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On the Occasion of Givi Khuskivadze’s
80th Birthday Anniversary

Givi Khuskivadze, the well-known Georgian mathematician, doctor of
sciences in physics and mathematics, has turned 80.

Givi Khuskivadze was born on March 28, 1932. In 1950 he finished with
Gold medal the Thilisi 8th Secondary school and in 1955 he graduated
with honour from the Thilisi State University, faculty of mechanics and
mathematics. In 1955-1958 he went through a full post-graduate course at
the same University. In 1963 he defended first his candidate’s thesis and
then, in 1999, he became doctor of phys.-math. sciences. Since 1958, all
his life was connected with A. Razmadze Mathematical Institute, where he
held posts of junior and then of senior and leading researcher. Just within
the precincts of that Institute G. Khuskivadze carried out his remarkable
investigations in fundamental problems of the real and complex analysis



which earned him immense authority and respect among specialists engaged
in this area.

In G. Khuskivadze’s personality were harmoniously combined brilliant
talent of a widely and well-educated person, on the one hand, and rare
modesty, sensitiveness and honesty, on the other hand. For all these qualities
G. Khuskivadze won sincere respect of all his colleagues and friends.

Givi Khuskivadze passed away on December 5, 2011, not having reached
only three months to see his 80th anniversary.

Givi Khuskivadze’s works deal with various actual problems of the theory
of functions. The profound and fine results on the Cauchy type integrals
and connected with them singular integrals greatly contributed to further
development and elaboration of methods of the theory of the Cauchy type
integrals. Of special interest are his works in such important parts of the
function theory as the theory of integrals, boundary value problems for
analytic and harmonic functions, conformal mappings, etc.

Here we cite an incomplete list of the results obtained by Givi Khuski-
vadze in a course of his scientific activity.

Since the functions defined by the Cauchy singular integral with density
summable in the Lebesgue sense may turn out to be not summable, there
naturally arose the question to generalize the notion of the Lebesgue integral
in a way that the above-mentioned functions become integrable in that
new sense. There were suggested and studied various generalizations of
the notion of the Lebesgue integral, the so-called B and A integrals (see,
e.g., A. Kolmogorov, E. Titchmarsh, P. Ul'’yanov). These integrals, despite
the fact that they provide us with a positive solution to the above-posed
question, they have certain drawbacks. For example, there exists the A-
integrable on the interval [a,b] function which is A-integrable on neither
interval (a, 8) C [a,b].

G. Khuskivadze suggested a simple, free from any exotic drawbacks, eas-
ily observable generalization of the Lebesgue integral which he called an L-
integral. The basic properties inherent in the E—integrabﬂity were revealed,
having thus constructed such an extension of the Lebesgue integral which
allowed one to get a complete picture of that part of the theory of integral
which is connected with the notion of the singular integral in the Cauchy
sense. In particular, the representation of the Cauchy typeNE—integral taken
with respect to a closed curve by means of the Cauchy L-integral, is ob-
tained. Besides, the cases are embraced in which the lines of integration are
taken from a wide classes of curves, and equalities connecting generalized
integrals with the Lebesgue integral are obtained.

The L-integral finds its effective applications. For example, if the Rie-
mann boundary value problem is treated in the assumption that an unknown
function is representable by the Cauchy-Lebesgue type integral, then in the
framework of the Lebesgue integral, it is impossible to get an acceptable
picture of solvability. However, if the statement of the problem is replaced



by the requirement for a solution of the problem to be representable by
the Cauchy type L-integral, then the Riemann problem can be solved in a
standard way [23], [24].

The notion of the Z-integral has been successfully used for investigation
of properties of conformal mappings of a unit circle onto a simply-connected
domain. (In particular, the criterion for the representability of that integral
as an exponential function of the Cauchy type z—integral is established.)
[24], [28].

Of great importance is Givi Khuskivadze’s contribution to the investi-
gation of problems dealt with the boundedness in Lebesgue spaces of the
operator generated by the Cauchy singular integral, and also the properties
of the Cauchy type integrals ([1]-[10], [37]). These problems of theoretical
and applied interest always attracted his attention. A number of results in
this direction have been obtained in collaboration with V. Paatashvili ([11],
121, 18], [19], [22], [31)).

They revealed the necessary and sufficient conditions for the boundedness
of the Cauchy singular operator St from LP(T') to LY(T"), p > ¢, p > 1, when
I" is a countable set of concentric circumferences whose sum of lengths is
finite ([11], [18], [21]).

Next, it has been proved that for the boundedness of the operator Sr
in the spaces LP(I") it is necessary that the condition sup £(¢,r) = O(r) be

cer

fulfilled; £(¢,7) here is a linear measure of that part of the curve I which
finds itself in a circle with center ¢ € T', of radius r. The fulfilment of this
condition is sufficient for curves of a special class which contains the curves
Ty such that Sr, is bounded in neither class LP(T'y), p > 1. These results
were obtained long before the G. David’s work in which he proved that the
above-cited condition is necessary and sufficient for the boundedness of the
operator Sr in the spaces LP(I"), p > 1, for an arbitrary rectifiable curve T
[12], [23], [27].

G. Khuskivadze constructed examples illustrating how the geometry of
the curve T' affects the boundedness of the operator St in the Lebesgue
spaces. He pointed out: (i) a curve I'y for which Sp, is bounded from
LP(T'y) to LP~¢(T") for any p > 1 and ¢ € (0,p — €), but is unbounded in
LP(T'); (ii) a curve I'y for which even the function Sr,(1) is summable in
neither positive power. It should here be noted that G. Khuskivadze was
very skillful in finding “examples in essence” which focused attention on
different aspects of the problem under consideration ([10]).

One range of Givi Khuskivadze’s works are devoted to the investigation of
properties of conformal mappings of simply- connected domains (a portion
of these works is carried out jointly with V. Paatashvili).

A new step in studying these properties is application of the methods and
results of the theory of the Riemann boundary value problem to the case
of a unit circle. This method allowed to obtain new, simple proofs of the
well-known theorems on conformal mappings (Lindeloff, Cellogue, Smirnov,



Warschawskii) and also to establish some important facts dealt with these
mappings. Namely, depending on the geometry boundary of the domain
D, it became possible to reveal those Hardy classes to which the derivative
z'(w) of the conformal mapping of a circle onto the domain D belongs,
and also those values of numbers p for which the operator T'f = 2'Sr 5 is
bounded in the space LP(T") ([13], [14], [20]-]28], [32]).

Of the results mentioned above, a more significant particular case is the
representation of z’(w) in the case of arbitrary piecewise smooth curves
which generalizes and complements Warschawski’s theorem on the behaviour
of 2’(w) in the case of piecewise Lyapunov curves.

The validity of these investigations is evident owing to a role that con-
formal mappings play in the analysis. Special attention earns one more of
their dignities. They are especially useful in studying the Riemann and
Riemann—Hilbert boundary value problems under new assumptions regard-
ing the boundary D. (The Riemann’s problem, well-known in the case of
a circle, made it possible to establish properties of 2z’ for a wide class of
domains and then, using these properties, to investigate boundary value
problems for these classes of domains.)

Owing to the developments in the investigation of properties of the
Cauchy type integrals with density from LP(I;w), the process G. Khuski-
vadze took an active part in, it became possible to make progress in studying
boundary value problems of the theory of analytic functions, when a solu-
tion is required to be represented by the Cauchy type integral with density
from LP(T";w). It also became possible to move forward in investigating the
problems under rather general assumptions with regard to I', w and to the
coefficients in the boundary conditions.

In G. Khuskivadze’s works dealt with a simply-connected domain, the
Riemann—Hilbert problem is reduced, by using the well-known N. Muskhe-
lishvili method, to the Riemann problem in which the principal coefficient
is a product of three functions which depend, respectively, on the curve T,
weight w and on the coefficients of the initial problem. This allows one to
obtain conditions for the solvability under various assumptions regarding
the data of the problem and to construct solutions themselves. In the case
of doubly-connected domains, the problem is successfully investigated by
means of its reduction to an equivalent system of singular integral equa-
tions ([15], [17], [23]).

Special attention is focused on the investigation of the Dirichlet problem.
Here are revealed such interesting classes of harmonic functions in which the
problem in domains with a piecewise smooth boundary (depending on the
angle sizes at angular points) may turn out to be uniquely solvable, am-
biguously solvable, or unsolvable at all ([16], [23], [33], [35], [36], [38], [40]).

A rather complete picture of the solvability is obtained for Zaremba’s
mixed boundary value problem, as well, i.e., for that in which we seek for a
function, harmonic in the domain D, when the value of an unknown function



is given on one part of the boundary and the value of its normal derivative
is given on the remaining part of the boundary ([29], [30], [34], [35], [39]).

The results presented above show that Givi Khuskivadze was a person
of brilliant talent and subtle mathematical mentality. G. Khuskivadze’s
remarkable personality will forever remain in the hearts of his friends and
colleagues.

R. Bantsuri, N. Kekelidze, I. Kiguradze,
V. Kokilashvili, V. Paatashvili, T. Oziashvili
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Abstract. The two-point boundary value problem is considered for the
system of linear generalized ordinary differential equations with singularities
on a non-closed interval. The constant term of the system is a vector-
function with bounded total variations components on the closure of the
interval, and the components of the matrix-function have bounded total
variations on every closed interval from this interval.

The general sufficient conditions are established for the unique solvability
of this problem in the case where the system has singularities. Singularity is
understand in a sense the components of the matrix-function corresponding
to the system may have unbounded variations on the interval.

Relying on these results the effective conditions are established for the
unique solvability of the problem.
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1. STATEMENT OF THE PROBLEM AND BASIC NOTATION

In the present paper, for a system of linear generalized ordinary differ-
ential equations with singularities

dx(t) = dA(t) - z(t) + df (t) (1.1)
we consider the two-point boundary value problem
zi(la+)=0 (i=1,...,n0), z;(b—)=0 (i=no+1,...,n), (1.2)

where —o00 < a < b < +o0, ng € {1,...,n}, 1,...,x, are the components
of the desired solution x, ng € {1,...,n}, f : [a,b] — R™ is a vector-function
with bounded total variation components, and A :]a, b[ — R™*" is a matrix-
function with bounded total variation components on every closed interval
from the interval ]a, b[.

We investigate the question of unique solvability of the problem
(1.1),(1.2), when the system (1.1) has singularities. Singularity is under-
stand in a sense that the components of the matrix-function A may have
unbounded variation on the closed interval [a, b], in general. On the basis of
this theorem we obtain effective criteria for the solvability of this problem.

Analogous and related questions are investigated in [17-24] and [26] (see
also references therein) for the singular two-point and multipoint boundary
value problems for linear and nonlinear systems of ordinary differential equa-
tions, and in [1,3,6,8,10] (see also references therein) for regular two-point
and multipoint boundary value problems for systems of linear and nonlinear
generalized differential equations. As for the two-point and multipoint sin-
gular boundary value problems for generalized differential systems, they are
little studied and, despite some results given in [12] and [13] for two-point
singular boundary value problem, their theory is rather far from comple-
tion even in the linear case. Therefore, the problem under consideration is
actual.

To a considerable extent, the interest in the theory of generalized ordinary
differential equations has been motivated by the fact that this theory enables
one to investigate ordinary differential, impulsive and difference equations
from a unified point of view (see e.g. [1-13,15,16,25,27-29] and references
therein).

Throughout the paper, the use will be made of the following notation
and definitions.

R =] — 00, 400[; Ry = [0,+0o0[; [a,], |a,b[ and ]a,b], [a,b] are, respec-
tively, closed, open and half-open intervals.

R™*™ ig the space of all real n x m-matrices X = (x;;)

n,m

+ =1 With the norm

n,m

X1 = |eal.

il=1

RP™ = {(mzz)zlzl cxg>00@=1,...,n; 1= 1,...,m)}.
Opnxm (or O) is the zero n x m matrix.
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If X = (zy);" € R™™, then [X| = (|lzal);Z, -

R™ = R"*! is the space of all real column n-vectors z = (z;)/_; R} =
Rnxl

.

If X € R"™™ then X!, det X and r(X) are, respectively, the matrix
inverse to X, the determinant of X and the spectral radius of X; I,, is the
identity n x m-matrix; J;; is the Kroneker symbol, i.e., §;; = 1 and §; = 1
fori#£1 (i,l=1,...,n).

d
V(X), where a < ¢ < d < b, is the variation of the matrix-function

c
X :]a,b[— R™ ™ on the closed interval [¢, d], i.e., the sum of total variations
of the latter components x;; (i =1,...,n; l =1,...,m) on this interval; if

d < ¢, then \?(X) = —\:/(X); V(X)(t) = (v(za)(t);Z,, where v(z)(co) =

0, v(zy)(t) = \t/(xll) fora <t < b, and ¢y = (a +b)/2.

co
X (t—) and X (t+) are the left and the right limits of the matrix-function
X :]a,b[— R™ ™ at the point t €]a, b[ (we assume X (t) = X (a+) fort < a
and X (t) = X (b—) for t > b, if necessary).
i X(t)=X(t)— X(t—-), do X (1) = X(t+) — X (¢).
BV ([a, b], R™*™) is the set of all matrix-functions of bounded variation

b
X : [a,b] — R™™ (i.e., such that \/(X) < +00);

b

IIXH =sup {|X(®)[| : t € [a,b]}, | X[l = [ X(a)]| + V(X);

@)

Vs([a, b], R"*™) is the normed space (BV([a, b], R™*™) || - ||s);

BV ([a, b], R™*™) is the Banach space (BV([a,b],R™*™), || - |,).

BVZOC(]a b[,R™*™) is the set of all matrix-functions X :]a,b[— R™*™
d

such that \/(X) < 400 for every a < ¢ < d < b.
c

If X € BVyoe(Ja,b[,R"*™), det(I, + (—1)7d; X (t)) # 0 for t €]a,b[ (j =
1,2),and Y € BVi,c(]a, b[, R™*™), then A(X,Y)(t) = B(X,Y)(co, t), where
B is the operator defined by

B(X, Y)(t t) = Opxm for t €la,bf,

B(X.,Y)(s,1) = Y (1) + D AX(T) (L= di X (7)Y (r)-
s<t<t
= Y dX(1) (In + daX (7)) doY(7) for a<s<t<b
s<t<t
and

B(X,Y)(s,t) = —B(X,Y)(t,s) for a<t<s<b.

A matrix-function is said to be continuous, nondecreasing, integrable,
etc., if each of its components is such.
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If @ € BV([a, b], R) has no more than a finite number of points of discon-
tinuity, and m € {1,2}, then Do = {taml;- - tamna, } Fam1i < - <
tamna,,) 1S the set of all points from [a,b] for which d,a(t) # 0, and
tom = max{dna(t) : t € Dam} (m=1,2).

If 5 € BV([a,b],R), then

VamBj :max{djﬁ(taml)—l— Z d;p(r): 1= 1,...7nam}
tami+1-m<T<tamit+2—m
(j,m = 1,2), here taQO =a— 17 talnal-f—l =b+ 1.
sj : BV([a,b],R) — BV([a,b],R) (j = 0,1,2) are the operators defined,
respectively, by

s1(z)(a) = s2(z)(a) =0,
s1(x)(t) = Z diz(T) and ss(x)(t) = Z dox(7) for a <t <b,

a<r<t a<r<t
and
so(x)(t) = x(t) — s1(x)(t) — s2(x)(t) for t € [a,b].
If g : [a,b] — R is a nondecreasing function, = : [a,b] - R and a < s <
t < b, then

t

/JU(T) dg(r) = / (1) dso(9)(7) + Y w(r)dig(r) + Y x(r)dag(r),
: o] s<r<t s<T<t

where [ x(7)dso(g)() is the Lebesgue-Stieltjes integral over the open
interva]187f;,t[ with respect to the measure pg(so(g)) corresponding to the
function so(g); if @ = b, then we assume fbx(t) dg(t) = 0. Moreover, we put

a

t

/tm(r) dg(t) = lim /33(7') dg(T)
s+

e—0, >0
s+e
and
t— t—e
[amrdstr) = _tim_ [ a(r)dgir)

L([a,b],R; g) is the space of all functions z : [a,b] — R measurable and
integrable with respect to the measure p(g) with the norm

b
lellny = / j(t)] dg(t).
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If g(t) = g1(t) — g2(t), where g1 and go are nondecreasing functions, then

t t ¢
/1‘(7’) dg(T) Z/I(T)dg1(7')—/x(7')dgg(7') for s <t.
It G = (gik)ﬁ’,zzl : [a,b] — R™™ is a nondecreasing matrix-function

and D C R™*™  then L([a,b], D;G) is the set of all matrix-functions X =
(xk])Z;”1 : la,b] — D such that x; € L([a,b],R;gix) (i = 1,...,1; k =
1,...,n;5=1,...,m);

t

/dG(T) L X(r) = (zn:/txkj(T)dgik(T))Lm for a <s<t<b,

p ,j=1

SHG)(E) = (s;(m) (1)1, (G =0,1,2).
1

If Gj : [a,b] — R>™ (j = 1,2) are nondecreasing matrix-functions,
G(t) = Gl( ) — Ga(t) and X : [a b] — R™™ then

t t t

/dG(T)~X(T) :/dGl(T)-X(T)—/dGQ(T)-X(T) for s <t,

S S S

Sk(G) = Sk(G1) — Sk(G2) (k=0,1,2),

L([a’b]vD; G) = ﬂ L([a’b]aD§Gj)a

The inequalities between the vectors and between the matrices are un-
derstood componentwise.

We assume that the vector-function f = (f;)?_, belongs to BV({[a, b],
and the matrix-function A = (a;)},_, is such that a; € BV([a, b], R) (i
i, =1,...,n), a;; € BV(Ja,b],R) (: = 1,...,n9) and a;; € BV([a,b[,R
(i =no + 1 )

A vector- functlon x=(x )Z 1 is said to be a solution of the system (1 1) if
x; € BViee(]a, b, R) (i=1,...,n0), ; € BVioe([a,b],R) (i=no+1,...,n)
and

R™),
71

" +Z/ ™) dau(7) + fi(t) — fi(s)
=1

for a<s<t<b (i= ,...,no) and for a<s<t<b (i=no+1,...,n).

Under the solution of the problem (1.1),(1.2) we mean a solution z(t) =
(xi(t)), of the system (1.1) such that the one-sided limits z;(a+) (i =
1,...,mn0) and z;(b—) (i =no+1,...,n) exist and the equalities (1.2) are
fulfilled. We assume z;(a) =0 (i = 1,...,n9) and x;(b) = 0 (i = ng +
1,...,n), if necessary.
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A vector-function z € BV([a, b], R™) is said to be a solution of the system
of generalized differential inequalities
dx(t) —dB(t) - x(t) — dq(t) <0 (> 0) for t € [a,b],
where B € BV([a, b],R"*™), ¢ € BV([a, b],R"), if
¢
x(t) —x(s) + /dB(T) cx(1) —q(t) +q(s) <0 (>0) for a <s<t<b.

Without loss of generality we assume that A(a) = Opxn, f(a) = 0.
Moreover, we assume

det(I, + (—1)7d;A(t)) # 0 for t €la, b (j =1,2). (1.3)

The above inequalities guarantee the unique solvability of the Cauchy
problem for the corresponding system (see [29, Theorem III.1.4]).
If s €)a,b] and @ € BVy4c(]a, b[,R) are such that

L+ (=1)7d;B(t) #0 for (—1)i(t—5) <0 (j=1,2),
then by 7v3(-, s) we denote the unique solution of the Cauchy problem
dy(t) =~v()dB(t), v(s) =1.
It is known (see [15,16]) that

exp (s0()(t) — s0(8)(s)) X
X H (1—dya(r))~! H (1+dy5(7)) for t > s,
Yalt, ) = { exp (s0(B(t) — s0(B(s))x (1.4)
< []=dip(r)) [ 1 +dap(r))™" for t <s,
1 . e for t =s.

It is evident that if the last inequalities are fulfilled on the whole interval
[a,b], then v, 1(t) exists for every t € [a, b].

Definition 1.1. Let ng € {1,...,n}. We say that a matrix-function
C = (ci)i1=, € BV([a,b],R"*™) belongs to the set U(a+,b—;ng) if the
functions ¢;; (i # I; 4,1 = 1,...,n) are nondecreasing on [a,b] and the
system

sgn (no—l—%—i) dx;(t) < le(t) dey(t) for t € [a,b] (i=1,...,n) (1.5)

has no nontrivial nonnegative solution satisfying the condition (1.2).

The similar definition of the set ¢ has been introduced by I. Kiguradze
for ordinary differential equations (see [20,21]).
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Theorem 1.1. Let the components of the matriz-function A=(au); -, €
BV ioc(]a, b[ , R™™™) satisfy the conditions

(solaie) (1) — solasi) () sem (o + 5 — 1) <

< so(ei — @) (t) — soley —ay)(s) for a<s<t<b (i=1,...,n), (1.6)
(17 (U (1Y djaa(t)] 1) s (mo + 5 — ) <
<dj(cii(t) — oi(t)) for t€la,b] (j=1,2;i=1,...,n0)
and for t € [a,b] (j=1,2;i=mng+1,...,n), (1.7)
|so(air)(t) — so(ai)(s)| <
< solei)(t) —so(ca)(s) fora<s<t<b (i#1l; i,l=1,...,n) (1.8)
and
|djaq(t)| < djeq(t) for t€la,b] (i £ i,0=1,...,n),  (19)
where
C = (cit)i1=1 € U(a+,b—; ng), (1.10)

a; Ja,b) = R (i =1,...,n0) and o; : [a,b]— R (i = ng+1,...,n) are
nondecreasing functions such that

thm dgai(t) <1 (Z =1,... ,7’L0)7
ot _ (1.11)
thrgl dio;(t) <1 (i=nog+1,...,n)
and
tlim lim sup~yg, (t,a+1/k) =0 (i=1,...,n0),
—.>a+ k—.>oo ' (1.12)
thrl? khm supvg, (t,b—1/k) =0 (i=mno+1,...,n),

where (3;(t) = «i(t)sgn(ng + § —4) (i = 1,...,n). Then the problem
(1.1), (1.2) has one and only one solution.

Corollary 1.1. Let the components of the matriz-function A= (ail)?,lzl €
BVioc(Ja, b[ ,R™*™) satisfy the conditions

(s0(ais) (8) = soass)(5)) sen (o + % i) < ~(so@)(1) = so(as)(s))
+/hii(7) dso(Bi)(T) for a<s<t<b (i=1,...,n), (1.13)

S

(=1 (|1 + (=1)djaii(t)| — 1) sgn (ng + % - z) <
< hig(t)d; Bi(t) — djoy(t)) for t €lab] (j=1,2;i=1,...,n9)

and for t € [a,b] (j=1,2; i=np+1,...,n),
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|s0(ai)(t) — so(ax)(s)| <

S/hil(r)dso(ﬁl)(r) fora<s<t<b (i#l; i,l=1,...,n) (1.14)

S

and
|djai(t)] < hu(t)d;Bi(t) for t€la,b] (i #1;i,l=1,...,n), (1.15)

where a; :]a,b] = R (i =1,...,n9) and o; : [a,b)[—= R (i =ng+1,...,n)
are nondecreasing functions satisfying the conditions (1.11) and (1.12), 5
(I = 1,...,n) are functions nondecreasing on [a,b] and having not more
than a finite number of points of discontinuity, hy; € L*([a,b],R; 3;), hy €
LA ([a,b], Ry 68) (i £ 4,0=1,...,n), 1 < pu < +oo. Let, moreover,

r(H) <1, (1.16)
where the 3n x 3n-matric H = (H;11 m+1)im:0 is defined by
Hjsrmer = Memig ikl (60) g ey (G =10,1,2),
l . .
&ij = (55(8)(0) = 5;(Bi)(@))* (7 =0,1,2,; i=1,...,n);

4\%
Ak0io = (ﬁ) 5’30 if s0(B:)(t) = s0(Br) (1),
Ero&io if s0(B:)(t) Z s0(Br)(t) (i,k=1,...,n);
)‘k:mij :gkmgw Zf m2+j2 >0, mj=0 (jvm:()v 1,2, i,k=1,..., n)7

1

); Gym=1,2 i,k=1,...,n),

™

1 =2
)\kmij = (1 HopmVapmao;j S m

and i—!—% = 1. Then the problem (1.1), (1.2) has one and only one solution.

Remark 1.1. The 3n x 3n-matrix ‘H, appearing in Corollary 1.1 can be
replaced by the n x n-matrix

2 n
(maX{ZAkmiﬂhika"Sm(ak) m = 07 1,2})

j=0 i,k=1

By Remark 1.1, Corollary 1.1 has the following form for h;(t) = hy =
const (i,1=1,...,n), a;(t) =at) i=1,...,n), Bi(t) =6¢) (i=1,...,n)
and p = 4o00.

Corollary 1.2. Let the components of the matriz-function A= (ai;)};_; €
BV ioc(]a, b[ ,R™™™) satisfy the conditions

(soaio) () — soasi) () sem (o + 5 — 1) < hus (s0() (1) — so(5)()) ~

—(so(@)(t) = so(@)(s)) for a<s<t<b (i=1,...,n),
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(—1)j(|1 + (—1)jdjaii(t)| - 1) sgn (no + % - Z) < hiidjﬁ(t) - dj()é(t))
for t€la,b] (j=1,2;i=1,...,n9)
and for t € [a,b] (j=1,2;i=mng+1,...,n),
|so(ai)(t) — so(ai)(s)| < hu(so(B)(t) — so(B)(s))
fora<s<t<b (i#1l; i,l=1,...,n)

and

|dj(lil(t)| < hildjﬁ(t) fOT’ te [a,b} (Z 7é l;0,l=1,... ,’I’L)

hold, where « : [a,b] — R is a nondecreasing function satisfying the condi-
tions (1.11) and (1.12), B is a function nondecreasing on [a,b] and having
not more than a finite number of points of discontinuity, h;; € R, hy € Ry
(i#1;4,l=1,...,n). Let, moreover,
Lo T(H) < 17
where
2

H = (hir)} =1, Po= maX{Z)\mj tm = 0,1,2}7

=0

doo = = (50(8)b) — sol) (@),

Joj = Ao = (s0(A)) = s0(@)(@))? (5,(8)(8) - s;(H)@)? (5 =1.2).
>\mj % (,Uamyamaj)% sin™ men% (m7] = 172)

Then the problem (1.1), (1.2) has one and only one solution.

Theorem 1.2. Let the components of the matriz-function A= (CLil)ZlZl €
BV ioe(]a, b[ , R™*™) satisfy the conditions (1.6)—(1.9), where ¢;;(t) = hyFi(t)
+Bu(t) (i,1=1,...,n),

doBi(a) <0 and 0<diB;(t)<|m;i| ™' for a<t<b (i=1,...,n9), (1.17)

d1Bi(b)<0 and 0<doBi(t)<|mi|™' for a<t<b (i=no+1,...,n), (1.18)
where a; :]a,b] = R (i=1,...,n9) and o; : [a,b] = R (i =ng+1,...,n) are
nondecreasing functions satisfying the conditions (1.11) and (1.12), hy; <0,
hy>0,m <0G #1;4l=1,...,n), B (i =1,...,n) are the functions
nondecreasing on [a,b]; Bu, i € BV([a,b],R) (i # ;4,0 =1,...,n) are the

functions nondecreasing on the interval |a,b] for i € {1,...,n0} and on the
interval [a,b] for i € {ng+1,...,n}. Let, moreover, the condition (1.16)
hold, where H = (§u)7' 11,
ha . .
fii = i, fil = ﬁ (Z#la Zal: 1,...,71),

= V(A(Ci,ai))(b) - V(A(Ci,ai))(aJr) for ie{l,...,no},
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ni =V (A(G, 1)) (b=) = V(A(G, a0))(a) for ie{ng+1,...,n};

Gt =3 6ult) (=1,....m),
k=l
a,(t) = (ﬂ7(t) — ﬂl(a+))h“ fO’f’ a<t<b (Z =1,... ,no),
a;(t) = (ﬂi(bf) - Bl(t))h“ for a<t<b (i=mnog+1,...,n).
Then the problem (1.1), (1.2) has one and only one solution.

Remark 1.2. If
m<l(@=1,...,n), (1.19)
then, in Theorem 1.2, we can assume that
hil
gu Oa g’Ll (1 — Th)|h“|
Theorem 1.3. Let the matriz-function C' = (cy)},—; € BV([a,b],R"*")
be such that the functions c¢; (i #1; i,1 = 1,...,n) are nondecreasing on
[a,b] and the problem (1.5), (1.2) has a nontrivial nonnegative solution, i.e.,
the condition (1.10) is violated. Let, moreover, a; :]a,b] = R (i =1,...,ng)
and o : [a,b[— R (i =np +1,...,n) be nondecreasing functions satisfying
the conditions (1.11), (1.12) and

(i#Lil=1,...n). (1.20)

; 1
1+ (—1)7 sgn (no +5 - Z)dj (cis(t) — ai(t)) >0
for t €la,b] (j=1,2;i=1,...,n0)

and for t € [a,b] (j=1,2;i=no+1,...,n). (1.21)

Then there exist a matriz-function A = (au)}j—; € BV([a,b,R™*"), a

vector-function f = (f1)]~, € BV([a,b], R") and nondecreasing functions

@; :]a,b] = R (i =1,...,n0) and &; : [a,b[— R (i = ng+1,...,n) such
that the conditions (1.6)—(1.12) and

&i(t) — &Z(S) S Ozi(t) — ai(s)
fora<t<s<b and for a<t<s<b (i=ng+1,...,n) (1.22)

are fulfilled, but the problem (1.1),(1.2) is unsolvable. In addition, if the
matriz-function C = (ci)i—, s such that

. 1 n
det ((51-1 + (—1)eidjcq(t) sgn (no + 3~ z) A l_1> #0
for t €la,b]; e1,...,e4 €[a,b] (j=1,2), (1.23)
then the matriz-function A = (au)j—, satisfies the condition (1.3).
Remark 1.3. The condition (1.23) holds, for example, if either

D ldjea(t)| <1 for tefa,b] (j=1,2 i=1,...,n), (1.24)
=1
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n

: 1
>° Mgl <1+ (=17 sgn (no + 5 — i) dyea(®)
1=1, l#4
for t €a,b] (j=1,2; i=1,...,n) (1.25)
or

n

; 1
Z |djcii(t)] <1+ (1) sgn (no + 5~ i)djcn‘(t)
1=1, 1
for tefa,b] (j=1,2; i=1,...,n). (1.26)

2. AUXILIARY PROPOSITIONS

Lemma 2.1. Lettg€[a,b], a and ¢ €BV,c([a, to] , R")NBV e (]to, b], R™)
be such that
1+ (—=1)7 sgn(t — to)d;a(t) > 0 for t € [a,b] (j=1,2). (2.1)
Let, moreover, x € BV ,.([a, to[,R™) NBVee(Jto, ], R™) be a solution of the
linear generalized differential inequality

sgn(t — to)dx(t) < z(t)da(t) + dq(t) (2.2)
on the intervals [a,to| and ]to,b], satisfying the inequalities
z(tot+) < yltot) and x(to—) < y(to—), (2.3)

where y € BV oe([a, to[ , R™) N BViec(Jto, b], R™) is a solution of the general
differential equality

sgn(t —to)dy(t) = y(t)da(t) + dq(t). (2.4)

Then
x(t) < y(t) for t € [a,to[U]to, b]. (2.5)
Proof of Lemma 2.1. Assume to < b and consider the closed interval [ty +

g,b], where ¢ is an arbitrary sufficiently small positive number.
By (2.1), the Cauchy problem

dy(t) = y(t)de(t), ~v(s)=1

has the unique solution v, for every s € [tg + ¢,b] and, by (1.4), this is
positive, i.e.,

vs(t) > 0 for ¢ € [to+¢,b]. (2.6)

According to the variation-of-constant formula (see [29, Corollary I11.2.14]),
from (2.4) we have

y(t) = a(t) — q(s)+
+7(t){7‘1(8)y(8)— / (q<r>—q<s>)dv-1<r>} for s,t€ltore b, (27)

where ¥(t) = g1 (t)-
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From (2.2), we have
dz(t) < z(t)da(t) + d(q(t) — q-(t)) for t € [to +€,b]

and, therefore,

x(t)ZCI(t)—Q(t0+€)—qa(t)+qa(to+€)+7(t){7_1(t0+5)x(t0+5)—
- / (q(7) — q(to +€) — q=(7) + q-(to +€)) d“Yl(T)} for ¢ € [ty +¢,b],
to+e

where
t

ge(t) = —(t) + x(to + &) + qlt) — alto + ) + / 2(r)do(r)
to+e
for t € [to+¢,b].

Hence, by (2.7), we get
w(t) = y(t) + ()7~ (to + &) (x(to +€) — y(to +¢))+
+ g-(¢t) for t € [ty +¢,b], (2.8)

where
t

G () = —g:(t) + ge(to +2) + () / (4:(7) — et + €))dr~(7)
to+e
for ¢ € [to+¢,b].

Using the formula of integration-by-parts (see [29, Theorem 1.4.33]), we
find

ge<t>v<t>( [ 7@ dsa)n+

to+e

+ Z v (7=)dig-(T)+ Z 7_1(T+)d2q5(7)> for tefto+e,b]. (2.9)

tot+e<T<t tot+e<lr<t
According to (2.6) and (2.9), we have
ge(t) <0 for t € [tg+¢,b],

since by the definition of a solution of the generalized differential inequality
(2.2) the function g, is nondecreasing on the interval J¢o, b]. By the equality
~(to +¢€) = 1, from this and (2.8) we get

z(t) < y(t) +v(t) (z(to + ) — y(to +€)) for t € [to+e,b].
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Passing to the limit as € — 0 in the latter inequality and taking into account
(2.3) and (2.6), we conclude

x(t) < y(t) for t €to,bl.

Analogously we can show the validity of the inequality (2.5) for t € [a, to] .
The lemma is proved.

O

The following lemma makes more precise the ones (see Lemma 6.5) in [10].

Lemma 2.2. Let ti,...,t, € [a,b], l; : BVy([a,b],R}) — Ry (i =
1,...,n) be linear bounded functzonals, and Cyj = (ckm)?’l”nl’ €

BV([a,b], R™>"3) (k,j = 1,2) be such that the system
ns
sgn(t — t;)dx;(t) < Za:z (t)derra(t) + Z$n1+l(t)dcl2il(t)
=1

for te€ab], t#£t; (i=1,...,n1),

(1) djai(t;) < Zwu djciia(t +Z$n1+z )djciza(ts)

(2.10)
(.7 - 172a i=1,..., 1)7
ni n2
dxnl +i (t) = ZJJ[(t)dCQlil (t) + Z LTny +l(t)dc22il (t)
= =1
for t €la,b] (i=1,...,n9),
has a nontrivial nonnegative solution under the condition
(t) < li(x1,...,xy) for i € Ny,
zi(ti) < li(2 ) [ (2.11)

x;(t;) = li(xr, ..., xp) for i € {1,...,n}\ Ny,

where ny and ny (N1 + n2 = n) are some nonnegative integers, and Ny, is

some subset of the set {1,...,n}. Let, moreover, the functions ai,...,a,, €
BV ([a,b],R™) be such that

dja;(t) >0 for t€la,b] (j=1,2; i=1,...,n1) (2.12)
and

1+ (—1)7 sgn(t — t;)d; (cr144(t) — ou(t)) > 0
for te€lab] (j=1,2; i=1,...,n1). (2.13)
Then there exist matriz-functions Ciy = (Ekm)%’"f € BV([a, b], R">m1)
(k = 1,2), functions a; € BV([a,b],R™) (i = 1,...,n1), linear bounded

functionals l; : BV,([a,b],R") — R (i = 1,...,n) and numbers cg; € R
(i=1,...,n) such that

s0(C114)(t) — s0(C114i)(s) <
< (so(cr1ii — i) (t) — so(c11i — @i)(s)) sgn(t — s)
for (t—s)(s—1t;) >0, s,te€fa,b] (i=1,...,n1), (2.14)
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for (=)™t —t)>0 (jym=1,2;i=1,...,n1); (2.15)
|s0(C21i1) (t) — so(Carar)(s)| <

t
S\/(so(621il)) for a<s<t<b (i=1,...,n9, l=1,...,n1), (2.16)

|djE21il(t)’ S |dj521¢l(t)’ fOT’ te [a, b] (Z: ]., ...y No, l:L - ,’I’Ll)7 (217)
0 < d;d; < djoy(t) for t€lab] (j=1,2 i=1,...,m), (2.18)
and the system
dz(t) = dA(t) - z(t) (2.19)
under the n-condition
is unsolvable, where

o _ (Cu(t), Cua(t)
A(t):<521(t)a 022@)). @21)

Proof. Let x = (x;)7~; be the nonnegative solution of the problem (2.10),
(2.11). Let, moreover, ¢; € BV([a,b],R) (¢ = 1,...,n1) be the functions
defined by

wi(t) = <Zl/xl(7) deyyq(T)+

=1}

ny t
+ Z/xn,1+l(7') deya (1) — /Ii(T)dbi(T)> sgn(t—t;) (i=1,...,n1),
=17
where bz (t) = C114i — O (t)

By the condition (2.13), it is evident that the Cauchy problem

dy(t) = y(t) db(t) + depi (t), (2.22)
y(ti) = zi(ts), (2.23)
where b;(t) = b;(t)sgn(t — t;), has a unique solution y; for every i €

{17...,77,1}.

In addition, by (2.10) it is easy to verify that the function
zi(t) = @i(t) — yi(t)
satisfies the conditions of Lemma 2.1 and the problem
du(t) = u(t) dbi(t), u(t;) =0

has only the trivial solution for every i € {1,...,n1}.
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According to this lemma, we have
x;(t) <wy(t) for t €a,b] (i=1,...,m1)
and therefore
zi(t) = ni(H)yi(t) for t € a,b] (i =1,...,m),

where for every i € {1,...,n}, n;(t) = x;(t)/y:(t) if t € [a,b] is such that
yi(t) # 0, and n;(t) = 1 if ¢ € [a, b] is such that y;(t) = 0.
It is evident that

0<mn;(t) <1 for t€[a,b] and n;(t;) =1 (i=1,...,n). (2.24)

Moreover, for every i € {1,...,n}, n; : [a,b] — [0,1] is the function
bounded and measurable with respect to every measure along with x; and
y; are integrable functions.

Hence there exist the integrals appearing in the notation

Ellii(t) = (Cllii(t) — &Z(t)) sign(t — tz) (’L = ]., e 71’L1),

Ellil(t)zsgn(t—ti)/m(f) depa(r) GA£L il=1. ) 2
and ’

zzlil(t)z/tm(f)dcm(f) (i=1,.eomss I=1,...om1),  (2.26)
where ’ .

&i(t)z/(l—m(r)) dou(7) (i=1,....m0). (2.27)

t;

Due to (2.11) and (2.22)—(2.24), the vector-function z(t) = (z;(t))’,
Zz(t) = yz(t) (7’ = 17' . 7”1)7 an-‘ri(t) = In1+i(t) (Z = 17 s 7”2)7 is a non-
trivial nonnegative solution of the problem

dz(t) = dA(t) - 2(t), (2.28)
zi(t) =Li(z1,. .. 20) (i=1,...,n), (2.29)

where the matrix-function A is defined by (2.21), (2.25)-(2.27); I;
BV,([a,b],R™) — R (i =1,...,n) are linear bounded functionals defined by

li(zla"'7Zn17zn1+17"'7zn) =
:51'11'(77131,---a77n1zn1aznl+17~'~7zn) for (zl);;leBVU([avb]’Rn)a (230)
and 0; € [0,1] (i = 1,...,n), 6; = 1 for i € {1,...,n} \ N,, are some
numbers.

On the other hand, by Remark 1.2 from [9], there exist numbers cp; € R
(¢ =1,...,n) such that the problem (2.19), (2.20) is not solvable, where the
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matrix-function A(¢) and the linear functionals I; (i = 1,...,n) are defined
as above.

Let us show the estimates (2.14)—(2.18). To this end, we use the following
formulas obtained from Theorem 1.4.12 and Lemma 1.4.23 given in [29]. Let
the functions g € BV([a,b],R) and f : [a,b] — R be such that the integral

¢

o(t) = [ f(7)dg(7) exists for t € [a,b]. Then the equalities

s0(0)(t) E/f(T)dSO(g)(T)v dip(t) = f(t)dgt) (G=1,2)  (2.31)

hold.

Using (2.31), from (2.24)—(2.26) we get the estimates (2.14), (2.16) and
(2.17). Moreover, by (2.12), (2.24) and (2.31), the estimate (2.18) holds. As
for the estimate (2.15), it holds by general inequality a—|b| < (a—b) sgn a for
thecasest > t;, j=1(i=1,...,n1)and t <t;, j =2 (i=1,...,n1), and
follows from (2.13) by using (2.18) for the casest > t;, j =2 (i =1,...,n1)
andt <t;, j=1(i=1,...,n1). The lemma is proved. O

Remark 2.1. In Lemma 2.2, if the functions a; and ca1y; are nondecreas-
ing for some i € {1,...,n1} and k € {1,...,n2}, L € {1,...,n1}, then the
functions a; and ¢a1x, respectively, are nondecreasing as well, and

a;(t) — ai(s) < ai(t) — ai(s) and Corri(t) — Ca1ri(s) < carma(t) — c21mi(s)
for a<s<t<hb.

The statement of Remark 2.1 follows from (2.26) and (2.27) with regard
for (2.24).

3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.1. Let us assume
t*k:a—i—% and tZ:b—%
cit(t) — ci(ter—) + au(tae—) for a <t <ty,
aq(t) for tug, <t <t
cit(t) — cu(ti+) + au(tp+) for tp <t <b
(i l=1,....,n k=12,..)

(k=1,2,...);

aik(t) = (3.1)

and
Ap(t) = (ailk(t))?,lzl (k=1,2,...).

It is evident that Ay € BV([a,b],R™*") (k=1,2,...).
For every natural k, consider the system

dx(t) = dAg(t) - z(t) + df (t) for t € [a,b)]. (3.2)
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We show that the problem (3.2), (1.2) has the unique solution. By The-
orem 1.1 from [9] (see also [28]), for this it suffices to verify that the corre-
sponding homogeneous system

dx(t) = dAg(t) - z(t) for ¢ € [a, b (3.20)

has only the trivial solution under the condition (1.2).

Let us show that the problem (3.2¢), (1.2) has only the trivial solution.

Indeed, if z = (z;)7_; is an arbitrary solution of this problem, then due to
Lemma 6.1 from [10], with regard for the conditions (1.6)—(1.9), the vector-
function z satisfies the system (1.5) of generalized differential inequalities.
But, by the condition (1.10), this system has only the trivial solution under
the condition (1.2). Thus z;(t) =0 (i =1,...,n).

We put

ti=a for ie{l,...,no} and t; =b for i€ {ng+1,...,n}.  (3.3)

Let now k be an arbitrary fixed natural number, and z, = (x;;)", be
the unique solution of the problem (3.2),(1.2). Then by the conditions
(1.6)—(1.9) and the equalities (3.1) and (3.2), using Lemma 2.2 from 8]
(or Lemma 6.1 from [10]), we find that the vector-function z; = (z;)™,
satisfies the system

sgn(t — t;)d|x (t)] < E |1k (t)] deq () + sgnlxq () (¢ — t;)]df:(t)
=1
for t €a,b], t#t; (i=1,...,n),

(=1 djlaan (t:)] < Z | (t)| djea(ts) + (=1)7 sgnlwa (t:)]dfi (t:)
(j=1,2; i=1,...,n),
where t1,...,t, are defined by (3.3). From this, we have
sgn(t — t;)dleaw ()] <Y law(t)] dea(t) + do(f:)(1)

1=1
for t €la,b], t#£t; (i=1,...,n),

(—=1)7dj|zir(t; \<ka ) djcalts)+do(fi) () (G=1,2; i=1,...,n).
Therefore, due to Lemma 2.4 from [8], there exists a number py > 0

independent of k such that
lziells <po (i=1,....,m; k=1,2,...). (3.4)

Let for cvcry natural k, t;, = a+ ¢+ and Ay, =]t ] for i € {1,...,no},
and t;; =b— ¢ and Ak = [a,tig] for i € {ng +1,...,n}. Then, as above,
using Lemma 2 2 from [8] and the estimate (3.4), we conclude that there
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exists a sufficiently large natural number kg such that for every k € {ko +
1,ko +2,...}, the vector-function x) = (z;,), satisfies the inequalities
sgn(t — tir)d|wik (t)] < — |2k (t)|dov (t) + dai(t)
for te Ay (i=1,...,n),
(=1 dj|lzin(ti)| < —|zir(tin)|djo (tix) + djqi(ti)
(j=1,2; i=1,...,n),

(3.5)

where

ai(t) = po (\/(Cii) + Z (ca(t) = ca (tik))) sgn(t — tir)+
tik I=1,1#i

+o(fi)t) —v(fi)tix) (i=1,...,n).

Let i € {1,...,n0} and k € {ko + 1,ko + 2,...}. Consider the Cauchy
problem

dy(t) = —y(t) da;(t), ~(ti) =1

Due to the condition (1.11), this problem has the unique solution 7;; on the
interval Ajps = [tig,a + §] for sufficiently small § > 0. Then v (t) =
v8: (t,ti) for t € Ay, where the function -y,, is defined according to
(1.4). Moreover, this function is positive and nonincreasing on the interval
t € Ajrs. In addition, we can assume without loss of generality that the
conditions of Lemma 2.1 are fulfilled on this interval. Therefore, according
to this lemma, (3.5) and the variation-of-constant formula mentioned above,
we have the estimate

|z ()| < qi(t) — qi(tar)+

+ %—k(t){po — / (qi(T) — qi(tik)d’yi;1 (7’)} for t € Ajks. (3.6)

tik

Taking into account the first equality of the condition (1.12) and the fact
that the function ¢; is nondecreasing on A;xs, from (3.6) we get

lim sup{|xik(t)|: k:k0+1,k0+2,...}:0 (i=1,...,n0). (3.7)

t—a+

Analogously, using the second parts of the conditions (1.11) and (1.12),
as above we show that

tlirgl sup{|a:ik(t)\: k:ko—l—l,ko—i—Q,...}:O (i=no+1,...,n). (3.8)

Without loss of generality, we can assume that the natural number kg is
such that a < t1x, < tog, < b. Consider the sequence xy (k = ko + 1, ko +
2,...). Then by (3.1),(3.4) and the definition of the solution of the system
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(3.2), we have

law(t) — z()l < 176 — £ + H / e >—xk<s>>H <

< [lF @) = fs)ll +po\/ (Ak,) for tin, < s <t < tok,

S
since Ak(t) = Ako(t) = A(t) for t € [tlkoatQko} (k =ko+ 1,ky +2,.. )
Hence there exists a positive number py, such that

takg

\ (@) < pry (k=ho+1,ko+2,...).

tikg

Consequently, in view of Helly’s choose theorem, without loss of generality
we can assume that the sequence zy (k = ko + 1,ko + 2,...) converges
to some function zo = (2i0)1" 1 € BV ([t1k,, tok,b], R™). If we continue this
process, then in a standard way we can assume without loss of generality
that

lim z(t) = zo(t) for t €la,b|, (3.9)

k—o0

where zo = (240)"_; € BVioc(]a, o[, R™).
Let now [ag, bo] Cla,b[ be an arbitrary closed interval. Then

ek (t) = zx(s)| < le + [lgct) — g(s)
for ag < s <t <by (k‘:k‘o—l—l,ko—FQ,...),

where

/dAko  20(7), lk_H/dV A )(7) - |20 (r)— 20(7)

On the other hand, due to (3.9) and the Lebesgue theorem, we have I, — 0
as k — oo. Therefore, according to Lemma 2.3 from [7],

klim 2k (t) = 2o(t) uniformly on [ag, bo].
— 00

Moreover, by (3.7), the sequences {x;x}3> (i = 1,...,n9) converge uni-
formly on the interval ]a,%o], and by (3.8), the sequences {zix}3>, (i =
no+1,...,n) converge uniformly on the interval [to, b[ for every to €]a,b].
Therefore, there exist one-sided limits x;9(a+) (i = 1,...,n0) and x;0(b—)
(i =ng+1,...,n) and, in addition, they are equal to zero. Thus, due to
(3.1) and (3.2), we have established that zo € BV sc(]a, b[,R™) is a solution
of the problem (1.1),(1.2).

Let us show that the problem (1.1),(1.2) has only one solution. Let
x and y be two arbitrary solutions of the problem. Then the function
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z(t) = x(t) —y(t), z(t) = (2:(t))7_1, will be a solution of the homogeneous
problem

dz(t) = dA(t) - 2(t),
zila+) =0 (i=1,...,n9), #(b—)=0 (i=no+1,...,n).

From this, by (1.6)—(1.9), z is a solution of the system of differential inequal-
ities (1.5) under the condition (1.2). Thus, due to the condition (1.10), we
conclude that z(t) = 0. The theorem is proved. O

Proof of Corollary 1.1. The proof of this corollary slightly differs from that
of Lemma 2.6 given in [3]. We give the main aspect of this proof for com-
pleteness.

It suffices to show that the problem (1.5),(1.2) has only the trivial non-
negative solution.

Let (x;)?_, be an arbitrary nonnegative solution of the problem (1.5),
(1.2). Let i € {1,...,n0} be fixed, and € be an arbitrary sufficiently small
positive number. Then by (1.13)—(1.15) and Holder’s inequality, we have

2 n

s ()] < |zila+ o)+ (Ihzkllusaww / |2k (7)| % dso (Br)(T) >
a-+te

o=0 k=0

for t €a,b).
This, in view of Minkowski’s inequality, implies

n
1
v

illv,s; (8 <lwi(a+e)l (s5(B:)(b) =55 (Bi) (@) +

X (/b‘ /t |21(7)] 2 dsq (Br) (7) 2

a a+te

ikl .5 (81) X
k=0

ﬂﬁw

NS

ds; (B:)(t )) (=0,1,2). (3.10)

On the other hand, by virtue of Holder’s inequality, in case o + 52 + (i —
k)2 >0, j = 0, and by the generalized Wirtinger’s inequalities (see Lemma
2.5 from [3]), in the other case we have

§%</’/hm £ ds, (5,)(r)

a a-+te

v

dsj (@')(t)) <

2

<_)\kai' xk7 dso ﬁk T ’ j,O'_—O,l,Q; k——l,...,n.
J
a+
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By this, (1.2) and (3.10), we get

||xi||V15j(ﬁi) <
2 n

< Z Z)\koij”hik”p,sa(ﬁk) ||xk||y,sg([3k) (.7:07 ]-7 27 i=1,... ) nO)' (311)
o0=0k=0
Analogously, we show that the estimate (3.11) is valid for i € {ng +
1,...,n}, as well.
Therefore,

(I3, — H)r <0, (3.12)
where r € R3" is the vector with the components
Titnj = Hxi||l/,3j(5i) (j:0a152a 1= 17"'7”)'

From (3.12), due to (1.2) and (1.16), we find that » = 0 and z;(t) = 0
(¢t = 1,...,n). Consequently, the problem (1.5),(1.2) has no nontrivial
nonnegative solution. The corollary is proved. (]

Proof of Theorem 1.2. It suffices to show that the problem (1.5), (1.2), whe-
re ¢;(t) = hyBi(t) + Bu(t) (4,1 =1,...,n), has only the trivial nonnegative
solution.

Let (z;)?_; be an arbitrary nonnegative solution of the problem (1.5),
(1.2). Let i € {1,...,n0} be fixed. Then from (1.5), we have

dx;(t) < x;(t)da;(t) + dg;(t) for t €]a,b], (3.13)
where
9i(t) = g1:(t) + g2:(1),
gu(t) = > riha(Bi(t) = Bila+)) and gai(t) =Y ri(Bu(t) — Bula+))
I=1,1i 1=1
and

rp=sup{|lzi(t)] : t €la,b]} (=1,...,n).

Hence the function x; satisfies the inequality (2.2) for ty = a, a(t) = a;(¢)
and ¢(t) = g;(t). Moreover, by (1.17), the condition (2.1) is fulfilled. There-
fore, according to Lemma 2.1, we find

x;(t) <y;(t) for a <t <b, (3.14)
where y; is the solution of the Cauchy problem of the equation

dy(t) = y(t)dai(t) + dgi(t), y(a+)=0.
Due to the variation-of-constant formula mentioned above, we have
t

yi(t) = gi(t) — Ai(t) /gi(T)d)\i_l(T) for t €]a,b), (3.15)
a+
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where J\; is the solution of the Cauchy problem
dX\(t) = A(t)da;(t), Aa+)=1.

From (3.15), using the formula of integration-by-parts (see [29, Theorem
1.4.33]), we conclude

yi(t) = Ni(t)i(2), (3.16)
where
t
,(/Jl(t) = /)‘ dg’b Z dlgz dl Z dQQz d2 )
at a<lt<t a<t<t
for a <t <hb.

Moreover, by the equalities

AT () = A7) - (1+ (1 djai(t) dyai(t) (5 =1,2),
we have
’(/Ji (t) = wli (t) + 1/)22‘ (t) for a <t < b,
where
t

yi(t) = / AL (r) dA(gjian)(7) for a <t <b (j=1,2).

a+

Then by the equality d\; ' (t) = =\, (t)dA(a;.a;)(t) (see Lemma 2.1 from
[11]) and the definition of the operator A, we get

n

1/111 Z 7Alhzl‘/ dA azaal)( ) - Z 7“1% (Az_l(t) - ]‘)

1=1,1i 1=1,1i

and
¢2z —Tz//\ d-A szaz)( )S

<A (O (VIAGH @) () = V(AGs a) (a+)) <
< rml-)\;l(t) for a<t<b.
Hence, in view of (3.14) and (3.16), we find

n
ri Smirik YT

(3.17)
=1, i

forie{1,...,n0}.
Analogously, we show the validity of the estimate (3.17) for ¢ € {ng +
1,...,n}, too.
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Thus the constant vector r = (r;)?_; satisfies the system of inequalities
(I -H)r <0. (3.18)

Therefore, according to the condition (1.16), we have r = 0 and ;(t) = 0
(¢=1,...,n). The theorem is proved. (I

Let us show Remark 1.2. Due to the condition (1.19), it is evident that
(3.17) implies that the constant vector r, appearing in the proof of Theo-
rem 1.2, satisfies the system (3.18), where the constant matrix H = (i)},
is defined by (1.20). Therefore, by (1.16), we obtain z;(t) =0 (i =1,...,n)
as in the proof of Theorem 1.2.

Proof of Theorem 1.3. Let the vector-function z* = ()7, be the non-

trivial nonnegative solution of the system (1.5) under the condition (1.2).
Obviously, it will be a solution of the system (2.10), (2.11), where C11(t) =
C(T), Clg(t) = OannQ, Cgl(t) = On2><n17 CQQ(t) = On2><n2, ti = a and
li(x1,...,2n) = —dazi(a) for i € {1,...,n0}, t; = b and l;(z1,...,2,) =
dyz;(b) for i € {no +1,...,n}, and N,, = @. In addition, the condition
(1.21) of Theorem 1.3 is equivalent to the condition (2.13) of Lemma 2.2.
Therefore, according to Lemma 2.2 and Remark 2.1, there exist a matrix-
function A € BV ([a,b],R"*"™) and nondecreasing functions &; : [a,b] — R
(1 = 1,...,n) satisfying the conditions (2.14))—(2.18) of Lemma 2.2 and
the condition (1.22), and a constant vector ¢ = (¢;); € R™ such that the
system
dz(t) = dA(t) - z(t)

under the condition

Zl(tl) = li(2’1,...,zn) + ¢ (Z = 1,...,7’1,)
is unsolvable, where z(t) = (z;(t))?; and, due to the equalities (2.30),
we have Z(zl, cooyzn) = li(z1,. .., 2n). Consequently, using the mapping
x;(t) = zi(t) + ¢; (¢ = 1,...,n) and definitions of the functionals I; (i =
1,...,n), it is not difficult to see that the problem (1.1), (1.2) is not solvable
as well, where A(t) = A(t) and f(t) = A(t) - c. Moreover, it is evident that
in this case the conditions (1.6)—(1.9) coincide with the conditions (2.14)—
(2.17), respectively. From the conditions (2.18) (or (1.22)) and (1.11) it
follows that the functions a; (¢ = 1,...,n) satisfy the condition (1.22) as
well. Therefore there exists the sufficiently small § > 0 such that

1+ (=1)d;Bs(t) > 0 for t €la,a+0d] (i=1,...,n0)
or telb—6,b] (i=no+1,...,n), (3.19)

where 3;(t) = & (t) sgn(no + 1—1).

Let us show that the condition (1.12) is valid. Let ¢ € {1,...,n0} be
fixed and let a natural number kg be such that a + % < a+ 9 for k > k.
Then, by the condition (3.19), there exists the nonnegative function 5 (t)

(t €la,a+4[), since the corresponding Cauchy problem is uniquely solvable.
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Let t €]a,a + 0] and k > ko be such that a + % < t. Then, by definition of
the solution, we have

15,0 =1+ [ 75 () dBi(r) <

a

~ ;\i_,_.\ﬁ.

t

L+ [ v5(7)doi(T) + / 5, (T) d(@i(r) — ai(7)).

a+%

IN

a

+
=

Consequently, the function V3, is a solution of the problem

sgn(t — tix)dyt) < yt)dBi(t) for ¢ €ty a+d[, ~(tw) =1,

where t;;, = a + % On the other hand, the function V3, is the unique
solution of the problem

sgn(t — ta)dyt) = yt)dBi(t) for t €t a+0[, ~(ty)=1.
Therefore, due to Lemma 2.1, we have
V3, (t) < g, (t) for t €ltip,a+9d].

From this, by (1.12) it follows that the function 73, satisfies the first equality
of the condition (1.12).

Analogously we show the second equality of the condition (1.12).

Let now the condition (1.23) hold. By definition of the matrix-function

A(t) = A(t) (see (2.21), (2.25)-(2.27)), we get

d;A(t) = (ni(t)djcil(t) sgn (no + % —i)yll for ¢ € [a,b] (j=1,2).

From this, by (1.23), it follows that the condition (1.3) holds. Thus the
theorem is proved. O

Consider now Remark 1.3. The first case is evident. Indeed, by definition
of the matrix-function A = (a;)j;_,, we have

djaq(t)=m(t)d;cu(t) sgn (no+%—z‘) for tefa,b] (j=1,2; i,1=1,...,n)
and
|d;jai(t)] <|djcu(t)] for t€la,b] (j=1,2; i,l=1,...,n).
Taking this into account, by (1.24), we have

> ldjaq(t)] <1 for t€a,b] (j=1,2 i=1,...,n).
=1

Hence the condition (1.23) holds.
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Let now the condition (1.25) be valid. Then we have

n

D

1=1, I#i

<

1
Eidjcil(t) sgn (’flo + 5 — Z)

) 1 . 1
< 5i+(_1)35idjcii(t) sgn (n0—|—§—i> < 1+(—1)]€idjcii(t) sgn (n0+§—i)

for tefa,b] (=1,2; i=1,...,n). (3.20)
Therefore, by Hadamard’s theorem (see [14, p. 382]), the condition (1.23)

holds. Remark 1.3 is proved analogously to the conditions (1.26).
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Abstract. We consider the Cauchy problem for the semi-linear fractional
telegraph equation
2y
Dy
with the given initial data, where p > 1, % <v<land0< g <2 The
Nonexistence results and the necessary conditions for global existence are
established.
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1. INTRODUCTION

The telegraph equation has recently been considered by many authors,
see for instance [2, 3, 8, 12, 15] and references therein. Cascaval et al. [2]
discussed the fractional telegraph equations

D*y+ DPuy— Au=0

dealing with well-posedness and presenting a study involving asymptotic by
using the Riemann-Liouville approach, it has been shown that as ¢ tends to
infinity, solutions of the telegraph equations can be approximated by solving
the parabolic part. Beghin and Orsingher [15] discussed the time fractional
telegraph equations and telegraph processes with Brownian time, showing
that some processes are governed by time-fractional telegraph equations
with well-posedness. Chen et al. [3] also discussed and derived the solution
of the time-fractional telegraph equation with three kinds of nonhomoge-
neous boundary conditions.

To focus our motivation, we shall mention below only some results related
to Todorova and Yordanov [20] for the Cauchy problem

ue — Au+up = |[ulP, w(0) =ug, u(0) = uy. (1)

It has been shown that the damped wave equation has the diffuse structure
as t — oo (see e.g. [20, 22]). This suggests that problem (1) should have
pe(n) := 1+ % as critical exponent which is called the Fujita exponent
[5, 7] named after Fujita, in general space dimension. Indeed, Todorova and
Yordanov have showed that the critical exponent is exactly p.(n), that is,
if p > pc(n), then all small initial data solutions of (1) are global, while if
1 < p < pc(n), then all solutions of (1) with initial data having positive
average value blow-up in finite time regardless of the smallness of the initial
data.
In this paper, we consider the following nonlinear fractional telegraph
equation:
D;u+ DY u+ (—A)3u=h(z,luff in Q=R" xRy
u(0,2) = up(x) and u:(0,z) = uq(x), x € R™

(2)

where D7) 2 u) denotes the so-called fractional time-derivative of
g

0|t 0|t
power 7y (resp. 2v), v € [1/2,1] in the Caputo sense (see [11], [18]), (—A)z
(6 €10,2]) is the (8/2)-fractional power of the Laplacian (—A) defined by

(—A)Fo(z,t) = FHEPF(0)(€))(x, 1),

where F denotes the Fourier transform and F~1 is its inverse, h(z,t) is the
positive function satisfying certain growth condition. We will generalize the
results obtained in [20] to the problem (2). The nonexistence results as well
as the necessary conditions for local and global existence are obtained.
The difficulties we encounter here arise mainly from the nonlocal na-
ture of the fractional derivative operators; to overcome these difficulties, we

(resp. D
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present a brief and versatile proof of the equation (2) which is based on
the method used by Mitidieri and Pohozaev [14], Pohozaev and Tesei [17],
Hakem [6], Berbiche [1], Fino and Karch [4] and Zhang [22]. This method
consists in a judicious choice of the test function in the weak formulation of
the sought for solution of (2).

This paper is organized as follows: in Section 2, we present some defi-
nitions, properties concerning fractional derivative and prove results con-
cerning positivity of solutions; Section 3 contains the proof of the blow-up
result; in Section 4, we establish some necessary conditions for local and
global existence.

2. PRELIMINARIES

In this section we present some definitions of a fractional derivative and
a result concerning the positivity of a solution.

The left-hand fractional derivative and the right-hand fractional deriva-
tive in the Riemann-Liouville sense for ¥ € L'(0,7T), 0 < a < 1, are defined
as follows:

o B 1 d U(o)
Do ¥ ) = v =y %/ =0

where the symbol I" stands for the usual Euler gamma function, and

1 d
DtlT\Il(t): r1l-a) E/ o'—t

respectively.
The Caputo derivative

o \I/
0t (t) = (- a) /

0

requires ¥’ € L'(0,T). Clearly, we have

1 w0 p U (o
PO = gy [+ [ G
0
and
T ’
R 1y V(o)
D0 = i o et O

Therefore, the Caputo derivative is related to the Riemann—Liouville deriv-
ative by

DG, W (t) = Dgj [ (t) — ¥(0)] (4)
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and, in general,

(n)
w1 v () B
0 () = Ti—a) / T—o)o do, n=[a]+1, a>0,
0
we have the formula of integration by parts (see [18, p. 26]),
T T
[ 1o = [ goDgs@d 0<a<t
0 0
We show the following result:
Proposition 1 (Positivity of solutions). If ug >0, uy =0, f >0 and u
is a solution of the nonhomogeneous problem
8
Dg‘ﬁftu—i—Dgltu—&—(—A)zu:f(amt), (z,t) € R™ x Ry 5)
u(0,2) =uo(z) and u(0,z) =0, =z €R"™,

then u is monnegative.
Proof. Applying the temporal Laplace and spatial Fourier transforms to (5),

we get

s2(x, 8) — 827 tug(z) + 870(w, 8) + (—A)ﬂ/Zﬂ(x, s) = f(ac, s),

s2(k, s) — 27 Vg (k) + s7a(k, ) + |k|Pu(k, s) = f(k, s).
Then we derive

21 =1 1

Shs) = S TS )+ F(hs) =
ik o) = oy |k|ﬁu°( U g |k\ﬁf( :9)
= G (k, s)ilo(k) + Ga(k, 5)f(k,5), (6)
where
= 1
Ga(k,s) = T TP (7)
= §27—1 4 g1 = =
Gi(k,s) i = ————:=G11(k G
1( 78) 827+87+‘k|ﬂ 1,1( 7S)+ 1,2,
I PR R S ”
nlh ) = E e T e

We invert the Fourier transform in (6) and obtain

¢
u(z,t) = /Gl(gc —y)uo(y) dy +//G2(CE —y,7)f(x,7) dr dy,
R" R 0
where G1(z,t), Ga(z,t) is the corresponding Green’s function or the fun-
damental solution obtained when wug(xz) = 0(z), f = 0 and ug(z) = 0,
f(z,t) = 6(x)d(t), respectively, which is characterized by (7), (8).
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To express the Green’s function, we recall two Laplace transform pairs
and one Fourier transform pair,

FO (ct) 1=tV M, (ct™7) L 7 temes
FQ(W)(ct) = cw,(ct) L e*(s/c)w,

where M., denotes the so-called M function (of the Wright type) of order
v, which is defined by

N (=2)*
M”(Z)_gi!F(—qu(l—u))’ 0<pu<l.

Mainardi, see, for example, [12] has shown that M, (z) is positive for z> 0,
the other general properties can be found in some references (see e.g. [12,
13, 16]).

wy (0 < p < 1) denotes the one-sided stable (or Lévy) probability density
which can be explicitly expressed by the Fox function [19]

wilt) =2 (1

(_17 1) )
(=1/p,1/p) )-
It is well known that

N p(z,\), 0< <2,

where p(z, A) is the probability density function.
From ([21, pp. 259-263]) we have

+oo
p(x,\) = / f)\,g(T)T(Z‘,T) dr for 0 < <2,
0

and
p(z,A) =T(z,\) if =2,
where
T4+100
Y g 1 5 |z
fA,g(S): /ezs % dz>0, T(x,)\):(m) e” ™, 7>0, A>0.

Then the Fourier—Laplace transform of Green’s function G; can be rewritten
in the integral form
—+oo
Galkos) = (7 H a7 [ e gy

0
—+oo —+oo

1 —wvs2Y\ —usY — B 1 —usY\ —us2Y B
— /(827 16 vs )e vsT o v|k| dv+ /(87 16 vs )6 vs"T, v|k| dv =
0 0
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+o0
_ / L{EC) (i) L{ES (6= 0) Y Fp(a, v)} dot

0
+oo

+ / L{FD (ut) }L{FS (0™ 271) Y F{p(a, v) } dv =

0
+oo

= / L [Fl(h) (vt) * Fév)(v_l/yt)}f{p(m, v)} dv+

0
+oo

+ / L [Fl(’Y)(vt) * FQ(QV) (v_l/%t)}}'{p(x, v)} dv.
0
Going back to the space-time domain, we obtain the relation
+o0
_ (27) (V) —1/v
Gi(z,t) = / Fi77 (wt) « By (v Hp(z,v) dv+

0
+oo

+ / Fl(v)(vt) * FQ(M) (0™ Y28 p(x,v) dv.
0
By the same technique, we obtain the expression of Gy(z,t)

“+o0 “+o0

Go(k,s) = / e TTHSTHIR) gy — / e e eIkl gy =
0 0
+oo
= / L [Fg(zy)(v_l/ht) * Fév)(v_l/'yt)} F{p(z,v)}dv.
0

Going back to the space-time domain, we obtain the relation
“+oo
Gola,t) = / (A 210« B w7 0)| {p(e, v) } o
0

Thus, by the nonnegativity property of functions Fl(v), Fz(’Y), p(z,v), we
deduce that the solution u is nonnegative. ([l

3. BLOW-UP OF SOLUTIONS

This section is devoted to the blow-up of solutions of the problem (2),
where we have assumed that the function h satisfies h (Ry,T9/77) =
ReTPB/7h, (y,7) for large R and T', where o, p are some positive constants,
under some restrictions on the initial data.
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Definition 1. Let ug > 0, ug € L'(R"), uy = 0. A function u € L} (Qr)
is a weak solution to (2) defined on Q7 := R™ x [0, 7], if

/h<p|u|P d:cdt+/u0Df|}‘1<p(o) dm—i—/uoDZ‘T@ de dt =
Qr En Qr

= /uD?&gp dwdt+/u(fA)g<p d;vdtJr/uD;’lTap dz dt
Qr Qr Qr

for any test function ¢ € C'i:,}(QT) such that

If in the above definition 7" = +o00, the solution is called global.
We now are in a position to announce our first result.

Theorem 1. Letn > 1,1 < p < min (p—l— 1,&). Assume that ug €
LY(R™), ug(x) > 0, and u; = 0. If

(I=7)8+ny’

then the problem (2) admits no global weak positive solutions other than the
trivial one.

Proof. The proof proceeds by contradiction. Suppose that u is a nontrivial
nonnegative solution to problem (2) which exists globally in time. For later
use, let ® be a smooth nonincreasing function such that

1 if 2<1
LOEE SO
0 if z>2,

and 0 < ® < 1. Let

ooty = 0 (L) e () = lgh o),

where R is a fixed positive number and [ is a positive number to be chosen
later. Multiplying the equation (2) by ¢(z,t) and integrating the result on
Q1 Rs/~, We obtain

/hgp\u|p dxdt—&—/uthQl'YT_;BM(p(O)dx—F / wo D} s p drdt =

QTR,@/’Y R QTR/H/’Y

B
:/qu‘WTRB/Wga d:rdt—«—/u(—A)?gpdwdt—i—/uDZ‘TRBMga dzdt. (9)

QTRﬁ/‘Y QTRﬁ/‘Y QTﬁﬁ/‘Y



The Necessary Conditions for the Existence ... 45

Now we estimate the right-hand side of (9). We have

/ w(—A) 2 da dt = / (h®!) S u(hd) 5 (—A) 5 B! da di <
Qrrs/y Qrrs/v
<1 / (hd!)ru(hd!) "7 d "1 (—~A) 2 ® da dt,
Qrro/~
where we have used the Ju’s inequality (—A)?%/2¢! () <11 (x)(—A)P/2¢(x)

which is satisfied for every £ € C5°(R™) (see [10]).
By the e-Young’s inequality, we can estimate

/ w(—A) 3o drdt < el / hduP dx dt-+
QTRﬁ/’Y QTRﬁ/"/
+C(e) / B @010 (—A) 2P| do dt =
QTRﬁ/’Y

q

=l / hduP dx dt + C(e) / W7 o= D|(=A) 2ot [T dedt<oo, (10)

QTRﬁ/’Y QTRB/’Y

so, we choose | > ¢ to ensure the convergence of the integral in (10).

/ quler[,Mgo dx dt <

QTRﬁ/’Y

<e / houP dz dt 4+ C(e) / (hgo)l—Q|Df|7TRM¢|dedt, (11)

Qurps/y QrrB/v

and

/ uDZlTRBMgo de dt <

QTRﬁ/’Y

<e / hou? dx dt + C(g) / (h¢)1*Q|Dj|TRM¢|‘dedt, (12)

QTRﬁ/’Y QTRﬁ/'Y
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where ¢ is the conjugate of p. Gathering up (10), (11) and (12), with &
small enough, we infer that

/ ho|ulP dx dt + / u D;Y|TR5/7<'O dx dt <

QTRB/’Y TRﬁ/’Y

<c / W5 =D |(—A) S ot |7 do di+

TRB/’Y

+C / (he)'™ q DfﬁmmpwﬂDtlmm |‘I) dxdt, (13)

TRﬁ/’Y

for some positive constant C' independent of R and T'. At this stage, let us

perform the change of variables 7 = t/R%, y = %, and o(x,t) = Y(y,7),
clearly

8 —
T=t/Rv, x =Ry, dxdt=R""~dydr.
‘We have the estimates

/ h -t ( A)gwﬂq dx dt =

TR["/’Y
— R Batn+B/v+(1=a)(o+5p) / hlqu(lf%)“fA)%wﬂq dy dr,
Qr

/ (ho) =D} s 0| dadt =

Qupps/y
_ p-L@nen+E+0-ae+Ly) / h) 9 D2 | dydr,
Qr
and
/ (h) ™ q’Dt\TRﬁM(p}q dedt =
QTRﬁ/’Y

_ pfetnti+i-o(o+4s) /(h¢)1*Q|DZ|T¢|" dy dr.
Qr
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It is clear from (3) that D?Y), » >0, D

HTRA/ ¢ > 0. Then we obtain

y
t|TRB/

/ ho|u|? dzdt <

QTRﬁ/‘Y
< C(e)RﬁqJ“”*ﬁ/”(lQ)(”g”){ / noapt=H (—a) Syt dydrt
Qr
+/(hw)l—q(\DlequJr|D37T¢]”) dydr], (14)

Qr

where C' is positive constant independent of R. Now let R — +oo in (14).
We distinguish two cases. If p < p. (which is equivalent —3q +n + 8/v +
(1—q)(c+ %p) < 0), then we have

/ hlu|P dx dt < 0.

R7 xR+t

This implies that « = 0 a.e. on R™ x R since h(z,t) > 0 a.e. on R” x RT,
This is a contradiction.
In the case p = p, (i.e. critical case), from (14) we find that

hlu|P dx dt < C. (15)

R xRt

Let us modify the test function ¢ by introducing a new fixed number S
(1 < S < R) such that

we set x = yR, t = (SR)%Tv
Qsp = {(x,t) ER" xR : |z <2R, %7 < 2(SR)25}’
0= {(y,r) eR" xR : |y <2,7%7 < 2}'
Then we have
=4 (1-9) 8 1.q _
he oD |(=A)2 7| dadt =
Qsr

- 55/7“1—”%’)/hlqulfﬂ(—A)gwﬂq dy dr,
Q



48 Mohamed Berbiche and Ali Hakem

[ 01 ol =
Qsr
_ —q)& -
= s 0080 [uytn| Dyl dydr,
Q

and

/ (hw)l_q‘DfErRﬁ/v‘P‘q dzdt =

Qsr

— 57270030 [ (quyt-a| D2 dyar,
Q

Combining the above estimates we find

(1-3e¢) / houPe dx dt <

Qsr

< Sf+(1—q)5p</h1q¢l‘{(_A)gw}q dyd7> 4+ BB/ (1= 5p

< (fynprgoayar + [y ayar). o)
Q Q

Now, by taking ¢ = % and using (15), we obtain via (16), after passing to
the limit as R — oo,

i d dt < C (S0P 0m050 4 gE 0 S0 )

R™ xRy

we notice that the assumption p < min(p + 1, ﬁ) yields —8q + B/~ +
(1—-9q) %p < 0 and g +(1—-9q) %p < 0, and the left-hand side of (17) is

independent of S. Passing to the limit S — oo, we get immediately
/ hlu|P dx dt < 0.
R7 xR+
Thus [ hlufP dzdt = 0, which implies u = 0 a.e. and completes the

R xR+
proof. O

Remark 1. When 8 = 2, v = 1 and h = 1, this agrees with Todorova—
Yordanov [20].
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4. THE NECESSARY CONDITIONS FOR THE LOCAL AND GLOBAL
EXISTENCE
In this section we assume that t1r>1£ h(z,t) > 0, we see that the existence
of solutions of the problem (2) depends on the behavior of initial data at

infinity.

Theorem 2. Let u be a local solution to (2), where T < +oo, and
1<p< ﬁ Assume that ug > 0 and uy > 0. Then the following two
estimates

lim inf (gg h)qiluo(@ < C(Tv(lfq) + T«/—zyq)’

|z]|—+o00
lim inf (inf 7)) < /(TP 19 -0l
ol I ()™ () < TR )

hold for some positive constants C and C".
Proof. Multiply the equation (2) by ¢(z,t) and integrating the result on
Qg x [0,T], we get
ho|ulP dx dt + /uonl'YT_lgz(O) dz+
QRX[07T] QR

+ / uODZngo dz dt + / ulDflvT_lw dx dt =
QRX[O,T] QRX[O,T]

= /uDi}(pdxdt—l— / u(—A)ggoda:dt—&— / uDZ‘Tgpdxdt. (18)
QRX[O,T] QRX[O,T] QRX[O,T]

where Qp = {z € R"; R < |z| < 2R}. Let us consider the function & €
HP([1,2]), ® > 0, such that (—A)?/2® = K® for some positive constants

K. We take
x t2\!
oz, t) = (I)(E) (1 — ﬁ) , (x,t) € Qp x [0,T], I>gq.
Applying the e-Young’s inequality to the right-hand side of (18), one obtains

/uopf‘}*1¢(0)dx+ / oD}l pp der dt + / Dy dw dt <
Qr QRX[O,T] QRX{O,T]
=g 8
<C / (h) > (y(_A)w\q+|DfﬁT<p|q+|D3|T<p|q) dadt. (19)
QRX[O,T]

In order to estimate the right-hand side of (19) in terms of T and R, we
have

/ () =7|(~A)"2p|* dwdt = CTRP4 / hlwp(%) de,
QRX[O,T] Qr
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KR™P®(%). An easy computation

where we have used ( 5/2@(%)
5=t ylelds

(using the Euler substltutlon Y= 7

L)

t

2 1 _ 2l
DY ( L) = 71—1 X
4\ T T2) T T —)

l
X 32 HOMt! T =)= T = 2+ 1= )], (20)
k=0

k
where My, :=T(L+1) Zo ck % and Cf = ¢

DQ’Y TQZ

1 _ L=k Gl g2 I—k—2

><[(lfk)(lfkf1)T272tT(l—k)(21727+1)+(2172~y+1)(21727+2)t2}, (21)
and
/ D) dt = e EZ:L Cl (22)
t|T - L(1—7) — vk~ ko
where T+ D)0k +1—7)

F'l+k+2-7)
By (20) and (21), we can see that

L'yk =

‘DHT( T2>‘—F7221k) 341y —k)CLMy  (23)

and

—2y
D5 (- 12) | = F
‘tlT T? —F2—27)X

XZW_’“)C}CM”C{(l—k)(l—k:—1)+(2l+1—27)(4l—2k+2—27)}. (24)
k=0

Passing to the new variable ¢ = T'T and by the relations (22), (23) and (24),
we obtain

/ u1Dt2|Z:1<P dz dt = C?’)T_Q"Y‘|r2 /m(@@(%) dz, (25)

Il -«
QRX[O,T] Qr
(he)' 1| Dyl dode < OT'0 [[inf b 6] "85 ) o, (20)
QRX[O,T] QR

(he)' 1| Dyl dode < OT20 [[inf b 0] "5, ) o, (2)

Qrx[0,T] Qr
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and

(h) =9 (~A) 2 | dadt <
QRX[O,T]
—Bq . 1—q E
<CTR / [inf h(a,1)] @(R) dz. (28)
Qr
Gathering all the estimates (25)—(28) together with (19), we find

T /udx)@(%) dz+T2727/u1(x)‘I><%> dr <

QR QR

< C(T*9 4 71299 4 TR-PA) / [inf h(a,1)] 1’q(x)<1>(f) dz. (29)

Qr

The estimate (29) and the following estimates

/udx)@(%) dx >

Qr
> ot (s g te0]"™) | (e 0)' "o () do
Qr
/ul(x)q)(%) dx >
Qr
> it (sn(a0 g 0]) | ()] ()
yield -
(77, (e gt 0] )+ 7475, (o gt )
[ Gt ()
Qr
< O[T + T4 4 p04] / (it bz, 1) () dr. (30)
QR

Dividing the both sides of (30) by [ [tiggh(x,t)]lfq@(%) dx > 0, after
Qr
passing to the limit R — 400, we deduce

77 lim jnf(uo(x)uggh(:v,t)]qfl)Jr

2| —+o0

FTY lim  inf (ul(x)[tigg h(m,t)}q‘l) < C(T™9 4+ T-209),

|| —+o0
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Then we have
. . . q—1 _ )
< Y=va L Y274
Iarlhni inf (uo (x) [t11>1£ h(z,t)] ) c(T +T )

and

lim inf (ul(x)[tigg h(x,t)}q‘l) <ot rni-o-ly g

|| —+o00

Corollary 1. Assume that the problem (2) has a nontrivial global solu-
tion. Then at least one of the following conditions is satisfied:

lim inf (uo(x)[%r;g h(w,t)]q_l) =0,

|| o0

lim inf (ul(os)[glg h(x,t)]qil) =0.

|z]—+o00

Corollary 2. If one of the conditions
o[l uie) <
or
tim _inf ([ nf h(z,0)]" ur (@) = +o0

|| —+o0
is fulfilled, then the problem (2) cannot have any local weak solution.

Theorem 3. Suppose that the problem (2) has a global solution. Then
there exist two positive constants K1 and Ko such that

lim inf (uo(aj)|x|ﬁ(q71) [g(f) h(x,t)]q_l> < Ky,

|z|—+00

and
. . 8 —1)+1— . q—1
lim inf (ul (x)|z| ¥ (la=1)+1-7) [t1r>1f(; h(x,t)} ) < Ko.

|z|—+o00

Proof. From the relation (30) we infer that

. . -1 . 1— xT
it (L) a0(2) [ (] () ar <
Qr
ghual! v —27q Y R—Ba ; mag (2
< O[T 4 T2 4 TR ]/[g(f)h(a:,t)] o(%)de

Qr

Then, by taking T' > 1, we have

inf (uo(x)[tn;(f) h(x,t)rkl) / [%ggh(%t)]lfq@(%) dx <

|z|>R
Qr

< C[T7 4+ T7RP] / [inf he, )] "0( ) da. (31)

Qg
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Now, taking in (31) T = R%, we find

inf (uo(x)[tlgg h(x,t)}q_l) / [ingh(;c,t)]l_q@(%) dx <

lz|>R t>
Qr
s—a) [ [; lmag (X
<CR / [t1r>1£ h(z,t)] @(R) dz.
Qr

The last inequality implies
. )T q—1
inf (uo(x)|m|ﬁ<q [ inf bz, 1) )><

|z|>R
B-a)[; g (2
X /|a:| d [t1r>1f(;h(x,t)] (I)(R) dx <
Qr

28(q—1) Bl—a)[; Imag (T
<2 /|x| (it bz, 1) () dr. (32)
Qr

After division of both sides of (32) by
2309 [inf h(z t)]1*q¢(f) dz >0
>0 R ’
Qr

we deduce that

(e gt ) ) < 00,

Finally, we pass to the limit |z| — 4o0.
Similarly, we have

. : —1 . 1— x
|xl|n>fR (ul(x)[tlr;g h(z, t)}q ) / [%g(f)h(x,t)] q<I’<E> dx <
Qr
< C[Tzv—l—vq +T2r1=2va T27—1Rfﬁq} / [%gg h(x,t)] 1—4(1)(%) de,
Qr
and, by taking T' > 1, we get
. . q—1 . 1—q x
it (L 01 ) [ Lt 0] () o <
Qr
< 7> 4 T2 R / [inf (e, 0)] "0 () da.

Qr
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Likewise, T' = R%. Therefore, by the substitution, we find

inf ([infh(x,t)]q_lul(x)>/[infh(x,t)]l_qd)(%> du <

lz]>R \Lt>0 >0
Qr

2(2y-1)-5 ; mag (2
< CR~YY q/ [%I;f(;h(x,t)] (I)<R) dx.
Qr

Hence

; Ba—22y=1)[; a1

|3:1|n>fR (|x| [t1r>1£ h(z,t)] ul(x)) X

X / |x|5<27—1>—5q[ggh(m,t)]“%(%) dz <
Qr

§022(%<2v71>7ﬂq)/|x|%<2v—1>—5q[tiggh(x,t)}l’q@(%) do. (33)

Qr

Finally, we divide both sides of the resulting relation by the expression

/ |x|%(27—1>—ﬁQ[tn>1£ h(z, t)]17q©<%) dz > 0,
Qr

and pass to the limit as |z| — +o0. ]

10.

11.
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SOME PROPERTIES OF THE GENERALIZED
EULER BETA FUNCTION



Abstract. A generalization of the Euler beta function for the case of
multi-dimensional variable is proposed. In this context ordinary beta func-
tion is defined as a function of two-dimensional variable. An analogue of the
Euler formula for this new function is proved for arbitrary dimension. There
is found out the connection of defined function with multi-dimensional hy-
pergeometric Laurichella’s function and the theorem on cancelation of multi-
dimensional hypergeometric functions singularities is proved. Such general-
izations (among others) may be helpful to construct corresponding physical
(string) models including different number of fields, as far the (bosonic)
string theory reproduces the Euler beta function (Veneziano amplitude)
and its multi-dimensional analogue.
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hypergeometric functions, strings theory.
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In the articles [1], [2] there was proposed and investigated the function

B, (10,71, ...,7n) = Bp(r) =

B 1 if n=0 ()
det™ a1, jpmdet [2) 7 by], o i n>1
(0:$0<l‘1,1‘2<"'<$n),
where
1 1
The—
by = / (1) '*H(%“ Tk )du (,j=1,...,n).

zj-1/T; k:;é]

The function (1) is a multidimensional generalization of the Euler beta

function
1

B(rg,r1) = Bi(r) = /u”’_l(l —u)" ! du.
0
A multidimensional analogues of Euler’s beta function had been studied
by mathematicians such as Selberg, Weil and Deligne among many others
(see e.g. [3]7[7]) In [1] we have shown that for any n € N and for g > 0,
r; € N (j=1,...,n) an analogue of the Euler formula is valid:

[11(r)
Bp(r) =2

—, (2)
r(xn)

where I'(¢ f e “u!~1 du is the Euler Gamma function.
0
In [2] there is investigated the case of the dimension n = 2. The ana-

logue of the Euler formula has been proved for any complex parameters
ro, 71, r2 (Rer; >0, j = 0,1,2) and the complications arising when n > 3
are shown. The relations between B, (r) and hypergeometric functions of
one and of many variables are shown too. Number of relations for the Gauss
hypergeometric function is obtained. The analytic formulae for some new
definite integrals of the special functions are obtained as well as for the
elementary ones.

In present article we prove (2) for any n € N and for r; € C (Rer; > 0,
j=0,1,...,n). The key of the proof is the known

Carlson theorem ([8]). If the function f(z) of a complex variable z is
regular in the semi-plane Rez > A, A € R, and if the conditions
(a) | llirn |f(2)|exp(—k|z|) < const, 0 < k < 7;
(b) f(z) =0 for z=0,1,2,...,
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are valid, then f(z) =0 for any z € C.
For proving (2) we need the following

Lemma. On the complex plane of the variable rj € C (j =0,1,...,n)

the function By(ro,71,...,7y) = By(r) is bounded when |r;| — oo if other
variables ro, ..., Tj—1,7j41,-..,Tn are fivzed and Rer; > 1 (j =0,1...,n):

|B,(r)] < M < 0. (3)
The bound M does not depend on the variables ro,71,...,7 (Rer; > 1,
j=0,1...,n).

Proof. The substitutions

W=7, j=1; u:l—ﬂ(1—£>, j=2...n (n>2),

give to the formula (1) the form

det [.T;_ 1E¢j]

B, (r) = __Jlij=ln 4
) det[z;’_l]i,jzl,n @
where
b = - 1o )T 1~ro+zf2 a1 TR\ R
a=I10-3) [ H(—*) i
k=2 0
~ Ti_1\ "
b, :(1— j )
J x]
1 _
ro+i—2 r 1
0 A R (T e
T j— Tk
0 e

t1=1,...,n; 7=2...,n
All these integrals converge if the conditions
Rer; >0, j=0...,n; 0=z <1 <22 <---< Ty
are fulfilled. Note that

1
1_ cal 1_ bkd I
c—a) /u w) H zpu)’* du =
0

k=1

= F(i;bl,zl;...;bn,zn) (Rec > Rea > 0),

where F' (Z; b1,21;...;bp, zn> denotes the multi-variable hypergeometric fun-

ction — one of the four Lauricella’s functions of the arguments z1, . .., z, (see
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[9]), which can be expressed as absolutely convergent power-sum

a f— . . . J—
F(C,bhzl,...,bmzn) = Fp(aiby,. .. buici21,. ..y 2n) =

o0

n k;
- (@) byt (bj)kaj]
- Z H kil

O oy ST O st

if |z;] <1, j=1,...,n. Here (a); denotes the Pochhammer symbol:
(a)o=1, (a)p=ala+1)---(a+k—-1), keN.

Thus the formula (4) expresses the above-defined function (1) via the de-
terminant of Lauricella’s multi-variable hypergeometric functions.
Let us rewrite the formula (4) as follows

B, (r) det[z;_l]i’j:ﬁ =M, det[z;_lbij]i’jzlfn, (5)
where
T
zr=—, 0<zp< 21 < - <2zp_1<2zp,=1, (6)
n 1—r r
m=TI(-3) "(-7) -
Pl Zk Zk
. 21\ T (#h — Zh—1\"*
SIEONI(E= 7
]};[2 ( Zk kl;[?) ZE — 21 ( )
and
1 n )
= Tk
bi — ro+i—2 1 ri—1 ( _ é)
1 /u (1—w) H 1 p” du,
) k=2
~ 1 n
bij = / (1 _ZT A 1)”]Jrz Qumfl H (1 _ Zy—l)” 1du,
Zj - Zj — 2
0 k=1
k#j
ji=2...,n

Due to the inequalities (6), the expression (5) can be estimated as follows:

| B,y (x)| det[2i Y], 17 =

i,7=1,n
= M| detlzd bl | < IMlper [ byl), e (9)
where per[a;;]; ;_17 stands for the permanent of a matrix [a;;], ;_75 (see

e.g. [10]):

per[aij]i’j:ﬁ = Zalg(l) S Ope(ny, O o(i).
o
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Further estimations give:

1 n

= X r—1
|bﬂ|g/ w21y T (L) =
0 k=2 “k
1 n
_ /uRero+i72(1 . u)Rerlfl H (1 _ uﬂ)Rerk_l du =
2
0 k=2
1
= [ gnw)fi(w du
0
|bij| < (9)
1
n
</ (1_ Rj — Zj 1)”’Jrz 2urj—1 H (1_UZJ ZJ—l)” du —
N Zj Zj — 2k
0 k:l
k#j
1
n
:/ (1_ 2j—2; I)Rero+z—2uReTJ_1H<1 UZJ_Z] 1)Rem—l =
% k=1 %%k
0 =
1
= [ fi@gdn, j=2.....n.
0
where we have denoted
n
21 Rerg—1
-1 (-2)"
(u) kl;[l -
gzl(u) — uRer0+zf2’
f ( ) (1 Zj — Z2j—1 ReTo-‘rl—Q‘j*l ) zj Zj—1 Rerp—1
ij(u) = —Uu ) ( — U )
% k=1 7T Rk ’
n
Rer: —1 ZJ ijl Rerp—1
gj(u) = u™e" 1+u )
klll kT ,

Let us use the mean value theorem in the integrals (9). As it is known,
if the function f(z) is monotonic and f(z) > 0 when z € [a,b], and if g(z)
is integrable, then the Bonnet formulae are valid (see e.g. [11, II, n°306]):

/f(u)g(u) du = f(a)/g(u) du, a <n<b if f(x) decreases,

a
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b

/ F(w)g(u) du = 1(b)

a

glu)du, a<&<b if f(x) increases,

m— .

(x € [a,0]).

It is obvious that if Rer; > 1, j =0,1,...,n, then the factors fi(u) and
fij(uw) in (9) decrease for u € [0, 1] and the factors g;1(u) and g;(u) increase

(j=2,...,n;i=1,...,n). Hence, according to the Bonnet formulae, for
Rer; >1,j=0,1,...,n (due to this conditions all integrals converge) one
gets
_ 7Ni1 i1
|bi1| < fl(o)/gil(u) du = f1(0)gi1(mi1) /du <
0 67,1
< f1(0)gir (1) (min — &in) < 1,
N 1 ni1
|bij| < gj(l)/fij(u) du = g;(1) fi;(&i;) /du < (10)
&ij &ij
n 2 — Zi_1 Rerp—1
< g (W) fi (0 — &) < [] 7J) ;

: 2k — 2§
k=j+1
O=zp<21< - <zp, 0<5&;<n; <1, 4,j=1...,n.
According to (7), (8) and (10) one has
|Bn(r)’det[2§71]i 4

< |Mq| per [zi-*l|pl;ij|}i,j:— < Myper[zi7Y], ._

J 1n
n n n—1 n
— Rer — Rer,—1
21 Rk — Rk-1 k fk — Zj—1 k
My =TT (- 2) IT (=5 11 ]
z 2k — 2 2k — 2
=2 k2 p=g > kT A =2 k=j41 - kT
Because of obvious equalities
n—1 ﬁ (Zk_Z] 1)Rerk—1
2k — 2
i=2k=j41 KT
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Inserting these results into the inequality (8), one obtains the estimation:

n

1—1
€er(z s T _
!&(ﬂk%ﬂ(l—zk 1), Rer; >1, j=0,1,...,n.

— 1
detlz;™ ]; j=Tm 2 %k

Hence, we have got the estimation (3) with M to be expressed as

er Zi,_l . T
M = p [ Z,l]hjil,n H (1 _ Zk—1)7 (11)
detlz;™"]; j—tm 1 %k
which, obviously, does not depend on the variables ro,71,...,7, (Rer; > 1,
i=0,1,...,n). O

Note. The restriction Rer; > 1, j = 0,1,...,n, is essential. Let, e.g.,
n = 1. In this case (11) gives M = 1 and one gets

1

|Bi(r)| = ’/u"o_l(l —u)" " du

0

F(TO)F(H)‘ .
= |21 < >
‘F(ro—&—rl) <1 if Rerg,r1 >1,

while in the opposite case when Rerg,r; < 1, e.g. for rg = r4 = 1/2 one
has B;(1/2,1/2) = m > 1, and the estimation (3) is not fulfilled.
Now we get the following

Statement. The function

0
flro,r1, ... rn) = Bu(ro,m1, ..y 1) — — (12)
L( X))
j=0
satisfies all conditions of Carlson theorem on the complex plane of each vari-
able r; if other variables ro,r1,...,7j-1,7j41,...,7n are fized and Rer; > 1,
7=0,1,...,n.

Proof of the Statement. Due to the fact that the function I'(z) is analytic
everywhere on the (open) complex plane except the points z = 0, -1, -2, .. .,
the function (12) is analytic if Rer; > 0, j = 0,1,...,n (r; = +o0 is a
regular point of both summands of (12), j = 0,1,...,n). In [1] we have
proved that fo(ro) = f(ro,r1,...,7n) = 0 if the variable rq is real and
ro > 0,7, €N, j=1,...,n. Hence, according to the analytic function
uniqueness theorem, if r; € N, j = 1,...,n, then fo(rg) = 0 everywhere
on the complex plane of the variable ry except, may be, the points z =
0,—1,—2,.... So, the function fy(rg) satisfies the Statement.

Let us fix the numbers r; € N, j = 1,...,n and 70 € C, Rerg > 0.
Under these conditions the function fi(r1) = f(ro,r1,...,7,) is analytic on
the complex semi-plane Rer; > 0 and fi(r;) =0for ry =1,2,....

Let us show that if Rerg > 1, 7; €N, j =2,...,n, then

lim |f1(r1)| exp(—k|r1|) < const, Rer; > 1, 0 <k <.

[r1]—o0
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Indeed, if |z] — oo and Rez > 0, in accordance with the asymptotic
behavior of the Euler’s Gamma function (see e.g. [12, Eq. 1.18(5)]) for any
fixed number p € C we have

i 71—‘(2) ex n|z[) = lim 71—‘(2) z|P =

Hence, due to the estimation (3) we obtain:

0< lim [fi(r1)[exp(=k[r1]) =

|r1][—o0

- et~ S e [T <
. I'(ry) -
< |T11\lgloo exp(—k|7“1|){|3n(r)| + ’M F(TO)};[QF(TJ) } <

n

< M‘ l}m exp(—k|r1|) + T (ro) H [(ry)x
r1|—00 j:2

. F(ﬁ) } . _
X lim {———"—ex In|r lim {r Prexp(—klr }:0,

|T1—>oo{l_‘(’l“1+p1) p(p1 | 1|) |71 |—00 | 1| p( ‘ 1|)
where we denote py =rg +ro + -+ + r,. Therefore we get

lim | f(r1)]e *ml =0

|7y |—00
for any fixed values of k > 0 and p;. In particular, one can choose 0 < k < T,
Rerg>1,r, €N, j=2,...,n.

Thus, if Rerg > 1, r; € N, j = 2,...,n, then the function fi(r1) =
flro,r1,...,ry) satisfy all conditions of the Carlson Theorem and therefore
fl(Tl) = 0, RET1 > 1.

Now let us suppose that the Statement is valid for the variables r; with
the indices j = 0,1,...,m, where 1 <m <n — 1, i.e. let the function

f(frOaTla s Tm—1,Tm, - - 'arn) = fm(rm)

satisfies the conditions:

fm(rm) = f(rosT1, - s Tm—1sTmy -y Tn) =0 if 7y = 1,200,
| lilm | frn(rim) | exp(=k|rm|) < const, 0 <k < if Rery, >1

(Rerj >1, 7=0,1,....m—1, rpir €N, k= 1,...,nfm).
Therefore, according to the Carlson Theorem one gets
fm(rm) = f(ro,m1, - s Tm—1Tms - -7Tn) =0 if 7, € C (14)
(Rerj >1, 7=0,1,....m—1, rpir €N, k= 1,...,n—m).
Thus we have shown that

fm+1(rm+1) = f(TOarlv s Ty Tm1, - 7rn> =0



66 I. R. Lomidze and N. V. Makhaldiani

ifRer; >1,j=0,1,...,m, rpyr €N, k =1,...,n — m. Besides, due to
the estimates (3) and (13)

lim |fm+1(rm+1)|eXp(*k‘rm+l|) <

[Pm1]—00

< lim |exp(—krm+1|){M+ F(F(Tmﬂ)) H F(rj)} =0
7=0

T rmaa]—oo Tm+1 T Pm+1
j#m+1
if Rer;41 > 1, where k and p,,, 41 are fixed numbers such that
0<k<m pmi1=7ro+71+ +rm+rmi2+- -+
(Rerj >1, 7=0,1,....,m, Tmir €N, k:2,...,n—m).

So, the proposition of the Statement is fulfilled according to Full Math-
ematical Induction Principle. |

The Statement enables one to prove the following

Theorem 1. For any number n € N the function B,(r) satisfies the
formula (2) — n-dimensional analogue of the Euler formula — if Rer; > 0,
7=0,1,...,n.

Proof. According to the Statement the formula (2) is fulfilled if Rer; >
1, 5 = 0,1,...,n. Therefore, due to analyticity of the function (12) if
Rer; > 0,5 =0,1,...,n, (2) is fulfilled on the open semi-plane Rer; > 0
of each variable r; € C, j =0,1,...,n. ([l

We have shown in [2] that the limits of the function Ba(r) = Bs(rg,71,72)
when 1 — xo =0 (21/22 = 2 — 0) and z2 — x1 (x1/22 = 2 — 1) (see the
definition (1)) exist and satisfy the relation

detlz} ™ bijli j=1.2 ~det[z} bygli =10

det[e  ijm12 loymomo etz ijmr2 luya,
= Bi(ro,m1)B1(ro + 11, 72).

Therefore for n = 2 the formula (2) remains valid even if the only restrictions
on the variables xg, 21,...,2, are x; > 20 =0, j =1,...,n (instead of the
restrictions 0 = zg < 27 < --- < x, which we have in (1)). It is easy to
show that the same is valid for any » > 3. Namely, one has the following

Theorem 2. For any n,l,k € N, I <k <n-—1and z; > x9 = 0,
Rer; >0, j=1,---,n, the function B,(r) satisfies the formula

B, (ro,m1y...,mn) =

= By i (10, 71,y Ti—1, 71+ Tl Tl 1y - - o) Bre(re, oo i) =

ﬁ L(r;)
- = (15)
L( X )

7=0
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Proof. The theorem is trivial for n = 0 and n = 1; for n = 2, in fact,
the formula (15) is proved in [2]. In the case n > 3 one has to consider
separately the cases x1 — xg =0 and x; — 271, [ > 2.

In the case £1 — 9 = 0 from the definition (1) one gets:

1
i— i— _ iU — T\ TRL
le lbil :xll 1 r0+1 2 rl 1 H( ) du
T — Tk z1—0
0
Bl(To,T'l), 1= 1,
— .
z1—0 | 0 1> 2,

i—1y

xj bij =
Tiu—Tp\"* L rxiu —xp\"1L
_ il r0+121u71H(J ) (] ) du
j l'j—il'k (Ej—xl z1—0
zj_1/zj k;;é]
1
- s - Tiu— T\ L .
2t 1 u7o+71+1 1 H( J ) d’LL7 j > 2’
z1—0 7 xTj — Tk
zj-1/T; k};&]
i=1,...,n.

Hence, according to (1) and (2),

Bn(r)‘ml_,ozBl(TOarl) H (xj —xp)” H Ty

2<k<j<n 2<j<n
1 n
. L Tiu— T\ L
% det x; 1 7‘0+7‘1+l 3 IH( J ) du —
l‘j — Tk .
Tj1/; k;ﬁj “=2
O=21 < <)
= Bl(TQ,Tl)Bn_l(TO +7r1,ro,. .. ,’I“n) =

_ Lol r)L(ro + 71)L(r2) -~ L(rn) _ Tro)l(ry) - T(rn) (16)

F(T‘o+T1)F(7‘Q—|—T1—|—T2+"'+Tn) F(T0+T1+"'+Tn)

Similarly, in the case when z; — x;_1, [ > 2, one obtains:

. ) 1-m
i—1 1—1 Ti—1
b1 =7 (1 — ) X
g

n
j— - xp_1 \"L Tj_qu—Tp\ "L
[ e (1T T (B,
Z Lj—1—Tk
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1

Tu—x_1\"-1-1 TyU— T rp—1
1bd_ i—1 [ i (7) )= 1H du,
Tp—T)-1

zi—1/m K
: —1
i—1 i—1 ri—1 LU — Tk
Ty by = / 11— w) H (h) du,
k=g Ik
zj-1/T; k£j
j=1,...,n, j£1—1,1
(i=1,...,n).

The substitution

TiU — Tp—1 ~ Ti—1\~
— =1—u, u:l—(l— )u,
Ty — Xp-1 Z

Tu—xp = — 2 — U] — 21-1)

gives to the second of these integrals the form

bl—xl (1—xl_1)l><

z
/ 1
Ty —x—1 —1,m—1 Li—Zyp—1\"*™
Bl | S (==
/( Ty ( ) H —Tk
0 k;él 11
Inserting these results in (1), after obvious simplifications we find:
Bu(v)],, ,, , =
— Bl(rl—larl)det B(l) (17)
todetle ey I (@e1—20? 11 (@ =)
j=Tm 1<k<I-2 I+1<m<n
JAI-1
where B = [BZ(,?} is the matrix whose i-th row, ¢ = 1,...,n, has the form
[:c’i_lbil, N ,x?:%b”_g, x;:%bil—la x;;ibil—&-l; ce ,.’ﬂ;ﬁlbin] (18)
and
1
~ i—1 2 n xl_lu_xk rp—1
bil—l = / UZ_ (1 — u)”*l"'”_ H (7) du,
Pl Ti—1 — Tk
Tp—2/T1—1 k;élil,l
1
~ , Tiu—Tp  \"1 =2 s — g\ TR
bij = / ul_l(l—u)”_l (7j ! 1) H <7J k) du,
Tj—T|—1 Tj— Tk
. k=0
xj_1/x; k#3,l—1,1

ii=1,....n, j#1—1,L

The last step of our transformations is to multiply the row with number
i — 1 in the determinant of the matrix (18) on x;—1 and to extract it from
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the row with number ¢. Then in the [-th column of the determinant we
obtain the Kroneker symbol dy;,

1, i=1
01 = .
0, i#1
and in the other ones we get:

i—17 i—137 _
;11— » @ _1biq =
1

n
o o _ Tj_qU — Tp\ kL
= —aj7] / w21 =yt T (ST g,
Ti—1 — Tk

k=0

T/ 1 kAl—1,1
i—17 i—177 i—2
} bij — } bi; = (x; — xl,l)xj X (19)
1 n
i _(xju—x_g\T-rtni—l TjUu—Tp\ Tl
[ i (B ] (s,
Tj—T—1 = T;—Tk
zj-1/%; k#j1—1,l

ij=1,...,n, j#1—1,L

Expanding the determinant obtained with respect to the [-th column
elements and inserting the result in (17), one gets

Bi(ri_y,m)(=1)"!

_ 141
- i—1 (—1)""'x
det[zi ], 7= Il (m-1—2) II (zm—21-1)
j=In 1<k<l-2 I+1<m<n
J#AL-1,1
i—177 i—177 i—177 i—177 i—177 _
x det {1'1 bivs ooy 8 b5y 2, @) "1 051, T 1 by s T, bin}iﬂ — =
i—177 i—177 i—177 i—177
det [ 0y, o a T by by T bm]i:Lnfl
= Bi(ri-1,m1) dot [2—1 i1 i1 i1 )
e [zl yer s T T s T ]i:ﬁ
where the entries b;;, i,j = 1,...,n, are defined in (19). So, we obtain

the formula (16) in the case under consideration, too. Now the statement
of Theorem 2 follows from (16) according to Full Mathematical Induction
Principle. O

Theorem 3. The integrals’ singularities of the formula (1) determinant’s
entries, i.e. the singularities of Lauricella’s hypergeometric functions on the
complex plane of each variable z; € C, j = 0,...,n, cancel each other in
the formula (1).

Proof. According to Theorem 2, the function (1) does not depend on the
variables x; > 0 if Rer; > 0, j = 0,...,n. Hence, according to the analytic
function uniqueness theorem, the function (1) does not depend on the vari-
ables z; € Cif Rer; > 0, j = 0,...,n, while the integrals in the formula
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(1) — Lauricella’s hypergeometric functions — have singularities with respect
to variables z; € C. (]

As far as the (bosonic) string theory [13] reproduces the Euler beta func-

tion (Veneziano amplitude) and its multidimensional analogue, it seems to
be helpful to take an advantage of the proposed generalization of the Euler
beta function when one attempts to construct physical (string) models [14]
including a number of fermionic fields, as far as the expression

1
. . AL — rr—1

det x;fl / w1 — )t H (w) " du =

Tj — Tk L

zi_1/x; k;O i,7=1,n

n
[T I(ry)
. j=

= detlaf o
)

I(

<. o
i

is skew-symmetryc with respect to the variables z; € C.
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Abstract. Let D be a simply connected domain bounded by a simple
closed rectifiable curve I' and LP()(D) denote the Lebesgue space with
variable exponent.

The present work reveals different conditions regarding the functions p(t)
and the domain D under fulfilment of which the Cauchy type integrals with
density from LP()(T) belong to the Smirnov class E*®) (D).

When the domain D is bounded by the Lavrent’yev curve, the analogue
of the well-known Smirnov’s theorem is stated: if ¢ € EP*()(D), ¢t (t) €
LPO(T), then ¢ € EP®) (D), where j(t) = max(ps (£), pa ().
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1. INTRODUCTION

Quite recently it became clear that for investigation of a number of ques-
tions dealing with analysis and in studying the problems of applied charac-
ter, the Lebesgue spaces LP(*) with a variable exponent are very useful. In
particular, in studying boundary value problems of the theory of analytic
and harmonic functions it is advisable to consider them in classes of func-
tions representable by the Cauchy type integral with density from LP(Y) and
their real parts as well as in classes of functions which reasonably generalize
Smirnov classes EP(D) in the case of a variable exponent p(¢).

The works [1]-[3] suggest one (of the possible) such generalization under
which all significant properties, inherent in these classes for a constant p,
remain valid.

In the present paper we continue investigation of these classes. Special
attention is attached to the problem of finding different conditions for the
domains D and functions p(t) under fulfilment of which the Cauchy type
integrals with density from LP®*)(T") belong to the class EP®) (D) (T is a
simple closed curve bounding the domain D).

To achieve the purpose in view, for the domains bounded by piecewise
smooth curves we establish one criterion in order for the analytic in D
function ¢ to belong to the class E?®) (D) (depending on the properties of
conformal mapping of the unit circle onto D). However, when the domain
D is bounded by the Lavrent’yev curve (i.e. the curves with the chord-arc
condition), the analogue of the well-known Smirnov’s theorem is fully jus-
tified; namely, the conditions are revealed under which: if ¢(x) € EP+(®)(D)
and ¢* () € LPO(T), then ¢(=) € EPO (D), j(t) = max(pa (), pa(t)):

2. SOME DEFINITIONS AND AUXILIARY STATEMENTS

2.1. The Curves.

(i) Let D be a simply connected domain bounded by a simple finite
rectifiable curve I' = {t € C : ¢t = #(s), 0 < s < [ < oo} with arc-length
measure v(t) = s. Let I'(t,r) = T' N B(t,r), where B(t,r) = {r € C:
T —t|<r},tel, r>0.

A curve T is called Carleson one (or regular one), if

I'(t
L\ (0
tel,r>0 r

(ii) By A we denote a set of all Lavrent’yev curves, i.e., the curves I' for
which
sup sl t2) < 00,
ty.tael |t1 — to
where s(t1,t2) is length of the smallest of the two arcs lying on I' and
connecting the points ¢; and t,.
(iii) If T" is a piecewise smooth closed simple curve with angular points

Ag, k=1,...,n, and it is boundary of the domain D, and 7y, 0 < v < 2



76 Vakhtang Paatashvili
are sizes of interior with respect to D angles at these points, we say that
I € CH(A1, Ag,..., Apivr, v,y ).
The set of piecewise Lyapunov curves with the same properties we denote by
1,L
Cp™ (A1, A, ..., Apsvi,va, .., 1),

(iv) Assume

1
SF . f — Spf, (Spf)<t) = —
WZF/

f(T)t dr, tel.

We write I' € RP, p > 1, if the operator is continuous in L?(T").
2.2. Conformal Mappings.

2.2.1. If z = z(w) is a conformal mapping of the circle U = {w : |w| < 1}
onto the domain D with the boundary I e CBL(Al, T Vi V0 VA Ve
0 < v, <2, then

2 (w) ~ H(w —ap) "t Ay = z(ar), (1)
k=1

where f ~ g denotes that 0 < inf\%\ < sup|£| < oo [4].

2.2.2. If T is a simple closed curve bounding the domain D, and T" € A,
then there exist positive numbers 77 and o such that

e g l/ € H, (2)
z

where H is the Hardy class of analytic in U functions (see, e.g., [5, p. 170]).

2.2.3. If T € Ch (A1, Aay ..., A1, o, ..o, 0), 0 < g, < 2, then
n
)~ [[w = o =" 3)
= ¥

where ¢(¢) is the real continuous function on v, v = {¢: |¢| = 1} ([6], see
also [7, p. 144]).

2.2.4. Let D be the bounded domain with a simple rectifiable boundary
T, and let z = z(w) be the conformal mapping of U onto D. D is said to
be Smirnov’s domain (and I is said to be Smirnov’s curve), if the function
In |2/ (w)] is representable by the Poisson integral, i.e.,

21
2
In | (rei®)| = — /ln 12/ ()] 1=or 9
27 1472 —2rcos(¥ —p)
0

(for these classes see, e.g., [8, pp. 250-252]).



On Some Properties of Analytic Smirnov Class Functions with a Variable Exponent s

2.3. Some Properties of the Operator Sr and of the Cauchy Type
Integrals.

(i) If p > 1, then I € RP if and only if T is a regular curve ([9]).

(ii) If T is a simple closed curve bounding the domain D and the operator
Sr is continuous from LP(T') to L*(T"), p > 1, s < p, then:

(a) D is Smirnov’s domain and

(b) the Cauchy type integral

(Kpf)(z):%m,/ f(_T)ZdT, e D, fe L),
T

belongs to the Smirnov class E*(D).

In particular, if T' is a regular curve, then (K1 f)(z) belongs to the class
EP(D) when f € LP(T"), p > 1 ([10], [11], see also [7, p. 29]).

(¢) Smirnov’s Theorem: if D is Smirnov’s domain and ¢ € EP*(D), while
¢ € LP2(T'), pa > p1, then ¢ € EP2(D) ([12], see also [8, p. 260]).

2.4. Spaces LP()(I’;w). Classes of Exponents P[] and P(I'). Let T
be a simple rectifiable curve with the equation ¢ = ¢(s), 0 < s < I, with
arc-length measure, and let on I" be assigned measurable functions p(t) and
w(t), where p(t) is positive and w(t) is almost everywhere other than zero
finite function.

Consider a set of measurable on I" functions f(t) for which

b

2O (fu) = / |£(t(s))w(t(5)) [ ds < 0.
0

Denote
oo = inf {3 >0 120 (22) <1},
By LPO)(T';w) we denote a space of measurable functions f such that
[ £l Loy (rw) < 00. Assume LPO)(T) := LPC)(T;1). (For detailed account on
these spaces see, e.g., [13]).

2.4.1. Classes of Functions P(T') and P(T'). The spaces LP*)(T'; w) in which
the function p(t) satisfies the conditions below are thoroughly studied and
frequently used in applications:

(1) there is the constant A such that for any ¢, t2 we have

Ip(t1) — p(t2)| < lntlA—tg| ; (4)
(2)
rtréilglp(t) =p>1 (5)

The set of all functions p(t) satisfying the conditions (4), (5) we denote
by P(T).
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If p € P(T), then the set LP()(T;w) is the Banach space with the norm
I o

Along with the class P(I"), we introduce into consideration one more class
of functions P14(I"), € > 0. This is a subset of those functions p(t) from
P(T") for which the condition (4) is replaced by the condition

Ip(t1) — p(t2)| < |>\751A752|1+€ (6)

Assume

BI) = | Pres (7)

e>0

2.5. The Hardy and Smirnov Classes with a Variable Exponent.
Let D be the inner domain bounded by a simple closed curve I', and let
p = p(t) be the given on I" measurable positive function. Moreover, let
z = z(w) be the conformal mapping of the circle U with boundary ~ onto
the domain D, and let w = w(z) be the measurable on D function.

By EP(Y)(D;w) we denote a set of all those analytic in D functions ¢(z)
for which

2 "
sup /‘(b(z(rew))w(z(rew)) rlete ))|z'(re“9)| dd < oo. (8)
0

0<z<1

Assume
Hp(')(w) — Ep(‘)(U;w), PO .— Hp(')(l).

For the constant p, these classes coincide with the well-known Smirnov and
Hardy classes.

2.5.1. On the Continuity of the Operator St in the Spaces LPC)(I';w). In
[14], the authors have proved theorems on the continuity of the operator S
in the spaces LP()(I'; w). (More earlier works relating to this subject-matter
can be found therein).

Combining the results of these theorems, we find that the theorem below
is valid.

Theorem A. For the operator Sr to be continuous in the space
LPO)(T;w), where p € P(T) and

n
w(t):H|t—tk|°"“, trel', aeR,
k=1

it is necessary and sufficient that T’ is a reqular curve and oy satisfy the
condition

1
— <oy < ——, k=1,...,n.
p(tr) p'(t)
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3. ONE CRITERION FOR BELONGING OF THE ANALYTIC FUNCTION TO
THE Crass EP()(D)

If p(t) = p = const, then when studying the properties of functions from
classes FP(D), the fact that the involution of the function ¢ € EP(D) is
equivalent to the belonging of the function ¥(w) = ¢(z(w))[2'(w)]*/? to the
Hardy class H? plays an important role. For variable p, the function ¥(w)
is not even analytic.

It is desirable to have a certain analogue of the above-indicated result
for a variable exponent, as well. It is particularly desirable to reveal those
classes of domains D and functions p(t) for which reasonable generalization
of the above property would be possible.

In [2], such aim has been achieved under the assumption that p € P(T)
and the domain D is bounded by a piecewise Lyapunov curve, free from ex-
ternal cusps. Relying on the theorem from item 2.2.1, the following theorem
is proved.

Theorem B. If D is the bounded domain with the boundary I' €
C’l’L(Al,AQ,.. JAni v, va, ., ), 0 < vy < 2, and p € P(T), then the
analytic in D function ¢(z) belongs to the class Ep( )(D) if and only if

U (w) w — a) ’“k’ e H'O, U(r) = p(=(7)). (9)

u:::

3.1. In this section we will show that Theorem B can be generalized to
a sufficiently wide class of functions p(t) for arbitrary piecewise smooth
curves.

Theorem 1. Let I' € CL(A1, As, ..., Apsvr, v, .., v), 0 < 1y < 2
and z = z(w) be conformal mapping of the circle U onto the domain. Next,
let p be the function of the class

Q) = {p: p e P(D), U(r) = pl=(r)) € P(3) }. (10)

The analytic in D function ¢(z) belongs to the class EPC)(D) if and
only if
W(w) = B(=(w))p(w) € HIO, (11)

where

= H(w —ap)" " (ay) exp/ 15}(@)) % , z(ax) = Ay, (12)
k=1

¥
in which ¥({) is the function from the representation (3) of the function
2'(w).

When T' € C’BL(Al,Ag,...,An;ul,yg,...,yn), 0 < v, <2, andp €
P(T), the condition (11) is equivalent to the condition (9).
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Proof. Let ¢ € EPC)(D). This is equivalent to the fact that

U(w) = ¢(2(w)) € H'O (m(w)), (13)
where
m(w) = m(re'?) = |2/ (re™)| 7= | (14)
Thus
¢(z) € EPV(D) <= ¥ (w) = ¢(z(w)) € H'V (m(w)). (15)

Let us now make use of the result given in [15]:
if I € P(v), then

m(w) ~ mo(w) = mo(re®’) =

— kljl(w - ak)'z/(“a; exp <l(eli’9) ’Y/ : %(fgm dC), 16)

and

(w—ak)mexp/zf((g&. (17)

It follows from (16), (17) that m(w) ~ p(w), and hence by virtue of (15),

we conclude that

H'O(m(w)) = H'Y (p(w)), (18)
whence, in view of (13), it follows that the first statement of the theorem is
valid.

Let now I € OBL(Al,AQ,...,An;ljl,l/g,...7I/n), 0 <y, <2 andp €
P(T). In this case, the function ¢ in the representation (3) belongs to the
Holder class ([7, pp. 146] and [16]). Therefore the function [ g’i—cwdg‘ is

gl

bounded in U (see, e.g., [17, pp. 50, 71]). But then in U are bounded
likewise the functions

o (1 f 25 ).

Thus, on the basis of (16), we find that the second statement of the
theorem is also valid. ]

3.2. One Condition for Coincidence of the Classes Q(I') and P(I).

Theorem 2. If the domain D is such that for conformal mapping z =
z(w) of the circle U onto D we have

Z(w)e | JH™, (19)
5>0
then
Q) =P(I). (20)
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Proof. By virtue of the definition of the class of functions Q(I") (see (10)),
it suffices to state that: if p € P(T"), then [ € P(v). Towards this end, we
shall use the following statement from [3]:
If p € P(T'), then under the condition (19), we have
< A < A’
Tz () = 2(n)ll T Injm =7l

[1(r1 — I(2) (21)

Ifpe ﬁ(F), then there exists the number € > 0 for which the condition
(6) is fulfilled. Then

| < A
| [2(7m1) — 2(72)||F=

and (21) yields |I(1; — I(12)] < A'|In|r — 7o||~(+9). Consequently, I €
Pi4e(7), and hence [ € P(7). O

[1(m1 — 1(72)

Corollary 1. IfT' € A, then the equality (20) holds.

This statement follows immediately from Theorem 2, if we take into
account the fact that the inclusions (2) in the case under consideration are
valid (see item 2.2.2).

Corollary 2. If ' € CL(Ay, Ag, ..., A, va, . osvp), 0 < v < 2,
k=1,...,n, then Q(T) = P(T).

Indeed, since the function exp [ % d( for the continuous real ¥ belongs
¥

to () H° (see [12] and [7, p. 96]), it is not difficult to state that 2’ € H1+%
5>1
for some dg > 0.

Corollary 3. In the assumption of Corollary 2, the class Q(T') in The-
orem 1 can be replaced by the class P(T).

3.3. One Subset of the Class P(I') Contained in Q(T'). Note first
that according to Corollary 2, for p € ﬁ(l") the curves I of the class I" €
ChH(A1,As, ..., Apsvi, v, .. 1), 0 < 1, < 2, belong to Q(T'). However,
if for some j we have v; = 0, then this statement is, generally speaking,
doubtful. Therefore for such curves it is desirable to indicate certain sets of
functions p(t) for which the equality (20) remains valid.

Let p(t) be such a function from P(I') (P(I')) which is constant in some
neighborhoods of the points A,,. By virtue of the above-said, there ex-
ists the number o > 0 such that as soon as |t — t2| < o, the inequality
(4) ((6)) will be fulfilled. Since the conformal mapping of the domains of
above-mentioned type transfers the arcs of the boundary I' into those of
the circumference v (see., e.g., [18, p. 46]), there exist neighborhoods of
the points a,, at which the condition (4) ((6)) is fulfilled. Consequently,
there exists the number o, > 0 such that for |7y — 7| < 0, 71,72 € 7, the
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inequality (4) ((6)) will be fulfilled. It is easy to verify that (4) ((6)) is valid
for any pairs 7y, 72 lying on «. This implies that (1) € P(7).

From the above, in particular, it follows that for the curves and func-
tions p(t) under consideration, we have P(I') = Q(T'). Moreover, in these
assumptions, the set Q(I') in Theorem 1 can be replaced by the set P(T).

4. THE CAuCHY TYPE INTEGRALS AND SMIRNOV CLASSES

It is not difficult to state that if D is a simply connected domain bounded
by a simple rectifiable curve I', and p € P(I"), then the functions of the class
EP()(D) are representable by the Cauchy type integral with density from
LPC)(T) (see Theorem 3 below). However, one fails to inverse this statement
to a full entent. It is shown in [2] that in the case of piecewise Lyapunov
curves this way is quite possible.

In this section we prove that the integrals (Kpg)(z), ¢ € LPO(T), be-
long to EP)(D) under some, very important for applications, assumptions
regarding I" and p(t), including the case in which T is an arbitrary piecewise
smooth curve, and p(t) € Q(T).

4.1. The Representability of Functions from E?()(D) by the Cauchy
Type Integral.

Theorem 3. If D is the inner domain bounded by a simple rectifiable
curve T, and ¢ € EPC)(D), where p € P(T'), then ¢ is representable by the
Cauchy type integral with density from LPC)(T).

Proof. Tt follows from the definition of the class EP()(D) that EP()(D) C
E2(D), and since p € P(I), hence p > 1. Thus EP*)(D) ¢ EY(D). This
implies that ¢ is representable by the Cauchy type integral, i.e.,

¢(z) = (Kr¢")(2), z € D, (22)

(see, e.g., [8, p. 205]). Moreover, the function F(w) = ¢(z(w))[z'(w)]/2 is
of the Hardy class HEZ, and hence almost everywhere on v there exists an
angular boundary value F* (7). Since 2’ € H' (see, e.g., [8, p. 405]), there
likewise exists [2/(w)]T = 2/(7). Thus the boundary value of the function
®(z(w)) exists. Relying on this fact, we can conclude that

3 % z(e™ % 4 z(e? i
tim (|@(re?) PN (ret?)]) = [o(z(e )72 ().

Using the Fatou lemma, by virtue of (8), we conclude that

27
/ !¢(Z(€m))|p(z(em))\Z’(em)| dY < .
0

The above-said is equivalent to the fact that [|¢F(¢)[P®) |dt| < oo, i.e.,
r

¢t € LPC)(T). But then the equality (22) implies that ¢(2) is represented
by the Cauchy type integral with density from LP()(T). O
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4.2. On the Belonging of the Cauchy Type Integral to the Class
EP0)(D) for Domains with Piecewise Smooth Boundaries.

Theorem 4. Let D be the simply connected finite domain bounded by the
curve T of the class CL (A1, Aay ..., Ap; 1,00, .., v), and p € Q(T'). Then
the Cauchy type integral ¢(z) = (Kr¢)(z), where ¢ € LPO(T), belongs to
the class EP()(D).

Proof. Since LP()(T') ¢ LE(T), therefore ¢ € LE(T), p > 1. Tt is easy to
verify that the piecewise smooth curve is regular, and according to statement
(ii) of item 2.3, we can conclude that ¢ € EE(D). Using Theorem 1, we
find that the analytic in U function ¥(w) = ¢(z(w))p(w)), where p, defined
by the equality (12), belongs to the class H2. Let us now show that ¥+ €
L'O(y).

As far as T is the regular curve, and from the condition p € Q(T') follows
p € P(T), the operator Sr is continuous in LP()(T) (see statement (i) of
item 2.3). Thus the function ¢ (t)) = 3 ¢(to) + 3 (Sre¢)(to) belongs to
LPO)(T), i.e., the function ¢(z(7‘))[z’(7’)]m ~ ¢(z(1))m™ (1) (see (14))
belongs to LP()(T'). This is the same thing as U+ € L) (v).

Thus ¥ € H? and ¥+ € L'C)(y), where I € P(y). We now apply the
generalized Smirnov’s theorem: if W(z) € H1() and Ut(t) € L'20)(y),
ly € P(v), then W(z) € H'(-), where [(t) = max(l;(7),l5(7)) (under such
a statement, this theorem has been proven in [2]). In our case, I(T) =
max(p, (7)) = I(7). Hence ¥(w) € H'O) ie., ¢(z(w)) € HO(p) =
H'O) (m(w)) (see(18)), and this is the same thing as ¢(z) € EP)(D). O

4.3. On the Belonging of the Cauchy Type Integrals with Density
from LP()(T') to the Class E*()(D) when p(t) is the Holder Continu-
ous Function. If we assume that p(t) is the Holder class function, then the
class of piecewise smooth curves in Theorem 4 can be replaced by another
wide set of curves.

Upon our investigation we use Theorem 5 proven below. This theorem
generalizes Smirnov’s theorem (see 2.3.1) to the case of classes EP()(D),
when D belongs to a rather wide class of functions.

4.3.1. Generalization of Smirnov’s Theorem.
Theorem 5. Let T' be the simple, rectifiable, closed, reqular curve bound-
ing the domain D such that
1
/ o n
Z'(w) € UH, r(ﬂ))eUH, (23)
o>1 n>0

where z = z(w) is the conformal mapping of the circle U onto the domain D.
If ¢(z) € E*O)(D), rtm%l p(t) =6 >0 and ¢*(t) € LPO(T), where p(t) is
€

the Hélder class function on T, then ¢(z) € EPO)(D), p(t) = max(u(t), p(t)).
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Proof. Assume ¥(w) = ¢(z(w)) and show that the function ¥(w) in the
adopted assumptions belongs to a certain Hardy class H®, € > 0.
Let £ be a number from the interval (0,4). We have

21 27
I - / W (re?) | di = / |S(re?) |2 (rei?)| |2 (rei?)| 5 d.
0 0

Using Holder’s inequality with the exponent d/¢ > 1, we obtain

I < (7|¢(rew)|5|z/(re d19> </|z rei?)| e dﬂ) <
§</|Z = > /|¢ (re™)[3]2/ (re )| do. (24)

It follows from the condition ¢ € E*()(D) that ¢ € E?(D), and hence

sup M(r) =C < 0. (25)
0<r<1

Further, the condition % € | H" provides us with % € H for some
n>0
no > 0. We choose ¢ such that ;5= =nq (i.e., we take e = g = %)
Since % € H" therefore

su — < X0
p/ [/ (rei®) o
0

In view of the above-said and the inequality (25), from (24) it follows

that sup I, < co. Thus we have stated that ¥ € H®° g5 = 1‘1730 .

Since ¥ € H®, we have ¥(w) = eb(w)o(w)D(w), where b(w) is the
Blaschke product, o(w) # 0, |o(w)| < 1, A € R, and

1 vy €7 Fw
= — iep
D(w)_exp27r/ln|\1/(e )| gD_wolga, lw] <1
0

(see [8, p. 110]).

Assume [(7) := 1(e") = p(2(e™)) = p(2(1)), T = €*?. Then since p(t) is
the Holder class function on I', there exist numbers M and « € (0, 1] such
that |p(t1) — p(te)| < M|t1 — t2]*. Consequently,

Ip(t1) — p(t2)| = |p(2(1)) — p(2(72))] <

< AM|z(11 — 2(12)] AM‘/
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It follows from the inclusion 2’ € |J HY (see (23)) that 2/ € H?° for
o>1
some oy > 1. Then the last inequality (in view of the fact that on v we

have s(7y,72) ~ |11 — T2]) yields

og—1

[1(11) —l(12) < AM(/ |2/ (1)]7° |d7|) |7 — 12| 70 @

Thus [(7) is the function from the Hoélder class on <. In view of the
above, we can apply the inequality proven in [2]:

(W (re™)[") < A(r,9)B(r, ), (26)
where
1 27
Ard) =exp o [ U [BEP0 - o) dy
7r
0
~ . U (ei? if [W(e?)| >1 —r2
B(etey = VS I gy o
1, if |[U(e)| <1 1472 —2rcosz

and for B(r,1), the following estimate is valid:

2w

|B(r,9)| < kyexp ks / [T ()| dp = ks,
0

where k1, ko does not depend on W.
The inequality (26) results now in

27
/ B (re?) 1))/ (rei?)| 9 <

0
2w 2w

1 ~ .
< k3 /exp (27T /ln [T ()1 P(r, 0 — ) d(p) |2 (re??)| dv.  (27)
0 0

Since T is the regular curve, therefore D is Smirnov’s domain (see state-
ment (ii) of item 2.3), and hence

12/ (re'”)| = |2/ (w)| = expIn |2/ (w)| =
1 27
= exp Py /ln |z'(re“9)|P(r, 9 —p)dp. (28)
0

Moreover, we have
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M@wmwwww
2 (e')
= In [[F(9)[P) ]2/ ()]~ n|2'(e¥)]].(29)

From (27), by virtue of (28) and (29), we can conclude that

In [W(e)['(®) =

27
/\\I/(rem)|l(ﬁ)|z’(rew)\d19 <
0

27 27
1 o .
< ks /exp 27/111 1T(c9)|19) |2/ (¢19)| P (2,9 — ) dep i) <
v
0 0

27
<%/@WWWWAWWMS

0
2m

27
sm/wwmwwwmw+/wwwws
0 0

2
é%/WWWWW%%Mwa(w
0

By the assumption of the theorem, ¢t € LPO)(T). But

2m
/I\If(ei‘P)Il(“’)IZ’(ei“’)Idso=/|¢+(t)\p(” |dt]
0 T

and from (30) follows

2
su;l)/ B(c9) 1P| (619)| dyp < oo
r< A

Hence ¢ € EP1)(D); and since ¢ € E*()(D), then ¢ € EPU)(D), p(t) =
max(p(t), u(t)). O

4.4. The Cauchy Type Integrals in the Domains with Lavrentiev
Boundary.

Theorem 6. If D is the inner domain bounded by a simple rectifiable
curve of the class A, and p is the Holder class function on T', then the
Cauchy type integral ¢(z) = (Krp)(z), where p € LPC)(T), belongs to the
class EP)(D).

Proof. In the case under consideration, the both conditions in (23) are ful-
filled. Moreover, it can be easily verified that any curve from A is regular
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one. Next, since ¢ € LE(I"), p = rtréilpp(t), in view of property (ii) in item 2.3,
we conclude that ¢ € E2(D). Along with the above-said, ¢+ = % <p—|—% Sr,
@ € LPO)(T). Since p € P(I), therefore Spp € LP()(T) (see Theorem A).
Consequently, ¢+ € LPO)(T).

Thus ¢ € E2(D) and ¢* € LPCI(T), where p(t) is the Holder class
function on I'. This implies that all requirements of Theorem 5 are fulfilled
and hence ¢ € EP()(D). O
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Abstract. In this paper we consider an evolution inclusion with impulse
effects at fixed moments of time from the point of view of the theory of
global attractors. For an upper semicontinuous multivalued term which
does not provide the uniqueness of the Cauchy problem, we give sufficient
conditions on non-damped multivalued impulse perturbations, which allow
us to construct a multivalued non-autonomous dynamical system and prove
for it the existence of a compact global attractor in the phase space.
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INTRODUCTION

One of the possible ways for the description of qualitative behavior of the
solutions of evolution problem is the proving of the existence in a phase space
of the problem of invariant attracting set, a global attractor. In contrast to
finite-dimensional problems, in the case of infinite-dimensional situation of
the dissipativity condition of a system does not ensure the existence of the
compact attractor, and the resolving of this problem is based essentially on
one-parameter semigroups apparatus. This approach was founded in the
seventies of the past century by J. Hale and O. A. Ladyzhenskaya. It was
then developed by J. Hale [7], [8] for autonomous infinite-dimensional sys-
tems generated by equations with delay, but his abstract results concerning
the existence of global attractors of dynamical systems mostly coincided
with the results due to O. A. Ladyzhenskaya [17], [18], which have been
gained in studying the dynamics of solutions of a two-dimensional system
of Navier—Stokes equations.

The essence of these results is based on the fact that for the given evolu-
tion problem

{@u(t) = F(u(t)), 1
u(0) =wup € E,

for which, as is known, it is globally and uniquely solvable in some class
W, and u(t) € E Vt € 34, where & is a nontrivial semigroup of the ad-
ditive group R, Sy = 3N [0, +00), the one-parametric family of mappings
{V(t,-): E+— E}icg, is constructed, where

V(t,uo) := {u(t)| u(-) is the solution of (1)}. (2)

On the strength that the problem (1) is autonomous, the family of map-
pings (2) is a semidynamical system, for which the invariant, compact, at-
tracting set in the phase space is found — a global attractor, which is minimal
among closed attracting sets and maximal among invariant compact sets.

In the papers of J. Hale [7], [8], O. A. Ladyzhenskaya [17], [18], M. I. Vi-
shik [1], R. Temam [26] and of other mathematicians the existence and
properties of global attractors were established in many nonlinear equations
of mathematical physics.

Owing to these works, the theory of global attractors of dynamical sys-
tems has became almost completed and for a wide class of autonomous
well-posed evolution dissipative problems it gives response to the question
about the existence of a global attractor, its connectedness, stability, ro-
bustness, regularity, structure and dimension.

At the same time, a large class of autonomous problems was left aside,
for which there is a global solvability theorem in phase space and there is no
uniqueness theorem or it hasn’t proved yet. These are the three-dimensional
Navier—Stokes system, the three-dimensional Benard system, the system of
equations of chemical kinetics under general conditions on parameters, wave
equations in the case of nonlinearity of general polynomial form, evolution
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nonlinear equations with non-Lipschitz function of interface, as well as an
evolution inclusion that arises while investigating evolution equations with
discontinuous coefficients. The problem of studying dynamics of systems
with possible nonuniqueness of a solution was solved in two ways. G. R. Sell
[25], M. I. Vishik [5] suggested the concept of a trajectory attractor, in the
context of which the dynamical system is constructed in the space of tra-
jectories on the basis of a shift operator. For that (already a single-valued)
dynamical system one can find an attracting set, a trajectory attractor. But
it is important to note that in the course of this approach the connection
with the system‘s phase space has been lost. Another approach proposed in
the papers due to J. M. Ball [2], V. S. Melnik [19], [20], assumed a possible
nonuniqueness of the solution by introducing a multivalued analogue of the
one-parameter semigroup (2).

Let us assume that the problem (1) is globally solved in the class W,
u(t) € EVt € 3. Then correctly defined (multivalued in the general case)
is a family of mappings {G(t, -) : E — 2¥},cq, , where

G(t,up) == {u(t)| u(-) € W is the solution of (1)}. (3)
The family of mappings (3) showing that the conditions

G(0,2) == VzekFE,
G(t+s,x) CG(t,G(s,z)) Ve e E, t,s€y,
are fulfilled, is called an m-semiflow.

The global attractor of the m-semiflow in the phase space FE is called a
compact set = which satisfies the following conditions:

1) Vt € SLE C G(t, E) (semiinvariance),
2) for any bounded B C E dist(G(t, B),E) — 0, t — +oo (attraction).

As it turned out, the mappings of type (3) occur naturally in the evo-
lution equations without the uniqueness of a solution and also in evolution
inclusions. For most of them, the existence of a global attractor was proved.

Eventually, the apparatus of global attractors of one-parameter semi-
groups turned out to be not an easy-to-use for research of the qualitative
behavior of evolution systems, but it admits the generalization of nonau-
tonomous systems. In [4] by V. V. Chepyzhov and M. I. Vishik, such type
of generalization was realized by introducing an additional parameter, that
was responsible for non-autonomous terms. Moreover, the application for
equations with almost periodic in time right-hand part, as well as cascade
systems were examined.

This scheme has been generalized in the case of ambiguous solvability
by O. V. Kapustyan, V. S. Melnik, J. Valero[10]. The main idea of this
approach consists in that for the problem

{atu(t) = Fa(t) (u(t))v

u(t) =u, € E,

(4)
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it is assumed that a non-autonomous term o(t) belongs to some space X,
where {T'(h) : ¥ — E}pes, is a semigroup, Vo € ¥, 7 € §, u, € E, the
problem (4) is expected to be globally solvable in some class W, u(t) € E
V't > 7. Thus we can correctly define the mapping (possibly multivalued):

Uy (t,7,ur) := {u(t)| u(-) € W is the solution of (4)}. (5)

It describes the dynamics of solutions of problems (4). If the following
conditions are fulfilled for (5), Vo € ¥

Ua(Tu T, ’LL.,—) = Ur,
Uy(t,7,ur) CU(t,8,Us(8,7,u;)) Vt>s>T,
Us(t +h, 7+ hyur) CUpnye(t, mur) Vhe Sy,

then the family of mappings (5) is called a family of m-processes, for which
the global attractor is determined in the phase space E as a compact set
Oy, for which the conditions below are fulfilled:

1) for any bounded B C E V7 € R dist(Ux(t,7,B),0x) — 0, t — 400,
2) Oy is minimal in a class of closed sets, which satisfies 1).

As it turned out, the dynamics of many classes of evolution problems
can be described in terms of global attractors of m-processes. Random
ambiguously solvable dynamical systems and evolution inclusions with non-
autonomous right-hand part were investigated with the exception of the
above-mentioned equations with almost periodic right-hand part and cas-
cade systems. Consequently, such an essential non-autonomous object as
evolution equations with impulses perturbations at fixed moments, can like-
wise be described in terms of non-autonomous dynamical processes. The
existence of global attractors for evolution equations with impulsive effects
was, for the first time, obtained in [11], [12], but only in the case of damped
impulsive effects, that is, when values of impulsive perturbations tend to
zero. This fact is essentially used in proving of the existence of global at-
tractor, because in reality it is proved that every element of global attractor
belongs to some trajectory of a non-perturbed evolution problem.

In the present article, relying on the theory of impulsive differential equa-
tions [24], the authors prove that the evolution inclusion with translation-
compact perturbations at fixed moments [13] generates a multivalued dy-
namical system for which there exists the compact global attractor.

GLOBAL ATTRACTORS OF MULTIVALUED PROCESSES

Let (X, p) be a metric space, Sq = {(¢,7) € I?| t > 7}, P(X) be a set
of all non-empty subsets of X, 5(X) be a set of all non-empty, bounded
subsets of X, and X be some metric space, for which the semigroup {T'(h) :
P Z}heih is defined.
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Definition 1. We say that the family of multivalued processes (MP) is
defined, {U, : S¢ X X — P(X)}sex Vo € X, if the following conditions are
fulfilled:

DU, (r,72) =2 Ve X, VTES,
2) Uy(t,1,2) CU,(t,8,Us(s,7,2)) VEt>s>1,VaeX,
3) Us(t+h, 7+ h,x) CUpp)(t,7,2) Vt>7,VheJIy,

where for AC X, BC X Up(t,s,A) = U U Us(t,s,x).
ceEBxzcA

Definition 2. The compact set Oy C X is called a global attractor of
the family of MP {U, },eyx if the following conditions are fulfilled:

1) Oy is a uniformly attracting set, i.e. V7 € R, VB € 3(X)
dist(Us(t,7,B),0x) — 0, t — +0o0; (6)

2) Oy is a minimal set in the class of all closed uniformly attracting sets.

Theorem 1. Let the family MP {U,},ex satisfy the following condi-
tions:

1) 3By B(X) VBEB(X) VreS IT=T(B,7) Yt>T Us(t, 7, B)C By;

2Q)VB e pX)VT e ¥V, — 400 any &, € Us(tn, 7, B) is precompact
in X.

Then there exists Ox, which is the global attractor of MP {Uy}sex. If,
moreover, Vh € Sy T(h)X = X and in condition 3) from Definition 1 the
equality is fulfilled, then it suffices to check only the conditions 1), 2) from
the theorem for T = 0.

Proof. For any B € 5(X), 7 € G, let us consider a set
ws(r,B) = (] |J Us(t,7, B). (7)
s>0t>s

Under the condition 2) we find in a standard way that ws (7, B) # @ is a
compact, attracting set B, i.e.,

dist(Ug(t, 7, B), ws(T, B)) — 0, t— +oo,
and it is a minimal closed set possessing this property. Then the set
os=dx(lJ U ws(rB) (8)
TES BeB(X)
satisfies the conditions 1), 2) from Definition 2.
Let us prove its compactness. Since VB € §(X) V7 € 3T =T(B, 1)
YVt >T Us(t,7,B) C By, therefore Vp € S,
Us(t+p,7,B) C Us(t+p,t,Us(t,7,B)) C
C Uz(t + D, ta BO) C UT(t)E<p7 0) BO) - UE(p, 07 BO)
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Thus Vs >T,Vpe Sy

J Us(t,7,B) c Us(p,0,By).

t'>s+p

Then Vs’ € 34

U U Us(t',7,B) C U Us(p, 0, By),

p>s’ t'>s+p p>s’
dx( U Ust.7.B)) cax( |J Usv.0.Bo)),
t'>s4s’ p>s’
Nex( U vst.rB) c () ex( U Usm.0,B)),
s'>0 t'>s4s’ s'>0 p>s’
m Clx( U Uz(t/,O,B)) C wE(O,Bo).
s'">s t'>s"

Thereby, ws (7, B) C wx(0,By), hence Oy, = wx(0, By), and the desired
compactness is proved. The second part of the theorem follows from the
following inclusions: if 7 > 0

UZ(taTa B) C UT(T)Z(t - T,O,B) C UE(t - T,O,B);

if <0
Us(t,7,B) = Up—nx(t, 7, B) = Us(t — 7,0, B).

The theorem is proved. O

THE STATEMENT OF THE IMPULSIVE PROBLEM AND THE PROPERTIES
OF SOLUTIONS

Given a triplet V' C H C V* of Hilbert spaces with a compact and dense
embedding, (-, -) is a canonical duality between V' and V*. Let us denote
by ||-]] and (-, -) the norm and the scalar product in the space H, ||-||v is a
norm in the space V. Assume that the inequality ||ul|? < o ul?, is fulfilled.

We consider a linear continuous operator A : V' — V* which for the
constants A\; > 0, Ao > 0 satisfies the following conditions:

YueV (Au,u) > M\ |ul?, (9)

Vu,v €V [(Au,0)| < AZ (Au,u)? o]y (10)

From the condition (9), we obtain the estimate |(Au, v)| < Aa||ullv||v]v.

Then using Lax—Milgram’s lemma, we have that 347! € L(V*,V) and,
moreover, ||A7Y| < )\%, [IA]] < Aa.

Suppose that the multivalued perturbation F : H — P(H) satisfies the
conditions

Vy € H F(y) is convex, closed, bounded subset of H; (11)



96 Muykola Perestyuk and Oleksiy Kapustyan
F' is w-upper semicontinuous (w-u.s.), and has no more than linear growth,
ie.
Ve>0Vyo € H 36 >0 ye€Os(y), F(y) CO(F(yo)); (12)
AC=0VyeH [[F(ylls <CO+yl)- (13)
Here, for B C H, we denote ||B||+ = sup ||b]|.
beB

Consider the problem

d
d—g + Ay € F(y) + h(t), t>,

y(7) = yr,

(14)

where 7 € R, y, € H, the operator A and the multivalued function F satisfy
the conditions (9), (10), (11)—(13), h € L? (R, H).

loc

Definition 3. By the solution of the problem (14) on (7,7) is meant
the function y € L?(7,T; V) with % € L?(7,T;V*) such that there exists
feL?(r,T;H), f(t) € F(y(t)) almost everywhere (a.e.), and

%—I—Ay:f(t)—i—h(t), (15)
y(7) = yr-

It is known [6] that for all 7 € R, T' > 7, y, € H under the conditions (9),
(10), (11)—(13) the problem (14) has at least one solution and, moreover,
any solution of problem (14) belongs to the space C([r;T]; H). Thus, there
is a reason to speak about global solvability of (14) on (7, 400).

For the problem (14), we formulate the following impulsive problem: at
fixed time moments {7; }icz, Tir1 —7; > v > 0, every solution of the problem
(14) in the phase space H undergoes impulsive perturbation of the form:

y(ri +0) —y(m) € g(y(m)) + Vs, i €Z, (16)

where g : H — H is the given function and ¥; C H are the given sets.
Then V7 € [, Tit1), Yyr € H, the Cauchy problem for (14), (16) is
globally solvable in the sense that Vy, € H there exists the function y(-),
which is the solution of (14) on (7, 7541), (Ti+1, Ti+2),-- -, Yy(7) = y-, and at
the time moments {7;, 7,11, ... }, the function y(-) satisfies the relation (16)
and is left-continuous.
Let us define some properties of the solution for the problem (14), (16).
Towards this end, we consider an auxiliary problem
dy
dt + Ay = f(t), (17)
y(1) = yr.

It is known [3], [26] that the problem (17) under the conditions (9), (10) for
any y, € H, T > 7, f € L?>(r,T; H) has a unique solution in the Hilbert
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space

W) = {yl ye L*T:V), E S e ATV}l

which is denoted by y = I(f,y,). Moreover, the function t — ||y(t)| is
absolutely continuous on [r,T] and a.e. on (7,T) the equality

5 IO + (Ay(e),u(0)) = (F(0), (0) (18)
is valid.

Lemma 1. We have a sequence of problems (17) with right-hand parts
fn € L*(1,T; H) and initial datas y* € H. Let f, = f in L*(r,T;H),
yr = yr in H. Then yp, = I(fn,y7) —y = I(f,yr) in C([0,T]; H) V6 €
(r, 7). If y?» — y, in H, then y, — y in C([r,T]; H).

Proof. From (18), we have an estimation for 7 < s <t < T,
t

llym (£)1I7 +2A1/Hyn(p)ll2vdp < lyn(s)|? +2/(fn(p)7yn(p))dp- (19)

S

From (19), due to the boundedness of {f,} in L?(7,T; H), the boundedness
of {y?} in H and (7), we have that IM >0Vn > 1,

dyn
wpmnn+/mn|ww+/u

te[r,T)

< M. (20)

Hence there exists y € W (7, T) such that y,, — y in W(7,T). Then under
the compactness of the embedding W (7, T) C L?(r,T; H), we obtain y,, — y
in L?(7,T; H), and it means that y, (t) — y(t) in H for almost all t € (7,T),
and, besides, y, (t,) — y(to) in H Yt, — to € [1,T]. Hence, in particular,

y=1I(fy-)
Let us now consider the functions
Jn(t):IIyn(t)||2—2/(fn(p)7yn(p)) dp, J(t)= \Iy(t)|\2—2/(f(p),y(p)) dp.

These functions under (19) are monotonous non-increasing, continuous,
and J,,(t) — J(t) a.e. on (7,T). Then J,(t) — J(t)in C([6,T]) V6 € (r,T).
Let

nax, [yn () =y = llyn(tn) — y(tn)ll

and on some subsequence t,, — tg.
Thus, under (20),

/ﬁh@%@M@SM/MNM@H&nH+w
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Then

tn to

/(fn(p),yn(p))dp — /(f(p)vy(p))dp-

T T

Hence, under the weak convergence of y, (t,) to y(to), we have a system

of inequalities
to
T(t0) < ot =2 [ (F0).(p)) d <

T

to

sﬁﬂ%mm%a/U@w@»msﬁmmmzﬂm.

T

It follows that there exists lir_irrl lyn ()|l = lly(to)|| such that y,(t,) —

y(to) in H. Hence, on some subsequence, y,, — y in C([,T]; H). Since (17)

has a unique solution, the convergence goes along the whole sequence.

If y? — y,, then J,(7) — J(7), hence J, — J in C([r,T]) and, similarly
to the previous arguments, we obtain y, — y in C([1,T]; H). The lemma

is proved.

O

The following lemma provides us with the sufficient conditions of dissi-

pativity for the impulsive problem (14), (16).
Lemma 2. Let the conditions
sup [|W; |+ < oo,
i€z
D >0 Vue H |g(u)| <D+ ul]),
t+1
A3 s=sup [ aGs)|P ds < oc.
ter
21 1

— 420+ - In(1+(D+1)H) <0
o ¥

be fulfilled. Then
IR >0 such that Yr >0 Yy € H, |lyoll <,
and for any solution y(-) of the problem (14), (16) on (0,+00)
with y(0) = yo, 3T =T(r) such that Yt >T, |y@)| < R.
Proof. From the inequality
21

— lyOI* < 2CNy@1 +2C Ny @) + 2[R@)] y(@)]

d 2
t)|° +

and under the condition (24), for a.a. ¢ we have the estimation

% ly@I* + dlly®)11* < Cr (@) + 1),

(25)
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where the constants § = % —2C > 0, C; > 0 depend only on the constants
of the problem (14), (16). Moreover, taking (16) into account, we have

lly(7i +0)||* — ||y(ﬂ-)||2’ < (D +1?|ly(m)|? + Ca,
where the constant Co > 0 depends only on the constants of the problem
(14), (16). It turns out that the function ¢ ~— [jy(t)||? is the solution of the
impulsive problem

d

@1 +aly®17 < Cr([Ir®I* + 1),

ly(7i + 0)I* — [ly(7)|I* < (D + 1)2ly(m) 1> + Co,

and the solutions of this problem at every moment cannot exceed the solu-
tions of the problem

& (1) + da(t) = G ()P +1),
(1 +0) — z(r) = (D + 1)%22(7;) + Os.

(28)

For every zy € R, the solution z(-) of the problem (28) with 2:(0) = ¢ is
defined by the formula [24]

2(t) = e (14 (D+ 1)) 2o+

t
+ /01(||h(p)||2 + 1)6_5(t_p) (1 + (D + 1)2)i(t7p) dp+
0

+ Oy Z e_é(t_Ti)(l—i_(D—‘r1)2)i(t77—i),

0<r; <t

where i(t, s) is a number of points 7; on [s,t).
By the condition (24), 3 > 0 such that

1
—5+;1n(1+(D+1)2)S*u<0,

and Vt > 0, we have the inequality

t
/ Ih(s)|Pe =) ds <

IN

0
t t—1 t—2
< / I(s)|? ds + e / I(s)]? ds + e 2 / I(s)|? ds + -
t—1 t—2 =3

<RI = e,
then for o = ||y(0)||?, it is easy to get an estimation for all ¢+ > 0
Iy < x(t) < e [ly(0)]|* + M,

from which follows the condition (25). The lemma is proved. O
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THE CONSTRUCTION OF THE SEMIGROUP OF TRANSLATIONS FOR
IMPULSIVE SYSTEMS WITH NONDAMPED PERTURBATIONS

Let us begin with the presentation of the concept of translation-compact
functions [5]. Let (M, pm) be a complete metric space. We consider the
space C(R; M) of continuous functions from R to M with topology of uniform
convergence on the compacts, i.e.,

op, — o in C(R;M) <—

< V[t1,t2] CR, max py(o,(t),o(t)) — 0, n— occ.
tefty,ta]
The defined topology can be described by using the metric, and with this
metric C(R; M) will be the complete metric space.
For the fixed o(-) € C(R; M), define the set

H(O’) = Clc(R;M){J(t-f— )| t e ]R}

Definition 4. The function o(-) € C(R;M) is called a translation-
compact function (tr.-c.) in C(R; M) if H (o) is compact in C(R; M).

The concept of the translation-compactness, as the form of generalization
of almost periodicity, was presented in [5]. In this paper, an example of
translation-compact but not almost periodic function is given.

Lemma 3 ([5]). If 0 € C(R;M) is tr.-c. function in C(R; M), then
1) any 01(-) € H(o) is also tr.-c. in C(R;M), H(oy) C H(o);
2) 3R >0Voi(:) € H(o) sup pm(o1(s),0) < R;

seR

3) the translation group {T(t)}ier, T(t)o(s) = o(t+s), for any t € R is
continuous in the topology C(R;M), and T(t)H (o) = H (o).

Let us consider the space L2 (R; H), that is, the space L2 (R; H) with

loc loc
a local weak convergence topology, i.e.,

on — o in L2Y(R;H) <= V[t1,ta) CR Yy € L*(t,t2; H),

loc
to

/(an(t) o) n() dt — 0, 1 — oo,

t1

In the same way as above, for the function o € Li’)z’(R; H) we consider
the set

H(o) := clle;«cu(R;H){U(t +s)| t € R}.

Definition 5. The function o(-) € L2 (R; H) is to be called translation-

loc

compact (tr.-c.) in L™ (R; H), if H(o) is compact in L>" (R; H).

loc loc

Lemma 4 ([5]). The function o € L;;"(R; H) is tr.-c. in L;," (R; H) <
ol < oo,
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Lemma 5 ([5]). If o € LY (R; H) is tr.-c. in LY (R; H), then

1) any o1(-) € H(0) is also tr.-c. in L}, (R; H), H(o1) C H(0);

2) Vou() € Ho) [lon]|3 < [l

3) the translation group {T(t)}ier, T(t)o(s) = o(t+s), for anyt € R is
continuous in the topology L™ (R; H), and T(t)H (o) = H (o).

loc
We proceed to the construction of translation-compact distribution as
the generalization of almost periodic distribution [24].
Consider the separable Banach space
D = {go € (CI(R)| D'y is absolutely continuous on R,
Dipe L'(R), j=0,1,2}

with the norm

+oo
o j
ol = e { [ 1 vt ar}.
— 00

Let (X, ]|-||) be the Banach space. We consider a subset of the space L(D, X)
of all linear continuous operators from D into X for fixed K > 0:

Wi = {h € L(D,X)| |[hllrp.x) < K}.

Lemma 6. There exists the function pw, on Wi for which the following
conditions are fulfilled:

1) (Wk, pwy ) is the complete metric space;
2) pwy(An, A) = 0<= Vo e D A,p — Ap;
3) pwi (A1, A2) < L[|Ay — Azl L(p,x)-

Proof. Let {z;} be a dense set in D. There is

o | Az; — Bz
pwic (A, B) = ;ai 1+ [[Az; — Bui

&)

for a; > 0, > a; < 00, the metric is determined in Wx, and the condition
i=1

2) is fulfilled. Moreover, in this formula we always can choose numbers

o0
{a;} such that the inequality Y «;||z;|| < oo holds. Let us now prove that
i=1
(Wk, pwy ) is a complete metric space.
Indeed, if pw, (An, Am) — 0, then A, — A — 0 for any ¢ € D. We

put Ay :=lim A, ¢, then A is linear. Thus, ||Ag|| < K|p¢|p under ||A,¢|| <
Klo|p, so A € Wg. Since Y a;llz;|| < oo, it follows that pw, (4, B) <

=1
L|A = B||(p,x)- The lemma is proved. |
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Next, for any s € R, we consider the map T'(s) : Wx +— Wi such that
(T'(s)h)p(-) =hp(-—s) Vhe Wik, Yo e D.

It is easy to find that T'(s)Wx = Wk Vs € R and {T'(s)} is a continuous
group in Wrg.

Definition 6. The element h € Wi is called a translation-compact
distribution if the function T'(-)h : R +— Wy is translation-compact in
(C(R, WK)

Here, the set

Sk =cdw, {T(s)h| s € R} (29)
is called a minimal flow which is generated by h € Wi.

Lemma 7. If h € Wy is the translation-compact distribution, then X
is compact in Wi and T(s)Xx = Xk for any s € R. If for h € Wk, the
mapping T(-)h : R — W is uniformly continuous in R and X is compact
in Wi, then h is the translation-compact distribution.

Let the sequences {fi}icz C X, {ti}icz C R be given, and the following
conditions be fulfilled:

sup || fi|l £ K, {fi}icz is precompact in X,
i€z
‘ (30)
t; =ai+c¢; for a >0, suple| < oo, tiy1 —t; >~y >0.
i€Z

Then h € L(D, X) is determined by h = > fid:,, ho = > fip(t;) and

Il < | > it

The last inequality is a consequence of the following lemma.

7.+1 t
% i1 — b

Lemma 8. If ¢ € D, then the inequality

S ettt ) < / (le()] + I/ ®)1) de

R

holds.

Proof. The lemma can be considered as already proven if the inequality

tht1

POt 1) < [ (0(s)] +1/(5)) ds

tr

holds for k € Z, where t € [tg, tgt1]-
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Summing the following inequalities

t

/ & (5)(5 — t) ds = (£)(t — ty) — / o(s) ds,

123
tht1 th+1
& (5)(5 — trpn) ds = —(E)(t — t) + (brpr — t)p(t) — / o(s) ds,
t t
we get
L1 t tht1
POt = [ o(s)dst [ s)s-t)dst [ @(s)(s—tu = 1ds,
tr L t
So,
o) (tht1 — tr) <
trei1 t trta
< / |so<s>|ds+<t—tk>/|so'<s>|ds+<tk+14) / 1/ (s)] ds <
tr [ t
tht1 tht1 (PS5
< / o(s)]ds + (t — t) / 1/ (8)] ds + (b5 + 1~ 1) / ' (s)] ds <
tr tr ty
tht1
< [ (el + I ds
ti
The lemma is proved. g

Denote W = Wak, ¥ = Yax. Under the conditions that {f;}icz is
vy v
precompact, and {¢; };cz is bounded, we can use the following property: for

any sequence of integers {m,, } there exist sequences {my} and {f;};cz C X,
{¢}icz C R such that for all i € Z,

||fi+mk - ﬁ” - Oa |Ci+mk - évl| - Oa k — oo. (31)

As is known [24], the uniform with respect to ¢ € Z convergence in (31)
characterizes almost periodic sequences.

Theorem 2. Let the conditions (30) be fulfilled. Then h = Y fid:, is

1
the translation-compact distribution, and for any g € X, the representation
g = > ;0 holds, and also the sequences {l;} C X, {mi} C R satisfy the

7
condition (30). Moreover, if g" = Y 1['6;n — g = > li6;, in X, then
i ' i

F—=04LmnX, 7' =1 mRVicZ.

(3



104 Muykola Perestyuk and Oleksiy Kapustyan

Proof. At our first step, we prove that the mapping h = > f;d;, is the
i

translation-compact distribution, if and only if the function F(t)=>" fio(t—
i
t;) is translation-compact in C(R; X) for any ¢ € D.

[(@(@h)e = @] < || S ol = 5) = Frplts — )| <

c
< Sl =l o[l — tn)|

for t > s, where tf € [t; — t,t; — s]. Here, without loss of generality, we
assume that ¢ — s < . Then for an arbitrary number i, t — s < t; — t;_1
and tf € [t; —t,t; — s] C [ti—1 — s,t; — $|. Relying on the proof of Lemma
8, we have

ti—s

NGt < [ (POl ) dr

ti—1—s

Thus,
(T (s)h)e — (T(B)h)g|| < % 1t — s/ ol

S0,

IT(s)h = T®)hLp.x) < = |t = s,

2C
[F(s) = F()ll < ~ |t = sllelp,

and also, the functions F'(-), T'(-)h are uniformly continuous in R. If & is the
translation-compact distribution, then {T'(s)h| s € R} is precompact in W.
Thus, on the basis of Lemma 7, we find that {F(s)| s € R} is precompact
in X for any ¢ € D, and also, the mapping F' is translation-compact in
C(R; X).

Inversely, let F' be the translation-compact in C(R;X). We choose

+oo
{¢j}j>1 C D, supp ¢; C [—%, %], ©; >0, [ ¢;(t)dt =1, and consider the
mapping F; which is defined as follows:

“+oo
Fip = / S figs(t — t)e(t)dt Ve D.
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Then
+oo
el =|| [ o0 fiote+ v <
e i
<C [ o)X lele+t)lde < CY (6] + 1),
where 9{ € [—%, %] Here, without loss of generality, we assume that % <.

Hence, we have

. C .
[Ejell < Czi: |90(91j‘ +t¢)| < 2 zz: lo(0] +t:)|(tig1 — tim1) <

tit1
c 2C
<o 3 [ (e@I+1eeN) ds < 25 el
v v

by virtue of Lemma 8, i.e. F; € W. Let us show that F} is the translation-
compact distribution. We start with

I Eye - (@) Eye] =

<

- H 702 fupj(t—t:) (p(t —t') —p(t —¢")) dt

—+oo
<C / 0i (1) |t +ti —t') —p(t+t; —t")| dt <
oo i
<O eltr; —t) — ot —t")],

where ¢} ; € [t; — %,ti + %} Then

)

(T () Fy)e — (TE"Fy)e|| < CIE =" &' (67))
holds for ¢ < t/, where
: 1 1
0] et;; —t',t;;, —t"] C {ti -5 't + ; ft”} C

1 1
C [ti T t'ti + i '+t - tlﬂ Cltioa =t tipa — 1],
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Hence, if % <7/2, [t' = t"| < /2, we have the estimation

(T Fy)e — (T )| <

C ; 2C
=< 2 [t = "3 @' (O))|(tier — i) < o [t =" |elp

to be fulfilled. Thus, we have proved that T'(-)F} is uniformly continuous.
It remains to prove that {T'(s)F;| s € R} is a precompact set in W. Let
sp, — 00 be an arbitrary sequence. Since the function Fj(t) =Y fip,(t—t;)

K2
is translation-compact in C(R; X), there exists the subsequence (denoted as
{sn}), and when R > 0, the statement

sup HFj(t —sn) — Fj(t— sm)H —0, n,m— 0
[tI<R

holds. Note that on the basis of diagonal method we can use the general

subsequence s, for all ¢; Since for all ¢ € D, € > 0 there exists R > 0, and

also [ |p(t)|dt < e, hence
[t|>R

/ S it + 50— ) w(t)\dﬂs%m / e(t)] dt < C(j)e.

[t>r " [t|>R

Then

(T (sn)Fy)p = (T(sm) Fy)p|| =

— H /OO Ei:fz—@j(t —ti)p(t — sn) dt — ]0 Ei:fi@j(t —t)p(t — Sm) dtH —
N H 7 (E;f“”j(”sn —t) —Ei:fi%-(tﬂm —ti))sa(t)dtH <

< H /RZfi(gaj(t +8n — i) — @it + sm — t;))p(t) dtH +20(j)e.
R

That’s why for alle > 0, j > 1, ¢ € D there exists N = N(e, j, ¢) such that
Vm,n>N

(T (s0)Fy) = (T(sm) Ej)l| < e
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Hence, the set {T'(s)F;| s € R} is precompact in W. Relying on Lemma 8,
for all p € D

[ D fipi(t—t)p(t)dt = fip(ts)
/3 i

B H /ooz:fi%(t—ti)(w(t) - so(ti)dtH <

ti"!‘%

1 2C' 1

<C /f, max "0)]p;(t —t;)dt < — = :

< %: 7 oc %y [ Oleslt =t dt < =5 S el
ti—%

ie. |F; = hllopx) < % % Then for all ¢ € D and € > 0, there exist

jle, ) and N(j,¢€,¢) such that for any n,m > N,

[(T(sn)h)p = (T(sm)h)g|| <
< HT(sn)h - T(SW)FJ|‘L(D;X)|90‘D+
+ HT(Sm)h - T(Sm)Fj HL(D;X)|90|D + H(T(Sn)FJ)@ - (T(Sm)Fj)WH <
< el + [T B e = (Tom)Eel <.

Hence, the set X is compact in W. Thus the desired equivalence is proved.

Let us now prove the first statement. We show that the set {F(s)| s € R}
is precompact in X for all ¢ € D. Let s, — oo be an arbitrary sequence.
Then there exists the sequence {m,} C Z, such that |s,, — am,| < a, and
on some subsequence s, — am, — b, n — co. On the basis of {m,}, we
choose {my} C {mn}, fi, & from (31). Let &; = ai — b+ ¢. By (31),
sup HﬁH < C, sup|¢; — b] < co. Moreover, if t;y1 —t; = a+ciy1 — ¢ > 7,

1 K3

%VZ-H —t; = a+¢41—¢;, then from (31) it follows that E—H —t; > ~. Thus the
sequences {f;} C X and {¢; —b} C R satisfy the conditions (30). Therefore,
for any ¢ € Z, from the convergence s — tiym, — —t;, kK — 00, we have

| 3= fotsi =t = 3 o)

< H Z (firmpe(sk = tigm,) — J?Z‘P(_?z)) H+

li|<N

+ CH Z (‘(p(—ai + s, —amy, — Ci+mk)’ + ‘(p(—ai +b— Ei)‘) H
li|>N

Then Ve > 0 there exist N > 1, K(e, N), such that Vk > K(e,N)
[IESEDIEE

<

<E.
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Thus, A is the translation-compact distribution.
Consider now an arbitrary element g € . Then there exists the sequence
{sn}, such that T(s,)h — g in W, i.e.

H (5n) @—9<PH—>0, n—oo, Ve D.

Similarly to the above-mentioned, for all ¢ € D we have
hp =Y fiplti —su) — > fp(t:)

Then (31) yields h= > ﬁd;i € W. Hence, g = h. We have proved the first

part of the lemma.
Let now g" = > I}'0,n — g = »_1;0, in 3. From the previous consider-

ations we have ||ZZ”ZH <C,{l!}iez CZK for any n > 1, where K = clx{fi}icz
is compact in X, and 7" = ai + ¢, {c!'};ez is uniformly bounded as n > 1.
Then there exists {E}iez C K, {¢}icz C R such that [[* — I; in X,
c* = InRVYieZ Weput T, =ai+¢;, g = ZlNi(Sﬁ. Then Vo € D

1

lome = el = | 32 (etri™) ~Tigt) | <

< Z [ o(r) = LpE)|| +C Y (o)l + (7).

[s|>N

Since {c? }Zez is uniformly bounded as n > 1, the estimation Vi > 1

C > (le(r™)] +le(7)]) < £ holds for all € > 0, where N > 1. Then for
|i|>N

all € > 0, there exist k() > 1 such that ||g"*¢ — gp|| < e Vk > k(e), i.e
g™ — g in %. Hence, g = g, and the theorem is proved. |

THE EXISTENCE OF A GLOBAL ATTRACTOR FOR A NONAUTONOMOUS
IMPULSIVE-PERTURBED EVOLUTIONAL INCLUSION

Let Vi e Z
\I] - fl?.gl {Afz )‘)gz| A€ [07 1]}7 (32)
and the sequences {;}, {fi}, {g:} satlsfy the conditions (30), i.e
{fitiez C H, suplfill <K, {fiticz is precompact in H,
i€l

{9i}iez C H, sup lgill < K, {gi}icz is precompact in H, (33)
i€

{ritiez CR, 7y =ai+¢;, a>0, sup|e| <oo, 741 —7>7>0.
iz
Let us construct a non-autonomous multivalued dynamical system for
(14), (16).
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On the basis of Lemmas 4 and 5, the set
2= e b+ ) | t€R)

is compact in LZQOZJ (R H), with the action of continuous group of shifts on

it {T'(s): X! — X'} cr, and Vs € R TY(s)S! = L.
By virtue of Theorem 2, both of the mappings h = Y fid,, and p =

K2
> gi0;, are translation-compact distributions. Moreover, if the linear con-
i

tinuous mapping is defined by (h,p) : D — H?, (h,p)(¢) := (hy,pyp), then
it is easy to find that the set

¥? = cly2{T(s)(h,p) | s E€R}

satisfies the following conditions: %2 is compact in W2, T ( )22 =%%2Vse
R, and for all 62 € ¥2, we have o2 = (h, p), where h = Efl 7, D= Zgl %

and {fi}, {5:}, {7 = ai + &} fulfill (33).
Consider the impulsive problem

du
d—+AueF()+l(t), t>T, (34)

u(T) = ur,
u(Fi +0) — u(®) € gu(®) + Vi = g(u(®) + [fi, g1, i€Z,  (35)

for all 0 = (6!,02) € ¥ := B! x %2, where 0! = [, 02 = (h, ).

The impulsive problem (34), (35) is globally Solvable in the sense of solv-
ability of the problem (14),(16). Then for all o = (¢%,0%) € &, 7 € R,
u,; € H, one can correctly construct the multivalued mapping

Uy, Ry x H— P(H),
Uy (t, 7 ur) = {u(t) ) is the solution of (34), (35), u(r) =u,}. (36)

Theorem 3. Let for the problem (14), (16) the conditions (9)—(13), (21)—
(24), (32), (33) be fulfilled. Then the formula (36) defines the family of MP
{Us}oes, for which there exists the compact global attractor in the phase
space H.

Proof. Let us prove that (36) defines the family of processes and U, (t +
h,7+h,z) = Upe(t, 7,2) holds for all (t,7) € Rg, h € Ry, 2z € H. Let { €
Uy (t, 7, x). Then & = u(t), u(-) is the solution of (34), (35), u(r) = x. Thus,
Vs e (1,t) u(s) € Us(s,7,z). Let w(p) = u(p), if p > s. Then w(-) is the
solution of (34), (35), w(s) = u(s), i.e.,, & = u(t) = w(t) € Uy(t,s,u(s)) C
Uy(t,8,Uy(s,7,2)). Let & € Uy(t + 8,7 + s,2). Then & = u(t + s), u(-) is
the solution of (34), (35), u(t +s) =x. We put v(p) =u(p+s),p>7. If
T+s € (Ti—1, 7], then u(-) is the solution of (34) on (7+s,7;), (Tis Ti+1), - - -
such that

u(T; +0) —u(7;) € g(u(Ty)) + ¥y, j =14,
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holds. Thus, v(+) is the solution of (34) on (7,75 — $), (Ti — S, Tit1 — S),-- -,
such that

(T —s+0) —v(F —s) € g —9) + Ty, j =1,

and v(7) = u(7 + s) = z hold. Hence, § = u(t + s) = v(t) € Up(s)o(t, T, 7).
Let £ € Up(s)o(t,7,2). Then § = u(t), u(-) is the solution of (34), (35) with
parameter T'(s)o, u(t) = x. We put v(p) :=u(p — s), p > 7+ s. Then v(-)
is the solution of (34), (35) with parameter o, v(7 + s) = u(7) = x. Thus,
E=ult)=v(t+s) €eUs(t+s,7+s,2).

Let us check the conditions of Theorem 1, using both the equality proven
above and the equality T'(s)X = . Since {f;}, {¢:}, {T: = ai + ¢;} satisly
(33), and basing on Lemma 5 [|I||3 < ||2|%, from Lemma 2 we can get

ARy>0 Vr>0 3T=T(r) Vt>T(r) Us(t,0,B,)CBr,  (37)

and thus we obtain the uniform dissipativity condition 1) from Theorem 1.
Let us show that condition 2) from Theorem 1 holds, that is, the sequence
&n € Us(ty, 0, B,) is precompact for any ¢, — oo and r > 0. Since

gn S Uan (tna Oa Br) C Uan (tna tn - %va Ua'n (tn - i 07 Br) C UT(tn)an (t~7 Oa BRO)7

it remains only to prove that &, € U(U%J%)(?’ 0,u%) is precompact in H,
when t € (0,7), u® — wug weakly in H, o} =1, — o' =1in X!, 02 =
(hnvﬁn) — 0% = (haf;) in 22, h" = Zfzn(sﬁnv ﬁn = 25?5?;1, 7,:17:-1 - :FZ'L 2
i i
v >0, 7" = ai +¢'. By Theorem 2, h = > fid7, b = >_ gi0%,, where
i i

Fi=ai+¢and f* — f;, g8 — g in H, 7" — 7 in R Vi € Z. Thus,

&n = uy(t), where u,(+) is the solution of the problem

duy,
% + Aup € F(up) + ln(t), t>0,

un(0) = u2,

Un (T +0) = (7)€ g(un (7)) + U7 = g (un (7)) + 7. 57, i€Z.  (39)

There exists no more than one moment of impulsive perturbations 7.

;' on

[0,%) for any n > 1, and the number i depends on n, i.e., i = i(n).

If for infinitely many numbers n > 1 there are no moments of impulsive
perturbations on [0, 1), then {&, = u,,(f)} is precompact by virtue of Lemma
1, estimate (13) and the dissipativity condition (37).

Let i(n) € Z to be exist for any n > 1, such that 7, ) € [0,7). As Titn) =
ai(n) + ¢j,,y and {c'} is uniformly bounded on n > 1, then there exists
ip € N, such that i(n) € [—ig,i9] NZ ¥Yn > 1. Then i(n) =i € [—ig,io] N Z,
for infinitely many n > 1, and for some subsequence {u,(-)} we have the
following impulsive problem:

un (7 +0) = un(77") € glun(T)) + UF = g(un (7)) + [F7. 371,
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for fixed ¢ € Z. Since for any y,, € \T/? Yn = )\nff + (1 —An)gl, A €[0,1],
therefore on the subsequence y, — y € Af; + (1 — NG € ¥; = [fi,3:]. Let
us consider all possible situations.

If 7 € (0,t) and 7* — 7; € (0,1), then by Lemma 1 u,(7") — u(7;),
where u(-) is the solution of (14), u(0) = ug. Since

gn = ( ) € Uan (tv T W (,an)) C UT(?Z‘)Frn (Z_ anvovun(?in))a (40)

therefore &, = v, (t — 7*), where v,,(-) is the solution of the following prob-
lem:
d&—&-z‘lvn € F(vy) + L,(t +7"),
dt ! (41)
vnl g = n(0) € un (1) + glun (7)) + T,

Denote 1, (t,2) = L,(t + 7ox) = THTM)l, (¢, x). Since l, € X! is compact
in L>"(R; H) and T*(p)£! = X, Vp € R, the subsequence [, — [ in 1.
Then v,,(0) — vy weakly in H, hence, &, = v,,(t — 7*) — v(t — 7;) and {&,}
is precompact in H, by Lemma 1.

If 77 € (0,1), 7 \, 0 (or 7* = 0 for infinitely many n > 1), then
Un (T1") — up weakly in H, by Lemma 1. In a similar way,

60 = D) € Urp, (= 70,137,

e 60 = tnF =71, 00) € g (un (7 + 0 () + 7).

Due to the weak convergence of un (T) to wg, it is easy to find that
the sequence {v,(0)} is bounded in H. Thus the sequence v,(0) — wvg
converges weakly in H. Then &, = v,(t — 7") — v(t), by lemma 1, hence
{&,} is precompact in H.

If 77 € (0,1), 7 /' t, then

En = ’Un(/fj— %:zn) S UT(ﬁ”)thn (g_ 7-in7 07 un(;zn))’

where u, (77*) — u(t) € Uq, gco)(t 0,up), vn(0) € g(un (7)) + un(77) + \I'”
v, (0) — vy weakly in H. Since t — 7' /0, and by Lemma 1 &, = v (t —
T") — vo and {&,} is precompact in H. Thus the theorem is proved. (]

Remark. In many dissipative nonautonomous problems it is expected
that for a global attractor Oy C Us(t, 7, Oyx). But a trivial example of peri-
odic one-dimensional problem shows that in impulsive problems, in general,
this is not true.
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1. INTRODUCTION

The boundary value problem (BVP, for short), singular boundary value
problem, and fractional order boundary value problem arise in a variety of
differential applied mathematics and physics and hence, they have received
much attention (see [1,2,6-12] and references therein). For example, in [1],
Qiu and Bai considered the existence of positive solutions to BVP in the
nonlinear fractional differential equation

{CD&MO+f@u@):Q 0<t<l,
u(0) = /(1) = u”(0) =0,

where 2 < o < 3, and f : (0,1] %[0, +00) — [0, +00) with tli%1+ f(t,u) = +o0

is continuous, that is, f(¢,u) may be singular at ¢ = 0. They obtained the
existence of at least one positive solution by using Krasnoselskii’s fixed point
theorem and nonlinear alternative of Leray—Schauder type in a cone.

In [14], Kaufmann obtained the existence and nonexistence of positive
solutions to the nonlinear fractional boundary value problem

Dgiu(t) + f(t,u(t) =0,  te€(0,7),
Iu(0t) =0, IPu(t) =0,

where 7 € (0,7, 1 —a <y<2—-a,2—a < 3<0, D§, is the Riemann-
Liouville differential operator of order «, f € C([0,T] x R) is nonnegative.

In this paper, we consider the following singular fractional boundary
value problem of the form

“Dult) + Af(t,ult)) =0,
ud(0)=0, 0<j<n—1, j#2, (1.1)
u’(1) =0,

where n — 1 < a <n,n >4, CDS"+ are the Caputo’s fractional derivatives
and f : (0,1) x (0,+00) — [0,400) is continuous, that is, f(¢,«) may be
singular at t = 0,1 and uw = 0. When constructing a special cone and using
approximation method and fixed point index theory, we have obtain the
existence of multiple positive solutions and nonexistence for BVP (1.1).

The main features of the paper are as follows. Firstly, the degree of
singularity in [1] is lower than that of the present paper (for details, please
see our examples). Here, f(¢,u) may be singular not only at ¢ = 0,1,
but also at u = 0. Secondly, the results we obtained are the existence of
multiple positive solutions and nonexistence of positive solutions, while [1]
just obtained the existence of at least one positive solution. Finally, BVP
(1.1) is more general and extensive than that in [1].

The paper is organized as follows. Section 2 contains some definitions and
lemmas. Moreover, the Green’s function and its properties are derived. In
Section 3, by constructing a special cone and using approximation method
and fixed point index theory, the existence of multiple positive solutions and

0<t<1,
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nonexistence result are established. Finally, in Section 4, two examples are
worked out to demonstrate our main results.

2. PRELIMINARIES

For convenience of the reader, we present some necessary definitions from
fractional calculus theory (see [3,5]).

Definition 2.1. The fractional (arbitrary) order integral of the function
h € L*([a,b]) of order a € Ry is defined by

t

[oh(t) = / =" 9 as,

where I' is the gamma function. When a = 0, we write I%h(t) = [h* po](t),
where @ (t) = % for t > 0, and ¢4 (t) = 0 for t <0, and @, — 0(t) as
a — 0, where § is the delta function.

Definition 2.2. For a function h given on the interval [a,b], the ath
Caputo fractional-order derivative of h, is defined by

t
1

(CD3+h)(t) = T —a) /(t — s)rmam 1) (5) ds,

a

Here, n is the smallest integer greater than or equal to a.
Lemma 2.3. Let a > 0. Then the differential equation

has solutions u(t) = co + cit + cot? + -+ + cp_1t"" ! for some ¢; € R,
1=0,1,2,...,n — 1, where n is the smallest integer greater than or equal
to .

Lemma 2.4. Assume that u € C(0,1) N L'[0,1] with a derivative of
order n that belongs to C(0,1) N L[0,1]. Then

Ig‘+cD3+u(t) =u(t) +co+ et + et + - Fcpit" !

forsomec; e R, i =0,1,2,...,n—1, where n is the smallest integer greater
than or equal to .

Lemma 2.5. The relation
I8 o=1I5Pe
is valid in the following case:
ReB >0, Re(a+3)>0, p¢cL'a,b].

In the rest of this paper, we suppose « € (n — 1,n], n > 4.
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Lemma 2.6. Given g € C[0, 1], the unique solution of

CDu(t) +g(t) =0, 0<t <1,

uD(0)=0, 0<j<n-—1, j#2, (2.1)
u’(1)=0
18 1
= /G(t,s)g(s) ds, (2.2)
0
where
@@= gy gas (p_get, s<t
1 2 o=
G(t,s) = = (2.3)
F(a) (01_1)2&752(1 _ 8)04—37 t<s.

Proof. Let u € C[0,1] be a solution of (2.1). By Lemma 2.3,
t

u(t) =co+cit + CQtQ 44 Cnfltn_l _ /
0

From u)(0) = 0,0 <j <n—1,j #2,u”(1) =0, we have co = ¢; = c3 =
- =¢p—1 =0 and

Then
[ (=)
u(t) = cot” — (s)ds =
2 0/ (@) g
— ﬁ (/ ((O‘_ 1)2(0‘_2) £2(1 — 5)*73 — (t — 5)° 1) (s) ds+
0

- /1G<t,s)g(s) ds.

The proof is completed. O
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Lemma 2.6 indicates that the solution of the BVP (1.1) coincides with
the fixed point of the operator T' defined as

Tu(t) = / Gt 5)f (s, u(s)) ds, Yu e C[0,1]. (2.4)
0

Lemma 2.7. The function G(t, s) defined by (2.3) has the following pro-
perties:

(i) G(t,s) >0, Yt,s€[0,1]. (2.5)
— s a—3
(i) G(ts) < H(s) < (2}((1)_2) (2.6)
where

) (o= 1)2(a ) s2(1—5)3 — (1 —5)*"!, s<t,

H(s) = — (2.7)
I'(a) (a — 1)2(a —2) (1 )03, [<s,

(iii) G(t,s) > t*G(r,s), Vt,s,7€0,1]. (2.8)

Proof. First, since a € (n — 1,n] and n > 4, it is easy to see
-1 -2
(0-1@-2) |
2
Furthermore, for s,t € [0, 1],

-1 -2
(Oé )2(a ) t2(1 o S)a—B > t2(1 _ S)a—?) >
>(t—s)(t—s)*3=(t—s)>"
Obviously, we can get (2.5).

Next, for the given s € (0,1), we can find that G(t,s) is increasing with
respect to t. For t < s,

1 (a=1)(a—2)

G(t, S) = F(a) 5 t2(1 _ S)a73 <
< F(1(1) (v — 1)2(a -2) $2(1 - )73
and for t > s,
Gt s) = F(la) - 1)2(a 2 A e S)a_l)a
Gi(t:9) = s (= Dla =201 =97 — (@ = - 5)° ) =
1
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Hence, we have

G(t,s) <G(1,s) = - ((a “ ) (1—5)*3—(1- s)a_l) —

T'(«@) 2
1—5)"° ((a—=1)(a—2)
= () (3 - (1-9?),
By the definition of H(s), we know
—_s a—3
H(s) < gy (0= Dla=2)(1 - 5 = G,

which means that (2.6) holds.
Finally, for t < s, we have

G(t, S) _1 W t2(]_ _ 8)a*3 t2

IN'a
H(s) F((la)) GDE 2 _ o3 - %
for t > s,
G(t,S) ﬁ (% tQ(l _ 8)04—3 _ (t _ S)a—l)
H(s) ﬁ (W(l — )3 — (1 —s)a-1)
_ 1 (o —1)(a—2) .2 (t—s)o !
= (a—l)Q(a—Q) —(1— ) ( 2 - S)a,g)-

Since s <t <1,s >tsand t—s < t—ts, we can get (t—5)*"3 < (1—5)273,
(t — )% < (t —ts)?. Thus,

(t—s)*t  (t—s)?(t—s)*? < (t—ts)%(1 —s)>3

= =1%(1 — 5)°.
(1—s)>—3 (1—s)>—3 - (1—s)>3 (1=s)
Therefore,
G(t,s) 1 ((O‘ “Da=2), 2 2
> 22— 2(1—s ) =42
H(s) % —(1—s)2 2 ( )
which implies that (iii) holds. The proof is completed. a

Lemma 2.8. Let P be a cone of the real Banach space E, 2 be a bounded
open set of E, 0 € Q, A: PNQ — P be completely continuous.

(i) If x # pAzx for x € PNIQ and p € [0,1], then i(A,PNQ, P) = 1.
(ii) If eilglrgaQHAxH > 0 and Az # px for x € PNOQ and p € (0,1],

then i(A, PN, P) =0.

Let J = [0,1]. The basic space used in this paper is E = C[J,R]. It is
well known that F is a Banach space with norm ||u| = max lu(t)| (Vu € E).
€

From Lemma 2.7, it is easy to see that

Q= {u € ClLR™] : u(t) > t2u(s), Vi, s € J} (2.9)
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is a cone of E. Moreover, by (2.9), we have for all u € Q,
u(t) > t?|ul|, VteJ (2.10)

A function u is said to be a solution of BVP (1.1) if u satisfies (1.1). In
addition, if u(t) > 0 for ¢t € (0,1), then u is said to be a positive solution
of BVP (1.1). Obviously, if u € @ \ {0} is a solution of BVP (1.1), then u
is a positive solution of BVP (1.1), where 6 denotes the zero element of the
Banach space E.

3. MAIN RESULTS

For convenience, we list the following assumptions.

(H1) f € C[(0,1) x (0,+00),RT] and for every pair of positive numbers
R and r with R > r > 0,

1
/l—sCY 3£, r(s)ds < 400,
0

where f, p(s) := max{f(s,u): u € [rs? R]} for all s € (0,1).

(H2) For every R > 0, there exists ¢g € C[J,RT] (¢ # 6) such that
f(t,u) > Yr(t) for t € (0,1) and u € (0, R).

(H3) There exists an interval [a,b] C (0,1) such that lirf fls,u)/u =
+0o uniformly with respect to s € [a, b].

We remark that (H2) allows f(¢,u) being singular at ¢ = 0,1, and « = 0.
Assumption (H3) shows that f is superlinear in u. The following theorem
is our main results of this paper.

Theorem 3.1. Assume (H1)-(H3) are satisfied. Then there exist pos-
itive numbers \* and N** with \* < X\** such that BVP (1.1) has at least
two positive solutions for A € (0, \*) and no solution for A > \**.

To overcome difficulties arising from singularity, we first consider the
approximate problem

D ut) + Afalt,u(t) =0, 0<t <1,

u(0)=0, 0<j<n-—1, j+#2, (3.1)
v’ (1) =0,
)

where f,(t,u) =: f(t,max{1,u}), n € N. Define an operator A} on @ by

(Au)(t) = A / G(t, 5) fu(s, u(s)) ds, (3.2)

where G(t, s) is defined by (2.3).
Obviously, u = A)u is the corresponding integral equation of (3.1).
Therefore, u € E is a solution of (3.1) if u € E is a fixed point of A).
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Furthermore, u is a positive solution of (3.1) if u € @ \ {6} is a fixed point
of A).

By (3.2), it is easy to see that A is well defined on @ for each n € N if
the condition (H1) holds. For the sake of proving our main results we first
prove some lemmas.

Lemma 3.2. Under the condition (H1), A} : Q — Q is completely
continuous.

Proof. First, we show that AXQ C Q for each n € N and A > 0. From
Lemma 2.7, it follows that

(Adu)(t) = )\/G(t, s)fn(s,u(s))ds >
0

> tZA/G(T,s)fn(&u(s)) ds = t*(Adu)(1), Vt, 7€ J, uecQqQ.

Therefore, ANQ C Q for each n € N and A > 0.
Next, by standard methods and Ascoli-Arzela theorem one can prove
that A2 : @ — Q is completely continuous. So it is omitted. (]

Lemma 3.3. Suppose the conditions (H1) and (H2) hold. Then for each
r > 0 there exists a positive number A(r) such that
i(45,Qr, Q) =1
for X € (0, A\(r)) and n sufficiently large, where Q, = {u € Q : ||u| < r}.
Proof. For each r > 0 and n > l let
1
. oz 3
A(r) = {2]?04—2 Ja-9 25 ds
0

We assert | A)u|| < ||u|| for each A € (0, \(r)) and u € 9Q,. In fact, using
(2.10) and

-1

1

G(t, s)fm(

1—5)"3 for t,s € J,

one can obtain
1

%) <2 [ gy (1= 9" s, u(s)) ds =

0

- a—2/
0

1
= |lu|]| for XA € (0,A(r)) and u € 0Q),.
Therefore, by Lemma 2.8, we have i(A},Q,,Q) = 1 for A € (0, \(r)). O

)4 3f”( Yds <r =
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Lemma 3.4. Suppose the conditions (H1) and (H2) hold. Then for any
given A € (0, A(r)) there exists ' € (0,7) such that
Z(A27 QT’7 Q) =0
for n sufficiently large, where r and A(r) are the same as in Lemma 3.3.

Proof. Choose a positive number 7’ with

1
/ .
r’ < min {r,)\r{lea}(/G(t, $)r(s) ds},
0

where 1,.(s) is defined as in (H2). Now, we claim that
Adu# pu, Yu € 0Q,, pe (0,1], (3.3)

for n > 1/r'. Suppose, on the contrary, that there exist uy € 9Q,» and
o € (0,1] such that A)ug = poug, namely,

wo(t) > (A ug)(t) = A / Gt 5)f(s,u0(s)) ds, Wt € J.
0

Notice that |ug(s)| < v < r and n > L imply fu(s,uo(s)) > ¥.(s) for
s € (0,1). Therefore,

up(t) > (Aug)(t) > A / G(t, 5)s(s) ds,
0

that is,
1
">
r > ATea}/G(t,s)wr(s) ds,
0
which is in contradiction with the selection of r’. This means that (3.3)
holds. Thus, by Lemma 2.8, we have i(A), Q,.,Q) = 0 for n > % . O

Lemma 3.5. Suppose the condition (H3) holds. Then for every A €
(0, (1)), there exists R > r such that

Z(Ai\w QR? Q) =0
for all n € N, where A(r) is the same as in Lemma 3.3.

Proof. By (H3) we know that there exists R’ > max{r, 1} such that

f(t,u) S [az ()\ min /bg(t73) d3>:|_1 for u> R’ (3.4)

U te(a,b]

Let R:=1+ %. Then for u € dQg, by (2.10) we have u(t) > a?|jul| > R’
as t € [a,b]. Now we show that

Adu # pu for u € 9Qpg and p € (0,1]. (3.5)
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Suppose, on the contrary, that there exist ug € Qg and po € (0,1] such
that Af‘Luo = loug, that is,

wo(t) > (Aug)(t) = A / G(t, 5) fu(s, u0(s)) ds, ¥t € J.

Furthermore,

uo(t) > (Adug)(t) > )\(/bG(t,s) - Lug(s) ds) >

b
> <)\ min /G(t,s)ds)LaQR =R

t€la,b]

fort € [a,b]. That is in contradiction with ||ug|| = R, which means that (3.5)
holds. Therefore, by Lemma 2.8, we have i(4},Qr,Q) =0 forn € N. O

Now we are in a position to prove Theorem 3.1.

Proof of Theorem 3.1. For each r > 0, by Lemmas 3.3-3.5, there exist three
positive numbers A(r),r’, and R with ' < r < R such that

i(A27QT’7Q) =0, Z(Ai\uQraQ) =1, Z(Ai\wQRaQ) =0 (36)

for n sufficiently large. Without loss of generality, suppose (3.6) holds for
n > ng. By virtue of the excision property of the fixed point index, we get

(A2, Q:N\Qm, Q) =1, i(A),Qr\QrQ) =1

for n > ng. Therefore, using the solution property of the fixed point index,
there exist u, € Q, \ @, and v, € Qr \ Q, satisfying ANu,, = u, and
AXv, = v, as n > ng. By the proof of Lemma 3.3, we know that there is
no positive fixed point on 9Q,.. Thus, w, # v,. Moreover, from (2.10) it
follows that

12 < up(t) <r and rt? <wv,(t) <R for t € J. (3.7)

Further, we show that {u,(t)}n>n, are equicontinuous on J. To see
this, we need to prove only that tlir&_ un (t) = 0 uniformly with respect to

n € {ng,no + 1,no + 2,...} and {u,(t)}n>n, are equicontinuous on any
subinterval of (0,1]. We first claim that tlironJr Un(t) = 0 uniformly with

respect to n € {ng,ng +1,n0 +2,... }. B
For arbitrary e > 0, by (H1), there exists 0 > 0 such that

3
/\/ m (1—8)273 fro(s)ds < % (3.8)
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Choose § € (0,) sufficiently small such that

1

)\52 / m (1 — S)a_gfr',r<s> ds < % ! (39)
0

Therefore, by (2.6), (3.8) and (3.9), we know for ¢ € (0,0) and Vn > ng that

() = A / G(t, 5) (5, n(s)) ds <
0
< )\/ 2F(a1_ 5 (1= )2 () dst
0

A / 20 (a — 2) (1—5)* 2 frp(s)ds <

2¢ ¢
<=4 g
3 t3=¢

This implies that 75lir&_ up(t) = 0 uniformly with respect to n € {ng,ng +

1,%0—1—2,...}.
Now we are in a position to show that {u,(¢)},>n, are equicontinuous
on any subinterval [a,b] of (0,1]. Notice that

1
un(t) = )\/G(t,s)fn(s,un(s))ds, vt e (0,1].
0

Thus, for t € [a,b], we have
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<

= A'/th(t,s)fn(s,un(s))ds
0

rl(/’ (a = 1)(a — 2)t(1 — 5)*3 = (@ — 1)(t — 5)*2

frrr(s) ds+

1
+/’ (= 1) (o — 2)t(1 — 5)*3 frzyr(s)ds> <
i

Ma-D@-2) | s
O O/t o (5) ds <

1

- ﬁ /(1 —8)* 3 1 (s) ds < 400,
0

which implies that {u,(¢)},>n, are equicontinuous on [a,b]. Similarly as
above, we can get that {v,(t)}n>n, are equicontinuous on [0, 1].
Then, the Ascoli-Arzela theorem guarantees the existence of u, v €
Q \ {0} and two subsequences {uy,} of {u,} and {v,,} of {v,} such that
lim w,,(t) = u(t) and 41i+1¥1(><> vn, (t) = v(t) both uniformly with respect
i

i— =400
to t € J. Moreover, by (H1), (3.7), and Lebesgue dominated convergence
theorem, we obtain

= /Gts (s,u(s))ds = /Gts (s,v(s))ds, VteJ

with ' < |lu|]| <r < |lv|| < R. On the other hand, similarly to the proof of
Lemma 3.3, it is easy to see |Ju]| < r < ||v]|.

Choose r = 1. From the above we know that there exists A(1) > 0 such
that for each A € (0, A(1)), BVP (1.1) has at least two positive solutions wu)
and vy with 0 < |lux|| <1 < [Jua||. Let

A*:=sup{\ > 0: (1.1) have at least two positive solutions as A € (0, \)}.

So, we get the existence of \* satisfying that BVP (1.1) has multiple positive
solutions as A € (0, \*).

Now we are in a position to prove the existence of \**. As above, we still
choose r = 1 and corresponding (1), R, r’. Here we show that BVP (1.1)
has no positive solution for A sufficiently large.

First suppose A > A*. If BVP (1.1) has a positive solution u for some
A > A", then by the corresponding integral equation

= )\/G(t,s)f(s,u(s)) ds (3.10)



128 C. Tian and Y. Liu

and a process similar to the proof of Lemmas 3.4 and 3.5 (replacing A in (3.4)
with A\(1)), we obtain 7’ < |lu|]| < R. This together with the condition (H2)
1

and (3.10) guarantees that u(t) > X [ G(¢, s)¢r(s)ds, that is, R > |lu| >
0

1 1
A -max [ G(t, s)Yr(s)ds, which implies A < (max [ G(t, s)Yr(s) ds)flR.
ted ted ;)

Therefore, we have obtained the existence of A**. The proof of Theorem 3.1
is complete. (Il

If f(t,u) is not singular at u = 0, we have the following result, under the
hypothesis

(H4) f € C[(0,1) x [0,+00), RT] is nondecreasing with respect to u and
for every positive number R,

1
/(1 — s)“_:‘fo’R(s) ds < 400,
0

where fo r(s) = max{f(s,u): v e [0,R]} for all s € (0,1).

Theorem 3.6. Assume that the conditions (H2)—(H4) hold. Then there
exist two positive numbers \* and N*** with \* < X*** such that

(i) BVP (1.1) has at least two positive solutions for A € (0, \*);
(i) BVP (1.1) has at least one positive solution for A € (0, \***];
(iii) BVP (1.1) has no solutions for A > X\***.

Proof. Notice that the condition (H4) implies (H1). Therefore, the existence
of A\* can be obtained just as in Theorem 3.1. Now we claim that

A = sup {)\ € RT : (1.1) has at least one positive solution} (3.11)

is required. First, from the proof of Theorem 3.1, we know that \*** < \**.
In the following we prove that (1.1) with A = A\*** has a positive solution
u* € Q.

By (3.11), there exist two sequences {\,} and {u,} C @\ {6} such that
{un} is a positive solution of BVP (1.1) with A = X, and \; < A2 < -+ <
An — A***. Without loss of generality, suppose A, > \*/2 for each n € N.
Similarly to the proof of Lemmas 3.4, 3.5 and Theorem 3.1, we can find
that there exist two positive numbers 7 and R satisfying r < [Ju,| < Ry
for each n € N, and {u,} has a subsequence {u,, } which convergences to a
function u* € Qp, \ Qr, uniformly as t € J. Notice that

1
Un,, () = An, /G(t,s)f(s,unk(s))ds, Vted

0
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Letting k — o0, by the condition (H4) and Lebesgue dominated conver-
gence theorem, we get

t) = )\***/G(t,s)f(s,u*(s)) ds, VteJ

This implies that u*(¢) is a positive solution of BVP (1.1) with A = \***.
Now we are in a position to prove that BVP (1.1) has at least one positive
solution uy(t) for each A € (0, \***). Notice that for A € (0, \***),

CDgiut(t) = XL (L u(8) = Af (L ut(2)), e (0,1),
wD0)=0, 0<j<n—1, j#2, (3.12)
(u")"(1) =0.
This implies that u*(¢) is an upper solution of BVP (1.1). On the other
hand, u(t) = 0 is a lower solution for BVP (1.1). Applying [4, p. 244,

Theorem 2.1], one can obtain that BVP (1.1) has at least one positive
solution u(t) € [0,u*(¢)] (t € J) for each A € (0, A**). 0

4. EXAMPLES

Example 4.1. Consider the fractional singular boundary value problem

C NT/2 1 16, 2024 |
D ut—i—/\[(u + u* sin t)]—O, te(0,1),
o+ u(1) t(1—1t) ©.1) (4.1)
u(0) = u/(0) =« (1) = u"'(0) = 0.
Then there exist positive numbers A* and A** with \* < A\** such that BVP

(4.1) has at least two positive solutions for A € (0, A*) and no solution for
A > A

Proof. BVP (4.1) can be regarded as a BVP of the form (1.1), where o = 2,

and )
tu) = —— w6 2 sin?t).
Tt = =5 ( )
We prove that f(¢,u) satisfies the conditions (H1)-(H3). For each pair of
positive numbers R and r with R > r > 0, we know

1 r2)-1/6 2
Frnlt) < —mes ()0 4 ),

Then
1 1

/(1 —)2f, r(t)dt < /L ((rt*)™Y5 + R?) dt < +oc.

0 0 Vi

This means that the condition (H1) is satisfied. To see that (H2) holds, we
notice that for each R > 0, one can choose 9 r(t) 1/6/\/ 1 — t), which
satisfies g # 0 and f(t,u) > ¥g(t) for t € (0, 1) and u € (O R]. Flnally,
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it is easy to see that (H3) is satisfied since we can choose any subinterval
of [a,b] C (0,1) satisfying lirf f(s,u)/u = 400 uniformly with respect to
U—1+00

s € [a,b]. By Theorem 3.1, the conclusion follows. O

Analogously, using Theorem 3.6, we can prove that the following state-
ment holds.

Example 4.2. Consider the fractional singular boundary value problem
DS u(t) = MTY2(1 = t)> (1 + e +u?sint), t € (0,1),
uD(0)=0, 0<j<n—1, j#£2, (4.2)
u”’(1) = 0.

where a € (n — 1,n], n > 4. Then there exist two positive numbers A\* and
A with A* < A*** such that:

(i) BVP (4.2) has at least two positive solutions for A € (0, A*);
(ii) BVP (4.2) has at least one positive solution for A € (0, \***];
(iii) BVP (4.2) has no solution for A > \***.

ACKNOWLEDGEMENT

The present research was supported by the Key Project of Chinese Min-
istry of Education (No: 209072) and Natural Science Foundation of Shan-
dong Province (ZR2009AMO006).

REFERENCES

1. T. Qiu AND ZH. Bal, Existence of positive solutions for singular fractional differential
equations. Electron. J. Differential Equations 2008, No. 146, 9 pp.

2. Y. Liu AND B. YAN, Multiple positive solutions for a class of nonresonant singular
boundary-value problems. Electron. J. Differential Equations 2006, No. 42, 11 pp.
(electronic).

3. I. PODLUBNY, Fractional differential equations. An introduction to fractional deriva-
tives, fractional differential equations, to methods of their solution and some of their
applications. Mathematics in Science and Engineering, 198. Academic Press, Inc.,
San Diego, CA, 1999.

4. D. Guo, Nonlinear functional analyisis. (Chinese) Shandong Science and Technology
Press, Jinan, 1985.

5. S. G. SAMKO, A. A. KiLBAs, AND O. I. MARICHEV, Fractional integrals and deriva-
tives. Theory and applications. Edited and with a foreword by S. M. Nikol’skii. Trans-
lated from the 1987 Russian original. Revised by the authors. Gordon and Breach
Science Publishers, Yverdon, 1993.

6. K. LaN AND J. R. L. WEBB, Positive solutions of semilinear differential equations
with singularities. J. Differential Equations 148 (1998), No. 2, 407-421.

7. ZH. L1 WEI, Positive solutions of singular Dirichlet boundary value problems at
nonresonance. (Chinese) Chinese Ann. Math. Ser. A 20 (1999), No. 5, 543-552;
translation in Chinese J. Contemp. Math. 20 (1999), No. 4, 457-468 (2000).

8. Y. Liu, Twin solutions to singular semipositone problems. J. Math. Anal. Appl. 286
(2003), No. 1, 248-260.

9. D. O’REGAN, Singular Dirichlet boundary value problems. I. Superlinear and non-
resonant case. Nonlinear Anal. 29 (1997), No. 2, 221-245.



Multiple Positive Solutions for a Class of Fractional Singular BVPs 131

10. S. D. TALIAFERRO, A nonlinear singular boundary value problem. Nonlinear Anal. 3
(1979), No. 6, 897-904.

11. F. M. AticiAND P. W. ELOE, Discrete fractional calculus with the nabla operator.
Electron. J. Qual. Theory Differ. Equ. 2009, Special Edition I, No. 3, 12 pp.

12. F. M. Atict AND P. W. ELOE, Initial value problems in discrete fractional calculus.
Proc. Amer. Math. Soc. 137 (2009), No. 3, 981-989.

13. E. R. KAUFMANN, Existence and nonexistence of positive solutions for a nonlin-
ear fractional boundary value problem. Discrete Contin. Dyn. Syst. 2009, Dynami-
cal Systems, Differential Equations and Applications. 7th AIMS Conference, suppl.,
416-423.

(Received 13.12.2010)

Authors’ address:

Department of Mathematics of Shandong Normal University, Jinan,
250014, China.
E-mail: tiancc20100Yahoo.com.cn; yanshliu@gmail.com






Mem. Differential Equations Math. Phys. 56 (2012), 133—141

Short Communications

IvAN KIGURADZE, ALEXANDER LOMTATIDZE, AND NINO PARTSVANIA

SOME MULTI-POINT BOUNDARY VALUE PROBLEMS
FOR SECOND ORDER SINGULAR DIFFERENTIAL
EQUATIONS

Abstract. For second order nonlinear differential equations with non-
integrable singularities with respect to the time variable, unimprovable
sufficient conditions for solvability and unique solvability of multi-point
boundary value problems are established.
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non-integrable singularity, multi-point boundary value problem.

Let —o0o < a < b < 400, f:]a,b] xR — R be the function satisfying the
local Carathéodory conditions, and let p :]a, b[ — [0, +-00[ be the measurable
function such that

b

p(t) > 0 almost everywhere on ]a,b|, /2% < +o0.
a
In the interval [a,b], we consider the differential equation
(p(t))" = f(t,) (1)
with the multi-point boundary conditions
m n
Z aiu(ai) = (1, Zﬂzu(bl) = C3. (2)
i=1 i=1
Here m and n are natural numbers, ay,...,Qm, 01, .., 0n,C1,Co are real
constants,

agai§a0<b0§bj§b (i:l,...,m; j:l,...,n).

Reported on the Thilisi Seminar on Qualitative Theory of Differential Equations on
December 26, 2011.
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Moreover, if m =1 (n = 1), it is assumed that a = ag = a1 (b = by = by),
and if m > 2 (n > 2), then

a=a; < -+ <@y =ag (bozbl<~-~<bn:b).

We are interested, in general, in the cases where the function f with
respect to the time variable has non-integrable singularities at the points a
and b. In that sense the problem (1), (2) is singular.

For m = n = 1, the singular problem (1), (2) is investigated in detail (see
[1]-[4], [9], [14]-[16] and the references therein).

The optimal conditions for the unique solvability of problems of the type
(1), (2) in the case, when the equation (1) is linear, are contained in [7], [8],
[11], [12].

Various particular cases of the nonlinear singular problem (1),(2) are
studied in [6], [10], [13]. Nevertheless, in the general case that problem
remains so far studied insufficiently. In the present paper, new and unim-
provable in a certain sense sufficient conditions for solvability and unique
solvability of the above-mentioned problem are given.

We will seek a solution of the problem (1), (2) in the space of continuous
functions u : [a,b] — R which are absolutely continuous together with
t — p(t)u/(t) on an arbitrary closed interval, contained in ]a, b|.

We introduce the following functions:

f*(t,y):max{|f(t,x)\: || Sy} for a<t<b, y=>0;
folt,y) :sup{%(|f(t,x)|—f(tm)sgnx): |x\§y} for a<t<b, y>0;

t

6(t):/% for a <t <.

In the statements of the main results of the present paper, besides the
functions f*, fo, and ¢, there are appearing also the functions 1, ¥, and
19, which are defined in the following manner:
ifm=1(n=1), then

i) =0 for a<t<b (%(t) = B1(8(b) — 6(t)) for a§t§b);

if m > 2, then

a

¢1(t) =0 for a 2 aop, ’1/11(15) = 1/)1(&k+1) + ( Z Oli) ((5(0%.;,.1) — 5(t))
i=k+1
for ap <t<agyr (k=1,...,m—1);

and if n > 2, then

Valb) = 0. valt) = balbis) + (D Br) (0(brn) — 3(1))

for bk§t<bk+1 (k:l,...,n—l),
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Pa(t) = 2(bo) + (Z@) 6(t)) for a <t < by,
and
Yo(b) =0, o(t) = tho(brt1)+
(Zﬁz) (bra1) — 8(8)) for by <t <bey (k=1,....n—1), (3)

Yo(t) = vo(bo) for a <t < bo.
It is clear that

D Bi=0=>to(t) = —tha(t).

i=1
(t,5) 1 for s<t,
yS) =
X 0 for s>t.

Let

The following simple lemma is valid.

Lemma 1. The boundary value problem

(p(t)u')" = 0; Z osu(a;) =0, Z Biu(b;) =0 (4)

has only the trivial solution if and only if

(Zﬁz)% (Z )1/12( ) #0. (5)

Moreover, if the condition (5) is satisfied, then the Green function of the
problem (4) admits the representation

g1t:5)= 5 [2(6) )~ a( )i a)+ () Y= (9 D)0+
X(E )0 - 8(s)

and

_ lg(t, s)] ,
rfsup{m.agtgb,a<s<b}<+oo. (6)

We study the problem (1), (2) in the case, where

/ S()(5(b) = 6(6))f*(t,y) dt < +00 for y > 0. M)
Moreover, if ag > a, then it is assumed that

lim sup /(5 d <1 for a <t<ag, (8)

T—1,y—-400
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and if by < b, then
l *
lim sup / (6(b) — 5(5))“;’9) ds<1 for bp<t<b  (9)

T, y—+00
p

Along with (1), (2) we consider the problem

(p(t)u)" = Af(t w); (10)
Z aiu(ai) = /\Cl7 Zﬁzu(bz) = /\027 (11)

dependent on a parameter A €]0,1].
On the basis of Corollary 1.2 from [5] and Lemma 1, the following state-
ments are proved.

Theorem 1 (The principle of a priori boundedness). Let the conditions
(5), (7) be fulfilled and let there exist a positive constant yo such that for
any A €]0, 1] every solution of the problem (10), (11) admits the estimate

lu(t)| <yo for a <t <b.
Then the problem (1), (2) has at least one solution.

Theorem 2. Let the inequality (5) hold and let there exist a positive
constant yo such that

b
- / 5(5)(6(6) — 6(5)) £ (5,90) ds < v, (12)

where r is a number given by the equality (6). Then the problem (1), (2) has
at least one solution.

Theorem 3. Let the inequality (5) hold and let in the domain |a,b][ xR
the condition

‘f(taxl) - f(t’mQ)’ < h(t)lwl - l‘gl

be fulfilled, where h :]a,b] — [0,400[ is a measurable function such that

b
r/a(s)(a(b) — 8(s))h(s)ds < 1. (13)

If, moreover,
b

/ 5(5)(6(6) — ()| (5.0)| ds < +oo,

then the problem (1), (2) has one and only one solution.
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Consider now the case, where
a; >0 (i=1,...,m), B;>0 (i=1,...,n). (14)

Then the condition (5) is satisfied since

A< —(iai) nf ( zn: 8:) (6(bks1) = 8(by)) < 0.

i=1 k=1 i=k+1

Let gg be the Green function of the boundary value problem

(p(t)u')" =05 u(a) = u(b) =0,

an(t.5) = (5537 — 1)3(0)+ x(t:5)6(0) - 3).

The following theorem is valid.

Theorem 4. Let the conditions (7)—(9)*, and (14) be fulfilled. Let, more-
over, there exist a positive constant yo such that

b
/lgo<t,s>|fo(s,y>ds<y Jor a<t<b, y> . (15)

a

Then the problem (1), (2) has at least one solution.

Corollary 1. Let the inequalities (14) hold. Let, moreover, in the do-
main |a,b[ X R the inequality

f(t,x)sgnz > —h(t)|z| — ho(t) (16)
be fulfilled, and in the domain (}a,ao[u]bo, b[) X R the inequality
|f(t,2)] < ho(t)(1 + |=]) (17)

hold, where h :]a,b[— [0,4+o00] and hy :]a,b[— [0,4+oc0] are measurable
functions such that

b
/ 5(s)(3(b) — 8(s))h(s) ds < 8(b), (18)

)
/ 3(s)(8(b) — 8(s))ho(s) ds < +oo. (19)

Then the problem (1), (2) has at least one solution.

*For m =1 (n = 1), the condition (7) (the condition (8)) is dropped out.
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Theorem 5. Let in the domain |ag, bo| X R the condition

[f(t, 1) = f(t,22)] sgn(zr — x9) > —h(t)|x1 — 22| (20)
be fulfilled, and in the domain (Ja,ao[U]bo,b[) x R the condition
|f(t,21) = f(t,@2)| < h(t)|z1 — 2 (21)

hold, where h :]a,b[— [0,4o0c[ and h :]a,ag[U]by,b[— [0,+o0c[ are mea-
surable functions. If, moreover, the inequalities (14), (18), and (19) are
satisfied, where

(e~ {FEO1 Jor t€lap bl
F0)+R(E) for ¢ €]a,b[\Jao,bol,

then the problem (1), (2) has one and only one solution.

(22)

Remark 1. If we take into account Example 1.1 from [4], then it becomes
evident that the conditions (12), (13), (15), and (18) in Theorems 2-5 are
unimprovable in the sense that they cannot be replaced, respectively, by the
conditions

b
r [ 3(6)(60) — 8(6))1 (. 90) ds < (1+ <)o

b
r/é(s)(d(b) —4(s))h(s)ds <1+e,
b

/|go<t,s>\fo<s,y>dss<1+s>y for a<t<b, y>u.

b
/ 5(5)(6(b) — 6(s))h(s) ds < (1+ £)8(b),

no matter how small € > 0 would be.

Consider now the case, where

a; >0 (i=1,....m), n>2, 5;>0 (i=1,...,n—-1), B,=
n—1 n—1
:_Zﬂia Z(Zﬁz) (br+1) — (bk))zl- (23)
i=1 k=1 i=1

In that case the inequality (5) is also satisfied since

A= (iai)zbz(a) = (Zaz)% Zal > 0.

1=1
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Let g1 be the Green function of the boundary value problem

(p(H)u)" = 0; M®=0,§:@mm:m.

Then in view of (3) and (23) we have
91(t,s) = —tho(s)8(t) + x (£, 5)(6(t) — 6(s)).
Lemma 2. If along with (23) the condition

n—1

k
2:(}:@)@@mﬁ—ﬁw0%Zam&£wﬂ(j=L~w”) (24)

k=j i=1
holds, then
g1(t,s) < golt,s) <0 for a<t<b
and

lg1(t, s)| < 6% (t)8" #(s)ho(s) for a<t, s<b, 0<p<1.

For any x € R, we suppose
1
(2] = 5 (el + ).

On the basis of Theorem 1 and Lemma 2, the following theorems are
proved.

Theorem 6. Let the conditions (23) and (24) hold. Let, moreover, in
the domains ]a,b[ xR and (]a,ag[U]bg, b[) x R the inequalities (16) and (17)
be satisfied, respectively, where h :]a,b[— [0,+o00[ and hg :]a,b]— [0, +o0[
are measurable functions satisfying the conditions

b b
/6“(3)(5(b)—5(s))h(8) ds <400, /5“(3)(5(1))—5(5))%(5) ds <400, (25)

a

(s)¢0(s)82(s)

for some p €]0,1] and ¢ €]0,1]. Then the problem (1), (2) has at least one
solution.

b
/&g%@ﬁm@—p““_mg]+wg1 (26)

Theorem 7. Let the conditions (23) and (24) hold, and let in the do-
mains Ja,b[ xR and (Ja,ao[U]bo,b[) x R the inequalities (20) and (21) be
satisfied, respectively, where h :]a,b[— [0,+00[ and h :]a,ag[U]by,b]—
[0, +00[ are measurable functions. If, moreover, for some p €]0,1] and
¢ €]0,1] the conditions (25) and (26) are satisfied, where hg s a function
given by the equality (22), then the problem (1), (2) has one and only one
solution.
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Remark 2. The condition (26) in Theorems 6 and 7 is unimprovable and
it cannot be replaced by the condition

W}+d8§1+5—g7

no matter how small € > 0 would be.

b
/5(8)1/)0(3) [h(s) _ p(ﬂ(l — )l
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ZAZA SOKHADZE

ON THE CAUCHY-NICOLETTI WEIGHTED PROBLEM
FOR HIGHER ORDER NONLINEAR FUNCTIONAL
DIFFERENTIAL EQUATIONS

Abstract. The unimprovable in a certain sense conditions are estab-
lished which, respectively, ensure the solvability and well-posedness of the
weighted Cauchy—Nicoletti problem for higher order nonlinear singular dif-
ferential equations.

63%0':]33. QOQ&JEOQOO 606&3:]":)!20 0%6007 oﬁoboﬂaxmﬁal)gboggo 30-
Frboobo 0dem(30b0b 0dmbbbombobs o 1mGJEtmmemdolb domomo oy ob
\)6\)?6%030 LOE&UQOE‘DQO (B‘ggjeomgomgé—QO(BJ“JEGOOQU&O 605(“)(*)@:]—
2)32)01)\)0)301)-

2010 Mathematics Subject Classification. 34K10, 34B10, 34B16.
Key words and phrases. Functional differential equation, nonlinear,
higher order, singular, the Cauchy—Nicoletti weighted problem.

Let —o0 < a < b < +00, n > 2 be a natural number and f be an operator
defined on some set D(f) C C"!([a,b]) and mapping D(f) onto L([a,b]).
We consider the functional differential equation

ut™ (1) = f(u)(t) (1)
with the Cauchy—Nicoletti weighted conditions
| =D (0) ‘

limsup (————) <+o0 (i=1,...,n). 2

msup () ( ) (2)

Here t; € [a,b] (i = 1,...,n) and p; : [a,b] — [0;+00] (1 = 1,...,n) are
continuous functions such that

pn(tn) =0, pn(t) >0 for ¢ 7é tn, pi(ti) =0,

t
\ [rivitras
t;

By C77" ([a,b]) we denote a set of functions u € C™([a, b]) such that

<pi(t) for a<t<b (1=1,...,n—1).

() = max { s (u), .., ()} < +oc,

Reported on the Thilisi Seminar on Qualitative Theory of Differential Equations on
November 28, 2011.
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where
PR (TG0
pi(u) = sup { o)

For an arbitrary = > 0, assume
Cpt pusallas b)) = {u € Coy i (a:b]) : () < o
P orsee s psa)(t) = swp {[F@) O] we CiTL, L(lab) ]

We investigate the problem (1), (2) in the case, where

:a§t§b,t7étz}.

Cpt pn([asb]) € D(f) 3)

Pls--5Pn

and for any = > 0 the conditions

f.crt ([a,b]) — L([a, b)) is continuous (4)

PLyeesPniT

and

b
/f*(p1,-~-,pn;x)(t)dt<+oo

are fulfilled.
Of special interest is the case, where

D(f) # C"!([a,b]).

In this sense the equation (1) is singular one.
In the case, where f is the Nemytski’s operator, i.e., when

F)(t) = fo(t,ult),...,u" "1 (1)),

where f: (Ja,b[\{t1,...,tn}) x R™ — R is the function satisfying the local
Carathéodory conditions, the problems of the type (1), (2) are investigated
thoroughly (see [1]-[6] and references therein). The problem (1), (2) is also
investigated in the case, where

F)(®) = fo(t,u(m(t), .., u" D (r(1)));
ty=--=t, and pi1(t)=pi(t) (i=1,...,n)

(see [7]-19)).

However, the problem mentioned above remains still little studied in a
general case. Just this case we consider in the present paper.

The function u € D(f) with an absolutely continuous (n—1)th derivative
is said to be a solution of the equation (1) if it almost everywhere on ]a, b[
satisfies this equation.

A solution of the equation (1) satisfying the boundary conditions (2) is
called a solution of the problem (1), (2).
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Theorem 1. Let the conditions (3) and (4) be fulfilled, and there exist
constants o €0, 1] and xo > 0 such that

< app(x) for a <t <b, x> . (5)

t
‘/f*(pl,---,pn;x)(s)ds

Then the problem (1), (2) has at least one solution.

Corollary 1. Let there exist integrable functions p and q : [a,b] —
[0; +00[ such that

sup{‘/tp(s)ds’/pn(t): a<t<b, t;étn}<1, (6)
sup{‘/tq(s)ds‘/pn(t): a<t<b, t;étn}<+oo (7)

and for any uw € CJ7 ([a,b]) almost everywhere on Ja,b| the condition

n

[F)(®)] < p(H)n(w) +q(t)
is fulfilled. Then the problem (1), (2) has at least one solution.
Along with the problem (1), (2) we consider the perturbed problem

V(1) = f(0)(8) + h(t), (8)
'U(i_l)
liin_)st?p (lp,(t)(t)) <400 (i=1,...,n), 9)

where h :]a,b[— R is the integrable function such that
t
po(h) = sup {‘ /h(s) ds‘/pn(t) s a<t<b, t# tn} < +o0. (10)
tn

Definition 1. The problem (1), (2) is said to be well-posed if for any
integrable function & :]a,b] — R satisfying the condition (10), the problem
(8),(9) is uniquely solvable, and there exists an independent of h positive
constant r such that

p(u —v) < rpo(h),
where v and v are, respectively, the solutions of the problems (1), (2) and
(8), (9)-

Theorem 2. Let there exist an integrable function p : [a,b] — [0, +00]
satisfying the inequality (6) such that for any u and v € O3t | ([a,b])
almost everywhere on la,b| the condition

[ F(u)(t) = F(0) ()] < p(t)pu(u — v)

is fulfilled. If, moreover, the inequality (7), where q(t) = |f(0)(¢)|, is ful-
filled, then the problem (1), (2) is well-posed.
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Note that the condition (5) in Theorem 1, where o €10, 1[, is unimprov-
able and it cannot be replaced by the condition

< pn()z for a <t <b, x> x.

t
‘/f*(pu.-.,pn;x)(S)dS

Similarly, in Corollary 1 and in Theorem 2, the strict inequality (6) can-
not be replaced by the nonstrict inequality

sup{’/tp(s)ds‘/pn(t): a<t<hb, t;«étn}gl.
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