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1. STATEMENT OF THE PROBLEM AND AUXILIARY DESIGNATIONS
We consider the system of differential equations
yi = aipi(pit1(yit1) (i =1n)," (1.1)
where «; € {—1,1} (i = 1,n), pi : [a,w[—]0,+oc[ (i = 1,n) are continuous

functions, —oo < a < w < +00,m ¢; + A(YL) —]0;+00[ (i = I,n) are
continuously differentiable functions satisfying the conditions

Yip; (i) A .

e o o; (i=1,n), il;[lal #1, (1.2)
Y €AYY)

where Y (i € {1,...,n}) is equal either to 0, or to o0, A(Y?) (i €

{1,...,n}) is a one-sided neighborhood of Y,°.

It follows from the conditions (1.2) that ¢; (i = 1,n) are regularly varying
functions of orders ; as y; — Y, hence (see [1]) these functions admit the
representation

ei(yi) = lyil 7 0i(yi) (i =1,n), (1.3)
where 0; (i = 1,n) are slowly varying functions as y; — Y?. According to
the definition and properties of slowly varying functions and also in view of
(1.2),

0; (Ayi i0; (i L

lim () =1 forany A >0, lim i6i(y:) =0 (t=1,n), (14)
vi—Y? 0i(yi) vi—Y? 0i(ys)

and the first limits are uniform with respect to A on any segment [c,d] €

10, +o0].

If 6;(y;) =1 (: = 1,n), then the system (1.1) is called an Emden—Fowler
system. In case n = 2, the asymptotic behavior of its nonoscillating solu-
tions is thoroughly investigated in [2-6].

In the present paper (as distinct from [2-6]), the system (1.1) is con-
sidered in the case where the functions ¢;(y;) (i = 1,n) are close to the
power functions in the neighborhoods of Y in the sense of the definition of
regularly varying functions.

In T. A. Chanturia’s paper [7], for systems of differential equations that
are close to (1.1) in a certain sense the criteria for the existence of A and
B-properties are established.

A solution (y;)!_; of the system (1.1) is called P, (A, ..., Ap_1)-solution,
if it is defined on the interval [to,w[C [a,w[ and satisfies the following con-

ditions:
yi(t) € A(Y?) while t € [to,w], ngmyl(t) =Y?,
limw = A (i=Tn—1).
t1w y; (O)yit1(t)

* Here and in the sequel, all functions and parameters with the index n + 1 will be
equivalent to the corresponding values with index 1.
T While w = 400 we consider a > 0.



4 V. M. Evtukhov and O. S. Vladova

The aim of this work is to establish sufficient and necessary conditions for
the existence of P, (Aq,...,A,_1)-solutions for the system (1.1), and also
to provide the asymptotic representation (when ¢ 1 w) for these solutions,
when A; (i = 1,n — 1) are real numbers, including those equal to zero, and
Ap_10p =1

Remark 1.1. The definition of P, (A1,...,A,—_1)-solution does not give
the direct connection between the first and the n-th components of the
solution, which appear in the n-th equation of the system. To establish this
connection, we define the following functions:

= 0@
MO = e (=0 (19)
We have
A(t) = P00 Ynyp1 () yn1(Dyno(t)  y2(t)yi(t) _

yh Oy )y (Oyn—1(t) Yo 1 (Oyn—2(t)  yh()yi(t)
1
NGO ) .7

It follows from (1.5) that ltle Ai(t) = A; (i = 1,n —1). Therefore, if there
are zeroes among A; (i = 1,n — 1), taking into account (1.7), we obtain

A, = ltle A (t) = £o0.

In particular, it is evident that the case in which among all A; (i =1,...,n—
1) there is a single 00, while all others are real different from zero numbers,
can be transformed into the case described in this work. This transformation
is carried out by cyclic redesignation of variables, functions and constants.
For instance, if A} = £o0 (I € {1,...,n — 1}), the indices are redesignated
as follows:

l—-n, I+1—->1,....n—>n—-1l, 1l->n—-I01+1,....0—1—>n—1.
It is obvious that A, =0, if i =n —[.
Further, we introduce some auxiliary notation.
First, if
1, as Y) = +oo0,
or Y?=0 and A(Y,?) is right neighborhood of 0,

0_
-1, as Y’ = —o0,

or Y2 =0 and A(Y,?) is left neighboorhood of 0,

it is obvious that p; (i = 1,n) determine the signs of the components of
Puw(A1, ..., Ap_1)-solution in some left neighborhood of w.
Further, we denote the sets

J={ie{l,....n—1}: 1 —=ANjoyy1 #1}, T={1,....n—1}\J
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and suppose that
r=maxJ<n-—1.

Taking into account the fact that » < n—1, we denote auxiliary functions

I;, Q; (i =1,...,n) and none-zero constants 3; (¢ = 1,...,n), supposing
that
t
/pz'(T) dr for i€ 7,
Ai 1—A;0441, for i €73,
t = Bi+14\i, for i €73,
L(t) = /pi(T)Ii+1(T) dr for i€3, B = )
. 1—H0k for i =n,
k=1
/pn(T)q’l‘-‘rl(T) dr for i =n,
An

azﬁz-[z(t) for i€ JU {n},
Qi(t) =4 B L,(t)
i1 ()
where limits of integration A; € {w,a} (i € {1,...,n —1}), A, € {w,b}
(b € [a,w]) are chosen in such a way that the corresponding integral I;
tends either to zero, or to oo as t T w,

for i €73,

T

B IT ok
ara1(t) = 01 (s LD ) [Qu(0)= " x
r—1 ﬁ
EEERND N2
< 11 ‘Qk(t)ekJrl (Mk+1\fk+1(f)|5’““> -
k=1
In addition, we introduce the numbers
1 if Aj=a, .
A =37 1 “ (i=1,...,n—1),
-1, if A, =w
(1.8)

1 it a=y,
" -1, if 4, =w.

These numbers enable us to define the signs of the functions I; (i =
1,...,n — 1) on the interval |a,w| and the sign of the function I,, on the
interval b, w] .

We will define that the function ¢y (k € {1,...,n}) satisfies the condition
S, if for any continuously differentiable function I : A(Y,?) — ]0, +-o0[ with
the property

lim =0,
=y U(2)
2EA(YY)
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the function 6 admits the asymptotic representation
0p(21(2)) = 0(2)[L +0(1)] as z — Y (2 € A(YY)). (1.9)
For instance, the S-condition is, obviously, satisfied by the functions oy
of the type
ee(yr) = ye|™ Inye ™, or(yr) = [yl Iy [In | Inyg |7,

where v1,72 # 0. The S-condition is also satisfied by the functions gy
which include the functions 6, that have the eventual limit as yx — Y.
The S-condition is also satisfied by many other functions.

Remark 1.2. If @5, (k € {1,...,n}) satisfies the S-condition and y; :
[to,w[— A(Y) is a continuously differentiable function with the property

: ye(t) _ €'(1)

lim yy (t) = Y, =2"[r4+0(1)] as tTw,

where r is a non-zero real constant, £ is a continuously differentiable in some
left neighborhood of w real function with &’(¢) # 0, then

Ok (yk () = Ok (€))L +o(1)] as T w,

since in this case

yr(t) = 2(D)I(2(t)), where 2(t) = pu|E(t)]",

and
L) D)
zze—AX;OO Z(Z) tTw l(Z(t))

0 (%2) 1o
s%BWZ?&I[M”]ZO'

2. MAIN RESULTS

Theorem 2.1. Let A; € R (i = 1,n — 1) include those equal to zero, m =
max{i € J: A; =0} andr = maxT < n—1. Let also the functions @i (k =
1,7) satisfy the S-condition. Then for the existence of Py(A1,...,Ap_1)-
solutions of (1.1) it is necessary and, if the algebraic equation

(ﬁ”j*lfx\) nl:[l (Mj +)\) =
Jj=1 j=m+1
= (ﬁ%‘) ( Z f[ (M; +X) ﬁ MS)A,* (2.1)
j=1 k=m j=m+1 s=k+2

l l
* Here and in what follows, we assume that [[ =1, Y =0ifl <s.
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where

n—1

= ([IA) G=mFTaD).
i=j

have no roots with a zero real part, it is also sufficient that

CHOTA0) | P
tTw Il((t)_[i+1(t) ‘ B;

and for each i € {1,...,n} the following conditions be satisfied:

AfBi >0 if V) =400, AIB; <0 if Y =0, (2.3)

(i=Tn—T) (2.2)

Moreover, the components of each solution of that type admit asymptotic
representation when t T w,

L R —
Pit1(Yi+1(t)) = Qi +o()] (i =1, 1), (2.5)
yn(t) — = Qn(t)[1+o(1)], (2.6)

[P (Yrgr (0)]=r

and there exists the whole k-parametric family of these solutions if there are
k positive roots among the solutions of the following algebraic equation:

B A ified\{m+1,... .n—1}
BiAr AE,, ified\{m+1,... . n—1},
Vi = (2.7)

n—1
A;;(Haj - 1)ReA?_m ifie{m+1,... n}
j=1

where X (j = 1,n —m) are the roots of the algebraic equation (2.1) (along
with multiple).

Remark 2.1. The algebraic equation (2.1) has, obviously, no roots with
zero real part, if

r+1 n-—1 n n
(> TIm) I oxl < 1=
k=m+1 j=k k=1 j=1

Proof of Theorem 2.1. Necessity. Let y; : [to,w[— A(Y?) (i = 1,n) be an
arbitrary P, (A1,...,A,_1)-solution of (1.1). Then by virtue of (1.1), we
obtain

yi(t)
ir1(Yit1(t))

=a;pi(t) (i=1,n) as t € [ty,w]. (2.8)



8 V. M. Evtukhov and O. S. Vladova

When i € 7, integrating (2.8) over the interval from B; to ¢, where
B, =w,if A, =w, or B; =tgy, if A; = a, we get

GO N T ) .
/‘Pi+1(yi+1(7'))d B ZIz(t)[1+ (1)] as ¢t w. (2~9)

i

In virtue of de L’Hospital’s rule in the form of Stoltz, we get

vi () yi(t) v Wit ()i (1)
lim Cit1(yir1(t) — lim it1(yit1(t)) / 71 (Wit1(1) _
tlw 1 vl () tTw i)
f m dT Sa'iJrl(yH»l(t))
i1 (B) ! i1 (T (Y (t
e O G 0) )

to i1 () e yi(t)yira (t)
Therefore, in view of (2.9), we have

vi(t)
Pit1(yi+1(t))
Consequently, when ¢ € 7, the asymptotic representation (2.5) is valid and,
in virtue of (2.8) and (2.10),

yi) _ L)

vi(t)  Bili(t)
Further, taking into account that r = maxJ < n — 1, we consider the
relations (2.8) consistently starting with the maximum i € J, that is lower
than r, since i € 3\ {r +1,...,n — 1}. We consider these relations taking
into account that the relations (2.11) are valid for bigger values of i < r.
Multiplying (2.8) by I;+1(t) and integrating over the interval from B; to ¢,
where B; are chosen in the above way, we get

=o; 5 L)1+ 0(1)] as t ] w. (2.10)

[1+0(1)] as t 1 w. (2.11)

t
yi (1) Liga (1)
T Cdr = o L;(H)[1 +0o(1)] as t ] w. 2.12)
/ R ()1 +o(1) (
In virtue of de L’Hospital’s rule in the form of Stoltz, using (2.11) and the
definition of P,(Aq,...,A,_1)- solution, we obtain
yi (t) Lt (t)
lim pit1(yi+1(t)) _
thw jt‘ yi (M) Lig1(7)
i1 (yir1 (7))
yi () Lit1(t) yi i1 (1) v Lt ()i Wi (4)yiy (8)
— m Cit1(yi+1(t) " pit1(yit1(t)) 071 (Wit1 (1) .
- tTw yi(t) Lig1(t) B
Pit1(yit+1(t))
14 lim yi(t) i () lim Yir1 (@i Wisa (1)) lim Yi(0)yia (8)

ttw yi(O)lipa(t) o @ip1(yir1(t)) o yi(t)yiva(t)
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.Y t)yz{—i-l(t)

=1-Ayo; i1l =

T e Y D )
- [yi@yia @)
- ﬁz lim l: = ﬁi Az - ﬁz
e |yl (t) i
Hence, with regard for (2.12), we get
it Bili(t
vil)  _ eiBili®) g s 11 ) (2.13)

@i(yir1 (1) Lipa(t)

Therefore, with regard for (2.8), the asymptotic formula (2.11) is valid.
Consequently, the asymptotic representations (2.5) and (2.11) are admitted
foralli e I\ {r+1,...,n—1}

Taking into account that ¢; satisfy the S-condition for all ¢ € {1,...,r}
and asymptotic representations (2.11) are valid, in virtue of Remark 1.2, we
get

eilwi(t)) = lya )17 0: (sl (1)

According to these representations and the asymptotic representations (2.5)
for i = 1,7, we have

) 4o)] ((=T,7) as t1w.

P11 (8) = 0101 (il L (017 ) [+ 0(1)] =
=61 (il L 1) [l (017 Qu (182 (el B2(1) )
= 0 (a1 17 ) [ @1 (0082 (1ol a(8) )

< [l ()17 Q)65 (sl a(8))7 )| [1 4+ 0(1)] = -+ =

o1

[1+0(1)] =

o1
X

-
IT o:

= @r1(t) [pra(yraa (@)= [L+o0(1)] as £ T w.

From this and the last formula in (2.8), we conclude that

Yn (1)

—— = ()41 (8)[1 +0(1)] as t T w. (2.14)
I ox

[ors1(yraa (t))] 5=
Integrating (2.14) over the interval from B,, to t, where B,, = w, if A,, = w,
and B,, = tg, if A, = b, we obtain
p /
Yn(7)

——dr = a, I, (t)[1 +0o(1)] as ¢t T w.
IT ok
B g1 (yrga (7))]5=1
Using de L’Hospital’s rule, with regard for (1.2), (1.5) and the conditions
1-Ajojp1=0asj=r+1,n—1, weget
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Yn (1)

11 ok
hm [(pT+1(yT+1(t))]k:1
o 1 vl (r)
i n - dr
Br (i (yria ())E=1

y%(t) _ u yr+1(t)4p;+1(yr+1(t)) y;+1(t)yn(t)
1 o |:1 (kl;llak) Prt1(Yr+1(t)) Yr+1(0)y;, (t)

1 o
e lerr (e (0))R=1
R ltlTIB o u®

n—1

I o
[en (yn(t))]+=1

(T o) g B 2] g (O ()
== (o) b i vt

k

Jj=1

The previous asymptotic representation yields

Yn(t)

— AL O o) a1
[0r41(Yra1(t))]F=1 k

Hence, the representation (2.6) is valid and, in virtue of (2.14), (2.11), it
takes place when i = n.

Taking into account that the asymptotic representation (2.11) is valid
for i = n, by the same reasoning (multiplying (2.8) by I;4+1(t) and further
integrating over the interval from B; to t), we conclude that the asymptotic
representations (2.5) and (2.11) are valid for all i = r + 1,n — 1 starting with
i =71+ 1,n— 1. The relations (2.11) are valid for i = 1,n and the solution
under consideration satisfies the last limiting condition from the definition
of Py(Aq,...,A,_1)-solution. Consequently, for all ¢ € {1,...,n — 1}, the
conditions (2.2) are valid. Moreover, from (2.11) it follows that

@) = |LOFTD ((=Tn) as t T w.

On the basis of the above fact, from the condition ltle yi(t) = Y in the def-

inition of the P, (Aq,. .., A,—1)-solution and from the definition of numbers
A, there follow the sign conditions (2.3).

The validity of the sign conditions (2.4) follows immediately from (2.5),
(2.6), if we consider the signs of the functions y; and I; (i = 1,n) over the
interval [t, w].

Sufficiency. Assume that the conditions (2.2)—(2.4) are satisfied and the
algebraic equation (2.1) has no roots with zero real part. We will prove that
the system (1.1) has at least one P,(Aq,...,A,_1)- solution that admits
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the asymptotic representation (2.5), (2.6) as ¢t T w. We will also study the
question about the quantity of such solutions.
First, consider the system of the following relations:

Yi _

Pit+1 (yi+1)
Yn

Qi(1)(1 +v;) (i=T,n—1),
(2.15)

— = Qn()(1+ o).

ok
[@r+1(Yrr1)]=1
We will establish that this system on the sets D = [to, w[xR", where tg €
[a,w[ and R} = {T = (x4,...,2,) € R" : |zg| < 1/2 (k = 1,n)}, defines
2
uniquely continuously differential functions y; = Y;(¢,7) (i = 1,n) of the
type

Yi(t,7) = il L) F O = T, (2.16)

where z; (i = 1,n) are the following functions

|z:(t,7)| < = as (t,v) € D

N =

and

ltiTm zi(t,7) = 0 uniformly over v € R".
w 2

Setting in (2.15)

yi = sl L(6)| 7 ) (i = Ton), (2.17)

and taking into account (1.3), we obtain the following system of relations:

1) %=
Tit1

i (B)) 7o 5
_1 (1 2 [ —
= 1iQi(H0:41 (i1 i 7T ) (L) (=T D),

| L, (1) 7 O+

r4+1
Il ok

k=1
[Lrga (B)] Pri

(1+2r41)

r

5‘#(1""27‘) kl:ll Tk
= 1 @u(®) |41 (sr i1 Loia ()77 ) 5T (1),

With regard to sign conditions (2.3), (2.4), the system is defined for all
lvil <%, ]2l < 3 (i =1,n) and t from some left neighborhood of w.
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Hence, taking the logarithm, we get

0441

/61'+1

i (142ziq1)
= Q)]+ 0spr (il Fia ()] ) L1 4o
(i=1,n-1),

Ltz min) -

ﬁ, (1 +Zi+1)lﬂ|[i+1(t)| =

r+1
I ok

o (1 2) W0 = S (4 ) L ()] =

=In[Qn(t) + ( f[ Uk) 6,11 (/1'7“+1|I7”+1(t)

k=1

ﬁ““ﬁ“) I

+1n |1 + vy
Therefore

 Bioiyr In|Liga (1))
" B In|L(t)]

Biln|Q;(t)] Bilnb;q (Hi+1|ji+1(t)
T mn W]
Bilnl+v] o
L (o bnol
r+1

On [l o

L7 )
Brr W [L,(2)
Bl |Qn(t)]

T L@ T
Bu( TLox) 01 (sl Lo (1) i 1 F50)

k=1
In |1, (2)]

1+ (1+zi41) =

ﬁ(1+2i+1))

+

1+Zn_ (1+ZT+1):

+

B 1n |1 + vy
In |1, (1))

Solving partly this system (as a system of nonhomogeneous linear equa-
tions with variables 1+ z; (1 = 1,n)), we obtain

%= ai(t) + bi(t,7) + Zi(t,Z) (i =T,n), (2.18)

where the functions a;, b;, Z; (i = 1,n) are defined by the following recurrent
relations:

r+1 n—1

BnIn | Lo (t Oh1 B In [Ty q (2t
17(1—[%) n| H(;:kli[r k15, In [ T4 (7))

ary1(t) = -1+
+1(t) Brg1In |1, (¢ Bre1 In [ I ()|

k=1
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Z 5k1n|Qk H Bi0j+1 11f1| 1(1)]

2 “wmor AL S5
r4+1 -
_ B | L1 (8)] 7 okt B I |Teg (1)
bry1(t,7) [ (IIIJ )5r+1 In |1, (2 H eI [1:(0)

y Z 5k1n|1+vk| H Biojr1n |l (t)

In [ Ix(t) Bj+1 ln\fg( )l 7

k=r+1 =r+1

r+1

. Baln L1 (8)] T onsaBeln L (O]
Z’“H(t’z)_l1_</€1:[1”)ﬂr+11n|1 H Brs1in [In(1)] ]

ol Bl O (e D (¢ >|ﬁk+1<”“+”) k=1

In |14 (2)]

Biojrin | (t)]

x
Bjv1In|1;(1)]

k=r+1 j=r+1

671( I1 Uk) Inb, 41 (Mr+1|fr+1( )|ﬁr+1 (1+z,+1)>
k=1
" In [, (1)] x

—1
Bjoj+1ln |Ij+1(t)|]

X

A T L)

r+1

ﬂnngk

7 L (0)
Brex In[h(t)]
r4+1

bn(t,0) = > ’“1;[1 " [ Lr41(2)]

Bror In|L(1)]
r+1

T )
Bry1 In |7, (t)]
- (I42zr41)
O T1 o) b (sl ()75 5)
In |1, (t)] ’
Biln |Q:(t)]
In |7;(t)]
if ie{l,...,n—1}\{r+1},
Biln |1 + v;]
In [1;(2)]
ifie{l,...,n—1}\{r+1},

BnIn [Qn (1))
In|L,(8)]

an(t) = -1+ 1+ ar1(8)] +

Brnn|l + vy
In|L,(t)]

br+1 (ta i) +

Zn(t,Z) =

ZT’+1(t7§)+

Bioiz1 In |41 (t)]
Bit1  In|Li(t)]

az(t) = -1+ [1 + ai+1(t)] +

Bioit1 In [T ()]
Biv1  In|L;(t)]

bi(tvﬁ) = bi+l(t7§> +
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o Bioiy1 In|L;
zit) = 2 b7 .+
ﬂz In6; 1 (Mz+1|fz+1
In[F;(t)]
as i€ {l,...,n—1}\{r+1}.

57+1 (1+ZL+1))

Here liTm I;(t) (i = 1,n) is equal either to zero, or to +oco. Moreover, by
tTw
de L’Hospital’s rule, (2.2), (1.4) and by the above-introduced notation 3;
(i=1,n), we get

B[l (8)] o GG (#)
i Bivin|L(8)] i Bt I[() i1 (t)

_ Baln|Ly ()] .. Bullii ()1 »
1 =1 =(Apyq-Apy _ 7
tlTI};} ﬂT‘-‘rl 111 |In(t)‘ tlleJl 6T+1Ir+1(t)l;l (t) ( +1 1) H Ok

ﬁi = 1 — Ai0i+1 lf Z € j,
lim Biln|Qi(t)]

tlw  In|;(t)] ﬁnzl—HJk if i =n,

k=1

Biln|Qi)| .. L))\ _ Bi+1
tlTrLlhlu,l(t”—ﬁzltl{Ij(l— / )_ﬁl(l_ 62A)—01f7/e

T () B () T () B ()
o, (pal L) 50 =) In 6 (juil (1) % )

1
=— (14 z)lim =
tlw In |1;(t)] Bi ) tlw ln|/14i|[i(t)||ﬁ%(l+2i)
1 Iné;
=— (14 2) lim n6iy) =
Bi y—Y? Iny|
1 N TAC) . 1
1+ 2) lim = =0 uniformly over |z;| < =
"B ( y=v? 0i(y) sl=g
From these limiting relations, starting with ¢ = r 4+ 1, and further for
i=r,r—1,...,1and i =7r+2,...,n, we obtain
ltiTmai(t) =0 (:=1,n), (2.19)
liTm bi(t,7) =0 (¢ =1,n) uniformly over v € RY, (2.20)
tTw 2

%iTm Zi(t,Z) =0 (i =1,n) uniformly over dz € R} . (2.21)
w 2
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Moreover, for each i € {1,...,n}

L0 [mei (M|I,»(t)|%“+2i>)}
| Z;(2)] 0z,

. 2 1 2
1 sl 010 (L5 )
& 0 (Miui(t) B%(Hzi))

and, therefore, this relation because of (1.4), tends to zero as ¢ | w uniformly
over |z;| < 4. Taking this fact into account, starting with i =r + 1 (by the
same method), we obtain
0Z;(t,Z ) — )
lim 9Zt,2) =0 (i,k =1,n) uniformly over Z € R . (2.22)
tTw 8Zk 2
By conditions (2.19)—(2.22), there exists a number ¢y € [a,w| such that

the following inequalities are valid:

i) + bi(.9) + Zi(t,2)| < — (i=Tom) (2.23)

— 2n
as (t,7,%) € [to,w[ xRT x R?
2 2

and Lipschitz conditions are valid

n

1 _
|Zi(t,2") - Zi(t,2%)| < 1 Z |zt — 22| (i=T1,n) (2.24)
k=1
as (t,2'), (t,22) € [to, w[ xR%.
Choosing the number tg gy this method, let B denote the Banach space
of vector-functions z = (z;)1_;; each its component, z; (i € {1,...,n}), is
defined, continuous and bounded on the set D = [tg, w| XR%’ with the norm

Izl = sup{Z|zi(t,v)| : (t,v)eD (i = l,n)}.

i=1

Let us select from this space the subspace Bg of the functions from B with
the property 2| < 1, and consider its elements, arbitrarily choosing the
number v € (0, 1) and the operator ® = (®;)_,, defined by the relations

D, (2)(t,0) = 2(t,0)—

—v[2(t,0) — a; () — b;(t,0) — Z;(t, 21 (¢, V), ... 2, (£,0))] (i =1,n), (2.25)
For each z € By, by the conditions (2.23) we get

;(2)(t,7)| < (l—y)|zi(t,@)|+% (i=T,n) as (7)€ D.
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Therefore, if (¢,7) € D,

n n
1
o, t.v)] <(1-— (T, v —v<
;le i(2)t,0)| < (1-v) ;:1 |2i( ,v)\+2'/_
1 1 1 1
<(1-— —v<(l—-v)=4v-==-.
<1 1/)||z||+2uf(1 V)2+V2 5

This yields that ||®(2)|| < %, i.e., ®(Bo) C By.

Suppose z, z € Bg. Then, from (2.24), if (¢,7) € D,
|@(2)(t,0) = 4(2)(t,0)| < (1 = v)|2i(t,0) = Z(t,0)|+
+ V‘Zi(t,zl(t,@), e (B T) — Zi(t B (D), ()| <

n

>zt ) = Z(t,0)| (i =T, n).

n+1k:1

v

< (1 =v)|z(t,05) — Zi(t, 1) | +

Thus, if (¢,7) € D (i = 1,n),

n

Do 12i(2)(80:) — 2i(3)(1)] <

i=1

n
14 ~ _ v ~
< (1) SR -zl (1 ) 13
consequently,

oG- 03] < (1- -2 ) I~ 21

Thus, the operator ® maps the space By into itself and is a contraction op-
erator on this space. Then, according to the contraction mapping principle,
there exists a unique vector-function z € By such that z = ®(z). By (2.25),
this vector-function with continuous components z; : D — R (i = 1,n) is
the only solution of the system (2.18) that satisfies the conditions [|z|| < 3.
From (2.18) together with the above condition, and from (2.19)—(2.21) it
follows that the components z;(¢,7) (i = 1,n) of this solution tend to zero
when ¢ | w uniformly over 7 € R%. Continuous differentiability of these

2
components on some set [t1,w[xRY, where t; € [tg,w|, follows immediately
2
from the well-known local theorem about the existence of implicit functions
defined by the system of relations. According to the transformation (2.17),
the obtained vector-function z = (z;)?_; corresponds to the continuously
differentiable vector-function (Y;)_; : [t1,w[xR7 with components of the
2
type (2.16). This vector-function is a solution of the system (2.15). More-
over, according to (2.16) and the sign conditions (2.3), (2.4),

ltiTin(t,i) =Y uniformly over 7 € R? (i =1,n). (2.26)
w 2
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Moreover, from (2.15) it follows
(Yi(t,0)); _0iM) | Yi(t,9)pi (Vi (8,7)) (Yir1(t,0));

Yi(t,v) Qi(1) Pir1(Yita(t,0)) Yiqa(t,0)

(i=1,n-1),
(Ya(t.9), _ Ou®) (2.27)
Yn(t’@) Qn(t)

" - Yr+1(t,@)@;ﬁ+1(}/}+1(t7ﬁ)) (}/7"+1(t7f)):5
+(kl:[1 k) Orp1(Yrqa(t,0)) Yo (o)

Here by virtue of (2.26) and (1.2),

o Yilt, v (Yi(t,94))
tw w; (Yi(t,7;))

and according to the form of the functions @; (i = 1,n),

=o0; (i=1,n) uniformly over 7 € R?, (2.28)
2

() o
o ) as i € JU{n}, -
QGO Lo ) (2.29)
Li(t)  Iiza(t) e
First, from (2.27) we obtain
Vo) [ (110 17 Yt Do it o]
Yo (t,0) ‘P<l¥khlll or (Yi(t,7)) ] *
Q) T Yin(0)¢) 0 (Vi (D)
XQZ; uglL 25 (Y;(t,7)) )

Hence, according to (2.28), (2.29) and (2.2), we get

L1 (t) (Yeya(t, D), 1
lim tl( ) Vra ( qi))t = _ uniformly over v € R".
tw Ir+1(t)YT+1(t7 ’U) ﬂr-&-l 2

Further, by virtue of this limiting condition, from (2.27), consistently, start-

ing from ¢ = n to ¢ = r 4+ 2, and then, starting from ¢ = r to i = 1, we get,
(using (2.28), (2.29), (2.2))

L), 1 -
1,51’[{? W = Bz unlformly over v € R% (230)

Applying now to the system of differential equations (1.1) the transfor-
mation

yilt) = Yi(t,5(t) (i=Tn) (2.31)
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and taking into consideration that the vector-function (Y;(¢,7(t)))", with
t € [t1,w| and T(¢) € R} is a solution of the system
2

vi(t)

e (@)~ O] (i=Tn),

2.32

nll) ﬁ = Qn(t)[1 + vn(t)], ( )
[<Pr+1(yT+1 (t))]k=1 k

we obtain the system of differential equations of the type
R (Ot
LOBiL() Qalt)
B Il 4 (t) _ 1+
Bivrliv1(t) 1+ v

(1+v;)—

Hi-ﬁ-l(t:f) (Z = 13 n-— 2)a

A O 0 -
Up—1 = Bo1ln_1(t)  Qun_1(t) (o) (2.33)
14+v,1 ) H({:0) |
B RO

v HED @
"T 0 QD)

(1;[ >1+vn H,41(,9) 10

(14 vn)—

1+ Ur41 6r+llr+1(t) ’
where
H(t,i ) _ ApPn (t)<p1 (Yl (ta @T))

IT ok

[LprJrl (}/T+1 (t7 ﬁ))]k=1

Since the conditions (2.28), (2.30) are valid and the functions ¢; (i =
1,...,r) satisfy the S - condition, by virtue of Remark (2.2), we obtain

Hi(tvﬁ) =0+ Ri(tvv) (Z = ﬁ)a
H(t,5) = copn®ars1 () [ 11+ ol 51 + R(t,7)),
k=1

where

liTm R;(t,7) =0 uniformly over v € R’j (1 =1,n),

lim R(¢,7) = 0 uniformly over 7 € Rl.

tTw
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By virtue of these representations and the conditions (2.2), the system
(2.33) can be rewritten in the form

!/

v; = hi(t) [fi(£,9) — vi + Nioip1vipr + Vi(0)] (i=1,n—2),

U;l_lzhn—l(t) [fn—l(tav)_ZGOkvk_vn—l +'Un+Vn—1<'U)‘| ) (234)
k=1

K
U;z = hn(t) [fvl(t>v) + Z aokVk + QonVr41 — Un + Vn@)

)

k=1
where
_ e
hl(t) - lez(t) (7’ - 17”)7
k
aor, = Haj (k=1,n),
j=1

ltiTm fi(t,7) = 0 uniformly over 7 € RT (i =1,n),
w 2

1 i o
‘/;(@) = _Aio'i+1 |:+U —1—v + ’Ui+1:| (Z =1,n— 2),

1+ v
= L+ v - aok -
Vi1 (@) = — | ——— [T 1+ oxl** = 1= aokvr — vn-1 +va |,
1+,
k=1 k=1
.
_ 1+,
V, = 1 G0k — — =1 -
(@) = LI onf™ — o 2 = 1oy
T
- Z A0V — AonUr41 + AonUn.
k=1
Here

lim ovi(m)
[v1]++|vn|—0  Ovg

and, taking into consideration that liTm I;(t) (i = 1,n) is equal either to zero,
tTw

or to oo, the following conditions are satisfied:

/hi(t) dt = +oo (i =Tn).
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Since m = max{i € 3 : A; = 0} < n —1 and the conditions (2.2) are
valid, when ¢ = m + 1,n — 1, we have

hi(t) = hy,(t) hit) _ hn(t) L)L) _

ha(t) (O
—h, (t)ﬁwljl( Miva(t )ﬁH? z+1(t)l (t) B, n— ()1 () _
Bz z( ) 7,+1( ) ﬁz+1lz+1( ) 2( ) ﬁn 1In— 1(t)I7/l<t)
hn()[1 4 o(1)]

" NAipr - Ay

s tTw.
Therefore, the system (2.34) can be rewritten in the form

’U; = h1<t) [fi(t,ﬁ) —v; + Ai0i+lvi+1 + V;(@)] (Z =1,m- 1),

'U:n = hum(t) [fm(tﬁi) - 'Um]a

P = flt, o) — —2t
v; = hp(t) {fz(t, ) A +
Jit1 Vi(v) P
O _ Vi(w) _ —
+Ai+1"’An_1 UH1+A¢"'A71_J (i=m+1,n-2),

(2.35)

s

U’:’L—l = hn(t) |:fn_1(t,1}) - U’nZaOkUk — OpUp—1+
k=1

+Unvn + Unvnl(v)] )

’U,;L = hn(t) [fn(t,v) + Z agkVk + AonUr41 — Un + Vn(ﬁ)
k=1

where the functions f, (i = m + 1,n — 1) have the same properties as the
functions f; (i =m+ 1,n — 1) in the system (2.34).

The important peculiarity of the system is that the coefficient at v,,41
is equal to zero.

Suppose that Bj,41 is a constant matrix of order (n —m) x (n — m).
This matrix consists of the coefficients at vp,41,...,v, in the last standing
in brakets n — m equations of the system (2.35). Its characteristic equation
is det[By+1 — AEp—mm] = 0, where E,,_,, is the unit matrix of order (n —
m) x (n —m) and is represented by (2.1). Taking into consideration the
conditions of the theorem, it is evident that this equation has no roots
with zero real part. Therefore, using the proof of Theorem 2.1 in [8], we
conclude that there exists a nonsingular constant matrix D,,y; of order
(n—m) x (n—m) and there exists a nonsingular continuously differentiable
and bounded (together with its inverse matrix) on the interval [to, w[ matrix
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Ly41(t) such that

_ _ 1 _
Lm+l( )Dm+1Bm+1Dm+1Lm+1(t) - h (t) L 1(t)L,(t) = CM+17

where C,,,+1 is the upper triangular matrix of the form

Re )\(1) Cm+1m+2 .- Cm+41n—1 Cm+1n
0 Re )\8 cer Cm42n—1 Cm+2n
O = | I I
0 0 oo ReXV_ 1 culin
0 0 . 0 ReX

where \? (i = T,n —m) are all roots (with multipliciting) of the algebraic
equation (2.1), all ¢;5 (k=1i¢+1,n)asi € {m+1,...,n} are equal to zero,
except for a single one that equals 1.

In virtue of this fact, by means of the transformation

U1 E 19) w1
L= " ' I (2.36)
Oz  Dyy1Limia(t) w

Un n

where Oq, Oy are zero-matrices of orders m x (n —m) and (n — m) x
m (respectively), E,, is the unit matrix of order m X m, the system of
differential equations (2.35) takes the form

wi=h;(t) [f1i(t,0) —wi+Aioi1wip1+ f2i ()] (i=1,m—1),

Wi, = o (8) [f1m (£, W) — W],

;o 0
w] = hn(t) {futw *;m i+ (Ro X it (2.37)

+ Z CikWg + fgi(t,’w)] (’L =m-+1,n— ].),
k=i+1

wh=hy,(t) [fln(t, w) +chk (Hwip+ (Re Ad_,,) wn+ fan (t, )|,
k=1

where the functions ¢;, (i = m+1,n, k € {1,...,m}) are continuous and
bounded on the interval [¢t1,w[, the functions fi; : [t1,w[ xR} — R (i =

1,n), for : Ry — R (i = 1,m — 1), the functions fo; : [t1,w[ xR} — R
(z = m + 1,n) are continuous, where RY = {(21,...,2;) € R¥ : |2;| < 4},
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0 > 0 is sufficiently small and satisfy the conditions
liTm fri(t,w) =0 (i =1,m) uniformly over w € RY,
tTw

f2i (W)
wi |+ wipa| =0 [wr’ + -+ -+ [wy]
lim f21(t U})
w4t wn |0 [wi] 4 -+ + |wn]
uniformly over ¢ € [t1,w].

=0 (i=T,m—1),

=0 (i=m+1,n)

Since the functions ¢, (i = m+1,n, k € {1,...,m}) are bounded on
the interval [t;,w[, there exists a number £ > 0 such that the constants B?
(i=m+1,n), defined (starting with ¢ = n) by the recurrent relations

0 __

B
n |Re)\ m‘ chka
5= |Re)\ <Z%+ZI%B,€) (i=m+Ln=T),

1+1
where
A =limsup |cix(t)| (i=m+ Ln, k€ {l,...,m}),
tTw
satisfy the inequalities B? < 1 (i =m + 1,n).
With this choice of the constant € > 0, the system (2.37) by means of
the transformation

w; =¢z (i=1,m), wi=z (i=m+1n) (2.38)

is reduced to a system of differential equations that satisfies all the condi-
tions of Theorem 1.2 in [7]. According to this theorem, this system has at
least one solution (z;)?q : [t2, w[R™ (t2 € [t1,w][), which tends to zero when
t T w. Moreover, there exists the whole k-parametric family of solutions,
if there are k positive numbers among the numbers (2.7). In virtue of the
transformations (2.38), (2.36) and (2.31), each of these solutions corresponds
to the solution of the system (1.1), satisfying (as ¢ T w) the asymptotic rep-
resentations (2.5), (2.6). Furthermore, taking into consideration the form
of functions (2.31) and conditions (2.2)—(2.4), it is easy to see that all these
solutions are the P, (Aq,...,A,_1)-solutions of the system (1.1). Thus the
theorem is proved. O

Consider now the conditions that give an opportunity to rewrite the
asymptotic representations (2.5), (2.6) in an explicit form.

Theorem 2.2. Let A; € R (i = 1,n—1) include those equal zero,
m=max{i € J: A; =0} andr = maxJ < n—1. Moreover, let all the func-
tions oy (k = 1,n) satisfy the S-condition. Then each Py(A1, ..., Ap_1)-
solution (in case it exists) of the system (1.1) admits for t T w asymptotic
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representations
k
j:l;!+2 i
n—1 L — ﬁ o)
v (®) = e [ |ae@®0i (sl T (077 )| 557
k=r+1

i
j=r+2
1 l_r[ o lijilaj
% |Qu(®) [Bra1 (el Lo (07757 ) | 1+ o(1)],

k

r 1Ny I o
i(t) = i T |@u (6011 (sesa Diia (0557 ) =
k=1
rﬁl )
x|y (= L+ o(1)] (i =T,7), (2.39)
n—1 k
_1 N\| Il oy
i) = i [T |@u(0s1 (ssa Do (057 ) =
k=1
r ﬁ aj
I1 oy |7=t*
=1 X

X |Qn(t) |:0T+1 (ur+1|Ir+1(t)|ﬁ>}j

r+1 n
[Mo; Il o

Xy (0= = L4 o(1)] (i =7+ 2,n).

Proof. In Theorem 2.1, it is proved, that for the existence of
Pu(A1, ..., Ap_1)-solutions in (1.1), it is necessary that the conditions (2.2)—
(2.4) valid, and each solution of that type admit for ¢ T w the asymptotic
representations (2.5), (2.6). Moreover, the asymptotic representation (2.11)
for these solutions was obtained. Since all functions ; (i = 1, n) satisfy the
S-condition, in virtue of (2.11) and Remark 1.2, we get

0i(yi(6)) = 0 (pa IL(OI 7 ) [1+0(1)] (G =Tom) as ¢ w.

That is why the asymptotic representations (2.5), (2.6) can be rewritten in
the form

Yi
\Z/iﬂ(

Oit1

(t)
t)

ﬁ)[uo(m ((=Tn-1) as tTw,

= Qi(t)0i11 (Mz’+1 [1it1(2)
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Yn (1)
rﬁl
I o5
[Yri1 ()]~

+ \7 110
= Qn(t) [9r+1 (Mr+1|Ir+1(t)|ﬁ”1 )}Fl [1+o0(1)] as t T w.
Hence, consistently, starting with ¢ = n, we obtain the asymptotic repre-
sentations (2.39). The theorem is proved. O

3. CONCLUSIONS

In this paper, for cyclic system (1.1) with regularly varying non-linearities,
the class of the so-called P, (A1,...,A,_1)-solutions is introduced and the
question of the existence of such solutions in special case (when A; € R
(: =1,n — 1) include zeroes) is discovered. Peculiarity of this case demands
both the validity of the additional S -condition for all nonlinearities of the
system, except one, and the assumption that A,,_1 € J. As a result, the
necessary and sufficient conditions for the existence of P, (Aq1,...,Ap_1)-
solutions for (1.1) are obtained. Implicit asymptotic formulas for compo-
nents of these solutions (when ¢ T w (w < 400)) are established. Explicit
asymptotic formulas for components of these solutions are established, pro-
vided all nonlinearities satisfy the S-condition.

The results may be used, for instance, to establish the asymptotics of
solutions for sufficiently nonlinear differential equations of the type

y" = pOe1(y)pa(y’) and y" = p(t)e(y),
where p : [a,w[— R\ {0} is a continuous function and ¢, ¢; : A(YY) —
10, +00[, @2 : A(Y) —1]0,+00[, A(Y,?) is a one-sided neighborhood, Y, are
continuously differentiable and regularly varying functions of certain orders
(when y — Y and ' — Y{).
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Abstract. This contribution deals with systems of generalized linear
differential equations of the form
t

zi(t) = Ty, +/ d[Ak(s)] zk(s) + fu(t) — fu(a), t€a,b], k€N,

a
where —0o < a < b < 00, X is a Banach space, L(X) is the Banach space of
linear bounded operators on X, Ty € X, A : [a,b] — L(X) have bounded
variations on [a,b], fx : [a,b] — X are regulated on [a,b] and the integrals
are understood in the Kurzweil-Stieltjes sense.

Our aim is to present new results on continuous dependence of solutions
to generalized linear differential equations on the parameter k. We continue
our research from [18], where we were assuming that Ay tends uniformly to
A and fj tends uniformly to f on [a,b]. Here we are interested in the cases
when these assumptions are violated.

Furthermore, we introduce a notion of a sequential solution to generalized
linear differential equations as the limit of solutions of a properly chosen
sequence of ODE’s obtained by piecewise linear approximations of functions
A and f. Theorems on the existence and uniqueness of sequential solutions
are proved and a comparison of solutions and sequential solutions is given,
as well.

The convergence effects occurring in our contribution are, in some sense,
very close to those described by Kurzweil and called by him emphatic con-
vergence.
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Key words and phrases. Generalized linear differential equation, se-
quential solution, emphatic convergence.
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1. INTRODUCTION

Generalized differential equations were introduced in 1957 by J. Kurzweil
in [14]. Since then they were studied by many authors. (See e.g. the mono-
graphs by Schwabik, Tvrdy and Vejvoda [29], [25], [32] or the papers by
Ashordia [2], [3] or Frankovd [7] and the references therein). Closely related
and fundamental is also the contribution by Hildebrandt [10]. Furthermore,
during the recent decades, the interest in their special cases like equations
with impulses or discrete systems increased considerably (cf. e.g. the mono-
graphs [21], [33], [4], [24] or [1]).

Concerning integral equations in a general Banach space, it is worth to
highlight the monograph by Honig [11] having as a background the interior
(Dushnik) integral. On the other hand, dealing with the Kurzweil-Stieltjes
integral, the contributions by Schwabik in [27] and [28] are essential for this
paper. It is well-known that the theory of generalized differential equa-
tions in Banach spaces enables the investigation of continuous and discrete
systems, including the equations on time scales and the functional differen-
tial equations with impulses, from the common standpoint. This fact can
be observed in several papers related to special kinds of equations, such
as e.g. those by Imaz and Vorel [12], Oliva and Vorel [19], Federson and
Schwabik [6].

In this paper we consider linear generalized differential equations of the
form

t

2k (t) :%kJr/d[Ak(s)] i (s) + fu(t) — fr(a), te€lab], keN, (1.1)

a

and
t

z(t) = E—i—/d[A(s)]:v(s) + f(t) — f(a), t€]a,b]. (1.2)

In particular, we are interested in finding conditions ensuring the conver-
gence of the solutions xy, of (1.1) to the solution z of (1.2). We continue our
research from [9] and [18], where we supposed a.o. that Ay tends uniformly
to A and fj tends uniformly to f on [a,b]. Here we will deal, similarly to
[31] and [8], with the situation when this assumption is not satisfied.

In the paper we use the following notation:

N = {1,2,...} is the set of natural numbers and R stands for the space
of real numbers. If —oo < a < b < oo, then [a,b] and (a,b) denote the
corresponding closed and open intervals, respectively. Furthermore, [a,b)
and (a, b] are the corresponding half-open intervals.

X is a Banach space equipped with the norm | - ||x and L(X) is the
Banach space of linear bounded operators on X equipped with the usual
operator norm. For an arbitrary function f : [a,b] — X, we set

1 Flloe = sup {Ilf()]lx; t € [a,b]}-
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If fr:[a,b] — X for k € N and f: [a,b] — X are such that
Jim i~ flloo = 0,

we say that fi tends to f wniformly on [a,b] and write fr = f on [a,b].
If J C R and f; = f on [a,b] for each [a,b]CJ, we say that fi tends to f
locally uniformly on J and write fy =% f locally on J.

If for each t € [a,b) and s € (a,b], the function f : [a,b] — X possesses
the limits

Jt+) = Tim (), f(s=)i= lm [(r).

we say that f is regulated on [a,b]. The set of all functions with values in X
which are regulated on [a,b] is denoted by G([a,b], X). Furthermore,

AFF() = f(t+) - f() for t€fab), ATF(B) =0,
A~ f(s) = f(s) — f(s-) for s € (@b, A~ f(a)=0

and
Af(t) = f(t+) — f(t—) for t € (a,b).
Clearly, each function, regulated on [a, b], is bounded on [a, b].

The set D = {ag,a1,...,am} C [a,b], where m € N, is called a division
of the interval [a,b], if a = ap < a1 < -+ < @, = b. The set of all divisions
of the interval [a,b] is denoted by Da, b]. For a function f : [a,b] — X and
a division D = {«ag, aq,...,an} € Dla,b], we put

v(D):=m, |D|=max{a; —a;—1; i=1,2,...,m},
o(f, D) =) If () = flaj-)llx
j=1

and

VarZ f=sup {v(f, D); De D[a,b]}
is the wvariation of f over [a,b]. We say that f has a bounded variation on
[a,b] if var® f < oo. The set of X-valued functions of bounded variation on
[a,b] is denoted by BV([a,b], X) and || f|sv = |f(a)|lx + var’ f. Finally,
C(Ja,b], X) is the set of functions f : [a,b] — X which are continuous on
[a, b]. Obviously,

BV ([a,b], X) C G([a,b], X) and C([a,b],X) C G([a,b], X).

The integral which occurs in this paper is the abstract Kurzweil-Stieltjes
integral (in short the KS-integral) as defined by Schwabik in [26]. (For
its further properties see also our previous paper [17]). For the reader’s
convenience, let us recall the definition of the KS-integral.

Let —co<a<b<oo,meN,

D ={ag,a1,...,am} € Dla,b] and & = (&1,&,...,&m) € [a,b]™
Then the couple P = (D, ¢) is called a partition of [a, b] if

aj,lggjgaj for j:172,...7m.
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The set of all partitions of the interval [a, b] is denoted by Pl[a,b]. An arbi-
trary function 6 : [a,b] — (0,00) is called a gauge on [a,b]. Given a gauge &
on [a,b], the partition

P = (D7€) = ({C%0,0éh e 7am}7 (51)527 e u€’m)> S P[a7b]
is said to be J-fine, if

-1, 05] C (& = 0(&5), & +0(&5)) for j=1,2,...,m

The set of all &ine partitions of [a, b] is denoted by A(J; [a, b]).
For the functions f : [a,b] — X, G : [a,b] — L(X) and a partition
P € Pla,b],

P = ({O‘O’alv"'7O‘m}7(§17§27~--75771))7

we define

S(AGHP) =[G Gla;-)]f(&).

j=1
We say that ¢ € X is the KS-integral of f with respect to G from a to b if

{for each € > 0 there is a gauge J on [a, b] such that

lla — S(AGS; P)|| < e forall Pe A(5;[a,b]).

x

In such a case we write
b

b

q:/d[G(t)]f(t) or, more briefly, q:/d[G]f.
b

Analogously we define the integral [ F'd[g] for F : [a,b] — L(X) and

g:la, b — X.
The following assertion summarizes the properties of the KS-integral
needed later. (For the proofs, see [26] and [17].)

Theorem 1.1. Let f € G([a,b], X),G € G([a,b], L(X)) and let at least
one of the functions f+G have a bounded variation on [a,b]. Then there

exists the integral f d[G]f. Furthermore,
b
| / AGls| <G (@ vt ) i £ € BV X (9
X

H/d fH (varg G)[|fllo i G € BV([a,b], L(X)), (1.4)
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t

/d[G]fk = /d[G]f on [a,b] (1.5)

if GeBV([a,b], L(X)), fr€G([a,b], X) for keN and fr,= f,

t

/d[Gk}fj/d[G}f on [a,b] (1.6)

a

if fe BV([a,b],X), GkeG([a,b], L(X)) for keN and g, = g,

/td[Gk]fk = /td[G}f

a

a 1.7
if Gy € BV([a,b],L(X)), fr € G([a,b],X) for k€N, (L)

sup{var Gi; k € N} <00 and fr = f, G = G on [a,b).

Remark 1.2. An assertion analogous to that of Theorem 1.1 holds also
for the integrals

b

/b Fdlg), /b Frdlg), /b Fdgi). [ Fudigi) k€ N,

a

where F, Fy, : [a,b] — L(X) and g, fi : [a,b] — X.

2. GENERALIZED DIFFERENTIAL EQUATIONS

Let A € BV ([a,b],L(X)), f € G(la,b],X) and T € X. Consider the

generalized linear differential equation (1.2). We say that a function x :
b
la,b] — X is a solution of (1.2) on the interval [a,b] if the integral [ d[A]x

has a sense and equality (1.2) is satisfied for all ¢ € [a, b].
Obviously, the generalized differential equation (1.2) is equivalent to the
equation
t
x(t) =2+ / d[Blx + g(t) — g(a)
whenever B — A and g — f are constant on [a, b]. Therefore, without loss of
generality we may assume that

A(a) = Ax(a) =0 and f(a) = fr(a) =0 for ke N.
For our purposes the following property is crucial:
[I—A~A@#)] ™" € L(X) for each ¢ € (a,b]. (2.1)

Its importance is well illustrated by the following assertion which summa-
rizes some of the basic properties of generalized linear differential equations
in abstract spaces. (For the proof see [18, Lemma 3.2].)
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Theorem 2.1. Let A € BV ([a,b],L(X)) satisfy (2.1). Then for each
T € X and each f € G([a,b], X) the equation (1.2) has a unique solution x
on [a,b] and x € G([a,b], X). Moreover, x — f € BV ([a,b], X)

0<ca:= sup{ H[I - AfA(t)]*HL(X) i te (a,b]} < 00, (2.2)

lz(®)lx <ca (17 x +1f(@)llx+ f o) exp(ca vary A) for t€[a,b] (2.3)
and

varZ(x - < cA(varZ A)(||§||X + 2Hf||oo) exp(ca varz A). (2.4)

The following result was proved in [18, Theorem 3.4].

Theorem 2.2. Let A, A, € BV ([a,b], L(X)) f, fr € G([a,b],X), T,%), €
X for k € N. Assume (2.1),

*

o = sup{var® A;; k € N} < oo, (2.5)
A, = A on [a,b],
flc = f on [av b]

and

lim & = 7. (2.8)

k—o0
Then equation (1.2) has a unique solution x on [a, b]. Furthermore, for each
k € N sufficiently large, there exists a unique solution xy on [a,b] for the
equation (1.1) and
xp = x  on [a,b]. (2.9)

Remark 2.3. If (2.5) is not true, but (2.6) is replaced by a stronger notion
of convergence in the sense of Opial ([20, Theorem 1]) (cf. [13, Theorem
1.4.1] for extension to functional differential equations), the conclusion of
Theorem 2.2 remains true (see [18, Theorem 4.2]). If (2.6) or (2.7) does not
hold, the situation becomes rather more difficult (see [7], [8] and [31]). The
next section deals with such a case.

3. EMPHATIC CONVERGENCE

The proofs of the next two lemmas follow the ideas of the proof of [8,
Theorem 2.2].

Lemma 3.1. Let A, Ay € BV([a,b], L(X)), f, fx € G([a,b],X), T, T} €
X for k € N. Assume (2.1), (2.8),

[T — A=A #)] " € L(X) 51)
for all t € (a,b] and k € N sufficiently large, .
A = A and fr, = f locally on (a,b]. (3.2)

Then there ezists a unique solution x of (1.2) on [a,b] and, for each k € N,
sufficiently large, there exists a unique solution xj on [a,b] to the equation
(1.1).
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Moreover, let (2.5) and
Ve>0 30 >0 such that ¥Vt € (a,a+3d) ko =ko(t) €N

such that ||zg(t) — T — AT A(a)Z — AT f(a)||x <€ (3.3)
for all k> kg
hold. Then
klirn x(t) = x(¢) (3.4)

is true for t € [a,b], while x, = x locally on (a,b).

Proof. By (3.1), the solutions x) of (1.1) exist on [a, ] for all k sufficiently
large. Let € > 0 be given and let 6 > 0 and k7 € N be such that

lx(t) — z(a+)||x < e for t € (a,a+9) and ||T) — Z||x <e for k> k.
We may choose ¢ in such way that (3.3) holds. In view of this, for ¢ €
(a,a+0), let kg € N, kg > k1, be such that

s (t) — 2 — AT A(a)T — At f(a)||x < e for k> k.
Then, taking into account the relations
z(a+) = z(a) + AT A(a)z(a) + AT f(a) and x(a) =7,

we get

lx(t) = 2(t)l|x =
= [I(x(t) = Z) + (T = T) + (T = z(a+)) + (z(at) = 2(t))[Ix <
< lww(t) — Zx — w(at) + 2l x + 17 — Zellx + [l2(t) — z(at)llx =
= [lzx(t) — 2 — ATA(a)7 — A” f(a) | x+
+ |7 — Zl|x + [|z(t) — z(a+)||x < 3e.
This means that (3.4) holds for ¢ € [a,a + 0).
Now, let an arbitrary ¢ € (a,a+6) be given. We can use Theorem 2.2 to

show that the solutions zj, to
t

wu(t) = z(c) + / d[Ads + fult) — £(8)

exist on [c,b] and z; = x on [c,b]. The assertion of the lemma follows
easily. a

Lemma 3.2. Let A, A € BV ([a,b], L(X)), f, fr € G([a,b],X), T,Z) €
X for k € N. Assume (2.1), (2.8), (3.1) and

A = A and fr = f locally on [a,b). (3.5)

Then there exists a unique solution x of (1.2) on [a,b] and, for each k € N
sufficiently large, there exists a unique solution xj on [a,b] to the equa-
tion (1.1).
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Moreover, let (2.5) and
Ve>0,0>0 37 € (b—14,b), ko €N such that

2 (b) = 2 () — ATAD) [T = ATAG)] ™ w(b-)— (3.6)
—[I=A—A®)] " A f(b)| <& forall k> ko
hold. Then (3.4) is true, while xy = x locally on [a,b).

Proof. Due to (2.1) and (3.1), there exists a unique solution z of (1.2) on
[a,b], there exists k1 € N such that (1.1) has a unique solution zj on [a, b]
for each k > k;. Furthermore, by Theorem 2.2, x; = z locally on [a,b). It
remains to show that

lim z(b) = z(b) (3.7)

k—oo
is true, as well. Let € > 0, 6 € (0,b — a) be given and let 7 € (b — §,b) and
ko > k1 be such that (3.6) is true. We have

[k (0) — 2(b)||lx =

= [[(er (0) =k (7)) + (2n (1) =2 (7)) + (2(7) —2(b=)) + (2(b—) —2(b))[| x <

< [lw (0) = (7) —2(b) +2(b=) | x +[|(7) —2(b=) | x + [l (T) —2(7) || x,
wherefrom, having in mind that z(b) = z(b—) + A~ A(b)x(b) + A~ f(b), i.e.,

w(b) = [I = ATA®)] a(b=) + [I = ATA@D)] AT f(b)
and
z(b) —x(b—) = ATAD)[I — A~ A(b)] z(b—)+
+ [T+ ATAWD)I — ATAB)] AT £(b),

we deduce that

. (8) = 2(0) | x < [low(b) — x(r) — ATAD)I — ATA®)] " a(b—)—
[+ AT A — A A®) AT I0) |+
+llz(r) = 2(b=) [ x + [z (1) = 2(7)]|x-

We can choose ¢ and kg in such a way that ||z(t) — z(b—)||x < ¢ for each
t € (b—4,b) and |lzp(7) — 2(7)||x < € for k > ko, as well. Furthermore,
notice that if B € L(X) is such that [I — B]™! € L(X), then [ — B]7! =
I+ B[I — B]~!. Thus, using (3.6), we get

2 (b) = 2(B)|x < [law(b) — a(r) = ATAG) — ATAWG)] ™ a(b-)—
—[I=ATA®)] T ATFO)x + [l2(r) = 2(b=) | x + llza(r) —2(7)]x < 3e.
It follows that (3.7) is true and this completes the proof. O

The assertion below may be deduced from Lemmas 3.1 and 3.2
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Theorem 3.3. Let A, Ay, € BV ([a,b], L(X)), f, fr € G([a,b],X), Z,T) €
X for k € N. Assume (2.1), (2.8) and (3.1). Furthermore, let there exist
a division D = {so, S2,...,8m} of the interval [a,b] such that

A = A, fr = f locally on each (s;—1,8:), i=1,2,...,m. (3.8)

Then there exists a unique solution x of (1.2) on [a,b] and, for each k € N
sufficiently large, there exists a unique solution xj on [a,b] to the equation
(1.1).

Moreover, assume (2.5) and let

Ve>0 30; € (0,8, — s;-1) such that Vt € (8i—1,8i—1 + ;)

Jk; = ki(t) € N such that
2k (t) —zn(si-1) —ATA(si—1)2(si—1) —AF f(si-1)l|x <e
for all k> k;

(3.9)

and
Ve>0,0€ (0,8 —s;—1)37 € (s; —9,8:),4; €N such that
lx (1) — 2a(73) — A7 A(si) [I — A A(s)] " (s,-)— (3.10)
—[I=A=A(s)] A f(si)llx <& forall k>4
hold for eachi=1,2,...,m.

Then (3.4) is true for allt € [a, b], while xy, = x locally on each (s;—1,s:),
i=1,2,....m.

Proof. Obviously, there is a division D = {ag, a1, ..., a,} of [a,b] such that
for each subinterval (a1, 5], = 1,2, ..., r, either the assumptions of Lem-
ma 3.1 or the assumptions of Lemma 3.2 are satisfied with o;_; in place of
a and af in place of b. Hence the proof follows by Lemmas 3.1 and 3.2. [

4. SEQUENTIAL SOLUTIONS

The aim of this section is to disclose the relationship between the so-
lutions of generalized linear differential equation and limits of solutions of
approximating sequences of linear ordinary differential equations generated
by piecewise linear approximations of the coefficients A, f.

Let us introduce the following notation.

Notation 4.1. For A € BV ([a,b], L(X)), f € G([a,b], X) and

D = {ao,a]_, .. .,Oém} S D[mb],
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we define
A(t) if te D,
Ap(t) =4 A(ay_y) + A = Al (o (4.1)
Q — Q-1
if t € (aj—1,0;) for some i €{1,2,...,m},
and
f@) if teD,
o) =9 flai1) + flaw) = flaiy) (t — ;1) (4.2)
Qj — Q1
if t e (aj—1,q;) for some i€ {1,2,... m}.

The following lemma presents some direct properties for the functions
defined in (4.1) and (4.2).

Lemma 4.2. Assume that A € BV ([a,b], L(X)), f € G([a,b], X). Fur-
thermore, let D € Dla,b], D = {ap,a1,...,am}, and let Ap and fp be
defined by (4.1) and (4.2), respectively. Then Ap and fp are strongly ab-
solutely continuous on [a,b] and

V&IZ Ap < VarZA and || fplleo < 11f oo

Proof. Tt is clear that Ap and fp are strongly absolutely continuous on
(aj—1,0y), for each ¢ = 1,...,m. Since both functions are continuous on
[a,b], the absolute continuity holds on the closed intervals [a;_1,;],i =
1,...,m (cf. [30, Theorem 7.1.10]).

Let € > 0 be given. For each ¢ = 1,...,m, there exists 1; > 0 such that

P p
€
Z I14p(b;) — Ap(aj)llcx) < . whenever Z;(bj —aj) <,
- =
where [a;,b;], j =1,...,p, are non-overlapping subintervals of [a;_1, cy].

Let n < min{n;; ¢ =1,...,m}. Consider F = {[¢;,d;]; j=1,...,p}, a
collection of non-overlapping subintervals of [a, b], such that

p
Z d; —¢j)
j=1

Without loss of generality, we may assume that for each j = 1,...,p,
[cj,dj] C [o,—1,ag,], for some k; € {1,...,m}. Thus

F = th with F; = {[C,d} e F; [C,d] N [ai—l,ai] + @}’
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and > (d—c¢)<mn,i=1,...,m. In view of this, we get
[e,d]eF;

P

Z |Ap(d;) — Ap(cy)

lL(x) <

<> Y Apla ~Ap@lle) <Y — =
i=1

i=1 [¢,d]€F;

which shows that Ap is strongly absolutely continuous on [a,b]. Similarly
we prove for fp.
Furthermore, for each ¢ =1,2,...,m and each t € [ay_1, ay| we have

varaé 1 AD - ||A(O[€) - A(aé—l)”L( < V&I‘ae A

1

and
Io(lx = | flae) + LOO=LO= g, )
= [ flae) =2+ ) 2| < e
Qp — Q1 Qg X
Therefore,

var Ap = E varg! Ap <
(=1

Z o A=varb A and | fpleo < [|fllec. O

Remark 4.3. Notice that the functions Ap, fp, defined in (4.1) and (4.2),
respectively, are differentiable on (a;_1,;),7 = 1,...,m, and their deriva-
tives are given by

A(Oél) — A(Oti_l)

AB(t) = if t € (;_1,0;) for some i€ {1,2,...,m},
Q; — Q1

fpt) = flaw) = flaizy) if te (—1,0;) for some i€ {1,2,...,m}.
QO — Q-1

By Lemma 4.2, recalling that Ap and fp are strongly absolutely continuous
on [a,b], the Bochner integral (cf. [30, Definition 7.4.16]) exists and hence
also the strong McShane and the strong Kurzweil-Henstock integrals (cf.
[30, Theorem 5.1.4] and [30, Proposition 3.6.3]). Moreover,

t t

AD(t):/A’D(s)ds, fD(t):/f,’:,(s)ds for ¢ € [a,b],

a a
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(cf. [30, Theorem 7.3.10]). Consequently,
¢ ¢

[ dlan)ats) = [ Ap(s)as)as

holds for each x € G([a,b], X) and t € [a,b]. Hence, the generalized differ-
ential equation
t
o) =5+ [ dldp(s)e(s) + folt) - fo(a)
is equivalent to the initial value problem for the ordinary differential equa-
tion (in the Banach space X)
o'(t) = Ap(t)z + fp(t), x(a) =17.

Theorem 4.4. Let A€ BV ([a,b], L(X))NC([a,b], L(X)), f€C([a,b], X)
and T € X. Furthermore, let {Dy} be a sequence of divisions of the interval
[a,b] such that

Dyy1 D Dy, for ke N and klim |Dg| = 0. (4.3)

Finally, let the sequences {Ar} and {fr} be given by
A = Ap, and fr = fp, for k€N, (4.4)

where Ap, and fp, are defined as in (4.1) and (4.2).
Then equation (1.2) has a unique solution x on [a,b]. Furthermore, for
each k € N, equation (1.1) has a solution xj on [a,b] and (2.9) holds.

Proof. Step 1. Since A is uniformly continuous on [a, b], we have

for each € >0 there is a § >0 such that [|A(t)—A(s)| (x) <% (4.5)
holds for all t,s € [a,b] such that |t —s| <. '

By (4.3), we can choose kg € N such that |Dy| < 4, for every k > ko.
Given t € [a,b] and k > ko, let ay—1, ¢ € Dy, be such that ¢ € [ay—1, ay).
Notice that |y — ap—1] < 8. So, according to (4.1), (4.4) and (4.5), we get
14k(5) — Ay < 1 A(ar) — Aor—)lzo [t ]+
k L(x) = ¢ AL ZC O] P
e €
FA(ae) ~ Al < S+ S ==
As ko was chosen independently of ¢, we can conclude that (2.6) is true.
Step 2. Analogously we can show that (2.7) is true, as well.

Step 3. By Lemma 4.2, (2.5) holds. Moreover, as A and Ay, k € N, are con-
tinuous, the equations (1.2) and (1.1) have unique solutions by Theorem 2.1
and we can complete the proof by using Theorem 2.2. O
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Notation 4.5. For the given f € G([a,b], X) and k € N, we denote
1
U () ={telatl: [A*F0)x = 1},

U ()= {telotl: 1A FOlx = 3}

Up(f) = U (VU (f) and U(f) = [ Un(f)-
k=1

(Thus U(f) is a set of points of discontinuity of the function f in [a,b].)
Analogous symbols are used also for the operator valued function.

Definition 4.6. Let A € BV ([a,b], L(X)), f € G([a,b], X) and let {Py}
be a sequence of divisions of [a, b] such that

|Py| = (1/2)F for k€ N. (4.6)

We say that the sequence {Ayg, fr} is a piecewise linear approximation (PL-
approximation) of (A, f) if there exists a sequence {D} C Dla,b] of divi-
sions of the interval [a, b] such that

Dy D PkUUk(A)UUk(f) for ke N (4.7)
and Ay, fi are for k € N defined by (4.1), (4.2) and (4.4).

Remark 4.7. Consider the case where dim X < oo and let {Ay, fi} be

a PL-approximation of (A4, f). Then by Lemma 4.2,
varg Ay <varg A and | filloo < [[floc-

Furthermore, as Ay are continuous, due to (2.2), we have c4, = 1 for all
k € N. Hence, (2.4) yields

var® (g — fir) < var® A (||Z||x + 2|/ f]loo) exp(var’ A) < 0o for all k € N

and, by Helly’s theorem, there is a subsequence {k¢} of N and w € G([a, b], X)
such that

Jim (2, (8) = o (1)) = w(t) = f() Tor 1 € [a,b].

In particular, elirn x, (t) = w(t) for all ¢t € [a, b] such that élim fie, () = f(2).

In this context, it is worth mentioning that if the set U(f) has at most
a finite number of elements, then

klim fe@®) = f(t) forall ¢ € [a,b].
Definition 4.8. Let A € BV ([a,b], L(X)), f € G([a,b],X) and T € X.

We say that z* : [a,b] — X is a sequential solution to equation (1.2) on the
interval [a, b] if there is a PL-approximation {Ag, fx} of (A, f) such that

len;O xp(t) =2 (t) for t € [a,b] (4.8)
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holds for solutions xx,k € N, of the corresponding approximating initial
value problems
= ALz + f1.(t), xr(a) =2, keN. (4.9)

Remark 4.9. Notice that using the language of Definitions 4.6 and 4.8,
we can translate Theorem 4.4 into the following form:

Let A € BV([a,b],L(X)) N C([a,b], L(X)), f € C([a,b],X) and T € X.
Then equation (1.2) has a unique sequential solution z* on [a,b] and x*
coincides on [a,b] with the solution of (1.2).

In the rest of this paper we consider the case where the set U(A) UU(f)
of discontinuities of A, f is non-empty. We will start with the simplest case
UA) UU(f) = {b}.

The following natural assertion will be useful for our purposes and, in
our opinion, it is not available in literature.

Lemma 4.10. Let A € BV ([a,b], L(X)). Then

Jim = ( / exp (A1) - AE) ) dr) -
’ (4.10)

exp (ATA(t)(1—0))do if t € (a,b]

Slirgr s i t (/Sexp <[A(5) - A(ﬂ]z_:) dr) =
T (4.11)
= /eXp (ATAM) (1 ~0)) do if t € [a,b).

0
where the integrals are the Bochner ones.

Proof. (i) Let t € (a,b] and € € (0,1) be given. Then there is a § > 0 such
that

Il
o—__

and

|[A(t=) = A(s)ll,(x) <€ whenever t —0 <s <t.

Taking now into account that
| exp(CT) = exp(D7)|[ ) < IC = Dllrcxy exp ((IC|Lcx) + 1D oex))7)
holds for all C,D € L(X), 7 € R, (cf. [22, Corollary 3.1.3]), we get

t—r

/t[exp ([A(t)—A(s)] 7) —exp (A*A(t) i_:ﬂd’"

<

X

1
t—s

t—s

S

t
1 -
< 146) = A6 [ exp (e+ 2187 AW nco) dr =
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= [JA(t—) — A(s)||L(x) exp (e + 2| ATA®) || Lx)) <

<eexp (14 2(|A7A®)|lL(x)) for t—0<s<t.

Therefore,

Jm tis</texp (14() - AGs)] i_;)dr> _

= Jim % (/texp (A‘A(t)t_r)dr) for t € (a,b].

s—t— 1 — t—s
S
It is now easy to see that the substitution o0 = 1 — % into the second
integral yields (4.10).
(ii) The relation (4.11) can be justified similarly. O

Lemma 4.11. Let A € BV ([a,b], L(X)) and f € G([a,b], X) be contin-
uous on [a,b). Let T € X and let x be a solution of (1.2) on [a,b).
Then equation (1.2) has a unique sequential solution x* on [a,b].
Moreover, x* is continuous on [a,b), z* = x on [a,b) and z*(b) = v(1),
where v is a solution on [0,1] of the initial value problem
vV =[ATA®D) v+ [ATf(B)], v(0) =z(b—). (4.12)

Proof. Let {Ag, fr} be an arbitrary PL-approximation of (A, f) and let
{Dy.} be the corresponding sequence of divisions of [a, b] fulfilling (4.6) and
(4.7). Notice that under our assumptions, Dy = Py for k € N. For k € N,
we put

T, = max{t € Py; t < b}.
By (4.3), we have b — %3¢ < 75, < b for k € N, and hence

2k:
lim 7 = b. (4.13)
Now, for k € N and t € [a, b], let us define
N Ak(t) if te [a, Tk],
Ag(t) = y_
A(’W)""W(t_ﬂc) if te (Tk,b],
_ fk(t) if te [a, ’/"k-],
fe(t) = N\
f(Tk)‘FW(t—Tk) if t e (13,0
Furthermore, let
- Aty if t €a,b), f@) if tela,d),
A = Fit) = (4.14)

A(b—) if t=b, Fo—) if t=b.
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It is easy to see that for k£ € N, gk ﬁ are strongly absolutely continuous
and differentiable a.e. on [a,b], A € BV([a,b], L(X))NC([a,b], L(X)) and
f € C([a,b], X).

Step 1. Consider the problems

y;c = Av;c(t)yk + .]?Ilc(t)7 yk(a’) = ‘%7 ke N7 (415)
and
mw=%+/dmy+ﬂw—ﬂw. (4.16)

Taking into account Theorem 4.4 and Remark 4.9, we find that the equation
(4.16) possesses a unique solution y on [a, b] and

im |y — ylleo = 0. (4.17)
k—o0
where for each k € N, yy, is the solution on [a, b] of (4.15).
Note that y is continuous on [a,b] and y = x on [a,b). Let {z} be a

sequence of solutions of the problems (4.9) on [a, b]. We can see that z = yi
on [a, 7] for each k € N, and, due to (4.13), we have

kli_)n;@ zE(t) = kli_)ngo yp(t) = y(t) = x(t) for t € [a,b). (4.18)

Step 2. Next, we prove that
Jim 2 (i) = y(b). (4.19)
Indeed, let € > 0 be given and let § > 0 be such that
ly(®) = y®)lx < 5 for telb— 3,0
Further, by (4.17), there is a ko € N such that
T €[0—06,0) and |y — ylleo < % whenever k > k.
Consequently,

on(mh) —y(O)llx < llzn(tr) — y(7e)llx + ly(m) — y(d)lx =

:wmvw—mmmx+mmo—mwu<g+g:a

holds for k£ > kq. This completes the proof of (4.19).

Step 3. On the intervals [ry,b], the equations from (4.9) reduce to the
equations with constant coefficients

.%';C = Brxy + e, (4.20)

where
AB - Am) =)

B =
k b—Tk b—Tk
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Their solutions x, are on [7}, b] given by
t
x(t) = exp (Br(t — 7)) zr(T) (/exp Bi(t—r )dr)ek,

(cf. [5, Chapter II]). In particular,

z(b) = exp (A(b) — A(7x)) xp (1) +

b
+ bj(/exp ([A(b) — A(7y)] %) dr) [fr(b) — frx(7%)]-

Tk
By Lemma 4.10, we have

b

( / exp (140) = A()] =2 ) ar ) 70— £ ()] =

Tk

1m
k—o0 b_Tk

To summarize,

1
kli_)n;(} zy,(b) = exp (ATA(b)) y(b) + (/exp (AA(b)(1 - s)) ds)A_f(b),
0

ie.,
lim zx(b) = v(1), (4.21)

k—oo

where v is a solution of (4.12) on [0, 1].
Step 4. Define

y(t) if t€la,b),

a*(t) =

v(l) if t=hb.

Then z*(t) = klim x(t) for t € [a,b] due to (4.19) and (4.21). Therefore,
—00

x* is a sequential solution of (1.2). Since it does not depend on the choice of
the approximating sequence { Ay, fx}, we can see that z* is also the unique
sequential solution of (1.2). This completes the proof. O

The following assertion concerns a situation, symmetric to that treated
by Lemma 4.11. Similarly to the proof of Lemma 4.11, we will deal with
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the modified equation

vty =7+ [ dldly+ 7o) - fia), (422)
where y € X and '
_ Ala+) if t=a, _ fla+) if t=a,
At) = and f(t) = (4.23)
A(t) if t € (a,b) f(@) if t € (a,b)].

Lemma 4.12. Let A € BV ([a,b], L(X)) and f € G([a,b], X) be contin-
uous on (a,b]. Then for each T € X, equation (1.2) has a unique sequential
solution x* on [a,b] which is continuous on (a,b].

Furthermore, let w be a solution of the initial value problem

W = (MA@ + [A*f(a)], w(0) =7 (124)
and let y be a solution on [a,b] of equation (4.22), where § = w(1l). Then
x* coincides with y on (a,b].

Proof. Let {Ag, fr} be an arbitrary PL-approximation of (A, f) and let
{Dy.} be the corresponding sequence of divisions of [a, b] fulfilling (4.1) and
(4.2). Just as in the previous proof, Dy = Py for k € N.

For k € N, we put

T, = min{t € Py : t > a}.
By (4.3), we have a + %% > 7, > a for k € N, and hence

lim 7, = a.
k—oo

Let {x} be a sequence of solutions of the approximating initial value prob-
lems (4.9) on [a, b].

Step 1. On the intervals [a,7x], the equations from (4.9) reduce to the
equations (4.20) with the coefficients

Their solutions zj are on [a, %] given by

zy(t) = exp(Bi(t — )7 + </teXP (Bi(t —1)) dT) €k

a

(cf. [5, Chapter II]). In particular,
k(1) = exp (A(7g) — Ala)) 7+

Tk

(feww (140 - a0 222 )ar) ) - )

T —Q

T — Q
a
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By Lemma 4.10, we have

Tk

([ e (1400 = A@) =0 )ar ) i£(m) - )] =

T —a

lim
k—oo T, — Q

- ( / (AT A(0)(1 - ))ds ) 87 a).

Thus, klim xk () = w(l), where w is the solution of (4.24) on [0, 1].
—00

Step 2. Consider equation (4.22) with § = w(1). By Theorem 2.1, it has
a unique solution y on [a,b], y is continuous on [a,b] and, by an argument
analogous to that used in Step 1 of the proof of Lemma 4.11, we can show
that the relation

klim xg(t) = y(t) for t € (a,b]

is true.

Step 3. Analogously to Step 4 of the proof of Lemma 4.11, we can complete
the proof by showing that the function

x if t=a,
z*(t) =
y(t) if ¢ € (a,b],
is the unique sequential solution of (1.2). |

Remark 4.13. Notice that if @ < ¢ < b and the functions z] and 23 are,
respectively, the sequential solutions to

z(t) =2 —|—/d[A}J:+f(t) — f(a), t€la,d,

and
t

ot) =52+ [ dldla+ 1)~ fl0), t€ e
where Zo = 25 (c), then the function
zi(t) if t € la,d],
PN COR
x5(t) if t € (e, ]
is a sequential solution to (1.2).
Theorem 4.14. Assume that A € BV ([a,b], L(X)), f € G([a,b], X) and
UA)JU(f) = {s1,52,---,5m} C [a,D].

Then for each x € X, there is exactly one sequential solution x* of equation
(1.2) on [a,b].
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Moreover,

t

T (t) = ’LUg(l)‘f'/d[;{g]I*‘Fﬁ(t)*‘]?g(Sg) for t€([se, s041), £€NN[0,m],

se
2 (t) = ve(1) for t =54, £€NN[1,m+1],
where g = a, Symy1 = b,wo(1) =T and, for £ € NN[0, m],

Avg(t) _ A(set) of t = sy, ﬁ(t) _ f(se+) if t = sy,

A(t) if t € (s¢,8041), f(t) if t € (se,5041)

and vy and wy denote, respectively, the solutions on [0,1] of the initial value
problems

vy = [AT A(se)]ve + [A7 f(se)],  ve(0) = 2™ (s¢—)
and

wy = [AT A(se)we + [AT f(s0)],  we(0) = 2*(s¢).

Proof. Having in mind Remark 4.13, we deduce the assertion of Theo-
rem 4.14 by a successive use of Lemmas 4.11 and 4.12. Towards this end, it
suffices to choose a division D = {ag, a1, ..., a.} of [a,b] such that for each
subinterval [ag—1, o], k = 1,2,...,r, either the assumptions of Lemma 4.11
or those of Lemma 4.12 are satisfied with aj_1 in place of a and ay, in place
of b. O

ACKNOWLEDGEMENTS

The second author was supported by CAPES (Coordenagao de Aper-
feigoamento de Pessoal de Nivel Superior) BEX 5320/09-7 and by FAPESP
(Fundagao de Amparo a Pesquisa do Estado de Sao Paulo) 2011,/06392-2.
The third author was supported by the Institutional Research Plan No.
AV0Z10190503.

REFERENCES

1. R. P. AGARwAL, M. BOHNER, S. R. GRACE, AND D. O’REGAN, Discrete oscillation
theory. Hindaw: Publishing Corporation, New York, 2005.

2. M. AsHORDIA, On the correctness of linear boundary value problems for systems
of generalized ordinary differential equations. This paper also appears in Georgian
Math. J. 1 (1994), No. 4, 343-351 [Proc. Georgian Acad. Sci. Math. 1 (1993), No. 4,
385-394].

3. M. ASHORDIA, Criteria of correctness of linear boundary value problems for systems
of generalized ordinary differential equations. Czechoslovak Math. J. 46(121) (1996),
No. 3, 385—404.

4. D. BAINOV AND P. SIMEONOV, Impulsive differential equations: periodic solutions and
applications. Pitman Monographs and Surveys in Pure and Applied Mathematics, 66.
Longman Scientific & Technical, Harlow; copublished in the United States with John
Wiley & Sons, Inc., New York, 1993.



48

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Zdenék Halas, Giselle A. Monteiro, and Milan Tvrdy

Ju. L. DALEC’KII AND M. G. KREIN, Stability of solutions of differential equations
in Banach space. Translated from the Russian by S. Smith. Translations of Math-
ematical Monographs, Vol. 43. American Mathematical Society, Providence, R.I.,
1974.

. M. FEDERSON AND S. SCHWABIK, Generalized ODE approach to impulsive retarded

functional differential equations. Differential Integral Equations 19 (2006), No. 11,
1201-1234.

. D. FRARKOVA, Continuous dependence on a parameter of solutions of generalized

differential equations. Casopis Pést. Mat. 114 (1989), No. 3, 230-261.

. Z. HavLas, Continuous dependence of solutions of generalized linear ordinary differ-

ential equations on a parameter. Math. Bohem. 132 (2007), No. 2, 205-218.

. 7Z. HALAS AND M. TVRDY,, Continuous dependence of solutions of generalized linear

differential equations on a parameter. Funct. Differ. Equ. 16 (2009), No. 2, 299-313.
T. H. HILDEBRANDT, On systems of linear differentio-Stieltjes-integral equations.
Illinois J. Math. 3 (1959), 352-373.

CH. S. HONIG, Volterra Stieltjes-integral equations. Functional analytic methods; lin-
ear constraints. Mathematics Studies, No. 16. Notas de Matemadtica, No. 56. [Notes on
Mathematics, No. 56] North-Holland Publishing Co., Amsterdam-Ozxford; American
Elsevier Publishing Co., Inc., New York, 1975.

C. IMAZ AND Z. VOREL, Generalized ordinary differential equations in Banach space
and applications to functional equations. Bol. Soc. Mat. Mezicana (2) 11 (1966),
47-59.

1. KIGURADZE AND B. PUZA, Boundary value problems for systems of linear func-
tional differential equations. Folia Facultatis Scientiarium Naturalium Universitatis
Masarykianae Brunensis. Mathematica, 12. Masaryk University, Brno, 2003.

J. KURZWEIL, Generalized ordinary differential equations and continuous dependence
on a parameter. (Russian) Czechoslovak Math. J. 7(82) (1957), 418-449.

J. KURzZWEIL, Generalized ordinary differential equations. Czechoslovak Math. J.
8(83) (1958), 360-388.

J. KUurRzZWEIL, Nichtabsolut konvergente Integrale. (German) [Nonabsolutely conver-
gent integrals] With English, French and Russian summaries. Teubner-Texte zur
Mathematik [Teubner Texts in Mathematics], 26. BSB B. G. Teubner Verlagsge-
sellschaft, Leipzig, 1980.

G. MONTEIRO AND M. TVRDY, On Kurzweil-Stieltjes integral in Banach space. Math.
Bohem. (to appear).

G. MONTEIRO AND M. TVRDY, Generalized linear differential equations in a Banach
space: Continuous dependence on a parameter. Preprint, Institute of Mathematics,
AS CR, Prague, 2011-1-17.

F. Oriva AND Z. VOREL, Functional equations and generalized ordinary differential
equations. Bol. Soc. Mat. Mezicana (2) 11 (1966), 40—46.

Z. OpiAL, Continuous parameter dependence in linear systems of differential equa-
tions. J. Differential Equations 3 (1967), 571-579.

S. G. PAnDIT AND S. G. DEoO, Differential Equations Involving Impulses. Lecture
Notes in Mathematics, 954. Springer-Verlag, Berlin, 1982.

A. PAzY, Semigroups of linear operators and applications to partial differential equa-
tions. Applied Mathematical Sciences, 44. Springer-Verlag, New York, 1983.

M. PELANT, On aproximations of solutions of generalized differential equations (in
Czech). Ph.D. Tthesis, Charles University, Faculty of Mathematics and Physics,
Prague, 1997.

A. M. SAMOILENKO AND A. N. PERESTYUK, Impulsive differential equations. With a
preface by Yu. A. Mitropol’skii and a supplement by S. I. Trofimchuk. Translated from
the Russian by Y. Chapovsky. World Scientific Series on Nonlinear Science. Series A:
Monographs and Treatises, 14. World Scientific Publishing Co., Inc., River Edge,
NJ, 1995.



Emphatic Convergence and Sequential Solutions . .. 49

25.

26.

27.

28.

29.

30.

31.

32.

33.

S ScHWABIK, Generalized ordinary differential equations. Series in Real Analysis, 5.
World Scientific Publishing Co., Inc., River Edge, NJ, 1992.

S SCHWABIK, Abstract Perron-Stieltjes integral. Math. Bohem. 121 (1996), No. 4,
425-447.

S SCHWABIK, Linear Stieltjes integral equations in Banach spaces. Math. Bohem. 124
(1999), No. 4, 433-457.

S SCHWABIK, Linear Stieltjes integral equations in Banach spaces. IT. Operator valued
solutions. Math. Bohem. 125 (2000), No. 4, 431-454.

S. ScHwABIK, M. TVRDY, AND O. VEJvODA, Differential and integral equations.
Boundary value problems and adjoints. D. Reidel Publishing Co., Dordrecht—Boston,
Mass.—London, 1979.

S. ScHWABIK AND G. YE, Topics in Banach space integration. Series in Real Analysis,
10. WORLD SCIENTIFIC PUBLISHING Co. PTE. LTD., HACKENSACK, NJ, 2005.

M. TvrDY, On the continuous dependence on a parameter of solutions of initial
value problems for linear GDE’s. International Conference on Functional Differential
Equations (Ariel, 1998). Funct. Differ. Equ. 5 (1998), No. 3-4, 483-498.

textscM. Tvrdy, Differential and integral equations in the space of regulated func-
tions. Mem. Differential Equations Math. Phys. 25 (2002), 1-104.

S. G. ZAVALISHCHIN AND A. N. SESEKIN, Dynamic impulse systems. Theory and
applications. Mathematics and its Applications, 394. Kluwer Academic Publishers
Group, Dordrecht, 1997.

(Received 13.09.2011)

Authors’ addresses:

Zdenék Halas

Department of Mathematics Education
Faculty of Mathematics and Physics
Charles University in Prague

CZ 186 75 PRAGUE, Sokolovska 83
Czech Republic

E-mail: Zdenek.Halas@mff.cuni.cz

Giselle Antunes Monteiro

Instituto de Ciéncias Matematicas e Computagao
Universidade de Sao Paulo

Caixa Postal 668, 13560-970, Sao Carlos, SP
Brasil

E-mail: gam@icmec.usp.br

Milan Tvrdy

Mathematical Institute

Academy of Sciences of the Czech Republic
CZ 115 67 Praha 1, Zitna 25

Czech Republic

E-mail: tvrdy@math.cas.cz






Memoirs on Differential Equations and Mathematical Physics
VOLUME 54, 2011, 51-68

Tariel Kiguradze

CONDITIONAL WELL-POSEDNESS
OF NONLOCAL PROBLEMS

FOR FOURTH ORDER LINEAR
HYPERBOLIC EQUATIONS

WITH SINGULARITIES

Dedicated to the blessed memory of Professor T. Chanturia



Abstract. Unimprovable in a sense sufficient conditions of well-posedness
of nonlocal problems are established for fourth order linear hyperbolic equa-
tions with singular coefficient.

2010 Mathematics Subject Classification. 34B05, 34B10.
Key words and phrases. Linear, singular differential equation, nonlo-
cal problem.

63%0‘333. 8:](")(7)1‘):] 60601) Vﬁ(BO:}O 303362)(‘)&‘360 2)06(’1)MQ363601)0m301) 1)066'3—

Q\)({)‘UQO 3(’)3({30(}036(8):]600') QOQ&JBOQOO oﬁogqm&ogg'ﬂé \)8(")8\)5\)0’)0 306(‘)600’)\)@
&mégj(*‘)‘:}(__’qm&nl) oﬁoaogaxmbab:J&oQo 1)\)&80601)0 \306(")632)0.



Conditional Well-Posedness of Nonlocal Problems ... 53

1. FORMULATION OF THE MAIN RESULTS

1.1. Statement of the problem. In the rectangle Q = [0,a] x [0,]
consider the linear hyperbolic equation

2 2
u®?) = Z Z hik(z, y)u =D 4 h(z, y) (1.1)

i=1 k=1
with the nonlocal boundary conditions
/u(s,y) dai(s)=0 for 0<y<b (i=1,2),
(1.2)

0

b
/u(x,t)dﬁk(t) =0 for 0<z<a (k=1,2).
0

Here +ru(z, )
(Wh) () = UL Y)
w(x,y) = orioy"
hi : @ — R (i, k = 1,2) are measurable functions, h € L(f2), and «; :
[0,a] = R and 3; : [0,b] — R (i = 1,2) are functions of bounded variation.
We will use the following notation.
L(Q) is the Banach space of Lebesgue integrable functions v : @ — R
with the norm

(i, k=0,1,2),

a

b
ol = / / lo(, )| dz dy.
0

0
C11(Q) is the space of functions u :  — R, continuous together with
w1k (k= 1,2), with the norm

2 2
fullors = ma{ 33 D] - ) 0.
i=1 k=1

C11(€) is the space of functions u € C11(Q) for which u(11) is absolutely
continuous (see, e.g., [1,4]).

The function v € C1(Q) is said to be a solution of equation (1.1) if it
satisfies that equation almost everywhere on ).

A solution of equation (1.1) satisfying boundary conditions (1.2) is called
a solution of problem (1.1),(1.2).

Along with the equation (1.1) consider the corresponding homogeneous
and perturbed equations

2 2
w2 = ZZhik(a@,y)u(i_l’k_l)7 (1.1p)

i=1 k=1

2 2
’LL(2’2) = Zzhik(z7y)u(iil’kil) +E(‘T’y)7 (11/)

i=1 k=1
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with the nonhomogeneous boundary conditions

/u(s,y) doy(s) = /c(s,y) da;(s) for 0<y<b (i=1,2),

Ob Ob (1.2")
/u(m,t) dp(t) = /c(az,t) dBi(t) for 0 <z <a (k=1,2).

0 0

Following [2], introduce the definitions.

Definition 1.1. Problem (1.1),(1.2) is said to be well-posed if for arbi-
trary h € L(Q2) and ¢ € CH1(Q) problem (1.17),(1.2’) is uniquely solvable,
and there exists a positive constant r independent of h and ¢ such that

@ — wllors < r(llellors + 1B = RllL),

where u and w, respectively, are solutions of problems (1.1), (1.2) and (1.1'),
(1.27).

Definition 1.2. Problem (1.1), (1.2) is said to be conditionally well-posed
if for an arbitrary h € L(Q) problem (1.1'),(1.2) is uniquely solvable, and

the exists a positive constant r independent of h such that
[ = ullcra < rllh—hl|L,

where v and @, respectively, are solutions of problems (1.1), (1.2) and (1.1),
(1.2).

In the case where the coefficients of equation (1.1) are continuous func-
tions sufficient conditions of well-posedness of problems of type (1.1),(1.2)
are established in [3-7]. We are interested in the singular case, where some
of the coefficients h;i (i, k = 1,2) are nonintegrable on 2. Until recently,
for singular equations only the Dirichlet problem has been studied [8].

General theorems on conditional well-posedness of nonlocal problems for
higher order linear hyperbolic equations with singular coefficients are proved
in [2]. In the present paper effective and unimprovable in a sense conditions,
guaranteeing conditional well-posedness of the singular problem (1.1), (1.2),
are established on the basis of those results.

The following boundary conditions are the particular cases of (1.2):

u(0,9) =0, u(a,y) =0 for 0 <y <b,

1.2
u(z,0) =0, u(x,b)=0 for 0 <z <a (1:21)
and .
u(0,y) =0, /u(s,y) da(s) =0 for 0 <y <b,
0
b (1.25)

u(z,0) =0, /u(w,t) dB(t) =0 for 0 <z <a,
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where « : [0,a] — R and 5 : [0,b] — R are functions of bounded variation.
The theorems proved below imply new sufficient conditions of conditional
well-posedness of problems (1.1),(1.27) and (1.1), (1.22).

1.2. Theorems on the Conditional Well-Posedness of Problem
(1.1), (1.2). Let

a a

Bafa) = ax(@) [ ar(s)ds — an(a) [ as(s)ds,

b b
Aa(y) = Balb) / Bu(t) dt — By (b) / B(t) dt

Y
We study problem (1.1), (1.2) in the case, where
042(0) = O, ﬁl(O) = 0, Al(O) 75 0 (7, = 1,2). (14)

Introduce the functions

t,8) =
x(t ) 0 for s>t,

gi(w,s) = All(()) [ / ai(r)dr / ay(r)dr — / ay(r)dr / ay(7) dr+

+ x(z,s8)(x —s) for 0 <z, s<a, (1.6)

{1 for s <t,

+(s —a)A1(0) + (a — 2)

ga(y, 1) = A;( U dT/bgg dp/ Bi(7) dTO/b@(T) dr+

I_l

+(t — b)A2(0) + }—i—x y,t)(y—t) for 0<y, t<b, (1.7)
v11(x) = max{\gl (z,8)]: 0< s <al,
o1a(2) = up{|g(10 9]:0<s<a s #x}’ (1.8)
©21(y) = max {|g2(y, 1) : 0 <t <b},
pa(y) = sup {|of (. 0)] 0 <t <t £y} o
Theorem 1.1. If along with (1.4) the inequalities
[ [ ev@ren@ibatamldedy <400 ik =12) (110

hold, then problem (1.1),(1.2) is conditionally well-posed if and only if the
corresponding homogeneous problem (1.1p), (1.2) has only the trivial solu-
tion.
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Theorem 1.2. If along with (1.4) the condition

2 2 b
ZZ// (@) k() [hik (2, y)| dedy < 1 (1.11)

i=1 k=17
holds, then problem (1.1),(1.2) is conditionally well-posed. Moreover, if
hik € L(Q) (i,k=1,2), (1.12)
then problem (1.1), (1.2) is well-posed.
Theorem 1.3. If conditions (1.4) and (1.11) hold, and

b a

//|h11 x,y)| de dy = 400, (1.13)

0

then problem (1.1), (1.2) is conditionally well-posed but not well-posed.
1.3. Corollaries for problem (1.1), (1.21).
Corollary 1.1. If

b oa .
O/O/[x(1Z)r_z[y(lZ)]Q_k|h,-k(x,y)dzdy<+oo (i, k=1,2) (1.14)

hold, then problem (1.1),(1.21) is conditionally well-posed if and only if
the corresponding homogeneous problem (1.1p), (1.21) has only the trivial
solution.

Corollary 1.2. Let either

2 2 0 s -
ZZ// [m(l - g)} [y(l — %)} |hix(z,y)| dedy < 1, (1.15)

esssup{ZZQ: {x(l _ g)r’i {y(l B %)}g,kmik(%y)' (ag) € Q} )

< . 1.16
0 (1.16)
Then problem (1.1), (1.21) is conditionally well-posed. Moreover, if along
with (1.15) (along with (1.16)) condition (1.12) holds, then problem (1.1),
(1.21) is well-posed.

Corollary 1.3. Let along with condition (1.13) either of conditions (1.15)
and (1.16) hold. Then problem (1.1),(1.21) is conditionally well-posed but
not well-posed.
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1.4. Corollaries for problem (1.1),(1.22). We study problem (1.1),
(1.22) in the case, where

a

a(0) =0, a(z) <a(a) a.e.onl0,aq], /a(x) dz < ac(a),

b (1.17)
5(0) =0, By) < () ae.on 0.8, [ By)dy < b3(b).
0
Corollary 1.4. If along with (1.17) the condition
b a
//mQ_iyg_k|hik(x,y)| dedy < 400 (i, k=1,2) (1.18)
0

holds, then problem (1.1),(1.25) is conditionally well-posed if and only if
the corresponding homogeneous problem (1.1p), (1.22) has only the trivial
solution.

Corollary 1.5. If along with (1.17) the condition

a

2 2 0
S5 [ [ar i Hhato ) dedy <1 (119)
‘ 0

holds, then problem
along with (1.17) and (1
is well-posed.

Corollary 1.6. If along with (1.17) and (1.19) condition (1.13) holds,
then problem (1.1), (1.22) is conditionally well-posed but not well-posed.

0
1.1), (1.29) is conditionally well-posed. Moreover, if
1.19) condition (1.12) holds, then problem (1.1), (1.23)

/\/—\

1.5. Examples. The examples below demonstrate that in Theorem 1.2
(in Corollary 1.2) condition (1.11) (condition (1.15), as well as condition
(1.16)) is unimprovable in a sense.

Example 1.1. Let € be an arbitrary positive number and v > 1 be
sufficiently large number such that

2
1
<Zfl> <l+e. (1.20)

=2 — 42772 for 0<t <1,

)
Y212 (2— )22 for 1<t <2 (1.21)

el
texp ——) for 0 <t <1,
Y
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and consider the differential equation (1.1), where h € L(£2) and

16 2x 2y ' _
hll(xvy) - ﬁhO(;)hO(?)a hzk(xvy) =0
for (z,y) €, i+k#2. (1.22)

Then problem (1.1),(1.21) is not conditionally well-posed since the corre-
sponding homogeneous problem (1.1p), (1.21) has the nontrivial solution

o =0 (Z)n ().

On the other hand, according to (1.21) and (1.22) we have

[w(l _ x)} [y(l - ?;)]Hmik(x,yn di dy =

Hence, by (1.20) it follows that

a

S5 ] T[] b)) e asar e a0

i=1 k=1
Consequently, in Corollary 1.2 condition (1.15) cannot be replaced by the
condition

2 a

b
ZZ//@M ) por (Y)|hik(z,y)|dedy < 1+¢
0 0

i=1 k=1

no matter how small € > 0 might be.

Example 1.2. Let

4

e y) = o )

hig(z,y) =0 for (z,y) €Q, i+ k> 2.
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Then

(]
—
8
/N
—
|
SRS
N—
[E—)

[\

L
—

<
/N
—_
|

SalkSS

)riﬂhik(x,yﬂ (z,y) € Q} _

ess sup {

== (1.24)

On the other hand, problem (1.1),(1.21) is not conditionally well-posed,
since its corresponding homogeneous problem (1.1p),1.21() has the nontriv-
ial solution

u(z,y) = z(x — a)y(y —b).

Consequently, in Corollary 1.2 inequality (1.16) cannot be replaced by equal-
ity (1.24).

2. AUXILIARY STATEMENTS

By L(]0,T]) we denote the space of Lebesgue integrable functions v :
[0,7] — R endowed with the norm

T
loll = / ()] dt.
0

and by C'([0,T]) we denote the space of continuously differentiable func-
tions u : [0, T] — R for which u’ is absolutely continuous.

Also, we will need to consider the second order ordinary differential equa-
tion

u” =q(t) (2.1)
with the nonlocal boundary conditions
T
/ w(t) ds(t) =0 (i = 1,2), (2.2)
0

where ¢ € L([0,T]), and 7; : [0,7] — R (i = 1,2) are functions of bounded
variation such that

7(0)=0 (i=1,2). (2.3)
A solution of problem (2.1), (2.2) will be sought in the space C*([0,T]).

2.1. Lemmas on estimates of solutions to problems of type
(2.1),(2.2). Let

A(t) = 72(T) /’71(8) ds — v (T) /’}/2(8) ds for 0 <t <T. (2.4)
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If A(0) # 0, then set

T T T T
g(t,s) = A?O)[/%(T) dT/’)/Q(T) dT—/’}/l(T) dT/’}/Q(T)dT]-F
0 s s 0
—&—ﬁ[(s—T)A(O)—&-(T—t)A( s)|+x(t,s)(t—s) for 0<t,s<T, (2.5)

where x is the function given by equality (1.5).
Lemma 2.1. Problem (2.1) is uniquely solvable if and only if

A(0) # 0. (2.6)

Moreover, is condition (2.6) holds, then the function g given equality (2.5)
is the Green’s function of the boundary value problem

T
u’ =0 /u )dyi(t) =0 (i=1,2), (2.7)
0

and a solution u of problem (2.1), (2.2) admits the estimates
V@) < @i(t)|h]lL for 0<E<T(i=1,2), (2.8)

where
p1(t) = max {|g(t,s)|: 0<s<T},

2 (t) = sup {|g(1*0)(t,s)| :0<s<T, s# t}. (2:9)

Proof. An arbitrary solution of equation (2.1) admits the representation
t
u(t) =1 + cat + /(t —s)q(s)ds for 0 <t <T. (2.10)
0

In view of (2.3) the function u is a solution of problem (2.1),(2.2) if and
only if (¢1,ce) is a solution of the system of linear algebraic equation

S

%<T>c1+( /T Td’Yz'(T)>02= /T ( Je=s1ar) dT)d%-(s) (i=1,2). (211)
0 0 0

However,
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(
(

_ / ([t =@ -9 )atwyas (=1,

S

o) [(s—Datsyas+ [ ([ o) df) Yils) ds =

=5%(T) [ (s—T)q(s)ds +

Ot —y T
P — s P —

(r)dr Jals) s =

S0t TT—x

Therefore system (2.11) is equivalent to system

@+ () [tryin )
0

T

:0/(/%‘(T)dr—%(T)(T—s)>Q(5)d8 (i=1,2).

S

In view of notation (2.4) the latter system is uniquely solvable if and only
if inequality (2.6) holds. Besides, if this inequality holds, then

T T T

o = AEO)/T UT%(T) dr/yg(f) dr_/%(T) dT/’yQ(T) dr]q(s) ds+
0 0 0

S S

T T
L S S — S S Cy = — A(S) S S
A / [TAG) + (s = T)AO)a(s) ds, e / Ay ds

Substituting ¢; and ¢z in (2.10) and taking into account (2.5), we get
T

u(t) = [ g(t,s)q(s)ds for 0 <t <T.
/

Consequently ¢ is the Green’s function of problem (2.7). On the other
hand, the obtained representation of a solution of problem (2.1),(2.2) im-
plies estimates (2.8), where ¢; (i = 1, 2) are the functions given by equalities
(2.9). O

Lemma 2.2. If inequality (2.6) holds, then the functions @1 and @2,
given by equalities (2.9), are continuous on [0,T]. Moreover, ¢1 has at
most two zeros, and o s positive in [0,T].

Proof. According to equalities (2.4) and (2.5) the function ¢ : [0,7] X
[0,7] — R is continuous, that guarantees continuity of function ¢;. On the
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other hand
1—2(;) for 0<s<t<T,
g0 (¢, 5) = (0) (2.12)
_AL) i o<t<s<T
A0) r 0< s<T.
Therefore

pa(t) = %(‘PZl(t) + 0o (t) + |paz(t) — a1 (t)]) for 0 <t < T,

where

@21(t):max{’1—223;’ : 0<s<t}, @22(t):max{’§§3;‘ : t<s<T}.

Consequently, in view of continuity if the function A, the functions a1, w22
and oy are continuous. Besides,

902(75)22(8021(75)+9022(t))25(‘1i((gh‘i((é))’) 2% for 0<t<T.

To complete the proof it remains to show that the function ¢; has at
most two zeros in [0,7]. Assume the contrary that ¢; has at least three
zeros t1, to and t3, where 0 < t; < t3 < t3 < T. Let so € (t1,t2) be
arbitrarily fixed and set

v(t) = g(t,s0) for 0 <t <T.

Then, in view of the equalities ¢ (¢;) =0 (¢ = 1,2,3), we have v(t;) =0 (i =
1,2,3). Hence, in view of equality (2.12), it follows that v/(t) = 1- 358 = 0
for to <t < t3. Consequently,

, —1 for t; <t< S0,
v'(t) =
0 for sg <t <ts.

But this is impossible since v(t1) = v(t2) = 0. The obtained contradiction

proves the lemma. O
If
0 for t=0
t) = , t) =~(t) for 0 <t <T, 2.13
1) {1 g PO=A0) fr 0St<T (213)

where v : [0,7] — R is a function of bounded variation, then boundary
condition (2.2) receives the form

T
u(0) =0, u(s) dy(s) = 0. (2.14)
/
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Lemma 2.3. If

T
A0) =0, () <) acon 0.7, [(s)ds <Ty(T), (219
0

then problem (2.1),(2.14) is uniquely solvable and the Green’s function of
the problem

T
u’ =0; u(0)=0, /u(s) dv(s) =0
0

admits the estimates
max {|g(t,s)]: 0<s<T} <t

sup{|g(1’0)(t,s)|: 0<s<T, s;«ét} <1 for 0<t<T. (2.16)

Proof. According to conditions (2.13) and (2.15) from inequalities (2.4) and
(2.5) we find

A(0) =T~(T) — /7(3) ds >0, (2.17)

T
0 < A®t) = (T — t)y(T) — /7(5) ds < A(0) for 0<t<T,  (2.18)

t

g(t,s) = 22(5);15 + x(t,s)(t —s) for 0<t,s,<T. (2.19)

By Lemma 2.1, inequality (2.17) guarantees unique solvability of problem
(2.1), (2.14). On the other hand, by virtue of inequalities (2.17) and (2.18),
estimates (2.16) follow from representation (2.19). O

In conclusion of this subsection consider equation (2.1) with the Dirichlet
boundary conditions

u(0) =0, u(T)=0. (2.20)

Lemma 2.4. Problem (2.1),(2.20) is uniquely solvable and the Green’s
function of the problem

admits the estimates

max {|g(t,s)|: 0<s<T} gt(1_ %)

(2.21)
sup{}g(l’o)(t,sﬂ c0<s<T, s;ét} <1 for 0<t<T,
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T

- T t\72- )
/|g< WOs)|ds < 5 [t(1-5)] for0<t<T (=12). (222)
0

Proof. Boundary condition (2.20) follow from conditions (2.2) in the case
where

0 for t=0 0 for 0KL<t<T
f) = Cy(t) = = . 2.23
N {1 for 0<t < 20 {1 for t =T (2.23)

Therefore equalities (2.4) and (2.5) imply

At)y=T—t for 0<t<T, A0)=T>0
and ;
s(ifl) for 0<s<t<T

g(t,s) = (2.24)

t(%—l) for 0<t<s<T

By Lemma 2.1 problem (2.1),(2.2) is uniquely solvable. On the other
hand, estimates (2.21) and (2.22) immediately follow from representation
(2.24).

2.2. Lemma on estimates of functions satisfying conditions (1.2;).

Lemma 2.5. Let u € 51’1(9) be a function satisfying boundary condi-
tions (1.21). Then

[ul =D (2, )] <

§||u(2’2)|\L[m<1—§>r_i[y(lf%)]z_k for (z,y)€Q (i,k=1,2). (2.25)

Moreover, if
p = esssup{[u®2 (a,9)| : (2,) € Q) < +ox, (2.26)
then
|u(i71’k71)(z,y)| <

= aﬂx(l - 2)}” v(1- %)}HP for (z,y) €Q (i,k=1,2). (2.27)

Proof. By Lemma 2.6 from [2], the function u satisfies inequality (2.25) and
admits the representation

b a
M%w=//m@ﬁmmﬁwm@ﬂ%ﬁbrwweﬁ (2.28)
0 0

where g1 : [0,a] X [0,a] — R and g : [0,0] x [0,b] — R, respectively, are the
Green’s functions of the boundary value problems

v =0; v(0)=0, v(a)=0 (2.29)
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and
w” =0; w(0)=0, wb)=0. (2.30)

On the other hand, according to Lemma 2.4, the functions ¢g; and g» admit
the estimates

(i—1,0) AV .
|91 (x,s)|§[:c(1fg)} for 0<z,s<a, z#s (i=1,2), (2.31)

|gg°vk—1>(y,t)|g[;,(1_%)}“ for 0<y,t<b, y#t (k=1,2), (2.32)

and

a

Tt

0
/|g(0,k—1)(y B dt < é{y(l_QHH for 0<y<b (k=1,2). (2.34)
2 ’ =2 b -0 A

[m(l—g)rii for 0<a<a (i=1,2), (2.33)

In view of estimates (2.31) and (2.32), estimates (2.25) follow from (2.28).
Now assume that the function u satisfies condition (2.26). Then repre-
sentation (2.28) yields

i1k (i </|g(z 10)x5d5>(/g(0k N |dt>

fOI‘ ( T,y ) (lvk:1a2)a
whence, by inequalities (2.33) and (2.34), estimates (2.27) follow. O
2.3. Lemmas on conditional well-posedness of problem (1.1),

(1.2). Let there exist continuous functions %1; : [0,a] — [0,00), to; :
[0,b] — [0,+00) (i = 1,2) such that

P1i(z) >0 ae. on [0,a], 2 (y) >0 ae. on [0,b], (2.35)

and arbitrary functions v € C'([0,a]) and w € C*([0,b]), satisfying the
boundary conditions
a b
[r@ o) =0, [wwasw) =0 =12 30
0 0
admit the estimates
[0 (2)] < hyi(2)|]0” || for 0<z<a (i=1,2),

, , (2.37)
[w D (y)] < sy ||| for 0<y <b (i=1,2).

Then Theorems 1.4, 1.5 and 1.10 from [2] imply the following lemmas.
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Lemma 2.6. If
b a
[ [os@mihatldedy < +oo k=12, (239)
00
then problem (1.1), (1.2) is conditionally well-posed if and only if the homo-
geneous problem (1.1g), (1.2) has only the trivial solution.
Lemma 2.7. If

a

, b
Z//i/m Jhar (Y) ik (z, y)| do dy < 1, (2.39)
0

1

E

1

k—
then problem (1.1), (1
(2.39) condition (1.12

.
Il

—

0
.2) is conditionally well-posed. Moreover, if along with
) holds, then problem (1.1), (1.2) is well-posed.

Lemma 2.8. If conditions (1.13) and (2.39) hold, then problem (1.1),
(1.2) is conditionally well-posed but not well-posed.

3. PROOFS OF THE MAIN RESULTS
Proof of Theorem 1.1. Set
VY1i(z) =¢1i(z) for 0<z<a, Yo(y)=waly) for 0<y<b (i=1,2).

Then by conditions (1.4), (1.10) and Lemma 2.2, the functions v1; and )o;
(1 = 1,2) are continuous and satisfy conditions (2.35) and (2.38). On
the other hand, according to Lemma 2.1, functions v € C*([0,q]) and
w € C*(]0,b]) satisfying boundary conditions (2.36) admit estimates (2.37).
Therefore Theorem 1.1 immediately follows from Lemma 2.6. ]

Theorem 1.2 follows from Lemmas 2.1, 2.2 and 2.7, while Theorem 1.3
follows from Lemmas 2.1, 2.2 and 2.8.

Proof of Corollary 1.1. Boundary conditions (1.2;) follow from the condi-
tions (1.2), where

on () = 0 for =0 o (z) = 0 for 0<z<a
! 1 for O<z<a’ 2 ]l forz=a ’

_J0 for y=0 _J0 for 0<y<b
ﬁl(y)_{1 for 0<y<b’ 52@)_{1 for y=b

In this case, by Lemmas 2.1 and 2.4, the functions g; and go, given by equal-
ities (1.6) and (1.7), are Green’s functions of problems (2.29) and (2.30),
respectively, and the functions g, (i, k = 1,2), given by equalities (1.8) and
(1.9), admit the estimates

v1i(x) < [az(l - f)T‘i for 0<z<a (i=1,2),

a
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paiy) < [y(l - %)]H for 0<y<b (k=1,2).

According to those estimates, inequalities (1.10) follow from inequalities
(1.14). Now applying Theorem 1.1, the validity of Corollary 1.1 becomes
evident. ]

Proof of Corollary 1.2. In view of Corollary 1.1, in order to prove Corollary
1.2 it is sufficient to show that problem (1.1p),(1.21) has only the trivial
solution provided that inequality (1.15) (inequality (1.16)) holds.

Let u be an arbitrary solution of problem (1.1p),(1.2). Then, in view of
Lemma 2.5, estimates (2.25) are valid. Therefore from (1.1g) we deduce

a

weones (S5 [ FE0-2) b0-3)

1=1 k=1 0
< |hik<x,y>|dxdy) @2, (3.0)

If inequality (1.15) holds, then (3.1) and (2.25) imply that ||u(>?)||, = 0
and u(z,y) = 0.

To complete the proof it remains to consider the case, where inequality
(1.16) holds. In that case according to estimates (2.25) we have

p = esssup{|u®? (z,y)| : (2,9) € Q} <Uu®? |1 < +o0, (3.2)
where
= {33 o(1- )] - 1))
vt a b

<zl el <. (63)

But, by Lemma 2.5, condition (3.2) guarantees the validity of estimates
(2.27). Taking in account those estimates from (1.1p) we obtain

ab
p < T Lp. (3.4)

In view of inequality (3.3), (3.4) and (2.27) imply that p = 0 and
u(z,y) = 0. O

Corollary 1.3 follows from Theorem 1.3 and Lemmas 2.1 and 2.4.

Corollaries 1.4 and 1.5 can be proved in the same manner as Corollar-
ies 1.1 and 1.2. The only difference between the proofs is that instead of
Lemma 2.4 one should use Lemma 2.3.

Corollary 1.6 follows from Theorem 1.3 and Lemmas 2.1 and 2.3.
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1. INTRODUCTION

In the present paper we consider the second-order linear differential equa-
tion

u” = —p(t)u+g(t)u', (1.1)
where p,g: Ry — R are locally integrable functions such that

—+o0 s

/ exp (/g(f) dg) ds = +oc. (1.2)
0

0

As usual, in the Carathéodory case, a function u: Ry — R is said to be
a solution to equation (1.1) if it is absolutely continuous together with the
first derivative on every compact interval contained in R, and satisfies

u”(t) = —p(t)u(t) + g(t)u'(t) for a.e. t > 0.

Equation (1.1) is said to be oscillatory if every solution of this equation has
a sequence of zeros tending to infinity.
In [7], the following oscillation criterion is proved for the equation

Theorem 1.1 ([7]). Let the condition
t

lim sup tia /(t —5)%p(s)ds = +o0 (1.4)

t——+oo

hold for some a > 1. Then equation (1.3) is oscillatory.

It is also mentioned therein that the well-known Wintner criterion (see
[10])

S

tiiinooi/t (/p(ﬁ) dé) ds = +o0 (1.5)

0 0

follows from this result, because equality (1.5) guarantees the validity of
relation (1.4) with @ = 2. Theorem 1.1 has been then generalized for
the second-order equations, e.g., in [8,9] (see also references therein). For
higher-order equations, the integral oscillation criteria have been proved in
[2-4].

The aim of the present paper is to establish a new oscillation criterion,
which is applicable to the case where the "Kamenev-type” upper limit (1.4)
is finite. The main result (namely, Theorem 2.1) and some further remarks
are given in Section 2, and the proofs are given in Section 3. Moreover,
a certain generalization of the Hartman—Wintner theorem (namely, Corol-
lary 2.1) is derived in Section 2.
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2. MAIN RESULTS
Let

t

dm@wzmp(/Mﬁw),f@r=/EQX$® for t>0. (21)
0 0

For any a > 1, >0, and A < 1, we put

/ As)p(s
k(t; o, B, N) = fa;(t)/(fﬁ(t) —fﬁ(s))a‘]wds for t>0 (2.2)
0

and

e LA [0@E ([ LONO ) e g
C(t: \) = fH(t)o/ o <0/ e d§>d for t>0. (2.3)

We are now in a position to formulate our main result.

Theorem 2.1. Leta > 1, 8> 0, A < 1, condition (1.2) hold, and either

limsup k(¢; o, B, ) = 400 (2.4)
t——+oo
or
—oo < limsup k(t; a, B, \) < 400, (2.5)
t——+oo
the function c(-; \) does not possess a finite limit as t — +oo.  (2.6)

Then equation (1.1) is oscillatory.

Observe that condition (2.4) with 8 = 1, A = 0, and g = 0 reduces to
the Kamenev condition (1.4). Therefore, Theorem 2.1 can be regarded as
an extension of Theorem 1.1 to the case where condition (1.4) is violated.

It is well-known that oscillatory properties of equation (1.1) can be also
described in terms of lower and upper limits of the function ¢. We mention,
in particular, the following Hartman—Wintner theorem (see A. Wintner [10]
and P. Hartman [5,6] for A =0 and g = 0).

Theorem 2.2 (Hartman-Wintner). Let A < 1, condition (1.2) hold, and
either
lim c¢(t; A) = +o0,
t—+o0

or
—oo < liminf e(t; A) < limsup c(¢; \)

t—+00 t—+o0

be satisfied. Then equation (1.1) is oscillatory.

It is clear that for the given A < 1, the following two cases remain un-
covered in the previous theorem:

there exists a finite limit . 119_[1 c(t; A) (2.7)
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and
liminf ¢(t; \) = —oc. (2.8)

t——+o0
The case, where (2.7) holds, is already studied in literature (see, e.g., [1]
and references therein), but the authors know that there is still a broad field
for further investigation if (2.8) is satisfied. Corollary 2.1 below gives a new
oscillation criterion which is applicable also to the case where (2.8) holds.
For any A < 1, we put

h(t; A) == m /a(g)(s)flfn(s)c(s;)\) ds for t > 0.
0

Theorem 2.1 yields

Corollary 2.1. Let A < 1, condition (1.2) hold, and either
lim sup h(t; A) = +00
t——+oo
or
—oo < limsup h(t; \) < 400,
t——+4o0

the function c(-; \) does not possess a finite limit as t — +00.
Then equation (1.1) is oscillatory.

This statement can be regarded as a generalization of Theorem 2.2. In-
deed, it is not difficult to verify that if there exists a (finite or infinite) limit
lims—, 1 o0 ¢(t; A), then there exists also a limit lim;— o h(t;A) and both
limits coincide. Moreover, if

liminf ¢(t; \) > —o0 (2.9)

t——+oo
then

liminf A(t; A) > —oc.

t——+oo
Therefore, if the assumptions of Theorem 2.2 are satisfied then the assump-
tions of Corollary 2.1 hold, as well. Note also that the assumptions of
Theorem 2.2 require necessarily the validity of inequality (2.9). The follow-

ing example shows that in some cases can be applied Corollary 2.1, while
condition (2.9) is violated (i.e., (2.8) holds).

Example 2.1. Let g = 0 and p(t) = (2 — t?) cos(t) — 4t sin(t) for t > 0.
Then
: 4 4
c(t;0) = tcos(t), h(t;0) =2sin(t) + 7 cos(t) — 2 sin(¢) for t >0,
and thus
liminf ¢(¢;0) = —oo, limsup ¢(t;0) = 400,
t—+o0 t——+oo

liminf h(¢;0) = —2,  limsuph(t;0) = 2.

t—+oo t—+o00
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Consequently, Theorem 2.2 with A = 0 cannot be applied in this case.
However, Corollary 2.1 yields that equation (1.1) is oscillatory.

3. PROOFS
In order to prove Theorem 2.1, we need the following two lemmas.

Lemma 3.1. Let « > 1, 8 > 0, A < 1, condition (1.2) hold, and u be
a solution to equation (1.1) satisfying the relation

u(t) #0  for t >tg (3.1)
with tg > 0. Then
lim sup k(¢; o, B, A) < +o00. (3.2)
t—+o0
If, in addition, the inequality
limsup k(¢; o, B, A) > —o0 (3.3)
t——+oo
is satisfied, then
T o)) A]?
o(g)(s
_Z 4
| 7255 [f(s)g(s) 2} ds < +oc (3.4)
to

where (t)
= Beo®

Proof. In view of (1.1), relation (3.5) yields that

for t > to. (3.5)

o) = —Ufg()tzt) —o(g)(t)e3(t) for a.e. t >t (3.6)

whence we get
t

[0 - 126" P ) s =

to
t

/ )0‘ i Es)p(s) ds—

- / (F2(t) — £9(5)" fN8)o(9)(s)e(s) s for t > o,

Integration by parts on the left-hand side of the latter equality results in
— (1) - fﬁ(to))a P (to)o(to)+

*aﬂf (70 = 1°)" 17 ) o (a) (s)(s) ds—
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- / (£~ 17(9))" }’fgi((?) ofs)ds =
= [ (- ) L g,

to
t

75

*/(fﬁ(t) = 17(5)" S (s)o(9)(s)@*(s) ds for ¢ >t0. (3.7)

to
We now point out that

t

-5 [ (PO - )" Pelolo)s)e(s) s

sy gy 2@
A [ (0= 6" FED et

BN e D)
=3 [ (0= )" BR U s)els) ~ NP st

to

X o o(g)(s)
+? (fﬁ(t) 7f/8(s)) fQ_)‘(S)

to

ds for t >ty

and

t

5 [ (PO ) Polo) e ds-

to

—af / (P2 = £2(s) ™ 57U (s) P ()0 (g)(5)a(s) ds =

=5 [ PO PO - £6)" 7

x a(g)(s) [(F2(t) = £7(s)) o(t) + aBf? (s)]" ds+

a2

M

& /f’\(s) (fﬁ(t) - fﬁ(s))a_2 2P (s)o(g)(s)ds for t > to.
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Therefore relation (3.7) yields

1 ; s A ua S 2
ki) < - 5 (1— K ) I 11 (s)ols) = A st

X 117\ ol9)(s)
+ ? <1 — |: :| > f27)‘(s) d5+

to

+ gy [ PO=1@)" PO ho(g) o) des

to ! 5 8\ @ 5 5
o (-1 St

)]\
+ (1— {f(f)] ) A (to)o(te) for t > tq. (3.8)

Since assumption (1.2) and notation (2.1) guarantee that

lim f(t) = +oo, (3.9)

t——+oo

it is easy to get

P TEN Pee) P )
A (1 Kl ) o5 / e o B

and

e\ T

On the other hand, we have
C 171\ e
/ (1 kil ) ) P

< / a(9)(s) ds < 1 for t >ty (3.12)

ﬂ [0
lim (1—[f “O)} ) Plio)elte) = Plto)elte).  (3.11)

and
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1 / -1 a—2
< fﬁ(o‘_l)(t)fl_’\(to)t/fﬁ () (f7(t) = f7(s))" “o(g)(s)ds =

_ 1 [ f(o) A
Ma—lv**m»<l ) ) =
1

= Bla— D)/ %(to)

for t>ty. (3.13)

, relation (3.8) implies that

3.13)
( a—l) fl’i(tO)+
A

1

=5

p (s)p(s) . A\
!‘ o s+ Pltelt).

Consequently, in view of (3.10)—(

lim sup k(t; o, 8, \)

t——+oo

and thus inequality (3.2) is satisfied.
Assume now that, in addition, relation (3.3) holds. We will show that
inequality (3.4) is satisfied. It is obvious that either

9)(s) S
1273(s) —A]"ds = +o0, (3.14)
or
T ol)(s) :
/ 2 (s) [f(s)o(s) — A]"ds < 4oo0. (3.15)

Suppose that (3.14) holds. For any 7 > a we have

t il ) PG
[ T e o o
:1/<1 {ﬂﬂ}> Fra(e) /(e Z AT o vz
and thus
017\ el )
= G bw}>ﬁ4@V@W)”d”’
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The last relation, by virtue of equality (3.14), guarantees that

t 8 @
lim (1_{f(5>] ) TG 1 £09) o) — AP ds = +oc.

= )

Therefore inequality (3.8), together with (3.10)—(3.13), yields

limsup k(t; \) = —o0,
t—-4o0

which contradicts assumption (3.3). The obtained contradiction proves that

inequality (3.15) holds. Since the function ,/;2(91((:)) is quadratically inte-

grable on [tg, +00, relation (3.4) is fulfilled, as well. O

The next lemma belongs to P. Hartman in the case where A = 0 and
g =0 (see, e.g., [5,6]).

Lemma 3.2. Let A < 1, condition (1.2) hold, and u be a solution to
equation (1.1) satisfying relation (3.1) with tg > 0. Moreover, let condition
(3.4) be fulfilled, where the function o is defined by formula (3.5). Then
there exists a finite limit

tilgrnoo c(t; N). (3.16)
Proof. In view of (1.1), from relation (3.5) we easily obtain equality (3.6).
Multiplying both sides of (3.6) by the expression f(¢) and integrating it
by parts from tg to t, we arrive at

/ A S S /
_ fUI(D()ds_/fA(S)U(g)(S)QQ(S) ds for t > t,

Y CE R N PO O
/000 =3 == 8 7 !‘dm@ o

+oo
a(g)(s) A1
+ t/ F22(s) {f(s)g(s) - 2} ds for t>to, (3.17)
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where
)\2
4(1 = M) f1=*(to)

*7 D .- 70;2(91(5) 103 s
0 to

+

o1 := fA(to)e(to) +

a(9)(s) (s) 2

We now multiply both sides of equality (3.17) by the expression
2 (t)o(g)(t), integrate them by parts from to to ¢ and thus we get

5 oo Jae=— [ ([ o)
* / Uﬁzs) ( 70;55’1(8 [f(&)@(f) - ;} 2 dg) dot

A2 0
TEESVRSTEN S

. to g(g)(s) s f’\(f)p(ﬁ) N o
: ._b/ 2(s) (0/ a(g)(§) d§) 1—\ [ (o).

Since assumption (1.2) and notation (1.3) guarantee that relation (3.9)
holds, by using the ’'Hospital rule, it is easy to get

I 19_71/\f1—>\(t) . for t > 1y, (3.18)

where

~ 1 f@ o
tl}?oo fl_/\(t) In f(to) ds =0 (3-19)
and
t +o00
- 1 a(g)(s) a(g)(€) A .
i flA(t)t/ (s) < r(¢) [f(f)@(f) 2} d§>d 0. (3.20)

On the other hand, by using the Holder inequality, we obtain

</t Ug”gJ(L()s) [f(S)Q(s) - ;} ds>2 <

< oo | 8 -]

1—-X p o s 2
= f1,(;) /fz(gl((s)) [f(S)Q(S) — ;‘] ds for t > tg

to
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and thus, by virtue of relations (3.4) and (3.9), we have

L [ A
tl}_g_oo fl )\( )/ f(s) |:f(3)9(3) 2:| ds =0. (321)

0
Consequently, in view of relations (3.9) and (3.19)—(3.21), it follows from
equality (3.18) that

t_l}in c(t; N) = 1.

O

Proof of Theorem 2.1. Assume, to the contrary, that there exists a solution
u to equation (1.1) fulfilling relation (3.1) with ¢y > 0.

Then, according to Lemma 3.1, assumption (2.4) of Theorem 2.1 cannot
be satisfied and thus assumptions (2.5) and (2.6) hold. By using Lemma 3.1,
we obtain the validity of inequality (3.4) in which the function g is defined
by formula (3.5). However, Lemma 3.2 then guarantees that there exists
a finite limit (3.16) which contradicts assumption (2.6). O

Proof of Corollary 2.1. By direct calculation we can check that

t

A S S
0

) — 13 ) 290 ([ @) 1) o
P /f IR </ e 1) 4

0
- /fA U e (/]MZ; d”)‘qu_ e

for ¢ > 0 and thus the validity of the corollary follows immediately from
Theorem 2.1 with « =2 and S =1 — A. ([l
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Abstract. We investigate an asymptotic behaviour of homoclinic solu-
tions of the singular differential equation (p(¢t)u’) = p(¢)f(u). Here f is
Lipschitz continuous on R and has at least two zeros 0 and L > 0. The
function p is continuous on [0, 00), has a positive continuous derivative on
(0,00) and p(0) = 0.
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63150-33;]. 603MJ3QJUQOO (p(t)u')’ = p(t)f(u) Logaggoﬁgg;)o ggo«&‘]ﬁ:][;—
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(0, 00) Iomedo [Fomdmgbdomo ggmboos. ©dobmob f(0) = f(L) = 0, bogooy
L >0, p(O) =0 wo p/(t) >0, Gopo T > 0.
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1. INTRODUCTION

We investigate the differential equation

(p(t)u')" = p(t)f(u), t€ (0,00), (1)

and throughout the paper it will be assumed that f satisfies
f € Lipoe(R), 3JL € (0,00): f(L)=0, (2)
ALy € [-00,0):  zf(x) <0, z € (Ly,0)U (0, L), (3)
3B€(Ly,0): F(B)=F(L), where F(z /f dz, zeR, (4)

and p fulfils

p € C[0,00) N CH(0,00), p(0) =0, (5)
P >0, e (000, Jim 10— 0

Due to p(0) = 0, equation (1) has a singularity at ¢t = 0.

Definition 1. A function u € C'[0,00) N C?(0, 00) which satisfies equa-
tion (1) for all ¢ € (0,00) is called a solution of equation (1).

Consider a solution u of equation (1). Since u € C'[0,0), we have
u(0),u'(0) € R, and the assumption p(0) = 0 yields p(0)u’'(0) = 0. We
can find that M > 0 and 6 > 0 such that |f(u(t))] < M for t € (0,9).
Integrating equation (1) and using the fact that p is increasing, we get

t t
1 M/
u'( — [ p(s ds — [ p(s)ds < Mt, te(0,0).
o’ p“o/ o (0.9)

Consequently, the condition «/(0) = 0 is necessary for each solution u of
equation (1). Therefore the set of all solutions of equation (1) forms a
one-parameter system of functions u satisfying u(0) = A, A € R.

Definition 2. Let u be a solution of equation (1) and let L be of (2)
and (3). Denote ugyp, = sup{u(t) : t € [0,00)}. If ugyp = L (ugyp < L or
Usup > L), then u is called a homoclinic solution (a damped solution or an
escape solution).

The existence and properties of these three types of solutions have been
investigated in [19]-[23]. In particular, we have proved that if w(0) € (0, L),
than w is a damped solution ([22], Theorem 2.3). Clearly, for u(0) = 0 and
u(0) = L, equation (1) has a unique solution u = 0 and u = L, respectively.

In this paper we focus our attention on homoclinic solutions. Accord-
ing to the above considerations, such solutions have to satisfy the initial
conditions

u(0) =B, W/ (0)=0, B<O. (7)
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Note that if we extend the function p(¢) in equation (1) from the half-line
onto R (as an even function), then a homoclinic solution of (1) has the same
limit L as t — —oo and t — oo. This is a motivation for Definition 2.

We have proved in [21], Lemma 3.5, that a solution u of equation (1)
is homoclinic if and only if u is strictly increasing and tlinolo u(t) = L. If
such homoclinic solution exists, then many important physical properties of
corresponding models (see below) can be obtained. In particular, equation
(1) is a generalization of the equation

u’ + gu’ = f(u), te€(0,00), (8)

and we can find in [16] that equation (8) with k& > 1 and special forms of f
arise in many areas, for example, in the study of phase transitions of Van
der Waals fluids [3], [10], [24], in the population genetics, where it serves as a
model for the spatial distribution of the genetic composition of a population
[8], [9], in the homogeneous nucleation theory [1], in relativistic cosmology
for description of particles which can be treated as domains in the universe
[18], in the nonlinear field theory, in particular, when describing bubbles
generated by scalar fields of the Higgs type in the Minkowski spaces [7].
Numerical simulations of solutions of (8), where f is a polynomial with
three zeros, have been presented in [6], [14], [17]. Close problems on the
existence of positive solutions are investigated in [2], [4], [5].

The main result of the present paper is contained in Section 3, Theorem
12, where we deduce an asymptotic formula for homoclinic solutions of
equation (1). Note that many important results dealing with asymptotic
properties of various types of differential equations can be found in the
monograph by I. Kiguradze and T. Chanturia [12].

2. THE EXISTENCE OF HOMOCLINIC SOLUTIONS

Here we cite theorems on the existence of homoclinic solutions. Remind
that assumptions (2)—(6) are common for all these theorems. For a given
B < 0, we denote the solution of problem (1), (7) by ugp.

Theorem 3. Assume that problem (1), (7) has an escape solution and
let B be of (4). Then there exists B* < B such that up~ is a homoclinic
solution of problem (1), (7) with B = B*.

Proof. Theorem 2.3 in [22] shows that for any B € [B,0) there exists a
unique solution upg of problem (1), (7) and up is damped. Thus, if we denote
by Mg a set of all B < 0 such that up is a damped solution of problem
(1), (7), then we obtain Mgy # (). Moreover, M, is open in (—o0,0), due
to Theorem 14 in [19]. Further, denote by M. a set of all B < 0 such that
up is an escape solution of problem (1), (7). By our assumption, we have
M. # 0 and, by Theorem 20 in [19], the set M, is open in (—o0,0), as
well. Therefore, the set Mj = (—00,0) \ (M4 U M,) is non-empty. Let

us choose B* € My. Then B* < B, and by virtue of Definition 2, the
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supremum of the solution up~ on (0,00) cannot be less than L and cannot
be greater than L. Consequently, this supremum is equal to L, and up- is
a homoclinic solution of problem (1), (7) with B = B*. O

Theorem 4. Assume that Lo of (3) satisfies
Lo € (=00,0), f(Lo) =0. (9)

Then there exists B* € (Lo, B) such that up~ is a homoclinic solution of
problem (1), (7) with B = B*.

Proof. Define
o) = { f(x) for xz<L,

0 for x> 1L,

and consider the auxiliary equation

(p()')' = p(t) f(u), ¢ € (0,00). (10)

By Theorem 10 and Lemma 9 in [20], there exists B € (Lg, B) such that
up is an escape solution of problem (10), (7). If we modify the proof of
Theorem 3 working on (Lg,0) instead of on (—o0,0), we get a homoclinic

solution up~ of problem (10), (7) having its starting value B* in (Lo, B).
Since up-~ is increasing on (0,00) (see e.g., Lemma 3.5 in [21]), we have

B* <up«(t) <L, te€][0,00), (11)
and up~ is likewise a solution of equation (1). O

Theorem 4 assumes that f has the negative finite zero L. The following
two theorems concern the case that Ly = —oo and f is positive on (—o0,0).
Then a behavior of f near —oo plays an important role. Equations with f
having sublinear or linear behavior near —oo are discussed in the following
theorem.

Theorem 5. Assume that f(x) > 0 for x € (—o00,0) and

f(x)

0 < limsup —= < oo. (12)

o Tal

Then there exists B* < B such that up- is a homoclinic solution of problem

(1), (7) with B = B*.
Proof. In the linear case, that is if we assume

0< lirnsupM < 00,

z——co ||
the assertion follows from Theorem 5.1 in [21]. Consider the sublinear case
in which we work with the condition
f(z)

limsup —~+ = 0.
w——oo ||



88 Irena Rachinkovd

Assumption f > 0 on (—oo,0) provides us with

lim f@)

o 2]

and Theorem 19 in [19] guarantees the existence of B < B such that up is
an escape solution of problem (10), (7). Theorem 3 and estimate (11) yield
B* < B such that up~ is a homoclinic solution of problem (1), (7) with
B = B*. ]

Theorem 6. Assume that f(x) > 0 for x € (—00,0) and there exists
k > 2 such that

'(t
Jim f;ig € (0, 00). (13)
Further, let r € (1, 2%2) be such that f fulfils
xli)moo f(|) € (0, 00). (14)

Then there exists B* < B such that up- is a homoclinic solution of problem
(1), (7) with B = B*.

Proof. Theorem 2.10 in [23] guarantees the existence of B < B such that
up is an escape solution of problem (10), (7) . Theorem 3 and estimate

(11) yield B* < B such that ug- is a homoclinic solution of problem (1),
(7) with B = B*. 0

Theorem 6 discusses a superlinear behavior of f near —oo. Note that if
k = 2, we can take arbitrary r € (0,00). The last existence theorem imposes
an additional assumption on p only.

Theorem 7. Assume that p satisfies

0/1 < (15)

Then there exists B* < B such that up~ is a homoclinic solution of problem
(1), (7) with B = B*.

Proof. Using Theorem 18 in [19] instead of Theorem 2.10 in [23], we argue
just as in the proof of Theorem 6. O

In the next section, the use will be made of the generalized Matell’s the-
orem which can be found as Theorem 6.5 in the monograph by I. Kiguradze
[11]. For our purpose we provide its following special case.

Consider an interval J C R. We write AC(J) for the set of functions,
absolutely continuous on J, and AC),.(J) for the set of functions belonging
to AC(I) for each compact interval I C J. Choose T' > 0 and a function
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matrix A(t) = (a; ;(t))i j<2 which is defined on (T, 00). Denote by A(t) and
w(t) the eigenvalues of A(t), t € (T, 00). Further, suppose that
A= lim A(¢) and p= lim pu(t)

t—o0 t—oo

are different eigenvalues of the matrix A = tlim A(t) and let 1 and m be
—00

eigenvectors of A corresponding to A and p, respectively.

Theorem 8 ([11]). Assume that

oo

aij € ACoe(T), 00), /ag,j(t) dt| < o0, i,j=1,2, (16)
T
and there exists cog > 0 such that
t
/Re(/\(T) C ) dr <ep, T<s<t, (17)

or
oo

/ Re(A(r) — u(r)) dr = o0,

B (18)
/Re()\(T) —p(r)dr > —cp, T <s<t
s
Then the differential system
x'(t) = A(t)x(t) (19)
has a fundamental system of solutions x(t), y(t) such that
lim x(t)e” JrAmdr lim y(t)e™ JETICOL: L (20)

3. ASsYMPTOTIC BEHAVIOR OF HOMOCLINIC SOLUTIONS

In this section we assume that B < B is such that the corresponding
solution u of the initial problem (1), (7) is homoclinic. Hence wu fulfils

w(0) =B, 4 (0)=0, (t)>0,te(0,00), Jim w(t)=L. (21)

Moreover, due to (1),

o) + 2;' ((;) W) = flu(t)), t>0, (22)

and, by multiplication and integration over [0,¢],

[ yn ) ds = P() - Fu®), t>0. (23
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Therefore

0 < lim

and hence there exists

lim
t—o0 p(s)

o

Consequently, according to (23), lim u'2(t) exists, as well. Since u is

t—o0o

bounded on [0, 00), we get

lim «?(t) = lim u/(t) = 0. (24)
t—oo t—oo
In order to derive an asymptotic formula for v we have to characterize a
behavior of p in co and that of f near L more precisely. In particular, we
put

f(x)
h(z) = L
(@)= "5, @<L,
and work with the following assumptions:
Je,n>0: heCHL -9, L], lim h(x) =h(L) =c, (25)

/
t
p € ACjp.(0,0), In>2: lim P(t)

t—oo N2

€ (0, 00). (26)

For the sake of simplicity we transform L to the origin by the substitution

Z(t) =L— u(t)a te [Oa OO), (27)

and put
9(y) =—f(L-y), y>0. (28)

Then the function z given by (27) is a solution of the equation

(p(t)') = p(t)g(2), te€(0,00), (29)

satisfies
2(0)=L+|B|, 2'(0)=0, 2'(t)<0, te(0,00), (30)
Jim z(t) =0, Jim 2'(t) = 0. (31)

Lemma 9. Assume the above condition (25) holds and let z be given by
(27). Then there exists T > 0 such that

|2/ (t)] > \/gz(t), t>T. (32)
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Proof. According to (29), the function z fulfils the following equation:

P,
2(t) = - Ok (t) +g(z(t), te€(0,00). (33)
Define the Lyapunov function V' by
12
t
vy =20 4 6, (34)
where
G(z)=— /g(s) ds
0
Owing to (3), (4) and B < B, the function G fulfils

L+|B| L

G(L+|B|) =— / g(s)ds:/f(s)ds:F(B)—F(L)>0.

0
Thus V(0) = G(L + |B|) > 0. Further, using (33), we have

V'(t) = 2'(t)2"(t) — g(2(t))2'(t) = —Z;((:))z’Q(t) <0, t>0.
Hence V is decreasing on (0,00) and, by (31), (34), we get tlirgo V(t) =0.
Consequently, V(t) > 0 for ¢ € [0,00) which implies that
Z%(t)
2
Let y = L — . Then, using (25) and (28), we deduce

GW) _ oy 9 1 fl@) e

> —G(z(t), t>0. (35)

y—0+ y2  y—0+ 2y 2a—L-x—L 2
Hence by virtue of (31), there exists 7' > 0 such that
_GE®) e o
22(t) 4

This, together with (35), results in

22(t) ¢,
— t t>1T.
y T 1M 2

Consequently, we get (32). |

Lemma 10. Assume that the condition (25) holds and let z and g be
given by (27) and (28), respectively. Then

7‘9(’2(7)) - c‘ dr < co. (36)

2(7)
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Proof. Let us put

7 g\y

) = 22,y >0, (37)
By (25) and (28), we have

WML —y)=h(y), y>0, heCon), lm hy)=h(0)=c, (38)
and there exists My € (0, 00) such that

dh(y)
dy

SMOa Yy € [0777]

The Mean Value Theorem guarantees the existence of § € (0,1) such that
dh(0y)
dy ~’

By (31), there exists T' > 1 such that 0 < z(¢) < n for ¢ > T and hence,
according to (37),

h(y) =c+y y € (0,7m].

—C

’9(2@)) < Moz(t), t>T. (39)

z(t)
Using (2), (28) and z > 0 on [1,T], we can find M; € (0, 00) such that

‘fvuw» [ar <0,
1

(n ©

and, without loss of generality, we may assume that 7" is chosen in such a
way that (32) is valid, as well. Therefore, using (32) and (39), we get

t

/t’g(z(”) —c‘ dTgM1+MO/z(T)dT<

z(7)

T
2 / 2 /
< M; + \/7M0 / |2/ (T)|dr = M; — \/7M0/z/(7) dr =
c c
T T

= My + V2cMy(2(T) — 2(t)), t>T.
Letting ¢t — oo and using (31), we obtain (36). O

Lemma 11. Assume that the condition (26) holds. Then

j(ig)))z dr < 0. (40)
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Proof. The condition (26) implies that there exists ¢g € (0,00) such that

'(t t
mp():co7 lim p()_ €0
t—>00tn72

t—oo tn—1 n—1"

/ t 2
Jim (55 ) =0
Hence we can find T' > 1 such that

P\ n?
<p<t>> <@ t=2h 4D

and due to (5) and (6), we can find M3 € (0,00) such that

T 9
/(p (T)> dr < Ms;.
p(7) -
1
Consequently,

t 2 t
p'(7) 2 dr 2 (1 1
d M. - = — = t>T.
/(p(T)) T Msz+n = n T 7 ) >
1 T

Letting ¢t — oo, we get (40). O

Therefore

The main result on the asymptotic behavior of homoclinic solutions is
contained in the following theorem.

Theorem 12. Assume that (25) and (26) hold. Let B < B be such that
the corresponding solution u of the initial problem (1), (7) is homoclinic.
Then u fulfils the equation

Jim (L — u(t))eV™ \/p(t) € (0,00). (42)

Remark 13. A similar asymptotic formula for positive solutions of equa-
tion (8), where k > 1 and f(z) = x — |z|"sign x, r > 1, has been derived in
[13], Theorem 6.1.

Proof. Step 1. Construction of an auxiliary linear differential system. Con-
sider the function z given by (27). According to (29), z satisfies

), gz(t)
z =

p(t) 2(t)

Having z at hand, we introduce the linear differential equation

p't) , _ g(z(1)

Z// +

z(t), te(0,00). (43)

v+ v = v, 44
oM e
and the corresponding linear differential system
t '(t
Ve w00 PO )
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Denote

0 0 1
Alt) = (ai (g2 = | scn vo |- A=( . o )
2(t) p(t)

By (6), (31), (37) and (38),
A= lim A(1).

Eigenvalues of A are the numbers A = y/c and p = —/c, eigenvectors of A
are 1 = (1,1/c) and m = (1, —\/c), respectively. Denote

/ 2 5
D(t) = <§p<(?)) + g(z((tt))), t e (0,00). (46)
Then eigenvalues of A(t) have the form

A(t) = gpi?) +/D(t), ult)= 51;((’?) ~ /D), te(0,00). (47)

We can see that

lm A(t) = A, tlim w(t) = p.

t—o0o

Step 2. Verification of the Assumptions of Theorem 8. Due to (31) and
(38), we can find T > 1 such that

0<z(t)<n, D) >0, te (T, o00). (48)
Therefore, by (37) and (38),

agl(t) =
and hence
©0 ’
[ (20 -
2(t)
T
Further, by (26), as(t) = W ¢ AC14c(T, 00). Hence due to (6),

p(t)
lim — ‘ = < 00.

T/ (%) >/dt =250 T e | T wD

Since a11(t) = 0 and a12(¢) = 1, it is not difficult to see that (16) is satisfied.
Using (47), we get Re(A(t) — u(t)) = 24/D(t) > 0 for t € (T,00). Since
tlim V/D(t) = /c > 0, we have

L 9G(0) g(z(T»‘ _ ‘c_ g(Z(T))’ .

2 AT =(T)

@) (M) _ (1)

oo

t
/Re()\(T) — (7)) dr = o0, /Re()\(T) —u(r))dr >0, T<s<t.
T s

Consequently, (18) is valid.



Asymptotic Properties of Homoclinic Solutions . .. 95

Step 3. Application of Theorem 8. By Theorem 8, there exists a funda-
mental system x(t) = (z1(t), z2(t)), y(t) = (y1(t),y2(t)) of solutions of (45)
such that (20) is valid. Hence

tlim x1(t)e” JrA@dr — tlim y1(t)e” Jruydr —q (49)

Using (47), for t > T we get

exp (—I/A(T) dT) = exp (T/ (;’;((:)) - D(T)> d7> -

—exp (11020 Y - jde> _

2 p(T)
]]:((;)) exp (T/t D(r) dT),

p(T)
Further,
[ VD@ ar = Bafe) + et - ),
where !
B D(r) —c .
Eo(t)—T 7\/W+ﬁd’ t>1T. (50)
Hence

t
p(t) —Eo(t) ,—vc(t—T)
X — d = _— > ] 5
€ [)( //\(7') T) p( )e e s t s ( 1)

exp ( — /tu(r)dr) = \/%e%(”eﬁ(t—”, t>T. (52)

T
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Using (36), (40) and (46), we can find Ky € (0, 00) such that for ¢ > T,

T <

55
e/
):

Consequently, due to (50

(T))2 dT+/t’9(Z(T)) ‘dT < K.

i g(=(m))
2p(7) z(7)

lim Eo(t) = Ey € R.

t—o0

Therefore (49), (51) and (52) imply

. P(t) _py —ye-T)
1=1 )| —= 0
Jin 2 (2) o) ° :

. p(t) By veu—1)
1=1 t)y | —==e™° .
A (e[ omee

Since by (26),

t
lim \/p(t)e*ﬁt = lim &t("*l)/ze*‘/& =0,

t—o00 t—o00 tn—1
tlim Vp(t)eVe = oo,
— 00

we obtain
lim x(t) = oo, tlim y1(t) = 0. (53)

t—oo

Step 4. Asymptotic Formula. According to (43), z is likewise a solution
of (44). Therefore there are c1,ca € R such that 2(t) = c1z1(¢) + cav1(2),
t € (0,00). Having in mind (30), (31), (49) and (53), we get ¢; = 0,
coy1(t) > 0 on (0,00), and ¢p € (0,00). Consequently, z(t) = coy1(t) and

o1 P(t) By a(i-
1= lim —z(t), | L eFoevet=T),
t—o0 Co ( ) p(T)

which together with (27) yields (42). O
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Abstract. We present the existence principle which can be used for
a large class of nonlocal fractional boundary value problems of the form
(Dz)(t) = f(t,z(t),2'(t), (DFx)(t)), Alx) = 0, ®(x) = 0, where D is
the Caputo fractional derivative. Here, a € (1,2), p € (0,1), f is a L9-
Carathéodory function, g > ﬁ, and A, ® : C'[0,T] — R are continuous
and bounded ones. The proofs are based on the Leray—Schauder degree

theory. Applications of our existence principle are given.
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1. INTRODUCTION

Let T'> 0 and Ry = [0,00). As usual, L9 (¢ > 1) is the set of functions
whose gth powers of modulus are integrable on [0,7] equipped with the

1

norm ||z||y = <fOT lz(t)|? dt) *. C[0,T) is equipped with the norm |z| =
max{|z(t)| : t € [0,T]}.
Let A be a set of functionals A : C1[0,7] — R, which are

(a) continuous,

(b) bounded, that is, A() is bounded for any bounded Q C C*[0,7].
We say that A, ® € A satisfy the compatibility condition if for each v € [0, 1]
there exists a solution of the problem

/=0, Alx)—vA(-z)=0, ®(x)—vP(—z)=0.
This is true if and only if the system

®(a+bt) —v®(—a —bt) =0,

U(a+bt) — v¥(—a—bt) =0 (1.1)

has a solution (a, b) € R? for each v € [0, 1].

We say that the functionals &, ¥ € A satisfy the admissible compatibility
condition if ®and¥ satisfy the compatibility condition and there exists a
positive constant L = L(®, ¥) such that |a| < L and |b] < L for each
v € [0,1] and each solution (a,b) € R? of system (1.1).

Remark 1.1. If the functionals ®, ¥ : C''[0,T] — R are linear and con-
tinuous, then ®, ¥ € A and satisfy the compatibility condition. Indeed,
system (1.1) is of the form

a®(1) + bd(t) =0,
a¥(1)+b¥(t) =0
for each v € [0,1], and we see that it is always solvable in R%. The set
of all its solutions (a,b) is bounded (that is, ®, ¥ satisfy the admissible
compatibility condition) if and only if ®(1)¥(t) — ®(¢)¥(1) # 0.
We investigate the fractional boundary value problem
(‘DYz)(t) = f(t, (1), 2' (1), (‘D*z) (1)), (1.2)
®(z) =0, U(x)=0, (1.3)
where a € (1,2), u € (0,1), f is an LI-Carathéodory function on [0, 7] x R3,
q> ﬁ, and where ®, U € A satisfy the admissible compatibility condition.
We say that a function = € C1[0,T] is a solution of problem (1.2), (1.3) if
D*x € L0, T], « satisfies the boundary conditions (1.3), and (1.2) holds
for a.e. t € [0,T].

Note that if x is a solution of problem (1.2),(1.3), then “D*z € C[0,T)
(see Lemma 2.5).
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The Caputo fractional derivative DVv of ordery > 0,y ¢ N, of a function
v:[0,7] — R is defined by the formula [10, 15, 18]

t

n n—1 ’U(k)
(D) = g g [ ¢ (v(s) Sy sk> s,

4 k=0

where n = [y] + 1 and [y] denotes the integral part of -y, and T' is the Euler
gamma function.

We recall that a function f : [0,7] x R® — R is an L9-Carathéodory
function on [0,T] x R? if

(i) for each (z,vy, 2) € R3, the function f(-,z,y,2) : [0,T] — R is measur-
able,

(ii) for a.e. t € [0, 7], the function f(¢,-,-,-) : R® — R is continuous,

(iii) for each compact set U C R3, there exists wy € L9[0,T] such that
lf(t,z,y, 2)| <wy(t) for a.e. t €[0,T] and all (z,y,z2) € U.

Differential equations of fractional order have recently proved to be valu-
able tools in the modeling of many phenomena in various fields of science and
engineering. We can find numerous applications in porous media, electro-
magnetic, fluid mechanics, viskoelasticity, edge detection, and so on. (For
examples and details, see [7, 8, 10, 13, 14, 15, 18, 23, 27] and references
therein). There has been a significant development in the study of frac-
tional differential equations in recent years. The authors discuss regular
(see, e.g., [4, 6, 11, 12, 17]) and singular (see, e.g., [2, 5, 19, 26, 28]) frac-
tional boundary value problems. These problems are usually investigated
with the two-point boundary conditions, multipoint boundary conditions
and also with nonlocal boundary conditions (see, e.g., [3, 6]). Paper [3]
deals with the integral boundary conditions

1

1

az(0) + bz'(0) = /ql(x(s))ds, azx(1l) + bz'(1) = /qz(gc(s))ds7
0 0

while that of [6] with the conditions

z(0) =0(z), «(T)==ar,

where © : C[0,7] — R is a continuous functional and zr € R. The ex-
istence results are proved by: the Banach, Schauder, Krasnosel’skii and
Leggett-Williams fixed point theorems, fixed point theorems on cones, a
mixed monotone method, the Leray—Schauder nonlinear alternative, the
lower and upper solution method and by fixed point index theory.

The aim of the present paper is to give the existence principle for solving
the problem (1.2), (1.3) and to show its applications. We note that unlike the
paper dealing with fractional differential equations for 1 < a < 2 (with the
exception of [2, 16]), the nonlinearity f in (1.2) depends on the derivative
of z. Due to this fact, we have to assume that f is an L?-Carathéodory
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function with ¢ > ﬁ The existence principle is proved by the Leray-
Schauder degree theory (see, e.g., [9]). Note that our existence principle
is closely related to that given in [24] for n-order differential equations, in
[1, 20, 21, 22] for second-order differential equations and in [25] for second-
order differential systems.

From now on, we assume that

1 q

(P) pe(0,1), ae(l,2), 4> and piq—l'
Then%—l—%:land (a=2)p+1>0.

The paper is organized as follows. Section 2 contains technical lemmas
that are used in the subsequent sections. Section 3 presents the existence
principle for solving the problem (1.2), (1.3). It is shown that the solvability
of this problem is reduced to the existence of a fixed point of an integral
operator. The existence of its fixed point is proved by the Leray—Schauder
degree theory. In Section 4, we apply the existence principle for two sets of
admissible boundary conditions. Examples demonstrate our results.

2. PRELIMINARIES

In this section we state technical lemmas and results which are used in
the subsequent sections. Lemmas 2.1, 2.2 and 2.4-2.6 are proved in [2].
Note that condition (P) holds in this and in the next sections.

Lemma 2.1. Suppose v € L1[0,T]. Then
t

(a) /(t —8)*2y(s)ds s continuous on [0,T],

0
(b) %/(t—s)a_lfy(s) ds=(a-1) /(t— s)o‘_27(5) ds forte0,T].
0 0

Lemma 2.2. Let {p,} C L]0, T] be L-convergent and let lim, _. .. p, =
p. Then

t t
lim [ (t—s)*2p,(s)ds = /(t —8)*2p(s)ds uniformly on [0, T].
0

n—oo
0
Corollary 2.3. Suppose the assumptions of Lemma 2.2 are satisfied. Let

{An} C [0,1] be convergent and lim, oo A\, = A. Then
¢ ¢
lim A, [ (t—5)*"2p,(s)ds =\ /(t —8)*2p(s)ds uniformly on [0,T].

n—oo

0 0

Proof. The result follows from Lemma 2.2, where p,, is replaced by \,p,
(note that lim, o Anpn = Ap in L2[0,T7). O
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Lemma 2.4. Let v € L1[0,T]. Then solutions of the fractional differen-
tial equation

“D?a(t) = y(t) (2.1)
belong to the class C1[0,T], and
z(t) = %a) /(t —8)*1y(s) + 2(0) + 2/ (0)¢
0

are all solutions of (2.1).

Lemma 2.5. Let z € C'[0,T]. Then

Drax(t) = ﬁ /(t —5) "' (s)ds fort € [0,T]
0

and °DFz € C[0,T).
Lemma 2.6. Suppose that n € L0,T] and 0 <ty < te <T. Then

[t =2ty ds = [t =5 2uts)as| <
0 0

1 1
td 4+ (ty — 1) —td\ ? (ty — 1)\ ?
< (B 4 (225 i,

where d = (o — 2)p + 1.

3. AN EXISTENCE PRINCIPLE
Suppose
f is a L9-Carathéodory function on [0, T] x R?. (3.1)
If x € C1[0,T], then “D*x € C[0,T] by Lemma 2.5. Therefore the function

ft,z(t),2'(t), (‘D x)(t)) belongs to the set L]0, T]. Hence by Lemma 2.4,
x € CY0,T] is a solution of (1.2) if and only if

1 / a 1 ey
F(ao/ f(s,2(s),a' (), (D) (s)) ds +a+bt,  (3.2)

€ [0, 77,
where a,b € R. Let ®,¥ € A. Define an operator S : C*[0,T] — C'[0,T]

by the formula
t

(Sz)(t) = ﬁ /(t —8)* 7 f(s,2(s), 2" (s), (‘D"x)(s)) ds+
0

+2(0) — ®(z) + (2/(0) — T(2))t.
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It is easy to check that if z is a fixed point of the operator S, then equality
(3.2) is fulfilled with a = 2(0) — ®(z), b = 2/(0) — ¥(z), and ®(z) = 0,

U(xz) = 0. Consequently, any fixed point x of S is a solution of problem
(1.2),

(1.3).
The following result is the existence principle for solving the problem
(1.2),(1.3).
Theorem 3.1. Let ®,V € A satisfy the admissible compatibility condi-
tion. Suppose that (3.1) holds and there exists a positive constant S such
that

el <8, ll'Il < S
for each X € [0,1] and each solution x of the problem
(Dx)(t) = Af(t, =(t), 2" (t), (D"x)(t)),
O(z)=0, ¥(z)=0.
Then problem (1.2), (1.3) has a solution.

(3.3)

Proof. We first note that since ®, ¥ € A satisfy the admissible compatibility
condition, system (1.1) has a solution for each v € [0,1] and there is a
positive constant K such that |a| < K and |b| < K for each v € [0,1] and
each solution (a,b) € R? of (1.1). Set

Q={zeC0,T):|lz]| < S+ (1 +T)K, || < S+ K}.

Then (2 is an open, bounded and symmetric with respect to 0 € C[0,T]
subset of the Banach space C[0,T]. We know that any fixed point of S is
a solution of problem (1.2), (1.3). If

D(Z — S,9,0) £ 0, (3.4)

where "D” stands for the Leray—Schauder degree and Z is the identical
operator on C1[0, T], then S has a fixed point by the Leray—Schauder degree
method. Hence to prove our theorem we need to show that (3.4) holds. To
this end, define an operator K : [0,1] x Q — C*[0, 7] by the formula

KO\ z) P(Aa/ (t — )2 Lf (s, 2(s), 2/ (), (D"2)(s)) ds+
0
4+ 2(0) — B(w) + (2/(0) — V(@)

Then £(1,-) = S. We prove that K is a compact operator. We start with the
proof that K is continuous. Let {\,} C [0,1] and {z,,} C Q be convergent
and let lim,, oo A, = A, lim,, oo x,, = x. Let us put

Tn(t) = f(t,2n(t),20,(8), (D2n) (1), v(t) = f(t, x(t), 2/ (t), (Dx)(2)),

t

zn(t) = F)(\Zz) /(t —5)* 1y, (s)ds, 2 ﬁ/ (t — 5)*1y(s)ds.
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We conclude from Lemma 2.5 that lim,, o *D*x,, =D*x in C[0,T] and

t
HCD“an_FH max{/t—s “ds:tE[O,T]}g
0
(S+ K)T*
T2 (3
for n € N. Hence
lim ,(t) =~v(t) for a.e. t €[0,T], (3.6)

n—oo

and since f fulfils (3.1), {z,,} is bounded in C*[0, T| and {“D*z,,} is bounded
in C0,T), there exists w € L]0, T] such that

|7 (t)] < w(t) for a.e. t €[0,T] and all n € N. (3.7)

Therefore, lim, . ||7n — 7|lq = 0 by the dominated convergence theorem
in L2]0,T]. Consequently, by Corollary 2.3 and Lemma 2.1(b),

t

lim 2/,(t) = lim F(>\"1> /(t —5)% 2y, (5)ds =
n—oo Nn— 00 a —
0
\ t
_ _oNa—2 _
F(a—l)/(t $)* 7 %y(s)ds =
0
=2'(t) uniformly on [0, T].

As a result, lim, .o 2, = z in C*[0,T] since z,(0) = z(0) = 0. The conti-
nuity of I follows now from the equalities (A, 2,)(t) = 2, (t) + 2,(0) —
D () + (,(0) — Wz ))t, KO\ 2)(t) = 2(t) + 2(0) — () + (2/(0) — ()1
and from

lim (2,(0) — ®(z,)) = z(0) — ®(x), lim (z,(0) — ¥U(x,)) = z(0) — ¥(z).

n—oo n—oo

We now prove that the set K([0,1] x Q) is relatively compact in C*[0,T].
Since the set {z(0) — ®(z) + (2/(0) — ¥(x))t : x € Q} is relatively compact
in R, which immediately follows from the properties of ® and W, it suffices
to show that the set

B= {)\/(t —8)* L f(s,2(s),2'(s), (‘D"x)(s))ds : A € [0,1], x € Q}

0
is relatively compact in C1[0,T]. Since “D*z € C[0,T] for z € C1[0,T] and
(cf. (3.5)) ||DFz| < M for x € Q, there exists p € L4[0,T] such that

|f(t,z(t),2'(t), (‘D"z)(t))| < p(t) for ae. t €[0,T] and all z € Q. (3.8)
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The boundedness of B in C*[0,T] follows from the relations (for ¢ € [0, 7]
and z € Q)

/(t —8)* 7 f(s,x(s), 2" (s), (D) (s)) ds| < T |p[lx
0
and

&)~

/ (t —s)* L f(s,2(s),2'(s), (‘D x)(s)) ds| =

=(a=1) | [ (t=5)"72f(s,2(s),2'(s), (D"x)(5)) ds| <

—

<(a—1) [(t— )" 2p(s)ds <

< (a—1) /(t—s><a—2>Pds ; / p(s) ds

0 0
1
T(a72)p+1 P
<@-1)(—
<@ (aogpy) ol

wherf the Holder inequality is used. Furthermore, for 0 <t¢; < t5 < T and
x € Q, Lemma 2.6 (for n(t) = f(t,z(t), 2’ (t), (D x)(t))) gives

o\@» =

/ (2 — )22 (s, 2(s), 2'(s), (D) (s)) ds —
0
- / (t — 5)*2 (s, 2(5), 2/ (s), (DV)(s)) ds| <

1 1
t+ (to —t1)4 —td\ » (ta —t1)?\?
< (AR g+ (25 o,

since ||n]lq < |lpllq- Here d = (v — 2)p + 1. Hence the set {y' : y € B} is
equicontinuous on [0, 7], and thus B is relatively compact in C*[0, 7] by the
Arzela-Ascoli theorem. To summarize, K is a compact operator.

Suppose now that (A, z,) = z, for some ), € [0,7] and some z, € Q.
Let vi(t) = f(t, z(t), 2, (), (DFzy)(t)) for ae. ¢t € [0,T]. Then v, €
L2[0,T] and the equality

t

ra(t) = ﬁ / (£ )21 (5) ds 2. (0) — () + (21, (0) — V()i (3.9)

0
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holds for t € [0,T]. Hence ®(x,) =0, ¥(z,) =0 and, by Lemma 2.4,
(Dx4)(t) = Ay (t) for a.e. t €[0,T].

Hence z, is a solution of problem (3.3) with A = A, and ||z.|| < S, ||| < S
by the assumptions. As a result, (A, x) # z for each A € [0, 1] and each
x € 0f). Therefore, by the homotopy property,

D(Z — K(0,-),9,0) =D(Z — K(1,-),9Q,0). (3.10)
We will now proceed to showing that
D(Z — K(0,-),9Q,0) #£0. (3.11)

Let us define a compact operator £ : [0,1] x Q — C*[0,T] as
L(v,z) = 2(0) + ®(z) — v®(—z) + (2/(0) + ¥(x) — vV (—2x))t.
Then £(1,-) is odd (i.e., £(1,—x) = —L(1,x) for x € Q) and

L£(0,-) = K(0,-). (3.12)
If L(v1,71) = 21 for some (v1,21) € [0,1] x Q, then
x1(t) = 21(0) + ®(x1) — 1®(—21) + (27(0) + U(21) — 1 ¥(—21))t, (3.13)

and therefore z1(t) = a + bt for ¢t € [0,T], where a = x1(0) + ®(x1) —
1 ®(—z1) and b = (24(0) + U(x1) — 1 ¥(—x1))t. Let t = 0 in 21(¢) and
) (t), where z; is given in (3.13), and have

@(1‘1) — V1<I)(—x1) = 0, \If(l‘l) — Vl\I/(—Z‘l) = 0,

which is system (1.1) with ¥ = v;. Hence due to the first part of the
proof, the inequalities |a|] < K and |b| < K are fulfilled. Consequently,
lz1]]| < (1+T)K and ||z} || < K, and thus 27 € 9. Next, by the homotopy
property and the Borsuk antipodal theorem,

D(Z — £(0,-),9,0) = D(Z — £(1,),9,0) and D(Z — £(1,-),€,0) # 0.

The last relations together with (3.12) give that (3.11) holds. Finally, we
conclude that from (3.10) and (3.11) follows (3.4). O

4. APPLICATIONS OF THE EXISTENCE PRINCIPLE

4.1. Functionals satisfying the admissible complementary condi-
tion. We give two sets of nonlinear functionals A, ® € A satisfying the ad-
missible complementary condition. Such functionals in the nonlocal bound-
ary conditions (1.3) will be used in the next subsection for solving problem
(1.2), (1.3) by means of our existence principle.

For j = 0,1, let B; be the set of functionals A € A for which there exists
a positive constant K = K (A) such that

x € C0,T), |2V > K on [0,T] = A(z)sign(z)) > 0
Remark 4.1. The functionals from the set B; have the following impor-
tant property: If A € B; and A(z) = 0 for some z € C*[0,T] and j € {0,1},
then there exists £ € [0, T] such that |2\ (€)] < K(A).
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Example 4.2. Let 0 < a < b < T, j€ {0,1}, © : C'[0,T] — R be
continuous and sup{|©(z)| : x € C[0,T]} < co. Then the functionals
Ay (x) = min{zW(t) : a <t < b} 4+ O(),
Ag(z) = max{z)(t) : a < t < b} + O(z),

b
As(z) = /max{x(j)(s) ca<s<t}dt+ O(zx)

belong to the set B;. If 0 <t <ty <---<t, <T,b; >0, 9, fi € C(R) and
limy 400 g(u) = limy 100 fi(u) = 00,4 =1,2,...,n, then the functionals

Ag(z) = Z big(z(t:)) + O(),

b n
As(z) = / (Z bifi(x(j)(s))> ds + ©(z),

a
b s

Ao(w) = / / (Zbim(ﬂ(&))) d¢ | ds+O(x)

a a

also belong to B;.

Lemma 4.3. Let ® € By and ¥ € By. Then ®,V satisfy the admissible
compatibility condition.

Proof. Since ® € By and ¥ € Bj, there exists a positive constant K such
that for each v € [0,1] we have [®(a + bt) — v®(—a — bt)]sign(a + bt) > 0 if
la+bt| > K fort € [0,T] and [¥(a+bt) — vV (—a—>bt)]sign(b) > 0if |b| > K.
Hence if (ag,bo) € R? is a solution of system (1.1) for some v € [0,1], then
(see Remark 4.1) |bg| < K and |ag + bo&| < K for some ¢ € [0,T]. From the
inequality |ag| < |ag+bo&|+ |boé| < (1+ K)T we see that for each v € [0, 1],
any solution (a,b) € R? of (1.1) satisfies the estimate

la| < (14+ K)T, |b < K. (4.1)
Let M = {(a,b) € R? : |a| < (1+ K)T, |b| < K} and F : [0,1] x M — R?
be defined as
F(v,a,b) = (P(a+ bt) — v®(—a — bt), ¥(a+ bt) — vV (—a — bt)).

Then F is a continuous operator and M is an open, bounded and symmetric
with respect to (0,0) € R? subset of R2. We have also F(v,a,b) # (0,0)
for v € [0,1] and (a,b) € OM, and F(1,-,-) is an odd operator (that is,
F(1,—a,—b) = —F(1,a,b) for (a,b) € M). Hence by the Borsuk antipodal
theorem and the homotopy property,
deg(]:(la K ')a M’ 0) 7é 07
deg(f(la ) ')7Ma O) = deg(f(l/, Bl ')a Ma O) for v € [07 1}7
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where ”7deg” stands for the Brower degree. Consequently, the operator
equation F(v,a,b) = (0,0) has a solution for each v € [0,1]. Hence for each
v € [0, 1] system (1.1) has a solution and any its solution (a, b) satisfies (4.1),
and therefore @, ¥ satisfy the admissible complementary condition. |

Remark 4.4. The special cases of the boundary conditions (1.3) are:

(a) the Dirichlet conditions z(0) = A, z(T) = B (for ®(z) = z(0) — A,
U(z) = fOT z'(s)ds+ A — B),

(b) the mixed conditions z(0) = A, «/(T) = B (for ®(z) = x(0) — A,
U(z) = 2/(T) — B) and 2/(0) = A, z=(T) = B
W(a) = /(0) - A),

(c) the antiperiodic conditions x(0) + z(T") = 0, 2/(0) + 2/(T) = 0 (for
B(z) = 2(0) + 2(T), U(z) = 2'(0) +2'(T)),

(d) the initial conditions z(§) = A, 2/(§) = B, where ¢ € [0,T] (for
B(a) = 2(6) - A4, W(z) = 2'(E) - B), i

(e) the multipoint conditions > a;z?i=1(t;) = A, 3 b; (a(s3))*F ! =

§=0 i=0
B, where a;,b; € (0,00), lj,ki € N (j =0,...,n, 7 =0,... ,
o <tp <+ <t <T,0< 8 <81 < -+ < 8y <T (for ()

ZO a;z? " (t;) — A, U(z) = Z:Obi(x/(si))zkiil - B).
1= 1=

=)
<)
o
A

Let C be the set of functionals A € A such that sup{|A(z)| : = €
C10,T]} < 0.

Lemma 4.5. Let 0 <& <n<T, A;,Ay €C and
O(z) = z(§) + Ai(x), ¥(2) ==2(n) + A2(2) forz e CHO,T].
Then ®, U satisfy the admissible compatibility condition.

Proof. Since Ay, A2 € C, there is a positive constant S such that |Ay(z)| < S
and |A;(z)| < S for z € C[0,T]. System (1.1) has the form

(1+v)(a+b) 4+ Ar(a+bt) — vAi(—a —bt) =0,

(1+v)(a+bn)+ Az(a + bt) — vAs(—a — bt) = 0. (4.2)

Suppose that (ag, by) € R? is a solution of (4.2) for some v € [0,1]. Then
(1+I/)(’I]*§)bo = A1(a0+bot)fl/A1(7(107b0t)7A2(ao+b()t)+l/A2(7a07b0t),

and consequently, |bg| < 772—_55 Since

ag = —bog +

1+ov [I/Al(—a() — bot) - Al (a() + bot)},

a0<25T+S:S<1+2T>.
n—=¢ n—=¢

we have
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As a result, for each v € [0,1], any solution (a,b) € R? of (4.2) satisfies the
estimate

2T 25
al < S 1+>,b<. 4.3
<s (1425 ) bl< 2 (1.3
Put M = {(a,b) €ER?:|a| < S (1 + %) , b < %} In order to prove
that ®, ¥ satisfy the admissible compatibility condition we define a contin-
uous operator F : [0,1] x M — R? by

F(v,a,b) = ((1 +v)(a+bE) + Ar(a+bt) — vAi(—a — bt),

(14 v)(a+by) + As(a + bt) — vAs(—a — bt)).

Then F(1,-,-) is an odd operator and F(v,a,b) # (0,0) for all v € [0,1]
and (a,b) € OM. By the Borsuk antipodal theorem and by the homotopy
property, we can prove just as in the proof of Lemma 4.3 that for each
v € [0,1], the equation F(v,a,b) = (0,0) has a solution. Consequently,
system (4.2) has a solution for each v € [0,1] and all its solutions (a,b)
satisfy (4.3). Hence ®, ¥ satisfy the admissible compatibility condition. O

4.2. Existence results for nonlocal fractional BVPs. Bearing in mind
Section 4.1, we work with the boundary conditions
O(x)=0, U(x)=0, PeBy, Veb, (4.4)
and
() +MA(z) =0, z(n) + A2(z) =0, 0<E<n<T, Ajy,Ar€C. (4.5)

Lemmas 4.3 and 4.5 show that the functionals ®, ¥ in (4.4) and the function-
als (&) + A1(z), z(n) + A2(z) in (4.5) satisfy the admissible compatibility
condition. We discuss the solvability of problems (1.2), (4.4) and (1.2), (4.5)
by the existence principle (Theorem 3.1).

Theorem 4.6. Let (3.1) hold. Suppose that the estimate

[f(t,2,y,2)] < p(O)p(l2l, [yl |2])
for a.e. t €10,T) and all (x,y,z) € R (4.6)

is fulfilled, where p € L[0,T] and p € C(R3.) are nonnegative, p is nonde-
creasing in all its arguments and

lim p(u, u,u)

U—00 u

Then problems (1.2), (4.4) and (1.2), (4.5) are solvable.

=0. (4.7)

Proof. By Theorem 3.1, we have to prove that there exists a positive con-
stant S such that

] <8, [l'] < S (4.8)
for each A € [0,1] and each solution z of the problems

(DYz)(t) = A (t, 2 (1), 2'(1), (D"x)(1)), (44), (4.9)
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and

(D)(t) = Af(t, x(t), 2'(t), (D")(t)), (4.5). (4.10)
We start with problem (4.9). Let € C1[0, 7] be a solution of (4.9). Since
® € By and ¥ € By, there exists a positive constant K such that (cf.
Remark 4.1) |z(&)| < K, |2'(&§1)] < K for some &y, &1 € [0, T]. Furthermore,
by Lemma 2.5, “D*z € C[0,T] and

¢
el < gy [ as] < Vi
0
where V = % From the equality x(t) = z(&) + fg s)ds we get
lz]| < K + T||2']- (4.11)

From estimate (4.6) it follows now that
[f (8 (t), 2" (1), (D*z)(1)] < p(O)p(K + Tl'[|, [|°[, VII2'll)  (4.12)

for a.e. t € [0,T]. Since x is a solution of the equation in (4.9), we have (cf.
(3.2) and Lemma 2.1)

20 = g [0 2 (). (9. (D)) ds 4 (419
0

for t € [0,T7,
where b € R. From |2/(£1)] < K, we obtain
&1

/ (& — )2 f (s, 2(5), 2 (s), (D"z)(s)) ds|.
0
By Lemma 2.6 (with nn = p,ta =t and ¢; = 0),

t Tla-2p+1 \ »
_ a—2 < —
Ji—oroeras< (Gg 1) ol =
0

We conclude from the last inequality and from (4.12), (4.13) and (4.14) that

bl < K+ (4.14)

MNa-1)

2w
'] < mp(KJrTllw'II, "I, VIi2"ll) + K. (4.15)

In view of (4.7), there is a positive constant S such that the inequality

2W (

T(a—1)7

is fulfilled for all v > S;. Hence (4.15) yields ||2’|| < Si, and hence ||z| <

K+ TS, by (4.11). Put S = max{Sy, K +T5;}. Then (4.8) holds for each
A € [0,1] and each solution = of problem (4.9).

We proceed now to discussing problem (4.10). Let x be a solution
0f(4.10). Due to Aj,As € C there is L > 0 such that |[A;(z)] < L and

K+Tv,u,Vv)+ K <wv
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|A1(x)| < L for € C'0,T]. Therefore |z(£)] < L and |z(n)] < L. It
follows from z(€) —x(n) = /(1) (n — §), where 7 € (§,n) that |2/(7)| < %
We have proved that for each A € [0, 1] and any solution z of problem (4.10)
there exists 7 = 7(\,z) € (§,n) such that |z(§)| < L and |2/(7)] < f—f‘g_
Essentially the same reasoning as in the first part of the proof (with K >

max {L, f—f&}) yields that there is a positive constant S such that (4.8)
holds for each A € [0,1] and each solution z of problem (4.10). O

Example 4.7. Let v; € L90,7] (i = 0,1,2,3), h € C([0,7] x R?) be
bounded and g; € C'(R), lim,— + o0 2 _ g (j = 1,2,3). Then the function

itz y,2) = Ot z,y,2) + 71(H)g1(2) +72(t)g2(y) +12(t)g3(2)
satisfies the conditions of Theorem 4.6 with p(t) = Z?:o |vi(t)] and

3
p(u, Uz, ug) = Zmax{\gj(sﬂ sl < uj} + K for (u1,us,us) € RY,
=1

where K = sup{|h(t,z,y,2)| : (t,2z,y,2) € [0,T] x R*}. Hence Theorem 4.6
can be applied to problems (1.2), (4.4) and (1.2), (4.5).

In particular, equation (1.2) has solutions u; and ug, where uy satisfies
the boundary conditions

min{u(t) : t € [0,T]} = A, max{u/(t):t€[0,T]} =B, A,BeR,

and uy satisfies the boundary conditions
T
(@) = arctan(u] ~ ) + A ()= [sin(u () dt+ B, ABER,
0

where 0 < ¢ <n < 1.
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Short Communications

MALKHAZ ASHORDIA

ON THE FREDHOLM PROPERTY FOR GENERAL
LINEAR BOUNDARY VALUE PROBLEMS FOR
IMPULSIVE SYSTEMS WITH SINGULARITIES

Dedicated to the blessed memory of Professor T. Chanturia

Abstract. A general linear singular boundary value problem

dx; .
= P msi g (i=1,2),

Zi(Te+) — zi(m—) = Gi(k) - z3—s () + hi(k) (1 =1,2; k=1,2,...);
li(:cl,xg) = C; (Z = 1,2)

is considered, where P; € Lioc(Ja,b[,R™*™3~4) q; € Lioc(Ja, b[,R™), G, :
{1,2,...} = R™>*"~i h;:{1,2,...} — R" ¢, € R™, and [; is a linear
bounded operator (i = 1,2).

The singularity is understood in the sense that P; & L([a, b], R™*"8-1),
q; & L([a,b],R™) or kZl (IGi(B)]| + Ik (k)|l) = +oo for some i, j € {1,2}.

The conditions are established under which this problem is uniquely solv-
able if and only if the corresponding homogeneous boundary value problem
has only the trivial solution.

Analogous problems for similar impulsive systems with small parameters
are also considered.

03m8050

dz; )
;t = Pi(t) - x5 + qi(t) (i=1,2),

i(tet) — xi(me—) = Gi(k) - x3—i(1) + hi(k) (i=1,2; k=1,2,...);
li(ry,20) = ¢; (i=1,2),

LO(QQG PZ S Lloc(]a7b[,R7H><n37i)a q; € LlOCGaabLRni)? Gl
{1,2, .. } — R™iXMs—i po: {1,2, .. } — R™, ¢; € R™, beane l;
(i=1,2) Fog030 I9dmbobmrGmmo @3g@omeo0o.

Reported on the Thilisi Seminar on Qualitative Theory of Differential Equations on
December 13, 2010.
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q; € L([a,b],R™) o6 kzl(llGi(k)H + 7 (B)]]) = +oo oo

i,j S {1, 2}-m301).
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Key words and phrases. Linear impulsive systems, singularities,
systems with small parameters, general linear boundary value prob-
lems, Fredholm property.

1. STATEMENT OF THE PROBLEM AND BASIC NOTATION

Let n; and ny be natural numbers; —co < a <b < 400, a <1 < Ty <
---<band lim 1 =b.
k—oo
On the interval |a, b] we consider the linear system of impulsive systems
with singularities

d;i =PFi(t) x5 +qi(t) (i=1,2), (1)

I'Z(Tk+) — l‘i(ka) = Gi(k) . 1‘3_1'(7']@) + hl(k) (Z = 1,2, k= 1,2,. . ) (2)

under the following two-point boundary value conditions:
li(z1,22) =¢; (i=1,2), (3)
where P; € Lio(Ja,b[; R *"=i), q; € Lipe(]a,b[;R™), G; : {1,2,...} —
RPiXns—i f: {1,2,...} = R%, ¢; € R™ (i = 1,2), [; : BV([a1, b1, R™) x
BV ([ag, b2],R™) — R™ (i = 1,2) are linear bounded operators and [a;, b;]
(i = 1,2) are some closed intervals from [a, b].
In the case, where P; (i = 1,2) and ¢; (¢ = 1,2) are the integrable
on [a,b] matrix- and vector-functions and Y (||Gi(k)|| + [|hi(k)|]) < oo
k=1

(1t =1,2), in [1,5,11,12], the conditions are established for as wether the
problem (1), (2); (3) is Fredholm, i.e., the conditions under which the prob-
lem (1), (2);(3) is uniquely solvable if and only if the corresponding homo-
geneous system

d.’EZ' .
7 =Pi(t) x3—; (i=1,2), (1o)

Jii(Tk—F) — l‘i(Tk—) = Gz(k) . 173_2‘(7']6) (Z =1,2; k= 1,2,.. ) (20)

under the conditions
li(xl,.’lﬁg) =0 (Z = 1,2) (30)
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has only trivial solutions. In the case, where the system (1), (2) has singu-
larities at the points a and b, i.e.,

b o0
/ IR0 i+ S |Gk | = oo,
a k=1

b o0
Jlastoae+ 3 s = +c
a k=1

for some 4,7 € {1,2}, the question as to wether the problem (1), (2);(3) is
Fredholm remains open. The present paper fills in this gap.

The results obtained in the paper are improved for the case, where the
boundary condition (3) has the form

m
Z [Brinz1(tiin) + Boinwa(toin)] = ¢ (i =1,2), (4)
k=1

where Bj;;, € R™i X"y tjik €R (Z,j =1,2,k=1,.. .,m).

The impulsive system (1), (2) is a particular case of the so-called gen-
eralized ordinary differential system (see, e.g., [1-5,10,11] and the refer-
ences therein). The analogous questions and some singular boundary value
problems are investigated in [2], [3] for the generalized ordinary differential
systems, and in [6,8,9] for ordinary differential systems.

In the present paper, on the basis of the results presented in [2, 3], we
obtain tests for the Fredholm property for the above impulsive problem.
Similar tests are obtained for every of the two linear singular impulsive
systems with a small parameter € > 0,

dx;it) = P(t) -z () + qilt) (i=1,2), (5.)
xz(Tk‘i‘) - xi(Tk—) =
=G (k) - as_i(me) + hi(k) (i=1,2; k=1,2,...) (6.)
and
dl;;ft) =27 P(t) - ws_i(t) + qilt) (i=1,2), (7.)
xl(Tk+) — xi(Tk—) =
=¥ 'Gi(k) - x3_i(m) + hi(k) (i=1,2; k=1,2,...) (82)

under the condition (3).

Throughout the paper, the use will be made of the following notation
and definitions.

N={1,2,...},R=]—00,+o0[, Ry =0, +00]; [a,b] and ]a, b[ (a, b € R)
are, respectively, the closed and open intervals.

I is an arbitrary closed or open interval from R.
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R™™ is the space of all real n x m matrices X = (z;;);jZ, with the
norm

.....

RP™ = {(mw)zjzl cxy; >006=1,...,n; j= 1,...,m)}.

Opnxm (or O) is the zero n x m matrix.

If X = (z5);2, € R™™, then [X| = (|l245]); 72

R™ = R™*! is the space of all real column n-vectors z = (z;)/_; R} =
Rnxl

g

If X € R™" then X!, det X and r(X) are, respectively, the inverse
to X matrix, the determinant of X and the spectral radius of X; I, is the
identity n x n-matrix.

A matrix-function is said to be continuous, integrable, nondecreasing,
etc., if each of its components is such.

b
If X : [a,b] - R™™ is a matrix-function, then V(X) is the sum of

total variations on [a,b] of its components z;; (i =1,...,n; j =1,...,m);
n,m t
V(X)) = (V(xij)(8); i1, where V(zij)(a) = 0, V(xi;)(t) = V(zi;) for

a <t<b; X(t—) and X (t+) are, respectively, the left and the right limits
of X at the point ¢t (X(a—) = X(a), X(b+) = X(b)).
di X (t) = X(t) — X(t—), d2 X (1) = X(t+) — X(¢).
BV ([a, b], R™"*™) is the set of all bounded variation matrix-functions X :
b
[a,b] — R™™ (i.e., such that V(X) < 00).
BVioe(I; R™*™) is the set of all matrix-functions X : I — R™ ™ such
b
that V(X) < +oo for a, b € .

L([a,b]; R™*™) is the set of all matrix-functions X : [a,b] — R™*™,
measurable and integrable in the Lebesgue sense on the closed interval [a, b].

Lioe(I; R™*™) is the set of all matrix-functions X : [—R"*™ whose res-
trictions to an arbitrary closed interval [a, b] from I belong to L([a, b]; R™*™).

6([a,b],Rnxm) is the set of all absolutely continuous matrix-functions
X : [a,b] — R™*™,

éloc(]l, R™*™) is the set of all matrix-functions X : [—R"*™ whose res-
trictions to an arbitrary closed interval [a, b] from I belong to C ([a, b], R"*™).

Cloe(I\ {152, R™*™) is the set of all matrix-functions X : T — R™*™
whose restrictions to an arbitrary closed interval [, b] from I\ {74} ; belong
to C([a, b], R™*™),

If X € Lige(Ja,b[;R™), G : N — R Y € Lio(Ja, b[; R™™) and
Q : N — R™"™ then

t

Fi(X, G Y, Q)(s,1) = / JACX, G)(7) - (A(Y, Q)(t) — A(Y, Q)(r))

S



and
Fo( X,G;Y,Q)(s,1) = F1(X,G;Y,Q)(t, s) for s, t €la,b],

where

/Y(T)dT+ > Q(k) for c<t<b,

AY,Q)(t) = 9
( o /Y dr — ZQ for a <t <ec, )

t<tp<c

Onxm for t =c¢,

and ¢ = (a4 71)/2.
Using the formulae of integration-by-parts, formula 1.4.33 and Lemma
1.4.23 from [10], it is not difficult to verify that

Fi1(X, G Y, Q)(s,t) = //X(r)dr Y (r)dr+

t - .
+ Z <G(k)7k/Y(T) dT+!X(T)dT~Q(k)+§G(Z).Q(k)) (10)

for a<s<t<b.

Moreover, we introduce the operator

Fo(X,G;Y,Q)(s,t) =
/</X dr+s<;<T > (/X dr+T§<t > ) dr+

+S<Z<t</X dr+s<;T )(/X dr+ZG> (11)

Te<TI <t
for a<s<t<b.

Under a solution of the impulsive system (1), (2) we understand a contin-
uous from the left vector-function (z;)2,, x; € Cloc(la, bI\{m}2, R™) N
BVioc(Ja, b[,R™) (i = 1,2), satisfying both the system

B Ptss(t) +ault) forne. telab\m, (12
and the relation (2) for every k € {1,2,...}. If the component z; has a right
(respectively, left) limit at the point a (respectively, at the point b), then
this limit is assumed to be equal to z;(a) (respectively, to x;(b)). Thus z;
is assumed to be continues at this point.

A solution of the impulsive system (1),(2) is said to be a solution of
the problem (1), (2); (3) if there exist one-sided limits x;(a;+) and x;(b;—)
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(i = 1,2) and the function z = (z;)2_; defined at the endpoints of the closed
intervals [a;, b;] (i = 1,2) by the continuity, satisfy the relation (3).
Consider now the general linear impulsive system

dt

=Pi(t) - 21(t) + Pio(t) - 22(t) + i (¢) (1 =1,2), (13)
zi(Trt) — zi(Th—) =
= G (k) - 21(m0) + Gig(k) - 22(me) + ha(k) (1=1,2; k=1,2,..), (14)

for the boundary value problem

li(Z1,22) =C; (Z = 1,2), (15)

where Py; € Lioc(Ja, b[; R"*™), g € Lioc(la,b[;R™), Gi; : N — Rm>%,
hi : N — R" and [; is the linear bounded operator (i = 1 2)
For the general system (13), (14), we assume that

det(Ip + Ga(mi)) 20 (i=1,2 k=1,2,...).

Under this condition, there exists the fundamental matrix Y; of the ho-
mogeneous system

dy;(t)
dt

= Pu(t) - yi(t) + Pia(t) - y2(t) (i=1,2),
Yi(Tet) — yi(me—) =
:Gil(k:)'yl(Tk)"'GiQ(k')'yQ(Tk) (i:1,2; k=1,2,...),

satisfying the condition Y;(c) = I, for every i € {1,2} (see, for example,
10]).

Then it is not difficult to verify that the substitution z;(¢t) = Y;(¢)x;(¢)
(¢ = 1,2) reduces the problem (13),(14);(15) to the problem (1), (2);(3),
where

Pi(t) =Y, () Pia—i(t)Ys—i(t), a:(t) =Y, ()@(1) (i =1,2);
Gi(k) =Y (1) (In, + Gii(K)) " Giz—i(k)Ya—i(mx) (i =1,2),
hl(k) EY; 1(7—/6)(111& +Gu(k)) ( ) (Z = 172)

and
li(z1,z0) = L;(Yiar, Yazs) (1=1,2).

2. STATEMENT OF THE MAIN RESULTS

Theorem 1. Let ag €a,b] and by € lag,b[, and let

l; : BV([a,b],R™) x BV([ag, bo],R™"?) — R™ (i =1,2)

be linear bounded operators. (16)
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In addition, suppose that

b oo
/(||P1(t)|\ +la®l) dt+ > (IG R + [h1(R)]]) < +oe, (17)

k=1
1Fo([Pr], |G s | Pal, [ Gal) (at, b=) || < 400, (18)
IFo(1P1], [Gal; lgzl, [hal)(at; b=) ]| < 400 (19)

Then the problem (1), (2);(3) is the Fredholm one, i.e., it is uniquely solvable
if and only if the corresponding homogeneous problem (1p), (20);(30) has
only a trivial solution.

Theorem 2. Let by €a,b] and ag €la,by[ and let

l; : BV([a, bo], R™) x BV([ag, b, R") — R™ (i = 1,2)

be linear bounded operators. (20)

In addition, suppose that

ao

/(IIPl(t)II+||q1(t)||)dt+ Y- (IGi®)] + (k)] < +oo,

a<lT<ag

‘. (21)
/(|\P2(t)||+||q2(t)|\)dt+ > (IG2(k)] + [[h2(k)]) < +oo;

ag<TRp<b
| 7P 1G L Pl G ) ot o)1+
HIF (P, G o], hz) (@ ao) | < 0, (22)
| F2(1Pal,1Gals P, |G ) a0, =)

HIF2(Pel, Gals [ ) a0, b-)|| < 0. (23)

Then the assertion of Theorem 1 is valid.

Corollary 1. Let either t1;, € [a,b], tair €]a,b] (i =1,2; k=1,...,m)
and the conditions (17)—~(19) be satisfied, or ti;; € [a,b], tai €]a,b] (i =
1,2; k=1,...,m) and the conditions (21)—(23) be satisfied for some ag €
la,b[. Then for the unique solvability of the problem (1), (2);(4) it is neces-
sary and sufficient that the system (1), (2) under the homogeneous boundary
condition

Z [Brie®1(t1ir) + Baira(tair)] =0 (i =1,2) (4o)
k=1

has only a trivial solution.
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Corollary 2. Let P; € L([a,b]; R"*™3-1) ¢; € L([a, b]; R™) and
(IG: (R + [[ha(R)) < +o0 (i=1,2).
k=1

Let, moreover, either the condition (17) or the condition (21) be fulfilled
for, respectively, some ag €)a,b[ and by €|ag, b or for some by €la,b| and
ag €la,bo[. Then the problem (1), (2);(3) is the Fredholm one.

Theorem 3. Let the conditions (16)—(19) hold for some ag €]a, b and
by € lap,b[. Let, moreover, A # 0, where A is the determinant of the system
li(c1 + A(P1,Gr)ca,c2) =0 (i = 1,2), and the matria-function is defined by
(1.9). Then there exists a positive number g, independent of P;, G;, q;, h;
and ¢; (i = 1,2), such that the problem (5:), (6:);(3) has one and only one
solution for each e € [0, gg].

Theorem 4. Let the conditions (20)—(23) hold for some by €]a,b] and
ap €la,bo[. Let, moreover, Ag # 0, where A is the determinant of the
system l;(c1,co) =0 (i = 1,2). Then there exists a positive number eq inde-
pendent of P;, Gy, qi, h; and ¢; (i = 1,2) such that the problem (7.), (8:);(3)

has one and only one solution for each € € [0,&¢].

Finally, it should be noted that the vector-function x = (z;)?_,, with
components x; € éloc(]a,b[\{Tk},;“;l,R?) N BV([a,b];R?), is a solution of
the impulsive system (1), (2) if and only if it is a solution of the generalized
ordinary differential system

dl‘i(t) = dAl(t) . 33‘3_1‘(1‘5) + dfl(t) (’L =1, 2),

where A;(t) = A(P;,G;)(t) and f;(t) = A(g, h)(t) (i = 1,2), and the
matrix- and vector-functions A(P;, G;) (i = 1,2) and A(g;, h;) (i = 1,2) are
defined by (9).
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IvaAN KIGURADZE

THE DIRICHLET AND FOCAL BOUNDARY VALUE
PROBLEMS FOR HIGHER ORDER QUASI-HALFLINEAR
SINGULAR DIFFERENTIAL EQUATIONS

Dedicated to the blessed memory of
my dear friend, Professor T. Chanturia

Abstract. For higher order quasi-halflinear singular differential equa-
tions, the Dirichlet and focal boundary value problems are considered.
Analogues of the Fredholm first theorem are proved and on the basis of
these results optimal in some sense sufficient conditions of solvability of
the above-mentioned problems are found.

63%0‘39"]. HOQOQO t"/)oe)ol) &30%0 EOBJ:;“OQW("/)(BO:;O 1)066":]@«)6‘31:20 QO?}J-
ﬁJEGOOQ‘DéO 6\)5(8)(")[2:]2)3601)\)0)301) 6OEBOQ'UQOO QO&OBQJLO QO (BNJOQ‘U—
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2010 Mathematics Subject Classification. 34B16, 34B18.
Key words and phrases. Quasi-halflinear singular differential equation,
strong singularity, the Dirichlet problem, focal problem, Fredholm type
theorem, positive solution.
1. Statement of the Problem and the Main Notation. In the interval
la, b, we consider the differential equation

k m
) = 3 o) T
=1

Jj=1

aij) sgnu+ q(t,u, ..., u™Y) (1)

with the Dirichlet boundary conditions

wi V(@) =0, w"VB)=0 (i=1,...,m) (2)
and with the focal boundary conditions
wi V) =0, v V0)=0 (i=1,...,m). (3)
Here, m and k are arbitrary natural numbers, o;; (¢ = 1,...,k; j =
1,...,m) are nonnegative constants such that
a1 >0, Zaijzl (i:l,...,m), (4)
j=1

Reported on the Thilisi Seminar on Qualitative Theory of Differential Equations on
March 28, 2011.
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—00 < a < b < 400, the functions p; :]a,b[— R (i = 1,...,n) are integrable
on every compact interval contained in ]a,b[, and ¢ :]a,b[ X R™ — R is the
function, satisfying the local Carathéodory conditions.

The equation (1) is said to be singular if at least one of the coefficients
p; (i=1,...,m), or the function ¢(-,z1,...,2,), is not integrable on [a, ],
having singularity at one or at both boundary points of that interval. We
say that the equation (1) has a strong singularity at the point a (at the
point b) if for some ¢ € {1,...,k} the condition

t m

2m— Y jou;
Jo—a 5 o) ds = 4o
b m

2m— 3 jou;
(/(b—s) =t |pi(s)|ds:+oo) for a <t <b

t

is fulfilled.

In the case, when if (1) is a linear equation with strong singularities at
the points a and b (at the point a), i.e., when k =1, aq;7 = 1, ag; = 0 for
i>1and

t
/w—MM*m@nw=+w

b
/(b—s)2m_l|p1(s)|ds:+oo for a <t <b
i

t

b
(/(S_G)Qm—1|p1(3)d5:+oo, /|p1(s)|ds<+oo for a<t<b),
t

the problem (1), (2) (the problem (1), (3)) is thoroughly investigated in [1].
As for the case, when > a;; =1—0;; >0 (i =1,...,k) and the equation
j=2
(1) has strong singularities at the points a and b, the above-mentioned
problems remain 4n studied. The present paper is devoted to fill up this
gap.
Throughout the paper, we use the following notation.
L([a, b)) is the space of Lebesgue integrable functions y : [a,b] — R.
Lioe(]a, b)) (Lioe(]a, b])) is the space of functions y :]a, b — R which are
integrable on [a +&,b — ¢] (on [a + ¢,b]) for arbitrarily small & > 0.
CEm=t(Ja, b)) (CE™~*(Ja, b)) is the space of functions u :]a, b[ — R which
are absolutely continuous together with v/, ...,u*™ =1 on [a+&,b—¢] (on
[a + €,b]) for arbitrarily small € > 0.
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Cc2m- Lm(Ja, b)) (C~’2m’1’m(}a,b])) is the space of functions u €
C?"=1(1a,b]) (C?"(]a,b])) such that

loc loc

/|u(m)(s)|2 ds < +00.

ai=2m+1—2jaij (i=1,...,k); (5)
j=1
om m 2m—j+1 aij
T om — 1 1;[( 2m—2j+1)!!) ’
o ﬁ ( 1 )041] (6)
P = 1 J)V2m—2j 1
(i=1,...,k);
p1i(t) =
_ ((t_a)—2m+(b_t)—2m)%H((t_a)zj—2m—2+(b_t)2j—2m—2> =
j=1
@21“) - (7)
:((t—a)l 2y (h—p)i=2m %ﬁ( )2 =2m=1 | (j_p)2i=2m 1) i
j=1
(2:17 . ak)

As it has been said above, we assume that the function ¢ :]Ja, b X R™ — R
satisfies the local Carathéodory conditions, i.e., ¢(t,+,...,:) : R™ — R is
continuous for almost all ¢ €]a, b[, ¢(-, z1,...,Zm) : Ja,b[ — R is measurable
for any (x1,...,2Zm), and

q Y1y Ym) € Lioe(]a, b)) for y1 >0,...,ym >0,
where
qa (Y1, .-y ym):max{|q(t,x1, e 7Jcm)| e <yr, e |Tml Sym}. (8)
We investigate the problem (1), (2) in the case, when
Pi € Lioe(]a, b)) (i=1,...,k),

q*(ta¢1(t)07-~-a¢m(t)/)) dt =0 (9)

b
I t
Jim [ 4 (t) 5
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where ¢;(t) = (t — a)™7+2(b — t)™7*3 (j = 1,...,m), and the problem
(1), (3) in the case, when

Di € Lioe(]a,b]) (i=1,...,k),

b 1 1
t,(t—a)" " 2p,...,(t—a)2 10
lim (t—a)mfé a ( (t=a) L (t—a) p) dt = 0. (10)
p—-+o00 p

In both cases the function ¢ is sublinear with respect to the phase variables
and, consequently, the equation (1) is quasi-halflinear.

In theorems on the existence of positive negative solutions of the problems
(1),(2) and (1), (3), on the function ¢ we impose either the restriction

b
Lt p(t —a)™(b—t)™
lim (t—a)m(b—t)mq( plt—a)"(b = H")
p>0, p—0 p

dt = 400,  (11)

or the restriction
b
lim [ (t—aym Y (ot - 9)")

p>0, p—0 P
a

dt = 400, (12)

where

q«(t,y) = inf{|q(t,ac1, ... ,xm)| : (21, ) € R 2] > y} (13)
A function u € éfgél_l(]a, b[) is said to be a solution of the equation (1)
if it satisfies this equation almost everywhere on |a,b[. A solution of the
equation (1) is said to be a solution of the problem (1), (2) (of the problem
(1), (3)) if it satisfies the boundary conditions (2) (the boundary conditions
(3)), where by u=1(a) (by u~1(b)) it is understood the right (the left)
limit of the function 4"~ (of the function uU~") at the point a (at the
point b).

For the problems (1), (2) and (1), (3) we have proved the analogues of
Fredholm first theorem (see Theorems 1-4) on the basis of which the suffi-
cient conditions of solvability of these problems are established in the spaces
C2m=1tm (g, b]) and C?™~1m(]a,b]) (Theorems 5 and 6). The conditions
are also found under which the problem (1), (2) (the problem (1), (3)) along
with the trivial has a positive and negative on ]a, b[ solutions (Theorems 7
and 8). All the above-mentioned theorems cover the case for which equation
(1) has strong singularities at the points a and b. These theorems are new
not only for a singular case, but also for a regular one, i.e for the case, where

p; € L([a,b]) (i=1,...,k),
q*('vpla--'apm)eL([aab]) for P1 >03"'apm>0

(see [2]-[11] and the references therein).
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2. Fredholm Type Theorems. Along with (1), let us consider the half-
linear homogeneous differential equation

k m
W™ =Y pilt) ( I1 |u<f—1>|%) sgnu, (14)
=1

j=1
depending on the parameter \ € [0, 1].

Theorem 1. Let the condition (9) be fulfilled and almost everywhere on
la, b[ the inequalities

(=1)"pi(t) < lip1i(t) + poi(t)p2it) (i=1,...,k) (15)
be satisfied, where l; (i = 1,...,m) are nonnegative constants, and po; :
[a,b] — [0,400[ (i =1,...,k) are integrable functions. If, moreover,

k
Z’Ylili <1 (16)
i=1

and for an arbitrary X € [0,1] the problem (14),(2) has only the trivial
solution in the space C*™~1™(]a, b[), then the problem (1), (2) has at leat
one solution in the same space.
Theorem 2. Let the conditions of Theorem 1 and the condition (11) be
fulfilled. If, moreover,
(=1)™pi(t) >0 (i=1,...,m),

17
(=D)™q(t,x1,...,2n)x1 >0 for t €la,b[, (x1,...,Tm) € R™, (17)

then the problem (1), (2) in the space C2™~ 1™ (]a, b)) along with the trivial
solution has a positive and a negative on la,b[ solutions.

Theorem 3. Let the condition (10) be fulfilled and almost everywhere
on Ja, b] the inequalities
(=1)™pi(t) < Li(t —a)™ +poi(t)(t —a)' = (i=1,...,k) (18)
be satisfied, where po; : [a,b] — [0,400[ (i = 1,...,m) are integrable func-
tions, and l; (i = 1,...,m) are nonnegative constants, satisfying the in-
equality (16). If, moreover, for an arbitrary A € [0,1] the problem (14), (3)
has only the trivial solution in the space C*™~1™(]a, b)), then the problem
(1), (3) in the same space has at least one solution.
Theorem 4. If along with the conditions of Theorem 3 the conditions
(12) and (17) are fulfilled, then the problem (1),(3) in the space
C?m=tm(a,b]) along with trivial solution has a positive and a negative

on |a,b| solutions.

Remark 1. The condition (16) in Theorems 1 and 3 is unimprovable and
it cannot be replaced by the condition

k
i=1



Indeed, if
k=1, anr=1, ar; =0 for j#1, Iy = (=1)™4""((2m — 1)!1)?,
pi(t) =Lt —a)™™,

2m

q(t, @1, .. ) = (H(z/ —i+1)— ll>(t )y s m,
i=1

then all the conditions of Theorems 1 and 3 are fulfilled, except (16), instead

of which the condition (16') is fulfilled, but nevertheless, as is shown in [1],

the problem (1), (2) (the problem (1), (3)) in the case under consideration

has no solution in the space C?™~1(]a, b[) (in the space C*>™~ 1™ (]a, b])).

3. Existence Theorems. On the basis of Theorems 1 and 3 we prove
Theorems 5 and 6 below which contain effective conditions for solvability of
the problems (1), (2) and (1), (3).

Theorem 5. Let the condition (9) be fulfilled and almost everywhere
on |a, b[ the inequalities (15) be satisfied, where l; (i = 1,...,m) and po; :
la,b[— [0,400[ (¢ = 1,...,m) are, respectively, nonnegative numbers and
integrable functions, satisfying the inequality

b

i (Vuli + Yo /pol'(t) dt) < 1. (19)

Then the problem (1), (2) in the space C2™~ 2™ (]a, b]) has at least one so-
lution.

Theorem 6. Let the condition (10) be fulfilled and almost everywhere
on Ja, b the inequalities (18) be satisfied, where ; (i = 1,...,m) and po; :
la,b[— [0,400[ (¢ = 1,...,m) are, respectively, nonnegative numbers and
integrable functions, satisfying the inequality (19). Then the problem (1), (3)
in the space C2™= 1™ (]a,b]) has at least one solution.

Remark 2. If we use the example given in Remark 1, then it will become

clear that the strict inequality (19) in Theorems 4 and 5 cannot be replaced
by the nonstrict inequality

k b

Z ('Ylili + Y2i /poi(t) dt) <1.

i=1

4. Theorems on the Non-Unique Solvability of the Problems (1), (2)
and (1), (3).

Theorem 7. If along with the conditions of Theorem 5 the conditions
(11) and (17) are fulfilled, then the problem (1),(2) in the space

C2m=1m(a. b)) along with the trivial solution has a positive and a nega-
tive solutions on la, b|.
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Theorem 8. If along with the conditions of Theorem 6 are fulfilled the
conditions (12) and (17), then the problem (1),(3) in the space
52m_17m(]a,b]) along with a trivial solution has a positive and a negative
on Ja,b| solutions.

As examples, we consider the differential equations

k m
u®m = (=)™ [T lipns(®) ( II “(j_1)|a”) sgn u+
i=1 j=1
+ (=)™ (t — a)"*(b —t) "qo(t)|u[* sgnu  (20)
and
k m ]
) = (1 TL e (Tl ) st

i=1 =1

+ (=)™t - a)_“qo(t)|u|’\ sgnu, (21)

where qq :]a, b[— ]0, +00[ is an integrable function,
1
0<A<l, p= (m—i)()\—}—l),

and [; (¢ =1,...,m) are the nonnegative constants, satisfying the inequal-
ity (16). According to Theorem 7 (Theorem 8), the problem (20), (2) (the
problem (21), (2)) in the space C2™~ 1™ (]a, b[) (in the space C2™~ 17 (]a, b]))
along with the trivial solution has a positive and a negative on ]a, b solu-
tions.
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SULKHAN MUKHIGULASHVILI AND NINO PARTSVANIA

ON TWO-POINT BOUNDARY VALUE PROBLEMS FOR
HIGHER ORDER FUNCTIONAL DIFFERENTIAL
EQUATIONS WITH STRONG SINGULARITIES

Dedicated to the blessed memory of Professor T. Chanturia

Abstract. For higher order linear singular functional differential equa-
tions, the Agarwal-Kiguradze type theorems on the unique solvability of
two-point boundary value problems are proved.
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Consider the functional differential equation

u®m(t) = p(t)u(r (1)) + q(t) (1)

with the boundary conditions
b
Wi (@) =0, wiDB) =0 (i=1,...,m), /\u<m>(s)|2ds < 400 (2)
or
b
uwH(a) =0, u™ B =0 (i=1,...,m), /\u(m)(s)|2ds < 400. (3)

Here m is a natural number, —oo < a < b < +o00, 7 : [a,b] — [a,b] is
a measurable function, and the functions p and ¢ :]a,b[— R are Lebesgue
integrable on [a + €,b — €] for arbitrarily small ¢ > 0. However, these
functions may be non-integrable on [a, ], having singularities at the end-
points of that interval. In that sense, the equation (1) is singular.

For 7 = t, the equation (1) has the form

ut™(t) = p(t)ult) + q(t). (4)

Reported on the Thilisi Seminar on Qualitative Theory of Differential Equations on
December 20, 2010.



135

From the results of the monographs [1, 4] and the papers [3, 5, 7-15]
it follow rather delicate conditions guaranteeing the existence of a unique
solution of the singular differential equation (4), satisfying the boundary
conditions

wi V(@) =0, w"VB)=0 (i=1,...,m) (5)
or

u(ifl)(a) =0, u(m+i*1)(b) =0 (t=1,...,m). (6)

However, all these results concern the cases, where the function p satisfies
either the condition

b
/(t —a) 7 b=t (Ip(t)] + (=1)™p(t))dt < +o0, (7)

a

or the condition
b

/ (t — @)™ L (1p(t)] + (~1)™p(t))dt < +o0. (8)

a

Note that if the condition (7) (the condition (8)) is satisfied, then (1), (2)
and (4),(5) ((1),(3) and (4), (6)) are equivalent problems. However, if

b
/ (t— )™ b — 02 (jp(6)] + (~D)™p())dt = +00  (9)

or
b

/ (t— @)™ L (1p(t)] + (~1)™p(t))dt = +o0, (10)

then the above-mentioned problems are not equivalent. More precisely,
from the unique solvability of the problem (1), (2) (of the problem (1), (3)) it
does not follow the unique solvability of the problem (4), (5) (of the problem
(4), (6)). In that case we will say that the function p has strong singularities.

By I. Kiguradze and R. P. Agarwal [2, 6], unimprovable sufficient con-
ditions are found for the unique solvability of the problem (4),(2) (of the
problem (4), (3)), which cover the cases when the function p has strong sin-
gularities. In the present paper, the Agarwal-Kiguradze type results are
established for the equation (1).

Throughout the paper we use the following notation.

[x]+ is the positive part of a number z, i.e.,

x4z
[z]+ = 5

Lioe(]a,b]) (Lioc(]a,b])) is the space of functions y :]a, b[— R which are
integrable on [a +¢,b — ] (on [a + &,b]) for arbitrarily small € > 0.
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Lo s(]a,b]) is the space of integrable with the weight (t — a)®(b — t)?
functions y :Ja, b[— R with the norm
b
ol = [ £~ a3 b= (o).

a

ha(p)(t) = (2m — 1)\/[(—1)’"p(s)]+dsj for a<t<b c= a;rb7
4 b

ha(p)(t) = (2m — 1) [[(-)"p(e)ds for a<t<b,

t

(2m—1)!l = H(Qi—l), [, = ((2”12:),,)2 Vm = 2((m—1)!(2m—1))_%~

Theorem 1. Letp € Li,.(]a, b]) and let there exist a nonnegative constant
¢ such that
(t—a)*™ hi(p)(t) <€ for a<t<c
and
(b—t)>""Lhy(p)(t) <L for c <t <b.
Let, moreover,

tml + (b;a)mlum</(s - a)m_%|7'(s) - s\%|p(s)|ds+

a
b

+/(bs)m%|7(s)s|%|p(s)ds> < 1. (11)

Then for every q € Ly, _1 n,_1(]a,b]) the problem (1), (2) has one and only
one solution.

Corollary 1. Let p € Liy(]a,b]) and let there exist a nonnegative
constant ¢ such that

(—=1)"p(t) < Lt —a)™?™ for a<t<c
and
(=1)™p(t) < £(b—t)"*™ for ¢ <t <b.
If, moreover, the inequality (11) holds, then for every q € Ly, _1 n,_1(]a,b])

the problem (1), (2) has one and only one solution.

Theorem 2. Letp € Li,.(]a,b]) and let there exist a nonnegative constant
£ such that
(t—a)*™ tho(p)(t) <€ for a<t<b.
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Let, moreover,
b

)m_lum/(sfa)m*%w(s)75|%\p(s)|d5< 1. (12)

a

b—a

Ll + 27"*1(

Then for every q € Ly, _1 o(]a,b) the problem (1), (3) has one and only one
solution.

Corollary 2. Let p € Li,(]a,b]) and let there exist a nonnegative
constant ¢ such that

(—=1)"p(t) < U(t —a)"*™ for a <t <b.

If, moreover, the inequality (12) holds, then for every q € L, 1 o( la, b)) the
problem (1), (3) has one and only one solution.
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ON SOLVABILITY AND WELL-POSEDNESS
OF TWO-POINT WEIGHTED SINGULAR
BOUNDARY VALUE PROBLEMS

Abstract. For second order nonlinear ordinary differential equations with
strong singularities, unimprovable in a certain sense sufficient conditions
for the solvability and well-posedness of two-point weighted boundary value
problems are established.
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In an open interval ]a, b[, we consider the second order nonlinear differ-
ential equation

u’ = f(t,u) (1)

with two-point weighted boundary conditions of one of the following two

types:
u(®)] u(®)]

limsup —~— < +o0, limsup ———= < +© 2
t—a P (t - a)a t—b P (b - t)ﬂ ( )
and
. |u(?)] B
limsup ————— 1 =0.
gy <o i) =0 ®

Here f :]a,b[xR — R is a continuous function, a € |0,1[, and 8 €0, 1[.
Eq. (1) is said to be regular if

b
/f*(t,x)dt<—|—oo for x >0,

where

[e(t,z) =max {|f(t,y)]: 0<y<az} for a<t<b, z>0. (4)

Reported on the Thilisi Seminar on Qualitative Theory of Differential Equations on
June 20, 2011.
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And if
to b
/f*(t,a:)dtz—&—oo (/f*(t,x)dt:—i—oo) for a <ty <b, >0,
a to

then it is said that Eq. (1) with respect to the time variable has a singularity
at the point a (at the point b). In that case Eq. (1) is called singular, and
boundary value problems for such equations are called singular boundary
value problems.

Following R. P. Agarwal and I. Kiguradze [2, 8] we say that Eq. (1) with
respect to the time variable has a strong singularity at the point a (at the
point b) if for any ¢y € ]a,b[ and = > 0 the condition

to

/(t —Q)[|f(t,2)] — f(t,2) sgna]dt = oo

a

b
(/(bt)[|f(t,x)| — f(t,x) sgnx]dt: +oo)

is satisfied.
The boundary conditions (2) and (3), respectively, yield the conditions

tlim u(t) =0, %irré u(t) =0, (20)
and

limu(t) =0, limu/(t)=0. (30)

t—a t—b

On the other hand, if « = 8 = %, then the conditions

b

tlim u(t) =0, }in}) u(t) =0, /u’z(t)dt < o0, (2))
and
b
lim u(t) =0, %mll) u'(t) =0, /u'Q(t)dt < 400 (3"

a
imply the conditions (2) and (3), respectively.

In the case, where Eq. (1) is regular, the problems (1),(2); (1),(29), and
(1),(2") (the problems (1),(3); (1),(30), and (1),(3')) are equivalent to each
other. However, if Eq. (1) is singular, then the above-mentioned problems
are not equivalent. Precisely, if Eq. (1) with respect to the time variable
has singularities at the points a and b (has a singularity at the point a),
then from the solvability of the problem (1),(2¢) (of the problem (1),(3p)),
generally speaking, it does not follow the solvability of the problem (1),(2)
or the problem (1),(2') (of the problem (1),(3) or the problem (1),(3')).
On the other hand, in the above-mentioned cases the unique solvability
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of the problem (1),(2) or the problem (1),(2") (of the problem (1),(3) or
the problem (1),(3)) does not imply the unique solvability of the problem
(1),(20) (of the problem (1),(3p)).

The investigation of two-point boundary value problems for second order
singular ordinary differential equations was initiated by I. Kiguradze [4,5].
Nowadays the singular problems (1),(29) and (1),(3g) are studied in full
detail (see, e.g., [1,3-7,10-17,19,20], and the references therein).

The problems (1),(2') and (1),(3') and the analogous problems for higher
order differential equations with strong singularities are studied in [2, 8,
9, 18].

As for the singular problems (1),(2) and (1),(3), they remain still unstud-
ied. In the present paper, an attempt is made to fill this gap. Theorems 1
and 2 (Theorems 3 and 4) below contain unimprovable in a certain sense
sufficient conditions for the solvability and well-posedness of the problem
(1),(2) (of the problem (1),(3)), at that these theorems, unlike the results
from the above-mentioned works [1, 2-7, 10-17, 19, 20|, cover the case,
where Eq. (1) with respect to the time variable has strong singularities at
the points @ and b (has a strong singularity at the point a).

Before passing to the formulation of the main results, we introduce some
definitions and notation.

By Gy and G we denote the Green functions of the problems

u' =0; wu(a)=ud)=0

and

respectively, i.e.,

———~ for a <s<t<hb,
Golt:#) =1 (1= a)‘( b

5 for a <t<s<hb,

and
Gr(t,s) = a—s for a<s<t<b,
a—t for a<t<s<hb.

For any continuous function & : ]a,b[— R, we assume

Vaﬁ(h):sup{(t—a b —t)" /|G0ts s)|ds : a<t<b},

z/a(h):sup{(tfa - /|G1 t,$)h(s)|ds :a<t<b}.

Definition 1. A function w : |a,b[— R is said to be a solution of Eq.
(1) if it is twice continuously differentiable and satisfies that equation at
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each point of the interval ]Ja, b[. A solution of Eq. (1), satisfying the bound-
ary conditions (2) (the boundary conditions (3)), is said to be a solution
of the problem (1),(2) (of the problem (1),(3)).

Definition 2. The problem (1),(2) (the problem (1),(3)) is said to be
well-posed if for any continuous function % : ]a,b[— R, satisfying the
condition

Va,g(h) < 400 (va(h) < +00), (5)
the perturbed differential equation
v" = f(t,v) + h(t) (6)

has a unique solution, satisfying the boundary conditions (2) (the boundary
conditions (3)), and there exists a positive constant r, independent of the
function h, such that in the interval ]a, b] the inequality

[u(t) = o(t)] < rvas(W)(t = a)* (b =) (Ju(t) = v(®)] < rva(h)(t - o))

is satisfied, where u and v are the solutions of the problems (1),(2) and
(6),(2) (of the problems (1),(3) and (6),(3)), respectively.

It is clear that
b

Voup(h) < (b—a)! / (s — )= (b — )" |(s)|ds,
b

va(h) < /(s _ )= |h(s)|ds.

a

Thus for the condition (5) to be fulfilled it is sufficient that
b b

/(s —a)'7%(b — 5)'7P|n(s)|ds < +oo (/(s —a) " %|h(s)|ds < —|—oo>.

a a

Now we formulate the main results. First we consider the problem (1),(2).

Theorem 1. Let there exist continuous functions p and q : |a, b[— [0, +o00]
such that

f(t,x)sgnaz > —(t —a)~*(b—t)Pp(t)|z| — q(t) for a<t<b, z€R,

I/Of,ﬁ(p) <1, Va,ﬁ(q) < Ho00. (7)
Then the problem (1),(2) has at least one solution.

Corollary 1. Let there exist a constant ¢ € [0,1] and a continuous
function q : ]a,b|— R such that

a(l —« 2c 1-—
St 2)sgn > —e( e + s+ ﬁ(g_t)@)ﬂ —a(t)
for a<t<b, x€R,
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and vy 3(q) < +00. Then the problem (1),(2) has at least one solution.

Theorem 2. Let there exist a continuous function p : |a,b[— [0, +o0]
such that

ftx) = flty) > —(t—a) b —t) " p(t)(x—y) for a<t<b, z>y.

If, moreover, the condition (7) holds, where q(t) = f(t,0), then the problem
(1),(2) is well-posed.

Corollary 2. Let there exist a constant £ € [0, 1] such that

fmm—fmwz—dﬁf;$+@3ﬁw+f§§§>u—w

for a<t<b, x>y,

and vq g(f(-,0)) < +o00. Then the problem (1),(2) is well-posed.
A particular case of (1) is the differential equation

"= fiu+ f2(0)|ul" sgnu+ fo(t), (8)

where f; :]a,b[— R (i =0, 1,2) are continuous functions, and p > 0.
Corollary 2 yields

Corollary 3. Let there exist a constant £ € [0, 1] such that

a(l —« 20 1-—
fl(t)2—€<(t(_a)2) + (t—a)(ﬁb—t) +6(é_t)ﬁ2)> for a <t <b.

If, moreover, fa(t) > 0 fora <t <b, and v, g(fo) < +o0, then the problem
(8),(2) is well-posed.

Example 1. Let us consider the differential equation

o _<a(1—a) L 28 B(1-3)

t—ap a1 b2

where ¢ is a nonnegative constant. If ¢ < 1, then by virtue of Corollary 2
the problem (9),(2) is well-posed. Let us show that if £ > 1, then that
problem has no solution. Assume the contrary that the problem (9),(2) has
a solution wu. If we suppose

. |u(t)] .
5mf{(t—a)a(b—t)ﬂ .a<t<b},

then from the representation

) (€|u| + (s—a)a(b—s)ﬂ), 9)

u(t) =

s) (1=2) 203 pa-0) u(s s—a)®(b—s)? )ds
/lGO t ( a)Q +(s—a)( )+ (b— ) )(6 ( )H’( ) (b_) )d
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we get

u(t) > (1+9)x

b
<[ |Go<t,s>|<‘z‘§1_a§?+ 20 +ﬁ<§1_3f2)><sa>“<bs>ﬂds

(s—a)(b—2s)
=(1 +5)(t—a)o‘(b—t)ﬁ for a<t<b.

Hence we obtain the contradiction § > 1+ 4. Thus we have proved that the
problem (9),(2) has no solution.

The above-constructed example shows that the condition v, g(p) < 1
in Theorems 1 and 2 is unimprovable and it cannot be replaced by the
condition v, g(p) < 1. Moreover, the strict inequality ¢ < 1 in Corollaries
1-3 cannot be replaced by the non-strict one ¢ < 1.

Now we consider the problem (1),(3).

Theorem 3. Let
b
/f*(s,z)ds<+oo for a<t<b, >0, (10)
t

and let the condition
flt,x)sgnae > —(t —a) “p(t)|z| —gq(t) for a<t<b, z€R

be fulfilled, where f* is a function, given by the equality (4), and p,q : ]a,b[—
[0, 4+00[ are continuous functions such that

Vo(p) <1, va(q) < +o0. (11)
Then the problem (1),(3) has at least one solution.

Corollary 4. Let there exist a constant £ < (1 — «) and a continuous
function q : ]a,b]— [0,4o00[ such that

f(t,z)sgne > — |z| —q(t) for a<t<b, z€R

_t
(t—a)?
and v4(q) < 4o00. If, moreover, the condition (10) holds, then the problem
(1),(3) has at least one solution.

Theorem 4. Let there ezist a continuous function p : |a,b[— [0, +o0]
such that

ftx) = f(ty) 2 —(t—a)""p(t)(x —y) for a<t<b, x>y,
and the conditions (11) are satisfied, where q(t) = f(¢,0). If, moreover, the
condition (10) holds, then the problem (1),(3) is well-posed.

Corollary 5. Let there exist a constant £ < a(l — «) such that

f(tvx)_f(tvy) > -

(x—y) fora<t<b, x>y.

J4
(t—a)?
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If, moreover, v, (f(-,0)) < 400 and the condition (10) holds, then the prob-
lem (1),(3) is well-posed.

For the Eq. (8), Corollary 5 yields

Corollary 6. Let there exist a constant £ < a(l — «) such that

14
fi(t) > *7@ AP for a<t<b.

If, moreover, fa(t) > 0 for a <t <b, and va(fo) < +00, then the problem
(8),(3) is well-posed.

Example 2. Let us consider the differential equation

=~ _éa)2|u| —(t-a

" )a72

; (12)
where a € ]0,1[ and ¢ is a nonnegative constant. If £ < a(l — «), then
according to Corollary 5 the problem (12),(3) is well-posed. On the other
hand, it is easy to show that if £ > a/(1 — «), then the problem (12),(3)

has no solution.

The above-constructed example shows that the condition v, (p) < 1 in
Theorems 3 and 4 is unimprovable and it cannot be replaced by the condition
Vo(p) = 1 4 £ no matter how small ¢ > 0 would be. Analogously, the
condition ¢ < a(1—«a) in Corollaries 4-6 cannot be replaced by the condition
{=a(l—a)(1+e).
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OPTIMAL SOLVABILITY CONDITIONS OF THE
CAUCHY-NICOLETTI PROBLEM FOR SINGULAR
FUNCTIONAL DIFFERENTIAL SYSTEMS

Dedicated to the blessed memory of Professor T. Chanturia

Abstract. For the systems of singular functional differential equations the
unimprovable sufficient conditions of solvability of the Cauchy—Nicoletti
problem are established.

6\)0)\) 1)01)(8):]3:]2)01)\)0')301) Q\)Q&JBOQOO 3(’){30750&(‘)@3@)01) \)3(")(3\)501) Oam'b])GO—

2010 Mathematics Subject Classification:
Key words and phrases: Singular functional differential system, the
Cauchy—Nicoletti problem, principle of a priori boundedness, solvability.
Let —co < a < b < +o0,

I = [a,b], tiel, I ZI\{tl} (Z: 17...,’[’1,).

In the interval I we consider a system of functional differential equations

d.’]?i t .
dzf) = fix1,...,zn)(t) (i=1,...,n) (1)
with the boundary conditions
Jii(ti)zo (i=1,...,n). (2)

Here every f; is the operator acting from the space of continuous on I n-
dimensional vector functions to the space of functions, Lebesgue integrable
on every closed interval contained in I;. We are, in the main, interested in
a singular case, in which there exist i € {1,...,n} and continuous functions
xp: I — R (k=1,...,n), such that

b
/ | filz1, .. @n)(t)] dt = +o0.

(2) are called the boundary conditions of Cauchy—Nicoletti. In the case,
where t; = --- = t,,, these conditions represent the initial, i.e. the Cauchy
conditions.

Reported on the Thilisi Seminar on Qualitative Theory of Differential Equations on
November 22, 2010.
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I. Kiguradze [4]-[8] has developed technique for a priori estimates of
solutions of one-sided differential inequalities allowing one to investigate the
Cauchy and Cauchy—Nicoletti problems for a singular differential system

dxc;t(t) = fOi(tvxl(t)v“')xN(t)) (i=1...,n) ®)

which is a particular case of system (1). The singular problem (3),(2) is
investigated also in [19].

I. Kiguradze and Z. Sokhadze [12], [13], [21] have found the sufficient
conditions of local and global solvability of the Cauchy problem for evolu-
tion singular functional differential systems of type (1) and proved Kneser
type theorem on the structure of a set of solutions of the above-mentioned
problem [14].

Optimal sufficient conditions of solvability of two-point problems of Cau-
chy—Nicoletti type for singular differential equations of second and higher
orders and for linear singular differential systems can be found in [1]-[3],
[9], [11], [15]-[18], [20].

In the case, where f; (i = 1,...,n) are not evolution operators, for the
singular functional differential system (1) not only the Cauchy—Nicoletti
problem, but also the Cauchy problem remain little studied. Just that very
case our work is devored to.

Throughout the paper, we adopt the following notation:

R =]—o00,+00[, Ry =[0,400][.

R" is n-dimensional real Euclidean space.

x = (7;)j2; and X = (k)7 -, are the n-dimensional column vector and
n X n-matrix with elements x; and z;, e R (i =1,...,n).

r(X) is the spectral radius of the matrix X.

C(I;R™) is the Banach space of the m-dimensional continuous vector
functions x = (z;)_; : I — R™ with the norm

zllc = maX{zn: lzi(t)] : t € I}.

L(I;R) is the Banach space of the Lebesgue integrable functions y : I —
R with the norm

b
lollz = / ly(s)] ds.

Lioe(I;;R) is the space of functions y : I; — R, Lebesgue integrable on
every closed interval contained in I;.

Kioe(I x R™;R) is the set of functions g : I x R™ — R satisfying the
local Carathéodory conditions, i.e., such that g(-,z1,...,2,) : I — R is
measurable for any (zx)j, € R™, g(¢,-,...,:) : R™ — R, continuous almost
for all t € I and

g, € L(I;R) for pe Ry,
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where
gp(t) = max {|g(t o1, mn)| D lanl <} (4)
k=1

Kioc(I; x R™;R) is the set of functions g : I; x R™ — R, such that
g(-,z1,...,zy) : I — R is measurable for any (x)7, € R™, g(t,,...,"):
R™ — R, continuous for almost all ¢ € I and

g, € Lioc(Ii;R) for p e Ry,
where g7 is the function defined by the equality (4).

Kioe(C(I;R™); L(I;R)) is the set of continuous operators f : C(I;R™) —

L(I;R), such that
g, € L(I;R) for pe Ry,

where
g(t) = sup{|f(x1,---,$n)(t)| : Z ||xk||c < p}.
k=1

Kioc(C(I;R™); Lige(I;;R)) is the set of operators f : C(I;R") —
Lioe(I;; R), such that

f € Kioe(C(I; R™); Lioe(J; R))

for an arbitrary closed interval J contained in I;.
We investigate the problem (1), (2) in the case, where

fi € Kioe(C(I;R™); Lioe(Ii;R)) (i =1,...,n). (5)

A vector function (xy)p_, : I — R™ with absolutely continuous compo-
nents x : I — R (k=1,...,n) is said to be a solution of the system (1) if
it satisfies this system almost everywhere on I. The solution of the system
(1), satisfying the boundary conditions (2), is said to be a solution of the
problem (1), (2).

For an arbitrary § > 0, we put

0 for telt;—0,t;+0
X.(t,6) = [ |
1 for t & [t; —d,t; + 0]
and along with (1) consider the functional differential system
t

dm;t( ) ) i a)(E) (=1, i) (6)

depending on the parameters A €]0, 1] and § > 0.
The following propositions hold.

Theorem 1 (Principle of a Priori Boundedness). Let the condition (5)
be fulfilled and there exist a positive number dy and continuous functions
pi: I =Ry (i=1,...,n), such that

pi(ti):O (i=17...,n)
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and for arbitrary § €10, 5[ and A €]0,1] every solution (x;)?_, of the prob-
lem (6), (2) admits the estimates

|z ()] < pi(t) for a<t<b (i=1,...,n).
Then the problem (1), (2) has at least one solution.

Theorem 2. Let the condition (5) be fulfilled and there exist nonnegative
operators

Di € Kioc(C(I;R™); Lioe(I;R)) (i=1,...,n),

nonnegative numbers hi., h; (i,k = 1,...,n) and nonnegative functions
gix € L(I;R), ¢; € L(I;R) (i,k = 1,...,n), such that for any (xx)p_, €
C(I;R™), almost everywhere on I the inequalities

fil@e, ... @) (t) sgn ((t — ti)zi(t)) <

< piCar, @) O = 2O+ Y hllanlo + b))+
k=1

+ Zqik(t)ua?knc +q(t) i=1,...,n)
k=1

hold. If, moreover, the matriz H = (hix+|\qik||L)} 1=, satisfies the condition
r(H) <1, (7)
then the problem (1), (2) has at least one solution.

For regular systems (1) and (3), the results analogous to Theorem 2 are
contained in [10] and [22].

An important particular case (1) is the differential system with deviating
arguments

Pl _ gt @) anlm®) ) (=Lom) (®)
where
Gi € Kioe(Ii x R R) (i=1,...,n), (9)
and 7, : I — I (i=1,...,n) are measurable functions.
If

fi(xl,...7mn)(t)Egi(hml(ﬁ(t)),...,xn(Tn(t))7xi(t)> G=1,...,n),

then the condition (9) ensures the fulfilment of the condition (5). Thus from
Theorem 2 we arrive at the following proposition.

Corollary 1. Let the condition (9) be fulfilled and there exist nonnegative
numbers hi,, h; (i,k = 1,...,n) and nonnegative functions q;, € L(I;R),
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qi € L(I;R), goi € Kioe(I x R"™™R) (i,k = 1,...,n), such that for every
i€ {l,...,n} the inequality

gi(tsy1, -5 Ynr1) sgn (= ti)yns1) <

<90i(ts Y153 Ynt1) (— [Yn+1] +Zhik |y +hi) +ZQik(t> lye|+aq:(t) (10)
k=1 k=1

holds on the set I; x R™. If, moreover, the matriz H = (hi + [|qir||L)} =1
satisfies the condition (7), then the problem (8), (2) has at least one solution.

Example 1. Let

fi i =1t; —

,ui:rnax{tifa,bfti}, T = “ or H CL’ (11)
b for u;=t;—>b

hir =0 for k <i, hgy >0 for k> 1. (12)

Consider the differential system

dl‘i(t) . 1+ |{E2(TZ)| «
e i

+thx1€(n)+2) sgn(t—t;) (i=1,...,n).  (13)
k=1

" ( ()

[t — i

Clearly, for every i € {1,...,n} the function

1+ |y :
gi(t,yh...,ynﬂ) |yz| (_ HilYn+1

+ hik|yg| + 2) sgn(t —t;)
i |t — il ;
on I; x R"*! satisfies the inequality (10), where

1+ [yi
Hi

Moreover, taking into account (12), we have

9oi(t, Y1y -y Yny1) = , hy =2,

n

H = (hir + H%’k”L)Lk:l = (hir)ik=1, r(H)=max{hi1,...,hnn}. (14)

If the inequality (7) is fulfilled, then according to Corollary 1, the problem
(13), (2) has at least one solution. Consider now the case, where inequality
(7) is violated. Then in view of (14), there exists i € {1,...,n}, such that

r(H) = hy > 1. (15)

Assume that the problem (13), (2) has in this case a solution (zx)}_,, as
well. Then

1+ |zi(r)] -
z;(t) = —————— (2 + hiplze ()| )|t —t;| for a <t <b.
0= G oy (4 2 halntr) e =
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Taking into account (11), (12) and (15), the above equality results in

L+ |@i(7:)]

ilm) =57 |2:(72)]

(24 3 hanla(m)l) = 1+ Jai(ri)].
k=1

The obtained contradiction proves that the problem (13), (2) is solvable iff
the inequality (7) is fulfilled. Consequently, the condition (7) in Theorem 2
and in Corollary 1 is optimal and it cannot be replaced by the condition

r(H) <1.
Example 2. Consider the differential system

dz;i(t)
dt

=~ o (1= 674 S bon(n )] + b)) st = )]0+
k=1
+91i (t7x1(7—1(t))7-"7wn(7_n(t))7xi(t))7 (]‘6)

where 7, : I — I (k=1,...,n) are measurable functions, and g1, € Kjoe(I X
R™R) (i =1,...,n) are the functions satisfying the inequality

n n+1
Z ’gli(tayh LRI 7yn+1)’ S (exp <Z ‘yk|>7
i=1 k=1
where [ = const > 0. Then for any ¢ € {1,...,n}, the function
gi(t7y17 s 7yn+1) =
n+1
=- [exp (|t — |t + Z |yk|> sgn(t — tz):| Ynt1 + 91 (L Y1, -y Ynt1)
k=1

on the set I; x R™ admits the estimate (10), where

n+1

9oi(t, Y1, -+, Ynt1) = exp (Z \yk|>7 hik =0, h; =,
k=1

gix(t) =0, ¢;(t)=0 (i=1,...,n).

Moreover, H = (hi + [|qix||1)]'s=; is a zero matrix, and hence r(H) =
0. Thus according to Corollary 1, it follows that the problem (16), (2) is
solvable. On the other hand, it is evident that the system (16) in the case
under consideration is superlinear, and the order of singularity for every
function g;(-,y1,...,yn) : I — R at the point ¢; is equal to infinity, or more
exactly, for an arbitrary natural m we have

b
/ [t —t:| ™ |gi(t,y1, - - Yng1)| dt = +o0

a

if only yn41 # 0.
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