

 .)1( 2

1 nnn rr                                                (7.25) 

vinaidan n <<1 , cxadia, rom  nn  02  <<1 , amitom (7.25) 

gantolebaSi is SeiZleba ugulebelvyoT. amis Sedegad gveqneba 

  .11 nn r                                                    (7.26) 

aqedan advilad miviRebT, rom 

n

n



 1 >1.                                                  (7.27) 

amrigad, SeSfoTebebi droSi izrdeba, rac niSnavs 
wonasworobis wertilis Xn=0 aramdgradobas. amocanis arsis 
mixedviT, es gamoixateba imaSi, rom droTa ganmavlobaSi 
anabrebi gaizrdeba Tu ki angariSze daericxeba fulis raRac 
sul mcire raodenoba n . 
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b) gamovikvlioT wonasworobis meore wertilis Xn=1 

mdgradoba. wonasworobis wertils aqac mivceT mcire nazrdi 

n <<1, anu ganvixiloT nnX 1  mniSvneloba da gamovikvlioT am 

mdgomareobis dinamika n drois ganmavlobaSi. (7.23) 
formulidan vRebulobT: 

     .1111
2

1 nnn rr                           (7.28) 

gardaqmnebis Sedegad gvaqvs: 

  .2111 2

1 nnnn rrrrr                  (7.29) 

Tu gaviTvaliswinebT, rom  nn  02  <<1  da amis gamo 

ugulebelvyofT mas, gveqneba 

  .11 nn r                                                    (7.30) 

Xn=1 wonasworobis wertilis mdgradobisaTvis unda 
sruldebodes piroba 

n

n



 1 <1,                                                        (7.31) 

anu                      r1 <1.                                                        (7.32) 

Tavis mxriv, es piroba niSnavs, rom 

0 < r < 2.                                                      (7.33) 

amrigad, Tu sruldeba (7.33) piroba, maSin ferhiulstis 
sistemis wonasworobis wertili Xn=1 mdgradia. winaaRmdeg 
SemTxvevaSi, SeviWrebiT aramdgradobis zonaSi, romelic savsea 
moulodnelobebiT. 

kerZod, roca r=2.3, aRiZvreba Xn-is perioduli rxevebi 

(nax.7.1). 

0 20 40 60 80 100
0

0.5

1

1.5

Xn

n

 

nax 7.1. anabris perioduli rxevebi 
 

r=2.57 SemTxvevaSi, suraTi rTuldeba da Cndeba ormagad 

perioduli rxevebi (nax 7.2). 
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0 20 40 60 80 100
0

0.5

1

1.5

Xn

n

 

nax 7.2. anabris ormagad perioduli rxevebi 
 

 

nazrdis r koeficientis Semdgomi zrdisas vRebulobT 
periodis gaoTxmagebas da a.S. Tu 0.3r , SeiniSneba qaosuri 

rxevebi (nax 7.3.). 

0 20 40 60 80 100
0

1

2
1.331

7.704 10
3



Xn

1000 n

 

nax 7.3. anabris qaosuri rxevebi. 
 

amrigad, ferhiulstis tipis arawrfivi rekurentuli 
sistemebi moicavs bevr saidumlos da maT asaxsnelad saWiroa 
damatebiTi kvlevebi calkeul konkretul SemTxvevaSi; miT 
umetes, rom yovelTvis ar xerxdeba rekurentuli sistemiT 
mocemuli iteraciuli procesis krebadobis globaluri 
Sefaseba. 
 

 

laboratoriuli samuSao 7.3 
 
amocana. gamoikvlioT ferhiulstis modeli: 

  2

1 1 nnn XrXrX                                   (7.34) 

r nazrdis koeficientis sxvadasxva mniSvnelobebisa da sawyisi 
pirobebisaTvis. 
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amoxsna. laboratoriuli samuSaos Sesasruleblad Semovi-
fargloT X0 sawyisi pirobebiT da r nazrdis koeficientis 
mniSvnelobiT. 

 
programa  Mathcad-ze 

 
sawyisi anabari pirad angariSze 

X
0

0.1
 

anabris moculobis dinamikis gamoTvla ferhiulstis modeliT 
procentuli ganakveTiT r=2,3. 

r 2.3  

n 0 100  

X
n 1

1 r( ) X
n

 r X
n 

2


.
 

0 20 40 60 80 100
0

0.5

1

1.5

Xn

n  
ferhiulstis modeliT anabris moculobis dinamikis gamoTvla 
procentuli ganakveTiT r=2,57. 

r 2.57  

n 0 100  

X
n 1

1 r( ) X
n

 r X
n 

2


.
 

0 20 40 60 80 100
0

0.5

1

1.5

Xn

n  
ferhiulstis modeliT anabris moculobis dinamikis gamoTvla 
procentuli ganakveTiT r=3. 

 

r 3  

X
n 1

1 r( ) X
n

 r X
n 

2

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0 20 40 60 80 100
0

1

2
1.331

7.704 10
3



Xn

1000 n  
 

 
rogorc vxedavT, aqac adgili aqvs sistemis struqturul 

aramdgradobas. rac iwvevs perioduli rxeviTi sistemis 
gadasvlas qaosur reJimSi. es gadasvla xdeba parametris 
cvlilebidan gamomdinare. jer viRebT oradperiodul rxevebs, 
Semdeg - oTxadperioduls . . .bolos ki gadavdivarT qaosur 
reJimSi. 
 

 

 

savarjiSo. 

 
gamoikvlieT ferhiulstis modeli 

  2

1 1 nnn XrXrX   

r nazrdis koeficientis sxvadasxva mniSvnelobebisa da 
sawyisi pirobebisaTvis, Mathcad-isa da Matlab-is grafikuli 
saSualebebis safuZvelze. 

SeadgineT analogiuri rekurentuli arawrfivi sistema, 
ipoveT wonasworobis wertilebi, gamoikvlieT isini 
mdgradobaze  
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7.4. frangiSvili-obgaZis maTematikuri modeli 
 

ganvixiloT wonasworuli ekonomoka, anu ekonomika, roca 
moTxovna tolia miwodebisa. sxvanairad rom vTqvaT, iwarmoeba 
zustad imdeni X(t), ramdenic sWirdeba bazars Y(t) 

)()( tYtX  .                                                     (7.35) 

X(t) aris miwodeba (warmoebis moculoba), Y(t) - moTxovna. 

(7.35) wonasworobis pirobiT SeiZleba SevadginoT 
gantoleba: 

I(t),C(t)X(t)                                                 (7.36) 

sadac  C(t) moTxovnis funqciaa, I(t) – investiciis funqcia. 

samuelson-hiksis aqseleraciis principze dayrdnobiT, 
SeiZleba davweroT gantoleba:  

)t(X)t(I


   ,                                                 (7.37) 

sadac   aqseleraciis koeficientia. 

garda amisa, moxmareba warmoadgens warmoebis moculobis 

funqcias, romelic damokidebulia warmoebis wina istoriaze, 
gavlil t droSi. sxvanairad,  

  C(t)=  
0

( ),  ,

t

F X d                                    (7.38) 

wonasworobis (7.36) gantolebaSi (7.37) da (7.38) CasmiT 
miviRebT: 

      dttXFtXtX

t

0




  .                               (7.39) 

(7.39) gantolebis orive mxaris diferencirebiT miviRebT: 

      tXFtXtX 


 .                                   (7.40) 

anu, miviRebT frangiSvili-obgaZis dinamikis 
diferencialur gantolebas Semdegi saxiT: 

       0
11




tXFtXtX


                             (7.41)    

vTqvaT, 

;
1

e
                                           (7.42) 

maSin miviRebT wonasworuli ekonomikis dinamikis gantolebas 
Semdegi saxiT: 

       01 


tXFtXetX ,                               (7.43) 

sadac conste  , xolo    tXF1   moxmarebis simkvrivea. 
Tu, ganvixilavT SemTxvevas, rodesac  
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        )cos(
3

1 tAtXtXtXF   ,              (7.44) 

maSin (7.43)-dan miviRebT diufingis gantolebas Semdegi saxiT:  

         )tcos(AtXtXtXetX
3




 .       (7.45)  

 (7.45) gantolebis amosaxsnelad unda gadavweroT igi 
normaluri, e.i. pirveli rigis ori gantolebis sistemis saxiT. 
amisaTvis unda SemovitanoT aRniSvnebi: 

  1XtX 


;       0XtX   .                                 (7.46) 

maSin, (7.45) gantoleba gadaiwereba Semdegnairad: 

 
 

   















1

3

001

10

cos XeXXtAtX

XtX



.             (7.47) 

 

laboratoriuli samuSao 7.4 
 

amocana. ganvixiloT diufingis ekonomikuri dinamikis 
gantoleba Semdegi sawyisi pirobebiT 

 

 







10X

10X

1

0                                                             (7.48) 

da 2.0;0,1;25.0  eA   monacemebiT, Semdeg amoxseniT amocana 

Mathcad-სა da Matlab-Si. 
 

amoxsna. diufingis gantolebis amosaxsnelad SevadginoT 
programa.  
 

 

programa  Mathcad-ze 
 

dempfirebis proporciulobis koeficienti, 
c:=0.2 

moTxovnis gare SeSfoTebis sezonuri sixSire, 
 1.0  

moTxovnis gare SeSfoTebis amplituda, 
A:=0.25 

 

warmoebis moculobisa da misi cvlilebis siCqaris sawyisi 
pirobebi 

ic
1

1











 

 diufingis gantolebaTa sistemis marjvena mxaris matrica.  
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D t X( )

X
1

A cos  t  X
0

 X
0 

3
 c X

1
 0.3













 
Cveulebrivi diferencialuri gantolebaTa sistemis amoxsnis 
operatori runge-kutas meTodiT cvladi bijiT. 

S Rkadapt ic 0 100 500 D( )  
warmoebis moculobis damokidebuleba droze da dinamikis 
suraTi fazur sibrtyeze  

 

i 0 last S
0    

0 20 40 60 80 100 120
0

1

2

Fig.3

1.638

0.241

S
1 

1000 S
0 

 

0 0.5 1 1.5 2
1

0

1

2

Fig.4

S
2 

S
1 

 

 
 
 

savarjiSo.  

 
ganixileT diufingis gantoleba normaluri saxiT: 

 















1

3

001

10

eXXXtcosAX

XX



 

da amoxseniT sawyisi pirobebiT 
 

 







10

10

1

0

X

X
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,A ,e parametrebis sxvadasxva mniSvnelobebisaTvis SeecadeT 
ise SearCioT parametrebis mniSvnelobebi, rom miiRoT ekono-
mikis ganviTarebis sxvadasxva reJimebi. gamoikvlieT sistemis 
wonasworobis wertilebi mdgradobaze. SeafaseT bifurkaciis 
wertilebi. 

 

 
 
 

 

7.5. ekonomikuri dinamikis maties gantoleba 
 

ganvixiloT wonasworuli ekonomika. 
wonasworobis pirobebis mixedviT SevadgenT wonasworobis 

gantolebas 

X(t)=C(t)+I(t),                                                            (7.49) 

sadac C(t) moxmarebaa, I(t) _investiciebi. 

samuelson-xiqsis aqseleraciis principze dayrdnobiT, 
SeiZleba CavweroT investiciebis ganzogadebuli gantoleba 

     tXttI   ,                                                (7.50)  

sadac  t  aqseleraciis koeficientia. garda amisa,  tC  

moxmareba warmoadgens warmoebis moculobis funqcias, 
amavdroulad is damokidebulia moxmarebis wina istoriaze, 
anu erovnuli Semosavlis moculobaze: 

    
t

dttXFtC
0

.                                            (7.51) 

(7.50)-isa da (7.51)-is (7.49)-Si SetaniT, miviRebT 

        
t

dttXFtXttX
0

 .                                   (7.52) 

(7.52) gantolebis orive mxaris t-Ti diferencirebiT 
miviRebT 

            tXFtXttXttX    .                          (7.53) 

amrigad, miviReT dinamikis diferencialur gantoleba 
Semdegi saxiT: 

            01  tXFtXttXt   .                           (7.54) 

radgan   0t , SeiZleba (7.54) gantoleba gavyoT  t -ze.  
miviRebT dinamikis gantolebas Semdegi saxiT: 

 
 
 

 
 

   0
11




 txF
t

tX
t

t
tX



 


 .                        (7.55) 

Tu (7.55)-Si SevarCevT  t  da   txF   



 168 

 

      txtttxF

tt





2cos2 


   ;                                 (7.56) 

miviRebT ekonomikuri dinamikis maties gantolebas: 

      .02cos2  txttX                                       (7.57) 

am gantolebis amosaxsnelad unda gadavweroT is 
normaluri saxiT, anu pirveli rigis ori gantolebis sistemis 
saxiT. amisaTvis SemovitanoT aRniSvnebi: 

    .      ; 010 XtXXtX                                   (7.58) 

maSin (7.57) Semdegnairad gadaiwereba: 

 

 









0

2

1

10

)2cos( XttX

XtX




.                                 (7.59) 

 

 

laboratoriuli samuSao 7.5 
 

amocana. ganvixiloT ekonomikuri dinamikis maties 
gantoleba Semdegi sawyisi pirobebiT:  

 

 







10

10

1

0

X

X
                                                      (7.60) 

da monacemebiT 3.0;5.0   . SeviswavloT ekonomikuri dinamika 
 -sa da  -is sxvadasxva mniSvnelobebisaTvis. 

avagoT )(0 tX  damokidebulebis grafiki parametrebis sxva-

dasxva mniSvnelobebisaTvis da SeviswavloT fazuri portreti. 
 
amoxsna.  

programa  Mathcad-ze 
 
warmoebis moculobis dempfirebis koeficientis SeSfoTebis 
mcire amplituda  

8.0:  
SeSfoTebis sixSire 

 0.01  
 
warmoebis moculobisa da misi cvlilebis siCqaris sawyisi 
miaxloebebi 

ic
1

1











 

maties gantolebis marjvena nawilebis matrica  
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D t X( )

X
1

X
0

 
2

 cos 2 t( )  1.1













 
Cveulebrivi diferencialur gantolebaTa sistemis runge-
kutas meTodiT amoxsnis operatori cvladi bijis gamoyenebiT 

S Rkadapt ic 0 100 500 D( )  
warmoebis moculobis damokidebuleba droze da dinamikis 
suraTi fazur sibrtyeze warmodgenilia Semdeg naxazebze: 
 

i 0 last S
0    

0 20 40 60 80 100 120
0

20

40

Fig.1

S
1 

S
0 

 

0 5 10 15 20 25 30 35
20

10

0

10

20

Fig.2.

12.179

12.312

S
2 

32.9260 S
1 

 

 

 

 
 

savarjiSo. 

 

ა)SeiswavleT maties modeli    da   ganmsazRvreli 

parametrebis sxvadasxva mniSvnelobebisaTvis; 

ბ)SeiswavleT sawyisi pirobebis gavlena dinamikur suraTze. 
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7.6. kurasaos ekonomikur-politikuri 
brZolis meTodi 

 
arsebobs arasasurvel biologiur saxeobasTan brZolis 

sxvadasxva meTodebi. erTi maTgani cnobilia “brZolis 
kurasaos meTodi”-s saxelwodebiT. misi arsi Semdegia: raRac 
arealze mcxovreb saxeobaTa populaciaSi, romlis 
ganadgurebac ganizraxes, regularulad SehyavT steriluri 
individi. es steriluri individebi ar monawileoben 
kvlavwarmoebis procesSi, magram sxva danarCenebTan erTad 
monawileoben Sidasaxeobriv brZolaSi, riTac amcireben 
populaciis bunebrivi zrdis siCqares. igive xdeba ekonomikasa 
da politikaSic.   

ganvixiloT Sesabamisi modeli.  
vTqvaT, N1(t) normaluri individebis ricxvia, M(t) – siCqare, 

romliTac am populaciaSi SehyavT steriluri individebi, 
romelTa raodenoba N2(t)-s tolia. amocanis mizania, 
SeZlebisdagvarad M(t)-s im minimaluri siCqaris gansazRvra, 
romlis drosac N1 populacia qreba. ganvixiloT kurasaos 
meTodis Semdegi dinamikuri modeli: 

















)(
)(

)(

)(

21

22

2

21

1

1

hNgNm
tN

tM

dtN

dN

hNgNma
dtN

dN

                            (7.61) 

sadac m populaciis mgrZnobiarobis koeficientia sakvebis 
ukmarisobaze, a–Warbi sakvebis pirobebSi populaciis ra-
odenobis bunebrivi zrdis koeficienti, g da h ki dadebiTi 
konstantebi (populaciis gaumaZRrobis koeficienti). 

davuSvaT, steriluri individebi SehyavT populaciis N2(t) 

moculobis proporciulad, e.i. 

  ).(2 tNKtM                                                (7.62) 

aseve Tu aviRebT gaumaZRrobis Semdeg koeficientebs: 

g=h=1,                                                        (7.63) 

(7.61) da (7.62)-dan miviRebT kurasaos models:   

  

 









)()( 2122

2111

NNmktNN

NNmaNN




                                 (7.64) 

gamoTvlebi gviCvenebs, rom: 
a) Tu a>k , normaluri populacia ar kvdeba maSinac ki, 

roca N2(0) Zalian didia. ufro metic, am SemTxvevaSi 
steriluri individebi adre Tu gvian kvdebian; 
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b) Tu a<k, maSin normaluri populacia kvdeba, xolo 
steriluri individebis populacia izrdeba da misi raodenoba 
aRwevs Tavis maqsimalur N2=k/m mniSvnelobas. amis Semdeg, 
sterilur individTa populaciac iwyebs kvdomas. 

kurasaos meTodis erT-erTi strategiaa: (7.62) 
damokidebulebis nacvlad misi maqsimaluri stabiluri, droSi 
ucvleli amonaxsnis gamoyeneba 

m

k

m

k
KNKMM

2

max20   .                        (7.65) 

am SemTxvevaSi miRebulia, rom a da m parametrebi 
cnobilia, xolo k koeficientisaTvis sruldeba piroba k>a, ris 
Sedegadac normaluri populaciis raodenoba N1(t)0.                  

mecnierebaSi analogiur amocanas vawydebiT, magaliTad, 
romelime SemoqmedebiTi koleqtivis samecniero potencialis 
analizis dros, romlis Sevseba xdeba arakvalificirebuli 
kadrebiT. 

ekonomikuri analogiis saxiT gamodgeba uvargisi 
danadgarebis SeZena.  

analogiuri amocana SeiZleba avagoT raime sawarmoo 
jgufebis konkurenciis analizis dros, saqonlis axal 
saxeobaTa warmoebis aTvisebisas, rodesac, magaliTad, erT-
erTi mowinaaRmdege “Seityuebs” Tavis konkurents 
konstruqciuli damuSavebis analizis naklebad perspeqtiul 
gzaze, romelic miiyvans mas arakonkurentunariani produqciis 
Seqmnamde.  
 

laboratoriuli samuSao 7.6 
 

amocana. SeiswavleT brZolis kurasaos meTodis 
maTematikuri modeli: 
 

 

 









)(

)(

2122

2111

NNmkNN

NNmaNN




, 

 
sawyisi pirobebiT: 









2000)0(

2000)0(

2

1

N

N
 

 
rodesac                 

                                       a) m= 00001.0 ; a=9.9; k=10 (a<k); 
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                                       b) m=0.01; a=10; k=9.9 (a>k). 

amoxsna.  

 

programa  Mathcad-ze 
 

dasaTrguni populaciis bunebrivi zrdis tempi  

a 9.9
  dasaTrguni da Setanili populaciebis sawyisi moculobebi

 

ic
2000

2000











 
steriluri populaciis zrdis tempi

 
k 10  

populaciis gaumaZRrobis maCvenebeli 

m 0.00001

 kurasaos modelis marjvena nawilebis matrica
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Cveulebrivi diferencialur gantolebaTa sistemis runge-
kutas meTodiT amoxsnis operatori cvladi bijiT 

S Rkadapt ic 0 200 300 D( )  
populaciis dinamika drosTan damokidebulebaSi 

i 0 last S
0    

t S
0 

  

X
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S
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S
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
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savarjiSo. 

 
SeiswavleT brZolis kurasaos maTematikuri modeli m, a, k 

parametrebis sxvadasxva mniSvnelobebis dros. ganixileT 
sawyisi pirobebis sxvadasxva variantebi. aageT Tqveni 
Sedegebis grafikebi da axseniT miRebuli Sedegebi. 
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Tavi VIII.  TamaSTa Teoriis gamoyeneba socialur-ekonomikuri 
procesebis modelirebis saqmeSi 

 

praqtikaSi xSirad vxvdebiT iseT amocanebs. sadac 
aucilebelia gadawyvetilebis miReba gaurkvevlobis 
pirobebSi. aseT situaciebs, romlebic iqmneba Wadrakis an 
dominos TamaSis dros, ewodeba konfliqturi. nebismieri 
TamaSis mizania - erT-erTi moTamaSis mogeba. 

ekonomikaSi konfliqturi situaciebi gvxvdeba Zalian 
xSirad, maT miekuTvneba: urTierToba momxmarebelsa da 
mimwodebels Soris, myidvelsa da gamyidvels Soris, banksa da 
klients Soris.   

konfliqturi situaciebis mosagvareblad aucilebelia 
mecnieruli meTodebi. aseTi meTodebi SemuSavebulia 
konfliqturi situaciebis maTematikur TeoriaSi, romelsac  
TamaSTa Teoria  ewodeba. 

TamaSTa TeoriaSi arsebobs TamaSebi, romlebSic pirveli 
svlis Sesruleba mogebis garantiaa,  anu arsebobs erTi an 
usasrulo raodenoba strategiebisa, romelTa mixedviTac, Tu  
yovel Semdeg svlas specialuri algoriTmis mixedviT 
Seasruleb, gamarjveba garantirebuli gaqvs. mowinaaRmdegis 
strategias da taqtikas mniSvneloba ara aqvs.  maqsimumi, risi 
gakeTebac Zlier mowinaaRmdeges SeuZlia - xangrZlivi da 
uSeRavaTo winaaRmdegobaa - nebismier SemTxvevaSi, marcxi 
gardauvalia. 

 

8.1. TamaSTa Teoriis ZiriTadi cnebebi 
 

TamaSi es aris namdvili an formaluri konfliqti, 
romelSic monawileobs sul mcire ori moTamaSe, da yoveli 
maTgani miiswrafvis sakuTari miznis misaRwevad.  

 situacia iTvleba konfliqturad, rodesac masSi 
monawile mxareebis interesebi sawinaaRmdegoa. 

 konfliqtSi monawile mxareebs moTamaSeebi ewodeba, 
xolo konfliqtis  Sedegs - mogeba. 

TamaSTa Teoria ekonomikur enaze ganisazRvreba, rogorc 
strategiul situaciebSi adamianTa qcevis Seswavla. 
,,strategiuliT,, aRvniSnavT iseT situaciebs, romlebSic 
TiToeulma adamianma gadawyvetilebis miRebisas unda 
gaiTvaliswinos is, Tu rogor moiqceva mowinaaRmdege  misi 
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qcevis sapasuxod. TamaSis procesSi, moTamaSe akeTebs arCevans 
konkretuli situaciis mixedviT.  

imisaTvis, rom vipovoT TamaSis amoxsna, aucilebelia 
yoveli moTamaSisaTvis strategiis arCeva, romelic 
daakmayofilebs optimalurobis pirobas, anu erT-erTma 
moTamaSem unda miiRos maqsimaluri mogeba, rodesac meore 
moTamaSe mihyveba Tavis strategias. amave dros, meore 
moTamaSes unda hqondes minimaluri wageba, Tu pirveli mihyveba 
Tavis strategias. aseT strategiebs, ewodeba optimaluri. 

TamaSTa Teoriis mizania, yoveli moTamaSis optimaluri 
strategiis gansazRvra. 

 

 

 

8.2. მატრიცული თამაშები 
 

ganvixiloT TamaSi, romelSic monawileobs ori moTamaSe 
da TiToeuls aqvs sasruli strategiebis ricxvi. 

pirveli moTamaSe aRvniSnoT A-Ti, meore - B-Ti. 

warmovidginoT, rom pirvel moTamaSes aqvs m strategia: A1, A2, 

…… Am, meore moTamaSes n strategia: B1, B2, …… Bn. 

vTqvaT, A moTamaSem airCia strategia Ai, B moTamaSem 

strategia Bi. A moTamaSis mogeba aRvniSnoT aik , B moTamaSis 

mogeba bik, es mogebebi erTmaneTTan dakavSirebuli iqneba 

Semdegi tolobiT: 

                                             bik = -aik.                                                      (8.1) 

(8.1) toloba gviCvenebs, rom erT-erTi moTamaSis mogeba 
udris meore moTamaSis mogebas aRebuls sawinaamRdego niSniT. 
amitom aseTi TamaSebis analizis dros ganvixilavT marto 

erT-erTi moTamaSis, magaliTad  A moTamaSis, mogebas. 
Tu CvenTvis cnobilia aik mogebis mniSvnelobebi TiToeul 

situaciaSi { Ai, Bk }, i – 1,2,…, maSin k =1,2,…, da maTi Cawera ufro 

iolia marTkuTxa cxrilis meSveobiT (8.1), romlis striqonebi 

Seesabameba A moTamaSis strategiebs, svetebi - B moTamaSis 

strategiebs. 
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            ცხრილი 8.1 

 B1                B2                 Bn 

A1 a11                         a12                         a1n 

A2 a21                         a22                         a2n 

… …………………………… 

Am am1                         am2                         amn 

 

 am monacemebis warmodgena SegviZlia matriculi  saxiTac: 

A

a11

a12

....

am1

a12

a22

....

am2

....

....

....

....

a1n

a2n

....

amn













.

 

miRebuli matricis zomaa mxn da mas ewodeba TamaSis 
matrica, anu mogebis matrica (aqedan warmoiSva TamaSis 
saxelic matriculi). 

ganvixiloT Semdegi magaliTi. vTqvaT, moTamaSeebi 

magidaze deben wiTel(r), mwvane(b) da lurj(g) feris rgolebs 
ise, rom erTmaneTs ar uyureben, adareben rgolis ferebs da 
gadaxda tardeba ise, rogorc naCvenebia Semdeg matricaSi: 

. 
vipovoT TiToeuli moTamaSis optimaluri strategia. 

gaviTvaliswinoT isic, rom A moTamaSis strategiis arCevisas, 

B mowinaaRmdegm SeiZleba upasuxos iseTi strategiiT rom A-s 
mogeba iyos minimaluri. 

magaliTad, strategiaze Ar  is upasuxebs strategiiT Br 

(minimaluri mogebaa - 2, rac sinamdvileSi niSnavs A moTamaSis 

wagebas, 2-is tols), strategiaze Ag  - strategiiT Bg an Bb 

(minimaluri mogeba A moTamaSis udris 1), strategiaze Ab - 

strategiiT Bg (A moTamaSis minimaluri mogebaa - 3).  

CavweroT es minimaluri mogebebi  8.2 cxrilis marjvena 

svetSi: 
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                                                                               ცხრილი 8.2 

Ar -2                   2                  -1 -2 

Ag  2                   1                    1  1 

Ab  3                  -3                    1 -3 

cxadia, A moTamaSe arCevans SeaCerebs Ag strategiaze, sadac misi 

minimaluri mogeba maqsimaluria ( sam ricxvidan -2, 1 da -3 

maqsimaluria 1), maxmin=1. 

igive mosazrebebi SegviZlia gamovxatoT B moTamaSeze. 

radganac B moTamaSe dainteresebulia imiT, rom A moTamaSis 

mogeba aqcios minimumad amisaTvis man unda gaaanalizos 

yoveli misi strategia A moTamaSis maqsimaluri mogebis 

TvalsazrisiT. 

magaliTad Br strategiaze is upasuxebs Ab strategiiT (A 

moTamaSis maqsimaluri mogeba udris 3) , strategiaze Bg -  

startegiiT Ar (maqsimaluri mogeba A moTamaSis udris 2), 

strategiaze Bb -  startegiiT Ag an Ab (A moTamaSis maqsimaluri 

mogeba udris 1). 

es maqsimaluri mogebebi Cawerilia 8.3 cxrilSi  

 

                                          cxrili 8.3 

 

 

 Br Bg Bb  

Ar -2 2 -1 -2 

Ag 2 1 1 1 

Ab 3 -3 1 -3 

 3 2 1  
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არაა გასაკვირი, თუ B მოთამაშემ შეაჩერა Bb-ზე თავისი არჩევანი , 

რომლის დროსაც A მოთამაშის მოგება მინიმალურია, ანუ minmax=1. 

მოცემულ თამაშში maxmin და minmax ერთმანეთს ემთხვევა: maxmin = 

=minmax=1. Ag  და Bb სტრატეგიები ოპტიმალურია A და B 

მოთამაშეებისთვის. სიტუაცია { Ag ,Bb } წონასწორულ სიტუაციად 

ითვლება. 

axla ganvixiloT matriculi TamaSi: 
 

A

a11

a21

....

am1

a12

a22

....

am2

....

....

....

....

a1n

a2n

....

amn

















....

 

 

( m x n matricis striqonebi Seesabameba A moTamaSis 

strategiebs, svetebi ki - B moTamaSis strategiebs) da aRvweroT 
saerTo algoriTmi, romlis mixedviTac ganvsazRvravT aris Tu 

ara TamaSSi  wonasworuli situacia.  

A moTamaSis moqmedeba. 
pirveli nabiji. minimaluri elementi moTavsebulia A matricis 
yovel striqonSi 

 
i=1,2,…,m. 

miRebuli ricxvebi Caiwereba cxrilis (8.4) marjvena svetSi. 
          ცხრილი 8.4 

     

a11 a12  a1n α1 

a21 a22  a2n α2 

--- --- ---- --- --- 

am1 am2  amn αm 

 
 

meore nabiji.   α1, α2, .... , αm ricxvebSi avirCevT maqsimalur 
ricxvs:  
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 -s ewodeba TamaSis qveda fasi.  

A moTamaSis strategiis SemuSavebis princips, romelic 
dafuZnebulia minimaluri mogebebis maqsimizaciaze, ewodeba 
maqsiminis  principi, strategias ki, romelic arCeulia am 

principis Tanaxmad, ewodeba A moTamaSis maqsiminis strategia. 

axla ganvixiloT B moTamaSis moqmedeba. 

pirveli nabiji.  A matricis yovel svetSi unda moiZebnos 
maqsimaluri elementi 

 
k=1,2,…,n. 

miRebuli ricxvebi (β1, β2,…, βn) Caiwereba cxrilis (8.5) qveda 
striqonSi. 

        cxrili 8.5 
     

a11 a12  a1n α1 

a21 a22  a2n α2 

--- --- ---- --- --- 

am1 am2  amn αm 

β1 β2 --- βn  

 

SeniSvna. rodesac B moTamaSe irCevs Bk strategias, man unda 

gaTvalos isic, rom A moTamaSis kargi svlebis Sedegad is 

waagebs   β k-ze aranaklebs. 
meore nabiji.  β1, β2, .... , βn ricxvebSi avirCevT minimalur 
ricxvs:  

 
β-s ewodeba TamaSis zeda fasi. 

B moTamaSis strategiis SemuSavebis princips, romelic 
dafuZnebulia maqsimaluri danakargebis minimizaciaze, ewodeba 
minimaqsis  principi, strategias ki, romelic arCeulia am 

principis Tanaxmad, ewodeba B moTamaSis minimaqsuri strategia. 
TamaSis qveda fasi da zeda fasi erTmaneTTan dakavSirebulia 

Semdegi utolobiT : 
                                                       .                                                          (8.2) 
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rodesac  , situacias ewodeba wonasworobis 
situacia, maT saerTo mniSvnelobas ki - TamaSis ubralo fasi, 

romelic aRiniSneba ν-Ti. 
wonasworobis situacia xasiaTdeba situaciis 

stabilurobiT: arc erTi moTamaSe ar aris dainteresebuli 
misi darRveviT da Tu erT-erTi moTamaSe  Tavis strategias 
Secvlis, meore ki SeinarCunebs Tavis strategias, maSin 
strategiis Semcvleli moTamaSe aseTi SecvliT verafers 
moigebs. Tu wonasworobis situaciidan orive moTamaSe 
gadaixreba, amiT SeiZleba gaizardos maTi mogeba. 

TamaSs, romlisTvisac , ewodeba TamaSi unagira 
wertiliT.  

unagira wertili es aris elementi, romelic yvelaze 
pataraa Tavis striqonSi da yvelaze didia Tavis svetSi (an 
piriqiT, didia striqonSi da pataraa svetSi). 

magaliTad, matrica 

 
Seicavs erT unagira wertils 4. TamaSSi SeiZleba iyos 
ramdenime  unagira wertili. swored, unagira wertilebis 
arseboba gansazRvravs TamaSis amoxsnas wminda strategiebiT. 
axla ganvixiloT situacia, rodesac qveda da zeda fasi 
erTmaneTs ar emTxveva ( ). aseT SemTxvevaSi, TamaSis amoxsna 
xdeba Sereuli strategiebiT. Tavis mxriv, Sereuli strategia 
gulisxmobs, rom yoveli moTamaSe wminda SesaZlo 
strategiebidan SemTxveviT, albaTobiT moaxdens SerCevas. 

TamaSis amoxsnad iTvleba Sereuli strategiebi   da 

 , sadac   da  wminda strategiis albaTobebia 

Sereul Ai Bj strategiebSi. 

ganvixiloT 2x2 TamaSi, romlis amoxsnac xdeba Sereul 
strategiebSi, sadac moTamaSeebs aqvT or-ori strategia. aseTi 
TamaSis mogebis matrica gamoisaxeba Semdegnairad: 

 

 

 B1 B2 

A1 a11 a12 

A2 a21 a22 
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თამაშის ამოხსნა არის 

A1

p1

A2

p2








  და 

B1

q1

B2

q2








,        სადაც          ;                            (8.3) 

                  p2 = 1- p1.                                                                                                                                  (8.4)  

   ;                                                                                        (8.5) 

  q2=1-q1.                                                                                                                                                                                       (8.6) 

 თამაშის ფასი ტოლია: 

  .                                                                                          (8.7) 

zogierTs SeiZleba gauCndes kiTxva: romel matricul 
TamaSs aqvs amonaxsni Sereul strategiebSi? am kiTxvaze 
pasuxs iZleva ori Teorema. 

თეორემა1 

,                                   (8.8) 

სადაც  aris A moTamaSis mogebis maTematikuri 
molodini Sereul strategiebSi. 

თეორემა 2  

 P0={p10, p20,…, pm0} და Q0={q10, q20,…, qn0} aris optimaluri 

Sereuli strategiebi da ν - TamaSis fasi, 

 ;                                                                                     (8.9) 

.                                                                                      (8.10) 
adgili aqvs Semdeg tolobas: 

 
სადაც aik A moTamaSis mogebaa. 

ganvixiloT  2xn TamaSi , am TamaSis amosaxsnelad arsebobs 

efeqturi meTodi, dafuZnebuli ubralo geometriul 

mosazrebebze da mas ewodeba grafikuli meTodi. 
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vTqvaT 
 
aris 2xn TamaSis mogebis matrica. 

Teorema 2-is Tanaxmad, TamaSis Rirebulebis da 

optimaluri mniSvnelobis p0 mosaZebnad A moTamaSisaTvis unda 

vipovoT gantolebis amonaxsni: 

 

funqciis maqsimumis 

 

povna ufro iolia, Tu avagebT mis grafiks. amisaTvis 

davuSvaT, A moTamaSem airCia Sereuli strategia P={p, 1-p}, xolo 

B moTamaSem - k wminda strategia, k=1,2,..,n. maSin A moTamaSis 

saSualo mogeba   {P,k} situaciaSi udris: 

                                                              (8.12) 

p sibrtyeze k gantoleba aRwers wrfes. B moTamaSis yovel 

wminda strategias am sibrtyeze Seesabameba Tavisi wrfe. 

amitom, p,w sibrtyeze Tavdapirvelad ixazeba yvela wrfe 

 , k=1,2,…,n  ( nax.8.1) 

Semdeg yvela p mniSvnelobisaTvis,   w Sesabamisi 

mniSvnelobebis vizualuri SedarebiT yovel agebul wrfeze 

moiniSneba maTSi yvelaze mcire (nax.8.2). amis Sedegad, miviRebT 

texils, romelic aris funqciis grafiki ( muqi xazi, nax.8.3) 
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              nax.8.1                 nax.8.2 

 

 

 

 

 

 

 

 

 

 

 

 

                    nax.8.3                                                             nax.8.4 

grafikis zeda wertili gansazRvravs TamaSis v fass da A 

moTamaSis optimalur strategias - P0={p0, 1-p0} (ნახ.8.4). 
 
 
 

laboratoriuli samuSao 8.2 
mocemulia matriculi TamaSis mogebis matrica:  

 

 B სტრატეგიები 

A 

სტრატეგიები 

B1 B2 B3 B4 

A1 1.45 2.12 0.75 4.01 

A2 3.52 1.87 0.18 12.7 

A3 6.08 4.43 11.0 6.01 

O 1 p 

w 

O 1 p 

w 

O 1 p 

w 

O 1 p 

w 

p0 

ν 
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vipovoT matriculi TamaSis amoxsna, kerZod: TamaSis zeda 
fasi; qveda fasi; wminda mogeba; moTamaSis optimaluri 
strategiebi. 

amoxsna. 
mogebis matricis yovel striqonSi vipovoT minimaluri 
elementi da CavweroT is damatebiT svetSi (cxrili8.6 ). 

 

 

ცხრილი 8.6 

 B სტრატეგიები 

A 

სტრატეგიები 

B1 B2 B3 B4 მინიმუმები  

A1 1.45 2.12 0.75 4.01 0.75 

A2 3.52 1.87 0.18 12.7 0.18 

A3 6.08 4.43 11.0 6.01 4.43(მაქს.ელ) 

მაქსიმუმები 6.08 4.43(მინ. ელ.) 11.0 12.7  
 

Cven SemTxvevaSi, TamaSis qveda fasi α =4.43. imisaTvis, rom 

garantirebuli gvqondes mogeba aranakleb 4.43-isa, unda 

davicvaT A3  strategia. 
axla vipovoT TamaSis zeda fasi. mogebis matricis yovel 

svetSi vipovoT maqsimaluri elementi da CavweroT is 
damatebiT striqonSi. vipovoT minimaluri elementi da igi 
CavweroT damatebiT svetSi, (cxrili 8.6). Cven SemTxvevaSi, zeda 

fasi tolia β =4.43. 

qveda da zeda fasebi tolia α α = β = 4.43. es niSnavs, rom 
TamaSs amoxsna aqvs wminda minimaqsur strategiebSi. 

 „A” moTamaSis optimaluri strategiaa A3, „B“ moTamaSis 

optimaluri strategiaa B2. araa rTuli SesamCnevi, rom 
optimaluri strategiebis gadakveTaze moTavsebuli elementi 
(striqoni 3, sveti 2, anu 4.43) erTdroulad aris minimaluri 
striqonSi da maqsimaluri svetSi. rogorc ukve viciT, am 
elements unagira wertili ewodeba, romelic gansazRvravs 
TamaSis amoxsnas wminda strategiebSi da romlis 

mniSvnelobac TamaSis fasis ν tolia. aqedan gamomdinare, 

TamaSis fasi ν = 4.43. 

pasuxi. qveda, zeda da TamaSis fasebi tolia: α α = β = v = 

=4.43; 

optimaluria strategiebi: A3B2. 
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savarjiSo. 

mocemulia matriculi TamaSis mogebis matrica: 

 B სტრატეგიები 

A 

სტრატეგიები 

B1 B2 B3 B4 

A1 2.45 2.12 7.75 3.03 

A2 3.52 1.87 0.18 12.7 

A3 5.07 3,33 10.0 7.01 

ვიპოვოთ მატრიცული თამაშის ამოხსნა, კერძოდ: თამაშის ზედა 

ფასი;  ქვედა ფასი; წმინდა მოგება; მოთამაშის ოპტიმალური 

სტრატეგიები. 

 

 

8.3. პოზიციური თამაშები 

 
am konfliqtebis aRmwer erT-erT TamaSTa klass, romelTa 

dinamika zegavlenas axdens moTamaSeTa qcevaze, ewodeba 
poziciuri TamaSi. TamaSis mdgomareobas, ewodeba pozicia, 
poziciaSi SesaZlo arCevans - alternativa. 

poziciuri TamaSis gansakuTrebulobaa poziciebis 

warmodgena TamaSis xis saxiT (nax.8.5). O, A da B simboloebi 

miuTiTebs Tu romeli moTamaSe akeTebs morig svlas, O 
simboloTi aRiniSneba svla TamaSSi, romelsac akeTebs ara 
moTamaSe, aramed SemTxveviTi meqanizmi. 

 

 

 

 

 

 

 

 

 

ნახ.8.5 

A 

O 

B 

B 
B 

A A 

1 2 

1 2 
1 

2 

1 2 1 2 2 2 1 1 
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ganvixiloT ori TamaSis magaliTi, romelic Sedgeba ori 

svlisgan. A da B moTamaSeebi Tanamimdevrulad akeTeben svlas. 

iwyebs A moTamaSe: is irCevs or alternatividan erT-erTs - x 

ricxvs 1-is (pirveli alternativa) an 2-is (meore alternativa). A 

moTamaSis svlaze moTamaSe B pasuxobs Tavis svliT, es 

moTamaSec irCevs ori alternatividan erT-erTs - y ricxvs  1-is  

(pirveli alternativa), an 2-is (meore alternativa) tols. da 

sabolood, A moTamaSe miiRebs jildos an gadaixdis jarimas.  
pirveli magaliTi  
1 svla. A moTamaSe irCevs x ricxvs ori ricxvis simravlidan 

{1,2}. 

2 svla. B moTamaSe, romelmac ukve icis A moTamaSis arCevani, 

irCevs y ricxvs ori ricxvis simravlidan {1,2} . 

A moTamaSisaTvis B moTamaSis xarjze gadaxdis funqcia W (x,y) 

Caiwereba Semdegnairad: 

W(1,1) =1,                    W(2,1)=-2 

W(1,2) =-1,                    W(2,2)=2 

8.6 naxazze naCvenebia TamaSis xe da informaciuli 

simravleebi. 

meore magaliTi.  im SemTxvevaSi, Tu wina magaliTSi 

Sesrulebulia yvela piroba, garda erTisa - B moTamaSis 

svlisa, 2 svlas gaakeTebs B moTamaSe, romelmac ar icis A 

moTamaSis arCevani da airCevs y ricxvs simravledan {1,2}. 
informaciuli simravleebi gamoiyureba ise rogorc naCvenebia 
8.7 naxazze. 
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                         nax. 8.6 nax. 8.7 

 

ganvixiloT moTamaSeebis strategiebi meore magaliTidan: 

A moTamaSes aqvs ori strategia:  A1 - irCevs x =1,    A2 -irCevs x =2; 

radganac B moTamaSem A moTamaSis svla ar icis , ese igi B 

moTamaSesac aqvs ori strategia: B1 - irCevs y =1 da B2 irCevs y =2. 
A moTamaSis mogebis 8.7 cxrili da TamaSis matrica daiwereba 
Semdegnairad: 

                                                              ცხრილი 8.7 

 B1 B2 

y =1 y =2 

A1 x=1 W(1,1) W(1,2) 

A2 x=2 W(2,1) W(2,2) 

 

 - თამაშის მატრიცა. 

მოთამაშეების ოპტიმალური P={2/3,1/3} Q={1/2, 1/2} სტრატეგიებია, 

თამაშის ფასი კი v=0. 

 

B 

A 

B 

1 2 

1 2 1 2 

1 -1 -2 2 

1 2 

1 2 1 2 

1 -1 -2 2 

B 

A 

B 
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ლაბორატორიული სამუშაო 8.3 

pirvel svlas akeTebs moTamaSe A : is irCevs x ricxvs ori 

ricxvis simravlidan {1,2}.  

meore svlas akeTebs moTamaSe B: vinaidan man icis 

moTamaSe A-s arCevani, is irCevs y ricxvs ori ricxvis 

simravlidan {1,2}. 

mesame svlas akeTebs moTamaSe A: vinaidan man ar icis B 
moTamaSis arCevani da ukve daviwyebuli aqvs mis mier pirvel 

svlaze gakeTebuli arCevani, is irCevs ricxvs z, ori ricxvis 

simravlidan {1,2}. 

amis Semdeg, A moTamaSe  W(x,y,z) jildos miiRebs B 
moTamaSis xarjze, magaliTad  aseTs: 

W(1,1,1)=-2,              W(2,1,1)=3, 

W(1,1,2)=4,                W(2,1,2)=0, 

W(1,2,1)= 1,               W(2,2,1)=-3, 

W(1,2,2)=-4,                W(2,2,2)=5. 

  8.8 naxazze gamosaxulia TamaSis xe da informaciuli 
simravleebi. 
 

 

 

 

 

 

 

 

                    

 

 

 

 

ნახ. 8.8 

radganac B moTamaSem icis A moTamaSis pirveli svlis 

arCevani, maSin B moTamaSes aqvs 4 strategia: B1 –[1,1], B2 –[1,2], B3 –

[2,1], B4 –[2,2]. 

B 

A 

B 

1 2 

1 2 
1 

2 

A 
A 

A A 

1 2 1 2 2 2 1 1 
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A moTamaSem ar icis 3 svlaze wina arCevani amitom masac 4 

strategia aqvs: A1 –[1,1], A2 –[1,2], A3 –[2,1], A4 –[2,2].  

gamovTvaloT A moTamaSis mogebebi. Tu A moTamaSem airCia 

strategia A2 –[1,2], maSin B moTamaSe airCevs strategias B3 –[2,1]. 

maSin x=1, saidanac gamomdinareobs y=2.  A moTamaSe da B 

moTamaSe damoukideblad irCevs mniSvnelobas z=2. 
gamoviTvaloT mogebis funqciis mniSvneloba da miviRebT: 

W(x, y, z)= W(1,2,2)=-2. 

ase gamoviTvliT danarCen 15 mogebas, ris Semdegac 

avagebT A moTamaSis mogebebis cxrils 8.8. 

  cxrili 8.8 

 B1 B2 B3 B3 

[1,1] [1,2] [2,1] [2,2] 

A1 (1,1) W(1,1,1) W(1,1,1) W(1,2,1) W(1,2,1) 

A2 (1,2) W(1,1,2) W(1,1,2) W(1,2,2) W(1,2,2) 

A3 (2,1) W(2,1,1) W(2,2,1) W(2,1,1) W(2,2,1) 

A4 (2,2) W(2,1,2) W(2,2,2) W(2,1,2) W(2,2,2) 

 

 
savarjiSo. 

1 svla. A moTamaSe irCevs x ricxvs ori ricxvis 

simravlidan {1,2}. 

2 svla. moTamaSe B romelmac ukve icis A moTamaSis arCevani, 

irCevs  y ricxvs ori ricxvis simravlidan {1,2} . 

A moTamaSisaTvis B moTamaSis xarjze gadaxdis funqcia W 

(x,y) gamoiyureba Semdegnairad: 

W(1,1) =-1,                    W(2,1)=2; 

W(1,2) =1,                    W(2,2)=-2. 

funqcia W (x,y) warmoadgineT grafikulad. 

 

 

8.4. bimatriculi TamaSebi da brZola bazrisaTvis 

 
ganvixiloT konfliqturi situacia, romelSic 

moTamaSeebs aqvT arCevis Semdegi SesaZleblobebi: 
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А moTamaSe  – SeuZlia airCios nebismieri strategia А1, ... , 

Ат; В moTamaSe  – SeuZlia airCios nebismieri strategia В1,..., Вn. 
Tu, А moTamaSe irCevs Аi -s i strategias da  В  moTamaSe irCevs 
Вk-s  k strategias,  maSin А moTamaSis mogeba udris aik-s, xolo 
В moTamaSis mogeba - bik-s. А da В moTamaSeebis mogeba SegviZlia 
CavweroT ori matricis saxiT, pirveli matrica aRwers А 

mogebebs, meore ki В mogebebs. 

 

 
 

rodesac moTamaSeTa interesebi gansxvavdeba (magram araa 
aucilebeli sapirispiro iyos), adgili aqvs bimatricul 
TamaSs. ganvixiloT bimatriculi TamaSi  - brZola  
bazrisaTvis.  

mocemulia ori firmis (A da B) matrica: 

,      

gamovTvaloT moTamaSeebis Sereuli strategiebi da maTi 
saSualo mogebebi. 
bimatricul TamaSSi saSualo mogebebi gamoiTvleba  

Semdegnairad: HA(p,q) =(a11-a12-a21+a22)pq +(a12-a22)p+(a21-a22)q+a22 ;                                       

(8.13) 

HB(p,q) =(b11-b12-b21+b22)pq +(b12-b22)p+(b21-b22)q+b22.                               (8.14)  

sadac wyvili (p,q) aRniSnavs wonasworul situacias. imisaTvis, 

rom wyvili (p,q) aRniSnavdes wonasworul situacias, 
aucilebelia Semdegi utolobebis Sesruleba: 
 

                                                                                                                       (8.15)  

sadac 

C= a11-a12-a21+a22 ;                                                                                                                                                            (8.16) 

D= b11-b12-b21+b22;                                                                                                                                                           (8.17) 
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α= a22-a12;                                                                                                                                                                                (8.18) 

β= a22- a21..                                                                                                                                                                               (8.19) 

CavsvaT monacemebi da gavigoT C ,  D , α, β mniSvnelobebi:  

C=-10-2-1-1=-14, D=5+2+1+1=9, α =-1-2=-3, β =1+1=2, 

miviRebT:  

(p-1)(-14q-(-3))≥0; 

p(-14q-(-3))≥0. 

SesaZlebelia 3 SemTxveva am utolobebis Sesasruleblad: 

1) p=1;   2)  p=0;  3)  0<p<1. 

pirveli piroba: rodesac p = 1 miviRebT: 0≥0 და -14q+3≥0, saidanac  

. 

meore piroba: rodesac p = 0, miviRebT: -(-14q+3) ≥0 da 0≥0,  saidanac 

. 

mesame piroba:  bolos, rodesac 0<p<1, miviRebT: -14q+3≥0 da -

14q+3≤0, rac SesaZlebelia mxolod maSin, roca -14q+3=0,    .  

miRebuli Sedegebi gadavitanoT naxazze. avagoT sibrtyeze 
marTkuTxa koordinatTa sistema da gamovyoT masze kvadrati, 

romelic Seesabameba utolobas: 0≤p≤1, 0≤q≤1 (nax 8.9). masze 
aviRoT im wertilebis simravle, romlebic aRwerilia 1), 2) da 
3) pirobebiT (nax. 8.10). 
 

  

 

 

 

    

ნახ. 8.9                                                          ნახ.8.10 

axla ganvixiloT Semdegi utolobebi: 
(q-1)(9p-2)≥0 

q(9p-2)≥0 

0 

1 

1 

q 

p 0 

1 

1 

q 

p 
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am utolobebis Sesasruleblad arsebobs 3 saSualeba: 

1)q=1;   2)  q=0;  3)  0<q<1. 
miviRebT: 

q=1, p≥ , 

q=0,  

0<q<1, . 

gadavitanoT monacemebi naxazze, miviRebT (nax.8.11) . Semdeg, 
gavaerTianoT 8.8 da 8.9 naxazebi, miviRebT 8.12 nax-s. 

 

 

   

 

 

                 ნახ.8.11                                                              ნახ.8.12 

miRebuli zigzagebis saerTo wertilia wonasworobis 

wertili, da misi koordinatebia: ; moTamaSeTa Sereuli 

strategiebia: 

, saSualo mogebebi ki -  ,  

. 

 

 

laboratoriuli samuSao 8.4 

 
vipovoT bimatriculi TamaSis amonaxsni: 

,        B=    

CavsvaT Cveni monacemebi da gavigoT C ,  D , α, β mniSvnelobebi.  

(8.16),(8.17),(8.18),(8.19)  formulebis Tanaxmad, miviRebT: 

C=2-0-0+1=3, D=1-0-0+2=3, α =1-0=1, β =2-0=2 
miRebuli mniSvnelobebi CavsvaT formulaSi (8.15), 

miviRebT utolobaTa sistemas: 

1) (p-1)(3q-1))≥0,             p(3q-1)≥0, 

2) (q-1)(3p-2)≥0      q(3p-2)≥0 

0 

1 

1 

q 

p 
 

0 

1 

1 

q 

p 
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pirveli da meore utolobebis Sesasruleblad 
SesaZlebelia sami SemTxveva: 

1) p=1; p=0; 0<p<1; 

2)q=1; q=0; 0<q<1; 
miviRebT: 

p=1, q≥ ;   p=0, q≤ ;   0<p<1, q= ; 

q=1, p≥  ; q=0, p≤ ;       0<q<1, p= . 

geometriuli Sedegi naCvenebia   8.11 nax-ze. 

 

 

 

 

 

                 ნახ. 8.13 

mocemul TamaSs aqvs 3 wonasworobis wertili. ori 

maTgani aris moTamaSeebis wminda strategia:  

p=1, q=1:        HA(1,1) = 2,  HB(1,1) = 1, 

p=0, q=0:        HA(0,0) = 1,  HB(0,0) = 2 

da erTi wertili aris moTamaSeebis Sereuli strategia: 

p= , q=  : . 

 

savarjiSo. 

ipoveT bimatriculi TamaSis amonaxsni: 

,        B=    

 

 

 

 

 

 

 
0 

1 

1 

q 

p 
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