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leqcia 1. ciuri sxeulebis gravitaciuli 

velebi 

ZiriTadi Zala, romelic gansazRvravs ciuri sxeulebis moZraobas, 

aris gravitacia. imisaTvis, rom koreqtulad CamovayaliboT am sxeulebis 

moZraobis amocana da davadginoT ama Tu im miaxloebis gamoyenebis 

sazRvrebi, aucilebelia Tavdapirvelad ganvixiloT ciuri sxeulebis 

gravitaciuli velebis aRweris Taviseburebebi. 

davuSvaT gvaqvs 𝑇𝑇  sxeuli 𝜌𝜌(𝑟𝑟′)  simkvriviT da 𝑀𝑀  masiT, romlis 

mdebareoba ganisazRvreba 𝑥𝑥,𝑦𝑦, 𝑧𝑧 koordinatTa sistemaSi (naxazi 1). radgan 
mizidulobis Zala damokidebulia mxolod mimzidveli sxeulebis 

koordinatebze anu warmoadgens potencialur Zalas, amitom unda 

veZeboT 𝑇𝑇 sxeulis gravitaciuli potenciali da mxedvelobaSi miviRoT, 

rom potenciali 𝑉𝑉  ganisazRvreba Semdegi damokidebulebiT: Zala 𝐹⃗𝐹 =
𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑉𝑉 (am SemTxvevaSi potencialuri energia tolia 𝑈𝑈 = −𝑉𝑉). sxeulis 

elementi masiT 𝑑𝑑𝑑𝑑′  moculobaSi 𝑑𝑑𝑑𝑑′  radius-veqtoriT 𝑟𝑟  wertilSi 𝑃𝑃 
qmnis potencials: 

𝑑𝑑𝑑𝑑 = 𝑓𝑓
𝜌𝜌(𝑟𝑟′)𝑑𝑑𝑑𝑑′
|𝑟𝑟 − 𝑟𝑟′| ,                                                   (1) 

sadac 𝑓𝑓 aris gravitaciuli mudmiva. 

mTeli sxeulis potencialis misaRebad 𝑇𝑇  sxeulis moculobaze 

integrirebis win (1) formulis mniSvneli gardavqmnaT kosinusebis 

Teoremis meSveobiT: 

1
|𝑟𝑟 − 𝑟𝑟′| =

1

𝑟𝑟�1− 2 𝑟𝑟′𝑟𝑟 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + �𝑟𝑟′𝑟𝑟 �
2

.                                  (2) 

am formulis marjvena mxare warmoadgens leJandris polinomebis 

mwarmoebel funqcias 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  argumentiT, sadac 𝜓𝜓  aris kuTxe 𝑟𝑟  da 𝑟𝑟′ 
radius-veqtorebs Soris. es niSnavs, rom (2) gamosaxuleba SesaZloa 

warmovadginoT mwkrivis saxiT 𝑟𝑟′/𝑟𝑟  Sefardebis xarisxebiT, romelTa 

koeficientebi iqneba leJandris polinomebi 𝑃𝑃𝑛𝑛(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), anu: 

1
|𝑟𝑟 − 𝑟𝑟′| =

1
𝑟𝑟
�𝑃𝑃𝑛𝑛(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)�

𝑟𝑟′
𝑟𝑟
�
𝑛𝑛∞

𝑛𝑛=0

.                                 (3) 
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naxazi 1. Tavisufali sxeulis gravitaciuli potencialis gamoTvla. 

Tu gadavalT 𝑟𝑟, 𝜃𝜃, 𝜆𝜆  sferul koordinatebze (naxazi 1), maSin (3) 

mwkrivis koeficientebSi ucnobebis gayofisTvis SegviZlia visargebloT 

sferuli funqciebis Sekrebis TeoremiT. am Teoremas Semdegi saxe aqvs 

(Tu SemoviRebT aRniSvnas 𝑡𝑡 = cos𝜃𝜃): 

𝑃𝑃𝑛𝑛(cos𝜓𝜓) = 𝑃𝑃𝑛𝑛(𝑡𝑡)𝑃𝑃𝑛𝑛(𝑡𝑡′) + 2 �
(𝑛𝑛 − 𝑚𝑚)!
(𝑛𝑛 + 𝑚𝑚)!

𝑃𝑃𝑛𝑛𝑚𝑚(𝑡𝑡)𝑃𝑃𝑛𝑛𝑚𝑚(𝑡𝑡′) cos𝑚𝑚(𝜆𝜆 − 𝜆𝜆′),      (4)
𝑛𝑛

𝑚𝑚=1

 

sadac 

𝑃𝑃𝑛𝑛(𝑡𝑡) =  
1

2𝑛𝑛𝑛𝑛!
𝑑𝑑𝑛𝑛

𝑑𝑑𝑡𝑡𝑛𝑛
(𝑡𝑡2 − 1)𝑛𝑛                                            (5) 

leJandris polinomebia, xolo 

𝑃𝑃𝑛𝑛𝑚𝑚(𝑡𝑡) = (−1)𝑚𝑚(1 − 𝑡𝑡2)𝑚𝑚 2⁄ 𝑑𝑑𝑚𝑚

𝑑𝑑𝑡𝑡𝑚𝑚
�𝑃𝑃𝑛𝑛(𝑡𝑡)�                           (6) 

leJandris mierTebuli funqciebia. 

martivia davrwmundeT, rom (5) gamosaxulebis Tanaxmad 𝑃𝑃1(𝑡𝑡) = 𝑡𝑡. 
Sesabamisad, roca 𝑛𝑛 = 1, formula (4) iZleva sferuli trigonometriis 

kosinusebis formulas. amitom, Sekrebis Teorema SegviZlia ganvixiloT, 

rogorc am formulis garkveuli ganzogadeba. 

Tu (4)-s CavsvavT (3)-Si, xolo (3)-s – (1)-Si, integrirebis Semdeg 

miviRebT potencials mTeli sxeulisaTvis: 
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𝑉𝑉 =
𝑓𝑓
𝑟𝑟
�𝑃𝑃𝑛𝑛(𝑡𝑡) � 𝜌𝜌(𝑟𝑟′)𝑃𝑃𝑛𝑛(𝑡𝑡′)�

𝑟𝑟′

𝑟𝑟
�
𝑛𝑛

𝑑𝑑𝜈𝜈′ +
(𝑇𝑇)

 

+�  
∞

𝑛𝑛=1

� 2
(𝑛𝑛 −𝑚𝑚)!
(𝑛𝑛 +𝑚𝑚)!

𝑛𝑛

𝑚𝑚=1

𝑃𝑃𝑛𝑛𝑚𝑚(𝑡𝑡) cos𝑚𝑚𝑚𝑚 � 𝜌𝜌(𝑟𝑟′)𝑃𝑃𝑛𝑛𝑚𝑚(𝑡𝑡′) cos𝑚𝑚𝜆𝜆′ �
𝑟𝑟′

𝑟𝑟
�
𝑛𝑛′

𝑑𝑑𝜈𝜈′
(𝑇𝑇)

+        (7) 

+�  
∞

𝑛𝑛=1

� 2
(𝑛𝑛 −𝑚𝑚)!
(𝑛𝑛 +𝑚𝑚)!

𝑛𝑛

𝑚𝑚=1

𝑃𝑃𝑛𝑛𝑚𝑚(𝑡𝑡) sin𝑚𝑚𝑚𝑚 � 𝜌𝜌(𝑟𝑟′)𝑃𝑃𝑛𝑛𝑚𝑚(𝑡𝑡′) sin𝑚𝑚𝜆𝜆′

(𝑇𝑇)

�
𝑟𝑟′

𝑟𝑟
� 𝑑𝑑𝜈𝜈′�. 

(7) mwkrivis wevrebi gavamravloT da gavyoT 𝑎𝑎𝑛𝑛𝑀𝑀 sidideebze, sadac 

𝑎𝑎 – mocemuli sxeulis damaxasiaTebeli zomaa (varskvlavis an planetis 

ekvatoruli radiusi) da ganuzRvreli koeficientebisTvis SemoviRoT 

Semdegi aRniSvnebi: 

𝐽𝐽𝑛𝑛 =
1

𝑎𝑎𝑛𝑛𝑀𝑀
� 𝜌𝜌(𝑟𝑟′)𝑃𝑃𝑛𝑛(𝑡𝑡′)𝑟𝑟′𝑛𝑛

(𝑇𝑇)

𝑑𝑑𝜈𝜈′ 

𝐶𝐶𝑛𝑛𝑚𝑚 =
2

𝑎𝑎𝑛𝑛𝑀𝑀
(𝑛𝑛 −𝑚𝑚)!
(𝑛𝑛 +𝑚𝑚)!

� 𝜌𝜌(𝑟𝑟′)𝑃𝑃𝑛𝑛𝑚𝑚(𝑡𝑡′) cos𝑚𝑚𝜆𝜆′ 𝑑𝑑𝜈𝜈′
(𝑇𝑇)

                           (8) 

𝑆𝑆𝑛𝑛𝑚𝑚 =
2

𝑎𝑎𝑛𝑛𝑀𝑀
(𝑛𝑛 −𝑚𝑚)!
(𝑛𝑛 +𝑚𝑚)!

� 𝜌𝜌(𝑟𝑟′)𝑃𝑃𝑛𝑛𝑚𝑚(𝑡𝑡′) sin𝑚𝑚𝜆𝜆′ 𝑑𝑑𝜈𝜈′
(𝑇𝑇)

 

aqedan, sxeulis gravitaciuli potenciali mis garSemo sivrceSi tolia: 

𝑉𝑉 =
𝑓𝑓𝑓𝑓
𝑟𝑟
�1 + �𝐽𝐽𝑛𝑛𝑃𝑃𝑛𝑛(𝑡𝑡)�

𝑎𝑎
𝑟𝑟
�
𝑛𝑛

+
∞

𝑛𝑛=1

+ �  
∞

𝑛𝑛=1

� (𝐶𝐶𝑛𝑛𝑚𝑚 cos𝑚𝑚𝑚𝑚 + 𝑆𝑆𝑛𝑛𝑚𝑚 sin𝑚𝑚𝑚𝑚)𝑃𝑃𝑛𝑛𝑚𝑚(𝑡𝑡) �
𝑎𝑎
𝑟𝑟
�
𝑛𝑛

𝑛𝑛

𝑚𝑚=1

�.                 (9) 

amdenad, miviReT Tavisufali sxeulis gravitaciuli potencialis daSla 

𝑃𝑃(𝑟𝑟)  wertilis koordinatebis sferul funqciebad, anu 𝑟𝑟  manZilis 

xarisxobriv mwkrivebad, 𝜃𝜃  polaruli kuTxis leJandris funqciebad da 

𝜆𝜆  grZedis furie mwkrivebad. aRvniSnoT, rom igive Sedegi SeiZleba 
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miviRoT Tu gaviTvaliswinebT, rom gravitaciuli potenciali Tavisufal 

sivrceSi akmayofilebs laplasis gantolebas, xolo sferuli funqciebi 

swored laplasis operatoris sakuTar funqciebs warmoadgens. 

(9) mwkrivis koeficientebi sxeulis simkvrivis jerad momentebs 

warmoadgens. mwkrivis wevrebis ganmsazRvrel koeficientebs 𝐽𝐽𝑛𝑛, 
romlebic ar arian damokidebuli 𝜆𝜆 grZedze da 𝜃𝜃 polarul kuTxeze da 

nolis toli xdebian paralelebze, zonaluri koeficientebi ewodebaT. 

koeficientebi 𝐶𝐶𝑛𝑛𝑛𝑛  da 𝑆𝑆𝑛𝑛𝑛𝑛  gansazRvraven harmonikebs, romlebic ar arian 

damokidebuli 𝜃𝜃  kuTxeze da nols utoldebian meridianebze. bolos, 

koeficientebi 𝐶𝐶𝑛𝑛𝑚𝑚  da 𝑆𝑆𝑛𝑛𝑚𝑚  roca 𝑚𝑚 < 𝑛𝑛,  utoldeba nols sferul 

trapeciebSi, romlebic Sedgeba paralelebis da meridianebis Sesabamisi 

rkalebiT (anu teserebiT). amitom maT uwodeben teserul koeficientebs.  
ganvsazRvroT (9) mwkrivis pirveli koeficientebis fizikuri arsi. 

sferulidan marTkuTxa koordinatebze gadasvlis formulebis 

gaTvaliswinebiT, roca 𝑛𝑛 = 1, miviRebT: 

𝐽𝐽1 =
𝑧𝑧𝑐𝑐
𝑎𝑎 , 𝐶𝐶11 =

𝑥𝑥𝑐𝑐
𝑎𝑎 , 𝑆𝑆11 =

𝑦𝑦𝑐𝑐
𝑎𝑎 ,                                      (10) 

sadac 𝑥𝑥𝑐𝑐 ,𝑦𝑦𝑐𝑐 ,𝑧𝑧𝑐𝑐 – 𝑇𝑇 sxeulis masaTa centris koordinatebia.  

amdenad, 𝑛𝑛 = 1  SemTvevaSi mwkrivis koeficientebi tolia sxeulis 

masaTa centris ganuzRvreli koordinatebis da SesaZloa gavutoloT 

nols, Tu koordinatTa sistemis centrs davamTxvevT im sxeulis masaTa 

centrs, romlis gravitaciul potencialsac veZebT. sanam gadavalT 𝑛𝑛 =
2  SemTxvevaze, gavixsenoT, rom sxeulis simkvrivis meore rigis 

momentebi qmnian am sxeulis inerciis tenzors: 

𝐼𝐼 = �
𝐴𝐴 𝐷𝐷 𝐸𝐸

𝐷𝐷 𝐵𝐵 𝐹𝐹

𝐸𝐸 𝐹𝐹 𝐶𝐶

� ,                                                         (11) 

sadac inerciis RerZuli momentebi tolia: 
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𝐴𝐴 = � 𝜌𝜌(𝑟𝑟′)�𝑦𝑦′2 + 𝑧𝑧′2�
(𝑇𝑇)

𝑑𝑑𝜈𝜈′, 

𝐵𝐵 = � 𝜌𝜌(𝑟𝑟′)�𝑥𝑥′2 + 𝑧𝑧′2�
(𝑇𝑇)

𝑑𝑑𝜈𝜈′,                                    (12) 

𝐶𝐶 = � 𝜌𝜌(𝑟𝑟′)�𝑥𝑥′2 + 𝑦𝑦′2�
(𝑇𝑇)

𝑑𝑑𝜈𝜈′ 

da inerciis centridanuli momentebi tolia: 

𝐷𝐷 = − � 𝜌𝜌(𝑟𝑟′)𝑥𝑥′𝑦𝑦′
(𝑇𝑇)

𝑑𝑑𝜈𝜈′ , 

𝐸𝐸 = − � 𝜌𝜌(𝑟𝑟′)𝑥𝑥′𝑧𝑧′
(𝑇𝑇)

𝑑𝑑𝜈𝜈′,                                             (13) 

𝐹𝐹 = − � 𝜌𝜌(𝑟𝑟′)𝑦𝑦′𝑧𝑧′
(𝑇𝑇)

𝑑𝑑𝜈𝜈′. 

formulebis (12) da (13) da aseve, sferul da marTkuTxovan 

koordinatTa sistemebs Soris damakavSirebeli formulebis gamoyenebiT, 

garkveuli gardaqmnebis Semdeg, miviRebT, rom: 

𝐽𝐽2 =
𝐴𝐴 + 𝐵𝐵 − 2𝐶𝐶

2𝑎𝑎2𝑀𝑀 , 

     𝐶𝐶21 =
𝐸𝐸
𝑎𝑎2𝑀𝑀 ,     𝐶𝐶22 =

𝐵𝐵 − 𝐴𝐴
4𝑎𝑎2𝑀𝑀 ,                                                (14) 

     𝑆𝑆21 =
𝐹𝐹
𝑎𝑎2𝑀𝑀 ,     𝑆𝑆22 =

𝐷𝐷
𝑎𝑎2𝑀𝑀.      

bolos aRvniSnavT, rom yovelTvis SeiZleba avirCioT koordinatTa 

RerZebis iseTi mimarTulebebi anu inerciis mTavari RerZebi, romelTa 

mimarT inerciis tenzors diagonaluri saxe aqvs. am dros 𝐶𝐶21,  𝑆𝑆21  da 𝑆𝑆22 
koeficientebi nolis toli gaxdeba. 
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ganvixiloT gravitirebad sxeulSi simkvrivis ganawilebis zogierTi 

kerZo SemTxveva: 

1. davuSvaT masaTa ganawileba emorCileba sferul simetrias anu 𝜌𝜌(𝑟𝑟′) =
𝜌𝜌(𝑟𝑟′). maSin, leJandris da trigonometriuli funqciebis 

orTogonalobis gamo (9) mwkrivis yvela koeficienti udris nols, 

Tumca 𝐽𝐽0 = 1 da potenciali tolia: 

𝑉𝑉 =
𝑓𝑓𝑓𝑓
𝑟𝑟 ,                                                        (15) 

am SemTxvevaSi sxeulis gravitaciuli veli emTxveva 𝑀𝑀 wertilovani 

masis vels, romelic imyofeba sxeulis masaTa centrSi. es faqti jer 

kidev isaak niutonisTvis iyo cnobili, Tumca mas sxvanairad 

amtkicebda. 

2. aseTive Sedegi SegviZlia miviRoT, Tu ganvixilavT gravitaciul vels 

Cveni sxeulidan sakmarisad Sor manZilze anu 𝑟𝑟 -is iseTi 

mniSvnelobebisaTvis, romlebic imdenad aRematebian sxeulis 𝑎𝑎 zomas, 
rom SesaZlebelia ugulebelvyoT (𝑎𝑎 𝑟𝑟⁄ )2  da aseve, ufro maRali 

rigis wevrebi. 

3. sxeuls gaaCnia RerZuli simetria anu 𝜌𝜌(𝑟𝑟′) = 𝜌𝜌(𝑟𝑟′,𝜃𝜃).  aseT 

SemTxvevaSi gaqreba yvela seqtoruli da teseruli harmonikebi, 

radgan yvela koeficienti 𝐶𝐶𝑛𝑛𝑚𝑚 = 𝑆𝑆𝑛𝑛𝑚𝑚 = 0 da gravitaciul potencials 

mxolod zonaluri harmonikebi eqneba: 

𝑉𝑉 =
𝑓𝑓𝑓𝑓
𝑟𝑟
�1 + �𝐽𝐽𝑛𝑛𝑃𝑃𝑛𝑛(𝑡𝑡) �

𝑎𝑎
𝑟𝑟
�
𝑛𝑛

∞

𝑛𝑛=2

�.                                   (16) 

4. Tu aseve adgili aqvs ekvatoruli sibrtyis mimarT simetrias anu 

sxvanairad rom vTqvaT, simkvrive aris 𝜑𝜑 = 𝜋𝜋 2⁄ − 𝜃𝜃  grZedis luwi 

funqcia, maSin yvela kenti zonaluri harmonika nolis toli xdeba 

da potenciali Semdegnairad SeiZleba CavweroT: 

𝑉𝑉 =
𝑓𝑓𝑓𝑓
𝑟𝑟
�1 + �𝐽𝐽2𝑛𝑛𝑃𝑃2𝑛𝑛(𝑡𝑡) �

𝑎𝑎
𝑟𝑟
�
2𝑛𝑛

∞

𝑛𝑛=1

� .                              (17) 

punqti 2 warmoadgens raodenobriv mtkicebulebas, rom ciuri 

sxeulebi, erTmaneTisgan didi daSorebis gamo, SesaZlebelia ganvixiloT 

rogorc materialuri wertilebi da saSualebas gvaZlevs SevafasoT am 
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miaxloebis sizuste yovel konkretul SemTxvevaSi. gviandeli 

speqtruli klasis erTmagi varskvlavebi (magaliTad, mze), romelTa 

RerZuli brunva ar aris didi, sakmaod kargad akmayofileben 1 puntis 

pirobebs. gazovani da Txevadi sxeulebi (adreuli speqtruli klasis 

swrafad mbrunavi varskvlavebi, mWidro orjeradi sistemis komponentebi, 

giganturi planetebi) akmayofileben 3 da 4 punqtebis pirobebs. 

dedamiwis tipis myartaniani planetebi da planetebis didi Tanamgzavrebi 

aseve akmayofileben am pirobebs, Tumca naklebi sizustiT. mzis sistemis 

sxeulebis gravitaciuli velebis maxasiaTeblebi moyvanilia cxrilSi 1. 

zogjer (kerZod, gravitaciuli anomaliebis aRwerisas), ufro 

moxerxebulia ciuri sxeulis gravitaciuli velis warmodgena 

gravitaciuli multivelis saxiT anu rogorc mocemuli masebis 

garkveuli saxiT ganlagebuli materialuri wertilebis velebis 

erToblioba.  

aseT SemTxvevaSi, potenciali tolia: 

𝑉𝑉 = 𝑓𝑓�
𝑚𝑚𝑛𝑛

|𝑟𝑟 − 𝑟𝑟𝑛𝑛|

𝑁𝑁

𝑛𝑛=1

,                                                   (20) 

SevniSnavT, rom moZraobis gantolebebi gravitaciul dipolSi 

potencialiT 

𝑉𝑉 = 𝑓𝑓 �
𝑚𝑚1

|𝑟𝑟 − 𝑟𝑟1| +
𝑚𝑚2

�|𝑟𝑟 − 𝑟𝑟1|�
�                                             (21) 

integrirdeba saboloo saxemde. arsebobs sxva tipis midgomebic 

gravitaciuli velebis aRwerisaTvis, magaliTad, sxvadasxva radiusis 

diskoebis erToblioba. 
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cxrili 1. mzis sistemis sxeulebis gravitaciuli velebis maxasiaTeblebi 

obieqti 𝑓𝑓𝑓𝑓, sm3/w2 𝐽𝐽𝑛𝑛 ∙ 106  

  n=2 n=3 n=4 n=5 n=6 

mze 

merkuri 

venera 

dedamiwa 

marsi 

iupiteri 

saturni 

urani 

neptuni 

mTvare 

1.33 ∙ 1026 
2.17 ∙ 1019 
3.25 ∙ 1020 
3.99 ∙ 1020 
4.30 ∙ 1019 
1.27 ∙ 1023 
3.79 ∙ 1022 
5.80 ∙ 1021 
7.05 ∙ 1021 
4.90 ∙ 1018 

<10 

∼ -100 
∼ -4 
-1083 

-1959 

-14733 

-16479 

-3352 

-3411 

-206 

- 

- 

- 

2.54 

30 

- 

- 

- 

- 

-37 

- 

- 

- 

1.58 

-10 

-587 

-937 

-29 

-50 

33 

- 

- 

- 

0.22 

-6 

- 

- 

- 

- 

-5 

- 

- 

- 

0.59 

-3 

5 

11 

- 

- 

- 
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leqcia 2. mravali sxeulis amocanis dasma 

koordinatTa inerciul sistemaSi 

cis meqanikis calkeuli amocanebis ganxilvaze gadasvlis win, unda 

gaviTvaliswinoT, rom klasikur meqanikaSi yvela SesaZlo koordinatTa 

sistema iyofa or klasad – inerciuli, romelSic sruldeba niutonis 

dinamikis kanonebi, da arainerciuli. arainerciul sistemebSi 

samarTliania fardobiTi moZraobis gantolebebi, romelTa arsi SeiZleba 

Semdegnairad gamovxatoT: Zalebs, romlebic moqmedeben mocemul sxeulze 

sxva sxeulebis mxridan, unda davumatoT inerciis Zala, romelic 

arabrunvadi sistemebis SemTxvevaSi tolia mocemuli sxeulis masis 

namravlisa koordinatTa sistemis saTavis aCqarebaze, aRebuli 

sapirispiro niSniT. TavisTavad inerciis Zalis cneba arc Tu ise 

martivia. is ar aris Zala materialur obieqtebs Soris urTierTqmedebis 

gagebiT. Tumca, Cvens SemTxvevaSi, sakmarisia gamoviyenoT, rogorc 

arainerciul koordinatTa sistemebSi moZraobis gantolebis Caweris 

moxerxebuli meTodi. 

astronomiuli amocanebis gadawyvetisas ganxiluli koordinatTa 

sistemebi dakavSirebulia garkveul ciur sxeulebTan. imisaTvis, rom 

aseTi sistema iyos inerciuli, saWiroa, rom es sxeulebi ar 

urTierTqmedebdnen sxva materialur obieqtebTan. mkacrad rom vTqvaT, es 

SeuZlebelia. amitom, unda visaubroT ama Tu im koordinatTa sistemis 

inerciulobis an arainerciulobis xarisxze. zogadad astronomiaSi, 

inerciulTan maqsimalurad miaxloebuli koordinatTa sistemis agebis 

amocana wydeba fundamenturi astrometriis meSveobiT. SemdgomSi, Cven 

gamoviyenebT koordinatTa sistemebs, romlebic gansazRvrebis doneze 

arian inerciulni an davazustebT maTi inerciulobis xarisxs. 

davuSvaT mocemuli gvaqvs 𝑛𝑛 + 1  materialuri wertili 𝑀𝑀0,
𝑀𝑀1, … ,𝑀𝑀𝑛𝑛,  romelTa masebia 𝑚𝑚0,𝑚𝑚1, … ,𝑚𝑚𝑛𝑛 .  unda vipovnoT maTi radius-
veqtorebi, rogorc drois funqciebi, Tu TiToeul wertilze moqmedebs 

mxolod sistemaSi Semavali danarCeni sxeulebis mizidulobis Zalebi. 

koordinatTa 𝑋𝑋,𝑌𝑌,𝑍𝑍  inerciul sistemaSi 𝑀𝑀𝑖𝑖  wertilis mdebareoba 

ganisazRvreba misi 𝑅𝑅�⃗ 𝑖𝑖 radius-veqtoriT (naxazi 2). 
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naxazi 2. ramdenime sxeulis amocana koordinatTa inerciul sistemaSi. 

maSin misi moZraobis gantoleba gamoisaxeba niutonis meore kanoniT 

da aqvs Semdegi saxe: 

𝑚𝑚𝑖𝑖𝑅𝑅�⃗
̈
𝑖𝑖 = 𝑓𝑓𝑚𝑚𝑖𝑖�

𝑚𝑚𝑗𝑗(𝑅𝑅�⃗𝑗𝑗 − 𝑅𝑅�⃗ 𝑖𝑖)

�𝑅𝑅�⃗𝑗𝑗 − 𝑅𝑅�⃗ 𝑖𝑖�
3

𝑛𝑛

𝑗𝑗=0

,   𝑗𝑗 ≠ 𝑖𝑖.                                (22) 

gantolebis marjvena mxaris mricxvelSi mocemuli veqtori  

gansazRvravs Zalis mimarTulebas, romlidanac 𝑀𝑀𝑗𝑗  wertili izidavs 𝑀𝑀𝑖𝑖 

wertils, xolo 𝑀𝑀𝑗𝑗𝑀𝑀𝑖𝑖  manZilis kubi mniSvnelSi uzrunvelyofs Zalis 

ukukvadratul damokidebulebas am manZilze. Tu 𝑖𝑖  mimdevrobiT gaivlis 

0-dan 𝑛𝑛-mde mniSvnelobebs, maSin (22) iZleva sistemas, romelic Sedgeba 

𝑛𝑛 + 1  veqtoruli diferencialuri an 3(𝑛𝑛 + 1)  skalaruli 

gantolebisgan. TiToeul gantolebas aqvs meore xarisxi anu (22) 

gantolebaTa mTeli sistemis xarisxi tolia 6(𝑛𝑛 + 1).  kerZod, 

gantolebaTa sistemas, romelic aRwers mzis da cxra didi planetis 

moZraobas, aqvs me-60 xarisxi. 

Tu SevZlebT (22) diferencialur gantolebaTa sistemis zogadi 

amonaxsnis povnas, maSin igi unda Seicavdes Sesabamisi raodenobis 

Tavisufal wevrebs, zogad SemTxvevaSi – 6(𝑛𝑛 + 1) . maTi amoxsnisaTvis 
unda gvqondes sawyisi pirobebi (koSis amocana): 

𝑅𝑅�⃗ 𝑖𝑖
(0) = 𝑅𝑅�⃗ 𝑖𝑖(𝑡𝑡0), 𝑅𝑅�⃗ ̇ 𝑖𝑖

(0) = 𝑅𝑅�⃗ ̇ 𝑖𝑖(𝑡𝑡0).                                        (23) 

e.i. sistemis yvela wertilis radius-veqtoris da siCqareTa veqtoris 

mniSvnelobebi drois 𝑡𝑡0  sawyis momentSi an yvela radius-veqtoris 

mniSvnelobebi drois or, 𝑡𝑡1 da 𝑡𝑡2 momentebSi (sasazRvro amocana): 
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𝑅𝑅�⃗ 𝑖𝑖
(1) = 𝑅𝑅�⃗ 𝑖𝑖(𝑡𝑡1), 𝑅𝑅�⃗ 𝑖𝑖

(2) = 𝑅𝑅�⃗ 𝑖𝑖(𝑡𝑡2).                                      (24) 

pirvel amocanasTan Sexeba gvaqvs, magaliTad, xelovnuri kosmosuri 

obieqtis (dedamiwis xelovnuri Tanamgzavris an avtomaturi 

saplanetaSoriso sadguris) orbitaze gayvanis SemTxvevaSi, xolo 

meoresTan – ciuri sxeulis orbitis gansazRvrisas misi poziciuri 

dakvirvebiTi monacemebis safuZvelze.  

gantolebaTa (22) sistema arawrfivia da roca 𝑛𝑛 > 1  - ar 

integrirdeba saboloo saxiT. Tumca, amocanis dasmis Sesabamisad 

materialur wertilTa mocemuli sistema aris Caketili da amitom, 

misTvis unda sruldebodes Senaxvis Sesabamisi kanonebi. am ukanasknelT 

maTematikuri TvalsazrisiT aqvT Ψ(𝑅𝑅�⃗ 𝑖𝑖 ,𝑅𝑅�⃗
̇
𝑖𝑖 , 𝑡𝑡)  funqciebis saxe, romlebic 

utoldeba mudmivebs, Tu funqciebi 𝑅𝑅�⃗ 𝑖𝑖(𝑡𝑡)  da 𝑅𝑅�⃗ ̇ 𝑖𝑖(𝑡𝑡)  akmayofileben 

moZraobis gantolebebs. es Ψ(𝑅𝑅�⃗ 𝑖𝑖 ,𝑅𝑅�⃗
̇
𝑖𝑖 , 𝑡𝑡)  funqciebi ar Seicaven umaRles 

warmoebulebs da amitom, ewodebaT diferencialur gantolebaTa (22) 

sistemis pirveli integralebi. isini Seicaven garkveul informacias 

Cveni sistemis materialuri wertilebis moZraobis Sesaxeb. 

kerZod, yoveli pirveli integrali saSualebas gvaZlevs 

davadabloT sistemis xarisxi erTi erTeuliT, xolo damoukidebeli 

pirveli integralebis povna raodenobiT, romelic tolia gantolebaTa 

sistemis xarisxis, tolfasia misi integrirebisa. garkveuli 

mosazrebebiT, romlebsac SevexebiT mogvianebiT, mizanSewonilia mravali 

sxeulis amocanis pirveli integralebi miviRoT uSualod, meqanikis 

zogadi Teoremebis moSveliebis gareSe da amisaTvis visargebloT 

gansaxilveli amocanis Zalovani funqciiT.  

Tavdapirvelad gavakeToT ori SeniSvna. pirveli SeniSvna exeba imas, 

rom (22) sistemis TiToeuli gantoleba SeiZleba SevkvecoT aranulovan 

𝑚𝑚𝑖𝑖  masaze. Tumca, algebruli TvalsazrisiT am trivialur viTarebas – 

yvela materialuri obieqtis inerciis sididis da gravitaciuli 

Tvisebebis sididis tolobas (gravitaciuli mudmivas garkveuli 

mniSvnelobisaTvis), aqvs Rrma fizikuri azri.  

klasikur fizikaSi es eqsperimentulad da sakmaod maRali 

sizustiT dadgenili faqtia. am faqtis fundamenturma mniSvnelobam, 

romelic dakavSirebulia mis sayovelTaobasTan, miiyvana albert 
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einSteini zogadi fardobiTobis Teoriis Seqmnamde. meore SeniSvna – 

terminologiuria. gansaxilvel amocanas ewodeba mravali sxeulis 

amocana, Tumca masSi saubaria materialuri wertilebis moZraobaze. 

terminologiis aseTi cnobili uzustoba, romelic damkvidrebulia 

tradiciulad, miuTiTebs swored imaze, rom cis meqanikis safuZvlebi 

iqmneboda sakmaod didi xnis win, jer kidev manamde, vidre 

Camoyalibdeboda Tanamedrove mkacri moTxovnebi gamoyenebuli 

terminologiis mimarT. magaliTad, nacvlad gamoTqmisa `moZraoba 

koordinatTa inerciul sistemaSi” dResac ki zogjer gamoiyeneba 

gamoTqma `moZraoba absolutur RerZebSi”, xolo moZraobas koordinatTa 

arainerciul sistemaSi ewodeba `fardobiTi moZraoba”, Tumca yvela 

moZraoba fardobiTia.  

Zalovani funqcia ewodeba sistemis yvela wertilis koordinatebis  

iseT 𝑈𝑈  funqcias, roca gantolebaTa (22) sistemis 𝑖𝑖 -uri gantolebis 

marjvena mxare aris am funqciis gradienti da ganixileba rogorc 𝑖𝑖-uri 
wertilis koordinatebis funqcia da rasac Semdegnairad CavwerT: 

𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑖𝑖𝑈𝑈. uSualo gamoTvlebiT SeiZleba vaCvenoT, rom mravali sxeulis 

amocanis Zalovani funqcia tolia: 

𝑈𝑈 =
𝑓𝑓
2
�  
𝑛𝑛

𝑖𝑖=0

�
𝑚𝑚𝑖𝑖𝑚𝑚𝑗𝑗

∆𝑖𝑖𝑖𝑖

𝑛𝑛

𝑗𝑗=0

,     𝑗𝑗 ≠ 𝑖𝑖,                                         (25) 

sadac ∆𝑖𝑖𝑖𝑖= �𝑅𝑅�⃗𝑗𝑗 − 𝑅𝑅�⃗ 𝑖𝑖� . namravli 1/2 Cndeba (25) gamosaxulebis simetriis 

gamo 𝑖𝑖  da 𝑗𝑗  indeqsebis mimarT. amis Semdeg gantolebaTa (22) sistema 

SesaZlebelia CavweroT ufro kompaqturad: 

𝑚𝑚𝑖𝑖𝑅𝑅�⃗
̈ = 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑖𝑖𝑈𝑈,         𝑖𝑖 = 0,1, … ,𝑛𝑛                                   (26) 

rogorc vxedavT, 𝑈𝑈 Zalovani funqcia dadebiTia, Tu sistemis yvela 

wertili imyofeba erTmaneTisgan sasrul aranulovan manZilze da 

miiswrafis nulisken mxolod maSin, roca sistemis yvela wertili 

Sordeba erTmaneTs usasrulod. 

davadginoT (25) Zalovani funqciis zogierTi Tviseba da amisaTvis 

visargebloT koordinatTa sistemis arCevis TavisuflebiT (misi 

inerciulobis farglebSi). amasTan, mniSvnelovania, rom es Tavisufleba 

dakavSirebulia sivrcisa da drois fundamentur TvisebebTan – sivrcis 

erTgvarovnebas da izotropulobasTan da drois erTgvarovnebasTan. 
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sivrcis erTgvarovneba niSnavs, rom koordinatTa sistemis saTave 

SesaZlebelia ganvaTavsoT sivrcis nebismer wertilSi. koordinatTa 

sistemis saTave gadavitanoT wertilSi, romelic ganisazRvreba 

usasrulod mcire radius-veqtoriT 𝑑𝑑𝑅𝑅�⃗ .  amasTan, sistemis yvela 

wertilis radius-veqtori Seicvleba −𝑑𝑑𝑅𝑅�⃗  sididiT. Zalovani funqciis 

Sesabamisi cvlileba mravalucnobiani funqciis diferencirebis wesis 

Tanaxmad tolia: 

𝑑𝑑𝑑𝑑 = −�𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑖𝑖𝑈𝑈 ∙ 𝑑𝑑𝑅𝑅�⃗ .
𝑛𝑛

𝑖𝑖=0

                                          (27) 

∆𝑖𝑖𝑖𝑖 manZili am dros ar Seicvleba, amitom, 𝑈𝑈 funqciac ar Seicvlis 

Tavis mniSvnelobas anu 𝑑𝑑𝑑𝑑 = 0.  𝑑𝑑𝑅𝑅�⃗  Tanamamravlis Tavisufali 

mniSvnelobis gamo unda sruldebodes Semdegi toloba: 

�𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑖𝑖𝑈𝑈 = 0.                                                 (28)
𝑛𝑛

𝑖𝑖=0

 

cxadia, rom (28) toloba SesaZlebelia aseve ganvixiloT rogorc 

niutonis mesame kanonis Sedegi. 
sivrcis izotropuloba niSnavs yvela mimarTulebis 

Tanabaruflebianobas da koordinatTa RerZebis mimarTulebis Tavisuflad 

arCevis SesaZleblobas. Sedegad, Zalovani funqciac gautoldeba nols, 

Tu koordinatTa sistemas movabrunebT usasrulod mcire kuTxiT, 

romelsac aRvniSnavT mobrunebis veqtoriT  𝑑𝑑𝜑𝜑�⃗ . am veqtoris mimarTuleba 

gvaZlevs mobrunebis RerZs, xolo misi sidide – am RerZis garSemo 

mobrunebis kuTxes. visargebloT tolobiT 𝑅𝑅�⃗ ̇ 𝑖𝑖 = 𝜔𝜔��⃗ × 𝑅𝑅�⃗ 𝑖𝑖 da 𝜔𝜔��⃗ = 𝑑𝑑𝜑𝜑�⃗ 𝑑𝑑𝑑𝑑⁄  da 

miviRebT, rom 𝑑𝑑𝑅𝑅�⃗ 𝑖𝑖 = 𝑑𝑑𝜑𝜑�⃗ × 𝑅𝑅�⃗ 𝑖𝑖 . Sesabamisad, 

𝑑𝑑𝑑𝑑 = �𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑖𝑖𝑈𝑈 ∙
𝑛𝑛

𝑖𝑖=0

𝑑𝑑𝜑𝜑�⃗ × 𝑅𝑅�⃗ 𝑖𝑖 = 0.                          (29) 

Tu Sereul veqtorul namravlSi skalaruli da veqtoruli 

namravlis mimdevrobas SevcvliT, mobrunebis veqtoris Tavisuflebis 

gamo miviRebT, rom: 

�𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑖𝑖𝑈𝑈
𝑛𝑛

𝑖𝑖=0

× 𝑅𝑅�⃗ 𝑖𝑖 = 0,                                               (30) 
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anu daxuruli sistemis Zalis momentebis jami tolia nolis. 

drois erTgvarovneba saSualebas gvaZlevs Tavisuflad avirCioT 

misi dawyebis momenti. Tu wavanacvlebT am moments 𝑑𝑑𝑑𝑑  sididiT, maSin 
Zalovani funqciis cvlileba, aracxadad mocemuli funqciis 

diferencirebis wesis gaTvaliswinebiT, toli iqneba: 

𝑑𝑑𝑑𝑑 = �𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑖𝑖𝑈𝑈 ∙ 𝑅𝑅�⃗ 𝑖𝑖 ∙ 𝑑𝑑𝑑𝑑.                                        (31)
𝑛𝑛

𝑖𝑖=0

 

amis Semdeg, gamoviyenoT Zalovani funqciis Tvisebebi mravali 

sxeulis amocanis pirveli integralebis misaRebad.  

avjamoT (26) gantolebebi 𝑖𝑖 indeqsiT 0-dan 𝑛𝑛-mde. (28) pirobis gamo 
gveqneba: 

�𝑚𝑚𝑖𝑖𝑅𝑅�⃗
̈
𝑖𝑖 = 0.                                                 (32)

𝑛𝑛

𝑖𝑖=0

 

movaxdinoT (32) gantolebis integrireba mimdevrobiT orjer da 

miviRebT: 

�𝑚𝑚𝑖𝑖𝑅𝑅�⃗
̇
𝑖𝑖 = 𝑎⃗𝑎 ,    �𝑚𝑚𝑖𝑖𝑅𝑅�⃗ 𝑖𝑖 = 𝑎⃗𝑎𝑡𝑡 + 𝑏𝑏�⃗

𝑛𝑛

𝑖𝑖=0

,                        (33)
𝑛𝑛

𝑖𝑖=0

 

sadac 𝑎⃗𝑎  da 𝑏𝑏�⃗  - integrirebis Tavisufali veqtoruli mudmivebia. Tu 

SemoviRebT aRniSvnas: 

𝑚𝑚 = �𝑚𝑚𝑖𝑖

𝑛𝑛

𝑖𝑖=0

                                                  (34) 

da gavixsenebT, rom radius-veqtori: 

𝑅𝑅�⃗ 𝐶𝐶 =
1
𝑚𝑚
�𝑚𝑚𝑖𝑖𝑅𝑅�⃗ 𝑖𝑖                                             (35)
𝑛𝑛

𝑖𝑖=0

 

gansazRvravs materialuri wertilebis sistemis masaTa centris 

(inerciis centris) mdebareobas, maSin (33)-is pirvel integralebs 

Semdegi saxe eqnebaT: 

𝑅𝑅�⃗ ̇𝐶𝐶 =
𝑎⃗𝑎
𝑚𝑚

,    𝑅𝑅�⃗ 𝐶𝐶 =
𝑎⃗𝑎
𝑚𝑚
𝑡𝑡 +

𝑏𝑏�⃗
𝑚𝑚 ,                                   (36) 

romelic aCvenebs maT fizikur arss – sistemis masaTa centri moZraobs 

Tanabrad da wrfivad. amitom, am pirvel integralebs uwodeben masaTa 
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centris integralebs. aqedan, Tu masaTa centrSi movaTavsebT 

koordinatTa sistemis saTaves, maSin aseTi koordinatTa baricentruli 

sistema iqneba inerciuli. 

imisaTvis, rom gamoviyenoT (30) toloba, TiToeuli gantoleba 

(26)-dan gavamravloT veqtorulad 𝑅𝑅�⃗ 𝑖𝑖  radius-veqtorze marcxnidan da 

avajamoT es namravli 𝑖𝑖 indeqsiT 0-dan 𝑛𝑛-mde. miviRebT: 

�𝑚𝑚𝑖𝑖𝑅𝑅�⃗ 𝑖𝑖 × 𝑅𝑅�⃗ ̈ = 0.                                                 (37)
𝑛𝑛

𝑖𝑖=0

 

mivumatoT (37)-s cxadi toloba: 

�𝑚𝑚𝑖𝑖𝑅𝑅�⃗
̇ × 𝑅𝑅�⃗ ̇ = 0,                                                 (38)

𝑛𝑛

𝑖𝑖=0

 

da miviRebT: 

�𝑚𝑚𝑖𝑖 �𝑅𝑅�⃗ 𝑖𝑖 × 𝑅𝑅�⃗ ̈ + 𝑅𝑅�⃗ ̇ × 𝑅𝑅�⃗ ̇ � =
𝑑𝑑
𝑑𝑑𝑑𝑑
��𝑚𝑚𝑖𝑖𝑅𝑅�⃗ × 𝑅𝑅�⃗ ̇

𝑛𝑛

𝑖𝑖=0

� = 0,                     (39)
𝑛𝑛

𝑖𝑖=0

 

saidanac integrirebiT miviRebT, rom: 

�𝑚𝑚𝑖𝑖𝑅𝑅�⃗ × 𝑅𝑅�⃗ ̇
𝑛𝑛

𝑖𝑖=0

= 𝑐𝑐 .                                                   (40) 

radgan 𝑚𝑚𝑖𝑖𝑅𝑅�⃗
̇
𝑖𝑖  sidide – 𝑖𝑖 -uri wertilis impulsia, TiToeuli Sesakrebi 

(40)-Si tolia am wertilis impulsis momentis (kinetikuri momentis), 

xolo integrirebis mudmiva 𝑐𝑐  – Cveni sistemis kinetikuri momentia. 

aqedan gamomdinare, (40) pirvel integrals momentebis integrals 

uwodeben. 

bolos, (26)-is 𝑖𝑖 -uri gantolebis 𝑅𝑅�⃗ ̇ 𝑖𝑖  veqtorul siCqareze 

skalaruli gamravlebiT, xolo Semdgom yvela gantolebis SekrebiT da 

(31) damokidebulebis gamoyenebiT, miviRebT: 

�𝑚𝑚𝑖𝑖𝑅𝑅�⃗ ∙
̈

𝑛𝑛

𝑖𝑖=0

𝑅𝑅�⃗ ̇ = �𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑖𝑖𝑈𝑈 ∙ 𝑅𝑅�⃗
̇

𝑛𝑛

𝑖𝑖=0

.                                  (41) 
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Tu siCqaris veqtoris moduls aRvniSnavT 𝑉𝑉𝑖𝑖 , maSin (41) SegviZlia 

gadavweroT Semdegi saxiT: 

1
2
𝑑𝑑
𝑑𝑑𝑑𝑑
��𝑚𝑚𝑖𝑖𝑉𝑉𝑖𝑖2

𝑛𝑛

𝑖𝑖=0

� =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

,                                              (42) 

rac sabolood gvaZlevs: 

1
2
�𝑚𝑚𝑖𝑖𝑉𝑉𝑖𝑖2
𝑛𝑛

𝑖𝑖=0

= 𝑈𝑈 + ℎ.                                                 (43) 

marcxnidan (43) tolobaSi gvxvdeba 𝑇𝑇 sistemis kinetikuri energiis 
gamosaxuleba da amitom (43) pirvel integrals SegviZlia mivceT Semdgi 

saxe: 

𝑇𝑇 − 𝑈𝑈 = ℎ,                                                       (44) 

romelic xazs usvams misi, rogorc energiis Senaxvis kanonis fizikur 

arss da gansazRvravs mis saxelwodebas – energiis integrali, aseve 

azustebs Zalovani funqciis fizikur arss – igi aris sistemis 

potencialuri energia Sebrunebuli niSniT. 

napovni oTxi pirveli integralidan sams aqvs veqtoruli saxe, 

xolo erTs – skalaruli. amdenad, Cven vipovneT mravali sxeulis 

amocanis mxolod aTi e.w. klasikuri pirveli integrali. TavianTi 

arsebobiT es integralebi, iseve rogorc Zalovani funqciis Sesabamisi 

Tvisebebi, ganpirobebulia sivrcisa da drois garkveuli TvisebebiT – 

sivrcis erTgvarovnebiT da izotropulobiT da drois erTgvarovnebiT.  

ganvsazRvravT ra dakvirvebebiT, rom ciuri sxeulebis, maT Soris 

yvelaze Soreulis, moZraoba mravali sxeulis amocanis modelSi 

akmayofilebs am kanonebs, Cven amiT vadgenT samyaros sxvadasxva ubnebSi 

sivrcisa da drois miTiTebuli fundamentaluri Tvisebebis 

samarTlianobas. 

ismeba kiTxva - arsebobs Tu ara mravali sxeulis amocanaSi sxva 

integralebi, garda aTi klasikuri integralisa. XIX saukunis bolos, 

zogierTi maTematikosis da meqanikosis ZalisxmeviT miRebul iqna 

praqtikulad uaryofiTi pasuxi am kiTxvaze – damtkicebulia, rom ar 

arsebobs pirveli integralebi met-naklebad martivi maTematikuri 
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bunebiT, kerZod – iseTi pirveli integralebi, romlebic iqnebodnen 

koordinatebis, siCqareebis da drois calsaxa analitikuri funqciebi. 

arsebuli aTi klasikuri pirveli integrali saSualebas iZleva 

SevamciroT am amocanis diferencialur gantolebaTa sistemis rigi aTi 

erTeuliT. am rigis kidev ori erTeuliT Semcireba SegviZlia (22) 

gantolebebis marjvena mxareebis TaviseburebebiT, kerZod, maTi 

damokidebulebiT mxolod sistemis wertilebis koordinatTa sxvaobebze 

da maTi damoukideblobiT argumentze anu 𝑡𝑡 droze.  
amdenad, SegviZlia SevamciroT sistemis rigi 12 erTeuliT. es 

sakmarisi ar aris Tundac sami sxeulis amocanis integrirebisaTvis, 

romelsac me-18 rigi aqvs. Tumca, sakmarisia ori sxeulis amocanis 

amoxsnis misaRebad. 

(22) sistemis rigis Semcireba sxvadasxva meTodebiT aris 

SesaZlebeli. garda amisa, SesaZlebelia miviRoT axali damokidebulebebi, 

romlebsac gaaCniaT garkveuli fizikuri arsi. moviyvanT or maTgans:  

𝐼𝐼̈ = 2𝑈𝑈 + 4ℎ,                                                            (45) 

sadac  

𝐼𝐼 = �𝑚𝑚𝑖𝑖𝑅𝑅𝑖𝑖2
𝑛𝑛

𝑖𝑖=0

                                                          (46) 

tolia sistemis inerciis momentis koordinatTa sistemis saTavis mimarT 

da  

𝑅̈𝑅 = 2𝑈𝑈 + 4ℎ𝐶𝐶 ,                                                        (47) 

sadac  

𝑅𝑅 =
1

2𝑚𝑚
�  
𝑛𝑛

𝑖𝑖=0

�𝑚𝑚𝑖𝑖𝑚𝑚𝑗𝑗∆𝑖𝑖𝑖𝑖2
𝑛𝑛

𝑗𝑗=0

,      ℎ𝐶𝐶 = ℎ −
𝑎𝑎2

2𝑚𝑚 .                                   (48) 

mudmiva ℎ𝐶𝐶  aris sistemis sruli energia misi masaTa centris mimarT. 

(47) damokidebuleba cnobilia lagranJi-iakobis tolobis saxeliT. 

aviRoT sistemis masaTa centris wertili 𝐶𝐶  da momentis mudmivi 

veqtori 𝑐𝑐 . es saSualebas mogvcems ganvixiloT sibrtye, romelic gadis 

𝐶𝐶  wertilze da gaaCnia normaluri veqtori 𝑐𝑐 . am sibrtyes, romelic 
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inarCunebs sivrceSi Tavis orientacias da gadaadgildeba Tanabrad 

Tavisi Tavis paralelurad, ewodeba laplasis ucvleli sibrtye. igi 

SesaZloa gamoviyenoT, rogorc mravali sxulis amocanaSi koordinatTa 

sistemis ZiriTadi sibrtye. 

  

22 
 



  
 

leqcia 3. mravali sxeulis amocanis dasma 

koordinatTa baricentrul da fardobiT 

sistemebSi 

mravali sxeulis amocana koordinatTa baricentrul sistemaSi 

rogorc ukve aRvniSneT, koordinatTa baricentruli sistema mravali 

sxeulis amocanis SemTxvevaSi warmoadgens inerciuls. amitom, Tu mis 

RerZebs aRvniSnavT 𝜉𝜉,𝜂𝜂, 𝜁𝜁,  xolo radius-veqtorebs - 𝜌⃗𝜌𝑖𝑖 ,  maSin (22)-is 
safuZvelze moZraobis gantoleba am koordinatTa sistemaSi SegviZlia 

Semdegnairad CavweroT: 

𝑚𝑚𝑖𝑖𝜌̈⃗𝜌𝑖𝑖 = 𝑓𝑓𝑚𝑚𝑖𝑖�𝑚𝑚𝑗𝑗
𝜌⃗𝜌𝑗𝑗 − 𝜌⃗𝜌𝑖𝑖
∆𝑖𝑖𝑖𝑖3

𝑛𝑛

𝑗𝑗=0

,     𝑗𝑗 ≠ 𝑖𝑖, 𝑖𝑖 = 0,1, … ,𝑛𝑛.                  (49) 

amave dros, baricentruli radius-veqtorebi dakavSirebulia erTmaneTTan 

Semdegi damokidebulebiT: 

�𝑚𝑚𝑗𝑗𝜌⃗𝜌𝑗𝑗 = 0,                                                  (50)
𝑛𝑛

𝑗𝑗=0

 

romelic saSualebas gvaZlevs gamovricxoT (49) gantolebidan 

nebismieri wertilis radius-veqtori, magaliTad, 𝑀𝑀0  wertilis. amitom 

gveqneba: 

𝜌⃗𝜌0 =
1
𝑚𝑚
�𝑚𝑚𝑗𝑗𝜌⃗𝜌𝑗𝑗 .                                                (51)
𝑛𝑛

𝑗𝑗=1

 

Tu (51)-s CavsvavT (49)-Si da 𝑗𝑗  indeqsian jamebSi gamovyofT 

nulovan da 𝑖𝑖 -ur Sesakreblebs, miviRebT Semdegi saxis moZraobis 

gantolebebs koordinatTa baricentrul sistemaSi: 

𝜌̈⃗𝜌𝑖𝑖 + 𝜇𝜇𝑖𝑖
𝜌⃗𝜌𝑖𝑖
∆𝑖𝑖03

= 𝑓𝑓�𝑚𝑚𝑗𝑗 �
𝜌⃗𝜌𝑗𝑗 − 𝜌⃗𝜌𝑖𝑖
∆𝑖𝑖𝑖𝑖3

−
𝜌⃗𝜌𝑗𝑗
∆𝑗𝑗03

�
𝑛𝑛

𝑗𝑗=1

, 

  𝜇𝜇𝑖𝑖 = 𝑓𝑓(𝑚𝑚0 +𝑚𝑚𝑖𝑖),   𝑗𝑗 ≠ 𝑖𝑖,   𝑖𝑖 = 1,2, … , 𝑛𝑛.                            (52) 

Tu pirvel integralebSi gamovricxavT 𝜌⃗𝜌0  da 𝜌̇⃗𝜌0  veqtorebs, 

davinaxavT, rom masaTa centris integralebi igivurad sruldeba, 
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rogorc es unda iyos baricentrul koordinatTa sistemaSi, xolo 

momentebis da energiis integralebi iReben Semdeg saxes: 

�𝑚𝑚𝑖𝑖𝜌⃗𝜌𝑖𝑖 × 𝜌̇⃗𝜌𝑖𝑖 +
1
𝑚𝑚
��𝑚𝑚𝑖𝑖𝜌⃗𝜌

𝑛𝑛

𝑖𝑖=1

× �𝑚𝑚𝑖𝑖𝜌̇⃗𝜌𝑖𝑖

𝑛𝑛

𝑖𝑖=1

�
𝑛𝑛

𝑖𝑖=1

= 𝑐𝑐 

1
2
�𝑚𝑚𝑖𝑖𝑉𝑉𝑖𝑖2 +

1
2𝑚𝑚

�𝑚𝑚𝑖𝑖𝜌̇⃗𝜌𝑖𝑖�
2

𝑛𝑛

𝑖𝑖=1

= 𝑈𝑈 + ℎ                                           (53) 

marTalia, moZraobis gantolebas da momentebis da energiis 

integralebs ufro rTuli saxe miecaT, magram gantolebaTa sistemis 

rigi Semcirda eqvsi erTeuliT masaTa centris integralebis gamoyenebis 

xarjze.  

mravali sxeulis amocana koordinatTa fardobiT sistemaSi 

radgan Cven ganvixilavT materialuri wertilebis moZraobas ise, 

rom ar viTvaliswinebT sxva materialuri wertilebis arsebobas, amitom, 

koordinatTa arainerciuli sistema SeiZleba iyos mxolod is sistema, 

romelic dakavSirebulia erT-erT am wertilTan. davuSvaT es aris 

wertili 𝑀𝑀0. aseTi fardobiTi koordinatTa sistemis RerZebi aRvniSnoT 
𝑥𝑥, 𝑦𝑦, 𝑧𝑧 da danarCeni wertilebis radius-veqtorebi - 𝑟𝑟𝑖𝑖  (𝑖𝑖 = 1,2, … ,𝑛𝑛). am 
wertilebis moZraobis gantolebis Caweris mizniT visargebloT wesiT, 

romelic Camoyalibebulia wina leqciebSi: 

𝑚𝑚𝑖𝑖𝑟̈𝑟𝑖𝑖 = 𝑓𝑓𝑚𝑚𝑖𝑖�𝑚𝑚𝑗𝑗
𝑟𝑟𝑗𝑗 − 𝑟𝑟𝑖𝑖
∆𝑖𝑖𝑖𝑖3

− 𝑓𝑓𝑚𝑚𝑖𝑖�𝑚𝑚𝑗𝑗
𝑟𝑟𝑗𝑗
𝑟𝑟𝑗𝑗3

,    𝑗𝑗 ≠ 𝑖𝑖, 𝑖𝑖 = 1,2, … ,𝑛𝑛          (54)
𝑛𝑛

𝑗𝑗=1

𝑛𝑛

𝑗𝑗=0

 

aq pirveli jami aris Zalebis jami, romlebic moqmedeben 𝑖𝑖 -ur 
wertilze sistemis sxva wertilebis mxridan, meore jami – inerciis 

Zalebis jami, romlebic ganpirobebulia 𝑀𝑀0 wertilis anu koordinatTa 

sistemis saTavis aCqarebiT, sistemis yvela sxva wertilis zemoqmedebiT 

𝑖𝑖-uri wertilis CaTvliT. pirvel jamSi 𝑗𝑗 = 0 Sesakreblis, xolo meore 

jamSi - 𝑗𝑗 = 1 Sesakreblis gamoyofiT, gantolebaTa sistema gadavweroT 

Semdegi saxiT: 

𝑟̈𝑟𝑖𝑖 + 𝜇𝜇𝑖𝑖
𝑟𝑟𝑖𝑖
𝑟𝑟𝑖𝑖3

= 𝑓𝑓�𝑚𝑚𝑗𝑗

𝑛𝑛

𝑗𝑗=1

�
𝑟𝑟𝑗𝑗 − 𝑟𝑟𝑖𝑖
∆𝑖𝑖𝑖𝑖3

−
𝑟𝑟𝑗𝑗
𝑟𝑟𝑗𝑗3
� ,   𝜇𝜇𝑖𝑖 = 𝑓𝑓(𝑚𝑚0 +𝑚𝑚𝑖𝑖),   𝑖𝑖 = 1,2, … ,𝑛𝑛.        (55) 

24 
 



  
 

imis gamo, rom astronomiis calkeul amocanebSi Seiswavleba ciuri 

sxeulebis swored fardobiTi moZraoba, diferencialur gantolebaTa 

(55) sistema 6𝑛𝑛  TanrigiT, erT-erTi umTavresia cis meqnikaSi. amocanis 
aseTi dasma gansakuTrebiT mizanSewonilia im SemTxvevbSi, rodesac 𝑀𝑀0 

wertilis masa mniSvnelovnad aRemateba sistemis yvela sxva wertilis 

masas, rogorc amas adgili aqvs sistemaSi `mze-planetebi” an `planeta-

Tanamgzavrebi”. radgan masa 𝑚𝑚0  Sedis (55) gantolebis marcxena mxareSi 

da ar Sedis mis marjvena mxareSi, amitom marjvena mxareebis 

absoluturi mniSvnelobebi SedarebiT mcirea vidre gantolebis marcxena 

mxareebi. aqedan gamomdinarebs, rom mcire 𝑀𝑀𝑖𝑖  masis mqone yoveli 

wertilis moZraoba (yovel SemTxvevaSi, drois garkveul monakveTSi) 

mcired gansxvavdeba moZraobisgan ori sxeulis amocanaSi anu 𝑀𝑀𝑖𝑖 

wertilis moZraoba 𝑀𝑀0  wertilis mimarT mxolod am ukanasknelis 

zemoqmedebiT. radgan am ukanaskneli amocanis integrireba SesaZlebelia 

saboloo saxiT, amitom fardobiTi moZraoba mravali sxeulis amocanaSi 

SesaZlebelia miaxloebiT SeviswavloT SeSfoTebaTa Teoriis ama Tu im 

meTodiT. moZraobas oris sxeulis amocanaSi ewodeba araSeSfoTebuli, 

xolo moZraobas, romelic aRiwereba gantolebiT: 

𝑟̈𝑟𝑖𝑖 + 𝜇𝜇𝑖𝑖
𝑟𝑟𝑖𝑖
𝑟𝑟𝑖𝑖3

= 𝐹⃗𝐹𝑖𝑖 ,                                                (56) 

Tanac adgili aqvs Semdeg pirobas 𝐹𝐹𝑖𝑖 ≪ 𝜇𝜇𝑖𝑖 𝑟𝑟𝑖𝑖2⁄ ,  ewodeba SeSfoTebuli. 

davubrundeT mravali sxeulis amocanis (55) gantolebebs da SemoviRoT 

SemaSfoTebeli (anu perturbaciuli) funqciebi: 

𝑅𝑅𝑖𝑖 = 𝑓𝑓�𝑚𝑚𝑗𝑗𝑅𝑅𝑖𝑖𝑖𝑖

𝑛𝑛

𝑗𝑗=1

,    𝑗𝑗 ≠ 𝑖𝑖,                                     (57) 

sadac  

𝑅𝑅𝑖𝑖𝑖𝑖 =
1
∆𝑖𝑖𝑖𝑖

−
𝑟𝑟𝑗𝑗 ∙ 𝑟𝑟𝑖𝑖
𝑟𝑟𝑗𝑗3

,     𝑗𝑗 ≠ 𝑖𝑖,                                     (58) 

Sedegad, fardobiTi moZraobis gantolebas Semdegi saxe eqneba: 

𝑟̈𝑟𝑖𝑖 + 𝜇𝜇𝑖𝑖
𝑟𝑟𝑖𝑖
𝑟𝑟𝑖𝑖3

= 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑖𝑖𝑅𝑅𝑖𝑖 ,    𝑖𝑖 = 1,2, … ,𝑛𝑛.                               (59) 
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SevniSnavT, rom utolobidan 𝑚𝑚0 ≫ 𝑚𝑚𝑖𝑖  aseve gamomdinareobs, rom 

koordinatTa sistema, romelic dakavSirebulia 𝑀𝑀0  wertilTan, sakmaod 

axloa inerciulTan, maSin roca koordinaTa sistemebi, romelTa aTvlis 

saTaveebi moTavsebulia erT-erT 𝑀𝑀𝑖𝑖  wertilSi, mniSvnelovnad 

arainerciulia. swored amaSi mdgomareobs gansxvaveba heliocentrul da 

geocentrul sistemebs Soris fizikuri TvalsazrisiT.  

sanam gadavalT fardobiT moZraobaSi mravali sxeulis amocanis 

pirveli integralebis ganxilvaze, pirvel rigSi unda aRvniSnoT, rom 

koordinatTa arainerciul sistemaSi ar SeiZleba adgili hqondes masaTa 

centris integralebs, radgan igi moZraobs aCqarebiT. momentebis da 

energiis integralebi SeiZleba miviRoT, Tu gavixsenebT, rom wertilebis 

radius-veqtorebi baricentrul da fardobiT koordinatTa sistemebSi 

urTierTkavSirSia Semdegi damokidebulebiT: 𝜌⃗𝜌𝑖𝑖 = 𝑟𝑟𝑖𝑖 + 𝜌⃗𝜌0 , romelic (51)-

is gaTvaliswinebiT, Caiwereba Semdegnairad: 

𝜌⃗𝜌𝑖𝑖 = 𝑟𝑟𝑖𝑖 +
1
𝑚𝑚
�𝑚𝑚𝑗𝑗𝜌⃗𝜌𝑗𝑗 .                                                  (60)
𝑛𝑛

𝑗𝑗=1

 

(53) pirvel integralebSi baricentrulidan fardobiT 

koordinatebze gadasvlisas, miviRebT momentebis da energiis 

integralebs mravali sxeulis fardobiT amocanebSi: 

�𝑚𝑚𝑖𝑖𝑟𝑟𝑖𝑖

𝑛𝑛

𝑖𝑖=1

× 𝑟̇𝑟𝑖𝑖 −
1
𝑚𝑚
�𝑚𝑚𝑖𝑖𝑟𝑟 × �𝑚𝑚𝑖𝑖𝑟̇𝑟 = 𝑐𝑐

𝑛𝑛

𝑖𝑖=1

𝑛𝑛

𝑖𝑖=1

                            (61) 

da 

1
2
�𝑚𝑚𝑖𝑖𝑉𝑉𝑖𝑖2 −

1
2𝑚𝑚

��𝑚𝑚𝑖𝑖𝑟̇𝑟𝑖𝑖

𝑛𝑛

𝑖𝑖=1

�
2

= ℎ
𝑛𝑛

𝑖𝑖=1

                                   (62) 

amdenad, mravali sxeulis fardobiT amocanaSi arsebobs mxolod 

oTxi klasikuri pirveli integrali. 

zemoT Tqmulidan gamomdinareobs fundamenturi roli, romelsac 

asrulebs ori sxeulis amocana cis meqanikaSi. Semdeg leqciebSi 

miviRebT am amocanis zogad amoxsnas da gamovikvlevT kepleriseuli 

moZraobis calkeul tipebs.  
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leqcia 4. ori sxeulis amocana 

cxadia, ori sxeulis amocanis gantoleba SesaZlebelia ganvixiloT 

rogorc mravali sxulis amocanis gantolebis kerZo SemTveva roca 𝑛𝑛 =
1.  magram Cven ar visargeblebT am midgomiT, raTa sakiTxis Semdgomi 

ganxilva gavxadoT wina leqciebSi mocemuli masalisgan damoukidebeli.  

daviwyoT moZraobis ganxilva koordinatTa 𝑋𝑋,𝑌𝑌,𝑍𝑍  inerciul 

sistemaSi. gvaqvs 𝑀𝑀0 da 𝑀𝑀1 materialuri wertilebi masebiT 𝑚𝑚0 da 𝑚𝑚1 

da radius-veqtorebiT 𝑅𝑅�⃗ 0  da 𝑅𝑅�⃗ 1  (ix. naxazi 3). niutonis meore kanoni 
da msoflio mizidulobis kanoni gvaZlevs am wertilebis moZraobis 

Semdeg gantolebas: 

𝑚𝑚0𝑅̈𝑅0 = 𝑓𝑓𝑚𝑚0𝑚𝑚1
𝑅𝑅�⃗ 1 − 𝑅𝑅�⃗ 0
�𝑅𝑅�⃗ 1 − 𝑅𝑅�⃗ 0�

3

𝑚𝑚1𝑅̈𝑅1 = 𝑓𝑓𝑚𝑚0𝑚𝑚1
𝑅𝑅�⃗ 0 − 𝑅𝑅�⃗ 1
�𝑅𝑅�⃗ 0 − 𝑅𝑅�⃗ 1�

3

                                            (63) 

sadac 𝑓𝑓 - gravitaciuli mudmivaa. 

miviRebT me-12 rigis diferencialur gantolebaTa sistemas, 

romelTac unda davumatoT sawyisi pirobebi: 

𝑅𝑅�⃗ 0,1
(0) = 𝑅𝑅�⃗ 0,1(𝑡𝑡0),   𝑅𝑅�⃗ ̇0,1

(0) = 𝑅𝑅�⃗ ̇0,1(𝑡𝑡0)                                  (64) 

an sasazRvro pirobebi: 

𝑅𝑅�⃗ 0,1
(1) = 𝑅𝑅�⃗ 0,1(𝑡𝑡1),   𝑅𝑅�⃗ ̇0,1

(2) = 𝑅𝑅�⃗ ̇0,1(𝑡𝑡2)                                  (65) 

aTi klasikuri integralis arseboba, (63) gantolebis marjvena 

mxareebis damokidebuleba mxolod 𝑀𝑀0  da 𝑀𝑀1  wertilebis koordinatTa 

sxvaobaze da maTi damoukidebloba 𝑡𝑡 droze gansazRvraven (63) sistemis 
saboloo saxiT integrirebis principul SesaZleblobas. Tumca, 

praqtikaSi Cven viyenebT ori sxeulis amocanas an koordinatTa 

baricentrul sistemaSi (ormagi varskvlavebi, `dedamiwa-mTvaris” 

sistemis moZraobas mzis mimarT da dedamiwisa da mTvaris moZraoba maTi 

baricentris mimarT) anda, kidev ufro xSirad, koordinatTa fardobiT 

sistemaSi (anu ganvixilavT erTi ciuri sxeulis moZraobas meores 

mimarT). 
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naxazi 3. ori sxeulis amocana inerciul da baricentrul koordinatTa 

sistemaSi. 

koordinatTa baricentrul sistemaze gadasvlisTvis gavixsenoT, 

rom ori wertilis SemTxvevaSi maTi masaTa centri c Zevs 𝑀𝑀0𝑀𝑀1 

monakveTze 𝜌𝜌0 da 𝜌𝜌1 manZilebze, amasTan 𝜌𝜌0 + 𝜌𝜌1 = |𝑀𝑀0𝑀𝑀1|, xolo 𝑚𝑚1𝜌𝜌0 =
𝑚𝑚0𝜌𝜌1, saidanac gamodis (naxazi 3), rom:  

𝜌⃗𝜌0 =
𝑚𝑚1

𝑚𝑚0 + 𝑚𝑚1
�𝑅𝑅�⃗ 0 − 𝑅𝑅�⃗ 1�,   𝜌⃗𝜌1 =

𝑚𝑚0

𝑚𝑚0 + 𝑚𝑚1
�𝑅𝑅�⃗ 1 − 𝑅𝑅�⃗ 0�.                (66) 

CavsvaT (66) gamosaxulebebi (63)-Si da Sesabamisad SevkvecoT 𝑚𝑚0 -sa da 

𝑚𝑚1 -ze. Sedegad miviRebT ori sxeulis amocanis moZraobis gantolebebs 

koordinatTa baricentrul sistemaSi: 

𝜌̈⃗𝜌0 + 𝜇𝜇0
𝜌⃗𝜌0
𝜌𝜌03

= 0

𝜌̈⃗𝜌1 + 𝜇𝜇1
𝜌⃗𝜌1
𝜌𝜌13

= 0
                                                     (67) 

sadac mudmivebi tolia 

𝜇𝜇0 =
𝑓𝑓𝑚𝑚1

3

(𝑚𝑚0 +𝑚𝑚1)2 ,     𝜇𝜇1 =
𝑓𝑓𝑚𝑚0

3

(𝑚𝑚0 +𝑚𝑚1)2 .                               (68) 

fardobiTi moZraobis gantolebebze gadasvlisaTvis SemovitanoT 

𝑀𝑀1  wertilis radius-veqtori 𝑀𝑀0  wertilis mimarT - 𝑟𝑟1 0⁄  da 𝑀𝑀0 

wertilis radius-veqtori 𝑀𝑀1 wertilis mimarT - 𝑟𝑟0 1⁄ . maSin, Tu (63)-is 

pirvel gantolebas gamovaklebT meores da aseve, piriqiT, miviRebT: 
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𝑟̈𝑟1/0 + 𝜇𝜇
𝑟𝑟1/0

𝑟𝑟1/0
3 = 0                                                   (69) 

da 

𝑟̈𝑟0/1 + 𝜇𝜇
𝑟𝑟0/1

𝑟𝑟0/1
3 = 0                                                   (70) 

sadac 

𝜇𝜇 = 𝑓𝑓(𝑚𝑚0 +𝑚𝑚1) .                                                  (71) 

gantolebebi (69) da (70) ukve aRar qmnian gantolebaTa sistemas, 

aramed arian damoukidebeli da Cawerilni arian sxvadasxva koordinatTa 

sistemaSi. 

Tu SevadarebT (67)-(70) gantolebebs, davinaxavT, rom maT yvelas 

erTnairi struqtura aqvT da gansxvavdebian mxolod koeficientebis 

mniSvnelobebiT marcxena mxareebis meore SesakrebebSi, xolo (69) da 

(70) gantolebebis SemTxvevaSi es koeficientebic emTxveva.  

fardobiTi moZraobis or, (69) da (70) SemTxvevaSi sawyisi pirobebi 

ganisazRvreba sapirispiro veqtorebiT, xolo baricentrul sistemaSi – 

veqtorebiT, romlebic sapirispiroa mimarTulebebiT da proporciuli – 

modulebiT. es niSnavs, rom yvela SemTxvevaSi moZraoba warmoebs 

orbitebze, romlebic geometriulad msgavsia, xolo fardobiTi 

moZraobis or SemTxvevaSi - ubralod erTnairia, oRond wertilebi am 

SemTxvevaSi imoZraveben sapirispiro mimarTulebiT. amitom, azri ar aqvs 

kiTxvas, Tu romeli wertili (𝑀𝑀0 Tu 𝑀𝑀1) moZraobs meores mimarT.  
kerZod, mzis moZraoba dedamiwis mimarT isve realuria, rogorc 

dedamiwis moZraoba mzis mimarT. es SeniSvna, romelic gamomdinareobs 

moZraobis fardobiTobis principidan, aucilebelia aRiniSnos, radgan 

yofiT aRqmaSi da zogjer samecniero-popularul Tu saswavlo 

literaturaSi SevxvdebiT mosazrebas, rom rodesRac iTvleboda TiTqos 

mze moZraobs dedamiwis garSemo, xolo kopernikma daadgina, rom 

yvelaferi piriqiTaa – dedamiwa brunavs mzis garSemo. magram, Tu orive 

moZraoba erTnairad realuria, maSin ismis kiTxva – ra gansxvavebaa 

samyaros heliocentrul da geocentrul sistemebs Soris? pasuxi 

gamomdinareobs im obieqturi garemoebidan, rom mzis masa gacilebiT 

metia dedamiwis masaze (𝑚𝑚0 ≫ 𝑚𝑚1).  aqedan da (66) Tanafardobidan 

baricentrul sistemaSi orbitebis zomebi da warmoqmnili aCqarebebi 𝑀𝑀0 
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da 𝑀𝑀1  wertilebis masebis ukuproporciulia. Tavis mxriv, es niSnavs, 

rom didi masis wertilTan (mze) dakavSirebuli koordinatTa sistema 

Zalian axloa inerciulTan, xolo mcire masis wertilTan (dedamiwa) 

dakavSirebuli sistema arsebiTad arainerciulia. fizikuri 

TvalsazrisiT es ganpirobebulia imiT, rom Zala, romliTac mze izidavs 

dedamiwas tolia Zalis, romliTac dedamiwa zemoqmedebs mzeze, Tumca am 

dros warmoqmnili aCqarebebi masebis ukuproporciulia. xolo am 

sistemis arainerciulobis xarisxi swored koordinatTa sistemis 

saTavis aCqarebasTan aris dakavSirebuli. 

heliocentrul da geocentrul sistemebs Soris aRniSnuli 

gansxvaveba mJRavndeba mxolod maSin, rodesac viwyebT TiToeul maTganSi 

romeliRac mesame sxeulis, magaliTad, marsis ganxilvas. misi moZraoba 

TiTqmis inerciul heliocentrul sistemaSi gacilebiT martivia, vidre 

arainerciul geocentrulSi. amaSi mdgomareobs geocentrulidan 

heliocentrul warmodgenaze gadasvlis wminda meqanikuri arsi.  

yovelive amasTan erTad unda gvesmodes, rom istoriulad 

ptolomeosis geocentruli sistema (ufro sworad hiparqe-ptolomeosis, 

radgan swored hiparqem gamoiyena pirvelad epiciklebi da diferentebi 

ciuri sxeulebis moZraobebis aRsawerad) iyo da rCeba mecnierebis 

uzarmazar miRwevad adamianis mier samyaros aRqmis gzaze. is iyo 

pirveli Teoria, romelic saSualebas iZleoda garkveuli sizustiT 

aRgvewera da gvewinaswarmetyvela mzis sistemis sxeulebis mdebareoba da 

efuZneboda garkveul fizikur safuZvlebs. 

kerZod, igi gamomdinareobda aristoteles fizikidan, romelSic 

miRebuli iyo siCqareebis da ara aCqarebebis absoluturoba. Tavis mxriv, 

es iyo maSindeli drois yofiTi da sawarmoo gamocdilebis ganzogadeba 

– mudmivi siCqariT moZraobisaTvis saWiroa mudmivi Zalis modeba 

(sinamdvileSi, rogorc dRes es gvesmis, mudmivi xaxunis Zalis 

gawonasworebisaTvis). aqedan gamomdinareobda swored Tanabari moZraobis 

da uZraobis mdgomareobaTa absolutizacia. maTematikuri TvalsazrisiT 

ki, Tu gadaviyvanT hiparqes da ptolomeosis Sedegebs antikuri xanisTvis 

damaxasiaTebeli geometriuli enidan Tanamedrove analitikur enaze, maSin 

es sxva araferia Tu ara ciuri sxeulebis koordinatTa, rogorc drois 

funqciebis daSla furies rigebad anu iseTi maTematikuri aparatis 

gamoyeneba, romlis sruli arsi ixsneba mxolod Tanamedrove epoqaSi.  
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yovelive zemoT Tqmuli ar amcirebs nikolaus kopernikis da misi 

Tanamimdevrebis mier Sesrulebuli samuSaos mniSvnelobas. maT Seqmnes 

axali fizika da axali astronomia da, pirvel rigSi, maTi safuZveli – 

klasikuri meqanika, romelic gacilebiT ufro adekvaturad aRwers 

uamrav movlenas bunebaSi da ramac Seqmna Teoriuli winamZRvrebi 

kacobriobis mZlavri teqnikuri progresisaTvis. Tavis mxriv, klasikuri 

meqanikis gamoyenebas, rogorc SemdgomSi gairkva, gaaCnia SezRudvebi 

kvanturi fizikisa da fardobiTobis Teoriis mxridan. aqve aRvniSnavT, 

rom mzisa da dedamiwis masebs Soris uzarmazari gansxvavebis gamo, 

aTvlis heliocentrul da geocentrul sistemebs Soris fizikuri 

sxvaoba narCundeba aseve fardobiTobis zogadi Teoriis farglebSic. 

kvlav davubrundeT ori sxeulis amocanas. SemdgomSi Cveni 

materialuri wertilebi, iseve rogorc maTi masebi, aRvniSnoT 𝑀𝑀 da 𝑚𝑚. 
ganvixiloT 𝑚𝑚  wertilis moZraoba 𝑀𝑀  wertilis mimarT, romelic 

aRiwereba gantolebiT 

𝑟̈𝑟 + 𝜇𝜇
𝑟𝑟
𝑟𝑟3

= 0,     𝜇𝜇 = 𝑓𝑓(𝑀𝑀 +𝑚𝑚)                                     (72) 

da sawyisi pirobebiT 

𝑟𝑟0 = 𝑟𝑟(𝑡𝑡0),     𝑟̇𝑟0 = 𝑟̇𝑟(𝑡𝑡0)                                            (73) 

koordinatTa 𝑥𝑥, 𝑦𝑦, 𝑧𝑧  sistemaSi (naxazi 4). 𝜇𝜇  mudmivas ori sxeulis 

amocanis gravitaciuli mudmiva ewodeba. SevniSnoT, rom igi 

damokidebulia gansaxilveli orive materialuri wertilis masebis 

jamze. es gansakuTrebiT mniSvnelovania ormag varskvlavTa sistemis 

ganxilvisas. Tumca, mzis garSemo mcire planetebis da kometebis 

moZraobis Seswavlisas, aseve, xelovnuri ciuri sxeulebis moZraobis 

ganxilvisas, mcire masebi SegviZlia ugulebelvyoT. 

vipovoT (72) gantolebis zogadi amonaxsni, ufro sworad, meeqvse 

rigis diferencialur gantolebaTa sistemis amonaxsni pirveli 

integralebis meTodiT.  

winaswar aRvniSnoT, rom gansakuTrebiT mzis sistemis sxeulebis 

Seswavlisas mizanSewonilia SemoviRoT astronomiuli erTeulebis 

ganzomilebis specialuri (gausis) sistema – sigrZe gavzomoT 

astronomiul erTeulebSi (a.e.), dro – saSualo mzis dRe-RameSi, masa – 

mzis masis erTeulebSi. 
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naxazi 4. ori sxeulis fardobiTi amocana. 

maSin gravitaciuli mudmiva 𝑓𝑓 = 0.0029591, xolo sidide, romelic 

xSirad gvxvdeba 𝑘𝑘 = �𝑓𝑓 = 0.0172021. 𝑘𝑘-s uwodeben gausis mudmivas. 
radgan vixilavT fardobiT moZraobas (anu moZraobas arainerciul 

koordinatTa sistemaSi), amitom aTi klasikuri integralidan iarsebebs 

mxolod oTxi – veqtoruli momentis integrali da skalaruli energiis 

integrali. amaTgan pirvelis misaRebad moZraobis gantoleba (72) 

gavamravloT 𝑟𝑟 radius-veqtorze veqtorulad marcxnidan. Tu am namravls 

mivumatebT tolobas 𝑟̇𝑟 × 𝑟̇𝑟 = 0, miviRebT: 

𝑟𝑟 × 𝑟̈𝑟 + 𝑟̇𝑟 × 𝑟̇𝑟 =
𝑑𝑑
𝑑𝑑𝑑𝑑
�𝑟𝑟 × 𝑟̇𝑟� = 0.                                      (74) 

vaintegroT da miviRebT: 

𝑟𝑟 × 𝑟̇𝑟 = 𝑐𝑐.                                                        (75) 

es niSnavs, rom 𝑚𝑚 wertilis kinetikuri momenti narCundeba, xolo 

integrirebis mudmiva 𝑐𝑐  utoldeba am moments masis erTeulze 

gadaTvliT. 

energiis integralis misaRebad gavamravloT (72) gantoleba 

siCqaris veqtorze 𝑟̇𝑟 skalarulad: 

𝑟̈𝑟 ∙ 𝑟̇𝑟 = −
𝑟𝑟 ∙ 𝑟̇𝑟
𝑟𝑟3 .                                                   (76) 

samarTliania toloba 𝑟𝑟 ∙ 𝑟̇𝑟 = 𝑟𝑟 ∙ 𝑟̇𝑟,  romelic gamomdinareobs iqedan, 

rom 𝑟𝑟 = |𝑟𝑟|,  xolo 𝑟̇𝑟  aris 𝑟𝑟  sididis cvlilebis siCqare da tolia 𝑟̇𝑟 
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veqtoris proeqciisa 𝑟𝑟  veqtoris mimarTulebaze, anu 𝑟̇𝑟 = �𝑟̇𝑟� ∙ cos�𝑟̇𝑟, 𝑟𝑟�. 
aRvniSnoT �𝑟̇𝑟� siCqaris moduli rogorc 𝑉𝑉 da miviRebT: 

1
2
𝑑𝑑
𝑑𝑑𝑑𝑑

(𝑉𝑉2) = −
𝜇𝜇
𝑟𝑟2

= 𝜇𝜇
𝑑𝑑
𝑑𝑑𝑑𝑑
�

1
𝑟𝑟
�,                                     (77) 

xolo integrirebis Semdeg 

𝑉𝑉2 =
2𝜇𝜇
𝑟𝑟 + ℎ,                                                     (78) 

sadac mudmiva ℎ  - gaormagebuli sruli energiaa wertilis 𝑚𝑚  masis 

erTeulze. 

gadavdoT SemdgomisaTvis moZraobis Tvisebebis sruli analizi, 

romelic gamomdinareobs am ori pirveli integralis arsebobidan da 

mxolod aRvniSnoT, rom momentis integralidan da veqtoruli namravlis 

Tvisebebidan gamomdinareobs, rom 𝑟𝑟  da 𝑟̇𝑟  perpendikularulia momentis 

veqtoris 𝑐𝑐. 
ori sxeulis amocanis integrirebisas, garda napovni klasikuri 

integralebisa, specifikurad am amocanisaTvis arsebobs kidev erTi 

pirveli integrali. misi povnisTvis moZraobis veqtoruli gantoleba 

gavamravloT veqtorulad marjvnidan momentis integralze: 

𝑟̈𝑟 × 𝑐𝑐 + 𝜇𝜇
𝑟𝑟 × �𝑟𝑟 × 𝑟̇𝑟�

𝑟𝑟3 = 0.                                           (79) 

pirveli Sesakrebi marcxnidan warmoadgens 𝑟̇𝑟 × 𝑐𝑐  sididis 

warmoebuls. vaCvenoT, rom meore Sesakrebic warmoadgens srul 

warmoebuls. cnobili formulis meSveobiT ormagi veqtoruli 

warmoebulis gamoTvliT miviRebT: 

𝑟𝑟 × 𝑟𝑟 × 𝑟̇𝑟
𝑟𝑟3 =

𝑟𝑟�𝑟𝑟 ∙ 𝑟̇𝑟� − 𝑟̇𝑟 ∙ 𝑟𝑟2

𝑟𝑟3 = −
𝑟̇𝑟𝑟𝑟 − 𝑟𝑟𝑟̇𝑟
𝑟𝑟2

= −
𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑟𝑟
𝑟𝑟
� .             (80) 

(80) CavsvaT (79)-Si da integrirebis Semdeg miviRebT: 

𝑟̇𝑟 × 𝑐𝑐 − 𝜇𝜇
𝑟𝑟
𝑟𝑟

= 𝜆𝜆.                                                          (81) 

ori sxeulis amocanis am pirvel integrals uwodeben laplasis 

integrals, xolo 𝜆𝜆 – laplasis veqtors. amdenad, gvaqvs Svidi pirveli 
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integrali – ori veqtoruli da erTi skalaruli. laplasis integralis 

gamoyvanis meTods mivyavarT daskvnamde, rom yvela napovni pirveli 

integrali ar aris damoukidebeli. marTlac, integrirebis 𝑐𝑐, 𝜆𝜆  da ℎ 
mudmivebs Soris arsebobs ori damokidebuleba, romlebic akavSirebs maT 

erTmaneTTan. pirveli maTganis miReba advilia, Tu gadavamravlebT 

momentis skalarul integrals da laplasis integrals. amave dros 

𝑐𝑐 ∙ 𝜆𝜆 = 𝑐𝑐 ∙ �𝑟̇𝑟 × 𝑐𝑐� − 𝜇𝜇
𝑟𝑟 ∙ (𝑟𝑟 × 𝑟̇𝑟)

𝑟𝑟3
= 0,                              (82) 

radgan veqtoris yovel Sereul namravls, romelic Sedis (82)-Si, 

gaaCnia ori msgavsi Tanamamravli. amdenad, momentis veqtori da laplasis 

veqtori erTmaneTis perpendikularulia. meore damokidebuleba 

akavSirebs am veqtorebis modulebs. vipovoT laplasis veqtoris 

skalaruli kvadrati: 

𝜆𝜆2 = �𝑟̇𝑟 × 𝑐𝑐�
2
− 2𝜇𝜇

�𝑟̇𝑟 × 𝑐𝑐� ∙ 𝑟𝑟
𝑟𝑟 + 𝜇𝜇2 �

𝑟𝑟
𝑟𝑟
�
2

= 𝑐𝑐2𝑉𝑉2 − 2𝜇𝜇
𝑐𝑐2

𝑟𝑟 + 𝜇𝜇2.         (83) 

gamovricxoT 𝑉𝑉2  energiis integralis meSveobiT da sabolood 

miviRebT, rom 

𝜆𝜆2 = ℎ𝑐𝑐2 + 𝜇𝜇2.                                                 (84) 

amdenad, Cven gvaqvs xuTi damoukidebeli pirveli integrali, rac 

saSualebas gvaZlevs daviyvanoT meeqvse xarisxis diferencialur 

gantolebaTa sistema pirveli xarisxis erT gantolebamde.  
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leqcia 5. orbitis gantoleba da moZraobis 

kanoni ori sxeulis amocanaSi 

gadavideT ori sxeulis amocanaSi moZraobis gamokvlevaze. pirvel 

rigSi, im faqtidan, rom 𝑚𝑚 wertilis radius-veqtori da misi siCqaris 

veqtori perpendikularulia momentis mudmivi veqtorisa, gamomdinareobs, 

rom sibrtye, romelic ganisazRvreba 𝑟𝑟  da 𝑟̇𝑟  veqtorebiT, inarCunebs 

ucvlel orientacias sivrceSi da perpendikularulia 𝑐𝑐  veqtoris. 

Tumca, igi Seicavs 𝑟𝑟  veqtors da, maSasadame, 𝑀𝑀0  wertils anu 

koordinatTa saTaves. amdenad, sibrtye, romelSic moZraobs 𝑚𝑚 wertili, 

uZravia koordinatTa 𝑥𝑥,𝑦𝑦, 𝑧𝑧  sistemaSi. misi gantoleba veqtorul 

formaSi Semdegia - 𝑐𝑐 ∙ 𝑟𝑟 = 0, xolo koordinatulSi –  

𝑐𝑐1𝑥𝑥 + 𝑐𝑐2𝑦𝑦 + 𝑐𝑐3𝑧𝑧 = 0,                                                  (85) 

sadac 𝑐𝑐1, 𝑐𝑐2, 𝑐𝑐3 -  𝑐𝑐 veqtoris Sesabamisi komponentebia. 
radgan laplasis veqtori perpendikularulia 𝑐𝑐 veqtoris moZraobis 

sibrtyis normaluri veqtorisa, amitom, isic Zevs am sibrtyeSi. es 

saSualebas gvaZlevs SemovitanoT moZraobis sibrtyeSi marTkuTxa 

koordinatTa sistema 𝜉𝜉, 𝜂𝜂  sadac 𝜉𝜉  RerZi mimarTulia laplasis 𝜆𝜆 
veqtoris gaswvriv da, aseve, polarul koordinatTa sistema 𝑟𝑟, 𝜈𝜈  sadac 
polaruli kuTxe 𝜈𝜈, romelsac astronomiaSi uwodeben WeSmarit 

anomalias, aiTvleba 𝜆𝜆  veqtoris mimarTulebidan. Tu SemoviRebT kidev 

erT RerZs 𝜁𝜁, romelic mimarTulia momentis veqtoris 𝑐𝑐 gaswvriv, maSin 
sawyis 𝑥𝑥, 𝑦𝑦, 𝑧𝑧  koordinatTa sistemasTan erTad sivrceSi aseve miviRebT 
moZraobis sibrtyesTan dakavSirebul 𝜉𝜉, 𝜂𝜂, 𝜁𝜁 sistemas, romelsac uwodeben 

koordinatTa orbitul sistemas.  

aRvniSnoT, rom sawyisi koordinatTa sistema umetesad aris 

heliocentruli ekliptikuri sistema an geocentruli ekvatoruli. 

Tumca, saWiroebis SemTxvevaSi igi SeiZleba iyos selenocentruli an 

nebismieri sxva planetocentruli sistema. Tu ganvixilavT moZraobas 

ormag varskvlavTa sistemaSi, maSin, xSirad, sawyis koordinatTa 

sistemis saxiT ganixilaven xilul sibrtyes, romelic warmoadgens cis 

sferos mdgenels.  

vipovnoT ori sxeulis amocanaSi moZraobis traeqtoriis gantoleba 

anu, astronomiuli eniT rom vTqvaT, 𝑚𝑚  wertilis orbitis gantoleba 
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pirvel rigSi 𝑟𝑟,𝜈𝜈 polarul koordinatTa sistemaSi. amisaTvis, laplasis 

integrali 𝜆𝜆 gavamravloT skalarulad 𝑟𝑟 radius-veqtorze: 

𝑟𝑟𝑟𝑟 cos 𝜈𝜈 = 𝑟𝑟 ∙ �𝑟̇𝑟 × 𝑐𝑐� − 𝜇𝜇
𝑟𝑟2

𝑟𝑟 = 𝑐𝑐2 − 𝜇𝜇𝜇𝜇.                               (86) 

ganvsazRvroT 𝑟𝑟  sidide rogorc 𝜈𝜈  kuTxis funqcia da miviRebT 

orbitis gantolebas: 

𝑟𝑟 =

𝑐𝑐2
𝜇𝜇

1 + 𝜆𝜆
𝜇𝜇 cos𝜈𝜈

,                                                (87) 

romelic emTxveva gantolebas: 

𝑟𝑟 =
𝑝𝑝

1 + 𝑒𝑒 cos𝜈𝜈
,                                                 (88) 

Tu CavTvliT, rom  

𝑝𝑝 =
𝑐𝑐2

𝜇𝜇 ,     𝑒𝑒 =
𝜆𝜆
𝜇𝜇 .                                                (89) 

rogorc cnobilia, gantoleba (88) aris meore xarisxis mrudis 

gantoleba, roca polaruli RerZi mimarTulia mrudis fokusidan 

uaxloesi pikis mimarTulebiT. 𝑝𝑝  sidide mrudis fokaluri parametria 

(an ubralod misi parametri). igi tolia fokaluri naxevarqordis 

sigrZis, romelic gadis fokusze elifsis didi RerZis, hiperbolis 

realuri RerZis an parabolis simetriis RerZis perpendikularulad 

(naxazi 5). 

𝑒𝑒 eqscentrisitetis mniSvneloba gansazRvravs Tu konkretulad 

romeli meore xarisxis mrudze aris laparaki. Tu 𝑒𝑒 = 0,  maSin es 

wrewiria, roca 𝑒𝑒 < 1– elifsia, 𝑒𝑒 = 1 mniSvneloba gvaZlevs parabolas, 

xolo 𝑒𝑒 > 1 – hiperbolas. Tumca, am mrudebidan erT-erTi iqneba orbita 

mxolod maSin, roca 𝑝𝑝  parametri da, maSasadame, kinetikuri momenti 𝑐𝑐 
ar udris nols. Tu 𝑐𝑐 = 0, maSin 𝑟𝑟 da 𝑟̇𝑟 veqtorebi kolinearulebi arian, 

xolo orbita warmoadgens wrfes, romelic gadis koordinatTa saTaveze. 
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naxazi 5. wertilis moZraoba elifsur orbitaze. 

amdenad, Cven davadgineT kepleris pirveli kanoni ganzogadebuli 

saxiT: ori sxeulis fardobiT amocanaSi materialuri wertili 

moZraobs meore xarisxis mrudis gaswvriv, romlis erT-erT fokusSi 

moTavsebulia mizidulobis centri. 

meore xarisxis mrudebis gantolebebi dekartul koordinatebSi 

warmoadgenen meore xarisxis algebrul gantolebebs. maTi kanonikuri 

gantolebebi anu rodesac koordinatTa sistemis centri emTxveva 

elifsis an hiperbolis centrs an parabolis piks, 𝑥𝑥 RerZi mimarTulia 

elifsis didi RerZis, hiperbolis realuri RerZis an parabolis 

simetriis RerZis gaswvriv, Semdegia: 

𝑥𝑥2

𝑎𝑎2 +
𝑦𝑦2

𝑏𝑏2 = 1               − ელიფსი                              (90) 

𝑥𝑥2

𝑎𝑎2 −
𝑦𝑦2

𝑏𝑏2 = 1               − ჰიპერბოლა                       (91) 

𝑦𝑦2 = 2𝑝𝑝𝑝𝑝                    − პარაბოლა                          (92) 

sadac 𝑎𝑎  da 𝑏𝑏  – elifsis didi da patara an hiperbolis realuri da 

warmosaxviTi naxevarRerZebia. 
elifsis an hiperbolis centridan maT fokusebamde manZilis anu 𝑐𝑐 

fokusuri manZilis Sefardeba 𝑎𝑎  didi naxevarRerZis sididesTan 

gansazRvravs maT eqscentrisitets, e.i. 
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𝑒𝑒 =
𝑐𝑐
𝑎𝑎 =

√𝑎𝑎2 ∓ 𝑏𝑏2

𝑎𝑎 ,                                                  (93) 

sadac `_“ niSani miekuTvneba elifss, xolo `+“ – hiperbolas. Tu 

gaviTvaliswinebT 𝑝𝑝  parametris geometriul mniSvnelobas, SeiZleba 

miviRoT Semdegi formulebi: 

𝑝𝑝 = 𝑎𝑎(1− 𝑒𝑒2) −    ელიფსი                                     (94) 

𝑝𝑝 = 𝑎𝑎(𝑒𝑒2 − 1)  − ჰიპერბოლა                                 (95) 

SevniSnoT, rom eqscentrisitetis 𝑒𝑒 = 1 mniSvneloba SesaZlebelia 

miviRoT ori gziT. jer erTi, SesaZlebelia davafiqsiroT elifsis erTi 

wveri da erTi fokusi da vaiZuloT elifsis centri da misi meore 

fokusi da meore wvero gadaadgildenen didi RerZis gaswvriv 

usasrulobisken. aseT SemTxvevaSi 𝑒𝑒 → 1,  radgan 𝑐𝑐 → ∞  da 𝑎𝑎 → ∞. 
amasTan, elifsi gawydeba da gadaiqceva parabolad. meore, elifsis 

fiqsirebuli didi 𝑎𝑎 naxevarRerZis SemTxvevaSi SesaZlebelia SevamciroT 

mcire 𝑏𝑏 naxevarRerZi nolamde da kvlav 𝑒𝑒 → 1 (ix. formula (93)). aseT 

SemTxvevaSi elifsi SeikumSeba ormag monakveTSi sigrZiT 2𝑎𝑎. hiperbola 

aseTi procedurebis SemTxvevaSi gadaiqceva or ormag sxivad. 

ganxiluli mrudebis klasis meore dasaxeleba – konusuri kveTebi, 

dakavSirebulia jer kidev uZveles droSi maT misaRebad dadgenil 

meTodTan. am meTodis meSveobiT mrudebi miiReba swori wriuli konusis 

misi RerZis mimarT sxvadasxva kuTxiT daxrili sibrtyiT kveTisas. es 

naTlad amtkicebs, rom erTi SexedviT gansxvavebuli formis mqone es 

mrudebi, sinamdvileSi qmnian mrudebis garkveul erTian ojaxs (ix. 

naxazi 6). 

davubrundeT ori sxeulis amocanas da SevniSnoT, rom laplasis 

veqtori gansazRvravs mizidulebis centrSi ganTavsebuli fokusidan mis 

maxlobel wveromde mimarTulebas anu orbitis pericentrs. elifsuri 

orbitis SemTxvevaSi aseve arsebobs yvelaze daSorebuli wertili 

mizidulobis centridan – apocentri. am orive wertilis zogadi 

saxelia – afsidebi, xolo maTi SemaerTebeli xazisa – afsidebis xazi.  

Tu ganixileba moZraoba romelime konkretuli sxeulis garSemo, 

maSin afsidebis saxelwodeba tradiciis mixedviT iwarmoeba centraluri 

sxeulis ZvelberZnuli dasaxelebis meSveobiT.  
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naxazi 6. konusuri kveTebi. 

magaliTad, mzis maxlobel orbitebs gaaCniaT periheliumebi (Tumca, 

amave dros – afeliumebic), dedamiwis maxlobels – perigea da apogea, 

mTvaris maxlobels – periseleniumi da aposeleniumi, marsis maxlobels 

– periariumi da apoariumi. ormagi varskvlavebis komponentebis orbitebs 

gaaCniaT periastriumi da apoastriumi.  

garda orbitis gantolebisa, aucilebelia ganvsazRvroT am 

orbitaze moZraobis kanoni, anu, sxva sityvebiT rom vTqvaT, 𝜈𝜈 WeSmariti 
anomaliis da, Sesabamisad, 𝑟𝑟  radiusis damokidebuleba 𝑡𝑡  droze. am 

kanonis misaRebad, ganvixiloT momentis integralis moduli: 

𝑟𝑟𝑟𝑟 sin�𝑟̇𝑟, 𝑟𝑟� = 𝑐𝑐.                                                    (96)  

Tumca, 𝑉𝑉 sin�𝑟̇𝑟, 𝑟𝑟�  siCqare warmoadgens radius-veqtoris 

perpendikularul veqtors anu wriul siCqares, romelic tolia 𝑟𝑟 
radiusis namravlisa 𝜔𝜔 = 𝜈̇𝜈 kuTxur siCqareze. amitom,  

𝑟𝑟2𝜈̇𝜈 = 𝑐𝑐.                                                            (97) 

vaintegroT (97) damokidebuleba (88)-is da (89)-is gTvaliswinebiT. 

maSin moZraobis kanoni Semdegnairad gamoisaxeba: 

39 
 



�
𝑑𝑑𝑑𝑑

(1 + 𝑒𝑒 cos𝜈𝜈)2

𝜈𝜈

0

= √𝜇𝜇
𝑝𝑝3 2⁄ (𝑡𝑡 − 𝜏𝜏).                                   (98) 

mudmiva 𝜏𝜏  aris meeqvse damoukidebeli mudmiva, romelic pirveli 

integralebis 𝑐𝑐, 𝜆𝜆,ℎ  mudmivebTan erTad gansazRvravs ori sxeulis 

amocanis zogad amoxsnas. radgan 𝑡𝑡 = 𝜏𝜏  momentisTvis 𝜈𝜈  WeSmariti 

anomalia unda udrides nols, amitom 𝜏𝜏  mudmiva warmoadgens 𝒎𝒎 

wertilis mier orbitis pericentris gavlis moments. integrali, 

romelic moTavsebulia (98)-is marcxniv, SesaZloa vipovoT 

elementaruli funqciebis saxiT Tundac 𝑠𝑠 = tg(𝜈𝜈 2⁄ )  universaluri 

aRniSvnis gamoyenebiT. sazogadod, mas sakmaod rTuli saxe aqvs. amitom, 

misi gamoTvla moxdeba kepleriseuli moZraobis yoveli SesaZlo tipis 

ganxilvisas. nebismier SemTxvevaSi, misi povna gansazRvravs WeSmarit 

anomalias, rogorc drois funqcias da saSualebas gvaZlevs vipovoT 𝑟𝑟 
manZili da orbituli koordinatebi. am dros: 

𝜉𝜉 = 𝑟𝑟 cos𝜈𝜈,     𝜂𝜂 = 𝑟𝑟 sin𝜈𝜈,     𝜁𝜁 = 0,                                    (99) 

anu unda ganvsazRvroT 𝑚𝑚  wertilis radius-veqtori orbitul 

koordinatTa sistemaSi, romelsac aRvniSnavT 𝜌⃗𝜌 ≡ (𝜉𝜉, 𝜂𝜂, 𝜁𝜁). 
imisaTvis, rom vipovnoT ori sxeulis amocanis amoxsna 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 

koordinatTa sistemaSi, anu vipovnoT 𝑟𝑟 radius-veqtori, saWiroa 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 
sistemis mimarT 𝜉𝜉,𝜂𝜂, 𝜁𝜁  koordinatTa sistemis mimarTulebis kosinusebis 

matrica gavamravloT 𝜌⃗𝜌  veqtorze. SemoviRoT 𝑃𝑃�⃗ ,𝑄𝑄�⃗ ,𝑅𝑅�⃗ erTeulovani 

veqtorebi anu 𝜉𝜉,𝜂𝜂, 𝜁𝜁  RerZebis Sesabamisi ortebi. aseT SemTxvevaSi 

mimarTulebaTa kosinusebis matrica Sedgenil iqneba 𝑃𝑃�⃗ ,𝑄𝑄�⃗ ,𝑅𝑅�⃗  veqtorebis 
komponentebisagan, xolo 𝑟𝑟  veqtoris ganmsazRvreli gamosaxuleba 

SeiZleba CavweroT Semdegi saxiT: 

𝑟𝑟 =

⎝

⎜
⎛
𝑃𝑃�⃗

𝑄𝑄�⃗

𝑅𝑅�⃗ ⎠

⎟
⎞
∙ 𝜌⃗𝜌.                                                     (100) 

 

 

 

40 
 



  
 

amave dros, orbitul koordinatTa sistemis RerZebis ortebi, maTi 

gansazRvrebidan gamomdinare, unda gamovTvaloT Semdegi formulebiT: 

𝑃𝑃�⃗ =
𝜆𝜆
𝜆𝜆 ,       𝑄𝑄�⃗ =

𝑐𝑐 × 𝜆𝜆
𝑐𝑐𝑐𝑐 ,      𝑅𝑅�⃗ =

𝑐𝑐
𝑐𝑐 .                                    (101) 

amis Semdeg, ori sxeulis amocanis zogadi amonaxsni SesaZloa 

gamovsaxoT 𝑃𝑃�⃗ , 𝑄𝑄�⃗ , 𝑅𝑅�⃗ , 𝑒𝑒, 𝑝𝑝, 𝜏𝜏  mudmivebiT. es mudmivebi, iseve rogorc 

pirveli integralebis mudmivebi, unda gamovTvaloT romelime kerZo 

amonaxsnis gansazRvrisas (73) sawyisi pirobebis da (75), (78), (81), (88), 

(89) da (101) damokidebulebaTa meSveobiT.  

astronomiaSi integrirebis mudmivebs, romlebic gansazRvraven 

ciuri sxeulis orbitas da am orbitaze mis moZraobas, uwodeben 

orbitis elementebs. kerZod, 𝑃𝑃�⃗ ,𝑄𝑄�⃗ ,𝑅𝑅�⃗  veqtorebs uwodeben orbitis 

veqtorul elementebs.  

momentis integrals aseve SegviZlia mivceT Semdegi saxe: 

𝑟𝑟 × 𝑑𝑑𝑟𝑟 = 𝑐𝑐 𝑑𝑑𝑑𝑑.                                                           (102) 

am gamosaxulebis marcxena mxare warmoadgens 𝑟𝑟 da 𝑟𝑟 + 𝑑𝑑𝑟𝑟 veqtorebze 
agebuli samkuTxedis gaormagebul farTobs. igi maRali rigis 

usasrulod mcire sidideebis sizustiT emTxveva 𝑑𝑑𝑑𝑑 seqtoris farTobs, 
romelic aRiwereba 𝑟𝑟 radius-veqtoriT 𝑑𝑑𝑑𝑑 droSi, anu: 

𝑑𝑑𝑑𝑑 =
1
2 𝑐𝑐 𝑑𝑑𝑑𝑑.                                                             (103) 

am gantolebis integrireba gvaZlevs: 

𝑆𝑆 =
1
2
𝑐𝑐𝑐𝑐 + 𝑐𝑐0.                                                        (104) 

tolobebi (103) da (104) gamosaxaven kepleris meore kanons. igi 

SeiZleba Semdegnairad CamovayaliboT: kepleriseuli moZraobis 

seqtoruli siCqare mudmivia anu drois toli intervalebis 

ganmavlobaSi wertilis radius-veqtori Semowers toli farTobis 

seqtorebs. unda aRiniSnos, rom (104) ar warmoadgens moZraobis 

gantolebis kidev erT pirvel integrals, radgan seqtoris farTobi, 

romelic Seqmnilia meore xarisxis mrudis rkaliT (garda wrewiris 

SemTxvevisa), saboloo jamSi ar gamoisaxeba misi wveroebis 
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koordinatebiT. rogorc cnobilia, iohanes keplerma daadgina planetebis 

moZraobis sami kanoni. Tumca, mesame kanoni, misi Sinaarsidan gamomdinare, 

ganekuTvneba mxolod perioduli moZraobis SemTxvevas da ganxilul 

iqneba mogvianebiT. 
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leqcia 6. orbitis kepleriseuli elementebi 

orbitis 𝑃𝑃�⃗ , 𝑄𝑄�⃗ , 𝑅𝑅�⃗ , 𝑒𝑒, 𝑝𝑝, 𝜏𝜏 elementebi SesaZlebelia daiyos 3 jgufad. 

pirveli (veqtoruli elementebi) gansazRvravs orbitis sibrtyis 

mdebareobas sivrceSi da mis orientacias am sibrtyeze. meore jgufi - 

(𝑒𝑒, 𝑝𝑝) gansazRvravs orbitis formas da zomas. mesame jgufSi Sedis erTi 
elemeneti 𝜏𝜏,  romelic gansazRvravs orbitaze materialuri wertilis 

moZraobas da amitom, ewodeba dinamiuri elementi. Tumca, mimarTulebis 

kosinusebis matricis cxra elements Soris, romlebsac warmoqmnian 

veqtoruli elemenetebi, mxolod samia damoukidebeli. danarCeni 

urTierdakavSirebulia orTonormirebis eqvsi damokidebulebiT. amitom, 

orbitis mdebareobis gansazRvris ufro `ekonomiuri” saSualeba iqneboda 

eileris sami kuTxis gamoyeneba, romlebic gansazRvraven orbituli 

koordinatTa sistemis mdebareobas sawyis koordinatTa sistemis mimarT.  

es sami kuTxe moicema Semdegnairad (ix. naxazi 7). zogad 

SemTxvevaSi, orbitis sibrtye gadakveTs ZiriTad 𝑥𝑥,𝑦𝑦 koordinatTa 

sistemas garkveuli wrfis mimarTulebiT, romelzec Zevs 𝑥𝑥, 𝑦𝑦 
sibrtyesTan orbitis kveTis wertilebi. am wertilebs ewodeba orbitis 

kvanZebi, xolo Tavad kveTis wrfes – kvanZebis xazi.  

kveTis im wertils, romelSic 𝑚𝑚  wertili orbitaze Tavisi 

moZraobis procesSi icvlis aplikatis niSans uaryofiTidan dadebiTze, 

uwodeben aRmaval kvanZs da aRniSnaven Ω  asoTi, xolo wertils, 

romelSic niSani icvleba piriqiT `+”-dan `-“-sken – daRmaval kvanZs da 

aRniSnave amotrialebuli ℧ simboloTi.  

am aRniSvnebis warmoSoba dakavSirebulia sasworis 

Tanavarskvlavedis ZvelberZnul aRniSvnasTan, romelSic im droisTvis 

mdebareobda gazafxulis dReRamtolobis wertili da warmoadgenda 

dedamiwis garSemo mzis wliuri moZraobis orbitis aRmaval wertils.  

eileris pirveli kuTxe aris sawyis koordinatTa sistemis 𝑥𝑥 
RerZis dadebiT mimarTulebasa da orbitis aRmavali kvanZis 

mimarTulebas Soris kuTxe. es kuTxe aseve aRiniSneba Ω  asoTi da 

ewodeba aRmavali kvanZis grZedi (an ubralod kvanZis grZedi). kuTxes, 

aRmavali kvanZis mimarTulebasa da orbitis pericentris mimarTulebas 

Soris, uwodeben pericentrul manZils da aRiniSneba 𝜔𝜔 asoTi.  
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naxazi 7. orbituli koordinatTa sistema da eileris kuTxeebi. 

eileris mesame kuTxe aris koordinatTa 𝑥𝑥, 𝑦𝑦 sibrtyesa da orbitis 
sibrtyes Soris (anu, rac igivea, maT normalebs – 𝑧𝑧  da 𝜁𝜁  RerZebs 

Soris) kuTxe 𝑖𝑖 da mas orbitis daxrilobas uwodeben. 

kvanZis grZedi aiTvleba 𝑥𝑥  RerZidan 𝑦𝑦  RerZis mimarTulebiT, 

pericentruli manZili – kvanZebis xazidan 𝑚𝑚  wertilis moZraobis 

mimarTulebiT. am kuTxeebma SesaZloa miiRon mniSvnelobebi 0°-dan 360°-
mde. orbitis daxriloba 𝑖𝑖 Zevs 0°-dan 180°-mde intervalSi. igi naklebia 

90°-ze, Tu 𝑚𝑚  wertilis proeqcia 𝑥𝑥,𝑦𝑦  sibrtyeze moZraobs pirvel 

meoTxedSi 𝑥𝑥 RerZidan 𝑦𝑦  RerZis mimarTulebiT da metia 90°-ze, Tu es 
moZraoba warmoebs sapirispiro mimarTulebiT. pirvel SemTxvevaSi 

moZraobas ewodeba pirdapiri, xolo meore SemTxvevaSi – ukumoZraoba.  

zemoT ganvsazRvreT sidideebi Ω  da 𝜔𝜔  rogorc centraluri 

kuTxeebi garkveul mimarTulebebs Soris, xolo orbitis kvanZebi, 

rogorc kvanZebis xazis Tavad orbitasTan gadakveTis wertilebi. Tumca, 

zogjer sasargebloa kvanZis grZedisa da pericentruli manZilis saxiT 

ganvixiloT Sesabamisi rkalebi cis sferoze. maSin kvanZebi aris kvanZebis 

xazis cis sferosTan gadakveTis wertilebi.  

eqvsi damoukidebeli sidide (Ω,𝜔𝜔, 𝑖𝑖, 𝑒𝑒,𝑝𝑝, 𝜏𝜏)  srulad da calsaxad 

gansazRvravs wertilis moZraobas ori sxeulis amocanaSi. maT uwodeben 

orbitis kepleriseul elementebs. es nakrebi gamodgeba nebismieri 

simrudis orbitisaTvis. calkeul SemTxvevebSi SesaZloa movaxdinoT maTi 
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modifikacia garkveuli saxiT. magaliTad, orbitis 𝑝𝑝 parametris nacvlad 

SesaZloa gamoviyenoT elifsuri orbitis didi naxevarRerZi 𝑎𝑎. 
aRvniSnoT, rom 𝑟𝑟  manZilisa da 𝜈𝜈  WeSmariti anomaliisaTvis ori 

sxeulis amocanis zogadi amonaxsni zemoT ukve napovni gvaqvs. zogadi 

amonaxsnis srulad gansazRvrisaTvis sakmarisia vipovnoT 𝑟𝑟  radius-

veqtoris mimarTulebis kosinusebi, romlebsac aRvniSnavT 𝛼𝛼,𝛽𝛽,𝛾𝛾 -Ti, anu 
davuSvaT, rom 𝑟𝑟0 = 𝑟𝑟 𝑟𝑟⁄ ≡ (𝛼𝛼,𝛽𝛽,𝛾𝛾).  

mimarTulebis kosinusebi sapovnelad, ganvixiloT orbitis proeqcia 

cis sferoze (naxazi 8). maSin 𝑥𝑥Ωm sferul samkuTxedSi: 𝑥𝑥Ω = Ω, Ω𝑚𝑚 =
𝜔𝜔 + 𝜈𝜈 = 𝑢𝑢, 𝑥𝑥Ω𝑚𝑚 = 180− 𝑖𝑖. aqedan, 

𝛼𝛼 = cos(𝑥𝑥𝑥𝑥) = cosΩ cos𝑢𝑢 − sinΩ sin𝑢𝑢 cos 𝑖𝑖                        (105) 
analogiurad, 

𝛽𝛽 = cos(𝑦𝑦𝑦𝑦) = sinΩ cos𝑢𝑢 + cosΩ sin𝑢𝑢 cos 𝑖𝑖  
𝛾𝛾 = cos(𝑧𝑧𝑧𝑧) = sin𝑢𝑢 sin 𝑖𝑖                                                  (106) 

amis Semdeg SesaZlebelia CavweroT, rom 𝑚𝑚  wertilis koordinatebi 

sawyis koordinatTa sistemaSi tolia: 

𝑥𝑥 = 𝑟𝑟𝑟𝑟 = 𝑟𝑟(cosΩ cos𝑢𝑢 − sinΩ sin𝑢𝑢 cos 𝑖𝑖) 
𝑦𝑦 = 𝑟𝑟𝑟𝑟 = 𝑟𝑟(sinΩ cos𝑢𝑢 + cosΩ sin𝑢𝑢 cos 𝑖𝑖)                 (107) 
𝑧𝑧 = 𝑟𝑟𝑟𝑟 = 𝑟𝑟 sin𝑢𝑢 sin 𝑖𝑖. 

formulebi (88), (98) da (107) iZleva ori sxeulis amocanis 

amoxsnas kepleriseul elementebSi. aqve, 𝑢𝑢 sidide aris kuTxuri manZili 

kvanZebis xazsa da 𝑚𝑚  wertilis mimdinare radius-veqtors Soris. mas 

ewodeba grZedis argumenti. 𝑃𝑃�⃗  da 𝑄𝑄�⃗  ortebis gansazRvrebis Tanaxmad 

isini tolia 𝑟𝑟 𝑟𝑟⁄  ortisa, roca 𝑢𝑢 = 𝜔𝜔 da 𝑢𝑢 = 𝜔𝜔 + 90° (es miuTiTebs 𝜔𝜔 
sididis kidev erT saxelwodebaze – pericentris argumenti). amitom, 

formulebi (105) da (106) iZleva orbitis veqtorul da kepleriseul 

elementebs Soris Semdegi saxis kavSirs: 

𝑃𝑃𝑥𝑥 = cosΩ cos𝜔𝜔 − sinΩ sin𝜔𝜔 cos 𝑖𝑖 
𝑃𝑃𝑦𝑦 = sinΩ cos𝜔𝜔 + cosΩ sin𝜔𝜔 cos 𝑖𝑖                      (108) 
𝑃𝑃𝑧𝑧 = sin𝜔𝜔 sin 𝑖𝑖 
𝑄𝑄𝑥𝑥 = −cosΩ sin𝜔𝜔 − sinΩ cos𝜔𝜔 cos 𝑖𝑖 
𝑄𝑄𝑦𝑦 = −sinΩ sin𝜔𝜔 + cosΩ cos𝜔𝜔 cos 𝑖𝑖                  (109) 
𝑄𝑄𝑧𝑧 = cos𝜔𝜔 sin 𝑖𝑖 
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naxazi 8. radius-veqtoris mimarTulebis kosinusebis gamoTvla. 

Tu movaxdenT 𝑅𝑅�⃗  veqtoris proeqcias uSualod 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 RerZebze, miviRebT, 
rom 

𝑅𝑅𝑥𝑥 = sinΩ sin 𝑖𝑖 
𝑅𝑅𝑦𝑦 = − cosΩ sin 𝑖𝑖                                                       (110) 
𝑅𝑅𝑧𝑧 = cos 𝑖𝑖  

zogadi amonaxsni SesaZloa aseve CavweroT Semdegi saxiT, Tu 

gamoviyenebT (99) da (100) formulebs: 

�
𝑥𝑥
𝑦𝑦
𝑧𝑧
� = �

𝑃𝑃𝑥𝑥
𝑃𝑃𝑦𝑦
𝑃𝑃𝑧𝑧
� ∙ 𝜉𝜉 + �

𝑄𝑄𝑥𝑥
𝑄𝑄𝑦𝑦
𝑄𝑄𝑧𝑧
� ∙ 𝜂𝜂                                      (111) 

Tu movaxdenT (107) an (111) gamosaxulebis diferencirebas 𝑡𝑡  droiT, 
SegviZlia vipovoT 𝑟̇𝑟 ≡ (𝑥̇𝑥, 𝑦̇𝑦, 𝑧̇𝑧)  siCqaris veqtoris komponentebi. aseve 

sasargebloa am veqtoris daSla radialur 𝑉𝑉𝑟𝑟  da radius-veqtoris 

mimarT normalur (tangencialur) 𝑉𝑉𝑛𝑛  komponentebad. cxadia, rom 𝑉𝑉𝑟𝑟 = 𝑟𝑟,̇  
xolo 𝑉𝑉𝑛𝑛 = 𝑟𝑟𝜈̇𝜈.  movaxdinoT (88)-is diferencireba droiT da 

gaviTvaliswinoT (97) da (99), da miviRebT: 

𝑉𝑉𝑟𝑟 = �𝜇𝜇 𝑝𝑝⁄  𝑒𝑒 sin𝜈𝜈 

𝑉𝑉𝑟𝑟 = �𝜇𝜇 𝑝𝑝⁄  (1 + 𝑒𝑒 cos𝜈𝜈)                                          (112) 

𝑉𝑉 = �𝜇𝜇 𝑝𝑝⁄  �1 + 2𝑒𝑒 cos 𝜈𝜈 + 𝑒𝑒2 
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leqcia 7. moZraobis klasifikacia ori 

sxeulis amocanaSi 

detalurad ganvixiloT, Tu ra pirobebSi eqneba ori sxeulis 

amocanaSi ama Tu im tipis kepleriseul moZraobas adgili. amis Sesaxeb 

informacia SegviZlia movaTavsoT erT cxrilSi (ix. cxrili 2). 

cxrili 2. kepleriseuli moZraobis tipebi ori sxeulis amocanaSi 

moZraobis 
tipi 

𝑒𝑒 𝑐𝑐 𝜆𝜆 ℎ 𝑉𝑉, 𝑟𝑟 𝛿𝛿 = (𝑟𝑟, 𝑉𝑉) 

wriuli 0 ≠0 0 −𝜇𝜇 𝑟𝑟⁄  𝑉𝑉2 = 𝜇𝜇 𝑟𝑟⁄  90° 
elifsuri 0 < e < 1 - < 𝜇𝜇 −𝜇𝜇 𝑎𝑎⁄  𝑉𝑉2 < 2 𝜇𝜇 𝑟𝑟⁄  0<𝛿𝛿 ≤180° 
paraboluri 1 - 𝜇𝜇 0 𝑉𝑉2 = 2 𝜇𝜇 𝑟𝑟⁄  - 

hiperboluri >1 - > 𝜇𝜇 𝜇𝜇 𝑎𝑎⁄  𝑉𝑉2 > 2 𝜇𝜇 𝑟𝑟⁄  - 

wrfivi 1 0 nebismieri nebismieri nebismieri 0° an 180° 
 

cxrili 2-is pirveli da meore svetebi gamomdinareobs kepleris 

pirveli kanonidan da meore xarisxis mrudebis Teoriidan. mesame sveti 

afiqsirebs kinetikuri momentis mniSvnelobebs mrudwirovani da wrfivi 

moZraobisas. meoTxe sveti Seicavs ori sxeulis amocanis gravitaciuli 

𝜇𝜇  mudmivas da laplasis veqtoris sidides Soris kavSirs, romelic 

gamomdinareobs (84) da (89) damokidebulebebidan. mexuTe svetSi 

mocemuli ℎ  gaormagebuli sruli energiis sidideebi gamomdinareobs 

mesame da meoTxe svetebis monacemebidan da (84) damokidebulebidan. 

xazi gavusvaT, rom wriuli da elifsuri moZraobebis, romlebic 

warmoadgenen finiturs (sasruls) anu adgili aqvT sibrtyis 

SemosazRvrul areebSi, sruli energia uaryofiTia – kinetikuri energia 

ar aris sakmarisi mizidulobis centris gravitaciuli zemoqmedebis 

gadasalaxavad. infinituri (usasrulo) anu paraboluri da hiperboluri 

moZraobebis SemTxvevebSi sruli energia araurayofiTia anu moZravi 

wertili gadalaxavs mizidulobis Zalas da midis usasrulobaSi. sruli 

energiis sididis am SezRudvebidan da energiis (78) integralidan 

gamomdinareobs damokidebuleba wertilis siCqaresa da manZils Soris, 

romelzec igi mdebareobs mocemuli momentisaTvis da mocemulia cxrili 

2-is meeqvse svetSi. wriuli da wrfivi moZraobebis SemTxvevbSi 𝛿𝛿 
kuTxis mniSvnelobebi gamomdinareobs aSkara geometriuli mosazrebebidan. 
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sxva SemTxvevebSi es kuTxe udides mniSvnelobebs iRebs orbitis 

pericentrSi. nolisken igi miiswrafvis maSin, roca wertili miemarTeba 

usasrulobisken parabolaze an hiperbolaze, xolo elifsuri moZraobis 

SemTxvevaSi es xdeba elifsis mcire RerZis boloebSi, roca igi 

SeuzRudavad mcirdeba.  

astronomiisa da kosmonavtikisaTvis gansakuTrebuli mniSvneloba 

aqvs cxrili 2-is meeqvse svetis pirvel da mesame damokidebulebas. es 

igivea, rac wriuli da paraboluri moZraobis siCqareebis cnobili 

formulebi: 

𝑉𝑉𝑐𝑐 = � 
𝜇𝜇
𝑟𝑟  ,    𝑉𝑉𝑝𝑝 = �2𝜇𝜇

𝑟𝑟  .                                              (113) 

AaRvniSnoT, rom am formulebidan pirveli SegviZlia vipovnoT 

elmentaruli mosazrebebidan gamomdinare, Tu gavutolebT erTmaneTs 

gravitaciul da centridanul aCqarebebs (maTi toloba ganapirobebs 

swored uwonadobis pirobebs xelovnuri Tanamgzavris an orbituli 

sadguris bortze): 

𝜇𝜇
𝑟𝑟2

=
𝑉𝑉2

𝑟𝑟                                                              (114) 

saidanac asve SegviZlia ganvsazRvroT wriuli moZraobis siCqaris 

formula. Tu 𝑟𝑟 manZils gamovsaxavT centraluri sxeulis 𝑅𝑅  radiusiT 

da frenis 𝐻𝐻  simaRliT, xolo 𝜇𝜇  gravitaciul mudmivas – sxeulis 

radiusiT da 𝑔𝑔 mizidulobis Zalis aCqarebiT mis zedapirze, maSin (113) 

formulebi miiReben Semdeg saxes: 

𝑉𝑉𝑐𝑐 = � 𝑔𝑔𝑅𝑅2

𝑅𝑅 + 𝐻𝐻 ,   𝑉𝑉𝑝𝑝 = �2𝑔𝑔𝑅𝑅2

𝑅𝑅 + 𝐻𝐻 .                                        (115) 

Tu amjerad davuSvebT, rom simaRle 𝐻𝐻 = 0,  maSin miviRebT wriuli 

da paraboluri moZraobis siCqareebs mocemuli ciuri sxeulis 

zedapirTan, romlebic cnobilia, rogorc pirveli da meore kosmosuri 

siCqareebi: 

𝑉𝑉1 = �𝑔𝑔𝑔𝑔,     𝑉𝑉2 = �2𝑔𝑔𝑔𝑔.                                            (116) 

meore kosmosur siCqares aseve uwodeben ganTavisuflebis an 

gaqcevis siCqares. 
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ganvixiloT ori sxeulis amocanaSi sxvadasxva tipis moZraobebs 

Soris Tanafardoba kidev erTi TvalsazrisiT. vTqvaT yvelanairi sawyisi 

piroba sruldeba Tanabari albaTobiT. maSin 𝜆𝜆  da 𝑒𝑒  sidideTa 

mniSvnelobebi iqneba SemTxveviTi ricxvebi, romlebic Tanabradaa 

ganawilebuli [0,∞)  intervalSi. davsvaT kiTxva: rogoria TiToeuli 

mrudwirovani tipis kepleriseuli moZraobis albaToba? geometriuli 

albaTobebis gamoTvlis meTodis mixedviT wriuli da paraboluri 

moZraobis albaToba 0-is tolia, radgan maT Seesabameba calkeuli 

wertilebi eqscentrisitetis SesaZlo mniSvnelobebis sxivze (naxazi 9). 

es aris magaliTi xdomilebebisa, romelTa albaToba nolia, Tumca maTi 

dadgoma mainc SesaZlebelia. 

elifsuri da hiperboluri moZraobebis albaTobaTa gamoTvlas 

SesaZloa Semdegnairad mivudgeT. davuSvaT, rom naxazze 9 mocemuli 

hiperboluri moZraobis Sesabamis naxevarRerZze mdebare monakveTis 

sigrZe didia, magram sasrulia da tolia 𝑙𝑙 . maSin elifsuri moZraobis 

albaTobis 𝑝𝑝(𝑒𝑒 < 1)  da hiperboluri moZraobis albaTobis 𝑝𝑝(𝑒𝑒 > 1) 
Sefardeba tolia 1 𝑙𝑙⁄ . Tu 𝑙𝑙 → ∞ da gaviTvaliswinebT, rom albaTobaTa 

jami tolia 1-is, maSin miviRebT, rom 𝑝𝑝(𝑒𝑒 < 1) = 0  da 𝑝𝑝(𝑒𝑒 > 1) = 1. 
magram aseTi pasuxi ar aris marTebuli Tundac imitom, rom ℎ 2⁄  sruli 

energiis mniSvnelobebis ricxviT RerZze elifsuri da hiperboluri 

moZraobebi ikaveben erTnair simetriul sxivebs – ℎ < 0  da ℎ > 0. 
Secdoma aq imaSi mdgomareobs, rom (0,1) monakveTi ganixileba rogorc 

sasruli mniSvneloba, xolo (1,∞) sxivi – rogorc usasrulo. 

sinamdvileSi orive monakveTi Sedgeba usasrulo raodenobis 

wertilebisgan da aucilebelia rogorme SevusabamoT erTmaneTs am 

monakveTebSi moqceul wertilTa raodenobebi. Tu movaxdenT gardaqmnas 

𝑒𝑒 → 1 𝑒𝑒,⁄  maSin igi Seusabamebs (0,1) monakveTis erT wertils (1,∞) 
sxivis erT da mxolod erT wertils da piriqiT. sxva sityvebiT, es 

gardaqmna amyarebs urTierTcalsaxa damokidebulebas orive simravlis 

wertilebs Soris. es niSnavs, rom am orive simravlis Semadgenel 

wertilTa raodenoba unda CavTvaloT toli. simravleTa Teoriis eniT 

Tu vilaparakebT, am or simravles erTnairi zoma aqvT. amitom elifsur 

da hiperbolur moZraobebs erTnairi albaTobebi aqvT da is tolia 

𝑝𝑝(𝑒𝑒 < 1) = 𝑝𝑝(𝑒𝑒 > 1) = 1 2.⁄  
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naxazi 9. sxvadasxva tipis kepleriseuli moZraobis albaTobebi. 

davsavT kidev erTi kiTxva: rogoria albaToba imisa, rom 

eqscentrisitetis mniSvneloba iqneba racionaluri an iracionaluri 

ricxvi? rogorc cnobilia, ricxviTi RerZis racionaluri 

mniSvnelobebis Sesabamisi wertilebisgan SesaZlebelia SevadginoT 

mxolod usasrulod mcire sigrZis monakveTi anu maT simravles 

nulovani zoma aqvs (Tumca maTi raodenoba usasrulod bevria). aqedan 

gamodis, rom 𝑝𝑝(𝑒𝑒𝑟𝑟) = 0.  Sesabamisad miviRebT meore mniSvnelobasac   

𝑝𝑝(𝑒𝑒𝑖𝑖𝑖𝑖) = 1. meores mxriv, nebismieri ciuri sxeulis orbitis 

eqscentrisitetis mniSvneloba ganisazRvreba misi poziciuri 

dakvirvebebis safuZvelze, romelTac SezRuduli sizuste gaaCniaT. es 

bolo mosazreba sayovelTao da principuli xasiaTisaa. amitom azri aqvs 

eqscentrisitetis mxolod racionalur mniSvnelobebs (iseve, rogorc 

nebismieri sxva gazomvadi sididisaTvis) anu racionaluri 

eqscentrisitetis albaTobis mniSvnelobaa 𝑝𝑝(𝑒𝑒𝑟𝑟) = 1,  xolo 

iracionaluris albaTobaa – 𝑝𝑝(𝑒𝑒𝑖𝑖𝑖𝑖) = 0. 
paradoqsi, romelsac Cven mivadeqiT, Rrma bunebisaa. igi 

dakavSirebulia samyaros or principulad gansxvavebul suraTTan. 

pirveli, klasikuri, gamomdinareobs iqedan, rom samyaro Sedgeba 

diskretuli wertilovani obieqtebisagan, es ki gansazRvravs misi 

maxasiaTeblebis da, pirvel rigSi, sivrce-drois usasrulo dayofadobas. 

meore suraTs, kvanturs, safuZvlad udevs Sexeduleba, rom samyaros 

Semadgenel elementebs erTdroulad gaaCniaT diskretuli da uwyveti 

Tvisebebi (`nawilaki-talRis” dualizmi). samyaros am suraTis 

winaaRmdegobis mosaxsnelad SemoiRes ganuzRvrelobis principi 

(haizenbergis principi), romelic zRudavs nebismieri gazomvis sizustes.  
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leqcia 8. kepleriseuli moZraobis calkeuli 

tipebi 

moZraobaTa tipebi ori sxeulis amocanaSi SeiZleba davalagoT 

Semdegi mimdevrobiT: ZiriTadi – elifsuri da hiperboluri, zRvruli – 

wriuli da paraboluri, gadagvarebuli – wrfivi. swored am 

mimdevrobiT ganvixilavT TiToeul am jgufs.  

elifsuri moZraoba 

moZraobis am tips adgili aqvs maSin, roca pirveli integralebis 

mudmivebis mniSvnelobebia – 𝑐𝑐 ≠ 0, 0 < 𝜆𝜆 < 𝜇𝜇, ℎ < 0.  imisaTvis, rom 

davasruloT amocanis amoxsna, unda vipovnoT WeSmarit anomaliasa da 

dros Soris kavSiri sasruli saxiT anu gamovTvaloT integrali: 

�𝑟𝑟2𝑑𝑑𝑑𝑑 = 𝑐𝑐(𝑡𝑡 − 𝜏𝜏).                                                 (117)
𝜈𝜈

0

 

saintereso istoriuli faqtia, rom cvladebis Canacvleba, romlis 

meSveobiTac sakmaod martivad ixsneba es integrali, geometriuli gziT 

ipovna i.keplerma jer kidev maSin, rodesac integraluri da 

diferencialuri aRricxva ar arsebobda. Tu elifsuri orbitis didi 

RerZis mimarT gavavlebT perpendikulars am orbitaze moZravi wertilis 

mimdinare mdebareobis gavliT wrewiramde, romelic agebulia am RerZze, 

rogorc mis diametrze, maSin kuTxe elifsis centrSi did RerZsa da 

wrewirTan kveTis mimarTulebas Soris iqneba swored integrirebis axali 

cvladi. am 𝐸𝐸  kuTxes (ix. naxazi 10) uwodeben eqscentrul anomalias. 

Tu ganvixilavT samkuTxedebs 𝑃𝑃1𝑀𝑀𝑀𝑀 da 𝑃𝑃1𝑂𝑂𝑃𝑃2 da eqscentrisitetis (93) 
gansazRvrebas, miviRebT: 

𝑎𝑎 cos𝐸𝐸 = 𝑎𝑎𝑎𝑎 + 𝑟𝑟 cos 𝜈𝜈 .                                         (118) 

elifsis (90) gantolebis daxmarebiT SeiZleba miviRoT, rom 𝑎𝑎 da 𝑏𝑏 
naxevarRerZebis mqone elifsze mdebare wertilebis ordinatebis 

Sefardeba 𝑎𝑎  radiusis mqone wris wertilebis ordinatebTan erTnairi 

abscisebis SemTxvevaSi tolia: 
𝑦𝑦𝑐𝑐
𝑦𝑦𝑒𝑒

=
𝑎𝑎
𝑏𝑏  
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naxazi 10. eqscentruli anomalia. 

(93)-is gaTvaliswinebiT miviRebT, rom 

𝑟𝑟 sin 𝜈𝜈 =𝑎𝑎�1− 𝑒𝑒2 sin𝐸𝐸.                                            (119) 

formulebidan (118) da (119) iolia vipovnoT orbituli 

koordinatebi: 

𝜉𝜉 = 𝑟𝑟 cos𝜈𝜈 = 𝑎𝑎(cos𝐸𝐸 − 𝑒𝑒), 
𝜂𝜂 = 𝑟𝑟 sin 𝜈𝜈 = 𝑎𝑎�1− 𝑒𝑒2 sin𝐸𝐸 ,                                (120) 

xolo Tu maTi kvadratebis jamidan aviRebT kvadratul fesvs, miviRebT, 

rom: 

𝑟𝑟 = 𝑎𝑎(1 − 𝑒𝑒 cos𝐸𝐸).                                               (121) 

amis Semdeg (118)-dan SeiZleba vipovnoT, rom: 

cos𝜈𝜈 =
cos𝐸𝐸 − 𝑒𝑒

1 − 𝑒𝑒 cos𝐸𝐸 ,                                              (122) 

xolo (119)-dan: 

sin𝜈𝜈 =
√1− 𝑒𝑒2 sin𝐸𝐸

1− 𝑒𝑒 cos𝐸𝐸
.                                          (123) 

sin𝜈𝜈 (1 + cos𝜈𝜈)⁄  sididis mniSvnelobis povniT, romelic Tavis mxriv 

tolia tg (𝜈𝜈 2⁄ ),  vipovniT kavSirs WeSmarit da eqscentrul anomaliebs 

Soris, romelsac Semdegi saxiT: 

tg
𝜈𝜈
2

= �1 + 𝑒𝑒
1− 𝑒𝑒  tg

𝐸𝐸
2 .                                            (124) 
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es formula mosaxerxebelia imiT, rom calsaxad akavSirebs 

erTmaneTTan meoTxedebs, romlebSic moTavsebulia 𝜈𝜈  da 𝐸𝐸.  sabolood, 

(123)-is diferencireba (122)-is daxmarebiT, gvaZlevs: 

𝑑𝑑𝑑𝑑 =
√1− 𝑒𝑒2

1− 𝑒𝑒 cos𝐸𝐸 𝑑𝑑𝑑𝑑.                                                (125) 

(121) da (125) CavsvaT (117)-Si da (94)-is meSveobiT vipovniT: 

�(1 − 𝑒𝑒 cos𝐸𝐸)𝑑𝑑𝑑𝑑 = √𝜇𝜇
𝑎𝑎3 2⁄ (𝑡𝑡 − 𝜏𝜏)

𝐸𝐸

0

                               (126) 

anu 

𝐸𝐸 − 𝑒𝑒 sin𝐸𝐸 = 𝑛𝑛(𝑡𝑡 − 𝜏𝜏),                                             (127) 

sadac 𝑛𝑛 = √𝜇𝜇 𝑎𝑎3 2⁄⁄ . Cven miviReT cnobili kepleris gantoleba, romelic 

warmoadgens ori sxeulis amocanis amoxsnas elifsuri moZraobis 

SemTxvevaSi. Tu SemoviRebT aRniSvnas 

𝑀𝑀 = 𝑛𝑛(𝑡𝑡 − 𝜏𝜏),                                                     (128) 

maSin misi ufro kompaqturi forma iqneba:  

𝐸𝐸 − 𝑒𝑒 sin𝐸𝐸 = 𝑀𝑀.                                                  (129) 

𝑀𝑀 sidides, romelsac uwodeben saSualo anomalias, SeiZleba 

SevZinoT Semdegi azri: Tu warmovidgenT wertils, romelic Tanabrad 

moZraobs 𝑎𝑎  radiusis wreze da gadis pericentrsa da apocentrze 𝑚𝑚 

materialur wertilTan erTad, maSin misi mdebareoba ganisazRvreba 𝑀𝑀 

kuTxiT, romelic aiTvleba pericentris mimarTulebidan da misi wvero 

Zevs elifsis centrSi. 𝑛𝑛  sidide aris elifsur orbitaze moZraobis 

saSualo kuTxuri siCqare da astronomiaSi ewodeba saSualo moZraoba.  

amis Semdgom SegviZlia ganvixiloT kepleris mesame kanoni. Tu 𝑡𝑡 − 𝜏𝜏 
sxvaobas gavutolebT materialuri wertilis elifsur orbitaze sruli 

brunis periods 𝑇𝑇, miviRebT, rom 

𝑇𝑇 = 2𝜋𝜋
𝑎𝑎3 2⁄

√𝜇𝜇
= 2𝜋𝜋

𝑎𝑎3 2⁄

�𝑓𝑓(𝑀𝑀 + 𝑚𝑚)
 .                                    (130) 

es aris kepleris mesame kanoni, Tumca igi Cawerilia naklebad 

gavrcelebuli formiT. igi akavSirebs erTmaneTTan periods da elifsis 
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didi naxevarRerZis sidides, romelzec erTi meores mimarT moZraoben 

materialuri wertilebi masebiT 𝑀𝑀 da 𝑚𝑚. swored am saxiT gamoiyeneba 
es kanoni masebis jamis gansazRvrisas ormag varskvlavTa sistemebSi. ori 

wertilisaTvis masebiT 𝑚𝑚1  da 𝑚𝑚2, romlebic brunaven erTi da imave 

mizidulobis centris garSemo masiT 𝑀𝑀, (130)-dan miviRebT, rom:  

𝑇𝑇12

𝑇𝑇22
=
𝑀𝑀 +𝑚𝑚2

𝑀𝑀 + 𝑚𝑚1
∙
𝑎𝑎13

𝑎𝑎23
.                                                  (131) 

mzis sistemis sxeulebis masebi Zalian mcirea mzis masasTan 

SedarebiT. erTis mxriv, swored aman misca saSualeba i.keplers epovna es 

kanoni misi gamartivebuli saxiT: 

𝑇𝑇12

𝑇𝑇22
=
𝑎𝑎13

𝑎𝑎23
.                                                          (132) 

meores mxriv, am kanonis modificirebuli forma, romelic ipovna 

i.niutonma (131) saxiT, praqtikulad ar gamodgeba mzis sistemis 

sxeulTa masebis gansazRvrisaTvis. amisaTvis gamoiyeneba kepleris kanoni 

im situaciebSi, rodesac centraluri sxeulis (mzis) garSemo masiT 𝑀𝑀 

brunavs sxeuli masiT 𝑚𝑚𝑝𝑝 (planeta), romelsac gaaCnia Tanamgzavri masiT 

𝑚𝑚𝑠𝑠 . maSin kepleris mesame kanonis gamoyeneba `mze-dedamiwa” wyvilisa da 

`dedamiwa-Tanamgzavri” wyvilis mimarT, gvaZlevs: 

𝑇𝑇𝑝𝑝2

𝑇𝑇𝑠𝑠2
=
𝑚𝑚𝑝𝑝 + 𝑚𝑚𝑠𝑠

𝑀𝑀 +𝑚𝑚𝑝𝑝
∙
𝑎𝑎𝑝𝑝3

𝑎𝑎𝑠𝑠3
≅
𝑚𝑚𝑝𝑝

𝑀𝑀
𝑎𝑎𝑝𝑝3

𝑎𝑎𝑠𝑠3
,                                    (133) 

radgan 𝑀𝑀 ≫ 𝑚𝑚𝑝𝑝 da 𝑚𝑚𝑝𝑝 ≫ 𝑚𝑚𝑠𝑠 . 
unda xazi gaesvas kepleris mesame kanonis uaRresad did 

mniSvnelobas astronomiaSi – es ciuri sxeulebis masebis gansazRvris 

erTaderTi pirdapiri meTodia. yvela sxva meTodi efuZneba an empiriul 

damokidebulebebs, romlebic sabolood eyrdnobian am kanonis meSveobiT 

miRebul monacemebs an sxeulis zomis da simkvrivis Sefasebebs.  

orbituli koordinatebis (120) gamosaxulebis CasmiT zogad (111) 

formulebSi miviRebT elifsur orbitaze moZravi wertilis 

koordinatebs sawyis koordinatTa sistemaSi: 

�
𝑥𝑥
𝑦𝑦
𝑧𝑧
� = 𝑎𝑎 ��

𝑃𝑃𝑥𝑥
𝑃𝑃𝑦𝑦
𝑃𝑃𝑧𝑧
� ∙ (cos𝐸𝐸 − 𝑒𝑒) + �

𝑄𝑄𝑥𝑥
𝑄𝑄𝑦𝑦
𝑄𝑄𝑧𝑧
� ∙ �1− 𝑒𝑒2 ∙ sin𝐸𝐸� ,            (134) 
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xolo (134)-is drois mixedviT diferencirebis Semdeg siCqaris 

komponentebs: 

�
𝑥̇𝑥
𝑦̇𝑦
𝑧̇𝑧
� =

𝑛𝑛𝑎𝑎2

𝑟𝑟
�−�

𝑃𝑃𝑥𝑥
𝑃𝑃𝑦𝑦
𝑃𝑃𝑧𝑧
� ∙ sin𝐸𝐸 + �

𝑄𝑄𝑥𝑥
𝑄𝑄𝑦𝑦
𝑄𝑄𝑧𝑧
� ∙ �1− 𝑒𝑒2 ∙ cos𝐸𝐸� .        (135) 

elifsur moZraobis siCqaris moduli ganisazRvreba energiis 

Senaxvis kanonidan imis gaTvaliswinebiT, rom mudmiva ℎ = −𝜇𝜇 𝑎𝑎⁄ :  

𝑉𝑉2 = 𝜇𝜇 �
2
𝑟𝑟
−

1
𝑎𝑎
�                                                   (136) 

an (121)-is gamoyenebiT: 

𝑉𝑉2 =
𝜇𝜇
𝑎𝑎 ∙

1 + 𝑒𝑒 cos𝐸𝐸
1− 𝑒𝑒 cos𝐸𝐸 .                                             (137) 

rogorc ukve aRvniSneT, zogierTi orbitis elementi SeiZleba 

SevcvaloT sxva elementiT. elifsuri moZraobisaTvis pirvel rigSi 

mizanSewonilia SevcavaloT orbitis parametri didi naxevarRerZiT, 

Tumca sasargebloa aseve sxva cvlilebebic. pericentruli manZili 

icvleba pericentris grZediT 

𝜋𝜋 = Ω+ 𝜔𝜔,                                                          (138) 

pericentrSi gavlis momenti 𝜏𝜏  – saSualo anomaliis 𝑀𝑀0  mniSvnelobiT 

drois 𝑡𝑡0 momentSi (sawyisi epoqis saSualo anomalia), xolo Tavad 𝑀𝑀0 

sidide – sawyisi epoqis saSualo grZediT 

𝜀𝜀 = 𝜋𝜋 +𝑀𝑀0 = Ω +𝜔𝜔 +𝑀𝑀0.                                     (139) 

ra Tqma unda, aRniSvnebi 𝜋𝜋  da 𝜀𝜀  arc Tu ise mosaxerxebelia 

Tanamedrove maTematikaSi miRebuli aRniSvnebis TvalsazrisiT, magram 

isini didi xania damkvidrebulia cis meqanikaSi. am elementebis SemoRebis 

arsi SemdegSia: kuTxeebi (rkalebi) 𝜋𝜋  da 𝜀𝜀  warmoadgenen texilebs anu 

maTi nawilebi Zevs sxvadasxva sibrtyeebSi, samagierod isini Ω  kvanZis 

grZedTan erTad aiTvlebian koordinatTa erTi da igive 𝑥𝑥  RerZis 

mimarTulebiT. garda amisa, didi naxevarRerZi SeiZleba SevcvaloT 

saSualo moZraobiT 𝑛𝑛,  xolo eqscentrisiteti 𝑒𝑒  – eqscentristetis 

kuTxiT 𝜑𝜑 = arcsin𝑒𝑒.  planetebis moZraobis TeoriaSi sakmaod 
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gavrcelebulia elementebis Semdegi nakrebi – (Ω,𝜋𝜋, 𝑖𝑖, 𝑒𝑒, 𝑎𝑎, 𝜀𝜀),  romelsac 

uwodeben elifsur kepleriseul elementebs. 

cxrilebSi 3 da 4 moyvanilia didi planetebis da zogierTi mcire 

planetis elementebi. cxrilis 2 ganxilva gviCvenebs, rom orbitebis 

daxrilobis da eqscentristetis mniSvnelobebi sakmaod mcirea, umetes 

SemTxvevaSi naklebia 4°-sa da 0.05-ze. es faqti, didi naxevarRerZebis 
garkveul mniSvnelobebTan erTad, gansazRvravs mzis sistemis agebulebis 

ZiriTad damaxasiaTebel niSnebs. 4 cxrilidan Cans, rom mcire 

planetebis orbitebs aseve gaaCniaT daxrilobisa da eqscentrisitetis 

arc Tu ise didi mniSvnelobebi, Tumca maTi damaxasiaTebeli sidideebi 

ufro metia, vidre didi planetebisaTvis. amave dros gvxvdeba mcire 

planetebis daxrilobebis da eqscentrisitetebis sakmaod maRali 

mniSvnelobebi. mcire planetebi, romelTa didi naxevarRerZebi Seadgenen 

daaxloebiT 2-4 a.e. (brunaven marssa da iupiters Soris), Seadgenen 

mcire planetebis anu asteroidebis mTavar sartyels.  

cnobili orbitebis mqone mTavari sartyelis asteroidebis 

raodenoba swrafad izrdeba dakvirvebaTa axali saSualebebis gamoyenebis 

xarjze. dReisaTvis am ricxvma gadaaWarba 120 aTass. sakmaod didi xania 

cnobilia mcire planetebi, romelTa orbitebi SesaZlebels xdis 

dedamiwasTan maT met-naklebad mWidro miaxloebas. bolo dros napovni 

aseTi obieqtebis raodenoba swrafad izrdeba da dReisaTvis isini 4000-

mdea cnobili (Tumca orbitebi gansazRvrulia mxolod 420 

maTganisTvis).  

dedamiwasTan moaxloebad asteroidebad iTvleba iseTi asteroidebi, 

romelTa orbitebsa da dedamiwis orbitas Soris umciresi manZili ar 

aRemateba 30 mln. km. amasTan, didi planetebis SemaSfoTebeli 

zemoqmedebis Sedegad am asteroidebis moZraobis cvlilebis gamo 

SesaZloa gaCndes garkveuli albaToba maTi dedamiwasTan Sejaxebisa. aman 

miiyvana mecnierebi asteroiduli safrTxis problemis Seswavlamde.  

ukanasknel xanebSi aRmoCenil iqna mravali (daaxloebiT 1100; 

orbitebi gansazRvrulia mxolod 140-Tvis) asteroiduli sxeuli, 

romelTa orbitebis didi naxevarRerZebi aRemateba neptunis da 

plutonis orbitebs. isini warmoqmnian asteroidebis gare sartyels anu 

koiperis sartyels. garkveuli raodenobis mcire planetebis orbitebi 

moTavsebulia iupiterisa da neptunis orbitebs Soris. 
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formulebi (108), (109), (128), (134) da kepleris gantoleba (129) 

warmoadgenen elifsur orbitebze moZravi ciuri sxeulebis efemeridebis 

gamoTvlis safuZvlebs. astronomiaSi efemeridebs uwodeben ciuri 

sxeulebis koordinatebis mniSvnelobebs drois garkveul momentebSi, 

romlebic gamoTvlilia orbitis cnobili elementebiT. Tu efemeridebs 

aqvT drois mixedviT mudmivi bijis mqone cxrilis saxe, maSin biji 

SeirCeva iseTnairad, rom drois nebismieri momentisaTvis SesaZlebeli 

iyos koordinatebis povna wrfivi an kvadratuli interpolirebis 

meSveobiT. cis meqnikis TvalsazrisiT efemeridebis gamoTvlis sruli 

algoriTmi moicavs ramdenime teqnikur etaps: standartulidan 

(dReisaTvis 2000.0 weli) saZiebo dReRamtolobaze gadasvla; orbitis 

ekliptikuri veqtoruli elementebidan ekvatorulze gadasvla; 

heliocentruli koordinatebidan geocentrulze (Cveulebriv 

ekvatorulze) gadasvla. rogorc wesi, efemeridebi moicaven aseve 

obieqtis xilul varskvlavier sidides.  

Cveulebriv astronomebi TavianT praqtikul saqmianobaSi 

efemeridebis mosaZebnad iyeneben yovelwliur gamocemebs, sadac 

mocemulia sxvadasxva ciuri sxeulis winaswar gamoTvlili efemeridebi. 

aseTi gamocemaa, magaliTad, `astronomiuli almanaxi” (The Astronomical 
Almanac, aSS).  

mzis, mTvaris da didi planetebis efemeridebis gamosaTvlelad 

maTSi gamoyenebulia planetebis da mTvaris moZraobis Tanamedrove 

Teoriebi DE2000/LE2000. yovelwliur gamocemaSi `mcire planetebis 

efemeridebi” mocemulia maTi orbitis elementebi da efemeridebi, maT 

Soris imaTi, romlebsac aqvT pirispirdgoma im wels.  

Semoklebuli saxiT da naklebi sizustiT mzis, mTvaris, didi da 

zogierTi mcire planetis efemeridebi qveyndeba astronomiul 

kalendrebSi (magaliTad, e.xaraZis saqarTvelos erovnuli 

astrofizikuri observatoriis yovelwliuri `astronomiuli 

kalendari”). 
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cxrili 3. didi planetebis orbitis elementebi. 

planetebi a T S n, ° i, ° e Ω, ° π, ° M0° 
merkuri 0.387 0.240 116 4.09 7.00 0.206 48 77 252 

venera 0.723 0.615 584 1.60 3.40 0.007 77 131 182 

dedamiwa 1.000 1.000 - 0.99 0.00 0.017 - 103 100 

marsi 1.524 1.881 780 0.524 1.85 0.093 49 336 335 

iupiteri 5.203 11.86 399 0.083 1.30 0.048 100 14 32 

saturni 9.555 29.54 378 0.034 2.48 0.056 113 93 50 

urani 19.218 84.25 370 0.012 0.76 0.047 74 173 314 

neptuni 30.110 165.2 368 0.006 1.77 0.009 132 48 304 

plutoni 39.53 250.1 367 0.004 17.50 0.250 110 223 130 

𝑎𝑎  - didi naxevarRerZi, a.e.; 𝑇𝑇  - sideruli periodi, weliwadi; 𝑆𝑆  - sinoduri 
periodi, dRe-Rame; 𝑛𝑛  - saSualo moZraoba, gradusi dRe-RameSi; 𝑒𝑒  - 

eqscentrisiteti; 𝑖𝑖  - ekliptikis mimarT daxra; Ω  - kvanZis grZedi; 𝜋𝜋  - 

periheliumis grZedi; 𝑀𝑀0  - saSualo anomialia 2000 wlis 1.5 ianvris 

epoqisaTvis. 

 

cxrili 4. zogierTi mcire planetis orbitis elementebi. 

planetebi a T S N I,° e Ω, ° π, ° M0° 
1 cerera 2.78 4.60 467 0.214 10.6 0.077 81 152 8 
2 palada 2.77 4.61 467 0.214 34.8 0.235 173 123 355 
3 iunona 2.67 4.36 474 0.226 13.0 0.257 171 57 243 
4 vesta 2.36 3.63 504 0.272 7.1 0.090 104 254 341 
5 astrea 2.57 4.13 482 0.239 5.4 0.192 142 137 43 
6 heba 2.42 3.78 497 0.261 14.8 0.202 139 17 50 
153 hilda 3.98 7.95 419 0.124 7.8 0.143 229 271 14 
433 erosi 1.46 1.76 846 0.560 10.8 0.223 304 22 57 
944 hidalgo 5.84 14.08 393 0.070 42.5 0.658 22 79 223 
1566 ikarosi 1.08 1.12 3409 0.881 22.9 0.827 88 119 105 
20000 varuna 43.19 283.82 366 0.003 17.2 0.051 273 10 87 
28978 iqsiona 39.43 247.61 367 0.004 19.8 0.241 71 11 262 
1998 BU 33.52 194.03 367 0.005 13.8 0.382 132 55 48 

𝑎𝑎  - didi naxevarRerZi, a.e.; 𝑇𝑇  - sideruli periodi, weliwadi; 𝑆𝑆  - sinoduri 
periodi, dRe-Rame; 𝑛𝑛  - saSualo moZraoba, gradusi dRe-RameSi; 𝑒𝑒  - 

eqscentrisiteti; 𝑖𝑖  - ekliptikis mimarT daxra; Ω  - kvanZis grZedi; 𝜋𝜋  - 

periheliumis grZedi; 𝑀𝑀0  - saSualo anomialia 2000 wlis 1.5 ianvris 

epoqisaTvis. 
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hiperboluri moZraoba 

am moZraobis ganxorcielebis pirobaa - 𝑐𝑐 ≠ 0, 𝜆𝜆 > 𝜇𝜇, ℎ > 0. 
miuxedavad elifsuri da hiperboluri tipis moZraobebs Soris 

Tvisobrivi (pirveli – finituria, xolo meore - infinituri) da 

garegnuli gansxvavebisa, maT siRrmiseuli msgavsebac axasiaTebT. yvelaze 

srulad igi mJRavndeba, Tu hiperboluri moZraobis aRwerisaTvis 

gamoviyenebT hiperbolur trigonometriul funqciebs. es msgavseba 

mdgomareobs imaSi, rom hiperboluri moZraobis yvela formula SeiZleba 

miviRoT, Tu elifsuri moZraobis Sesabamis formulebSi gamoviyenebT 

Semdeg cvlilebebs: 

sin𝐸𝐸 → sh 𝐻𝐻, cos𝐸𝐸 → ch 𝐻𝐻 , tg 𝐸𝐸 → th 𝐻𝐻,                   (140)  

sadac 𝐻𝐻  – ganzomilebis armqone cvladia, romelic icvleba −∞; +∞ 

intervalSi. garda amisa, yvela sxvaoba unda SevabrunoT. amasTan 

dakavSiirebiT, Semdegnairad moviqceT: amoviweroT elifsuri moZraobis 

ZiriTadi damokidebulebebi da zemoT moyvanili msgavsebis gamoyenebiT, 

CavweroT Sesabamisi formulebi hiperboluri moZraobisaTvis. 

WeSmarit anomaliasa da 𝐸𝐸 da 𝐻𝐻 cvladebs Soris kavSiri Semdegia: 

tg
𝜈𝜈
2

= �1 + 𝑒𝑒
1− 𝑒𝑒  tg

𝐸𝐸
2           tg

𝜈𝜈
2 = �𝑒𝑒 + 1

𝑒𝑒 − 1  th
𝐻𝐻
2  .                      (141) 

kepleris gantoleba da misi hiperboluri analogia: 

𝐸𝐸 − 𝑒𝑒 sin𝐸𝐸 = 𝑛𝑛(𝑡𝑡 − 𝜏𝜏)       𝑒𝑒 ∙ ch 𝐻𝐻 −𝐻𝐻 =𝑛𝑛(𝑡𝑡 − 𝜏𝜏),              (142) 

orbituli koordinatebia: 

𝜉𝜉 = 𝑎𝑎(cos𝐸𝐸 − 𝑒𝑒)                 𝜉𝜉 = 𝑎𝑎(𝑒𝑒 − ch 𝐻𝐻)  
𝜂𝜂 = 𝑎𝑎�1− 𝑒𝑒2 sin𝐸𝐸             𝜂𝜂 = 𝑎𝑎�𝑒𝑒2 − 1 sh 𝐻𝐻            (143) 
𝑟𝑟 = 𝑎𝑎(1 − 𝑒𝑒 𝑐𝑐𝑐𝑐𝑐𝑐 𝐸𝐸)             𝑟𝑟 = 𝑎𝑎(𝑒𝑒 ch 𝐻𝐻 − 1) 

moZraobis siCqarea: 

𝑉𝑉2 = 𝜇𝜇 �
2
𝑟𝑟 −

1
𝑎𝑎
� =

𝜇𝜇
𝑎𝑎
∙

1 + 𝑒𝑒 cos𝐸𝐸
1− 𝑒𝑒 cos𝐸𝐸         𝑉𝑉2 = 𝜇𝜇 �

2
𝑟𝑟 +

1
𝑎𝑎
� =

𝜇𝜇
𝑎𝑎
∙
𝑒𝑒 ch 𝐻𝐻 + 1
𝑒𝑒 ch 𝐻𝐻 − 1 .   (144) 

hiperboluri moZraobis koordinatebis formulebi sawyis 

koordinatTa sistemaSi (111) da (143)-is mixedviT miiRebs Semdeg saxes: 
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�
𝑥𝑥
𝑦𝑦
𝑧𝑧
� = 𝑎𝑎 ��

𝑃𝑃𝑥𝑥
𝑃𝑃𝑦𝑦
𝑃𝑃𝑧𝑧
� ∙ (𝑒𝑒 − ch 𝐻𝐻) + �

𝑄𝑄𝑥𝑥
𝑄𝑄𝑦𝑦
𝑄𝑄𝑧𝑧
��𝑒𝑒2 − 1 ∙ sh 𝐻𝐻� .           (145) 

(141)-(145) formulebis mkacrad gamoyvanisaTvis saWiroa (98) 

integralSi movaxdinoT (141) cvladebis Secvla (95)-is gaTvaliswinebiT. 

aseve aRvniSnoT, rom zemoT naxsenebi msgavsebis arsebobam mogvca 

safuZveli hiperboluri funqciebisaTvis dagverqmia hiperboluri, Tumca, 

erTi SexedviT, maT hiperbolasTan saerTo araferi aqvT. formalurad 

(141)-(145)-Si marcxena formulebidan marjvenaze gadasvla SesaZleblia 

ganvaxorcieloT, Tu CavTvliT, rom didi naxevarRerZis uaryofiT 𝑎𝑎 
mniSvnelobebs Seesabameba warmosaxviTi elifsis warmosaxviTi mcire 

naxevarRerZi 𝑖𝑖𝑖𝑖 (maSin elifsis gantoleba (90) gardaiqmneba hiperbolis 

gantolebad) da CavsvavT naxevarRerZebis miTiTebul mniSvnelobebs 

elifsuri moZraobis formulebSi.  

(98) integralis gamoTvlisaTvis aseve SeiZleba gamoviyenoT 

cvlileba: 

tg
𝜈𝜈
2

= �𝑒𝑒 + 1
𝑒𝑒 − 1 tg

𝐹𝐹
2                                         (146) 

da vipovnoT hiperboluri moZraobis yvela maxasiaTebeli rogorc 𝐹𝐹 
cvladis funqcia. Tumca, aseTi formaluri analogia elifsuri 

moZraobisaTvis ar gveqneba. 

(144) formulidan gamomdinareobs, rom, roca hiperbolaze 

moZraobisas wertili miemarTeba usasrulobisken misi siCqare miiswrafis 

aranulovani mniSvnelobisken: 

𝑉𝑉∞ = �
𝜇𝜇
𝑎𝑎 ,                                               (147) 

romelic aris e.w. siCqaris hiperboluri siWarbe. 

hiperbolur moZraobas adgili aqvs maSin, roca meteoruli sxeuli 

Sedis dedamiwis an sxva planetis zemoqmedebis sferoSi garkveuli 

fardobiTi siCqariT; kosmosuri aparatis sxva planetisken frenis 

traeqtoriis planetis maxlobel monakveTze; varskvlavebis erTmaneTTan 

met-naklebad miaxloebisas. aseTi miaxloebis albaToba Cveni galaqtikis 

umravlesoba varskvlavebisaTvis uaRresad mcirea. Tumca varskvlavT 

grovebSi da galaqtikis centrTan axlos igi savaraudod, arc Tu ise 
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mcirea. aseTi miaxloebis saboloo efeqti iqneba mxolod varskvlavTa 

fardobiTi moZraobis mimarTulebis cvlileba. es cvlileba tolia 

hiperbolis asimptotebs Soris kuTxis, romliTac erTi varskvlavi 

Semouvlis meores. 

sabolood, SevCerdeT wminda Teoriul, magram saintereso sakiTxze. 

hiperboluri moZraobis yovel konkretul SemTxvevaSi wertili miyveba 

hiperbolis mxolod erT romelime Stos. ra azri aqvs ori sxeulis 

amocanaSi meore Stos arsebobas mxolod mizidulobis Zalebis 

zemoqmedebis SemTxvevaSi? pasuxi am kiTxvaze Semdegia: wertili 

imoZravebs hiperbolis meore Stoze, Tu drois 𝑡𝑡  namdvili 

mniSvnelobebidan gadavalT mis 𝑖𝑖𝑖𝑖 warmosaxviT mniSvnelobebze. 

wriuli moZraoba 

wriul moZraobas adgili aqvs maSin, roca 𝑐𝑐 ≠ 0, 𝜆𝜆 = 0, ℎ < 0. 
formalurad, wriuli moZraoba warmoadgens elifsuri moZraobis kerZo 

SemTxvevas, roca eqscentrisiteti 𝑒𝑒 = 0. Tumca, amave dros, fiqsirebul 

mniSvnelobas iRebs ara marto orbitis es elementi. wriul orbitas ar 

gaaCnia pericentri da apocentri. amitom, pericentruli manZili 𝜔𝜔 azrs 
kargavs.  

wriul orbitaze materialuri wertilis mdebareobis ganmsazRvreli 

poziciuri kuTxis aTvlis wertilad SeiZleba aviRoT orbitis 

amomavali kvanZi. am SemTxvevaSi WeSmariti anomalia 𝜈𝜈  emTxveva ganedis 
arguments 𝑢𝑢.  meores mxriv, ganedis argumentis tolia aseve 

eqscentruli anomalia 𝐸𝐸  da saSualo anomalia 𝑀𝑀. aseve azrs kargaven 
zogadi saxiT mocemuli orbitis veqtoruli elementebi. wriuli 

moZraoba aRiwereba orbitis oTxi elementiT: orbitis radiusi 𝑟𝑟, 
kvanZis grZedi Ω, orbitis daxriloba 𝑖𝑖  da aRmaval kvanZSi wertilis 

gavlis momenti 𝜏𝜏  (an saSualo anomalia 𝑀𝑀0  sawyis epoqaSi 𝑡𝑡0) . 

wertilis koordinatebi wriul orbitaze (107)-is Tanaxmad tolia: 

𝑥𝑥 = 𝑟𝑟(cosΩ cos𝑀𝑀 − sinΩ sin𝑀𝑀 cos 𝑖𝑖) 

𝑦𝑦 = 𝑟𝑟(sinΩ cos𝑀𝑀 + cosΩ sin𝑀𝑀 cos 𝑖𝑖)                (148) 

𝑧𝑧 = 𝑟𝑟 sin𝑀𝑀 sin 𝑖𝑖 
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sadac 

𝑀𝑀 = 𝑛𝑛(𝑡𝑡 − 𝜏𝜏) = 𝑛𝑛(𝑡𝑡 − 𝑡𝑡0) +𝑀𝑀0,   𝑛𝑛 = √𝜇𝜇
𝑟𝑟3 2⁄ .                        (149) 

am bolo gantolebidan gamomdinareobs kepleris mesame kanoni 

wriuli moZraobisaTvis da moZraobis wrfivi siCqaris gamosaxuleba: 

𝑇𝑇 =
2𝜋𝜋
√𝜇𝜇

𝑟𝑟3 2⁄ ,   𝑉𝑉 = �
𝜇𝜇
𝑟𝑟

.                                          (150) 

wriuli moZraoba wminda saxiT bunebaSi ar gvxvdeba, radgan 

yovelTvis arsebobs garkveuli SemaSfoTebeli faqtorebi. Tumca mas 

didi mniSvneloba aqvs, rogorc elifsuri moZraobis aRweris martiv 

miaxloebas sakmarisad mcire eqscentrisitetis SemTxvevaSi.  

paraboluri moZraoba 

am tipis moZraobis arsebobis pirobaa: 𝑐𝑐 ≠ 0, 𝜆𝜆 = 𝜇𝜇, ℎ = 0.  radgan 
eqscentrisiteti 𝑒𝑒 = 1, moZraobis (98) kanons aseTi saxe eqneba: 

�
𝑑𝑑𝑑𝑑

(1 + cos𝜈𝜈)2
= √𝜇𝜇
𝑝𝑝3 2⁄ (𝑡𝑡 − 𝜏𝜏).

𝜈𝜈

0

                                    (151) 

gadavideT cos 𝜈𝜈-dan tg(𝜈𝜈 2⁄ )-ze Semdegi formuliT: 

cos𝜈𝜈 =
1− tg2 𝜈𝜈2
1 + tg2 𝜈𝜈2

                                                 (152) 

da miviRebT, rom 

��1 + tg2
𝜈𝜈
2
�  sec2

𝜈𝜈
2
𝑑𝑑𝑑𝑑 = √𝜇𝜇

𝑝𝑝3 2⁄ (𝑡𝑡 − 𝜏𝜏).                          (153)
𝜈𝜈

0

 

Tu gamoviyenebT cvlilebas  𝜎𝜎 = tg(𝜈𝜈 2⁄ ), aseve CavanacvlebT orbitis 

parametrs 𝑝𝑝 -s 2𝑞𝑞 -Ti, sadac 𝑞𝑞  aris manZili parabolis wverodan 

(orbitis pericentri) mis fokusamde, integrirebis Semdeg miviRebT: 

𝜎𝜎3 + 3𝜎𝜎 − 3𝑛𝑛(𝑡𝑡 − 𝜏𝜏) = 0,                                        (154) 

sadac 

𝑛𝑛 = �
𝜇𝜇
2
𝑞𝑞−3 2⁄ .                                                    (155) 
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kuburi gantolebis marcxena mxare (barkeris gantoleba) – 𝜎𝜎 
argumentis monotonuri funqciaa, radgan misi warmoebuli, romelic 

tolia 3(𝜎𝜎2 + 1),  yvelgan dadebiTia. xolo roca 𝜎𝜎 → ±∞,  maSin es 

funqciac miiswrafis ±∞.  amitom, (154) gantolebas yovelTvis aqvs 

mxolod erTi realuri amonaxsni. vipovnoT es fesvi romelime 

miaxloebiTi ricxviTi meTodiT. avirCioT igi rogorc axali 

damoukidebeli cvladi, CavsvaT orbitis gantolebaSi (88) da miviRebT: 

𝑟𝑟 = 𝑞𝑞(1 + 𝜎𝜎2).                                                (156) 

gavixsenoT formula  

sin 𝜈𝜈 =
2 tg𝜈𝜈2

1 + tg2 𝜈𝜈2
                                             (157) 

da vipovnoT orbituli koordinatebi: 

𝜉𝜉 = 𝑟𝑟 cos𝜈𝜈 =𝑞𝑞(1 − 𝜎𝜎2), 
𝜂𝜂 = 𝑟𝑟 sin 𝜈𝜈 = 2𝑞𝑞 𝜎𝜎.                                           (158) 

sabolood, (111)-is gardaqmna gvaZlevs: 

�

𝑥𝑥

𝑦𝑦

𝑧𝑧

� = 𝑞𝑞 ��

𝑃𝑃𝑥𝑥
𝑃𝑃𝑦𝑦
𝑃𝑃𝑧𝑧

� ∙ (1 − 𝜎𝜎2) + 2�

𝑄𝑄𝑥𝑥
𝑄𝑄𝑦𝑦
𝑄𝑄𝑧𝑧

� ∙ 𝜎𝜎� .                (159) 

kidev erTxel aRvniSnavT, rom paraboluir moZraobisas siCqaris 

moduli ganisazRvreba formuliT 

𝑉𝑉2 =
2𝜇𝜇
𝑟𝑟 ,                                                              (160) 

saidanac Cans, rom roca wertili moZraobs parabolaze usasrulobisken, 

misi siCqare miiswrafis nolisken. 

paraboluri moZraoba gamoyofs elifsur moZraobas hiperbolurisgan 

da SeSfoTebebis arsebobis gamo aseve bunebaSi ar arsebobs. Tumca igi 

gamoiyeneba elifsuri da hiperboluri moZraobebis ganxilvisas, roca 

eqscentrisitetis mniSvneloba axloa 1-Tan, kerZod, kometebis 

moZraobebis Seswavlisas. 
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sworxazovani moZraoba 

am tipis moZraobas adgili aqvs, roca kinetikuri momenti nolia 

anu 𝑐𝑐 = 0. maSin (84)-is gamo 𝜆𝜆 = 𝜇𝜇 da gaormagebulma srulma energiam ℎ 
SeiZleba miiRos nebismieri mniSvneloba. am SemTxvevaSi orbitis 

gantoleba (88) ukve aRar gamodgeba. Tumca, wrfis gantolebis Cawera, 

romelic faqtiurad warmoadgens moZraobis traeqtorias, SesaZlebelia 

Semdegnairad: es wrfe unda gadiodes koordinatTa saTaveze, radgan 𝑟𝑟 ⇕
𝑟̇𝑟,  anu (0,0,0) wertilze da mimarTulebis veqtoris saxiT SesaZloa 

hqondes sawyisi veqtori 𝑟𝑟0 . amitom traeqtoriis veqtoruli 

gantolebisTvis 𝑟𝑟0 × 𝑟𝑟 = 0, xolo skalaruli gantolebisTvis  

𝑥𝑥
𝑥𝑥0

=
𝑦𝑦
𝑦𝑦0

=
𝑧𝑧
𝑧𝑧0

.                                                 (161) 

am traeqtoriis mixedviT moZraobis kanoni SeiZleba miviRoT, Tu 

energiis integrals vaintegrebT, radgan am SemTxvevaSi 𝑉𝑉2 = 𝑟̇𝑟2. 
integrireba gamartivdeba, Tu movaxdenT cvladebis Semdeg cvlilebebs: 

�|ℎ|𝑑𝑑𝑑𝑑 = �𝜇𝜇 𝑎𝑎⁄ 𝑑𝑑𝑑𝑑 = 𝑟𝑟𝑟𝑟𝑟𝑟,  sadac 𝑎𝑎 = 𝜇𝜇 |ℎ|⁄ ,  xolo 𝜂𝜂  – axali 

uganzomilebo cvladia. aqedan miviRebT, rom 

𝜂𝜂 = �
𝑑𝑑𝑑𝑑

�2𝑎𝑎𝑎𝑎 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(ℎ) ∙ 𝑟𝑟2
.                                    (162) 

am integralis gamoTvliT, miviRebT: 

𝑟𝑟 = 𝑎𝑎(1− cos𝜂𝜂),     ℎ < 0, 
𝑟𝑟 = 𝑎𝑎

2
𝜂𝜂2,                      ℎ = 0,                (163) 

𝑟𝑟 = 𝑎𝑎(ch 𝜂𝜂 − 1),       ℎ > 0. 

amave dros 𝑡𝑡 dakavSirebulia 𝜂𝜂 argumentTan Semdegnairad: 

𝜂𝜂 − sin𝜂𝜂 =  √𝜇𝜇
𝑎𝑎3 2⁄ (𝑡𝑡 − 𝑡𝑡0),      ℎ < 0,  

𝜂𝜂3

6 = √𝜇𝜇
𝑎𝑎3 2⁄ (𝑡𝑡 − 𝑡𝑡0),                   ℎ = 0,                       (164) 

𝑠𝑠ℎ 𝜂𝜂 − 𝜂𝜂 = √𝜇𝜇
𝑎𝑎3 2⁄ (𝑡𝑡 − 𝑡𝑡0),         ℎ > 0.  

rogorc vxedavT, 𝜂𝜂 cvladi warmoadgens 𝐸𝐸  eqscentruli anomaliis 

da misi 𝐻𝐻  hiperboluri analogis zRvrul mniSvnelobas, Tu movaxdenT 

𝑒𝑒 → 1 zRvrul gadasvlas 𝑎𝑎 sididis mudmivi mniSvnelobisaTvis. aq (164)-
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is pirveli da mesame damokidebuleba kepleris gantolebis da misi 

hiperboluri analogis zRvruli formebia. 𝑎𝑎  mudmiva warmoadgens 

elifsis didi naxevarRerZis an hiperbolis realuri naxevarRerZis 

zRvrul mniSvnelobas da roca ℎ < 0,  aRwevs maqsimalur sidides. aqve 

SevniSnavT, rom (163) gamosaxuleba miRebulia sawyisi pirobisaTvis 𝑟𝑟0 =
0,  xolo zogad SemTvevebSi (163)-is orive mxares unda daematos 𝑟𝑟0 
sidide. 

 (163)-(164) amonaxsnebi aRweren ara mxolod erTi materialuri 

wertilis moZraobas niutonis mizidulobis velSi, aramed aseve 

SeuZliaT aRweron magaliTad sferulad simetriuli mtvrovani Rrublis 

evolucia. aseTive maTematikuri forma aqvs zogadi fardobiTobis 

Teoriis einSteinis formulis cnobil amonaxsns, romelic miiRo 

a.fridmanma erTgvarovani da izotropuli samyarosaTvis, romelic 

Sevsebulia mtvris msgavsi nivTierebiT (saWiroa mxolod SevcvaloT 

sidide 𝜇𝜇 𝑎𝑎⁄  sinaTlis siCqariT 𝑐𝑐).  
es faqti miuTiTebs, rom klasikuri meqanika aris zogadi 

fardobiTobis Teoriis sasazRvro SemTxveva. Tumca es ar niSnavs, rom 

samyaros evolucia SesaZloa aRiweros niutonis meqanikis sazRvrebSi, 

radgan (163)-(164) amonaxsnebs zogadi fardobiTobis TeoriaSi gaaCnia 

sruliad sxva fizikuri arsi (klasikur SemTxvevaSi vsaubrobT sivrceSi 

calkeuli materialuri wertilebis moZraobaze, xolo zogadi 

fardobiTobis TeoriaSi – Tavad sivrcis ganzomilebis cvlilebaze 

(kerZod, gafarToebaze)). 
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leqcia 9. kepleriseuli moZraobis Teoriis 

damatebiTi sakiTxebi 

elifsuri moZraobis mwkrivebi 

pirvel rigSi daviwyebT elifsuri moZraobis xarisxobrivi 

parametrebis da maT Soris, eqscentruli anomaliis, rogorc kepleris 

gantolebis amonaxsnis, funqciur mwkrivebad daSlas. amocanis aseTi 

dasma dakavSirebulia imasTan, rom kepleris gantoleba 

𝐸𝐸 − 𝑒𝑒 sin𝐸𝐸 = 𝑀𝑀 ,                                                 (165) 

warmoadgens transcendentul gantolebas da eqscentruli anomalia ar 

SeiZleba iqnas napovni rogorc 𝑀𝑀  da 𝑒𝑒  argumentebis elementaruli 

funqcia. 

SevniSnavT, rom sakmarisad farTod aris gavrcelebuli SemTxvevebi 

(didi da umravlesoba mcire planetebi, planetebis bunberivi 

Tanamgzavrebi da dedamiwis xelovnuri Tanamgzavrebi), roca orbitis 

eqscentrisiteti Zalzed mcirea – 𝑒𝑒 ≪ 1.  aseT SemTxvevebSi kepleris 

gantolebis amoxsnis efeqturi saSualebaa misi ricxviTi amoxsna 

iteraciis meTodiT. amasTan, Semdgomi miaxloeba gamoiTvleba wina 

miaxloebiT, Semdegi formulis gamoyenebiT: 

𝐸𝐸𝑛𝑛+1 = 𝑒𝑒 sin𝐸𝐸𝑛𝑛 + 𝑀𝑀.                                         (166) 

𝐸𝐸0  sididis sawyis miaxloebad iReben 𝑀𝑀  saSualo anomaliis 

mniSvnelobas. (166) formulis marjvena mxaris namravlis modulisTvis 

|𝑒𝑒 cos𝐸𝐸| ≤ 𝑒𝑒 < 1, anu iteraciuli procesis krebadobis sakmarisi piroba 

sruldeba, xolo 𝑒𝑒  sididis simcire uzrunvelyofs krebadobis maRal 

siswrafes. amasTan, iteraciis meTodi kepleris gantolebisTvis 

SesaZlebelia ganxorcieldes Cveulebriv kalkulatorze Sualeduri 

Canawerebis gareSe. iteraciebis raodenobis Sesamcireblad sawyisi 

miaxlobis saxiT SesaZlebelia aviRoT kepleris gantolebis miaxloebiTi 

amonaxsnebi Sesabamisi cxrilebidan. Tumca, mTel rig gamoyenebiT da, 

gansakuTrebiT, Teoriul amocanebSi, sasargebloa gvqondes kepleris 

gantolebis amonaxsni analitikuri saxiT, Tundac garkveuli miaxloebiT.  

𝑒𝑒  parametris simcire anu 𝑒𝑒 ≪ 1,  migviTiTebs veZeboT aseTi 

amonaxsni eqscentrisitetis xarisxebis mwkrivis saxiT. mwkrivis 
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koeficientebi iqneba 𝑀𝑀  saSualo anomaliis funqciebi. amave dros, 𝐸𝐸 
eqscentruli anomalia 𝑀𝑀  saSualo anomaliis perioduli funqciaa. es 

viTareba saSualebas gvaZlevs davsvaT 𝐸𝐸  sididis saSualo anomaliis 

mixedviT furies mwkrivad daSlis amocana (Sesabamisad, furies 

koeficientebi iqneba 𝑒𝑒 eqscentrisitetis funqciebi). 

kepleris gantolebis amoxsna 

imisaTvis, rom miviRoT kepleris gantolebis amoxsna xarisxobrivi 

mwkrivis saxiT: 

𝐸𝐸 = �𝐸𝐸𝑘𝑘

∞

𝑘𝑘=0

𝑒𝑒𝑘𝑘 ,                                                 (167) 

aucilebelia vipovnoT am mwkrivis 𝐸𝐸𝑘𝑘 koeficientebi, romlebic 

ganisazRvrebian Semdegnairad: 

𝐸𝐸𝑘𝑘 =
1
𝑘𝑘!
𝑑𝑑𝑑𝑑(𝑒𝑒)
𝑑𝑑𝑑𝑑

�
𝑒𝑒=0

                                              (168) 

Tumca, (167) gamosaxulebaSi Tavisufali xarisxis namravlis 

gamoTvla dakavSirebulia mniSvnelovan sirTueleebTan, radgan 𝐸𝐸 
eqscentruli anomalia rogorc 𝑒𝑒 eqscentrisitetis funqcia mocemulia 

kepleris gantolebaSi aracxadi funqciis saxiT. am sirTuleebis 

gadalaxvis saSualebas gvaZlevs lagranJis Teorema analitikuri 

funqciebis Teoriidan. es Teorema SemdegSi mdgomareobs: 

lagranJis Teorema: Tu gantolebaSi 

𝑧𝑧 − 𝛼𝛼 ∙ 𝑓𝑓(𝑧𝑧) = 𝑎𝑎,                                                (169) 

mudmivebs 𝛼𝛼 da 𝑎𝑎 aqvT iseTi mniSvnelobebi, rom 𝑧𝑧 sibrtyis romeliRac 

areSi sruldeba piroba: 

�
𝛼𝛼 ∙ 𝑓𝑓(𝑧𝑧)
𝑧𝑧 − 𝑎𝑎

� < 1,                                             (170) 

maSin (169) gantolebis fesvi arsebobs da tolia: 

𝑧𝑧 = �
𝛼𝛼𝑘𝑘

𝑘𝑘! ∙
𝑑𝑑𝑘𝑘−1

𝑑𝑑𝑑𝑑𝑘𝑘−1
[(𝑓𝑓(𝑎𝑎))𝑘𝑘]

∞

𝑘𝑘=0

.                                  (171) 
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lagranJis (171) mwkrivi krebadia 𝑎𝑎 -s nebismieri mniSvnelobisTvis, 

romlisTvisac sruldeba (170) piroba. lagranJis Teoremis damtkiceba 

SesaZlebelia miviRoT sruli maTematikuri induqciis meTodiT. 

lagranJis Teoremas gaaCnia ganzogadeba, romelic saSualebas iZleva 

vipovnoT xarisxobrivi mwkrivi nebismieri Φ(𝑧𝑧)  analitikuri 

funqciisaTvis, romlis argumenti warmoadgens (169) gantolebis fesvs, 

kerZod: 

Φ(𝑧𝑧) = �
𝛼𝛼𝑘𝑘

𝑘𝑘! ∙
𝑑𝑑𝑘𝑘−1

𝑑𝑑𝑑𝑑𝑘𝑘−1
�Φ′(𝑎𝑎) ∙ �𝑓𝑓(𝑎𝑎)�𝑘𝑘�

∞

𝑘𝑘=0

.                       (172) 

es saSualebas gvaZlevs vipovnoT eqscentruli anomaliis da 

elifsuri moZraobis sxva, maTze damokidebuli, maxasiaTeblebis 

maklorenis mwkrivis saxiT daSla. ZiriTadi problema axla imaSia, rom 

vipovnoT am mwkrivebis krebadobis radiusi pirobidan: 

|𝑒𝑒| < �
𝐸𝐸 − 𝑀𝑀
sin𝐸𝐸

�,                                                  (173) 

romelic Cvens SemTxvevaSi gamomdinareobs (170)-dan. 

piroba (173) gansazRvravs ares, romelSic 𝐸𝐸(𝑒𝑒)  funqcia, rogorc 
kepleris (165) gantolebis amonaxsni, iqneba analitikuri funqcia da, 

Sesabamisad, iarsebebs 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄  warmoebuli 𝐸𝐸  da 𝑒𝑒  sidideebis nebismieri 
mniSvnelobebisaTvis miTiTebuli aredan. am warmoebulis gamoTvliT 

kepleris gantolebidan miviRebT: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
sin𝐸𝐸

1− 𝑒𝑒 cos𝐸𝐸 .                                             (174) 

aqedan, (171) da (172) mwkrivebis krebadobis radiusisaTvis vipovnoT 

Semdegi gantolebaTa sistema: 

�𝐸𝐸 − 𝑒𝑒 sin𝐸𝐸 = 𝑀𝑀
1− 𝑒𝑒 cos𝐸𝐸 = 0                                               (175) 

amasTan, am sistemis moduliT unda vipovnoT umciresi fesvi 𝑒𝑒.  meore 
gantolebidan gvaqvs, rom 𝑒𝑒 = 1 cos𝐸𝐸.⁄  Sesabamisad, 

|𝑒𝑒|2 = 1 (cos𝐸𝐸 ∙ cos𝐸𝐸�)⁄ ,                                      (176) 
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sadac 𝐸𝐸�  aRniSnavs kompleqsur SeuRlebul sidides. aqve 

gaTvaliswinebulia, rom kosinusi aris luwi funqcia. vipovnoT cos𝐸𝐸 ∙
cos𝐸𝐸� funqciis maqsimumi. misi warmoebuli tolia: 

−(sin𝐸𝐸 cos𝐸𝐸� + cos𝐸𝐸 sin𝐸𝐸�) = − sin(𝐸𝐸 + 𝐸𝐸�)                       (177) 

Tu davuSvebT, rom 𝐸𝐸 = 𝜌𝜌 + 𝑖𝑖𝑖𝑖,  maSin warmoebuli tolia – sin 2𝜌𝜌, 
xolo sin 2𝜌𝜌 = 0  gantolebis umciresi, aranulovani fesvi aris 𝜋𝜋 2.⁄  

CavsvaT 𝐸𝐸 = 𝜋𝜋 2⁄ + 𝑖𝑖𝑖𝑖 kepleris gantolebaSi: 

𝜋𝜋
2

+ 𝑖𝑖𝑖𝑖 −
sin�𝜋𝜋2 + 𝑖𝑖𝑖𝑖�

cos�𝜋𝜋2 + 𝑖𝑖𝑖𝑖�
= 𝑀𝑀.                                 (178) 

gaviTvaliswinoT miyvanis formulebi, warmosaxviTi argumentis 

trigonometriul funqciebsa da namdvili argumentis hiperbolur 

funqciebs Soris kavSiri da miviRebT: 

𝜋𝜋
2

+ 𝑖𝑖𝑖𝑖 +
cos 𝑖𝑖𝑖𝑖
sin 𝑖𝑖𝑖𝑖 =

𝜋𝜋
2 + 𝑖𝑖 �𝜎𝜎 −

𝑐𝑐ℎ 𝜎𝜎
𝑠𝑠ℎ 𝜎𝜎

� = 𝑀𝑀.                 (179) 

radgan Cven gvainteresebs 𝑀𝑀 saSualo anomaliis mxolod namdvili 

mniSvnelobebi, 𝜎𝜎 koeficientis gansazRvrisaTvis gveqneba gantoleba: 

𝜎𝜎 ∙ 𝑠𝑠ℎ 𝜎𝜎 − 𝑐𝑐ℎ 𝜎𝜎 = 0.                                       (180) 

Zneli ar aris davrwmundeT, rom am gantolebis fesvi Zevs 1-s da 

2-s Soris. misi zusti mniSvnelobaa 𝜎𝜎0 = 1.1997.  sabolood miviRebT, 

rom lagranJis mwkrivebis krebadobis radiusia 

𝑒𝑒0 =
1

cos�𝜋𝜋2 + 𝑖𝑖𝜎𝜎0�
=

1
𝑠𝑠ℎ 𝜎𝜎

= 0.6627.                        (181) 

eqscentrisitetis 𝑒𝑒0  mniSvnelobas uwodeben laplasis zRvars, 

romelmac pirvelma ipovna es sidide, Tumca gansxvavebuli meTodiT. 

eqscentrisitetis 𝑒𝑒0 -ze naklebi sididisaTvis, lagranJis mwkrivebi 

absoluturad ikribebian, xolo meti sididisaTvis SesaZloa ganSladic 

iyvnen 𝑀𝑀  saSualo anomaliis garkveuli mniSvnelobebisaTvis. 

eqscentrisitetis laplasis zRvarze naklebi, Tumca axlo mdebare, 

sididisaTvis SesaZloa am mwkrivebis krebadobis siCqare mniSvnelovnad 

Semcirdes. 
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gadavideT (167) mwkrivis realuri saxiT povnaze. (171)-dan miviRebT, 

rom 

𝐸𝐸𝑘𝑘 =
1
𝑘𝑘!
∙
𝑑𝑑𝑘𝑘−1

𝑑𝑑𝑀𝑀𝑘𝑘−1 (sin𝑘𝑘 𝑀𝑀).                                             (182) 

Tu CavatarebT gamoTvlebs (181) formuliT, maSin 𝐸𝐸𝑘𝑘 
koeficientebisaTvis miviRebT gamosaxulebas polinomebis saxiT, romelTa 

xarisxebia sin𝑀𝑀  da cos𝑀𝑀.  rogorc cnobilia, Semdegi tolobis 

meSveobiT 

(cos𝑀𝑀 + 𝑖𝑖 sin𝑀𝑀)𝑛𝑛 = cos𝑛𝑛𝑛𝑛 + 𝑖𝑖 sin𝑛𝑛𝑛𝑛                           (183) 

sin𝑛𝑛 𝑀𝑀 da cos𝑛𝑛 𝑀𝑀 xarsixebi SesaZlebelia gamovsaxoT 𝑀𝑀 -is jeradi anu 

𝑘𝑘𝑘𝑘  argumentis sinusebiT da kosinusebiT. amitom, 𝐸𝐸𝑘𝑘  koeficientebi 

SeiZleba ganvixiloT, rogorc trigonometriuli mravalwevrebi 𝑀𝑀 

saSualo anomaliis jeradi argumentebiT. kerZod, (181)-dan viRebT: 

𝐸𝐸0 = 𝑀𝑀,   𝐸𝐸1 = sin𝑀𝑀,   𝐸𝐸2 =
1
2 sin 2𝑀𝑀 .                             (184) 

Sesabamisad, kepleris gantolebis amoxsnas Semdegi saxe aqvs: 

𝐸𝐸 = 𝑀𝑀 + 𝑒𝑒 sin𝑀𝑀 +
1
2

e2 sin 2𝑀𝑀 +⋯ .                              (185) 

elifsuri moZraobis xarisxobrivi mwkrivebi 

elifsuri moZraobis sxvadasxva maxasiaTeblebis mwkrivebis misaRebad 

dagvWirdeba cos𝑒𝑒 da sin 𝑒𝑒 funqciebis mwkrivebi, anu:  

cos𝐸𝐸 = �𝐶𝐶𝑘𝑘𝑒𝑒𝑘𝑘
∞

𝑘𝑘=0

,             sin𝐸𝐸 = �𝑆𝑆𝑘𝑘𝑒𝑒𝑘𝑘
∞

𝑘𝑘=0

.                          (186) 

gamoviyenoT lagranJis ganzogadebuli mwkrivi da miviRebT, rom: 

𝐶𝐶𝑘𝑘 =
1
𝑘𝑘! ∙

𝑑𝑑𝑘𝑘−1

𝑑𝑑𝑀𝑀𝑘𝑘−1 (−sin𝑘𝑘+1 𝑀𝑀).                                      (187) 

gamovTvaloT pirveli 𝐶𝐶𝑘𝑘 koeficientebi da miviRebT, rom: 

cos𝐸𝐸 = cos𝑀𝑀 +
𝑒𝑒
2

(cos 2𝑀𝑀− 1) +
3
8
𝑒𝑒2(cos 3𝑀𝑀 − cos𝑀𝑀) +⋯ .         (188) 
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𝑆𝑆𝑘𝑘  koeficientebis gamosaTvlelad ar aris aucilebeli gamoviyenoT 

(172) mwkrivi, radgan kepleris gantolebidan gamomdinareobs, rom:  

sin𝐸𝐸 =
𝐸𝐸 −𝑀𝑀
𝑒𝑒

= �𝐸𝐸𝑘𝑘𝑒𝑒𝑘𝑘−1 −
𝑀𝑀
𝑒𝑒

∞

𝑘𝑘=0

.                                (189) 

Tu (186) mwkrivebidan meores SevadarebT (87)-s, davrwmundebiT, rom 

koeficientebi tolia: 

𝑆𝑆𝑘𝑘 = 𝐸𝐸𝑘𝑘+1                                                            (190) 

aseve moviqceviT SemdgomSi anu Semdgomi mwkrivebis koeficientebs 

gamovsaxavT ZiriTadi 𝐸𝐸𝑘𝑘  da 𝐶𝐶𝑘𝑘  mwkrivebis anu eqscentruli anomaliis 

da misi kosinusis koeficientebiT. radgan ZiriTadi mwkrivebis 

koeficientebi ganuzRvrelia, amitom sxva sidideebic CavweroT 

ganuzRvreli saxiT. maSin orbitis (121) gantoleba miiRebs Semdeg saxes: 

𝑟𝑟
𝑎𝑎

= 1− 𝑒𝑒 cos𝐸𝐸.                                                     (191) 

Tu CavwerT mwkrivs: 

𝑟𝑟
𝑎𝑎

= �𝑅𝑅𝑘𝑘𝑒𝑒𝑘𝑘,                                                        (192)
∞

𝑘𝑘=0

 

maSin (191)-is da (192)-is SedarebiT miviRebT, rom 

𝑅𝑅𝑘𝑘 = 𝐶𝐶𝑘𝑘−1       𝑘𝑘 ≠ 0,   𝑅𝑅0 = 1.                                     (193) 

orbitis ganuzRvreli koordinatebia: 

𝜉𝜉
𝑎𝑎

= cos𝐸𝐸 − 𝑒𝑒,   
𝜂𝜂
𝑎𝑎

= �1 − 𝑒𝑒2 sin𝐸𝐸.                               (194) 

maTi xarisxobrivi mwkrivebi aRvniSnoT Semdegnairad: 

𝜉𝜉
𝑎𝑎

= �Ξ𝑘𝑘𝑒𝑒𝑘𝑘 ,     
𝜂𝜂
𝑎𝑎 = �𝐻𝐻𝑘𝑘𝑒𝑒𝑘𝑘.

∞

𝑘𝑘=0

                                   (195)
∞

𝑘𝑘=0

 

Tu SevadarebT 𝜉𝜉 𝑎𝑎⁄  gamosaxulebebs, advilad davinaxavT, rom: 

Ξ𝑘𝑘 = 𝐶𝐶𝑘𝑘     (𝑘𝑘 ≠ 1),    Ξ1 = 𝐶𝐶1 − 1.                                  (196) 

imisaTvis, rom vipovnoT 𝐻𝐻𝑘𝑘  koeficientebi, unda gavixsenoT, rom 

(1 + 𝑥𝑥)𝑚𝑚 -Tvis binomuri mwkrivis zogadi saxidan SegviZlia miviRoT 

Semdegi, Tu 𝑚𝑚 = 1 2⁄ : 
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�1− 𝑒𝑒2 = �𝛼𝛼𝑘𝑘𝑒𝑒𝑘𝑘
∞

𝑘𝑘=0

,                                               (197) 

sadac  

𝛼𝛼0,    𝛼𝛼2 =
1
2,   𝛼𝛼2𝑗𝑗 = (−1)𝑗𝑗

(2𝑗𝑗 − 3)‼
(2𝑗𝑗)‼

,   𝛼𝛼2𝑗𝑗+1 = 0. 

gadavamravloT absoluturad krebadi (185) da (197) mwkrivebi da 

miviRebT, rom: 

𝐻𝐻𝑘𝑘 = �𝛼𝛼𝑠𝑠

𝑘𝑘

𝑠𝑠=0

𝑆𝑆𝑘𝑘−𝑠𝑠 = �𝛼𝛼𝑠𝑠

𝑘𝑘

𝑠𝑠=0

𝐸𝐸𝑘𝑘−𝑠𝑠+1.                                 (198) 

CavweroT koordinatebis mwkrivebi sawyis koordinatTa sistemaSi: 

𝑥𝑥
𝑎𝑎

= � X𝑘𝑘𝑒𝑒𝑘𝑘 ,     
𝑦𝑦
𝑎𝑎 = �𝑌𝑌𝑘𝑘𝑒𝑒𝑘𝑘,   

∞

𝑘𝑘=0

𝑧𝑧
𝑎𝑎

= �𝑍𝑍𝑘𝑘𝑒𝑒𝑘𝑘,   
∞

𝑘𝑘=0

                    (199)
∞

𝑘𝑘=0

 

SevadaroT isini (108) damokidebulebas da miviRebT: 

�
𝑋𝑋𝑘𝑘
𝑌𝑌𝑘𝑘
𝑍𝑍𝑘𝑘
� = �

𝑃𝑃𝑥𝑥
𝑃𝑃𝑦𝑦
𝑃𝑃𝑧𝑧
� ∙ Ξ𝑘𝑘 + �

𝑄𝑄𝑥𝑥
𝑄𝑄𝑦𝑦
𝑄𝑄𝑧𝑧
� ∙ 𝐻𝐻𝑘𝑘 .                                (200) 

imisaTvis, rom vipovnoT mwkrivi ganuzRvreli siCqaris 

kvadratisaTvis, energiis (136) integrali CavweroT (127)-is meSveobiT 

Semdegi saxiT: 

�
𝑉𝑉
𝑛𝑛𝑛𝑛
�
2

= 2 ∙
𝑎𝑎
𝑟𝑟
− 1.                                                 (201) 

cxadia aseve unda vipovnoT mwkrivi Sebrunebuli manZilisaTvis: 

𝑎𝑎
𝑟𝑟

= �𝑅𝑅�𝑘𝑘𝑒𝑒𝑘𝑘 .                                                     (202)
∞

𝑘𝑘=0

 

kepleris gantolebis 𝑀𝑀-iT diferencirebisas, miviRebT 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
1

1− 𝑒𝑒 cos𝐸𝐸 =
𝑎𝑎
𝑟𝑟 ,                                             (203) 
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amitom koeficientebi: 

𝑅𝑅�𝑘𝑘 =
𝑑𝑑𝐸𝐸𝑘𝑘
𝑑𝑑𝑑𝑑 ,                                                         (204) 

xolo Tu CavwerT mwkrivs: 

�
𝑉𝑉
𝑛𝑛𝑛𝑛
�
2

= �𝑉𝑉𝑘𝑘
(2)𝑒𝑒𝑘𝑘

∞

𝑘𝑘=0

,                                           (205) 

maSin am mwkrivis koeficientebi iqneba: 

𝑉𝑉𝑘𝑘
(2) = 2𝑅𝑅�𝑘𝑘    (𝑘𝑘 ≠ 0),      𝑉𝑉0

(2) = 1.                               (206) 

sabolood, Semdegi damokidebulebebis gamoyenebiT: 

𝑉𝑉𝑛𝑛
𝑛𝑛𝑛𝑛 =

𝑟𝑟𝜈̇𝜈
𝑛𝑛𝑛𝑛 =

�𝜇𝜇𝜇𝜇
𝑛𝑛𝑛𝑛𝑛𝑛 =

𝑎𝑎
𝑟𝑟 ∙
�1− 𝑒𝑒2                                  (207) 

da 

𝜈̇𝜈
𝑛𝑛

=
𝑉𝑉𝑛𝑛
𝑛𝑛𝑛𝑛 =

𝑎𝑎
𝑟𝑟 ∙

𝑉𝑉𝑛𝑛
𝑛𝑛𝑛𝑛 ,                                             (208) 

Sesabamisi mwkrivebis gadamravlebiT, xolo Semdgom, miRebuli namravlis 

integrirebiT drois mixedviT, SesaZloa miviRoT mwkrivi WeSmariti 

anomaliisTvis, romelsac centris gantolebas uwodeben: 

𝜈𝜈 = �𝜈𝜈𝑘𝑘𝑒𝑒𝑘𝑘 .                                                    (209)
∞

𝑘𝑘=0

 

misi pirveli wevrebi aseTia: 

𝜈𝜈 = 𝑀𝑀 + 2𝑒𝑒 sin𝑀𝑀 +
5
4
𝑒𝑒2 sin 2𝑀𝑀 +⋯   .                      (210) 

elifsuri moZraobis trigonometriuli mwkrivebi 

krebadobis aris gamo xarisxobrivi mwkrivebi efeqturia 

praqtikulad mxolod eqscentrisitetis mcire mniSvnelobebisaTvis -  

𝑒𝑒 ≪ 1.  amitom, saWiroa vipovnoT iseTi mwkrivebi, romlebic ikribeba 

eqscentrisitetis nebismieri mniSvnelobisTvis (0 < 𝑒𝑒 < 1).  aseT 

mwkrivebs warmoadgens furies mwkrivebi 𝑀𝑀 saSualo anomaliis mixedviT, 

romelTa ganxilvazec gadavalT qveviT. 
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eqscentruli anomalia da masze damokidebuli elifsuri moZraobis 

sxva maxasiaTeblebi warmoadgenen saSualo anomaliis periodul 

funqciebs, radgan eqscentruli anomalia 𝐸𝐸  yvela formulaSi Sedis 

mxolod sinusis an kosinusis niSnis SigniT. 

garda amisa, kepleris gantolebidan da elifsuri moZraobis sxva 

formulebidan gamomdinareobs, rom 𝐸𝐸 −𝑀𝑀  sxvaoba da 𝑟𝑟, 𝜉𝜉, 𝜂𝜂  sidideebi 
arian saSualo anomaliis luwi an kenti funqciebi. luwi 2𝜋𝜋 periodiani 
funqciis furies mwkrivs Semdegi saxe aqvs: 

𝑓𝑓(𝑥𝑥) =
𝑎𝑎0
2 + �𝑎𝑎𝑘𝑘 cos𝑘𝑘𝑘𝑘

∞

𝑘𝑘=1

,                                       (211) 

sadac furies koeficientebia: 

𝑎𝑎𝑘𝑘 =
2
𝜋𝜋
�𝑓𝑓(𝑥𝑥) cos𝑘𝑘𝑘𝑘 𝑑𝑑𝑑𝑑,                                         (212)
𝜋𝜋

0

 

xolo kenti funqciisaTvis: 

𝑓𝑓(𝑥𝑥) = �𝑏𝑏𝑘𝑘 sin𝑘𝑘𝑘𝑘
∞

𝑘𝑘=1

,                                            (213) 

da furies koeficientebia: 

𝑏𝑏𝑘𝑘 =
2
𝜋𝜋
�𝑓𝑓(𝑥𝑥) sin𝑘𝑘𝑘𝑘 𝑑𝑑𝑑𝑑,                                         (214)
𝜋𝜋

0

 

dirixles Teoremis mixedviT (212) da (214) integralebis saboloo 

mniSvnelobebis arseboba sakmarisi pirobaa (211) da (213) mwkrivebis 

krebadobisaTvis, romelic, sazogadod, pirobiTia. 

pirvel rigSi vipovnoT ZiriTadi mwkrivebis furie koeficientebi 

eqscentruli anomaliisa da misi kosinusisTvis. 

koeficientebi 𝐸𝐸 −𝑀𝑀 sididisTvis (214)-is Tanaxmad, tolia: 

𝑏𝑏𝑘𝑘 =
2
𝜋𝜋
�(𝐸𝐸 −𝑀𝑀) sin𝑘𝑘𝑀𝑀 𝑑𝑑𝑑𝑑,                                     (215)
𝜋𝜋

0

 

radgan kepleris gantoleba iZleva 𝐸𝐸  sidides, rogorc 𝑀𝑀 

argumentis mqone aracxad funqcias, xolo 𝑀𝑀  sidides, piriqiT, 𝐸𝐸 
argumentis cxad funqcias, (215) integralSi gadavideT 𝐸𝐸  integrirebis 
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cvladze. amis gakeTeba mosaxerxebeli iqneba, Tu (215)-s winaswar nawil-

nawil vaintegrebT. maSin: 

𝑏𝑏𝑘𝑘 =
2
𝑘𝑘𝑘𝑘

�−(𝐸𝐸 −𝑀𝑀) cos𝑘𝑘𝑘𝑘 �
𝜋𝜋
0 +� cos𝑘𝑘𝑘𝑘(𝑑𝑑𝑑𝑑 − 𝑑𝑑𝑑𝑑)

𝜋𝜋

0

� =

=
2
𝑘𝑘𝑘𝑘

� cos(𝑘𝑘𝑘𝑘 − 𝑘𝑘𝑘𝑘 sin𝐸𝐸)𝑑𝑑𝑑𝑑.                                                (216)
𝜋𝜋

0

 

Tu gavixsenebT cnobil integralur formulas beselis funqciisaTvis: 

𝐽𝐽𝑘𝑘(𝑥𝑥) =
1
𝜋𝜋
�(𝑘𝑘𝑘𝑘 − 𝑥𝑥 sin𝜑𝜑) 𝑑𝑑𝑑𝑑,                                   (217)
𝜋𝜋

0

 

maSin koeficientebisaTvis miviRebT: 

𝑏𝑏𝑘𝑘 =
2
𝑘𝑘  𝐽𝐽𝑘𝑘(𝑘𝑘𝑘𝑘),                                                  (218) 

xolo eqscentruli anomaliisTvis furies mwkrivs Semdegi saxe aqvs: 

𝐸𝐸 = 𝑀𝑀 + 2�
1
𝑘𝑘

∞

𝑘𝑘=1

 𝐽𝐽𝑘𝑘(𝑘𝑘𝑘𝑘) sin𝑘𝑘𝑘𝑘 .                                 (219) 

analogiurad, Tu movaxdenT cos𝐸𝐸  funqciis furie koeficientebis 

nawil-nawil integrirebas: 

𝑎𝑎𝑘𝑘 =
2
𝜋𝜋
� cos𝐸𝐸 cos𝑘𝑘𝑘𝑘 𝑑𝑑𝑑𝑑,                                     (220)
𝜋𝜋

0

 

miviRebT, rom:  

𝑎𝑎𝑘𝑘 =
2
𝑘𝑘𝑘𝑘

� sin(𝑘𝑘𝑘𝑘 − 𝑘𝑘𝑘𝑘 sin𝐸𝐸) sin𝐸𝐸 𝑑𝑑𝑑𝑑,                       (221)
𝜋𝜋

0

 

gadavideT sinusebis namravlidan kosinusebis sxvaobaze da, kvlav, 

(217)-is gaTvaliswinebiT, miviRebT, rom:  

𝑎𝑎𝑘𝑘 =
1
𝑘𝑘

[𝐽𝐽𝑘𝑘−1(𝑘𝑘𝑘𝑘)− 𝐽𝐽𝑘𝑘+1(𝑘𝑘𝑘𝑘)].                                (222) 
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(222) gamosaxuleba gamousadegaria roca 𝑘𝑘 = 0,  magram am 

SemTxvevaSi (220)-is pirdapiri integrireba gviCvenebs, rom 𝑎𝑎0 = −𝑒𝑒. 
Sesabamisad: 

cos𝐸𝐸 = −
𝑒𝑒
2 +�

1
𝑘𝑘

∞

𝑘𝑘=1

[𝐽𝐽𝑘𝑘−1(𝑘𝑘𝑘𝑘)− 𝐽𝐽𝑘𝑘+1(𝑘𝑘𝑘𝑘)] cos𝑘𝑘𝑘𝑘.                 (223) 

amis Semdeg elifsuri moZraobisaTvis SesaZlebelia miviRoT furies 

mwkrivebi sxva saxiT: 

𝑟𝑟
𝑎𝑎

= 1 +
𝑒𝑒2

2 − 𝑒𝑒�
1
𝑘𝑘

∞

𝑘𝑘=1

[𝐽𝐽𝑘𝑘−1(𝑘𝑘𝑘𝑘)− 𝐽𝐽𝑘𝑘+1(𝑘𝑘𝑘𝑘)] cos𝑘𝑘𝑘𝑘, 

𝜉𝜉
𝑎𝑎

= −
3
2 𝑒𝑒 +�

1
𝑘𝑘

∞

𝑘𝑘=1

[𝐽𝐽𝑘𝑘−1(𝑘𝑘𝑘𝑘)− 𝐽𝐽𝑘𝑘+1(𝑘𝑘𝑘𝑘)] cos𝑘𝑘𝑘𝑘,           (224) 

𝜂𝜂
𝑎𝑎

=
2√1− 𝑒𝑒2

𝑒𝑒  �
1
𝑘𝑘

∞

𝑘𝑘=1

𝐽𝐽𝑘𝑘(𝑘𝑘𝑘𝑘) sin𝑘𝑘𝑘𝑘. 

rogorc cnobilia, beselis funqciebi iSleba absoluturad krebad 

xarisxobriv mwkrivebad, kerZod: 

𝐽𝐽𝑘𝑘(𝑥𝑥) = �
(−1)𝑗𝑗 �𝑥𝑥2�

𝑘𝑘+2𝑗𝑗

𝑘𝑘! (𝑘𝑘 + 𝑗𝑗)!

∞

𝑗𝑗=0

.                                          (225) 

mwkrivi (225) CavsvaT mwkrivebSi (219), (223) da (224) da 

CavTvaloT, rom 𝑥𝑥 = 𝑘𝑘𝑘𝑘.  Tu erTad davajgufebT wevrebs 𝑒𝑒 
eqscentrisitetis toli xarisxebiT, miviRebT mwkrivebs 𝑒𝑒 -s xarisxebiT, 
romelTa koeficientebi iqneba sin𝑘𝑘𝑘𝑘  da cos𝑘𝑘𝑘𝑘 funqciebis 

trigonometriuli mravalwevrebi. aseve piriqiT, Tu wina paragrafSi 

moyvanil Sesabamis xarisxobriv mwkrivebSi davajgufebT sinusebsa da 

kosinusebSi erTnair argumentebian wevrebs, es mwkrivebi SesaZlebelia 

gardavqmnaT furies mwkrivebad, romelTa koeficientebia 𝑒𝑒  argumentis 
mqone xarisxobrivi mwkrivebi. Tumca, aseTi gardaqmnebi mwkrivebis 

krebadobis darRvevis gareSe, Tanac maTi jamis mimarT, SesaZlebelia 

Sesruldes mxolod absoluturad krebadi mwkrivebisaTvis, 

romelTaTvisac krebadia mwkrivi, Sedgenili maTi wevrebis modulebisgan.  
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Tu mwkrivi krebadia mxolod pirobiTad, sxvanairad rom vTqvaT, 

misi krebadoba uzrunvelyofilia sapirispiro niSnis wevrebis 

nawilobrivi urTierTkompensaciiT, maSin aseTi mwkrivis usasrulo 

raodenobis wevrebis gadaadgilebam SesaZloa gamoiwvios mwkrivis jamis 

cvlileba an ganSladi mwkvrivis miRebac ki.  

am mosazrebebs mivyavarT laplasis 𝑒𝑒0  zRvris axal gagebamde. igi 

warmoadgens sazRvars elifsuri moZraobis furies mwkrivebis 

absoluturi da pirobiTi krebadobis areebs Soris. eqscentrisitetis 

𝑒𝑒 < 𝑒𝑒0  mniSvnelobebisaTvis furies mwkrivebi absoluturad krebadia. 

amitom, maTgan miRebuli mwkrivebi 𝑒𝑒 -s xarisxebiT aseve krebadia da 

Tanac, absoluturad. xolo 𝑒𝑒 > 𝑒𝑒0 mniSvnelobebisaTvis furies mwkrivebi 

aseve krebadia, magram mxolod pirobiTad. amitom, Sesabamisi mwkrivebi 

eqscentrisitetis xarisxebiT SesaZloa iyos ganSladi, Tundac 𝑀𝑀 

saSualo anomaliis zogierTi mniSvnelobebisaTvis. 
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leqcia 10. ori sxeulis sasazRvro amocana 

ori sxeulis amocana SeiZleba amovxsnaT rogorc sawyisi, aseve 

sasazRvro pirobebiT. sawyisi pirobebiT orbitis elementebis povnis 

amocana (anu, rogorc amboben, orbitis povna) faqtiurad ukve 

ganvixileT wina leqciaSi. pirveli integralebis gamosaxulebebidan 

ganisazRvreba pirveli integralebis mudmivebi. Semdeg, (89) da (98) 

formulebis safuZvelze vpoulobT elmentebs 𝑒𝑒,𝑝𝑝, 𝑟𝑟.  
rac Seexeba sasazRvro amocanas, pirvel rigSi unda gavixsenoT, rom 

astrometriuli dakvirvebebi gvaZlevs mxolod ciuri sxeulis 

mdebareobas cis sferoze misi ori kuTxuri koordinatis saxiT. amitom, 

orbitis eqvsi elementis sapovnelad aucilebelia sul mcire sami 

dakvirveba  (wriuli moZraobis SemTxvevaSi sakmarisia mxolod ori 

dakvirveba).  

Tumca, sanam gadavalT orbitis elementebis gansazRvris amocanaze, 

unda ganvsazRvroT sasazRvro pirobebi anu radius-veqtorebis 𝑟𝑟1,2 

mniSvnelobebi drois 𝑡𝑡1,2  momentSi kuTxuri koordinatebis 

mniSvnelobebis mixedviT, rogorc wesi, ekvatoruli 𝛼𝛼𝑘𝑘 ,𝛽𝛽𝑘𝑘 
koordinatebiT 𝑡𝑡𝑘𝑘  drois momentSi, sadac 𝑘𝑘 = 1,0,2 (drois Sualeduri 

momenti moxerxebulia aRvniSnoT rogorc 𝑡𝑡0). amisaTvis, pirvel rigSi, 

gamoiyeneba aprioruli informacia imis Sesaxeb, rom 𝑟𝑟𝑘𝑘  veqtoris sami 
wertili Zevs meore rigis romeliRac mrudze da droSi dakavSirebulia 

erTmaneTTan kepleris meore kanoniT. 

 sami dakvirvebiT elifsuri orbitis gansazRvris gausis meTodi 

efuZneba Semdeg ideas. radgan radius-veqtorebi Zevs erT sibrtyeSi, 

maSin isini wrfivad arian erTmaneTTan dakavSirebuli anu 𝑟𝑟0 = 𝑐𝑐1𝑟𝑟1 +
𝑐𝑐2𝑟𝑟2 ,  sadac koeficientebi 𝑐𝑐1,2  tolia Sesabamisi samkuTxedebis 

farTobebis Sefardebis, romlebic warmoqmnilia 𝑟𝑟𝑘𝑘 veqtorebiT.  
amave dros, kepleris meore kanoni gvaZlevs Sesabamisi elifsuri 

seqtorebis farTobebis Sefardebas. aqedan ismeba samkuTxedis farTobis 

elifsuri seqtoris farTobTan Sefardebis povnis problema, rac sakmaod 

rTuli amocanaa, radgan elifsuri seqtoris farTobi ar gamoisaxeba 

sasruli saxiT misi wveroebis koordinatebiT. pirvel miaxloebaSi es 

amocana amoixsneba im varaudiT, rom moZraoba warmoebs wriul orbitaze. 

es dasaSvebia maSin, roca dakvirvebebi moicavs orbitis mxolod 
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SedarebiT mcire rkals, rogorc es xdeba mcire planetebis orbitebis 

gansazRvrisas da, savaraudod, eqscentrisitetis mniSvneloba arc ise 

didia.  

ganvixiloT orbitis gansazRvris meTodi, romelsac ar sWirdeba 

zemoxsenebuli varaudi da, amitom, farTod gamoiyeneba astrodinamikaSi. 

igi efuZneba lambertis Teoremas. es Teorema akavSirebs elifsuri 

orbitis did naxevarRerZs 𝑎𝑎  ori wertilis radiusebTan 𝑟𝑟1,2,  am 

wertilebs Soris qordis sigrZesTan 𝑐𝑐  da drois SualedTan Δ𝑡𝑡 = 𝑡𝑡2 −
𝑡𝑡1, romlis ganmavlobaSi materialuri wertili gaivlis orbitis rkals 

𝑟𝑟1,2 wertilebs Soris.  

amave dros, unda gaviTvaliswinoT, rom es rkali SesaZlebelia iyos 

rogorc naklebi, aseve meti 180°-ze, xolo 𝑟𝑟1,2  wertilebis 

SemaerTebelma qordam SesaZloa gadakveTos elifsis didi naxevarRerZi. 

amitom, sanam CamovayalibebT Tavad lambertis Teoremas, unda SemoviRoT 

damxmare sidide 𝑎𝑎𝑚𝑚  – mosazRvre elifsis didi naxevarRerZi, romlis 

qorda (ix. naxazi 11-d) gadis elifsis meore fokusze da amasTan: 

𝑎𝑎𝑚𝑚 =
1
4

(𝑟𝑟1 + 𝑟𝑟2 + 𝑐𝑐).                                               (226) 

maSin, am mosazRvre orbitaze gadafrenis dro tolia: 

Δ𝑡𝑡𝑚𝑚 =
𝑎𝑎𝑚𝑚
3 2⁄

√𝜇𝜇
[𝜋𝜋 − 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (sinΦ)(𝛿𝛿 − sin𝛿𝛿)].                           (227) 

Tavad lambertis Teoremas aqvs Semdegi saxe: 

�𝜇𝜇 (𝑡𝑡2 − 𝑡𝑡1) = 𝑎𝑎3 2⁄ [𝜋𝜋 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(Δ𝑡𝑡𝑚𝑚 − Δ𝑡𝑡)(𝜀𝜀 − sin𝜀𝜀)       

− 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(sinΦ)(𝛿𝛿 − sin𝛿𝛿) ],                                           (228) 

sadac 

sin
𝜀𝜀
2 = �

𝑎𝑎𝑚𝑚
𝑎𝑎 ,   sin

𝛿𝛿
2 = �𝑎𝑎𝑚𝑚 − 2𝑐𝑐

𝑎𝑎
,     𝑐𝑐 = �𝑟𝑟12 − 2𝑟𝑟1𝑟𝑟2 + 𝑟𝑟22,             (229) 
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naxazi 11. elifsuri seqtoris sxvadasxva ganlageba elifsis didi 

naxevarRerZis mimarT. 

xolo Φ  warmoadgens kuTxes 𝑟𝑟1,2  veqtorebs Soris, anu Φ = 𝜈𝜈2 − 𝜈𝜈1. 
amasTanave, 0 < 𝛿𝛿 2⁄ < 𝜀𝜀 2⁄ < 𝜋𝜋 2,⁄  xolo (228)-sa da (229)-Si niSnis 

Tanamamravlis gamoCena dakavSirebulia orbitaze 𝑟𝑟1,2  wertilebis 

sxvadasxva SesaZlo ganlagebasTan, romlebsac SevexeT zemoT da 

romlebic naCvenebia naxazze 11.  

Tu cnobilia 𝑟𝑟1,2  veqtorebi, maSin sinΦ  da cosΦ  sidideebi 

SegviZlia vipovnoT am veqtorebis veqtoruli namravlis modulis da 

maTi skalaruli namravlis meSveobiT. maSin lambertis Teorema SesaZloa 

ganvixiloT rogorc gantoleba 𝑎𝑎  didi naxevarRerZis mimarT, romelic 

unda amovxsnaT romelime ricxviTi meTodiT. Tu viciT 𝑎𝑎  sidide, maSin 
SesaZlebelia vipovnoT orbitis parametri 
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𝑝𝑝 =
𝑟𝑟1𝑟𝑟2 sin2 Φ2
𝑎𝑎 sin 𝜀𝜀 − 𝛾𝛾

2
                                               (230) 

sadac 

𝛾𝛾 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(∆𝑡𝑡𝑚𝑚 − ∆𝑡𝑡) ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(sinΦ) ∙ 𝛿𝛿. 

formula (230) miiReba 𝑟𝑟1,2 wertilebSi WeSmariti da eqscentruli 

anomaliebis mniSvnelobaTa sxvaobebis Sefardebis da qordis sigrZis 

eqscentruli anomaliebis sxvaobebze damokidebulebidan. 

Tu ganvixilavT momentis integrals, laplasis integrals da maT 

veqtorul namravls 𝑟𝑟1,2  wertilebSi, SesaZlebelia miviRoT orbitis 

veqtoruli elementebis Semdegi gamosaxulebebi: 

𝑃𝑃�⃗ =
𝑒𝑒 + cos𝜈𝜈1,2

𝑝𝑝 𝑟𝑟1,2 −
𝑟𝑟1,2

�𝜇𝜇𝜇𝜇
sin 𝜈𝜈1,2 𝑟̇𝑟1,2                              (231) 

𝑄𝑄�⃗ =
sin 𝜈𝜈1,2

𝑝𝑝 𝑟𝑟1,2 −
𝑟𝑟1,2

�𝜇𝜇𝜇𝜇
cos 𝜈𝜈1,2 𝑟̇𝑟1,2                                     (232) 

gamovricxoT am gantolebebidan 𝑟̇𝑟1,2 siCqareebi da vipovniT orbitis 

veqtorul elementebs, rac sabolood saSualebas mogvcems vipovnoT 

Ω,𝜔𝜔, 𝑖𝑖.  
SevniSnavT, rom Tu (231) da (232) gantolebebis yoveli 

wyvilebidan gamovricxavT 𝑃𝑃�⃗  da 𝑄𝑄�⃗  veqtorebs, SesaZlebelia vipovnoT 

ori gantoleba, romlebic akavSireben radius-veqtorebs da siCqaris 

veqtorebs drois or ganxilul momentSi. miRebuli gantolebaTa sistema 

amovxsnaT 𝑟𝑟2  radius-veqtoris da 𝑟̇𝑟2  siCqaris veqtoris mimarT da 

miviRebT: 

𝑟𝑟2 = �1−
𝑟𝑟2
𝑝𝑝

(1 − cosΦ)� ∙ 𝑟𝑟1 +
𝑟𝑟1𝑟𝑟2
�𝜇𝜇𝜇𝜇

sinΦ ∙ 𝑟̇𝑟1                        (233) 

𝑟̇𝑟2 = �
𝑟𝑟1 ∙ 𝑟̇𝑟1
𝑝𝑝𝑟𝑟1

(1 − cosΦ)−
1
𝑟𝑟1
�
𝜇𝜇
𝑝𝑝

sinΦ� ∙ 𝑟𝑟1 + �1−
𝑟𝑟1
𝑝𝑝

(1 − cosΦ)� ∙ 𝑟̇𝑟1      (234) 

sabolood, (233) da (234) formulebSi gamovtovoT indeqsi 2 da 

indeqsi 1 SevcvaloT indeqsiT 0, miviRebT radius-veqtoris da siCqaris 
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veqtoris damokidebulebas maT sawyis mniSvnelobebze drois nebismier 

momentSi: 

𝑟𝑟 = �1−
𝑟𝑟
𝑝𝑝

(1 − cosΦ)� ∙ 𝑟𝑟0 +
𝑟𝑟𝑟𝑟0
�𝜇𝜇𝜇𝜇

sinΦ ∙ 𝑟̇𝑟0                        (235) 

𝑟̇𝑟 = �
𝑟𝑟0 ∙ 𝑟̇𝑟0
𝑝𝑝𝑟𝑟0

(1 − cosΦ)−
1
𝑟𝑟 �

𝜇𝜇
𝑝𝑝

sinΦ� ∙ 𝑟𝑟0 + �1−
𝑟𝑟0
𝑝𝑝

(1 − cosΦ)� ∙ 𝑟̇𝑟0      (236) 

sadac Φ = ν − ν0. 
Tu lambertis TeoremaSi movaxdenT sasazRvro gadasvlas roca 𝑎𝑎 →

∞, miviRebT eileris Teoremas, romlis mixedviT 

6�𝜇𝜇∆𝑡𝑡 = (𝑟𝑟1 + 𝑟𝑟2 + 𝑐𝑐)3 2⁄ − 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(Φ)(𝑟𝑟1 + 𝑟𝑟2 − 𝑐𝑐)3 2⁄ .              (237) 

es Teorema gamoiyeneba olbersis meTodiT paraboluri orbitebis 

gamosaTvlelad. lambertis da eileris Teoremebi aseve gamoiyeneba 

Sesabamis orbitaze or wertils Soris gadaadgilebis drois 

gamosaTvlelad. 

sazogadod, xelovnuri ciuri sxeulebis, kerZod, dedamiwis 

xelovnuri Tanamgzavrebis orbitebis gansazRvris amocanis amoxsna 

mniSvnelovnad aris damokidebuli maTi moZraobis telemetriul 

monacemebze. radiolokaciuri da viziolokaciuri gazomvebi gvaZleven 

xelovnur ciur sxeulebamde manZils, xolo dopleris siCqareebis 

gazomvebi – siCqaris radialur komponents. amasTan, Tu kuTxuri 

koordinatebiT da manZiliT vipovniT siCqaris tangencialur komponents, 

maSin orbitis gansazRvris amocana daiyvaneba koSis amocanaze. 

 cis meqanikisa da varskvlavT astronomiis momijnave sakiTxs 

warmoadgens ormag varskvlavT sistemaSi orbitis gansazRvris amocana. 

ZiriTadi sirTuleebi aq is aris, rom Cven vakvirdebiT am sistemis 

komponentebs mxolod mxedvelobis sibrtyis proeqciaSi. am sirTuleebis 

gadalaxvis SesaZleblobebi da gzebi damokidebulia ormagi sistemis 

tipze. cis meqanikis kidev erTi specifikuri amocanaa mzisa da mTvaris 

dabnelebebis drois da viTarebis gamoTvla. 
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leqcia 11. ori sxeulis amocanis integrireba 

hamilton-iakobis meTodiT 

pirveli integralebis meTodi, romliTac iqna integrirebuli ori 

sxeulis amocanis gantolebebi wina TavSi, ar warmoadgens erTaderT 

meTods. ganvixiloT am amocanis amoxsna sferul koordinatebSi 

hamilton-iakobis meTodiT. 

sferul koordinatTa sistemis gamoyeneba mizanSewonilia, radgan am 

SemTxvevaSi potenciali, romelic tolia 𝑉𝑉 = 𝜇𝜇 𝑟𝑟,⁄  damokidebulia 

mxolod erT koordinatze. kuTxuri koordinatebi aRvniSnoT rogorc 𝜑𝜑 
da 𝜆𝜆,  sadac 𝜑𝜑  - grZedia, 𝜆𝜆  ki - ganedi. hamilton-iakobis meTodis 

gamoyenebisaTvis Tavdapirvelad unda vipovnoT 𝑟𝑟, 𝜆𝜆,𝜑𝜑  koordinatebis 

Sesabamisi ganzogadebuli impulsebi – 𝑅𝑅,Λ,Φ.  
ganzogadebuli impulsi 𝑝𝑝𝑖𝑖 ,  romelic Seesabameba ganzogadebul 

koordinats 𝑞𝑞𝑖𝑖 , ganisazRvreba formuliT: 

𝑝𝑝𝑖𝑖 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑖𝑖

,                                                            (238) 

sadac lagranJis funqcia tolia kinetikuri da potenciuri energiebis 

sxvaobis anu 𝐿𝐿 = 𝑇𝑇 + 𝑉𝑉.  kinetikur energias sferul koordinatebSi 

Semdegi saxe aqvs: 

𝑇𝑇 =
1
2
�𝑟̇𝑟2 + 𝑟𝑟2𝜑̇𝜑2 + 𝑟𝑟2 cos2 𝜑𝜑 ∙ 𝜆̇𝜆2�.                                 (239) 

lagranJis funqcia tolia 

𝐿𝐿 =
1
2
�𝑟̇𝑟2 + 𝑟𝑟2𝜑̇𝜑2 + 𝑟𝑟2 cos2 𝜑𝜑 ∙ 𝜆̇𝜆2�+

𝜇𝜇
𝑟𝑟

.                       (240) 

aqedan vpoulobT, rom  

𝑅𝑅 = 𝑟̇𝑟,    Φ = 𝑟𝑟2𝜑𝜑 ̇ ,    Λ = 𝑟𝑟2 cos2 𝜑𝜑 ∙ 𝜆̇𝜆                            (241) 

amdenad, SegviZlia CavweroT ori sxeulis amocanis hamiltonis 

fuqncia, romelic tolia ganzogadebul koordinatebSi da ganzogadebul 

impulsebSi gamoxatuli sruli energiis, anu 

𝐻𝐻 =
1
2
�𝑅𝑅2 +

Φ2

𝑟𝑟2 +
Λ2

𝑟𝑟2 cos2 𝜑𝜑
� −

𝜇𝜇
𝑟𝑟

.                                     (242) 
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imisaTvis, rom CavweroT hamilton-iakobis gantoleba, saWiroa 𝑆𝑆 
moqmedebis droiTi kerZo warmoebulis da hamiltonis funqciis jami 

gavutoloT nols. amasTan, hamiltonis funqciaSi ganzogadebuli 

impulsebi unda SevcvaloT 𝑆𝑆  moqmedebis ganzogadebuli koordinatebis 

mixedviT kerZo warmoebulebiT. konservatiul amocanebSi anu amocanebSi, 

sadac moqmedeben mxolod konservatiuli Zalebi, moqmedeba SeiZleba 

Semdegnairad warmovadginoT: 

𝑆𝑆 = 𝑊𝑊(𝑞𝑞𝑖𝑖)− 𝛼𝛼1𝑡𝑡,                                             (243) 

sadac 𝑊𝑊 - e.w. Sekvecili moqmedebaa. maSin hamilton-iakobis gantolebas 

Semdegi saxe aqvs: 

�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

�
2

+
1
𝑟𝑟2
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

�
2

+
1

𝑟𝑟2 cos2 𝜑𝜑
�
𝜕𝜕Λ
𝜕𝜕𝜕𝜕
�
2

−
2𝜇𝜇
𝑟𝑟 = 2𝛼𝛼1               (244) 

amis Semdgom saWiroa vipovnoT am gantolebis sruli integrali anu 

misi iseTi integrali, romelic zogadisgan gansxvavebiT, damokidebulia 

ara sam nebismier funqciaze, aramed mxolod sam nebismier mudmivaze. 

vipovnoT igi cvladebis gancalkevebis gziT, anu aseTi saxiT: 

𝑊𝑊 = 𝑊𝑊1(𝑟𝑟) +𝑊𝑊2(𝜑𝜑) +𝑊𝑊3(𝜆𝜆).                                    (245) 

CavsvaT (245) (244)-Si da miviRebT: 

�
𝑑𝑑𝑊𝑊1

𝑑𝑑𝑑𝑑
�
2

+
1
𝑟𝑟2
�
𝑑𝑑𝑊𝑊2

𝑑𝑑𝑑𝑑
�
2

+
1

𝑟𝑟2 cos2 𝜑𝜑
�
𝑑𝑑W3

𝑑𝑑𝑑𝑑
�
2

−
2𝜇𝜇
𝑟𝑟 = 2𝛼𝛼1               (246) 

Tu davuSvebT, rom 

𝑑𝑑W3

𝑑𝑑𝑑𝑑 = 𝛼𝛼3 ,       �
𝑑𝑑𝑊𝑊2

𝑑𝑑𝑑𝑑
�
2

+
𝛼𝛼32

cos2 𝜑𝜑 = 𝛼𝛼22.                          (247) 

maSin miviRebT: 

�
𝑑𝑑𝑊𝑊1

𝑑𝑑𝑑𝑑
�
2

+
𝛼𝛼22

𝑟𝑟2 −
2𝜇𝜇
𝑟𝑟 = 2𝛼𝛼1.                                  (248) 

aqedan Sekvecili moqmedeba tolia: 

𝑊𝑊 = 𝛼𝛼3𝜆𝜆 +��𝛼𝛼22 −
𝛼𝛼32

cos2 𝜑𝜑 𝑑𝑑𝑑𝑑 +��2𝛼𝛼1 +
2𝜇𝜇
𝑟𝑟 −

𝛼𝛼22

𝑟𝑟2 𝑑𝑑𝑑𝑑.           (249) 

85 
 



amocanis zogadi amonaxsni ukve Semdegi damokidebulebebiT 

gamoisaxeba: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝛼𝛼𝑖𝑖

= 𝛽𝛽𝑖𝑖 ,                                                        (250) 

romlebic Cvens SemTxvevaSi gvaZelvs Semdegs: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝛼𝛼1

= �
𝑑𝑑𝑑𝑑

�2𝛼𝛼1 + 2𝜇𝜇
𝑟𝑟 − 𝛼𝛼22

𝑟𝑟2

= 𝑡𝑡 + 𝛼𝛼1,                             (251) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝛼𝛼2

= 𝛼𝛼2 �
𝑑𝑑𝑑𝑑

�𝛼𝛼22 −
𝛼𝛼32

cos2 𝜑𝜑

− 𝛼𝛼2 �
𝑑𝑑𝑑𝑑

𝑟𝑟2�2𝛼𝛼1 + 2𝜇𝜇
𝑟𝑟 − 𝛼𝛼22

𝑟𝑟2

= 𝛽𝛽2,          (252) 

𝜆𝜆 − 𝛼𝛼3 �
𝑑𝑑𝑑𝑑

cos2 �𝛼𝛼22 −
𝛼𝛼32

cos2 𝜑𝜑

= 𝛽𝛽3.                               (253) 

integrirebis 𝛼𝛼𝑖𝑖 ,𝛽𝛽𝑖𝑖  eqvs mudmivas, romlebic gansazRvraven ori 

sxeulis zogadi amocanis amoxsnas hamilton-iakobis formiT, uwodeben 

iakobis elementebs. 

formalurad, Cven gadavwyviteT dasmuli amocana. Tumca 

SemdgomisaTvis, Cven gvWirdeba ganvsazRvroT kavSiri iakobis da 

kepleris elementebs Soris. amisaTvis unda gamovTvaloT integralebi 

(251)-(253) formulebSi. radgan (253) formulidan cos2 𝜑𝜑 > 𝛼𝛼32 𝛼𝛼22⁄ , 
SegviZlia davweroT: 

𝛼𝛼32

𝛼𝛼22
= cos 𝑖𝑖 .                                                        (254) 

Tu (253)-Si movaxdenT Sesabamis cvlilebebs, maSin misi 

integrirebis da garkveuli gardaqmnebis Semdeg, miviRebT 

tg𝜑𝜑 = tg 𝑖𝑖 ∙ sin(𝜆𝜆 − 𝛽𝛽3).                                         (255) 

(255) gavamravloT 𝑟𝑟 cos𝜑𝜑 cos 𝑖𝑖 -ze da dekartes da sferul 

koordinatebs Soris kavSiris gaTvaliswinebiT, miviRebT: 

sin𝛽𝛽3 sin 𝑖𝑖 ∙ 𝑥𝑥 − cos𝛽𝛽3 sin 𝑖𝑖 ∙ 𝑦𝑦 + cos 𝑖𝑖 ∙ 𝑧𝑧 = 0                     (256) 
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amdenad, miviReT moZraobis sibrtyis gantoleba da (110)-is 

gaTvaliswinebiT SegviZlia gavakeToT daskvna, rom 𝛽𝛽3  mudmiva aris 

kvanZis grZedi, xolo zemoT Semotanili kuTxe 𝑖𝑖  emTxveva orbitis 

daxris kuTxes 𝑖𝑖.  
imisaTvis, rom vipovnoT pirveli integrali (252)-Si, SevcvaloT 

integrirebis mudmiva: 

sin𝜑𝜑 = sin 𝑖𝑖 sin𝑢𝑢                                                (257) 

sadac grZedis argumentia 𝑢𝑢 = 𝜔𝜔 + 𝜈𝜈.  maSin, integrirebis Semdeg 

miviRebT, rom 

𝛼𝛼2�
𝑑𝑑𝑑𝑑

𝑟𝑟2�2𝛼𝛼1 + 2𝜇𝜇
𝑟𝑟 − 𝛼𝛼22

𝑟𝑟2

= 𝑢𝑢 − 𝛽𝛽2.                                 (258) 

Tu 𝑠𝑠 = 1 𝑟𝑟⁄  cvlilebis meSveobiT gamovTvliT (258) integrals, miviRebT 

orbitis gantolebas 

𝑟𝑟 =

𝛼𝛼22
𝜇𝜇

1 + �1 + 2𝛼𝛼1𝛼𝛼22
𝜇𝜇2 cos(𝑢𝑢 − 𝛽𝛽2)

.                                      (259) 

Tu (259)-s SevadarebT (87)-(89)-s, davinaxavT, rom 

𝛼𝛼22

𝜇𝜇2 = 𝑝𝑝,     �1 +
2𝛼𝛼1𝛼𝛼22

𝜇𝜇2 = 𝑒𝑒,     𝛽𝛽2 = 𝜔𝜔                                  (260) 

saidanac gamomdinareobs, rom 

𝛼𝛼2 = �𝜇𝜇𝜇𝜇,     𝛼𝛼1 =
𝜇𝜇

2𝑝𝑝
(𝑒𝑒2 − 1).                                       (261) 

(261)-is pirveli tolobidan Cans, rom 𝛼𝛼2  elementi tolia 𝑐𝑐 
kinetikuri momentis, xolo meoredan gamomdinareobs CvenTvis ukve 

cnobili damokidebuleba sruli energiis niSansa (romelic tolia 𝛼𝛼1 
mudmivasi) da ori sxeulis amocanaSi moZraobis tips Soris.  (254) da 

(261)-dan gamomdinareobs, rom 

𝛼𝛼3 = �𝜇𝜇𝜇𝜇 cos 𝑖𝑖 .                                                 (262) 
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sabolood, Tu gamoviTvliT (258) integrals 𝑟𝑟  manZilis umciresi 

mniSvnelobidan (pericentrSi misi mniSvneloba) 𝑟𝑟  manZilis mimdinare 

mniSvnelobamde, maSin moTxovna, rom marcxena da marjvena nawilebi 

(258)-Si erTdroulad utoldebodes nols, gvaZlevs mniSvnelobas 𝛽𝛽1 =
−𝜏𝜏. 

daskvnisaTvis erTad movuyaroT Tavi formulebs, romlebic 

kepleris elementebs gamoxataven iakobis elementebis meSveobiT da 

piriqiT. Sedegad miviRebT: 

Ω = 𝛽𝛽3,   𝜔𝜔 = 𝛽𝛽2 ,   cos 𝑖𝑖 =
𝛼𝛼3
𝛼𝛼2

,    𝑝𝑝 =
𝛼𝛼22

𝜇𝜇 ,    𝑒𝑒 = �1 +
2𝛼𝛼1𝛼𝛼22

𝜇𝜇2 ,     𝜏𝜏 = − 𝛽𝛽1     (263) 

da 

𝛼𝛼1 =
𝜇𝜇

2𝑝𝑝
(𝑒𝑒2 − 1),    𝛼𝛼2 = �𝜇𝜇𝜇𝜇,   𝛼𝛼3 = �𝜇𝜇𝜇𝜇 cos 𝑖𝑖 , 

𝛽𝛽1 = −𝜏𝜏,𝛽𝛽2 = 𝜔𝜔,    𝛽𝛽3 = Ω.                                               (264) 

unda aRvniSnoT, rom iakobis elementebi 𝛼𝛼𝑖𝑖  – nawilakis moZraobis 

swored is maxasiaTeblebia, romelTa dakvantvac xdeba mikrofizikaSi. 
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leqcia 12. moZraoba centraluri Zalis 

gavleniT 

ori sxeulis amocanaSi moqmedi Zalis mniSvnelovani Taviseburebaa 

misi centraluri xasiaTi anu is, rom Zalis moqmedebis wrfe yovelTvis 

gadis erT da igive wertilze – mizidulobis centrze. amitom, am Zalis 

Cawera SesaZlebelia Semdegi saxiT: 

𝐹⃗𝐹 = 𝐹𝐹(𝑟𝑟) 𝑟𝑟0,                                                    (265) 

sadac 𝑟𝑟0 - 𝑟𝑟 radius-veqtoris ortia. funqciis 

𝐹𝐹(𝑟𝑟) = −
𝜇𝜇
𝑟𝑟2

,                                                   (266) 

moduli gansazRvravs Zalis sidides, xolo niSani – misi moqmedebis 

Taviseburebas (anu is, rom igi mizidulobis Zalaa). 

ganvixiloT zogadi SemTxveva – Tavisufali centraluri Zalis 

gavleniT moZraobis amocana. es Zala anu 

𝐹𝐹 = 𝐹𝐹(𝑟𝑟, 𝑟̇𝑟, 𝑡𝑡)                                                  (267) 

aris 𝑟𝑟  manZilis, misi 𝑟̇𝑟  cvlilebis siCqaris da drois Tavisufali 

funqcia. pirvel rigSi, es saSualebas mogvcems gavarkvioT ori sxeulis 

amocanis ra Tvisebebi gamomdinareobs masSi moqmedi Zalis centraluri 

xasiaTidan, xolo ra Tvisebebi – misi 𝑟𝑟  manZilze damokidebulebidan. 

meore, aseT amocanas SesaZlebelia hqondes garkveuli praqtikuli 

gamoyeneba. es SesaZloa iyos varskvlavis moZraoba varskvlavT sferul 

grovaSi, sadac 𝐹𝐹  funqciis saxe ganisazRvreba am grovaSi varskvlavT 

simkvrivis ganawilebiT. aseve SeiZleba ganvixiloT planetis moZraoba 

varskvlavis maxloblad, romelic intensiurad kargavs masas, sadac 𝐹𝐹 =
𝐹𝐹1(𝑡𝑡) 𝑟𝑟2⁄ .  

gansaxilvel amocanaSi (72) gantolebis ganzogadebiT CavweroT 

fardobiTi moZraobis gantoleba: 

𝑟̈𝑟 − 𝐹𝐹(𝑟𝑟, 𝑟̇𝑟, 𝑡𝑡) 𝑟𝑟0 = 0.                                          (268) 

 (268) gantoleba gavamravloT marcxnidan 𝑟𝑟  radius-veqtorze da 

miviRebT momentis integrals: 
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𝑟𝑟 × 𝑟̈𝑟 = 𝑟𝑟 × 𝑟̈𝑟 + 𝑟̇𝑟 × 𝑟̇𝑟 =
𝑑𝑑
𝑑𝑑𝑑𝑑
�𝑟𝑟 × 𝑟̇𝑟� = 0 ⇒ 𝑟𝑟 × 𝑟̇𝑟 = 𝑐𝑐.            (269) 

amdenad, momentis integralis arseboba da yvela aqedan gamomdinare 

Sedegi, ganpirobebulia swored moqmedi Zalis centraluri xasiaTiT. am 

Sedegebidan yvelaze mniSvnelovani aris centraluri Zalis gavleniT 

gamowveuli moZraobis brtyeli xasiaTi. moZraobis sibrtyis arseboba, 

romlis gantolebaa 𝑐𝑐 ∙ 𝑟𝑟 = 0,  saSualebas gvaZlevs SemoviRoT kvanZebis 

wrfis da orbitis elementebis mcnebebi, romlebic gansazRvraven 

sivrceSi am sibrtyis mdebareobas aRmavali kvanZis grZedis Ω, orbitis 
daxrilobis 𝑖𝑖 meSveobiT (naxazi 12). maSin kinetikuri momentis veqtoris 
komponentebi tolia: 

𝑐𝑐1 = 𝑐𝑐 sinΩ sin 𝑖𝑖 , 
𝑐𝑐2 = −𝑐𝑐 cosΩ sin 𝑖𝑖,             (270) 

𝑐𝑐3 = 𝑐𝑐 cos 𝑖𝑖. 

aseve, SesaZlebelia SemoviRoT polaruli orbituli koordinatebi 

𝑟𝑟  da 𝑤𝑤, sadac polaruli kuTxe 𝑤𝑤  aiTvleba aRmavali kvanZis 

mimarTulebidan. amasTan, kuTxe 𝑤𝑤 aris ori sxeulis amocanaSi grZedis 

𝑢𝑢 argumentis analogi. amjerad, radius-veqtori da misi orti SesaZloa 

warmovadginoT Semdegi saxiT: 

𝑟𝑟 = 𝑟𝑟(𝑡𝑡) 𝑟𝑟0�𝑤𝑤(𝑡𝑡)�,   𝑟𝑟0 ≡ �𝛼𝛼�𝑤𝑤(𝑡𝑡)�,𝛽𝛽�𝑤𝑤(𝑡𝑡)�,𝛾𝛾�𝑤𝑤(𝑡𝑡)��,        (271) 

sadac 𝑟𝑟0  ortis komponentebi, romlebic warmoadgenen 𝑟𝑟  veqtoris 

mimarTulebis kosinusebs, ganisazRvreba (102) da (103) formulebSi 𝑢𝑢 
sididis 𝑤𝑤  sidideze SecvliT. imisaTvis, rom (271) CavsvaT moZraobis 

(268) gantolebaSi, unda movaxdinoT (271)-is ormagi diferencireba 𝑡𝑡 
droiT: 

𝑟̇𝑟 = 𝑟̇𝑟𝑟𝑟0 + 𝑟𝑟𝑟𝑟0,   𝑟̈𝑟 = 𝑟̈𝑟𝑟𝑟0 + 2𝑟̇𝑟𝑟𝑟0′𝑤̇𝑤 + 𝑟𝑟𝑟𝑟0′′𝑤𝑤′2 + 𝑟𝑟𝑟𝑟0′𝑤̈𝑤            (272) 

sadac ′  niSani miuTiTebs 𝑤𝑤  warmoebuls. mimarTulebis kosinusebis 

wrfivi damokidebuleba sidideebze sin𝑤𝑤 da cos𝑤𝑤 da trigonometriuli 

funqciebis diferencirebis wesi gvaZlevs Semdegs: 

𝑟𝑟0′ = 𝑟𝑟⊥0,     𝑟𝑟0′′ = −𝑟𝑟0,                                          (273) 
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naxazi 12. moZraoba centraluri Zalis gavleniT 

sadac 𝑟𝑟⊥0 aris orti moZraobis sibrtyeSi, romelic perpendikularulia 

𝑟𝑟0  ortis. amjerad, (273) CavsvaT (272)-Si, xolo (272) – (268)-Si, 

miviRebT, rom 

(𝑟̈𝑟 − 𝑟𝑟𝑤̇𝑤2 − 𝐹𝐹) 𝑟𝑟0 + (𝑟𝑟𝑤̈𝑤 + 2𝑟̇𝑟𝑤̇𝑤)𝑟𝑟⊥0 = 0.                         (274) 

radgan ortebi 𝑟𝑟0  da 𝑟𝑟⊥0  wrfivad damoukidebelni arian, amitom 

(274) toloba samarTliania mxolod maSin, roca 

𝑟̈𝑟 − 𝑟𝑟𝑤̇𝑤2 = 𝐹𝐹, 

𝑟𝑟𝑤̈𝑤 + 2𝑟̇𝑟𝑤̇𝑤 = 0                                                (275) 

(275) gantolebebidan meore integrirdeba erTxel, Tu gavamravlebT 

𝑟𝑟-ze. aseT SemTxvevaSi, miviRebT 

𝑟𝑟2𝑤̇𝑤 = 𝑐𝑐.                                                      (276)  

integrali (276) SesaZlebelia miviRoT aseve, Tu ganvixilavT 

momentis integralis moduls. amisaTvis integrirebis mudmiva (276)-Si 

unda udrides 𝑐𝑐 = |𝑐𝑐|. Tu (275)-is pirveli gantolebidan gamovricxavT 

warmoebuls 𝑤̇𝑤, miviRebT gantolebas 𝑟𝑟 radiusisTvis: 

𝑟̈𝑟 −
𝑐𝑐2

𝑟𝑟3 = 𝐹𝐹(𝑟𝑟, 𝑟̇𝑟, 𝑡𝑡)                                              (277) 

Tu am gantolebidan SevZlebT vipovnoT 𝑟𝑟 = 𝑟𝑟(𝑡𝑡)  radiusi, maSin 

(276) mogvcems moZraobis kanons Semdegi saxiT: 
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𝑤𝑤 = 𝑤𝑤0 + 𝑐𝑐 �
𝑑𝑑𝑑𝑑
𝑟𝑟(𝑡𝑡) .

𝑡𝑡

𝑡𝑡0

                                           (278) 

(277) gantolebis integrirebis SesaZlebloba damokidebulia 𝐹𝐹 
funqciis saxeze. Tu igi ar aris damokidebuli 𝑡𝑡  droze, maSin 

mizanSewonilia gadavideT 𝑡𝑡 damoukidebeli cvladidan axal argumentze 

𝑤𝑤.  garda amisa, SesaZlebelia gamovricxoT 𝑐𝑐2 𝑟𝑟3⁄ -is  arawrfivoba, Tu 

movaxdenT Canacvlebas damokidebuli cvladiT 𝑟𝑟 = 1 𝑢𝑢⁄ . Tu gamoviTvliT 

warmoebulebs 𝑟̇𝑟 da 𝑟̈𝑟, maSin (276)-is meSveobiT vipovniT: 

𝑟̇𝑟 = −𝑐𝑐𝑢𝑢′,     𝑟̈𝑟 = −𝑐𝑐2𝑢𝑢2𝑢𝑢′′,                                        (279) 

xolo Tu (279)-s CavsvavT (277)-Si, miviRebT gantolebas Sebrunebuli 𝑢𝑢 
manZilisaTvis wrfivi marcxena nawiliT: 

𝑢𝑢′′ + 𝑢𝑢 = −
1

𝑐𝑐2𝑢𝑢2 𝐹𝐹
�

1
𝑢𝑢

,−𝑐𝑐𝑐𝑐′� .                                  (280) 

es gantoleba cnobilia rogorc bines gantoleba. igi SeiZleba 

integrirdes, Tu 𝐹𝐹  Zala warmoadgens mxolod 𝑢𝑢  sididis funqcias. am 
SemTxvevaSi xdeba cvladis cvlileba 𝑝𝑝(𝑢𝑢) = 𝑢𝑢′ , anu 𝑢𝑢  sidides irCeven 
damoukidebeli cvladis saxiT. maSin bines gantoleba gardaiqmneba 

pirveli rigis gantolebad: 

𝑝𝑝
𝑑𝑑𝑑𝑑
𝑑𝑑𝑢𝑢

+ 𝑢𝑢 = −
1

𝑐𝑐2𝑢𝑢2
𝐹𝐹(𝑢𝑢) ≡ Φ(𝑢𝑢).                              (281) 

 am gantolebaSi gamovyoT cvladebi, rac integrirebis Semdeg 

gvaZlevs: 

𝑝𝑝2 = 𝑝𝑝02 − 𝑢𝑢2 + 𝑢𝑢02 + 2 �Φ(𝑢𝑢)𝑑𝑑𝑑𝑑.                             (282)
𝑢𝑢

𝑢𝑢0

 

 Tu amovxsniT gantolebas 𝑝𝑝(𝑢𝑢) = 𝑢𝑢′ , miviRebT: 

𝑤𝑤 = 𝑤𝑤0 + �
𝑑𝑑𝑑𝑑
𝑝𝑝(𝑢𝑢)

𝑢𝑢

𝑢𝑢0

                                            (283) 
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da Tu kvlav gamoviyenoT (276)-s, vipovniT damokidebulebas: 

�
𝑑𝑑𝑑𝑑

𝑢𝑢2(𝑤𝑤)

𝑤𝑤

𝑤𝑤0

= 𝑐𝑐(𝑡𝑡 − 𝑡𝑡0).                                        (284) 

amdenad, napovnia centraluri Zalis gavleniT moZraobis amocanis 

zogadi amoxsna, romelic damokidebulia mxolod manZilze 𝑟𝑟 = 1 𝑢𝑢⁄ , 
radgan gvaqvs eqvsi damoukidebeli integrirebis mudmiva 𝑐𝑐, 𝑝𝑝0,𝑢𝑢0,𝑤𝑤0 . 
Tumca, am SemTxvevaSi amocanis amoxsnis miReba SesaZlebelia sxva 

gziTac, Tu Semdegi damokidebulebiT SemoviRebT Zalovan funqcias: 

𝐹𝐹(𝑟𝑟) =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

.                                                       (285) 

maSin, Tu bines gantolebas gavamravlebT 𝑢𝑢′ -ze, SesaZloa vipovnoT 

misi pirveli integrali: 

𝑐𝑐2𝑢𝑢′2 + 𝑐𝑐2𝑢𝑢2 = 2𝑈𝑈 + ℎ.                                          (286) 

xolo Tu (286) integralSi davbrundebiT 𝑟𝑟 da 𝑡𝑡 cvladebze, maSin 

miviRebT: 

𝑟̇𝑟2 + 𝑟𝑟2𝑤̇𝑤2 = 2𝑈𝑈 + ℎ,                                          (287) 

anu pirvel integrals, romelic warmoadgens energiis integrals. 

davubrundeT ori sxeulis amocanas, rogorc ganxiluli amocanis 

kerZo SemTxvevas, anu davuSvaT 𝐹𝐹 = −𝜇𝜇 𝑟𝑟2 = −𝜇𝜇𝑢𝑢2.⁄  maSin davinaxavT, rom 

bines gantolebis marjvena mxare gadaiqceva mudmivad 𝜇𝜇 𝑐𝑐2⁄ , xolo Tavad 

bines gantoleba – mudmivi koeficientebis da mudmivi marjvena mxaris 

mqone wrfiv gantolebad. 

misi amoxsna xdeba cnobili standartuli meTodiT da SesaZlebelia 

CavweroT Semdegi saxiT: 

𝑢𝑢 =
𝜇𝜇
𝑐𝑐2

+ 𝐴𝐴 cos(𝑤𝑤 −𝜔𝜔).                                       (288) 
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Tu davuSvebT, rom integrirebis Tavisufali wevri 𝐴𝐴 = 𝑒𝑒 𝜇𝜇 𝑐𝑐2,⁄  

xolo mudmiva 𝜇𝜇 𝑐𝑐2 = 𝑝𝑝⁄ ,  miviRebT CvenTvis ukve cnobil kepleris 

orbitis gantolebas: 

𝑟𝑟 =
𝑝𝑝

1 + 𝑒𝑒 cos(𝑤𝑤 − 𝜔𝜔).                                         (289) 
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leqcia 13. ori sxeulis relativisturi 

amocana 

radgan zogadi fardobiTobis Teoria, rogorc wesi, ar Sedis 

Teoriuli fizikis ZiriTad kursSi, mokled ganvixiloT am Teoriis 

fizikuri da maTematikuri safuZvlebi. 

zogadi fardobiTobis Teoriis elementebi 

zogadi fardobiTobis Teoria efuZneba cnobil, maRali sizustiT 

dadasturebul eqsperimentul faqts nebismieri fizikuri sxeulis 

inerciuli da gravitaciuli masebis tolobis Sesaxeb. es niSnavs, rom 

arsebobs kavSiri inerciiT moZraobasa da gravitaciul velSi moZraobas 

Soris. es kavSiri Tavs iCens inerciul aTvlis sistemaSi gravitaciul 

moZraobasa da Sesabamis arainerciul aTvlis sistemaSi Tavisufal 

moZraobas Soris arsebul eqvivalentobis principSi.  

radgan nebismier gravitaciul velSi  moZraoba araTanabari da 

mrudwirovania, amitom aucilebelia brtyeli oTxganzomilebiani 

minkovskis fardobiTobis specialuri Teoriis sivrce-droidan gadavideT 

zogadi fardobiTobis Teoriis gamrudebul sivrce-droze.  

es aucilobloba dakavSirebulia imasTan, rom gravitaciul velSi 

moZraobidan arainerciul aTvlis sistemaSi Tavisufal moZraobaze 

gadasvlisas, ar SeiZleba sivrcis sasrul nawilSi SemoviRoT dekartes 

koordinatTa sistema mrudwirovanis nacvlad, rogorc es yovelTvis 

SesaZlebelia gavakeToT minkovskis brtyel sivrce-droSi. Sesabamisad, 

aucilebelia ganvazogadoT fardobiTobis specialur TeoriaSi cnobili 

intervalebis gamosaxuleba 

𝑑𝑑𝑠𝑠2 = 𝑐𝑐2𝑡𝑡2 − 𝑑𝑑𝑥𝑥2 − 𝑑𝑑𝑦𝑦2 − 𝑑𝑑𝑧𝑧2
≡ (𝑑𝑑𝑥𝑥0)2 − (𝑑𝑑𝑥𝑥1)2 − (𝑑𝑑𝑥𝑥2)2 − (𝑑𝑑𝑥𝑥3)2,       (290) 

da SevcvaloT igi koordinatebis Tavisufal kvadratul formad: 

𝑑𝑑𝑠𝑠2 = ��𝑔𝑔𝑖𝑖𝑖𝑖𝑑𝑑𝑥𝑥𝑖𝑖𝑑𝑑𝑥𝑥𝑘𝑘 .                                   (291)
3

𝑘𝑘=0

3

𝑖𝑖=0

 

aq koeficientebis erToblioba 
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𝑔𝑔𝑖𝑖𝑖𝑖 = 𝑔𝑔𝑖𝑖𝑖𝑖(𝑥𝑥0,𝑥𝑥1,𝑥𝑥2, 𝑥𝑥3)                                           (292) 

warmoqmnis fundamentalur an metrikul tenzors, romelic gansazRvravs 

sivrce-drois metrikul Tvisebebs (metrikas). gamosaxulebebSi (290)-

(292) gamoyenebulia gadasvla koordinatTa indeqsur aRniSvnaze da 

CaTvlilia, rom 𝑐𝑐𝑐𝑐 = 𝑥𝑥0,  sadac 𝑐𝑐  – sinaTlis siCqarea. tenzori 𝑔𝑔𝑖𝑖𝑖𝑖 
aRwers sivrce-drois simrudes da amave dros, aRwers gravitaciul 

velsac, radgan fardobiTobis zogadi Teoriis TvalsazrisiT gravitacia 

rogorc fizikuri movlena am simrudeSi avlens swored Tavs.  

gamosaxulebebSi (290)-(292) yuradRebas ipyrobs zeda da qveda 

indeqsebis arseboba. maTi gamoCena dakavSirebulia imasTan, rom 

mrudwirovan koordinatTa sistemebSi unda ganvasxvavoT veqtoruli da 

tenzoruli sidideebis gansazRvris ori SesaZlo forma – kovariantuli 

da kontravariantuli. gansazRvris Tanaxmad, kontravariantul veqtors 

uwodeben veqtors, romelic 𝑥𝑥′𝑘𝑘  koordinatTa sistemidan 𝑥𝑥𝑖𝑖  sistemaze 
gadasvlisas iseve gardaiqmneba, rogorc diferenciali 

𝑑𝑑𝑑𝑑𝑖𝑖 =
𝜕𝜕𝑥𝑥𝑖𝑖

𝜕𝜕𝑥𝑥′𝑘𝑘 𝑑𝑑𝑥𝑥′
𝑘𝑘 ,                                              (293) 

anu 

𝐴𝐴𝑖𝑖 =
𝜕𝜕𝑥𝑥𝑖𝑖

𝜕𝜕𝑥𝑥′𝑘𝑘 𝑑𝑑𝑥𝑥′
𝑘𝑘 ,                                              (294) 

 

dawyebuli (293) da (294) gamosaxulebebidan gamoviyenebT 

einSteinis ajamvis wess, romlis mixedviT ajamva xdeba indeqsebis 

mixedviT, romlebic mocemul gamosaxulebaSi gvxvdeba orjer, erTxel 

rogorc zeda, meorejer – rogorc qveda. kovariantuli veqtori aris 

veqtori, romelic gardaiqmneba rogorc skalaruli funqciis gradienti 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

=
𝜕𝜕𝑥𝑥′𝑘𝑘

𝜕𝜕𝑥𝑥𝑖𝑖
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥′𝑘𝑘

,                                                (295) 

anu 

𝐴𝐴𝑖𝑖 =
𝜕𝜕𝑥𝑥′𝑘𝑘

𝜕𝜕𝑥𝑥𝑖𝑖 𝐴𝐴′𝑘𝑘.                                                   (296) 

geometriuli TvalsazrisiT am ori tipis veqtorebis (ufro 

sworad, erTi da igive veqtoruli sididis ori formis) gamoCena 

dakavSirebulia imasTan, rom veqtori SesaZlebelia gamovsaxoT rogorc 

96 
 



  
 
misi komponentebiT, romlebic warmoadgenen am veqtoris koordinatTa 

RerZebis ortebad daSlis koeficientebs (kontravariantuli forma), 

aseve veqtoris proeqciebiT koordinatTa RerZebze (kovariantuli 

forma). es ori forma gansxvavebuli iqneba maxvilkuTxovan koordinatTa 

sistemaSi (naxazi 13), magram daemTxeveva erTmaneTs - marTkuTxa 

sistemaSi. erTi formidan meoreze gadasvla (e.w. indeqsebis aweva an 

daweva) xorcieldeba veqtoris gamravlebiT fundamentalur tenzorze. 

magaliTad, 

𝐴𝐴𝑖𝑖 = 𝑔𝑔𝑖𝑖𝑖𝑖𝐴𝐴𝑘𝑘 .                                                    (297) 

tenzorebic SeiZleba iyos kovariantuli (𝐴𝐴𝑖𝑖𝑖𝑖),  kontravariantuli 

(𝐴𝐴𝑖𝑖𝑖𝑖)  da aseve, Sereuli �𝐴𝐴𝑘𝑘𝑖𝑖 �.  kovariantuli da kontravariantuli 

metrikuli tenzorebi urTierTsapirispiroa anu 𝑔𝑔𝑖𝑖𝑖𝑖 ∙ 𝑔𝑔𝑘𝑘𝑘𝑘 = 𝛿𝛿𝑖𝑖𝑘𝑘  - aris 

erTeulovani tenzori. tenzorebze aseve vrceldeba indeqsebis aweva-

dawevis wesi. 

sivrce-drois gamrudeba iwvevs veqtorebis da tenzorebis, rogorc 

koordinatebis funqciebis, diferencirebis garkveul garTulebas. 

imisaTvis, rom miviRoT warmoebuli, saWiroa (misi ganmartebis Tanaxmad) 

Tavdapirvelad vipovnoT diferencirebadi funqciis mniSvnelobebis 

sxvaoba or maxlobel wertilSi. Tu es funqcia aris veqtori, amisaTvis 

saWiroa veqtoris sawyisi wertili gadavitanoT erTi wertilidan 

meoreSi. Tu viTvliT kerZo warmoebuls romeliRac koordinatiT, maSin 

aseTi gadatana xdeba Sesabamis koordinatTa RerZis gaswvriv, romelic 

gamrudebulia da amitom, veqtoris komponentebi aseTi gadatanisas 

damatebiT icvlebian (naxazi 14). radgan gadatana xdeba usasrulod 

axlo mdebare wertilebs Soris, amitom es cvlileba SeiZleba 

CavTvaloT wrfivi rogorc veqtoris komponentebis, aseve koordinatTa 

diferencialebis mixedviT. sxvanairad rom vTqvaT, kontravariantuli 

veqtoris sruli diferenciali mrudwirovan koordinatebSi SeiZleba 

CavweroT Semdegnairad: 

𝐷𝐷𝐴𝐴𝑖𝑖 =
𝜕𝜕𝐴𝐴𝑖𝑖

𝜕𝜕𝑥𝑥𝑘𝑘
𝑑𝑑𝑥𝑥𝑘𝑘 + Γ𝑘𝑘𝑘𝑘𝑖𝑖 𝐴𝐴𝑙𝑙𝑑𝑑𝑥𝑥𝑘𝑘 ,                                       (298) 

sadac Γ𝑘𝑘𝑘𝑘𝑖𝑖  koeqficientebis erTobliobas uwodeben kristofelis 

simboloebs (an SekavSirebis koeficientebs). gavyoT (298) 𝑑𝑑𝑥𝑥𝑘𝑘 -ze da 

miviRebT e.w. veqtoris kovariantul warmoebuls:  
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naxazi 13. veqtoris kovariantuli da kontravariantuli komponentebi. 

 

 

naxazi 14. veqtoris paraleluri gadatana mrudxazovan koordinatTa 

sistemaSi. 

 

𝐴𝐴,𝑘𝑘
𝑖𝑖 =

𝜕𝜕𝐴𝐴𝑖𝑖

𝜕𝜕𝑥𝑥𝑘𝑘 + Γ𝑘𝑘𝑘𝑘𝑖𝑖 𝐴𝐴𝑙𝑙 .                                                 (299) 

kovariantuli veqtorisaTvis kovariantuli warmoebuli tolia: 

𝐴𝐴𝑖𝑖;𝑘𝑘 =
𝜕𝜕𝐴𝐴𝑖𝑖
𝜕𝜕𝑥𝑥𝑘𝑘 − Γ𝑖𝑖𝑖𝑖𝑙𝑙 𝐴𝐴𝑙𝑙 .                                                 (300) 

kristofelis simboloebi Γ𝑘𝑘𝑘𝑘𝑖𝑖 , romlebic warmoadgenen sivrce-drois 

gamrudebis garkveul zomas, ar warmoqmnian mesame rangis tenzors. isini 

arian metrikuli tenzoris komponentebis warmoebulebis wrfivi 
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funqciebi (rac ufro gamrudebulia sivrce, miT ufro swrafad icvleba 

veqtori misi gadatanisas): 

Γ𝑘𝑘𝑘𝑘𝑖𝑖 =
1
2𝑔𝑔

𝑖𝑖𝑖𝑖 �
𝜕𝜕𝑔𝑔𝑚𝑚𝑚𝑚
𝜕𝜕𝑥𝑥𝑙𝑙 +

𝜕𝜕𝑔𝑔𝑚𝑚𝑚𝑚
𝜕𝜕𝑥𝑥𝑘𝑘 −

𝜕𝜕𝑔𝑔𝑘𝑘𝑘𝑘
𝜕𝜕𝑥𝑥𝑚𝑚

�.                          (301) 

 tenzorebis SemTxvevaSi xdeba kovariantuli diferencirebis 

formulebis ganzogadeba. magaliTad: 

𝐴𝐴𝑘𝑘;𝑙𝑙
𝑖𝑖 =

𝜕𝜕𝐴𝐴𝑘𝑘𝑖𝑖

𝜕𝜕𝑥𝑥𝑙𝑙 − Γ𝑘𝑘𝑘𝑘𝑚𝑚𝐴𝐴𝑚𝑚𝑙𝑙 + Γ𝑚𝑚𝑚𝑚𝑘𝑘 𝐴𝐴𝑚𝑚𝑚𝑚 .                                        (302) 

SegviZlia vaCvenoT, rom yovelTvis SeiZleba avirCioT iseTi aTvlis 

sistema, sadac mocemul wertilSi kristofelis yvela simbolo tolia 

nolis. amitom, sasurvelia gvqondes sivrce-drois gamrudebis iseTi 

zoma, romelsac eqneboda tenzoruli xasiaTi da gautoldeboda 0-s 

mxolod brtyel sivrceSi. aseT zomas warmoadgens simrudis tenzori. 

misi SemoReba SeiZleba Semdegnairad: rac ufro meti iqneba sivrcis 

gamrudeba, miT ufro meti iqneba garkveuli Caketili konturis gaswvriv 

paraleluri gadatanisas veqtoris cvlilebis Sefardeba farTobTan,  

romelsac Semowers es konturi. magaliTad, veqtoris motrialeba ori 

sferos oqtantebis sazRvrebis Semovlisas (naxazi 15) erTnairia da 

tolia 90°-is, xolo farTobi naklebia ufro mcire radiusis da, 

Sesabamisad, ufro meti simrudis mqone sferos oqtantisaTvis. veqtoris 

cvlileba Caketili konturis 𝐿𝐿 Semovlisas tolia: 

∆𝐴𝐴𝑘𝑘 = � Γ𝑘𝑘𝑘𝑘𝑖𝑖 𝐴𝐴𝑖𝑖𝑑𝑑𝑥𝑥𝑙𝑙

𝐿𝐿

.                                                     (303) 

stoqsis Teoremis meSveobiT (303)-Si wriulidan gadavideT 

zedapirul integralze  𝐿𝐿  konturiT SemosazRvruli 𝑆𝑆  zedapiris 

mixedviT. amave dros, aucilebeli warmoebulebi gamovTvaloT (299) 

formuliT. sabolood, 𝐿𝐿  konturis da 𝑆𝑆  zedapiris usasrulod 

SemcirebiT, miviRebT: 

∆𝐴𝐴𝑘𝑘 =
1
2𝑅𝑅𝑘𝑘𝑘𝑘𝑘𝑘

𝑖𝑖 𝐴𝐴𝑖𝑖∆𝑆𝑆𝑙𝑙𝑙𝑙 ,                                         (304) 
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naxazi 15. veqtoris mobruneba Caketili konturis gaswvriv misi 

paraleluri gadatanisas. 

amasTan, 𝑆𝑆𝑙𝑙𝑙𝑙 koordintuli zedapiris ∆𝑆𝑆𝑙𝑙𝑙𝑙  elementi moicema ori 

indeqsiT – am zedapirze mdebare koordinatuli wrfeebis indeqsebis 

mixedviT. amjerad, gaormagebuli Sefardeba ∆𝐴𝐴𝑘𝑘 𝐴𝐴𝑖𝑖∆𝑆𝑆𝑙𝑙𝑙𝑙⁄ ,  romelic 

warmoadgens meoTxe rangis 𝑅𝑅𝑘𝑘𝑘𝑘𝑘𝑘𝑖𝑖  tenzors, iqneba swored sivrce-drois 

gamrudebis zoma wertilSi, romliskenac ikeceba 𝐿𝐿  konturi da 𝑆𝑆 
zedapiri. gamoTvlebi uCvenebs, rom simrudis tenzori (anu riman-

kristofelis tenzori) tolia: 

𝑅𝑅𝑘𝑘𝑘𝑘𝑘𝑘𝑖𝑖 =
𝜕𝜕Γ𝑘𝑘𝑘𝑘𝑖𝑖

𝜕𝜕𝑥𝑥𝑙𝑙 −
𝜕𝜕Γ𝑘𝑘𝑘𝑘𝑖𝑖

𝜕𝜕𝑥𝑥𝑚𝑚 + Γ𝑛𝑛𝑛𝑛𝑖𝑖 Γ𝑘𝑘𝑘𝑘𝑛𝑛 − Γ𝑛𝑛𝑛𝑛𝑖𝑖 Γ𝑘𝑘𝑘𝑘𝑛𝑛 .                          (305) 

(301)-is gaTvaliswinebiT vxedavT, rom simrudis tenzoris 

komponentebi Seicaven wrfivad metrikuli tenzoris komponentebis meore 

warmoebulebs da pirveli warmoebulebis namravlebs. Tu SevkumSavT am 

tenzors 𝑖𝑖  da 𝑚𝑚  indeqsebis mixedviT, miviRebT meore rangis simrudis 

tenzors (riCis tenzors) 

𝑅𝑅𝑘𝑘𝑘𝑘 =
𝜕𝜕Γ𝑘𝑘𝑘𝑘𝑚𝑚

𝜕𝜕𝑥𝑥𝑙𝑙 −
𝜕𝜕Γ𝑘𝑘𝑘𝑘𝑚𝑚

𝜕𝜕𝑥𝑥𝑚𝑚 + Γ𝑛𝑛𝑛𝑛𝑚𝑚Γ𝑘𝑘𝑘𝑘𝑛𝑛 − Γ𝑛𝑛𝑛𝑛𝑚𝑚 Γ𝑘𝑘𝑘𝑘𝑛𝑛 .                          (306) 

xolo Tu SevkumSavT riCis tenzors, miviRebT skalarul simrudes 

𝑅𝑅 = 𝑔𝑔𝑘𝑘𝑘𝑘𝑅𝑅𝑘𝑘𝑘𝑘 .  simrudis tenzorebis 𝑅𝑅𝑘𝑘𝑘𝑘𝑘𝑘𝑖𝑖  da 𝑅𝑅𝑘𝑘𝑘𝑘  yvela komponenti 

utoldeba nols mxolod brtyel sivrce-droSi.  

zogadi fardobiTobis Teoriis ZiriTadi ideis Sesabamisad sivrce-

drois gamrudebis maxasiaTeblebi unda ganisazRvrebodes masSi 

moTavsebuli materiis ganawilebiT da moZraobiT. es  ganawileba da 

moZraoba aRiwereba energia-impulsis tenzoriT: 
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𝑇𝑇𝑖𝑖𝑘𝑘 =

⎝

⎜
⎜
⎜
⎜
⎛
𝜀𝜀

𝑊𝑊1

𝑐𝑐
𝑊𝑊2

𝑐𝑐
𝑊𝑊3

𝑐𝑐
𝑊𝑊1

𝑐𝑐 𝑝𝑝11   𝑝𝑝12    𝑝𝑝13   
𝑊𝑊2

𝑐𝑐   𝑝𝑝21   𝑝𝑝22 𝑝𝑝23
𝑊𝑊3

𝑐𝑐   𝑝𝑝31   𝑝𝑝32 𝑝𝑝33 ⎠

⎟
⎟
⎟
⎟
⎞

,                              (307) 

sadac droiTi komponenti 𝑇𝑇00  - aris energiis simkvrive, Sereuli 

komponentebi 𝑇𝑇0𝑘𝑘  (𝑘𝑘 ≠ 0) Seadgenen 1 𝑐𝑐⁄  Tanamamravlis sizustiT energiis 

nakadis veqtors 𝑊𝑊���⃗  (umov-pointingis veqtori), xolo energia-impulsis 

sivrculi nawili aris samganzomilebiani daZabulobis tenzori 

𝑝𝑝𝑖𝑖𝑖𝑖  (𝑖𝑖, 𝑘𝑘 = 1,2,3). misi diagonaluri komponentebi aris wneva koordinatTa 

RerZebis gaswvriv, xolo aradiagonaluri 𝑝𝑝𝑖𝑖𝑖𝑖  (𝑖𝑖 ≠ 𝑘𝑘)  – wanacvlebis 

simkvriveebis 𝑘𝑘-uri komponentebia sibrtyeebSi, romlebic marTobulia 𝑥𝑥𝑖𝑖 
RerZebisa. energia-impulsis tenzoris zemoT moyvanili forma 

gulisxmobs uwyveti materialuri obieqtebis aRweras (myari sxeulebi, 

fizikuri velebi). diskretuli sistemebis aRsawerad unda gamoviyenoT 

e.w. ganzogadebuli funqciebi, romelTa yvelaze martivi da cnobili 

warmomadgenelia dirakis 𝛿𝛿-funqcia. 
radgan zogadi fardobiTobis Teoriis ZiriTadi gantolebis erT-

erTi komponenti gravitaciul velze sasazRvro gadasvlisas, rodesac 

gravitaciuli potencialis Sefardeba sinaTlis siCqaris kvadratTan 

xdeba mcire (𝑉𝑉 𝑐𝑐2⁄ ≪ 1),  unda gadavides puasonis wrfiv gantolebaSi 

∇2𝑉𝑉 = 4𝜋𝜋𝜋𝜋𝜋𝜋.  amitom, es saZiebo gantoleba unda iyos 𝑔𝑔𝑖𝑖𝑖𝑖,𝑅𝑅𝑖𝑖𝑖𝑖  da 𝑇𝑇𝑖𝑖𝑖𝑖 
tenzorebis mimarT wrfivi, anu mas SeiZleba mivceT Semdegi saxe: 

𝑅𝑅𝑖𝑖𝑖𝑖 + 𝑎𝑎𝑔𝑔𝑖𝑖𝑖𝑖 = 𝑏𝑏𝑇𝑇𝑖𝑖𝑖𝑖 .                                           (308) 

simrudis tenzoris Tviseba, romelic akmayofilebs zogierT 

igivobebs (biankis da einSteinis igivobebi), saSualebas iZleva vipovnoT 

𝑎𝑎  koeficienti, xolo sasazRvro gadasvla 𝑉𝑉 ≪ 𝑐𝑐2  – gvaZlevs 𝑏𝑏 
koeficients. sabolood, gantolebebi, romlebic gansazRvraven rogorc 

sivrce-drois metrikas, aseve masSi gravitaciis gavleniT materiis 

moZraobas (einSteinis gantoleba), aqvs Semdegi saxe: 
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𝑅𝑅𝑖𝑖𝑖𝑖 −
1
2𝑅𝑅𝑔𝑔𝑖𝑖𝑖𝑖 =

8𝜋𝜋𝜋𝜋
𝑐𝑐4 𝑇𝑇𝑖𝑖𝑖𝑖 .                                       (309) 

ra Tqma unda, moyvanili msjeloba ar aris einSteinis gantolebis 

mkacri gamoyvana. zogadi fardobiTobis Teoriis ufro detaluri 

gacnobisaTvis unda mivmarToT damatebiT literaturas. 

centraluri simetriis veli 

ganvixiloT sakiTxi imis Sesaxeb, Tu rogor saxis gravitaciul 

vels, anu rogor metrikas qmnis Tavis garSemo materialuri wertili an 

sxeuli nivTierebis sferuli simetriis mqone ganawilebiT. bunebrivia, 

amisaTvis gamoviyenoT sferul koordinatTa sistema: 𝑥𝑥0 = 𝑐𝑐𝑐𝑐,  𝑥𝑥1 = 𝑟𝑟,  
𝑥𝑥2 = 𝜑𝜑, 𝑥𝑥3 = 𝜃𝜃,sadac 𝜑𝜑 - grZedia, xolo 𝜃𝜃 - polaruli manZili. radgan 

sivrcis Tvisebebi unda iyos erTnairi yvela mimarTulebiT, maT Soris 

radius-veqtoris marTobulad, amitom, metrikuli tenzoris sivrculi 

aradiagonaluri komponentebi unda iyos 0-is toli, xolo 

damokidebuleba kuTxur koordinatebze unda iyos iseTive, rogorc 

brtyel sivrceSi. es saSualebas iZleva CavweroT intervalis 

gamosaxuleba Semdegi saxiT: 

𝑑𝑑𝑠𝑠2 = ℎ(𝑟𝑟, 𝑡𝑡)𝑐𝑐2𝑑𝑑𝑡𝑡2 − 𝑙𝑙(𝑟𝑟, 𝑡𝑡)𝑑𝑑𝑟𝑟2 

−𝑘𝑘(𝑟𝑟, 𝑡𝑡)(sin2 𝜃𝜃𝜃𝜃𝜑𝜑2 + 𝑑𝑑 𝜃𝜃2) + 𝑎𝑎(𝑟𝑟, 𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑.                                  (310) 

aTvlis sistemis arCevis Tavisufleba saSualebas gvaZlevs movaxdinoT 

koordinatTa Semdegi gardaqmna 𝑟𝑟 = 𝑓𝑓1(𝑟𝑟′, 𝑡𝑡′)  da 𝑡𝑡 = 𝑓𝑓2(𝑟𝑟′, 𝑡𝑡′) , raTa 

miviRoT 𝑎𝑎(𝑟𝑟, 𝑡𝑡) = 0  da 𝑘𝑘(𝑟𝑟, 𝑡𝑡) = 𝑟𝑟2.  maSin, Tu SemoviRebT aRniSvnebs 

ℎ(𝑟𝑟, 𝑡𝑡) = 𝑒𝑒𝜈𝜈 da 𝑙𝑙(𝑟𝑟, 𝑡𝑡) = 𝑒𝑒𝜆𝜆 , miviRebT: 

𝑑𝑑𝑠𝑠2 = 𝑒𝑒𝜈𝜈𝑐𝑐2𝑑𝑑𝑡𝑡2 − 𝑒𝑒𝜆𝜆𝑑𝑑𝑟𝑟2 − 𝑟𝑟2(sin2 𝜃𝜃𝜃𝜃𝜑𝜑2 + 𝑑𝑑 𝜃𝜃2).                   (311) 

 (311) gamosaxuleba gvaZlevs metrikuli tenzoris komponentebis 

Semdeg mniSvnelobebs: 

𝑔𝑔00 = 𝑒𝑒𝜈𝜈 ,   𝑔𝑔11 = −𝑒𝑒𝜆𝜆 ,    𝑔𝑔22 = −𝑟𝑟2sin2𝜃𝜃,    𝑔𝑔33 = −𝑟𝑟2.             (312) 

principulad ara rTuli, magram sakmaod grZeli gamoTvlebis 

Sedegad, (301)-is meSveobiT SegviZlia vipovnoT kristofelis 

simboloebi. aRmoCnda, rom 0-sgan gansxvavebuli simboloebia (simetriis 

Γ𝑘𝑘𝑘𝑘𝑖𝑖 = Γ𝑙𝑙𝑙𝑙𝑖𝑖  Tvisebebis sizustiT): 
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Γ000 =
𝜈̇𝜈
2   Γ111 =

𝜆𝜆′

2    Γ100 =
𝜈𝜈′

2    Γ101 =
𝜆̇𝜆
2

   Γ110 =
𝜆̇𝜆
2
𝑒𝑒𝜆𝜆−𝜈𝜈

Γ001 =
𝜈𝜈′

2 𝑒𝑒𝜈𝜈−𝜆𝜆     Γ221 = −𝑟𝑟𝑒𝑒−𝜆𝜆

Γ122 = Γ133 =
1
𝑟𝑟    Γ233 = 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃     Γ331 = 𝑟𝑟𝑒𝑒−𝜆𝜆sin2𝜃𝜃   Γ332 = − sin𝜃𝜃 cos𝜃𝜃

    (313) 

aq Strixi aRniSnavs warmoebuls 𝑟𝑟 -iT, xolo wertili – 𝑐𝑐𝑐𝑐 -Ti. (306) 
formulidan meore rangis simrudis tenzoris komponentebis gamoTvliT 

da imis gaTvaliswinebiT, rom Cven veZebT vels, romelsac qmnis sferuli 

simetriis mqone sxeuli mis garSemo sicarieleSi, anu iq, sadac energia-

impulsis tenzori 𝑇𝑇𝑖𝑖𝑖𝑖 = 0,  (312)-dan 𝜈𝜈  da 𝜆𝜆  funqciebisaTvis miviRebT 
Semdeg gantolebaTa sistemas: 

𝑒𝑒−𝜆𝜆 �𝜈𝜈′ +
1
𝑟𝑟
� −

1
𝑟𝑟

= 0                                                             

𝑒𝑒−𝜆𝜆 �𝜆𝜆′ −
1
𝑟𝑟
� +

1
𝑟𝑟

= 0                                                 (314)

𝜆̇𝜆 = 0                              

 

(314)-is mesame gantolebidan Cans, rom 𝜆𝜆  funqcia ar aris 

damokidebuli 𝑡𝑡 droze. pirveli ori gantolebis jamidan gamomdinareobs, 

rom 𝜆𝜆 + 𝜈𝜈 = 𝑓𝑓(𝑡𝑡),  rac niSnavs, rom 𝑒𝑒𝜆𝜆  da 𝑒𝑒𝜈𝜈  funqciebi gansxvavdebian 
erTmaneTisgan mxolod droiTi mamravliT. Tu movaxdenT drois iseT 

gardaqmnas, rom funqcia 𝑓𝑓(𝑡𝑡) = 0, maSin - 𝑒𝑒𝜈𝜈 = 𝑒𝑒−𝜆𝜆 . (314) sistemis meore 
gantolebaSi cvladebi SeiZleba gamovyoT da igi integrirebis Semdeg 

miviRebT: 

𝑒𝑒−𝜆𝜆 = 1−
𝑟𝑟𝑔𝑔
𝑟𝑟 ,                                                    (315) 

sadac 𝑟𝑟𝑔𝑔  – integrirebis mudmivaa. sakmarisad did 𝑟𝑟  manZilebze unda 

miviRoT niutonis msoflio mizidulobis kanoni, anu potenciali 𝑉𝑉 =
𝑓𝑓𝑓𝑓 𝑟𝑟⁄ ,  sadac 𝑀𝑀  - sxeulis masaa, romelic qmnis sferuli simetriis 

vels. xolo, Tu einSteinis gantolebaSi SemovifarglebiT 𝑉𝑉 𝑐𝑐2⁄  rigis 

wevrebiT, vipovniT, rom 𝑔𝑔00 = 1− 2𝑉𝑉 𝑐𝑐2⁄ .  aqedan gamomdinareobs, rom 

mudmiva 

𝑟𝑟𝑔𝑔 =
2𝑓𝑓𝑓𝑓
𝑐𝑐2 .                                                      (316) 
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sidide 𝑟𝑟𝑔𝑔 -s uwodeben sxeulis gravitaciul radiuss. sainteresoa, 

rom (316) formula ipovna jer kidev daaxloebiT orasi wlis win pier 

laplasma. man dasva kiTxva: rogori unda iyos 𝑀𝑀 masis mqone sxeulis 

radiusi, raTa mis zedapirze paraboluri siCqare toli iyos sinaTlis 

siCqaris da sinaTlem naklebi radiusis SemTxvevaSi ver datovos misi 

zedapiri anu es sxeuli warmoadgendes imas, rasac dRes vuwodebT Sav 

xvrels.  

sabolood, (311) da (316)-dan intervalebisaTvis viRebT Semdeg 

gamosaxulebas: 

𝑑𝑑𝑠𝑠2 = 𝑐𝑐2 �1−
𝑟𝑟𝑔𝑔
𝑟𝑟
�𝑑𝑑𝑡𝑡2 −

𝑑𝑑𝑟𝑟2

1 −
𝑟𝑟𝑔𝑔
𝑟𝑟
− 𝑟𝑟2(sin2 𝜃𝜃𝜃𝜃𝜑𝜑2 + 𝑑𝑑 𝜃𝜃2).             (317) 

sivrcis am metrikas, romelic gars artyia sferuli simetriis 

sxeuls, uwodeben SvarcSildis metrikas, xolo mis Sesabamis 

gravitaciul vels - SvarcSildis vels. (317)-dan gamomdinareobs, rom 

sakuTari dro anu dro aTvlis sistemaSi, romlis saTave moTavsebulia 

sivrcis mocemul wertilSi, tolia 

𝜏𝜏 = �1−
𝑟𝑟𝑔𝑔
𝑟𝑟 ∙ 𝑡𝑡 < 𝑡𝑡,                                            (318) 

sadac 𝑡𝑡  – droa aTvlis sistemaSi, romlis saTave moTavsebulia 

SvarcSildis velis warmomqmneli sxeulis centrSi. manZili 𝑟𝑟1  da 𝑟𝑟2 
wertilebs Soris nebismieri radialuri mimarTulebis gaswvriv, 

akmayofilebs pirobas: 

�
𝑑𝑑𝑑𝑑

�1−
𝑟𝑟𝑔𝑔
𝑟𝑟

𝑟𝑟2

𝑟𝑟1

> 𝑟𝑟2 − 𝑟𝑟1.                                        (319) 

materialuri wertilis moZraoba SvarcSildis velSi 

zogadi fardobiTobis Teoriis ZiriTadi ideis Sesabamisad ori 

sxeulis relativisturi amocana (im pirobiT rom 𝑀𝑀 ≫ 𝑚𝑚) daiyvaneba 

SvarcSildis metrikis mqone sivrce-droSi materialuri wertilis 

Tavisufal moZraobis Seswavlaze. imisaTvis, rom ganvaxorcieloT es 

Seswavla, pirvel rigSi saWiroa CavweroT oTxganzomilebiani wrfis 

gantoleba, romelic moaxdenda specialur fardobiTobis TeoriaSi 
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inerciiT Tanabari da sworxazovani moZraobis gantolebis ganzogadebas. 

aseT wrfes uwodeben geodeziurs.  

specialur fardobiTobis TeoriaSi SemoRebulia oTxganzomilebiani 

siCqaris cneba 𝑢𝑢𝑖𝑖 = 𝑑𝑑𝑥𝑥𝑖𝑖 𝑑𝑑𝑑𝑑⁄  da Sesabamisad, Tavisufali moZraobis 

gantolebaa 𝑑𝑑𝑢𝑢𝑖𝑖 𝑑𝑑𝑑𝑑 ≡ 𝑑𝑑2⁄ 𝑥𝑥𝑖𝑖 𝑑𝑑𝑠𝑠2 = 0⁄ . kovariantuli diferencirebis (319) 

formulis Sesabamisad zogadi fardobiTobis TeoriaSi es gantoleba 

gadava Semdeg geodeziur formulaSi: 

𝑑𝑑2𝑥𝑥𝑖𝑖

𝑑𝑑𝑠𝑠2 + Γ𝑘𝑘𝑘𝑘𝑖𝑖
𝑑𝑑𝑥𝑥𝑖𝑖

𝑑𝑑𝑑𝑑
𝑑𝑑𝑥𝑥𝑘𝑘

𝑑𝑑𝑑𝑑 = 0.                                           (320) 

 gadavweroT SvarcSildis metrikis gamosaxuleba Semdegi saxiT: 

𝑐𝑐2𝑒𝑒𝜈𝜈 �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

− 𝑒𝑒𝜆𝜆 �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

− 𝑟𝑟2 �sin𝜃𝜃 �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

+ �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

� = 1.             (321) 

(320) formulis gamoTvla (313)-is meSveobiT gvaZlevs Semdeg 

gantolebaTa sistemas: 

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧𝑑𝑑

2𝑡𝑡
𝑑𝑑𝑠𝑠2

+ 𝜈𝜈′
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0,

𝑑𝑑2𝑟𝑟
𝑑𝑑𝑠𝑠2

+
𝜈𝜈′

2
�𝑐𝑐2𝑒𝑒2𝜈𝜈 �

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

− �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

� − 𝑟𝑟𝑒𝑒𝜈𝜈 ��
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

+ sin2 𝜃𝜃 �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

� = 0,

𝑑𝑑2𝜃𝜃
𝑑𝑑𝑠𝑠2

+
2
𝑟𝑟
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

− sin𝜃𝜃 cos𝜃𝜃 �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

= 0,

𝑑𝑑2𝜃𝜃
𝑑𝑑𝑠𝑠2

+ 2 �
1
𝑟𝑟
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

− ctg 𝜃𝜃 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0.

         (322) 

simetriis Tvalsazrisidan gamomdinare unda velodoT, rom am 

amocanis centraluri simetriis gamo moZraoba iqneba brtyeli. 

moZraobis sibrtyis saxiT avirCioT koordinatTa sistemis ekvatoruli 

sibrtye. maSin, polaruli manZili tolia 𝜃𝜃 = 𝜋𝜋 2,⁄  amasTan, grZedi 𝜑𝜑 
aviTvaloT radius-veqtoris sawyisi mimarTulebidan anu CavTvaloT, rom 

𝜑𝜑0 = 0.  Sesabamisad, (322)-is mesame gantoleba Sesruldeba igivurad, 

xolo meore da meoTxe – gamartivdeba. Tu pirvel gantolebas gavyofT 

𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄ -ze, xolo meoTxes - 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄ -ze, maSin isini SeiZleba miviyvanoT 

Semdeg saxemde: 
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⎩
⎪
⎨

⎪
⎧
𝑑𝑑
𝑑𝑑𝑑𝑑
�ln �𝑐𝑐

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
��+

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0,

𝑑𝑑
𝑑𝑑𝑑𝑑
�ln �

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
��+

𝑑𝑑
𝑑𝑑𝑑𝑑

(ln 𝑟𝑟2) = 0.

                                 (323) 

vaintegroT (323) da miviRebT Cveni amocanis Semdeg pirvel 

integralebs: 

𝑒𝑒𝜈𝜈
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑘𝑘,     𝑟𝑟2
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑐𝑐0.                                           (324) 

amjerad, (324)-is meSveobiT (323)-dan gamovricxoT warmoebulebi 𝑡𝑡 
da 𝜑𝜑-is mixedviT. Sedegad miviRebT gantolebas: 

�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

+ 𝑒𝑒𝜈𝜈 �
𝑐𝑐02

𝑟𝑟2 + 1� −
𝑘𝑘2

𝑐𝑐2 = 0.                                   (325) 

 Tu (325)-Si damoukidebeli 𝑠𝑠 cvladidan gadavalT damoukidebel 𝜑𝜑 
cvladze da movaxdenT cvlilebas 𝑟𝑟 = 1 𝑢𝑢⁄ , miviRebT: 

𝑐𝑐02 �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

�
2

+ 𝑒𝑒𝜈𝜈(𝑐𝑐02𝑢𝑢2 + 1) −
𝑘𝑘2

𝑐𝑐2 = 0.                                 (326) 

sabolood, gamovricxoT (326)-dan 𝑒𝑒𝜈𝜈  sidide (315)-is meSveobiT,  

movaxdinoT miRebuli gantolebis diferencireba 𝜑𝜑 cvladiT da miviRebT 

orbitis gantolebas ori sxeulis relativistur amocanaSi: 

𝑑𝑑2𝑢𝑢
𝑑𝑑𝜑𝜑2

+ 𝑢𝑢 =
1
𝑝𝑝 +

3
2 𝑟𝑟𝑔𝑔𝑢𝑢

2,                                          (327) 

sadac CaTvlilia, rom 𝑐𝑐02 𝑟𝑟𝑔𝑔 = 𝑝𝑝� ,  xolo 𝑟𝑟𝑔𝑔  - centraluri sxeulis 

gravitaciuli radiusia. (327) gantoleba mxolod marjvnidan meore 

SesakrebiT gansxvavdeba ori sxeulis klasikuri amocanis orbitis 

gantolebisgan (280)-is formatSi.  

SevafasoT (327) gantolebis marjvena mxaris Sesakrebebis sidideebi 

mzis sistemis planetebisaTvis. pirveli Sesakrebi tolia ≈ 1 𝑎𝑎,⁄  xolo 

meore - ≈ 𝑟𝑟𝑔𝑔 𝑎𝑎2,⁄  sadac 𝑎𝑎  aris planeturi orbitis didi naxevarRerZi. 

mzis gravitaciuli radiusi Seadgens daaxloebiT 3 km-s. aqedan 

gamomdinare, merkurisTvisac ki meore Sesakrebis Sefardeba pirvelTan 

Zalzed mcire sididea – daaxloebiT 10−7 rigis. es saSualebas gvaZlevs 

amovxsnaT (327) gantoleba mimdevrobiTi miaxloebebis meTodiT, sadac 
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nulovani miaxloebis saxiT SegviZlia aviRoT orbitis kepleriseuli 

gantoleba 

𝑢𝑢0 =
1
𝑝𝑝

(1 + 𝑒𝑒 cos𝜑𝜑).                                          (328) 

(328) CavsvaT (327) gantolebis marjvena mxareSi da pirveli 

miaxloebisaTvis miviRebT Semdeg gantolebas: 

𝑑𝑑2𝑢𝑢1
𝑑𝑑𝜑𝜑2 + 𝑢𝑢1 =

1
𝑝𝑝
�1 +

3
2
𝑟𝑟𝑔𝑔
𝑝𝑝

(1 + 𝑒𝑒 cos𝜑𝜑)2� .                        (329) 

(329) gantolebis marjvena mxareSi meore Sesakrebis gardaqmniT, 

SegviZlia miviRoT: 

𝑑𝑑2𝑢𝑢1
𝑑𝑑𝜑𝜑2 + 𝑢𝑢1 =

1
𝑝𝑝
�1 + 3

𝑟𝑟𝑔𝑔
𝑝𝑝 𝑒𝑒 cos𝜑𝜑 +

3
4
𝑟𝑟𝑔𝑔
𝑝𝑝 𝑒𝑒

2 cos 2𝜑𝜑� ,              (330) 

sadac ugulebelvyaviT mcire mudmiva 3𝑟𝑟𝑔𝑔 (1 + 𝑒𝑒2) 2𝑝𝑝⁄ .  (330) gantoleba 

amoixsneba mudmivi koeficientebis mqone wrfiv gantolebaTa Teoriis 

standartuli meTodebis gamoyenebiT. mis amoxsnas Semdegi saxe aqvs: 

𝑢𝑢1 =
1
𝑝𝑝
�1 + 𝑒𝑒 cos𝜑𝜑 +

3
2
𝑟𝑟𝑔𝑔
𝑝𝑝 𝑒𝑒𝑒𝑒 sin𝜑𝜑 −

1
4
𝑟𝑟𝑔𝑔
𝑝𝑝 𝑒𝑒

2 cos 2𝜑𝜑� .          (331) 

am amonaxsnSi bolo Sesakrebs mcire amplituda gaaCnia, xolo mesame 

SesakrebSi igi izrdeba drois mixedviT. amitom, bolo Sesakrebi 

SeiZleba ugulebelvyoT. ganvixiloT cos(𝜑𝜑 − 𝛿𝛿𝛿𝛿),  sadac 𝛿𝛿𝛿𝛿  - mcire 

sididea. maSin gveqneba, rom  

cos(𝜑𝜑 − 𝛿𝛿𝛿𝛿) = cos𝜑𝜑 + 𝛿𝛿𝛿𝛿 sin𝜑𝜑 .                            (332) 

Tu SevadarebT (331)-s da (332)-s, mivalT daskvnamde, rom 

Tanamamravli sin𝜑𝜑 -s win (331)-Si SeiZleba ganvixiloT, rogorc 

damatebiTi cvlileba grZedis argumentSi, romelic sawyisi pirobis gamo 

tolia 𝜑𝜑 koordinatis mniSvnelobis da es cvlileba tolia  

𝛿𝛿𝛿𝛿 =
3
2
𝑟𝑟𝑔𝑔
𝑝𝑝 𝜑𝜑.                                                   (333) 

planetis orbitis garSemo erTi sruli brunvis dros 𝜑𝜑  kuTxe 

icvleba 2𝜋𝜋 sididiT da 𝛿𝛿𝛿𝛿(2𝜋𝜋) sidide SeiZleba ganvsazRvroT rogorc 

planetis elifsuri orbitis orientaciis cvlileba mis sibrtyeSi anu 
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pericentruli manZilis cvlileba erTi orbituli brunvis ganmavlobaSi 

(pericentris relativisturi mobruneba). kepleris mesame kanonis 

meSveobiT am mobrunebis sidides SesaZlebelia mivceT Semdegi saxe: 

𝛿𝛿𝛿𝛿 =
24𝜋𝜋3𝑎𝑎2

𝑐𝑐2𝑇𝑇2(1− 𝑒𝑒2),                                            (334) 

sadac 𝑇𝑇 - planetis orbituli brunvis klasikuri periodia. sidide 𝛿𝛿𝛿𝛿 
Zalzed mcirea, amitom tradiciulad gamoiTvleba 100 wlis 

ganmavlobaSi afsidebis wrfis mobrunebis sidide. gamoTvlebi uCvenebs, 

rom merkurisaTvis es sidide tolia 43.03″, venerasaTvis – 8.62″, 
dedamiwisaTvis – 3.84″, marsisaTvis – 1.35″. 

pericentris es mobruneba pirvel miaxloebaSi erTaderTi 

zogadrelativisturi efeqtia ori sxeulis amocanaSi. ufro maRali 

miaxloebis efeqtebi mzis sistemisaTvis mniSvnelovnad scildeba  

dakvirvebis sizusteebs. Tumca, es ar gamoricxavs ori sxeulis 

relativisturi amocanis zusti amoxsnis Seswavlis mizanSewonilobas, 

romelic, sxvaTaSoris, SesaZlebelia gamovsaxoT eliptikuri funqciebiT.  

merkuris periheliumis mobrunebis dakvirvebul da sxva planetebis 

SeSfoTebiTi zegavleniT gamowveul mniSvnelobebs Soris gansxvaveba, 

romelic 100 weliwadSi aRwevs 40″, jer kidev cnobili iyo XIX 

saukunis meore naxevridan. principSi, es gansxvaveba axsnili iqna zogadi 

fardobiTobis TeoriaSi. Tumca, am axsnis da aseve, sxva eqsperimentuli 

testirebebis arcTu maRali sizuste (≈10%), aTwleulebis ganmavlobaSi 

iwvevda ara erT mcdelobas Tu ar uareyoT zogadi fardobiTobis 

Teoria, yovel SemTxvevaSi, SeecvalaT igi romelime sxva alternatiuli 

TeoriiT.  

dedamiwaze dRemde Catarebuli yvela eqsperimenti (maT Soris, 

mesbaueris efeqtis meSveobiT simZimis Zalis simaRlis mixedviT 

cvlilebis uaRresad maRali sizustis gazomvebi) da aseve, planetebis 

da planetaTaSorisi avtomaturi sadgurebis moZraobis dakvirvebebi 

radioteqnikuri saSualebebiT, adastureben zogadi fardobiTobis 

Teorias minimum 0.01% procentis sizustiT.  

dReisaTvis SemuSavebulia didi planetebis moZraobis 

relativisturi Teoriebi, romlebic warmatebiT gamoiyeneba am 

planetebisken gagazavnili kosmosuri misiebis orbituli  traeqtoriebis 

balistikuri gaTvlebis dros. 
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leqcia 14. ori sxeulis amocana N-
ganzomilebian sivrceSi 

ori sxeulis klasikuri amocana N-ganzomilebian sivrceSi 

ganxilul iqna paul erenfestis mier jer kidev 1907 wels. Tumca, didi 

xnis ganmavlobaSi mis Sedegebs mxolod abstraqtuli mniSvneloba 

hqonda, radgan fizika da astronomia Cvens garSemo arsebul samyaroSi 

mxolod samganzomilebian sivrces ganixilavda.  

Tumca bolo dros gaCnda Teoriuli kvlevebi, romlebic saSualebas 

gvaZlevs vilaparakoT Cveni samyaros paralelurad sxva samyaroebis 

arsebobis Sesaxeb, romelTac gaaCniaT gansxvavebuli fundamenturi 

Tvisebebi, kerZod, sivrcis samisgan gansxvavebuli ganzomileba. 

CavTvaloT, rom nebismieri ganzomilebis sivrceSi narCundeba misi 

iseTi Tvisebebi, rogoricaa sivrcis erTgvarovneba da izotropuloba da 

drois erTgvarovneba. es niSnavs, rom unda arsebobdes momentisa da 

energiis integralebi da Sesabamisad, ori sxeulis amocanaSi moZraobis 

iseTi Tviseba, rogoricaa misi brtyeli xasiaTi. es ki, niSnavs, rom 

moZraobis siCqaris kvadrati SesaZlebelia CavweroT Semdegi saxiT: 

𝑉𝑉2 = 𝑟̇𝑟2 + 𝑟𝑟2𝜈̇𝜈2,                                              (335) 

xolo (335)-is CasmiT energiis (78) integralSi, miviRebT 

𝑟̇𝑟 = ±�ℎ −𝑊𝑊𝑁𝑁(𝑟𝑟),                                          (336) 

sadac 𝑊𝑊𝑁𝑁  – ganzogadebuli potencialia. igi tolia centriskenuli 

potencialis gaormagebuli jamis, romelsac (97)-is meSveobiT SeiZleba 

mivceT saxe 𝑐𝑐2 2𝑟𝑟2⁄  da gravitaciuli potencialis, romelsac 𝑁𝑁 
ganzomilebian sivrceSi aRvniSnavT rogorc 𝑉𝑉𝑁𝑁(𝑟𝑟), anu 

𝑊𝑊𝑁𝑁(𝑟𝑟) =
𝑐𝑐2

𝑟𝑟2 − 2𝑉𝑉𝑁𝑁(𝑟𝑟).                                    (337) 

gavixsenoT, rom 𝑉𝑉3 = 𝜇𝜇 𝑟𝑟⁄ .  rogori saxe eqneba gravitaciul 

potencials 𝑁𝑁  ganzomilebian sivrceSi? am kiTxvaze pasuxi 

gamomdinareobs im garemoebidan, rom gravitirebuli masebis gareSe es 

potenciali akmayofilebs laplasis gantolebas: 

�
𝜕𝜕2𝑉𝑉𝑁𝑁
𝜕𝜕𝑥𝑥𝑖𝑖2

𝑁𝑁

𝑖𝑖=1

= 0,                                                  (338) 
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romlis amoxsna im SemTxvevaSi, roca potenciali Seqmnilia koordinatTa 

saTaveSi moTavsebuli materialuri wertilis mier, tolia: 

𝑉𝑉𝑁𝑁 =
𝜇𝜇

(𝑁𝑁 − 2)𝑟𝑟𝑁𝑁−2                                               (339) 

unda SevniSnoT, rom (339) gamosaxuleba ar gamodgeba roca 𝑁𝑁 = 2. 
advilia davrwmundeT, rom organzomilebian samyaroSi 

𝑉𝑉2 = −𝜇𝜇 ln 𝑟𝑟.                                                   (340) 
rogorc (339) gamosaxulebidan vxedavT xarisxi mniSvnelSi 2 

erTeuliT naklebia sivrcis ganzomilebaze. Sesabamisad, mizidulobis 

Zala 𝑟𝑟𝑁𝑁−1  sididis ukuproporciulia. fizikuri TvalsazrisiT es imas 

niSnavs, rom mizidulobis Zala yvelaze nela mcirdeba manZilTan erTad 

Tu urTierTqmedebis sruli energia sasrulia, rac gamomdinareobs 

Sesabamisi arasakuTari integralis krebadobis pirobidan. msoflio 

mizidulobis kanonSi Cveni samyaros samganzomilebianobasa da Zalis 

manZilis kvadratze ukuproporciul damokidebulebas Soris kavSirze 

jer kidev imanuel kantma gaamaxvila yuradReba. 

(336)-dan gamomdinareobs, rom moZraoba SesaZlebelia 𝑟𝑟 -is mxolod 

iseTi mniSvnelobebisaTvis, roca fesvis SigniT gamosaxuleba 

arauaryofiTia, rac Sesruldeba Tu   

𝑊𝑊𝑁𝑁(𝑟𝑟) ≤ ℎ,                                                     (341) 

anu mxolod iq, sadac (𝑊𝑊𝑁𝑁 , 𝑟𝑟)  grafikze 𝑊𝑊𝑁𝑁(𝑟𝑟)  funqciis mrudi gadis 
𝑊𝑊𝑁𝑁 = ℎ  wrfis qveviT. ganvixiloT es grafiki sivrcis sxvadasxva 𝑁𝑁 
ganzomilebisTvis. CavweroT ganzogadebuli potenciali 𝑊𝑊𝑁𝑁(𝑟𝑟),  roca 
𝑁𝑁 = 2,3,4,5:  

𝑊𝑊2 =
𝑐𝑐2

𝑟𝑟2 + 2𝜇𝜇 ln 𝑟𝑟,   𝑊𝑊3 =
𝑐𝑐2

𝑟𝑟2 −
2𝜇𝜇
𝑟𝑟 ,   𝑊𝑊4 =

𝑐𝑐2 − 𝜇𝜇
𝑟𝑟2

,   𝑊𝑊5 =
𝑐𝑐2

𝑟𝑟2 −
2𝜇𝜇
3𝑟𝑟3           (342) 

Zneli ar aris davrwmundeT, rom yvela SemTxvevaSi 𝑟𝑟 RerZi iqneba 
horizontuli asimptota, xolo 𝑊𝑊𝑁𝑁 RerZi – vertikaluri. potencialis 

warmoebuli tolia 

𝑊𝑊𝑁𝑁
′(𝑟𝑟) = −

2𝑐𝑐2

𝑟𝑟3 −
2𝜇𝜇
𝑟𝑟𝑁𝑁−1                                              (343) 

da yvela SemTxvevaSi, garda 𝑁𝑁 = 4, 𝑊𝑊𝑁𝑁(𝑟𝑟) mrudze iqneba mxolod erTi 

eqstremumi, moTavsebuli Semdeg wertilSi: 

𝑟𝑟0 = �
𝜇𝜇
𝑐𝑐2
�
1 (𝑁𝑁−1)⁄

.                                               (344) 
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𝑊𝑊𝑁𝑁(𝑟𝑟) funqciis asimptoturi xasiaTis gamo Cans, rom es eqstremumi 
roca 𝑁𝑁 = 2,3  aris minimumi, xolo roca 𝑁𝑁 = 5  – maqsimumi. zogadi 

gamosaxulebebi (339) da (344) gviCveneben, rom roca 𝑁𝑁 > 5,  𝑊𝑊𝑁𝑁(𝑟𝑟) 
funqciis xarisxobrivi qceva ar icvleba 𝑁𝑁 = 5 SemTvevasTan SedarebiT, 
amitom maTi ganxilva ar aris saWiro.  

ganzogadebuli 𝑊𝑊𝑁𝑁(𝑟𝑟) potencialis grafikebi mocemulia naxazze 16. 

Cans, rom 𝑁𝑁 = 2,3,4,5  SemTxvevebSi SesaZlebelia wriuli orbitebis 

arseboba 𝑟𝑟0  radiusiT, romlebic mdgradia or da sam ganzomilebian 

sivrceebSi, magram aramdgradia xuT ganzomilebian sivrceSi. ufro metic, 

organzomilebian sivrceSi adgili aqvs garkveuli TvalsazrisiT 

zemdgradobas anu moZraoba yovelTvis iqneba finituri, Tu igi 

SemosazRvrulia rgoliT 𝑟𝑟1 < 𝑟𝑟 < 𝑟𝑟2  da sruli energia (ℎ 2)⁄  nebismier 

sasrul mniSvnelobas iRebs. aseT samyaroSi ar arsebobs meore 

kosmosuri siCqaris cneba (anu 𝑉𝑉2 = ∞). mravalganzomilebian samyaroebSi 

(𝑁𝑁 ≥ 4)  materialuri wertili moZraobisas (Tu ar gaviTvaliswinebT 

aramdgrad wriul orbitas 𝑁𝑁 ≥ 5  SemTxvevaSi) sabolood aRmoCndeba 

mizidulobis centrSi (𝑟𝑟 → 0)  an gava usasrulobaSi (𝑟𝑟 → ∞)  anu 

sasruli moZraoba usasrulod xangrZlivi drois ganmavlobaSi 

SeuZlebelia.  

mxolod Cveni `mSobliuri” samganzomilebiani sivrce gamoirCeva 

Tavisi SesaZleblobebis simdidriT – uaryofiTi sruli energiis 

SemTxvevaSi moZraobas gaaCnia sasruli xasiaTi (wriuli an elifsuri, 

𝑟𝑟1 < 𝑟𝑟 < 𝑟𝑟2).  energiis mniSvnelobebisTvis ℎ 2⁄ ≥ 0,  moZraoba usasruloa 

(paraboluri an hiperboluri). amasTan, erTi tipis moZraobidan meoreze 

gadasvla xdeba sruli energiis zRvruli cvlilebisas.  

es ar aris samganzomilebiani sivrcis erTaderTi Tavisebureba. 

mxolod samganzomilebian sivrceSi antisimetriuli tenzoris 

damoukidebeli komponentebis ricxvi, (𝑁𝑁2 −𝑁𝑁)/2, tolia sivrcis 

ganzomilebis, radgan gantolebas (𝑁𝑁2 − 𝑁𝑁) 2 = 𝑁𝑁⁄  gaaCnia mxolod erTi 

aratrivialuri fesvi 𝑁𝑁 = 3.  es, Tavis mxriv, niSnavs, rom mxolod 

samganzomilebian sivrceSi SeiZleba SemoviRoT veqtorebis veqtoruli 

namravlis cneba, romelic sinamdvileSi warmoadgens fsevdoveqtors, 

ufro sworad – meore rangis antisimetriul tenzors. 
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naxazi 16. mravali sxeulis amocanis 𝑊𝑊 ganzogadebuli potencialis 𝑟𝑟 
manZilze damokidebuleba 𝑁𝑁 ganzomilebian sivrceSi. 

aqedan gamomdinareobs, rom fizikis `maTematikuri saxe~ 

samganzomilebianisgan gansxvavebul ganzomilebis mqone samyaroebSi unda 

iyos gansxvavebuli da ufro rTuli – magaliTad, klasikur meqanikas da 

eleqtrodinamikas eqnebaT arsebiTad tenzoruli xasiaTi.  

mTavari sakiTxi mdgomareobs imaSi, rom gravitaciulad (magaliTad, 

planeturis) da eleqtrostatikurad dakavSirebuli (atomebi da 

molekulebi) sistemebis arseboba SesaZlebelia mxolod or da 

samganzomilebian samyaroebSi. Tumca, organzomilebian samyaroSi 

SeuZlebelia aseTi dakavSirebuli sistemebis darRveva (planetaTaSorisi 

frenebi, nivTierebis gafantva zeaxali varskvlavebis afeTqebisas, 

atomebis da molekulebis ionizacia). Sedegad, materiis organizaciis da 

moZraobis fizikurisgan gansxvavebuli umaRlesi (qimiuri, biologiuri, 

socialuri) formis ganviTareba SesaZlebelia mxolod garkveuli 

fundamenturi fizikuri Tvisebebis mqone samyaroebSi, kerZod, mxolod 

samganzomilebianSi.  
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leqcia 15. sami sxeulis amocana 

miuxedavad imisa, rom sami sxeulis amocana ar aris sasruli saxiT 

integrirebadi, igi mainc kargad aris Seswavlili, radgan xSirad, misi 

meSveobiT, axdenen ciuri sxeulebis realuri sistemebis modelirebas. am 

amocanis zusti da lakonuri ganmarteba Semdegia: sami sxeulis amocana 

aris amocana sami materialuri wertilis urTierTmizidulobis ZalTa 

velSi moZraobis Sesaxeb. am sami materialuri wertilis qveS SeiZleba 

igulisxmebodes: sami varskvlavisgan Semdgari jeradi sistema, sistemebi 

- `dedamiwa-mTvare-mze”, `mze-planeta-kometa”, `dedamiwa-mTvare-

xelovnuri Tanamgzavri” da a.S. 

inerciul koordinatTa sistemaSi sami sxeulis amocanis 

gantolebebs, rogorc mravali sxeulis amocanis (22) gantolebaTa 

sistemis kerZo SemTxvevas (𝑛𝑛 = 2), Semdegi saxe aqvT (naxazi 17): 

𝑅𝑅�⃗ ̈0 = 𝑓𝑓𝑚𝑚1
𝑅𝑅�⃗ 1 − 𝑅𝑅�⃗ 0
∆013

+ 𝑓𝑓𝑚𝑚2
𝑅𝑅�⃗ 2 − 𝑅𝑅�⃗ 0
∆023

, 

𝑅𝑅�⃗ ̈1 = 𝑓𝑓𝑚𝑚0
𝑅𝑅�⃗ 0 − 𝑅𝑅�⃗ 1
∆013

+ 𝑓𝑓𝑚𝑚2
𝑅𝑅�⃗ 2 − 𝑅𝑅�⃗ 1
∆123

,                      (345) 

𝑅𝑅�⃗ ̈2 = 𝑓𝑓𝑚𝑚0
𝑅𝑅�⃗ 0 − 𝑅𝑅�⃗ 2
∆023

+ 𝑓𝑓𝑚𝑚1
𝑅𝑅�⃗ 1 − 𝑅𝑅�⃗ 2
∆123

. 

es sistema aris me-18 rigis. I leqciaSi moyvanili mosazrebebis 

safuZvelze misi rigi SesaZlebelia davwioT me-6-mde, xolo Semdeg 

vaintegroT romelime miaxloebiTi meTodiT.  

sami sxeulis zogad amocanaSi gamoyofen SemTxvevas, romelic 

amartivebs gantolebaTa sistemas da mniSvnelovani gamoyenebiTi 

daniSnuleba aqvs. es iseTi situaciaa, roca sami materialuri sxeulidan 

erT-erTis masa uaRresad mcirea ori danarCeni wertilis masasTan 

SedarebiT.  

sami sxeulis SezRuduli amocana 

SemTxvevas, roca masa 𝑚𝑚 <<< 𝑚𝑚1,𝑚𝑚2  anu 𝑚𝑚  masa mniSvnelovnad 

mcirea 𝑚𝑚1,𝑚𝑚2  masebTan SedarebiT, uwodeben sami sxeulis SezRudul 

amocanas. aseTi amocana pirvelma ganixila pier laplasma erT-erTi 

giganti planetis maxloblad kometis moZraobis Sesawavlisas.  
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naxazi 17. sami sxeulis amocana inerciul koordinatTa sistemaSi. 

es amocana idealurad aRwers situacias, roca erT-erTi 

materialuri wertili kosmosuri aparatia.  

sami sxeulis SezRuduli amocanis fizikuri arsi mdgomareobs 

SemdegSi: sami materialuri wertilidan erT-erTs imdenad mcire masaa 

aqvs, rom praqtikulad ver axdens zemoqmedebas ori danarCeni sxeulis 

moZraobaze, xolo TviTon moZraobs maT gravitaciul velSi. Sedegad, am 

ori wertilis (rogorc maT uwodeben `mZime wertilebis”) moZraoba 

warmoadgens kepleriseuls da SesaZloa CavTvaloT cnobilad. 

Sesabamisad, sami sxeulis SezRuduli amocana SesaZloa iyos wriuli, 

elifsuri da a.S. ganvixiloT yvelaze martivi sami sxeulis wriuli 

SezRuduli amocana. 

sami sxeulis wriuli SezRuduli amocana 

am SemTxvevaSi mZime wertilebi 𝑀𝑀1,𝑀𝑀2  masebiT 𝑚𝑚1,𝑚𝑚2  mdebareoben 

erTmaneTisgan ucvlel 𝑎𝑎  manZilze da erTi moZraobs meores mimarT an 

moZraoben maTi masaTa centris garSemo mudmivi kuTxuri siCqariT 

𝑛𝑛 =
𝑓𝑓(𝑚𝑚1 +𝑚𝑚2)

𝑎𝑎3 2⁄ .                                                    (346) 

sami sxeulis amocanis (345) sistemis bolo or gantolebaSi 

SezRuduli amocanis SemTxvevaSi marjvnidan pirveli Sesakrebebi 

baTildeba da es ori gantoleba qmnis ori sxeulis amocanis 

gantolebaTa sistemas cnobili amonaxsniT. rCeba pirveli gantoleba – 

mcire 𝑚𝑚 masis wertilis moZraobis gantoleba: 
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𝑅𝑅�⃗ ̈ = 𝑓𝑓𝑚𝑚1
𝑅𝑅�⃗ 1 − 𝑅𝑅�⃗
𝜌𝜌13

+ 𝑓𝑓𝑚𝑚2
𝑅𝑅�⃗ 2 − 𝑅𝑅�⃗
𝜌𝜌23

,                                         (347) 

sadac 𝜌𝜌1,2 aRniSnavs manZils 𝑀𝑀 wertilidan 𝑀𝑀1,2 wertilebamde.  

sami sxeulis wriul SezRudul amocanaSi mizanSewonilia gadavideT 

koordinatTa baricentrul sistemaze, romelic brunavs masaTa centris 

garSemo 𝑛𝑛  kuTxuri siCqariT. garegnulad sami sxeulis SezRuduli 

amocana hgavs ori uZravi centris amocanas. Tumca, am or amocanas Soris 

principuli fizikuri gansxvavebaa: ori uZravi centris amocanaSi mesame 

wertilis moZraoba warmoebs inerciul koordinatTa sistemaSi da es 

wertili ar moqmedebs pirveli ori wertilze Tavad dasmuli amocanis 

arsidan gamomdinare, xolo sami sxeulis SezRudul amocanaSi  moZraoba 

warmoebs arainerciul koordinatTa sistemaSi da pirveli wertili ar 

moqmedebs or danarCen wertilze misi umniSvnelo masis gamo. 

imisaTvis, rom gadavideT 𝑀𝑀  wertilis moZraobis gantolebaze 

arainerciul koordinatTa sistemaSi, unda gaviTvaliswinoT inerciis 

Zalebi, romlebic moqmedeben materialur wertilze Tanabrad mbrunav 

koordinatTa sistemaSi. es aris koriolisis Zala, romelic tolia 

−2𝑛𝑛�⃗ × 𝑟̇𝑟 da centridanuli Zala, romelic tolia −𝑛𝑛�⃗ × 𝑛𝑛�⃗ × 𝑟𝑟, sadac 𝑛𝑛�⃗  – 
koordinatTa sistemis kuTxuri siCqaris veqtoria, 𝑟𝑟  – 𝑀𝑀  wertilis 

radius-veqtori. Sedegad miviRebT: 

𝑟̈𝑟 = −2𝑛𝑛�⃗ × 𝑟̇𝑟 − 𝑛𝑛�⃗ × 𝑛𝑛�⃗ × 𝑟𝑟 − 𝑓𝑓𝑚𝑚1
𝜌⃗𝜌1
𝜌𝜌13
− 𝑓𝑓𝑚𝑚2

𝜌⃗𝜌2
𝜌𝜌23

,                (348) 

sadac radius-veqtorebi 𝜌⃗𝜌1,2 gansazRvraven 𝑀𝑀 wertilis mdebareobas 𝑀𝑀1,2 

mZime wertilebis mimarT anu 𝜌⃗𝜌1,2 = 𝑟𝑟 − 𝑟𝑟1,2, xolo 𝑟𝑟1,2 - 𝑀𝑀1,2 wertilebis 

radius-veqtorebia (naxazi 18). amasTan, igulisxmeba, rom koordinatTa 

sistemis 𝑧𝑧 RerZi mimarTulia 𝑛𝑛�⃗  veqtoris gaswvriv, xolo 𝑥𝑥 RerZi gadis 
𝑀𝑀1  da 𝑀𝑀2  wertilebze. maSin gantoleba (348) koordinatuli formiT 

Semdegnairad gamoisaxeba: 

𝑥̈𝑥 = 2𝑛𝑛𝑦̇𝑦 + 𝑛𝑛2𝑥𝑥 + 𝑓𝑓𝑚𝑚1
𝑥𝑥1 − 𝑥𝑥
𝜌𝜌13

+ 𝑓𝑓𝑚𝑚2
𝑥𝑥2 − 𝑥𝑥
𝜌𝜌23

𝑦̈𝑦 = −2𝑛𝑛𝑥̇𝑥 + 𝑛𝑛2𝑦𝑦 − 𝑓𝑓𝑚𝑚1
𝑦𝑦
𝜌𝜌13
− 𝑓𝑓𝑚𝑚2

𝑦𝑦
𝜌𝜌23

                                          (349)

𝑧̈𝑧 = −𝑓𝑓𝑚𝑚1
𝑧𝑧
𝜌𝜌13

− 𝑓𝑓𝑚𝑚2
𝑧𝑧
𝜌𝜌23
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naxazi 18. sami sxeulis wriuli SezRuduli amocana 

amocanis Semdgomi ganxilvisaTvis SemoviRoT specialuri kanonikuri 

erTeulebis sistema. sigrZis erTeulad avirCioT manZili 𝑎𝑎,  masis 

erTeulad – masebis 𝑚𝑚1+𝑚𝑚2  jami, xolo drois erTeulad – 

koordinatTa sistemis 1 radianiT mobrunebis dro. maSin, kuTxuri 

siCqaris 𝑛𝑛  sidide toli iqneba 1-is, xolo (346)-dan miviRebT, rom 

gravitaciuli mudmiva 𝑓𝑓 am erTeulTa sistemaSi aseve tolia 1-is. Tu am 

sistemaSi 𝑀𝑀1 wertilis masas aRvniSnavT rogorc 𝜇𝜇, maSin 𝑀𝑀2 wertilis 

masa toli iqneba 1 − 𝜇𝜇, xolo 𝑀𝑀1 wertilis koordinatebi iqneba (1−
𝜇𝜇, 0,0), 𝑀𝑀2 wertilis - (−𝜇𝜇, 0,0). CavTvaloT, rom 𝑚𝑚1 < 𝑚𝑚2, anu 𝜇𝜇 < 1 2⁄ . 
Sedegad (349) gantolebaTa sistema gadaiwereba Semdegnairad: 

𝑥̈𝑥 = 2𝑦̇𝑦 + 𝑥𝑥 +
𝜇𝜇
𝜌𝜌13

(1 − 𝜇𝜇 − 𝑥𝑥) −
1 − 𝜇𝜇
𝜌𝜌23

(𝜇𝜇 − 𝑥𝑥),

𝑦̈𝑦 = −2𝑥̇𝑥 + 𝑦𝑦 −
𝜇𝜇
𝜌𝜌13
𝑦𝑦 −

1− 𝜇𝜇
𝜌𝜌23

𝑦𝑦,                                                   (350)

𝑧̈𝑧 = −
𝜇𝜇
𝜌𝜌13
𝑧𝑧 −

𝜇𝜇
𝜌𝜌23
𝑧𝑧.

 

Tu (350) sistemis gantolebebs gavamravlebT fardobiTi siCqaris 

veqtoris komponentebze 𝑥̇𝑥, 𝑦̇𝑦, 𝑧̇𝑧, Semdeg ki SevkribavT, miviRebT: 

𝑑𝑑
𝑑𝑑𝑑𝑑

(𝜈𝜈2) =
𝑑𝑑
𝑑𝑑𝑑𝑑
�𝑥𝑥2 + 𝑦𝑦2 +

2𝜇𝜇
𝜌𝜌1

+
2(1 − 𝜇𝜇)

𝜌𝜌2
� .                               (351) 

sadac 𝜈𝜈2 = �𝑟̇𝑟�.  vaintegroT (351) da miviRebT sami sxeulis wriuli 

SezRuduli amocanis pirvel integrals: 

𝜈𝜈2 = 𝑥𝑥2 + 𝑦𝑦2 + 2 �
𝜇𝜇
𝜌𝜌1

+
1− 𝜇𝜇
𝜌𝜌2

� − 𝑐𝑐.                                   (352) 
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am pirvel integrals uwodeben iakobis integrals. igi energiis 

integralis analogs warmoadgens, radgan marjvnidan moTavsebulia 

amocanis ormagi ganzogadebuli potenciali, romelic tolia 

centridanuli da gravitaciuli potencialebis jamis. iakobis integrali 

gamoiyeneba sami sxeulis amocanaSi mdgradobis SeswavlisaTvis. 

astrodinamikaSi igi Semdegnairad gamoiyeneba. planetaTaSorisi 

gadafrenis traeqtoria SesaZlebelia davyoT sam nawilad: ori 

SedarebiT mokle planetocentruli da erTi ZiriTadi – 

heliocentruli da TiToeul am monakveTze kosmosuri aparatis 

moZraoba CavTvaloT kepleriseulad (nawilobriv konusuri aproqsimaciis 

meTodi). traeqtoriis erTi monakveTidan meoreze gadasvlis 

optimizaciisaTvis gamoiyeneba swored iakobis integrali, radgan 

gadafrenis gardamaval etapebze gvaqvs sami sxeulis SezRuduli 

amocanis situacia.  

Tu amocanis ganzogadebul potencials aRvniSnavT rogorc 𝑈𝑈, anu 

𝑈𝑈 =
1
2
�𝑥𝑥2 + 𝑦𝑦2 +

𝜇𝜇
𝜌𝜌1

+
1− 𝜇𝜇
𝜌𝜌2

� .                                        (353) 

maSin sami sxeulis wriuli SezRuduli amocanis gantolebebi miiReben 

ufro kompaqtur saxes: 

𝑥̈𝑥 = 2𝑦̇𝑦 +
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

,

𝑦̈𝑦 = −2𝑥̇𝑥 +
𝜕𝜕𝜕𝜕
𝜕𝜕𝑦𝑦

,                                                   (354)

𝑧̈𝑧 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

.

 

xolo iakobis integrali miiRebs aseT saxes: 𝜈𝜈2 = 2𝑈𝑈 − 𝑐𝑐.  

sami sxeulis brtyeli wriuli SezRuduli amocana 

Tu sawyisi pirobebi sami sxeulis SezRudul amocanaSi iqneba iseTi, 

rom roca 𝑡𝑡 = 𝑡𝑡0  maSin 𝑧𝑧0 = 𝑧̇𝑧0 = 0,  maSin rogorc (350)-is bolo 

gantolebidan gamomdinareobs, aplikata 𝑧𝑧  igivurad tolia nolis anu 

moZraoba iqneba brtyeli da miviRebT sami sxeulis brtyel wriul 

SezRudul amocanas. misi SeswavlisaTvis mizanSewonilia, rogorc es 

xSirad xdeba brtyel amocanebSi, gadavideT kompleqsur koordinatze 

𝑧𝑧 = 𝑥𝑥 + 𝑖𝑖𝑖𝑖.  arc Tu moxerxebulia is rom dekartes sistemis mesame 
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koordinatas da kompleqsur cvlads aRniSnaven erTi da igive 𝑧𝑧 
simboloTi. ar davarRvevT am tradicias, Tumca, gaviTvaliswinoT, rom 

SemdgomSi 𝑧𝑧  - es aris kompleqsuri koordinata sibrtyeze, garda 

calkeuli SemTxvevebisa. 

gavamravloT (350)-is meore gantoleba warmosaxviT erTeulze 𝑖𝑖 da 
mivumatoT pirvel gantolebas, miviRebT sami sxeulis brtyeli wriuli 

SezRuduli amocanis gantolebas: 

𝑧̈𝑧 = −2𝑖𝑖𝑧̇𝑧 + 𝑧𝑧 +
𝜇𝜇
𝜌𝜌13

(1 − 𝜇𝜇 − 𝑧𝑧) +
1− 𝜇𝜇
𝜌𝜌23

(𝜇𝜇 + 𝑧𝑧).                 (355) 

amasTan, 𝜌𝜌1,2 = �𝑧𝑧 − 𝑧𝑧1,2�. maSin, iakobis integrali Semdeg saxe iRebs: 

|𝑧̇𝑧|2 = |𝑧𝑧|2 + 2 �
𝜇𝜇
𝜌𝜌1

+
1− 𝜇𝜇
𝜌𝜌2

� .                                  (356) 

ori sxeulis amocanisgan gansxvavebiT, romelSic (garda 

sworxazovani moZraobisa) wertilebs Soris manZili yovelTvis nolze 

metia, sami sxeulis amocanaSi SesaZloa wertilebs Soris Sejaxebebi. 

amasTan, aCqarebebi mkveTrad izrdeba, moZraobis gantolebebis marjvena 

mxareebis uwyvetoba irRveva. amis Tavidan asacileblad danilema 

astronomma t. tilem SemoiRo ucnobebis specialuri Canacvleba sami 

sxeulis wriuli SezRuduli amocanis (355) kompleqsuri formis 

gantolebaSi. pirvel rigSi, koordinatTa saTave gadaitaneba 𝑀𝑀1𝑀𝑀2 

monakveTis Sua wertilSi: 

𝑧𝑧 = 𝜁𝜁 + 𝜇𝜇 −
1
2

.                                                   (357) 

Semdgom xdeba gadasvla 𝜁𝜁 kompleqsuri cvladidan axal kompleqsur 

cvladze 𝑤𝑤: 
𝜁𝜁 = cos𝑤𝑤.                                                        (358) 

amasTan erTad xdeba 𝑡𝑡  drois diferencialuri cvlileba axal 𝜏𝜏 
cvladze: 

𝑑𝑑𝑑𝑑 = 𝜌𝜌1𝜌𝜌2𝑑𝑑𝑑𝑑.                                                    (359) 

bolo cvlilebis arsi advili gasagebia. rogorc ki erT-erTi 

manZili 𝜌𝜌1,2 -dan miiswrafis nolisken, dro TiTqos iweleba ufro da 

ufro neli siCqariT, rogorc kinofilmis demonstraciis dros. (358) 

cvlileba sasargebloa imiT, rom saerTo fokusiani elifsebi da 

hiperbolebi 𝜁𝜁  sibrtyeSi gadadian koordinatTa RerZebis paralelur 
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wrfeebSi 𝑤𝑤 sibrtyeSi. imisaTvis, rom davrwmundeT amaSi, saWiroa (358) 

tolobaSi gamovyoT realuri da warmosaxviTi nawilebi. xolo, radgan 

erT-erT mZime wertilTan axlos mcire masis wertilis moZraoba axloa 

kepleriseulTan, amitom es moZraoba 𝑤𝑤  sibrtyeSi gamoisaxeba wirebiT, 

romlebic axloa koordinatTa RerZebis paralelur wrfeebTan. es 

siaxlove miT ufro metia, rac ufro axloa mcire masis wertili erT-

erT mZime wertilTan. tiles gardaqmnam miiRo gansakuTrebuli 

mniSvneloba astrodinamikaSi erTi ciuri sxeulidan meoreze 

gadafrenisTvis moxvedris traeqtoriis gamoTvlisas, magaliTad 

dedamiwidan mTvareze. 

gansaxilveli amocanis Semdgomi gamartivebisaTvis gadavideT 

sworxazovani moZraobis SemTxvevaze. am SemTxvevaSi gveqneba Semdegi 

sawyisi mniSvnelobebi: 𝑥𝑥0 ≠ 0, 𝑥̇𝑥0 ≠ 0,𝑦𝑦0 = 𝑦̇𝑦0 = 0.  amasTan, 𝑀𝑀  wertili 

imoZravebs 𝑥𝑥  RerZis gaswvriv da Seejaxeba erT-erT mZime wertils an 

daSordeba maT usasrulobaSi. wrfivi moZraobis meore SemTxvevas adgili 

eqneba, Tu 𝜇𝜇 = 1 2⁄ ,𝑥𝑥0 = 𝑥̇𝑥0 = 0. 𝑀𝑀 wertili kvlav wava usasrulobaSi an 

daiwyebs rxevas 𝑦𝑦 RerZis monakveTis gaswvriv, romelic simetriulia 𝑥𝑥 
RerZis mimarT. aRvniSnavT, rom yovelive amas adgili eqneba fardobiT 

koordinatTa sistemaSi, romelic brunavs mZime wertilebTan erTad maTi 

masaTa centris garSemo. 

libraciis wertilebi 

davsvaT aseTi kiTxva: SeuZlia Tu ara mcire masis wertils sami 

sxeulis SezRudul amocanaSi imyofebodes wonasworobis mdgomareobaSi 

mZime wertilebis mimarT iseT koordinatTa sistemaSi, romelic maTTan 

erTad brunavs. sazogadod, inerciul sistemaSi es SeuZlebelia, radgan 

ori Zalis zemoqmedebis qveS, romlebic ar arian mimarTuli erTi wrfis 

gaswvriv, wonasworobis mdgomareoba ver miiRweva. fardobiT 

koordinatTa sistemSi aseTi wertili imyofeba sami Zalis gavlenis qveS 

– ori gravitaciulis da erTi centridanulis, romlebsac sxvadasxva 

mimarTuleba aqvT. amitom, wonasworobis mdgomareoba SesaZlebelia. 

vipovnoT amonaxsnebi, romlebic iZlevian wonasworobaSi myofi mcire 

masis wertilis mdebareobas sami sxeulis brtyel wriul SezRudul 

amocanaSi. fardobiTi wonasworobis am wertilebs uwodeben libraciis 

wertilebs.  
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wonasworobis mdgomareobaSi aCqareba 𝑧̈𝑧  da siCqare 𝑧̇𝑧  igivurad 

tolia nolis. amitom, gantoleba, romelsac unda akmayofilebdes 

kompleqsuri koordinata 𝑧𝑧, Semdegia: 

𝑧𝑧 +
𝜇𝜇
𝜌𝜌13

(1 − 𝜇𝜇 − 𝑧𝑧)−
1 − 𝜇𝜇
𝜌𝜌23

(𝜇𝜇 + 𝑧𝑧) = 0                              (360) 

an 

𝑧𝑧 �1−
𝜇𝜇
𝜌𝜌13
−

1 − 𝜇𝜇
𝜌𝜌23

� = 𝜇𝜇(1 − 𝜇𝜇)�
1
𝜌𝜌13

−
1
𝜌𝜌23
�.                         (361) 

radgan (361)-is marjvena mxare namdvilia, amitom 𝑧𝑧 koordinata unda 
iyos namdvili an es marjvena mxare da namdvili mamravli frCxilebSi 

marcxena mxares unda udrides nols.  

daviwyoT bolo SesaZleblobidan. (361) gantolebis marjvena mxaris 

nolis tolobidan gamomdinareobs, rom 𝜌𝜌1 = 𝜌𝜌2.  maSin marcxena mxaris 
mamravlis nolis tolobidan miviRebT, rom 𝜌𝜌1 = 𝜌𝜌2 = 1.  xolo, radgan 

𝑀𝑀1  da 𝑀𝑀2  wertilebs Soris manZili aseve tolia 1-is, amitom samive 

wertili warmoqmnis tolgverda samkuTxeds. dasaSvebia ori aseTi 

konfiguracia – erT SemTxvevaSi 𝑦𝑦 > 0,  xolo meore SemTxvevaSi 𝑦𝑦 < 0 
(naxazi 19). am wertilebs aRniSnaven 𝐿𝐿4 da 𝐿𝐿5 simboloebiT da ewodebaT 

samkuTxa libraciis wertilebi. 

Tu 𝑧𝑧  koordinata namdvilia, maSin libraciis yvela SesaZlo 

wertili Zevs erT wrfeze - 𝑥𝑥  RerZze. amasTan, maTi koordinatebi da 
manZilebi 𝑀𝑀1,2 wertilebamde dakavSirebulia garkveuli TanafardobebiT. 

Tumca, es Tanafardobebi damokidebuli iqneba imaze, Tu kerZod, sad 

mdebareobs mcire masis wertili – mZime wertilebs Soris Tu orives 

mimarT erT an meore mxares. ganvixiloT TiToeuli es SemTxveva cal-

calke: 

1) 𝑀𝑀  wertili mdebareobs 𝑀𝑀1  da 𝑀𝑀2  wertilebs Soris (naxazi 

20a). maSin miviRebT: 

𝜌𝜌1+𝜌𝜌2 = 1,     𝜇𝜇 + 𝑧𝑧 + 𝜌𝜌1 = 1.                               (362𝑎𝑎) 

gamovricxoT (361) gantolebidan 𝜌𝜌2 da 𝑧𝑧 (362)-is meSveobiT da 
miviRebT: 

(1 − 𝜇𝜇 − 𝜌𝜌1)�1 +
𝜇𝜇
𝜌𝜌13

+
1 − 𝜇𝜇

(1 − 𝜌𝜌1)3� = 𝜇𝜇(1 − 𝜇𝜇) �
1
𝜌𝜌13
−

1
(1 − 𝜌𝜌1)3�.        (363) 
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naxazi 19. samkuTxa libraciis wertilebi. 

Tu (363)-s miviyvanT saerTo mniSvnelamde, maSin 𝜌𝜌1 
manZilisaTvis vipovniT me-5 xarisxis algebrul gantolebas: 

𝜌𝜌15 − (3 − 𝜇𝜇)𝜌𝜌14 + (3 − 2𝜇𝜇)𝜌𝜌13 − 𝜇𝜇(1 − 𝜌𝜌1)2 = 0.               (364) 

2) 𝑀𝑀  wertili mdebareobs 𝑀𝑀1  wertilis marjvniv. maSin (naxazi 

20b) 

𝜌𝜌2 = 1 + 𝜌𝜌1,     𝜇𝜇 + 𝑧𝑧 − 𝜌𝜌1 = 1.                               (362𝑏𝑏) 

 da 𝜌𝜌1  sididis Sesabamisi gantolba, romelic kvlav me-5 

xarisxis iqneba, iqneba Semdegi: 

𝜌𝜌15 + (3 − 𝜇𝜇)𝜌𝜌14 + (3 − 2𝜇𝜇)𝜌𝜌13 − 𝜇𝜇(1 + 𝜌𝜌1)2 = 0.               (365) 

3) da bolos, 𝑀𝑀 wertili mdebareobs 𝑀𝑀1 wertilis marcxniv, maSin 

(naxazi 20g): 

𝜌𝜌1 = 𝜌𝜌2 + 1,     𝜌𝜌2 = 𝑧𝑧 + 𝜇𝜇.                               (362𝑐𝑐) 

aqedan da (361)-idan miviRebT Semdeg gantolebas 𝜌𝜌2 
manZilisaTvis: 

𝜌𝜌25 + (2 + 𝜇𝜇)𝜌𝜌24 + (1 − 2𝜇𝜇)𝜌𝜌23 − (1− 𝜇𝜇)(1 + 𝜌𝜌2)2 = 0.               (366) 
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naxazi 20. wrfivi libraciis wertilebi. 

SeiZleba vaCvenoT, rom TiToeul miRebul me-5 xarisxis gantolebas 

aqvs mxolod erTi namdvili fesvi. amdenad, gvaqvs sami wrfivi 

libraciis wertili. isini aRiniSneba rogorc 𝐿𝐿1 (𝑀𝑀1 da 𝑀𝑀2 wertilebs 

Soris), 𝐿𝐿2  (naklebi masis mqone 𝑀𝑀1  mZime wertilis marjvniv) da 𝐿𝐿3 
(meti masis mqone 𝑀𝑀2  mZime wertilis marcxniv). 𝜌𝜌1  da 𝜌𝜌2  manZilebis 

mniSvnelobebi SeiZleba gamoviTvaloT iteraciis meTodiT, magaliTad, 𝐿𝐿1 
wertilisaTvis Semdegi formuliT: 

𝜌𝜌1
(𝑘𝑘) = �

𝜇𝜇�1− 𝜌𝜌1
(𝑘𝑘−1)�

2

�𝜌𝜌1
(𝑘𝑘−1)�

2
− (3− 𝜇𝜇)𝜌𝜌1

(𝑘𝑘−1) + 3− 2𝜇𝜇
�

1 3⁄

.           (367) 

SesaZlebelia aseve miviRoT mwkrivebi 𝜌𝜌1  mniSvnelobebisaTvis 𝜇𝜇1 3⁄  

xarisxebiT da 𝜌𝜌2 mniSvnelobebisaTvis 𝜇𝜇 xarisxebiT. maT aseTi saxe aqvT: 
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𝜌𝜌1 =
1
√33 𝜇𝜇1 3⁄ −

√33

9 𝜇𝜇2 3⁄ −
1

27𝜇𝜇 + ⋯ ,              (𝐿𝐿1)

𝜌𝜌1 =
1
√33 𝜇𝜇1 3⁄ +

√33

9 𝜇𝜇2 3⁄ −
1

27𝜇𝜇 + ⋯ ,              (𝐿𝐿2)                  (368)

𝜌𝜌1 =
7

12𝜇𝜇 +
1127

20736𝜇𝜇
3 +⋯ .                                (𝐿𝐿3)

 

rogorc vxedavT, 𝜇𝜇 ≪ 1  mniSvnelobebisaTvis libraciis wertilebi 

𝐿𝐿1  da 𝐿𝐿2  moTavsebulia 𝑀𝑀1  wertilTan axlos, misgan daaxloebiT 

Tanabar manZilebze.  

wrfivi libraciis wertilebis, rogorc sami sxeulis wriuli 

SezRuduli amocanis kerZo amonaxsnebis Sesaxeb, jer kidev leonard 

eilerisaTvis iyo cnobili. SemdgomSi isini xelaxla aRmoaCina Jozef 

lui lagranJma. manve aRmoaCina libraciis samkuTxa wertilebi. 

lagranJma aseve daadgina, rom libraciis wertilebi arsebobs sami 

sxeulis elifsur da Tundac SeuzRudav amocanebSi. elifsur amocanaSi 

𝑎𝑎  manZilis rols asrulebs fokaluri parametri 𝑝𝑝  mZime wertilebis 

fardobiTi kepleriseuli moZraobisaTvis. amitom, yvela es amonaxsni da 

libraciis wertilebi aseve iwodeba lagranJiseulebad.  

libraciis wertilebis aseve saintereso Tvisebaa Semdegi: Tu 

libraciis wrfiv an samkuTxa wertilebSi movaTavsebT sam materialur 

wertils da mivcemT maT saSualebas imoZraon nulovani sawyisi 

pirobebiT (inerciul koordinatTa sistemaSi), maSin samive erTdroulad 

daejaxebian erTmaneTs maTsave masaTa centrSi. 

libraciis wertilebs mniSvnelovani daniSnulebaa aqvT 

astronomiaSi da astrodinamikaSi. maTTan dakavSirebulia yvelaze 

cnobili movlena – asteroidebis ori jgufis arseboba, romlebmac Tavi 

moiyares `mze-iupiteris” sistemis libraciis samkuTxa wertilebis 

maxlobel sivrceSi. radgan asteroidebs, romlebic moZraoben 60°-iT 
iupiteris win, uwodes troas alyaSi monawile berZenTa laSqris 

gmirebis saxelebi, xolo asteroidebs, romlebic moZraoben 60°-iT 
iupiteris ukan, uwodes troas damcvelTa saxelebi, amitom yvela am 

asteroids uwodeben `troelebs”. `dedamiwa-mTvaris” sistemis samkuTxa 

libraciis wertilebSi polonelma astronomma kazimir kordilevskim 

aRmoaCina meteoruli nivTierebis Semkvriveba, romelsac uwodeben 
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kordilevskis Rrubels. libraciis igive wertilebi araerTxel yofila 

adamianis mier kosmosis Semdgomi aTvisebis proeqtebze momuSave 

mecnierTa yuradRebis centrSi. amerikel mecniers o.neils ekuTvnis 

cnobili proeqti `dedamiwa-mTvaris” samkuTxa libraciis wertilebSi 

100 aTasi adamianis Semadgenlobis kosmosuri dasaxlebis ganTavsebis 

Sesaxeb. `mze-dedamiwis” sistemis libraciis erT-erT wertilSi 

gaSvebul iqna kosmosuri aparati SOHO mzeze mimdinare procesebis 

Sesaswavlad. aseTi proeqtebis SemuSavebisa da ganxorcielebisaTvis 

mniSvnelovania vicodeT libraciis wertilebSi moTavsebuli sxeulebis 

moZraobaze SeSfoTebaTa moqmedebis xasiaTi. gadavideT am sakiTxis 

ganxilvaze. 

moZraobis mdgradoba libraciis wertilebSi 

davweroT SeSfoTebaTa gantoleba mdgradobis TeoriaSi miRebuli 

formiT anu  

𝑥̈𝑥𝑖𝑖 = 2(−1)𝑖𝑖+1𝑥̇𝑥𝑖𝑖 +
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

,     𝑖𝑖 = 1,2,                                   (369) 

sadac 𝑥𝑥𝑖𝑖  – 𝑥𝑥,𝑦𝑦  koordinatTa SeSfoTebaa libraciis wertilebSi am 

koordinatTa mudmivi mniSvnelobebis mimarT, xolo 𝑈𝑈  ganzogadebul 

potencials (353) formulis saxe aqvs. Tu am potencials davSliT 

maklorenis mwkrivad, miviRebT SeSfoTebuli moZraobis gawrfivebul 

gantolebas: 

𝑥̈𝑥𝑖𝑖 = 2(−1)𝑖𝑖+1𝑥̇𝑥𝑖𝑖 + �𝑝𝑝𝑖𝑖𝑖𝑖𝑥𝑥𝑗𝑗 ,                                         (370)
2

𝑗𝑗=1

 

sadac  

𝑝𝑝𝑖𝑖𝑖𝑖 = 21−𝛿𝛿𝑖𝑖𝑖𝑖
𝜕𝜕2𝑈𝑈
𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗

�
𝑥𝑥𝑖𝑖=𝑥𝑥𝑗𝑗=0

                                           (371) 

koeficientebis 𝑝𝑝𝑖𝑖𝑖𝑖 gamoTvlebi (371) daxmarebiT gvaZlevs Semdegs: 

𝑝𝑝11
(𝑘𝑘) = 1 + 2𝐴𝐴,   𝑝𝑝22

(𝑘𝑘) = 1− 𝐴𝐴,

𝑝𝑝11
(𝑘𝑘) = 𝑝𝑝11

(𝑘𝑘) = 0, 𝐴𝐴 =
𝜇𝜇
𝜌𝜌13

+
1− 𝜇𝜇
𝜌𝜌23

,    𝑘𝑘 = 1,2,3                                   (372)

𝑝𝑝11
(𝑘𝑘) =

3
4,   𝑝𝑝22

(𝑘𝑘) =
9
4,   𝑝𝑝12

(𝑘𝑘) = (−1)𝑘𝑘
3√3

4
(1− 2𝜇𝜇), 𝑘𝑘 = 4,5.
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sadac 𝑘𝑘 - libraciis wertilis nomeria.  

Tu SevecdebiT vipovnoT (370) sistemis amonaxsni kompleqsuri 

formiT 𝐴𝐴𝑙𝑙 exp(𝜔𝜔𝑙𝑙𝑡𝑡),  maSin 𝐴𝐴𝑙𝑙  amplitudebisaTvis miviRebT Semdeg 

algebrul gantolebaTa sistemas: 

(𝜔𝜔2 − 𝑝𝑝11)𝐴𝐴1 − (2𝜔𝜔 + 𝑝𝑝12)𝐴𝐴2 = 0,

(2𝜔𝜔 − 𝑝𝑝21)𝐴𝐴1 + (𝜔𝜔2 − 𝑝𝑝22)𝐴𝐴2 = 0.
                                (373) 

imisaTvis, rom am gantolebaTa erTgvarovan sistemas hqondes 

aranulovani amoxsna, saWiroa misi determinanti udrides nols:  

�𝜔𝜔
2 − 𝑝𝑝11 −2𝜔𝜔 − 𝑝𝑝12

2𝜔𝜔 − 𝑝𝑝21 𝜔𝜔2 − 𝑝𝑝22
� = 0.                                 (374) 

swored 𝜔𝜔  sixSiris mniSvnelobebi, rogorc (374) maxasiaTebeli 

gantolebis amonaxsnebi, gansazRvraven libraciis wertilebis maxloblad 

SeSfoTebuli moZraobis xasiaTs wrfiv miaxloebaSi. gantoleba (374) 

warmoadgens bikvadratul gantolebas 

𝜔𝜔4 + 𝑝𝑝𝜔𝜔2 + 𝑞𝑞 = 0,                                            (375) 

sadac 

𝑝𝑝 = 2− 𝐴𝐴,   𝑞𝑞 = (1 + 2𝐴𝐴)(1− 𝐴𝐴),   𝑘𝑘 = 1,2,3                  (376) 
da 

𝑝𝑝 = 1,   𝑞𝑞 =
27
4
𝜇𝜇(1− 𝜇𝜇),   𝑘𝑘 = 4,5.                            (377) 

𝐷𝐷 = 𝑝𝑝2 4⁄ − 𝑞𝑞 gantolebis diskriminantis gamoTvla gviCvenebs, rom  

𝐷𝐷 =
9
4
𝐴𝐴�𝐴𝐴 −

8
9
�    𝑘𝑘 = 1,2,3                                     (378) 

da 

𝐷𝐷 =
1
4
�1− 27𝜇𝜇(1− 𝜇𝜇)�,   𝑘𝑘 = 4,5.                              (379) 

(378) da (379) gantolebebis Tanaxmad 𝐷𝐷  diskriminantis da misi 

Sesabamisi 𝜔𝜔 sixSiris mniSvnelobebis analizi gvaZlevs Semdeg Sedegebs. 

libraciis wrfivi wertilebi wrfiv miaxloebaSi aramdgradia, radgan 

yovelTvis arsebobs erTi mainc namdvili dadebiTi sixSire. samkuTxa 

libraciis wertilebis SemTxvevaSi mdgradoba dakavSirebulia 𝜇𝜇  masis 

mniSvnelobasa da Semdegi gantolebis fesvs Soris SefardebasTan 
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1 − 27𝜇𝜇(1 − 𝜇𝜇) = 0.                                           (380) 
es fesvi moTavsebulia 0-sa da 1 2⁄ -s Soris, kerZod 𝜇̅𝜇 ≅ 0.038. 𝜇𝜇 > 𝜇̅𝜇 
mniSvnelobebisaTvis samkuTxa libraciis wertilebi aramdgradia. 𝜇𝜇 < 𝜇̅𝜇 
mniSvnelobebisaTvis samkuTxa libraciis wertilebi mdgradia wrfiv 

miaxloebaSi.  

rac Seexeba libraciis wertilebis mdgradobas amocanis zusti 

amoxsnisas, liapunovis mdgradobis Teoria adasturebs daskvnebs, 

romlebic miviReT wrfiv miaxloebaSi wrfivi da samkuTxa libraciis 

wertilebis aramdgradobis Sesaxeb, 𝜇𝜇 > 𝜇̅𝜇  SemTxvevaSi. Tumca igi ar 

iZleva pasuxs praqtikuli gamoyenebisaTvis mniSvnelovan SemTxvevaSi 

roca 𝜇𝜇 < 𝜇̅𝜇.  es pasuxi napovni iqna mxolod 1968 wels КАМ Teoriis 

meTodiT. naCvenebi iqna, rom libraciis samkuTxa wertilebi mdgradia 

masis nebismieri mniSvnelobebisaTvis 𝜇𝜇 < 𝜇̅𝜇, garda ori mniSvnelobisa 

𝜇𝜇1 =
1
2−

√213
30 ,   𝜇𝜇2 =

1
2−

√1833
90 .                                  (381) 

es Sedegi mtkicdeba `troelebis” da kordilevskis Rrublis 

arsebobiT da libraciis samkuTxa wertilebs did mniSvnelobas aniWebs 

kosmonavtikisaTvis. 

sabolood aRvniSnoT, rom libraciis wertilebis Seswavla 

sivrcul (samganzomilebian) moZraobaSi gvaZlevs maxasiaTebel 

gantolebas 

(𝜔𝜔2 + 𝑠𝑠)(𝜔𝜔4 + 𝑝𝑝𝜔𝜔2 + 𝑞𝑞) = 0,                                  (382) 
sadac 

𝑠𝑠𝑘𝑘 = 𝐴𝐴,   𝑘𝑘 = 1,2,3,    𝑠𝑠𝑘𝑘 = 1,   𝑘𝑘 = 4,5.                        (383) 

rogorc Cans, damatebiTi sixSireebi warmosaxviTia da amitom 

libraciis wertilebi pirvel miaxloebaSi mdgradia mZime wertilebis 

brunvis sibrtyidan gadaxris mimarT.  

hilis sferoebi 

iakobis integrali saSualebas gvaZlevs movaxdinoT sami sxeulis 

wriuli SezRuduli amocanis xarisxobrivi Seswavla da gamovyoT is 

areebi, sadac mcire masis wertilis moZraoba dasaSvebia mocemuli 

sawyisi pirobebisaTvis da sadac aseTi moZraoba SeuZlebelia. CavataroT 

gamokvleva brtyeli SemTxvevisaTvis. 
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davuSvaT wertilis fardobiTi siCqare 𝑣𝑣  misi moZraobisas 

gautolda nols (amasTan, aCqareba, sazogadod, nolisgan gansxvavebulia). 

im wertilebis geometriuli adgilmdebareoba, sadac amas eqneba adgili, 

iakobis (352) integralis Tanaxmad gamoixateba Semdegi gantolebiT: 

2𝑈𝑈(𝑥𝑥, 𝑦𝑦)− 𝑐𝑐 = 𝑟𝑟2 +
2𝜇𝜇
𝜌𝜌1

+
2(1− 𝜇𝜇)

𝜌𝜌2
− 𝑐𝑐 = 0.                       (384) 

𝑥𝑥,𝑦𝑦  sibrtyeSi es iqneba erTgvari mrudi, romelsac vuwodebT 

nulovani siCqaris mruds anu hilis sferos (amerikeli astronomis 

jorj hilis sapativcemulod). radgan aCqareba 𝑣̇𝑣 ≠ 0  (winaaRmdeg 

SemTxvevaSi es iqneba izolirebuli wertili – libraciis wertili), 

amitom wertilebi, romlebic qmnian hilis sferos, ar iqnebian 𝑈𝑈(𝑥𝑥,𝑦𝑦) 
funqciis eqstremumebi. es funqcia unda icvlides Tavis niSans, roca 𝑀𝑀 

wertili moZraobisas gadakveTs hilis sferos. magram maSin, am mrudis 

erT mxares siCqaris kvadrati 𝑣𝑣2  unda gaxdes uaryofiTi, rac 

SeuZlebelia. amitom, mcire masis wertili SeiZleba moZraobdes 

sibrtyis mxolod im nawilSi, sadac sruldeba aseTi piroba: 

2𝑈𝑈(𝑥𝑥,𝑦𝑦)− 𝑐𝑐 ≥ 0.                                              (385) 

amasTan dakavSirebiT aRvniSnoT, rom libraciis wertilebis 

koordinatebi SeiZleba vipovnoT, rogorc 𝑈𝑈(𝑥𝑥, 𝑦𝑦) funqciis eqstremumebi. 
Semdgomi analizi daviwyoT iakobis 𝑐𝑐  mudmivas sakmarisad didi 

mniSvnelobebiT. Tu 𝑐𝑐 ≫ 1, maSin 𝑟𝑟 -is mniSvneloba 1-ze sakmarisad didi 

unda iyos an sakmarisad mcire unda iyos 𝜌𝜌1,2  manZilebidan erT-erTi. 

pirvel SemTxvevaSi (385)-Si meore da mesame Sesakrebebi mcirea 𝑐𝑐 
sididesTan SedarebiT (𝑀𝑀  wertili sakmarisad aris daSorebuli 𝑀𝑀1,2 

wertilebisgan). amitom, hilis sferos daaxloebiT 𝑟𝑟2 = 𝑐𝑐 saxe eqneba da 
es mrudi axloa √𝑐𝑐  radiusis mqone wresTan. meore SemTxvevaSi, roca 
𝑟𝑟2 ≈ 1,  meore an mesame Sesakrebi (385)-Si gacilebiT metia 1-ze. aseT 

SemTxvevaSi hilis sferos miaxloebiTi gantoleba Semdeg saxes iRebs: 

2𝜇𝜇
𝜌𝜌1

+
2(1− 𝜇𝜇)

𝜌𝜌2
= 𝑐𝑐.                                           (386) 
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naxazi 21. hilis sferoebi sami sxeulis brtyel wriul SezRudul 

amocanaSi iakobis integralis mudmivas sxvadasxva mniSvnelobebisaTvis. 

es gantoleba iZleva or Caketil mruds, romelTagan erT-erTi 

Semofarglavs 𝑀𝑀1  wertils, xolo meore - 𝑀𝑀2  wertils. am mrudebs 

geometriaSi uwodeben `ovalebs” da garegnulad gvanan elifsebs (Tumca 

elifsi Zevs ovalis SigniT igive RerZebiT). mcire masis wertilis 

moZraoba SesaZlebelia mxolod didi √𝑐𝑐 radiusis mqone wris gareT an 
erT-erTi ovalis SigniT anu 𝑀𝑀1,2  wertilebidan erT-erTis maxloblad. 

mivaqcioT yuradReba imas, rom yvela am sam SemTxvevaSi mcire masis 

wertilis moZraoba axloa moZraobasTan ori sxeulis amocanaSi masebiT 

𝑚𝑚1 +𝑚𝑚2,𝑚𝑚1  an 𝑚𝑚2, Sesabamisad, da SesaZlebelia Seswavlil iqnas 

SeSfoTebis Teoriis meTodebiT. 
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iakobis 𝑐𝑐  mudmivas Semcirebisas wre da ovalebi daiwyeben sul 

ufro da ufro deformirebas, Tanac `kvaziwre” (anu deformirebuli 

wre) daiwyebs Semcirebas, xolo `kvaziovalebi” – gazrdas. garkveuli 

kritikuli 𝑐𝑐 = 𝑐𝑐1  mniSvnelobisaTvis ovalebi Seexebian erTmaneTs. es 

moxdeba swored libraciis Sida 𝐿𝐿1 wertilSi (mrudi 2 naxazze 21).  

iakobis 𝑐𝑐 mudmivas Semdgomi Semcirebisas (𝑐𝑐 < 𝑐𝑐1) yofili ovalebis 

SemaerTebeli yeli daiwyebs gafarToebas da are, romelSic dasaSvebia 𝑀𝑀 

wertilis moZraoba, gaxdeba ormagad Sekruli (mrudebi 3 naxazze 21). 

kritikuli mniSvnelobisaTvis 𝑐𝑐 = 𝑐𝑐2  hilis Sida da gare sferoebi 

Seexebian erTmaneTs libraciis 𝐿𝐿2 wertilSi (mrudi 4 naxazze 21). 

Semdgom, roca 𝑐𝑐 > 𝑐𝑐2,  yeli daiwyebs gafarToebas 𝐿𝐿2  wertilis 

maxloblad – mcire masis wertilis moZraobis are gaxdeba erTmagad 

Sekruli (mrudebi 5 naxazze 21). Tu gavagrZelebT 𝑐𝑐  mudmivas Semdgom 
Semcirebas kritikul mniSvnelobamde 𝑐𝑐 = 𝑐𝑐3,  maSin Seexebian erTmaneTs 

hilis sferos Sida da gare areebi libraciis 𝐿𝐿3  wertilSi (mrudi 6 

naxazze 21). 

𝑐𝑐 < 𝑐𝑐3 mniSvnelobebisaTvis hilis erTiani sfero kvlav gawydeba or 

clkeul Caketil mrudad (TviTmfrinavis frTis Wrilebis msgavad, mrudi 

7 naxazze 21) da 𝑀𝑀 wertilis moZraoba SesaZlebeli gaxdeba yvelgan im 

areebis gareT, romlebic gars artyian samkuTxa libraciis wertilebs 

𝐿𝐿4  da 𝐿𝐿5.  sabolood, Semdgomi Semcirebisas 𝑐𝑐  mudmivas mniSvneloba 

miaRwevs kritikul mniSvnelobas 𝑐𝑐4,  romelzec hilis sferoebi 

Seviwrovdebian libraciis 𝐿𝐿4,5 wertilebSi. 

Catarebuli analizidan SegviZlia davinaxoT gansakuTrebuli roli, 

romelsac asruleben libraciis wertilebi hilis sferoebis 

struqturaSi. wrfivi libraciis wertilebSi irRveva hilis sferoebis 

calsaxoba – es wertilebi maTi TviTgadakveTis wertilebs warmoadgenen. 

samkuTxa wertilebi – hilis sferoebis ojaxis zRvruli wertilebia. 

iakobis 𝑐𝑐𝑘𝑘  mudmivebis kritikuli mniSvnelobebi SeiZleba vipovnoT, Tu 

(384)-Si CavsvavT libraciis wertilebis koordinatebis 𝑥𝑥𝑘𝑘 ,𝑦𝑦𝑘𝑘 
mniSvnelobebs. 𝑐𝑐𝑘𝑘  mniSvnelobebi, iseve rogorc libraciis wertilebis 

koordinatebi, damokidebulia 𝜇𝜇  parametrze, anu 𝑀𝑀1  da 𝑀𝑀2 mZime 

wertilebis masebs Soris Sefardebaze. 
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Tu ganvixilavT nulovani fardobiTi 𝑣𝑣 siCqaris mqone wertilebis 

geometriul adgilmdebareobas sami sxeulis sivrcul SezRudul 

amocanaSi, es ukve iqneba hilis zedapirebi. naxazi 21 gvaZlevs 

warmodgenas hilis zedapirebis kveTis Sesaxeb 𝑧𝑧 = 0  sibrtyis mier 

(sadac 𝑧𝑧 aris 𝑀𝑀 wertilis aplikata).  

hilis zedapirebis 𝑦𝑦 = 0 sibrtyiT kveTis struqtura gantolebiT 

𝑥𝑥2 +
2𝜇𝜇
𝜌𝜌1

+
2(1 − 𝜇𝜇)

𝜌𝜌2
= 𝑐𝑐                                      (387) 

naCvenebia naxazze 22. xolo 𝑥𝑥 = 0  sibrtyiT kveTis struqtura, 

romelic ganisazRvreba gantolebiT 

𝑦𝑦2 +
2𝜇𝜇
𝜌𝜌1

+
2(1− 𝜇𝜇)

𝜌𝜌2
= 𝑐𝑐,                                    (388) 

mocemulia naxazze 23. 

hilis zedapirebi gansakuTrebul rols asruleben ormagi 

varskvlavebis sistemis fizikaSi, kerZod, is zedapirebi, romlebic 

Seesabameba iakobis 𝑐𝑐1  mudmivas kritikul mniSvnelobas. am dros 

warmoiqmneba ori erTmaneTis mxebi kvercxis msgavsi areebi 𝑀𝑀1,2 

wertilebis garSemo, romlebsac roSis Rruebs uwodeben. maTi 

mnSivneloba mdgomareobs imaSi, rom erTi komponentidan meoreze 

nivTierebis gadadineba efeqturi xdeba mxolod maSin, roca ormagi 

sistemis erT-erTi komponenti Seavsebs Tavis roSis Rrus. aseT 

SemTxvevaSi ormag sistemas uwodeben mWidro orjerad sistemas.  

mWidro orjerad sistemaSi gansakuTrebiT saintereso movlenebi 

iCens Tavs, roca meore komponenti – masiuri varskvlavia evoluciis 

saboloo stadiaze (pulsari an Savi xvreli). maSin, am kompaqtur 

obieqtze dacemuli nivTierebis aCqareba aRwevs Zalian did sidideebs. 

Sedegad, am nivTierebis temperatura mkveTrad imatebs da akreciuli 

disko, romelic warmoiqmneba kompaqturi komponentis RerZuli brunvis 

gamo, xdeba rentgenuli gamosxivebis wyarod. precesiuli moZraoba aseT 

orjerad sistemaSi SesaZloa gaxdes am gamosxivebis dakvirvebiTi 

cvalebadobis mizezi. 

 

 

130 
 



  
 

 

naxazi 22. hilis zedapirebis kveTa 𝑦𝑦 = 0 sibrtyiT sami sxeulis sivrcul 

wriul SezRudul amocanaSi. 

 

 

 

 

naxazi 23. hilis zedapirebis kveTa 𝑥𝑥 = 0 sibrtyiT sami sxeulis sivrcul 

wriul SezRudul amocanaSi. 

 

praqtikuli mniSvneloba eniWeba SemTxvevas, roca iakobis mudmiva 

𝑐𝑐 ≫ 1  imis xarjze, rom 𝜌𝜌1 ≪ 1,  anu mcire masis wertili moZraobs 

ufro naklebi masis mZime wertilis uSualo siaxloves (sistema `mze-

planeta-misi Tanamgzavri”). aseT SemTxvevaSi, perioduli amonaxsnebis 

Ziebas hilis amocanas uwodeben. amasTan, Tu uars vityviT kanonikur 

erTeulTa sistemaze, SeiZleba CavTvaloT, rom manZili 𝑎𝑎  usasrulod 

didia, magram im pirobiT, rom 𝑛𝑛2𝑎𝑎3 = 𝑓𝑓(𝑚𝑚1 +𝑚𝑚2) rCeba sasruli. anu 𝑀𝑀2 

wertili mdebareobs Zalian Sors 𝑀𝑀 da 𝑀𝑀1 wertilebidan, magram mainc 
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axdens zemoqmedebas 𝑀𝑀 wertilze Tavisi didi masis gamo. hilis amocanis 

Seswavlisas miRebuli Sedegebis safuZvelze e. braunma Seqmna mTvaris 

moZraobis Teoria. 

 sami sxeulis SezRuduli amocanis ganxilvis bolos, daskvnis 

saxiT, aRvniSnavT, rom sami sxeulis zogad SezRudul amocanaSi 

moZraobis gantoleba SesaZlebelia miviyvanoT (354) saxemde, Tu 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 
koordinatebidan gadavalT axal 𝜉𝜉, 𝜂𝜂, 𝜁𝜁 koordinatebze, sadac 

𝑥𝑥 =
𝑟𝑟
𝑝𝑝
𝜉𝜉,   𝑦𝑦 =

𝑟𝑟
𝑝𝑝 𝜂𝜂,   𝑧𝑧 =

𝑟𝑟
𝑝𝑝 𝜁𝜁,                                            (389) 

xolo 𝑝𝑝  aris – 𝑀𝑀1,2  mZime wertilebis fardobiTi kepleriseuli 

moZraobis fokaluri parametri. 

maSin, sami sxeulis SezRuduli amocanis gantolebebi miiRebs 

Semdeg saxes (e.w. nehvilis gantolebebi): 

𝜉𝜉′′ = 2𝜂𝜂′ +
𝜕𝜕𝑈𝑈�
𝜕𝜕𝜕𝜕

,

𝜂𝜂′′ = −2𝜉𝜉′ +
𝜕𝜕𝑈𝑈�
𝜕𝜕𝜕𝜕

,

𝜁𝜁′′ =
𝜕𝜕𝑈𝑈�
𝜕𝜕𝜕𝜕 ,

                                                    (390) 

sadac potenciali tolia 

𝑈𝑈� =
𝑟𝑟
𝑝𝑝
�
1
2

(𝜉𝜉2 + 𝜂𝜂2)−
1
2
𝑒𝑒𝜁𝜁2 cos𝜈𝜈 + 𝑝𝑝3 �

𝜇𝜇
𝜌𝜌1

+
1− 𝜇𝜇
𝜌𝜌2

�� ,            (391) 

xolo ′ simbolo niSnavs warmoebuls WeSmariti anomaliiT 𝜈𝜈. 
hilis mrudebis da zedapirebis cneba gamoiyeneba moZraobis 

SeswavlisaTvis aseve cis meqanikis sxva amocanebSi.  
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damateba I. 

sferuli trigonometriis elementebi. astronomiul 

koordinatTa sistemebi 

am damatebaSi mocemulia sferuli trigonometriis ZiriTadi 

formulebi, gansazRvrebebi da koordinatTa gardaqmnebis formulebi, 

romlebic gamoiyeneba astronomiaSi. 

samkuTxedebi sferoze warmoiqmnebian didi wreebis rkalebiT, 

romelTa radiusebi tolia sferos radiusis. sferuli samkuTxedis 

gverdebi SeiZleba gavzomoT kuTxur erTeulebSi (gradusebi, radianebi 

da a.S.) da ganvixiloT maTi trigonometriuli funqciebi. sferuli 

samkuTxedis kuTxeebi warmoadgenen am samkuTxedis warmomqmneli 

rkalebis mxebebs Soris kuTxeebs. sferuli samkuTxedis gverdebis da 

kuTxeebis trigonometriuli funqciebi dakavSirebulia erTmaneTTan 

mTeli rigi damokidebulebebiT, romelTagan umTavresia Semdegi (naxazi 

d1.1): 

1. kosinusebis formula: 

cos𝑎𝑎 = cos 𝑏𝑏 cos 𝑐𝑐 + sin𝑏𝑏 sin 𝑐𝑐 cos𝐴𝐴;                                (1.1) 

2. sinusebis formula: 

sin𝑎𝑎
sin𝐴𝐴

=
sin𝑏𝑏
sin𝐵𝐵 ;                                                           (1.2) 

3. xuTi elementis formula: 

sin𝑎𝑎 cos𝐵𝐵 = cos𝑏𝑏 sin 𝑐𝑐 − sin𝑏𝑏 cos 𝑐𝑐 cos𝐴𝐴.                                (1.3) 

marTkuTxa sferul samkuTxedSi (naxazi d1.2): 

sin𝑏𝑏 = sin𝑎𝑎 sin𝐵𝐵,

cos𝑎𝑎 = cos𝑏𝑏 cos𝐶𝐶.
                                                   (1.4) 

sferul koordinatTa sistema ganisazRvreba ZiriTadi sibrtyiT, 

romelic gadis sferos centrze, da sistemis RerZiT – wrfe, romelic 

gadis sferos centrze ZiriTadi sibrtyis marTobulad. sistemis RerZis 

sferosTan gadakveTis wertilebs sistemis polusebs uwodeben. erT-erTi 

koordinati aiTvleba didi wris gaswvriv, romelic warmoiqmneba 
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ZiriTadi sibrtyis sferosTan kveTiT, xolo meore koordinati – an am 

wridan an sistemis erT-erTi polusidan. 

astronomiaSi, kerZod cis meqanikaSi, cis sferoze (anu nebismieri 

radiusis sferoze, romlis centrSic moTavsebulia damkvirvebeli) 

gamoiyeneba Semdegi koordinatTa sistemebi: 

1. horizontuli sistema. aq ZiriTadi sibrtyea – maTematikuri 

horizontis sibrtye, xolo sistemis RerZi – Sveuli xazi. 

koordinatebia – zenituri manZili, romelic aiTvleba zenitidan 

vertikalis gaswvriv (naxazi d1.3), 0° ≤ 𝑧𝑧 ≤ 180°;  azimuti – 

aiTvleba horizontis gaswvriv samxreTis wertilidan (horizontis 

cis meridianTand kveTis erT-erTi wertili) dasavleTis 

mimarTulebiT, 0° ≤ 𝑧𝑧 ≤ 360°.  swored horizontul sistemaSi 

izomeba uSualod mnaTobTa koordinatebi cis sferoze. es sistema 

dakavSirebulia simZimis Zalis mimarTulebasTan da principSi 

SesaZlebelia fizikurad martivad aigos qanqarisa da ori 

horizontuli donis meSveobiT. Tumca horizontuli koordinatebi 

mudmivad icvlebian dedamiwis dRe-Ramiseuli brunvis gamo da, 

Tanac, araTanabrad.  

2. pirveli ekvatoruli sistema. am sistemis ZiriTadi sibrtye 

paraleluria dedamiwis ekvatoris sibrtyis, xolo RerZia – 

samyaros RerZi, romelic paraleluria dedamiwis brunvis RerZis. 

koordinatebia – daxriloba, romelic aiTvleba cis ekvatoridan 

daxrilobaTa wris gaswvriv (naxazi d1.4), −90° ≤ 𝛿𝛿 ≤ +90°; 
saaTieri kuTxe – aiTvleba cis ekvatoris gaswvriv misi cis 

meridianTan kveTis wertilidan, 0ℎ ≤ 𝑡𝑡 ≤ 24ℎ .  daxriloba ar 

icvleba dedamiwis dRe-Ramuri brunvis gavleniT, xolo saaTieri 

kuTxe icvleba Tanabrad da amitom gamoiyeneba drois gasazomad. 

3. meore ekvatoruli sistema. am sistemis ZiriTadi sibrtye da RerZi 

– igivea, rac pirvel ekvatorul sistemaSi. koordinatebia – 

daxriloba da pirdapiri aRvlena, romelic aiTvleba gazafxulis 

dReRamtolobis wertilidan (cis ekvatoris ekliptikasTan kveTis 

erT-erTi wertili, naxazi d1.4), 0ℎ ≤ 𝛼𝛼 ≤ 24ℎ. arcerTi koordinati 
ar aris damokidebuli dedamiwis RerZul brunvaze da, amitom, 

swored isini gamoiyeneba cis sferoze mnaTobTa ganlagebis 

gansasazRvravad. ekvatorul sistemaSi gamoyofen topocentrul 

sistemas – saTave moTavsebulia romelime wertilSi dedamiwis 
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zedapirze, da geocentrul sistemas – saTave emTxveva dedamiwis 

centrs.  

4. ekliptikuri sistema. ZiriTadi sibrtyea – ekliptikis sibrtye, anu 

SeuSfoTebeli mzis orbitis sibrtye misi moZraobisas dedamiwis 

mimarT, sistemis RerZia – normali ekliptikis sibrtyis mimarT. 

koordinatebia – ekliptikuri ganedi, romelic aiTvleba 

ekliptikidan (naxazi d1.5), −90° ≤ 𝛽𝛽 ≤ +90°;  ekliptikuri grZedi, 

romelic aiTvleba ekliptikis gaswvriv gazafxulis dReRamtolobis 

wertilidan, 0° ≤ 𝜆𝜆 ≤ 360°.  gamoiyeneba mzis sitemis sxeulTa 

moZraobis aRwerisaTvis, kerZod, maTi orbitebis elementebis 

gansazRvrisaTvis. 

sferuli samkuTxedidan 𝑍𝑍𝑍𝑍𝑍𝑍 (naxazi d1.4) da 𝑃𝑃Π𝑀𝑀 (naxazi d1.5) da 

(1.1-1.3) formulebidan gamomdinareobs sxvadasxva sistemis koordinatebs 

Soris gadasvlis formulebi: 

horizontulidan ekvatorulze – 

cosδ cos t = sin z sin A,

cosδ cos t = cos z cosφ + sin z sinϕ cos A,

sinδ = cos z sinφ− sin z cosφ cos A,

α = s − t.

                    (1.5) 

sadac 𝜑𝜑 - dakvirvebis adgilis geografiuli grZedia, 𝑠𝑠 - varskvlavieri 

dro, romelic izomeba gazafxulis dReRamtolobis wertilis saaTieri 

kuTxiT;  

ekvatorulidan horizontulze –  

sin𝑧𝑧 sin𝐴𝐴 = cos𝛿𝛿 sin 𝑡𝑡,

sin𝑧𝑧 cos𝐴𝐴 =− sin𝛿𝛿 cos𝜑𝜑 + cos 𝛿𝛿 sin𝜑𝜑 cos 𝑡𝑡,

cos𝑧𝑧 = sin𝛿𝛿 sin𝜑𝜑 + cos𝛿𝛿 cos𝜑𝜑 cos 𝑡𝑡.

               (1.6) 

ekvatorulidan ekliptikurze –  

cos𝛽𝛽 cos 𝜆𝜆 = cos 𝛿𝛿 cos𝛼𝛼,

cos𝛽𝛽 sin 𝜆𝜆 = sin𝛿𝛿 sin𝜀𝜀 + cos 𝛿𝛿 cos 𝜀𝜀 sin𝛼𝛼,

sin𝛽𝛽 = sin𝛿𝛿 cos 𝜀𝜀 − cos𝛿𝛿 sin 𝜀𝜀 sin𝛼𝛼,

                     (1.7) 

sadac 𝜀𝜀 - ekliptikis daxraa cis ekvatoris mimarT (≈23°26′); 
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ekliptikuridan ekvatorulze –  

cos 𝛿𝛿 cos𝛼𝛼 = cos𝛽𝛽 cos 𝜆𝜆,

cos 𝛿𝛿 sin𝛼𝛼 = − sin𝛽𝛽 sin 𝜀𝜀 + sin𝛽𝛽 cos 𝜀𝜀 sin 𝜆𝜆,

sin𝛿𝛿 = sin𝛽𝛽 cos 𝜀𝜀 + cos𝛽𝛽 sin𝜀𝜀 sin 𝜆𝜆.

                         (1.8) 

garda geocentrul ekvatorul da ekliptikur koordinatTa 

sistemebisa gamoiyeneba heliocentruli ekliptikuri sistema da 

planetocentruli ekvatoruli sistemebi, romlebic dakavSirebulia 

romelime planetis ekvatoris sibrtyesTan. 

 

 

 
naxazi d1.1. sferuli samkuTxedi. 

 

 

 

 

 
naxazi d1.2. sferuli marTkuTxa samkuTxedi. 
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naxazi d1.3. horizontalur koordinatTa sistema. 

 

 

 
naxazi d1.4. ekvatoruli koordinatTa sistema. horizontul da ekvatorul 

sistemebs Soris kavSiri. 
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naxazi d1.5. ekliptikuri koordinatTa sistema. ekvatorul da ekliptikur 

sistemebs Soris kavSiri. 
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damateba II. 

veqtoruli da tenzoruli aRricxvis elementebi 

veqtori sibrtyeze. kovariantuli da kontravariantuli koordinatebi 

ganvixiloT raime sibrtyeze mocemuli veqtori. rogorc cnobilia, 

nebismieri veqtori SeiZleba srulad ganvsazRvroT sibrtyeze ori 

arakolinearuli veqtoris meSveobiT: 

𝑎⃗𝑎 = 𝑎𝑎1𝑒𝑒1 + 𝑎𝑎2𝑒𝑒2.                                               (1) 

aq 𝑎𝑎𝑖𝑖 , 𝑖𝑖 = 1,2  – koeficientebia (zeda indeqsiT aRniSnulia komponentis 

nomeri da ara xarisxSi ayvana), romlebsac uwodeben 𝑎⃗𝑎  veqtoris 

kontravariantul koordinatebs. geometriulad es SeiZleba gamovsaxoT 

ise, rogorc aris mocemuli naxazze d2.1.  
veqtorebs 𝑒𝑒1, 𝑒𝑒2  uwodeben bazisurs, maT Soris kuTxe, im pirobiT, 

rom 𝜑𝜑 ≠ 0,𝜋𝜋,  SeiZleba iyos nebismieri. aseve nebismieri SeiZleba iyos 

aranulovani bazisuri veqtorebis sigrZeebi. naxazze d2.1 mocemuli 

bazisi imave sibrtyeze gvaZlevs maxvilkuTxa koordinatTa sistemas 

(𝑢𝑢, 𝑣𝑣) RerZebiT.  
rogorc naxazidan d2.1 vxedavT, 𝑂𝑂𝐴𝐴1 da 𝑂𝑂𝐴𝐴2 monakveTebis sigrZeebi 

udris: 

𝑂𝑂𝐴𝐴1 = 𝑎𝑎1|𝑒𝑒1|,   𝑂𝑂𝐴𝐴2 = 𝑎𝑎2|𝑒𝑒2|.                                          (2) 

Tumca, es ar aris erTaderTi meTodi mocemul koordinatTa 

sistemaSi 𝑎⃗𝑎 veqtoris gansasazRvravad. igi aseve SeiZleba ganvsazRvroT 

(𝑢𝑢, 𝑣𝑣) RerZebze orTogonaluri proeqciebiT. aseTi proeqciebi udris: 

𝑂𝑂𝐵𝐵1 = 𝑂𝑂𝐴𝐴1 + 𝑂𝑂𝐴𝐴2 cos𝜑𝜑 =𝑎𝑎1|𝑒𝑒1| + 𝑎𝑎2|𝑒𝑒2| cos𝜑𝜑                               (3) 

𝑂𝑂𝐵𝐵2 = 𝑂𝑂𝐴𝐴1 cos𝜑𝜑 + 𝑂𝑂𝐴𝐴2 = 𝑎𝑎1|𝑒𝑒1| cos𝜑𝜑 + 𝑎𝑎2|𝑒𝑒2|                              (4) 

gamovsaxoT am proeqciebis sigrZeebi bazisuri veqtorebis sigrZeebiT 

Semdegnairad: 

𝑂𝑂𝐵𝐵1 = 𝑎𝑎𝑢𝑢 =
 𝑎⃗𝑎 ∙ 𝑒𝑒1
|𝑒𝑒1| =

𝑎𝑎1
|𝑒𝑒1|                                                  (5) 

𝑂𝑂𝐵𝐵2 = 𝑎𝑎𝑣𝑣 =
 𝑎⃗𝑎 ∙ 𝑒𝑒2
|𝑒𝑒2| =

𝑎𝑎2
|𝑒𝑒2|                                                  (6) 
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naxazi d2.1. sibrtyeze mocemuli veqtoris kontravariantuli koordinatebi. 

sadac 𝑎𝑎1 = 𝑎⃗𝑎 ∙ 𝑒𝑒1  da 𝑎𝑎2 = 𝑎⃗𝑎 ∙ 𝑒𝑒2  - 𝑎⃗𝑎  veqtoris kovariantuli 

koordinatebia.  

gavutoloT erTmaneTs (3), (5) da (4), (6) 

𝑎𝑎1
|𝑒𝑒1| = 𝑎𝑎1|𝑒𝑒1| + 𝑎𝑎2|𝑒𝑒2| cos𝜑𝜑                                             (7) 

𝑎𝑎2
|𝑒𝑒2| = 𝑎𝑎1|𝑒𝑒1| cos𝜑𝜑 + 𝑎𝑎2|𝑒𝑒2|                                            (8) 

gavamravloT (7) |𝑒𝑒1| -ze, xolo (8) - |𝑒𝑒2| -ze da gardavqmnaT 

Sesabamisad: 

𝑎𝑎1 = 𝑎𝑎1|𝑒𝑒1 ∙ 𝑒𝑒1| + 𝑎𝑎2|𝑒𝑒1 ∙ 𝑒𝑒2|                                             (9) 
𝑎𝑎2 = 𝑎𝑎1|𝑒𝑒1 ∙ 𝑒𝑒2| + 𝑎𝑎2|𝑒𝑒2 ∙ 𝑒𝑒2|                                          (10) 

SemoviRoT matrica: 

𝐠𝐠 = �
𝑒𝑒1 ∙ 𝑒𝑒1 𝑒𝑒1 ∙ 𝑒𝑒2
𝑒𝑒1 ∙ 𝑒𝑒2 𝑒𝑒2 ∙ 𝑒𝑒2

�                                                       (11) 

maSin (9) da (10) SeiZleba gamovsaxoT Semdegi damokidebulebiT: 

𝑎𝑎𝑖𝑖 = �𝑔𝑔𝑖𝑖𝑖𝑖𝑎𝑎𝑗𝑗,   𝑖𝑖 = 1,2                                              (12)
2

𝑗𝑗=1

 

gamosaxuleba (12) gvaZlevs veqtoris kovariantul da 

kontravariantul koordinatebs Soris kavSirs, romelic ganisazRvreba 
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mxolod 𝐠𝐠  matricis saxiT, romelic Tavis mxriv damokidebulia 

bazisuri veqtorebis urTierTganlagebaze.  

kovariantuli da kontravariantuli komponentebis erToblioba 

arCeul bazisSi gansazRvraven erTi da igive veqtors. kontravariantuli 

koordinatebis gamoyenebisas es veqtori moicema vertikaluri matriciT: 

𝐚𝐚 = �
𝑎𝑎1

⋮

𝑎𝑎n
� 

xolo kovariantulis SemTxvevaSi – horizontuli matriciT: 

𝐚𝐚 = [𝑎𝑎1    ⋯    𝑎𝑎n] 

veqtorebis skalaruli namravli 

gadavideT ufro maRali ganzomilebis sivrceze da ganvixiloT ori 

veqtori: 

𝑎⃗𝑎 = 𝑎𝑎1𝑒𝑒1 + 𝑎𝑎2𝑒𝑒2 + 𝑎𝑎3𝑒𝑒3,   𝑏𝑏�⃗ = 𝑏𝑏1𝑒𝑒1 + 𝑏𝑏2𝑒𝑒2 + 𝑏𝑏3𝑒𝑒3 

sadac bazisuri veqtorebi 𝑒𝑒1, 𝑒𝑒2,𝑒𝑒3, iseve rogorc zeviT, aranulovani 

arakomplanaruli veqtorebia. gadavamravloT skalarulad 𝑎⃗𝑎  da 𝑏𝑏�⃗  
veqtorebi: 

𝑎⃗𝑎 ∙ 𝑏𝑏�⃗ = (𝑎𝑎1𝑒𝑒1 + 𝑎𝑎2𝑒𝑒2 + 𝑎𝑎3𝑒𝑒3) ∙ (𝑏𝑏1𝑒𝑒1 + 𝑏𝑏2𝑒𝑒2 + 𝑏𝑏3𝑒𝑒3) 

am ukanasknel gamosaxulebaSi gavxsnaT frCxilebi 

𝑎⃗𝑎 ∙ 𝑏𝑏�⃗ = 𝑎𝑎1𝑏𝑏1(𝑒𝑒1 ∙ 𝑒𝑒1) + 𝑎𝑎2𝑏𝑏1(𝑒𝑒1 ∙ 𝑒𝑒2) + 𝑎𝑎3𝑏𝑏1(𝑒𝑒1 ∙ 𝑒𝑒3) + 

+ 𝑎𝑎1𝑏𝑏2(𝑒𝑒1 ∙ 𝑒𝑒2) + 𝑎𝑎2𝑏𝑏2(𝑒𝑒2 ∙ 𝑒𝑒2) + 𝑎𝑎3𝑏𝑏2(𝑒𝑒2 ∙ 𝑒𝑒3) + 

+ 𝑎𝑎1𝑏𝑏3(𝑒𝑒1 ∙ 𝑒𝑒3) + 𝑎𝑎2𝑏𝑏3(𝑒𝑒2 ∙ 𝑒𝑒3) + 𝑎𝑎3𝑏𝑏3(𝑒𝑒3 ∙ 𝑒𝑒3) 

da kvlav SemoviRoT matrica: 

𝐠𝐠 = �

𝑒𝑒1 ∙ 𝑒𝑒1 𝑒𝑒1 ∙ 𝑒𝑒2 𝑒𝑒1 ∙ 𝑒𝑒3
𝑒𝑒1 ∙ 𝑒𝑒2 𝑒𝑒2 ∙ 𝑒𝑒2 𝑒𝑒2 ∙ 𝑒𝑒3
𝑒𝑒1 ∙ 𝑒𝑒3 𝑒𝑒2 ∙ 𝑒𝑒3 𝑒𝑒3 ∙ 𝑒𝑒3

�                                              (14) 
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maSin skalaruli namravli SegviZlia CavweroT sakmaod kompaqturad: 

𝑎⃗𝑎 ∙ 𝑏𝑏�⃗ = ���𝑔𝑔𝑖𝑖𝑖𝑖𝑎𝑎𝑗𝑗
3

𝑗𝑗=1

�𝑏𝑏𝑖𝑖
3

𝑖𝑖=1

                                           (15) 

Tu (12)-s ganvazogadebT samganzomilebiani sivrcisTvis, SegviZlia 

davweroT: 

𝑎𝑎𝑖𝑖 = �𝑔𝑔𝑖𝑖𝑖𝑖𝑎𝑎𝑗𝑗,   𝑖𝑖 = 1,2,3                                           (16)
3

𝑗𝑗=1

 

rac 𝑎⃗𝑎  veqtoris kovariantuli koordinatebia. aqedan, (15) SeiZleba 

Semdegnairad CavweroT: 

𝑎⃗𝑎 ∙ 𝑏𝑏�⃗ = �𝑎𝑎𝑖𝑖𝑏𝑏𝑖𝑖
3

𝑖𝑖=1

                                                     (17) 

einSteinis gamartiveba 

gantolebis (17) Semdgomi gamartivebis meTodi ekuTvnis a. einSteins. 

gamosaxulebebSi (16) da (17) SegviZlia gamovtovoT jamis ∑ simbolo da 

vigulisxmoT ajamva gameorebadi indeqsesbis mixedviT. aqedan gamomdinare, 

(16) SegviZlia Semdegnairad CavweroT: 

𝑎𝑎𝑖𝑖 = 𝑔𝑔𝑖𝑖𝑖𝑖𝑎𝑎𝑗𝑗,   𝑖𝑖 = 1,2,3                                          (18) 

sadac 𝑗𝑗  aris indeqsi, romliTac xdeba ajamva. garda amisa, wesiT, 

indeqsebi unda icvlidnen mdebareobas – Tu pirvel TanamamravlSi is 

qveviT aris, meoreSi unda iyos zemoT da piriqiT. (17) gamosaxuleba 

miiRebs Semdeg saxes: 

𝑎⃗𝑎 ∙ 𝑏𝑏�⃗ = 𝑎𝑎𝑖𝑖𝑏𝑏𝑖𝑖                                                       (19) 

xolo (15) gamoisaxeba Semdegnairad 

𝑎⃗𝑎 ∙ 𝑏𝑏�⃗ = 𝑔𝑔𝑖𝑖𝑖𝑖𝑎𝑎𝑗𝑗𝑏𝑏𝑖𝑖                                                 (20) 

martivi magaliTebis analizi 

ganvixiloT martivi magaliTebi. davuSvaT Cveni bazisi dekartulia 

anu orTonormirebulia. maSin, 𝐠𝐠 matrica gaxdeba erTeulovani 
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𝐠𝐠 = �
1 0 0

0 1 0

0 0 1

� 

vTqvaT, 𝑎⃗𝑎 veqtori mocemuli gvaqvs aseT bazisSi. rogorc cnobilia, 

veqtoris sigrZis kvadrati tolia am veqtoris skalaruli namravlisa 

Tavis Tavze, anu 

|𝑎⃗𝑎|2 = 𝑎⃗𝑎 ∙ 𝑎⃗𝑎 = 𝑔𝑔𝑖𝑖𝑖𝑖𝑎𝑎𝑗𝑗𝑎𝑎𝑖𝑖 = (𝑔𝑔11𝑎𝑎1 + 𝑔𝑔12𝑎𝑎2 + 𝑔𝑔13𝑎𝑎3)𝑎𝑎1 + 

+(𝑔𝑔21𝑎𝑎1 + 𝑔𝑔22𝑎𝑎2 + 𝑔𝑔23𝑎𝑎3)𝑎𝑎2 + 

+(𝑔𝑔31𝑎𝑎1 + 𝑔𝑔32𝑎𝑎2 + 𝑔𝑔33𝑎𝑎3)𝑎𝑎3 = 

= (𝑎𝑎1)2 + (𝑎𝑎2)2 + (𝑎𝑎3)2 

Sedegad miviReT, rom marTkuTxa koordinatTa sistemaSi veqtoris 

sigrZis kvadrati tolia misi komponentebis kvadratebis jamis. 

gamovTvaloT veqtoris sigrZis kvadrati brtyel maxvilkuTxa 

bazisSi (ix. naxazi 2.1). vTqvaT aseT bazisSi mocemuli gvaqvs 𝑏𝑏�⃗  veqtori 
Tavisi kontravariantuli koordinatebiT. maSin: 

𝐠𝐠 = �
1 cosφ

cosφ 1
� 

sadac φ - kuTxea bazisur veqtorebs Soris. gamovTvaloT 𝑏𝑏�⃗  veqtoris 
sigrZis kvadrati 

�𝑏𝑏�⃗ �
2

= 𝑏𝑏�⃗ ∙ 𝑏𝑏�⃗ = 𝑔𝑔𝑖𝑖𝑖𝑖𝑏𝑏𝑗𝑗𝑏𝑏𝑖𝑖 = (𝑔𝑔11𝑏𝑏1 + 𝑔𝑔12𝑏𝑏2)𝑏𝑏1 + (𝑔𝑔21𝑏𝑏1 + 𝑔𝑔22𝑏𝑏2)𝑏𝑏2 = 

= (𝑏𝑏1)2 + 𝑏𝑏2𝑏𝑏1 cos𝜑𝜑 + 𝑏𝑏1𝑏𝑏2 cos𝜑𝜑 + (𝑏𝑏2)2 = 

= (𝑏𝑏1)2 + (𝑏𝑏2)2 + 2𝑏𝑏1𝑏𝑏2 cos𝜑𝜑 

zustad aseT Sedegs miviRebT, Tu visargeblebT kosinusebis 

TeoremiT da vipoviT paralelogramis diagonalis sigrZis kvadrats. 

rogorc vxedavT, sxvadasxva koordinatTa sistemaSi muSaobisas Cven 

gamoviyeneT erTaderTi formula (20) skalaruli namravlis 

gamosaTvlelad da misi saxe sruliad ar aris damokidebuli bazisze da 

sivrcis ganzomilebaze. bazisiT ganisazRvreba mxolod 𝐠𝐠  matricis 

komponentebis konkretuli mniSvnelobebi. 
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aseT SemTxvevaSi amboben, rom formula (20) gamosaxavs ori 

veqtoris skalarul namravls tenzoruli anu bazisisgan damoukidebeli 

formiT.  

zemoT aRniSnuli 𝐠𝐠 matrica gvaZlevs e.w. metrikul tenzors. misi 

saxe gansazRvravs Tu rogor gamoiTvleba or wertls Soris manZili 

mocemul koordinatTa sistemaSi. Tumca, maTematikuri forma, am 

SemTxvevaSi kvadratuli matrica, romelic Seicavs komponentebis 

erTobliobas, jer kidev ar aris tenzori.  

martivi magaliTebis analizi 

gadavweroT (20) damokidebuleba matriculi formiT: 

𝑐𝑐 = 𝐚𝐚(0)𝑇𝑇𝐠𝐠(0)𝐛𝐛(0)                                                      (21) 

sadac 𝑐𝑐  – veqtorebis skalaruli namravlia. zeda indeqsi aRniSnavs 

koordinatTa sistemas, romelSic mocemulia veqtorebi da 

gansazRvrulia metrikuli tenzori. avRniSnoT es aris koordinatTa 

sistema rogorc K0. veqtoris gardaqmna romeliRac sxva koordinatTa 

K1 sistemaSi aRiwereba 𝐀𝐀01 gardaqmnis matriciT, anu: 

𝐚𝐚(0) = 𝐀𝐀01𝐚𝐚(1),     𝐛𝐛(0) = 𝐀𝐀01𝐛𝐛(1)                                   (22) 

CavsvaT (22) (21)-Si: 

𝑐𝑐 = �𝐀𝐀01𝐚𝐚(1)�𝑇𝑇     𝐠𝐠(0)𝐀𝐀01𝐛𝐛(1) = 𝐚𝐚(1)𝑇𝑇𝐀𝐀01
𝑇𝑇 𝐠𝐠(0)𝐀𝐀01𝐛𝐛(1).  

meore gantolebaSi gamosaxuleba: 

𝐀𝐀01
𝑇𝑇 𝐠𝐠(𝟎𝟎) = 𝐠𝐠(1) 

warmoadgens metrikul tenzors, romlis komponentebi ganisazRvreba 

axali bazisiT. rogorc vxedavT, axal bazisSi operacias analoguri 

forma aqvs: 

𝑐𝑐 = 𝐚𝐚(1)𝑇𝑇𝐠𝐠(1)𝐛𝐛(1) 

Cven vaCveneT tenzorebis kidev erTi Tviseba – misi komponentebi 

icvleba sinqronulad imave sivrcis veqtorebis komponentebisa, 

romelSic gansazRvrulia Tavad tenzori.  

amdenad, SegviZlia vTqvaT, rom tenzori aris maTematikuri obieqti, 

romelic warmodgenilia komponentebis erTobliobiT da maTi cvlilebis 

wesiT bazisis cvlilebis SemTxvevaSi. 
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einSteinis wesis gamoyenebiT gadavweroT (22) da (23) tenzoruli 

saxiT: 

𝑎𝑎𝑖𝑖(1) = 𝛼𝛼𝑘𝑘𝑖𝑖 𝑎𝑎𝑘𝑘(0),       𝑏𝑏𝑖𝑖(1) = 𝛼𝛼𝑘𝑘𝑖𝑖 𝑏𝑏𝑘𝑘(0)                     (24) 
𝑔𝑔𝑖𝑖𝑖𝑖

(1) = 𝛼𝛼𝑖𝑖𝑙𝑙 𝛼𝛼𝑗𝑗𝑘𝑘  𝑔𝑔𝑘𝑘𝑘𝑘
(0)                                                      (25) 

sadac 𝛼𝛼𝑖𝑖
𝑗𝑗
 - 𝐀𝐀01 matricis elementebia. ganvixiloT (25) samganzomilebian 

magaliTze. vTqvaT, koordinatTa gardaqmnis matricas Semdegi saxe aqvs: 

𝐀𝐀01 = �

𝛼𝛼11 𝛼𝛼21 𝛼𝛼31

𝛼𝛼12 𝛼𝛼22 𝛼𝛼32

𝛼𝛼13 𝛼𝛼23 𝛼𝛼33
� 

CavweroT metrikuli tenzoris komponentebis gardaqmna da amisaTvis 

(25)-Si movaxdinoT ajamva indeqsebiT 𝑘𝑘 da 𝑙𝑙: 

𝑔𝑔𝑖𝑖𝑖𝑖
(1) = 𝛼𝛼𝑖𝑖1�𝛼𝛼𝑗𝑗1 𝑔𝑔11

(0) + 𝛼𝛼𝑗𝑗2 𝑔𝑔21
(0) + 𝛼𝛼𝑗𝑗3 𝑔𝑔31

(0)�+ 

+𝛼𝛼𝑖𝑖2�𝛼𝛼𝑗𝑗1 𝑔𝑔12
(0) + 𝛼𝛼𝑗𝑗2 𝑔𝑔22

(0) + 𝛼𝛼𝑗𝑗3 𝑔𝑔32
(0)�+ 

+𝛼𝛼𝑖𝑖3�𝛼𝛼𝑗𝑗1 𝑔𝑔13
(0) + 𝛼𝛼𝑗𝑗2 𝑔𝑔23

(0) + 𝛼𝛼𝑗𝑗3 𝑔𝑔33
(0)� 

aqedan Cans, rom (25)-Si xdeba gardaqmnis matricis transponireba, 

Sedegis gamravleba metrikul tenzorze da miRebuli matricis 

gamravleba gardaqmnis matricaze. 

simartivisaTvis, ganvixiloT konkretuli magaliTi sibrtyeze. 

davuSvaT 𝑎⃗𝑎  veqtori mocemulia or normirebul bazisSi: marTkuTxa 

(𝑒𝑒10, 𝑒𝑒20)  da maxvilkuTxa (𝑒𝑒11, 𝑒𝑒21)  (ix. naxazi d2.2). maxvilkuTxa 

koordinatTa sistemidan marTkuTxaSi gardaqmna gamoisaxeba Semdegi 

matriciT: 

𝐀𝐀01 = �
cosφ sinφ

sinφ cosφ
� 

Sebrunebul gardaqmnas aseTi saxe aqvs: 

𝐀𝐀01 = 𝐀𝐀01
−1 =

⎣
⎢
⎢
⎡

cosφ
cos2φ

−
sinφ

cos2φ

−
sinφ

cos2φ
cosφ

cos2φ ⎦
⎥
⎥
⎤
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naxazi d2.2. veqtoris maxvilkuTxa koordinatTa sistemidan marTkuTxaSi 

gardaqmna. 

aseve, davuSvaT, marTkuTxa koordinatTa sistemaSi Cvens veqtoris 

komponentebia: 

𝐚𝐚(0) = �
3

4
� 

martivad SegviZlia vaCvenoT, rom |𝑎⃗𝑎| = 5.  metrikuli tenzori 

orTonormirebul bazisSi warmoadgens erTeulovan matricas: 

𝐠𝐠(0) = �
1 0

0 1
� 

aqedan 

|𝑎⃗𝑎|2 = 𝑔𝑔𝑖𝑖𝑖𝑖
(0)𝑎𝑎𝑗𝑗(0)𝑎𝑎𝑖𝑖(0) = �𝑔𝑔11

(0)𝑎𝑎1(0) + 𝑔𝑔12
(0)𝑎𝑎2(0)�𝑎𝑎1(0) + 

+�𝑔𝑔21
(0)𝑎𝑎1(0) + 𝑔𝑔22

(0)𝑎𝑎2(0)�𝑎𝑎2(0) = 3 ∙ 3 + 4 ∙ 4 = 25. 

 davuSvaT RerZebis daxris kuTxe tolia 𝜑𝜑 = 𝜋𝜋 6⁄  da gamoviTvaloT 

veqtoris kontravariantuli koordinatebi maxvilkuTxa sistemaSi: 

𝑎𝑎1(1) = 𝛼𝛼�11𝑎𝑎1(0) + 𝛼𝛼�21𝑎𝑎2(0) = 3√3− 4 
𝑎𝑎2(1) = 𝛼𝛼�12𝑎𝑎1(0) + 𝛼𝛼�22𝑎𝑎2(0) = −3 + 4√3. 

 

veqtorTan erTad aseve unda gardavqmnaT metrikuli tenzoric: 
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𝑔𝑔11
(1) = 𝛼𝛼11�𝛼𝛼11 𝑔𝑔11

(0) + 𝛼𝛼12 𝑔𝑔21
(0)�+ 𝛼𝛼12�𝛼𝛼11 𝑔𝑔12

(0) + 𝛼𝛼12 𝑔𝑔22
(0)� =

√3
2 ∙

√3
2 +

1
2 ∙

1
2 = 1 

𝑔𝑔12
(1) = 𝛼𝛼11�𝛼𝛼21 𝑔𝑔11

(0) + 𝛼𝛼22 𝑔𝑔21
(0)�+ 𝛼𝛼12�𝛼𝛼21 𝑔𝑔12

(0) + 𝛼𝛼22 𝑔𝑔22
(0)� =

√3
2 ∙

1
2

+
1
2
∙
√3
2 =

√3
2  

𝑔𝑔21
(1) = 𝛼𝛼21�𝛼𝛼11 𝑔𝑔11

(0) + 𝛼𝛼12 𝑔𝑔21
(0)�+ 𝛼𝛼22�𝛼𝛼11 𝑔𝑔12

(0) + 𝛼𝛼12 𝑔𝑔22
(0)� =

1
2
∙
√3
2 +

√3
2 ∙

1
2 =

√3
2  

𝑔𝑔22
(1) = 𝛼𝛼21�𝛼𝛼21 𝑔𝑔11

(0) + 𝛼𝛼22 𝑔𝑔21
(0)�+ 𝛼𝛼22�𝛼𝛼21 𝑔𝑔12

(0) + 𝛼𝛼22 𝑔𝑔22
(0)� =

1
2
∙

1
2 +

√3
2 ∙

√3
2 = 1 

sabolood gamovTvaloT veqtoris sigrZe axal koordinatTa sistemaSi: 

|𝑎⃗𝑎|2 = 𝑔𝑔𝑖𝑖𝑖𝑖
(1)𝑎𝑎𝑗𝑗(1)𝑎𝑎𝑖𝑖(1)

= �𝑔𝑔11
(1)𝑎𝑎1(1) + 𝑔𝑔12

(1)𝑎𝑎2(1)�𝑎𝑎1(1) + +�𝑔𝑔21
(1)𝑎𝑎1(1) + 𝑔𝑔22

(1)𝑎𝑎2(1)�𝑎𝑎2(1) 

= �3√3− 4 − 3
√3
2 + 6� �3√3− 4� + + �

9
2
− 2√3− 3 + 4√3� �−3 + 4√3�

= 25 

anu 

|𝑎⃗𝑎| = 5, 

Sesabamisad, gamodis, rom veqtoris sigrZe da veqtorebis skalaruli 

namravli invariantulia anu ar icvleba koordinatebis gardaqmnisas. 

Tanac, Cven gamoviyeneT erTi da igive Tanafardoba (20) sxvadasxva 

koordinatTa sistemisaTvis, Tumca, winaswar gardavqmeniT metrikuli 

tenzori, igive ganzomilebaSi veqtorebis gardaqmnis (25) wesis 

Sesabamisad. 

rogorc vxedavT, Tu sivrcis Tvisebebi cnobilia, sirTules ar 

warmoadgens masSi gansazRvrul veqtorebze moqmedebebis Sesruleba 

iseTi formulebiT, romelTa saxe ar aris damokidebuli sivrcis 

formaze. Tanac, (20), (24) da (25) formulebi gvaZleven rogorc 

gamoTvlis algoriTms, aseve maTi komponentebis gardaqmnis saSualebebs. 

amis yvelafris safuZvelia swored tenzoruli midgomis gamoyeneba.  

mraval fizikur TeoriaSi, maT Soris, fardobiTobis zogad 

TeoriaSi, ganixileba gamrudebuli sivrce-dro da iq sxva midgoma 

sruliad araproduqtiulia. gamrudebul sivrce-droSi metrikuli 

tenzori moicema lokalurad, TiToeuli wertilisaTvis calke da Tu 
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SevecdebiT kvleva vawarmooT tenzorebis gareSe, miviRebT uaRresad 

rTul da praqtikulad gamouyenebad gantolebebs, zogjer ki saerTod 

ver miviRebT Sedegs. tenzoruli meTodi aseve gamoiyeneba gamoyenebiT 

sferoebSi, sadac saWiroa miviRoT gantolebebi, romlebic ar arian 

damokidebuli koordinatTa sistemaze. 
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