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THE ASYMPTOTIC BEHAVIOR OF PRECISE LOWER ESTIMATE OF
RECONSTRUCTION OF A LINEAR ORDER ON A FINITE SET

SHALVA BERIASHVILI

Abstract. In the present paper we consider reconstructions of a linear order on a finite set and give
the extremal lower estimate of those reconstructions. The asymptotic behavior of such estimate is
studied.

The study of discrete point-systems is one of the most important directions in modern mathematics
and the methodology of studies of such point-systems is quite diverse. In particular, it uses the methods
and principles of combinatorial set theory, mathematical analysis, algebra, graph theory, etc.

The present article is devoted to a concrete topic of discrete mathematics and describes some
extremal cases connected with finite linearly ordered point sets. Discrete linearly ordered point-
systems can be met in various fields of pure and applied mathematics. One can indicate several such
directions in contemporary mathematics, for instance, discrete and computational geometry, classical
number theory, combinatorics (finite or infinite), the theory of convex sets, discrete optimization,
etc. The investigation of the combinatorial structure of various discrete and finite point-systems in
Euclidean spaces is a rather attractive and important topic.

Properties of various discrete point systems are considered in many works (see, t.g., [2-11].)

Throughout this article, we use the following standard notation:

N is the set of all natural numbers;

R is the set of all real numbers;

R is the m-dimensional Euclidean space, where m > 1;

(X, <) is a linearly ordered set with card(X) = n, where n is a natural number.

For our further purpose, we need to formulate one important result, which is a particular case
of the so-called Master’s Theorem. The mentioned universal theorem plays an important role in
investigation of various combinatorial problems and questions. Let us formulate a weak version of the
Master’s Theorem.

Lemma 1. Let f: N — N be an increasing (in general, not strongly increasing) function such that
the inequality

f@n) <2f(n)+an+b
holds true for two fized real numbers a > 0 and b > 0 and for all n € N. Then there is an upper
estimate of f in the form

f(n) = O(logy(n)).
In other words, there exists a real constant d > 0 such that
f(n) < d-logy(n)

for all natural numbers n > 1.

The proof of Lemma 1 can be found in many works, textbooks and monographs (see, e.g., [2,5,7]).
Suppose that a nonempty finite linearly ordered set (X, <) is given with
card(X) = n.
Take any two-element subset {z,y} of X, where x # y, and compare z and y with respect to
“=<”. In out further considerations, such a comparing will be called an elementary operation. Since =

2010 Mathematics Subject Classification. 05C30, 52C99.
Key words and phrases. Linearly ordered set; Elementary operation; Stirling’s formula.
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trivially induces the linear ordering on {z,y}, we have the disjunction = < yVy < x. Moreover, since
x # y, we can write

r<yVy<uwz.
Suppose now that for every two-element subset {z, y} of X, we are able to specify, by using exactly

one elementary operation, which of the two relations z < y and y < z is valid. Briefly speaking, we
are in the situation where full information on the induced orderings

j{m,y} (‘Tenyer‘T#y)

is available. For our future purpose, several simple auxiliary propositions will be helpful.
Recall that any pair of the form (V, E'), where V is a set and E is some subset of the family of all
two-element parts of V), is called a graph (see, e.g., [6,11]).

Lemma 2. If a finite graph (V, E) is such that
card(V) = n, card(E) <n —1,
then this graph is not connected.

The above assertion immediately follows from the fact that any nonempty finite connected graph
(V, E) contains a subtree (V, E’) such that

card(E') = card(V) — 1.

Lemma 3. Let (L, <) be a linearly ordered set and let X and Y be any two nonempty disjoint finite
subsets of L such that

X:{$1,$2,...7$m}, Y:{y17y27"'7yn}7
T <Z2 <3< < Ty, Y1 <Y2<Yys<---<Yn.

Consider the set Z = X UY. Then m + n — 1 elementary operations are sufficient for describing
the ordering on Z induced by <.

The proof of this lemma can be done by induction on the sum m + n.

Lemma 4. Let (X, <) be a linearly ordered set with card(X) = n, where n > 2. Then no test of n—2
(or less) pairs of elements from X can give full description of the ordering <.

Proof. Suppose otherwise. Then there are n — 2 (or less) elementary operations which allow us to
reconstruct the given linear ordering <.

Consider the graph (V, E) where V = X and E consists of all those two-element parts of V' which
were used in the process of making the above-mentioned elementary operations. Our assumption
means that card(F) <n — 2.

Then Lemma 2 says that the graph (V, E) is not connected. i.e., we have a representation

X=V=Vul,

where V7 and V4 are nonempty disjoint sets and no edge of (V, E') has one vertex in V; and the order
vertex in V5.
Let us denote

<= (2 N(Vi x V1)) U (2 N(Va x Va)).

Obviously =<’ is a partial ordering on X. Taking into account this circumstance, we can readily define
two distinct linear orderings on X which both satisfy the list of the carried out elementary operations.

Namely, the first linear ordering is such that it extends <’ and all elements from V; are strictly less
than all those from V5, and the second linear ordering is such that it also extends =<', but all elements
from V5 are strictly less than all elements from V;. In other words, we see that the test suggested by
the made n — 2 elementary operations could not reconstruct the given linear ordering <. 0
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In connection with the last lemma, there naturally arise the questions: how many two-element
subsets of X should be taken for total reconstruction of the linear ordering < on X7

Equivalently, one may ask: how many elementary operations are sufficient for the total description
of the linear orderings < on X7

By using Lemma 1 and Lemma 3, one can deduce the next well-known statement.

Theorem 1. The minimal number of those two-element subsets of a nonempty finite linearly ordered
set (L, <) with card(L) = n that suffices to reconstruct the given ordering < is estimated from the
above by O(n -logy(n)).

Equivalently, O(n -log,(n)) elementary operations are enough to reconstruct the linear ordering <

on L.

Example. Let (L, =) be an arbitrary linearly ordered set. Recall that for every set {z,y} C L, where
x # y, the elementary operation corresponding to {x,y} allows one to recognize the induced ordering
on {x,y} or, in other words, provides information which of the two relations < y and y < z is valid.

Let now X3, X5, X3, ..., X;n be some subsets of a linearly ordered set (L, <). Consider the Cartesian
product X7 x X5 x X3x x x X,,, and equip it with the so-called lexicographical ordering <. In particular,
if m = 2, then we have

(x1,y1) < (x2,92) © (1 < @2 V (21 = 22&y1 < ¥2)),

where (z1,y1) and (x2,y2) are any two distinct pairs from X; x Xo.

Let n be a nonzero natural number and Z be the subsets of the Cartesian product X; x Xo x X3 X
X X X, with card(Z) = n. Using Theorem 1, one can demonstrate that O(n - logy(n)) elementary
operations, each of which is applied either to a two-element subset of X, or to a two-element subset
of X5, ..., or to a two-element subset of X,,, are sufficient to reconstruct the lexicographical ordering
on Z .

For more detailed information about Theorem 1, its generalizations and applications in the discrete
and combinatorial geometry, see [3-5,8,9,13].

Theorem 2. Let (X, <) be a nonempty finite linearly ordered set with card(X) = n. The probability
that exactly n — 1 elementary operations suffice to reconstruct the given ordered <, is equal to

1

n—1

Proof. First of all, let us find a number of all elementary operations on (X, <). In fact, we wish to
find a number of all two-element subsets of the given linearly ordered set (X, <). It is well known
that, the number of all two-clement subsets of a finite set with card(X) =nis (}).

At the second step we calculate the number of all possible (n — 1)-subsets of (g), which is obviously

equal to
n
2

n—1

Let us prove that exactly one set of two-element subsets enables us to reconstruct the given ordering.
Let us consider two-element subsets {z;, x; }, which allow us to reconstruct the given linear ordering

T < To < -+ < Tp.

Notice that to reconstruct given ordering, at least one pair must exist which contains x;, otherwise
reconstruction will be not uniquely determined.

Let us look at those two-element subsets that contain the element z;. Enumerate all elements of
X in the pairs with 1 as follows:

$i1,$i27...,$ik



4 SH. BERIASHVILI

and consider the set of all such two-element subsets which contain x;

{Ih xil}? {1'1, xiz}a cee {1’1, zlk}
We fixed the ordering
Ty <Xz < -+ < Tp

and by induction n—2 elementary operations are enough to reconstruct the above mentioned ordering.

Suppose that k£ > 2. Then n — k — 1 elementary operations are needed to reconstruct the ordering
of the remaining elements x5, x3, ..., Zy.

It is clear that if & > 2, then

n—k—1<n-—2.

But this contradicts the inductive assumption.

Therefore, k = 1 and z; is in the pair with just z;,.

Now let us prove that

Ty = T2.

Suppose that x;, # x2 and z;; = x (k # 2). In such a case we get another ordering of the given set
(X, ).

For example,

Ty <3<+ < T 1 <1 < << Ty
or
To <3< - <P < Tpo1 <P <:--< Tp.

It is clear that such an ordering is not the given one. Consequently, x;, should be x5 in order for a
linear ordering to be uniquely determined. U

We thus obtain

By using the well-known combinatorial formulas, we get
n (n(n -1 )!
2) | = 2
—1(n—2)\,’
e _y(n )l
n (n 1)( 5 !

A precise estimate of n! that is of importance both for numerical calculations and for theoretical
analysis is Stirlinng’s formula (see, e.g., [1]):

n! ~n"e "V2mn.

This formula implies that
n!
lim —— = 1.
n—oo ple="\/2wn
For more details about this formula and its applications see, e.g., [12].
Applying Stirling’s approximation in our case, we get

(n(n—l))| (n(n—l))% 2nn(n — 1)
2 ) N 2e ?1 __ -
(n— 1)!(("_1)2M)! (” - 1)"_1 2 (n — 1)(%) B mn—1)(n —2)
Since .
o—(n—1) g— &=2(n=1) =1
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we have

n(n—1)

<Z> ~ (n(n;l)) 2 (n—1D)(n—2) \/2 ;L 1
21y (Dl =2)) B Bl =2 )

(n(n—l))% o1

= 2 _ )
(n— 1)(%) e \/27r(n—2)(n_ 1)

_ (n(n—1))22"2 nt n
) [m— (1) 2))“22’2—"22] Vae—oe—T

2”1‘1 [(n - 1)(nn21(;”2;)(i —2)¥2 } nl\/%(n - ;)(n -1

= {m = 2>%’<gn = 2)-1]n_1\/2w<n STCRSY

3

1 n—2 n
~ on-1 (nf2>% \/27T(n—2)(n—1)
- 2”1—1 (n—2)"" " (n - 2)_% 27r(nn— 1)

_ _ n—3 _n—1 n ~ n(f)n i
==Y e v (3) Vo

Remark. The number n™(£)",/-- is much bigger than n™ for sufficiently large natural numbers n.

2 2m

Since the probability p in Theorem 2 is asymptotically equal to ﬁ , we conclude that even
nn % n T

for n = 15, this probability is almost zero.

In case n = 15, the 15'% is an extremely big number. In particular, about 10'! many stars are in

the Milky Way.
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CERTAIN FRACTIONAL INTEGRAL AND FRACTIONAL DERIVATIVE
FORMULAE WITH THEIR IMAGE FORMULAE INVOLVING GENERALIZED
MULTI-INDEX MITTAG-LEFFLER FUNCTION

MEHAR CHAND'!, HAMED DAEI KASMAEI?, AND MEHMET SENOL?

Abstract. The main objective of this paper is to establish some image formulas by applying the
Riemann-Liouville fractional derivative and integral operators to the product of generalized multi-

index Mittag—Leffler function E?a 8:) (.). Some more image formulas are derived by applying
3:85)m

integral transforms. The results obtained here are quite general in nature and capable of yielding a
very large number of known and (presumably) new results.

1. INTRODUCTION

In fractional calculus several important functions known as special functions are presented via
improper integrals or series. Among these vital functions, the Bessel function is widely used in physical
sciences and engineering by many authors (see [9, 13, 15, 14, 1, 3, 2, 4, 7, 6, 8]). In recent years, a
remarkably sizable amount of research works involving generalizations of Mittag—Leffler function is
presented by several researchers.

For our present study we start with recalling the previous work. The Mittag—Lefler function is
given as (see Marichev [23]): In this section we recall some known facts about Mittag—Leffler function
and its generalizations, and also about the Riemann—Liouville fractional integral and a derivative
operator.

Let us begin with few notions and facts related to the Mittag—Leffler function. In this presentation
we follow mainly the review article [12] (see also [11]).

The Mittag-Lefler function E,(z) with o > 0 is named in honour of the great Swedish mathemati-
cian G.M. Mittag—Leffler who introduced it in the early of this century in a sequence of five notes and
defined in the form of series

oo
Zk

Ea(z)_’;)m. (1.1)
It was noted by Mittag—Leffler himself that for all a; R(«) > 0 the series in (1.1) converges in the
whole complex plane (and thus is an entire function of a complex variable z). For special values of
parameter « the function E,(z) coincides with some elementary and special functions. In particular,
E1(z) = exp(z). Hence, sometimes, the Mittag—Leffler function is called a generalized exponential.
Anyway, the asymptotic behavior at infinity of this function differs of that for exponential function,
namely, for all a, 0 < R(a) < 2, @ # 1 there exists an angle of exponential growth, and an angle at
which the function is bounded.
First generalization of the function F,(z) was mentioned by Wiman [34],

Fes )= 2 Fak )

For each o, 8 € C, R(a) > 0; E, (%) is an entire function. The function E, g(z) reduces to the
classical Mittag—Leffler function if we choose 5 = 1.

2010 Mathematics Subject Classification. 26A33, 33C45, 33C60, 33C70.
Key words and phrases. Pochhemmer symbol; Fractional calculus; Fractional derivative; Fractional integration;
Mittag—Leffler function; Beta transform; Laplace transform; Whittaker transform.
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Further generalization of the function F,(z) was proposed by Prabhakar [25]:
k

a.(?) Z;ka+ﬂy
where a, f € C, R(a) > 0 and (), is the Pochhammer symbol:

() = 1, k=0,
=+ D). (v +k—1), EkeN.

Extended exposition on the theory and applications of this function is given in [22]. Evidently,
the function E] ;(z) is related to the classical Mittag-Leffler function E,(2) and two-parametric
Mittag—Leffler function E, g(2):

Ei,ﬂ(z) = Eap(2); Eclx,l(z) = Ea(2).

Another generalization of two-parametric Mittag—Leffler function is the so-called four-parametric

function.
EO{ «
1,613 2,32 kz T(ork + B1) (qu—kﬂl)

For positive a; > 0; ao > 0 and real f1; 82 € R it was introduced by Djrbashian [10]. It is not
hard to see that the convergence conditions for this function can be extended to all ay, as, 81, 82 € C;
R(a1) >0, R(az) > 0. Besides, Ey 8:0,1(2) = Eap(2).

Generalizing the four-parametric Mittag—Leffler function, Al-Bassam and Luchko [5] introduced
the Mittag—Leffler type function

E(a]’ﬁj)m(z) = E((a_ﬂﬁj j=1:% Z 1—[ ) Oéjk—F,B]) (1.2)
Jj=

with 2m real parameters a; > 0; §; € R (j = 1,...,m) and with complex z € C. In [5], an
explicit solution to the Cauchy type problem for a fractional differential equation is given in terms of
(1.2). The theory of this class of functions was developed in a series of articles by Kiryakova et al.
[18, 19, 20, 22, 21] (see also [16]).

Generalization of the Prabhakar type function was done by Shukla and Prajapati [29]:

Bl (2 Zr ak+ﬁ (n € N). (1.3)

under the following assumptions on parameters: ¢ € (0,1) UN and min{®(5);®(y)}. In [33], it is
shown the existence of the function (1.3) for a wider set of parameters:

{a,ﬂ,v € C;R(a) > max{0; R(¢g — 1)}; R(q) > O}

The definition (1.3) was combined with (1.2) in [27] (see also [28]). As a result, there appeared the
following definition of generalized multi-index MittagfLefHer function

Z (2)*
(041 B])m HJ 1 Oé]k—f—ﬁj) k' )

where m € N, a;,5;,7,¢,2€ C (j =1,...,m) such that Zéﬁ‘:(aj) > max{0; R(¢q) — 1}; R(q) >0
j=1
The results given by Kiryakova [17], Miller and Ross [24], Srivastava et. al., [32] can be referred for
some basic results on fractional calculus. The Fox-Wright function , ¥, is defined as (see, for details,
Srivastava and Karlsson 1985, [31])

— (al,al),...,(ap,ozp); }: [(az,og D3 ] a1+0‘i )Zn
Palel=o%a | 4 80 B 2| TPV (b1 85)1 Zn T gm0
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where the coefficients a1, ..., ap, f1,..., 8, € RT such that
q P
14 8=> a; >0.
j=1 i=1

2. FRACTIONAL DERIVATIVE AND INTEGRAL OPERATORS

The right-sided Riemann-Liouville fractional integral operator I, and the left-sided Riemann—
Liouville fractional integral operator I¢_ and the corresponding Riemann-Liouville fractional deriva-
tive operator D7, and DJ_ are given as follows [26].

Lemma 1 (Riemann-Liouville fractional integral operators [26]). Let ¥ = [a,b] (—00 < a < b < 00)
be a finite interval on the real axis R. The left-sided Riemann—Liouville fractional integral operators
IZ, and the right-sided Riemann-Liouville fractional integral operators I of order o € C are defined

as
T

g _ T > a: o
(12, f) (x)_r(a)/(zit)mdt (@>a; R(o)>0), (2.1)

a

b

(15 f) (@) = F(la) / i s ;t))l_a dt (z<b; R(o)>0).

x

Lemma 2 (Riemann—Liouville fractional derivative operators [26]). Let ¥ = [a,b] (—00 < a < b < 0)
be a finite interval on the real azis R. The Riemann-Liouville fractional derivative operators D7, and
Dy_ of order o € C are defined as

(D74f) (0) = 70 (T ) (@), (R0) 20 n=1+[R())), (22
(D7 f) @) = (~1" 2 (=7 ) (). (Rlo) > 0 n= 1+ [R(0)]),

dzx™
where the function is locally integrable, V(o) denotes real part of the complex number and [R(c)] means
the greatest integer in R(c). Also, the following n'" order derivative of x* is defined as:

d%(xa) _ Mﬂ—n, R(a) > 0. (2.3)

For our present work, the following result is also required:

/(a — 1PNt — b))t = (a— b)) B(e, B)  (R(a) > 0; R(B) > 0; b<a). (2.4)
b

3. FRACTIONAL INTEGRAL AND DERIVATIVE FORMULAE INVOLVING GENERALIZED MULTI-INDEX
MiTTAG-LEFFLER FUNCTION

In this section, we derive the formulae by using the Riemann-Liouville fractional integral and
derivative operator involving generalized multi-index Mittag—Leffler function.

Theorem 1. Letm,r € N, oy, Bij, Vi, ¢, p, &, 0 € C(i=1,...,r;7=1,...,m) such thatZ?R(ozij) >
j=1
max{0; R(q;) — 1}; R(¢g;) > 0 and R(o) > 0. For x > a, the following integral formula

r x—a)’tr
(1. = ay [T B, (€0 = @) ) () = M
i=1 "

(1) -5 (v ae); (p+ 1, ) @@_awy} (3.1)

(/Blja alj)l,m, ey (16ij O[',«j)17m7 (U +p+ la /U’T)7 (—13 1)177”—1

X r+1 \Ilmr+r |:

holds.
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Proof. Let the left-hand side of equation (3.1) be denoted by Z. Applying (1.4) and using the definition
in equation (2.1) and interchanging the order of integration and summation, we have

71 kq; fk / o—1 +upkr
T —t t—a)PTHdL, 3.2
H{ZH k%%)k,} e 52)
applying the result (2.4), the above equation (3.2) reduces to

()t ¢ _ Notptukr
H {Z H] 1 D(kau; + Bij) k } (z —a) B(o,p+ pkr +1). (3.3)

After simplification, the above equation (3.3) reduces to

oo (vi + ki) D(p+pkr +1) (£ —a)")*
T=(e=a H {ZHJ 1 Dkayj + Bij) Do+ p+ pkr +1) k! } (34)

the above equation (3.4) can be written as

7o (&= Z L(n +kar). .. Dy + kay)
F(’V ’77" H kal] + /Blj) H;n:1 F(karj + ﬁrj)
y L(p + phr +1) €z —a))* (3.5)
L(o+p+ pkr +1)(T'(k — 1)1 k! ’ '
interpret the above equation (3.5), in the view of (1.4), we have the required result (3.1) O

Theorem 2. Let m,r € N, aj, Bij, Vi ¢, s §; 0 €C (0 =1,...,r; j=1,...,m) such thatZ%(aij) >
j=1
max{0; R(¢;) — 1}; R(¢;) > 0 and R(o) > 0. For b > x, the following integral formula

r — )7t
(5700 TTEG 5, (€0 =01 ) (@) = F((:))F(v)

(,q1)s- (v @) (p+ 1, ) (&b - x)ﬂy} (3.6)

XT er '
L { (Brjy 1) 1,ms -5 (Brjy rj)im, (0 + p+ 1, pr), (=1,1)1,,1
holds.

Proof. The proof of Theorem 2 is similar to that of Theorem 1, therefore we omit the details. O
m
Theorem 3. Letm,r € N, aij, Bij, Vi @i, 0, &, €C(i=1,...,r;5=1,...,m) such thatZ?R(aij) >

j=1
max{0; R(q;) — 1}; R(¢g;) > 0 and R(o) > 0. For x > a, the following integral formula

x —a)’tr
(D2t —ay H B, (60 =) ) (@) = F((%) » .)F(%)

(’)/1,(]1),~.~7(’YT,QT)7(P+17#”) (g(xa)“)r} (3.7)

X/I" \Ilmr s
+ * { (Brjs@1)1,ms - (Brjr ) im, (p— o+ 1 pr), (=1,1)1 01
holds.

Proof. Let the left-hand side of equation (3.7) be denoted by D, then interchanging the order of
differentiation and summation, we have

A gk o ptukr
0o H {Z H 7]?761:1] + ﬂz]) } (D ( GJ) ok ) (l’), (38)




CERTAIN FRACTIONAL INTEGRAL AND FRACTIONAL DERIVATIVE FORMULAE 11

now using the result given in equation (2.2) and further applying the result (2.1), the above equation
(3.8) reduces to the following form

D— H Z (Vi) kg gk dn /(m — )Lt — )Pk (3.9)
TL—U H kazg +5’L]) dan ’

a

substituting the result (2.4) into the above equation (3.9) and after simplification, we get

,YZ kai gk F(p + ,uk"/‘ + 1) d" —o+n+pkr
P= ——(@—a)’ a 3.10
H{ZH ko‘w"‘ﬂw)k'}r(k—d-i-P-FMkr—l-l)dx”(x @) ’ ( )

using the result given in equation (2.3) into the above equation (3.10), we have

_ (l‘ — a)0+p o P(’yl + kql) F(%, + qu)
F(n)---Tlow) k=0 H (kalj +B) - H;n:l F(karj +ﬂrj)
L(p+ pkr +1) (E(z — a)H)kr
“Tlo— o + phr + 1)(T(k — 1)) k! } (3.11)

further, interpret the above equation (3.11) with the view of (1.4), we obtain the required
result (3.7). O

Theorem 4. Let m,r € N, a;j, Bij, Vi €6, p, §; 0 €C (0 =1,...,r; j=1,...,m) such thatZ?R(aij) >
j=1
max{0; R(q;) — 1}; N(¢g;) > 0 and N(c) > 0. For b > x, the following integral formula

b— g)ote
(02 0 T, 000 ) 0= 55

Xpp1 W [(71,QQ7-~7(VT,%J7(p-%1,ur)
PRI (B a1 1ms s (Brgs Q) 1ms (p— 0 4+ 1opr), (=1, 1)1 01
holds.

Proof. The proof of Theorem 4 is similar to that of Theorem 3, therefore we omit the details. g

(&b x)ﬂ)’"] (3.12)

3.1. Special cases of fractional integral and derivative formulae. Choose m = 1, the general-

ized multi-index Mittag-Leffler function Eg’q 5J)m( ) reduces to the generalized Mittag—Leffler function

E(Waq )( ) defined by Shukla and Prajapati. Using this concept, the results established in equations
(3.1), (3.6), (3.7) and (3.12) are reduced to the following form
Corollary 1. Let r € N, oy, Bi,vi, @iy 0, &, 0 € C (i = 1,...,7) such that R(a;) > max{0; R(q;) — 1};
R(g;) > 0 and R(co) > 0. For x > a, the following integral formula

(CL‘ _ a)a-i-p

(12, —a)” HE”;;% t—“>“>><$>:m

(p+1,pr)
b

(U + 4 + 17MT)3 (717 1)1,r—1

(rthl),. . (77“7(]7')’
Xr+1¥2r [ (Br,e1) sy (Bryar)

(€la =y ]
holds.

Corollary 2. Let r € N, oy, Bi,vi, @iy 0, &, 0 € C (i = 1,...,7) such that R(o;) > max{0; R(q;) — 1};
R(gi) > 0 and R(o) > 0. For b > x, the following integral formula

P Vi oG I _ _(b—z)7
(1= 0 Tty (00 ) = o2
R . .0 (60—

(p+1,pr)
(,817011) PR (67‘70[7')’

(0' +p+ 1#“")’ (_17 1)1,7"—1

holds.
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Corollary 3. Letr € N, a;, 8,7, ¢, 0,6, 0 € C (i = 1,...,7) such that R(c;) > max{0; R(q;) — 1};
R(g;) > 0 and R(o) > 0. For x > a, the following integral formula

o T (et —ap ) (o) = E= 07
(Da+(t a) [T E0s s, (€t —a) ))(m) o
Xr41Wop { O a1)s- s O )

(p+1,pr)
(5170[1),. cey (Brvar);

( —o+ ]_,/JT), (_]—7 1)1,7‘71

(cte =y |
holds.
Corollary 4. Let r € N, oy, Bi, Vi, @iy 0, &, 0 € C (i = 1,...,7) such that R(e;) > max{0; R(q;) — 1};

R(g;) > 0 and R(o) > 0. For b > x, the following integral formula

r —x)otr
(05000 T Bt (60 -0 = S

(visq1) -5 (V@) (p+ 1, ) yr
Xr+1‘I’2r |: (617a1),~--,(6r7ar)7( —0'+1,/M“),(—1,1)1,r_1 (E(b*x) ) ]

holds.

Choosing ¢ = m = 1, the generalized multi-index Mittag—Leffler function E(a i) (.) reduces to
the generalized Mittag—Lefller function E?a 8) (.) defined by Prabhakar. Using this concept, the results
established in equations (3.1), (3.6), (3.7) and (3.12) are reduced to the following form.

Corollary 5. Let r € N, ay, 8;,7vi, 0,6, 0 € C (i = 1,...,7) such that R(e;) > 0; R(¢g;) > 0 and
R(c) > 0. For x > a, the following integral formula

(x —a)°tP

(12t =) H%m t=0")@) = T 0

] |:('7171),-”7(’)’74,1)7(!)4’1,}”’)
e (517a1),...,(Br,ar),(a—l—p—l—1,#7‘),(—171)1’7,71

(cte =y |
holds.
Corollary 6. Let r € N, «;, 8i,7i,p, &0 € C (i = 1,...,7) such that R(«;) > 0; R(¢g;) > 0 and

R(o) > 0. For b > x, the following integral formula

T — T o+p
(50— 07 TLEG ) (60— 1) ) @) = rébl))rm

(v, 1) (s 1), (p + 1, ) )y
Xr+1Lor { (B1,01) - s (B o) (0 4 p+ 1), (=1, 1)y | 6O ) )]

holds.

Corollary 7. Let r € N, ay, 8i,7vi, 0,6, 0 € C (i = 1,...,7) such that R(e;) > 0; R(¢;) > 0 and
R(c) > 0. For x > a, the following integral formula

T —a o+p
i=1 '

(7171)""7(77“31)7(p+1’Mr) BT
Xr41War [ Brrcn) o (Brsan) s (p— 0 41, 1), (=1, Doy | EE =D ]

holds.
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Corollary 8. Let r € N, ay, 8i,7vi, 0,6, 0 € C (i = 1,...,7) such that R(e;) > 0; R(¢g;) > 0 and
R(c) > 0. For b > z, the following integral formula

r — )t
(DZ‘L (b - t)p H E(Vfiiﬁz‘) <£(b - t)“) ) (3;‘) - M

(’}/1,1),...,(7r,1),(p+1,#7’) (f(b_$>;t)r:|

(517 al) yere (ﬂra O‘T) s (P -0+ 1vﬂr)v (*17 1)1,7“—1

Xr+1\1l2r |:

holds.

Y4
(aijj)WL
to the generalized Mittag-Leffler function FE(, g)(.) defined by Prabhakar. Using this concept, the

results established in equations (3.1), (3.6), (3.7) and (3.12) are reduced to the following form.

Corollary 9. Let r € N, oy, 8;,p,&, 0 € C (i = 1,...,r) such that R(ce;) > 0; and (o) > 0. For
x > a, the following integral formula

(12t = " TT Bra s (€ = ) ) ()

i=1

Choosing v = ¢ = m = 1, the generalized multi-index Mittag—Leffler function E (.) reduces

_ B ot (p‘i’lnu’r)
= (z —a)’"P 1 ¥,, [ (Br,a1) ..oy (Broar), (0 +p+ 1, pr), (=1,1)1 1

(cla =y |
holds.

Corollary 10. Let r € N, «y, 8i,p,&, 0 € C (i = 1,...,r) such that R(«;) > 0; and R(o) > 0. For
b > x, the following integral formula

(1= 0 T] Etasn (€0 =) ) (2)
i=1

_ B ot (p‘i’la:u’r)
=(b-x) p1\112r[(ﬂl,al)’___’(IBT,QT),(O'—F,O—F1;UT)7(—1,1)1,T—1

(&b x)ﬂ)?}
holds.

Corollary 11. Let r € N, ay, Bi,p,&, 0 € C (i = 1,...,r) such that R(«;) > 0; and R(o) > 0. For
T > a, the following integral formula

(D24t = ) T] Braw (€Lt — a)) ) @)
i=1

_ ot (p"’la:ur)
=Gmatat | G oot L (L D

(cla =0y |
holds.

Corollary 12. Let r € N, oy, 8i,p,&, 0 € C (i = 1,...,r) such that R(«;) > 0; and R(o) > 0. For
b > x, the following integral formula

(D20 = 7 T] Etans (€0 =) ) (2)
i=1

e (p+1,pr)
=(b—x) pl%r[(ﬂhm),...,(ﬂr,ar%(fﬂUJFLW’)v(l’l)“‘l

(&b x)ﬂ)’}
holds.

Choosing ; = v = ¢ = m = 1, the generalized multi-index Mittag-Leffler function E?a(j ﬂj)m(')
reduces to the Mittag—Leffler function E,(.) defined by the great Swedish mathematician G.M. Using
this concept, the results established in equations (3.1), (3.6), (3.7) and (3.12) are reduced to the

following form.
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Corollary 13. Letr € N, o, p,§, 0 € C (i = 1,...,7) such that R(a;) > 0; and R(c) > 0. Forx > a,
the following integral formula

( t—a”HE &(t —a)f ))(I)

o ameteg | (o Lar)
(.13 Cl) 1%2r |: (]_’041)7...,(1,ar)7(0-+p+ 1,,11’1“),(—1,1)1,r71

(€la =0y |
holds.

Corollary 14. Letr € N, a;, p,&,pn € C (i = 1,...,7) such that ®(«;) > 0; and R(c) > 0. Forb > x,
the following integral formula

( —t"HE b—t“))()

+1,ur)
— b— o+p \If . (p )
( x) 1e2 |: (1,0&1),...,(1,OLT)7(O'+p—|—1,/1,7‘)7(—1,1)17r_1

(&b - x)ﬂy}
holds.

Corollary 15. Letr € N, o, p,&,u € C (i = 1,...,r) such that R(a;) > 0; and V(o) > 0. For z > a,
the following integral formula

T

(D2t =) T] e, (6t = @)") ) (2)

i=1

_ B otp N (p+1>ﬂr)
( —a)”"" QT{(1,a1),...,(1,ar),(p—0+1,w“)7(—1a1)17r—1

(6la = ap
holds.

Corollary 16. Letr € N ay,p, &, p € C (i =1,...,7) such that R(a;) > 0; and R(o) > 0. For b > x,
the following integral formula

(Dr_b -ty H Ea, (b= 1)) ) ()

1, ur)
— (h— ), | P LK
( l‘) 1ee |:(1’a1),.“7(1’ar)7(p—0'+1,,[1,’1"),(—1,]-)1,7‘1

(&b x)ﬂﬂ
holds.

Choosing r = m = 1, the generalized multi-index Mittag—Leffler function E?aq B)m (.) reduces to
the Mittag—Leffler function E?&qﬁ)(.) defined by the great Swedish mathematician G.M. Using this
concept, the results established in equations (3.1), (3.6), (3.7) and (3.12) are reduced to the following

form.

Corollary 17. Let o, 3,7,q, p, &, 1 € C such that R(a) > max{0; R(q) — 1}; R(¢) > 0 and RN(c) >0

For x > a, the following integral formula

o P Y4 o _ (x_a)0+p ) 1
(12— 0 B (0= ) ) () = w[gg Dt ]fx—a }
holds.

Corollary 18. Let o, 3,7,q, p, &, 1 € C such that R(a) > max{0; R(q) — 1}; R(¢g) > 0 and RN(c) >0
For b > x, the following integral formula

o I nadY’| y _ b_xa—i-p ) 1
(10— 00y €0 -0 o) = O s [ O A e

holds.
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Corollary 19. Let o, 3,7,q,p,&, 1 € C such that R(«) > max{0; R(q) — 1}; R(q) > 0 and R(c) >0
For x > a, the following integral formula

o Y,q 1 _ z_a6+p 9 1
(Da-l-(t_a’) E( ,5)(£(t_a) ))(x)_(l"(’)/))quZ { Eg,(g),(ftoil 1) ’533—@ }
holds.

Corollary 20. Let a, 8,7, 4, p,&, p € C such that R(a) > max{0;R(q) — 1}; R(q) > 0 and R(o) >0
For b > x, the following integral formula

—x)ote
(Pr 0oy (-0 ) = O | OO, s ey
holds.

Choosing r = m = v =qg = a = § = 1, the generalized multi-index Mittag—Leffler function
E(7 4 B (.) reduces to the Mittag—Leffler functlon E(1 1 ()= E(ll’ll)(.) = exp(.) defined by the great
Swedish mathematician G.M. Using this concept, the results established in equations (3.1), (3.6), (3.7)

and (3.12) are reduced to the following form.
Corollary 21. Let p,&, pu € C such that R(o) > 0. For x > a, the following integral formula

(120 - P exp (et — ) ) (0) = (@ = e | 200, ete -]

holds.
Corollary 22. Let p,&, pu € C such that R(o) > 0. For b > x, the following integral formula

(10 0 e €0 - 0 @) = b=y | 000 ey

holds.
Corollary 23. Let p,&, pu € C such that R(o) > 0. For x > a, the following integral formula

(D2t - ar esp(ett - ) (@) = - |0 e - ap]

holds.
Corollary 24. Let p,&, pu € C such that R(c) > 0. For b > x, the following integral formula

o\ _ _ o+p (P +1 M _
(D7 0- e -0) ) @) = -2 | T e - o]
holds.
Choosing r =m =~v =q = = 1;a = 2, the generalized multi-index Mittag—Leffler function

E(V(;i_ﬂj)m(.) reduces to the Mittag— Leﬂier function E(2 1 () = E(12’711)(-) = cosh \/(.) defined by the

great Swedish mathematician G.M. Using this concept, the results established in equations (3.1), (3.6),
(3.7) and (3.12) are reduced to the following form.

Corollary 25. Let p,&, pu € C such that R(o) > 0. For x > a, the following integral formula

o o (p+1, 1) ’
(I (t — a)” cosh\/(&(t — a)» ) =(r—a)7t" 10, {(1,2)7(0+P+1aﬂ) §(x—a)’]
holds.

Corollary 26. Let p,&, pu € C such that R(c) > 0. For b > x, the following integral formula

(-0 o comn V=) ) = 6= a)seaw | 300 o]

holds.
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Corollary 27. Let p,&, pu € C such that R(o) > 0. For x > a, the following integral formula

_ _ /L _ o+p (P + ]-7 /1’) _ o
(D (t —a)” cosh/(£(t — a) ) (x —a)77 10y {(1,2)7@_0_’_1’@ &(x—a)
holds.

Corollary 28. Let p,&, pu € C such that R(c) > 0. For b > x, the following integral formula

(D7 (b= )7 cosh /€ — ) ) (2) = (b— )77 105 [Efl),—g)l,’(/;)—a+1,u) lf(b—x)“]
holds.

Choosingr =m =~y =q = =1; a = 0, the generahzed multi-index Mittag—Leffler function
E?ag 8w (2) reduces to the Mittag— Lefﬂer function E(0 1, (2) = E(loll)( z) = (1—2)"1 (where |z| < 1).
Using this concept, the results established in equations (3.1), (3.6), (3.7) and (3.12) are reduced to

the following form.

Corollary 29. Let p,&, i € C such that (o) > 0. For |£(t — a)*| < 1, the following integral formula

(t—a)’ +p (p+1, 1)
o _ _ .\ i ) K
e e Rt PR L
holds.
Corollary 30. Let p,&,u € C such that R(c) > 0. For |£(b—t)*| < 1, the following integral formula
o (b—1)* _ o+p (p+1,p) W
(17 102 ) @ = omarwenwn | (P00 e
holds.
Corollary 31. Let p, &, € C such that (o) > 0. For |£(t — a)*| < 1, the following integral formula
_(t—a) + (p+1,p1)
D — (z—a)"t U
( g )T ET T o [

holds.
Corollary 32. Let p,&,u € C such that R(c) > 0. For |£(b—t)*| < 1, the following integral formula

<Dg_%)(x)—(b_x)o+p1\pl{Epi‘iilM 'g — ) ]

holds.

4. NUMERICAL RESULTS AND GRAPHICAL INTERPRETATION

In this section, the numerical results of the formulae established in equations (3.1), (3.6), (3.7) and
(3.12) are presented in Tables 1, 2, 3 and 4, respectively. The graphs of the formulae are plotted in
Figures 1-7. All these numerical values are selected for r = m = 2. The product of Mittag—Leffler
function for these values reduces to the form

2
_1_[1 ngllljiﬂu)?‘ () = E?Ol‘ﬁlﬁn;anﬁn) () Ez(i;??ﬂm;anﬂzz) ()

We select the values of parameters v1 = 0.2, v2 = 0.3, ¢1 = 0.05, g2 = 0.06; a1 = 0.3, f11 = 0.5;
a1z = 0.4, Bio = 0.6; ag; = 0.5, Boy = 0.7; gy = 0.6, Boo = 0.8; v = 0.1; £ = 0.5; u = 0.2;
in all Figures 1-7 and Tables 14, which are fixed for our investigation for generalized multi-index
Mittag—Leffler function. It is also noted that imaginary part of complex numerical values of fractional
integrals and fractional derivatives arguments are ignored in each case. The generalized multi-index
Mittag—Leffler function EEY i i) (.) given in equation (1.4) is in summation form and all the results

established in equations (3. 1) (3.6), (3.7) and (3.12) involve the generalized multi-index Mittag—Leffler
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TABLE 1. Numerical values of equation (3.1)

T oc=0.1 c=0.3 c=20.5 oc=0.7
0.00 7.38 -1.90 -12.39 -19.64
0.50 5.95 -1.21 -9.08 -14.33
1.00 4.68 -0.69 -6.40 -10.08
1.50 3.56 -0.32 -4.31 -6.77
2.00 2.59 -0.08 -2.72 -4.28
2.50 1.78 0.05 -1.58 -2.49
3.00 1.13 0.10 -0.81 -1.28
3.50 0.63 0.10 -0.34 -0.55
4.00 0.27 0.06 -0.10 -0.17
4.50 0.07 0.02 -0.01 -0.02
5.00 0.00 0.00 0.00 0.00
5.50 0.11 0.08 0.05 0.04
6.00 0.50 0.41 0.33 0.26
6.50 1.25 1.10 0.95 0.82
7.00 2.41 2.24 2.05 1.86
7.50 4.01 3.89 3.73 3.53
8.00 6.10 6.14 6.10 5.98
8.50 8.70 19.03 9.24 9.35
9.00 11.85 12.62 13.27 13.78
9.50 15.58 16.98 18.27 19.41
10.00 19.91 22.15 24.33 26.40

TABLE 2. Numerical values of the equation (3.6)

T oc=0.1 c=0.3 c=0.5 oc=0.7
0.00 19.91 22.15 24.33 26.40
0.50 15.58 16.98 18.27 19.41
1.00 11.85 12.62 13.27 13.78
1.50 8.70 9.03 9.24 9.35
2.00 6.10 6.14 6.10 5.98
2.50 4.01 3.89 3.73 3.53
3.00 2.41 2.24 2.05 1.86
3.50 1.25 1.10 0.95 0.82
4.00 0.50 0.41 0.33 0.26
4.50 0.11 0.08 0.05 0.04
5.00 0.00 0.00 0.00 0.00
5.50 0.07 0.02 -0.01 -0.02
6.00 0.27 0.06 -0.10 -0.17
6.50 0.63 0.10 -0.34 -0.55
7.00 1.13 0.10 -0.81 -1.28
7.50 1.78 0.05 -1.58 -2.49
8.00 2.59 -0.08 -2.72 -4.28
8.50 3.56 -0.32 -4.31 -6.77
9.00 4.68 -0.69 -6.40 -10.08
9.50 5.95 -1.21 -9.08 -14.33
10.00 7.38 -1.90 -12.39 -19.64

function. To establish the graphs and data-base of the results, we take a sum of the first 500 terms of
the summation involved in each result.
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In Figure 1, we have opted the parametric value as p = .01; a = b = .5 and ¢ = 0.01 : 0.02 : 0.07.
p =18 a=0b=2and ¢ = 0.1 : 0.2 : 0.7 are opted for Figure 2. p = 2.5; a = b = 2 and
0 =0.1:0.2:0.7 are opted for Figure 3. Tables 1-2 are established on the basis of parametric values
as those of Figure 4. Figures 5-7 are plotted for the values of the parameters as those of the values
of the parameters of the Figures 1-3, which depict that the graphs of formulae (3.1) and (3.6) are
reflected identically in each figure, respectively.

5. IMAGE FORMULAS ASSOCIATED WITH INTEGRAL TRANSFORM

In this section, we establish certain theorems involving the results obtained in previous section
associated with the integral transforms like Beta transform, Laplace transform and Whittaker trans-
form.

5.1. Beta transform. The Beta transform of f(z) is defined as [30]

B{/(:): B} = / 2 f(2)dz
Theorem 5. Letm,r € N, a;j, Bij, Vi ¢ 0,60 €C(E=1,...,r;5=1,...,m) such thatZ%(ozij) >
j=1
max{0; R(q;) — 1}; R(g;) > 0 and R(c) > 0. For x > a, the following integral formula
B{ (= [T#050,, [e0 - 0] ) @) 0.5}
i=1
L'(B)(x —a)7** Ay
- v — )My 1
TMm)...T(7) r+2¥ (m+1)r+1 B, €z —a)")"|, (5.1)

Av= (@) (v ar) s (p+ 1 pr), (o, ),
B = (61]‘; O‘lj)lvm yee (577‘7 arj)l’m ’ (J +p+ 1, ,LLT’), (a + ﬂ,,ur), (717 1)1,7’—1
holds.

Proof. For convenience, we denote the left-hand side of the result (5.1) by B, then using the definition
of beta transform, we have

B= / 11— 2)P ( t—a"HEZ&j’BU)m[ (t—a))“D(x)dz, (5.3)

further applying the result from equation (3.5) to the above equation (5.3), then interchanging the
order of integration and summation, we have

B = (f_a)g+p = Ly +kaqr) ... Ty + kgy)
() ... Tlw) | & T2 T(kay; + Biy) - T, Tkew; + Brj)
1
F(p + Mkr + 1) (f(x — a)p)kr o r— —
“T(o +p+ pkr + )Tk — 1)1 k! }O/Z P -2

applying the definition of beta transform and after little simplification, we have

B = F(B)(x_a)Uer Ly +kaqr) ... Ty + kgy)
L) Tw) | fz TG Tkan; + Buy) - - TIGZ T(kaw; + Brj)
y I(p+ pkr+1) T(a+ pkr)  (E(x —a)t)kr
L(o+p+pkr+1)(T(k—1)"! Ta+ 8 + ukr) k! ’

now interpreting in view of (1.4), we have the required result (5.1). O



CERTAIN FRACTIONAL INTEGRAL AND FRACTIONAL DERIVATIVE FORMULAE 19

Theorem 6. Letm,r € N, oy, Bij, Vi, ¢, p, &, 0 € C(i=1,...,r;j=1,...,m) such thatZ?R(aij) >
j=1
max{0; R(q;) — 1}; R(¢g;) > 0 and R(o) > 0. For b > x, the following integral formula

B{ (ff(b 0 [T B, [0 - t>>“])<w> : a,ﬂ}

=1
_L@b-—z7r o Ay
T(71)...I(y) 27 mersl | By

holds, where A; and By are defined in equation (5.2).

(o]

Theorem 7. Letm,r € N, ayj;, Bij, Vi, ¢i, 0, &, 0 € C(i=1,...,r;7=1,...,m) such thatZ?R(ozij) >
j=1
max{0; R(q;) — 1}; R(¢g;) > 0 and R(o) > 0. For x > a, the following integral formula

B{ (D;;(t —ap LB et - M) (#): o, 6}

I(8)(z — a)7* [ 45
By

— T/ N T/ N T qj m T
D(m)...D(y,) 27t
Ay =(v,q1) - (v @) (p+ 1, ), (v, pr),
B2 = (ﬁlj’alj)Lm 1ttty (67‘jaarj)177n ) (p -0+ 1,/.1//"), (Oé + Balj/r)a (_17 1)1,7‘—1

(€ — aw] ,
(5.4)

holds.

TABLE 3. Numerical values of the equation (3.7)

T oc=0.1 c=0.3 oc=20.5 o=0.7
0.00 8.84 -4.71 -36.63 -82.17
0.50 7.13 -3.17 -26.86 -59.87
1.00 5.60 -1.98 -18.98 -42.04
1.50 4.26 -1.11 -12.80 -28.17
2.00 3.11 -0.51 -8.11 -17.75
2.50 2.14 -0.14 -4.73 -10.29
3.00 1.35 0.05 -2.43 -5.29
3.50 0.75 0.11 -1.03 -2.25
4.00 0.33 0.08 -0.30 -0.68
4.50 0.08 0.03 -0.04 -0.09
5.00 0.00 0.00 0.00 0.00
5.50 0.13 0.14 0.14 0.14
6.00 0.61 0.73 0.86 0.99
6.50 1.52 1.98 2.53 3.18
7.00 2.93 4.04 5.49 7.31
7.50 4.89 7.06 10.02 13.99
8.00 7.44 11.15 16.43 23.80
8.50 10.63 16.43 24.99 37.36
9.00 14.48 23.01 35.97 55.26
9.50 19.05 31.00 49.64 78.12

10.00 24.35 40.49 66.25 106.53
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TABLE 4. Numerical values of the equation (3.12)

T oc=0.1 c=0.3 c=20.5 oc=0.7
0.00 24.35 40.49 66.25 106.53
0.50 19.05 31.00 49.64 78.12
1.00 14.48 23.01 35.97 55.26
1.50 10.63 16.43 24.99 37.36
2.00 7.44 11.15 16.43 23.80
2.50 4.89 7.06 10.02 13.99
3.00 2.93 4.04 5.49 7.31
3.50 1.52 1.98 2.53 3.18
4.00 0.61 0.73 0.86 0.99
4.50 0.13 0.14 0.14 0.14
5.00 0.00 0.00 0.00 0.00
5.50 0.08 0.03 -0.04 -0.09
6.00 0.33 0.08 -0.30 -0.68
6.50 0.75 0.11 -1.03 -2.25
7.00 1.35 0.05 -2.43 -5.29
7.50 2.14 -0.14 -4.73 -10.29
8.00 3.11 -0.51 -8.11 -17.75
8.50 4.26 -1.11 -12.80 -28.17
9.00 5.60 -1.98 -18.98 -42.04
9.50 7.13 -3.17 -26.86 -59.87
10.00 8.84 -4.71 -36.63 -82.17

Theorem 8. Letm,r € N, ayj;, Bij, Vi, ¢i, 0, &, € C(i=1,...,r;j=1,...,m) such thatZﬂ?(aij) >
j=1
max{0; R(q;) — 1}; R(¢g;) > 0 and R(o) > 0. For b > x, the following integral formula

B{<Db bty HE(Véjlmm[ (bt))“D(:c):a,ﬂ}

3o - w)"*” As

- T/ N T~/ N T \II m s
D(y1).-. - D(yy) "7 (mtrst [ By

(€o- 0y ]

holds, where Ay and Bs are defined in equation (5.4).

Proof. The proof of Theorems 6, 7 and 8 is the same as that of Theorem 5, therefore we omit the
details. 0

5.2. Laplace transform. The Laplace transform of f(z) is defined as [30]

oo

L{f(2)} = / e f(2)dz

0
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Theorem 9. Letm,r € N, oy, Bij, Vi, ¢, 0, &, 0 € C(i=1,...,r;7=1,...,m) such thatZ?R(aij) >
j=1
max{0; R(q;) — 1}; R(¢g;) > 0 and R(o) > 0. For x > a, the following integral formula

L{%*(ﬁ;u—a>£1Eaﬁ&ﬂ kwu—a»ﬂ)cm}
(=9 ], 55

(z —a)7tr (1
D,
Cl = (717 ql) g ety (7’!‘7 QT) ) (P + 17 ,U/T)7 (l7ur)’
D, = (61ja a1j>17m yee (ﬂrja a?“j)Lm ’ (U +p+ 1, Ur)v (_17 1)1,7“—1

— I1r/- N\ T/ \T \Ijmr'r
ST(m)...T(y) 27"

holds.

Proof. For convenience, we denote the left-hand side of the result (5.5) by £, then using the definition
of Laplace transform, we have:

i=1

5:07 szl 1(10 t—a)” HE”&;‘jjﬁzj)m [g(z(t—a))ﬂ]>(m)dz7 (5.6)

further applying the result from equation (3.5) to the above equation (5.6), interchanging the order
of integration and summation, we have

po @—am [§ L1+ kq) - T(9 + kgr)
F(ryl)r(’}/l) k=0 H F<kalj +51]) : H;n:1 F(karj +6Tj)
T(p + pkr + 1) €@ ="\ T o trwres
XF(U-‘v-p‘f'Mkr"i_l)(F(k_l))r_l K }b/e P dz,

applying the definition of Laplace transform, after little simplification, we have

r— (x - a U+p Z '71 + kQ1) F('Vr + qu)
s'U(m). Vr) H] 1 T(kay; + Bij) - H;n:1 I'(kaw; + Brj)

C(p+ pkr + )T + pkr) 1 —a\"\ T

interpret the above equation (5.7) in the view of (1.4), we can easily arrive at the required result
(5.5). O

Theorem 10. Let m,r € N, «j,B:5,7%,¢,06p € C (i = 1,...,r; j = 1,...,m) such that
Z%(aij) > max{0;R(¢;) — 1}; R(g:) > 0 and R(o) > 0. For b > x, the following integral for-

j=1
mula

e (1= o Mgt e 0] oo = s

(=)

% (717Q1)7~~~»(’7r7%‘)a(p"i_]-vl“n)a(lnwr)
(Blja O‘lj)Lm geeey (Brjy arj)Lm 9 (U + 14 + 11 ,ur), (_17 1)1,7’71

holds.
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Theorem 11. Let m,r € N, «;j, 85,7, ¢, 06p € C (¢ = 1,...,r; j = 1,...,m) such that

Z?R(aij) > max{0;R(q;) — 1}; R(g;) > 0 and R(o) > 0. For x > a, the following integral for-

j=1

mula
- o - i,qi (1‘ B a)Uer
L{Zl ' (Da+(t a a)p };[1 Egaijvﬁij)m [g(z(t N a))“} ) (LL‘)} - mr-iQ \I/mT+r
x [ (11501) s+ (s @) (p + 1, ), (1 o) (5 (x—)”
(51% alj)Lm 1t (BTJW aTj)l,m ) (p —o+1, ,U/I‘), (_17 1)1,7”71 S
holds.

Theorem 12. Let m,r € N, «j,Bi5,7%,¢,06pn € C (¢ = 1,...,r; j = 1,...,m) such that

Z%(aij) > max{0;R(g;) — 1}; R(¢:) > 0 and R(o) > 0. For b > x, the following integral for-

j=1

mula
_ o r s (b_$)0'+p
L{Zl 1 <Db+(b — t)PiZI E?aija,@ij)m [f(z(b — t))“})(x)} = M—F(W) r2 Ut
X |: (’717q1)7~-.7('YT7QT),([)+1,MT),(Z,,U/}”) (g (b_x)p)r]
(61j7a1j)17m L (677" a"j)l,m ) (p -0+ 17Nr)a (_17 1)177‘—1 S
holds.

Proof. The proof of Theorems 10, 11 and 12 is the same as that of Theorem 9, therefore we omit the
details. 0
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FI1GURE 1. Graph of fractional integral formulae for p = .01;a =0=.5
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FI1GURE 2. Graph of fractional integral formulae for p =1.8; a =b =2

5.3. Whittaker transform.
Theorem 13. Let m,r € N, a;j,8:i5,%: ¢, p6p € C (1 = 1,...,r; j = 1,...,m) such that

Zé}?(aij) > max{0;R(g;) — 1};R(q;) > 0 and R(c) > 0. For x > a, the following integral for-

j=1

mula
/zgfle*nz/QWT,w (772’){ <Ig+ (t—a)’ ﬁ E?‘;ﬁiﬂm)m {{(z(t B a))“} > (x)}
/ =1

_ (w—a)7tr A z—a\"\"
BTSN CNRYCH) r+3%minr1 | g [ |€ ” (5.8)
holds, where

A= (717(]1),~--,(’Yr7%)a(ﬂ+17M7“)7(1/2+W+C’M7“)7(1/2—W+Ca1““)

5.9
B = (Bijy01)s e or (Brgs gy s (0 p b L), (12— 74 Copr)y (<1, Dy O

Proof. For convenience, we denote the left-hand side of the result (5.8) by W, further applying the
result from equation (3.5) to the above equation, interchanging the order of integration and summation,
we have

W (x —a)otP > T(yi +kq1) ... T(ye + kgr)
(). .D(y) | & T152 T(kang + Buy) - - TTL T(ka; + Brj)
I(p+ jukr +1) (€@ = a))"" | T comrr e
“T(o+ p+ pbr + DTk — 1)1 k! } /Z T W (n2)dz,

0



24

by substituting nz = t, we have

(x —a)ot?

— gk
X T(o + pfgfki_ﬁklg(—;(lgz 1))yt (Ele ) } SRk /tG“kr_le_t/QWT,w(t)dt.
Now using the integral formula for Whittaker function ’
/t“—le—t/QWT,w(t)dt _Laz 2‘”&;)2(1/2)_ wta) (%(a tw) > —
and after little simplification, we have
(x—a)7™° { 5 F(v+ka) - Dy + kgr)
~ o T(n).  T12 D(kay + Buy) - T2 T(kans + Bry)

(5.5).
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FI1GURE 3. Graph of fractional integral formulae for p = 2.5; a = b =2
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Theorem 14. Let m,r € N, «a;j, 85,7, ¢, p.6pn € C G = 1,...,r; j

= 1,...,m) such that

Z?R(aij) > max{0;R(¢;) — 1}; R(q;) > 0 and R(o) > 0. For b > x, the following integral for-

=1
mula

oo

0

(b—x)°tr

~ nST(m) ... Ty
holds, where A and B are defined in equation (5.9).
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FIGURE 6. Graph of fractional derivative formulae for c =1; a = b =2
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Theorem

15. Let m,T € N; O‘ij7ﬁij7ryi7qi7p7§7:u’ S® (Z = 1,...,T,' .]

= 1,...,m) such that

Z%(aij) > max{0; R(¢;) — 1}; R(q;) > 0 and R(o) > 0. For x > a, the following integral for-

=1
mula

oo

0

holds, where

D= <ﬂ1j7a1j>17m PRI (ﬁrj; arj)l,m ) (P — 0+ 17MT)7 (1/2 -7+ C?Mr)a (_17 1)1,7“71

(x —a)7tP

T

/zClenz/2WT,w(7)2){ (Dg+ (t—a)’]]

i=1

= r \Ilm r
7T () ... Ty,) "7 omirst

Bt |66 = )] ) <x>}
o l(«(5))]

C: (71aq1)7"‘7(’}/raqr),(p+17MT),(1/2+W+<7NT)7(1/2_w—’_Cvﬁ“ﬂ)

|

(5.11)
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FIGURE 7. Graph of fractional derivative formulae for 0 = 1.5; a = b = 2

Theorem 16. Let m,r € N, «j,Bi5,%,¢,06p € C (0 = 1,...,r; j = 1,...,m) such that
m
Z%(aij) > max{0;R(¢;) — 1}; R(¢:) > 0 and R(o) > 0. For b > x, the following integral for-

j=1

mula
/ Zc—le—nzﬂwﬂw(nz){ (D20 - 0P TT Bt [et:0 - 0] ("’”}
) i=1

B 7751“(?7;)3.3?7;;%) r3¥ i { g ‘ (g (b;x)“)r]

holds, where C' and D are defined in equation (5.11).

Proof. The proof of Theorems 14, 15 and 16 is the same as that of Theorem 13, therefore we omit the
details. 0

6. CONCLUSION

In this paper, we have established some image formulas by applying the Riemann—Liouville frac-
tional derivative and integral operators on the product of generalized multi-index Mittag—Leffler func-
tion E(Wa(j Bj)m(')' Then, some more image formulas are derived by employing the integral transform.
To study the nature of these formulae, numerical results and their graphs are plotted for different
values of the parameters involved in our main results, which can be simply interpreted and observed.
For the numerical results and the graphs, the author has chosen » = m = 2. Further, for more
investigation of these formulas the reader can choose any value of r and m.
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ON A PARAMETRIZATION OF NON-COMPACT WAVELET MATRICES BY
WIENER-HOPF FACTORIZATION

LASHA EPHREMIDZE"2, NIKA SALIA34 AND ILYA SPITKOVSKY?

Abstract. A complete parametrization (one-to-one and onto mapping) of a certain class of non-
compact wavelet matrices is introduced in terms of coordinates of infinite-dimensional Euclidian
space. The developed method relies on Wiener-Hopf factorization of corresponding unitary matrix
functions.

1. INTRODUCTION

Let [?(Z) be the standard Hilbert space of two-sided sequences of complex numbers. A matrix A
with m rows and infinitely many columns

1 1 1 1
a’y ag a7 ap
2 2 2 2
... a a/ a/ a DR .
_ 1 ap 1 2 i
A= . . y a5 € C, (1)
m m m m
a™ af’ a* af

where the rows belong to (?(Z), is called a wavelet matrix (of rank m) if its rows satisfy the so called
shifted orthogonality condition [4]:

o0

Z aierj Aoy = Oirdjs forall 1<id,r<m; j,s€Z (2)

k=—o00
(6 stands for the Kronecker delta). Such matrices are a generalization of ordinary m x m unitary
matrices and they play the crucial role in the theory of wavelets [6] and multirate filter banks [7].
Note that if A is a wavelet matrix and A’ is obtained by shifting some of its rows by a multiple of m,
then A’ is a wavelet matrix as well.
In the polyphase representation [8] of matrix A,

Alz) = Y Ak, (3)
k=—o00
where A = (... A_y Ag A1 Ay ...) is the partition of A into m x m blocks Ay = (aﬁcmﬂ), 1<i<m,
0 <j <m—1, condition (2) is equivalent to

A(2)A(z) = I, (4)

Y = . . —T . o .
where A(z) = Y. A;z~% is the adjoint of A(z) (A* := A" is the Hermitian conjugate, and I,
k=—o00

stands for the m x m unit matrix). This is easy to see as (2) can be written in the block matrix form

o0

> ArAL = bw0ln.
k=—o0

On the other hand, if series (3) is convergent a.e. on T := {z € C : |z| = 1}, condition (4) means
that A is a unitary matrix function on the unit circle, i.e.,

A(z)(A(z))* =1, for zeT. (5)

2010 Mathematics Subject Classification. 42C40, 47A68.
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Therefore, wavelet matrices are closely related with unitary matrix functions. There is a natural
one-to-one correspondence between them and we will rely on this connection throughout the paper.

Our notion of a wavelet matrix is somewhat different from the standard one. Namely, the linear
condition A(1)e = y/mej, where e = (1,1,...,1)T and e; = (1,0,...,0)7, must be satisfied in
the usual definition (see [6, Eq. 4.9]) in order the corresponding orthogonal basis of L?(R) can be
constructed by means of A (see [6, Ch-s 4, 5]). In our consideration, the linear condition is irrelevant.
Furthermore, since the structure of coefficients of unitary matrix functions A(z) and A(z)- U, where
U is a constant unitary matrix, are closely related, we introduce the equivalent classes of wavelet
matrices as follows:

A~v A= Aj = A;-U for some constant unitary matrix U and every j € Z. (6)

We get a unique representative with a corresponding linear condition in each class in this way.

If the number of non-zero columns in (1) is finite, then the wavelet matrix A is called compact.
Otherwise, it is non-compact.

For a compact wavelet matrix

N
A(z) = Z At (7)
k=0

in order to avoid a chaotic rearrangement of the rows of A, we assume that not only Ag # 0 and
Apn #0 (N is called the order of (7) in this case) but also

det A(z) = 2. ()

Since it follows from (5) that det A(z) is a monomial for compact wavelet matrices, it has necessarily
form (8) and the power of z is called the degree of (7). It is proved in [1] that the degree of (7) is N
if and only if rankAy = m — 1 (see Lemma 1 therein). This is the maximal possible value for the rank
of Ay and such situation is naturally called nonsingular.

In [1], a complete parametrization (one-to-one and onto mapping) of compact wavelet matrices of
rank m and of order and degree N, with a minor restriction that the last row of Ay is not all zeros
(this set is denoted by CWMy[m, N, N]), is proposed in terms of coordinates in the Euclidian space
Cm=DN Namely, we have

CWMy[m,N,N| ¢— Py x Py X - x Py = CV xCN x-..xCN (9)

m—1 m—1

in the following sence: For each A € CWM[m, N, N] there exists a unique Laurent matrix polynomial
F(z) of the form

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
Fz)=| . . . . . s (10)
0 0 0 1 0

G () G(2) CG(z) o (ualz) 1
where (; (2) € Py, j=1,2,...,m — 1, such that
F(2)U(2) € Pl(m x m),

where
U(z) = diag[l,...,1, 2" V]A(2) (11)
(the last row of A is shifted to the left by mN), and
N N
P = {chzk:ck eC, kO,...,N}; Py = {chzk:ck eC, k= 1,...,N}.
k=0 k=1

In other words
U(z) = U-(2)U4(2),
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where
U_(2) = FY(2) and Uy(2) = F(2)U(2),
is the (right) Wiener-Hopf factorization of U. Note that F'~! can be obtained from F if we replace
each ¢; in (10) by —¢; .
It readily follows from (11) and properties of A that the unitary Laurent matrix polynomial U has
the following properties:

m
detU(z) = Const, and Y [up;(0)] > 0.
j=1
In the present paper, we are going to extend parametrization (9) to a certain class of non-compact
wavelet matrices by letting N — oo in the above formulations. To this end, we introduce some

additional definitions.
Let L;r = H), where 0 < p < 00, be the Hardy space of analytic functions (we usually identify

analytic functions in the unit disk and their boundary values on T) and L, := {f : f € L'} be the
corresponding set of anti-analytic functions. Denote also

+ . _ +
L*:= () Li.
O0<p<oo
Obviously, both of the sets L™ and L~ are closed under multiplication:
fige L* = fge L™ (12)

Let WM=[m] be the set of equivalent classes (see (6)) of wavelet matrices (1) with a} = 0 for
t=1,2,....m—1and j < 0ori=mand j > m (ie., the entries in the first m — 1 rows in the
polyphase representation (3) are from LI and the entries in the last row are from L) such that

det A(z) = Const for a.a. z€ T, (13)

~ (o]
and the analytic functions f;(z) := A, ;(2) = > a;-”_l_mkzk, j =1,2,...,m (the adjoints of the
k=0

entries in the last row of A(z)) are not simultaneously equal to 0 in the space of maximal ideals of
Hy,ie.,

m
Z |fi(z)] >0, |2] <1, for some § > 0;
§=0
and let P2 be the projection of L., on the set of anti-analytic functions vanishing at the infinity, i.e.,

-1
P = { Z crt® + there exist f € Lo such that f(k) =, for k < 0} c L™,

k=—o0
where f (k) stands for the k-th Fourier coefficient of f. Then we have a ono-to-one and onto mapping
similar to (9):
WMEm] «— P x P x - x PL,

m—1
which is the claim of the following
Theorem 1. Let A = A(z) € WM*E[m]. Then there exists a unique matriz function F(z) of the
form (10), where
G € P (14)

7=12,...,m—1, such that

F(2)A(z) € L (m x m). (15)
Conversly, for each matriz function (10), (14) there exists a unique A(z) € WM™ [m] such that (15)
holds.



34 L. EPHREMIDZE, N. SALIA, AND I. SPITKOVSKY

The inclusion (15) means again that the representation
A(z) = A_(2)A(2),
where
A _(2)=F'(2) and A, (2) = F(2)A(2),
is the (right) Wiener-Hopf factorization of A(z).
2. PROOF OF THEOREM 1

Proof of Theorem 1 is based on the technique developed in [2].
Since A(z) € Loo(m x m) is a unitary matrix function, we have

A7'(2) = A*(2) ae. onT. (16)
Because of the Carleson Corona Theorem (see, e.g. [5]) there exist functions g1, ga, ..., gm from Hyo
such that .
S (i) =1 for |2l < 1. (a7)
j=1

Let B € LY (m x m) be the matrix function A with its last row replaced by (g1, 92, --,gm). Then,
since the last column of A is (f1, f2,..., fm)? and (16), (17) hold, we have

1 0 -~ 0 0
o 1 --- 0 0

BA*=|: : : D =@ € Log(m x m),
o o0 --- 1 0

G G Gn-1 1
where ¢; =>"7" gkgik. Thus, it follows from (16) that

DA — B. (18)
Let
G=C+¢, where ¢(FePE, i=1,2,....m—1 (19)
(the definition of PX and the inclusion PE C LT are obvious). Then
o=, (20)

where ®* € P* is the matrix ® whith its last row replaced by (Cli, CQi, e Cﬁfl, 1). The equations
(18) and (20) imply that

®"A = (®7)"'B e LT (m xm), (21)
which proves (15) if we observe that F(z) = ®(2) and (®7)~! is the matrix ®* whith its last row
replaced by (—=¢, =¢S5, ..., —¢F 1, 1).

Let us now prove the uniqueness of F'.
Assume
Fi(2)A(2) =@ (2) e LT (m xm), i=1,2, (22)

are two representations of type (10), (14), where Fy = F and F, is the matrix F' with its last row

replaced by (¢{,¢%,...,C_1,1).

Since ®; € L*(m x m) => det ® € L* (see (12)) and det @] (2) = C a.e. on T (see (13), (22)),
it follows that det ®; (z) = C for |2| < 1. Therefore (®; (2))~* € L*(m x m) because of Cramer’s
formula.

Equations in (22) imply that

P(mxm) > Fy (2)Fi(z) = (85 (2)) ' @] (2) € LT (m x m).
Hence the matrix function F, 'F} is constant, while it has form (10) whith its last row replaced by
({7 —¢1,¢G — ¢y oGy — €1, 1). Consequently
¢ =¢ for i=1,2,....,m—1.

?
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Let us now show the converse part of Theorem 1. The essential part of the claim is proved

in [3, Lemma 4]: For each matrix of form (10), where ¢, € Ly, i = 1,2,...,m — 1, there exists a
unique (up to a constant right factor) unitary matrix function
uil(t) Uf_z(t) a uim_l (t) u5+rm(t)
gy (1) Uy () T “2,m71(t) ug,, (1)
Ut) = ' ' ' ' : , uf; € LE,
U:;A 1(1) U:;A 2(t) u;vi_zfl,mfl(t) u:r—kl m(t)
“El(t) “22(75) u;;,m—1(t) Uy (1)

with constant determinant
det U(t) = Const for a.a. teT, (23)
such that
Ft)U(t) € LT (m x m).
It remains to prove that if (14) holds, then

m
Z lumm;(2)] > 6, [2] <1, for some & >0, (24)
=0

and
FU(t) € LT (m x m). (25)

We obtain both relations simultaneously.
Since (14) holds, there exist bounded functions ¢; € L., such that (19) holds. Let ®* be defined
as in (20). Then ®TF = ®+®~ = & is bounded and therefore

OTFU = Ut € LT (m x m). (26)

Hence
FU = (®M) "'t € LT (m x m)

and (25) holds.
To show (24), let us first observe that det U (z) = Const for |z| < 1 since det Ut € H,, and it is
constant a.e. on the boundary (see (20), (23), and (26)). Therefore

i \I’:;L'L(Z) Cof(\I/:,r”-)(z) =C, (27)

where Cof stands for the cofactor. However, the first m — 1 rows of U and ¥ coincide. So that

Cof (V) = Cof(Upi), j=1,2,...,m. (28)
In addition, since U is unitary, i.e., U~' = U*, the formula for the inverse matrix implies that
1
uj;lj =G Cof(Upnj)- (29)

Therefore, substituting (28) and (29) in (27), we get
> Vi), (2) =1,
j=1

and, because of boundedness of the functions W . (see (26)), relation (24) holds.
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3. OPEN PROBLEMS

For compact wavelet matrices, it is proved in [1] that the entries ¢;  of the matrix (10) in Theorem 1
can be computed by the formula

G (2) =Py (Aii(2)/Amj(2)), if Auj(0) 0, (30)

o0
where Py is the projection of a (formal) Fourier series Y. ¢xt* on Py (see [1, Eq. (25)]). To describe
k=—N
the conditions under which we can let N — oo in equation (30) and to determine in which sense the
limit exists is an interesting problem. It is related to the computation of partial indices of Wiener-Hopf
factorization for a certain class of matrix functions which is the subject of a forthcoming paper.
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A NOTE ON THE BILINEAR FRACTIONAL INTEGRAL OPERATOR ACTING
ON MORREY SPACES

NAOYA HATANO! AND YOSHIHIRO SAWANO?

Abstract. The boundedness of the bilinear fractional integral operator is investigated. This bilinear
fractional integral operator goes back to Kenig and Stein. The paper is oriented to the boundedness
of the operator on products of Morrey spaces. This paper uses some averaging techniques to control
the Morrey norm. Compared to the earlier work by He and Yan, one feels that the technique can
be applied to other function spaces. Among others, the averaging operator will reduce the matters
to the existing results.

1. INTRODUCTION

Recently, He and Yan investigated fractional integral operators of Grafakos type acting on Morrey
spaces [8]. In this paper, by using some known results, we propose to simplify their proofs. Let
0 < g < p < oco. Define the Morrey norm || - ||,z by

1_
HfHMs = sup {|Q|” HfHLq(Q) Q is a dyadic cube in R"}
for a measurable function f.
The Morrey space MB(R™) is the set of all the measurable functions f for which H f H e 1s finite.

We recall the definition of the dyadic cubes precisely in Section 2. A simple geometric observation
shows that

HfHMpNSUP{’Qli_inHLq : Qs a cube in R"}

for any measurable function f. Here let us content ourselves with the intuitive understanding that p
serves as the global integrability, as is hinted by the dilation mapping f +— f(¢-), and that g serves as
the local integrability. We handle the following bilinear operator defined in [5,13].

Definition 1.1. The bilinear fractional integral operator of Grafakos type Jn, 0 < a < n is given by

Tl f1, f2]( /f1 +5|nf2a(x_ )dy (r € R™),

where f1, fo are non-negative integrable functions defined in R™.
The operator Z,[f1, f2], 0 < a < 2n, defined by

_ f1(y1) f2(y2)
Ia[f ,f](x):
SR N (PR

Ty r e R"
) y )

for non-negative integrable functions f; and fy defined in R™, is a contrast to Ju[f1, f2]. These two
operators with 0 < « < n pass the fractional integral operator I, in the bilinear case, where I, is the
fractional integral operator

f(y)

RTL
for a nonnegative measurable function f : R™ — [0, oc].

2010 Mathematics Subject Classification. Primary 42B35, Secondary 42B25.
Key words and phrases. Morrey spaces; Bilinear fractional integral operators.
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Here and below we assume that the functions are non-negative to ignore the issue of the convergence
of the integral definining J,[f1, f2](z).

The operator Z,[f1, f2] acting on Morrey spaces is investigated by many authors in many settings
such as the generalized Morrey spaces [1], the weighted setting [6, 10], the case equipped with the
rough kernel [9,20] and the non-doubling setting [11,21]. See also [3,22] for the case of commutators
generated by Z,, and other functions. However we do not find so much about the action of the operator
Jo on Morrey spaces. Works [4, 8] considered the boundedness property of J,. Our aim here is to
prove the following estimate

Theorem 1.2. Let
O<a<n, l<q@g<pi<oo, 1<@gp<p<oo, 1<t<s<oo.

Define p and q by
1 1 1 1 1 1
-—=—+—, —-=—+4+—.
p P11 D2 q9 @1 492
Assume that
1 1 « q t .
—=—-——, ==-, s<min(q,qa)-
s p n p S
Then for all fi € MFY(R") and fo € ME2(R™),

HJa[flan]HMf S HfluMgll ||f2||M§§'

As is pointed out in [8], the assumption % = é is essential.
Theorem 1.2 partially extends the following result by Kenig and Stein [13, Theorem 2]

1 1
Proposition 1.3. Let 0 < a <n and 1 < p1,ps < co. Assume that — + — > g, so we can define
P11 P2 n
1 1 o

1
$>00by —=—+ — — —. Then for all f; € LP*(R™) and f2 € LP2(R"),
s p1 p2 M

Hja[flan]HLs 5 HleLm Hf2HLP2'

In the first half of [8], He and Yan proved the boundedness of the operator and used the Holder
inequality under the assumption

1 1
n_ 2 —— + — > 1, (1.1)
p1 P2 max (ql, gpl) max (q27 5p2)
SO
“_a_®
p n b2
and there exists u € (1, 00) such that
« « ! ,
—p1 <u< (*pz) o (@) <u<a.
n n
Define sq, s9,t1 and ty by
v u oo u W a1 q 2 @
S1 P n’ s P2 n’ s Y41 T8y b2 ’

sol <ty <s;i<ooandl<ity<sy<oo. Then
1 1 1 1 1 1

S S1 S92 ’ t tl tg

9

since
a_N _ 2%

p P P2
Meanwhile, by the Holder inequality we have

R" R”

;‘,_\
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for any 1 < u < co. Consequently, by the Holder inequality once again, we obtain

1Talfs Folll gy < 2 F1 g

‘I&ul)f2HM2227

where I\ f = (Ia[|f|”])%. If we use the Adams theorem, asserting that I\") maps ME(R™) boundedly

toM%(R”)wheneverv<Q§P<oo,U<T§S<oo,%:%—%andg:%weobtain

Hja[flan]HMf N Hfl”/vtijll ||f2||M§§'

Thus Theorem 1.2 is significant when (1.1) fails. See [4, Theorem 2.2] for the bilinear fractional
integral operator of Kenig—Stein type equipped with the rough kernel.
The operator 7, has a lot to do with the bilinear Hilbert transform defined by

H[f1, f] (2) —hm / f1$+y)f2(9c— >dy (z € R),
R\( €,€)

where f; and fy are the locally integrable functions. One of the important problems in harmonic
analysis is to investigate the boundedness property of the bilinear Hilbert transform. A conjecture
of Calderén in 1964 concerned possible extensions of ‘H to a bounded bilinear operator on products

of Lebesgue spaces. A remarkable fact is that % maps LP*(R) x LP2(R) to LP(R) boundedly if
1 1

1<p <o0,1< py < o0, ; <p<ooand - = — 4+ — [16,17]. To understand the boundedness
property of this operator, we consider its courzlaterpart to fractlonal integral operators.

After the authors wrote this article, we were aware that Theorem 1.2 is an unweighted version
of [8, Theorem 4.6]. However, our proof differs from theirs in that we use an inequality for norms,
while He and Yan used a weighted local estimate. It seems that our results can be extended to Orlicz
spaces by using [19, Theorem 7.5]. The details are left for the future works.

2. PRELIMINARIES

For a measurable function f defined on R™, define a function M f by

Mf(z) = /|f )|dy (z€R"). (2.1)

su
BGB |B|

The mapping M : f — Mf is called the Hardy-Littlewood mazximal operator. It is known that the
Hardy-Littlewood maximal operator is bounded on ML(R") if 1 < ¢ <p < o0 [2]. A dyadic cube is
a set of the form Qi for some j € Z, k = (k1,ko,...,k,) € Z™. The set of all dyadic cubes is denoted
by D; D ={Qjr : j € Z,k € Z"}. For j € Z, the set of dyadic cubes of the j-th generation is given
by

D;=D;(R") ={Qx : k€Z"} ={QeD: 4(Q)=2""}.

The following lemma can be located as a standard estimate to handle this bilinear fractional integral
operator.

Lemma 2.1. Let f1, fo > 0 be measurable functions. Then we have

Tl hl@ s 3 Y 20w | AG+whe-nay @er.

l=—00 QED; B(2-1)
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Proof. We will follow the idea used in [13, Theorem 2]|. See also [18, Theorem 3.2] and [14,15]. We

decompose

filz +y) fo(z —y)
ly|" =

Jalfr, f2](x dy

Z filz +y)fo(z —y) dy

= ly[—
BE-H)\B(!-1)

~ Y 2l / filz +y)fo(z —y)dy

= BE-O)\B(2~'-1)

Z ol(n—a) / filz +y) fo(z — y) dy.

= B(2-1)

IN

Observe that for each | € N, there uniquely exists a dyadic cube @) € D; such that x € (). Thus, we
obtain the desired result. g

We now recall the averaging technique.
Lemma 2.2. Suppose that the parameters p, q, s,t satisfy
l<g<p<oo, 1<t<s<oo, q<t, p<s

or
1—q<p<oo 1=t<s<o00, p<s.
Assume that {Qj};il {aj} _, CMF(R") and {N\; } C [0, 00) fulfill

supp(a] C ij JXQ;

< 00. (2.2)
Mg

oo
Then f = Z)\jaj converges in S'(R™) N L

L. (R™) and satisfies
j=1

(2.3)

i I llaes
Qj

11l vy S
l*

M3

Proof. This estimate is essentially obtained in [12] if ¢ > 1 and in [7] if ¢ = 1. Although we dis-
tinguished these cases in these papers, we can combine them, since the case of ¢ = 1 can almost be
emerged into the case of ¢ > 1.

Let us suppose g > 1 for the time being. Let 0 < n < oco. We will use the powered Hardy-Littlewood
mazimal operator M defined by

M () = sup <|B<w1R>| / |f<y>»"dy>

B(z,R)

for a measurable function f : R® — C. If n = 1, then we write M instead of M. To prove this,
we resort to the duality. For the time being, we assume that there exists NV € N such that A\; = 0
whenever 7 > N. Let us assume in addition that the a;’s are non-negative. Fix a non-negative

J S
function ¢ that is supported on a cube @ such that ||g||; < |Q|< #". By duality, we will show

laj || vy
/f ) dz Spg.st Z/\ M

il

, (2.4)
ME
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to obtain

= sl g
Z JMQJ

|Q5]° M
Assume first that each @); contains ) as a proper subset. If we group the j’s such that @); are identical,
we can assume that each @Q); is a j-th parent of Q) for each j € N. Then we have

/f(x)g Z)\ / dw<ZA HG'JHLQ HgHLq’(Q)
n

Q

from f = Z;’;l Ajaj. By the size condition of a; and g, we obtain

1Ly S

o0 o0
1_ JE S 1_1
[ srsterte < Sl P = S ol el
n j=1 i=1
Note that
2] oe o] 11
Z’\ : M Q; = L M [ A XQJOHMP:H‘LJoHMé Q10| " Ao
’ ]| MY | j0|

for each jy € N. Consequently, it follows from the condition p < s that

oo

155 I kHMé
Qk

k=1 k|

1_1
)

Z HCLJHM
J

A

/f(w)g(m) dr < 3| 77|
En =1 Mg

Conversely, assume that @) contains each @);. Then we have

[ 1@9@ =3 [ g < D sl Mol

1
Rn Jj= Q;

By the condition of a;, we obtain

(oo} oo
[ 1@ a@rde =35 [a@a@de < 3 Al
Rn =1, i=1
Thus, in terms of the Hardy—Littlewood maximal operator M, we obtain

/f(a:) ) dx <Z)\ H|JHM 1Q,] x inf M®)g(y)
]Rn

| YyeEQ;
Qj

Qj|*

(@)

= / (Z Aij% (y)> M g(y) dy

i |Q;]
/(Z y ||GC;HMQ -(y)>XQ(y)M(t')g(y)dy-
R J

Hence, we obtain (2.4) by the Hélder inequality, since ||xoM® g, < |Q|7 7. Thus the proof for
the case of ¢ > 1 is complete.

The case of ¢ = 1 is a minor modification of the above proof. First, if each @; contains @) as a proper
subset, the same argument as above works. If each @) contains @);, then we can take g = \Q|%71XQ
to obtain

/f(x)g(x ZA LEIET o
Q

J| Mll’
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We go through the same argument as before, where we will replace M(t/)g by 1. Since ||xql||r= =1,

we do not have to resort to the boundedness of the maximal operator M (") as we did in the estimate
’ 1 1

IxeM® gl <|Q|7 7. So, the proof is complete in this case. O

Lemma 2.3. Let
O<a<2n, 1<g <pj<oo, 0<g<p<oo, 0<t<s<oo

for j =1,2. Assume

1,1 1 1.1 1 1 a g_t
p P p2 ¢ @ @ s p n p s
Then
2
Z Q gn " / J1(yn) fa(y2) dyn dys S HHfjHMsJ: (2.5)
@ep (3Q)2 L) =1 ’

for any cube R and for all non-negative measurable functions f1, fa.

See the proof of [4, Theorem 2.2] for a similar approach.

Proof. Let L = L(x) be a positive number that is specified shortly. We decompose

ZeXQ% o /fl(yl)fz(y2)dy1dy2

QeD (302
Xol\x
= Z Z(QQ)énza / fi(yr) f2(y2) dyr dys
QeDL(Q)<L (302

+ > K(XQQi / Ji(yr) fa(y2) dyr dyz =: S1 4 Sa.
QeDL(Q)>L (3Q)2

First, we estimate the quantity Si:
SIS Y. xe@) UQ) M fi(w) Mfs(x) ~ L*M fi(x) M fo(x).
Q€eDL(Q)SL

Next, we estimate the quantity So. By Holder’s inequality,

XQ() o —,
S5 D] g(@cjm’@" l2m s 1912 [1f1ll oz s
QEDUL(Q)>L
S Gl o |l Foll wgza ~ L7 (| ll gz 1 F2 ]l sz
QGD,E(Q)>L

Hence we obtain

> EXQ% a / fi(v) fa(y2) dyr dy2 S LM fi(x) M fo(2) + L™
Qe (3Q)?

Lz [ £2]] gz

In particular, choose the constant L = L(z) to optimize the right-hand side:
_ 1wz 2l ez \
Then we have

p 17%
Zgéf)éf)a / fi(y1) f2(y2) dyr dya S (M fi(x) M fa(z) g(Hf1HMmHfQHMpz) :
@ep (3Q)?
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Therefore, using Holder’s inequality for Morrey spaces, the Mt (R™)-boundedness of M and the
MEL(R™)-boundedness of M, we have

Z nQ 2n p / 1) f2(y2) dyr dys

@ep (3Q)?

1-2 » 1
I R LY A [ (T P T

< (1Ml s 1982 z)” (Mllagzn 12102

1_1
st

L*(R)

_r
s

S| aap)*

s

S Mall g 1721 ez 0

3. PROOF OF THEOREM 1.2

Let v € (s,min(q1,¢2)). Let € @ € D;. By the Minkowski inequality and the Holder inequality,

H / fil+y) f2( —y)dy

B(2-1) Lv(Q)
: / 16490 2t = Dy < 1B ([ IAC+ 0 2l = )y a)
pem BE)
’B _l ’L“ (%,3-271)) Hf2’ Lv(Q(z,3-2-1)) S ’B _l | b 1nf M® )fl(yl) meM(v)fz(yg).

Y1

Then owing to Theorem 2.2,

[ Talfrs foll pgs S Z 32l / A +y) f(-—y)dy
I=—00 QEDy |Q| Lv(Q) || pm
3 9l MW fi(yy) d MW d
IZZOOQ;Z |Q|/ fi(y1) dyr - |Q|/ f2(y2) dy2 »

Thus, we are again in the position of using (2.5) to have
el il S 1L ol gy 1Ml

Since v < ¢, ¢, we are in the position of using the boundedness of M on Morrey spaces obtained
by Chiarenza and Frasca [2]. If we use the boundedness of the Hardy—Littlewood maximal operator,
then we obtain

FATATIE TA P e

This is the desired result.
To conclude the paper, we remark that Fan and Gao obtained an estimate to control

H | nCnft-vay
B(2-1)

L¥(Q)

in [4, Lemma 2.1].
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WEIGHTED BOUNDEDNESS OF THE FRACTIONAL MAXIMAL OPERATOR
AND RIESZ POTENTIAL GENERATED BY GEGENBAUER DIFFERENTIAL
OPERATOR

ELMAN J. IBRAHIMOV!*, VAGIF S. GULIYEV!2, AND SAADAT A. JAFAROVA3

Abstract. In the paper we study the weighted (prw)\, Lq,w,)\)—boundedness of the fractional max-
imal operator M& (G is a fractional maximal operator) and the Riesz potential (G is the Riesz
potential) generated by the Gegenbauer differential operator

o (2_nsad o A+l d 1
Gr=G=(" 1) = (@ -1 = we (00, ae(03).

1. INTRODUCTION

1.1. As is known the maximal functions, singular integrals and potentials generated by different
differential operators are of importance in applications and in different questions of harmonic analysis
and therefore their study is very topical. Non-accidentally, there exists extensive literature devoted
to difference properties of the afore-mentioned object of harmonic analysis. We cite only those works
that relate to the question considered in the paper: D. Adams [1], I. A. Aliev [2], A. P. Calderon [4], R.
R. Coifman and C. Fefferman [5], C. Fefferman and E. Stein [8], A. I. Gadjiev [9], V. S. Guliev [11-13],
G. H. Hardy and J. E. Littlewood [14], V. M. Kokilashvili, A. Kufner [20], V. M. Kokilashvili and S.
Samko [21], I. A. Kipriyanov, M. N. Klyuchancev [16-19], L. N. Lyakhov [25,26], G. Welland [30] and
other.

In [12] E. V. Guliyev introduced analogous to Muckenhoupt classes generated by Gegenbauer dif-
ferential operator and for the fractional maximal function and fractional integrals associated with
the Bessel differential operator. He obtained some weighted inequalities, analogous to those given in
Propositions 1.5 and 1.6 from [30].

We note that the measure of the homogeneous space satisfies the doubling properties pE(z,2r) <
cuE(z, 1), where the constant c¢ is independent of x and r, and these properties are essentially used
in proving many facts.

1.2. Based on our investigation, we introduce the Gegenbauer differential operator G (see [7]). The
shift operator A2 ,, generated by G, is given as follows (see [15]):

AX f(chz) = Agy¢ f(cha) = CA/f (chz cht —shaz sht cosyp) (sing)**Ldp,
0

T (A+3 ﬂ -t
(721) = ( [ (sin @)2’\_1dg0) and possess all properties of the generalized shift
LT (3) 0
operator from B.M. Levitan’s monograph [22,23].

Let H(z,r) = (x —r,x +7r)N[0,00), r € (0,00), x € Ry = [0,00) . In this way,

<
H($7T):{(O,x—|—r)7 0<z<r,

where C =

(x—r, z+71), xz>T

2010 Mathematics Subject Classification. 26A33, 33C45, 33C60, 33C70.
Key words and phrases. Gegenbauer differential operator; G-Fractional maximal operator; G-Riesz potential;
Weighted inequalities.
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For any set E C Ry, uE = |E|, = [, sh® tdt. The maximal functions (G-maximal functions)
generated by the Gegenbauer differential operator [15] are defined as follows:

1 r
Mg f(chz) = A, h)|ds (1),
G f(chaz) ig%IH(O,r)AO/ ne|f(chz)|dux(t)
and )
M, f(chx)= sup ———— / chit)|duy(t),
ul(che) xeR+B>O|H(x7T)|)\ [ (e D]dran(®)
H(z,r)
where r
dux(t) = sh*t dt, |H(z,7)|, = / sh® ¢ dt, |H(O,7’)|)\:/sh2’\t dt.
H(z,r) 0

The symbol A < B denotes that there exists a constant C such that 0 < A < CB, and C' may depend
on some parameters. If A < B and B < A, then we write A ~ B.
In [15], it is proved that
Mg f(chz) S M, f(chz).
For any locally integrable function f(chz), x € R, we denote the fractional maximal function
(G-fractional maximal function) M& generated by the Gegenbauer differential operator as follows:

Mg f(chz) = sup| H(0,r)| > /Acht|f(cht)|dm(t), 0<a<2A+1.
r>0 5
If a =0, then M2f = Mg f.
We consider the Riezs potential (G-Riezs potential) generated by the Gegenbauer differential op-
erator introduced in [15]

I&f(chz) = (1a) / (/7~(5—1fLT((:ht)d7ﬂ>ACM]”(ch:E)d,u)\(t)7 (1.1)
2 0
where

o
he(cht) = / eV WET P (cht) (2 — 1) Fdy
1

and P (cht) is an eigenfunction of the operator G.
We denote by L, (Ry,G) = Ly A (Ry), 1 < p < oo, the space of functions measurable on Ry with
the finite norm

Wiy = ([ 15680Pa0) 1200
R

I £llsox = Il = ess sup|f(cht)], p=co.
teRy
We also denote by WL, »(R+) the weak space defined as a set of locally integrable functions on
R, with the finite norm

||f||WLp,A(R+) = ig}gt(‘{x €Ry ¢ |f(cha)| > t}‘)\) P

The main objective of this paper is to obtain the results in [12], [29] and [30] for the opera-
tors M& and I&. The paper is organized as follows. In Section 2 we present some auxiliary re-
sults. We establish the equivalence of the G-fractional maximal functions Mg and M} in the form
Mg f(chz) ~ M f(chz). We obtain the Calderon—Zygmund decomposition of R. In Section 3,
we obtain the weighted analogue of the Fefferman-Stein inequality for the maximal function M and
give the Chebyshev-type inequality. We also introduce the Muckenhoupt-type class and obtain some
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properties of weights in order to use them in proving the inverse Holder’s inequality. We prove the
weighted (Lp,w,x, Lgw,x)- boundedness of the G-fractional maximal operator. In Section 4, we prove

the weighted (L w,x, Lqw,x)- boundedness of the G-Riezs potential.

2. AUXILIARY RESULTS

In this section we will drive and prove some necessary fact, which we will need in the sequel.

Lemma 2.1 ([15]). For 0 < X < 3, the following relation

7y 2241
(sh 5) , O0<r<2,

’H(O,T‘)’AN A\ 4A
(Chi) , 2 <r<oo,

is valid. Note that this measure does not possess the doubling properties of the homogeneous space,

e, pE(x,2r) < cuE(x,r). In this case, we have

22+1 At 1 22+1
(sh2 5) 2 (h§) > cy|H(0,7),. 0<r<2,

>
|H(0,2r)|, = n A
(Ch2 ) ( 7) > 24X (Shi) ZC)\|H(O,T)|)\, 2 <r < oo,

where ¢y depends on the parameter X > 0.

Lemma 2.2 ([15]). Let 0 <A< 3, 0< 2 < o0 and 0 <r < co. Then for 0 <r <2,

N 221
(sh 5) , 0<z <,
}H(IE,T)‘A r 22\
(sh 5) (sh )™, r<z<oo,
and for 2 <r < oo, we have

|H(:z:,r)’ <{(chr)2)‘, 0<z<r,

A~ (cha)* (chr)?,  2<7r < .

Lemma 2.3. Let 0 <z < oo and 0 <1 < 0o. For any v > 0, the following relation

7+l
<th—2kr> , O<z+r<2,

ol 2y
’ (th;rr> , 2<z+r<oo,

holds.

Proof. Let 0 < x < r. We consider the case where 0 < x +r < 2. Let 0 <y < 1. Then

|H (z,7)|; = 7T(Sh t)dt = 7T(sh )" Yd(ch t) = 7T(ch2t— 1)77 d(ch )
0 0 0
_ I/HWd(ch £) > (ch(z+r) +1)°7 7r(ch 1) d(ch 1)
(ch t+1)= "
> ——(l+ch 9)*T (ch(zw +1) —1)F

41

2 T gl T+
- (en1) T (202 T00) T = (e (sh )
7+1 2 7+ 2

(2.1)
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Let v > 1. Then

x4r T4r
/(sh £Yrdt = /(ch £—1)*7 (ch ¢+ 1) d(ch ©)
0 0
T+r
> 97 /(ch t— 1) d(ch t)
0
241 241 at 1
2 a1 2 > il R
= Jil(ch(as—H")—l) # +21 (25h2xgr) = (shx—gr) :
v v g
On the other hand, for 0 <y <1 and 0 < x +r < 2, we have
x+r x+r h ¢ 1 yo1 x+r
—_ 2 — _
tdt= [ LT geh t) <27 [ (ch t—1)"F d(ch ¢t
sh t)7d ( )7 ek 27 h t—1)"2 d(ch
(ch t+1)="
0 0 0
2% ap 2vFl 7
=2 () -1 = ( x+r> |
v+1 v+1 2
For v > 1,
x4 x4
/(sh 1Ydt /(cht_l)%’l(ch £+ 1) d(ch 1)

0 0
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1 v+l
2

<75 (ch(z +7)+1)" % (ch(z+7)—1)

a+1

o o
(ch 24+ 1) 7 (25}12 x;”")

<
v+1

-2 ary T (sh

2

Combining (2.1)—(2.4), we obtain

|H(x,7“)|

(N8

2

Consider now the case where 2 <z +r<ocand 0 <z < r.
Let 0 < v < 1. Then we get

x+r T+

T+r vl v+l h;z:—l—r Lk
) 7+1<b 2 ) '

y+1
z(shm+r) , v>0, O0<zxz+r<2.

/(sh £)Vdt = /(ch t—1)" (ch t+1)"= d(ch t)

0 0
x+r

y—1

> (ch(z+7)+1) 2 /(ch t—1)"2 d(ch t)

0
-1

5
2 R EES}
=31 (2ch2x;rr> (ch(:chr)fl)w;l
1 (gh axr) Y+ 2y 2y
2t (s ) o2 (sh x+ r) ’

2
Y1 (chzg)' ™7 Tyl 2

since ch% < QSh% for t > 2.

y+1

IO

v+l (2en? z3m) =
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On the other hand, for 0 < v <1,

T+r

o t ot N ! t
v _ v v _ ~y+1 _ _ —
/(sh t)dt /(2sh20h2> dt =2 / (shQ) (ch2> d(sh2>
0 0 0
T4 2y—1 2
t\" t 27 z4+r\"
< vt = == )
s [(wg) ()= (05)
0

x+r x+r

/(sh £y dt = 20+ 0/ (sh ;)7 (ch ;)Hd (sh ;)

0

Let v > 1. Then

T+r

2y—1 ~ 2~
227+1/ shE d shE :2— th—i—r ,
2 2 ~ 2
0

T4r T+T

/(sh t)vdt = 27! / (sh ;)7 (ch ;)H d (sh ;)
0 0

z4r 2y—1 2y
2’)’
§27+1/ sh . d(snl) =2 (sn®E0)
2 2) 75 2
0

Combining (2.6)—(2.9), we obtain

and also

T+

2y
|H(x,r)|w%<sh ) , v>0, 2<x+7r < o0
2

Now, from (2.5) and (2.10), for 0 < = < r, we have

y+1
zdr (hx;r , O<z+r<2,
|H(z,7)|, = /(sh t)Vdt = 2y
2 T+
0 sh > ) , 2<x+r <.

Now, let 2 > r. Then from (2.3), (2.4), (2.7) and (2.9), for v > 0, we get

y+1
Tt Tt (sh 332—|—r) , O<az+r<?2,
|H(z,7)|, = /(sh t)7dt < /(sh t)7dt < A
2
z—r 0 <Sh$2r> , 2<x+7r <o
Now, let v >0 and 0 < z 4+ r < 2. Then
r+r x+r

v 7+1
|H(x,r)|/\:/(sh £)dt > /(sh t)”dtzT(shx;ﬂ> z(shxgr) :

r—r z+r
2

since sht ~ ¢ for 0 <t < 1.
On the other hand, from (2.3) and (2.4), for v > 0, we have

x+r +r

97+1 7+l
|Ha,r)|, = /(sh e < /(sh < S (sh f””) .
5

r
T—7 0

49

(2.9)

(2.10)

(2.11)

(2.12)
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In this way, by any v >0 and 0 < x +r < 2,
x+r
= /(Sh t)7dt ~ <sh

r—T

9:+7’>7+1

|H (z,r)| (2.13)

ol
2

Consider now the case where 2 < z 4+ r < co. Let v > 0, then

x+r x+r T+

|H ()|, = /(sh t)7dt > /(sh £yt = / (Sgltt)yd(sh £)

=T ztr ztr
2 2

x+r

% /(Sh )7 d(sh t) = % (Sh'y(x—f—r) Can (x;rr>)

4T
2

% (ShW(HT) _ lesm(xw)) = (1 - ;) shY(z + 7)

27 —1 27 — 27
- (shvx;TChWCC;LT) > = <shx;”"> : (2.14)
vy y

On the other hand, we can get from (2.7) and (2.9) for v > 0

Y

v

z4r 4T

[H ()], = /(sh dt < /(Sh £)7dt < % (sh ”3"2”)27. (2.15)

r—r 0

Thus from (2.14) and (2.15), for = > r, we obtain

1
x+r LAl

2 )
x+r
2

The assertion of Lemma 2.1 follows from (2.11)—(2.16). O

o (sh
|H(z,7)|, = /(sh t)7dt =
r—r (Sh

O<z+4+r<2,
(2.16)

2y
) , 2<zx+r <.

Supposing v = 2\ in Lemma 2.3, we obtain

2241
(th;—r) , O<z+4+r<2,

A~ ax
(shx;r) , 2<z+r <oo.

Since sh ¢ ~ cht for ¢ > 1, then from this for x = 0 we, in particular, get Lemma 2.1.

|H (z,7)] (2.17)

Lemma 2.4. For a nonnegative function f(chzx), x € Ry, the following relation

/ AN, f(ch z)sh®  tdt ~ / f(chu)sh® u du
0 H(z,r)

holds.

Proof. In [15], it is proved that

r ch(z+r) 1
J(x,r) = /Aé‘h75 f(cha)sh® ¢ dt = C) / f(2)(z* = )2 / (1 —u®)*du dz,
0 ch(z—r) p(z,z,r)
where ( 1)
zchxz—chr rx+s
2, L, 1) = —F/——, —1< 2,2, S]_’ Cy = 2 )
Aann) = —m e S *TTOOr (L)
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Then
1 1
Az, z,1m) = Cy / (1 —u*)*tdu < Oy, /(1 —u?)  du = 1.
o(z,2,) -1
We now estimate the integral A(z,z,r) from below. Let —1 < ¢(z,z,7) < 0. Then
1 1
A(z,z,r) = C)y / (1 —u?)*ldu > C) /(1 —u?)* du
p(z,z,m) 0
1
2)\—1
> 2)\_10)\ /(1 — u)’\_ldu = 3 Cly.
0
Now, let 0 < ¢(z,z,7) < 1, then
1
A(z,z,r) = C)y / (1 —u)* 11+ u)*tdu
p(z,z,m)
1—¢(z,z,7) 0o ) A—1
= C, / w2 —u) rdu = Cy, / T (2 — u> du

0 =Rt
oo (o)

1 2
T=p(za.7) T=p(z.a.7)

1+e(z,z,7m)
oo 1—¢(z,2,7)

= 22710y / (u+1)"Purdu = 22271 . 0, / (14 u)"2urtdu

1—p(z,z,7) 0
1+e(z,z,7)

1

1
o
> 92\~ 10/1 A1 gy > 923 10/ >7/
A Aru =73
0 0

Consequently,
1
A(z,z,1) = / (1—u?)* ldu=~1
@(z,z,r)
and
ch(z+r)
J(@,r) ~ / FE)E = 1) bde = / £ (chu) sh® u du,
ch(z—r) H(z,r)

Theorem 2.1. For 0 <z < oo and 0 < r < 0o, the relation
Mg f(chz) ~ M f(chx)
18 valid.

Proof. First, we prove that
Mg f(chz) S My f(chz).

We consider

AcheX(0,r)(chx) = C)\/X(O,r) (2,1)(sin ) Ldep,
0
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where (z,t), = cha cht—shx shtcosp, and x(,) is the characteristic function on the interval (0,7),
ie.,

X0, (2, t)p = {

0, (z,t)y>r

Since
z—t<ch(x—1t) <(z,t), <ch(z+1),
we have x —t > r = (z,t), > 7.
From the inequality |2 — ¢| > r it follows that Ach¢X(0,r)(ch2) = 0. This shows that the carrier at
the function Acy¢x (0, belongs to H(x,r).
More generally, z,t € Ry

™ K

AcheX(0,r)(chz) = CA/X(o,r)(fU7t)<p(Sh ©)P ldp < Oy /(Sin(p)Q)‘_ld(p -1
0 0
We estimate Achx(o,r)(chx):
AcheX(0,r)(chz) = Cy / (sin )2 dp = A(x, t,r).

{p€0,7]:(z,t),<T}

Making the substitution cos ¢ = y, we obtain

[

Az, t,r) = Cy / (1—y2)*ldy.
max{fl, chz cht—r

sha sht

For any z,t € R, we have

hx cht—
N > —1<cha cht+shx sht>r < ch(z+1¢) >
shx sht
Then in the case for ch(z —t) < r < ch(x + t), we obtain
1 1
Awtn)s [ a-pP s [oa-pt i
chz cht—r chz cht—r
sha sht shx sht
A A A
r —ch(z —t) ch(z +t) — ch(z —t) 2 sha sht N
< (V) < = — =2 (2.18)
~ shx sht ~ shx sht sha sht
On the other hand,
A
r —ch(x —t) A ch 2r — 1\ 2 sh?r
Az tr) < (=270 (2227 0) (222 0
(@67) 3 < sha sht ) ~ ( sha sht) sha sht
From this, for ¢ > x, we have
A, t,r) < (ST - (2.19)
Y ~Y Sh x * *
We consider the case 0 < t < z:
1 1
Awtns [ a-pP s [ a-pt i
chxz cht—r chax cht—chr

shax sht shax sht

A 2\ A
chz cht—chr chz cht—chr
<({1-—— <(1-({——m— . 2.20
~ ( shz sht ) ~ ( ( shx sht ) > (2.20)
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We find the extremum of the function

chz cht—chr

fleht) =1~ ( shx sht >

, chz cht —chr\ sh’t cha shx —shx cht-(chz cht —chr)
(sht)f(cht) = =2 < sha sht ) (shz sht)?

_ (chx cht—chr) <chx sh?t —ch®t chz +cht chr) >
sht sh®z sh®t
2(chz cht —chr)(cha —cht chr)
sh®t sh®z

Then it follows that

2(chx cht—chr)(chax —cht chr)
sh*t sh?x

J(eht) =

From this, for > r, we have

2 2 2
s (chx)_l_ ch“z —ch”r
T\ chr Veh?z —ch®r shz

ch?z —ch?r Ch2r—1_<shr)2

:1— =

sh? z sh? z shx
From this and (2.20), we obtain
Az, t,r) S Sh—rz/\ O<t<z, z>r (2.21)
Yy ~ th ) ) M .

Thus from (2.18)—(2.21), we get

Az, t,r) Sminq 1 shr ”
BT "\ shz '

Consequently, for any ¢t € H(x,r),

b\ 22
AcheX(0,r)(chz) < min {1, (sr> } , x> (2.22)

shz

We now have

Mg f(chx) < Mg, f(cha) + Mg, f(chz)

= sup |H(0, |3 R / | f(cht)| Aen ex(0,r) (ch t)dpix(t)
0<z<r<2 H o)

| f(cht)| Ach ex(0,r)dpir(t). (2.23)
H(z,r)

+ sup |H0r el

r<e<2



54 E. J. IBRAHIMOV, V. S. GULIYEV, AND S. A. JAFAROVA

Let 0 < 2 <7 < 2. From (2.22), it follows that Ac¢x (0, (chz) < 1. From Lemmas 2.1 and 2.2,
we obtain

Mg f(cha) < swp [HONTT [ feht)|dun(e)

0<r<r<2
H(z,r)
-1
HOET 07T
= o<ilgr)<2 |H (x,7)|} EREs it |Fleht)ldpn(?)

H(z,r)

gh £\ 2Mtl-a e

< 0<Sgp<2 (shi> [H (z,m)| / | f(cht)|du(t)
<z<lr 3

H(z,r)

S My f(chz). (2.24)

From Lemmas 2.1 and 2.2, and also (2.21), for r < z < 2. we have

|
sh Zsh® x P shor 22
2
Mg 5 f(chz) S sup <)2>\+1> (sh z) Mﬁ‘ f(chx)

r<z<2 (sh%
2\ — 2\
sh = AT sh r
< il M f(ch
<o (7)) (G) M
2 o
Sh r 22+1 r 2\
< 2 2¢h =) MY f(ch
< s (52)7 (2en ) s s
- sh £ Ra . 2,\Ma ) . A(1- MH)MO‘f N
~ \sh r <C§> #f(cx) (C ) (chz)
< (2¢h 127550 M9 f(cha) S MO f(cha). (2.25)

Taking into account (2.24) and (2.25) in (2.23), we obtain
Mg f(chz) S M f(chz), 0<z<2 0<r7r<2
Now, let 0 < x <r and 2 <7 < oco. Then
Mg f(ch) < M3, f(ch) + Mg, f(chz)

—1
= sup |H(0,r)|P / |F(cht)] Aen X (0. (ch £)dpix ()

0<z<r

H(x,r)
-1
s HO.0FT [ e Ao (eh (), (2.20
x>r
H(z,r)

Using Lemmas 2.1 and 2.2, for 2 < r < oo, we get

H(O,r ! -1
Mg sena) (oD )™ e [ i)
A H(xz,r)
1— 58—~ 1— &
ch? r e 4> ch? r e
S| oo MZf(chz) = | ———« M f(chzx
(ChMS) uflche) (1+ chr)* pfche)

< A0-57) M2 f(cha) S MG f(cha).
Thus for 0 <z < rand 2 <r < oo,
Mg, f(chz) S M f(chz). (2.27)
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We consider the cases r <z < 0o and 2 < r < co. We investigate the function

f(ch ) chz cht—chr chx cht—chr
r) = = .
shz sht Vch?t —1shz

Putting u = cht, we obtain
u chx —chr

s

We will now find extremum of the function
VuZ —1chz shz —u(u? —1)"2shz (u chz —chr)

!
filu) = (u? —1)sh?
(u? —1)chz shz —u?shx chx+wu chr shz  w chr —cha chx
- (u2 —1)3sh’z B (uQ—I)%shx: T
By u = <2 the function f(u) has minimum

cnr 2
o chix B ch?z —ch?r \/chQ:r—chQT_Chx 1_(c}l:z) Shi

"\ chr Veh?z —ch?rshz sha a sh cha’
as T — 00.

From this, by z > r > 2, we have

—

Awtn)s [ 0@ tas [a-pt i
cha cht—chr sha
shx sht chax

A 2 A
shz sh” zx
<(1-Z==2) < (1= = (chz)™ 2.
N( Chx) N( ch2m> (cha)

Then by Lemmas 2.1 and 2.2, we obtain

1-5x7
Mg 5 f(chz) < sup r) (ch x)_z’\MMf(ch x)

r>2 ch** r
< (chr) "R MO f(char) S MS f(cha), 2<r <z < oc. (2.28)
Taking into account (2.27) and (2.28) on (2.26), we have
Mg f(chz) S My f(chz), 0<z<oo, 2<r<oo. (2.29)
Combining (2.27) and (2.29), we obtain
Mg f(chz) S My f(chz), 0 <z <oo, 0<7<o0. (2.30)

Now we are going to prove that
My f(chz) < Mg f(chz). (2.31)
From (2.17), it follows that ||H (x,r)|x > |H(0,7)|x, then by Lemma 2.4, we have
) FT [ @ < [HON[FT [ Awfhadn ),
H(z,r) 0
from which we get (2.31).
The assertion of Theorem 2.1 follows from (2.30) and (2.31). O

Theorem 2.2 (Lebesgue differentiation theorem). Let f be a nonnegative monotone nondecreasing
function and let f € Lé‘fﬁ\(RQ, 1<p<oo. Then

1

. D 2A _ p
liy / f(chy)Psh y dy = f(ch)
H(z,r)
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for almost every x € R.

Proof. By the locality of the problem, we may assume that f € Ly x(R4). In a general case, one
can multiply f by a characteristic function of the interval [0,r) and obtain the required convergence
almost everywhere interior of this interval. Then by tending r to infinity, one can obtain it for the
whole interval [0, 00). Suppose for any r > 0 and for any z € [0, ),

1
r(chy) = ———— hy)? sh?*
fr(chx) ], / f(chy)?sh™ y dy
H(z,r)
and

Qf(chz) = }ﬁfr(chx) — lim f, (chz)|.

r—0

Then we have

Qf(chz) < 2sup|f,(cha)| = 2Mg f(chz).
r>0

First we show that for any 8 > 0,
|z € Ry : Qf(chz) > B|, =0. (2.32)

In fact, as is known, the set of all continuous functions with compact support in R, is dense in
Ly A(R4) (see [21], Theorem 4.2).

Therefore for any number £ > 0, there exists a continuous function h with a compact support in
R such that

1f - hHLP,A(RJr) <é&
Suppose g = f — h, then g € L, »(Ry) and

||g||Lp7A(R+) <&

Thus, if f € L, x(R4), then for any € > 0, there exist a continuous function h with a compact
support and a function g € L, »(R)4, with the condition HgHL A(Ry) < € such that f = h+ ¢g. But
P,

Qp < Qp + Q. If g is a continuous function with a compact support on Ry, then g, converges to g
and, consequently, in this case we get Q,(chz) = 0. Therefore, for any 5 > 0 (see [15], Theorem 2.2),

€

1
z € Ry : Qy(chz) > ﬂ|>\ S BHQHLM(RH N B

Since ¢ is arbitrarily small, we get (2.32), from which it follows that 111% fr(chz) exists for almost
r—

everywhere on R . Further, we have

P ¥
shP zdx | .

1
}iE})HfT'_fHLM :Tllg%)(/‘W(%TM / f(chy)sh* ydy — f(chx)
Ry

H(z,r)
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By Lemma 2.3, we have |H (z,7)[x > |H(0,7)|» and therefore, we find
x4+

P
}%Hfr fHLMSJ}iL%{/ Hiwr |/\ / ‘f chy) — chm)|sh2)‘ydy] shz)‘xdx}

R+

1 ) e
<Th_r>%{/ -M_/‘f(ch(xy))f(chxﬂsh A(xy)dy] sh)‘a:da:}

P

P

R+
[ Shz,\ p v
< lim / /‘f (ch(z —y f(chx)‘dy sh®* z da
r—0 e |/\
—_ P gh2A ’
71‘1—I>% |H ) )\/{/f (ch(z — f(chz)[?sh :vd:c} dy
h2)\'rch2)\'r " P
<7 _ P 2\
N}li% Gh Ly / /\f (ch(z — f(chz)Psh** xdx p dy

(since by Lemma 2.1, shr & r)

< lim — / { / | f(ch(z — f(chx)|psh2/\xd:c}pdy = 0. (2.33)

r—0 2r

Further, by the monotonicity of the function f, we have

1 s
flch(z —y)) = f(chzchy —shashy) = ;“(()3;_(21)) /f(chﬂcchy — shashy)(sing)?tdp
270

l
/\721/]‘ ch:vchy—shavshycosgp)(smap)2A 'dp = Acny f(chz).
5

Then we have

lim (£, = £, S lim 5 / { [ e stcha) - seha) sh”x} dy

1
sgggfuflchyf—fu% dy =0,

since sup ||Achyf - fHL = wy(r) as v — 0 (see [15], proof of Corollary 2.1).
0<y v

From (2 33), it follows that there exists a subsequence 1y satisfying rp — 0 as k — oo such that
lim f,, (chz) = f(chz)
k— o0

for a.e. z € Ry. Because lin%) fr(chx) exists for a.e. € Ry, thus
r—

ll_{%'H(T / f(chy)? hz)‘ydyff(chx)
H(xz,r)
which is the desired conclusion. O

Applying the Lebesgue differentiation theorem, we may give a decomposition of R, called as
Calderon—Zygmund decomposition, which is extremely useful in harmonic analysis.
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Theorem 2.3. Suppose that f is a nonnegative integrable function on Ry. Then for any fized number
B > 0, there exists a sequence {H;(x;,r;)} = {H;} of disjoint intervals such that
(1) f(chz) < B,z ¢ UH;;
J

1
(UH; [y = 51715

(3) B< ffchy ysh?*y dy <2 Dng =12, ...

1
[H,l 1,
Proof. Since f € Ly x(Ry), we may decompose R into a net of equal intervals (by the Lindelof
covering theorem this is possible (see [24])) such that for every H, from the net

1 20
f(chy)sh™y dy < B. (2.34)
|H |
H
In fact, for any 8 > 0, 30 = §(5) > 0 and for every H; with measure |H;|, = |[H|, < J, we have

[ ety sy dy <5 j=12
H;
Tji+r
where H; = (z; —r,x; +r) and |H|, = |H;|, = [ sh?y dy, (j=1,2,...).
First, we prove (3). '
Let H; = (x1 — 7, 1 + 1) be a fixed interval in the net. Then by (2.33), we can write

A /f(chy) sh* y dy < 8. (2.35)
A
We divide the interval H; into 2™ equal intervals and let H] = <x12; T, x12: T) be one of those
intervals. By (2.17), we have
wé«#r
K 2241
0o 2\ N xr1+r x4+
|Hi|, = /sh ydy~<sh 2n+1> , 0< on <2

x]—T
i

Since for 0 <t < 1, sht ~ ¢, we obtain

22+1 22+1 2241
b T+ (Tt (L Tt —(2A+1)n
[Hil\ = (ShQn-&-l) ~ (2n+1> <2n sh— ) =27 @, (2:36)

There exist possibly two cases concerning Hi:

(4) ‘M|/f®y%”ww>&
11X

(B) |H,/f(chy) sh? y dy < 8.
1IN ,

In case (A), from (2.35) and (2.36), we obtain

8 < /f(chy)sh”y dy ~

/ f(chy)sh*y dy

1 on
[Hl |Hl

<

)\

Now, for Hj, we choose a sequence {H]} .
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We consider case (B). Suppose Hj = Ha(xa —r, 22 +r). Dividing this interval into 2™ equal parts,
we obtain

B <

/ f(chy) sh?y dy <

1 n
EA / flehy)sh®y dy < 23+,
21X
H, !

[Hily
Hy

where for Hj, we choose a sequence {H;}. Continuing this process, we obtain a sequence of disjoint
intervals {H,} such that

b <

‘H| /fchy ysh? y dy < 2@ Ung - (j=1,2,...).
VADN

Proof of (1). Taking into account (2.34), from Theorem 2.2, we have

22X
= R <
f(chz) = }%H[:cr /fchy )sh™y dy <
H(acr)

for a.e. x ¢ |JHj.
J
Proof of (2). Passing to the limit by n — oo in the inequality
’ U Hj(xjvrj)hﬁzmj(%ﬁ BZ / f(chy)sh*y dy,
j=1,2,...,n j=1 I=g (a0 30)
which is contained in the proof of Theorem 2.2, from [15], we obtain approval (2). O
Remark 2.1. The Caldeon-Zygmund decomposition stay valid if we replace Ry by a fixed interval
Hy(xo,r0) for f € L, x(Hp).
3. WEIGHTED (L, x, Lgw,x)-BOUNDEDNESS OF THE FRACTIONAL MAXIMAL OPERATOR
GENERATED BY GEGENBAUER DIFFERENTIAL OPERATOR

In this section, we prove the weighted (Ly , x, Lg.w,x)-boundedness of the fractional maximal oper-
ator Mg (G-fractional maximal operator) generated by the Gegenbauer differential operator.
We need the following theorem.

Theorem (Marcinkiewicz interpolation theorem, [3, n.3.2., p. 43]). Let (Ry,¢) and (Ry,v) be two
measure spaces and let the sublinear operator T' be both of weak type (po,po) and of weak type (p1,p1)
for 1 <py < p1 < o0, that s, there exists a constant Cy > 0 such that for any a > 0,

@ v({rermiea)>a}) < (L,,)"

(b) ({x eRy : |Tf(chz)| > a}) < ( Hprl 50) , p1<oo.
If p1 = o0, then the weak type and strong type coincide by the definition

HTfHoo,l/ S HfHoo,gp
Then T is also of the type (p,p) for all po < p < p1, i.e., for any f € L,(R4,p),

[Irs@af i@ s [ Ifcha)rdpa).
Ry R,

Denote by L, A(Ry, G) the set of measurable functions on Ry with a finite norm

1

HfHLPYw,A(RJr,G) = < /|f(Chx)|pde(x)> <oo, 1<p<oo,
R+

where dwy () = w(chx)duy ().
The following theorem is a version of the Fefferman-Stein inequality.
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Theorem 3.1. Let 1 < p < o0 and g be a nonnegative function such that g € LZIO’Z)A(RJF, G). Then
for any function f € L, , A(R4, G), the following inequality

/ (M, f(ch 2))? g(ch z)dpux (z / | (chz)? Myg(chx)dpn ()
Ry Ry

is valid.

Proof. Without loss of generality, we may assume that M, g(chz) <oo, a.e. € R} and M,g(chz)>0.
If we denote dvy(z) = g(cha)dux(xz) and dpx(x) = Mug(chx)dpy(z), then by the Marcinkiewicz
interpolation theorem for the validity of our assertion it suffices to prove that M,, is both of type
(Loo,ps Loo,) and of weak type (L1, x, L1,u.2).

Let us first show that M, is one of the type (Loo,; Loo,v). In fact, if Hf||oo,¢ < a < oo, then

=0.

22N

/ M, g(chx)dpy(z) = Hx eR,y: ’f(cha:)| > a}

{zeRi:|f(chz)|>a}

Since M,g(chz) > 0 for any = € Ry, we get |{z € Ry : |f(chz)| > a}|M = 0, equivalently,
|f(chz)| < a,ae xRy Thus M, f(chz) < a,ae. x € Ry, and thus it follows that || M, f| s, <a.
Therefore ||M“f||oo,u>\ < flloon -

Now we can show that M, has weak type (L1, x, L1,,,1). For this we need to prove that for any
a>0and f € Ly, a(R4)

1
gleha) dus(@) S = [ Flcha) Myg(chadpa ()
{z€R4: M, f(chz)>a} Ry

By Theorem 2.3 (3), we have

/ F(ch ) Myg(ch )dua (@ / f(cha) <| i / g(cht)dm(t)>dm($)

Summing over i, we obtain

[ feha)Myg(ch)dns(@) = o [ glchudus (o)
Ry

>« / g(chu) duy(u).
{u€R;: M, f(chu)>a}
Thus M,, has weak type (L1, x,L1,,,») and the Fefferman-Stein inequality follows from the Mar-

cinkiewicz interpolation theorem by pg = 1 and p; = oo. O

Theorem 3.2. The Chebychev type inequality
1
‘{x eRy : M, f(chz) > a}’ < E/Muf(chx) dwy (x)
w R+
is valid for all o > 0 and t > 0.

Proof. Since

M, f(chz) (chx),

2 aX{]W;,,f(chw)>a}
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we have
/Muf(chx) dwy(z) > a/X{M“f(chx)>a}(chx)dw)\(x) = a‘{x eRy: M, f(chz) > a}‘ .
Ry Ry
Thus our assertion is proved. O

Definition 3.1. The weight function w belongs to the class Ai; (Ry) for 1 < p < oo if

1 / 23
sup _ w(chu)sh® u du
xER+,T>o<H<x,r>|A (ehe )

H(z,r)
1 -
1
X | =—=—— w(chu) ™77 sh® u du < 00 (3.1)
<|H<x, o/
H(z,r)
and w belongs to A} (R, ) if there exists a positive constant C such that for any 2 € R, and r > 0
Mg w(chz) < Cw(chx). (3.2)
Remark 3.1. Inequality (3.2) is equivalent to the inequality
1 / o .
—_— w(chy)sh dy < C ess inf w(chy). 3.3
\H(ﬂcar)lAH( | (chy)sh™y dy < C ess infe(chy) (3.3)

Remark 3.2. In inequalities (3.2) and (3.3), for C' > 1, by Holder’s inequalility, we have

1 1 1
1= ——— / w(chy)rw(chy) 7 sh* y dy
[ H (,7)]
H(z,r)
< _ / w(chy)sh® y dy
[H (,7)]
H(z,r)
1 P
X | =—=— w(chy)_ﬁ sh® y dy <C%.
<|H($7T)|)\H(/)

We show that sh®u € A} (Ry), 1 < p < oo, if and only if —(2A+1) < a < (2A+1)(p — 1) and
sh®u € A} (Ry) if and only if —(2A+ 1) < a < 0.
By using Lemma 2.3, for v = 2\ — po‘j and (2.17) for 0 < z + r < 2, we obtain

p—1 2A41——2\ p~1
1 2A— o ~ (sh #5*) T
<|H(x,r)|,\ / (shu)™ du) - ( (sh x+r)2f\+1

H(z,r) 2

_ (sth;LT)_a, a< @A+ 1)(p-1),

and also for v = a + 2\ and (2.18),

1 —
W / (Shu)a+2)\ ~ <Sh x —2i_ r) , > —2X — 1.
’ A

H(z,r)

Taking into account the relation in (3.1), we obtain that for
—2A+ ) <a< X +1)(p-1)
sh®u € A)(Ry).
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Now, let 2 < z +r < co. Then assuming v = 2\ — in Lemma 2.3 and using (2.18), we obtain

p=l —2«
# u 223249 w ~ xr+r N B
<|H<w,r>|A | b d) (Sh > ) S a< @)

H(z,r)

and also for v = a + 2,

1 / I\ x4\
_ (shu)*t duz<sh ) , —2x+D) <ax<o.
|H($,T)|)\ 2
H(xz,r)
That is, for 2 <z +r < oo, =2A+1) <a < (2A+1)(p—1) (shu)® € A) (Ry) with 1 < p < oo.
Let p=1, then for 0 < z +r < 2 and 7 = o + 2\, we have
1

|H (2, 7)]

/ (shu)* T2 du ~ <sh x;”) L —(2A+1)<a<o0,
H(z,r)

and for 2 <z 47 < oo and v = a + 2\
1 o «
/(shu)‘””‘duz(shx;r) §<shx;rr) . 2 +1) <a<o.

[H (z,7)]
H(x,r)

Thus, for any 0 < z 4+ r < 00,
(shu)® € A} (Ry), —(2A+1)<a<0.

We are going to prove some properties of A3 (R, ), which we will need later. Note that in proving
these properties and Theorem 3.3, we use the outline from [23].

Proposition 3.1. If 1 < p < ¢ < o0, then A;} Ry) & A} (Ry). In fact, by Hélder’s inequality, we

have
1 k=1
) N k k
/ w™ a1 (chy)sh® y dy < ( / w™ a1 (chy)sh*y dy) ( / sh* y dy)
H(z,r) H(z,r) H(z,r)
Supposing here k = %, we obtain
p=1 a=p
1 1 -t !
/ w™ 71 (chy)sh® y dy < < / w~ a1 (chy)sh®y dy) < / sh? y dy) ,
H(z,r) H(z,r) H(z,r)
whence we have
1 !
1
_— w™ 71 (chy)sh® y dy
(IH(%T)IA /
H(z,r)
1 -1 2) o 2) r
< ——— w” a1 (chy)sh**y dy sh**y dy
|H (z, 7)[§
H(z,r) H(z,r)
H q—p p—1
= [H . )l p / wfﬁ(chy) sh?*y dy)
[H (z,7)[%
H(z,r)
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If p =1, then by (3.3), we have

q—1 1
1 / __1 22 —1 .
_ w~ a1 (chy)sh®*y dy < ess supw™ (chy) = | essinf w(chy
(IH(x,r)IAH( e ess supw™(chy) = | esginf w(chy)
x,r

1 ) o
SC(H(“TJ’)L\ / w(chy)shkydy> .

H(z,r)
Thus, if w € A) (Ry.), then w € A} (Ry.) for ¢ > p. On the other hand, (shu)® € A} (Ry), if and only
if —(2A+1) < o < (2A 4 1)(p — 1), therefore A} (Ry) # A) (Ry).

Proposition 3.2. If w € A;‘ (Ry) (1 < p < ), then for any a € (0,1), there exists 5 € (0,1)
such that for any measurable set E C H, |E|, < «|H|, and w(E) < f w (H), where w(A) =
[ w(chz)sh* z da.

Proof. In fact, let S = H\E and f(chz) = xs(chz). Then

1S, ) \" / 22
—_— <
<|H(3:,7')|/\ w(H)<C w(chy)sh™ y dy
S(z,r)
< C( / w(chy)sh* y dy — / w(chy)sh® y dy) =C(w(H) —w(E)).
H (x,r) E(z,r)
Further,
|E(z,7)]5
< — <
|E(J],T)‘)\ < a’H(m,r)’A = ), = o
[E(z,7)] [E(z,7)]
S - 2>-—asl-all - —2
[H (z,7)] [H (z,7)]

< (1—-a)’w(H) < (1 . m) w(H) < C(w(H) —w(E)).

Taking into account that C' > 1, we obtain
(1-a)fwH)<Cw(H)-Cw(E) e CwE) < (1-(1-a)P)w(H)

C—-(1-a)
swE < CZU= o,
C
Thus, we get our assertion with g = %_O‘)p O

Further, we need the reverse of Holder’s inequality.

Theorem 3.3. Letw € A;,\ (Ry), 1 <p < oo. Then there exist a constant C > 0 and € > 0 depending
only on p such that for any interval H(x,r), the inequality

1
1 / 1+e 2X - C 2
_ w T (chy)sh**y dy < - w(chy)sh™y dy
<|H($7T))\ |H (x,7)]
H(z,r) H(zx,r)

is valid.

Proof. Fix an interval Hg (zg,r0). By Remark 3.1, we apply inequality (3) from Theorem 2.3 with

respect to Hy for w, and the increasing sequence {8x}, k = 0,1,..., we can write
w(H
{ ( ):/80</61<"'<6k<"'}-
|H,
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For each By, by property (1), we can get a disjoint sequence {Hj;} such that w(chz) < fj for
x ¢ A, = JHy i, and by property (3),

1
S e, / w(chy)sh®y dy < 222D,
2PN

ki

Since Bi41 > Bk, for every interval Hy, j, it is either equal to H} ; or a subinterval of Hy, ; for some
i, therefore

1 Hy. 1
|Hi+1,55 < Bt / w(chy)sh* y dy = IBHJ’\ THe] / w(chy)sh* y dy
ilx

Hit1,5 Hit1,

| Hy i 1 n Bk
IBk+1)\ . ‘Hk i|)\ / W(Chy) sh2>‘ydy < 2(2>\+1) . ﬁT_i_l |Hk,i|)\ .

Hk,j

From this, we get

Bk
’Hk,i N Ak+1’ 2(2>\+1)n6 |Hk z|,\

ket
For fixed oo < 1 we choose a sequence {8} such that

9(2A+1)n 9(2x+1)n\ ¥
B epm (B2,
Br+1 a
o \kt1
where ﬁo = (W) + /BkJrl' ThuS,

|Hy,i N Ak+1|)\ <o

From Property 2 of class A5 (R,.), there exists v € (0,1) such that
W(Hk}i N Ak+1) < yw (Hk,i) .

From this, we have
w(Hpi N Aggr) < Jw (Hi)

that equivalently
w(Agt1) < yw (Ag),
from which it follows that
w (Agt1) < 7*w (Ag).
Analogously, we have [Api1], < a|Ag|, and [Agi1]y, < a®|Agl, . Consequently,

‘ kQO P klggo [Ax[ = 0.

Thus,

/wH'E (chy)sh®* ydy = / wite(chy) sh®* y dy + Z / w'*e(chy) sh®* y dy
H H\Ao kZOAk\AI«+1

< Biw (H\Ao) + 3 B2 410 (Ax\Axsn)

k=0

2(2)\+1)n (k+1)e
SBS( (H\Ao) +Z( ) vkw(Ao)>
(2A+1D)n\ & > (2A+1)n
gﬁsqw(H\AoH(z ) > ()

k=0

W(A0)>
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2(2A+1)n

Let € > 0 be small enough such that (

have

1>
) v < 1. Then the series converges. Therefore we

/ W (chy) sh? y dy < CBS (w (H\Ao) +w (Ao)) = CBew(H)

H
wF (H) W (H) 1 o\
ot = Ll = o e [t yay)
5 iy . )
thus there follows the assertion of theorem. O

Proposition 3.3. Letw € A; (Ry), 1 < p<oo. Then there exists an € > 0 such that p—e > 1 and
w € A;‘_s (RJ’_)

Proof. If w e A;‘ (Ry), then by Property 2, w T € Ai‘+L (Ry). Applying Theorem 3.3, we obtain
p—1

1 146
<|H(:r7")| / w(Chl/)lpsh”ydy>
TN

H(z,r)

p—1
6

p—1
_ 1 1
S0p1<|H(xr)| / w(chy) 1”Sh2Aydy> ,
»T)Ix
H(z,r)

where 6 > 0. Multiplying both sides of the inequality by

1

_ w(chy)sh* y dy,
EICRIN /
H(z,r)

we have

1 1 i
(M / w(chy) Sh2>‘ydy> X (M / w(chy) - sthydy>

H(z,r) H(z,r)

1
S Cp_l (W(QL’T‘N / OJ(Chy) ShQAydy>
’ A

H(z,r)

p—1
1 / —1 o
X | = w(chy) 7 sh* ydy < (.
<|H<x,r>|A

H(z,r)

—1

1

'S
LY

Suppose;ij:ﬁ@(q—l)(l—i—@):p—lﬁ)p—qzﬁ(q—l)>0(:>p>q7thenp>q>1and

w € A}(Ry). Thus we get Property 3 with e = p —¢. O

The following theorems are the analogues of the corresponding Theorems 2 and 3 from [29].

Theorem 3.4. Let 0 < o < 2X+ 1, 1 < p < 2 %—% = 555, B > 0,
Eg = {z € Ry : M&f(chz) > B} and V(chz) is a nonnegative function on Ry such that for every

interval H C Ry, the inequality

<;|/V(chx)q sh?? x,dx) <|Hl|/V(chm)p/ sh”wdx) <K (3.4)
\ A
4 i

holds with K, independent of H, then there is a C, independent of f such that

1

P

qs2’\x1’q ¢ chz)V (chz)|P sh* z dz
</V(chx) h ,d) §ﬁ<R/|f(h)V(h) h d). (3.5)

Eg
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Proof. Fix M > 0 and let FEg 57, an interval of radius M, be the intersection of the set Eg. For each
x € Fg pr, there is an interval H centered at x such that

\H|§;ﬁil/\f(chx)|sh”a:dx>ﬁ,
H

(3.6)

By the Lindelof covering theorem (see [24]), there is a sequence {H}} such that Eg s C U Hy, then
we can write

SO

]

( / V(Chx)qsh2)‘xdx>q < (Z/V(chx)%h”‘xd:c)
kg

Eﬂ,M
< Z (/V(chx)%h”‘xdw) ,
k

Hy,

Qs

B,
) q —
Since interval Hy, satisfies (3.6), from (3.7), we have

2

V(chz)?sh® x,dx) ' < < V(chz)?sh? x,dx) '
() =(/

k Hy, Hy,

P
X (; |Hk|’Ma+1_1/’f(chx)|sh2>‘x,dx>
Hy,

p

= Z (/V(Chm)qsh”‘ x,dm) % |Hk\17p7§
k

Hy,

P
X ( / |f(chz)| V(chz)V(chz) tsh® z, dx) .
Hy,
By Holder’s inequality,

(/ ‘f(chx)‘ V(chz)V(chz)~*sh* x,da:)

Hy,

P
Y

< |f(ch@) V(ch x)|p sh* z, dx) ( V(chz)™® sh® z, dx) ' .
J /

Hiy,

Thus we obtain

qs”‘xacq L chz)?sh? z, dx
Z(/V(chx) h ,d) g%:(Hka/V(h) h ,d)

k Hy

X </6}[)H/|f(chx)V(chx)‘psh2)‘x,dx> <|H1k)\H/V(chx)_p/ sh”‘x,dx)

Taking into account (3.4), we have

> (/V(chz)qsh”x,dx>

k Hy

P
q

P
I

Bl

§Cﬁp< / | f(chx)V(chx)\”sh”x,dx)

Hy,

(3.7)
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From this and (3.7), it follows that

[/

Epg,m

1
P

V(chz)?sh? x,dm) ‘7 < g(/ |f(chz)V (cha)[P sh® xdm)
Hy,

=

C P 2\
< ﬂ</|f(chx)V(chm)| sh x,dx)

R4
So, (3.5) follows from the monotone convergence theorem. O
Theorem 3.5. Let 0 < a < 2A+1, 1 < p < 228, % - % = oxy7 and V(chz) be a nonnegative

function on Ry such that for every interval H, (3.4) holds with K, independent of H. Then there is
a constant C, independent of ¢ such that

P

</[Mggo(chx)V(chm)}qSh%x’dl)q SC(/‘cp(chx)V(chx)‘Psh%\x’dx> . (3.8)

Ry

Proof. Suppose W(chx) = V(chx)? and note that the condition (3.4) is equivalent to

r—1
<|I;|/W(chx) sh?* x,dm) <|I;|/W(chx)_r11 sh?* x,dm) <C,
A A
H H

where r = 1+ z%' That is, W (ch x) belongs to class A} (R). Then by Properties 1 and 3, there exists
an € > 0 such that ro(¢) < r < ri(e) and simultaneously, W € Ai‘l(a) (Ry) and W € Ai‘z(a) (Ry). Let
0<e<min(o,2A+1—a).

Suppose
1 1 € < 1 < 1+ € 1 <<
prop 20 41 p T p 2041 py bz =Pp=p
1 1 ate € a 1 «a
@ p 22 +1 p 2 +1 2x+1 p; 2241
1 1 a—e 1+ € a 1 a
@ p 22 +1 p  2X+1  2X+1  py 22X+ 17
From this it follows that simultaneously qil = p% — g7 and q% = p% — 3xp1» and then suppose
p1(2A+1)
ri(e) =1+
1(€) P 2A+1— (a+e)p1)
p1(2A+1) O / /
=1 = =142 =
+p,1(2)\+1_ap1) T1 +p£7 P1pq D1 +p17
p2(2A + 1)
ro(e) =1+
A S ey
Pp2(2A + 1) ‘B / /
+p’2(2)\+1—o¢p2) T2 +p’2’ P2p2 = P2 + P

We obtain for ro < r < rq, from ps < p < p; it follows that pj < p’ < pj, but then simultaneously
W S A?+%(R+) and W S A?_F%(RJ,_).

1 2
By Theorem 3.4, there exists a constant C' such that

% . Py
(/W(Chx) sh?* z,dm) < Cﬂ*m/|ga(ch:c)|1”1W(ch:c)«7sh?A z,dr, i=1,2. (3.9)
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Now define a sublinear operator T by
Tg(chz) = M& [g(ch:z:)W(ch:c)ﬁ] )

Then with ¢(chz) = g(chz)W (ch )™, (3.9) can be written in the form

4

piW(chx)sh”‘&dm) , i=1,2.

W(chz)sh®* z,dx < Cp~% ( / lg(chx)

{z€Eg:Tg(chz)>pB} Ry

From this it follows that the operator T" has simultaneously weak type (p1,¢1) and (p2, ¢2).

( / [Tg(ch2)]* W (chz) sh2’\x,dx> "< c( / lg(ch 2)]” W (ch z) sh2/\1:,da:>p
R, R,

Supposing here g(chz) = @(chz)W (chz)~™ 2+ and W (chz) = V(chx)?, we obtain the assertion
of the theorem. 0

4. MAIN RESULTS
4.1. Weighted (L, », L;w,) Boundedness Gegenbauer Fractional Maximal Operator.
Next two theorems are analogues of works [12] and [30].

[0

Theorem 4.1. Let 1 <p < %fl, 1_ % = 5T Then the next two conditions are equivalent:

P
(1) 3C > 0 such that Vf € L, (R4, G) the following inequality

{ / [M& (fw) (cha)]? w(cha)sh® m,dw} ‘? < C( / |f(chz)[” w(chz) sh?* x,dm) pis valid,
Ry R,
(4.1)

() we Ay g Ry) , pp' =p+7p/,

a

1 1 . v
sup —/w(chy) sh®* y dy —/w(chy)_7 sh®* y dy < 00. (4.2)
o\ |H|, [H,

H H

Proof. We show that from (4.1), (4.2) we have the following. For every fixing interval H C [0, c0), we
can write

Mg (fw?ﬁrl) (chz) = sup< \H|ffo‘l“71 / ’(foﬂﬁl) (chy)| sh”‘ydy)
H
H

> <|H)2\ﬁ11/‘(fw2f+1) (chy)|sh2’\ydy>xH(chx).
H

Taking into account (4.1), we obtain

</w(chw)sh2>‘xdx> ' (‘H|f\;“_1/|(fw2*a“) (Chy)|sh2)‘ydy>
H

H

< C< |f(chz)|P w(chx) shz)‘xdx>
/
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Thus,

IHliﬁ_l/!(fwﬁ)(chy)lsh”ydy
H

SC(/w(chx)sh”‘mdm) ' (/|f(chx)|pw(chx)sh2)‘mdx>p.

1+2

Supposing f(chz) = w(ch x)_%< a ), we obtain

Q=

|H|fﬁ_l /w(chx)_% sh® zdx < C(/w(chx) sh2>‘xdx>

H H
From this it follows that

(/w(chm)_pq sh”mdz) .
H
|H\E\ﬁ71)q (/w(chx)_pq sh”xdx) < Cq</w(chx) sh”wdm)

H H

1 1 a 1 1 _ «a 1 1 _ a _ a
807576:2)\+1@5754»17172)\-"-1@54»?717%@14»%7(17m q,
then (4.2) is provided. We show that from inequality (4.2) follows inequality (4.1). Suppose in (3.8)

¢(chz) = f(chz) w(chz)># and V(chz)? = w(chz), we obtain

p

< / [M& (fwm7T) (chz)]"w(chz) sh* xdm) < C( / [f(cha)]” [w(ch z)] 214 gh2? scd:v)

Ry i
1
_C</[f(Cth)]pw(chx)shz’\mdx> ,
Ry
e o ) 1 1t D

Theorem 4.2. Let g = 2/\2_ﬁia Then the next two conditions are equivalent:

q
(i) / < C’(;/Lf(chw)w(chx)sh”mdw) )
{zeR+:Mg(fwﬁ)(chm)>ﬁ} R+
where the constant C' does not depend on f and g > 0.
(i) we AP (Ry), i.e., Mw(chz) < Cw(chx).

Proof. Let H; C H. Suppose fws+1 = |H|P* xy,, where xp, is the characteristic function of Hj.
From this we have

Mﬁ‘ (fwﬁ) (chzx) = |H|fﬁ M, xH,(chz). (4.3)
But for any x € H,

|Hy N HJ, |Hil,
MgxH, (chz) =sup > .
! r>0  |[HIy |H]

From (4.3) and (4.4), for any « € H, we have

(4.4)

a i
M (fw>¥) (chz) > [H|P |Hl|>\ > 3> 0,
A

from this it follows that
Hc {zeR: M (fwn)(chz) > B}

ey

for every 0 < g < |H|3*

[H:|
[HI|y -
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By (i) and Holder’s inequality, we obtain

37 / w(chy)sh”‘ydygﬂq / w(chy)sh”‘ydy

H(z,r) {yER+:M8 (fwﬁ)(chy)>5}

q 1 q
< ( w! T (chy) sh”‘ydy) = C( / {w(chy) sh* y|* (sh® y)l_édy>

Hy(z,r1) Hy(z,r1)

qg—1
<C ( / w(chy)sh®*y dy) ( sh®y dy)
1

Hy(z,r1) Hy(x,r1)
=C|H(z,r)|! | —— / w(chy)sh® ydy |.
| 1( 1)|)‘<|H1(1’,T1)|/\ ( y) yay

Hl(z,rl)

From this it follows that

Hyi(x,r 4 -
T el [ ety
’ A H(z,r)

1
< q 2
< ClHy(z,r1)[} <H1(:v7r1)|/\ / w(chy)sh ydy),

Hy(z,r1)
which is equivalent to

1

_— w(chy) sh?* y dy.
[H (,7)]

1
w(chy)sh? ydy < C—mMmM8M8M /
/ (chy)sh™ydy < Crm o,
H(x,r) Hq(x,r1)

Applying the Lebesgue differentiation theorem, we obtain

for a.e. x € Ry.
Thus, w € ANRy).
Now we show that from (ii) (i) we have the following. Applying Hélder’s inequality, we obtain

[e3 1
Mg (fw 1) (chz) = sup

———tzj/|MMW@mﬁm%w
r>0 |H(x, T) N 23+1

H(z,r)
1 _a 1o
= SUp———————— / [(fw) (cht)sh® t} o [f(ch t) sh* t} Tt
T>O|H ()] T

)

H(z,r)

o

1 2 +1
< SUp———————— ( / f(cht)w(cht) sh?* tdt) (
Ol 7\, .,

A z,r)

1- 2A+1
f(cht)sh®* ¢ dt)
(

1 1—1
< (M, ()t (Il )
From this it follows that

M, f(cha) > M&(fw )| fll;*

L1’
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Then taking into account Theorem 3.2, we obtain

w(chy)sh® ydy < / w(chy)sh?* y dy
{yEH(m,r):Mg (fw#*l)(chy)>ﬂ} {y€R+:Mg (fwﬁ)(chy)>[3}
< / wlchy)sh® ydy < CH 7, [ Mo (chyhlchy)sh® y dy
{ver:M fleny)>pelfl? |} Ry

Using Theorem 3.1, for p = 1, and also condition (ii), we get

w(chy)sh® ydy < O~ q||f||Lm/f chy) Myw(chy) sh? y dy
{very Mg (o) (chy)>5} R+
1 q
<os i, [ St yar=c (31, ) 0

Ry

4.2. Weighted (L, », L, w,») Boundedness of G-Riesz Potential. In this section we obtain
some results for the G-Riesz potential (1.1), which are analogous to the corresponding results obtained
in [12] for the B-Riesz potential.

Lemma 4.1. Let0<a<2\+1, 1<p< g Then there is a positive constant C' such that for any
r >0 and x € Ry, we have

(157 (eh)| < O ((shr)* M f(cha) + (shr)*~5 M Feh)). (4.5)

Proof. From (1.1), we have

o0

8 (cha) = (/ /

T

)( / r37 i, (cht dr) Ady of(cha)sh® tdt = Ay(w,r) + Az(x,r).  (4.6)
0

We consider A;(x,r). Let 0 < r < 2. Then from Lemma 3.2 and Corollary 3.1 [15], we have

r A 2\ a—2x—1 N cht‘f(Chx)|5h2/\ dt
i< [ Al enoras S [ SO
J -

2EF1

r

(o] _ _ 2
§Z<Sh2k—:1)a(sh#> » 1/Acht\f(chz)|sh2’\tdt

k=0 0
SMgf(chx)Z(Wshr) < (shr) Mgf(chx)z2(k+1)a
k=0 k=0
< (shr)*Meg f(cha), (4.7)
since sh% < %sht for a > 1.
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Now let 2 <r < 0o and 0 < a < 4A. Then from the proof of Corollary 3.1 in [15], we have

A 2 2\
|A1(x7r)|S/Acht|f(chx)|sh tdtg/ Cht|f(cha:)|sh tdt

(Ch t)2>‘+1_0‘ (Ch t)4>‘ «
0

FAN f(cha)|sh tdt N T AN, |f(ch)|sh™ tdt
</Chtcxs <Z/ e lf(cha)|s
- (Sht)él)\fa — (Sht)zl)\fa

0 "=
- . 3
<> () (shger) [ A lfteha)|sh® e
k=0 0
o0 r o
< Mg f(chz) Z (sh W) < (shr)*Mgf(chz), 0<a <4 (4.8)
k=0

Now let 4\ < o < 2A+1. From the proof of Corollary 3.1 in [15], it follows that [ 7% ~*hy(cht)dr < 1,
then

due|f(chz)|sh® ¢
‘Al(xar” S/ < €cht)2>‘+1 o dt
0

s/AéhAf(chx)\sh”tdt (eh f“/AChtu (chz)|sh® ¢ dt
] (sh)
r 4N
< (sh§> Mg f(cha) < (shr)*Mgf(cha), 4\ < a <2\ +1. (4.9)

Thus from (4.7)—(4.9), it follows that for every 0 < r < co and 0 < o < 2A + 1,
|A1(z,7)] < (shr)*Mg f(chz). (4.10)

We estimate Ag(z,7). Let 0 <7 < 2. Then

OOAAht f(cha)|sh® ¢ AN |f(chz)|sh® ¢
[Az(, )| < / ‘ (sht) 2,\+1 o a0t *Z / (sht)2P+1-a dt

2k+1

(sh 2’“7’)0472)\71 / A | f(chz)| sh? tdt

0 0
okt1,
> B 5 oy
=3 (sh2kr)" 7 (sh2hr) / AN, |f(chz)|sh® ¢ dt
k=0 0
5 S koY o — - k(a—2)
SMG"f(chx)Z(sh2 r)* 77 < (shr) PMpr(chx)Z2 s
k=0 k=0
B
< (shr)*" 7 M f(chz), (4.11)

by the condition o — g < 0.
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Now let 2 < 7 < 0o. Then for 0 < o < 4\, we have

| N

%) 2k+1y
A) ;| f(chz)| shz)‘t i AN I( ch:c)|sh2>‘tdt
(sh)™—@ Z (sht)—a

2k+1

(sh2kp)a—2A / A I f(chz)| sh? tdt

E%g

i
(e}
(=)

M

2k
(sh 2%7)%~ % (sh 2%7) 5~ / A |f(chz)| sh2xtdt
0

k=0
% c- k -2 a—E g
< MZ f(chx) Zsh2 v < (shr)* »MZE f(cha). (4.12)
k=0

We consider the case 4\ < o < 2A + 1. Then

ok+1,

(chz sh? ¢ > oy
|As(z, 1) < Z / Chts|lr{t m)l‘ ——dt <> (sh2kr)e At / AN, |f(cha)|sh® t dt
k=0 2k
- ok+1,
= (sh2br)*” 7 (sh 28r) 7~ (sh 2Fp)2A 1 / AN, | f(chz)| sh® tdt
k=0 2k
o 2k+1
<D (sh 2Fr) 7 (sh 2Fr)s / Nt | f(cha)| sh? tdt
k=0 2k
< (sh r)a*%Mg f(chz). (4.13)

From (4.11)—(4.13) it follows that for any 0 < r < oo and 0 < & < 2X + 1, the inequality

As(a,7) < (sh #)* 5 M f(chz) (4.14)

is valid. Taking into account (4.10) and (4.14) in (4.6), we obtain the statement of Lemma 4.1. O

Theorem 4.3. Let 0 < a < 8 < 2A + 1, 1<p<§,1§r§oo %:%—% 5—” Then for any
B
function f € Ly x (Ry) and MZ f € L, x (Ry) the estimate
B apB 1—28
I P L e i
‘ ¢ Lgx(Ry) ¢ Lra(Ry) oA (Ry)
is valid.
Proof. From (4.5), for
s P
MZE f(chz)\?
hr =shr(chz) = | =L/
shr = shr(chz) (Mgf(ch:v) ,

we obtain

[Tef(cho)] 5 (Méf(Chw)) N (Mg f(ch x))l_%

for each z € Ry.
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Considering both sides of inequality (4.1) to the power of ¢, integrate by = and using Holder’s
inequality, we have

/‘Igf(chx)‘qshmmdx < / (Méf(chm))%(Mgf(chx))q_%sh2)‘xdm

Ry Ry
< (/(M f(chaz)) N h”‘xdm) (/(Mgf(chx))@_agq)sshz)‘xdx) ,
Ry Ry
where
(q_@)s_ g5 _Br 1 1 _a ap
B ’ s—=1 apg’ q p B PBr
Therefore,
: % . 3
( / Isf<chx>|qclm<x>> < ( / (Mcf(chw))pdux(x)> ( [ (04 (et dum))
< ( / If(chx)lpdm(x)> ( JACCICE) dmm) ,
which is equivalent to
12871,y S Ml iy 19251
The theorem is proved. O

Lemma 4.2. Let 0 < e < min (a, 2A 4+ 1 — «). Then there is the constant C. > 0 such that for any
nonnegative function ¢ : Ry — R and for every point x € Ry, the inequality

Igo(cha) < Coy/ Mg p(cha) MG p(ch ) (4.15)
is valid.

Proof. Let r be an arbitrary positive number. Using the scheme of the proof of Lemma 4.1, we have

Igp(chz) < (/ /) Aanrp(chz) (sht)*=1sh® tdt = Jy + Js. (4.16)

Let 0 < € < a, then

7 :/Achtgo(chx th Z / Acnip(chz) hz’\tdt
0 —k—1p

(Sht)2>\+1 o Sht 22 +1—«

—k

o a—2A—1
< Z (sh #) / Acnip(chz) sh?* t dt

k=0 2
27 kp
e € a—2\—1—¢
< Z (sh #) (sh #) / Achtp(chz) sh?* ¢ dt
k=0 A

_kT

< ro\oa—2A—1-¢
< (shr)® Z? (k+1)e (sh 2k+1) / Achp(chz) sh®* ¢ dt
k=0 0

< C.(shr)* Mg p(cha). (4.17)
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Now let 0 < e <2X+1— «. Then

s 2X 2)
JQZ/AChtcp(chx ) sh tdt Z/ Anip(chz) sh tdt

(Sht)2>‘+1 a Sht 2A+1—a
2k+1
<3 (sh 25p) " / Aarp(chz) sh> ¢ dt
k=0 0

ok+1,

< Z (sh 2F7r) " (sh 2Fr )ME*M?1 / Acnrp(chz) sh®* tdt
k=0 0

0o okl
< (shr)= Y (274) (sh 2b) " / Aanip(chz) sh? ¢ dt
k=0 o
< Co(shr)*M&*p(chz). (4.18)

Taking into account (4.17) and (4.18) in (4.16), we get that for any € > 0 with 0 < &€ < min(a, 2A+
1 — @), there exists C. > 0 such that for every nonnegative function ¢, for any point z € Ry and
r > 0, the following inequality

I&p(chz) < Ce ((shr)® ME™p(cha) + (shr)*M&* p(chz)) (4.19)
holds.
Assuming in (4.19)

(shr)® = (Mcelcha))®
Mg cp(chz)/)
we obtain inequality (4.15). O
Theorem 4.4. Let1 <p< L{jl and % = % — axr1- Then for ensuring the inequality

N (/f(0h$)|pw(chx) Sh2’\xdx>
Ry
the necessary and sufficient condition is

w € AF(R+), 6=1+Z%7 o' =p+p

Q= =

( /II‘E‘; (fw®) (chz)|?w(chx) shz’\xdx>
R

for any f € Ly, A(Ry).
Proof. Sufficiency. Let w € Ag (Ry4), then w € Agiu(R_s_) for any p > 0 sufficiently small. Therefore,
for 0 < e < min (o, 2A +1 — ), we have w € Agl (Ry) with 81 = 1+ P(2A+1) andw € Agz (Ry)

p’' (2A+1—(a+e)p)
with B2 =1+ %. Now, if we take

1 1 a+e 1 1 oa—¢€

@ p 22 +1 ¢ p 2x+1

then we find that w € A1+ e (Ry) and w € A)‘+ % (Ry).

In view of p; = i and py = 2gi,we will have
1 1 q (1 1 q (1 a+e 1 a—¢€
—t—=(—+=)=2(=- +-—
P P2 2\¢ T 2\p 2XA+1 p 2\+1
- 1 «Q 71<:>171 «
C\p 2241/ g p 22+1
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Suppose

Fi(chz) = (M&*e (fw®) (chx))% w(chx)ﬁ
and

Fy(chz) = (M&¢ (fw®) (chz))? w(cha)ws .

From (4.12), by Holder’s inequality, we have

/|I‘C)§ (fw?) (chx)|qw(ch:c) sh? zdz < C. /Fl(chx)Fg(Chx) sh** z dx

Ry R,
1

pr
w(chz)sh®* dx)

<C€</(Mg+€(fwa)(chx))"5l

Ry

X (/(MgE(fwo‘)(ch:r))quw(chx)sh”‘mdm) 2

Ry

= C ( [ (a7 () o)™ w(cha) s dx>

Ry

2

1

_ P2
X ( / (M&™*(fw®)(ch m))qs w(chz)sh® dac) .
Ry
Finally, using Theorem 4.1, we obtain

HIg (fwa) HL%%A(RJF) S HfHLp’w,)\(R_,_) .

Necessity. We show that
(4.20)

Mg (fw®) (cha) S IE (| f|w®) (ch).

In fact,
-

/ Acnt (fw®) (chz) sh® tdt = /Acht (fw®) (chx) sh?* ¢ dt

H(0,r) 0

B / Aane (fw®) (ch)(sht)2 1= sh? ¢ gt
- (Sht)Q)Hrlfa

At (fw®) (chx)(sht)2A -« sh2 ¢ dt
(sht)2A+l-c

\%\%

o)
k=0

4

PV

s

B

2

(S L)Q)\—H—a / Acnt (|f]w®) (chz) sh® ¢ dt
ok (Sht)2A+1—a

=

NE

<
r
PYES

ES
I
=

o

>2A+17a i 1 [ A (1f]9*) (cha) sh® ¢ dt
2(k—1)(2A+1-a) (sht)2A+1-a

1&g (|f]w®) (chz). (4.21)

N IN
/N /N
w0
=
pol 3

22+1—«
sh )

N3
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Taking into account Lemma 2.1, by 0 < r < 2 and (4.21), we have

Mg (fw®) (chz) = sup [H(0, )2+ / Ach (fw®) (chz) sh® ¢ di
r>0
H(0,r)

(2A+1) (25 -1 22 +1—o
Soup (s 2) T (0 Y e 1710 (cha) € 1 (1110 (cha).
r>0 2 2

On the other hand,

. (3%)2
> A. w?) (chz)(sht)2A - gh? ¢ g¢
/Acht(fwo‘)(ch:z: )sh** tdt < he (f )(<Shi>(”+3_a
5 k=0 i
(s757) P4
o @A 1-a) [ \f| (chx) sh? ¢ dt
T cht
< -
sSug) T [Ree
- 0

_ax —a
< (ShT)2A+1(2/\+1 )Ig;(|f| (ch ) 22(1 k) 5337 (2A+1—a)

O |

s (2A+1—a)
< (0 D)™ T g (f107) (o).

Applying Lemma 2.1, for 2 < r < 0o and (4.23), we obtain

Mg (F) cha) S sup (s ) T (D) e 10 (e

r>0 2
S 1G (If|w®) (chz).
Inequality (4.20) follows from inequalities (4.22) and (4.24).

Theorem 4.5. Let g = in'ﬁa Then the following two conditions are equivalent:

q
(i) / w(chz)sh®* zde < C <; / | f(chz)| w(chz)sh? xdx)
{zG]R: Ig(fwﬁ>(chz)>,3} Ry

with a constant C, independent of f and A > 0,
(ii) w € A} (Ry).

The assertion of the Theorem follows from inequality (4.20) and Theorem 4.2.
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SOLUTIONS OF SOME DIOPHANTINE EQUATIONS IN TERMS OF
HORADAM SEQUENCE

REFIK KESKIN!, ZAFER SIAR2, AND MERVE GUNEY DUMAN?3

Abstract. Let a,b, and P be integers such that (a,b) # (0,0). In this study, we give all solutions
of the equations 2 — Pxy — y? = =+ (b2 — Pab — a2), 2 — (P? + 4)y? = +4(v? — Pab — a?),
22— (P2+4)y? = +4(b2—Pab—a?)?, 22— Pzy+y? = b2 — Pab+a?, 22 — (P2 —4)y? = 4(b>— Pab+a?),
and 22 — (P2 — 4)y? = 4(b%® — Pab + a?)? in terms of the second order recurrence sequences when
[b2 — Pab + a?| is odd prime.

1. INTRODUCTION

The second order recurrence sequence {W,,} = {W,(a,b; P,@Q)} is defined by
Wo=a, Wy =b, and W, =PW, 1+QW,_o for n>2,

where a,b, P, and @ are integers with PQ # 0 and (a,b) # (0,0). Particular cases of {W,} are the
Lucas sequence of the first kind {U,(P,Q)} = {W,(0,1; P,@Q)} and the Lucas sequence of the second
kind {V,(P,Q)} = {W,(2, P; P,Q)} . Now we define the sequence {X,} = {X,(a,b; P,Q)} by

Xo=2b—aP, X;=0P+42aQ, and X,=PX, 1+QX, o for n>2.

It is convenient to consider {X,,} to be the companion sequence of {W,}, in the same way that {V,,}
is the companion sequence of {U,,}. Let o and 3 be the roots of the equation 22 — Pz — Q = 0. Then

a=(P++/P24+4Q)/2 and 8 = (P — /P2 +4Q)/2. Clearly, a + f = P, « — 8 = y/P? + 4Q, and
aff = —Q. Assume that P? 4 4Q # 0. Then Binet formulas of {W,,} and {X,,} are given by

Aa™ — BS"
w, = A" =B 4 X, = Aa" 4+ BB", (1.1)
a—p
where A = b — a8 and B = b — ac. It can be seen that AB = b?> — abP — a%Q. Moreover, it can be
easily shown that there are the following relations between the terms of the sequences {W,}, {X,},
{U,}, and {V,,} given by
Xn = Wn+1 + QWn—l = PWn —+ QQWn—la (12)
(P2 + 4Q)Wn = Xn+1 + Qanla
Wyp =0Up +aQUp_1 and X, =bV,, +aQV, 1
for n > 1. It is well known that the numbers U,, and V,, for negative subscripts are defined as
-U, Vi
—and V_,, = =
(@) (@)
for n > 1. By using (1.1) together with (1.4), it is convenient to define the numbers W,, and X,, for
negative subscripts by

U_, =

Aa~™ — BB~
W, = A" =BT 4 X, = Aa~"+ BE.
a—p
Then it follows that
7bUn + aUn+1 an — CLVn+1
W_,=——F——— and X_,=——F— (1.5)
(-Q) (-Q)

2010 Mathematics Subject Classification. 11B37, 11D09.
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and therefore
W_,=bU_,4+aQU_,_1 and X_,=0bV_,+aQV_,_1.

Thus it is seen that identities (1.2), (1.3), and (1.4) hold for all integers n. For more information about
the sequence one can consult [2,10,11,13,15].

In the literature, integer solutions of the equations z? — Pxy — y? = 1, 22 — Pxy — 3% = —1,
2?2 — (P2 +4)y? =4, 2% — (P? + 4)y? = —4, 22 — Pry +y? = 1, and 22 — (P? — 4)y? = 4 are given
in terms of the sequences {U,(P,£1)} and {V,,(P,+1)}(see [4-9,12,16]). More clearly, we can state
them by

Equations Solutions
2> —Pry—y* =1 | (z,y) = £(Un(P,1),Up—1(P, 1)) with n odd,
22 — Pry—y® = —1 | (z,y) = ﬁ:(U (P, 1) U,—1(P, 1)) with n even,
2> — (PP +4)y° =4 (z,y Vi (P,1),Un(P,1)) with n even,
22 — (PP 4+4)y” = -4 (z,y) = i(Vn( 1),Un(P,1)) with n odd,
$2_ny+y2:1 (:c,y) ::t(Un(P7_1)7U7L—1(P:_1)):
2 — (P —4)y* =4 (z,y) = £(Vo (P, —1),Un(P, —1)).

Moreover, if P? 4 4 is square free, then all integer solutions of the equations 2 — Pzy — 3% =
P2 +4,2% — Pry—y? = —(P%?+4), and 22 — Pzy+y? = —(P? —4) are given in terms of the sequence
{V,(P,£1)}(see [7]). When P? 4 4 is square free, we get

Equations Solutions
2> —Pxy—y’=P7+4 (z,y) = £(Va(P, 1), Va—1(P, 1)) with n even,
22 — Pry —y? = —(P?4+4) | (z,y) = £(Va, (P, 1), Vu1(P, 1)) with n odd,
@’ — Pay +y° = —(P? — 4) (@,y) = £(Va (P, =1), Var (P, —1)).

In this paper, we give all integer solutions of the equations
z? — Pay — y? =b*> — Pab — d®, 2? — Pxy — y? = —(b* — Pab — da?)
22 — (P? + 4)y* =4(b* — Pab — a?), 2* — (P? +4)y* = —4(b* — Pab — a?),
22 — (P% 4 4)y* =4(b? — Pab — a®)?, 2? — (P* 4+ 4)y* = —4(b*> — Pab — a*)?,
x? — Pay +y* =b*> — Pab+ a®, x* — (P? — 4)y* = 4(b* — Pab + a?),

and

z? — (P? — 4)y* = 4(b*> — Pab + a?)?
in terms of second order recurrence sequences when |b? — Pab4a?| is odd prime. In the second section,
we give some identities between the sequence {W,,} and its companion sequence {X,}. After that,
we give our main theorem in the third section.

2. PRELIMINARIES

In this section, we give some identities, theorems, and lemmas, which will be used later. The
following identities concerning the sequence {W, } and its companion sequence {X,} hold.

X5 — (PP +4Q)W; = 4(=Q)"(v* — Pab — Qa?), (21)

W2 — PWop W, — QW7 = (—Q)"(b* — Pab — Qa®), (2.2)

Wz - PWn+1Wn—1 = (_Q)n_l(b2 — Pab — QCLQ), (23)

Xiir = PXni1 Xy — QX5 = —(=Q)"(P? +4Q)(b* — Pab — Qa®), (2.4)

and
Xpi1Xn1 — X2 = (—Q)" 1 (P? 4+ 4Q)(b* — Pab — Qa?). (2.5)
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One can find the above identities in [2] and [15]. Let

Wy =W, +aQW,_1 and X, =bX, +aQX,_1. (2.6)
Then it can be shown that
bW, —aW, 11 = (b* — Pab — a*Q)U,, and bX, —aX, 1 = (b* — Pab— a*Q)V,, (2.7)
(X352 = (P* +4Q) (W;)? = 4(—Q)" (b — Pab — Qa®)?, (28)
(Wi1)” = PWi Wy = Q (W) = (—Q)"(b* — Pab— Qa*)?, (2.9)
and
(Xi11)" = PX5X) = Q(X5)° = —(—Q)"(P? +4Q) (v — Pab — Qa*)? (2.10)

by (2.1), (2.2), (2.3), (2.4), and (2.5).

From now on, we write W,,, X,,, Uy, and V,, instead of W,,(a,b; P,1), X,,(a,b; P,1), U,(P,1), and
V.(P, 1), respectively. We represent W, (a,b; P,—1), X,,(a,b; P,—1), U,(P,—1), and V,(P,—1) by
W, Ty, Up, and v, respectively. We write z and w} instead of X* (a,b; P,—1) and W} (a,b; P, —1),
respectively. The following three theorems are given in [7].

Theorem 2.1. Let u and v be integers. Then u? — (P? +4)v? = +4 if and only if (u,v) = F(Vy, U,)
for some n € Z.

Theorem 2.2. Let P > 3. Then all integer solutions of the equation u? — (P? — 4)v? = 4 are given
by (u,v) = F(vp, upn) with n € Z.

Theorem 2.3. Let P > 3. Then the equation u? — (P? — 4)v? = —4 has no integer solutions.

3. MAIN THEOREMS

3.1. Solutions of some Diophantine equations for ) = 1. In this subsection, we will assume
that @ =1, P > 1, and A = b* — Pab — a® such that |A| > 2 and |A| is prime.

Theorem 3.1. Let x and y be integers. Then x? —(P%+4)y? = +4A if and only if (x,y) = (X, W,,)
or £((=1)"1X,, (=1)"W,,) for some n € Z.

Proof. If (z,y) = £(Xpn, W,) or £((—=1)""1X,,, (—1)"W,,), then it follows that x? — (P? + 4)y? =
+4A by (2.1). Now let 22 — (P? + 4)y? = +4A. Assume that Aly. Then A|z and this shows that
A?|2? — (P? + 4)y®. Then we get A%|4A, but this is impossible, since |A| > 2 and |A| is prime.
Therefore At y.
It is obvious that 4A = (2b — Pa)? — (P? + 4)a?. Thus
Al[(2b — Pa)? — (P? + 4)d?] (3.1)

and

Allz® — (P? + 4)y*]. (32)
From (3.1) and (3.2), we get

Alla® (2> = (P* + 4)y°) — y* ((2b — Pa)® — (P* + 4)a”)],
ie.,
Allax + y(2b — Pa)]|[ax — y(2b — Pa)].

Since |A| is prime, it follows that

Allaz + y(2b — Pa))
or

Allaz — y(2b — Pa)].
Also, from (3.1) and (3.2), we get

Al[a®(P? +4) (2* — (P* + 4)y°) + 2* ((2b — Pa)® — (P* + 4)a®)],

ie.,

A|[(2b — Pa)z — ay(P? + 4)][(2b — Pa)z + ay(P? + 4)].
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This implies that

A|[(2b — Pa)z — ay(P? + 4))
or

A|[(2b — Pa)z + ay(P? + 4)].

Hence, we have

Allaz + y(2b — Pa)] and A[[(2b — Pa)z — ay(P? + 4)] (3.3)
" Al[ax — y(2b — Pa)] and A|[(2b — Pa)x + ay(P? + 4)], (3.4)
. Al[az — y(2b — Pa)] and A|[(2b — Pa)z — ay(P? + 4)] (3.5)
" Allaz 4 y(2b — Pa)] and A|[(2b — Pa)z + ay(P? + 4))]. (3.6)

Now assume that (3.3) is satisfied. Then we get
Al[z (az + y(2b — Pa)) — y ((2b — Pa)z — ay(P? +4))],
ie.,
Al ala® + (P* + 4)y7]
This implies that Ala or A| (2% 4+ (P? +4)y?). Assume that Ala. Then Alb since A = b* — Pab — a?.
Thus A?|A and this shows that A[1, but this is impossible. Therefore A| (22 + (P? + 4)y?) . Then we
see that A[2(P? + 4)y?, since A (z? — (P? + 4)y?) . Hence, A|2(P? + 4), since A {y. Then it follows
that
Al [(P? +4)2ay + (2b — Pa)z — ay(P? + 4)],
ie.,
A|[(2b — Pa)z + ay(P? + 4)].

In this case, (3.3) coincides with (3.6). Similarly, it is seen that (3.4) coincides with (3.5).

Now, let us show that 2|[(2b— Pa)z +ay(P?+4)] and 2|[ax +y(2b— Pa)]. It is seen that 2% = (Py)?
(mod4) from the equation x? — (P? 4 4)y? = +4A. This implies that  and Py have the same parity.

Therefore, we see that 2|[(2b — Pa)x 4+ ay(P? + 4)] and 2|[ax & y(2b — Pa)).
Consequently, we should examine two cases

2A[[(2b — Pa)x — ay(P? +4)] and 2A|[ax — y(2b — Pa)] (3.7)
and

2A[[(2b — Pa)x + ay(P? +4)] and 2A|[ax + y(2b — Pa)). (3.8)
Assume that (3.7) is satisfied. Let

- (2b — Pa)x — ay(P? + 4) and v — [(2b— Pa)y — aa:].

2A 2A

Then it follows that

{u}leuﬂlﬂw+®Hx}

v —a 2b — Pa Y
and so a simple computation shows that
20 — Pa a(P?+4) u | | 2
[ a 2b — Pa v | | 2y |° (3.9)

By using the identities
22 — (P? +4)y* = +4A and 4A = (2b— Pa)? — (P? +4)d?,

it is seen that
u? — (P? + 4)v? = +4.
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Thus we have (u,v) = F(V,,U,) for some n € Z by Theorem 2.1. Then 2z = £((2b — Pa)V,, +
a(P? 4+ 4)U,) and 2y = +(aV,, + (2b — Pa) U,,) by (3.9). By using (1.2), (1.3), and (1.4), we get
x == ((2b— Pa) Vo, + a(P* + 4)U,) /2 = £ (2bV,, — PaVy, + aVpy1 + aVi_1) /2
=+ bV, +aV,—1) = £X,
and
y==x(aVy,+ (20 — Pa)Uy,) /2 = £ (aUp41 + aU,—1 + 20U, — Pal,,) /2
==+ (bU,, + aU,—1) = £W,,.
Now assume that (3.8) is satisfied. Let
- (20 — Pa)a:2—|—Aay(P2 +4) and v — [(2b— I;CLA)y + ax]
Then we can see by a simple computation that

)]

and

u? — (P? + 4)v? = +4.
Thus we have (u,v) = F(Vi, Up,) for some m € Z by Theorem 2.1. Similarly, it can be shown that
(,y) = £((-1)™X_p, (=)™ W_,,,). Taking n = —m, it is seen that
(2,y) = (=1)7" X, (=1) 7" W) = £((=1) 7" Xy, (1) 7" W3)
=+ ((=1)"" X, (-1)"Wy). O
From the above theorem and (2.1), the following corollaries can be given.

Corollary 1. All integer solutions of the equation x> — (P? + 4)y?> = 4A are given by (v,y) =
:|:(X2n, Wzn) or i(—X2n7 Wgn) with n € Z.

Corollary 2. All integer solutions of the equation x?> — (P? + 4)y? = —4A are given by (v,y) =
:l:(XQn_l, WQn_l) or :t(XQn_l, *Wgn_l) with n € Z.

Theorem 3.2. Let x and y be integers. Then x?— Pry—y? = £A if and only if (z,y) = (W1, W)
or = ((‘D"Wn, (—1)"+1Wn+1) for some n € Z.

Proof. 1f (z,y) = £(Wyq1, W) or £ ((—=1)" Wi, (=1)"T'W,,41) , then it follows that 2? — Pay —y? =
+A by (2.2). Assume that 22— Pzy—y? = £A. Completing the square gives (2z— Py)? —(P?+4)y? =
+4A.This implies that (2z — Py,y) = +(X,,W,,) or £((—=1)""1X,,(-1)"W,,) for some n € Z by
Theorem 3.1. If (2 — Py,y) = £(X,, W,), then we get (z,y) = £(Wy11, W,,). If (22 — Py,y) =
+((=1)"1 X, (=1)"W,,), then (z,y) = £ ((=1)" ' W,_1, (=1)"W,,) . O

From the above theorem and (2.2), the following corollaries can be given.

Corollary 3. All integer solutions of the equation x?> — Pxy — y?> = A are given by (v,y) =
:l:(WQn+1, Wgn) or £+ (—W2n+1, W2n+2) with n € 7Z.

Corollary 4. All integer solutions of the equation x* — Pxy — y?> = —A are given by (v,y) =
:E(Wgn, Wgn_l) or (Wgn, *W2n+1) with n € Z.

Since b? — 3ab + a? = (b —a)? — (b — a)a — a?, we can give the following corollaries.

Corollary 5. Let |b*> — 3ab + a?| be a prime number. Then all integer solutions of the equation
22 —ay —y? = b?> — 3ab+a® are given by (z,y) = £(Wani1, Wayp) or £ (=Wapni1, Wanio) withn € Z,
where W, = Wy(a,b—a,1,1).

Corollary 6. Let |b*> — 3ab + a?| be a prime number. Then all integer solutions of the equation
2?2 —ay—y? = —(b® —3ab+a?) are given by (z,y) = =(Wan, Wan_1) or £ (Way, —Wap 1) withn € Z,
where W,, = Wy (a,b—a,1,1).
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Theorem 3.3. Let P? + 4 be square free. Then 2% — Pxy — y?> = £(P% + 4)A for some integers
and y if and only if (z,y) = £(Xpi1, Xn) or £((=1)"X,,_1, (=1)""1X,,) for some n € Z.

Proof. If (z,y) = +(Xpn11, Xy) or £((—=1)"X,,—1, (—=1)""1X,,), then it follows that 2? — Pzy — y* =
+(P? + 4)A by (2.4). Now assume that P? + 4 is square free and 22 — Pzy — y? = £(P? + 4)A for
some integers x and y. Then (2 — Py)? — (P? +4)y? = +4(P? + 4)A. Since P? + 4 is square free, it
is seen that (P? + 4)|(22 — Py). Therefore, if we take

2z — Py
T PPy4
then we get v2— (P? + 4) u? =+4A. This implies that (v,u) =7F (X,,, W,,) or £((—=1)""1X,,, (=1)"W,,)
for some n € Z by Theorem 3.1. If (v,u) = F (X, W,,), then it follows that y = v = +X,, and
z=((P*+4)u+Pv)/2==((P?+4) W, + PX,) /2
=4 (Xpy1 + Xn_1 + PX,) /2
=+ Xnn1

by (1.3). Similarly, it can be seen that (z,y) = £((=1)"X,,_1, (=1)""1X,,) if (v,u) = £((-1)" 71X,
(=1)"W,). O

and v =y,

We can give the following corollaries from the above theorem and (2.4).

Corollary 7. Let P? + 4 be square free. Then all integer solutions of the equation x> — Pxy — 3% =
(P? + 4)A are given by (z,y) = +(Xopio, Xont1) or £(—Xan, Xony1) with n € Z.

Corollary 8. Let P? + 4 be square free. Then all integer solutions of the equation x> — Pxy — y> =
—(P?+4)A are given by (z,y) = £(Xont1, Xon) or £(Xon_1, —Xon) with n € Z.

Theorem 3.4. Let x and y be integers. Then x? — (P? + 4)y? = +4A? if and only if (z,y) = +
(X3, WE), 2((=1)" 71X (=1)"W)), or £(AV,,, AU,,) for some n € Z.
Proof. If (z,y) = £(X}, W), £((=1)"1X* (=1)"W;), or £(AV,,, AU,,), then it follows that z? —
(P? + 4)y? = +£4A? by (2.1) and (2.8). Let 2% — (P% + 4)y?® = +4A2. Now we divide the proof into
two cases:
Case I: Assume that A {y.
It is obvious that 4A = (2b — Pa)? — (P? + 4)a®. Thus
Al[(20 — Pa)? — (P? + 4)a?] (3.10)

and

Al[z? — (P? + 4)y). (3.11)
From (3.10) and (3.11), we get

Alla® (2* — (P? +4)y?) — y* ((2b — Pa)® — (P* 4 4)a®)],
ie.,
Allax + y(2b — Pa)|[ax — y(2b — Pa)].

Since |A| is a prime number, it follows that

Allaz + y(2b — Pa))
or

Allaz — y(2b — Pa)].
Also, from (3.10) and (3.11), we get

Alla®(P? +4) (2* — (P* + 4)y°) + 2* ((2b — Pa)® — (P* 4+ 4)a®)],
ie.,
A|[(2b — Pa)z — ay(P? + 4)][(2b — Pa)z + ay(P? + 4)].
This implies that
Al[(2b — Pa)z — ay(P? + 4))]
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A|[(2b — Pa)z + ay(P? + 4)].

Hence, we have

Allaz +y(2b — Pa)] and A|[(2b — Pa)x — ay(P? + 4)] (3.12)
" Allaz — y(2b — Pa)] and A|[(2b — Pa)z + ay(P? + 4)] (3.13)
e Allaz — y(2b— Pa)] and A[[(2b — Pa)x — ay(P? + 4)] (3.14)
" Allaz +y(2b — Pa)] and A|[(2b — Pa)z + ay(P? +4)]. (3.15)

Now assume that (3.12) is satisfied. Then we get
Al[z (az + y(2b — Pa)) — y ((2b — Pa)z — ay(P? + 4))],
ie.,
A az® + (P? +4)y?).
This implies that Ala or Al (z? + (P? +4)y?). Assume that Ala. Then A|b, since A = b? — Pab — a®.
Thus A%|A and this shows that A|1, which is impossible. Therefore Al (22 + (P? + 4)y?) . Then we
see that A|2(P? + 4)y? since A| (xQ —(P?+ 4)y2) . Hence A|2(P? + 4) since A {y. Then it follows
that
A [(P2 +4)2ay + (2b — Pa)x — ay(P* + 4)] ,
ie.,
A|[(2b — Pa)z + ay(P? + 4)].
In this case, (3.12) coincides with (3.15). Similarly, it is seen that (3.13) coincides with (3.14).

It can be seen that 2|[(2b — Pa)z + ay(P? + 4)] and 2|[az + y(2b — Pa)].
Consequently, we should examine two cases

2A[(2b — Pa)x — ay(P? +4)] and 2A|[ax — y(2b — Pa)] (3.16)
and
2A|[(2b — Pa)x + ay(P? +4)] and 2A|[azx + y(2b — Pa)). (3.17)
Assume that (3.16) is satisfied. Let
_ (2b— Pa)z — ay(P? +4) ~ [(2b— Pa)y — ax]
u = 9A and v = N .
Then it follows that
w] _ 1 [20—Pa —a(P?+4) x
v | 2A —a 2b — Pa y
and so a simple computation shows that
20 — Pa  a(P? +4) u | | 2z
[ a 2b — Pa ][v]_{Qy] (3.18)

By using the equalties
22 — (P? +4)y* = +4A? and 4A = (2b— Pa)* — (P? +4)d?,
it is seen that
u? — (P +4)0? = +4A.
Thus we have (u,v) = £(X,,,W,) or £((—1)""1X,, (—1)"W,,) for some n € Z by Theorem 3.1. If
(u,v) = +(X,, Wy,), then 2z = £((2b — Pa) X,, + a(P? + 4)W,,) and 2y = +(aX,, + (2b — Pa) W,,)
by (3.18). By using (1.2), (1.3), and (2.6), we get
z == ((2b — Pa) X,, + a(P? + YW,,) /2 = £ (2bX,, — PaX, + aXpi1 + aX,_1) /2
=+ (bXp + aXp_1) = £X7
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and
y==(aX, + (2b— Pa)W,,) /2 = £ (aWp41 + aW,—1 + 20W,, — PaW,,) /2
=+ (bW, +aW,_1) =W,
Assume that (u,v) = £ ((—=1)""1X,, (=1)"W,,). Then from (3.18) and (2.7), we get
y == (a(-1)""'X, + (2b — Pa) (—1)"W,,) /2

==+ (-1)" (—aWp41 — aWp_1 + 20W,, — PaW,,) /2

=+ (=1)" (bW,, — aW,,11) = £(-1)"AU,,.
However, this is impossible since A 1 y.

Now assume that (3.17) is satisfied. Let
(20 — Pa)x + ay(P? + 4) [(2b — Pa)y + ax]

u= 9A and v = 9A .

Then we can see by a simple computation that

vl

and
u? — (P? + 4)0? = +4A.
Thus we have (u,v) = £(X,,W,) or £((-1)""1X,, (—1)"W,,) for some n € Z by Theorem 3.1.
Similarly, it can be shown that (z,y) = +((—1)""1 X}, (—=1)"W}).
Case II. Assume that Aly. Then Alz and therefore
(x/A)? = (P? 4+ 4)(y/A)* = +4.
Thus we get (z,y) = £(AV,, AU,,) for some integer n by Theorem 2.1. O

Now, we can give the following results by using (2.8) and Theorem 3.4.

Corollary 9. All integer solutions of the equation x> — (P? + 4)y? = 4A? are given by (x,y) = +
(X35, Ws), £(=X5,, W3, or £(AVay,, AUs,) with n € Z.

Corollary 10. All integer solutions of the equation x> — (P? 4+ 4)y* = —4A? are given by (x,y) = +
(Xoni1s Winp1)s £(X541: —Waga), or £(AVapi, AUspt1) with n € Z.

Theorem 3.5. Let © and y be integers. Then 2> — Paxy — y? = +A? if and only if (z,y) =
(W, W), (1) Wiy, (=1)" W), or £(AUn1, AU,,) for some n € Z.

Proof. If (z,y) = £(W), 1, W), £((=1)"'Wi_ 1, (—1)"W;), or £(AUp+1, AU,), then it follows that
22 — Pry —y?> = £A? by (2.2) and (2.9). Assume that 22 — Pry — y? = £A? for some integers x and
y. Then
(22 — Py)? — (P? + 4)y* = +4A%

Taking

u=2x—Py and v=y, (3.19)
we get

u? — (P? + 4)v* = +£4A%
Hence, (u,v) = & (X}, W), £((-=1)" 71X}, (=1)"W}), or £(AV,,,AU,,) for some n € Z by The-
orem 3.4. If (u,v) = £ (X, W), then we get (x,y) = £(W;,,W;) by (3.19) and (1.2). If
(u,v) = £((=1)" 71X, (=1)"W;}), then it is seen that (z,y) = £((—=1)" W _,, (=1)"W;}). If (u,v) =
+(AV,, AU,), it can be shown that (z,y) = £(AU,41, AU,). O

From (2.9) and Theorem 3.5, we have the following immediate corollaries.

Corollary 11. All integer solutions of the equation z* — Pxy — y?> = A? are given by (v,y) =
+(Wa 1, Wa), £(=Wa, 1, W3y, or £(AUzpy1, AUsy) with n € Z.
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Corollary 12. All integer solutions of the equation x> — Pxy — y? = —A?

(W30, Wa 1), £(Ws,, =W3 1), or £(AUzpq2, AUzpy1) with n € Z.

Theorem 3.6. Let P2 + 4 be square free. Then 2% — Pxy — y? = +(P? + 4)A? for some integers
and y Zf and only Zf (:c,y) = :l:(X:L—l-le:L)a i((_l)nX;:—lv (_1)n71X;;)7 or i(AVnJrlvAVn) fOT some
n € Z.

PT’OOf. If (I,y) = :l:(X:L_,'_l,X:;),:l:((*l)nX*

are given by (x,y) =

L (=) EXE) or £(AV,41, AV,,), then it follows that
22— Pry—y* = £(P?+4)A% by (2.4) and (2.10). Assume that P?+4 is square free, and 22— Pry—y? =
+(P? 4+ 4)A? for some integers x and y. Then
(22 — Py)? — (P? + 4)y* = +4(P? + 4)A%.
Since P? + 4 is square free, we get (P? + 4)|(2z — Py). Let
2x — Py
= m and v = y. (320)

Then it can be seen that
v? = (P? 4 4) u® = £4A%
This implies that (v,u) = £ (X2, W), £((=1)" 71X, (=1)"W}), or £(AV,,, AU,,) for some n € Z
by Theorem 3.4. The result follows from (1.3). O
We can give the following results from (2.5) and the above theorem.

Corollary 13. Let P? 44 be square free. Then all integer solutions of the equation x> — Pxy —y% =
(P% 4 4)A?% are given by (z,y) = £(X3,, X5,_1), £(—=X3,, X5,41), or £(AVay, AVay_1) with n € Z.

Corollary 14. Let P? + 4 be square free. Then all integer solutions of the equation x> — Pxy —y% =
—(P?+4)A? are given by (z,y) = (X341, X3,), £(X5,_1, —X3,), or £(AVapy1, AVsy,) withn € Z.

3.2. Solutions of some Diophantine equations for () = —1. In this subsection, we will assume
that P >3, Q = —1, and A = b*> — Pab + a? such that |A] > 2 and |A| is prime.

Theorem 3.7. All integer solutions of the equation x> — (P? — 4)y?> = 4A are given by (z,y) =
+(zp, wp) or £(—xp,wy) with n € Z.

Proof. If (x,y) = *(xpn,wy) or £(—z,,w,), it follows that 22 — (P? — 4)y? = 4A by (2.1). Now let
22 — (P? — 4)y?® = 4A for some integers x and y. It can be shown that A ty.
It is obvious that 4A = (2b — Pa)? — (P? — 4)a®. Thus
Al[(2b — Pa)* — (P? — 4)a?] (3.21)

and

Al[z? — (P? — 4)y?). (3.22)
From (3.21) and (3.22), we get

Al[a? (:L'2 —(P? - 4)y2) — 92 ((26— Pa)? — (P? - 4)a2)],
ie.,
Allax + y(2b — Pa)]|[ax — y(2b — Pa)].

Since |A| is prime, it follows that

Allaz + y(2b — Pa))
or

Allaxz — y(2b — Pa)].
Also, from (3.21) and (3.22), we get

Alla*(P? — 4) (2* — (P? — 4)y°) + 2* ((2b — Pa)? — (P* — 4)a®)],
ie.,
Al[(2b — Pa)x — ay(P? — 4)][(2b — Pa)x + ay(P? — 4)].
This implies that
Al[(2b — Pa)x — ay(P? — 4))
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or
Al[(2b — Pa)z + ay(P? — 4)).
Hence, we have

Al[az + y(2b — Pa)] and A|[(2b — Pa)x — ay(P? — 4)) (3.23)
. Al[ax — y(2b — Pa)] and A|[(2b — Pa)z + ay(P? — 4)] (3.24)
. Al[az — y(2b — Pa)] and A|[(2b — Pa)x — ay(P? — 4)] (3.25)
" Allaz + y(2b — Pa)] and A|[(2b — Pa)z + ay(P? — 4)]. (3.26)

Now assume that (3.23) is satisfied. Then we get
Al[z (az + y(2b — Pa)) — y ((2b — Pa)z — ay(P* — 4))],
ie.,
A | a[2z® + (P? — 4)y?).
This implies that Ala or Al (22 + (P? — 4)y?). Assume that Ala. Then A|b, since A = b? — Pab+ a®.
Thus A?|A and this shows that A|1, which is impossible. Therefore A| (22 + (P? — 4)y?) . Then we
see that A[2(P? — 4)y? since Al (z? — (P? — 4)y?) . Hence, A|2(P? —4), since A {y. Then it follows
that
Al [(P? - 4)2ay + (2b — Pa)z — ay(P? — 4)],
ie.,
A|[(2b — Pa)z + ay(P? — 4)].
In this case, (3.23) coincides with (3.26). Similarly, it is seen that (3.24) coincides with (3.25).

Now, let us show that 2|[(2b— Pa)z +ay(P? —4)] and 2|[ax +y(2b— Pa)]. It is seen that 2% = (Py)?
(mod4) from the equation 22 — (P? — 4)y? = 4A. This implies that x and Py have the same parity.
Therefore, we see that 2|[(2b — Pa)z + ay(P? — 4)] and 2|[ax 4+ y(2b — Pa)].

Consequently, we should examine two cases

2A[[(2b — Pa)x — ay(P* —4)] and 2A|[az — y(2b — Pa)] (3.27)
and

2A[[(2b — Pa)x + ay(P? —4)] and 2A|[ax + y(2b — Pa)). (3.28)
Assume that (3.27) is satisfied. Let

- (2b — Pa)x — ay(P? — 4) and v — [(2b — Pa)y — az].

2A 2A

][ )

and so a simple computation shows that

[Qb—Pa a(P2—4)HU]:{233] (3.29)

Then it follows that

a 2b — Pa v 2y
Since 2% — (P? — 4)y? = 4A, using the equalty
4A = (2b — Pa)? — (P? — 4)a?,
it is seen that
u? — (P? — 4)* = 4.
Thus we have (u,v) = F(v,,u,) for some n € Z by Theorem 2.2. Then 2x = +((2b — Pa) v,, +a(P?—
4)u,) and 2y = +(av, + (20 — Pa) u,,) by (3.29). By using (1.2), (1.3), and (1.4), we get

r ==+ ((2b — Pa)v, + CL(P2 — 4)un) /2 = £ (2bv,, — Pav, + avp41 — av,—1) /2
=+ (bu, — avp_1) = £z,
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and
y == (av, + (2b — Pa) uy) /2 = + (aUny1 — atip—1 + 2bu, — Pauy,) /2
== (buy, — aty—1) = Tw,.
Now assume that (3.28) is satisfied. Let
- (2b — Pa)ﬂUQ—l—Aay(P2 —4) and v — [(2b— I;Z)y + ax]
Then we can see by a simple computation that

)]

and

u? — (P? — 4)v* = 4,
since 22 — (P?—4)y? = 4A. Thus we have (u,v) = F(v,, u,) for some n € Z by Theorem 2.2. Similarly,
it can be shown that (z,y) = £(x_,, —w_,). O

Since the equation z2 — (P? — 4)y? = —4 has no integer solutions by Theorem 2.3, using the same
argument in the proof of the above theorem, we can give the following theorem.

Theorem 3.8. The equation 2% — (P? — 4)y? = —4A has no integer solutions.
Corollary 15. The equation x> — Pxy + y?> = —A has no integer solutions.

Proof. Assume that 22 — Pxy + 3> = —A for some integers = and y. Completing the square gives
(2z — Py)? — (P? — 4)y?> = —4A, which is impossible by Theorem 3.8. O

We can give the following corollaries from Theorem 3.8.
Corollary 16. The equation z? — (P? — 4)y* = —A has no integer solutions.
Corollary 17. Let P be odd. Then the equation x> — (P? — 4)y?> = —16A has no integer solutions.

Proof. Assume that P is odd and 22 — (P? — 4)y? = —16A for some integers z and y. Then it is seen
that z and y are even and this implies that (x/2)? — (P? — 4)(y/2)? = —4A, which is impossible by
Theorem 3.8. O

Corollary 18. Let P be odd. Then the equation 2 — Pxy + y> = —4A has no integer solutions.
Proof. Since x? — Pry+y? = —4A if and only if (22— Py)? — (P?—4)y? = —16A, the proof follows. [

Theorem 3.9. All integer solutions of the equation x> — Pxy + y*> = A are given by (x,y) =
+(Wnt1, W) with n € Z.

Proof. If (z,y) = £(wny1,wy), then it follows that 22 — Pzy + y?> = A by (2.2). Assume that
2?2 — Pay + y? = A. Completing the square gives (2x — Py)? — (P? — 4)y?> = 4A. This implies that
(2x — Py,y) = £(xy, wy,) or £(xy,, —wy,) for some n € Z by Theorem 3.7. Hence, (x,y) = £(wn41,wn)
or +(wp—1,wy). Since the role of x and y is symmetric, the proof follows. O

Theorem 3.10. Let P2 —4 be square free. Then all integer solutions of the equation x> — Pxy +y® =
—(P? —4)A are given by (z,y) = &(Tpt1,n) with n € Z.

Proof. If (x,y) = £(2p11,%,), then it follows that 22 — Pay + y*> = —(P? — 4)A by (2.4). Now

assume that P% — 4 is square free and z? — Pxy + y? = —(P? — 4)A for some integers x and y. Then

(2 — Py)? — (P? —4)y? = —4(P? —4)A. Since P% —4 is square free, it is seen that (P? —4)|(2z — Py).
Therefore, taking

_ 2z — Py

R

we get v2— (P? —4) u* = 4A. This implies that (v, u) = £(zp, wy,) or £(—ay, wy,) for some n € Z by

Theorem 3.7. Hence, the proof follows from (1.2) and (1.3). O

and v =y,
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From Theorem 3.8, we can give the following corollary.

Corollary 19. Let P? — 4 be square free. Then the equation x*> — Pxy + y* = (P? —4)A  has no
integer solutions.

Since the proof of the following theorem is similar to that of Theorem 3.4, we omit it.

Theorem 3.11. All integer solutions of the equation x? — (P? — 4)y? = 4A? are given by (z,y) = +
(xh,wk), £(—ak, wk), or £(Avy, Auy,) with n € Z.

Corollary 20. All integer solutions of the equation x?> — Pxy + y? = A? are given by (x,y) =
+(w) 1, wy) or £(Aupi1, Auy,) with n € Z.
Theorem 3.12. The equation 2% — (P? — 4)y? = —4A? has no integer solutions.

Proof. If we follow the way as in the proof of Theorem 3.4, then we have the equation u? — (P? —
4)v? = —4A, where u = [(2b— Pa)z + ay(P? — 4)] /2A and v = [(2b — Pa)y + az] /2A or u =
[(2b — Pa)z — ay(P? — 4)] /2A and v = [(2b — Pa)y — ax] /2. Since the equation u? — (P? — 4)v? =
—4A is impossible by Theorem 3.8, the equation z? — (P? —4)y? = —4A? has no integer solutions. [

Corollary 21. Let P? — 4 be square free. Then all integer solutions of the equation x> — Pxy + 4% =
—(P? — 4)A? are given by (z,y) = £(zi 1, 2}) or £(Avyq1, Avy) with n € Z.

Corollary 22. The equation x> — Pxy + y?> = —A? has no integer solutions.

Corollary 23. The equation z? — (P? — 4)y? = —A? has no integer solutions.

Corollary 24. Let P be odd. Then the equation x> — (P? — 4)y?> = —16A? has no integer solutions.
Corollary 25. Let P be odd. Then the equation 2 — Pxy + vy = —4A? has no integer solutions.

Corollary 26. Suppose that |b> — ba — a?| is prime. Then all integer solutions of the equation
2?2 —3xy+y? = b2 —ba—a? are given by (x,y) = =(Wapi2, Way,) with n € Z, where W,, = W, (a,b;1,1).

Proof. Suppose that (z,y) = £(Wap42, Way,). Then it is easy to see that
W22n+2 — 3W2n+2W2n + W22n :(W2n+2 - W2n>2 - (W2n+2 - WQn)WQn - W22’I’L
=W3i1 — Wanpi W — W3, = b* — ba — a®

by (2.2). Now suppose that 2 — 32y + y?> = b? — ba — a? for some integers x and y. Then (x —
y)? —y(x —y) — y? = b? — ba — a® and therefore (z — y,y) = £(Wapni1, Way) or & (=Wapi1, Wapni2)
for some n € Z by Corollary 3, where W,, = W, (a,b;1,1). If (x — y,y) = £(Wapn41, Wayp), then
(x, y) = ﬂ:(Wgn+2, Wgn) If (33 -, y) == (—Wgn_;,_l, W2n+2) s then (ZE, y) = :|:(W2n+2, Wgn). Since the
role of z and y is symmetric, the proof follows. O

The following corollary can be proved in a similar way.

Corollary 27. Suppose that |b> — ba — a?| is prime. Then all integer solutions of the equation
22 — 3zy + y? = —(b® — ba — a®) are given by (v,y) = x(Wapi1, Won_1) with n € Z, where W,, =
Wy (a,b;1,1).

Corollary 28. Suppose that |b*> — 3ba + a?| is prime. Then all integer solutions of the equation
22 — 3zy +y? = b® — 3ba + a® are given by (v,y) = £(Wanio, Way,) with n € Z, where W,, =
Wh(a,b—a;1,1).

Proof. Suppose that (z,y) = £(Wapt2, Way,) with W,, = W, (a,b — a;1,1). Then it can be seen that
Winia = 3WanaWap + W3, =(Wanga — Wan)? — (Waniz — Wan)Wa, — Wi,
=W3, 11 — Woni1 Way — W3,
=(b—a)? - (b—a)a — a?
=b% — 3ba + a*
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by (2.2). Now suppose that 22 — 3zy + y* = b*> — 3ba + a® for some integers z and y. Then (z —y)? —

y(z —y) —y* = (b — a)? — a(b — a) — a® and therefore (z — y,y) = £(Wapy1, Way) or (z —y,y) =
+ (—Wapt1, Wany2) for some n € Z by Corollary 3, where W,, = W, (a,b—a;1,1). Let (x — y,y) =
+(Wapt1, Wap). Then y = £Ws,, and  — y = £Wa,, 11, which implies that x = £(Way 11 + Wa,) =
:|:W2n+2. Let (a: — y,y) = =4 (—Wgn_;,_l, W2n+2) . Then Yy = :|:W2n+2 and © — Yy = :|:(—W2n+1). Thus
x = t(—Wapt1 + Wapga) = £Wa,. This completes the proof. O

Corollary 29. Suppose that |b®> — 3ba + a?| is prime. Then all integer solutions of the equation
22 — 32y + 3% = —(b* — 3ba + a®) are given by (x,y) = £(Wani1, Won_1) with n € Z, where W,, =
Wy(a,b—a;1,1).

By using Corollaries 1 and 2, we can give the following corollaries.

Corollary 30. Suppose that |b®> — 3ba + a?| is prime. Then all integer solutions of the equation
2?2 — 5y? = 4(b* — 3ba + a?) are given by (z,y) = £(Xon, Way) or £(—Xopn, Way,) with n € Z, where
Wy, =Wy(a,b—a;1,1) and X,, = Xp(a,b—a;1,1).

Corollary 31. Suppose that |b*> — 3ba + a?| is prime. Then all integer solutions of the equation
22 — 5y? = —4(b? — 3ba + a?) are given by (z,y) = £(Xon_1, Wan_1) or £(Xon_1,—Wan_1) with
n € Z, where W, = Wy, (a,b —a;1,1) and X,, = X,,(a,b —a;1,1).
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CONSTRUCTION OF A KERNEL DENSITY ESTIMATOR OF
ROSENBLATT-PARZEN TYPE BY CONDITIONALLY INDEPENDENT
OBSERVATIONS

ZURAB KVATADZE AND BEKNU PARJIANI

Abstract. On the probabilistic space (2, F, P), we consider the conditionally independent sequence
{X;},>1 controlled by the sequence {{;},~,. The members of {;},~, are independent, identically
distributed random variables & = bll(gl_:bl) + b2[(51:b2) + .- Jr_brI@l:br). The elements of
the sequence {X;},~, are the observations of some random variable X. Conditional distributions

P x;¢;=b;» ¢ = 1,7, have unknown densities f;(x), i = 1,7, respectively. Using observations {X;};>,
_ T
a kernel density estimator f(x) = > p;fi (z) of Rosenblatt-Parzen type is constructed, where
i=1

pi = P(&1 = b;). The accuracy of approximation of the constructed estimator to the unknown
function f (z) is established.

Distribution density estimators are intensively studied by many authors. In this paper, a non-
parametric density estimator is constructed by dependent observations. The class of conditionally
independent observations is considered. The nonparametric density estimators which have so far been
considered are constructed by independent samples.

Below we present some definitions and auxiliary facts for nonparametric estimates of a distribution
density which were constructed by independent observations.

Let the values X;, x; € R, i=1,2,..., be independent observations of some random value X; with
unknown density g (z). Various methods are available for obtaining estimators of g (x). In the works
of M. Rosenblatt and E. Parzen (see [8,9]) the estimators ofg} (x) obtained by the kernel k (z)

R (z — X;)
(x,hy) = — E kE(——
were considered, where {h,}, -, is the sequence of positive numbers such that

lim h, =0; lim nh, = oo,

n—oo n—oo
and the kernel k () is some Lebesgue-integrable Borel function. In [5,7,10], the results of [9] were
generalized by modifying the conditions on k (z) and using the observations of vectors X; € R™
(m >1).

Along with estimators of Rosenblatt-Parzen type, projection type estimators were also considered
(see [2,7]) using the spectral decomposition of the kernel k (z) with respect to the orthonormal basis of
functions. Applying smoothing functions, L. Devroye and L. Gyorfi (see [3]) constructed the adaptive
kernel estimators for densities with a finite number of discontinuity points. As a divergence measure of
the constructed estimators of g (x) some authors considered various characteristics in terms of metrics
Ly, ([3,6]); La ([7,9]) and so on.

In [7], E. Nadaraya obtained the sufficient conditions for the uniform convergence of the estimator

a n
A~ n
gn (7,a,) = " Zk (an (z — X3))

i=1

2010 Mathematics Subject Classification. 62G05, 62G07.
Key words and phrases. Conditionally independent sequence; Kernel estimate; Conditional density.
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to g (z) with probability 1. The divergence measure between g (z) and gy, (z, a,,) is the value
B [ lon (0:00) — g (@),

where {ay }n>1 is the sequence of positive numbers such that

nhﬁn;o ap =00, a,=o0(n). (1)

Definition 1. Denote by H; (s > 2; s is an even number) a set of functions k (x) satisfying the
conditions

k(—z) =k (z), /k(x)dle, sup |k (z)| < A < o0,

/J:ik:(x)dx:(), i=1,2,...,5s—1; /xsk(x)dl’#O, /rs\k(x)|dx<oo. (2)

Definition 2. Denote by W a set of functions ¢ (x) having derivatives up to the s-th order (s > 2)
inclusive, and note that ¢(*) (z) is a continuous bounded function from the class Ly (—o0, 00).

Lemma (see [7]). If the variables X;, x; € R, i = 1,2,..., are independent observations of some
random variable X with unknown density g (x), g () € Wy N La (—00,00), k() € Hy N Ly (—00, 00)
and

On 2 An
/Dgn(x,an)da?— - /k: (a:)dx—i—O(n), (3)
] Eon o) —g @Pde = a5 [ o @) a0 () (4)
hold, where {ay}n>1 is the sequence (1), and
a= / 2%k (x) dz

Let us present our result.

In practice we encounter the situation when at random moments of time the distribution of the
observed variable X changes depending on the conditions (of the controlling sequence {;},-,). This
brings about changes of the densities of observations {X;},.,. For example, in stock-exchange trans-
actions the price of some commodities changes depending on a season, though this price is fixed at
the auction. As a result, the flow of revenues due to such transactions also changes, and so on.

In such situations, to estimate the density X it is appropriate to consider dependent observations.

Here we consider the class of conditionally independent observations.

On the probability space (2, F, P), let us consider the two-component stationary (in the narrow
sense) sequence of random variables

{fi,Xi}izp (5)

where §; : Q = E, X; : Q = R™ and Z is some space.
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Definition 3. The sequence {X;},., from (4) is called a conditionally independent sequence (see [1])
controlled by the sequence {¢;},-, if for any natural n and the fixed trajectory &;,, = (&1,&2,...,&n),

the values X1, Xo,..., X, become independent and for all natural numbers 3, k, n, j1,j2,.- -,k
2<k<n;i<n;1<ji<jo<, - ,<jr <n) the equalities
P(lefXj27~~~1Xjk)|£ln = PXJ‘1|5J‘1 X ,PXn\ém Ko X PXjk|£jk’

PXilfln = PXi|§i7
are fulfilled, where P x|y is the conditional distribution of the variable X under the condition Y.

Consider the sequence (5). Let &;, i = 1,2,..., be independent, identically distributed random
variables and let

E:{blab%"wbr}; P(glzbi):pz7 ’iil,r, p1+p2++p7“:13

{Xi};>; is the conditionally independent sequence whose elements are observations of the variable
X. It is assumed that the conditional distributions Px,¢,—p,, ¢ = 1,7, have unknown densities

~ n
fi(z), i = 1,7, respectively. The sum f, (z,a,) = % Z (an (z — X;)) constructed by conditionally
T
independent observations is considered as the density estimator f () = 3 p; f; (), while the estimator

_ 2
accuracy is established by the expression v (a,) = E f [ fn(zyan) — f(x)] da.

On the fixed trajectory &, = (&1, &, ..., &) of the sequence {fi}izlv we denote by v, (1), v, (2),...,
vp, (1) the frequencies for which the first n members of the sequence adopt the values by, bo, ..., b,.

Theorem. Let us consider the sequence (5). The elements of the controlling sequence {&;};5,(& :
Q — {b1,b2,...,b.}) are independent, identically distributed values § = 3 bil(e,—p,). Assume that
i=1

for every function ¥ : = — R, for which EV (&) < oo as n — 0o, we haveithe convergence
1 n
- Y U(G) = E¥ (&) as. (6)
j=1

The elements of the conditionally independent sequence { X}, are observations of the variable X.
The conditional distributions P x, ¢, —p,, @ = 1,7, have unknown densities f;(x), i = 1,7 , respectively.
Assume f; (z) € WsN Ly (—00,00) and k (x) € HgN Lo (—00, 00). If for the frequencies v, (i), i = 1,7,

the inequalities
D(”"(’)>< S =T (7)

n

are fulfilled, then for any natural n the estimator of the density f(x) = 3 p;f; (x) is the sum

fo (2, an) = anZk (an (x — X)) (8)

and the following asymptotic equality

r

an) < (Z}M)z += [ e () dav + (Z(Ci”1/2 *pf))O(i:)

AR i=1
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is valid, where

N

M,; = Til/2 + (Cm_l/2 / 12 (z) dx)

o0

_ —2s @ (s) —2s — .
fim (o (s!)2/ ) @) de+ O(a;2)(Con ™2 4 p) i=Tor
and
o= /xsk(m)da:.

Proof. The proof of the theorem is based on the decomposition of f, (,a,) (the trajectory &,,,is
assumed to be fixed) into independent sums of random variables. For the fixed trajectory &;,, we
enumerate individually the moments of time at which the first n members of the sequence {&;},~,

take the value b;, i = 1, r, respectively,

10(i1) =0, Tn(i) = min{j|7'm_1 <j<n;§= bi}; m=1,v, (i), i=1r.

We obtain the sequence of indices

T1(4), 72(1), ... Ty, (1) i =1,r

for which the equalities

N
I
\.P—‘
5

Efrm(i) =b m= 1L, (Z),

are valid. B
When the trajectory &,,, is fixed, the sum (8) can be decomposed as follows

);

H
S
3
”'M

where

~ a .
fz'n (‘T;an) = Vnr(LZ) Z k(an (I*XTMU))) 1=1,r.

Naturally, if Vn( ) = 0, then the summand fin (z,an), i = 1,7, does not exist. Let us prove the
finiteness of Ef, (z,a,) and Df, (7,ay,). On the fixed trajectory &,,,, we represent Ef, (r,a,) as a
conditional mathematical expectation

m=1

B (a.00) = BB, (.00 6} = B{B( 320 1, e )}

i=1

In proving the theorem, we take into account that v, (i), i = 1,7, are measurable functions with
respect to the o-algebra which is generated when the probability space () is partitioned as a result
of fixing the trajectory &;,,. Therefore these functions can be taken outside the sign of mathematical
expectation. In the above equality and in the sequel we keep in mind the fact that the following
equality
EVL(Z) =P
n
is fulfilled by virtue of conditions (6), and applying condition (7), we obtain the estimator

E(V"(Z)>2 =D (Vnn(z)> + <Eynn(l))2 <n12¢ 4 p2. 9)

n
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Hence, using conditions (2), after replacing the variable under the integration sign, we see that the

following chain of equalities

(z.a,) ZE{ ' (Vj” szjk an (v — w))ﬁm)}
:’X:E{V"nZ E( L (D) & (an (v = X)) |§*m<i>)}

Vn (1)
—Zan/ (an(x —u)) fi(u) sz/ Z<atn +x)dt

—00 —0o0

is valid.
Sincef;(x) is the density and |k(t)| is bounded by the infinite constant A, we conclude that

Ef, (z,ay) is finite.
On the fixed trajectory &;,,, the sums f;, (z,a,), i = 1,7, and their constituent summands too, are

independent and the following equalities
Dfn (z,an) = E{E([fn (z,an) — Ef (:U an)]2|fln)}
2

_E{E({gyan)fzn T, an) EZV" fin (z an)} |§1n>}
N E{E<[ ,T (1) (fin (z,an) = Efin (x»an))r|€1n)}

(Vn ) )me (z,an) — Efin (z,an) } 2|§1n> }

- B Bl (2.00) ~ B ) Pler) )
r vn (i) 2
-3 E{ (unn@)?E{ > 2 0 (an (0= X)) = B (2= X, ))))} |51n}
r , U (7)
T Z E{(Vnn@f(yjygz)fE( Z: [k (an (z = Xr,(,))) = Bk (an (v — Xo, ,))))? 51")}
T +oo
=S B(=0) (55 ) [ e w) = [ -] 5w
are true. -
Using equality (9), we obtain for D fn (z,a,) the following expression:
D, (2, a,) = sz / = [ blan o= i)y (o + ).
Let us estimate u (a,). We apply Foljbmi’s th:ezorem and divide u (a,) into two parts
u(a,) = / E[fn (z,a,) — f(x)rda:
= / E[fn (z,an) — Efy (x, an)rda: + / E[Efn (z,an) — 7(1;)]2dx =1+ bs. (10)

— 00
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To estimate I, we again apply Fubini’s theorem and obtain

oo oo

b= [ Bl an) = B wan)] do = [ BB (.00) = B (.00 60} do

— 00 — 00

_E/ <[ )i an) EZ”" fin xan)r|§1n>dx
- & 7013 (= (”"ji))2[fin<x, ) = Efor (@, )}

i=1

- 5{ / Z(”“ ) (filtsn) = B 2.00) 1) .

Using equality (3) from the Lemma, we have

n- S (210) (5 [ so(2)]
- ZE{ (Vn;i))zyjf&) yka(x)dx} To (%n) §E<1/nn(i))2

i=1

— 00

) % +Ook2(x)dl’iE (Vnn(i)> +0(%n> Zl [D (unn(i)) + (Evnn(i)ﬂ.

=1

By applying inequality (9), we complete the estimation of I,

//.{2 da:Zpl—Fo( >Z(C’n_1/2+p)

“+o0
_ On 2 an —1/2 2
_ & /k (x)daﬁLo(n);(Cm ). (11)

Applying Fubini’s theorem once more and decomposing I, into two sums, we have

o0

I, = / E[Efn (z,a,) — f(x)rdx =F / {Efn (z,a,) — ?(:r)} Qdm

- ul( 7 (B .0) - T @)] asln )}

— 00

2

ofa ] (5 i) -Smsio] )

2

= E{E( 7 [i (EVHT(Z)fm (2, an) —pifi(x))} dfﬂfln)}

i=1

= E{E( 70 (i (Eynn(i) fin (x, a) _pifi(x))2

i=1
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)~ pm(a:)))(E””?f)fm(x o) = ify(@)) ol ) |

{E<_: ’“

+2Z<

’L]l

) - pifxx»?dxm)}

)~ pefi() (B

ol 23

zgl

-3 E{E ( /00 2D, (5,00) = 0] ol ) |

— o0

+2 Z { (/ [ nn(i) Efin (x,a5) *pvzfi(x)} {Vnrfj)Efjn (z,a,) pjfj(z)}dﬂfln)}_[zl .

Zjl

fin (@,an) - pjfj(r))dx|£1n> }

— 00
We decompose the sum 5 into three parts

=y J 1220 -2 ey + 2D ) i) e |

— 00

~Soefe( [ (22) 7 0 - 5ol

i=1

+ Y £{5( / (%0 5) prwten) }

DL [0 (280 Y (i 000 I ) = s

— 0o

Using equality (4) from the Lemma and the estimator (9), we obtain

=S5 (0) 8 [ 8o - e i)
2

s 2 0 T
=3 (@ 4 17 @ de ol ) @V ) = 3

where

It is not difficult to derive the estimator for the sum A,

L o
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We use the fact that the values ”"T(Z) —p;, i =1,7, as well as ”"'n(i)

, are measurable with respect to

the o-algebra generated by the fixed trajectory &;,,. By Holder’s inequality, for the summand Az, we
obtain the following estimator

ty =23 {2 () p( [ a0 - Fl@dsn ) |

S\ Tt [ (SR )
<22T: aT_L?a(;)Q/[fz(s (z )] dx + o(an ) /fi2($)d$><\/E(Vnn(l))2\/E(V"(Z)_ 1)2
<2§ anzs(z;_z O (@ )] dz + o(a 71«12 de - /Con 172\ [Con—1/2 4 p?

=23 VT (G2 [ )
i=1 %

The summation of the estimators A; As and As gives

121<Z (VT; + C’n—l/Q/f z)dz)’ Z (12)

where

M; =/Ti + Cm_l/Q/fiz( )da

Consider the sum 9o

=2y 5{s( J 12920 000 - i) [ 22 85 000 -ty )}

Z7j:1 -0
i<j

S
s
i<

The summands of this sum are estimated in the same manner as above. Let us estimate one of
them by applying Fubini’s and Holder’s theorems:

5y = 5{ 7 [ o ovn) = i8] [ By (0,00) = 3550 el ) |

— 00




CONSTRUCTION OF A KERNEL DENSITY ESTIMATOR 101

<o { b | [ 2987 G -pto 't | [ 205G 000 - o]t

<E E( /OO [Vnn(i)Efm (@, an) —pifi(x)rdﬂfln)

— 00

X E( 7 {VanJ)Ef]n (,a,) — p]fj( dx|§1n }
)
)

< E{E(]O[”"f)fffm(x,an) pifila dx&n}

— 00

* E{E(/Oo[yn;j)Efjn(%an) p;filx d:v|§1n }

— 00

Each of the obtained two multipliers is estimated like a summand of the sum I5;. Thus we obtain
the estimate B;;
B;; < M;M;.

Hence an estimator of the sum 95 has the form

Iny<2 Y MM (13)

i,j=1
1<

Thus, in view of the decomposition (10) and the derived estimators (11), (12) and (13), the theorem
is proved. O

Note that the proposed method enables one to construct density estimators for other types of
dependence of observations too, for example, when the controlling sequence {;},~; is a Markov
chain, i.e., {X;},., are observations with the chain dependence (see [4]).
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INVESTIGATION OF NONCLASSICAL TRANSMISSION PROBLEMS OF THE
THERMO-ELECTRO-MAGNETO ELASTICITY THEORY FOR COMPOSED
BODIES BY THE INTEGRAL EQUATION METHOD

MAIA MREVLISHVILI! AND DAVID NATROSHVILI!:2

Abstract. We investigate multi-field problems for complex elastic anisotropic structures when in
different adjacent components of the composed body different refined models of elasticity theory are
considered. In particular, we analyse the case when we have the generalized thermo-electro-magneto
elasticity model (GTEME model) in one region of the composed body and the generalized thermo-
elasticity model (GTE model) in the other adjacent region. This type of mechanical problem is
described mathematically by systems of partial differential equations with appropriate transmission
and boundary conditions. In the GTEME model part we have six-dimensional unknown physical
field (three components of the displacement vector, electric potential function, magnetic potential
function, and temperature distribution function), while in the GTE model part we have four- di-
mensional unknown physical field (three components of the displacement vector and temperature
distribution function). The diversity in dimensions of the interacting physical fields are taken into
consideration in mathematical formulation and analysis of the corresponding boundary-transmission
problems. We apply the potential method and the theory of pseudodifferential equations and prove
the uniqueness and existence theorems of solutions to different type boundary-transmission problems
in appropriate Sobolev spaces.

1. INTRODUCTION

Modern industrial and technological processes apply widely, on the one hand, composite materials
with complex microstructure and, on the other hand, complex composed structures consisting of
materials having essentially different physical properties (for example, piezoelectric, piezomagnetic,
hemitropic materials, two- and multi-component mixtures, nano-materials, bio-materials, and solid
structures constructed by composition of these materials, such as, e.g., Smart Materials and other
meta-materials). Therefore the investigation and analysis of mathematical models describing the
mechanical, thermal, electric, magnetic and other physical properties of such materials are of crucial
importance for both fundamental research and practical applications.

In the study of active material systems, there is significant interest in the coupling effects be-
tween elastic, electric, magnetic and thermal fields. For example, piezoelectric materials (electro-
elastic coupling) have been used as ultrasonic transducers and micro-actuators; pyroelectric materials
(thermal-electric coupling) have been applied in thermal imaging devices; piezomagnetic materials
(elastic-magnetic coupling) are pursued for health monitoring of civil structures (see [9,12,13,15,24—
32,39,45-47,50,51,53,55], and the references therein).

Although natural materials rarely show full coupling between elastic, electric, magnetic, and ther-
mal fields, some artificial materials do. In [54], it was reported that the fabrication of BaTiO3-CoFeqOy
composite had the electro-magnetic effect not existing in either constituent. Other examples of similar
complex coupling can be found in [3-6,16-18,34-36, 40,41, 48,56]. For more detailed historical and
bibliographic data see [1,7,49].

In the present paper, we investigate multi-field problems for complex elastic anisotropic structures
when in different adjacent components of the composed body different refined models of elasticity

2010 Mathematics Subject Classification. 31B10, 35B65, 35C15, 35D30, 35J47, 35J57, 35505, 47G10, 47G30, 47G40,
74E10, 74F05, 74F15, 74G30, 74G40, 74G55.

Key words and phrases. Thermo-electro-magneto-elasticity; Thermo-elasticity; Green-Lindsay’s model; Boundary
value problem; Transmission problem; Potential method; Pseudodifferential equations.
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theory are considered. In particular, we analyse the case when we have the generalized thermo-electro-
magneto elasticity model associated with Green-Lindsay’s model (GTEME model) in one region of
the composed body and the generalized thermo-elasticity model (GTE model) in the other adjacent
region. The essential feature of the generalized models under consideration is that the heat propa-
gation has a finite speed (see [2,10,11,14,19,20,49]). This type of mechanical problem is described
mathematically by systems of second order partial differential equations with appropriate transmission
and boundary conditions. In the GTEME model part we have six-dimensional unknown physical field
(three components of the displacement vector, electric potential function, magnetic potential func-
tion, and temperature distribution function), while in the GTE model part we have four- dimensional
unknown physical field (three components of the displacement vector and temperature distribution
function). Other field characteristics (e.g., mechanical stresses, electric and magnetic fields, electric
displacement vector, magnetic induction vector, heat flux vector and entropy density) can be then
determined by the gradient equations and the constitutive equations.

Note that the basic and mixed initial-boundary value problems for the GTEME theory are in-
vestigated in the monograph [7]. The transmission problems for composed elastic structures are
also studied when in all adjacent regions of piecewise homogeneous composite bodies the same type
GTEME model is considered with different material constants.

As we have already mentioned, the main goal of the present paper is investigation of the transmission
problems when in different parts of adjacent regions of piecewise homogeneous composite bodies
different models (in particular, GTEME and GTE models) are considered. The diversity in dimensions
of the interacting physical fields essentially complicates mathematical formulation and analysis of the
corresponding boundary-transmission problems. We apply the potential method and the theory of
pseudodifferential equations and prove the uniqueness and existence theorems of solutions to different
type basic boundary-transmission problems in appropriate Sobolev spaces. Properties of the layered
potentials associated with the matrix differential operators of the GTEME and GTE models and the
boundary operators generated by them are studied in [7,21,22,42], and for the readers convenience,
some results needed in our analysis are briefly presented in Appendix.

2. BAsic FIELD EQUATION AND FORMULATION OF BOUNDARY TRANSMISSION PROBLEMS

First we present the pseudo-oscillation equations of the GTEME and GTE models with correspond-
ing Green’s identities and afterwards we formulate the transmission problems. The pseudo-oscillation
equations considered in the paper are obtained from the corresponding equations of dynamics by
the Laplace transform and they contain a complex parameter 7 = o + iw. Here we investigate the
boundary-transmission problems for pseudo-oscillation equations. Solutions to the original dynamical
initial-boundary-transmission problems can be then reconstructed by the inverse Laplace transform
with respect to the parameter 7 from solutions to the pseudo-oscillation problems. The detailed
derivations of pseudo-oscillation equations from the dynamical constitutive relations can be found
in [7] and [21]. In our analysis we will use essentially the results obtained in the monograph [7] and
develop the potential method to complex boundary-transmission problems for anisotropic composed
multilayered elastic structures.

2.1. Field equations of the GTEME model and Green’s formulas. The basic linear system of
pseudo-oscillation equations for the thermo-electro-magneto-elasticity theory associated with Green-
Lindsay’s model for homogeneous solids in matrix form reads as [7]

A0y, T)U(z,7) = ®(2,7),

where U = (u1,us,u3, p,10,9)" = (u,9,¥,9)" is the sought for complex-valued vector function,
® = (®y,...,P6) " is a given vector-function, and A(9,,7) is a matrix differential operator
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A(aﬂwT) - [qu(afvT)]GXG :

[Crjk10j01 — 0T%0rk)3x3  [e1rj0jOl3x1  [@rj0501)3x1  [—(1 + voT)Arj0)l3x1
_ [*Bjklajalhxgg %jlajal ajlﬁjﬁl *(1 + 1/07') pj8j (2 1)
[—qjki10;01]1x3 a; 050, 151050 —(1 4 vo1)m;0; R
[T Ak10i]1x3 el T 0, 01000 — 72ho —7do | 46

The superscript (-)" denotes transposition operation, 7 = ¢ + iw is a complex parameter, the sum-
mation over the repeated indices is meant from 1 to 3; 9 = 0, = (01,02,03), 0; = 0/0x;. The
components of the vector function U have the following physical sense: the first three components
correspond to the elastic displacement vector u = (u1,us,us)’, the forth and fifth ones, ¢ and v
are, respectively, the electric and magnetic potentials, and the sixth component ¥ stands for the tem-
perature distribution; c,;z; are the elastic constants, e;z; are the piezoelectric constants, g;x; are the
piezomagnetic constants, s are the dielectric (permittivity) constants, s, are the magnetic perme-
ability constants, a;; are the coupling coeflicients connecting electric and magnetic fields, p; and m;
are the constants characterizing the relation between thermodynamic processes and electromagnetic
effects, A,; are the thermal strain constants, 7;; are the heat conductivity coefficients, ¢ denotes the
mass density, vg and hg are two relaxation times, dy is a constitutive coefficient. These constants
satisfy the symmetry conditions:

Crjkl = Cjrkl = Cklrj, €klj = €kjl, qklj = qkjl,

Hj = Hjky Mej = Ak Hikj = ik, Okj = Gjks Nk = Njks 750k, 1 =1,2,3. 22
From physical considerations it follows that (see, e.g., [2,14, 33,44, 49]):
Crjkt &rj §kt > 00 Eki ki, 22k Sk &G > 01 (€17 kg ER &5 > 02 €17, may € &5 > 03 1€, (2.3)
for all &; = &, € R and for all € = (£1,&,&3) € R3,
vg >0, hg>0, dorvg— hg >0, (2.4)

where dg, 01, 02, and 3 are positive constants depending on material parameters.
Due to the symmetry conditions (2.2), with the help of (2.3) one can easily derive the inequalities

Crint Crj Crt > 00 Gt Crts 295 G G = 01 €13, g e G > 62 1C12, iy Ce GG > 03| €2,
for all (x; = ¢, € C and for all ¢ = (¢1,¢z,(3) € C3,

where the over bar denotes complex conjugation. The positive definiteness of the potential energy
and the laws of thermodynamics imply that the following 8 x 8 matrix

(2.5)

[%jzhxa [ajl]3x3 [Pj]axl [Vopj]3><1
lajilaxs  [jilaxs  [mjlax1  [romjlsxa
M = [Myjlsxs = | % i i i 2.6
[MijJsxs [Pjlix3 [m;lix3 do ho (2:6)
[vopjlixs  [vomylixs  ho voho x5

is positive definite. Moreover, it follows that the matrices
AW | Drglaxs [arslaxs A@ .| do o 2.7)
akjlaxs  [Bkilaxs [y ho woho |, ,
are positive definite as well, i.e.,
5tk G G5+ ary (G + GG ) + s G G = ma (I +1C"1P) v¢',¢" e €,
do|21* + ho (21 73 + 21 22) + voho |22|* > ko (J21]* + |22]?) Vz1,29 € C,

with some positive constants x; and ks depending on the material parameters involved in matri-
ces (2.7).

Further, let us introduce the generalized stress operator 7 (0.,n,T) associated with the pseudo-
oscillation operator A(9,,7),
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T(0z,n,7) = [’E)q(aﬂw”ﬂ—) ]6><6 :

[crjkinjO]sxs  [ewrj niOilsx1  [@irj njOi)sx1  [—(1 + voT)A\rjnjlax1
L [*ejkl njé‘lhxg 751 TLjal ajl njé)l *(1 + V()T)pjnj (2 8)
[ @ik ni01], o 5 a;; ;0 Wit ;0 —(1 + vy1)mjn; ‘
[0]; 5 0 0 111 O 6x6
For a six vector U = (u, ¢, ¥, 19)T we can calculate the so-called generalized stress vector T U,
T(azv n, T) U(xa T) :(Ulj (33, T)”j (f), 02j ({E, T)nj (x)» 03j (:L’, T)nj (1’),
_ T
— Dj(x,m)n;(x), —Bj(x,m)n;(x), =Ty 'q;(z,m)n;(x)) (2.9)

Due to (2.9), the components of the stress vector have the following physical sense: the first three
components correspond to the mechanical stress vector in the theory of generalized thermo-electro-
magneto-elasticity, the forth and the fifth components correspond to the normal components of the
electric displacement vector and the magnetic induction vector, respectively, with opposite sign, and
finally, the sixth component is (—Tofl) times the normal component of the heat flux vector; here
n = (ni,ng,ng) stands for the unit normal vector to the corresponding surface element, o;; are
the components of the mechanical stress tensor, Ty is the initial reference temperature, that is the
temperature in the natural state in the absence of deformation and electromagnetic fields, D =
(D1, Do, D3) T is the electric displacement vector and B = (By, By, B3) " is the magnetic induction
vector.

Recall that £ = (B, Es, E3)" = —gradyp and H = (H;, Hy, H3)"T = —grad are electric and
magnetic fields, respectively, o;; are the components of the mechanical stress tensor, e; = 27 (9 u; +
0; uy) are the components of the mechanical strain tensor, ¢ = (¢i, ¢2,q3) " is the heat flux vector,
and the corresponding constitutive equations read as

Q

x,T) = Crjrir (2, T) + erjO1o(z, 7) + qirjO1(x, 7) — (1 + vo7) A9 (2, T),
z,7) =ejmen(r,7) = 32 0p(x, 7) — aj O (z, ) + (1 + vot)p;d(z, 7),
z,7) = qiren(z,7) — aj Op(x,7) — pupd(z, 7) + (1 + vor)m;d(z, 7),
z,7) = = Tonudd(z,7).

Let Q@ = QF be a bounded domain of R?® with a sufficiently smooth boundary S = 9Q and
0~ =R3\ Q. For simplicity, in what follows, we assume that S € C*, if not otherwise stated.

By C*(Q) we denote the subspace of functions from C*(2) whose derivatives up to the order k
are continuously extendable to S from QF; C*<(QF) denotes the subspace of functions from C*(QF)
whose kth order derivatives are Holder continuous in Q% with exponent « € (0, 1]. By Ly, Ly oc,
Lp.comps W', W) 1oes Wy comp» Hp» and By (withr >0,s €R, 1 <p<oo,1<q<o0)we denote the
Well—known Lebesgue Sobolev-Slobodetskii, Bessel potential, and Besov function spaces, respectively
(see, e.g., [37,52]). Recall that Hf = W§ = B, , H5 = Bs,, Wl = Bl , and HF = W} for any
r > 0, for any s € R, for any positive and non-integer ¢, and for any non-negative integer k.

For arbitrary vector functions

U= (ulv Uz, U3, @, 'l/), ﬂ)T € [02(6)} ¢ and U/ = (ullv ul27 uév 4,0/7 1/)/, ﬁ/)T € [02(5)]67
the following first Green identity

i
Dj(
Bj(

q;(x, T

/ [A(&c,T)U-U’ +5T(U,ﬁ)}dx - /{T(@x,n,T)U}+ {U'YdS (2.10)
Q
holds, where the central dot denotes the scalar product of two vectors in the complex vector space
CVN,ie., a-b=(a,b):= Z;\Ll a;jb; for a,b € CV, the symbols {-}* denote the one sided limits (the
trace operators) on 90F from QF, the operators A(9,, ) and T (0,,n,T) are given by (2.1) and (2.8),
respectively, and
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E(UT) = Crikl Opug Ojul. + ot? U ul + errj (O 0jul. — Ojur Opp')

+ qirj (01 Ojul. — Ojuy QYY) + 225, O1p 05" + a1 (O 059" + 059 O1')

=+ ujlﬁlﬂﬁjz{)’ =+ /\kj [Tﬁajuk — (1 + I/()T)’ﬁaju;c] — i [TW@[QO + (1 + 1/07’)19(9[@']

—my [T 9 Op + (1 + vor)9 O] 4 mju 09 8;9" + 7 (hoT + do) 9V . (2.11)
Note that Green’s formula (2.10) by a standard limiting procedure can be generalized to the Lipschitz
domains and to vector functions U € [Wi(Q)]6 with A(dy, 7)U € [Lo(Q)]° and U’ € [W4(Q)]6. Using
Green'’s first identity, we can correctly determine a generalized trace of the stress vector {T 9z, n, T)U }T

[H, 2(0Q)]8 for a function U € [W(Q)]° with A(d,,7)U € [L2(Q)]° by the following relation
(cf. [7,38,43])

T @, UY (U}, = /[A(aw) U-U 4 &.(U,T7)] da, (2.12)
Q

where U’ € [W3(2)]¢ is an arbitrary vector function. Here the symbol (-, -)sq denotes the duality

pairing of [H;l/z(ﬁﬁ)]ﬁ with [H21/2(8(2)]6 which extends the usual Ly inner product for the complex-
valued vector functions,

(4. 9)m= [ S 15(@0) 5@ dS for £, € La(ODP.

aq J=1

2.2. Field equations of the GTE model and Green’s formulas. The basic linear system of
pseudo-oscillation equations for the thermo-elasticity theory associated with Green-Lindsay’s model
for homogeneous solids in matrix form reads as (see [7,8,21-23])

A0y, T)U(z,7) = ®(2,7),

where U = (Ul,UQ,U3, 9)T = (u,9)" is a complex valued unknown vector function with
u = (u1,uz,uz)’ being the elastic displacement vector and v the temperature distribution, ® =
(@, Py, @3, P4) " is a given vector function,

[crjki0;01 — 0T%0rk)3x3  [—(L + voT)ArjO)l3x1

A7) = [Apg (O D 1= [=TAkiOil1x3 nj10;00 — 72ho —7do |, , (219)
The corresponding constitutive relations are
orj(x,7) =crjricr(z, 7) — (1 + vo7) Az, T),
gj(z,7) = —Tonuod(z,T).
The stress operator in the theory of thermo-elasticity has the form
T(0zsm,7) = [%q(aﬂc’”’ﬂ ]4><4 = [crjk[l()?ljxa;]gxg - Jr;;')z?j)(\?zjnjbﬂ 4x4 @1

and the corresponding generalized thermo-stress vector is written as

T(aivnﬂ—) U(.%‘,T) = (Ulj(xaT)nj(x)’ Ugj(.’L‘,T)nj(m%U3J‘("L‘7T)1’Lj(l‘), _T(;lqj<$77)nj($))T7

where the first three components correspond to the mechanical stress vector in the theory of generalized
thermo-elasticity and the fourth component is (—Tofl) times the normal component of the heat flux
vector; here again, n = (n1,na,ns) stands for the unit normal vector to the corresponding surface
element.

For arbitrary vector functions U = (uy,usg,us,9)’ € [CZ(Q)]4 and U' = (uj,uh,uf,d)" €

[C? (ﬁ)]4, we have Green’s first identity for the thermo-elasticity case

/ (A0, ) U U+ £,(U,T7) ] do = / (T(Daym, P)UYT - {U'}HdS, (2.15)
Q o0
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where
E(UU) i= cpjra Opuy, Ojul. + o u,ul + Nej [T 0up — (1 + Vor)ﬁm}
+ 0100 0;9" + 7 (hoT + do) 9V . (2.16)
By a standard limiting procedure, Green’s first formula (2.15) can be extended to the Lipschitz

domains and to the vector functions U € [W3 (Qﬂ4 and U’ € [W] (Q)]4 possessing the property
A0z, 1)U € [La()]",

/ [A@. ) U - U+ &, (U T dz = ({T (0 . 1)UYH, (U},
Q
Green’s first formula holds also for the exterior unbounded domain 2~ in the class of functions

decaying at infinity.

Definition 2.1. We say that a vector function U = (u1,ug,us,9)" € [W3 1,.(27)]* belongs to the
class Z.(Q7) if the components of U satisty the following decay conditions at infinity:

ui(z) = O(|z| ), Ojuk(z) = O(|z[~2),
I(z) = O(|z|72), 9;9(z) = O(|z|72), k,j=1,2,3.
Evidently, Z,(Q7) C [W3(Q7)]*
For arbitrary vector functions U = (uy,ug,u3,9)" € [CHQ)* N [C*(Q)]*NZ,(Q7) and U’ =
(u}, b, uh, 9T € [CHOQ)A N Z,(Q7) with A0y, 7)U € [Lacomp(27)]* the following Green’s first
identity for the exterior domain Q~

/[A(ax,T)U.U'+5,(U,W)]dx:— /{T(@I,n,T)U}’-{U'}’dS (2.18)

Q- o=

(2.17)

holds true. By a standard limiting procedure, Green’s formula (2.18) can be extended to the Lipschitz
domains and to the vector functions U € [W21 1OC(ST)]4 and U’ € [Wzl 1OC(Q’)]4 satisfying the decay

conditions at infinity (2.17) and possessing the property A(9,,7)U € [ngomp(Q’)]AL,

/ [A(02, T)U - U+ &(U,U") | dx = —({T (82, n, ")U}~, {U'}" ), (2.19)
o

where A(9,7) U is compactly supported and {7 (9y,n,7)U}~ € [Hz_l/2 (9)]* is the generalized trace
of the stress vector on the boundary surface S = 9Q~. Note that since the operator A(9y,7) is
strongly elliptic and A(9,,7) U has a compact support, therefore, actually, U is an analytic vector
function of the real variables (1, 22, x3) in the vicinity of infinity (in the domain Q~ \ supp A(9,,7)U)
and conditions (2.17) can be understood in the usual classical pointwise sense. Hence, the improper
integral over 2~ in formula (2.19) is convergent and well defined.

2.3. Formulation of the basic transmission problems. Here we formulate the basic transmission
problems in the classical pointwise sense and in the weak sense, when the whole space R? is divided
into two simply connected regions R? = Q1) U Q2 where QM) is a bounded domain with a smooth
boundary S and Q% is its unbounded complement, Q) = R3\ Q). We assume that the region Q)
is filled up with a material subject to the termo-electro-magneto-elasticity model, while the region
Q@) s filled up with a material subject to the thermo-elasticity model. The thermo-mechanical and
electro-magnetic characteristics, material constants, differential and boundary operators associated
with the domain Q%) for 8 = 1,2, we equip with the superscript (53).

In what follows, we assume that all unknown vector functions and the given vector functions
depend on the complex parameter 7, however, we will not show explicitly this dependence and drop
the argument 7 in the case of functions, but we will keep the argument in the differential and stress
operators.
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Definition 2.2. A vector UV = (Ul(l), ceey él))—r is called regular in the domain Q) if

U® e (¢S ncnW))e.

Similarly, a vector U(?) = (U1(2)

U@ e[t n[c?( Q@) nZ.(Q?) .

ey 152))—'— is called regular in the domain Q) if

The basic transmission problem (TD),: Find regular solutions U = (Ul(l),...,Uél))T and
U® = (Ul(z)7 o Uf))T to the equations
AN (@, 1)UV (2) =W (z), z e, (2.20)
AP0, 1) UD(z) = 2P (), 2€Q®, (2.21)
satisfying on the interface S the following transmission conditions:
U@} —{U @)} = fi(0), j=123 z€5, (2.22)
U@ —{UP @) = folw), wes, (2.23)
{TW (0, n, UM ()} = {TP (0, n, 1) UP (2)}; = Fj(x), j=1,2,3, z €S, (2.24)
{TW(@2,n, UV (@)} = (TP (00yn, 1)U (@)} = Fy(x), z €5, (2.25)
and the Dirichlet type boundary conditions
(U @)} = fi(2), j=4,5, z€S5. (2.26)

The basic transmission problem (TN),: Find regular solutions UV and U?) to equations (2.20)—
(2.21) satisfying transmission conditions (2.22)—(2.25) and the Neumann type boundary conditions

(T (0p,n, 1)UV ()} =Fj(x), j=4,5, z€S. (2.27)

Here, the differential operators AP (9., T) and generalized stress operators T (9, n,7), B =1,2, are
defined by (2.1), (2.8) and (2.13), (2.14), respectively. The data of the problems satisfy the following
inclusions: ) .

o) = (@), a0\ e [C@M)F,

3@ = (0 . )T e [c(Q@))4, supp @@ is compact,

f; €CYS), F;eC(S), j=12,...,6.
Note that the transmission conditions relate one-sided limits (traces) of similar fields: equations (2.22)
relate the components of the displacement vectors u") and u(®, equation (2.23) relates temperature

functions Uél) =91 and Uf) = 9@, equation (2.24) relates components of the mechanical stress
vectors, and finally, equation (2.25) relates normal components of the heat flux vectors. Further, equa-
tion (2.26) describes the Dirichlet conditions for the electric and magnetic potentials, while equation
(2.27) corresponds to the Neumann type boundary conditions for the prescribed normal components
of the electric displacement and magnetic induction vectors.

Remark 2.3. Note that Green’s formulas can be extended to the general Sobolev WPI(Q) spaces
with arbitrary p > 1. For example, if U® € [W}(QW)]S with A (9,, 1) UM € [Lp(Q(l))]6
and U’ € [W,, (QM))® with 1/p 4+ 1/p/ = 1, then formula (2.12) holds true due to the inclusion
{U'}+ € [B;:;//p/(aQ(l))]S = [B;Z,p(aﬂ(l))]‘; and defines the generalized trace of the stress vector
{TD (0, n, U} € [B, /P (99M)] on 900,

Similarly, if vector functions U € [VVZ}(Q(Q))]4 and U’ € [W]},(Q(Q))]4 satisfy the decay con-
ditions at infinity (2.17), and A®(9,,7)UP € [L,, Comp(Q@))r7 then formula (2.19) holds true
due to the inclusion {U’'}~ € [B;}p/,p (0922)]* and defines the generalized trace of the stress vector
(TP (0,0, U} € [By/P(00P)]* on 902

In these cases, the symbol (-, -)g denotes the duality pairing of the space [B;},/p(S)]m with the
space [B;/,Z;,(S)}m for m = 6 and m = 4, respectively.
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These generalized Green’s formulas give us possibility to formulate the transmission problems in a
week sense.

Weak formulation of the basic transmission problems (TD), and (TN),:
Find vector functions

v e WM and UP e (W, (@) NZ(QP), p>1,

satisfying the differential equations (2.20) and (2.21) in the distributional sense, transmission condi-
tions (2.22)—(2.23) and the Dirichlet type boundary condition (2.26) in the usual trace sense, trans-
mission conditions (2.24)—(2.25) and the Neumann type boundary condition (2.27) in the generalized
functional sense defined by Green’s formulas (2.12) and (2.19).

In the case of weak setting, we assume that

oW € [L,aW))°, @3 € [Lp, comp(Q2P)]*,
-1 -1 )
fi € Bpp”(S), F;€Bpg(S), j=1,2,...,6.

loc

Recall that for p = 2 we have BQiQ% (S) = H;%(S).
2.4. Formulation of the boundary-transmission problems for layered composite struc-
tures. Let us now consider a bounded elastic composite structure Q1) U Q2) with the interface SM)
and the exterior boundary S®, assuming that in the region Q(!), we have again the GTEME model
and in the region Q(® the GTE model. Evidently, 001 = M) and 9Q® = sM USSP, For z € S0P,
by n(z) we denote again the outward unit normal vector to the surfaces (¥, g =1,2.
The boundary-transmission problems in the case under consideration are formulated as follows.
We are looking for regular solutions UM = (UM ... U)T e [c1(QM))8 N [C2(QW)]E and
U® = (U1(2)7 cey f))—r € [CY Q@) N[C2(Q@)) to the corresponding differential equations (2.20)
and (2.21), respectively, satisfying the boundary-transmission conditions formulated in the problems
(TD), or (TN), on the interface S() and one of the following boundary conditions on the exterior
boundary S():
(D) Dirichlet boundary condition

(U @) = f (), «es?;
(N) Neumann boundary condition
(TP (0, 1)U (2)}F = F*(z), 2e8?;

(M) Mized type boundary conditions

UP@) =iP). zespy),

{7‘(2)(3%”’ T)U(2)(JC)}+ — F(N)(J:), = SJ(\?)7
where Sg) and Sj(\?) are non-overlapping open submanifolds, S = STDQ) U ST\?), Sg) N S](\?) =
Po= e DT P = L FDT P = ()T and FOYD = (Y EY)T

are the given vector functions from the appropriate continuous function spaces.

In the case of weak setting of the problems we look for solutions U1 € W, (QUN]6 and UP) €
(W (Q2)]* of the differential equations (2.20) and (2.21) in the distributional sense, and satisfying
the above-listed boundary and transmission conditions in the trace sense for the Dirichlet data and
in the generalized functional trace sense for the Neumann data. In this case, the data of the problem
satisfy the inclusions:

oM € [L,(aW)]°, () € [L,(Q®))*,
_1 _1

fi € Bpp? (SW), FyeByz(SM), j=1,2,...,6
1-1 _1 ]

f; € BPvPP(S(Z))7 ijk € Bpyp (;9(2))7 J=12,...,4,

1-1 ~p
BP e Byt (S5), B e Bup(Sy), j=12....4
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In what follows,we refer the above problems as (DTD),, (NTD)., (MTD),, (DTN),, (NTN),, and
(MTN),, where the first letter indicates the type of boundary conditions on the exterior boundary S,
while the next two letters indicate the type of boundary-transmission conditions on the interface S,

3. UNIQUENESS THEOREMS

Due to the linearity of the above-formulated problems, we consider the corresponding homogeneous
problems and prove the uniqueness theorems for weak solutions implying the uniqueness for regular
solutions as well. In what follows, we assume that the time relaxation parameters 1/(()1) and VSQ)

involved in the equations of the GTEME and GTE models are the same,

uél) = I/éQ) =: 1.
Theorem 3.1. Let the interface surface S be the Lipschitz one and 7 = o + iw with 0 > o, 2 0
and w € R. The basic homogeneous transmission problem (TD). has only the trivial weak solution
for p =2, while the general weak solution to the homogeneous transmission problem (TN), reads as a
pair of vectors UM = (0,0,0,b1,b2,0)" and UP = (0,0,0,0)", where by and by are arbitrary complex
constants.

Proof. Let a pair of vector functions
OO, UP) € WHQW) x (W3 (@) N Z.(2®))

be a weak solution to one of the homogeneous transmission problems listed in the theorem. For
arbitrary vector functions U’ = (u}, ub, ub, ', 9T € [Wa(QM))® and V! = (v}, v}, v5,0)T €
(W3 (2], from Green’s formulas (2.12) and (2.19), we have

(/éﬁkUﬂhﬁﬁmp:HT“N&ﬂLﬂU“4+~UﬂF757 (3.1)
Qm
/ EDUD, V) de = —({T® (0p,n, YUD} - {V'}7), (3:2)
Q)

where £ (+,-) and e? (+,-) are defined by the relations (2.11) and (2.16) respectively, with the material
constants associated with the regions Q) and Q)

EWWW T = c kl 8luk ajul + oV 72 uM Ul + e(l). (al<p<1> dyul. — djulV) oe’)

+ai ) (0 VDL~ 0,uV B + 5 9oV B0 +aly) (9N B0+ 80 VB )

+ iy oD 807 + ALY [ 050V T — (14 vor) 9D By |

—pz(l) (701 M +(1+1om)9 Mo | _ml(l) [T M+ (1+vom)9 VO |

+ ) oV G0 + 7 (W7 + dY) 9D (3.3)
EXDWUD V) = g)kl 3lu(2) 0,0l + 0 72 u® ol

A2 [ro;ul 0 — (1 +0om) 9P B0y ] + 1S 09 0,07

+7 (WP +dP) 9P 7 (3.4)

If in Green’s formulas (3.1) and (3.2) we substitute successively the vectors
(), ulD,u§”,0,0,0) 7, (0,0,0,61,0,0)", (0,0,0,0,4®,0)"
1
(0, 0,0,0,0, 0T y(1) )
T

and

1
(o o 0)", (0,0,0, ATy
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in the place of the vectors U’ and V' respectively, we get the following relations:

/ (el 0 0,u) + oM r2uMu® el 3 dyul) + gf) o dyul)
Q)

— (1 + )AL 0D dju) do = / {[TD0,n, ) UD], 3T - {ulV}FdS,

[— elr) djult) Ay O™ + % 6l<p M 9,0 oM + a(l) ) ™

Q)

~ 1+ wor)p) 9D 9™ | dar = / {ITV@,n, UM} - {pV}ds,

/ [— 4} 0;ulV 9™ + al) 81 9;9 + ) g™ 9,9 M

Q)

— (1 + wr)ym? 9V 9D ] da = / {[TW(@,n, 1)UV} - {pV}7ds,

J w7 DT 0,00 D015 -l VT30 + (11 -+ 9O

Q)
L LwT
T

/ [ é)kla u(2)3 u(z) + 9(2)72u£2)u£2) -1+ V()T)/\](fj)’ﬁ@) 8ju,(f) ]dx

Q(2)

- / (7@, n, U]}~ - {uP}dS,

/ {1407 N2 9D0;u® +(hPr + d2) 9P P] +

Q)

1 T -
LT 0003,

= — H%ﬁ /{[7(2)(3’%7)[](2)]4}— . {ﬂ(Q)}‘dS.

- 1 T
00590 b =T / (TD@,n,1)UD]g}* - {9} ds,

(3.7)

(3.8)

(3.10)

Now, if we add termwise equation (3.5), the complex conjugate of equations (3.6)—(3.8), equation
(3.9), and the complex conjugate of equation (3.10), and take into account symmetry properties (2.2)
of coefficients for both models and the homogeneous transmission and boundary conditions, we arrive

at the relation

[ {0l Gl o 2 0 010 B0
Q)
afy) (0 300 + 0300 B D) + 4y 04D 85
—2Re([p;" (1 + vo7) 9" A | — 2Re[m;” (1 + vor)9® 99|

1+
(U or) (b7 4 dg) [P 4+ 2

0y 09 9,00 } de
i / { B0 9u + 0@ T2 4 (1 -+ vor) (b7 + df) |92
Q)

1 _
+ % 77](52) AR ;92 } dr = 0.

(3.11)
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Due to the relations (2.5) and the positive definiteness of the matrix A(Y) defined in (2.7), the following
relations

ﬁfl)d a, u(_ﬁ) O u( > o 5( )855)7 (_5) 9P 9;08) > \g V9B, g=1,2
[} &d”awﬂ+ﬁ>@w”a¢l+a¢”&wm+u o™ 9]

> X[V P+ Vo2, (3.12)
hold true, where )¢ is a positive constant and V = (9, 02, 95). Using the equalities
1 2 w? 142
72— 02 — W2 4 2igw, +71/0T _ o+ vo(o? — w?) +i w(l+ 01/0),
ImI? |72

(1 + o) (BT + dS7) = a7 + voh{V |72 + (B + wod Yo + iw(wod(? — BYY)

and separating the imaginary part of relation (3.11), we find

2
o (X [ {26201 + g~ 110

B=1 (s
142 —
+ % ny o9 8,0 | dx) —0.

By inequalities (2.4) and since o > o, > 0, we conclude u;m =0and 9® =0in Q¥ g =1,2, for
w # 0. Then from (3.11) we have

/[4?&¢ 3,00 + ') (9™ 8,00 + 9,0 D)
Q)
+uy) 0D 8;9M ] da = 0,

whence, in view of the last inequality in (3.12), we find 9,0 = 0, O™ =0, 1 = 1,2,3, in QD)

Thus, if w # 0, then
u® =0, oM =b; =const, 1) =by =const, ¥ =0in QM (3.13)
u® =0, 9 =0in Q®. '

If w =0, then 7 = 0 > 0 and (3.11) can be rewritten in the form
14+ vyo —
/ { ”klalu,j)a ult 4 oM 2 uM P 4 UO n§ll)6lz9(1) 8j19(1)}dx
o)
4#/{ L0 930 + afy (@D ;00 + 90 0 D) + il ™) 80
Q)
2 (1)(1 +1v90) Re [19(1) oM ] — 2ml(1)(1 + 1v90) Re [19(1) PRUCN
+ (14 v00) (h o + d§0) |90} de
1 .
b [ {ehon? o+ o o a2 + T2 00 50| do
g
Q@
+ / {(1+z/0cr)(hf)2)a+d82)) \19(2)|2}dx:0. (3.14)

Q(2)

The integrands in the first and third integrals are nonnegative. Let us show that the integrand in
the second integral is nonnegative, as well. Introducing the following notation

C_] = j(p(l)a Cj+3 = 8g¢(1)7 <7 = _19(1)5 CS = _0-19(1)7 .7 = 152737
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and

O .= (ClaC?? e 5C8)T7

we deduce the relation
1 01pW 9500 + 0l (0™ 8,00 + 950 G D)
+ ,ug-%)ﬁlz/)(l) 8,00 — 2pl(1)(1 +v90) Re [19(1) W]
—2m®M (1 + v0) Re[9V 85D | + (1 + vo0) (B + dV) 902
= [ eV + aly) 9™ + pfD (—0) + uop<-”<— 9] ;00
+ [aﬁ) M + u;}) o™ + mgl)(—ﬁ(l)) + v m ( o 1))]W
+[p o™ + miV o w“) + d“’(—ﬁ(”) “’(—aﬁ(”)](—W)
+ otV 0™ + vom ™ 8™ 4 BN (=9 D) 4 voh{D (a9 M) (o9 D)
+ U(d(l)z/o — h) [ )2
[ D+ a Cz+3 +pj Ve + vop; )Cs)]C
+ laj, e+ Mﬂ ) Crys + m( )¢+ 1o m C8] [
+1[p DC +mz )C+3 +d(1)C7 h(l)Cs] Cr
[Vopl Ve + vom, M s+ h( Yz + Voh(l)Cs] (s
+ o (dyvo — ) [9 )2

8
= 3" Mpg¢oC, + o(ds v — h§D) [9 2

p,q=1

=MO-0+a(dVvy—n{")[9D2 > Cy |0,

with some positive constant C, due to the positive definiteness of the matrix M defined by (2.6) and
the inequality o(d h(1 ) > 0. Taking into account inequalities (2.4) and o > 0, it can be easily
checked that (14 1/00)(}7,(() )0 + dég)) is positive, hence the integrand in the forth integral in (3.14) is
also nonnegative. Therefore, from (3.14) we see that the relations (3.13) hold true for w = 0, as well.

Thus equalities (3.13) hold for arbitrary 7 = ¢ 4 iw with ¢ > o, > 0 and w € R. On the one
hand, this implies that the transmission problem (TD), possesses only the trivial weak solution,
since on the interface S due to the homogeneous boundary conditions for ¢ and ¥, we have
by = ba = 0. On the other hand, a general weak solution to the transmission problem (TN), reads
as UM = (0,0,0,b1,b2,0)" and U = (0,0,0,0)" with arbitrary complex constants b; and by. This
completes the proof. O

Theorem 3.2. Let the interface surface S, the exterior boundary S@, and the boundary curve
! = 65’1(:?) = 85'](3) be Lipschitz continuous. Let 7 = o + iw with 0 > 09 > 0 and w € R. Then the
homogeneous boundary-transmission problems (DT D)., (NTD)., and (MTD), have only the trivial
weak solutions for p = 2, while the general weak solution to the homogeneous boundary-transmission
problems (DTN),, (NTN),, and (MTN), is a pair of vector functions UV = (0,0,0,b1, by,0)" and
U@ = (0,0,0,0) ", where by and by are arbitrary complex constants.

Proof. Let a pair of vectors (U Ny (2)) be a weak solution to one of the homogeneous transmission
problems listed in the theorem. Then for arbitrary vector-functions U’ = (u},ub,u}, @', ¢, 9')7 €
(W3 (QM)]6 and V' = (v, vh,v4,0) T € [WH(Q2)]4, we have the following Green’s formulas:
[ oW e = [TO@,n U} Uy as,
Q) s
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/552)(U(2),7>dx: - /{7'(2)(8$,n,7)U(2)}’~{V’}’dS
Q2 S(1)
+ / {T®(0,,n, YUY . {V'}HdS,
S(2)

where 5&1)(-, -) and 5§2)(~, -) are defined in (3.3) and (3.4).
The arguments used in the proof of Theorem 3.1 extend mutatis mutandis to the present case and
we arrive at the relation (3.11), leading to the equalities

uM =0, ¢® =b; =const, M) =by =const, ¥V =0in QW)
u® =0, 93 =0inQ®,

where b; and bs are arbitrary complex constants. Therefore the proof of the theorem follows from the
homogeneous boundary and transmission conditions. O

4. EXISTENCE AND REGULARITY RESULTS

4.1. Existence results for the basic transmission problem (7D),. Let us consider the basic
transmission problem (TD), in the weak setting sense for the homogeneous differential equations

AN, YUV (z,7) =0, zeQb), (4.1)
A3, VU (z,7) =0, zeQ?, (4.2)
where A and A®) are defined by (2.1) and (2.13) respectively, and the sought for vectors
v =@V, o) T e @), U® =0, UP)T e W Q)] nZ.(R),
satisfy on S (see (2.22)—(2.26)) the following transmission and Dirichlet type boundary conditions:
U@y U @)} =fi(0), §=123 z€S, (4.3)
U @) = fi(e), §=45 wes, (4.4)
U @)y {Uf (@)} = fol2). z€5, (4.5)
(T (02,n, YU (@)} = {TP (00,0, U (2)}] = Fj(2),j = 1,2,3, z €5, (4.6)
(T 0y, n, VUV (@)} ¢ = {TP (0, n, NUD ()} = Fs(x), z€S, (4.7)
with p > 1 and the data satisfying the inclusions
1-1 . _%
ijBp,Pp(S)7 .7:172737475767 F17F21F37F6€Bp,p (S)v (48)
S =000 = 90?) is a sufficiently smooth surface, say S € C.

We will investigate the problem by the potential method. For the readers convenience, properties of
the layer potentials needed in our analysis are briefly presented in Appendix.

We look for the vectors UM and U® in the form of single layer potentials associated with the
operators A1) (9,,7) and A®)(9,,7) (see Appendix, formulas (5.2) and Corollary 5.4)

U0 (@) = VP%(x), 2€0®, o= (p1.....00)" € [Brg (5)]°,
UP(2) = VPy(z), 2€Q®, ¢=(r,...,0)" € [B;,E ()"

The transmission and boundary conditions (4.3)—(4.7) and properties of single layer potentials, pre-
sented in Appendix (see Theorems 5.1-5.3) lead then for ¢ and ¢ on S to the following system of
integral equations:

S

6
ST e =Y M- i = fron S, j=1,2,3, (4.9)

=1 p=1
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HS )i = faon S, (4.10)

Mo

Il
-

6
> M )51 01 = f5 on S, (4.11)
=1
6 4
ST oo — S M )ap by = foon S, (4.12)
=1 p=1
6 1 4
l; [~ 5% +’C(51)Ll Ly { Ii+K Q)LP Yp=FjonS, j=12.3, (4.13)
6 1 4
3 [f 5 1o+ icg”] Z:: [ I+ /c@)} U =Foons, (4.14)

=1

where the integral operators Hg) and /CS are associated with the single layer potentials and are
defined by (5.7) and (5.8), respectively.

To prove the unique solvability of the above system, we proceed as follows. Due to the invertibility
of the operators (see Theorem 5.3)

HY : [Bg (S Boy” (9%, HE : [Byf (S)]* = By (), (4.15)

we can introduce new unknown vector functions
1—1

1—1
h = (hh ERRE} hG)T € [BZMDP (S)]Gv 9= (gla s ag4)T € [BP»PP (S)rl’
by the relations h := [Hg)]go and g := [H(SQ)M; implying
1)7-1 2)7—
o =M h w= 1Y)
Evidently, then we have

UD (@) = VIV (HS ) h) (2) in QW) (4.16)
UB (@) = V5P (1) 9) (@) i 2, (4.17)

where [7-[5,9]‘)]_1 is the inverse to the operator Hfgj), j =1,2,in (4.15) (see Theorem 5.3). Note that
these unknown densities are, actually, the traces on S of the sought for vectors

h={UW}", g={U®}". (4.18)
By Theorem 5.3, we have
1
[TOY, (1)([7_[(51)],1 h)}+ _ (_ 51.6 i lCé”)[H(Sl)]’l h= A(Sl)+h,
_ - 1 _ _
TV 9} = (G187 ) ) 9= A0
with Steklov-Poincaré type operators (see Appendix, formulas (5.12)—(5.13))
1 _ — _
AP (= LK@V, AP = (bt @)

System (4.9)—(4.14) can be rewritten then for new unknown vectors h and g as follows

g =1 j=123, (4.19)
ha = fu, (4.20)
hs = fs, (4.21)
he — g1 = fé, (4.22)
(A ], — [AG g =y, j=1,2,3, (4.23)



INVESTIGATION OF NONCLASSICAL TRANSMISSION PROBLEMS 117

(AT h] — [AS 9], = Fs. (4.24)

As we see, the unknowns h4 and hs are uniquely defined by equations (4.20) and (4.21) and the above
system can be rewritten as

hj—g; =1, 7=123, (4.25)

he — g4 = fs, (4.26)
4

S AT b = YA i = By — AD  afa - A s fs 5 =1,2,3, (4.27)
1=1,2,3,6 =1
4

> LA o1y — Z[A(;)_hz 91 = Fs — [AY T Joafs — [AS M es f5, (4.28)
1=1,2,3,6 =1

ha = fa, (4.29)

hs = fs. (4.30)

Further, let
h = (hy, ha, hs, he) T,

-

1

F=(f1,f2 f3.f6) " € [Bpp” (S)|*, F = (F1,F2, F3,Fo)" € [Bpg (S)]*, (4.31)
Fy=F — AV fa — [AD s 5, 7 =1,2,3,6. (4.32)
From equations (4.25)—(4.30), we then get
h—g=F, (4.33)
ADTh— AP g=F, (4.34)
hy = [, (4.35)
hs = [s, (4.36)
where
AP AP e A s A e
AV = [Agibl[Agﬁbz[Agibs[AS”bﬁ
[Ag" a1 [Ag" s [Ag' Tas [ADT]gq
AP e (A e A s [AG 6o | 4,4

Finally, system (4.33)—(4.36) can be equivalently rewritten in more convenient form

h=g+f, (4.37)
hi=fi, (4.38)
hs = (439)
[AGT = A g = F, (4.40)

where F* = F — .ZSH}’VG By (S)]*

Thus, the solvability of system (4.19)—(4.24) is equivalently reduced to the solvability of the matrix
pseudodifferential equation (4.40).

Next, we prove the following lemma.

Lemma 4.1. The operator
~ _ 1—1 —1
AGT = AT By = [Bpg ) p> 1, (4.41)
is invertible.
g) and :i:%[ ) +1Cg) are elliptic pseudodifferential operators
(9)+
S

Proof. Note that the integral operators H

of order —1 and 0, respectively. This implies that A¢’~, j = 1,2, are also elliptic pseudodifferential
operators of order +1 (see [7]). More detailed analysis shows that the principal homogeneous symbol
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matrix of the operators Ag” and —Ag)_ are strongly elliptic (see [7,21]). Therefore, the operator

./Z(SlH — Ag% is a strongly elliptic pseudodifferential operator of order +1. Therefore, due to the
general theory of pseudodifferential equations on manifolds without boundary, if we show invertibility

of operator (4.41) for p = 2, then it will imply that of operator (4.41) for all p > 1.

1 1
Keeping in mind that B;f 32(S) = H2i 2(.9), we have to show the invertibility of the operator

AT =AD" ¢ H (9] [H, (S)) (442)

Using Theorem 5.5 we easily deduce the coercivity inequalities for arbitrary vector function g =

~ -~~~ 3 4
(glag27g3vg4)T € |:}122 (S)] )

1)+ ~(1) > 2
Re ((As"" +C)g.0)5 = A7y o
R _ 2@ C(2 >C ,
e (= A" +C®)g9)s = Cullal
4 }

where C(1) [HQ%(S)] — [HQ_%(S)]4 and C? : [H; (Sﬂ4 — [H, (Sﬂ4 are compact operators.
Consequently, the following coercivity inequality

Re { (A" — AT +CW 4 c)g,9)4 > C||g||[2H2 gy €= comst >0, (4.43)

1
2

holds implying that operator (4.42) is Fredholm one with zero index (see, e.g., [38, Ch. 2]).
Further, we show that the null space of operator (4.42) is trivial.

1
Let ¢ = (1, P2, 3, 4,54)T € [H; (Sﬂ4 be a solution to the homogeneous equation

[ADT — AP ]g=0 ons (4.44)
and construct the vectors
UM (z) = Vs(vl)([’}-[(sl)rl ¢)(z) in oW, (4.45)

Ua) =V (1)
o~ N\T 1
where Y= (@17@27¢3a0707@4) € [HQZ (S)]ﬁ
_1 _1
By Theorems 5.1-5.3, evidently, [’Hg)]_l p€[H,? (S)P7 [’ng)]_l pe[H,? (S)]4 and using the
mapping properties and the jump relations of the single layer potentials, we deduce:
6

?)(z) in 03, (4.46)

U e [WieW)°, U® e [Wzlloc(Q@))f‘sz(Q(?)), (4.47)
(U = (v I o) =P (] ) = o, (4.48)

(U@} ={v@PmP e} =ud (M) 9) =5 (4.49)
{TOUOYT = {TOV (P 0)} = [~ 3+ KPTHE] o= AP e, (450)
{TOU@Y = {TOVE (M 0)} = BL+KP NPT 6 =AF 6 (451)

Taking into account that [Ag)Jr(p]j = [ﬂg”@]j for j = 1,2,3, and [Ag)+<p]6 = [ﬂg”(ﬁh, from
relations (4.44)—(4.51), we conclude that the vectors defined by (4.45)—(4.46) solve the homogeneous
differential equations

AP (o, HUP) =0 in Q¥ pg=1,2,
and satisfy on S the homogeneous boundary-transmission conditions
Uy Uy =0, j=123
Uyt =0, j=45,
Uy -y =o,
{TOUWY —{TOUP} . =0, j=1,2,3,
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{T(l)U(l)}j{ —{T@Uu®}; =0,

i.e., the pair (U WU (2)) solves the homogeneous basic boundary-transmission problem (TD),. There-
fore UM = 0 in QM) and U? = 0 in Q? by the uniqueness Theorem 3.1. Consequently, p; =0,
j = 1,2,3,4, in view of (4.49) implying that the null space of the operator (4.42) is trivial which
completes the proof of the invertibility of the operators (4.42) and (4.41). O

Note that the operator 91 generated by the left hand side expressions of system (4.19)—(4.24) reads
as

M= Hgﬁ’w’”mxm =

[ 1 00 0 O 0 -1 0 0 0
0 1 0 0 O 0 0 -1 0 0
0 01 0 0 0 0 0 -1 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 000 0 1 0 0 0 ~1 (4.52)
LA A e (49 T ~ AL s
A5 an A s~ A4S ] A T2
[A(SIH]M : [«4(51)+]36 —[Ag)_]:n —[«4(52)_]34
L (A5 e A e A A T |
Therefore this system can be rewritten in matrix form as follows
M = T,
where 90 is given by (4.52), ® := (h,g)" is an unknown vector function, and ¥ is a known vector

function, v .= (flv ey f67 F17 FQ,Fg, F4)T.
The above results imply the following assertions.
Lemma 4.2. Systems of integral equations (4.9)—(4.14) and (4.19)—(4.24) are uniquely solvable in the
1 1 1 1
spaces [Bp.p (S)]6 X [Bpp (Sﬂ4 and [B;,pp (S)]G X [B;,pp (S)]4, respectively, for arbitrary right-hand
side functions satisfying conditions (4.8).

Proof. Follows from Lemma 4.1 and equivalence of systems (4.9)-(4.14), (4.19)-(4.24), and
(4.37)(4.40). O

Lemma 4.3. The operator

s invertible.

Proof. Follows from Lemmas 4.1 and 4.2 and the structure of the operator (4.52). O

_1 _1
From (4.37)—(4.40), for the solution vectors h € [B;,p”(S)}6 and g € [B;,pp(S)r, we derive the
following relations:

B = (hy, ha, hg, he) T = [APT — AP F — [ADT — AP AR, (4.53)
hy = fa, (4.54)
hs = fs, (4.55)
9= (91,92,93,90) T = [APT — AP F - [APT - AP AP (4.56)

Introduce the notation

Q= (Dt g = [AGT — AP,

R = [Rig] g = A = AZT] A,
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M [Mkj]4x4 ["2(59'1)+ _Ag)_]_l“z(,(sl)—i_’
and construct the following matrix operators
Q1 Q12 Qi3 0 0 Qi
Qo1 Qoz Qa3 0 0 Qo
0= Q31 Q32 Q33 0 0 O3y ’
0 0 0 0 0 O
0 0 0 0 0 O
| Qi Qa2 Quz 0 0 Quu | ¢
Rii Riz Riz 0 0 R
Ro1 Rz Roz 0 0 Ry
R.— | Rsr Rz2 Raz 0 0 Ray
0 0 0O 1 0 O
0 0 0O 01 o0
| Rar Raz Raz 0 0 Rus |4 ¢

The relations (4.53)-(4.56) can be rewritten then in the form
1-1 6 -1 4
h=QF —-Rf¢c [ DD (S)] , 9= QF — Mf € [ D,p (S)} ;

where F' = (ﬁl,ﬁQ,ﬁg,0,0,ﬁG) o f = (f1, f2, f3, f1, 5, f6) T, the vectors F and ]7 are defined by
(4.31)—(4.32). Consequently, from (4.16) and (4.17), we get the following representation of the solution
vectors,

U = v (] h) = VD (RS (QF = Rf)) in ), (4.57)
U@ = v (HPT " g) = vV ([HYP] ™ (OF — MF)) in Q@) (4.58)

Finally, let us formulate the following existence result.

Theorem 4.4. Let conditions (4.8) be fulfilled. Then the basic transmission problem (TD),,
(4.1)—(4.7), is uniquely solvable in the space [VVZ}(Q(U)]6 X ([WI},IOC(Q@))]4 N ZT(Q@))) forp >1

and the solution pair of vectors (U(1)7U(2)) is representable in the form of single layer potentials
(4.57)—(4.58).

Proof. The existence of a solution in the space [W;(Q(l))] ([Wpl 1oc(Q(2))]4 NZ;, (9(2))) for p >1

follows from the representation (4.57)—(4.58) and Lemmas 4.2 and 4.3. For p = 2, the solution is
unique due to Theorem 3.1. To show the uniqueness for p # 2, we proceed as follows. Let a pair

O®,0) & (W3O x (W10 2?)]) N2 for p#2

be a solution to the homogeneous basic transmission problem (TD),. Due to Corollary 5.4, U M and
U® are uniquely representable in the form of single layer potentials (4.16) and (4.17), respectively,
where the densities h and g are the traces on S of the vectors U") and U?) (see (4.18)). Therefore, in
view of the homogenous boundary-transmission conditions on S, with the help of the above-employed
arguments we arrive at the homogeneous system of equations on S (cf. (4.37)-(4.40)):

h—g=0,
h4:07
hs =0,

AL A g =0

Due to the invertibility of the operator (4.41) (see Lemma 4.1), we deduce that ¢ = 0 and h = 0 on
S implying UM = 0 in QM) and U = 0 in Q). This completes the proof. 0
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Corollary 4.5. Let S be the Lipschitz one and p = 2. Then the basic transmission problem (TD);,
(4.1)—(4.8) is uniquely solvable in the space [W;(Q(l))]G X ([V[/%JOC(Q(Q))}4 N ZT(Q(Q))) and the solu-
tion pair of vectors (UM, UP)) is representable again in the form (4.57)(4.58).

Proof. We seek for a solution again in the form of single layer potentials (4.16) and (4.17). Using the
properties of the single layer potentials presented in Theorem 5.2, the problem is then again reduced

to system (4.37)—(4.40) and the coercivity inequality (4.43) leads to the invertibility of the operator
(4.42) which completes the proof. O

We have the following regularity result.

Corollary 4.6. Let S € C™ with0 < a <o <1 and m > 2 being an integer. Further, let
fiech(S), j=1,...,6, F,Fp, F3,Fs € C*1(8), 1<k<m—1.

Then the basic transmission problem (TD)., (4.1)~(4.7), is uniquely solvable in the space [C’“"(Q(l))]G X
([Ck *(Q (2))} N ZT(Q(Q))) and the solution pair of vectors (UM, UP)) is representable again in the
form (4.57)—(4.58).

Proof. The existence of a unique weak solution representable in the form (4.57)—(4.58) follows from
Theorem 4.4. On the other hand, Lemma 4.1 implies that the strongly elliptic pseudodifferential
operator
A = AQT L [C@)] - (OS]

is invertible. This implies that solution vectors to system (4.37)-(4.40) satisfy the inclusions h €
[C*(9)]° and g € [C**(S)]*. The regularity result then follows from the representation (4.16)—
(4.17) (and from (4.57)—(4.58) as well) and the mapping properties of the single layer potentials and
the corresponding boundary operators described in Theorem 5.1. O

4.2. Existence results for the boundary-transmission problem (DTD),. In this subsection
we consider a bounded composite structure Q) U Q@ introduced in Subsection 2.4. Recall that
S is the interface between the interior domain Q) and the exterior domain Q) and S® is the
exterior boundary of the composite body. In the region Q") we have the GTEME model and in the
region O the GTE model. Evidently, 901 = $1) and 90® = M y 5@ o) = QW y O,
02 =0® U s® yUSA. For simplicity, let us assume that St §2) e ¢,

We will investigate the boundary-transmission problem (DTD), in the weak setting sense for the
homogeneous differential equations

A(j)(é)x,f) U(j)(x,T) =0, zeQW, j=1,2,

where the differential operators A (9,,7) and A (9,,7) are defined by (2.1) and (2.13) respectively,
and the sought for vectors

v® = @w®,...,uMT e WO, U® = U?,....uP)T e Wi,

satisfy on the interface S™) (see (2.22)(2.26)) the following transmission conditions:
)

u#%mngU@@»*:b<, j=123, zesV (4.59)
(U @)} = {UP @)} = folz), ze5D (4.60)
(T (8,,n, T)U<1 (@)} —A{TP(00,n, U (2)}; = Fj(x), j=1,2,3, 2S5V, (4.61)
{T“)(am ) (x)} {T( )(8 n T)U(Q) ()}, = Fs(x), z€ s (4.62)
v )(a:)}+ =fi(z), j=4,5, zeS5D, (4.63)

and on the exterior boundary S(?) the Dirichlet boundary conditions:

{UP @) = f@), j=1234 25 (4.64)
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The data of the problem satisfy the inclusions

_1 _1
fjeB;,pP(S(l))7 j:1a2a37475a6a F17F2aF3aF6€Bp,I§)(S(1))a

P _ (4.65)
f7 € Bpp” (8®), j=1,2,34.

We look for solutions U and U in the form of a linear combination of single layer potentials as-
sociated with the operators A and A and constructed by the corresponding fundamental matrices
'™ and I'® defined by (5.1), respectively:

UO (@) = Vi eW(z), «ea®, (4.66)
U () = VoW (@) + v v (x), =eq®, (4.67)

where

1 1 1 1 1 -
@ = (oY, o} ),wé LoD, o T € (B, (SW)S,

_ 1
w(l) :( (1) ¢2 bl 7’(/)41)) [BPJ}; (S(l)
1
@ = (P P, Ff), T € By

are unknown density vector functions.
The properties of single layer potentials and the boundary-transmission conditions (4.59)—(4.64)
lead to the following system of pseudodifferential equations for 1), (1) and 3.

6 4
STH e =S L o — g (VRPN = £, 5= 1,23, on SO, (4.68)
=1 p=1
6
Z [7‘[( blag) = faon SO, (4.69)
=1
6
1)
Z [Hfg<1)]5l ‘Pl = f5 on s ), (4.70)
=1
6 4
2 — 2
Z[ su) 6 <Pz Z (s<)1> lap ¥ 1) - [VSu){VgE(?))T/’(Q)}] fo on SU (4.71)
=1 p=1
6 4
1
> [- IG+ICS(1):| EREDY [ I4+KS(1)} e
2 4l 2
=1 p=1
— e ATOVE Y = Fj,  j=1,2,3, on SO, (4.72)
: 1 1) RS )
1 1 2 1
Z |:7§Ifj+ICS(1):| ® *Z |:§I4+]CS(1)} 1/)1(7)
=1 p=1
~ 5 ITOVE 6@ )4 = Fy on S, (4.73)
4
S THD L 0 + e VS MYy = f5, 5=1,2,3,4, on §@), (4.74)

S
Il
-

where ’yg(j) denote one-sided traces on S, j = 1,2. The integral operators H(Sl()j> and IC(I(]) are
associated with the single layer potentials and are defined by (5.7) and (5.8), respectively.

To prove the unique solvability of the above system, we proceed as follows. Due to the invertibility
of the operators

_1 1-1
HO < (B p (S — [By " (SD),
-1 . 1—1 . )
HE) 2 [Bpg (SO = [Byp” (SO, j=12,
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we can introduce new unknown vector functions

_ 1
WO = (P, BT € (B (SIS,

S
1 1 1-1
g = (g, gi)T € [Byy” (S,
2 1—;
92 = (g, .. 9T € [Bpy” (SO,

by the relations
= [7-[(1) ]’1h(1)7 p = [H(Q) ]’19(1)’ »®@ = [7_[(2) ]’19(2).

S) S) S(2)
Then
U (z) = Vs(<11)>([Hg&)]ilh(l))(gﬁ)’ z e,
U(Q)(JU) = Vs(?l))([%g)l)]_lg(l))(x) + Vs((22)> ([H§l>]_1g(2))(x), z €,
and system (4.68)—(4. 74) can be rewritten as follows
hg'l) (1) [75(1>{ L) ([H(s%)x]_lgm)}]j =fj, j=1,2,3, on s, (4.75)
) = f4on SO, (4.76)
hél) = f5 on SW, (4.77)
h(l) (1) [VS(U{ s<2>([HE¢,2<)2>]719(2))}]4 = fo on S, (4.78)
4
_ —1
Z (A 1, = 30 AT, 087 = s {TOVa (el ] 9™}, = B, (4.79)
=1 p=1
j=1,2,3, on SM
6 4
S AT b = 3 [AZ T, ) — [ TEVE (2] 9}, = Foon SO, (450)
=1 p=1
67 + Dk (Ve (Mg ] )}, = £, 5=1,2,3,4, on 5%, (4.81)

where A(l()lj_ and A2 s(1y are the Steklov-Poincaré type operators associated with the interface manifold
S (see Appendix, formulas (5.12)—(5.13))
1)+ 1 — 2)— 2 —
A(s<)1) = ( IG + ’Csm) [qu)l)] . A(s<)1) = ( Iy + Ks(l)) [Hg()u] .
Note that the traces of the potentlals
(2 2) 1—1 2) 2) 1—1 2) -1
Vs {Vs@)) ([wa)m] g® )} Vs {T(2 Vé@) ([Hg()2>] (2))} 75(2) {Vs((m ([H(s<)1>] 9(1))}’ (4.82)

are smoothing operators, since S and S are disjoint surfaces, S N §2) =
Therefore the operator © generated by the left-hand side expressions in System (4.75)—(4.81) can
be written as follows:

0= ||©7€j||14><14 =N+ L, (4.83)
with
m [0]10x4
N =[Nl gn14 = [0]ax10 I4X ;

14x14
where the operator 9 = [My,]10x10 is given by (4.52) with S for S, I, = [0kjlaxa is the unit
matrix, and £ = [£x;]14x14 is infinitely smoothing operator generated by the summands of system
(4.75)—(4.81) involving operators (4.82).

For the 14-dimensional unknown vector function ® and for the known vector function ¥ constructed
by the transmission and boundary data, we introduce the following notation:

= (b, g0, ¢ ex,,
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* * * %\ |
U= (f17 f27 f37 f47 f57 fﬁu F17 F27 F37 F67 f17 f27 f37 f4) EYpa

where

1—1 1—1
Xp = [Bm)p(s(l))]lo X [Bpp® (5(2))]47

1
=5

Yy = [Byy” (SU)]0 x [By g (SW)] x [By,* (S,
The system of equations (4.75)—(4.81) can be then rewritten in the matrix form
DO =10, ie, (N+L)0=10.

Evidently, we have the following mapping properties

N:X, =Y, (4.84)
£:X, =Y, (4.85)
Now we prove the following
Lemma 4.7. The operator
N+L£:X, =Y, (4.86)

18 invertible.

Proof. Note that operator (4.85) is compact due to the above mentioned smoothing property of the
operator £. On the other hand, in view of Lemma 4.3 and relation (4.83), we conclude that the
operator (4.84) is invertible. Therefore operator (4.86) is the Fredholm one with zero index. Let us
show that the null-space of the operator (4.86) is trivial which will complete the proof. To this end, let

us assume that ® = (E(l), g, ﬁ(z))T € X, is a solution to the homogeneous equation (‘ﬁ+ S)CI) =0.
Then in accordance with relations (4.75)-(4.81) the pair of vector functions

U(l)(x) = V;ag<11)>([Hglgnrlﬁ(l))(x)’ x e Q(l)’

U(Z)(x) = Vs(?%([?'[(s%)l)} _1§(1))(5‘7) + V55<22?> ([H(;()zv] _15(2))(33)7 zeQ®,

solve the homogeneous boundary-transmission problem (DTD),. Therefore U M =0 in QM and
U® =0 in Q® by the uniqueness Theorem 3.2. Using the continuity property of the single layer
potentials across the integration surface and the uniqueness theorems for the interior and exterior

Dirichlet problems for the operators AY)(9,,7), j = 1,2, we deduce that Vé(ll)) ([’H(Sl()l)] 71};(1)) () =0

and VS('<21)) ([’Hg()l)] 71@7(1))(:0) + Vs('<22‘)> ([Hgl)]flﬁ(m)(x) = 0 in the whole space R? (see, [7, Theorems
2.25 and 2.26]). By the jump relations presented in Theorem 5.3, we finally conclude that A(!) = 0 on
SM 51 =00on SN, and g = 0 on S, which completes the proof. O

This lemma implies directly the following assertion.

Lemma 4.8. Let conditions (4.65) be satisfied with p > 1. The systems of pseudodifferential equations
(4.68)—(4.74) and (4.75)—(4.81) be uniquely solvable in appropriate function spaces for arbitrary right-
hand side functions.

We now can prove the existence and regularity theorems of solutions to the problem (DT D).

Theorem 4.9. Let conditions (4.65) be satisfied with p > 1. Then the boundary-transmission problem
(DT D), is uniquely solvable in the spaces [Wi(QW)]S x [W2(Q@))* and the solution vectors UW,
j =1,2, are representable in the form of a linear combination of single layer potentials (4.66)—(4.67),
where the density vectors o) € [Bp g (SM)]S, v € [By g (SI]* and v € [By g (S@))* are
defined from the uniquely solvable system of pseudodifferential equations (4.68)—(4.74).

Proof. Is word for word similar to that of Theorem 4.4. O
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Corollary 4.10. Let SM, S@ ¢ 0™ with 0 < o < o/ < 1 and m > 2 being an integer. Further,
let

fj S Ck’a(s(l)), ] = 1,. .. 76, F17F2,F3,F6 S Ck_l’a(S(l)),
frech(s®), j=1,....4, 1<k<m-—1.

Then the transmission problem (DTD), is uniquely solvable in the space [C* (Q(l))]6 X [C’k’O‘(Q(Q))]4
and the solution pair of vectors (UM, U®?)) is representable in the form (4.66)—(4.67).

Proof. Is word for word similar to that of Corollary 4.6. g

5. APPENDIX

Here we collect some results from references [7,21], and [22] which are employed in the main text
of the present paper.

Fundamental matrices T'V)(z, 7) of the operators AU)(,,7), j = 1,2, can be constructed with the
help of the Fourier transform

T (e, r) = Fo2, [(A9 (=i, 7)) 7], (5.1)

where (AV)(—i 5,7))71 is the matrix inverse to A(—¢&,7), and F,,¢ and ]:f;lx denote the direct
and inverse distributional Fourier transforms in the space of tempered distributions which for regular
summable functions f and g read as follows

Foell) = [ fayevsan, F2lo)= s [at©e v as
R3

R3

where z = (21, 72, 23) and § = (1,2, 83).
These fundamental matrices solve the following distributional equations

A9, )T (z,7) = TV §(x),

where I() = I and I(® = I, are 6 x 6 and 4 x 4 unit matrices and §(x) is Dirac’s distribution.
The entries of the matrices '™ (z, 7) and I'®)(z, 7) in the vicinity of the origin have the property

Wp oy [ 1O 55 (O]
He) { OMhxs Oz }

@) (g 7) = [O(z[]sx3  [O(1)]3x1
e = | G o |,

while at infinity they have the following asymptotic behaviour

O(lz[72)  O(|z|7°)  O(|lz|™®) O(lz[72)  O(|z[7%)  O(|x|™*)
O(lz[7°)  O(|z|7%)  O(lx|™®) O(l2[72)  O(|z[7%)  O(|x|™)
PO (3, 7) = O(lz[7°)  O(|z|7%)  O(|lx|7%)  O(l2[)  O(|2[7%)  O(|x|™*)
’ O(lz|=%)  O(z|7%)  O(|=[7%)  O(|lz[7})  O(l=|7})  O(|=|7?) ’
O(lz|=%)  O(lz|™%)  O(|=[7%)  O(|lz[7})  O(=|7})  O(|z|7?)
L O(2z[™) O(lz[7h) O(lz7)  O(2|7%)  O(l=[72)  O(|z7%) [,
O(lz[72)  O(|z[7°)  O(|z|7®)  O(l«|™)
O (g, 7) = Olz|=>)  O(x|7%)  O(|=[7°)  O(|=[)
’ O(lz[~°)  O(|z[7°)  O(|z|7%)  O(l=|™*)
L O(z[™)  O(lz[7Y) O(j=7)  O(=I7?) ],,,

Let Q = QF be a bounded domain with a simply connected boundary S = 90t and Q= =R3\ Q.
Introduce the generalized single layer potentials

VO (gD)(z) = /I‘(j)(x —y,7) gD (y)dS,, j=1,2, zeR>\S, (5.2)
S
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(1) (1))T

g =(g1",..., 95 @ ohT

and ¢(® = =(g9y”,...,95) " are the density vector functions defined on S.

Theorem 5.1. Let S € Cm’a/, O<a<a’"<1l, andletm > 1 and k < m — 1 be nonnegative
integers. Then the operators

Vg s ek es) = (oM @),

Ve [CRe(s))t = [oF e @E))4,

are continuous.
For any g € [C%(8)]° and g € [C%(S)]*, and for any = € S, the following jumyp relations

(V& (g @)F = 1Y 9O (a), (5.3)
(TO (B, n(2),7) VD (gW) (@)} = [F27 s + K§) gD (@), (5.4)
V& (g @)F = 1Y 9@ (), (5.5)
(T (B, n(2), 7) VS (¢@) (@)} = [F27 L + K5 ] 9P () (5.6)
hold, where
H(Sj) g(j)(x) = /F(j)(x — y,T)g(j)(y) dS,, z €S, j=1,2, (5.7)
S
KY g9 (x) = / [TD(0,,n(z),r) T (& —y,7)] gV (y)dS,, x €8, j=1,2 (5.8)
S
The following operators
Hy 2 [CRAS) = RO, MG O @) s O, (5.9)

S [CM2 () =[O (9)°, kS [CM2(9) = [0 ()
are continuous. Moreover, the operators (5.9) are invertible.

Theorem 5.2. Let S be a Lipschitz surface. The operators Vs(j), ’Hg), and ICg), j=1,2, defined by
(5.2), (5.7), and (5.8), can be extended to the continuous mappings

v [Hy 2(9)]° = [H3 @) VEY s [Hy 2(9)])° = [H (2],
v s [H (9] = (RO, v [Hy 2(9)] 5 [ e (2] N Z(00).
HY ¢ Hy2S) = [HE ), K [Hy 2(8)0 = [Hy 2(S))F,
HP o H () = HE S, KD [Hy *(S)]* = [Hy *(S)]*
Moreover, the operators
HO H () - HE(S),  HP : [Hy 2(S) — [HE (),

are invertible.



Theorem 5.3. Let s e R, 1 <p<oo0,1<¢qg< o0, SeC™.
7 =1,2, can be extended to the following continuous operators
s+1+1

v

vy

My
kg

The operators

are invertible.
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(B}, (S)]° = [Hp

By, (S)° = [Byy
[B;,(S)]* — [Hy 7
By ,(S)) = [Byy
[H3(S)]° — [Hy 1 (S)]°
[H3(S))° — [Hy(S)]°
[H3(S))* — [H3H(9))*
[H3(S)1* — [Hy(S))*

- [Hp, loc (Q )]6 :|’

The operators V.

s+1+4

© o (B3, (9)1° |,
to B
L (B (9] ]

For s > —1 the jump relations (5.3)—~(5.6) remain valid in appropriate function spaces.

36R7 p>1a QZL
seER, p>1, g>1,
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(J) H(]), and Kg),

Corollary 5.4. Let s e R, 1 < p < oo, § € C®. Arbitrary solutions to the homogeneous equations
AV, UM =0 in Q, UW e W), p>1,

and

Further, let us introduce the Steklov-Poincaré type operators

hold, where

AP0, U =0 in Q, U e W, p>1,
are uniquely representable in the form

U0 = v ()
U® =V (M) g®) with ¢* = (U}
The representations (5.10) and (5.11) hold true for Lipschitz domain Q and p = 2.

ADE = (2 g+ ) MY

Ag)i :

AR @) — {7'<2>(8m,n(x),7) Ve

Theorem 5.5. Let S be a Lipschitz surface and 7 = o + iw with 0 > 0 and w € R.
Then for all g™V €

[H3(S))° and g

Re (£ AL + ¢y

Re ((+ AD* 4 ¢?)g®@

g(l)) with g

= (72 LK) ]

which are related to the single layer potentials by the relations

ADE GO = {T<1>(ax,n(x),f) Ve

— (UD€ [Byy? (0,

1

1

V()
D[]y

1
€ [HF (S)]*, the coercivity inequalities
gMs=CillgV1? .

[HQ( e

9®s 2 Callg®?

[H2 ()14

€ [By," (02)]".

(5.10)
(5.11)

(5.12)

(5.13)
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are compact operators and C;, j = 1,2, are positive constants.
The operators

AD™ L [HE () - [Hy 2 (S))F,
ADE L [HE ()] - [Hy 2 (9)])*,

are invertible, while

18

1 1 1
AGT : [HE (9)]° — [Hy * (9))°
the Fredholm one of index zero with the null space spanned over the vectors

oM =(0,0,0,1,0,0)", ¥ =(0,0,0,0,1,0)". (5.14)

Theorem 5.6. Letse R, 1 <p<oo,1<qg< 00, §e€C>®. The operators

AP BRI = B sER p>1, g2,
AP BIB9S, sER, p>1, g>1,

are invertible, while the operator

8

AT BON S B 8) seR p>1 g2,

Fredholm of zero index with a two-dimensional null space spanned over the vectors (5.14).
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ALMOST BICOMPLEX STRUCTURES

IBRAHIM SENER

Abstract. Bicomplex numbers exist in real 4n-dimensions like quaternions. Also, quaternions are,
as is known, associated to some tensorial structures defined in 4n-dimensions, called almost quater-
nionic structures. In this paper we search the presence of such structures, which we call (almost)
bicomplex structures, associated to bicomplex numbers. However, we can see that bicomplex num-
bers don’t present a relation with the (almost) bicomplex structures because bicomplex numbers
can be defined only in 4n-dimensions even though 2n-dimensions are sufficient to define the almost
bicomplex structures. Two examples for 4- and 6-dimensions show clearly this result. Finally, the
integrability conditions for these structures are investigated.

1. INTRODUCTION

Hypercomplex numbers [4,16] or division algebras [3] are of great importance in physics. Of course,
quaternions play a pioneer role in this sense, i.e., the solutions of the SU(2) Yang-Mills theory [1]. As
is well known, the generators of the group SU(2), that is, the Pauli matrices, present a quaternionic
structure and therefore the SU(2)-valued gauge potentials (or connections) are indeed quaternions (or
quaternion valued 1-forms). Other kind of these numbers is known as bicomplex numbers existing in
the real 4n-dimensions [14,15], and the system of bicomplex numbers is the first non-trivial Clifford
commutative [2] complex.

For similar to the quaternions and corresponding (almost) quaternionic structures there arises the
question: are there some tensorial structures associated to the bicomplex numbers? In this paper we
search an answer to this question. Our result is that bicomplex numbers aren’t associated to any
tensorial structures like quaternions. So, bicomplex numbers can be defined only in 4n-dimensions
even though 2n-dimensions are sufficient to define the (almost) bicomplex structures defined in this
paper. The reason of this result is via Proposition 4.1 given by Obata [13] and Theorem 4.2 by
Hoffmann and Kunze [6]. The bicomplex structures are easily seen in 4— and 6-dimensions in this
paper. Finally, the integrability conditions for these structures are investigated.

2. BicoMPLEX NUMBERS

Consider complex numbers field C with imaginary unit ¢ = +/—1. Let j = +/—1 be another
imaginary unit satisfying commutative product rule ¢j = ji = k. Given a set of R-linear tensor
products B = C ®g C = R*. Therefore, an element of this space is called a bicomplex number and is
written as

g=2'+j2%, 2.22€C, or
q= (" +ix?®) +j(z® +ix?), ' 2% 2% 2" €R.
Bicomplex numbers have the following multiplication rules:
ij=ji=k, ik=ki=—j, jk=kj=—i, k®=+1
and the addition and subtraction operations are like in the real and complex numbers fields. Also,
the zero and unit (or identity) elements of the bicomplex numbers are
Og =(0 +0) + (0 + ¢0) = 0,
1g =(1 +10) 4 j(0 +140) = 1.

2010 Mathematics Subject Classification. 17A35, 53C15.
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There is an important difference between C and B: as the complex numbers form a field, the bicomplex
numbers don’t, since they contain the divisors of zero, i.e.,

(L+12j)(1 —j) = (1 —2j) (1 +14j) = 0.
Therefore bicomplex numbers space B is a commutative ring with unit and its algebraic properties
can be seen in [14].

There are three conjugations in bicomplex numbers. Here, (8) denotes the complex conjugation
in the complex numbers field C. Then, Vz1, 2o € C, we have the following 4, j and ij conjugations,
respectively:

q=z+jz, ¢ =z'-jt " =zn-jn,

Moduli in the bicomplex numbers are defined for two bicomplex numbers w = z' +22j = 2! +-iz? +
jx® +ijz* in two ways as real B x B — R and complex B x B — C. They are written, respectively,
as follows:

lwl* =(z)? + (2%)* + (%) + (2)?,

lwlf =w*w = (1) + (*)*.
More details of the algebra of these numbers and the analysis of bicomplex holomorphic functions can
be found in Refs. [2,14,15].

3. SOME TENSORIAL STRUCTURE ON MANIFOLDS

Let M be a smooth manifold of real even n-dimensions. If we write a smooth tensorial field I of
rank (1,1) on this manifold satisfying the relation

I% =,
where I is the identity matrix and e is {—1,+1}, then we say that I is
e an almost complex structure for e = —1, or

e an almost product structure for e = +1.

Definition 3.1. Given three smooth tensorial fields Iy, I, I3 of rank (1,1) on an even dimensional
manifold M which satisfy the following rules:
IF=ql, II=el I?=el,
Ly = el I = —e3l3,
I31y = elol3 = —e1 17,
LIz = el3ly = —eals,
where
€ — €1€9€3.
Therefore we mention the following cases from Ref. [7]:
L. If ¢ = e = e3 = —1, then the triplet (I1, I5, I3) is called an almost quaternionic structure,
IL. If €1 = e = —1 and €3 = +1, we will say that the triplet (11, I2,I3) is an almost bicomplex

structure,
ITI. If €; = €3 = €3 = +1, then the triplet (I1, I2) is called an almost product structure.

If we denote the local coordinates on the manifold M by {z#} = (2%, y") € R*", wherei,j = 1,...,n,
then the acting of an almost complex structure on their local coordinate bases is written as

1(8 7] 0 0

8xl) oyt’ (ay’) Ox?

Then, we can show the almost complex structure I on R?" by a block matrix (or canonical) represen-
tation such that
0 I
I — nXxXn ,
(_ann 0 )

where I,,x, and O are the unit and zero n X n matrices, respectively.
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4. ALMOST BICOMPLEX STRUCTURE

The Case II that we call bicomplex structure was handle by Hsu [7] and Liberman [11]. The mutual
point of these authors is that this structure is considered as the distribution of a tangent bundle on a
4n-dimensional manifold, since this structure is handled in the perspective of an almost quaternionic
structure. If there exists a pair of two complex structures (I, J) commuting each other, K = IJ = JI,
then we call it the almost bicomplex structure to the triple (I,J, K). Our claim mentioned above
is whether this structure is associated to bicomplex numbers. Therefore, first we have to present
Obata’ s proposition.

Proposition 4.1 (Obata [13]). Let J € GL(n,C) be a non-singular complex matriz such that

J=A+iB,
where A, B € GL(n,R). Then the correspondence
= A B
J—=J= <—B A) € GL(2n,R)

is an isomorphism. The matriz J is commutated by a matriz, independent of n odd or even such that

nXxXn O

= <_H° H”X”) € GL(2n,R),

s0
1J=JI.
If A is unitary, B is orthogonal, and vice versa.

Since an almost complex structure is a diagonalizable matrix, Hoffman and Kunze’ s theorem is
valid.

Theorem 4.2 (Hoffman-Kunze [6]). A set of commuting diagonalizable matrices are simultaneously
diagonalizable.

Therefore, we can say that the matrix J is also a diagonalizable matrix, and so we have the following

Corollary 4.3. Let I and J be two almost complex structures commuting each other on a smooth
manifold of real 2n-dimensions, hence

IJ=JI=K, IK=KI=-J, JK=KJ=-I, K?=+ls,xon. (1)
Therefore, if the n x n matrices A and B satisfy the relations
AB + BA =0,,«p,
A? = B? = —Iixn,

then I,J, K are constructed as independent of n odd or even as follows:

(0 In (A B _(-B A
(e ) (B ) (B A e

For this result we can give two examples in 4- and 6-dimensions to this result. In 4-dimensions,
with respect to equation (2), we get

0O 0 1 0 0O 0 0 p 0O —p 0 0
lo o0 01 o 0o p o |=p 0 0 o
I= -1 0 0 0o}’ S = 0O —-p 0 0]’ K= 0 0 0 —-p|’ (3)
0 -1 0 0 —p 0 0 0 0 0 —p 0
where p? = 1. On the other hand, in 6-dimensions, we have
0 0 0 1 0 O 0 0 s 0 0 0 0 0 0 0 0 s
0 0 0 0O 1 0 0 0 0 0 qg O 0 —gq 0 0 0 0
0 0 0 0O 0 1 -5 0 0 0 0 0 0 0 0 -5 0 0
I'= —1 0 0 0O 0 O I = 0 0 0 0 0 s K= 0 0 —s 0 0 ol’ ()
0 —1 0 0O 0 O 0 —q 0 0 0 0 0 0 0 0 —q 0
0 0 -1 0 0 O 0 0 0 —s 0 O s 0 0 0 0 0
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where ¢° = s? = 1.

5. INTEGRABILITY OF ALMOST BICOMPLEX STRUCTURES

In this paper, we use the following geometrical preliminaries . Let M be a smooth manifold of real

even dimensions n with local coordinates {z*} € R™, (u=1,...,n). Given a connection on a tangent
bundle TM by the map V : C*°(TM) — A (T M) together with the covariant derivative
V=d+][,],

where I' € AY(End(T'M)) is the 1-form connection and d is an exterior derivative operator. The
curvature of this connection is

R=VI =dl' + T AT € A*(End(TM)).

Suppose that let M be an almost complex manifold with the almost complex structure I. Given
two vector fields X,Y on this manifold. The torsion tensor of the almost complex structure I, called
also Nijenhuis tensor, is defined as follows:

Ni(X,Y) =[II)(X,Y) = 2{[IX,IY] — [X,Y] - I[X,IY] - I[IX,Y]},

where [X,Y] = X(Y) — Y(X) is the Lie bracket.

Kobayashi and Nomizu [10] say that every almost complex manifold M admits an almost complex
affine connection such that its torsion 7" is given by N = 8T, where N is the torsion of the almost
complex structure I on M. Then, an almost complex structure is said to be integrable, dI = 0, if its
torsion vanishes (N = 0) and is parallel, VI = 0, with respect to the connection V. Thus a complex
structure on R"=2?™ is equivalent to a torsion-free GL(m, C)-structure [8].

Definition 5.1. Let I; and Iy be two tensor fields of (1,1) type on an even dimensional manifold
satisfying 112 = e, I22 = eIl and I1 15 = el3 for some constants €, €1, €. They are covariant constant
tensors with respect to the connection V if

VI, =0, VIp=0, (alsoVI3=0).
Thus V is called the (I3, Is)-connection (and, consequently, I3-connection in view of I = e3l3).

Suppose for a short time that we have an almost quaternionic structure induced by three almost
complex structures Iy, I, I3 such that I1Io = —IoI; = I3. The integrability conditions of the almost
quaternionic structures are shortly given by six vanishing Lie brackets [I;,I;] =0, (i,j = 1,2,3) and
vanishing curvature tensor of symmetric affine connection, that is, Levi-Civita, [12,17]. Indeed, we
can generalize this for a unique almost complex structure by the following

Theorem 5.2. Let I be an almost complex structure which is a tensor field of (1,1) type on a
manifold. If this tensor field (or almost complex structure) is parallel with respect to a connection V
on this manifold, i.e., VI = 0, then this connection is likewise flat.

Proof. Let V =d + [I',] be the covariant derivative of the connection V. If VI = 0, then dI +T'I —
IT' = 0. The exterior derivative of this expression reads as RI = IR, where R = dI' + ' AT is the
curvature of the connection. Also, we can write R = I "'RI = I"'IR = £R from I? = +I. Therefore,

if I? = —I, then the curvature of a connection, compatible by (or parallel to) almost complex structure
I, is flat: R =0. O

From all the above and Theorem 5.2, we can give for the integrability of almost complex structure
the following

Corollary 5.3. An almost complex manifold M admits a torsion free almost complex affine connection
if and only if an almost complex structure has no torsion [10]. On an almost complex manifold there
exists an affine connection whose almost complex structure is a covariant constant [5,13], and any
connection which is compatible by this almost complex structure is flat.
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We have defined the almost bicomplex structure for two almost complex structures I and J in real
2n-dimensions which commute each other as follows:

IJ=JI=K, IK=KI=—J, JK=KJ=-I, K2==+ly ..

One can easily see from Definition 5.1 that the almost bicomplex structure (I,J) is parallel with
respect to an affine connection on the manifold. As a natural consequence, K = IJ = JI is also
parallel with respect to the same connection. When this connection is symmetric, that is, Levi Civita,
this almost bicomplex structure is integrable.

On the other hand, in order to investigate another integrability condition of this structure we need
the Lie brackets [I, J], [I, K], [J, K] and [K, K] as well as the Nijenhuis tensors [I, I] and [J, J] of the
almost complex structures I and J. Therefore, we consider the following proposition due to Kobayashi
and Nomizu.

Proposition 5.4 (Kobayashi [9]). Let A and B be tensor fields of type (1,1) and X, Y € T'(M) vector
fields on the manifold M. Set

S(X,Y)=[P,QI(X,Y) =[PX,QY] + [QX,PY] — P[X,QY] — P[QX,Y]
- Q[X7 PY] - Q[PXvY] + (PQ + QP)[X7 Y]
Then the mapping S : T(M)xT(M) — T'(M) is a skew-symmetric tensor field of type (1,2), S(X,Y) =
-S(Y, X).

Using Proposition 5.4 and following [17], we investigate the integrability properties of almost bi-
complex structures. Similar theorems were obtained for almost quaternionic manifolds by Yano [17].
On the other hand, we write the following relation:

[P,QR](X,Y) =[PX,QRY] + [QRX, PY] — P([X,QRY] + [QRX,Y])
—QR([X,PY]+[PX,Y]) — (PQR+ QRP)[X,Y]. (5)

i) If we choose P = @Q = I and R = J, considering the commutation relation IJ = K from the
equation (5), we get

[, K|(X,Y) = I, J](X,Y) + %([LIKJX,Y) + [ 1](X, JY)).

Similarly, for P =@ = J and R = I, we have
[ K|(X,Y)=JJI|(X,Y) + %([J, JIIX,Y) + [J,J(X,IY]).
Therefore, if [I,1] = 0, then
I, K)(X,Y) = [I,1J)(X,Y) = I|I, J)(X,Y), (6)
and if [J, J] = 0, then
[J,K|(X,Y)=[JJI|(X,Y) =J[JI|(X,Y), (7)
ii) If we choose P =1, Q = J and R = K, we get
—[LNOX,)Y) = [JJ(X,Y)=[I,JJ(KX,Y)+ [, J(X,KY)
+I[J,K|(X,Y)+ J[I,K|(X,Y)
If [I,I] = 0 and [J, J] = 0 simultaneously, because of equations (6) and (7), then we get
(1, JJ(KX,Y) + I, J](X,KY) = 0,
or shortly,
[I,J=[JI|=[K,K]=1IJ]—-JI =K —-K =0.

Then we can see that the almost complex structures I and J must simultaneously be integrable. Thus,
we have following theorem:
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Theorem 5.5. If I and J are two almost complex structures on a smooth manifold of real 2n-
dimensions which commute each other, IJ = JI = K, then I, J and K must simultaneously be
integrable as follows:

[IaI]:[Jv*]]ZOa [Iv*]]:[JaI]:[K7K]:07 [IvK]:[JaK}:O
6. CONCLUSION

When one compares quaternions and bicomplex numbers handled in this paper, although these
numbers live in the real 4n dimensions, the associated almost complex structures to these numbers
behave different concept. So, almost quaternionic structure has to be defined in 4n-dimensions, but
any even dimension is sufficient for the almost bicomplex structure because of Proposition 4.1 given
by Obata [13] and Theorem 4.2 by Hoffmann and Kunze [6]. This means that the almost bicomplex
structures in the concept of this paper don’t relate to the bicomplex numbers. In the quaternions two
anticommuting almost complex structures induce the third almost complex structure, however, two
commuting almost complex structures cannot induce a third almost complex structure. As is shown
from equation (1), if I and J are two almost complex structures having commutations relationship
IJ =JI = K, then K? = +1I, that is K isn’t an almost complex structure. Thus the triplet (I, J, K)
cannot be associated to the bicomplex numbers. Although, in this case, we have used the term ”almost
bicomplex structure” for this triplet. We have shown clearly this situation on the almost complex
structures obtained in 4— and 6-dimensions given in equations (3) and (4), respectively. Consequently,
by Theorem (5.5) we have presented the integrability of the bicomplex structure.
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TOPSIS APPROACH TO MULTI-OBJECTIVE EMERGENCY SERVICE
FACILITY LOCATION SELECTION PROBLEM UNDER @-RUNG ORTHOPAIR
FUZZY INFORMATION
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BEZHAN GHVABERIDZE

Abstract. A new model based on g-rung orthopair fuzzy sets (¢-ROFS) has been presented to
manage the uncertainty in real-world multi-criteria decision-making problems. ¢-ROFS has much
stronger ability than Pythagorean fuzzy set (PFS) or intuitionistic fuzzy set (IFS) to model such
uncertainty. A g-rung orthopair fuzzy TOPSIS approach for formation and representing experts
knowledge on the parameters of emergency service facility location planning is developed. In this
approach, we propose a score function based on the comparison method to identify the g-rung or-
thopair fuzzy positive ideal solution and the g-rung orthopair fuzzy negative ideal solution. Based
on the constructed fuzzy TOPSIS aggregation, a new objective function is formulated. The con-
structed criterion maximizes service centers’ selection index. This criterion together with the second
criterion - minimization of a number of selected centers creates the multi-objective facility location
set covering problem. The approach is illustrated by the simulation example of emergency service
facility location planning for a city in Georgia. More exactly, the example looks into the problem
of planning fire stations locations to serve emergency situations in specific demand points critical
infrastructure objects.

1. INTRODUCTION

Multi-criteria decision making (MCDM) is to find an optimal alternative that has the highest degree
of satisfaction from a set of feasible alternatives characterized with multiple criteria, and these kinds
of MCDM problems arise in many real-world situations. Considering the inherent vagueness of human
preferences as well as the objects being fuzzy and uncertain, Bellman and Zadeh [2] introduced the
theory of fuzzy sets in the MCDM problems. Technique for Order Preference by Similarity to Ideal
Solution (TOPSIS) developed by Hwang and Yoon [7] (1981) is one of the most useful distance measure
based on the classical approaches to multi-criteria/multi-attribute decision making (MCDM/MADM)
problems. It is a practical and useful technique for ranking and selection of a number of externally
determined alternatives through distance measures. The basic principle used in the TOPSIS is that
the chosen alternative should have the shortest distance from positive-ideal solution (PIS) and farthest
from the negative-ideal solution (NIS). There exists a large amount of literature involving TOPSIS
theory and applications. In the TOPSIS, the performance ratings and the weights of the criteria are
given as crisp values. In classical TOPSIS methods, crisp numerical values are used to express the
performance rating and criteria weights. But human judgment, preference values and criteria weights
are often ambiguous and cannot be represented by using crisp numerical value in real-life situation.
To resolve the ambiguity frequently arising in information from human judgment and preference, the
fuzzy set theory has been successfully used to handle imprecision and uncertainty in decision making
problems. In this work, a novel decision-making TOPSIS approach is developed to deal effectively
with the interactive MCDM problems with g-rung orthopair fuzzy information.

Intuitionistic fuzzy sets (IFS) were introduced by Atanassov [1], as a generalization of a Zadeh’s
fuzzy sets (FS). Since to each element of IFS, as Intuitionistic fuzzy number (IFN) (p,v), is assigned
a membership degree (1), a non-membership degree (v) and a hesitancy degree (1 — p — v), IFS is
more powerful in dealing with uncertainty and imprecision than FS. The IFS theory has been widely

2010 Mathematics Subject Classification. 28E10, 47540, 62C86, 90B50, 90C70.
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studied and applied to a variety of areas. But an IFN (u,v) has a significant restriction - the sum
of the degrees of membership and the non-membership is equal to or less than 1. In some cases, a
decision maker (DM) may provide data for some attribute that the sum of two degrees is greater
than 1(p + v > 1). Yager in [13,14] presented the concept of the Pythagorean fuzzy set (PFS) as
extension of an IFS, where the pair of a Pythagorean fuzzy number (PFN) (u,v) has a less significant
restrict — a square sum of the degrees of membership and the non-membership is equal to or less
than 1(u? + v? < 1). In general, for practical problems, the PFSs can decide significant ones that
IFSs cannot do. Therefore, PFSs are more able to process uncertain information and solve complex
decision making problems. PFNs have much less, but significant restriction. When the evaluation
psychology of a DM is too complicated and contradictory for complex decision making, the attribute’s
corresponding information is still difficult to express with PFNs. Recently, again Yager decided this
problem in [15,16]. He proposed a concept of a g-rung orthopair fuzzy set (¢-ROFS), where ¢ > 1 and
the sum of the gth power of the degrees of membership and the non-membership cannot be greater
than 1. For a g-rung orthopair fuzzy number (¢-ROFN) we have (u? 4+ v? < 1). It is obvious that
the ¢-ROFSs are more general than IFSs and PFSs. The IFSs and PFSs are the special cases of the
¢-ROFSs when ¢ = 1 and ¢ = 2, respectively. Therefore, ¢-ROFNs are more convenient and able to
describe DM’s evaluation information than IFNs and PFNs.

Defnition 1 ([15]). Let S be a fixed ordinary set. A g-rung orthopair fuzzy set A on S is defined as
membership grades:

A ={(s,pa(s),va(s))/(s € S)},
where the functions p4(s) indicate support for membership of s € A and v(s) indicates support
against membership of s € A, where

¢=1, 0<pa(s) 1, 0<wals) <1, 0= (uals)? + (vals))? < 1.

Hes,(s) = (1 — (pa(s))? + (va(s))?)'/4 is called a hesitancy associated with a g-rung orthopair mem-
bership grades and Str,(s) = ((na(s))? + (va(s))?)'/9 is called a strength of commitment viewed at
rung q.

In [15], Yager showed that Attanassov’s intuitionistic fuzzy sets [1] are ¢ = 1-rung orthopair and
Yager’s Pythagorean fuzzy sets [14] are ¢ = 2 rung orthopair fuzzy sets. For convenience, the authors
for every s € S called o = (s, pa(s),Va(s)) a g-rung orthopair fuzzy number (¢-ROFN) denoted by
o = (,U/a; Va)-

Let us denote by L the lattice of non-empty intervals L = {[a;b])/(a,b) € [0,1]?, a < b}. The
partial order relation <y is defined as [a;b] <1 [¢;d] & a < ¢ and b < d. The top and bottom
elements are 15, = [1;1] and 01, = [0; 0], respectively. For the lattice of all ¢-ROFNs the corresponding

partial order relation <r_ ..y, is defined as

(11, 1) <Ly norne (H2:v2) & pi1 < po and v1 > vs.

The top and bottom elements are 17 ;opy, = (1;0) and 0z popy, = (05 1), respectively.

Defnition 2 ([15]). Suppose @ = (iq, Vo) is & ¢-ROFN. a) A score function Sc of « is defined as

Sc(a) = pd —vi; (1)
b) An accuracy function Ac of « is defined as follows:
Ac(a) = pt, + V. 2)

Based on these definitions, a comparison method of ¢-ROFNs (total order relation <; on the lattice
Lq—ROFNs) is defined.
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Defnition 3 ([15]). Suppose & = (fta, Vo) and 8 = (ug, vg) are any two ¢-ROFNs and Sc(a), Sc(f)
are the score functions and Ac(«), Ac(f) are the accuracy functions of o and 3, respectively, then:

a) if Sc(a) > Se(B), then B <; o
b) if Se(a) = Se(B), then:

if Ac(a) > Ae(B), then 8 <;

if Ac(ar) = Ae(B), then g =; o
On the lattice Ly rorns, the following basic operations can be defined.
Defnition 4 ([15]). Suppose for a = (fa, Vo), a1, a2 € Lyrorns We have:

1. o= Vo, fa);
ar @g ag = ((uh, +pld, — pd, - pd)" Vo Vs );

a1 @q s = (Hay - Han, (W, +vd, —vd v )V9);

Max(ay, g) = (max(ual,,u%), min(v,,, V(X?));

Aa= (1= 1 —pM00), A>0;

bl e

2
3
4. Min(oq, ) = (min(pa, ; fa, ), max(Va, , Vay));
)
6

7. ot =(ud,(1— (1 —v)MV) A > 0.
We define the distance between the g-rung orthopiar fuzzy numbers a1, as € Ly rorns:

dg(ar, a2) = 1/2 - ([(fay)* = (Han)? + 1 (Vay)? = (Van)?))- (3)
It is not difficult to prove that this measure satisfies all properties of a distance function.

2. DESCRIPTION OF TOPSIS APPROACH TO FACILITY LOCATION SELECTION PROBLEM WITH
Q-RUNG ORTHOPAIR Fuzzy INFORMATION

Location planning for candidate centers is vital in minimizing traffic congestion arising from facility
movement in extreme environment. In recent years, transport activity has grown tremendously and
this has undoubtedly affected the travel and living conditions in difficult and extreme urban areas.
Considering the growth in the number of freight movements and their negative impacts on residents
and the environment, municipal administrations are implementing sustainable freight regulations like
restricted delivery timing, dedicated delivery zones, congestion charging etc. With the implementation
of these regulations, the logistics operators are facing new challenges in location planning for service
centers. For example, if service centers are located close to customer locations, then they increase
traffic congestion in the urban areas. If they are located far from customer locations, then the service
costs for the operators result to be very high. Under these circumstances, it is clear that the location
planning for service centers in extreme environment is a complex decision that involves consideration
of multiple attributes like maximum customer coverage, minimum service costs, least impacts on
geographical points’ residents and the environment, and conformance to freight regulations of these
points.

Timely servicing from emergency service centers to the affected geographical areas (demand points
as customers, for example, critical infrastructure objects) is a key task of the emergency management
system. Scientific research in this area focuses on distribution networks decision-making problems,
which are known as a Facility Location Problem (FLP) [4]. FLP’s models have to support the
generation of optimal locations of service centers in complex and uncertain situations. There are
several publications about application of fuzzy methods in the FLP. However, all of them have a
common approach. They represent parameters as fuzzy values (triangular fuzzy numbers [5] and
others) and develop methods for facility location problems called in this case Fuzzy Facility Location
Problem (FFLP). Fuzzy TOPSIS approaches for facility location selection problem for different fuzzy
environments are developed in [3,8,10,12,17,18]. In this work we consider a new model of FFLP based
on the ¢g-rung orthopair fuzzy TOPSIS approach for the optimal selection of facility location centers.
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This section first introduces the MCDM problem under g-rung orthopair fuzzy environment. Then,
an effective decision-making approach is proposed to deal with such MCDM problems. At length, an
algorithm of the proposed method is also presented

First, we are focusing on a multi-attribute decision making approach for location planning for service
centers under uncertain and extreme environment. We develop a fuzzy multi-attribute decision making
approach for the service center location selection problem for which a fuzzy TOPSIS approach is used.

The formation of expert’s input data for construction of attributes is an important task of the
centers’ selection problem. To decide on the location of service centers, it is assumed that a set
of candidate sites (CSs) already exists. This set is denoted by CS = {cs1,¢s9,...,¢8m}, where
we can locate service centers, and S = {s1,82,...,8,} is the set of all attributes (transformed in
benefit attributes) which define CS’s selection. For example: “access by public and special transport
modes to the candidate site”, “security of the candidate site from accidents, theft and vandalism”,
“connectivity of the location with other modes of transport (highways, railways, seaports, airports,
etc.)”, “costs in vehicle resources, required products and etc. for the location of a candidate site”,
“impact of the candidate site location on the environment, such as important objects of Critical
Infrastructure, air pollution and others”, “proximity of the candidate site location from the central
locations”, “proximity of the candidate site location from customers”, “availability of raw material and
labor resources in the candidate site”, “ability to conform to sustainable freight regulations imposed
by managers for e.g. restricted delivery hours, special delivery zones”, “ability to increase size to
accommodate growing customers” and others. Let W = {wy, wa, ..., w,} be the weights of attributes.
For each expert ey, from invited group of experts (service dispatchers and so on) F = {e1,ea,...,€e:},
let afjbe the fuzzy rating of his/her evaluation in ¢-ROFNs for each candidate site ¢s; (i = 1,...,m),
with respect to each attribute s; (j =1,...,n). For the expert e; we construct binary fuzzy relation
Ay = {afj, i=1,...,m; j =1,...,n} decision making matrix, elements of which are represented
in ¢-ROFNs. If some attribute s; is cost type, then we transform experts’ evaluations and afj is
changed by (afj)c. Experts’ data must be aggregated in etalon decision making matrix -4 = {a;j,
i=1,...,m; j=1,...,n}. Our task is to build fuzzy TOPSIS approach, which for each candidate
site ¢s; (i = 1,...,m) aggregates presented objective and subjective data into scalar values — site’s
selection index. This aggregation can be formally represented as a TOPSIS “relative closeness of the
alternative” defined on ay;, j =1,...,n:

d; = relative closeness of the alternative (cs;)
= TOPSIS aggregation (aj1,..., ), ¢ =1,...,m. (4)
The proposed framework of location planning for candidate sites comprises the following steps:

Step 1: Selection of location attributes. Involves the selection of location attributes for evaluating
potential locations for candidate sites. These attributes are obtained from discussion with experts and
members of the city transportation group. We use five attributes (n=>5) defined above by short names:
81 =“Accessibility”, so =“Security”, s3 =“Connectivity to multimodal transport”, s; =“Costs”,
s5 =“Proximity to customers”. The fourth attribute is cost type and the others are benefit types. As
mentioned above, cost type evaluation data must be transformed in the benefit forms.

Step 2: Selection of candidate location sites. Involves selection of potential locations for implementing
service centers. The decision makers use their knowledge, prior experience in transportation or other
aspects of the geographical area of extreme events and the presence of sustainable freight regulations
to identify candidate locations for implementing service centers. For example, if certain areas are
restricted for delivery by municipal administration, then these areas are barred from being considered
as potential locations for implementing urban service centers. Ideally, the potential locations are
those that cater for the interest of all city stakeholders, which are city residents, logistics operators,
municipal administrations, etc.

Step 3: Assignment of ratings to the attributes with respect to the candidate sites. Let Ay = {afj €
¢-ROFNs, i = 1,...,m; j = 1,...,n} be the performance ratings of each expert e (k = 1,2,...,t)
for each candidate site cs; (1 =1,2,...,m) with respect to attributes s; (j =1,2,...,n).
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Step 4: Computation of the g-ROF' decision matriz for the attributes and the candidate sites. Let the
ratings of all experts be described by positive numbers wy, wi > 0, k = 1,...,t. If ratings of the
attributes evaluated by the k-th expert are ozw, then the aggregated fuzzy ratings (aj;) of candidate
sites with respect to each attribute are given by ¢-ROF weighted sum

o eq o, <wk/zwz> (5)

k: 1

The fuzzy decision matrix {«;;} for the candidate sites C'S and the attributes S is constructed as
follows:

S1 52 Sn
Cs1 | a11 Q12 Qin
CSy | Q21 Q22 Qan,
CSm | Om1 Qm2 ... Omn

Construct the g-rung fuzzy decision matrix {c;} and calculate Sc and Ac functions values (Definition
2) of elements «;;.

Step 5: Identification of q-rung orthopair fuzzy PIS and NIS. TOPSIS approach starts with the
definition of the g-rung orthopair fuzzy PIS and the g-rung orthopair fuzzy NIS. Using formulas (1),
(2) the PIS is defined as a g-rung orthopair fuzzy set on attributes S: es™ = {s;, a J = Max; [(a;;)] |
j = 1,2,...,n} and the NIS is defined as a g-rung orthopair fuzzy set on attributes S: cs~ =
{85, o = Min;[(as5)] | 5 = 1,2,...,n}. In the real MCDM models PIS and NIS are usually not be
feasible alternatives. They are extreme alternatives.

Step 6. Calculate the distances between the alternative candidate location site and the g-rung orthopair
fuzzy PIS, as well as q-rung orthopair fuzzy NIS, respectively. Then, we proceed to calculate the
distances between each alternative and g-rung orthopair fuzzy PIS and NIS. Using equation (3), we
define distances between the alternative cs; and the g-rung orthopair fuzzy PIS and NIS, as a weighted
sums of distances between extreme and evaluated ¢-ROFNs:

ij (assad) = 12+ 3 (|G, ~ ()| + 1)) = (o)D),

j=1

D(csi, sc™ ij (azj,0;) =1/2- ij (I(pas,)? = (1 a].—)qi + | (Vai)? = (V4= )

Step 7. Calculate the revised closeness or TOPSIS aggregation as a site’s selection index for every
alternative. In general, the bigger D(cs;, sc™) and the smaller D(cs;, scT) the better is the alternative
¢s;. In the classical TOPSIS method, the authors usually need to calculate the relative closeness (RC)
of the alternative cs;. We define candidate site’s selection index as RC with respect to the g-rung
orthopair PIS sc* as follows:

D(csi,cs™)
D(cs;,cst) + D(csi,es™)

d; = RC(cs;) = i=1,...,m. (6)

3. MULTI-OBJECTIVE OPTIMIZATION MODEL OF FACILITY LOCATION SET COVERING PROBLEM

The location set covering problem (LSCP) proposed by C. Toregas and C. Revell in 1972, seeks for a
solution for locating the least number of facilities to cover all demand points within the service distance.
In some of our works we are focusing on the multi-objective fuzzy set covering problems [9,11] for
extreme conditions. In this work, we construct new fuzzy LSCP model for emergency service facility
location planning.

As we discussed in the previous section, the constructed Fuzzy TOPSIS technology forms center’s
selection rational index. The center’s index reflects expert evaluations with respect to the center,
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TABLE 1. Fuzzy travel times t;; from fire stations to critical infrastructure objects (in minutes)

ay a2 as Gy as ae
cs1 (3,5,7) (2,4,6) (4,6,7) (4,7,9) (1,3,5) 1,3,4
csy (6,10,14) (4,9,14) (2,4,6) (5,7,10) (1,4,8) 1,4,5
cs3 (4,8,12) (4,7,11) (4,6,9) (2,4,7) (4,7,10) 4,6,8
csy (4,7,10) (7,11,15) (6,9,13) (4,6,8) (2,4,6) 1,3,5
cSs (1,3,5) (2,4,6) (1,3,6) (2,4,7) (4,6,8) (5,9,12)

(1,3,4)
(1,4,5)
(4,6,8)
(1,3,5)

considering all actual attributes. If x = {x1,xa,...,z,,} is the Boolean decision vector that defines

some selection from candidate centers C'S = {cs1,¢sa,...,csy,} for facility location, we can build

centers’ selection index as a linear sum of §;x; values: as a result, new objective function — centers’
m

selection index ) 0jx; is constructed. Maximizing it, we will be able to select a group of centers
j=1

with the best total ranking from admissible covering selections. Classical facility location set covering

m

problem tries to minimize the number of centers, where service facilities can be located — > z;. The

j=1
problem aims to locate service facilities in minimal travel time from candidate centers. Let customers
covered by service centers in distribution networks be denoted by A = {a1,...,a;}. The problem aims

to locate service facilities in minimal travel time from candidate sites. Let experts evaluated movement
fuzzy times (evaluated in triangular fuzzy numbers (TFNs) [5]) between customer and candidate sites
be Ej, a; € A; cs; € CS. In extreme environment for emergency planning a radius of service center
is defined based not on distance but on maximum allowed time T for movement, since the rapid help
and servicing is crucial for customers in such situations. Respectively, a set of candidate sites IV,
covering customer a; € A, is defined as IV; = {csj, csj € CS/E(NZ-j) <T},i=1,...,m, where

is an expected value of a TFN tm = (tll 22 ) Then we can state bi-objective facility location set
covering problem:
min z; = sz, max zg = Z d;x;, (7)
j=1 j=1
S owp>1 (i=12,..,k); z;€{01}, j=12...m

Sj EN;

Based on the epsilon-constraint approach, an algorithm of finding all Pareto solutions [6] is con-
structed (omitted here).

4. NUMERICAL SIMULATION OF EMERGENCY SERVICE FACILITY LOCATION MODEL

We illustrate the effectiveness of the constructed optimization model by the numerical example.
Let us consider an emergency management administration of a city in Georgia that wishes to locate
some fire stations with respect to timely servicing of critical infrastructure objects. Assume that there
are 6 demand points as customers (critical infrastructure objects) and 5 candidate facility centers (fire
stations) in the urban area. Let there be 4 experts from Emergency Management Agency (EMA) of
Georgia for the evaluation of travel times and the ranking of candidate facility centers. The travel
times between demand points and candidate centers are evaluated in triangular fuzzy numbers (see
Table 1). According to the standards of EMA (Georgia), the principle of location fire stations is that
the fire station can reach the area edge within 5 minutes after receiving the dispatched instruction.
Therefore, we set covering radius 7' = 5 minutes.
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TABLE 2. Appraisal matrix A; by expert-1

S1 So S3 S4 S5
cs1 (0.7,0.5) (0.8,0.3) (0.7,0.4) (0.7,0.4) (0.8,0.4)
csy (0.6,0.5) (0.7,0.4) (0.4,0.6) (0.8,0.4) (0.7,0.4)
css (0.7,0.5) (0.9,0.5) (0.9,0.7) (0.7,0.4) (0.8,0.5)
csy (0.6,0.5) (0.8,0.4) (0.8,0.5) (0.9,0.5) (0.8,0.5)
css (0.8,0.6) (0.7,0.4) (0.9,0.5) (0.7,0.4) (0.8,0.6)
TABLE 3. Appraisal matrix As by expert-2

S1 So S3 S4 S5
cs; (0.7,0.5) (0.8,0.4) (0.6,0.3) (0.6,0.3) (0.7,0.4)
csy (0.6,0.5) (0.7,0.3) (0.7,0.4) (0.9,0.4) (0.8,0.4)
css (0.8,0.5) (0.9,0.5) (0.6,0.4) (0.8,0.4) (0.6,0.2)
csy (0.6,0.4) (0.8,0.3) (0.9,0.6) (0.7,0.3) (0.6,0.2)
css  (0.9,0.7) (0.7,0.4) (0.9,0.4) (0.7,0.3) (0.9,0.6)

TABLE 4. Appraisal matrix Az by expert-3

S1 So S3 S4 S5
cs; (0.7,0.4) (0.8,0.3) (0.7,0.5) (0.7,0.4) (0.9,0.5)
csy  (0.6,0.5) (0.7,0.4) (0.5,0.3) (0.7,0.2) (0.6,0.3)
css (0.6,0.2) (0.9,0.6) (0.7,0.5) (0.7,0.3) (0.6,0.3)
csqy (0.8,0.4) (0.9,0.4) (0.8,0.5) (0.8,0.5) (0.8,0.3)
css  (0.9,0.7) (0.6,0.3) (0.9,0.5) (0.9,0.6) (0.7,0.4)

Covering sets of candidate sites IV; are defined (omitted here). Let experts generated the attributes
weights as values of overall importance be based on the consensus:

wy = 0.25; we =0.15; w3 =0.25; w4 =0.20; ws=0.15.

Each expert e;, (k = 1,2, 3) presented the ratings rfj

respect to each attribute s; (j =1,...,5).

Let experts have equal ratings {w; = 1/3}. Using formula (5), experts’ evaluations are aggregated
in decision making matrix {a;;} (Table 5).

Using the algorithm from Section 2 of new fuzzy TOPSIS, we calculated values of candidate centers’
selection indices: §; = 0.472, 5 = 0.803, d3 = 0.441, 64 = 0.455, d5 = 0.377. After these calculations

for each candidate center s; (i = 1,...,5) with
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TABLE 5. Accumulated g-rung orthopair fuzzy decision matrix {a;}

S1 52 53 S4 S5
cs1 (0.70,0.46) (0.80,0.33) (0.67,0.39) (0.67,0.36) (0.83,0.43)
csy  (0.60,0.50) (0.70,0.36) (0.58,0.42) (0.83,0.32) (0.72,0.36)
css (0.72,0.37)  (0.90,0.53) (0.79,0.52) (0.74,0.36) (0.70,0.31)
csqy (0.70,0.43) (0.84,0.36) (0.84,0.53) (0.83,0.42) (0.76,0.31)
css (0.88,0.66) (0.67,0.36) (0.90,0.46) (0.80,0.42) (0.83,0.52)

the following Combinatorial Programming Problem (7) has been constructed:

fi=x1+ 22+ 23+ T4 + 25 = min,

fo =0.4722x1 + 0.803x5 + 0.441x3 + 0.455x4 + 0.377x5 = max,

1+ 15 > 1,

2 +a5 > 1, (8)
r3+ x5 2 1,

T+ T2+ xg 21,

x; €0,1, i=1,2,3,4,5.

Based on the developed software for problem (8), the Pareto solutions [6] are founded. They are:
a) csi,css,  f1=2; fa=1.18,
) cs1,c¢s2,c83, fi1=3; fo=1.716,
c) cs1,C89,¢83,¢84, f1=4; fo=2.1T71,
)

=3

[}

CS1,CS2,CS3,CSq, S5,  f1 =0, fo=2.548.

It is clear that increasing of fire stations number in Pareto solutions results in a more better level of
the second objective function — fire stations’ selection index. But the decision on the choice of the fire
stations as service centers depends on the decision making person’s preferences with respect to risks
of administrative actions.

5. CONCLUSIONS

The paper presented new approach for the facility location problem for selection of the locations
of service centers in extreme and uncertain situations. The approach utilizes experts knowledge
represented by ¢g-rung orthopair fuzzy numbers and considers the suitability of central location (i.e.,
affordability, security, etc.) using constructed new fuzzy TOPSIS approach. On the other hand, the
model also considers the necessity to reach all critical infrastructure points and time that is required to
reach them, presented by triangular fuzzy numbers. As a result, the bi-objective set covering problem
is obtained. The constructed approach is illustrated by a numerical example for locating fire stations
servicing critical infrastructure points in a city in Georgia. For the constructed problem, the Pareto
solutions are obtained. For the large-dimension cases of the problem, the epsilon-constraint approach
for the Pareto front obtaining is constructed.
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BI-LAPLACE-BELTRAMI EQUATION ON A HYPERSURFACE

MEDEA TSAAVA

Abstract. We investigate the boundary value problems for the bi—-Laplace—Beltrami equation on a
smooth bounded surface ¢ with a smooth boundary in non-classical setting in the Bessel potential

1
space H? (%) for s > —, 1 < p < co. To the initial BVP we apply a quasi-localization and obtain a
p

model BVP for the bi-Laplacian. The model BVP on the half-plane is investigated by the potential
method and is reduced to an equivalent system in Sobolev—Slobodeckii space. Boundary integral
equations are investigated in both Bessel potential and Sobolev—Slobodeckii spaces. The property
of the obtained system in the non-classical setting is derived, as well.

INTRODUCTION

Let . C R? be some smooth closed orientable surface, bordering a compact inner Q7 and an outer
Q~ :=R3\ QF domain. By € we denote a subsurface of ., which has two faces ¥~ and ¢+ and
inherits the orientation from .: ¢+ borders the inner domain Q% and ¢~ borders the outer domain
Q7. ¥ has the smooth boundary I' := 9%.

Let v(w) = (1 (w),ug(w),yg(w))T, w € % be the unit normal vector field on the surface ¢ and
3

0, = Zujaj be the normal derivative. Let us consider the bi-Laplace—Beltrami operator in &
j=1
written in terms of the Giinter’s tangent derivatives (see [7,9,10] for more details)

3
Ny =" DR, D:=0—v0y, j=123. (0.1)

jk=1

Let vp(t) = (v, (t), vr2(t),vr3(t)) T, t € T, be the unit normal vector field on the boundary I', which
3
is tangential to the surface ¢ and directed outside of the surface. Let, finally, 0., := Zupﬂ-@j
j=1

denote the corresponding normal derivative on the boundary I'.
We study the following boundary value problem for the bi-Laplace-Beltrami equation

Au(t) = f(),  te,
ut(s) = g(s), on T, (0.2)
(8uru)+(8) = h(8)7 on F»
where 4 and (9,,.u)" denote the traces on the boundary.
We need the Bessel potential H;(Y), Hz(‘ﬁ), ]H[;(%”) and Sobolev—Slobodeckii W;(J”), WZ(%),

Wz(‘ﬁ) spaces, where . is a closed smooth surface (without boundary), which contains ¢ as a
subsurface, 1 < p < oo, s € R. Let us commence with the definition of the Bessel potential space
on the Buclidean space H3(R"), defined as a subset of the space of Schwartz distributions S'(R™)
endowed with the norm (see [14])

e[ FL R = (D) Ly (R")

)
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Boundary condition; Bessel potential spaces.
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where (D)* := . Z~1(14|¢|?)%.Z is the Bessel potential and ., . ~! are the Fourier transformations.
For the definition of the Sobolev—Slobodeckii space W (R™) =By (R™) (see [14]).

The spaces H () and W3 (%) are defined, in general, by a partition of the unity {1; }le subor-
dinated to some covering {Y]}f:l of . and local coordinate diffeomorphisms (see [12,14] for details)

wjt X; =Y, X;CR* j=1,...0

1

The space W; (.’) coincides with the trace space of HZJFZ (R3) on .# and it is known that W*(.%) =
H* () for s >0, 1 < p < 0o (see [14]).

We use, as common, the notation H?*(.%) and W*(.%) for the spaces H5(”) and W5(.%) (the case
p=2).

The space IF]I;(%) is defined as the subspace of Hj (%) of those functions ¢ € H (%), which
are supported in the closed sub-surface suppy C %, whereas HZ(%) denotes the quotient space
H5 (%) = H;(y)/ﬁ;(%c), and ¢ := .7 \ € is the complemented sub-surface. For s > 1/p — 1 the
space H (%) can be identified with the space of those distributions ¢ on ¢ which admit extensions
ly € Hy (), while H} (%) is identified with the space r4H(.7), where r¢ is the restriction to the
sub-surface € of .7.

~ 1 1
For s < 0, the space is defined by duality, e.g., H; (%) = (]qu_“"(%))/7 where — + — = 1. The spaces
P q

W2 (%) and W5 (€) are defined similarly.

The Bessel potential H(I"), HJ(I'o), HT]IIS)(FO) and Sobolev-Slobodeckii W3 (I'), W5 (T'), W;(FO)
spaces on a closed contour I' and an open arc I'y are defined also similarly.

It is worth noting that for an integer m = 1,2,... the Bessel potential H}* () and Sobolev W7*(.%)
spaces coincide and the equivalent norm in both spaces is defined with the help of the Giinter’s
derivatives (see [6,7,9] and cf. (0.1) for the Glinter’s derivatives %, Zs, Ps):

lu| W) = 32 |26 ()] where 7= o 752 5.

la|<m

Let us also consider ]ﬁlgz(%L a subspace of ﬂ_Q(%), orthogonal to
]If:HI_‘2(%) = {f € ]ﬁ*Q(Q) | (f> (P)]L2(Q) = 07 Y e CSO(Q)} .

Hp2(%) consists of those distributions from H~2(%) which are supported on I' and H~2(%) decom-
poses into the following direct sum of the subspaces:
H™2(%) = Hy*(4) & Hy *(6).

The space ﬁ;Q(%) is nontrivial (see [12, §5.1]) and if the right-hand side f is chosen from the or-
thogonal subspace, the space Hy ?(%) guarantees the unique solvability of BVPs (cf. [12] and the next
Theorem 0.1).
The Lax—Milgram Lemma applied to the BVP (0.2) gives the following result. Similar proofs see
in [15].
Theorem 0.1. The BVP (0.2) has a unique solution in the classical weak setting:
uwe (%), feH (%), geH*T), heHY*D). (0.3)

From Theorem 0.1 we cannot even conclude that a solution is continuous. If we succeed in proving
that a solution u belongs to the space Hi(%) for some 2 < p < oo, we can enjoy even a Holder
continuity of w. It is very important to know maximal smoothness of a solution as, for example, in
designing approximation methods. To this end, we investigate the solvability properties of the BVP
(0.2) in the following non-classical setting:

we (), feH ™ )NH*(¥), geH"/P(D), (0.4)

1
h e anfl*l/p(F), l<p<oo, s>-—
p
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and find necessary and sufficient conditions of solvability.
To formulate the main theorem of the present work we need the following definition.

Definition 0.2. The BVP (0.2), (0.4) is Fredholm one if the homogeneous problem f = g = h = 0 has
a finite number of linearly independent solutions and only a finite number of orthogonality conditions
on the data f, g, h ensure the solvability of the BVP.

Theorem 0.3. Let conditions (0.4) hold:
a) Then a solution to the BVP (0.2) is represented by the formula

u(r) =Ng f(x) + Wrglx) —Weinh(z) + W ne(r)
—~ W sn¥(x), uweHL(E), z€%. (0.5)

Here N¢, Wy, j=—3,1 are the Newton’s and layer potentials, defined below (see (1.5)) and ¢,
¥ in (0.5) are solutions to the following system of boundary pseudodifferential equations

{V?ZF)‘? - V(()—g,r)l/J =G on T, 0
Vicine = Viany=H on T,
peHyD), veH D), GeHI), HeH™(D), 0.7)

where r = s —1/p, G and H are the functions given in terms of f, g, and h in (1.11) in §1 below.
b) Vice versa: if u is a solution to the BVP (0.2) in the setting (0.4), then ¢ :=u™, ¢ := (Gyu)t
are solutions to the system (0.6).
¢) The system of equations (0.6) has a unique pair of solutions ¢ € W3/2(F) and ¢ € WUQ(F) in
the classical setting forp =2, s = 2.

The proof of Theorem 0.3 is exposed in §1.
The system of boundary pseudodifferential equations (0.6) we will consider also in the Sobolev—
Slobodeckii space setting

peWI(I), veW, Y(), GeWyl), HeW, YI). (0.8)

To formulate the theorem, consider the following model system of singular integral equations (SIEs)
in two settings:

iSrto(t) = Go(t), 0.9)
iSRgOQ(t) = Ho(t)7 teR '
in the Sobolev—Slobodeckii
0,10 € W5TH(R),  Go, Ho € W5 (R) (0.10a)
and the Bessel potential space
0,0 € HLH(R), Go, Ho € Hy ' (R) (0.10b)
settings. Here
17 v(T)dr
t) = — L,(R A1
Se(t) = [ WOF veL,®) (0.11)

— 00

is understood in the sense of Cauchy’s principal value.

1
Theorem 0.4. Let1 <p < oo, r=s—— > —1. The system of boundary pseudodifferential equations

p
(0.6) is Fredholm one in the Sobolev-Slobodeckii (0.7) and Bessel potential (0.8) space settings if the
system of boundary integral equations (0.9) is locally invertible at 0 in the settings (0.10a) and (0.10b),
respectively.
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Remark 0.5. Theorem 0.4 is proved at the end of §1. For the proof we apply a quasi-localization of
the BVP (0.2) with the corresponding model BVP on the half-space (see Lemma 1.5). The constraint
r > —1 is then natural since we deal with the boundary value problem.

In a forthcoming paper the problem will be treated by a direct application of the local quasi-
equivalence to the equation (0.6).

A quasi-localization means “freezing coefficients” and “rectifying” underling contours and surfaces.
For details of a quasi-localization we refer the reader to papers [13] and [1], where the quasi-localization
is well described for singular integral operators and for BVPs, respectively. We also refer to [8, §3],
where a short introduction to quasi-localization is exposed.

In the present case under consideration we get 2 different model problems by localizing the mixed
BVP (0.2) to:

1 inner points of ¥;
2 inner points on the boundary I'.

The model BVPs obtained by a quasi-localization, are well investigated in the first case and such
model problems have unique solutions without additional constraints. In the second case we get a
mixed BVP on the half-plane for the bi-Laplace equation (cf. (1.13) below). System (0.9) is related
to this model problem (1.13) just as the BVP (0.2) is related to system (0.6).

1. POTENTIAL OPERATORS AND BOUNDARY INTEGRAL EQUATIONS

Let % be a closed, sufficiently smooth orientable surface in R"™. We use the notation X7 () for
either the Bessel potential Hy (") or the Sobolev—Slobodeckii W7 () spaces for .# closed or open

and a similar notation X;(&” ) for .7 open.
Consider the space

bu(7) = {peX}(F) 1 (p.1) =0}, (1.1)

where (-, -) denotes the duality pairing between the adjoint spaces. It is obvious that XJ () does
not contain nonzero constants: if ¢y = const € X;,#(Y ) then

0= (co,1) = co(1,1) = comes.
and ¢o = 0. Moreover, X7 () decomposes into the direct sum
X5 () =X} 4 () + {const} (1.2)

and the dual (adjoint) space is
(X5,4() =X, 1= —. (1.3)

The following is a part of Theorem 10 proved in [10].

Theorem 1.1. Let . be {-smooth, £ =1,2,..., 1 < p < o0, and |s| < {. Let X;#(Y) be the same

as in (1.1)~(1.3). The bi-Laplace-Beltrami operator A%, := Ay A 5 is invertible between the spaces
with detached constants

A% XUH(S) = X)), (1.4)
i.e., has the fundamental solution s in the setting (1.4).

Let € C . be a subsurface with a smooth boundary I' := 90%. With the fundamental solution
H & of the bi-Laplace—Beltrami operator at hand we can consider on the surface ¥ the standard layer
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potentials:
NCK” / %y &£, y
Wonv(z) = /(8UFA%y)(m,T)U(T)dT,

r

W ()= /(A%y)(x,T)v(T)dT, T €T, (1.5)
r

W _oryv(z):= /(8,,F(T)J£fy)(x,7)v(7)d7, T €T,
r

W(73,I‘)U($) = /Xsﬂ(w,T)v(T)dT, re€.
r

The potential operators, defined above, have standard boundedness properties

N : H ,(€) — HA®),
Wior : Hy () — H 27 (),
Wi Hy 4(T) — H;;f+%(<5)a
W ory i B (1) — HOL T (@),

W (_ar : HS () — H;j (%)

and any solution to the mixed BVP (0.2) in the space H%(¢) := Hj (%) is represented as follows:

u(z) =Ng f(z) + Worut(z) = W1 (0pu)T (2) + W(_or)(Au) (2)
W s (OuAu)T(z), uweHL(E), zc%. (1.6)

Since X5 = X* , + {const}, we can extend layer potentials to the entire space as follows:

for ¢ = +ec, <P0€X;#, c = const, an
’ p— 1.7
weset Wime=Wgineot+e, Nef=Ngfote j=-30

i.e., by setting W ;ryjc = Ngc=c.

Lemma 1.2. The representation formula (1.6) remains valid for a solution in the space H?(%),
provided the potentials are extended as in (1.7).

Proof. Indeed, since u = ug + ¢, ug € Hy ,(¢), u € H3 (%), we apply the extension formulae (1.7),
the representation formula (1.6) for a solution in the space Hi (%) and get the representation formula
(1.6) for a solution in the space H?(%):
u(z) =ug(x) + ¢ = Negfolz) + W(O,p)ua'(a:) — W(,lyp)(&,ruoﬁ(x)
+ W (Zor)(Aug) " (2) = W (_3.1)(Our Aug) * () + ¢
=Ny (f(x) =)+ Wor)(u—0)"(z) = W11r)(0ur (u = ¢) " (2)
+ W o) (Alu— )" (2) = W(sr) (Our Alu = 0)) " () + ¢
=Ny f(z)+Wonu'(z)— 1F)(8Uru) ()
+ W (o (Au) T (z) — W(_&r‘) (O Auw)T(z), weH (F), z€F. (1.8)

The lemma is proof. O
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Proof of Theorem 0.3. Let us recall the Plemelji formulae

1
(W(O,F)U)i(t) = i§v(t) +Weonv(t), (Ou: V((]o,r)w)i@) = V%+1,F)U(t>7
1
(W —10o) (6) = VI o), (0w W (1) (1) = Foult) + Vioru(t), (1.9)
(W(fz,F)U)i(t) = V(()—Q,F)U(t)a (Our W(—Q,F))i(t) = V%—l,F)U(t)v
(W(—S,F)U)i(t) = V(()_g,r)v(t)’ (Our W(—37F))i(t) = V%—2,F)U(t)7
where t € 090, and
V(()—3,1")U(t) = %y(tv T)U(T)dTa te Fv
Vi omo(t) = [ Oupn Hor)(t,m)o(r)dr,
(1.10)

Oty Hr)(t, T)v(T)dT,

Our (1) O () H )t TV (T)dT,

| |
P T T T

are pseudodifferential operators on I', have orders —3, —2, —2 and —1, respectively, and represent the
direct values of the corresponding potentials W _sr, W _o 1, 0, W _3 1 and 0, W _5 1.
By applying the Plemelji formulae (1.9) to (1.6), we get

wH(t) = 1) = (N ) + 50(0) + Vioryg(t) = Vs hlt)
+V( 2. P(t) — V( 3,0 ¥(t),

(Ourt () = M) = Qe N F V() + 5h(t) — Vi h)
+V 1F)$0(t) V( o ¥(t), ter.

We obtain system (0.6), where

1 _
G:= [29 —(Ngf)t = V?o,r)g + V?—l,l“)h:| € H, Ve(T),
(1.11)

1
H:= [(211 - 3VFN<€f))+ - V%o,r)g + V%I,F)h] € stv_l_l/p(r)-

Thus, we have proved the inverse assertion of Theorem 0.3: if u is a solution to the BVP (0.2), the
functions ¢ and ¢ are solutions to system (0.6).
The direct assertion is even easier to prove:

e the function in (1.8) represented by the potentials, satisfies the equation (0.2);
e if © and v are solutions to system (0.6), using Plemelji formulae (1.9), it can easily be verified
that w in (1.8) satisfies the boundary conditions in (0.2).

The existence and uniqueness of a solution to the BVP (0.2) in the classical setting (0.3) is stated
in Theorem 0.1, while for system (0.6) it follows from the equivalence with the BVP (0.2). O

The remainder of the paper is devoted to the proof of solvability properties of the system (0.6) in
the non-classical setting (0.4).
On the 2-dimensional Euclidean space we consider the following equation:

Au=f" on R?* weH3(R?*, f°cH "R, (1.12)
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also the model

A%u(z) = fi(2), z eR2,

ut(t) = g1 (t), teR, (1.13)
—(O2u) T (t) = ha(t), teR.

boundary value problems for the Laplace equation on the upper half plane Ri = R x RT, where
Ou. = —02 is the normal derivative on the boundary of Ri.
The BVP (1.13) will be treated in the non-classical setting:

A EeM™R)NHA(RY), g1 € H7VP(R), hy € HT'7VP(R), (1.14)

1
l<p<oo, s>-
p
Proposition 1.3. The bi-Laplace equation (1.12) has a unique solution, as well.

Proof. The assertion is a well-known classical result available in many textbooks on partial differential
equations (see e.g. [12]). O

As a particular case of Theorem 0.1 (can easily be proved with the Lax—Milgram Lemma), we have
the following

Proposition 1.4. The BVP (1.13) has a unique solution u in the classical weak setting
u € H2(R3-)a fl € ﬁ62(Ri)a g1 € HS/Q(R)a hl € H1/2(R)a

Lemma 1.5. The BVP (0.2) is Fredholm one in the non-classical setting (0.4) if the model mized
BVP (1.13) is locally Fredholm (i.e., is locally invertible) at O in the non-classical setting (1.14).

Proof. We apply quasi-localization of the boundary value problem (0.2) in the more general non-
classical setting (0.4), which includes the classical setting (0.3) as a particular case (see [1, 3] for
details of quasi-localization of boundary value problems and also [2,11,13] for general results on
localization and quasi-localization).

Prior proceeding with the quasi-localization let us explain shortly why the quasi-localization can
be performed in the Bessel potential (Besov) spaces.

Localizing classes consist of multiplication operators by smooth functions and since localization is
performed in quotient spaces modulo compact operators it suffices to note that smooth functions com-
mute with the Bessel potential in quotient algebra (see [3]) and, therefore, their norms coincide with
the norm in L-space, i.e., with the supremum-norm. This makes localization (“freezing coefficients”)
easy.

Concerning the “rectification”: since the difference of “pull-back” of the original operator and its
local representative is locally compact in L, and is bounded in the Bessel potential spaces HJ, it is
locally compact in all Hy-spaces for r < s (Krasnoselskij theorem).

By quasi-localization at the point w € € we first localize to the tangential plane R?(w) (tangential
half- plane R% (w)) to ¢ at w € € (at w € I’ = 9%, respectively). The differential operators remain
the same

3
Aje:= > DDR, 95 =0;—v;0,,

k=1

3 3
Oy = E vjOj, Oy = E vr,j 9,
=1 =1

but the normal vector v(w) to the tangent plane R? and the normal vector vr(w) to the boundary
of the tangent plane R(w) = JR? (w) are now constant. Next, we rotate the tangent planes R?(w)
and R? (w) to match them to the planes R? and R%. The normal vector fields will transform into
v = (0,0,1) and vp = (0, —1,0). The rotation is an isomorphism of the spaces Wy (R*(w)) — W7 (R?),

(1.15)
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Wi (R3 (w)) = Wi (RY), W;(Ri (w)) — W;(Ri) etc., and transforms the operators in (1.15) into the
operators

2
A%Z(w) - A?:= Z 8]23137 9]‘ — 8j, k=12, 95 — 0,
7,k=1
au(w) — 833 8u1~(w) - _827

and we get (1.12), (1.13) as a local representatives of BVP (0.2).

For the BVP (0.2) in the non-classical setting (0.4) we get the following local quasi-equivalent
equations and BVPs at different points of the surface w € €:

i. the equation (1.12) at 0 if w € € is an inner points of the surface;

iv. the mixed BVP (1.13) in the non-classical setting (1.14) at 0 if w € T".

The main conclusion of the present theorem on Fredholm properties of BVPs (0.2) and (1.13)
follows from Proposition 1.3 and the general theorem on quasi-localizaion (see [1-3,11,13]): The BVP
(0.2), (0.4) is Fredholm one if all local representatives (1.12) and (1.13) in non-classical settings are
locally Fredholm (i.e., are locally invertible). O

Now we concentrate on the model mixed BVP (1.13). To this end, let us recall that the function
1
R (x) = —|z —y|*1 -
@)= ole—yPnje -y

is the fundamental solution to the bi-Laplace’s equation in two variables

A2 AR (x) = d(z), r € R?,

(1.16)
A% = (3 + 03)% = (95 + 97)*.
Standard Newton and layer potential operators (cf. (1.5)) acquire the following forms:
1
Negole) = o / 7~y Il — ylo(y) dy,
2
W(OR) 67;2 82 +a ’(.%‘17.'172) - (Tay2)‘ ln|(x1,332) - (T7y2>” OU(T)dTa
Y2=

W _ippo(z) = 8i7r /(8;1 + 852)‘(1‘1,@) — (, y2)|21n ‘(Il,l‘g) — (T, yg)”yzz v(T) dT,
R

1
W _oryv() i = —8?/8y2|(m1,x2) — (T, y2)’2 In ’(.’L‘l,$2) — (7, yg)”yzzov(T) dr,

1
W _sryv(z) := & / ‘x — (7, O)‘Zln ‘l‘ — (7, O)’v(r) dr
R

The pseudodifferential operators on V(l&R, V(lQ,Ra V1_27R and Vl_UR associated with the layer
potentials (see (1.10)), acquire the form

V?ﬁB’R)v(m) i= % / ((xl -7+ x%) In ((xl -7+ m%)l/%(T)dT, teR,
R
D amy(@) =~ [0 ((@1 = )7 + (w2 — 92)?) In (a1 — 72+ (e2 — 92))*|  o(r)dr
v 8w y2=0
R
i= 7(]:28;312) / (2In ((z1 = 7)* + (2 — y2)2)1/2 +1) y2:O’U(T)dT

R
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T= g—; / (2 In ((:cl — 7)2 + x%)l/Q + ].)U(T)d’l’,
R
1 1/2
V%fQ’R)v(x) = /8952 (1 —7)*+ (22 — y2)?) In (21 — 7)% + (22 — 12)?) / , _OU(T)dT
-
R
i= (y2 — z2) / (2In ((z1 = 7)% + (22 — y2)2)1/2 +1) v(T)dr
81 y2=0
R
i= —g—; (2In ((z1 —7)*+ x%)l/Q + 1)v(r)dr,
R
1 1/2
V%_LR)’U(I) = /8322 (z1 —7)* + (22 — y2)?) In (21 — 7)% + (22 — 12)?) / - (T)dr
-
R
1 1/2 (y2 — @2)* 1
= 1 —7)? —1)? - d
i (0 (=) + 2= 02)) 4 @ =72+ (@) 3) oot AT
b Ry 2\1/2 a3 1
= (ln (w1 =72 +a3)"" + T Q)U(T)dT,
R
and when zo — 0, we get
. 1
V(_amryv(t) := JJ1213) V((L&R)v(x) = % /(t — 7')2 In |t — 7|v(T)dT,
R
V(_epo(t) := lim V?_Q,R)U(x) =0, V{ipu(t):= lim V%_ZR)U(Z‘) =0, (1.17)

ZEQ*)O

1 1
Vi ipo(t) := lim V%_I,R)v(x) =i (ln [t — 7]+ 7>v(7')d7'.

ZE2*>O
Now we prove the following

1 _ _1-

Lemma 1.6. Let 1 < p < 00, s > —. Let g € Hy P(R) and hy € Hy '~P(R) (non-classical

p
formulation (1.14)). A solution to the BVP (1.13) is represented by the formula
’u(CE) = N]Rif(x) + W(O,R)gl (3;‘) — W(,LR)]M(CL‘) + W(72_’]R)900($)
-W _spytho(z), z€R? (1.18)

and ©° and Y° are the solutions to the system of pseudodifferential equations

{V?z,R)SOO — V{_srto = Go on R, o)
Viippo—Viepto=Ho on R,

po € HVP(R), 4o € HI 1 VP(R),

Go e H3™V/P(R), Ho € HS17VP(R), (1.20)

where
f)Jr _ V(()O,]R)gl + V?—l,R)hl] S H;*l/P(R)a

1 + 1 1 s—1-1/p
Hy:= <§h1 - auFNRif> “Vorg tViirh| €H, (@).

The system of boundary pseudodifferential equations (1.19) has a unique pair of solutions o and
o in the classical settingp =2, s =1.
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Proof. By repeating word by word the proof of Theorem 0.3, we prove the equivalence via the rep-
resentation formulae (1.18) of the BVP (1.13) in the non-classical setting (1.14) and of the system
(1.19).

The existence and uniqueness of a solution to the BVP (1.13) in the classical setting (1.14) is
stated in Proposition 1.4, while for system (1.19) it follows from the proved equivalence with the BVP
(1.13). 0

1
Lemma 1.7. Let 1 < p < 00, s > —. The system of boundary pseudodifferential equations (1.19)
p
is locally invertible at 0 if and only if the system (0.9) is locally invertible at 0 in the non-classical
setting (0.10a) and the space parameters are related as follows: 1 =s — — > 0.
p

Proof. Due to the equalities (1.17) V?_QJR) o =0, V%_Q,Rﬂﬁo = 0 and the equation in (1.19) acquires
the form

—8% /(t C 2|t — 7l (r)dr = G(), tER,

R
1 1
_E/UHV—T\+§)<P0(T)dT=H(t), teR.
R

Multiply both equations by -4, apply to the first equation the differentiation 97 and to the second
equation J;. We get

l M:G(t),

T T—1
R

L [ o(r)dr

;/ p— =H(t), teR
R

The obtained equation coincides with system (0.9).
Invertibility of the singular integral operator follows from the following equality (see [4,5,11])

FSrep(§) = —signp(§),
since Spp(€) = F ~H(—sign€).7, we get

Sip(€) = FH(—sign&) FF 1 (—sign&) Fp(€)
= F N —sign€&)’Fp(&) = F ' Fp(€) = (¢
Here
Fu(€):= [ ®u(x)dz, €€R™,

is the Fourier transform and

Fu(g) =

/ e %y(g)de, xR,

R

(271-)n

is its inverse transform.
To prove the local equivalence at 0 of systems (1.19) and (0.9) we note that the differentiation

d r r— T o —
Oy 1= i Hy(R) — H,7'(R), & : H(R) — H) " (R)
is invertible at any finite point z € R and the inverse operator is

t

(%Y}(t) - / p(7)dr. O

— 00
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Proof of Theorem 0.4. By Theorem 0.3, system (0.6) is Fredholm one in the Bessel potential space
setting (0.7) if the BVP (0.2) is Fredholm in the non-classical setting (0.4). On the other hand, by
Lemma 1.5 the BVP (0.2) is Fredholm in the non-classical setting (0.4) if the BVP (1.13) is locally
invertible at 0 in the non-classical setting (1.14). And, finally, by Lemma 1.6 and Lemma 1.7, the
BVP (1.13) is locally invertible in the non-classical setting (1.14) if the system of boundary integral
equations (0.9) is locally invertible at 0 in the Bessel potential space setting (0.10b). O
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APPROXIMATION BY TRIGONOMETRIC POLYNOMIALS IN THE
FRAMEWORK OF WEIGHTED FULLY MEASURABLE GRAND LORENTZ
SPACES

VAKHTANG KOKILASHVILI

Abstract. In this note we present the fundamental Bernstein and Nikol’skii type inequalities in
weighted fully measurable grand Lorentz spaces. These inequalities we apply to obtain the direct
and inverse approximation theorems in approximable subspaces of aforementioned function spaces.

Let 1 < p < co. By ®, we denote the set of positive measurable functions ¢ defined on (0,p — 1]
which are nondecreasing, bounded with a condition lir&_ o(z) = 0.
xTrT—r

Let ¢ € ®,. The fully measureble weighted grand Lebesgue space I?) ®%(T) is defined as a set of
all measurable 27-periodic functions f : T — R, for which the norm

. o0 s/p—e 1/s
ey =, 5w 0N (s [ (w(eem: f@l>2)) " wmian)
0

<e<p—1

is finite.
The space LZ)S’W(T) is a non-reflexive, non-separable Banach function space.
The subspace of Lﬁ,) *?(T) in which the smooth functions are dense, is characterized by the equality

Ehgé(w(e))ris (507<w (x eT: |f(z) > A))S/HAS%M) . =0.

Denote this subspace by Z’;} ®%(T). First, we treat the fundamental inequalities for trigonometric
polynomials in LB)* (T).

In the sequel we assume that the weights w belong to the well-known Muckenhoupt A, class.

Let us give the Bernstein type inequality for the Weyl’s fractional derivative of trigonometric
polynomials.

Theorem 1. Let 1 < p,s < o0, ¢ € ®, and w € A,. For an arbitrary trigonometric polynomial T},
and a number o > 0 the following inequality

1T e < Tl e
holds, where the constant c is independent of n and T, .

The next theorem deals with the Nikol’skii type inequality

)

Theorem 2. Let 1 <p<g<oo,1<s<pg/qg—pandr = s/(l—(%—%)s). Assume that o(x) = x°
0>0 andeAlJrﬁ,p’:ﬁ.
Then the inequality

1_1 1_1
HTnnP q ||L?“)7‘,9q/p <cnr ”T"HL{JU)S’G

holds.

2010 Mathematics Subject Classification. 42A17, 41A10, 42B35, 46E30.
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In the space fi (T), we introduce the structural and constructive characteristics of functions: the
moduli of smoothness
x+h

L) e = swp (oo [ 0t~ (o)
r—h

0<h<d

Li)svkl’

and the best approximation by trigonometric polynomial
En(f) s = b |f = Tell pere,
where the infimum is taken over all trigonometric polynomials T}, of degree k < n.
The following analogy of Jackson’s theorem is valid.

Theorem 3. Let 1 <p<oo, p € @y, >0, and w € A,(T).
Then for some positive constant ¢ and all f, (@) € Lﬁ,)s’“o the following inequality

c 1
En Do < =0 (), —
() pgee < (n+ 1)« (f ’n>L{;>S*"
holds.

In the next statement we announce the inverse inequality.

Theorem 4. Let 1 <p < o0, ¢ € @, and w € A,(T).
Then the following inequality:

n—1
1 c

" k=0
for f € LuwP)% holds, where the constant c is independent of f and n.
Applying the Nikol’skii type inequality, we prove the following statement.
Theorem 5. Let the conditions of Theorem 2 be satisfied. Assume that for f € Zﬁ)s’w

o

Z kl/p_l/q_lEk(f)Lﬁ?s'“’ < o
k=1

Then f € LY gng

En(f . wl/p_l/q)LQ)TﬂQ/P S C{nl/p_l/qEn(f)LP)Sﬂ + Z kl/p_l/q_lEk(f>LP)S,np }
b b k=n+1 h
The proof of thr above-mentioned theorems are based essentially on the results obtained in [1].
For the similar results in weighted grand Lebesgue spaces we refer the readers to paper [2].
The detiled proofs will be published in Georgian Mathematikal journal.
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TRIGONOMETRIC APPROXIMATION BY ANGLE IN CLASSICAL WEIGHTED
LORENTZ AND GRAND LORENTZ SPACES

VAKHTANG KOKILASHVILI! AND TSIRA TSANAVA!:2

Abstract. In this paper, we present our results on an angular trigonometric approximation of
functions of two variables in weighted Lorentz spaces and in that subspace of weighted grand Lorentz
spaces in which C§° with a compact support is dense.

1. INTRODUCTION

The study of angular trigonometric approximation of 27-periodic multivariate functions in classical
Lebesgue spaces L? (1 < p < 0o) was initiated by K. Potapov (see, e.g., [7-9] and the review article
[10]). Recently, these results were extended to the LP (1 < p < oo) spaces with Muckenhoupt
weights [1,2]. We aim to generalize the results of [1,2] to the classical weighted Lorentz spaces and to
the certain subspace of weighted grand Lebesgue spaces.

In the sequel, by T? we denote the torus T? = T x T, where T is a circle {e!?, ¢ € [0,27)}. The
function w : T2 — R! is called a weight if w is a measurable on T2, positive almost everywhere and
integrable. For a Borel measure E C T?, we define the absolute continuous measure

wk = /w(a:,y)dxdy.
E

A weight function w is said to be of Muckenhoupt type class A, (T?) if

1 1 : Pt
sup <|J| /U}(SC,y)dl’dy) <|J|/w1p (x,y)dxdy) < 00, p/ = 1%7

J J
where the supremum is taken over all two-dimensional intervals with sides parallel to the coordinate
axis.
In the sequel, we consider the set of measurable functions f(x,y) : T? — R! such that they are
2m-periodic with respect to each variable x and y.

2. APPROXIMATION IN WEIGHTED LORENTZ SPACES

Definition 2.1. Let 1 < p, s < 0o, w be the weight function defined on T2. We say that a measurable
function f belongs to the weighted Lorentz space LE$(T?) (LES shortly) if the norm

'Usz(ff(wO%weTQ:uwwn>A)f”x4¢g”s
0

The space LP? is the Banach function space.
Let us introduce the notion a of modulus of smoothness
a+h y+k

1
Mﬁ&ﬁawﬂ‘ F(t, s)dtds — f(z,y)
] S

is finite.

ps
L%

2010 Mathematics Subject Classification. Primary 42A10; Secondary 42A05, 42B08, 42B35.
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By P, (respectively, by P ,) is denoted the set of all trigonometric polynomials of degree m
(at most n) with respect to the variable = (variable y). Also, P, , is defined as the set of all
trigonometric polynomials of degree at most m with respect to the variable x and of degree at most
n with respect to the variable y.

The best partial trigonometric approximation orders are defined as

Emo(f)pr =if{||f = Tllprs : T € Pao}-
Analogously,

Eom(f)re: = mf{||f — Gllrzs : G € Pon}-
Then the best angular approximation order is defined by the equality

Em,n(f)L,ﬁf = 1nf{||f -1 — GHX : T e Pm,Oa Ge Po’n}.
The following assertions are true.

Theorem 2.1. Let 1 < p,s < oo, w € A,(T?). For f € LS, the following inequality

1 1
Em,n(f)Lﬁf S CIQ (f7 R )
LYy

holds with a constant ¢y, independent of f, m and n.

Theorem 2.2. Let 1 < p,s < oo, w € A,(T?), f € LES. Then

(f, L 1) 1)+ DE () -

m n

In what follows, we discuss some tools, contributing to the proving of aforementioned assertions.
Let ¢%P(f,z,y) (a > 0, B > 0) be the Cesdro means of double Fourier trigonometric series of
felbs.

Theorem 2.3. Let 1 < p,s < oo, w € A,(T?). Then

logen (Fllzgs < ell Ly
and
lim (log? (f) = fllpzs =

m—r oo
n—00

For the partial sums of double Fourier trigonometric series, we have
[[Smn (F)llzzs < el fllpes

with a constant ¢, independent of m,n € N and f € LP?.
Further, for f € L}
lim ||Sy,n — fllzzs = 0.
n—oo

In the sequel, under the derivatives we assume those in Weyl’s sense.

Theorem 2.4 (Bernstein type inequalities). Let 1 < p,s < oo, w € A,(T?). Assume that o, 3 > 0.
Let Ty € Py, T € Py, and T3 € Pp,y,. Then for o, B order Weyl’s derivatives, we have

50
Hpa 1 . < am®||Th|pre
and s
‘8iaayﬁT3 " < cgm®n®||Ts|| sy,

where the constants c1, co and c3 are independent of m, n and of polynomial.

For one— and two-weighted Bernstein inequalities in Lebesgue spaces we refer to [5], Chapter 6.
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Definition 2.2. Let f € LF*, w € A,(T?). The mixed K-functional is defined as
K(f7 57 &,p,s,w, 2)Lff,s :

0*h
0x20y>?

0%hy
0x?

0%hsy
Oy?

S 2 2.2

w

hiha,h L;ﬁ)s Lﬁ,s

— inf {Ilfhlhzhl

)
Lz }

where the infimum is taken from all hy, ho, h such that hy € Wiir, ho € Wi, h € Wi

Here we use the following notation:

9%h
Wi :{hl oy € LQS},

0h
Wg;fg —{hg . 2 € Lﬁf}

Oy

and

0*h
4 o . S
Wi = {h 5u70y7 € 1 }

The following statement is true.
Theorem 2.5. Let f € L%, 1 < p,s < oo, w € AP(T)2. Then the equivalence
Q(f,01,02) s = K(f,01,02,p,5,w,2) s
holds with the equivalence constants, independent of f, 1 and ds.

It should be noted that the mixed K-functionals were explored in [6] and [11]. This notion turn
out to be very useful in the approximation and interpolation theory.

3. APPROXIMATION IN A SUBSPACE OF WEIGHTED GRAND LORENTZ SPACES

Let 1 < p < co. By ®, we denote the set of positive measurable functions ¢ defined on (0, p — 1]
which are nondecreasing, bounded with a condition lirg+ p(z) = 0.
T—r

Let ¢ € ®,. The fully measurable weighted grand Lebesgue space Lﬂ) *?(T?) is defined as a set of
all measurable functions f : T? — R!, for which the norm

1
Hf”LP)S«v(Ta) = sup (p(e))r—= Hf”Lf;E(Tz)a l<p<oo, 6>0
w 0<e<p—1
is finite.

The space Ljfu)s’w(Tz) is non-reflexive, non-separable Banach function space.

The subspace of L]Z,) #%(T?), in which the smooth functions are dense, is characterized by the equality

: 1
lim (¢ () 7= 1 fll g g2y = O

Denote this subspace by Zﬂ) #%(T?). We treat the angular trigonometric approximation of a function
of two variables in this subspace.

Analogously to the previous section, for f € Z{’J #%(T?) we introduce the structural and constructive
characteristics Q(f, o1, 62)25’5"”(1@) and Em,o(f)ifjs’“’('ﬂ?)’ E(O’n)(f)zﬁ)s,go(w) and Em’n(f)fﬁ?s’w(m)'

We claim that for EQSM(TQ), the statements similar to Theorem 2.1 and Theorem 2.2 are valid.

Remark 3.1. The results, analogous to the above-mentioned, are true both for the function of several
variables and for the modulus of smoothness of fractional order.

The proofs of the presented results based essentially on the boundedness of integral operators in
the classical weighted Lorentz spaces and grand Lorentz spaces have been obtained recently in [6].
The detiled proofs will be published in Georgian Mathematikal journal.
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BICRITICAL POINTS IN PROBLEM ON THE STABILITY OF
HEAT-CONDUCTING FLOWS BETWEEN HORIZONTAL POROUS CYLINDERS

LUIZA SHAPAKIDZE

Abstract. The stability of heat-conducting flow between horizontal porous rotating cylinders with
a constant azimuthal pressure gradient is studied. It is assumed that the flow is subjected to the
action of a radial flow through the cylinder walls and a radial temperature gradient. The aim of
this paper is to find the intersection points of neutral curves that correspond to flow instability and
appearance of complex regimes.

1. FORMULATION OF THE PROBLEM

We consider the steady heat-conducting flow between horizontal porous rotating cylinders with
a constant azimuthal pressure gradient maintained by a pumping of a fluid around the annulus at
cylinders. It is assumed that the cylinders heated up to different temperatures and the flow is subjected
to the action of a radial converging and diverging fluid through the permeable cylinder walls and radial
temperature gradient. External mass forces absent, the fluid inflow through the wall of one cylinder
is equal to the fluid outflow through the other one.

We denote the radii, angular velocities and temperature of the inner and outer cylinders by Ry, €1,
T1, and Ry, Qo, Ts, respectively. Assume that on the surface of the cylinders the following boundary
conditions

’Uqln:Uo, ’U;:QlRl, ’U/ :O, T/:Tl (T’:Rl),

z

Ui (1.1)
v;:fo, v, =MRy, v.=0, T'=T, (r=Ry)
are fulfilled, where R = % , V'(v].,vp,v)) is the velocity vector, Uy is the radial velocity through the

wall of the inner cylinder.

Under the above assumption, using the Navier—Stokes system, heat transfer, continuity equations
and an equation of state [5] in terms of cylindrical coordinates r, 8, z with z-axis coinciding with that
of cylinders we obtain the following exact solution for the velocity Vj, temperature Ty, pressure Ilj:

Vo = {uo(r),vo(r),0}, To=c1 + cor™,

K b B
— (ar"+1 + - —r) + At = e 2
x T T

to(r) ro vo(r) = K sailnr + by Ailnr + By (1.2)
= ( ) + , n = =2,
2 r r
oMy p(ud +v3)
aor r ’
where
1 /01, R?—1 R2(R2 —1
:2,7(%)0:“’““’ TR M7 1(mR 3
,_ W@ -1 R - B3R
T ORet2_1 0 'O In R ’

2010 Mathematics Subject Classification. 7T6E30.
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Ao Q1 (QR? - 1) - QL R2(QR% 1)
(R*+2 —1)R¥’ In R ’
B— QlR%(R% - Q) B — _QlR%(lnRg - QR2 lan)
TRzl 0 M In R ’
TyRY™™ — Ty Ty — 17
Cl = ———— C2

R%Pr -1 ’ = Ri{Pr(RnPr _ 1) ’

v

is the radial Reynolds number, Pr = L is the Prandtl number, p is the fluid density, v
and y are, respectively, the coefficients of kinematic viscosity and thermal diffusion. The radial flow
is inward for s¢ < 0 (converging flow) and outward for » > 0 (diverging flow).

The flow with the velocity vector Vy, temperature Ty and pressure Iy is called the main stationary
flow. This flow is a superposition of the heat-conducting flow in the transverse direction(maintained
by a pumping fluid round the cylinders) and a distribution of angular velocities (maintained by the
rotation of the two cylinders). Our aim is to find the intersection points of neutral curves which
correspond to flow instability and appearance of complex regimes.

e = Ul
v

2. NEUTRAL CURVES
Let the perturbed state be taken as
V' =Vo+V(ve,vg,v,), T =Tg+7, II'=T+IL (2.1)

Taking into account that the main stationary flow consists a rotating shear flow, we denote rotation
shear S by V;l” , where V,,, is an average velocity in the azimuthal direction, d = Ry — R; is a gap width
between cylinders. Introducing dimensionless variables for time, velocity, temperature and pressure
by S, Ra, SR, To — T1, vp'S in the system of Navier-Stokes equations, for the vector-functions
F = {v,,v9,v,,7} and Fy = {u,,up,u,,T1}, we obtain the following nonlinear problem of finding

perturbations V, 7 and II:

oF 1 1
— +NF - —MF+ — VIl =-L(F,F
ot " g ME+ 3, Vall = —L(F F), (2.2)
(Vi,7rF)=0, F|_ =0,
where
1— 2 Oy 14 2 Ov, 1
MF:{Alvr*TUr*ﬁ%7A1UG*TUG rjw,Al’Uz;ﬁAlT}a

oF
NF = Wl% + { Rawsm — 2 Tawivg, —g1vy, 0, %vr, },

VpUg UrlUg

L(F,F) = {(F,Vl)ur _ U0 (B ug + 7(F,V1)uz,(F,V1)T1},

L lmE0 10 B (010 0
YT o2 ro Or 12002 0227 Y lorroe oz S
R2
Ta= 12 is Taylor number,
Ty — T
Ra = % , MU= w, B is coefficient of thermal expansion,
A= Q 7}n2 is ratio of the average velocities of pumping liquid and rotation,
1112
R R? R* -1 #(R? —1)
Vim=K——D(R), D =——IhR— —————
-1 PR, DB) = oy R = op o)
vo(r)

=Xg(r) + go(r), wa= w%r,

w1 =

T2 —r?
g(r):}%m(m TDjZ]gz(R) , gO(T):Dg(R)r,{+1+D4£R)7
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g(r) = % + %0 = R% DI(R)(ZJ;ZES)T% ~2 { (et 27 D3(R),
pum = B0 poy =1 - pam)
ps(m) = DR pymy = 20
a(r) = ZprdC P

Problem (2.2) is written in terms of the Boussinesq approximation, which is based on the assumption
that the thermal expansion coefficient is small [1]. In the sequel it will always be assumed that the
velocity, temperature and pressure components are periodic with respect to z and 6 with the known
periods 27/« and 27 /m, respectively.

The theoretical and experimental studies have shown that after the loss of stability of main flow
between rotating cylinders there occured secondary modes either axisymmetric or nonaxisymmetric
disturbances as vortices and oscillatory modes in the form of traveling waves.

To study the transition to complex regimes of special attention are the points of intersection of
neutral curves, corresponding to the two above-mentioned kinds of the secondary flows, since at these
points with a high probability may appear various regimes, including the complex one [2,4].

Let (Rag, Tagp) be the point lying on the plane of parameters (Ra,Ta) and corresponding to the
intersection of the neutral curves corresponding to the monotonic (m = 0) axisymmetric and oscillatory
nonaxisymmetric loss of stability of main flow (1.2). Under the definite values of parameters of the
problem, the neutral curves may be nonintersecting that indicates that under the corresponding values
of parameters of the problem we cannot expect the appearance of complex regimes.

To construct neutral curves, we assume that the perturbations V', temperature 7 and pressure II
are infinitely small. The neutral curves, which corresponds to the bifurcation of vortex and azimuthal
waves are found by solving the spectral problems:

(M~ TaN)®y = Vipy, (V1,7®) =0, Po| _, =0, (2.3)
and
(M —TaN —icTa)®; = Vip;, (Vi,7®) =0, ‘1’1\7«:1,1% =0, (2.4)
where
Do = {uo(r),vo(r), iwe(r), 7o(r) }e'**,  po = qo(r)e’**, (2.5)
P, = {ul(r),vl(r),wl(r),Tl(r)}e_i(m9+“Z), P = ql(7‘)6_"("“9"’0‘2)7 (2.6)

¢ — unknow frequency of neutral azimuthal waves.

Problems of eigenvalues (2.3) and (2.4) have been solved by the shooting method for fixed A, s,
a,R, m, Pr, Q. Thus, for the fixed values of these parameters we established the dependence of the
critical value of the number Ta, Ra and the neutral mode frequency ¢ corresponding to the bifurcation
of vortices and azimuthal waves origination on a number 2. Further, using the Newton method, we
minimize the difference between the obtained critical values of Tay. This allows us to calculate with
sufficient exactness the values Tag,Rag and ¢y corresponding to the point of intersection of neutral
curves.

The calculations in this paper were performed for the case R = 2 (radius of the outer cylinders is
two times greater than that of the inner ones), m = 0,1, for various values of axial wave number «,
Pr = 7 (the working medium is water) and for small absolute values 3 (—2 < s < 2). The results of
calculations are presented in Tables 1 and 2.

3. CONCLUSIONS

As our calculations show, these intersections of neutral curves take place especially when the liquid
pumping is in the direction of the rotation inner cylinder.
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When the liquid pumping and the inner cylinder rotate in the same direction we can expect the
occurrence of complex modes. In the case where the outer cylinder is rest (Table 1) we find that
intersections of neutral curves take place when temperature of the inner cylinder is higher than that
of the outer for different axial wave numbers. If the liquid pumping and both cylinders rotate in
the same direction, we can expect the occurrence of complex modes when temperature of the outer
cylinder is higher than that of the inner one. But for the opposite rotating cylinders when the inner
cylinder rotates in the same direction as of the pumping, there arise complex regimes, if temperature
of the inner cylinder exceeds that of the outer one for both diverging and converging flows (Table 2).

When the pumping flow is directed to the opposite direction of the rotating inner cylinder, the
neutral curves do not intersect and thus it is difficult to expect the occurrence of complex regimes. In
this case we find very high frequency of neutral azimuthal waves.

TABLE 1. The points of intersection of neutral curves A =1, Q =0

a=>5 a=38
x
Rao Ta() Co Rao T0 Co
—1.9| —2.2118 | 60.9357 | 2.5582 —0.5292 | 48.736 | 2.6613
—-1.5 —0.607 59.501 2.5798 —0.209 49.592 | 2.6649

—-1.1| —0.1559 | 60.7709 | 2.5911 —0.0695 | 51.14 | 2.665
—0.5 | —0.03525 | 65.1397 | 2.5924 | —0.0184 | 53.989 | 2.6618
—0.2 | —0.02168 | 67.8398 | 2.59219 | —0.0117 | 55.599 | 2.66
0.5 —0.01567 | 75.1248 | 2.5938 —0.0083 | 59.809 | 2.657
1 —0.02122 | 81.1659 | 2.59819 | —0.01068 | 69.227 | 2.6567
1.5 —0.03486 | 87.971 | 2.60578 | —0.01674 | 67.025 | 2.6587
2 —0.060456 | 495.619 | 2.617139 | —0.0283 | 71.2452 | 2.6635

TABLE 2. The points of intersection of neutral curves A =1, a =4

Q=0.1 Q=-02
” ”
Rag Tag Co Rag Reg Co
0.2 0.626 | 76.221 4.247 2 —0.105 | 115.42 | 2.48

0.18 | 0.6784 | 71.69 | 4.20716 | 1.5 | —0.0602 | 104.8 | 2.459
0.16 | 0.7165 | 68.69 | 4.17436 1 —0.0035 | 95.57 | 2.445
—0.2 [ 0.9096 | 57.835 | 4.003 | —0.1 | —0.0307 | 79.244 | 2.426
—0.5 | 1.1257 | 55.508 | 3.906 | —1.5| —2.129 | 74.297 | 2.355
—0.8 | 1.4729 | 54.938 | 3.818 | —1.9 | —7.345 | 78.84 | 2.317
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PERIODICALLY MIXED SERIES AND APPROXIMATIONS OF
MULTIVARIATE FUNCTIONS

SHAKRO TETUNASHVILI

Abstract. In the present paper the notion of a periodically mixed power function series is intro-
duced. A theorem asserting the existence of a universal periodically mixed power function series
such that any continuous multivariate function can be uniformly approximated by the corresponding
subsequence of partial sums of this series is formulated.

INTRODUCTION

o0

Fekkete was the first (see [4]) who proved that there exists a real power series Y a,t™ on [—1,1],
n=1

such that to every continuous function g on [—1, 1] with g(0) = 0 there exists an increasing sequence

(my)32, of positive integers such that E ant™ — g(t) uniformly as k — oo. Later, Mazurkiewicz [3]

and Sierpinski [5], proved, that there ex1sts a real power series (see, also, [1, pp. 74-75])

Z ant™, t€0,1]

such that to every continuous function f on [0,1] there exists an increasing sequence (mg)g>, of
positive integers such that

S ant” = £(t) - £(0)

uniformly as k — oco.

Mentioned phenomenon is called a universality in the sense of uniform approximation (see [2]). In
the present paper the notion of d-periodically mixed function series, where d is a natural number such
that d > 2, is introduced and some properties of such a series are established.

Note, that a d-periodically mixed function series is a single function series and every term of this
series is a function of one variable (see Definition 1, below). Notions of d-periodically mixed power
type series and d-periodically mixed power series are also introduced (see, below Definition 2 and
Definition 3, respectively).

The existence of a d-periodically mixed power type series such that for every continuous on [0, 1]¢
function there exists a sequence of partial sums of this series which uniformly approximates this
function on [0, 1]¢ is established (see, Theorem 1, below). It holds the analogous proposition for d-
periodically mixed power series (see, Theorem 2, below). So, there exists a universal single function
series such that every term of this series is a function of one variable and every continuous multivariate
function can be uniformly approximated by subsequences of this series. The latter is a generalization
of the above mentioned known results.

1. NOTATION, DEFINITIONS, THEOREMS

Let N be the set of all positive integer numbers, d be a natural number such that d > 2, R? be
the d-dimensional Euclidean space, [0, 1]¢ be a d-dimensional unit cube, x = (21, ...,74) be a point of
[0,1]4, 0 = (0,...,0) € [0,1]%. As usual C[0,1] stands for the set of all continuous on [0, 1] functions
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and C[0, 1]¢ stands for the set of all continuous on [0, 1]¢ functions. ® = {¢,,(¢)}5°; be a system of

functions defined on [0, 1].
Consider a series with respect to @, i. e.,

D anea(t), telo1]. (1)
n=1
Let Sy, (t) be the m-th partial sum of this series. i. e.,
St) = 3 ann(t)
n=1

Let d > 2 be a fixed natural number and

for every positive integer n.
Note, that (d(n)),~; is the following periodic sequence of natural numbers:

1,2,...,d,1,2,...,d,1,2,...,d,....
Every positive integer number n may uniquely be presented in the following form:
n=j+(—1)d

where ¢ and j are positive integer numbers and 1 < 5 < d.
For every j, 1 < j < d consider the following set

Nij={neN: n=j+(i—1)d, where ie N}
then
N=nNJ---|JNg, where N;(\N;=0, if i+#j.
Therefore for every n € N there exists j, such that n € IV; and

d(n)—n—[

n—1

] =
So, for every positive integer n and z = (x1,...,24) € [0,1]¢ we have
Td(n) = Tj € [0, 1].

Definition 1. We say that a single series
o0
Z ann (Tamy) ., where x = (z1,...,3q) € [0, 14 (2)
n=1

is a d-periodically mixed series with respect to variables.

Let S,(qf)(x) be the m-th partial sum of a d-periodical mixed function series at the point x € [0, 1]¢,

i. e.,
m

S (x) = S (x1,. .., 2q) = Z anen (Tagn)) -
n=1

It is obvious that d-periodical mixed function series (2) is a generalization of the series (1) in the
sense that series (1) and (2) coincides with each other at points ¢ € [0,1] and (¢,...,t) € [0,1]¢
respectively. So, it holds the following equality for the m-th partial sums of (1) and (2):

Sp(t) = SD(t, ... t).

In the present paper we consider a system of functions ® = (p,(¢)),—, with ¢, (t) = tP, where
tel0,1],n=1,2,... and (p,)32, is a strictly increasing sequence of positive real numbers.
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Definition 2. We say that a series

fyﬂm,temu (3)

where (p,)52, is an increasing sequence of positive real numbers is a power type series and a series

Z anxd(n z € [0,1]¢ (4)

is a d-periodically mixed power type series.

We denote by o, (t) and old )( ) the m-~th partial sums of series (3) and (4) respectively. i. e.

m
)=> ant™, tel0,1],
n=1
and

oD (x Zan z € [0,1]%.

If p, = n for any positive integer n, then the series (3) is the power series

Zan . tel0,1] (5)
and the series (4) is the series

anzg(n)v z €0, l]d' (6)

n=

1
Definition 3. We say that the series (6) is a d-periodically mixed power series.

We denote by 7,,,(¢) and Tr(nc,l)(x) the m-th partial sums of series (5) and (6) recpectively, that is

Zan , tel0,1]
and

7D (x Z anZyy, € [0, 1.

It is obvious that if ¢t € [0,1] and (¢, ..., ) [0,1]¢ then for every positive integer m we have:
om(t) =0 D(t,...;t) and 7,(t) =7D(t,... 1)
If (fi(z))p, is a sequence of functions defined on [0, 1], then it is meant that there exists a limit
klirx;o fr(z) =t €[0,1] at the point = € [0,1]? if the symbol S,, (klirgo fk(x)) is applied.
For d-periodically mixed power type series it holds the following:

Theorem 1. Let d be a natural number, such that d > 2 and (p,)S2, be an increasing sequence of

positive real numbers such that
oo

1
— =
n=1 p'l’L
then there exist a sequence of real numbers (a,)22, and a strictly increasing sequence of positive
integers (M, 4)52 1, where ¢ =1,2,...,2d+1, such that for the d-periodically mized power type series
(4) with a, coefficients we have:

{ lim agjl[i_q(ac), where x € [0, 1]d} =[0,1, ¢=1,2,...,2d+1

k—o0
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and also for any function F € C[0,1]¢, there exists an increasing sequence of positive integers (M),

such that:
2d+1

F(z) = F(0) = > lim oy, (klggc agj;q(z)>
q=1

k—oc0
uniformly on [0,1]% and [0,1] for indicated limits respectively.

Note, that one direct consequence of Theorem 1 is the following theorem related to d-periodically
mixed power series.

Theorem 2. Let d be a natural number, such that d > 2, then there exist a sequence of real numbers
(an)eey and a strictly increasing sequence of positive integers (My q)70,, where ¢ = 1,2,...,2d + 1,
such that for the d-periodically mized power series (6) with a, coefficients we have:

{ lim 7‘](\;[1) (z), where x €0, 1]d} =1[0,1], ¢=1,2,...,2d+1
k—o0 k.a

and also for any function F € C[0,1]%, there exists an increasing sequence of positive integers (M),
such that:

2d+1
_ : : (d)
F(z)— F(f) = Z; Jim 7y, (khﬁrgo TMkyq(x))
o
uniformly on [0,1]% and [0,1] for indicated limits respectively.
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FUBINI’'S TYPE PHENOMENON FOR CONVERGENT IN PRINGSHEIM
SENSE MULTIPLE FUNCTION SERIES

SHAKRO TETUNASHVILI!'2 AND TENGIZ TETUNASHVILI?:3

Abstract. In the present paper e-uniqueness multiple function systems are considered. A theorem
representing a possibility of calculation of the limit of a convergent in the Pringsheim sense multiple
function series with respect to an e-uniqueness multiple function system via application of iterated
limits is formulated.

Let d > 2 be a natural number, R¢ be the d-dimensional Euclidean space, Zg be the set of all
points in R? with integer nonnegative coordinates. By z = (21,...,24) we denote the points of the
unit cube [0,1]¢ and by m = (my,...,mg) and n = (ny,...,ng) those from the set Z¢. The symbol
m — oo means that m; — oo for every j, 1 < j < d independently of each other. p is the linear
Lebesgue measure. E; X Ep X --- X Eg is the Cartesian product of the sets F;, where j =1,2,...,d
and E; C [0,1].

Let ¢ = {¢;(t)};~, be a system of measurable and finite functions defined on [0, 1]. So,

lpi(t)| < o0, te][0,1], i=0,1,2,....
Definition 1. A set A C [0,1] is called an U set of the system ¢ = {;(t)};, if the convergence of

o0
a series Y a;p;(t) to zero on the set [0, 1]\ A implies that a; = 0 for every i > 0.
i=0

Definition 2. The system ¢ = {p;(t)};~, is called an e-uniqueness system if the number ¢ € (0,1]

oo

and any set A C [0,1] with pA < e is an U set of ¢ = {p;(t)},_,-

The expression ® € U(e) means, that ® is an e-uniqueness system.

Note, that if 0 <e <e; <1 and ® € U(ey), then ® € U(e).

Examples of an e-uniqueness systems are a lacunary trigonometric system defined on [0, 1], with
e =1 (see [3]) and Rademacher system, with ¢ = 1 (see [1]).

Let ®U) = {(p%) (x])} be a system of measurable and finite on [0, 1] functions for every j,

where 1 < j < d.

nj=
Let
d

én(x) = [[ 09 (@), == (z1,...,20) €[0,1]¢

j=1
for every n € Zg.
Consider the d-multiple series with respect to the system ¢ = {¢;,(z)},cz4,

d

Z &n¢n($) = Z Z QAny,...,nq H (pgg])('rj) (1)
n=0 J=1

n1:0 nd:0

By Sp(x) we denote rectangular partial sums of the series (1), i. e.,

mi mq d
Sm(@) =D > g [0 ().
j=1

n1=0 ng=0
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The convergence of the series (1) at the point  means that there exists a finite Pringsheim limit,
i. e.,

—oc0 < lim Sp(z) < o0.
m—0o0

Let {41,752, .-.,ja} be a rearrangement of {1,2,...,d}, then it holds the following Fubini-type
Theorem. Let for any j, 1 < j < d, the system ®U) be an €j-uniqueness system and a set
E; C[0,1] be such that pE; > 1 —¢;. If there exists

lim S,,(z), when x€ Ey X Eyx---Ey,

m—r oo

then for any {j1,7J2,...,Ja} there exists iterated limit

lim ( lim << lim Sm(m)>>) when € By X Eyx---Fy
mj1~>oo mj2—>oo mjd’%oo

lim S, (z) = lim ( lim << lim Sm(x)> >)
m—r oo m]‘l — 00 m]‘2 — 00 mjd—>OO

forany x € Fy X Eo X -+ Ey.
Remark. Note, that the theorem presented in [2] is a direct consequence of the above formulated
theorem when e = ey =--- =¢4 = ¢.

and

Acknowledgement. Presented work was supported by the grant FR18-2499 of Shota Rustaveli Na-
tional Science Foundation of Georgia.

REFERENCES

1. S. B. Steckin, P. L. Ul’janov, On sets of uniqueness. (Russian) Izv. Akad. Nauk SSSR Ser. Mat. 26 (1962), 211-222.
2. Sh. Tetunashvili, On the Fubini’s sets of multiple function series. Proc. A. Razmadze Math. Inst. 143 (2007), 138-139.
3. A. Zygmund, On lacunary trigonometric series. Trans. Amer. Math. Soc. 34 (1932), no. 3, 435-446.

(Received 23.10.2019)

TA. RAZMADZE MATHEMATICAL INSTITUTE OF I. JAVAKHISHVILI TBILISI STATE UNIVERSITY, 6 TAMARASHVILI STR.,
TBILISI 0177, GEORGIA

2GEORGIAN TECHNICAL UNIVERSITY, DEPARTMENT OF MATHEMATICS, 77 KOSTAVA STR., TBILISI 0171, GEORGIA

3ILIA VEKUA INSTITUTE OF APPLIED MATHEMATICS OF IVANE JAVAKHISHVILI TBILISI STATE UNIVERSITY, 2 UNIVER-
SITY STR., TBILISI 0186, GEORGIA

E-mail address: stetun@hotmail.com

E-mail address: tengiztetunashvili@gmail.com



SUBMISSION (GUIDELINES

Manuscripts can be submitted in English.

The first page should include abstracts. The first footnote of this page should include 2010 Mathe-
matics Subject Classification numbers, key words and phrases. Abbreviations of the names of journals
and references to books should follow the standard form established by Mathematical Reviews. After
the references please give the author’s address.

Authors should strive for expository clarity and good literary style. The manuscript lacking in
these respects will not be published.

It is recommended that each submitted article be prepared in camera-ready form using TEX(plain,
BTEX, AMSETEX) macro package. The typefont for the text is ten point roman with the baselinkship
of twelve point. The text area is 155x230 mm excluding page number. The final pagination will be
done by the publisher.

The submission of a paper implies the author’s assurance that it has not been copyrighted, published
or submitted for publication elsewhere.

Transactions of A. Razmadze Mathematical Institute
I. Javakhishvili Thbilisi State University

6 Tamarashvili Str., Tbilisi 0177

Georgia

Tel.: (995 32) 239 78 30, (995 32) 239 18 05

E-mail: kokil@tsu.ge, vakhtangkokilashvili@yahoo.com
maia.svanadze@gmail.com
luiza.shapakidze@tsu.ge

Further information about the journal can be found at:
http://www.rmi.ge/transactions/



