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ON THE OCCASION OF BORIS KHVEDELIDZE’S 100TH
BIRTHDAY ANNIVERSARY

This year we mark the centenary of Boris Khvedelidze, one of the brilliant
representatives of the Georgian mathematical school, outstanding scientist,
academician of the Georgian National Academy of Sciences.

Boris Khvedelidze was born on November 7, 1915 in the town of Chiatura
(Georgia). His father Vladimir Khvedelidze and mother Olga Berishvili were
doctors.

In 1931, upon graduation from the Thilisi pedagogical technical college he
worked in the fundamental library of the Georgian Polytechnical Institute
as librarian. In 1933, he continued his education at the faculty of physics
and mathematics of the Thilisi State University. During his studies at
this faculty he was deeply impressed by the lectures delivered by professors
Levan Gokieli, Archil Kharadze, Niko Muskhelishvili, Ilya Vekua and Levan
Magnaradze whom he always recalled with a great warmth.

Having graduated with honours from the University, in 1938 Boris Khve-
delidze was successfully enrolled in the post-graduate course at the Institute
of Mathematics of the Georgian branch of Academy of Sciences of the USSR.
His supervisor was Ilya Vekua. Under his guidance B. Khvedelidze set about
investigation of the Poincaré boundary value problem for the second order
differential equation of elliptic type. His first research work in this subject
has been presented by N. Muskhelishvili for publication in “Transactions of
the Academy of Sciences of the USSR”.
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The years of B. Khvedelidze’s post-graduate studies coincided with the
period when mathematical research work in Georgia were effectively devel-
oping. Under the N. Muskhelishvili’s supervision the seminar in the theory
of Cauchy integrals and their applications to the boundary value problems
of analytic and harmonic functions was working intensively. This seminar
has played an important role in the formation of many Georgian mathe-
maticians who have in the sequel carried out the well-known investigations
dealt with the boundary value problems of the function theory of a com-
plex variable and with singular integral equations. At one of the seminar
sessions the supervisor put the question on the extension of the known re-
sults obtained for the Riemann problem in a simply-connected domain to a
multiply connected domain. This problem was successfully solved by Boris
Khvedelidze.

In 1942 B. Khvedelidze defended his Candidate’s thesis. About the re-
sults obtained in this dissertation N. Muskhelishvili in his monograph “Sin-
gular Integral Equations” (M., 1968) wrote: “The first complete solution of
the problem
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has been given by B. Khvedelidze”. The results of this work and those
obtained by I. Vekua were applied in Holland to study mathematical prob-
lems arisen after the destructive flood in 1953. On the mathematical method
employed to this event, professor Dantzig at the International Congress of
Mathematicians in Amsterdam declared: “These methods have been dis-
cussed in detal at the Thilisi School under the supervision of N. Muskhel-
ishvili. For our aims, the results obtained by I. Vekua and B. Khvedelidze
are of particular importance”.

In 1957 B. Khvedelidze defended his Doctoral dissertation under the title
“Linear Boundary Value Problems of the Function Theory, Singular Inte-
gral Equations and Some Their Applications”. Its content is presented in
detail in his monograph under the same title (Proceedings of Thilisi A. Raz-
madze Mathematical Institute, vol. 23, 1956). In this work B. Khvedelidze
developed the method of Cauchy type integrals with density from LP(T),
p > 1 to solve that group of boundary value problems which he called dis-
continuous (i.e., the problems when an unknown function may have on the
boundary an infinite set of singularities). Towards this end, it was, first of
all, necessary to study the problem of continuity of the operator generated
by a singular Cauchy integral in Lebesgue spaces. In the case, where the
line of integration is a Lyapunov’s curve, he proved that the operator in the
weighted space LP(I", p), p > 1 is continuous when p is the power function
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Such a result for conjugate functions and Hilbert transformation (which
are the Cauchy singular operators for a circumference and a straight line,
respectively) was, for the first time, stated by Hardy and Littlewood. This
result in the case of general rectifiable curves has found wide applications
and, seemingly, therefore the above weighted function is frequently called
in literature as Khvedelidze’s weight.

Further, the method of Cauchy type integrals has been effectively used
by B. Khvedelidze for inversion of a singular integral and for solution of
boundary value problems of the theory of analytic functions. This is, first of
all, concerns with the problem of linear conjugation in Privalov’s statement,
that is, with the solution of the problem in the class of Cauchy type integrals
with density from LP(T"). He has achieved “essential progress in a class of
free terms of a boundary condition and in a class of admissible solutions”
(F. D. Gakhov, in: “Investigation of Modern Problems of the Theory of
Functions of a Complex Variable”, M., 1964, p. 361).

With the same success B. Khvedelidze studied singular integral equa-
tions with the Cauchy kernel in Lebesgue spaces. In his book “Singular
Integral Equations” (M., 1960, 404-405) N. Muskhelishvili writes: “At last
we note one more of the results of great interest from the point of view of
the questions dealt with in the present book”. B. Khvedelidze has shown
that singular integral equations considered in this chapter have the same
solutions in the class H*, as well as in classes LP(T"), p > 1.

The above-mentioned results obtained by B. Khvedelidze were later on
developed by him, his pupils and collaborators and also by many followers
beyond Georgia. A part of the results obtained in this direction have been
skillfully expounded in his paper “The Method of Cauchy Type Integrals
in Discontinuous Boundary Value Problems of the Theory of Holomorphic
Functions of One Complex Variable” (Modern Problems of Mathematics,
vol. 7, M., 1975, 5-162; English translation in: “J. Sov. Math.”, 7(1977),
309-414). This and the above-mentioned work published in “Proceedings of
A. Razmadze Mathematical Institute” are up to the present days the hand-
books of many specialists engaged in this area. It is difficult to find research
works in the boundary value problems of the function theory and singular
integral equations lack of references to the works of Boris Khvedelidze. Be-
sides numerous works in this subject, there are more than ten monographs.

In 1967 B. Khvedelidze was elected Corresponding Member and in 1983
Full Member of the Georgian Academy of Sciences.

In is not easy to list his vast scientific, pedagogical and public activity
he led for many dozens of years. From 1957 to 1986 he headed department
of Function Theory and Functional Analysis at A. Razmadze Mathematical
Institute, and from 1986 to the end of his life he was the head of organized
by his initiative department of the Methods of Complex Analysis.
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B. Khvedelidze was the head of Organizing Committee of the Georgian
Mathematical Society and repeatedly he was elected its Vice-President. For
many years he was at the head of the Chair of Higher Mathematics at Geor-
gian Polytechnical Institute. B. Khvedelidze made an important contribu-
tion to the formation of Abkhazian State University and Sukhumi branch
of the Thilisi State University, being one of the leading professors from the
day of its foundation.

Together with A. Kharadze, V. Chelidze and 1. Kartsivadze, he was the
author of the course in mathematical analysis in Georgian language which
has played an important role in formation of many generations of Geor-
gian mathematicians. It is no less important to mention B. Khvedelidze’s
remarkable human gualities-tenderness, benevolence, willingness to render
assistance. B. Khvedelide was always strong-willed, with fortitude he en-
dured vital confusions. In the years of Soviet repressions his family was
deported to the South Kazakhstan (his nephew after the war has stayed in
France). For a year and a half he was a teacher at zooveterinary technical
school in the town of Kaplanbec. Thanks to his friends, who supplied him
with the needed literature, he was able to continue scientific work even in
exile. With a great gratitude he recalled the fact that his own library gifted
by him before exile to the Thilisi State University has been given him back
after exile.

It should be noted that in days when scientific circles mark Boris Khvede-
lidze’s centenary, officials of A. Razmadze Mathematical Institute inten-
sively continue research work in new aspects of boundary value problems
of the function theory, theory of operators and singular integral equations.
Recently, several monographs in this direction have been published by the
research workers of the institute.

Boris Khvedelidze passed away on March 27, 1993.

His name once again reminds us of his veritable professionalism, rear
pedagogical talent, devotion to his people and work.

Blessed memory on the well-known scientist and wonderful person will
for a long time remain in the hearts.

V. Kokilashvili and V. Paatashvili
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LisT OF PUBLICATIONS OF B. KHVEDELIDZE

(1) MONOGRAPHS AND MEMOIRS

. Linear discontinuous boundary problems in the theory of functions, singular integral

equations and some of their applications. (Russian) Akad. Nauk Gruzin. SSR. Trudy
Tbiliss. Mat. Inst. Razmadze 23 (1956), 3-158.

. The method of Cauchy type integrals in discontinuous boundary value problems

of the theory of holomorphic functions of a complex variable. (Russian) Current
problems in mathematics, Vol. 7 (Russian), pp. 5-162 (errata insert). Akad. Nauk
SSSR Vsesojuz. Inst. Nauchn. i Tehn. Informacii, Moscow, 1975.

(11) PAPERS

. On the Poincare boundary value problem of the logarithmic potential theory. (Rus-

sian) Dokl. Akad. Nauk SSSR 30 (1941), No. 3.

. On the Poincare boundary value problem of the logarithmic potential theory for

multi-connected domains. (Russian) Soobshch. Akad. Nauk Gzuz. SSR 2 (1941),
No. 7, 571-578.

. On the Poincare boundary value problem of the logarithmic potential theory. Second

announcement. (Russian) Soobshch. Akad. Nauk Gzuz. SSR 2 (1941), No. 10.

. Solution of one boundary value problem of the Newton potential theory by the

method of Acad. N. I. Muskhelishvili. (Russian) Trudy Tbiliss. Gos. Univ. 23 (1942),
65-177.

. On one Riemann linear boundary value problem for a system of analytic functions.

(Russian) Soobshch. Akad. Nauk Gruz. SSR 4 (1943), No. 4, 289-296.

. Poincare problem for the second order linear differential equation of elliptic type.

(Russian) Trudy Tbiliss. Gos. Univ. 12 (1943).

. Some properties of improper integrals in the sense of the Cauchy—Lebesgue principal

value. (Russian) Soobshcheniya Akad. Nauk Gruzin. SSR 8 (1947), 283-290.
Singular integral equations in improper Cauchy—Lebesgue integrals. (Russian) Soob-
shch. Akad. Nauk Gruz. SSR 8 (1947), No. 7, 424-434.

On an inversion formula (with I. N. Kartsivadze). (Russian) Soobshch. Akad. Nauk
Gruz. SSR 10 (1949), 587-591.

On Riemann’s problem in the theory of analytic functions and singular integral
equations with kernels of Cauchy type. (Russian) Soobshch. Akad. Nauk Gruz. SSR
12 (1951), 69-76.

On the problem of linear conjunction in the theory of analytic functions. (Russian)
Dokl. Akad. Nauk SSSR (N.S.) 76 (1951), 177-180.

On linear singular integral equations with a singular kernel of Cauchy type. (Rus-
sian) Dokl. Akad. Nauk SSSR(N.S.) 76 (1951), 367-370.

On an integral of Cauchy type (with I. N. Kartsivadze). (Georgian) Akad. Nauk
Gruzin. SSR. Trudy Tbiliss. Mat. Inst. Razmadze 20 (1954), 211-244.

On a class of singular integral equations with kernels of Cauchy type. (Russian)
Soobshch. Akad. nauk Gruz. SSR 15 (1954), 401-405.

Some composition formulas for singular integrals and their applications to the in-
version of a Cauchy-type integral. (Russian) Soobshch. Akad. Nauk Gruz. SSR 16
(1956), 81-88.

On the Riemann—Privalov problem in the theory of analytic functions. (Russian)
Uspekhi Mat. Nauk (N.S.) 10 (1955), no. 3(65), 165-171.

On a discontinuous problem of Riemann—Privalov in the theory of analytic functions.
(Russian) Dokl. Akad. Nauk SSSR (N.S.) 102 (1955), 1081-1084.



20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

BORIS KHVEDELIDZE’S 100TH BIRTHDAY ANNIVERSARY

On the discontinuous boundary problem of Riemann—Privalov with coefficients hav-
ing critical pointss. (Russian) Dokl. Akad. Nauk SSSR (N.S.) 111 (1956), 40-43.
Singular integral equations with Cauchy kernels in the class of functions that possess
weighted sums. (Russian) Dokl. Akad. Nauk SSSR (N.S.) 111 (1956), 304-307.
On the discontinuous problem of Riemann—Privalov for several unknown functions.
(Russian) Soobshch. Akad. Nauk Gruz. SSR 17 (1956), 865-872.

On singular integral equations with Cauchy type kernels in a class of summable with
weight functions. (Russian) Trudy 3-go Vsesojuzn. S’ezda I (1956).

On systems of singular integral equations with Cauchy kernels. (Russian) Soobshch.
Akad. Nauk Gruz. SSR 18 (1957), No. 2, 129-136.

A remark on my work “Linear discontinuous boundary problems in the theory of
functions, singular integral equations and some of their applications”. (Russian)
Soobshch. Akad. Nauk Gruz. SSR 21 (1958), 129-130.

On the Riemann—Privalov problem with continous coefficients (with G. F. Man-
javidze). (Russian) Dokl. Akad. Nauk SSSR 123(1958), 791-796 .

The discontinuous Riemann—Privalov problem with given displacement. (Russian)
Soobshch. Akad. Nauk Gruz. SSR 21 (1958), 3850-389.

Regularization problem in the theory of integral equations with Cauchy kernel.
(Russian) Dokl. Akad. Nauk SSSR 140 (1961), 66—68.

Some notes to the theory of singular equations with a Cauchy type kernel (with
D. F. Kharazov). (Russian) Soobshch. Akad. Nauk Gruz. SSR 28 (1962), 129-135.
The Riemann—Privalov boundary-value problem with a piecewise continuous coeffi-
cient. (Russian) Gruzin. Politehn. Inst. Trudy 1962 (1962), No. 1 (81), 11-29.

A problem for the linear conjugate and singular integral equations with Cauchy
kernel with continuous coefficients (with G. F. Manjavidze). (Russian) Akad. Nauk
Gruzin. SSR Trudy Tbiliss. Mat. Inst. Razmadze 28 (1962), 85-105.

Integrals of Cauchy type and boundary value problems of linear conjugacy. (Rus-
sian) Collection of articles dedicated to the memory of the Balkan mathematicians
Constantin Carathéodory, Josip Plemelj, Dimitrie Pompeiu and Gheorghe Titeica
in connection with the first centenary of their birth (Proc. Internat. Conf. Integral,
Differential and Functional Equations (Bled, 1973) in connection with the first
centenary of the birth of Josip Plemelj) 3 (1973), 134-144.

A certain singular integral operator (with E. G. Gordadze). (Russian) Soobshch.
Akad. Nauk Gruz. SSR 71 (1973), No. 1, 33-36.

A Cauchyjevih integralih in o robnih nalogah linearnega kanjugiranja. (Yugoslavia)
Obzornik za Math. in fiz., Ljubljana 20 (1973), No. 5.

Singular integral operators, and the regularization problem (with E. G. Gordadze).
(Russian) Collection of articles on the theory of functions, Vol. 7. Sakharth. SSR
Mecn. Akad. Math. Inst. Srom. 53 (1976), 15-37.

On singular integral operators (with E. G. Gordadze). Function theoretic methods
in differential equations, pp. 132—157. Res. Notes in Math., No. 8, Pitman, London,
1976.

The problem of linear conjugacy and of characteristic singular integral equations.
(Russian) Complex analysis and its applications (Russian), pp. 577-585, 671,
Nauka, Moscow, 1978.

A discontinuous problem of linear conjugation with a piecewise-continuous coeffi-
cient. (Russian) Soobshch. Akad. Nauk Gruz. SSR 97 (1980), No. 3, 529-532.

A discontinuous boundary value problem of linear conjugacy with piecewise-
continuous coefficient (with E. V. Ishchenko). (Russian) Trudy Tbiliss. Mat. Inst.
Razmadze Akad. Nauk Gruzin. SSR 69 (1982), 108-128.
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TEXTBOOKS

Course of Mathematical analysis, I (with A. K. Kharadze, V. G. Chelidze and I. N.
Kartsivadze). (Georgian) Izd-vo Tbiliss. Univ., Tbilisi, 1963.

Course of Mathematical analysis, II (with A. K. Kharadze, V. G. Chelidze and I.
N. Kartsivadze). (Georgian) Izd-vo Tbiliss. Univ., Tbilisi, 1968.

OTHER PUBLICATIONS

Boundary value problems of the theory of analytic functions of a complex vari-
able (with F. D. Gakhov). (Russian) in: Mathematics in the USSR over 40 years:
1917-1957, vol. 1, 498-510; Fizmatgiz, Moscow, 1959.

Boundary properties and boundary value problems (with A. G. Jvarsheishvili). His-
tory of our mathematics 4 (1970), Book I, 211-253.

One-dimensional singular integral equations (with G. F. Manjavidze). History of
our mathematics 4 (1970), Book I, 774-785.

Some classes of integral equations (with G. F. Manjavidze). History of our mathe-
matics 4 (1970), Book I, 797-799.

David Fomich Kharazov (with G. Ja. Areshkin, V. P. I'in, B. V.; Chogoshvili, G.
S. David Fomich Harazov). Uspekhi Mat. Nauk 30 (1975), No. 6(186), 153-157 (1
plate).

Fedor Dmitrievich Gakhov (on the occasion of his seventieth birthday) (with G. S.
Litvinchuk, L. G. Mihailov, Ju. I. Cherskif). Unpekhi Mat. Nauk 31 (1976), No. 4,
289-297. (1 plate).

Nikolai Ivanovich Muskhelishvili (with A. V. Bitsadze). Ser. “Georgian Mathemati-
cians”, 1980.

Fedor Dmitrievich Gahov (with N. P. Vekua, G. S. Litvinchuk, S. M. Nikol’skii, V.
S. Rogozin, S. G. Samko, I. B. Simonenko, Ju. I. Cherskif). (Russian) Uspekhi Mat.
Nauk 36 (1981), no. 1(217), 193-194.

Integral equations (with M. I. Imanaliev, T. G. Gegeliya, A. A. Babaev, A. I. Bo-
tashev). (Russian) Differentsial’nye Uravneniya 18 (1982), no. 12, 2050-2069.
Kalandia Apollon Iosifovich (with A. V. Bitsadze, N. P. Vekua, A. Yu. Ishlinskif, L.
1. Sedov). Uspekhi Mat. Nauk 37 (1982), No. 2, 175-178.

Il’ya Nestorovich Vekua (a brief survey of his scientific and social activity). (Russian)
Trudy Tbiliss. Univ. 232/233 (1982), 6-22.

A survey on I. N. Muskhelishvili’s scientific heritage (with G. F. Manjavidze). Acad.
Sciences of Georgian Republic, A. Razmadze Math. Inst., Tbilisi, 1991, 1-45.

ARTICLES IN MATHEMATICAL ENCYCLOPAEDIA
(IzD-vO “SOVETSKAJA ENSIKLOPEDIA”)

Hilbert transforms. Vol. I, 1977.

Hilbert theory of integral equations. Vol. II, 1979.
Integral equation. Vol. II, 1979.

Integral equation with a singular kernel. Vol. IT, 1979.
Integral equation of convolution type. Vol. II, 1979.
Integral operator. Vol. II, 1979.

Neumann series. Vol. III, 1982.

Nekrasova Integral equation. Vol. III, 1982.
Nonlinear integral equation. Vol. III, 1982.
Noetherian integral equation. Vol. III, 1982.
Non-Fredholm integral equation. Vol. III, 1982.
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ON ONE NONLINEAR ANALOGUE OF THE DARBOUX
PROBLEM

R. BITSADZE AND M. MENTESHASHVILI

Abstract. For one nonlinear oscillation equation, we consider a
problem which is a nonlinear analogue of the Darboux problem
and consists in the simultaneous determination of a regular so-
lution and its domain of definition. The question of solvability
of the formulated problem is solved by the method of charac-
teristics.
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25bbomamo sImz560l 58mblbsmdols 3Gmdmgds dowsd@omos
dsbabiosmgdgmmms Jgmnmpoom.

As is known, the carrier of the initial characteristic Darboux problem
for linear equations consists of two curves drawn from the common point
of these curves [1]. One of these curves is characteristic, and the other has
nowhere characteristic direction.

The characteristics of linear hyperbolic equations are completely defined
by means of principal coefficients. In nonlinear cases these coefficients al-
ready depend on a sought solution and its lower derivatives. Since the
characteristics, too, depend on them, the linear formulation of a Darboux
characteristic problem cannot be automatically extended to the case of non-
linear equations which are of particular interest from the standpoint of
application [2]. Therefore the formulations of Darboux problems for such
equations should be revised with regard for general characteristic invariants
[BJ-{7].

In this paper, an attempt is made to formulate correctly a partially char-
acteristic problem for a quasilinear equation, which arises when studying
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nonlinear oscillations
2/ 4 — _
27 (Uy Uz — Uyy) = cun,,, €= const. (1)

The particular case of equation (1) for the purpose of outfitting warships
by order of Pentagon has been investigated in [8], [9]. The general solution
of the equation has been constructed for ¢ = 0.

Equation (1) is interesting by the degeneracy of its order and, perhaps,
by the hyperbolicity, too. The former is completely defined and occurs on
the coordinate axis. The parabolic degeneracy [10] depends on the behavior
of the derivative u, of an unknown solution u(z,y). Hence the set of points
of this degeneracy is not a priori prescribed in this case and has to be defined
simultaneously with a solution.

Since the set of points of parabolic degeneracy and the characteristics
are not defined by the equation, they have to be defined by the conditions
of the problem. For this we need all characteristic rules of equation (1).

The characteristic roots of equation (1)

—2
Y

y )\2:_’“

)\1 =Uu
provide differential relations of characteristic directions
ufjdy —dx =0, ufldy +dx = 0. (2)

If, taking into account (2), we consider equation (1), we come to the
differential characteristic relations

mQu;l dug, — mQui duy — cu;‘;u dx =0, xng dug + xQuZ duy — cugu dr = 0.
The following theorem [11] is true.

Theorem 1. Assuming ¢ > —i , each of the characteristic systems of

equation (1) admits exactly two first integrals, and they are represented
explicitly as

{g = (u;l + Uy )z — auz®L, 3)

&= (u;l + g )t T — (1 — Q)uz ™,
for the family of the root A1, and as

n=(uy' —ug)z® + auz® !,
' 4
m=(uyt —up)z' ™+ (1 —a)uz™®, a= (1+Vic+1), @

N —

for the family of the root As.

By virtue of these two pairs of first integrals (£, £1) and (1,71 ), which are
actually characteristic invariants, it follows that in the class of hyperbolic
solutions we can construct two intermediate integrals

&1=¢'(&), m=1¢'(n)
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of equation (1) [12]. In these integrals, ¢, ¢ are arbitrary smooth functions
such that they ensure the differentiability of the sought solution up to the
second order.

Theorem 2. If ¢,) € C3(R), then equation (1) is equivalent to the
triple of the following relations [11]

e (M)f (5)

§+n
V= g €+ M0 = ©) +2(6(0) — ()] (6)
_ 1 P&+ U ()T o () Y () T
u-1_2a |:£< 41 ) 90(5)( 7 ) } (7)

To relations (5)—(7) we come from equation (1) without any additional
conditions. By removing arbitrary parameters ¢, 1, from these relations
we return to equation (1). Hence this triple of relations can be taken as
a general integral of equation (1), and the invariants &, n as characteristic
variables.

However, the above-constructed general integral (5)—(7) does not define
in any way at least one characteristic of either of the families in order to
take it as a data carrier of a mixed characteristic problem. Hence we have
to choose such a characteristic arbitrarily, at our discretion. Suppose it is
some arc -y given in explicit form

v:iy=g(x), 0<a<z<b geC*R). (8)

The function g is assumed to be strictly monotonic, and the arc v to be
ascending. Without loss of generality, it can be assumed that

gla) =0.

Let the function h given on some segment [a, d] be twice continuously dif-
ferentiable and contracting this segment to the segment [a, b]. It is assumed
that h satisfies the conditions

h(a) =a, h(d)=b, k' <0.

The Problem. Find a regular hyperbolic solution u(z,y) of equation
(1) and define simultaneously its domain of definition if along this solution
the curve v is characteristic, the solution itself satisfies the conditions

u(a,0) = p, uz(a,0) =20, (9)

and each pair of points (z,0), (h(z),g(h(x))) connected with the mapping
of h belongs to the respective general characteristic of the family of the
root As.
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According to the formulation of the problem, the curve v is actually
attributed to the family of characteristics of the root A;. This is equivalent
to the equality

J' (@) = u,* (2, g(x)). (10)
Thus we can define two variants of values of the derivative u, along the
curve :
1 (1)
Uy = —F——.
Ve (@)

Of them we choose the arithmetic value of the root. The reasoning for
the other root is analogous. To solve the problem, along with (11) we also
need to define on the arc v the values of a solution u and its derivative u,.
To this end, we have to use the characteristic invariants &, £&; of the family
A1. The values of u and u, at the initial point (a,0) of the curve v are
known. Using (9), (11), we calculate the characteristic invariants &, &; at
the point (a,0) for which we introduce the notation

&l = (V@) +0)a” = apa®~" = [€a,
51|(a,o) = (M+ 0)a' =" — (1 — a)ua™ = [&]a-

Since the characteristic invariants &, £&; take constant values along v, we
have

(12)

[(u;l + ug)z® — auz® ] ‘ = [¢]a,

[€1]a-

(g + u)e™ — (1 — a)ua®] ‘7 _

Considering these two relations as a system relative to u and u,, we
define their values on v as follows:

ul, = ! [xl_a[g]a_[fl]axa},

T2 -«
11—« —a «
2T g et 1—2a

Thus we have succeeded in defining the values of the sought solution and
its first order derivatives all over the characteristic v. Using these values, we
can define the solution and its first order derivatives outside v and establish
the limits of their propagation.

To define the values of u(z,0), u,(x,0) and u,(z,0), from an arbitrary
point P(z,0), a < x < d, we draw the characteristic ' of the family of the
root Ag, which by the conditions of problem (1), (9) intersects the charac-
teristic v at the point N(h(x),g(h(z))). The invariants n and 7; must be
constant along the characteristic T'.

uz| [E1]az® ' = Vg (2).
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Since the values of the invariants 7, n; at the point IV

Ny =2V g (h(x)) h*(z) —
m|y =2V (W) h'~*(x) = [&1]a,

remain unchanged all over the characteristic T', the point (x,0) inclusive,
the equalities

n(x,0) =n|y, m(z,0) =m|,
will be fulfilled. These invariants can be written in the explicit form

(1] —( (CU 0) Ug(x,0 )x + au(x 0)x® -1 _

)

= 2/g'(h(@)) h(z) — (13)
) a—
(

(e =(uy, (2, 0) Ug (2,0 )x + (1 = a)u(z,0)z”
=2/g'(h(x)) h*~*(x) — [¢1]a- (14)

We take these equalities as a linear algebraic system and define the sought
solution at an arbitrary point (x,0) of the segment [a, d]

S VIR (A ()~ — e (a)a) -

- o Elaat o (15)

u(z,0) =

—x

This is quite sufficient in order to define at the same points the first order
derivatives uy(z,0) and u,(z,0) of the sought solution u. The derivative u,
is obtained by direct differentiation of (15)

1 g"(h(x)) - I'(x)
2a =1 /g (h(z))

7 (h(@)) (ahafl(x)h’(z)xlfa (1 - a)h(z)z——

Ug(z,0) = (h*(z)z' ™ = K= (z)z*)+

+ 20— 1
— (1= a)h~ (@) (z)z* — ahlfa(x)xafl) -

l—«
20 — 1

[Slaz™ + 5 [Elaa* (16)
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The other derivative wu, is defined by substituting (15), (16) into (13) or
(14)

Uy (z,0) = {2 '22/(?(1:6)) {(a — Dh¥(x)z™ + (1 — a)h ™ *(z)z>  +

1
X
20— 1

+ o @) (@)2' " — (1= )b~ @) ()a”] +

l—«

i 9(h(z)) - h(x) (h* (@)= = ' (x)2*) + 20 — 1 [g]axa} -

g'(h(z))

Because of the nonlinearity of equation (1) and depending on the u,(z, 0),
uy(z,0), the segment [a, d] may turn out to be the characteristic of either
of the families. This is the cause for which the problem under consideration
may be ill-posed or even unsolvable.

In order to avoid transformation of the segment [a, d] to the characteristic,
we should find the conditions ensuring an a priori estimate

0 < |uy(z,0)| < .

It is understood that these conditions should be expressed in terms g, h.

The above estimate excludes for y = 0 not only the characteristic direc-
tion of the carrier, but also the parabolic degeneracy of equation (1).

The assumptions h € C1(J), g € C*(I), J = (a,d), I = (a,b) ensure the
fulfillment of the condition

uy(x,0) #0, z€J

and the existence of minimal and maximal values of the functions g, 19"
on I and of |h| on J. We denote by n the smallest of minimal values and
by N the largest of maximal values. We obtain the estimate

luy(z,0)| < 400, ze€J

if one of the following conditions

2 (o= 1)(§) ~@-(5)" =a(3) N -ta-n () "] -

a a a
2
- % (d*a*™* —d'"*a®) — (a — 1)[¢]qa® >0, (18)

is fulfilled, where the value [£], is given by formula (12), and a > 1;

N2
VN n.(1+sgnn.) + V. (1 —sgnn.) + 7 (d*a'~* —d'"""a") -

— (a — 1)5[(1] (aa 1+ Sgn[g](l +de 1- Sgn[ﬂa) < 07 (19)
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ne= (D) —@1)(2)" a(H) nte-(4)n, a>1,
d"(x) <0, z€l, a=1; (20)

g'(x) >0, —2n* + N*(d—a) <0, z€1, a=1; (21)
N2
\/Nn*(l*sgnn*)+\/ﬁn*(1+sgnn*)*%(d*aH

+(1 — a)g{a] [aoz 1+ Sgn[g]a Ny 1- Sgn[ﬂa} >0, (22)

oo 005 o) e
+(1 —a)(%)an, % <a<l;

2
n
nov/n (1 —sgnno) + 1oV N (1 + sgn) + %(d —a)+

+ (1 _ Oé)[ﬂa<da 1+ Sgn[ﬂa +a® 1- Sgn[ﬂa) < 0, (23)

w0 (§) e a-a(?) " af)
+(1— a)(%)aN, % <a<l.

Let (p,0) and (o, 0) be arbitrarily chosen points from the segment [a, d].

Using the values of u(o, 0), uz(0,0), uy(c,0), we define the constants [{],,
[€1]5, Whose values must coincide with the invariants &, & on the unknown
yet characteristic I'; of the family of the root A\; drawn from the point
A(o,0). Assume that this characteristic is given by the formula y = m(x),
where the function m is to be defined. Then on this curve, we have

€lp, = (1 m(@)) o m(@) 2™ — oue,m(z)e " = [y, (24)
fl|Fl = (uy " (z,m(2)) + ug(z,m(x)))x'

—(1 = Ju(z, m(x))z"" = [&1]o, (25)

[g]a — §|A — M [(oz _ l)ho‘(a) + (1 _ oz)hlfo‘(a)amfl—

— ah® o)k (o)t — (1 — a)h—a(o—)h'(a)aﬂ +

2 g"(ho))h'(0)
2a—1 g'(h(o))

(h*(0)o — hl_o‘02o‘) +
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2 — 2«

51 (€0 = 21/ (h(0)) h*(0) + [€a,

Avgihia)) 2?):(?(10)) [(a —Dh%0)o " + (1 — a)h! ™ (o)o?* 2+

+ ah® Y o) (o) — (1 — a)h*a(a)h/(a)azaflh
2 g"(h(o))l' (o)
200 —1 g'(h(o))

2 -2« o ——

In an absolutely analogous manner we define the invariants n, 1, on the
characteristic I'y of the other family drawn from the point B(p,0). Assume
that this characteristic is given by the equation y = ¢(x), where £ is an
unknown yet function. Thus we have

n|F2 = (Uil(x,é(ﬂc)) - Ux(lf,f(x)))xa + au(z, l(z))z* ! = 1], (26)
771’1“2 = (u;l(x,ﬁ(x)) - Uz(a?,f(x)))xl_"+
+(]. - a)u(m,é(x))x*a = [771]m (27)

[51]0 = £1|A =

(ha(U) o hlfa(o_)o_2a71)_’_

where
], = 2v/9' (h(p)) R*(p) — [{]as
[mlo = 2v/g'(h(p)) B ~*(p) — [€1]a-

At the intersection point (z1,y1) of these characteristics, if such a point
exists, conditions (24)—(27) and ¢(x1) = m(x1) must be fulfilled simultane-
ously. Therefore in the left-hand parts of (24), (25) we can replace m(x)
by £(z1). As a result, we obtain the following system for defining the values
of x, u, ug, u, at the point C(x1, (x1))

(u;l(xl,ﬂ(xl)) + ur(:cl,f(xl)))x? —au(xy,0(x1) (1"_1: [€]o, (28)
(uy (@1, (21)) + ug (@1, L(@1))) o™ = (1 = @)u(z, (z1))ay “ =[]y, (29)
(u;l(xl,f(xl)) — ug (21, E(xl)))m? + au(zy, O(z1)) xSt (30)
(uy (21, U(1)) = ug (@1, €(21))) 21" + (1 — a)u(wy, L(a1)) ] =[m],. (31)

Taking these equalities as a linear algebraic system, we define the values
of the abscissa x; of the intersection point C' of the characteristics I'y and
I, and also of the sought solution u(z1,£(x1)) together with its first order
derivatives ug(x1, 4(x1)) and uy(x1, £(x1)).

So far p, o have been chosen arbitrarily on the segment [a,d] and it
has been through them that we have defined the coordinates (x1,y1) of
the intersection point of the characteristics. Now, if we assume that they
run through this segment, we obtain the set of intersection points of the
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characteristics drawn from all possible pairs of points (p,0), (c,0). That is
why in the notations of solutions of the algebraic system (28)—(31) we omit
the indexes

= X(p, O')’ (32)
U= U(pv U)a (33)
u, = P(p,0), (34)
u, = Q(p, o), (35)
where
[€lo + [W]p 7a-1
X0 (v l,)
. 1 [5}0 + [n]p a1 [5]0 + [77]p 2a—1
e (G ) 8=l () J
[€lo + 0], \"=1y 1
P (e mh,) (5o o
1 o [€lo + ], \#o=r
“3ll) - 75 El]"(ﬁ) ’
[€]o + 0], 2T -1
Q(p,o) :Q(M) (IElo + [l,) -

To describe the structure of this set of points, we must express the ordi-
nate y as a function of arguments p, o, in the same way as all other were
represented by formulas (32)—(35). To construct the function y = Y (p, o),
we need the explicit representations of X and ) in the form

X(p,0) = {4W [(a —1)h%(0) + (1 — a)hl=%(0)o2 1=

—ah® Y)W (o)t — (1 — a)h_a(o)h/(a)UM] +
2 —2a

2 G OHC) (o) ooy
20 — 1

20—1 /g (h(0) [€lac™ -

1

~2/g (h(0)) h°(0) + 2/ (hi(p)) h° <p>} x
><{4 TN [0 - 14 (0) + (1 )=o) -

—ah* L (o) ()0~ — (1= )b~ (o) ()0 |+

2 -2«
200 — 1

2 g DO (0 1oy 1

2a=1" /g (ho) S
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1

~2¢/g'(h(0)) h' (o) + 2vg’(h(p))h1_°‘(,0)} _ a’ (36)

Qlp.0) = 2{4 VIO [0~ 1) () + (1~ )=o) -

—ah® Y)W (o)t — (1 — a)h*a(a)h'(a)aﬂ n

2 GO o ieag ey, 2o 20
a1y (1@ = H 0™ £ 5

—2\/9’(/1(0))}1“(0)+2\/9’(h(0))h0‘(ﬂ)} x
X{4\/ g/(h(U)) [(a o ].)ha(O') + (1 _ a)hlfa(o_)(T?afli

200 — 1

[f]a020¢_

—ah® Y (o) (0)o O — (1 — a)h*a(a)h’(a)aﬂ +

2 -2« 2%

[f]ad -

2 g"(h(o))W' (o) ;o 1-a o
. 7o) (h (c)o —h (0')0—2 ) P

—21/g/(h(0)) B =%(0) + 2/ (h(p)) hla(ﬂ)} o

{W (=1 (@)0 ™ + (1 — )t ()2

+ah® (@) (0) = (1= )b~ (o) (#)0* ]+

2 g'(h(o)W (o) 1o l—a y 2a-1y , 2= 20
2 — 1 ' g’(h(o)) (h’ (U) —h (U)O ) + 2% — 1

~2¢/g'(h(0)) h' (o) + 2\/9’(h(p))h“(/))} : (37)

To define the function m, the equation of the characteristic I'; is formally
written in the form

y = m(z) = m[X (p,3)] = M(p, ),

where the little line over the letter means this value is constant. The direc-
tion of this characteristic is defined by the root A; or, in other words, by
the values of the derivative u, = Q(@, p). Therefore we have

dm(X(p,7)) _ dm(X(p,5)) 1
dX(p,7) X, (p,o)dp  Q*(p,7)

[5]110-2(1_1_
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or, which is the same,

dM(p,5) _ X,(p,7)
dp  Q*p,3)’ 38)

Hence by integration we obtain

[ XUt
B J Q2(t,7)

where the value M (a,@) is unknown yet.

By an analogous reasoning, using the notation y = {(z) = ([ X (p,0)] =
L(p, o) and taking into account the direction of the characteristic I'y defined
by the root Ay, we obtain

M(p,7)

dt + M(a,7), p € la,d],

AL(p.0) __X.(p.0)

do Q*(p,0)

and ,
o X (P, 2) _
L(p,0) = /WderL(p, a), o€ la,d,

where L(p,a) is not known either and has to be defined.
To define the unknown values, note that L(p, a) is the value of L at the
intersection point of the characteristics v and I'y. Therefore

L(p,a) = g(h(p)),
and

Xel@:2) 1o 1 y(ha)),

M(a,5) = L(a,7) = Q2(a2)

where g(h(a)) = g(a) = 0.
In defining the characteristics of the families of the roots A1 and Ay, the
functions M(p,7) and L(p, o) are given by the equalities

p v
_ X/ (t,7) X.(a,2)
M = DO St — | 2270
o= [ Gan - | Gt (39
with an argument p € [a,d] and a parameter & € [a, d], and
_ [ X.(p.2) _
L ,0) = — zf dZ + h 5 40
(p,0) 2(5.2) 9(h(p)) (40)

with a variable o € [a,d] and a parameter p € [a, d].
Thus the integral of problem (1), (9) is given by formulas (32), (33) and

y=Y(p,0), (41)
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where

[ X,
Y(p,0) = G/QQ(p’Z)d + g(h(p)),

and the variables p, o € [a, d].

The domain of definition D of the solution of problem (1), (9) is com-
pletely defined by relations (32), (41), where expressions of z, y depend on
p, 0. The values of these functions are treated as the current coordinates
describing the domain D.

The domain of definition of the solution of the problem under consider-
ation is bounded by four characteristics. The first of them which is an arch
of the curve + is given by the condition of the problem. The other charac-
teristics are represented parametrically. In our representations we take as
parameters the values p, o of the abscissa of the intersection points through
which these characteristics pass:

I's: 2=X(d,0), y=L(d,o), (42)
)

Fy: :X(pvd)a y:M(pad )
I's: z=X(a,0), y=L(a,o0), (44)
where the functions X, M, L are given by (36), (39), (40).

Such is the structure of the domain of definition of the solution of the
problem when the values of the derivative u, on the arc v in formula (11)
are defined by the positive root. The domain has the same kind of structure
when the root in (11) is negative. The latter case is investigated by analogy
with the preceding case.

Thus the following theorem is valid.

Theorem 3. If along the curve v it occurs that u, > 0, then under the
conditions (18)—(23) there exists the solution of problem (1), (9) given by
the formulas (32), (33), (41). The domain D of the solution is bounded by
the arcs of characteristic curves (8), (42), (43) and (44).

The case u, > 0 along the curve 7 can be studied in a similar way.
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OPTIMIZATION OF A STATE FINANCING MODEL OF
VOCATIONAL COLLEGES

R. CHARTOLANI, N. DURGLISHVILI AND Z. KVATADZE

Abstract. The paper presents the results of the quantitative
sociological research. The basic factors which essentially deter-
mine the attitude of students to vocational education are iden-
tified and analyzed, which on its part is one of the important
prerequisites for the formation of a rating system of vocational
colleges and for the optimization of the model of their financial
support by the state.
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Post-Soviet Georgia is faced with complex and multivariate challenges of
modernization. In the process of integration into the modern democratic
world and formation of an independent state one of the most urgent tasks is
to make the education system match the up-to-date international standards.
Proceeding from the fact that the reform of the education system takes place
against the background of acute economic problems, it is very important to
use such methods that are directed not to additional investments but to an
optimal distribution of the existing resources, which will make it possible
to get a maximal effect at minimal expenditures.

Resolution of the Government of Georgia, No. 244 [1] dated September
19, 1913 (On the Determination of the Order and Terms of the Financing
of Vocational Education and Confirmation of a Maximal Payment for the
Study in Vocational Education Programs) established the rules and terms
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Key words and phrases. Factor, Vocational education college, optimization, state fi-
nancing model.
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of a financial support given by the Government to the vocational education
in Georgia.

According to these rules, every student receives—according to his profes-
sion—a voucher of financial support that exceeds a minimal payment amount
needed for his training. As a result, after students finish their training
course, a certain amount of money (“surplus”) remains in the possession of
the college which the latter can spend at its discretion for the purpose of
development of the training process. If the students of the college under in-
vestigation are regarded as a united set, then their financial “surplus” at the
current moment of time is “scattered” as a non-uniform amount among var-
ious educational institutions—so, there does not exist a unified mechanism
of surplus calculation and expenditure.

The training of a student in one and the same profession in various col-
leges may involve different cost sums and, accordingly, the surplus amount
that remains can be different. Moreover, there does not exist a monitoring
mechanism by means of which we could evaluate how effectively the optimal
sum was spent. It is not excluded that a minimal expenditure will nega-
tively affect the quality of training or a maximal expenditure does not at all
mean a better quality of training. Therefore, based only on the expenditure
and surplus amounts, no conclusion can be made as to how purposefully
the state resource was spent, i.e. to what an extent each college acquires
a “free” surplus according to its individual rule and ensures, also according
to its individual rule, a rise in the competitiveness of a graduate student at
the job market.

We have to deal with yet another problematic fact that the surplus of
each college and the sum of surpluses of the same college are qualitatively
different sums: in individual colleges this surplus cannot produce any sig-
nificant influence on the resolution of their own problems (this especially
concerns a college with a minimal budget), whereas the concentration and
purposeful resolution enables a college to solve important and large-scale
problems.

The purpose of the statistical survey results presented in the present
paper is to make a contribution to the optimization of the process of financ-
ing vocational college students by the state, namely: to contribute to the
elaboration of an optimal model of surplus distribution and monitoring.

To accomplish this aim, it is necessary, on the one hand, to carry out
an analysis of the needs of vocational colleges and, on the other hand, to
range the existing colleges, i.e. to work out the national rating system, on
the basis of which a model of concentration and maximally effective use of
surpluses can be elaborated.

In the initial stage, to solve the above-mentioned problems we used the
method of quantitative sociological investigation to identify those basic
factors which essentially determine the attitude of students to vocational
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training, which, on its part, is one of the most important components of
vocational training estimation.

The general parameters of the research are as follows: a general set
consisting of students of the existing state-founded vocational colleges in
Georgia and the selected quantity of students equal to 1036. In selecting
students, a simple random method was used. The method of questioning is
a face-to-face interview. An average interviewing time is 40-50 minutes.

The investigation techniques were prepared on the basis of consultations
with education and professional experts by using the approved measurement
methods. Field work was carried out observing the ethics investigation
standards (see [2-6]). Data analysis was carried out by the methods of
descriptive statistics analysis and factor analysis (SPSS software, version
20.0).

BaAsic REsuLTS

The frequency indices of sex values—52% for female sex and 48% for
male sex give the grounds to make a conclusion that the choice to receive
education at a vocational college does not depend on sex (analogous indices
of Georgia’s population are 56% for female sex and 44% for male sex. These
are the data of the poll of 2014 [7]).

The distribution of students by age groups is as follows:

15-19 yrs 47.3%
20-24 yrs 26.4%
25-29 yrs 8.3%
30-34 yrs 4.2%
35-39 yrs 2.3%
40-44 yrs 2.2%
45+ 9.3%

Approximately three-thirds of students are collected in 15-24 years age
groups. Attention is given to the fact that the specific fraction of students
aged 45 years and more noticeably exceeds an analogous index of the age
group of first-year students aged 30-44, which, in view of demands of the
job market, can be associated with the necessity to change the professional
qualification or to receive a new qualification.

The majority of students (71%) have the base or secondary education.

Students having a higher degree of education are represented by a much
lower specific fraction. It should be noted that the specific fraction of bache-
lors who finished the course at technical secondary schools, colleges, special
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secondary schools exceeds the index. This result is quite important from
the viewpoint of investigation of the mutual relationship between these two
steps of education, though in order to make a concrete conclusion this ques-
tion demands a deeper study.

Education
Base 30%
Secondary 41%
secondary school, college, special secondary school, 10%
Bachelor 13%
Master 3%
Other 3%

To estimate the attitude of students to vocational colleges we chose the
following three general parameters: estimation of services rendered to stu-
dents and the related activities of the administration and auxiliary person-
nel; estimation of the teaching quality, which includes estimation of the
pedagogical resource and curricula; estimation of the logistics (material-
and-technical base). Each of these parameters is, in turn, subdivided into
concrete indicators. As a result, measurements were done by means of 48
variables. Factor analysis or, more specifically, the method of selection of
concrete components was applied. From 48 variables we chose 8 general
factor variables of latent character which essentially influence the attitude
of students to a vocational school.

Factor 1 includes 11 variables. This factor is conditionally called “ser-
vicing of students” since it contains all the variables which were used to
estimate the services rendered directly to students and also some of those
variables which are related to the administrative and auxiliary personnel
who render these services.

Measurements were done by the ten-point scale, the minimal and maxi-
mal values being 1 and 10, respectively.



OPTIMIZATION OF A STATE FINANCING MODEL

27

FACTOR NoO. 1. SERVICES RENDERED TO STUDENTS

. L Standard | Variation

Variable description Average deviation | coefficient
Information is timely provided by col- | 9.00 1.881 20.9%
lege administration
Administration is staffed with profes- 9.14 1.756 19.2%
sional specialists
Administration resolves problems in 8.97 1.998 22.3%
proper time
Information on the college web-page is | 8.71 2.261 25.9%
regularly up-graded
College web-page performs information 8.73 2.223 25.5%
and communication function
Health of college students and person- 8.98 1.957 21.8%
nel is properly protected
Security of college students and person- 9.02 1.945 21.6%
nel is properly provided
Students have access to internet 8.34 2.731 32.8%
Time-tables are timely prepared 9.09 1.872 20.6%
Registration of students takes place 9.32 1.569 16.8%
in connection with additional exams | 9.01 2.000 22.2%
and training process

It should be noted that an individual factor unites variables which are
used to for estimating the personal mutual relations of a student with the

administrative or auxiliary personnel.

FacTtOR NO. 2. PERSONAL COMMUNICATION WITH THE

ADMINISTRATION
. .. Standard | Variation

Variable description Average deviation | coefficient
Students’ files connected with ad- 9.11 1.741 19.1%
ministrative matters are organized
Student has support on the part of | 9.02 1.892 21.0%
administration
Communication with administrative 9.09 1.747 19.2%
personnel is simple

Thus, on the part of administration the resolution of general problems
and the communication with individual students are estimated differen-
tially, which in a vocational college even more clearly reveals the relevance
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of individual contacts with every student as they depend on his concrete
demands.

FAacTOR NO. 3. TEACHING QUALITY

The qualification of the pedagogical resource and the quality of training
programs are apprehended by students from the viewpoint of indivisible
integrity—all variables connected with these two aspects of the teaching pro-
cess are united into a single factor. This logically expected result once more
emphasizes the fact that both aspects should continue their development in
this harmony. Otherwise the effect of failure of one of them will automati-
cally affect the other.

. . Standard | Variation

Variable description Average deviation | coefficient
General estimation of the general 9.16 1.459 15.9%
education program
Estimation of teaching personnel | 9.54 1.233 12.9%
professionalism
Estimation of assessment system ex- 9.14 1.569 17.2%
isting in college
Estimation of theoretical lectures 9.41 1,261 13.4%
Estimation of work in group 9.17 1.546 16.9%
Estimation of training practical | 9.14 1.719 18.Ge8%
work
Estimation of examination process 9.29 1.469 15.8%
Modern methods are actively used 9.03 1.729 19.2%
in delivering lectures
Teacher is always well prepared for 9.51 1.311 13.8%
lecture

Master-classes which are not directly integrated into the teaching process,
buffet and various events outside the educational process (competitions,
sports contests and so on) are in fact regarded on the part of students as a
single factor. It is of interest to note that as compared with other variables
the average estimates included in this factor have low indices. We call
conditionally this factor the student medium.

From the picture presented above it is obvious that: a) as different from
the teaching process, the student medium outside the teaching process is
problematic and needs improvement; b) the integration of master-classes
into the non-teaching medium shows that a master-class is regarded not as
an improving phenomenon of professional competence, but as an unimpor-
tant addition to the education process, which indicates the necessity of a
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further investigation of this issue and the obligatory integration of master-
classes into the education process.

FacTtoRr NoO. 4. STUDENT MEDIUM OUTSIDE THE EDUCATION PROCESS

Variable description Average (Sigril;?éi c\(f)il;;iﬂifri
Education process includes master- 7.21 3.194 44.3%
classes
Functioning of buffet in educational | 4.76 4.275 89.8%
establishments
Various events such as competitions, 7.27 3.363 46.2%
sports contests and so on are orga-
nized

Resources that are connected with information receiving and communi-
cation are grouped in a separate factor.

FacTtoR NO. 5. INFORMATION AND COMMUNICATION RESOURCES

Variable description Average 32?/?;5?2?1 c\(/)aelgifri
Education process is provided with 8.58 2.367 27.6%
computer facilities
Education process is provided with 8.47 2.437 28.8%
library
Education process is provided with | 8.39 2.589 30.9%
internet
Use of computer class is accessible 8.42 2.572 30.5%
Assessment of logistics available in 8.18 2.447 29.9%
library
Quantity of computers available for 8.49 2.517 29.7%
students is satisfactory
Computer software is satisfactory 8.43 2.386 28.3%
Monitors mounted in lecture-rooms 7.85 3.029 38.6%
function properly
Xerox is available for students 7.22 3.381 46.8%

General infrastructure, equipment of students’ practical work and the
state of lecture-rooms are estimated by students differentially and regarded
as independent factors.
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FACTOR NO. 6. GENERAL INFRASTRUCTURE

. .. Standard | Variation
Variable description Average deviation | coefficient
Floors are in good condition and do | 9.12 1.984 21.7%
not hamper normal conducting of
training process
Walls, windows, doors are in good 9.06 2.035 22.5%
condition
Electric power supply system func- 8,85 2.224 25.1%
tions properly
Heating and air conditioning system | 8.20 2.777 33.9%
functions properly
Running water supply system func- 8.50 2.557 30.1%
tions properly
Educational institutions are 8.30 2.561 30.9%
equipped in  conformity  with
modern standards
Training practical work is carried 8.12 2.695 33.2%
out in college on permanent basis
Wet points are in good order 8.23 2.737 33.3%
Sanitary conditions are satisfactory 8.64 2.421 28.0%
FAcTOR NO. 7. TRAINING PRACTICE — EQUIPMENT
. . Standard | Variation
Variable description Average deviation | coefficient
Lecture-rooms are provided with re- 8.48 2.400 28.3%
quired hardware
Training practice laboratories are 8.30 2.479 29.9%
provided with required equip-
ment/tools
Training practice is provided with 8.36 2.405 28.7%
required materials
Factor No. 8. LECTURE Roowms
. .. Standard | Variation
Variable description Average deviation | coefficient
Sufficient quantity of desks and | 9.41 1.589 16.9%
chairs are available in lecture-rooms
Desks used by students are conve- 9.00 2.043 22.7%
nient
All lecture-rooms have blackboards 9.48 1.499 15.8%
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To conclude, it can be said that students estimate the main components of
the educational process with sufficient conscientiousness. Based on students’
estimates, the selected factors, i.e. variables of general character by means of
which students form their attitude to vocational education, characterize and
the position and functioning of an educational institution and successfully
perform the function of an essential parameter for establishing the rating of
vocational institutions.
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THE JACOBI TRANSFORM METHOD IN
APPROXIMATION THEORY

E. IBRAHIMOV

Abstract. In this paper, the behavior of Fourier coefficients of
some classes of functions on an arbitrary orthogonal system is
studied. The estimations of order of convergence to zero of
Fourier—Jacobi coefficients are found. These estimations are pre-
cise and of terminal character. The obtained results are used
for the convergence of Fourier—Jacobi series.
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0. INTRODUCTION

The estimations of Fourier-Legendre coefficients of functions belonging
to one of the classes C'[—1, 1], L[-1, 1] or L? [-1, 1] were given in [1]. The
obtained inequalities were applied to the problems of convergence of Fourier-
Legendre series. In [2], these results were generalized to ultraspherical series
for f € L, ., [—1, 1], 1 <p < oco. In [3], the author obtained the estimations
of the Fourier—Jacobi coefficient of smooth functions of bounded variation.

Unlike the above-indicated papers, in this paper we study the behavior of
Fourier coefficients of some classes of functions on an arbitrary orthogonal
system.

Suppose p be a measure on [a, b], such that ula,b] = 1.

2010 Mathematics Subject Classification. 42B20, 42B25, 42B35.
Key words and phrases. Jacobi transform, generalized shift operator, strong derivative
and Jacobi integral, asymptotic estimation, convergence.



34 E. IBRAHIMOV

Let ¢, (), n =0, 1,... be a system of orthogonal functions with respect
to p on the segment [a, b] and let

b
f(n) = / £ (@) gn (@) ds (2) (0.1)

be the n-th Fourier coefficient of the functions f, belonging to one of the
classes L, , [a, b], (1 < p < o), that is to a class of summable functions of
p-th degree, with respect to the measure p. L’ is a class of functions with
an integrable derivative on [a, b].

Denote by X one of the linear spaces L, , or L' and by L = L (X, X)
the space of linear operators acting from X to X, for which the equality

b

b
/(Arf) (w)g(x)dﬂ(x)Z/f(x) (A%g) (@) dp (x), r7=1,2,.... (0.2)

a

is fulfilled.
In the case f € L, , we assume g € Ly, ,,, where % + % =1
We'll say that f € Wy, if 3g € X such that

f@)=(A"g) (z)+¢c, r=1,2,..., (0.3)

where A € L (X, X), A’f = f, A7f = A (A“lf)7 r=1,2,... and ¢ is
some constant.
Define the norm f € L, ,, by

b 1
e =l = (/If(w)lpdu(w)> <00, 1<p< oo,

and the norm of f € L' by || f|l, = fllc = iulib|f($)| .

Hereafter the operator satisfying the condition (0.2) for which presenta-
tion (0.3) is true will be constructed.

In Section 1 we prove general theorems on the convergence to zero of
Fourie coeflicients of the functions from X on an arbitrary orthogonal sys-
tem. In Section 2 we study basic properties of the Jacobi transform of the
functions in X. The operator satisfying the conditions (0.2) and (0.3) is
constructed in Section 3. Here we establish integral estimates for Jacobi
polynomials. The results of Section 4 have auxiliary character. The results
of Section 5 are realization of generalized theorems of Section 1. The order
of convergence to zero of Fourier—Jacobi coefficients of the functions from
X are found. In Section 6 we prove the asymptotics of theorems on the
order of convergence for particular sums of Fourier—Jacobi series.
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1. ON FOURIER COEFFICIENTS OF CLASSES X

In this section we prove the generalized theorems on the convergence to
zero of Fourier coefficients from X.

Theorem 1.1. Let f e Wi (X =1L, ,), (1 <p< o), %—i— % =11
10, A" onll,, ,, < M —const, ¢ > 1,7 =0,1,...;
B

20, lim [(A"¢,) (@)du(z) =0, a<a<B<b,r=0,1,..., where a

n—>ooa

and B are arbitrary numbers, then
A
lim f(n)=0.

n—oo
Proof. According to (0.2), we can write

b

b
f(n) :/f(l") on () dp () :/((Arg) () +¢) pn (v) dpu (z) =
b

a

— [ @ en @ duto) +c [ on @ duo) =

b b
- / 0 () (Apn) (z) dps () + ¢ / on (@) du(2) = Ay + Bo. (L1

a

By condition 29 of the theorem,

nh—>Holo B, =0, (1.2)
since A%, = .
Let’s turn to A,. Let g € Ly, [a,b]. By density of C in L, ,, 3h € C,
such that

Ih =gl < 77- (1.3)
Further,
b
A4, < ‘ [ 6@ =1 (o) @ due) |+
L
+\ [ 1@ @) @de()] = 14nal + 1402l (1.4)

a
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By condition 19 of the theorem, inequality (1.3) and Hélder’s inequality

A </|g D) (A7) (@) dis (2) <
</Ig o) du ));</b|<Awn> <z>|qdu<x>)é -
O TR (15)

It remains to consider A,2. According to the Cantour theorem, we
partition the segment [a,b] by the points a = xg < 21 < -+ < T, = b S0

that at each partial interval [zk, xx41], £ =0,1,...,m — 1, the vibrations
of the function h couldn’t exceed the given £ > 0.
Then

b

Aol = \ [ 1) (470 @) dn @

a

<

Tk

<X / h (k1)) (AT n) (2) dp (2) |+
i (z5_1) / (A7) () dp (z) | = AD) + A3
k= Th—1
But
Z/ (k)| (A7) (2)] dis (2) <
<e / (Aron) @) d (@) <A@l <=M (1)

And the sum A( ) 5 by condition 2° tends to zero as n — oo and therefore
for the great enough numbers n > ng(e) turns out lesser than € > 0, i.e.,

)ASQ for n > nyg
This and (1.6) imply that
|Apa| < e(M +1). (1.7)

Taking into account (1.5) and (1.7) in (1.4), we get
|An] < e(M +2). (1.8)
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Using (1.2) and (1.8) on (1.1), we get the assertion of the above
theorem. (]

Theorem 1.2. Let f € W (X =Ly ,). If
190 |(A"py,) (z)] < M —const, r =0,1,..., z € [a,b];

B
20, lim [ (A"py) (z)du(z) =0, a < a < B < b, where o and 3 are
n— oo a
arbitrary numbers, then

g () =0
Proof. As in Theorem 1.1, the proof is reduced to the study of the integral
A,. Let first g € CJa,b], then by the Cantour theorem we partition the
segment [a,b], a = xg < -+ < &, = b so that Ve > 0, 35 (¢) > 0, such that
Vo € [zk, Tgpt1), mkaux|ac;C — Tp41] < 0,

1f(9) —g(zi) <e. (1.9)
Therefore
b
A, = \ [ 0@~ g @) (4700) (@) d )+
ab
+ [ g (o) @ duta) | <
b a
< [lo @) g (@) (4700 () s \/ (o) (A7) (&) dp () | =

a

—Z / 9(2) = 9 @) (A7) ()| i o)+

= Ap1+ Ano. (1.10)

HY g [ (e @ dutz)
k=1 Zh1

From (1.9) and condition 1° of the theorem, we have

Apa <€-M/du (x) =€ p. (1.11)

From condition 2° of the theorem,

lim A, =0. (1.12)
n— oo
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Taking into account (1.10) and (1.11) in (1.9), we get
lim A, = 0. (1.13)

n—00

Now let g be a measurable bounded function

lg (z)| < M; — const, x € [a,b]. (1.14)
By N. Lusin’s theorem (see [11], p. 118), e > 0 v (x) € C[a, b] such that
mE (g #v)<e, |v(z)| < M. (1.15)

Then

<

A, = \ [o@ e @ dn
b
b

< ] 1@ v @) (4p0) @ s (0) |+

+‘ /b v(z) (A"pn) (z) dp (2)

But by (1.15) and condition 1° of the theorem,
b

s - v @l () @) dn )

a

-| [ @ -veiue) @ | <.

E(f#v)

On the other hand, by (1.13) for great enough n one has 3, < e. Thus we
have

|A,| < (MM +1)e. (1.16)

From this follows the assertion of the theorem for measurable bounded
function.

Finally, let g € L1, ,,. Taking € > 0 and using the absolute continuity of
the integral, we find § > 0 such that for any measurable set e € [a,b] with
measure me < ¢ (see [11], p. 165),

[l9(@)ldu@) << (1.17)

We find a bounded measurable function v (z), so that (see [11], p. 113)
mE (g #v) <0, |v(z)] <My — const. (1.18)
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Then by (1.15)—(1.18) and condition 1° of the theorem,
b
A= | (a0 @) (e @) duto) |+
b
H [rowe)@aw|<| [ @@ W @] +e<
a E(g#v)
<Me+e=(M+1)e,
Thus the proof of the theorem is complete. O

Note that to essence for p(x) = 1 this theorem was proved by Henri

Lebesgue (see [11], p. 300). We present the proof for completeness of
explanation.

Theorem 1.3. Let f e W (X =L'). If

x

1°. f(Argpn)(t)d,u(t)‘ <M,r=0,1,..., z €[a,b];

a

20, li_>rn J (A7) (z)dp(z) =0, a < a < B < b, then almost everywhere

A

lim f(n)=0.

n—oo

Proof. Since f € L', then ([11], p. 292)

f@=f@+/f@ﬁ

Then

—|—//f’ () dt (A" pp) () dp () = Apg + Ao (1.19)

a a
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By condition 29 of the theorem,

lim A, =0. (1.20)

n—oo

By 1° ([11], p. 113), almost everywhere

Ao = / ( / 7 (#) dt) d / (A7) (8) ds (1)

:/f’ (t) dt/(ATQDn) (t)du (1)1,

_/b (/I(AWM (t)du (t)>f/ (x)dz = /bf/ (t) dt/b(AT(pw (0) dyt (1)
/b (/ (A%pn) () dps (t)>f’ () dz =

_/ </(Ar<pn) (t) du (t))f’ (x)dx = A}, 5 + A} 5. (1.21)

a a

By condition 2° of the theorem,

lim A} , =0.

n—roo

And by the conditions of the theorem and Lebesgue theorem ([11] p.
139),

lim A7, =0.
n—00 n.2

Taking into account (1.22) and (1.23) in (1.21), we get

n—oo

Using (1.20) and (1.24) in (1.19), we get the assertion of the theorem. O

Remark. Theorems 1.1-1.3 are just for arbitrary linear operator satisfy-
ing the condition (0.3).
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2. BASIC PROPERTIES OF THE JACOBI TRANSFORM

In this section, we study the properties of Jacobi’s transform of some
classes of functions. We introduce the concept of a strong derivative and
of the Jacobi integral. The connection between them is established. Owing
to this concept, becomes clear structural description of classes of functions.
The obtained results are analogues to some theorems proved in [4] for Le-
gendre transform.

Next, let X be one of the spaces Ly, o [—1, 1], 1 <p < oo or C'[-1, 1]
endowed with the norms

1 1
1l = I, 0 = (/ @) dy <x>) <00 1<p<oo
Z1

Il = flle = sup_|f ()],
—1<z<1
where dy,, (z) = ¢1 (o) (1 —2)” (1+x)7%dx, —i<a<i,

c1 (o) = 2“+2FE§) %l D = </1(1—x)a (1+z)°% dx)l.

—1

Q

_1
We consider the Jacobi polynomials Pﬁ“’ :) (z), for —% < a< %,

n =0, 1, ..., which form the orthogonal system of functions on the segment
[—1, 1] with weight (1 —2)® (1 +2) 2, that is (see [5], p. 80)

0, k # n,
= {hn(a), E—n, (2.1)

where .

2972 (n+a+1)T (n+ 1)
(a+3+20)T(n+ )T (n+a+3)
Further (see [6], p. 250),

hy (@) =

(e =3) (=%, T(n+ta+l)
ZA @ =g (rrarz) AT @), (23)

oy, —

Assume R,(["’*%) (x) = P’rg 5) (z) /Péa,—%) (1).
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According to (1.2),

max
lz[<1

R @)

=1 (2.4)

The Jacobi transform (the Fourier—Jacobi coefficients) is defined for f € X
by

oy 0 = £ = [ 1) B @) dpa ).

Lemma 2.1. Assuming f, g € X and ¢ € R = (—o0, o0), we have
A
@) |f)]<Iflx, neP={0,1,2 . };

(b) (f+9)Am) = Fn)+g(n), (cf)r(m) = cf 7 (n)s
a, 7% Oa k # n,
(c) (RT(L )> M) =9 2ot P2 (aq 1) D(n+ 1)D(nt 1)

(a+5+2n)T'(n+o+3)M(nta+l)’ k= n;

(d) for alln € P, the relation
fmy =06 @) =0 (a0,

is true and means that the assertion holds for all x € [-1,1] if X =
C[-1, 1], and for almost all x € [-1, 1] if X = L, o [-1,1], 1 < p < 0.

Proof. We prove (a). Let f € L' [—1,1], then by (1.4),
1
s < s s@ [ A0 @i @ <1fle. @5
= 21

Now let f € Ly, o. For p=1, by (2.4), we have

1
AN a,—%
s < [1r @I @l @ <17, @0
-1
and for p > 1, by Holder’s inequality
A o, -1
7] <170 [B | <00 (27)
q,
Thus from (2.5)—(2.7) it follows that for all f € X
A
OIS

The properties (b) are obvious and (c) follows by (2.1).
We prove (d). The direct assertion is obvious. The conserve assertion
follows from the uniquesness theorem for the Jacobi transform.
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In this way, for all n € P, we have

frin)=gr(n) e flx)=g(z) (ae)

Thus Lemma is proved. O
Corollary 2.1. For alln € N
A
f(n)(n)=0= f(x) = constant (a.e.).

Proof. Really, let n € N. From property (¢) it follows that ¢A(n) = 0 for
n € N, where (c) is an arbitrary constant. But then we have

Fr(m)=Fr(m) —cn(m)=(f—c)r(n) =
1
= / (f @) - R ™Y (@) dpa (2).

This implies that
fAn)=0= f(x)—c=0 (ae.).

Thus Corollary 2.1 is proved. O
For a > 8 = —%, the generalized Jacobi shift operator is of the form
(see [7])
1
() @) = [ £ (o tor)dma (1), (2)
S
where

f(x,t, r)zf(xt—i—rﬂﬂ—%(l—?g) (1—m)(1—t)),
dme (1) =co (@) (1 —7?)" % dr and

& (a) = P(F)(;”(le) _ (/ (1_r2>“-%dr>_1_

2

The following important equality
(TtR,(ﬁ’ 2)) () = B @) R 1) (2.9)

follows from the “multiplication theorem” for Jacobi polynomials (see [8],
p. 130):

(a,—%) (a,—%) . F(n—|—a+1) i (a,—%)
P @ P ) = B [T @ ama ),
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Lemma 2.2. The operator 13 is linear from X into itself, satisfying
(@) Il xg = 1 (¢ € [-1, 1));

(b) t_IHIiOHth_fHX =0, (f e X);

(¢) (ref)~(n) = f(An) Rv(f‘fé) ), (feX, te[-1,1], ne P);
(d) (7f) (@) =A(Txf) t), (feX, z tel-1,1]).

(e) limpoo f(n)=0.

Proof. We prove (a). First, we’ll show that

By (2.8) and Hélder’s inequality, we have

76 fllp 0 < ISl o 1<P<oo (2.10)
[(1e.f) ( ('/fwtrdma()

) <
( /dma ) / 1F (@ b, )P dmg (1) = / 1F (@ b, P dme (7).

—1 —1

Hence we have

A1 / () @) P dpso () <

1 1
<C1(a)02(a)//(1—x) (1+x)’%(1—r) 5
(xt VTPV P L (1=%) (1= a) (1 - t>)  dwdr.

Assuming ¢ = cosu and y = cos %, we obtain

27

cosu=2y* —1, sinu=2y\/1—y2,

11
||th||pa§01 ) ca ( // 1-—2)*(1+2x)”
150

x‘f [m (2y2—1)+2rymv 1—22— (1-r?) (1-2) (1—y2)} ‘pdrdx.

then

m\»—A

(1-2)"7% x



THE JACOBI TRANSFORM METHOD IN APPROXIMATION THEORY 45

Making substitution = = cos @ and denoting z = cos % we get

1

1
28l <@ en (@2t [ (=2 (1-0%)"Ex
0

Alres -1 et - 1) +
+ryz/1—y2/1—22 -2 (1—7r ) (1- y2) (1- 22)} ’pdrdz =

11
:2“*%01(01)02(04)// (1-2%)"(1-r»)" =3
0 -1
+ry/1—1y2y/1— z2> — 1] |pdrdz.

Substituting the inner integral, putting v = yz + rv/1 — y2v/1 — 22 and
taking into account that

[N

I [2 (yz+

M\»—A
-

r=-y) (1) =) dr= (=) =)
we obtain
1
Il < 27 s @ (@) (1 37) [ dox
0
yety/1-y2V1—22
x |f(2v2_1)|p (1 —y? —22—v2+2yzv)a_%du,

yz—y/1—y?2V1—22

Changing the order of integration and using the formula (see [9], p. 298)

b
pn—1 —a v—1 = —a ptr—1 r (,LL) r (V)
a/(b—:w (@) e = -y

we obtain

1

728l < 2 Her (@) ea (@) (L=37) ™" [ IF (202 = DI o

0

yu+q/1—y2/1—02
X / (1—y?— 2% —v? +2y20)" 2 dz =

v—y/1—y2v/1—v2



46 E. IBRAHIMOV

1

r?(a+1

— 93a+3 / f (20?2 = 1) do.

2¢q (@) c2 (@) 2a—|—1 )’ v
0

Substituting v = /14% and the equality (see [12], p. 760)

22aF2(a+%) _F(%)F(a—i—%) 1

F2a+1)  T(a+1) o (@)’

we obtain
1

sl < ([ 170 ama @) =110

-1

=

from which follows (2.10).
On the other hand,

|m1pa—(/y/mm

From this and (2.10) it follows that in the case X =L, o, p > 1,
71l =1, (t€[-1,1]). (2.11)

mm<0 — ), =1

But the case X = L’ is elementary.
Really, assuming

z=xt+rv1—-22y/1 (1—r)(1—w)(1—t)§
gmt—i—r\/l—ﬁmg;vt+\/1—x2\/1—t2

and taking x = cosu, t = coswv, we obtain

z < cosx cost+sinz sint =cos (z —t) < 1.

On the other hand,
z=at+ryV1— 22112 - (1—r)(1—m)(1—t)2—1<:)
& 2t + 2r/(1— 22) (1—£2) + 12 ( —r)(I—t)—l—at+z+t>2&
errl-z)Q-t)+2r/1-22)(1-2)+at+z+t+1>0s
er(l-2)0-t)+2ry/Q—22)(1-2)+(1+2)(1+1) >0
<:>(r\/(l—m)(l—t)—l-\/(1+:c)(1+t))220.
Thus —1 < z < 1, then by (2.8),
Imfllc < _sup_[f ()l =fllc-
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This implies that
|7l = 1. (2.12)

Property (a) follows from (2.11) and (2.12).
We prove (b). Let f € L, o (p>1). Then by density of C in L, o for an
arbitrary number & > 0 there exists ¢ € C'[—1, 1] such that

€
I = e < = (213)
If ¢ € C'[—1, 1], then Ve > 0, 3 (¢) > 0.

(@t )~ (@)] < 5 (2.14)
for all t € (1 —d; 1). Then for any ¢t € (1 — §; 1) one has
() () = ¥ (@) < . (2.15)
from which follows
1 1
o=ty o= ([Iow@ @ b)) <5 210
-1

Now taking into account (2.10), (2.13) and (2.16), for any t € (1 — 4, 1),
we obtain

17 f = Fllp, o < 7600 = Flly o + 10 =720l o + 1790 = 72 £l 0 <&

equivalent to

1 — = > . .
im [~ fll, . =0 p>1 (2.17)
Now, from (2.14) and (2.8) follows
imfirif — flle = 0. (2.18)

The validity of assertion (b) follows from (2.17) and (2.18).
We prove (c¢). Doing as in proving property (a), we obtain

(1e.f) " (n) = /R’(laﬁ%) (@) (1) (2) dpa () =

1
=2°2¢; (@) 3 (@) (1 —y?) a/R,(la’_%) (222 — 1) x
0
yz+\/1—y2v/1—22
X / f2®=1)(1—y*—2" =0+ 2yzv)a7% dzdv.

yz—y/1—y?2V1—22
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It is known (see [5], p. 71) that
Fn+a+1)T(2n+ 1>P(a’a)

P (2Z2_1):F(2n+a+1)1“(n+1) 2 (2) (2.19)

where P,(La’ ) (z) are ultraspherical polynomials which form the orthogonal
system of functions on the segment [—1, 1] with weight (1 - 22)a. Then
according (1.2), we have

y- Lt DEE D ). o)

Taking into account (2.20) and changing the order of integration, we obtain

Rsla’ ~3) (222 -

1
1 I‘(a+1)F(2n+1
A(n) =24t 2 —
0
yv+m\/m
a_l
X / Pé:’a) (z) (1 —y* — 2% —0v* + 2yzv)" ? dzdv.
yo—y/1—y2VI—02
Substituting the inner integral
NN )
we obtain
1
r I (2n+1)
() () =2 @) e (o) DB [ (1m02) 1 (200-1)x

0
1

[ B (o AAVI2) (1)
—1

By the “multiplication theorem”, for ultraspherical polynomials

P (y) Py (v) =

1
Cian0 1) f e (4 TR ),

- FEn+ T (a+1) )

we have
F( %)IQ (2n+1)F(a+1)P(a,a)

(th)/\(n): F(%)F2(2n+a+1) 2n

(y) x

1
X / (1- UZ)a f(20% —1) PQ(S’Q) (v) dv.
0
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And by formula (2.20),

(0 =3) (o 2
PTG ™ o

Since 2y? — 1 = t, making the change of variables v = H7“7 we obtain

) o) = R 0 [ 10 B" )da () = 55 0 £ (o).
21
Property (d) is obvious by the definition.

o 1
It remains to prove (e). Let x,, be the greater root of Bg 4 (z). From
Lemma 2.1 (a, b) and Lemma 2.2 (¢) for n € N one can deduce that

A
£ )| =10 =70 ) A S F = ol - (2:21)
By Stieltjes inequality (see [5], p. 131, formula (6.21.5)),
2n—1
< < i = 1. .
2n+17r7xn72n+17r:>nh_>rr;omn 1 (2.22)

Assertion (e) follows from Lemma 2.2 (b), (2.21) and (2.22). Part (e) is
a Riemann—Lebesgue type result.

For the functions f, g defined on [—1, 1], the Jacobi convolution is given
by

(f*9) () = / 0 () (ruf) (&) diter ()

whenever the integral exists. O

Lemma 2.3. If f € X, g € L1 o, then f x g exists (a.e.) and belongs
to X. Furthermore, one has:

(a) (fxg)(x)=(9*[)()
(b) f*glix <fllx Mgl 0 (X=Lpa 1<p<o0),

() (fxg)r(n)=f(n)g(n), nePr.
Proof. We prove (a). By definition (see the prove of Lemma 2.2 (a)),

~ —

(f*g)(x)z/lgw)(/lf(x, ' r>dma<r>)dua<u>=
21

-1
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—9ot3e, () co (a)/l/lg(ZuQ—l)f [2 (uy—!—rﬂﬂf—l]x
0 -1

X (1 — 7‘2)(1_% (1 — u2)ad7’du =
1 uy+v1—u?/1-y?
=2°%3¢) (@) ez () (1- yZ)_a/g (2u* — 1) / f(20*=1)x
0 uy=vT—uZ\/1-y2
x(IL—u?—y® =0+ 2uyv)a_% dvdu =

1
=2F3¢) (a) ¢y /f (20* —1)
0
oy VI—0Z /132
X / g(2u®—1)(1—v? —y* —0v* + 2uyv)a_% dudv =

1
:2a+201 / lfv 21} —1)><
0

g {2 (vy Fry/1—02y/1— y2)2 - 1} (1) % drdv =

1

- / £ () (rug) () dpe () = (g % f) ().

-1

X
|
H\,_,

We prove (b). Let X =L, o, 1 < p < o0.
By Minkovski’s inequality (see [10], p. 179) and (2.10), we obtain

1

If*glw</1‘/g ) (72 ) () dite (1)
g/|g< ) (/1|Tzf( W i <x>)’l’dua () =

—1

1
P

o))" <

P

/ [7flly ol () dba (@) < 1F1, ol o (223)
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Let now X = L'. Then
1

Hf*gHL/=|321‘J{9(U)0hf)@ﬂdua(U) <

1
S/Ilmfllclg(U)ldua () < Iflle Mgl o (2.24)
Z1

Property (b) follows from (2.23) and (2.24).
It remains to prove (¢). By Fubini’s theorem (see [11], p. 379) and Lemma
2.2 (c), we obtain

(f+g)N(n) = /le(za’é> (z) </19(u) (ruf) (%) dpra (U)>dua () =

1 1
R ) () ) e )=
_/1371 (@) (Tuf) (x) dpa ( /19 ) dite (

Thus the lemma is proved. O

3. THE JACOBI DERIVATIVE AND INTEGRAL
We start with the definition of a strong (or norm) derivative.
Definition 3.1. If for f € X there exists g € X such that

f—th_
1-t

:07
X

im
t—1-0
then g is called a strong Jacobi derivative of f which we denote by Df.
For any r € N, the r-th strong derivative of f is defined with Df = f by

D"f=0D (DT'_lf), whenever this is meaningful. The set of all f € X for
which D" f exists as an element of X, we denote by W.

Lemma 3.1. If f € W, r € N, then

n(n+a+i)\" A
wprw= ("G fl, wer sy
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Proof. Let r = 1. Using Lemma 2.2 (¢) and Lemma 2.1 (a, b), we obtain

(o:-3)
1-r\™ ) @) » .
O -0 o)

_ f—7f A f—th_
|5 o) <[]

Since the right-hand side tends to zero as t — 1 — 0, it follows that

<

(o:-1)
1-R™ @) A .
AR = S =@,

Taking into account (2.2) and (2.3), we obtain

_1 , il
o LRI (e (et )Ry
lim ————— =Ry t)) = 1
o =1 2P 4 (1)
_(nJraJr%)F(onrl)F(nle)_n(nJroHr%) (32)
- 2r (a+2)T (n) T 2+l :
and then for r =1,
nn+a+z) A
DAA(n) = T2 3) .
(Df)~(n) 2t ) f(n)
The result for r > 2 follows by induction.
Lemma is proved. 0

A simple consequence of this results is

Corollary 3.1. f € W% and D"f = 0 (a.e.) for some r € N holds if
and only if f = const (a.e.).

Proof. Direct assertion follows from Corollary 2.1 of Lemma 2.1. The con-
verse follows from the definition of D" f, since (7.f) (z) = f(z) (a.e.) if
f = const (a.e.).

In order to define an inverse operator D", one has to look for a function
¥y € L1, (—1, 1) whose Jacobi transform is given by

2(a+1) N7
rAn=(7>,r€N. 3.3
Yot () n(n+a+3) (3:3)
Thus Corollary is proved. O
Proposition 3.1. The functions
1 (u):2(a+1)/ [(l—x)la(l—l—sc)é/(l—t)a (1+0)* dt| da,
1 -1

we (=1,1) . (u)= @1 *Pr_1) (u), 7=2,3,...



THE JACOBI TRANSFORM METHOD IN APPROXIMATION THEORY 53

belong to L1 o (—1, 1) for each r € N, and their Jacobi coefficients are given
by (3.3).
Proof. First we’ll show that ¢4 € Lq,o (-1, 1).

Really
1

/1/)1 (u) dpo 2+ 2) X

-1

S formweas [0 T <

=
N

RS |
1 u _3 z
(1—z) 2 _1
§2O‘+ a+1/ /[ : /(1+t) Zdt}dx}dua(u):
(14+2)2
R 21
1 u
:2a+% (a—i—l)/[ / 1—x (1—|—x)7% (1+t)é|fldm}dua(u)—
Z1o—i-1
1 1
ats & 1/ (1—w)*(14+u)” %((l—u)_a_%—Zf'k%) du =
at3
e
1 1
= % (/ (1—u?) g2 a_/(l—u)a(l—i—u)_édu):
1 1
1 1)20+:0 (1) T (a +1
:2a+%a+ arcsinu|1_1—8(a+ ) L' (3) :EOH_ ):
200+ 1 200+ 1 I(a+3)

1) 20t ()T (e +1)
(o +3)
(o +
(or+

)

szt )T 8(at
20+ 1 2a+1

- r
:2a+%a+1r 1 T 1 I
20+ 1 2 2) T

This implies that

H¢1I|1,a < ca-
Now we’ll show that
Yr€L1o(-1,1), 7=2,3,....
Assume r = 2. Using Lemma 2.3 (b), we can write
o Sl o <

[P2lly, o = 191 % ¢nll;
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The result for » > 3 follows by induction

[r 1,6 = 11 % Yraally o < 101l o 19r-ally o < cae

Now we show that for ¢, (u), r € N the equality (3.3) holds. According to
Lemma 2.3, it suffices to have the differential equation (see [5], p. 73)

(1) gy A= kA ey e pland)
o ()= n(n+a+3) du[(l G ()}

Integrating by parts, we find

u

wlA(n)—Q(aH)/l{/ [(1x)a1(1+x)§/mdpa (t)}dx}x

-1 -1 -1

< BT (u) dp ()

:‘M/{/ (ama <1+x>%jdua () |as

n(n+a+i J\
= 2(a+1) (a’ 2) 1 _ / (D‘* 2) u wl =
_n(n—i—a—i—%) B (1)/1dua(t) [R" (u) dpo (u) | =
2+
nn+a+3)’

where we have also used Lemma 2.1 (¢) and (2.4).
Thus Proposition 3.1 is proved. (]

For r € N, the Jacobi integral I” can now be defined as follows:
(I"f) (x) == (fxbr) (z), (ze[-1,1]; feX). (3-4)

Proposition 3.2. The integral I is the bounded linear operator from X
into itself, which satisfies for eachr € N and f € X, r,s € N:

(@) (I"I°f) (x) = (I°I"f) (x) = (I""*f) (), (a.e.)
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o) ()2 = () 100, e
(¢) for f e WY, one has
(I"D"f) (x) = f(z) —¢,  (ae); (3.5)
(d) for any f, g € X, the equality
1 1

/g(fv) (I"f) (z) dpa () :/f(fﬂ) (I"9) (z) dpa (2)

is valid.

Proof. The linearity of the operator is obvious, and the boundedness follows
from the inequality (see Lemma 2.3 (b))

I fllx = I1f * el < lleelly o Iflx < ctllfllx-

We prove (a). By definition,
Yrps = V1 % Yrps—1 = P1 % (Y1 % Ppys2) =
= (1/]1 *1/}1) *'(/}r+sf2 = ’(/}2 *’(/}rJrsz == /wr *ws
from which we have

LTI f) (x) = (I"f = s) (2) = ((F * r) % 1bs) (x) =

= (f* (@ % 9s)) (2) = (f % Yrs) (2) = (I77°F) (2) .
We'll prove (b). By Proposition 3.1 and Lemma 2.3 (¢), we obtain

()2 () = (F ) () = 7 () o) = (20D ) .

(nta+3)
We'll prove (c). By Proposition 3.2 (b) and (3.1), we have
T T A _ 2 (a + 1) T r A _ A
oo = Ty ) PN =fn), neN. @9

o 1
Since R(() -3) (x) =1 (see [5], p.82), by the orthogonality of polynomials
1

(-}

R, ) (x), we have

0, n€ N,
c, n=0.

c(An) = C/IR(()Q’;) (z) Rﬁa’fé) (x) dpg, (x) = {

Then from (3.6) we find that
(I"D" ) A () = f(n)—e(n) = (f () — ) A (n), neN,

from which it follows that

(I"D"f)(n)=f(z)—¢, (ae.).
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We'll prove (d).

/ 0 (@) (I F) (&) dpte (2) = / 9 (2) (f % 62) () dpa (2) =
—1 1 -1
[ty ama 0 } e (1) }dua (x) =

(o]
{/19(x) {/11/%« (z, t, r)dm, (T)}dua (z) }d,ua (t) =

The proposition is proved. O

The analogue of (3.5) for » = 1 in the classical analysis is
T
[ rwde= -, (3.7
1

which holds for each continuous function f integrable derivative. Making
interchange of order of integration and performing differentiation in (3.7),
one can get an equation which will be valid for each continuous function f,
namely,

= [roa=s@.

Therefore there arises the question whether the equation
(DI f) @)= f@@)—c  (ae) (3.8)

is likewise true for each f € X.
Thus we consider the function

—1 " e 1
(21 )= 4 6@ (log%) M0 -w " Q4w Fdu, —1<t<a<y;
0, otherwise ,

and put A, f = f« (-5 t),t € (-1, 1).
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Lemma 3.2. For eacht € (-1, 1) and x € [—1, 1], the function (-;t)
belongs to L1 o (—1, 1), it is nonnegative and satisfies:

<a+1><1—R£“”%)<t>> _1
() (i) m) = —— gy (los %) . ned:
n\nroa 3
(b) For each t € (—1, 1), the A, is the positive linear bounde operator
from X into itself and

Jim A~ flc =0 (feX). (3.9)

Let n € N. Then by the partial integration (see the proof of Proposition

3.1.), we have

H)_l/l [/(l—u)_a_l(l—i—u)_édu}x

-1
L (e (a+1) (log 125
x(L—m“u+xrfR$’QN@dx:‘q<@ngz+§2;)x

xt/l [/(1—@‘“ (1+u)5du]d[((111u))a+ldi}2( é)(u)] .

(a+1) (log%ﬂ)il h d R(a’ 2)(95)(1:5:

n(n+a+3) dx

at1  1-RYTH
n(n—l—a—i—%) log%H '

We can show that X (33 t) belongs to Ll,a (-1, 1).

1
/l—x T2
log
t

- (1oglit>_l/(1+x)—% [i(1—u)—a—1 (1+u)_5du}d(1—a:)a+1.

By the partial integration, we obtain

2 —1
Mwman%1+J .

x/l{(l_x)al 1+x*%/ Y1 +u)” 5du](1—x)““dx:

1—uw) 14w ? duda =

15 Bl 0 = o

&\“J
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x/l[ ! _%(1_@“*1(1”)—

x

/(1 —u) N1+ u)_% du|dx =

t

wj

14z

x

/(1 —u) 1+ W)~ ? dudz.

t

3
2

1
1 _
:1_72/(1_95)&“(1%)
QIOgm /

Then we have
1G5 Dle <1
From this, taking into account Lemma 2.3 (b), we obtain

[Aefllx < UG5 Dl o lFllx < 11l - (3.10)
Further, by Lemma 2.3 (c¢), we have

(AtRﬁﬁ”) A(n) = ( S t)) An) =

<

o —1

et (1= “ﬂ)(<ma>A<>

= n n).
n(n+a+3)log 2

This implies that

[e3%

R£*9>Mm«vam>

2(a+1) (1 _ gl (t)) o)

Athlm_%) (z) = w2 () (ae)  (3.11)

n(n+a+%)2log%+t
Using (3.2) in (3.11), by de L’Hospital’s rule, we obtain

(oo -3)
a,—1 1 o, —1 1— Ry,
lim AR ()= 2@ D ple=d) gy L2Fn” 7O
t—>1-0 n(n+a+3) t—51-0 1—t
1—1t

x lim = RSL&’ ~%) (z),

t——0 2log %—i—t
from which it follows that

lim AtR,(f“ 3 _ Rﬁf“’ ~3)

im =0. (3.12)

Using the density of the space of polynomials in the space X for any
f € X, there exists the polynomial @,, (z) such that for every € > 0 and for
sufficient n,

I = Qullx < 5.
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On the other hand (see [12], p. 334), there can appear @, (z) in the form
n (a, _%)
Qn (z) = Z apR, (x),
k=0

where o, is same number.
But then by (3.12) for the chosen ¢, there exists § (0 < § < 1) such that
for t € (1 —4; 1), we have

||Ath - QnHX < Zak AtR’Ea7_§) _ R’Ea,—é)
k=0

g
<= (3.13)
‘X 3

Taking now into account (3.10) and (3.13), from the inequality

[Acf = fllx < 1A (f = @ullx + [[4:Qn — Qullx +
+ ||f - Qn“X S 2 ||f - Qn” + HAth - QnHX <e

we obtain the approval (3.9).
The following theorem is the analogue, suitable for Theorem 1 from [4],
obtained for the Legendre transform.

Theorem 3.3. The following statements are equivalentto f € X, r € N:
(a) feWx={feX; D'fcX}
(b) there exists g1 € X such that

A nn+a+3)\r 2
91 (n) = (W) f(n),
for anyn € N.

(c) there exists g2 € X such that

f(x) = (I"g2) (z) + const (a.e.). (3.14)

The functions g1, g2 are uniquely determined (a.e.) a part form additive
constant and one has

(D" f)(x) = g1 () =91 (0) = g2 () —g2(0)  (ae.) (3.15)
Proof. Let f € Wg. By Lemma 3.1, one has

QIS

A = (i) F)

i.e., (b) is valid with g1 = D" f.
Let now g1 € X and

QUSRS N

o= ("5nrg) [0 e,
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A
then by Lemma 3.1, g1 (n) = (D"f) ~(n), from which it follows that

g1 () = (D"f) (z) (a.e.), i.e., D"f € X. On the other hand, if (b) holds,
then by Proposition 3.2 (b),
A 2(a+1) T/\n—r Al .
F0) = (e Ty) 0 =0 @), meN).

This implies that f(z) = (I"¢1)(x) (a.e.). But since g7 € X and
I": X — X, therefore f € X.

We show that (a) is equivalent to (¢). If f € W¥%, then by Proposition
3.2 (o),

fl@)=U"D"f)(x)+c (ae.)
and it suffices to put go = D" f.
Now let (c) be satisfied with r = 1. We show that

z)— (e f) (x 21lo, % A
I )1£tf)( ) ff; (Aiga) () — g2 (0)|  (a.e.). (3.16)

On the one hand,
f@) = (ref) (z) = (Ig2) (x) — (elg2) (z) =
= (92 x¢1) (x) — 7 (92 % Y1) (@) -
By Lemmas 2.2 (¢), 2.3 (¢) and (3.3), we have
(g2 ) = 72 (92 #6) (2) A (m) = 9o () () (1= B2 (1))
2(a+1) (@ -1) A
m@ — R\ (t)) g2 (n). (3.17)
On the other hand, by Lemmas 2.3 (¢), 3.2 (b) and (3.3),
(492~ 92100 ) 7 ) = g2+ X (5 ) A () — (9210) ) 2 (m) =

A «a A _ ( ’_%)
=gg<n><x<~;t>>A<n>=n(Hzl+1)gz w
2 1+t

Now (3.16) follows from (3.17) and (3.18).
Taking into account (3.9) and (3.16), we obtain

(3.18)

. A 2log —2- A n
' fl tf — g2+ 92(0) H H Lt (Atg2 — G2 (0)> — 92 +92(0) H <
t ¥ 1—-1¢ X
2log—1it A
<= T (el + ] 92 (0) | ) + 14eg2 = 2l =0 (1), t—1 -0,
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since by de L’Hospital’s rule,

QIOg%_H
im ——— = lim ——
t—1-0 1 —t¢ t—1-014+¢

from which it follows that (3.16) holds for r =1, i.e., Df € X. The general
case follows by induction.

We show that the presentation (3.15) is unique. We suppose that there
exists g € X such that

)

f(x)=(I"g1) (x) + const,
then
(D"f) (x) = g1 (x) — g1 (0) . (3.19)
From (3.15) and (3.19) it follows that for n € N,

g2 (n) = g1 (n) = g2 (z) = g1 (), (a.e.)
i.e., the presentation (3.15) is unique.
Thus the theorem is proved. O

Corollary 3.2. If fe Wy, re N and g € L o, then fxg e Wy and

(a) (D" (f*9)(@)=((D"f)*g) (@) (ae), (3.20)
® (R D) @) = (W)r A ().

(xe[-1,1],reN,neP).

(¢c) The Jacobi integral I" f of f € X belongs to W% for each r € N,

and one has
A

(DI f) () = f(x) = f(0) (a-e) (3.21)
(d) Af e Wk of f € X foreacht e (—1,1) and
)

f ) = (nf) (x)

(DA) (@) = =T
1+t

(a.e.),

moreover,
(DAf) (x) = (A:Df) (z) (a.e.).
(e) The operator D" : Wk — X s closed, i.e., if
i (|~ flly = lim [D7fu — gl =0

for a sequence {fn},—, € W% and f, g € X, then f € W% and D"f = g
(a.e.).
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We prove (a). Let f € W% and g € Ly, (—1, 1), then D" f € X, and by
Lemma 2.3, (a) (D" f)*g € X. But by Lemma 2.3 (¢) and Lemma 3.1, we
have

(@ e = P g = ("G g
n(n+a+i)\r . )
(“rer) U0 =0 (F ) (),

whence follows (3.20), and f % g € Wk.
We prove (b). First, let » = 1. By (2.9) and (3.2), we have

C V@ - (R ) @

lim
t—1-0 1—t¢
ROy nratd) ey
s e wey e Gy s man O

The last means that Ve > 0 3d(¢) > 0 such that V¢t € (1—4, 1) and
Vo e [-1, 1]

R (2) - <TtR,(f‘"5)) @) forar

(0 —3)
1—t 2(a+1) B @) <e

whence it follows that for vt € (1 — 9, 1),

R <TtR’<la’ _;)> n(n+atd) (o)

1—t 2(a+1)

ic. (DRSJ’"”) () = 2ot D Rl ) (g,

The general case for r > 2 follows by induction. If in Theorem 3.1 (¢) we
put go = f, then we obtain (3.21) and the assertion I" f € Wk.
We prove (d). By Lemmas 3.1 and 2.3, we have

Ay ="U D) gy v
n(n—l—a—i—%) n(n—l—a—i—%) NN

2@t 1) (f* (30N (n) = 2ot D) f(n) (n). (3.22)
From (3.22), according to Lemma 3.2 (a), we obtain

1‘M?3J@f@w(f‘“fywm,

(DAf) N (n)
‘ QIOg%H ZIOg%H
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from which it follows that

_ f@) = (nf) (2)
(DAf) (z) = w
Further, if f € W, then

(A:Df)N(n) = (Df x (51) N (n) = (Df)A(n) ((5 1) (n) =

n (n + a4+ %) N A
= Wf (n) (n). (3:23)

From (3.22) and (3.23) follows

(DA:f) () = (ADf) (z) (a.e.).
Finally, we prove (e). From (3.15), we have

(D7f)(@)=g1(x) —17(0), ;1 € X

(a.e.).

and
(D" fn) () = g1n () — 912~ (0), gin € X, n=1,2,....
By supposition
nh_?olo |91 — g1nllx = 0.
But then along with Lemma 2.1 (a), we have
[(D"f=g) ()| < ID"f —glx <
<|D"f = D" fallx + I1D"fr = gllx <
<D™ fr = gllx + llgr = ginllx + 1917 (0) = 910 A (0) | < [|D"frn — gllx+
+2|lg1 — g1nllx = 0 as n — oo,

which implies that (D" f) (z) = g (z) (a.e.), but g € X = f € Wk.
Thus Corollary is proved.

4. AUXILIARY ASSERTIONS

In this section we prove some facts that we’ll need later on, though they
are of independent interest.

In what follows, by M we denote positive constants, independent of z
and n.

1 1
Lemma 4.1. Let —5 <a< 5 Forn =2,3,..., the estimations

t
‘/(1x)a(1+m)%P,S“"3)(x)dx <
-1

<SMI—t)% 51+t n 2t e (~1,1), (4.1)
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t

W/ﬂ—xfﬂ+mYéR9ﬁQQWMj§Mhﬁ%?te}&ﬂ] (4.2)
-1

are valid.

Here and in the sequel, M will denote different constants.

Proof. Using the formula ([5], p. 73)

(o, 3) 1 2y & La—b)
Py - -2 -=P P ()-
@ = Tar ol gEh @

s (o Y] b0}

we obtain
¢
1
/(1 —)*(1+ x)_%P,Ea’ 2)(x)d:1c =
21
1 / d?
[ i a,—3
rerpt et -
2
/ 1 d
—/(1—35)“(1—}—56)_% [2+a+ (a+ 2) x} p PT(La_f)( )d:z:} =
1 1 d ( 71) t
— 1—z)*t(1 — P,
n(n+a+1/2){( )" +x)2dm (=) —1+

dx
21
1 1 d (a-1)
L —peti 4 L ple )y, 43
mn+a+ym( ARG ®) (4.3)

Since ([5], pp. 84, 82)

a1
oy d a-d) __m+a+%M%+a+§n+a+aﬁf2R@
1—2°)—PF, T
3
dx n+a+y

2(n+1)(n+a+1) -1

) 1 (@—1)
2n+a+% n+12(x)=<n+a+2)xPn+12(x)+
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(at5)nt+a+3) pap,y 20FDETats) ey gy
2n+a+3 taty M

and
1 1 (o, — 1
2(n+1) n—l—a—i—i 2n—|—a—§ P, % (x) =

_ 1 3 1 2 _ 1| pla=d)
(2n+a+2> {<2n+o¢+2) (2n+a 2>z+a 4}Pn (x)

1 3 ple—3)
—2(n+a) n-3 2n+a+§ P % (x),

therefore

1 1 a1
<2n+a+2> (2n+a+2> <2n+a2)xP7(L7 2)(x):
1 1 (a,—1)
=2(n+1) ntatg 2n+o<—§ P, P (x)+
1 3 (a,— 1)
+2(n + ) n-g 2n—|—oz—|—§ P, (n)—

1 1 1
- <2n+a+ 2) (a2 - 4) p” i’)(ac).

Further,
(a,—1 2(n+1)(n+a+3) (a,—1)
xPp M (z) = a1 (@) +
(=) Cnt+a+d)nt+atd) (@)
2(%—'—0&)(7’1,— %) ((X’_%)(CIJ)—F
2n+a+3)2n+a—3) e
i (o,—3)

+ 4. P (). (4.5)
Cn+a+2)2n+a—1)

Using (4.5) in (4.4) and (4.3), we obtain
t

/(1 — )14 2) E P (g = L2070 07

; nn+a+3)
2(n+(n+a+1i) (-1 (a+n+a+d) -1
x{ 9 5 P7(1+1 2)(35)_ 2 = P} 2)(m)

n+oa+ 3 2n+ o+

2(n+1)(n+a+ 1)?
2n+a+)2n+a+2) et
2n+a)(n—3n+a+3) (-1

3)
2)—
2n+a+3)2n+a—1) w1 (@)
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A -a®)n+ta+d) P(a,;)(x)}
@n+a+3)2n+a—1) " ’
which implies that

t

/(1 )2 (14 2) PP (2)de = 0(%)(1 — (1 41)2

—1

P ).

Using estimation of the latter correlation ([6], p. 265)

(1—z)5+s

. . 1
P é)(:17))§Mn_5, az—5 —“lszsl (4.6)

— — )

we obtain (4.1).

Now we prove inequality (4.2). Let —1 <t < —1 4 n~4/+22),
Then using (4.6), we obtain

t
1 _ 1
—1

1 n 4/ (Bt2a)

< / (1— ) (1 + )"}

_1
P 2)(33)’ dz <
RN VICEE )

< Mn: / (1—2)5"1(1+2) 3dx <
21
44/ (B+20)

1 1 1 __ 2 2
< Mn~3 “ide < Mn~3 <

Let now —1 +n~4/0G+20) <t < § < 1.
Then from (4.1) we obtain

¢

_1 2
’/(1 —z)*(1 —&—x)_%P,(La’ 2)(x)dm‘ < MnZ+3~
21

(4.8)
Let 6 <t<1-— n~ 3%, Again, from (4.1), we have
t
‘ /(1 —x)*(1 +m)_%Pf(La’_%)(m)dx < Mnli—$)wms—3 =
21
= Mnéjrgg*% < M n2a2+3 % (4.9)

At last, let
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Then we have
t

/(1 — o) (L4 2) P () de =
—1
1—n73+%
/ (1—2)°(1+2) P D (2)dat

-1

¢
+ / (1—2)(1+2) 2 P D @)dz = Jy + Jo. (4.10)
__4
1—n~ 3F2a
Applying the estimates (4.7)—(4.9) for J;, we obtain the estimate (4.11)
Ji < Mnzvs—3, (4.11)

It remains to estimate Jy. Using inequality (4.6), we obtain

t
Jo < / (1—2)%(1+a2)"3 P,E“’*?(z)‘dxg
1—n 3+2a

Using (4.11) and (4.12) in (4.10), we obtain for which 1 —n~=%/(+24) <
t <1 the estimate

’ /t(1 — 21+ 2) PP (p)d
1

is valid. Now, using (4.7), (4.8), (4.9) and (4.13), we obtain inequality (4.2).
Thus Lemma 4.1 is proved. ([l

< Mn75%, (4.13)

Since ([5], p. 70 and [11], p. 131)

(-1 ,v  Tn+l4+a)  n® 1
Fa (1) = F'(n+1l(a+1) T(a+1) {1 +O<n)}’ (4.14)

for Lemma 4.1 we get the following
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68
Corollary 4.1. Forn =2,3,...; —% <a< %, the estimates
'/(1z)°‘(1+:17) FRT ) (2)dz| <
21
v (1—0)%"3(1+t)"2n "2, te(-1,1),
- nZfs 2% te ,1]
are true.
Lemma 4.2. Let —% <a< % Then forn = 2,3,..., the estimates
t
a—1
’/(1 —2)* (14 2) (IR V) (2)dx| <
< (1—t)*3:2’(1+t)*’ n=remr te (—1,1),
= 2 «
niars= T te[-1,1]
are true.

Proof. From (2.4) and (1.9), we have

J () @da @)= [ (57 ) @l ) -
7 -1

t

/ /1 B 2) (2)9r (u) dpa (u) dpg (z) =

-1 -
1 t
1 —1

_ / Do (W) R (w) i () / RY ™ (2)dp, =
/tRa’ 2 (@) dpta(x) =

—1
/R“’% Vo (). (4.15)

(4.15), we obtain assertions of

Using (2.3), Corollary 4.1 in
O

Lemma 4.2.
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Lemma 4.3. Forn =1,2,..., the estimates
n1, (a+3)g>1,
T R T i
ae n—(a+3) (a+1)g <1
are true.

1
:cmn/u—xwu+xr%
1
1
= 2“+%Cl(a) /(1 —z%)°
0
Using the equality ([5], p. 71)

Rffﬁuﬂdx:

q,x

R (942 — 1)‘ d. (4.16)

Fn+1+a)T'(2n+1) P(O"a)(x)

P (222 1) =
" I'(n+1DI'2n+a+1)

and (4.14), we find

'l +a)l'(2n+1) plea)

(=%) (6,2
Ry’ 22z —1) =
(22 ) F2n+a+1) 2n

(2). (4.17)

Using (4.17) in (4.16), we obtain

[ =
a.u
D1+ )20+ 1))
+a n+1 q
:2a+50 /1_ 2\« P(a7a) d .
o) { M Z B [a- e | @) o
0
by the Cauchy-Buniakowsky’s inequality
e <
aa
[(a+1)0(2n + 1) i H
3 + n+ 2
<ot o J/ 2204p)” <
=2 1(a){ T2n+atl) )=
0
1
2
< (i @prar) <

0

< Cs(a ( / | PL) (1 chzx) (4.18)
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where

r@a+nn@}5{na+1ﬁen+n

Cs() =210y (a) { T(2a+2) r2n+a+1)

q
} <Mn—*
From the inequality ([5], p. 177)

‘Pz(z’a)(x)‘ <Mn i(l—z+4+n2)"%74% 0<z<1

it follows that

/ 24 \? nF3)l (ot Dg > 1,
([l @ a) <amtd vogm, @ da=1 <
0 1, (a+3)g <1,
nao—1, (a+3)g>1,
<M ni2logn, (a+5)g=1, (4.19)
n=4/?, (a+1)g <1

are true.
Using (4.14) and (4.19) in (4.15), we obtain the assertion of Lemma 4.3.

Lemma 4.4. Forn=1,2,... the estimates
1 n-2r-oa=1/2, (a+ %)q <1,
|FRETR|| < mreni2yogng, ()i,
q;H n72r71/q7 (a + %)q >1
are true.
Proof. By (2.4) and (1.9), we obtain
1 _1
RSP = R | =
q,x q,x
1
_ R(O‘v_%) Nd _
= Yr(u) (7 ln () dpa(u) =
—1 a4,

1

g () R

from which using (3.3) and Lemma 4.3, we obtain the statement of
Lemma 4.4. 0

=y (n) | R

q,0 q,x
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1 1
Lemma 4.5. Let —3 <a< 3 Forr=0,1,... andn = 1,2,... the
A 20 +1) "
e, - (e
Cl-1,1] nn+a+3)

Proof. By (2.7) and (3.3), we obtain

equality
ITRS%_ %)

is valid.

T T e
C[—1,1] C[-1,1]
1
o,—1
= [t (e ) ot =
i C[-1,1]
1
1 _1
- H / e B ()daa ()R () =
2 Cl-1,1]
A 1 A 20 +1) "
(e,—3)
= Yy Rn 2 H = WYr = .
vr () H ) Cl-1,1] vr () {n(n + a4+ % }
Thus Lemma 4.5 is proved. (I

Lemma 4.6. Let —% <a< % Forn=2,3,... and r =0,1,..., the

estimate

Proof. Also, as when proving Lemma 4.4, we find

()

Since (see proof of Lemma 4.3)

T(a+ )20+ 1)
'2n+a+1)

1
< Mnp~2r—o—2

1,

R

s valid.

= o (n) HR&“"%) (4.20)

1, 1,

1
/ (1 — 22)2| P (2) |z,
0

using the estimate (4.6) and the relation (4.14), we obtain

o, — % at3
IRY ™|y = 2°F3Cy(a)
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Using Lemma 4.5 and (4.12) in (4.20), we obtain the assertion of
Lemma 4.6. (]

5. ON ESTIMATIONS OF COEFFICIENTS OF FOURIER—JACOBI FUNCTIONS
FROM W

In this section we give applications of general theorems from Section 1.
We formulate them in conformity with our case.

Theorem A. Let f e Wi (X =Ly o, 1 <p<0), %—i— % =1.1f
1. [ I"onllga < M —const., ¢ >1,r=0,1,...;
2. limy, o0 [ (I"0n) (2)dpa(x) = 0, t € [-1,1],
then
1
lim f(x)apn(x)dua(x) =0,
n—oo
1
where ¢, (z), n = 0,1,... is the system of orthogonal functions with the

weight () = C1()(1 — )*(1 +2)~2 on the segment [—1,1].
Theorem B. Let f € Wi (X =L1,). If
1. |(I"pn(2))| < M —const, r =0,1,..., z € [-1,1];
2. limg, o0 [ (I"0n) (2)dpa(x) = 0, t € [-1,1],

then
1

lim [ f(2)en(z)dpa(z) = 0.

n—0o0
-1

Theorem C. Let f € W§ (X = L'). If
L |[7 (I"en) (t)dpa (t)’ <M —const,r=0,1,...,z€[-1,1],

2. limyoo [ (I"¢n) (2)dpa () = 0, t € [-1,1],
then

lim [ f(z)pn(z)dpa(z) = 0.

n—oo
-1
To each f € X let us now associate its Fourier—Jacobi series

oo

Z Cn+a+Tn+a+ HI(n+a+1) /\n R(a,_%
203172 (a + DI(n+ HT(n + 1)

f@) ~

n=0

fn) = / FOR™ ) (0duat).
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Theorem 5.1. Let f € W (X =Ly 4,1 <p < 0), then

A 1
li_)m n2r+a+%f(n):0, 0< <a+§)q<1, r=0,1,....

Proof. Proof of the theorem is reduced to the verification of the condition
of Theorem A. According to (5.2),

1
1 A
n2rtat £ (n) = / on () o),
-1
where

(aafé) —

o0 = () = et ()R ()

The first condition of Theorem A follows easily from Lemma 4.4.

_1
O ] L P
and by Lemma 4.2, we have
t

[ e @ @)

-1

— n2r+o¢+%

<

j/(IfRz’*%)(x)dua(x)
21

<M (1 ;ai)1%7%(1 +t)%1%7 te (_]—7 1)7
= tel-1,1).

n~ 2a+3 R
From this we obtain condition 2 of Theorem A.
Thus Theorem 5.1 is proved.

O

Remark. If f € W% (X = Ly o), then for each sequence of real numbers,
vn tends to infinity

1 A
lim 224 £ (n) 7,

n—oo
not approaching zero.

Proof. Just as in proving Lemma 4.2, we obtain

A
el = n+ e o | S

s
2,1

Using (1.1) and (1.2), we get

1 1
_1 2 2
HRgla,—l/Q)HQ,M — {/ |: 51 , 2)(1‘)] dﬂa(x)} _

-1

[

B 20t3 (0 4 o+ 1) (n + 3) T(n+ DI(a+1)\>
B {Cl(a) 2n+at+ I+ 1)n+a+ 1) ( ) }

F'n+a+1)
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:{Cl(a)( 2945 (n 4+ 1)0(n + DI2(a + 1) )}éw

2n+a+ HIn+a+)I(n+a+3

=

25+

I(o 4 1)4/Ci(a)yn =3,

1 \2

Then
(I 0n) (g, ~

n2r+a+%nfa7%
(n(n+a+13))"
~ 2754 (0 4+ 1) (C1 (@) 2,

~ 28T (0 +1)CF (@) 20 + 1) 70

since F(FOE;\'))‘) ~ar a— oo, ([9], p. 951).
Hence we find that

nh—>H;o llvn (1 ‘Pn)HZM = 00,

i.e., not fluttering the first condition of Theorem A. Consequently, if
f € W% (La,q), then the order is final in Theorem 5.1.

1 1
Theorem 5.2. Let f € W% (X =Li1,4). Then for -5 <a<y and
r=20,1,..

A
lim n* f(n)=0, r=0,1,...,

Yoo

but
A

lim ~,n?" f (n)
n—oo

not approaching zero, as y,-tends to infinity.

Proof. According to (5.2),
1
2r A
w2 § () = [ fe)on(w)dna o),

S1

where

_1
on(x) = nQTR;a’ 2)(x).
The first condition of Theorem B follows by Lemma 4.5.
Using Lemma 4.2, we have
¢

/ (ITRSL“’ ’”) (x)dpia ()

-1

— n?r

<

y[uwmwam
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e R tel-1,1],

<M{ A-n2ia+nFnmt, te(-1,1),
= 2

from which we get the second condition of Theorem B. Thus the first asser-
tion of Theorem 5.2 is proved.

We prove the second assertion of the theorem.

From the proof of Lemma 4.5, it follows that

A 1
T T (a,— 3
i (Il = 0™ 6 () (1Rl =
S
=vn"" Y, (n) = 2a+1) ——m———,
T ) = e+ Y
whence it follows that
nlggo [ (Jr¢n)||c[_1,1] =%,
i.e., the first condition of Theorem B is not fulfill.
Thus Theorem 5.2 is proved. O

Theorem 5.3. Let f € Wk (X = L/). Then for —+ < o < L, the

2 27
equality
« AN
lim ¥ () =0, (r=0.1,...)

s valid.

Proof. By (5.2), we have
1

n2r+2a2+3_%+3 fz\n) _ /f(x)(pn(x)dﬂa(x)7

-1

where .
Son( ) 2r+ &+3 20(2+3 R;a’ii)(l’). (51)
The first condition of Theorem C for (5.4) follows from Lemma 4.2. Fur-
ther, just as in proving Lemma 4.5, we have
1 t
[ @duaa) = w2+ 5255 [ (o) @)duao) =
21

-1

(n+a+1)

n27“+2a2+3—2a2+3{ a+1 } /R;Oév ) dﬂa( ) <
—1

< (2a+1))" 0, n=12...; t= 41,
o at o1
- n* 2w LR (a)dpa(x), 4L
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Taking into account Corollary 4.1, we obtain
\/(F@@(x)dua(x) <M(1—1)373(1+t) 2 =,

This implies that the second condition of Theorem C' for (5.4) is correct.
Thus Theorem 5.3 is proved. (Il

6. ON THE CONVERGENCE OF FOURIER—JACOBI SERIES

In this section, using the results of Section 5 dealt with the convergence
of Fourier—Jacobi series,

Z(2n+a+ D+ (n+a+ 1)

r
o 20‘+21"(n—|—a+1)f‘( + 1)

)

Let us consider the n—th partial sum of series (6.1)

1

/é“’ 2 () dpa (t )Pa’i’ (6.1)

1

Su(fiz) = / Kt 2)dpo0), (6.2)

-1
where
" (2k+ o+ )F(k+1)1“(k+a+%)P(aﬁ%)(t)P( ;)(x)
20430 (k+a+ ) (k+1)  F g

k=0
Applying multiplication theorem to the Jacobi polynomials [8]

Fla+ DI +1) Sa—1), pla—1)
C’z(a)F(n+a+1)P" (6)Pn (z) =

1
= /Py(,a’_%) (xt—i-r\/l—acQ\/l — 12—

-1

A=) ) - t)) (1—r2)2 4y

n (6.2), we obtain

1

Su(fix) = /1—t L+ 6 (1)

2°‘+21" a—|—1
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1
" 1 F(k+a+l) 1 (a,—1)
2 )27 1-— 20‘_2Pn’ 2 t
X{Z<k+a+2> F(k+%) /( ) rt+
]

k=0
mm— S(1-r)(1-2)1 —t)>dr}dt.

Substituting £ = cosu and y = cos 5, we obtain

s

Cy () N .
Mi(a_‘_l)o/(l—cosu) (14 cosu)™2 f(cosu)x

1
n 1 F(k—ka—f—%) a1 (=)
A0 (et ) Ty ot o

Sn(fvfr') =

+rv/1—x2sinu — (1 —7?)(1 — 2)sin 7) dr} sin udu =

T

- EH/ ()" (oo ) o 1)

1
- I‘(k+a—|— 3) 2Na-1 pla,—3) 2U
—1

k=0

2ryv/1—2a2,/1 — cos? g cosg -1 -rH1 - x)smﬂﬂ dr}x

1

2
X2 1fcos2gcosgdu: CQ(Q) (1—y>)*f(2y* — 1)x
2 2

0

x{ zn: (Qk +a+ 2) (]C(Zi;r)) /1(1 _p2)a-iplea) {x (2> — 1)+

k=0

+2ryv/1 —a2y/1—y?2 — = 1—7’ 1—m)(1—y2)}dr}dy.

4
27

L 20s(a) & 1\ T'(k+a+1)
S”(f’m)_F(a2+1)kZ=0<2k+a+2>F(k+§) x

Assuming that in the inside integral x = cosf and z = cos 5, we obtain

. / (1= 1 - 1 / (1=t pl Y |2 - (2 - 1+
2

-1
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+aryzy/1 — 224/1 — y2 — 2(1 — r?) 1—2)(1—y2)}dr}dy—

1

B 2Cga)§n:<2k+ ) k+a+ / W) F(2 — 1)x

=0 0

x{/l(l— 2ya—3 ple 2’[ (zy—f—rmm)Z—l] dr}dy

21
Making substitution in the inside integral

v=zy+rvV1—2z2y1-y?

and taking into account that

1

r=(v—2y)(1—y?) 21 =272, dr=(1—y*) (12" "2do,

we obtain
L 205(0) & I\ (k+a+i)
Sn(f,a:)—r( +1kz_0(2k+ +2> Ry X
1
x/ ) F22 — 11— )2 (1 — 22 3 x
0
2y+VI—22/1-y2

v — 2y

ez
e

_ 2Cs(a) = 1 I (k+a+3) 2y / 2
_7)2(2147—#01—# )7é (1-27) 0/J“(Qy 1)x

o, —

%)(2112 — 1)dvdy =

Pla+1) & 2/ T (k+1)
sy+VI—22/1-y2
X / (1—2% -y =0+ 2zyv)“*%P7(La’7%)(2v2 — 1)dv  dy.

zy—V1—224/1—y2

By the change of order of integration, we obtain

. - 202(0&)
Sn(f;7) CES)
szn:_()(2k+a+ 2) (k(ZiJr /P(a’ 2 (207 — 1)x
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vz4+vV1—v2/1—22
X / (1—2%—y> =0+ 22yv)a7%f(2y2 — 1)dy p dv.

vz—V1—v2y/1—22
Now, making substitution

y=vz+rV1—0v2y/1— 22,

we obtain 2Ch(a)
. — 2 a
Sn(f’x) - F(a+1)x
1
n k+a+ a, %) )
x (2k:+ +2) / P77 (202 — 1)x

0

=0
x{ /1(1 _p2)e-iy {2 (vz + rﬂﬂ)z - 1] dr}dv -
21

L 205(a) L(k+a+3)
_r(a+1)z_;(2k+ +2)(k+2) X

1

1
x [ (1 =22 Pl %)(21)2 - 1){ (1—r2)o 3§ [20%2%+
J j

-1

+4rzo/1 —v2y/1 — 22 4+ 72(1 — 0} (1 = 22) — 1] dr}dv =
1

_ 203(a) ¢ 1 k+a+ 2) (=3) g, 2
_mkz_o 2k + o+ 5 / -3 P, (20% —1)x
- 0

1

x{ /(1 — )T f (222 - 1) (202 - 1)+

+drzoy/1 — 021 — 22 4+ r2(1_”2)(1 —2%)—
—2(1 = 7?)(1 = 2)(1 —v?)] dr}dv = ’z = cosg;x = 0059’ =
205 () "( ) Lk+a+3)
= 2k+at s | ———g2x
F(O‘H)kzzo 2) T(k+1)
1

1 —? na’%)vf — ) f [g(202 —
><0/1 (202 1){/(1 2oz f [z(20® — 1)+

-1

+2rvyv/1 — 224/1 — 02 — (1 —r?) 1—3:)(1—1)2)] dr}dv:
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= ‘21}2 —1l=wdv=2"3(1+ u)_%du‘ =

i 'k 1

= &Z (2k+a+1> (+7a—1_2)><
20 2T (v + 1) = 2 I'k+3)

1

x/(l —u)“(l+u)_;P7(La’_é)(u){/l(1 —TQ)Q_%f{xu—&—rm\/W—

~5 1= =010 ar f=Cafa) [(1-0) 1) () Ka(u)a

where

" (2k+a+ T2k +a+ L o
Kn(u):z< T 2) ( 1 Q)PIE 2)(u)'
=0 20 3+ DT'(k + 5)
Applying Cristoffel-Darbu formula

Z": (2v +loz + (v +a+ %)Pﬁa’fz)(u) _
= 22t:D(a+ 1)I(v+ 1)
2:7°T(n+a+3)
T @nta+til(a+ )+l
xm+a+nﬁ$“9@y4n+npm

n+1 (iC)
11—z
and using S, (1; ) = 1, we obtain
f(@) = Sn(f;@) =
1 1
Co()2z T (n+a+2) n—|—1—|—a 1
= w(u 2 (u)du
Fla+1)2n+a+ 3

Co()22 °T(n+a+3)(n+1) 1
Ha+D@n+a+;ﬁm+;)/ (W)eu(@)

where

And since

(a,—1) (a,—1) (a,—1) F(n+a+1) (a,—3)
Pn 2 = Pn 21 Rn 2 = n )
(=) M ) = S+ DT+ 1) (@)

therefore

f(x) = Sulfi2) =
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1
_ CQ(Q)Q%*aF(n—Q—a—i— 2)( n+a+2 /M ’7%)(u)du—
M2+ 1)Cn+1)2n+a+ 3
21
1, 1
~ Orl@)22 "Tn +at I "+a+2 /u ()R (w)du =
I2(a+1)L(n+1)2n+a+ 3)
21

Cy()22°T(n+a+ 3T (n+ o+ 2)((ps (n)) — (¢a (n +1)
I2(a+ 1)Ci(a)T(n+1)(2n+a+ 3)T(n + 1)

c (04)2%_0‘ A A oy
N m((% (1)) — (g (n+ 1)))n20+1 =
- r(oig)((%A(”)) ~ (¢n (,f+ )2t

For the theorems in Section 5 we have obtained the following theorems
on the order of pointwise convergence of Fourier—Jacobi series.

Theorem 6.1. For each point x € [—1,1], pu(x) € W% (X = Ly,
l<p<oo), forr=0,1,..., and 0 < (a—i—%) q < 1, the equality

lim n2 =73 {f(x) — Su(fi2)} =

n— oo

is valid, moreover, for p = 2, the order here is final.

Theorem 6.2. For each point x € [—1,1|, p,(z) € W (X = L1,4), for

r=0,1,..., and —% <a< %, the equality
lim 0?20 f(z) — S, (fr2)} =0,

is valid, moreover, the order here is final.

Theorem 6.3. For each point x € [—1,1|, p,(x) € Wk (X = L/La), for
r=0,1,..., and —% <a< %, the equality

lim n2r+<2127;é_°‘{f(x) —Su(f;2)} =0 is valid.

n—oo
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CYCLIC REFINEMENT OF BECK’S INEQUALITIES

K. A. KHAN AND J. PECARIC

Abstract. In this paper, we refine the discrete Jensen’s inequal-
ity for vectors by the idea recently given in [2]. As a conse-
quence, we are able to refine the inequality of E. Beck [1] with
the help of cyclic generalized mixed symmetric means. This
leads to the refinements of the classical Holder and Minkowski’s
inequalities.

Mgbondyg. [2] BOm35T0 3obgomsmgdgm 0pgeby wey@bmsom
©sbgLEgdgmos 0gblgbol PBmmmds ggdmmdgoolomgol. oI
Y998ty ©ogOEbmdomn bgldEgds g. d330L [1] g@memds 3og-
@300 3obbmsgdgmo Ygmgymo LoTgommgdol godmygbyg-
d0m. 53 9goblogbgm gHMEmosl dmbEgal dgmegmols ©s
3063m3L30L geslogg®o gBm@mdgdols sbyYlFgds.

1. INTRODUCTION AND PRELIMINARY RESULTS

Let U be a convex subset of a real linear space, and let f : U — R be a
convex function. If z; € U (1 < i < n) and p; > 0 (1 < ¢ < n) such that

n
> p; = 1, then the discrete Jensen’s inequality
i=1

f<2pi$i> <Y pif(w) (1)
i=1 i=1
holds. Particularly, we have
1 n 1 n
(Gr) <h 2 se )

Let I C R be an interval, h : I — R be a continuous and strictly mono-
tone function, and let a = (ay,...,a,) € I". Then the quasi-arithmetic

2010 Mathematics Subject Classification. Primary 26D07, 26D15, 26D20, 26D99.
Key words and phrases. Convex function, Beck’s inequality, Holder and Minkowski’s
inequalities.
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h-mean of vector a is defined by
1 n
hp(a) = hp(a;;1 <i<n)=h(a;n):=h <n ;:1 h(a )>

First, we extend Beck’s results (see [1]). The use will be made of the
following hypothesis:

(A)) Let Ly : I = R (¢t =1,...,m) and N : Iy — R be continuous
and strictly monotone functions whose domains are intervals in R, and let
f:I x---x I, — Iy be a continuous function. Let x(!),... x(™) ¢ R"
(n > 2) such that x®) e I} for each t = 1,...,m.

The following result is a simple consequence of the discrete Jensen’s in-
equality (2).

Theorem 1.1. Assume (A1). If N is an increasing function, then the
inequality

f (Ll(x(l); n),..., Lm(x(m); n)) >
> N (2N, ®)

holds for all possible xY) (t = 1,...,m), if and only if the function H defined
on Li(I1) X -+ X Ly,(I) by

H(ty,...,tm) =N (f (L7 (t1)s -, L (E)) (4)
is concave. The inequality in (3) is reversed for all possible x) (t =
1,...,m), if and only if H is convez.

Proof. We replace the convex function f by —H or H, and z; by Lt(xz(-t))

in (2) and then, applying the increasing function N=1, we get the required
results. 0

Beck’s original result (see [4], p. 249 or [3], p. 300) was the weighted
form of Theorem 1.1 (see in [10], p. 157), but with m = 2 and I; = [k1, k2],
IQ = [ll,lg] and IN = [n17n2].

For the simplicity, in case m = 2 we use the following form of (Aq):

(Ag) Let K : Ix - R, L : I, - Rand N : Iy — R be continuous
and strictly monotone functions whose domains are intervals in R, and let
f Ik x I, — In be a continuous function. Let a, b € R™ (n > 2) such
that a € Iy and b € I},

Then (3) has the form

f(Kn(a), Ln(b)) = Ny (f(a,b)), ()
where f(a,b) means (f(a1,b1),..., f(an,bn)).
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The following results are the important special cases of Theorem 1.1
and generalize the corresponding results of Beck. We use the following
hypothesis:

(A3) Let K : Ix - R, L : I, - Rand N : Iy — R be continuous
and strictly monotone functions whose domains are intervals in R such that
either Ix+1;, C Iy and f(z,y) = 24y ((x,y) € Ix xI1), or I, I, CJ0, 0],
Ig - I, C Iy and f(z,y) = 2y ((z,y) € Ix x Ir). Assume further that the
functions K, L and N are twice continuously differentiable on the interior
of their domains, respectively. Let a, b € R (n > 2) such that a € I* and
b eI}

The interior of a subset A of R is denoted by A°.

Corollary 1.2. Assume (A3) with f(z,y) =z +y ((z,y) € Ix x I1),
and assume that K', L', N', K", L" and N are all positive. Introducing
E=X F=%L G.=2X (5) holds for all possible tuples a and b, if

Ko s N7
and only if
E(x)+ Fy) <Gz +y), (2,y)€lg xI;. (6)
Corollary 1.3. Assume (A3) with f(z,y) = xy ((z,y) € Ik X Ip).
Suppose the functions A(z) := Wm, B(z) = % and

C(z) == % are defined on Iy, I} and IR, respectively. Assume

further that K', L', N', A, B and C are all positive. Then (5) holds for all
possible tuples a and b, if and only if

A(z) + B(y) < C(zy), (v,y) € Ig x I},

To prove these corollaries, similar arguments can be applied as in the
analogous results of Beck. We just sketch the proof of Corollary 1.2.

Proof. By Theorem 1.1, it is enough to prove that the function
H:K(Ix)x L(IL) =R, H(ts):=N (K '(t)+L(s))
is concave. Since H is continuous, and twice continuously differentiable on
the interior K(I3,) x L(I7) of its domain, we have to show that
O?H(t,s) O?H(t,s) O?H(t,s)
hi—— "2 4+ 2hih : :
T M s 95
for all (¢,5) € K(I3) x L(I3) and (hy, hs) € R?. By computing the partial
derivatives of H of order 2 at the points of K(I5) x L(I$), we have the
condition (6) (see [3] p. 303). O

+ h3 <0

The interpolations of the discrete Jensen’s inequality (2) given in [13]
are used in [11] (see also [12], p.195) to refine the inequality of E. Beck for
a function of two variables. The similar idea is utilized in [8, 9] (see also
[10], Chapter 7) for the refinements of weighted discrete Jensen’s inequality
(1) appeared in [5, 6, 7]. Analogously, in this paper we work out the new
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refinement of Beck’s inequality (3) by cyclic mixed symmetric means as a
consequence of the new refinement of the discrete Jensen’s inequality (2)
constructed in [2]. This, obviously, leads to some new refinements of the
classical Holder and Minkowski’s inequalities.

We need another hypothesis:

(Hs) Let U be a convex set in R™, x3,...,x%, € U, such that x;, = x;,
and A := (A1,...,A,) be a positive n-tuple such that Zle)\i = 1 for
2 < k < n. Further, let f: U — R be a convex function.

The following refinement of the discrete Jensen’s inequality for functions
of several variables is analogous to the refinement given in [2] for the function
of one variable:

Theorem A. Assume (Hs), and consider the following sum

= igf(’g/\jﬂxiﬂ)- (7)
Then

Proof. The idea of proof is the same as that given in [2].
First, we prove the second inequality in (8). Since f is convex, by Jensen’s
inequality, we have

n k—1 n k—1
Z f(Z /\J’+1Xi+j> = Z Z Aj+1f (Xisj)
=1 j=0 i=1 j=0

n k n
=2 SN = S
i=1 j=1 i=1

Now we prove the first inequality in (8). Since f is convex, by Jensen’s
inequality, we have

n k—1 n k—1
1 D1 2o Aj+1Xitj
R e
i=1 7=0
k

:f(ZL Xi )i /\j) :f<Z;L=1Xi) -

n n

2. REFINEMENT OF BECK’S INEQUALITY

In what follows, we assume (A7) such that xﬁ)n = x(t) (t=1,...,m)and

(M,...,A\n) is a positive n-tuple in the way that Zi:l)‘i =1for2<k<n.
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The cyclic mixed symmetric means relative to (7) are defined by

M(Ly, ...,

( ZN( (225 k),.
1 (kz‘j )\j+1Lt(x7(Ji)j)); t=1,...,m.

Li(x®:k) =L
=0

Ly xY)

X(m)) =

Ln(x™i19) )

yeeey

Now, we get an interpolation of (3) by the direct application of Theorem

A as follows.

Theorem 2.1. Assume (A4;)
(A, ...

such that =V

= (t) (t=1,...,m), and

z+n

, An) 1s a positive n-tuple such that Zizl)\l =1for2<k S n. If N

is an increasing (decreasing) function, then the inequalities

f (Ll(x(l);n), cel
1 n
(g

hold for all possible x®) (t =1,...,
in Theorem 1.1 is convex (concave).

Lm(x(m);n)) < M(Ly,...,

Ly xY)

geeey

X(m)) <

at), . xE"”») : (10)

m), if and only if the function H defined

If N is an increasing (decreasing)

function, then the inequalitics in (10) are reversed for all possible x*) (t =

1

geeey

Proof. Suppose N is increasing and the function H : Lq(I) X

— R,
H(ty,...
is convex.
(Li(@D), . L (@), i =1,

i=1

tm) =N (f (L7 (), - -

m), if and only if H is concave (convez).

<o X Ly (I)

L, (tm)))

We apply Theorem A to the function H and to the vectors
n. Then the first term in (8) gives

H(ii(wg%,...

7Lm(:v£-’">))) =
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The last term in (8) is

fZH M), L

and the middle term in (8) has the form

1ZH<Z Mo (L), L)) ) =

Zp(zyﬁwle Zﬂﬁﬁ 1)) -
S N

) 7§:N(( V0, L)) ).

The inequalities (10) follow from these observations and Theorem A since
N1 is increasing.
The converse is obtained by Theorem 1.1. (Il

S\H

= I (1 o).

Assume (As) such that a; ., = a;, bitn, = b;, and (A1, ..., A,) is a positive
n-tuple such that Ele)\i =1 for 2 < k < n. Then, for m = 2, the reverse
of (10) can be written as

f (Kn(a), Ly(b)) > M(K, L; a,b) ( ZN (as, b ) (11)

Example 2.2. Let f(x)=zyand N(z)=mx, then H(s,t)=K'(s)L~1(t).
If H is concave, then (11) gives the following refinement of Holder’s inequal-
ity,

I I

— b < =Y K(ajk)L(bjk) < K,(a)L,(b). 12

2 D0 0 K@D ) < KoL 0 (12)
In particular, if H(s,t) = s'/9/" then H is concave for ¢,r > 1 and

g '+ r~! = 1; we get the following refinement of the classical Hélder’s
inequality for positive n-tuples a and b.

Z“ by < Zn; (Z /\]+1al+J>é(jz_:_:)\j+1b;+j> < (2 ) (Zbr) :

Example 2.3. If H(s,t) = (s'/? +¢}/P)P then H is concave for p > 1,
and (11) reduces to the following refinement of the classical Minkowski’s

3=
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inequality for positive n-tuples a and b.
1

P

(;j:l(al—kb)) <

n k—1 % k—1 %

DY <<Z >\j+1af+j) + (Z Aj+1bf+j> > ) <
i=1 \ \j=0 ) =0

< (iaﬁ’) + (pr)

=1 =1

On the analogy of Corollary 1.2 and Corollary 1.3, we have the following
consequences of Theorem 2.1.

=

o=

Corollary 2.4. Assume (As) such that ajyrn, = a;, birn, = b;, and
(M, ..., A\n) is a positive n-tuple such that Zf:l)‘i =1 for2 <k<n.
Suppose f(z,y) =z +y ((z,y) € Ix x I1), and assume that K', L', N',
K", L" and N" are all positive. Introducing E := W? F .= f,/,, = s
(11) holds for all possible a and b, if and only if

E(@)+ F(y) <Gz +y), (z,y) € lx xI].

In this case,
M(K, L;a,b) ( ZN (a; k) + L(b; k))) (13)

Corollary 2.5. Assume (As) such that a; 1, = a;, bitn =bi, (A1,...,\n)
is a positive n-tuple such that Zle)\i =1 for2<k<mn, and f(z,y) = zy

((x,y) € I x I,). Suppose the f,unctions Ax) := ﬁ%, B(z) =
ng,,(z) and C(x) := W% are defined on Iy, I3 and Iy,

respectively. Assume further that K', L', M', A, B and C are all positive.
Then (11) holds for all possible a and b, if and only if

A(x) + B(y) < Clzy), (z,y) € I x I

In this case,
M (K, L;a,b) ( ZN L(b; k))) (14)

3. REFINEMENT OF MINKOWSKI’S INEQUALITY

(A4) Let I be an interval in R, and let M : I — R be a continuous
and strictly monotone function. Let x; € I™ be such that x;4, = x;
(i=1,...,n), (A\1,...,A\n) be a positive n-tuple such that Zle/\i =1 for
2 <k <n,and let w= (wy,...,w,,) be a nonnegative m-tuple such that

m
Zwizl.

i=1
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We give a refinement of Minkowski’s inequality by using Theorem A.

Theorem 3.1. Assume (Ay), and let the quasi-arithmetic mean function
X = My (x;w) == M1 <§:w1M(x2)>, xel™
i=1
be convex. Then
1 &
M,, (n ; Xi; w) <

n k—1
1 1
S E E Mm(é )\j+1Xi+j;W> S g E Mm(XT;W). (15)
i=1 7=0

r=1

Proof. This is obtained by applying Theorem A to the function M,,(-; w)
and to the vectors x; (i =1,...,n). O

The following necessary and sufficient condition for the quasi-arithmetic
mean function to be convex is given in [12], p. 197:

Theorem B. If M : [my,ms] — R has continuous derivatives of sec-
ond order and it is strictly increasing and strictly convex, then the quasi-
arithmetic mean function My, (-;w) is convez, if and only if M'/M" is a
concave function.

(As) Let M :]0, 00[—]0, oo[ be a continuous and strictly monotone func-
tion such that ;li)% M(z) = oo or Ilg{)lo M(z) = co. Let x; € I"™ be such
that x;4, = x; (1 = 1,...,n), (A1,...,A,) be a positive n-tuple such that
Zlex\i =1for 2 <k <n.Let w=(wq,...,wy) be positive m-tuple such
that w; > 1 (i=1,...,m).

Then we define

Mo, (x;w) = M~ (Z wiM(:ci)> . (16)
i=1
The following result is also given in ([12], page 197):

Theorem C. If M :]0, 00[—]0, 00[ has continuous derivatives of second

order and it is strictly increasing and strictly convex, then M, (-;w) is a
convez function if M /M’ is a convex function.

By using (16), we have
Theorem 3.2. Assume (As). If the function
X —= My (x;w), x €]0,00[™

is conver, then Theorem 3.1 remains valid for My, (x; w) instead of M, (x; w).
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ON VARIABLE EXPONENT HARDY CLASSES OF
ANALYTIC FUNCTIONS

V. KOKILASHVILI AND V. PAATASHVILI

Abstract. The paper studies the Hardy type classes H?() and
hP® of analytic and harmonic functions respectively when a
variable exponent p(t) satisfies the log-continuity condition and
its least value equals to one. Generalizations of the Fichten-
holz, Smirnov and Tumarkin’s theorems known for the classical
Hardy classes are given. The Dirichlet problem is solved in the
framework of spaces H”) in two different statements.

©9%0793g. 65FDm3To VgLfogmomos sbomoby® @s Jo®Imbogm
B96J@Eosms oMol Bodol H?® ©s hP®) 3oligdo, MmEgLsa
(38o0 35h3969d9m0 p(t) s38sgmazomadl mmas®ondgmo 3f-
439030l 300mdsl s dolo gdEodglo 360Tgbgmmds Gmaos
900m0b.  256bmysEgogmos  gobEgbyma3ol, Ldombmgol o
B93>M 3060l mgm®gdgdo, O®BEgdo3 goMyoss (3bmdoo Jo®-
ol gmobogg®o Logdggdol gdmbgggsBo. sdmblbogos o=
®0begl 53m3obs m®o Lbgopsbbgs @sldom Js@dmboye ayb-
Jaosms 3s@pols (33modshggbgdmosh 3msligddo.

The interest in new functional spaces including those which involve Lebes-
gue integration with a variable exponent p(t) has appreciably increased in
the last two decades, and these spaces have become the subject of study by
many mathematicians. This was motivated by the fact that investigation
of applied problems in such classes allows one to consider local singularities
of the given and unknown functions in more detail (see, e.g., [1]-[7] et al.)

In studying boundary value problems of the theory of analytic functions
and certain problems for harmonic functions, the more fruitful turned out
to be the notion of variable exponent Hardy classes suggested in [8].

Here we introduce some definitions.

Let U = {w : |w| < 1} be a circle with the boundary v = {¢ : |[t| = 1}
and p(t) = p(e’) = p(c), 0 < o < 27 be the given on 7 positive measurable
function.

2010 Mathematics Subject Classification. 47B38, 45P05, 42B20.
Key words and phrases. Hardy classes with a variable exponent, Cauchy type integral,
Dirichlet problem.
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We say that an analytic in U function ®(w) belongs to the class H?() if

27
sup /|<I>(reia)|p(a)dcr < 00 (1)
0<r<1 5

analogously, a harmonic function u(w) belongs to the class hPC) | if

2
sup /‘u(rei”ﬂp(o)da < 00. (2)
0<r<1 5

Assume
P = {u:30 ¢ HPO) y(w) = Re®(w), w € U}.

In the most of the above-mentioned works it is assumed that p(t) satisfies
the following conditions:
(1) there exists the constant C(p) such that for any ¢, € 7,

p(t1) — plt2)] < C(p)|n(ty — t2)| 5 (3)

(2) ItIg{/lp(t) =p>1L

A set of such functions we denote by P(7).

The class of functions p(t) for which (3) holds and

(2) minp(t) =p=1, (4)

tey -
we denote by Py (7).

The classes indicated in [8]-[11] have been investigated under the as-
sumption that p € P(y). However, from the point of view of applications,
it is desirable to maintain the case p = 1.

In the present paper we present some properties of functions from the
classes HP() hP() and hP0) for p € P1(7). The classes Hardy are considered
in the domain U~ = {w : |w| > 1}, as well. It turns out that for p € P(v)
the equality

BP0 P0)

holds. For p € Pi(y), this is, generally speaking, false (the corresponding
example can be found in item 4.2).

In the final part of the present work we consider the Dirichlet problem
in two different statements: _

I. Find a harmonic function u(w) of the class hP() such that almost
everywhere on v we have

u™(t) = b(t). ()



ON VARIABLE EXPONENT HARDY CLASSES 95

II. The certain new class of functions V' < LP()(y) which is invariant
with respect to the Cauchy singular operator

S:b— Sb, (Sb)(t) = i/b(T)dT,

i
i.e.,
S(V)=V

has been introduced in [12].
We consider the problem: find the function u from the set

hP(y;U) = {u 130 € HPO),

1 Ot (1)d
_ 7/ T) 7’7 Nigs ELP(‘)(,Y)7 u:Req)}
2 w
v

T —

for which equality (5) holds.
We prove that for problem (5) to be solvable in the first statement, it is
necessary and sufficient that

b(t) € L'V (7). (S0)(t) € LV (7). (6)

The problem in the second statement is solvable for any b € V.
In both cases we have a unique solution.

2. PRELIMINARIES

1. The Class LP")(y). Let p(t) be a positive measurable function on 7.
For the measurable on ~ function f(7) = f(e'), 0 < o < 27 we put

27 .
Iy =t {3 >0+ [ |76
0

LPOA) = {f | fllpe) < oo}

2.2. The Hardy Classes H?)(U™).

p(o)

do <1, p(o) zp(ei”)}.

Let

Definition. We say that the function ®(w), analytic in the domain
U~ = {w : |w| > 1}, belongs to the class H?)(U™), if

sup/‘q)(ReiU)‘p(U)Rdo < 0.
R>1/

For p =1, we write H*(U ™).
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2.3. Classes of Functions Representable by the Cauchy Type Inte-
gral. By K?()(v) we denote a set of functions ®(w), analytic in the plane,
cut along 7, and representable in the form of the integral

o) = 50 [ Ahir = ) v, peOm. @)

g T — W
¥

3. SOME PROPERTIES OF HARDY CLASS FUNCTIONS

3.1. The existence of boundary values. Relying on the Fatou’s lemma,
it is not difficult to prove that functions of classes h?() and HP() for almost
all points ¢t € ~ possess an angular boundary value, and the boundary
functions belong to LP() ().

3.2. The condition for belonging of analytic function to the class
HPO),

Theorem 1. Let p € Pi(v). If the analytic in U function ®(w) is
representable by one of the formulas

+
D(w) = ! /(I) (r) dr, weU,, (the Cauchy formula), (8)

T 2mi

T—w
5
or
1 27 1 9
B(w) = B(re) = — [ d+(e — d 9
(w) (re™) 27r/ (e )1+T2*2TCOS(07’L9) i ©)

0
(the Poisson formula),

where ®T € Lp(')('y), then it is representable by another formula, as well.
A set of such functions coincides with the class HP().

Proof. We make use of the following result from [6].
If f is 2m-periodic function from LPC)(T), T = [0,27], p € Po(7), then
for the Poisson integral
1 27 1 9
, —r
9) = — i d
up(r:9) 2m,/f(e )1+7°2—27°cos(0—19) 7
0

the estimate
lug ()|, < Mo (10)
is valid, where M does not depend on f.

This implies that for almost all ¢ € « there exists an angular limit u™ (¢)
which is equal to t(e'”), and

}13% Huf(rem) _ f(em)Hp(.) _ 0)
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hence,
uy(re”)y e PO p e Poly). (11)
Let now (9) hold, where ® = u + iv and & = (ut +ivt) € LPO) (),
then u(r,¥) = ugece+ (r,9), v(r,9) = Uiy o+ (r,9¥) and by virtue of equality
(11), we have u € h?) v € h?(). Thus & € H?) ¢ H', and according
to the Fichtenholz theorem, ® is representable by formula (8), where ®* €
LPO(y).
If (8) is valid, then ® € H! and ®* € LP()(y). Again, by virtue of
Fichtenholz theorem, formula (9), where ®+ € LP()(y), is valid according

to the assumption, and ® € HP()| by the above proven.
If ® € HP(), then it belongs to H' and ®+ € LP()(y) (see item 3.1).
This implies that both equalities (8) and (9) are valid. O

3.3. On the functions of the class H!(U™). (a) If the analytic in U~
function ®(w) belongs to H'(U ™), then the function F(¢) = @(%), CeU

belongs to H!, and F(0) = 0.
Conversely, if F(0) = 0 and F(¢) € H', then ®(() = F(%)7 CeU~
belongs to H*(U™).
(b) For the analytic in U~ function ®(w) to belong to H(U™), it is
necessary and sufficient that it be representable by the Cauchy integral
bw) = 50 [T v (12)

T —Ww

3.4. On the representability of a pair of functions given on U and
U~ by the Cauchy type integral.
(a) If ®; € HY, ®y € H*(U ™), then the function

() =5 (7 _
F(w)_i/wdﬂ Wy

211 T—w
v

coincides both with ®;(w) for w € U and with ®3(w) for w € U~. If,
however, ®; € HP(), &y € HP()(U™), then F € KPO)(y).
(b) If ®; € H', &, € HY(U~) and almost for all ¢ € v we have

O (t) = @5 (1),
then ®1(w) =0, w e U, Po(w) =0, w e U™
3.5. On the classes h?() and hP.

Theorem 2. Ifp € P(v), then
nr) — jp). (13)



98 V. KOKILASHVILI AND V. PAATASHVILI

Proof. The fact that hPC)  hPO) is obvious. Let us prove that h?() hP().
Let u € h?(), then u € hE, p > 1; by the known Riesz theorem, the
function v, harmonically conjugate to u, likewise belongs to hE, hence

®(w) = [u(w) +iv(w)] € HE C H'.
By the Fichtenholz theorem,

B(w) = 1 /u(7)+iv(7) dr,

T 2mi T—w
B!
where (u + iv) € LPO(y), p € P(y). But the Cauchy type integral
L fv I@dr 0y e U for f € LPO)(y) belongs to HPO) (see [11], p. 76).

2me T—w

Consequently, ® € H?() and v = Re ®, i.e., u € 308 O

3.6. Generalization of one Smirnov’s theorem. The following
Smirnov’s theorem is well known [13].

Theorem. If ® € H?, &+ € LPi(y), p; > p, then ® € HP*.

For the variable p, the theorem below is valid.

Theorem 3. If ® € H?), p > 0 and ®* € L*U)(v), p € Pi(v), then
® € HO) | where A(t) = max(p(t), u(t)).

In [11] (p. 76), this theorem has been proved under the assumptions
p>0, € P).

Proof. Let ®(z) € HP®), p > 0 and ® € L*()(y). This implies that ®* €
L' (v); consequently, ®(z) € H'. Then ®(z) = 5= f7 20T Here dT(t) €

TTK'i T—Z
LMY (), where u(t) € P1(v). By Theorem 1, we conclude that & € H#®),
Thus ® € HP®) (by the assumption) and ® € H*() (by the above proven),

hence ® € HH), O
3.7. On the convergence of a function sequence from H?(), pe Po(7)-

Theorem 4. Let {®,,(¢)} be a sequence of boundary values of functions
®,(z) € H?O), p € Pi(v) and

2
/ 12,(0)]"©ldc| = / 2, (Va9 < €, p(0) = ple™),
Yy 0

where C is independent of n.

If {9,({)} converges in measure on v, then the sequence {®,(()} con-
verges uniformly in U to some function ®(z) of the class HP®), and {®,,(¢)}
converges in measure on y to the function ®*(().
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Proof. We have

/\@n<<)||d<|= / 1©,,(0)|1dc] + / 1©,.(0)]1d¢] <
vy {¢:|®n(¢)I<1} {¢:[®n(¢)|>1}

< 2w+/\q>n(g)|p“)|d<| <or+C.
vy

Using Tumarkin’s theorem ([14], p. 263-9) (in which it is stated that
the provable theorem is valid for p = const), we conclude that {®,(¢)}
converges in U to some function ® € H'. Let us show that & € LP()(y).

From the converging in measure on v sequence {®,,({)} we select the sub-
sequence {®,(z)}, converging almost everywhere on 4. Then |®,, (¢*7)[P(")
converges almost everywhere on 7 to the function |®(e!?)[P("). By the Fa-
tou’s lemma, we obtain

J122©F1acl = [ i @0 ()Pl < [ [0 lac) < C.

B! v v
Thus ® € H', ®+ € LP()(y). Hence

1 OF(1)dt
B(z) = — ot e LPO) ().
(2) =5~ / o € ™)

Y

By Theorem 1, ®(z) € H?(). O

Theorem 4 is a partial generalization of G. Tumarkin’s theorem (see [14],
p. 268-269).

4. THE DIRICHLET PROBLEM IN THE CLASS h?()

4.1. For p € P(v), the Dirichlet problem is solved in the class h?(") for
b€ LPO)(y) (see, e.g., [11], p. 219). The solution is unique and representable
by the Poisson integral.

When p € Pi(y), situation changes in the main. Here we have the
following

Theorem 5. Let p € P1(v); for the solvability of the Dirichlet problem

in the class Ep('), that is, for the existence of the function u(w) which is the
real part of some function from HP() and

ut(t) = b(t) (14)
it is necessary and sufficient that the conditions

b(t) € LMV (y),  (Sb)(t) € LMV (7). (15)
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be fulfilled. If these conditions are fulfilled, then the Dirichlet problem in
the class hP")(v) is uniquely solvable and the solution u(w) is given by the

equality
7' +w dT
=R b(t 16
27r/ T—w 7’ (16)
or what us the same,
1 1—1r2 ;
— [ ble do, =re'’. 17
~ o / 1+r2—2rcos(a—79) 7 were (17)
¥

Proof. The necessity. We use the following result.
If ®(w) € H!, then it is representable in the form

/R ot (r T+wdl+um<1>(0) (18)

(This statement is well-known for the functions ®, analytic in U and con-
tinuous in U. In the above formulation, this statement can be found in [15]
(see also [11], p. 11)).

Thus, let u(w) € h?() and satisfy the condition (14), then there exists
the function ®(w) € HP() C H' such that u(w) = Re ®(w).

By virtue of the statement from item 3.2, a solution u(w) may be only
the function given by equality (16). For this function to be a solution, it is
necessary that the function

By (w) = i/b(ﬂ”“’ dr

2T T—w T
v

1 /@;(T)dT
~ omi T—w
¥

belongs to H', i.e., the equality

be valid.
Since
1 2b(t 1 b(T
=_— — 1
CI)b(w) 21 / —w 211 / T ( 9)
¥ ¥
by virtue of Sokhotskii-Plemelj formula we, find

@, (t) = b(t) + (Sb)(t) + const . (20)

By the statement from item 3.1, we should have [b(t)+(Sb)(t)] € L) (v).
Since b(t) € LP()(y), we should have (Sb)(t) € LP() (7). Hence conditions
(15) are fulfilled.
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The sufficiency. Let the conditions (15) be fulfilled. Let us prove that
®y(w) € HPO). Tt is seen from (19) that ®,(w), as the Cauchy type integral,
belongs to 6ﬂ1H‘5 (see [14]. p. 96). It follows from (15) that ®(w) € H?,

<

and hence,
1 O (1)dr
Pp(w) = — [ L2——.
o(w) 27 / T—w
¥

According to (20) and (15), we find that ®,(w) is representable by the
Cauchy integral with density CDZ' € LPO)(y). By virtue of Theorem 1, we
conclude that ®, € HP(). Consequently, u = Re®,; is the solution of
problem (14) of the class h?(®). O

Remark. The fact that ®(w) belongs to the class H?() can be also
proved as follows.

As is mentioned above, ®;, € 601H5; assume ®, € H'/2. Next, owing to
<

(15), the function ®;" € LP(M) ().
Using Theorem 3, we find that ®, € H*®), where A(t) = max(3;p(t)) =
p(t).

4.2. On the functions b(t) for which problem (14) is unsolvable. If
p € P(7), then for any function b € LP() () we have Sb € LP() () (see [15]
and also [11], p. 44). But when p € P;(7), then this is, generally speaking,
impossible at least for such p(¢) which admit value 1 on some arc vy C 7.
Indeed, were Sb for any b from LP()(y) belong to LP()(y), the Cauchy
operator S : b — Sb would be continuous in L) (7) (see [16], and also [11],
p. 101). But this is impossible, since there exist the functions be L (7o)
for which SbE L'(7p); taking as b(t) the function by from LP()(y) which
equals b on 7o, we have by € L'(y0), and hence, Sby € LPO) (7).

Obviously, in the case under consideration there exist linearly indepen-

dent functions by,ba,...,by,... for which problem (14) is unsolvable in the

class h?().

4.3. Certain subsets of functions from LP()(y), rt%inp(t) = 1, for
¥

which conditions (15) are fulfilled. In [12], in connection with the in-
vestigation of problems dealing with the approximation of functions from
LPO) (), it was considered the sets V,, 7 € Ny = {0,1,2,...} of those
function f from LP()(v) for which

8o
/ Q(t,9) <ln l)rd(s < oo, where §p > 0,

0 0

0
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and
s+h
Q(f,6) = sup / fe)do — 1(s)]
h<é I ()

It has been proved that the Cauchy operator S : b — Sb transfers V., into
V.., and S(Vp) € LPO)(v).
Consequently, the following theorem is valid.

Theorem 6. Ifb € Vj, then problem (14) is solvable in the class hre).

4.4. On classes of functions V and Ep(')(w; V). The Dirichlet prob-

lem in the class h?C)(y; V). The above-mentioned work [12] considers also
the set
V= nV.

z€No
which is invariant with respect to the operator S, i.e.,

S(V) =W

Let us consider the Dirichlet problem in the following statement: find
the function u(w) from the set
~ 1 O (7)d
hp(-)(% V)= {u 3P e Hp(')fb(w) :7'/ (1)dr 7
2 T—w
¥

®t €V, u(w)=Re @(w)},

which satisfies the boundary condition
ut(t) = b(t).
In this case the theorem below is valid.

_ Theorem 7. If b € V, then the Dirichlet problem is solvable in the class
hPO(v;U).
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THE RIEMANN BOUNDARY VALUE PROBLEM IN
VARIABLE EXPONENT SMIRNOV CLASS OF
GENERALIZED ANALYTIC FUNCTIONS

V. KOKILASHVILI AND V. PAATASHVILI

Abstract. The present paper studies the Riemann boundary
value problem for generalized analytic in I. Vekua sense func-
tions. The problem is formulated as follows: on the plane,
cut along a simple, closed, rectifiable curve I', find the general-
ized analytic function W (z) which in the domains G* and G,
bounded by the curve I'; belongs to the Smirnov classes with a
variable exponent and W= (t) its boundary values almost for all
t € I satisfy the condition

W (t) = a(t)W ™ (1) + b(t),
where a(t) and b(t) are the given on I' functions.

Various conditions of solvability are revealed and solutions
(if any) are constructed.

Mgbondg. 6539mIYo 0. 3939°L SbMom Fobbmyswgdgmo b=
mobg®o gg9bd3ogdolomgol godmygmggmos ®0dsbol Lolsb-
©3@m sdmzsbs do@@og gz@ g I' Fodby god@om Lodddygdo.
303m3m0 0lgmo asbbmasEgdgmo sbasmoby®mo gablios W(z),
®mdgmoi 'm0 gdmlsobmgdge sMg95To dogzgmgbgds Ldom=
bmgol 3gmo p(t) 3ohggbgomosh gesligdl s Gmdmols Lslsb-
30m 3608369mmdg0 s WE(E) T fodol momdols yggms
Fao@omBo s33sgmazomgdgbh Gmemdsl
W) = a()W™ (1) + b(t),

Losi alt) oo b(t)-by dmigdgmo gabdiogdos.

dmdgobomos sdm3560L 53mblbomdol Lbgopolbgs 3ommdg-
30, 5dmboblibgdo s39dgmos bowo Loboom.
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1. INTRODUCTION

In the boundary value problems appearing in various fields of mathemat-
ics it is frequently required of the solution that unknown functions would
belong to a certain Lebesque class (see, e.g., [2], [6], [7], [26], etc.)

Recently, the problems of pseudo-differential equations are being inten-
sively studied in nonstandard Banach functional spaces, in particular, in the
framework of variable exponent Lebesgue spaces. Such a statement of the
problem is motivated by the fact that the classes of functions in definition
of which the integration exponent is, generally speaking, a function, more
precisely take into account local singularities of the given functions. Such
spaces are natural ones in which we seek for solutions.

There is a vast literature devoted to the investigation of variable expo-
nent Lebesgue spaces. It suffices to mention monographs [1], [3], [12] and
references therein.

The works [3], [9], [11], [12], [22], [24], [25], etc. dealing with the boundary
value problems for analytic and harmonic functions and related singular
integral equations have been studied in the framework of variable exponent
Lebesgue spaces.

In these problems regarding p(t) it is more frequently assumed that p(t) €
P(T), i.e., the conditions:

(a) there exists the number M such that for any ¢, to € I we have

p(t1) = p(ta)| < M|In [ty — tof| 7 (1)
(b)
minp(t) =p > 1, (2)

are fulfilled.

Further, the generalized Cauchy type integral and the generalized sin-
gular integral have been investigated in [13], and Smirnov classes with a
variable exponent p(t) for generalized analytic functions have been intro-
duced and studied in [21]. The results obtained in these works give every
reason to investigate boundary value problems for generalized analytic func-
tions when boundary values of unknown functions and those prescribed in
the boundary conditions belong to LP®)(T).

The Riemann problem for continuous statement has been considered in
[17]. Smirnov classes for a constant p are studied in [18]. A number of
problems in these classes have been investigeted in [14], [5], [7], [8], [15],
[16], [18], [19].

In the present paper we investigate the Riemann problem which is for-
mulated as follows.

Let T" be a simple, closed, rectifiable curve dividing the plane C into two
domains G and G~. Find such a generalized analytic in I. Vekua sense
function W which



THE RIEMANN BOUNDARY VALUE PROBLEM 107

1) is a regular solution of the class U%2(A, B,C) s > 2 of equation;
LW =W + A(2)W(z) + B(2)W (z) = 0; (3)

2) belongs to the class KP()(A; B;T'), i.e., is representable by the gener-
alized Cauchy type integral

W(z) = (Krg)(z) =

= %/Ql(z,r)go(r)dT — Qy(z,7)@(T)dT, e LPO(D), 2€l;  (4)
r

3) the boundary functions W*(¢) and W~ (¢) almost everywhere on I'
satisfy the condition

W) = a(t)W(t) + b(t), (5)

where b(t) € LPM(T).

Regarding I, p(t) and a(t), it is assumed that

(a) I' is a curve of the class I* containing, in particular, piece-wise smooth
and Radon’s curves without external peaks;

(b) p(t) is the function of the class P(T);

(¢) a(t) belongs to the A(p(t),T') class of measurable functions on I" which
is a natural generalization of I. Simonenko’s class (see [26]).

Under the adopted assumptions, the generalized Cauchy type integrals
(2) on the domains G and G~ belong to the Smirnov classes EPC)(A; B; G)
and EPC)(A; B; G™), respectively [21].

A set of generalized analytic functions in the plane, cut along the closed
curve I' such that in the domains G and G~ bounded by I they belong to
the classes EP()(A; B; G*), we denote by PEP()(A; B;T"). Such functions in
the conditions (1), (a) and (b) are representable by the generalized Cauchy
type integral in the domains G+ and G, and therefore are representable by
the Cauchy integral with density from LP()(T') [21]. By virtue of the above-
said, a picture of solvability of the Riemann problem in classes K?)(A; B;T)
and PEPC)(A; B;T) is the same.

2. PRELIMINARIES

2.1. The function of the class L*”(G). Let G be the domain in the
plane C, and f(z) be the function of the class L*(G), s > 0. We continue
it on C\G by zero and for the obtained function we preserve the notation

f(2). Assume f,(z) = z”f(%)

A set of functions f for which
feLC), fu(z)eL*U), U={z:]z] <1}. (6)
we denote by L% (C) [27, p. 29].



108 V. KOKILASHVILI AND V. PAATASHVILI

2.2. Regular solutions of equation (3). We say that the function W =
W(z) is a regular solution in G of equation (3), if every point zp € G
possesses a neighbourhood Gy in which W has a generalized in Sobolev
sense derivative OzW = %(%—VZ +i%—V;>, (z = x +1y) and almost everywhere
in Go — LW = 0.
A set of regular solutions of equation (3), when A, B € L*?(G), we denote
by U*?(A; B; G).
For s > 2, every function W € U*?2(A; B; G) is representable in the form
W=twepor. ww() = [[(4+B5) S0 c=grim ()
/s WIi¢—=z

where @y is holomorphic in G, wy belongs to the Holder class Hs—2 (C),
and wyy (00) = 0 [27, pp. 160-162]. ‘

The function @y is called an analytic divisor and wyy is a logarithmic
difference of the generalized analytic function W (z).

2.3. The principal kernels. Let A, B € L*%(G), s > 2, ® be an ana-
lytic function in G and ¢ be a fixed point from C. It is proved in [27]
(p. 175-7) that there exists a regular solution W (z;t) of equation (3) such
that: 1) Wy = V;((ZZ’; ) is continuous in G and continuously extendable on C;
2) Wo(z) #0; 3) W(t) = 1; 4) Wy(z) is holomorphic outside of G.

The operator which assigns to each pair ® and ¢ the function W (z;t) we
denote by R (®(2)).

If 1(2) = 5055, P2(2) = 55y and X;(2,6) = R{P(®4(2)), j = 1,2

are regular solutions of equation (3) in C{¢}, then the functions

Ql(z,t) = Xl(Z,t) +’iX2(Z,t), QQ(Z,t) = Xl(Z,t) — ZXQ(Z,t)

are called the principal kernels of the class U*?(A; B; G).

2.4. Generalized polynomials. A generalized polynomial of order n of
the class U*2(A; B;C) is called that regular solution of equation (3) whose
analytic divisor is a classical polynomial of order n [27, p. 167].

Suppose

—A-B k _ p—A-B; k
Vo, = RSP (), vy (2) = RSP (i2Y).

2.5. The space LP()(T). For the measurable on T' function f(t) we put

b
o)) |p(E(@))
£l = inffr > 0+ [ LA g5 <,
0
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where t = t(0), 0 < o < is the equation of the curve I" with respect to the
arc abscissa 0. And let

L) = {f + £l < o0}
For p € P(I'), the set LP(?)(I") with the norm ||-||,,(.) is the Banach space.

3. THE VARIABLE EXPONENT SMIRNOV CLASS

3.1. Definition. We say that the generalized analytic function W belongs
to the class EP()(A; B;G), if W € U*%(A; B;G), s > 2 and

oitzgl/IW(Z(pew))lpw)Z’(pew)d9< oo, p(0) =p(=(e”)),  (8)
0

where 2z = z(pe?) is the comformal mapping of U onto G (for details on
those classes, see [21]).

If W e EPO(A; B;G), p € P(T') then almost for all ¢ € T, there exists
an angular boundary value W7 (¢), and the function ¢ — W™ (t) belongs to
LPO(T).

It follows from the representation (7) that the belonging of W to the
class EP)(A; B; G) is equivalent to the fact that the function ®y belongs
to the class E*()(@), i.e.,

27
sup [ [ (2(pe") PO (o) d6 < oc.
0

If G is an unbounded domain and there is the polynomial Q(z) such that
[®(2) — Q(2)] € E*V(@), we write & € EPV(G).

3.2. Classes of functions representable by the generalized Cauchy
type integral. Let I' be a simple rectifiable curve bounding the domains
GT and G, Q1 (2,t) and let Q5(z, ) be the kernels of the class U*?(A; B; C),
f € L(T'). The function

(Ref(e) = [ (e 0f@dt - 0a 00, 2T
r
is called the generalized Cauchy type integral [27, p. 198].
This function is a regular solution of (3) of the class U*2(4; B;C).
Assume
EPO(A; BiT) = {W : W(2) = (Kr f)(2), fe L’V (D)};
KPO(T) = KP1(0;0;T).
KPM(A; B;T) = {W : 3 polynomial p,, : W(z) = Wy(z) + p,, (2), Wy €
KP®(A; B;T)}.
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4. CLASSES OF CURVES

4.1. Lavrent’ev’s curves (of the class A). The curve I' belongs to the
class A, if sup,, ;e s(t1,t2)[[t1 — t2| 7!] < oo, where s(t1,2) is the length
of the least of two arcs lying on I' and joining ¢; and t5.

4.2. The class Iy. I is a set of curves I' with the equation ¢t = t(o),
0 < o < (with respect to the arc abscissa) for which there exists a smooth
curve with the equation p = (o), 0 < o < such that

(o)

do < 0.
M(UO)

l
#(0) "
‘éiii‘;‘?o/ \t(@ —t(o0)  plo)

4.3. The class I'*. The simple curve I" belongs to the class I*, if I' € A
and it can be represented as a finite union of arcs of the class Iy, having
tangents at the ends.

4.4. Examples. I* contains piecewis-smooth and piecewise-Radonean
curves without cusps (see [4], pp. 23-30, [1], pp. 146-7).

5. THE CLASS OF FUNCTIONS A(p(¢),T").

A measurable function a(t) belongs to the class A(p(¢),T), if
1) 0 < m = essinfla(t)| < esssup|a(t)| = M < oo;
tel tel

2) for every point 7 € I'; there exists the arc I'; C I' containing 7 on
which almost all values a(t) lie inside of the angle with vertex at the origin,
of size less than

ar = 27| sup max(p(t), q(t))| T = A
! tel', ’ ’ p(r) -1
For the function a(t) from A(p(¢),T), following [26], we define a branch of
the function arga(t). We select a finite covering of T" by the arcs T'y, =T, .
Let ¢ be the point on I';; at which there exists the tangent and the point
a(0) lies inside of the angle of size o, . We fix (arga(c))~ € [0,27). Moving
along 7, we define the value arga(t) so as for ¢, t9, lying on one of the arcs
I, to have |arga(t;) —arga(tz)| < a,,. Going around I', the point ¢ falls
into 'y, with a new value (arg(c))™.
The number .

%= 5| (arga(e)) " — (arga(e))] ©)
is the integer, independent of the covering of I' by the arcs I'y, and the
choice of ¢. We call this number an index of the function a(¢) and write
» = ind a(t).

For p = const, the class A(p,T") coincides with the known I. Simonenko’s
class [26].
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6. STATEMENT OF THE RIEMANN PROBLEM.

When I is the Carleson curve bounding the domains G™ and G—, and
A,BeL**(G*), s>2, peP(l), p=supp(t),
tel

—/ p S =/

-_r 2 10
P=s—1 5>7 (10)
then as is proved in [21], the equality

Kp(')(A;B;G+) :Ep(‘)(A;B;G+) (11)

holds.

In particular, inclusion (11) holds if

A, B e L=(GY), peP(). (12)

When
Lerl*, peP(), acAlp(t),T), be LPO(I) (13)

problem (5) in the class K?(Y)(T") has been investigated in [22].

Since when solving problem (5) in the class K?®)(A; B;T), of impor-
tance for us is equality (11) and knowledge of a picture of its solvability in
KP®(A; B;T), we will assume that the condition

Iel*, A BecLG), s>2, pecP®I), >7, (14)

N »

or
rel*, A, BeL>(G), peP{T), (15)
is fulfilled.

In the first case, the choice for A, B is wide, but the set of admissible
p(t) is bounded by the condition 5 > p’. In the second case, the set of A
and B contracts, but now p(t) is arbitrary from P(T").

Thus, let condition (14) or (15) be fulfilled and we are required to find a
generalized analytic function W which is a regular solution of equation (3),
representable by the generalized Cauchy type integral with density LP()(I")
and almost everywhere on I' equality (5) is valid.

When we say that W is a regular solution of problem (5), we regard that
all the conditions adopted in this section for W are satisfied.

7. SOLUTION OF THE PROBLEM
7.1. One necessary condition of solvability. If
rer*, acA(p@®),I) peP). (16)
then the function

X(2) exph(z), ze€GT,
Z) =
(z—z20) "exph(z), 20€GT, z€G~
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satisfies the following conditions: there exists § > 0 such that

X(z) € BP0 (GH), (18)
[X(2)] " € EYOT(GH) (19)
a(t) = XT ()X~ ()] (20)
(see [22]).
We write condition (5) in the form
WHXH) T =W (X)) =b(XH), (21)
and assume Vw0t .

Lemma 1. Let
_ X
LW =W + AW + BW, L1V=65V+AV+B§V.

If LW =0, then L1V = 0, where V is given by equality (22). Conversely,
if WV =0 and W =V X, then LW = 0.

Proof. Since X (z) and (X (z))~! are the functions, analytic in G, it can be
easily verified that

1
LV = LJV (&W+AW+BW) < LW

From the above equality follow two statements of the lemma. O
Corollary 1. If W € US2(A; B;G), s > 2 then V € US2(4; BX; G).

Corollary 2. If V is the function given by equality (22), then

V =dyexpuw,, (23)
where o
@Vfingvfww (24)
Proof. We have
W oy
V= y = TGXpra
_ W dédn _// XV dédn
“W‘//(A+BW)<—Z_ (A+BXV>< -
G
d&dn
A+ B—— =w,; 2
/ )t = s (25)

(We have used here the equality W = VX and Corollary 1).
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Thus,
Pw
V=%%yexpw, = ~ XPwy
and hence,
oy = 2w (26)
V=
Equalities (25) and (26) are just the provable by us equalities (24). O

Since @y, € EPO(G) and + € B+ (GE) (see (19)), it follows from
(26) that @y € E'™¢(G*), e > 0 and hence V € E'*¢ (A;B%;G*). Be-

havior of the function ¢, in the domain G~ depends on %
If  =inda > 0, then it is easily seen from (17) that lim, . V(z) =0
for 2 =0 and lim,_, o, V(2) = const for s = 1.
For ¢ > 1, the function V at the point z = oo admits the pole of order
s—1. Therefore there exist ® € E'7¢(G~), ¢ > 0 and the polynomial Q,,_;

of order s — 1 such that

Dy =B+ Q.
By virtue of (21)—(22), we have
b
+ -_
VvVt -V- = X7

Since ®, and ®y belong to E*(GF), then W belongs to the class
e(A-RX.
Bt (A,By,Gi)
Let Qq,1(2,t) and €Q21(2,t) be the principal kernels of the class
Us? (A;B%;Gi) s > 2. Then
W(z)
X(2)

— V(2) = Krs (%) Vil (2),

where

fgnl(%) _ F/Ql,l(z,t) ;f()t) — Qy1(2,1) (;Y()t))dt

where 17%_1(,2) is the generalized polynomial of order » — 1. This implies
that one possible solution of problem (5) will be

~

W(z) = X (2)Wy(2) + X (2)Vy-1(2), (27)
where
Wb(z) = I?F,l (%)
Since
b

=5 € L"), n>0
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we have
b

X+) — X®w, expwy, € E" (A;B?Gi). (28)

W=X (Kp )
Next,

0 = J X (), W5 = A b))

This implies that for the inclusion W;, € KP()(A; B;T) it is necessary
that

(TD)(1) = X+ (150 (55 ) (1) € L), (30)
Conversely, if (30) holds, then W € E7 (A;B%;Gi) and (W,)* €
LPM(T). According to the generalized Smirnov’s theorem (see [17]), we
will have W, € EP(®)(A; B; G), where p(t) = max(p(t),n) = p(1), i.e.,
Wy (z) € EPM(A; B; GF). (31)
Thus the following lemma is valid.

Lemma 2. For problem (5) to be solvable for s > 0, it is necerssary and
sufficient that inclusions (30) be fulfilled.

Let condition (30) be fulfilled. Find out under what additional conditions
W, is a particular solution of problem (5) and construct its general solution.
We consider separately the cases s > 0 and » < 0.

7.2. The case » > 0. By virtue of (31),
Wi(2)=Kr (W, =W,") = (Kraf)(2), f(t)= (W, (t)-W, (1)) € L"D(T).

Since I' € I'*; p€ H(T') and W;(c0) =0, we have W, (2) € KPC (A BX )
(see Corollary 1).

Therefore (f(plf)(z) e gr0) (A; B%; Gi), and hence, W}, is the solution
of problem (5). Now, to find its general solution, we have to solve the
problem

V-V =0 (32)
in the class of fungtions whose analytic divisor admits the representation
P, =D, +Q,,_1, € EPO(GF).

It follows from (32) that &} — &, = 0, and since W;, € K?() (A, BX, r)

therefore ®, = 0. Consequently, the solutions of (32) are the functions V/
for which analytic divisor is the polynomial @Q,,_1.

We denote such a function by V,,_;. Then if condition (30) is fulfilled, a
general solution of the problem is

W) = X()Era (o ) () + X (Vo (2) (33)
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7.3. The case s < 0. In this case the only one possible solution of the
problem may be only the function Wj(2); however, for this function to be
of the class EP(')(A; B;G7), it is necessary and sufficient that the function

Kr1 (X—}'Jr) (z) at the point z = co have zero of order |s|. For this to be so,

it is necessary and sufficient that

Im/uk(t)b(t)dtzo, F=0,1,...,2(1+|%) -3, (34)
I

where uy, are linearly independent solutions of the homogeneous problem

1
)= —=u (¢ 35
WD) = (0 (3)
(see [4], p. 53).
Let us show that uy, belongs to B4 (G*F).
Since ﬁ € A(q(t),T) and indﬁ = — > 0, according to the result
obtained in item 7.2, the solutions of problem (35) are given by the equality
1 _
U(Z) = X(Z)ul%‘_l’

where 2|,,_; is the generalized polynomial of order || — 1.

Consequently, the analytic divisor of the generalized analytic function
u(z) is Q‘;}‘%;)(z)

By virtue of the fact that we have inclusion (19) and ®,,(c0) = 0, we can
conclude that ®y () € B4 (GF), and hence, u(z) € E10)(A; B; GF). This
implies that the function W} under conditions (30) and (34) is the solution
of problem (5).

7.4. The main theorem. From the results obtained in items 6.2 and 6.3 it
follows that if condition (14) or (15) with respect to I', p(t), a(t), b(t) are ful-
filled, then for the Riemann problem considered in the class K?®)(A; B;T')
(or in PEP®)(A; B;T)), the theorem, analogous to that appearing in the
classical assumptions and in the class KP()(T), is valid.

Theorem. Let I' be the simple closed curve bounding the domains G+
and G~ and let the condition (14) or (15) be fulfilled. If, moreover, a(t) €
A(p(t),T), b(t) € LPO(T) and 5 = inda(t), then for problem (5) to be
solvable in the class Kp(t)(A;B;F), it is necessary and sufficient that the
condition

(Th)(t) = X (1) (%1%) (t) € LPO(T)

be fulfilled, where §1“,1 1s the generalized Cauchy singular integral with prin-

cipal kernels Q11 and Q1 2 of the class US2(4; B%;Gi), and X (z) is the
function given by equality (17).
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If this condition is fulfilled, then:
(i) when s = inda > 0, the problem is solvable and its general solution
is given by the equality

W) = X () () + XV (2)

where V,,_1(2) is an arbitrary generalized polynomial of order (V,_1(2)
= 0);

(ii) when s < 0, then for the solvability of the problem it is necessary
and sufficient that the condition Tb € LP®)(T') and

Im/uk(t)b(t)dt =0, k=0,1,....2(1+|z]) -3
T

be fulfilled, where uy, are linearly independent solutions of the class K P(t) (— A;
—BZ%;T) of the problem

Remark. If b e LPO+9(5), § > 0 then T, € LPM(I).
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CRITERIA FOR THE BOUNDEDNESS OF POTENTIAL
OPERATORS IN GRAND LEBESGUE SPACES

A. MESKHI

Abstract. It is shown that the fractional integral operators with
the parameter o, 0 < a < 1, are not bounded between the
generalized grand Lebesgue spaces L?% and L?% for 0, <

61q/p, where 1 < p < 1/ and ¢ = 1555+ It is proved that the

one-weight inequality
Vo (F) 0. 0070 < el fll 00

where I, is the potential operator on the interval [0, 1], holds if
and only if w € Ay44,,([0,1]).

Mgbondyg. bshggbgoos, Mm3 Fomopy®o 0bGIaMSmPM0 M3gMs-
G™®0 o 35M5dgB®om, 0 < a < 1, 5@ s@ol Ygdmbsbpg®ygemo
Lo ©o L902 2Msbe @g5930L LoMmgM3ggdl Bm@ol, Lswsi
02 < bhg/p, 1 < p < 1l/a s ¢ = 2=. bobggbgdos, O

l—ap

goofmbosbo g@memds
”Ia(fwa)HLgU% 0a/p < CHfHLgL)J’v

bos@ Lo 3m@gbaosmol m3g@ms@maos [0,1] 0bdgmgomby, do-
@oPos 85P0b s Fbmmme 85T0b, mEs w € Aiyq/,y ([0, 1]).

INTRODUCTION

In this paper we prove that potential operators with the parameter «,
0 < a < 1, are not bounded from L) to LY, where 1 < p < oo and ¢ is
the Hardy-Littlewood—Sobolev exponent of p: ¢ = ﬁ. This phenomena
motivates us to investigate the boundedness problem for the Riesz potential
operator I, in the generalized grand Lebesgue spaces. In particular, we

study this problem in weighted L?Z,) 9 spaces and prove that the one—weight

2010 Mathematics Subject Classification. 42B25, 46E30.

Key words and phrases. Fractional integrals, grand Lebesque spaces, one-weight in-
equality, boundedness, one-sided potentials.

The results of this paper were presented in the Seminars of the Department of Math-
ematical Analysis at A. Razmadze Mathematical Institute on October 13, 2011. They
were included also in the preprint [10].
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inequality
||Ia(fwa)||LZ))‘ 6‘1/1’([0,1]) S C”fHLlfu)ﬁ([o,l])
holds if and only if w belongs to the Muckenhoupt’s class Ay q/p -

The unweight spaces LP)? (i.e. LB for w = const) were introduced by
E. Greco, T. Iwaniec and C. Sbordone [6] when they studied existence and
uniqueness of the nonhomogeneous n— harmonic equation divA(z, Vu) = p.

The grand Lebesgue spaces LP) = LP)! first appeared in the paper by
T. Iwaniec and C. Sbordone [7]. In that paper the authors showed that if
f="(f1, -, fa) : 2 = R" belongs to the Sobolev class W11 where Q is
an open subset in R, n > 2, then the Jacobian determinant J = J(f,z) =
det Df(x) (J(z, f) > 0 a.e.) of f belongs to the class L{, () provided that
g € L', where

g(x) :=|Df(x)| = {sup[Df(x)y| : y € S"~'}.

Recently necessary and sufficient conditions guaranteeing the one—weight
inequality for the Hardy-Littlewood maximal operator in qu) (I), where
I =0, 1], were established by A. Fiorenza, B. Gupra and P. Jain [4], while
the same problem for the Hilbert transform was studied in the paper [9].
In particular, it turned out that the Hardy-Littlewood maximal operator
(resp. the Hilbert transform) is bounded in v (I) if and only if the weight
w belongs to the Muckenhoupt class A,(1).

1. PRELIMINARIES

Let Q be a bounded subset of R™ and let w be an a.e. positive, integrable
function on 2 (i.e. a weight). The weighted generalized grand Lebesgue
space LP)?(Q) (1 < p < o) is the class of those f : @ — R for which the
norm

0<e<p—1

20 1/(p—2)
e =, sw (g [ 150 =ua)
Q

is finite.

If w = const 1, then we denote LP)?(Q) := Le)? (). The space Lﬁ,)’e(ﬂ)
is not rearrangement invariant unless w = const.

Holder’s inequality and simple estimates yield the following embeddings
(see also [6], [4]):

L5 () € LM (Q) € LE*(Q) C LE5(Q), (1.1)

where 0 < e <p—1and 0, < 65.
In the classical weighted Lebesgue spaces LP the equality

£l = 1w 2 £ s
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holds but this property fails in the case of grand Lebesgue spaces. In par-
ticular, there is f € L) such that w'/Pf ¢ LP) (see also [4] for the details).

Let ¢ be positive increasing function on (0, p— 1) satisfying the condition
©(0+) = 0, where 1 < p < co. We will also need the following auxiliary
class of functions defined on 2 and associated with ¢:

qu),w(x)(Q) = {f : sup (‘P(a)ﬁHfHLﬁff) < oo}.

0<e<p—1
The space L’J,)’O(Q), 6 > 0, is the special case of Lﬁ,)’“o(z)(Q) taking
6
p(e) = jqr-

Throughout the paper the symbol p(t) &~ ¥ (t) means that there exist
positive constants ¢; and ¢z such that c¢1o(t) < ¥(t) < catp(t). Constants
(often different constants in the same series of inequalities) will generally
be denoted by ¢ or C. By the symbol p’ we denote the conjugate number

of p, i.e. p’::p%l,1<p<oo.

2. FRACTIONAL INTEGRALS AND FRACTIONAL MAXIMAL FUNCTIONS IN
UNWEIGHTED GRAND LEBESGUE SPACES

Let
[ W)
Y
0
be the Riesz potential operator defined on [0, 1]. We begin this section with

the following result:

Theorem 2.1. Let0<a<1,1<p< i, 01 and 05 be positive numbers
such that 0o < 01q/p, where g = L > Then the operator I, is not bounded

11—«
from LP)01 to LD-02,

Proof. First observe that q/p = 14+aq. Suppose the contrary: I,, is bounded
from LP)-%1 to L9:%2 i. e. the inequality

Hafllpoes < cllfllzoren (2.1)

holds, where the positive constant ¢ does not depend on f. Taking f = xs
in (2.1), where J is an interval in [0, 1], we have

d
(Iaf)(x):/h"_ny_a > |J|Y, e d
J

Consequently,
[Lafll ooz = [T IX I L0202
Taking inequality (2.1) into account we have that

1% x| o2 < ellxllo e, (2.2)
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where the positive constant ¢ does not depend on J.
Let us define the number ¢; € (0, p — 1] satisfying the condition

1 =
sup  (eM1]J]) 7 = (g?m) T (2.3)
0<e<p-—1
Now we claim that |}ilmo ey = 0. Indeed, suppose the contrary: that there
—

is a sequence of intervals .J, and a positive number A such that |J,| — 0
and 5, > A > 0 for all n € N. It is obvious that we can choose J,,, so that

R
[Jng | (p=1) _

P
<e Az,
e

Now we claim that ¢’(z) < 0 for z satisfying the condition = € [\/2,p — 1],

1
where g(z) = (2%]J,,,|) >~ Indeed, it is easy to see that for such an z,

1 1
Jual o _ [l K0 =1
e e
hold. Hence, using the formula

and the fact that

x € [A/2,p — 1]. This observation together

¢ Ly

<0+ ——<e
e

or

= 0 gives that 0 < e, < A, where ¢, s

g'(t)

we conclude that ¢’'(z) < 0 f

with the equality lim g(z)

z—0

defined by

1 1/(p—€ingy)

sup (& )77 = (5 o)
O0<e<p—1 0

This contradicts the assumption that €5, > A > 0 for all n.

Further, we choose 7; so that

1 1 1 1
a=—-——-= — .
p q Dp—¢&;5 qg—ny

This is equivalent to say that

p—¢&g

Cl-alp-ey) 24

nr=¢dq

By (2.2) and (2.3) we have that
0o 01

105 [T < eeF 7 |7 (25)
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(here we used the fact that if € is small, then 0 < ny < ¢ — 1). Now (2.5)
yields:

b2  __9%
ny e, <e. (2.6)
Further, (2.4) and (2.6) imply
02
_ p—eg p—e; 02 0 0
<q 1—a(p—eg) ) 6; pflgl, erf?g‘] —alfs <e (27)
€y
Passing now to the limit as |J| — 0 we see that the left-hand side of (2.7)
%2 _ap,
tends to +oo because the limit of the first factor is [m} g , and
92-01 9 92=01 _ 9
lim ;7% aQ:ling" 5
|J|—0 |J|—0
(Here we used the observation Z—f <l+aqg= 6)2?%6)1 —aby <0). O

Analysing the proof of Theorem 2.1 we have the result similar to that of
the previous statement for the fractional maximal operator

1
M f(@)= sup 1 / il zelo.
Jox |J|
JC0,1] J

Theorem 2.2. Let the conditions of Theorem 2.1 be satisfied. Then the
operator My, is not bounded from LP»%1 to LD-02,

Proof. Proof is the same as in the case of Theorem 2.1. We only need to
observe that the inequality

1
| J[i=e

My f(x) > /d:c:|J\a, x € J,

J

holds for f(z) = xs(z), where J is a subinterval of [0,1]. Details are
omitted. O

3. SOBOLEV’S EMBEDDING IN WEIGHTED GENERALIZED GRAND
LEBESGUE SPACES

This section is devoted to the investigation of the one—weight inequality

for the operator I, in Lﬁ?’g spaces.

First we introduce the function
1—(u—q)a

p(u) = % +p (3.1)

whereO<oz<1,1<p<é,q:1_pap-

To prove the main results we need some auxiliary statements.



124 A. MESKHI

Lemma 3.1. ¢(z) ~ 21727 near 0.
The proof is straightforward and therefore is omitted.
Lemma 3.2. Let 1 < ¢ < oo and let w be a weight. Then
1Al @ 0,17y = NNl g 1+oa .17y
where @ is defined by (3.1).
Proof. Follows immediately from Lemma 3.1. (]
Lemma 3.3. Let 1 < g < oo and let § > 0. Then
171wt gy 2 W1 oo o
where @ is defined by (3.1).
The proof follows immediately from Lemma 3.1.

Lemma 3.4. Let 1 < p < oo and let ® be a positive increasing function
on (0,p — 1) satisfying ®(0+) = 0. Then there is a positive constant ¢ such

that for all intervals J C [0,1] and f € LE®@ the inequality
1
_1 P
£y < el ([ 170OP00O@) T lgoco
J

holds.
Proof. We have

11l pgywin sy = | sup <<1><s) / f(x)|p_sw(x)d93) L=

e<p—1

0<e<p—1

J
= sup (<1><s> / |f<x>“w<x>pfw<x>idx> <

< sw 207 ([ (If@rus) dx);x
J

0<e<p—1

(
= 0<§1§11;1<1>(6)pis <J/ |f(:£)|Pw(x)dw> ’ (J/w(x)dw) = _
- ([ r@rue) % ( J/ wle)is) ‘1’0325_1 (26 J/ wiayir) =

J
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= ([ 1r@rutas) " @) ol e, 0
J

Lemma 3.5. Let9>0,1<p<oo,0<oz<1/pandletq:1_’%ap.

Let ¢ be a positive increasing function on (0,q — 1) satisfying the condition
¥(04) = 0. Suppose that the inequality

||Ia(fwa)||L§IU)1¢(1)([O’1]) S C”fHLﬁ,)’e([O,l]) (32)
holds. Then .
/w*p'/q(x)dx < 0.
0
1 ’
Proof. Suppose the contrary: [w™P/(z)dr = [w*t » = oo. This
0 5

1
means that there is a function g € L, such that [ gw® = occ.

0
On the other hand,

1 1
I (guw®)(z) = / Mdt > /g(t)wa(t)dt =00, z€]0,1].
0 0

z— t[i-o

Further, Lemma A implies that g € L{’,}’Q([o, 1]). This contradicts (i). O

Definition 3.1. Let 1 < r < co. We say that a weight function w belongs
to the Muckenhoupt’s class A4,([0,1]) (w € A,([0,1])) if

1 1/r 1 , 1/r'
A, (w) := sup (/w(t)dt) </w1_r (t)dt) < 00,
scoa) \ ] s ||

7
where the supremum is taken over all subintervals J of [0, 1].

Lemma 3.6. Let0<a<1,1<p<l/a Weselq= 1_pap. Suppose
that w € Ay1q([0,1]), d.e.,

1 1/q 1 // 1/17/
sup —/w t dt) (/u}_p a(t dt) < 0.
v (i [wa) (55 v

J J
Then there are positive constants o1, oo and L satisfying the conditions:
1 1
- =a, WEA | 4o,
pP— 02 q—01 (p—o2)’

[P —/

for all0 < e < 01,0 < n < oo withﬁ—q—is = «, where K, is the
operator defined as follows K, f = I,(fw®).



126 A. MESKHI

Proof. Since w € Ay, by the openness property of Muckenhoupt’s classes
(see [11]) we have that there are small positive numbers o1 and o3 such that
L =aand w € A1+(q_01)/(p_02)/.

p—o2  q—o1

Now we use the idea from [8]. By the result of B. Muckenhoupt and
R. L. Wheeden [12] we have that the operator K, is bounded from L? to
LY and from L2772 to L', Let 0 < ¢t < 1 and let us define positive

numbers 7 and € so that
1 t 1—t 1 t 1—t¢
+

p—n - I;
Then by applying the Riesz—Thorin theorem (see e.g. [2], p. 16) we have
that K, is bounded from LP~" to L%~¢ and moreover,

1Kall g pge < WKalli oo MKallty es o on

p—oy q—¢ q q—o1

Observe now that

1 1t ot 1-t 11—t
p—n q—¢ p qg Pp—02 q—01
1 1 1 1
—t(c-J+-t(-——--——)=tat(1-ta=a.
P q D — 02 q—01

The lemma is proved since we can take L = |[Ka ||z, 11, [ Kall pp-o2 oo
(since without loss of generality we can assume that each factor in the latter
expression is greater or equal to 1). O

Theorem 3.1. Let 1 <p < oo andlet 0 < a < 1/p. Suppose that 6 > 0.
We set ¢ = +2—. Then the inequality

l1—ap
”Ia(fwa)||L3))v9‘1/f’([071]) < C”f”qu),G([O,l]) (3.3)

holds if and only if w € A1 yq/p([0,1]).

Proof. By Lemma 3.1 we have that (3.3) is equivalent to the inequality
”IOA(fwa)||L,‘,1ﬂ)vw(“3>([0,1]) < C”f”LfU)’e([O’l])v (3'4)
where

] s (3.5)

V) = o), ol = [

Necessity. Let (3.3) and hence (3.4) hold. By Lemma 3.5 we have that

1
fw_p /4 < 0. Let us take f= ij_a_pl/q. Then for x € J, we get that
0

1 1 o
Lo(w® f)(z) > W/waf: W/w oa,
J J
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Hence,
o™ ) ooy = 11 ( / w” /q)||XJ|L3)>”’('”)([o,1])'
J

Further, by Lemma 3.4 with ®(z) = 2% we find that

a—1 -
o </“’ pM)”“”La*w”aam =
7
1
_1 !
< cllfllizmoqony < elwlJ))™? (/ f(t)|pw(t)dt) IPellzgyo oy =
7

_1 AN
=cw(J) P (/w_p /q> HXJHL{’U)*"([OJ])'
J

It is easy to see that there is a number 7n; depending on J such that

0<ns;<p-—1and
1
_ 1 L »’ 1
b ( Ju “) el e o 3y < € ()77

For such an n; we choose € so that
1 1
p—nJ q—E&yg

= Q.

Then 0 < ey < qg—1and
1

1 1 -0 1
|J|a*1w(J)E_W77J P ah(eg) e w(J) s = (/ P /q> <ec.
J

Observe that by Lemma 3.1 we have that

_6 2 1 __ 6 0(1+aq)
)T =0T g ()T T e =

1 1

1 l+ag 0 _ 0
(WJP ey EJ) ~ <77J an‘P(&I)q_”) =1

1 1 1 1 1
- — + =——a=-.
p pP—MNJ q—¢&yg p q

Finally, we have that
1 ’ 1/1)/
IJa‘lw(Jﬁ(/w‘p /q) <ec
J

and also,

Necessity is proved.
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Sufficiency. Using Lemma 3.6 we have that there are positive constants

. . ol . 1 . 1 o
o1, 0o and L satisfying the conditions: pmor qmer T WE AlJr e

||Ka||Lf;n_>L?;E < Lforall0 <e <o, 0<n< o0y with ﬁ - q%g = «,
where K, is the operator defined by K, f = I,(fw®).
Let o be a small positive number such that 0 < 07 < ¢ —1 and let us fix

¢ € (0,q — 1]. Then ’(Il_fg > 1. By Holder’s inequality we have that

1 1
q—0 e—o
o (F0) | g 0.1y < </|Ia(fwa)(g;)|q—ow(a;)dm) w([0, 1]) @@=
0
!/
because (q:” =42,
q—e e—o
Further, the conditions 0 < ¢ —1and 0 < e < ¢ — 1 yield
0< E—o0 q—1— 0'.

<
(g—o)lg—e)  g-o
Consequently, using the well-known result by B. Muckenhoupt and
R. L. Wheeden [12] for the classical weighted Lebesgue spaces:

p
Ha(f)llLg, o < el fllenqoy &= w € Arggyp ([0,1]), 4= 1= o’

we find that

Ly = (o.1])°

a0y = o { sup (6) 7l fu)
’ 0<e<o

e [e3
sup ()7 [[Lla(fw )”Lguf([o,u)} <
c<e<Lqg—1

_1 a
<max{ Sup ()7 N (F1) e o1
0<e<o

L (Fw) || g-e  sup ¢<s>q:w<[o,1]>m_;@_5>}§

o<e<qg—1
<mac{L s (&)™ vlo) (0, ) T |«
o<e<q—1
L @
x sup P(e)a=[[La(fw )”L?f([o,l]) <
0<e<o

<cmax{L, | sup (06| wlo) (14 w(0.1) 7 b x

c<e<qg—1

6
x sup 17 ||f|l;p-n <
S L5701

g—l—0

gc( sup w<s>q%>w<o>—&<1+w<[o,11>> o Vi Fr.

o<e<qg—1
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Here o is small positive number chosen so that if 0 < e < o, then 0 <5 <
0p < 01 < p—1. Also, we used the estimates:
0(1+aq)
Yle)TE me v mp(e)TE =y, as £ 0,
where 14— — L = q. O
p—n  q—¢

Remark 3.1. Theorem 3.1 implies that if 1 < p < 00, 0 < a < 1/p,

q = 2 and p > 0, then the one-weight inequality

IN

0<e<qg—1

ap o / I )@t )

0<n<p—1

<C sup n“(/llf(x)”_"w(x)dx) -
0

with the positive constant C' independent of f holds if and only if

w e A1+q/p’ ([O, 1])
This follows from the following easily verifiable relation

1 1
2 e r—e
ooy~ s =5 [latr—ui) ™,
0

0<e<r—1

which holds for weighted grand Lebesgue space LZB’Q([O, 1]), where 1 <r < oo
and 6 > 0.

Corollary 3.1. Let§ > 0 and let 1 < p < co. Suppose that 0 < a < 1/p.
We set ¢ = —2—. Then I, is bounded from LP%1([0,1]) to L9:?2([0,1])

l—ap

provided that 02 > 01q/p.

Proof. follows immediately from Theorem 3.1 (in the unweighted case
w(x) = const) and (1.1). O

4. ONE-SIDED POTENTIALS

In this section we show that the unboudedness result in grand Lebesgue
spaces is also true for the one—sided potentials:

x

(Raf)(ac):/(:E;f(;))l_oéahf7 x € (0,1);

and
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where 0 < o < 1. In particular, we claim that R, and W, are not bounded
from LP% to L%, where ¢ = 12, 1 < p < 00, 61, 3 > 0, 6 < %L,
Indeed, let us show the result first for R,,.

Suppose the contrary:

thq
[RafllLoes(o,1)) < el fllmor oy, b2 < R (4.1)

where ¢ does not depend on f. Let fn(x) = Xx(0,1/2n)(2) in (4.1). Then
taking the following inequality

L
2n

(Rof) () > /ﬁd@ (%)a e (;nrll) (4.2)
0

into account, (4.1) yields that

2n)" X (L 1 < CHX 0,1/2n (4.3)

( ) (21n’117,) L9:92([0,1]) (0.1/2n) LP):91([0,1])

Now we choose ¢,, positive number so that
1 1
1 p—e 1 P—en
01 _ 01

su el — = |} — . 4.4
0<6SI;*1 < 2n> < 2n> ( )

We now observe that lir% en = 0 (see the proof of Theorem 2.1 for the
n—

similar arguments). Choose now 7, so that

1 1 1 1
a=—-——-= .
p q P—én q—1Tn

Hence,

P—¢&n
n=¢— ————. 4.5
(s (4.5)
By (4.3)—(4.5) we conclude that

1

02 1 q9—"n 91
(2n)~%ni ™ (2> < ceh o (2n) 7Y/ e, (4.6)
n
From (4.6) we have that
02 _ 0
Ny "men " <cp, forallne N (4.7)

because

N —= N
IN IN
/N N
N = N
N~ ~—

Q k-]
|‘H \‘H

3 o

3 3

IN IN
7N N
N~ DN =
SN— ~——
Q= k-]
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Now (4.5) yields

En < cp.
En P
Hence,
)
P—¢€n p—en 72
q T—a(p— 82=01 _ 4
D—En) = btz
[ € e =
n
9201
. . . - —abs 02—0,
which is impossible, because lim &, " = oo (recall that T—oﬂg =
n— oo
02 01
T <0).

Analogously, we have that W, is not bounded from L?)-%t to L9-%2. This
follows from the inequalities

1
1-5%

-1
f@®) 2\ 1 _ 1 1
Wa > 7dt> 9. o= (o3 a7 6(1_7’1_7)7
wawz [ A az(L) g = se(i-2a- g
where f(t) = xq_ 1 1 1)(t). Hence,
an”® < ‘ .
Calt IX(1-F1-55) o o]) AX(=21=-3) [ os o.1))
Choosing now €, so that
- 1
1 | pen 1 ]»——=
[E%] = sup {efﬁ , 0<ep,<p—1,
6n 0<en<p—1 6”_

and observing that lim e, = 0 (see the proof of Theorem 2.1 for the similar
n—oo

arguments) we find that the conclusion similar to the case of R,, is valid.

4.1. Conclusions and Remarks.
Let 0 < a < 1 and let I, R,, W, be potential operators defined above.
In the sequel we denote by T, one of these operators.

Corollary 4.1. Let 1 <p < oo and let 0 < o < 1/p. We set ¢ = £

l—ap-
Suppose that 61 and O be positive numbers. Then:
(i) If 02 < 61q/p, then Ty, is not bounded from LP)01 o [D:02
(ii) If 05 > O1q/p, then T, is bounded from LP)>% to L4992,

Remark 4.1. There is a function f from LP)\L? such that T, f € L9\ LA.

Indeed, let f(t) = t_%, t € (0,1). Then f € LP\LP. On the other hand,
(see e. g. [13]), Tof =~ 4. Hence T.f € LY\LA.
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ON SLIGHTLY CONTINUOUS MULTIFUNCTIONS VIA
GENERALIZED TOPOLOGY

B. ROY

Abstract. In this paper, the notion of upper (lower) slightly
(w4, o)-continuous multifunctions has been introduced. Some
characterizations of these types of multifunctions have been
given. Several properties of such multifunctions are also ob-
tained.

©9%09d9.  LEHsGosTo gdmegdgmos bgws (Jggws) d3odge
(1, 0)~9¥ 93980 dgm@ogabliogdo. dogdamos sbgmo Godols
396J(30900L aom33990 obslosmgds s woagbomos dsmo
bmyogHmo mgoligds.

1. INTRODUCTION

One of the most important area in the theory of classical point set topol-
ogy is continuity of functions and multifunctions as they are important tools
for studying properties of spaces and for constructing new spaces from pre-
viously existing ones. Several weaker forms of continuous functions have
been introduced and studied by different mathematicians. In [7] A. Kanibir
and I. L. Reilly introduced upper (lower) semi generalized continuous mul-
tifunctions by using the concept of generalized topology. Similar types of
functions have also been studied by C. Boonpok [2]. Such a generalized
topology was first introduced by A. Csdaszdr. We first recall some notions
defined in [3]. Let X be a non-empty set, exp X denotes the power set of
X. We call a class u € exp X a generalized topology [3], (briefly, GT) if
@ € p and union of elements of p belongs to p. A set X, with a GT p on it
is said to be a generalized topological space (briefly, GTS) and is denoted
by (X, ). For a GTS (X, u), the elements of u are called py-open sets and
the complements of p-open sets are called p-closed sets. For A © X, we
denote by ¢, (A) the intersection of all u-closed sets containing A, i.e., the
smallest p-closed set containing A; and by 4,(A) the union of all p-open

2010 Mathematics Subject Classification. 54C08, 54C60.
Key words and phrases. Upper (lower) slightly (u, o)-continuous multifunctions, u-
connectedness, (u, o)-clopen graph.
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sets contained in A, i.e., the largest p-open set contained in A (see [3, 4] for
details).

It is easy to observe that i, and ¢, are idempotent and monotonic, where
v : expX — exp X is said to be idempotent iff A £ B € X implies y(v(A))
= v(A) and monotonic iff y(A4) € v(B). It is also well known from [4, 5]
that if pisa GT on X and A S X,z € X, thenz €c,(A) iffr e M ep
= MnNA#@and ¢, (X \A) =X\1i,(A4).

Throughout the paper, we shall use (X, 1) to mean a generalized topolog-
ical space and (Y, o) will denote a topological space. For a subset A, cl(A)
and int(A) denote the closure and interior of A respectively. For a multi-
function F': (X, u) — (Y, 0), the upper and lower inverse of a set A of Y are
denoted by FT(A) and F~(A) and defined by FT(A) = {x € X : F(x) € A}
and F7(A) ={z € X : F(x) N A # @}. Also here p(z) ={U e p:z € U}.

2. SLIGHTLY (i, 0)-CONTINUOUS MULTIFUNCTIONS

Definition 2.1. A multifunction F : (X, u) — (Y, 0) is said to be

(a) upper slightly (u,o)-continuous if for each point x € X and each
clopen set V in Y containing F'(x), there exists U € p(x) in X such that
FU)CcV.

(b) lower slightly (u,o)-continuous if for each point z € X and each
clopen set V in Y with F(z) NV # &, there exists U € u(x) in X such that
F(u)NV # @ for each u € U.

Theorem 2.2. For a multifunction F : (X,u) — (Y,0) the followings
are equivalent:

(a) F is upper slightly (u, o)-continuous;

(b) F(V) is p-open for each clopen set'V of Y ;

(¢) F=(V) is p-closed for each clopen set V of Y.

Proof. (a) = (b): Let V be any clopen set in Y and z € F* (V). Then
F(z) £ V. Thus by (a), there exists U € pu(x) in X such that F(U) S V.
Thus z € U & F*(V) and hence z € i (F*(V)). Therefore, F*(V) S
i, (F*(V)) ie., FT(V) is p-open.

(b) = (c): Let V be a clopen set of Y. Then Y \ V is clopen in Y. Then
by (b), X\ F~(V) = F*(Y\V) =i, (F*(Y\V)) = X \¢,(F~(V)). Thus
F=(V)=c, (F~(V))ie., F7(V) is p-closed.

(c) = (b): This follows from the fact that £~ (Y \ B) = X \ F(B) for
any subset B of Y.

(b) = (a): Let « € X and V be any clopen set of Y containing F'(x).
Then z € F*(V) = i (F*(V)). Thus there exists U € p(z) such that
U C FT(V). Therefore, there exists a y-open set U in X containing = such
that F(U) € V. Thus F is upper slightly (u, o)-continuous. O
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Theorem 2.3. For a multifunction F : (X,u) — (Y,0) the followings
are equivalent:

(a) F is lower slightly (u, o)-continuous;

(b) F~ (V) is p-open for each clopen set V of Y;

(c) FT(V) is u-closed for each clopen set V of Y.

Proof. (a) = (b): Let V be a clopen set of Y and z € F~ (V). Then
F(z)NV # @ and hence by (a) there exists U € p(x) such that F(u)NV # &
for each u € U. Therefore, we have U & F~ (V) and hence x € U &
i, (F=(V)). Thus F~(V) S (F~(V)) ie., '~ (V) is p-open.

(b) = (c¢): Let V be a clopen set in Y. Then Y\ V is clopen in Y and by
(b), we have X \ FH(V) = F~ (Y \V) =i (F-(Y\V)) =X \c¢, (Fr(V)).
Thus F*(V) is p-closed.

(¢) = (a): Let x be any point of X and V be any clopen set in Y such that
F(z)NV # @. Thenxz € F~ (V) and hencex ¢ X\F~ (V) = Ft(Y'\V). As
Y\ V is clopen in Y, by (c) we have x & ¢, (F*(Y \ V)). Thus there exists
U € p(z) such that UNF+(Y\V) = @; hence U € F~ (V). Thus F(u)NV #
& for each u € U. Therefore F is lower slightly (u, o)-continuous. O

Definition 2.4. A topological space (X, 7) is said to be extremally dis-
connected (in short, E.D.) if closure of each open set in X is open in X.

Theorem 2.5. Let (Y,0) be an extremally disconnected space. For a
multifunction F : (X, u) — (Y, 0) the followings are equivalent:

(a) F is upper slightly (u, o)-continuous;

(b) e, (F=(V)) & F~(cl(V)) for each open set V in'Y;

(c) F™(int(K)) S i, (FT(K)) for each closed set K in'Y .

Proof. (a) = (b): Let V be an open set in Y. Then cl(V) is clopen
in Y (as Y is E.D.). By Theorem 2.2, F'~(cl(V)) = ¢, (F~(cl(V))) and
F=(V) S F~(cl(V)). Thus ¢, (F~(V)) & ¢, (F~(cl(V))) = F~(cl(V)). So
e, (F~(V)) € F~(cl(V).

(b) = (c): Let K be any closed set in Y. Put V=Y \ K. Then V is
an open set in Y. Then X \ i (FT(K)) =c, (X \ FH(K))=¢,(F~(V)) &
F=(cl(V)) (by (b)) = F~(Y\ int(K)) = X \ F'(int(K)). Thus we have
FH(int(K)) € i, (F+(K)).

(¢) = (a): Let = be any point of X and V' be a clopen set in Y contain-
ing F(x). Then by (c) we have x € FT(int(V)) = F*(V) S i, (FT(V)).
Therefore, there exists U € u(x) such that U S FT (V). Thus there exists
a p-open set U in X containing x such that F(U) € V. Therefore, F is
upper slightly (u, o)-continuous. a

Theorem 2.6. Let (Y,0) be an extremally disconnected space. For a
multifunction F : (X, u) — (Y, 0) the followings are equivalent:
(a) F is lower slightly (u, o)-continuous;
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(b) ¢, (FT(V)) € FT(cl(V)) for each open set V in Y ;
(c) F~(int(K)) S i, (F~(K)) for every closed set K in'Y.

Proof. The proof is similar to that of Theorem 2.5. (]

Lemma 2.7 ([8]). For a topological space (Y, o), the followings are equiv-
alent:

(a) (Y, o) is extremally disconnected;

(b) The closure of every semi-open set of (Y, o) is open;

(¢) The closure of every pre-open set of (Y, o) is open;
(d) The closure of every B-open set of (Y,0) is open.

Lemma 2.8. Let (Y,0) be an extremally disconnected space. For a
multifunction F : (X, u) — (Y, 0) the followings are equivalent:

(a) F is upper slightly (u, o)-continuous;

(b) ¢, (F=(V)) € F~(cl(V)) for each semi-open (resp. pre-open, (-open)
setV inY;

(¢) FH(int(K)) € i, (FY(K)) for each semi-closed (resp. pre-closed,
B-closed) set K inY.

Proof. The proof is similar to that of Theorem 2.5 and it follows from
Theorem 2.2 and Lemma 2.7. (]

Theorem 2.9. Let (Y,0) be an extremally disconnected space. For a
multifunction F : (X, u) — (Y, 0) the followings are equivalent:

(a) F is lower slightly (u, o)-continuous;

(b) ¢, (FH(V)) S FH(cl(V)) for each semi-open (resp. pre-open, 3-open)
setV inY;

(c) F~(int(K)) S i, (F(K)) for each semi-closed (resp. pre-closed,
B-closed) set K inY.

Proof. The proof is similar to that of Theorem 2.6 and it follows from
Theorem 2.3 and Lemma 2.7. ([

Definition 2.10. A multifunction F : (X, u) — (Y, o) is said to be

(a) upper (u, o)-continuous (resp. upper almost (u, o)-continuous, upper
weakly (u, o)-continuous) if for each point z € X and each open set V of Y
containing F'(x), there exists a p-open set U in X containing x such that
F(U) SV (resp. F(U) € int(cl(V)), F(U) € cl(V)).

(b) lower (u,o)-continuous (resp. lower almost (u,o)-continuous, lower
weakly (, o)-continuous) if for each point € X and each open set V of
Y with F(x) NV # &, there exists a p-open set U in X containing x such
that F(u) NV # @ (resp. F(u)Nint(cl(V)) # @, F(u) Ncl(V) # @) for
eachueU.

Theorem 2.11. If a multifunction F : (X, u) — (Y,0) is upper weakly
(i, 0)-continuous, then it is upper slightly (u, o)-continuous.
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Proof. Let € X and V be a clopen set in Y containing F'(x). Since F
is upper weakly (u, o)-continuous, there exists a p-open set U containing
such that F(U) € cl(V) = V. So F is upper slightly (u,o)-continuous. O

Theorem 2.12. If a multifunction F : (X,u) — (Y,0) is lower weakly
(1, 0)-continuous, then it is lower slightly (i, o)-continuous.

Proof. Similar to that of Theorem 2.11.

O

Example 2.13. Let X =Y = {a,b,c}, p = {9, {a},{a,b}, X}, 0 =
{2,{a},{b},{a,b}, X}. It can be shown that the function F : (X, u) —
(Y, o) defined by F(a) = {b,c}, F(b) = F(c) = {a} is upper slightly (p,o)-
continuous, but not upper weakly (u, o)-continuous.

Lemma 2.14. A multifunction F : (X,pu) — (Y,0) is upper almost
(1, 0)-continuous (resp. lower almost (u,o)-continuous) if and only if for
each regular open set V' containing F(x) (resp. V N F(x) # @) there exists
a p-open set U containing x such that F(U) SV (resp. F(u) NV # & for
each v € U).

Theorem 2.15. If a multifunction F : (X, u) — (Y,0) is upper slightly
(1, 0)-continuous and (Y, o) is extremally disconnected then F is upper al-
most (u, o)-continuous.

Proof. Let x € X and V be any regular open set of Y containing F(x).
Then V is a clopen set (as Y is extremally disconnected [see [10], Lemma
5.6]). Since F' is upper slightly (i, o)-continuous, there exists a p-open set
U in X containing x such that F(U) € V. Thus by Lemma 2.14, F is upper
almost (u, o)-continuous. O

Theorem 2.16. If a multifunction F : (X, u) — (Y, 0) is lower slightly
(1, 0)-continuous and (Y,o) is extremally disconnected, then F is lower
almost (u, o)-continuous.

Proof. Similar to that of Theorem 2.15. O

Definition 2.17. A topological space (X, 7) is said to be 0-dimensional
[14] if each point of X has a base consisting of clopen sets.

Definition 2.18. A topological space (X, 7) is said to be mildly com-
pact [13] or slightly compact [10] if every clopen cover of X admits a finite
subcover. A subset A of X is called mildly compact relative to X if every
cover of A by clopen subsets of X has a finite subcover.

Theorem 2.19. If a multifunction F : (X, u) — (Y,0) is upper slightly
(, 0)-continuous and (Y, o) is 0-dimensional and F(x) is mildly compact
relative to Y for each x € X, then F is upper (u, o)-continuous.
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Proof. Let x € X and V be any open set of (Y, o) containing F(z). Then
by O-dimensionality of (Y, o), for each y € F(x) there exists a clopen set
G, such that y € G, £ V. Since F(x) is mildly compact relative to Y,
there exists a finite number of points y,,y,,...,y, € F(z) such that G,
is clopen in Y for each i and F(z) € U{G, :i=1,2,...,n} S V. Let
G =U{Gy, :i=1,2,...,n}. Then G is clopen in Y and F(z) S G S V.
Since F' is upper slightly (u, o)-continuous, there exists a p-open set U with
x € U such that F(U) £ G £ V. Thus F is upper (u, o)-continuous. O

Theorem 2.20. If a multifunction F : (X, u) — (Y, 0) is lower slightly
(i, 0)-continuous and (Y, o) is 0-dimensional, then F is lower (u,o)-conti-
nuous.

Proof. Let x € X and V be an open set in Y such that F'(z)NV # @. Then
there exists a clopen set V, such that V, N F(z) # @ and V, £ V. Since F'
is lower slightly (p, o)-continuous and V, N F(x) # & there exists U € p(x)
such that F(u) NV, # & for each u € U. Thus there exists U € u(z) such
that F(u) NV # @ for each w € U (as V, & V). Therefore F is lower
(s, o)-continuous. O

The clopen subsets of a topological space (X, 7) forms a base for a topol-
ogy on X . This topology is called ultra-regularization [9] of 7 and is denoted
by 7,. A topological space (X, 7) is said to be ultra-regular [6] if 7 = 7.

Theorem 2.21. If a multifunction F : (X, u) — (Y,0) is upper slightly
(1, 0)-continuous and (Y,0) is ultra-reqular and F(x) is mildly compact
relative to Y for each x € X, then F is upper (u,o)-continuous.

Proof. Similar to that of Theorem 2.19. O

Theorem 2.22. If a multifunction F : (X, u) — (Y, 0) is lower slightly
(u, 0)-continuous and (Y, o) is ultra-regular, then F is lower (u, o)-continu-
ous.

Proof. Similar to that of Theorem 2.20. (]

3. PROPERTIES OF UPPER (LOWER) SLIGHTLY (f,0)-CONTINUOUS
MULTIFUNCTIONS

Definition 3.1. A GTS (X, p) is said to be u-connected [12] if X can
not be written as union of two non-empty p-open sets.

Theorem 3.2. Let F : (X,u) — (Y,0) be an upper (lower) slightly
(i, 0)-continuous surjection. If (X, ) is p-connected and F(x) is connected
for each x € X, then (Y, o) is connected.

Proof. If possible let (Y, o) be not connected. Then there exists a pair of
disjoint open sets U and V such that Y = U U V. Since F(z) is connected,
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for each z € X either F(z) S U or F(x) S V. If 2 € FF(UUYV), then
F(z) € UUV and hence z € FH(U)U FT (V). Also, as F is surjective
there exist z,y € X such that F(z) € U, F(y) € V hence z € F*(U) and
y € FY(V). Thus FF(U)UFT(V)=FT(UUV)=X, FF(U)NF*(V) =
Fr(UNV)=g and FT(U) # @ # F*(V).

If F is upper slightly (i, o)-continuous then since U and V are clopen,
by Theorem 2.2 FT(U) and F*(V) are u-clopen in X- a contradiction to
the fact that X is u-connected. If F' is lower slightly (u, o)-continuous then
by Theorem 2.3 we can have a similar contradiction. (Il

Definition 3.3. A multifunction F : (X, u) — (Y,0) is said to have a
(i, 0)-clopen graph if for each (z,y) € X x Y \ G(F'), there exist a p-open
set U in X containing x and a clopen set V in Y containing y such that
(UxV)NG(F)=@.

Lemma 3.4. A multifunction F : (X,u) = (Y,0) has a (u,0)-clopen
graph if and only if for each (x,y) € X x Y \ G(F), there exist a p-open
set U in X containing x and a clopen set V in'Y containing y such that
FUO)NV =g.

Definition 3.5. A topological space (X, 7) is said to be ultra-Hausdorff
[13] if for each pair of distinct points z,y € X, there exist disjoint pair of
clopen sets U and V such that x € U and y € V.

Theorem 3.6. If F': (X,u) — (Y,0) is an upper slightly (u,o)-conti-
nuous multifunction such that F(x) is mildly compact relative to'Y for each
x € X and (Y, 0) is ultra-Hausdorff, then G(F) is (u,o)-clopen.

Proof. Suppose that (x,,y,) € X xY \ G(F). Then y, & F(x,). Since Y is
ultra-Hausdorff, for each y € F'(x,) there exist clopen sets G, and H inY
containing y and y, respectively, such that G, " H = @. Then the family
{G, :y € F(x,)} is a clopen cover of F(x,). Since F(z,) is mildly compact
relative to Y, there exists a finite number of points y,,y,,...,y, in F(z,)
such that F(zo) € U{Gy :i=1,2,...,n} = G (say). Let H = N{H, :
i=1,2,...,n}. Then G and H both are clopen in Y such that F(z,) € G,
Yy, € H and GN H = @. Since F is upper slightly (u, o)-continuous, there
exists a p-open set U in X containing x, such that F(U) & G. Thus
F(U)N H = @. Hence by Lemma 3.4, G(F) is (u, o)-clopen. O

Definition 3.7. For any subset A of a GTS (X, u), the u-frontier [11]
of A is denoted by F'r,(A) and defined by F'r (A) =c, (A)Nec, (X \ A).

Theorem 3.8. The set of all points x € X at which a multifunction
F: (X, p) — (Y, 0) is not upper (lower) slightly (u, o)-continuous is identical
with the union of u-frontier of the upper (resp. lower) inverse image of
clopen sets containing (resp. meeting) F(x).
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Proof. We shall prove the theorem when F is upper slightly (u,o)-conti-
nuous. The case for lower slightly (u,o)-continuous can be shown in a
similar fashion. Suppose that F' is not upper slightly (u,o)-continuous
at * € X. Then there exists a clopen set V in Y containing F(z) such
that U N (X \ F*(V)) # @ for each p-open set U containing z. Then
z €c,(X\F*(V)). On the other hand, we have z € F*(V) € ¢, (FT(V)).
Hence z € Fr, (F*(V)).

Conversely, suppose that F' is upper slightly (u, o)-continuous at z € X.
Let V' be any clopen set in Y containing F(z). Then there exists a p-
open set U in X containing x such that U & F(V); hence = € i, (FT(V)).
Therefore, x ¢ Fr, (F*(V)) for each clopen set V in Y containing F(x). O
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MULTILINEAR FRACTIONAL INTEGRALS IN WEIGHTED
GRAND LEBESGUE SPACES

(Reported on 11.03.2015)

Our goal is to present weighted inequalities for multilinear fractional in-
tegral operators in grand Lebesgue spaces. The theory of grand Lebesgue
spaces introduced by T. Iwaniec and C. Sbordone [14] is one of the in-
tensively developing directions of the modern analysis. It was realized the
necessity for the study of these spaces because of their rather essential role
and applications in various fields. These spaces naturally arise, for example,
in the integrability problems of the Jacobian under minimal hypothesis (see
[14] for the details).

Structural properties of grand Lebesgue spaces were investigated in the
papers [4], [2]. In [5] the authors proved that for the boundedness of the
Hardy-Littlewood maximal operator defined on [0,1] in weighted grand

Lebesgue spaces L{L)([O, 1]) it is necessary and sufficient that the weight
w satisfies the Muckenhoupt’s A, condition on the interval [0, 1].

The same phenomenon was noticed for the Hilbert transform in [22]. We
refer also to [17], [16], [28] for one-weight results regarding maximal and
singular integrals of various type in these spaces.

In [25] the boundedness criteria for fractional integral operators in weigh-
ted grand Lebesgue spaces from the one—weight viewpoint were established.
In particular, in that paper the author determined values of the second
parameter for grand Lebesgue spaces governing the boundedness of frac-
tional integral operator in these spaces, and established criterion for which
inequality (8) (see below) holds in the linear case (see also [23] for related
topics).

2010 Mathematics Subject Classification. Primary 42B25, 46E30; Secondary 31E05;
42B20; 42B25.

Key Words and Phrases: Multisublinear maximal operators, multilinear singular inte-
grals, one-weight inequality, grand Lebesgue space, multilinear fractional integrals, trace
inequality.

143



144

In [21] trace inequality criteria for fractional integrals in grand Lebesgue
spaces defined on metric measure spaces were derived.

Multilinear fractional integrals were introduced and studied in the papers
by L. Grafakos [6], C. Kenig and E. Stein [15], L. Grafakos and N. Kalton [8].

For the boundedness and other properties of multi(sub)linear fractional
integrals in (weighted) Lebesgue spaces we refer, e.g., to [26], [27], [3], [29],
[18], [19].

Recently, in [20] the authors of this paper presented the one-weight in-
equality for the multi(sub)linear Hardy—Littlewood maximal and Calderén-
Zygmund operators defined on an SHT.

It should be stressed that the results of this paper are new even for Eu-
clidean spaces. In the most cases the derived conditions are simultaneously
necessary and sufficient for appropriate one-weight inequality in the linear
case (see, e.g., [23], [22], [21], [25]).

In the sequel the following notation will be used:

7 = (p1,--,Pm),

where p; € (0,00) for each 1 <14 < m;

7:(f15"'af7n)7

where f; are u— measurable functions defined on X;

I &1
—= Y —du(Y),  dY =dpy) - dplym);
p P
s .
Jj=1 Jj=1
Bzy = ,U,(B(if,d(l’,y ))
Let s € [1,00]. As usual we put s’ := 27 if s € (1,00) and s’ := oo for

s=1and s’ :=1 for s = oo;
Apga=4q(l/p—0a)

forl<p<g<ooand 0<a<1/p;

Let (X,d,u) be a quasi-metric measure space with quasi-metric d and
measure p. If p satisfies the well-known doubling condition, then (X,d, )
is called space of homogeneous type (SHT).

Let 1 < r < oco. We denote by L"(X, u) the Lebesgue space on X with
an exponent r.

If w is a weight (locally integrable, p-a.e. positive function on X), then
we denote the weighted Lebesgue spaces by L% (X, u), i.e., f € LT (X, u) if
[z, x.) = 1l Lr (xwdp) < 00

Let u(X) < 00, 1 < p < o0 and let ¢ be a continuous positive function
on (0, p—1) such that it is non-decreasing on (0, o) for some small positive o




145

and satisfies the condition li%lJr ©(z) = 0. The generalized grand Lebesgue
z—

space LP)?(X, ;1) is the class of those f : X — R for which the norm
1/(p—e)
o =, 5w (406 [ 1@ dut) )
0<e<p—1 4

is finite. If w is a weight on X, then the weighted grand Lebesgue space with
weight w is denoted by I?) #(X,pn) and coincides with the class
LP)% (X, wdp). In this case we assume that I pme x g = I lore (X wany-

If p(z) = 2, where 6 is a positive number, then we denote LP)»%(X, 1)
; ,0
(resp., LEI(X, 1)) by LP10(X, 1) (resp. by L) (X, ).
The space LT’)’Q(X7 1) is a Banach space.
It is easy to check that the following continuous embeddings hold:

LP(X,p) s PO (X, 1) = LD (X, ) s DP (X, p),

where 0 < e <p—1and 6; < 05.

It turns out that in the theory of PDEs the generalized grand Lebesgue
spaces are appropriate to the solutions of existence and uniqueness, and,
also, the regularity problems for various nonlinear differential equations.
The space LP)? (defined on bounded domains in R™) for arbitrary positive
6 was introduced in the paper [12], where the authors studied the nonhomo-
geneous n-harmonic equation div A(z, Vu) = p. If 6 = 1, then LP)¥(X, )
coincides with the Iwaniec-Shordone space, which we denote by LP) (X, u).
The grand Lebesgue space is non-reflexive, non-separable and, in general,
is non-rearrangement invariant (see, e.g., [4]).

We define the class H;n:l LP)%(X, 11;) of vector functions 7 as follows:
T eI, £r)9(X. ) it

P\F T
Pl et = 22 {(5) T} =
j=1

1<r<p

m

p o
= sup { (p(P) Pj IfjHLp-?'/T(X#j)} < 0.
j=1

1<r<p

The expression H7”H"’ can be rewritten as follows:
j=

1 £pj)'w(X7Nj)

[

p D

m 1
0 AT T 2=
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It is easy to check that

m

1279 (X, ) = T £7%(X, 1),

j=1 j=1

in particular,

H?Hn;fgl e (X ) S H7HH;":1 LPI (X )"

This follows from the fact that if pf;n =L j=1,...,m, thenn <n;

) m Pi—n;

because 5 = 2 ie s
When we deal with grand Lebesgue spaces we assume that p(X) < oco.
Let 1 < r < co. We say that a weight function w belongs to the Muck-

enhoupt class A,.(X) if

wimap i o) i f )

]

Let us recall the definition of the vector Muckenhoupt condition (see [24]
for Euclidean spaces and [9] for metric measure spaces).

Definition A. Let 1 <p; < ocoforeach1 <j<m, and 0 <p < oo. We
say that o satisfies the A+ (X) condition (W e Ap) if

Blay o= s (i [ vaaldnto))
B

x ﬂ (i [ @ du<x>)p/p; <o,

B

where the supremum is taken over all balls B in X. For p; = 1, the expres-

sion (ﬁgw;_p/(x)du(x))l/pé is understood as (infp w;)~!.

The expression ||| A s called A4 characteristic of .

It is known (see [24]) that if W satisfies the condition A5 (R™), then
the boundedness of the multi(sub)linear Hardy-Littlewood and Calderén-
Zygmund operators defined on R" from []., L (R™) to LE, _ (R™) holds,
where1<pj<ooforeach1§j§m,and%:Z;.n:lpij.

In the linear case (m = 1) the class A3 coincides with the well-known
Muckenhoupt class A,,.

Definition B (vector Muckenhoupt-Wheeden condition). Let (X, d, u)
be a metric measure space, 1 < p; < oo for i = 1,...,m. Suppose that
p < qg < oo. Let wy,...,w, be a weight functions on X. We say that
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(w1, ..., wn) satisfies A5 ,(X) condition (W e Ag (X)) if

, i
1/qg m 1 . 1/p;
su w;) d — [w,""d < 00,
Bp< /(H ) u) H(MB/ ﬂ)
= B
where the supremum is taken over all balls B in X. For p; = 1, the expres-
sion ( ) fwl 4 )dﬂ(m))l/pj is understood as (infp w;) ™.
Theorem A ([26]). Let 1 < py,

s Pm <00, 0 <a<mn
Suppose that q is an exponent satisfying the condition

1 n
tion L =1 ,—n&,<SZp;0§e
q n
that w; are a.e. positive functions on R™ such that w?" are weights. Then
the inequality
m q 1/q

([ (@@ Lwt) i)
R g

) 1/pi
<C H(/ | filyi) lwi) ldyz-) :
=1
holds, where

To( (@) = /( A1) Fn(ym)

]Rn
dy,
|z =y 4o [z =y )
(Rn)nl
holds, if and only if @ € Az ,(R™)

The next statement characterizes those weights v on R™ for which the
Zo : [Ij2, LP7(R™) — LE(R™) holds, where p < ¢ < o0

Theorem B ([18]).

Let 1 < p; < oo foreach 1l <i<m. Let p <gq
Then J, is bounded from H;n:1 j

L7 (R™) to L1(R™) if and only if
1/q
sup (/v(x)(x) dx) Q| < o0
N Q
is satisfied, where the supremum is taken over all cubes @ in R™

This statement remains valid if we replace R™ by an interval in R, and
Ja by potential operator on an interval

/ i .
Let 1 < p < o0,0 < a< 1/pand g be the Hardy-Littlewood—Sobolev
exponent, i.e., ¢ = 17pap. i

It is known (see [25]) that the operator J, and
consequently, appropriate fractional maximal operator

1
(Maf)(a:):ggm“él/ﬁ(tﬂdt, 0<a<l, z€l0,1]

—h——dt, 0<a <1, zel0,1]

(2)
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is bounded from LP-%1([0,1]) to L9:%([0,1]) if , > L. However, this

boundedness fails if 5 < q%. Moreover, it was shown that the one-weight
inequality
HT (fw®) HL‘I) 04/ (10,1]) < CHf”LP)*" [0,1])

where Ty, is J, orMa,1<p<f,q—
w € Apyysy (0.1)).

The next statement gives D. Adams type (see [1]) trace inequality charac-
terization for the fractional integrals and corresponding fractional maximal
functions defined by

(%f)(f)—/u(éfjj))l_adu(y), reX, 0<a<l,

Mo f)(z) = %gguBlaB/f y)|du(y), 0<a<l,

where the supremum is taken over all balls B C X containing x.

Theorem C ([21]). Let 1 <p < g < oo and let 0 < a < 1/p. Suppose
that (X,d,p) is an SHT and v is an another finite measure on X. Let
0 > 0. Then the following conditions are equivalent:

(i) the operator T, is bounded from LP)?(X, ) to L9-9/P(X v);

(ii) the operator M, is bounded from LP)%(X, u) to L999/P(X v);

(iii) there is a positive constant C such that for all balls B in X the
inequality

v(B) < C(u(B))" (3)
holds, where

Ap g = q(}% — a). (4)

1. THE MAIN RESULTS

In this section we the main results.

1.1. Unboundedness of Multilinear Fractional Integrals. Let
(X,d, ) be an SHT and let

Mo(F)(@ SupH i a/m/lfz yi)ldu(yi), 0<a<m

Baxi 1 :u

_ fl(yl) : "fm(ym)
Ia(?)(x) XZ (Bg;yl + o + Bwym)nL—a d:“‘(?)a

defined, generally speaking, on an ST H in the classical Lebesgue spaces.
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The following statement shows the range of the second parameter for
which the boundedness of the operator M, (resp. Z,) from the product
space to grand Lebesgue space fails (for linear fractional integrals on an
interval see [25] and linear potentials on an SHT we refer to [21]).

Proposition 1. Let (X,d,p) be an SHT with u(X) < oco. Suppose that
1<pj < oo, %:Z}n:lp%. and 1 <p < q<oo. Let

}Ligg)iggV(B)u(B)A”‘* # 0,
where Ap q.o s defined by (4). If 0 < 0y < 0;7‘1, then the operator N,
where Ny, is either M, or I, is not bounded from H;":l Lo (X, 1) to
LD92(X, v).
Corollary 1. Let (X,d,u) be an SHT. Suppose that 0 < a < 1,

1 <pj <oo foreachl<j<m, %:ijli and 1/m < p <1/a. We set
J
q= 1—pap' Suppose that 0 < 0y < Q;Tq. Then the operator Ny, is not bounded

from TT7Ly £P)0N (X, ) to L902(X, ), where Ny is Mo or L.

Let (X,d,p) be an SHT. To formulate the next statement we need to
introduce the class M3 (X, v, pi1, .. pim) (pj, ¢ > 1,1 <5 <m) of m+1-
tuple of finite measures (v, y1, ..., fiy,) defined on X.

Definition C. Let (X, d, 1) bean SHT and let py, .. ., fim, v be measures
on X. A multilinear operator T" belongs to the class M3 (X, p1, - - -, fm, )
if T is bounded from []7, L (X, 1) to LY(X,v).

If du; = w;dp for every 1 < j < m, dv = vdp for some weight functions
Wy, .., W, v then we denote M (X, pi1,. .. fim,v) by M3 (X, wi, ...,

Wn, V).

Let 1 < ¢ < 00, g9 € (0,g — 1) and 19 € (0,a), where a is sufficiently
small positive number. Ne denote

o qeo(p — no)x
@) = =) p—2) + s2o(p—7)’ ®)
U(z) :=(g(z))7 o=, (6)

with @ € R(0,0), where R(0,0) is the class of those increasing functions ¢
an interval (0, 0), with small positive o, such that lir% o(x) =0.
r—r

Theorem 1. Let (X,d,p) be an SHT. Let 1 < p; < oo for each
1<j<m. Letl<q< occ. Weset%:Z;nzlpij, Let ¥ € R(0,0)
and VU is defined by (6). Suppose that a multilinear operator T satisfies
the condition T € M o(X, g, -« oy s v) O M3y q/6(Xs i1, - ooy fimm, v) for

some r,s > 1. Then T is bounded from H;n:1 LrY (X, py) to LD* (X, v).
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Now we reformulate the one-weight result for 7, and M,, where X =
[0,1] and dp = dx is the Lebesgue measure (cf. Theorem A).

Let w; are weights on [0,1] for 1 < j < m. In what follows we assume
that

Na,ﬂ? = No(frwft, ..o, frwim),
where N, is Z,, or M,. We put aj = L ? for each 1 < j < m and
J

Taking the version of Theorem B for bounded interval into account we
find that the next statement holds:

1 1
Gy " (7)

SR
R

Proposition B. Let 1 < p; < oo for each 1 < j < m, and % <p< é,

where % = Z;nzl i We set ¢ = 1_pap. Let for weight functions wj, 1 <

Jsm,
m
Vg = H w?/qj.
=1

Then the inequality

m

HN(X,B?HLgﬁ([O,I]) = C]l;[l Hfj”Lij].([O’l])

holds if and only if W € Al(ﬂs([O7 1)), where l(p,q) == 1+ ¢1/p}, ..., 1+
Gm /D), i-€.

sup } s () da I/qﬁ } w; " (@) da v < o0,
<| | | \

where the supremum is taken over all subintervals I of [0, 1].

Theorem 2. Let 1/m < p < o0, p; = mp for each 1 < i < m. We set

q= 17”04). Let q%_ = p%_ — 2 > 0. Suppose that 6 > 0. Then the condition

W e AZ(p,qS([O7 1]), where l(p,q) = (1 + q1/p, ..., 1 4 qm/D},) guarantees
the following one-weight inequality

Voo gssongony < O iy e ®)

" 0.1y’
where Ny, is I, or Mg, and o are defined by (7), j=1,...,m

Now we formulate another type of one-weight inequality which is new
even in the linear (m = 1) case.
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Theorem 3. Let 1/m < p < oo, p; = mp for each 1 < i < m. We

set ¢ = 1_pap. Let q%_ = p%_ — o > 0. Suppose that 0 > 0. Let for weight

Junctions w;, 1 <j <m,

m
~ . a/q;
vy ._ij .
j=1

Then the condition W € A ,([0,1]) implies the one-weight inequality

H(Na7)gﬂ3“m>w9q/v([o,1]) <C H HfjijLPﬁﬂ([o,l])’
j=1

where Ny is o, or My and the positive constant C' is independent of f;,
1<j<m.

In the linear case the latter statement is formulated as follows:

Corollary 2. Letm =1 and let 1 < p < oo. We set q = 17’%&1). Suppose
that > 0. Let J, be the fractional integral operator defined by (1). If
the condition w € Ay ,([0,1]) is satisfied, then the following one-weight
inequality holds

|| (Jaf)wHLQ),Gq/D([(),l]) < CwaHLp)ﬁ([o’l])
with the positive constant C independent of f.

1.2. Trace type inequality. Now we give necessary and sufficient condi-
tion governing the boundedness of AN, from H;nzl L£ri0([0,1]) to
L9:94/p(]0,1],v), where T, is J, or M, and v is another measure on [0, 1].
Here J, or M, are defined by (1), (2) respectively.

Theorem 4. Let 1 < p; < oo for every 1 < j < m and let 0 > 0. Let
L =5 L. Suppose that 0 < a < 2 and p < g < co. Then the following
P J=1 p; P
conditions are equivalent:

i) the operator J, is bounded from []’", £79)-9(]0,1]) to LZ)"’W 0,1]);
j=1

(ii) the operator J, is bounded from H;”Zl £ri:9([0,1]) to Lg)""”p([o, 1]);
(iii) there is a positive constant C' such that

v(I) < C[I|Ara, (9)
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