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Academician Boris Khvedelidze
(November 7, 1915 — March 27, 1993)

This year we mark the 100-th birthday anniversary of the outstanding
Georgian mathematician, distinguished scientist, Member of the Georgian
National Academy of Sciences, Professor Boris Khvedelidze.

Boris Khvedelidze was born on 7 November 1915 in Chiatura (West Geor-
gia). In 1918 his family resettled in Thilisi. Father Vladimir Khvedelidze
and mother Olgha Berishvili-Khvedelidze were doctors.

In 1931 Boris Khvedelidze graduated from the pedagogical technicum
(formerly the 9-th labor school). During the school years Boris Khvedelidze
was highly interested in history, philosophy and less in mathematics. Af-
ter graduating from school he wanted to enroll in an engineering faculty,
following the strong advice of his father. But, since he was not from working-
class family, a necessary condition for this was a two years labor experience.
Therefore he worked as a librarian in 1931-1933. Since members of working-
class families had priority to be accepted for a course in engineering, Boris
Khvedelidze enrolled in the Faculty of Physics and Mathematics (with spe-
cialization in mathematics) of the State University, hoping to change later
to the engineering studies. During the first year at the university the profes-
sors Levan Gokieli and Archil Kharadze influenced him to give up the idea
of becoming an engineer and he made his final choice towards mathematic.
Later he decided to study intensively topics of complex analysis, differential
and integral equations, inspired by the lectures of Ilya Vekua.
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2 Academician Boris Khvedelidze

After graduating from the Tbilisi State University (TSU) in 1938 with
honor, Boris Khvedelidze enrolled in a PhD course at the Mathematical
Institute of the Georgian Branch of the Academy of Sciences of the Soviet
Union (later Andrea Razmadze Mathematical Institute of the Georgian Na-
tional Academy of Sciences). His mentor was the famous Georgian mathe-
matician Ilya Vekua. He was lucky to witness the emergence of the famous
seminars of Niko Muskhelishvili on Singular Integral Equations, where he
participated very actively during many years. Boris Khvedelidze received
his PhD degree in 1942 with a thesis entitled “The Poincare boundary value
problem for a linear second order elliptic differential equation”.

During the PhD studies, in 1938, Boris Khvedelidze started to teach
mathematics at the Georgian Agricultural Institute as an assistant. From
1939 on he was teaching mathematics at the Tbilisi State University (TSU).
After getting his PhD degree, Boris Khvedelidze was elected as a docent
(associated professor) of TSU until 1951. In 1943-1944 he was Vice Dean
of the Faculty of Physics and Mathematics of TSU.

From 1942 until 1953 he was working as a junior researcher and from
1943 as a senior researcher at the Mathematical Institute. In 1945-1948 he
was the Scientific Secretary of the Institute.

On 26 December 1951, Boris Khvedelidze and his family (spouse and son)
became victims of Stalin’s repression. The family was deported to South
Kazakhstan “for a rough violation of Soviet legality” (the reason behind was
his uncles decision, after participation in the World War 11, to stay in France
and not to return to Soviet Union after the war!). All members of families
of close relatives of “traitors” became subject to deportation from Georgia.
Since Boris Khvedelidze was living with his mother in the apartment left
by his father, they fall under this “human” rule of Stalinlaws.

From September 1952 until February 1954 Boris Khvedelidze was teach-
ing mathematics in a zoo-veterinary professional school in a remote village
of South Kazachstan. On December 9, 1953, the Supreme Court of Soviet
Union in Moscow denounced the decision of deportation of the Khvedelidze
family and they were allowed to repatriate. On February 22, 1954, Boris
Khvedelidze returned to Thilisi and was restored as a senior researcher at
the Mathematical Institute.

In his hand-written autobiography Boris Khvedelidze recalls one episode
of his deportation. The properties of all deported families were subject to
obligatory confiscation. To prevent the worst B. Khvedelidze donated his
father’s rich library to the TSU (the rector at that time was Niko Ketskhov-
eli). Boris Khvedelidze was very thankfulto TSU and, in particular, to Niko
Ketskhoveli that he got back his entire library after repatriation in 1954.

In 1956-1958 and from 1967 on until his last year Boris Khvedelidze was
a professor of TSU. In 1958-1967 he hold one of three chairs in mathematics
at the State Polytechnical Institute (now Technical University of Georgia).

In 1980-1993 Boris Khvedelidze held the Chair of Algebra and Geometry
of Abkhazian State University (Sukhumi).
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In 1957 Boris Khvedelidze defended his habilitation thesis “Linear discon-
tinuous boundary value problems of function theory, singular integral equa-
tions and some of their applications”, which was published in the same year
in the journal “Trudy Thilisskogo Matematicheskogo Instituta” (Proceed-
ings of A. Razmadze Mathematical Institute), Vol. 23 (1956), pp. 3-158.

From 1954 until his last days Boris Khvedelidze worked at A. Razmadze
Mathematical Institute first as a senior researcher and was elected in 1957
as Head of the Department of Function Theory and Functional Analysis.

The most important part of the scientific heritage of Boris Khvedelidze is,
in our opinion, the theory of singular integral equations (SIEs) in Lebesgue
spaces with exponential weight, where he obtained results similar to those
in the theory of SIEs developed by Niko Muskhelishvili and his disciples in
Hoelder classes with and without weight. This work, which was the core
of his habilitation thesis in 1956, was one of the first, along with papers
of S. Mikhlin, Israel Gohberg and Harold Widon, where methods of func-
tional analysis were widely used in SIEs and its applications.The theorem on
the boundedness of the Cauchy Singular Integral Operator in the Lebesgue
spaces with exponential weight is until nowadays known as the “Khvedelidze
Theorem”.

In 1967 Boris Khvedelidze was elected a corresponding member of the
Georgian Academy of Sciences and in 1983 he became a full member of the
Academy. In the same year he got the distinction of “Honored Scientist”.

From 1962 on, when the Georgian Mathematical Union was refunded, he
became a vice-president of this institution for many years.

His disciples are Givi Khuskivadze (PhD in 1963), Vakhtang Paatashvili
(PhD in 1964), Stefan Toklikishvili (PhD in 1968), Eteri Gordadze (PhD in
1969), Zoia Denisova (PhD in 1973), Elizaveta Ischenko (PhD in 1989).

I consider myself as a disciple of Boris Khvedelidze as well. He was my
mentor during last years at the university, supervised my diploma work,
send me to my PhD mentor Israel Gohberg to Chisineu and after my PhD
in 1968 I worked in his department at A. Razmadze Mathematical Institute
until he passed away in March 1993.

In conclusion it is proper to mention that the present short biography is
based on the extended autobiography written by Boris Khvedelidze himself.

Roland Duduchava

Professor,

Head of the Department of Mathematical Physics of
A. Razmadze Mathematical Institute,

President of the Georgian Mathematical Union
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LisT OF PUBLICATIONS OF B. KHVEDELIDZE

(1) MONOGRAPHS AND MEMOIRS

. Linear discontinuous boundary problems in the theory of functions, singular integral

equations and some of their applications. (Russian) Akad. Nauk Gruzin. SSR. Trudy
Tbiliss. Mat. Inst. Razmadze 23 (1956), 3-158.

. The method of Cauchy type integrals in discontinuous boundary value problems

of the theory of holomorphic functions of a complex variable. (Russian) Current
problems in mathematics, Vol. 7 (Russian), pp. 5-162 (errata insert). Akad. Nauk
SSSR Vsesojuz. Inst. Nauchn. i Tehn. Informacii, Moscow, 1975.

(11) PAPERS

. On the Poincare boundary value problem of the logarithmic potential theory. (Rus-

sian) Dokl. Akad. Nauk SSSR 30 (1941), No. 3.

. On the Poincare boundary value problem of the logarithmic potential theory for

multi-connected domains. (Russian) Soobshch. Akad. Nauk Gzuz. SSR 2 (1941),
No. 7, 571-578.

. On the Poincare boundary value problem of the logarithmic potential theory. Second

announcement. (Russian) Soobshch. Akad. Nauk Gzuz. SSR 2 (1941), No. 10.

. Solution of one boundary value problem of the Newton potential theory by the

method of Acad. N. I. Muskhelishvili. (Russian) Trudy Tbiliss. Gos. Univ. 28 (1942),
65-177.

. On one Riemann linear boundary value problem for a system of analytic functions.

(Russian) Soobshch. Akad. Nauk Gruz. SSR 4 (1943), No. 4, 289-296.

. Poincare problem for the second order linear differential equation of elliptic type.

(Russian) Trudy Tbiliss. Gos. Univ. 12 (1943).

. Some properties of improper integrals in the sense of the Cauchy—Lebesgue principal

value. (Russian) Soobshcheniya Akad. Nauk Gruzin. SSR 8 (1947), 283-290.
Singular integral equations in improper Cauchy—Lebesgue integrals. (Russian) Soob-
shch. Akad. Nauk Gruz. SSR 8 (1947), No. 7, 424-434.

On an inversion formula (with I. N. Kartsivadze). (Russian) Soobshch. Akad. Nauk
Gruz. SSR 10 (1949), 587-591.

On Riemann’s problem in the theory of analytic functions and singular integral
equations with kernels of Cauchy type. (Russian) Soobshch. Akad. Nauk Gruz. SSR
12 (1951), 69-76.

On the problem of linear conjunction in the theory of analytic functions. (Russian)
Dokl. Akad. Nauk SSSR (N.S.) 76 (1951), 177-180.

On linear singular integral equations with a singular kernel of Cauchy type. (Rus-
sian) Dokl. Akad. Nauk SSSR(N.S.) 76 (1951), 367-370.

On an integral of Cauchy type (with I. N. Kartsivadze). (Georgian) Akad. Nauk
Gruzin. SSR. Trudy Tbiliss. Mat. Inst. Razmadze 20 (1954), 211-244.

On a class of singular integral equations with kernels of Cauchy type. (Russian)
Soobshch. Akad. nauk Gruz. SSR 15 (1954), 401-405.

Some composition formulas for singular integrals and their applications to the in-
version of a Cauchy-type integral. (Russian) Soobshch. Akad. Nauk Gruz. SSR 16
(1956), 81-88.

On the Riemann—Privalov problem in the theory of analytic functions. (Russian)
Uspekhi Mat. Nauk (N.S.) 10 (1955), no. 3(65), 165-171.

On a discontinuous problem of Riemann—Privalov in the theory of analytic functions.
(Russian) Dokl. Akad. Nauk SSSR (N.S.) 102 (1955), 1081-1084.

On the discontinuous boundary problem of Riemann—Privalov with coefficients hav-
ing critical pointss. (Russian) Dokl. Akad. Nauk SSSR (N.S.) 111 (1956), 40-43.
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Singular integral equations with Cauchy kernels in the class of functions that possess
weighted sums. (Russian) Dokl. Akad. Nauk SSSR (N.S.) 111 (1956), 304-307.
On the discontinuous problem of Riemann—Privalov for several unknown functions.
(Russian) Soobshch. Akad. Nauk Gruz. SSR 17 (1956), 865-872.

On singular integral equations with Cauchy type kernels in a class of summable with
weight functions. (Russian) Trudy 3-go Vsesojuzn. S’ezda I (1956).

On systems of singular integral equations with Cauchy kernels. (Russian) Soobshch.
Akad. Nauk Gruz. SSR 18 (1957), No. 2, 129-136.

A remark on my work “Linear discontinuous boundary problems in the theory of
functions, singular integral equations and some of their applications”. (Russian)
Soobshch. Akad. Nauk Gruz. SSR 21 (1958), 129-130.

On the Riemann—Privalov problem with continous coefficients (with G. F. Man-
javidze). (Russian) Dokl. Akad. Nauk SSSR 123(1958), 791-796 .

The discontinuous Riemann—Privalov problem with given displacement. (Russian)
Soobshch. Akad. Nauk Gruz. SSR 21 (1958), 3850-389.

Regularization problem in the theory of integral equations with Cauchy kernel.
(Russian) Dokl. Akad. Nauk SSSR 140 (1961), 66—68.

Some notes to the theory of singular equations with a Cauchy type kernel (with
D. F. Kharazov). (Russian) Soobshch. Akad. Nauk Gruz. SSR 28 (1962), 129-135.
The Riemann—Privalov boundary-value problem with a piecewise continuous coeffi-
cient. (Russian) Gruzin. Politehn. Inst. Trudy 1962 (1962), No. 1 (81), 11-29.

A problem for the linear conjugate and singular integral equations with Cauchy
kernel with continuous coefficients (with G. F. Manjavidze). (Russian) Akad. Nauk
Gruzin. SSR Trudy Tbiliss. Mat. Inst. Razmadze 28 (1962), 85-105.

Integrals of Cauchy type and boundary value problems of linear conjugacy. (Rus-
sian) Collection of articles dedicated to the memory of the Balkan mathematicians
Constantin Carathéodory, Josip Plemelj, Dimitrie Pompeiu and Gheorghe Titeica
in connection with the first centenary of their birth (Proc. Internat. Conf. Integral,
Differential and Functional Equations (Bled, 1973) in connection with the first
centenary of the birth of Josip Plemelj) 3 (1973), 134-144.

A certain singular integral operator (with E. G. Gordadze). (Russian) Soobshch.
Akad. Nauk Gruz. SSR 71 (1973), No. 1, 33-36.

A Cauchyjevih integralih in o robnih nalogah linearnega kanjugiranja. (Yugoslavia)
Obzornik za Math. in fiz., Ljubljana 20 (1973), No. 5.

Singular integral operators, and the regularization problem (with E. G. Gordadze).
(Russian) Collection of articles on the theory of functions, Vol. 7. Sakharth. SSR
Mecn. Akad. Math. Inst. Srom. 53 (1976), 15-37

On singular integral operators (with E. G. Gordadze). Function theoretic methods
in differential equations, pp. 132—157. Res. Notes in Math., No. 8, Pitman, London,
1976.

The problem of linear conjugacy and of characteristic singular integral equations.
(Russian) Complex analysis and its applications (Russian), pp. 577-585, 671,
“Nauka”, Moscow, 1978.

A discontinuous problem of linear conjugation with a piecewise-continuous coeffi-
cient. (Russian) Soobshch. Akad. Nauk Gruz. SSR 97 (1980), No. 3, 529-532.

A discontinuous boundary value problem of linear conjugacy with piecewise-
continuous coefficient (with E. V. Ishchenko). (Russian) Trudy Tbiliss. Mat. Inst.
Razmadze Akad. Nauk Gruzin. SSR 69 (1982), 108-128.

TEXTBOOKS

Course of Mathematical analysis, I (with A. K. Kharadze, V. G. Chelidze and I. N.
Kartsivadze). (Georgian) Izd-vo Tbiliss. Univ., Tbilisi, 1963.
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Course of Mathematical analysis, II (with A. K. Kharadze, V. G. Chelidze and I.
N. Kartsivadze). (Georgian) Izd-vo Tbiliss. Univ., Tbilisi, 1968.

OTHER PUBLICATIONS

Boundary value problems of the theory of analytic functions of a complex vari-
able (with F. D. Gakhov). (Russian) in: Mathematics in the USSR over 40 years:
1917-1957, vol. 1, 498-510; Fizmatgiz, Moscow, 1959.

Boundary properties and boundary value problems (with A. G. Jvarsheishvili). His-
tory of our mathematics 4 (1970), Book I, 211-253.

One-dimensional singular integral equations (with G. F. Manjavidze). History of
our mathematics 4 (1970), Book I, 774-785.

Some classes of integral equations (with G. F. Manjavidze). History of our mathe-
matics 4 (1970), Book I, 797-799.

David Fomich Kharazov (with G. Ja. Areshkin, V. P. I'in, B. V.; Chogoshvili, G.
S. David Fomich Harazov). Uspekhi Mat. Nauk 30 (1975), No. 6(186), 153-157 (1
plate).

Fedor Dmitrievich Gakhov (on the occasion of his seventieth birthday) (with G. S.
Litvinchuk, L. G. Mihailov, Ju. I. Cherskif). Unpekhi Mat. Nauk 31 (1976), No. 4,
289-297. (1 plate).

Nikolai Ivanovich Muskhelishvili (with A. V. Bitsadze). Ser. “Georgian Mathemati-
cians”, 1980.

Fedor Dmitrievich Gahov (with N. P. Vekua, G. S. Litvinchuk, S. M. Nikol’skii, V.
S. Rogozin, S. G. Samko, I. B. Simonenko, Ju. I. Cherskif). (Russian) Uspekhi Mat.
Nauk 36 (1981), no. 1(217), 193-194.

Integral equations (with M. I. Imanaliev, T. G. Gegeliya, A. A. Babaev, A. 1. Bo-
tashev). (Russian) Differentsial’nye Uravneniya 18 (1982), no. 12, 2050-2069.
Kalandia Apollon Iosifovich (with A. V. Bitsadze, N. P. Vekua, A. Yu. Ishlinskif, L.
1. Sedov). Uspekhi Mat. Nauk 37 (1982), No. 2, 175-178.

I’ya Nestorovich Vekua (a brief survey of his scientific and social activity). (Russian)
Trudy Tbiliss. Univ. 232/233 (1982), 6-22.

A survey on I. N. Muskhelishvili’s scientific heritage (with G. F. Manjavidze). Acad.
Sciences of Georgian Republic, A. Razmadze Math. Inst., Tbilisi, 1991, 1-45.

ARTICLES IN MATHEMATICAL ENCYCLOPAEDIA
(IzD-vO “SOVETSKAJA ENSIKLOPEDIA”)

Hilbert transforms. Vol. I, 1977.

Hilbert theory of integral equations. Vol. II, 1979.
Integral equation. Vol. II, 1979.

Integral equation with a singular kernel. Vol. II, 1979.
Integral equation of convolution type. Vol. II, 1979.
Integral operator. Vol. II, 1979.

Neumann series. Vol. ITI, 1982.

Nekrasova Integral equation. Vol. III, 1982.
Nonlinear integral equation. Vol. III, 1982.
Noetherian integral equation. Vol. III, 1982.
Non-Fredholm integral equation. Vol. I1I, 1982.
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Abstract. We present a detailed study of structural properties for cer-
tain algebraic operators generated by the Fourier transform and a reflec-
tion. First, we focus on the determination of the characteristic polynomials
of such algebraic operators, which, e.g., exhibit structural differences when
compared with those of the Fourier transform. Then, this leads us to the
conditions that allow one to identify the spectrum, eigenfunctions, and the
invertibility of this class of operators. A Parseval type identity is also ob-
tained, as well as the solvability of integral equations generated by those
operators. Moreover, new convolutions are generated and introduced for
the operators under consideration.

2010 Mathematics Subject Classification. 42B10, 43A3, 44A20,
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1. INTRODUCTION

In several types of mathematical applications it is useful to apply more
than once the Fourier transformation (or its inverse) to the same object, as
well as to use algebraic combinations of the Fourier transform. This is the
case e.g. in wave diffraction problems which — although being initially mod-
eled as boundary value problems — can be translated into single equations
by applying operator theoretical methods and convenient operators upon
the use of algebraic combinations of the Fourier transform (cf. [8-10]). Ad-
ditionally, in such processes it is also useful to construct relations between
convolution type operators [7], generated by the Fourier transform, and
some simpler operators like the reflection operator; cf. [5,6,11,21]. Some
of the most known and studied classes of this type of operators are the
Wiener—Hopf plus Hankel and Toeplitz plus Hankel operators.

It is also well-known that several of the most important integral trans-
forms are involutions when considered in appropriate spaces. For instance,
the Hankel transform J, the Cauchy singular integral operator S on a
closed curve, and the Hartley transforms (typically denoted by H; and Ha,
see [2-4,17]) are involutions of order 2. Moreover, the Fourier transform F
and the Hilbert transform #H are involutions of order 4 (i.e. H* = I, in this
case simply because H is an anti-involution in the sense that H? = —1I).

Those involution operators possess several significant properties that are
useful for solving problems which are somehow characterized by those oper-
ators, as well as several kinds of integral equations, and ordinary and partial
differential equations with transformed argument (see [1, 15,16, 18,20, 22—
26)).

Let W : L?(R") — L?(R™) be the reflection operator defined by

We)(x) = ¢(—),
and let now (-, -)2(gn) denote the usual inner product in L?(R™). More-
over, let F' denote the Fourier integral operator given by

) = 1 e~ Hzwy)
(FP@): (%)gR[ 7w) dy.

In view of the above-mentioned interest, in the present work we propose
a detailed study of some of the fundamental properties of the following
operator, generated by the operators I (identity operator), F and W:

T :=al +bF + cW : L*(R™) — L*(R"™), (1.1)

where a,b,c € C. In very general terms, we can consider the operator T as
a Fourier integral operator with reflection which allows to consider similar
operators to the Cauchy integral operator with reflection (see [12-14,19]
and the references therein). Anyway, it is also well-known that F? = W,
In this paper, the operator T, together with its properties, can be seen as a
starting point to further studies of the Fourier integral operators with more
general shifts that will be addressed in the forthcoming papers.
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The paper is organized as follows. In the next section, we will justify
that T is an algebraic operator and we will deduce their characteristic poly-
nomials for distinct cases of the parameters a, b and c¢. Then, the conditions
that allow to identify the spectrum, eigenfunctions, and the invertibility of
the operator are obtained. Moreover, Parseval type identities are derived,
and the solvability of integral equations generated by those operators is
described. In addition, new operations for the operators under considera-
tion are introduced such that they satisfy the corresponding property of the
classical convolution.

2. CHARACTERISTIC POLYNOMIALS

In order to have some global view on corresponding linear operators, we
start by recalling the concept of algebraic operators.

An operator L defined on the linear space X is said to be algebraic if
there exists a non-zero polynomial P(t), with variable ¢ and coefficients in
the complex field C, such that P(L) = 0. Moreover, the algebraic operator
L is said be of order N if P(L) = 0 for a polynomial P(t) of degree N, and
Q(L) # 0 for any polynomial @ of degree less than N. In such a case, P
is said to be the characteristic polynomial of L (and its roots are called the
characteristic roots of L). As an example, for the operators J, S, Hy, Hy
and H, mentioned in the previous section, we may directly identify their
characteristic polynomials in the following corresponding way:

Pyt)=t>—1; Ps(t)=t>—-1
Py, (t)=t*—1; Ppg,(t)=t>—1; Py(t)=t>+1.

As above mentioned, it is well-known that the operator F' is an involution
of order 4 (thus F'* = I, where I is the identity operator in L?(R")). In other
words, F' is an algebraic operator which has a characteristic polynomial
given by Pr(t) = t* — 1. Such polynomial has obviously the following four
characteristic roots: 1, —i, —1, 1.

We will consider the following four projectors correspondingly generated
with the help of F"

Py=-(+F+F?4F3),

— |

P =-(I+iF — F*—iF?%),

—

Py=-(I-F+F*-F3),

—

zgziusz—F%mF%
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and that satisfy the identities

Pij :ijPk for j,k2071,2,3,
Py+ P+ P+ Py =1, (2.1)
F=Py—iP, — Py+iPs,

where

0, if j#k,
Ojk = e
1, if j=k.
Moreover, we have
F?=Py— P, + P, — Ps, (2.2)
F4=P0+P1+P2+P3=I.
It is also clear that

aPy+ B8P, +vP,+0P; =0
if and only if
a=p=y=6=0.
Having in mind this property, in the sequel, for denoting the operator

AZO(PO—FﬁPl—F’yPQ—‘r(SPg,

we will use the notation («; 3;7;0) = A.
Obviously, A™ = (a™; 8™;4™; ™), for every n € N, where we admit that
A’ =1

Theorem 2.1. Let us consider the operator

T=al +bF +cW, a,b,ceC. (2.4)
The characteristic polynomial of this T is:
(i)
Pr(t) = t* — 2at + (a* — ¢?) (2.5)
if and only if
b=0 and c#0; (2.6)

(i)
Pr(t) =t — [(Ba+c) +ib]t* + [3(a® — ¢*) + 2a(c + ib) ]t

+ [ = a® —ia®b — a’c — 3b%c + 3ac® + ibc® + ¢ (2.7)
if and only if
b . b )
bc#0 and 0:5(172) orc:f§(1+z) ; (2.8)
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(iif)
Pr(t) =1+ [ — (3a+c) +ib]t* + [3(a® — ¢®) + 2a(c — ib)]¢
+ [ = a® +ia®b — a’c — 3b%c + 3ac® — ibc® + ¢ (2.9)
if and only if

bc # 0 and (c g(l—i—z) or c:—g(l—i)); (2.10)

Pr(t) = t* — 4at® + (6a® — 2¢*)t? + (—4a® — 4b%c + dac?)t
+ (a® — ) + b*(4ac — b?) (2.11)
if and only if

c;«ég(l—i),
b
07&_7(1—’_1')7
b2 (2.12)
b
et o (-i)
and b # 0.
Proof. We can write the operator T in the following form:
T:a(P0+P1+P2+P3)+b(P0—iPl—P2+iP3)
+C(P0*P1+PQ*P3)
=(a+c+b)Py+ (a—c—ib)P,
+(a+c—b)Pa+ (a—c+ib)Ps
=(a+c+ba—c—ibja+c—bja—c+ib). (2.13)

In order to determine the characteristic polynomial of the operator T, for
each one of the cases, we may begin by considering a polynomial of order
2, that is, Pr(t) = t*> + mt +n. In fact, a polynomial of order 1 is the
characteristic polynomial of the operator T if and only if b = 0 and ¢ = 0,
but in this case, we obtain the trivial operator T' = al. That Pp(¢) is the
characteristic polynomial of T if and only if Pr(7T) = 0 and if there does
not exist any polynomial @ with deg(Q) < 2 such that Q(T') =

Moreover, the condition Pr(T) = 0 is equivalent to

a+c+b)?+mla+c+b)+n=0,
a—c—ib)? +m(a—c—ib)+n=0,
a+c—b2%+m(a+c—b)+n=0,

(
(
(
(a —c+ib)®> +m(a—c+ib) +n = 0.
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The solution of this system is b = 0 and ¢ = 0 (but in this case, we obtain
the trivial operator T' = al) or that

b=0,
c#0,

m = —2a,

n=a?—-c%
So, if b =0 and ¢ # 0, then Pr(t) = t?> — 2at + a® — ¢2. Indeed, by using
the operator T written in the above form (2.13), it is pos&ble to verify that
PT (T) =0:

T? —2aT + (a* — *)I
=((a+o)?*(a—c)}(a+c)(a—c)?) —2a(a+ca—ca+ca—c)
+ (a® — ¢*)(1;1;1;1) = (0;0;0;0).

Now, we will prove that there does not exist any polynomial ¢ with
deg(Q) < 2 such that Q(T) =

Suppose that there exists a polynomial @, defined by Q(t) = t +m, that
satisfies Q(T') = 0. In this case, we would have the following system of
equations:

(a—c)+m=0,

{(a—l—c)—i—m:O,

which is equivalent to ¢ = 0, but this is not the case under the conditions
imposed before.

Conversely, assume that Pr(t) = t2 — 2at + (a® — ¢?) is the characteristic
polynomial of T. Thus, Pr(T) = 0, which is equivalent to

0="T?~2aT + (a* — *)I
— ((a+ 0% (a - 0% (a+ 0% (a - o))
—2a(a+c;a—ca+ca—c)+(a® —c)(1;1;1;1).
This implies that b = 0 and ¢ = 0 (which is the case of the trivial
operator) or that b = 0. So, case (i) is proved.
To obtain the characteristic polynomial for the other cases, we have to
consider polynomials with degree greater than 2. So, let us consider a

polynomial Pr(t) = t3+mt? +nt+ p and repeat the same procedure. Thus,
Pr(T) = 0 is equivalent to

a+c+b)2+mla+c+b)?+nla+c+b)+p=0,
a—c—ib)3 +m(a—c—ib)?+n(a—c—ib)+p=0,
atc—b2+m(a+c—0b?+n(a+c—>b)+p=0,

(
(
(
(@ —c+ib)® +m(a—c+ib)?> +n(a—c+ib)+p=0.
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This system has as solutions b = 0 and ¢ = 0 (in this case, we obtain the
operator T = al) or b = 0 and ¢ # 0 (but for this case, the characteristic

polynomial is of order 2 — case (i)) or
b#0,
b b
c= 5(1—2') or C=—§(1+i),
m = —[(3a+ c) +ib],
n = 3(a* — ¢?) + 2a(c + ib),
p = —a> —ia’b — a’c — 3b%c + 3ac® + ibc® + 3

or
b#0,
b b
c:§(1+z) or c:—i(l—z),
m= |- (3a+c)+ib],
n = 3(a? — ¢?) + 2a(c — ib),
p = —a® +ia’b — a’c — 3b%c + 3ac® — ibc?® + 3.
So,

e ifc=2(1—i)orc=—%(1+14), then
Pr(t) =1t — [(3a+c) +ib]t* + [3(a® — ¢*) + 2a(c + ib) |t
+ [— a® —ia®b — a%c — 3b%c + 3ac? + ibc? + 03};

o Ifc=2(1+1i)orc=—2(1-14), then
Pr(t) =t*[ = (3a+c) +ib]t* + [3(a® — ¢*) + 2a(c — ib) ]t
+ [ —a® +ia’b — a®c — 3b%c + 3ac® — ibc® + 03}.
If we consider the case ¢ = g (1 —4), by using the operator T" written in
the above form (2.13), we can prove that Pp(7T) = 0. Indeed,
T% — [(3a+¢) + ib] T? + [3(a® — ¢*) + 2a(c + ib)| T
+ [ —a® —ia®b — a*c — 3b%c + 3ac? + ibc® + c3]l
=(la+tc+bP[a—c—ib]*la+c—bP[a—c+ib]*)
— [Ba+c)+ib]([a+c+b%*[a—c—ib?*[a+c—b%la—c+ib])
+ [3(a® — ) + 2a(c +ib)| (a + c+ bya — c —ibja + ¢ — bya — ¢ + ib)
+ [ —a® —ia®b — a%c — 3b%c + 3ac? + ibc® + 03] (1;1;1;1)
= (0;0;0;0).
Now we will prove that there does not exist any polynomial G with

deg(G) < 3 such that G(T') = 0.
Suppose that there exists a polynomial G, defined by G(t) = t? +mt +n,
that satisfies G(T') = 0. In this case, we would have the following system of
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equations:
(a+c+b?+mla+c+b)+n=0,
(@ —c—ib)®> +m(a—c—ib) +n=0,
(a+c—b%+m(a+c—b)+n=0,
(a —c+ib)?> +m(a—c+ib) +n=0.

For ¢ = & (1—1), we find that the second and third equations are equivalent.

So, the last system is equivalent to
(a+c+b?+mla+c+b)+n=0,
(a—c—ib)?> +m(a—c—ib)+n=0,
(a —c+ib)?> +m(a—c+ib) +n =0,
which is equivalent to b = 0. This is a contradiction under the initial
conditions of the theorem. In this way, we can say that there does not exist
a polynomial G such that deg(G) < 3 and this fulfills G(T") =
So, we can conclude that under these conditions,
Pr(t) =t — [(3a+c) + ib]t* + [3(a® — ¢*) + 2a(c + ib) ]t
+ [ —a® —ia®*b — a®c — 3b%c + 3ac® + ibc® + cg}.
Conversely, suppose that Pr(t) is the characteristic polynomial of T'. In
this case, we have Pr(T) = 0, which is equivalent to

0="T°—[(3a+c)+ib]T?+ [3(a® — ) + 2a(c + ib)| T
+ [—a3—ia2b—a20—3b20+3ac + ibc? —l—c]
=(la+c+bP[a—c—ib]*a+c—bP[a—c+ib]*)
— [Ba+c)+ib] ([a + ¢+ b]*; [a—c—ib]*; [a + ¢ — b]?; [a — ¢ + b))
+ [3(a®—c®)+2a(c+ib)|(a+ c+ bja—c —ibja+c—bya — ¢ +1ib)
+ [ —a® —ia®b — a®c — 3b%c + 3ac® + ibc® + 03] (1;1;1;1).

This implies that b = 0 (which is the case (1)), ¢ = % (1—i) or ¢ = —2 (1+1).
The remaining conditions in (2.8) and (2.10) can be proved in a similar

way.
If
c# o),
e# —2 (1+9)
c# (14,
c# —5 (1)

then (2.7) and (2.9) are not anymore characteristic polynomials of 7.
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Additionally, if we consider a polynomial Pr(t) = t* +mt® +nt? +pt +q,
such that Pr(T) = 0, we obtain the following system of equations:
(a+c+b)*+ma+c+b)3+nla+c+b)?+platc+b)+q=0,
(a—c—ib)*+m(a—c—ib)®+n(a—c—ib)? +plat+c+b)+q=0,
(a+c—b*+mla+c—b)3+nla+c—>b2%+plat+c+b)+q=0,
(a—c+ib)* +m(a—c+ib)®+n(a—c+ib)? +pla+c+b)+q=0.

This is equivalent to b = ¢ = 0 (which is the trivial case T = al) or to
b =0 and ¢ # 0 (which is the case (i)) or to the cases (ii) and (iii) or

b#0,
m = —4a,
n = 6a’ — 2¢2,
p = —4a® — 4b%c + 4ac?,
q = (a*® — ) + b*(4ac — b?).
In this case, we can say that if b # 0 and if (2.12) holds, then
Pr(t) = t* — 4at® + (6a® — 2¢*)t? + (—4a® — 4b%c + dac?)t
+ (a® = )? + b%(4ac — b?).
On the other hand, with the use of operator T' (written as in (2.13)), we
can directly prove that Pr(T") = 0. Indeed,
T* — 4aT? 4 (6a — 2¢*)T? + (—4a® — 4b*c + 4ac®)T
+ [(a® = *)? + b*(dac — b*)]1
=(la+c+b*[a—c—ib)*;la+c—b*[a—c+ib]*)
—da(la+c+bP*[a—c—ib]*la+c— b [a—c+ib]*)
+ (6a® —2¢%)([a + ¢+ b)%; [a — ¢ — ib)*; [a + ¢ — b]?; [a — c + ib]?)
+ (—4a® — 4b%c + 4ac®)(a + ¢+ b;a — ¢ — ibja + ¢ — bja — ¢ + ib)
+ [(a® = ¢*)? 4+ b*(4ac — b*)] (1515 1; 1) = (0;0;0;0).
Now, we will prove that there does not exist any polynomial G with
deg(G) < 4 that satisfies G(T) = 0 under these conditions. Towards this
end, suppose that there exists a polynomial G, defined by G(t) = > +mt? +

nt + p, that satisfies G(T') = 0. In this case, we would have the following
system of equations:

(a+c+b2+ma+c+b)?+n(a+tc+b)+p=0,
(a—c—ib)3 +m(a—c—ib)2+n(a—c—ib)+p=0,
(a+c—b2+m(a+c—b?+nla+c—b)+p=0,
(a—c+ib)? +m(a—c+ib)?> +n(a—c+ib)+p=0,
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which is equivalent to b=0or ¢ = 2 (1—i) or e = —% (1 +i) or c = 2 (1+1)
orc=—5(1-1).

This is a contradiction under the conditions of part (iii) of the Theorem.
In this way, we can say that there does not exist a polynomial G with
deg(GQ) < 4 that satisfies G(T) = 0.

So, we can conclude that under these conditions

Pr(t) = t* — 4at® + (6a® — 2¢*)t* + (—4a® — 4b*c + 4ac?)t
+ (a® = *)? + b (dac — b?).
Conversely, suppose that Pr(t) is the characteristic polynomial of T
Consequently, we have Pr(T') = 0, which is equivalent to
0=T*—4aT? + (6a* — 2¢*)T? 4 (—4a® — 4b*c + 4ac®)T
+ (a® = )2 + b*(dac — b?)
= (la+c+b*[a—c—ib]*a+c—b*[a—c+ib]*)
—da(la+c+0b*[a—c—iba+c— b [a—c+ib]*)
+ (6a* —2¢%)([a + ¢+ b)%; [a — c — ib)*; [a + ¢ — b]*; [a — c + ib]?)
+ (—4a® — 4b%c + 4ac®)(a + ¢+ b;a — ¢ — ibja + ¢ — bja — ¢ + ib)
+ [(a® = ¢)? + b*(dac — b*)] (1515 15 1).

This condition is universal, and hence this case is proved. O

3. INVERTIBILITY, SPECTRUM AND INTEGRAL EQUATIONS

We will now investigate the operator 1" in view of invertibility, spectrum,
convolutions and associated integral equations. This will be done in the
next subsections, by separating different cases of the parameters a, b and
¢, due to their corresponding different nature. The case of b =0 and ¢ # 0
is here omitted simply because this is the easiest case (in the sense that for
this case we even do not have an integral structure: T is just a combination
of the reflection and the identity operators).

3.1. Case b # 0 and ¢ = & (1 —i). In this subsection we will concentrate
on the properties of the operator T'= al + bF + cW, a,b,c € C, b,c # 0, in
the special case of ¢ = g (1 —1) (whose importance is justified by the results
of Section 2).

If we consider the following characteristic polynomial:

Pr(t) =t* — [(3a+ ¢) + ib]t* + [3a® + 2ib(a + c) 4 2ac — (b* + )]t
+ [ —a®— ia®b + ab®>+ ib® — a®c —2iabc — b2c + ac® — ibP+ 03]
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and if ¢ := g (1 —7), we obtain that this polynomial is equivalent to
b 3
Pr(t) =3 — [3@ +5 (1+ z‘)} 2+ [SaQ +ab(141) + 5 ibQ}t

1
+ [—a3—§a2b(1+z’)—%z’ab“’—gb?’(l—i)]

3.1.1. Invertibility and spectrum. We will now present a characterization for
the invertibility and the spectrum of the present 7.

Theorem 3.1. The operator T (with ¢ = % (1—1)) is an invertible operator

if and only if

a—i—(%—%)b#O, a—(%—l—%)bsﬁo and a—(

In this case, the inverse operator is defined by

L3

- )b £0. (3.1)

1 1

o+ La2b(1+i) + 2iab? + 2 b3(1 — )

X [TQ _ (Sa + g 1+ i))T + <3a2 Fab(l+i)+ ;ibQ)I} (3.2)

Proof. Suppose that the operator T is invertible. Choosing the Hermite
functions ¢, we have:

e for [k| =0 (mod 4), (Tyr)(z) = (a+ 3 b— L b)py(x), which implies
that a + (3 — )b # 0;

e for |k =1,2 (mod 4), (Ter)(z) = (a— % — 1b)er(z). So, a— (3 +
3)b #0;

e for |k| =3 (mod 4), (T¢r)(z) = (a — & + 2b)pr(z), which implies
that a — (5 — 31)b # 0.

Summarizing, we have:

(a—i— (§ - z)b)gok(x) if [k|=0 (mod 4),

2 2
(Tr) (x) = (a - (% + %)b) on(z) if [k|=1,2 (mod4), (3.3)
(a - (% — %)b)(pk(x) if |k|=3 (mod 4).

Conversely, suppose that we have (3.1). This implies that
R N B9 D4 )

Hence, it is possible to consider the operator defined in (3.2) and, by a
straightforward computation, verify that this is, indeed, the inverse of T. [
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Remark 3.2.
(1) It is not difficult to see that
3 1 1 1 1 3
P O A
et g Ty)h Rimem(gtg)h BiEem(3 Ty
are the roots of the polynomial Pr(t). Consequently, t1, to, t3 are
the characteristic roots of Pp(t).

(2) T is not a unitary operator, unless b = 0 and a = €'*, o € R, which
is a somehow trivial case and is not under the conditions we have
here imposed to this operator.

=]

FIGURE 1. The spectrum of the operator T for different

values of the parameters a and b.

Theorem 3.3. The spectrum of the operator T is given by

o= fos (G- a3+ - -3}

(see Figure 1).
Proof. For any A € C, we have

3 — [3a+g(1+i)}t2+ {Saz +ab(1 +14) + gibﬂt

1
+ [—a3—§a2b(1+z’)—gme—Zb?’a—i)]

(t)\){t2+()\3ag(1+i))t

(3 3ar - g (144) + 302 + ab(1 + 1) + guﬂ)] L POV
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Suppose that

S R ) R (R L R S
This implies that
Pr()\) = X\° — {3@-1— g (1 —H’)])\Q + {3(12 +ab(1+1i)+ gibﬂx
+ {—a?’—%azb(l—&—i)—giabz—gb:‘(l—i)} £0.

Then the operator T'— A is invertible, and its inverse operator is defined by

(Tf)\I)*lzf%()\) {T2+(A3ag(1+i))T

+ ()\2—3a/\—g(1+i)+3a2+ab(1+z’)+21’1)2)[].

So, we have proved that if T'— Al is not invertible, then A € o(T).
Conversely, if we choose A\ = t1, we obtain:
3

{T ~(a+ (5 - Q)b)I] {TQ F(—2a+b(1 — )T

+ (a2 - %b (1 — 3i) + 2b% — g 1+ i))I} = —Pr(\L.

As A =a+ (32— )b, then Pr(X\) = 0. So, if T — (a+ (2 — £)b)I is invertible,
then

b b
T2+(—2a+b(1—i))T+(aQ—%(1—3i)+2b2—§(1+i))1:0,

which implies that b = 0 and this is a contradiction. So, T'— (a4 (2 — £)b)I
is not invertible.

The same procedure can be repeated for A = to,t3, in which cases we
obtain the same desired conclusion. (]

Thanks to the identity (3.3), we obtain three types of eigenfunctions of T,
represented as follows:

K
D,(x) = Z arpr(x), keC, (3.4)
|k|=0 (mod 4)
K
(I)[](IL') = Z akapk(x), ke (C, (35)
|k|=1,2 (mod 4)
K
Oyyr(x) = Z appr(z), keC. (3.6)

|k|=3 (mod 4)
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3.1.2. Parseval type identity.
Theorem 3.4. A Parseval type identity for T is given by

(Tf,Tg)L2@n) = [|a|2 + g |b\2} (f,9) 2@y + 2R{ab}(f, Fg)L>@n
+ R{b(1 — )@} (f,Wg)r2@n) + [b*(f, F ' g) 2y, (3.7)
for any f,g € L*(R™).

Proof. For any f,g € L*(R"™), it is straightforward to verify the following
identities:

WfWg)re@ny = (f,9)L2®n), (3.8)
(fs W9>L2(Rn) = (W, >L2(Rn)-
If we have in mind (3.8)—(3.9) and as well that for any f,g € L*(R"):
WF Fg)r2@n) = <f, F'g) 2@y,
)L
)

(Ff,Wg)r2mny = (f, F'g) r2@n),

(3.10)
<Ff7 Fg L2(Rn) = <f >L2(]R")7
(Ff, >L2(R") = (f, F9>L2 (R™) 5
then (3.7) directly appears by using (1.1). O

3.1.3. Integral equations generated by T'. Now we will consider the operator
equation, generated by the operator T' (on L?(R™)), of the following form

me +nTyo 4+ pT?p = f, (3.11)

where m,n,p € C are given, |m|+ |n| + |p| # 0, and f is predetermined.

As we proved previously, the polynomial PT( ) has the single roots ¢; =
a+(2—4)b, to =a—(3+%)band t3 = a— (1 — 2)b. The projectors induced
by T, in the sense of the Lagrange interpolation formula, are given by

(T — toI)(T — t51) T? — (to +t3)T + tots

P = , 3.12
LTt~ ta) (1 — 1) (t1 —t2)(t1 — t3) (3.12)
Py = (T =t I)(T = tsI) _ T2 — (t1 +t3)T + tats (3.13)

(to —t1)(t2 — t3) (ta —t1)(t2 — t3)
Py — (T —t:)(T — to1) _ T2 — (t1 + t2)T + taty (3.14)

(t3 —t1)(t3 — t2) (tz —t1)(t3 — t2)
Then we have

PP, = §;x Py, T'=t{P +t5P, +t{Ps, (3.15)

for any 7,k = 1,2,3, and £ = 0,1,2. The equation (3.11) is equivalent to
the equation
a1Pip+ asPop + asPsp = 7, (316)

where a; = m + nt; —+—pt?7 7=12,3.
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Theorem 3.5.

(i) The equation (3.11) has a unique solution for every f if and only if
ayagas # 0. In this case, the solution of (3.11) is given by

o=a;'Pif +ay ' Poaf +az'Psf. (3.17)
(ii) If a; = 0, for some j = 1,2,3, then the equation (3.11) has a

solution if and only if P;jf = 0. If this condition is satisfied, then
the equation (3.11) has an infinite number of solutions given by

Y= Z aj—lpjf + 2z, where z € ker ( Z Pj). (3.18)
Jj<3 Jj<3
a;7#0 a;7#0

Proof. Suppose that the equation (3.11) has a solution ¢ € L?(R"). Ap-
plying P; to both sides of the equation (3.16), we obtain a system of three
equations:

ajP]w:ij, j: 1,2,3.

In this way, if ajasas # 0, then we have the following system of equations:

Pip=ai'Pf,
Pyp = ay ' Paf, (3.19)
ngﬁ = (L?jlpgf.

Using the identity
P +P+P=1,

we obtain (3.17). Conversely, we can verify that ¢ fulfills (3.16).
If ajazaz = 0, then a; = 0, for some j € {1,2,3}. Therefore, it follows
that P; f = 0. Then, we have

> s S
J<3 J<3
a; 7#0 a; 7#0

Using the fact that P; Py, = §;,Px, we get

(5 m)e- (5 m)[ 5 or]

Jj<3 J<3 <
a;7#0 a; 70 a; 70
or, equivalently,
( 3 Pj) [Lp— - a;lpjf} —0.
J<3 J<3
a;#0 a;7#0

Therefore, we can obtain the solution (3.18).

Conversely, we can verify that ¢ fulfills (3.16). As the Hermite functions
are the eigenfunctions of 7', we can say that the cardinality of all functions
¢ in (3.18) is infinite. O
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3.1.4. Conwolution. In this subsection we will focus on obtaining a new

T
convolution * for the operator T. We will perform it for the case b # 0 and
= %(1 — 1), although the same procedure can be implemented for other
cases of the parameters.

This means that we are identifying the operations that have a correspon-
dent multiplication property for the operator 1" as the usual convolution has

for the Fourier transform (Tf)(Tg) = T(f X g).

Theorem 3.6. For the operator T = al +bF + cW , with a,b,c € C, b# 0

and ¢ = % (1 —1i), and f,g € L*(R™), we have the following convolution:

Jxg=ClAifg+ A (WH(Wo)+ As(f Wy + g W)
+A(fFg+gFf)+ As(W)(F~lg) + (F1f)(Wg))
+ As(WF)(Fg) + (Ff)(Wg)) + Az(g F ' f+ f F'g)
+ As((Ff)(Fg)) + Ao (F' )(F~'g)) + Awo(F(fg))
+A11( (fWg) +F(9Wf)) + A1a(F~'(fg))
+Ai(F(fFg)+ F(gFf)) + Awu(F~'(fFg)+ F (g F))
+ Aus (F/( Ff (Wg)) +F((Wf)(F9)))
+ A (FH((Ff)(Wg)) + FH (W f)(Fyg)))
+ A E((FA)(Fg) + AF (PN (Fg))|. (3.20)

where
_ 1
S a+1a?b(1+4) + Siab? + 2b3(1—4)’
Sb bS -b4
A1:a4+%(1+i)+ia2b2+L(1+i)+%,

4
Ag:——(l—l-z)—i(l—z)—l—f——(1—1)

a’b? 3 b4 a3b
2 2 2 2
a3bh a’b? ab3 b3
Ag =T (L0 + 5= (L) + - (140) = == (1),

. 2b2 . 2b2 b&
A4:ajb+a7(1+i)+iab‘3, A5:7a7(171)7a7

2b2 b3 b4 b3 b4
Ag =T (=) + S+, =it - (=),

ab?
Ag = a®b* + (1+z)+zb Ag=——(1—-1)— —
a?bh? b
Alo—fa?’bfT(lJrZ)f—(lJrZ)
a’b? ab?

All——T(l—Z)_7_lab3
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Boob b
A :i% — S (=) +a(1—0), A= —a® - % (1+1),
b b
A= ab*(1=i), A =—"-(1=i) =7,

4
A = —ib*,  Ayp = —ab® — % (1+14), Ais=0b"(1—1).

Proof. Using the definition of 7' and a direct (but long) computation, we
obtain the equivalence between (3.20) and

1
C @+ L a?b(1+4) + Siab? + S b3(1—1)

T
[*g

X [TQ - <3a + g (1+ i))T + (3a2 +ab(1+i) + 22'1)2)[} [(TF)(Tg)].

Thus, having in mind (3.2), we identify the last identity with

T _
frg=T7[(T))(Tg)],
which is equivalent to

(Tf)(Tg) =T(f *g),
as desired. O

3.2. Case b # 0 and ¢ # £Z(1 £ 4). In the case of the operator T’ :=
al +bF +cW, a,b,c € C, b # 0 and ¢ # :i:% (1 £14), whose characteristic
polynomial is

Pr(t) = t* — 4at® + (6a® — 2¢*)t* + (—4a® — 4b%c + dac®)t
+ (a* — )? + b*(4ac — b?),

we have the following properties.
3.2.1. Invertibility and spectrum.
Theorem 3.7. T is an invertible operator if and only if

a+c+b#0, a—c—ib#0, a+c—b#0, a—c+ib#0. (3.21)
In this case, the inverse operator is defined by the formula

1

(a? — c2)% + b%(4dac — b?)
x T3 = 4aT? + (602 — 2¢3)T — (—da® — 4b%c + 4a02)I]. (3.22)

T'=-

Proof. Suppose that the operator T' is invertible. Using the Hermite fun-
ctions ¢, we have:

(a+c+bpr(z) if |k|=0 (mod 4),
_J(@—c—ib)pr(z) if [K[=1 (mod 4),

Ten)(@) = (a+c—b)pp(z) if |k|=2 (mod 4), (3.23)
(a —c+ib)pr(x) if |k]=3 (mod 4).
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Therefore,

e for |k| = 0 (mod 4), (Tex)(z) = (a + b+ ¢)pr(z), which implies
that a +c+b # 0;

o for |[k| =1 (mod 4), (Tyr)(x) = (a — ib — ¢)pr(x), which implies
that @ — ¢ — ib # 0;

e for |k| = 2 (mod 4), (Tyr)(xz) = (a — b+ ¢)pr(x), which implies
that a + ¢ — b # 0;

e for |k| = 3 (mod 4), (Tpr)(z) = (a+ ib — ¢)pi(x), which implies
that a — ¢ +ib # 0.
Conversely, suppose that (3.21) holds. So,

(a® — )2 + b*(dac — b?) # 0.

Hence, it is easy to verify that the operator defined in (3.22) is the inverse
of the operator T. (I

Remark 3.8.
(1) The characteristic roots of the polynomial Pr(t) are

ty=a+c+b, to=a—c—ib, t3=a+c—b, ty=a—c+ib.

(2) T is not a unitary operator, unless a = 0, b = ¢, ¢ = 0, B € R,
(which is the operator T' = bF', with b € C\ {0}) or a = €'®, b =0,
c=0o0ra=0,b=0,c=¢e", a,¢ € R, which are not under the
conditions here considered for this operator.

Theorem 3.9. The spectrum of the operator T is defined by
o(T) = {a+c+b7a—c—i&a—i—c—b,a—c—&—ib}.
Proof. For any A € C, we have
t*—dat® +(6a>—2*)t* + | — 4a® —4b*c+4ac®]t+(a® —*)* +b* (4ac—b?)
—(t—)) [t3 + (X — 4a)t% + (A% — daX + 6a? — 26)t
+ (A% — 4a)2 + (602 — 2c%)\ — 4a® — 4b%c + 4ac2)} + Pr(V).
IfAxgd{a+c+ba—c—iba+c—b,a—c+ib}, then
Pr(\) = A — 4a)® + (6a* — 2c2)\?
+ [~4a® — 4b*c + dac®]\ + (a® — *)? + b*(dac — b?) # 0.

In this way, the operator T'— AI is invertible, and its inverse operator is
defined by the following formula:

(T—X)"' =

_ 3 —4 2 2_4 2 2
PT(A)[T + (A —4a)T% + (A2 — da + 6a2 — 2¢A)T

+ (N = 400? + (60 — 26%)A — da® — 4% + dac?) 1.



26 L. P. Castro, R. C. Guerra, and N. M.Tuan

In this way, we have proved that if T'— AT is not invertible, then A € o(T).
Conversely, if we choose A\ = t1, we obtain:

(T — (a+c+b)) [T3 + (=3a+b+c)T?
+ (3a® — 2ab + b* — 2ac + 2bc — AT + (—a® + a®b — ab® + b + 4ac
+ a*c — 2abc — b*c — 3ac® + bc® — )| = —Pr(M)I.
As A=a+c+b, Pr(\) =0. So, if T'— (a + ¢+ b)I is invertible, then

T3+ (=3a+ b+ c)T? + (3a® — 2ab + b* — 2ac + 2bc — )T
+ (—a® 4 a®*b — ab® + b® + dac + a*c — 2abc — b*c — 3ac® + bc* — ) = 0,
which implies that @ = 0 and b = 0 or that b = 0 and ¢ = 0, which
is not under the conditions imposed for this operator. So, we reach to a
contradiction. Hence, T'— (@ — ¢ — b(1 + 4))I is not invertible.

Arguing in the same way for A = t3,t3,t4, we obtain a very similar
conclusion. O

Thanks to the identity (3.23), we obtain four types of eigenfunctions of T,
represented as follows:

K

()= > axpe(x), keC, (3.24)
|k|=0 (mod 4)
K

or(r)= Y appr(x), keC, (3.25)
|k|=1 (mod 4)
K
(I)[[[(.’E) = Z akgok(x), ke (C, (326)

|[k|=2 (mod 4)
K

Oy (x) = Z agpr(z), keC. (3.27)
|k|=3 (mod 4)

3.2.2. Parseval type identity. In the present case, a Parseval type identity
takes the following form.

Theorem 3.10. In the present case, a Parseval type identity for T is
given by

(Tf.Tg)r2mny = [laf* + [b]” + |c[|(f, 9) L2@n) + 2R{ab}(f, Fg) 12(mn)
+ 2R{ae} (f, Wa) 2en) + 2R{bEH(f, F 1 g) r2mny  (3:28)
for any f,g € L*(R").

Proof. The formula (3.28) is a direct consequence of (1.1), (3.8), (3.9) and
(3.10). O
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3.2.3. Integral equations generated by T'. As before, we will now consider in
the present case the following operator equation generated by the operator
T, on L?(R"),

me +nTy + pT?p = f, (3.29)

where m,n,p € C are given, |m| + |n| + |p| # 0, and f is predetermined.

The polynomial Pr(t) has the single roots: t; = a+c+b, ta = a—c—ib,
ts =a+c—0, t4 = a — c+ib. Using the Lagrange interpolation structure,
we construct the projectors induced by T

(T = t2D) (T — t31) (T — t4l)

P =
! (t1 —t2)(t1 — t3)(t1 — ta)
T3 — (to + b3+ ta)T? + (tats + toty + tty)T — totstsl (3.30)
(t1 —t2)(t1 — t3)(t1 — ta) ’ '
(T =t ) (T — t31)(T" — t4l)
Py, =
(ta —t1)(t2 — t3)(t2 — ta)
T3 — (ty + b+ ta)T? + (tats + tity + tta)T — tatstal (3.31)
(t2 —t1)(t2 — t3)(t1 — ta) ’ '
(T = 1 ) (T — t2I) (T — t4)
Py =
(ts —t1)(ts — t2)(t3 — ta)
T3 — (b + by + ta)T? + (trte + bty + totg)T — titatsl (3.32)
(ts —t1)(ts — t2)(ts — ta) ’ '
(T =t ) (T — t21) (T — t51)
Py =
(ta —t1)(ta — t2)(ta — t3)
T3 — (b + by + t3)T? + (tata + trts + tots)T — titats] (3.33)
(ta —t1)(ts — t2)(ts — t3) ' '
Then, we have
PP, = 5jkPk§ T = t{Pl + tgpg + tgpg + tﬁP4, (334)

for any 7,k =1,2,3,4, and £ = 0,1,2. The equation (3.29) is equivalent to
the equation

a1 Pro +axPop + asPsp + ayPyp = f, (3.35)
where a; = m + nt; +pt§, 7 =12,34.
Theorem 3.11.

(i) Equation (3.29) has a unique solution for every f if and only if
arasazay # 0. In this case, the solution is given by

©=a ' 'Pif +ay ' Pof + a3 ' Psf +a; ' Pyf. (3.36)

(ii) If a;j = 0, for some j = 1,2,3,4, then the equation (3.11) has a
solution if and only if P;f = 0. If we have this, then the equation
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(3.11) has an infinite number of solutions given by

Y= Z aj—lpjf + z, where z € ker ( Z Pj). (3.37)
Jj<4 Jj<4
a;7#0 a; 70

Proof. Suppose that the equation (3.29) has a solution ¢ € L?(R"). Ap-
plying P; to both sides of the equation (3.35), we obtain the system of four
equations: a; Pjp = P;f, 7 =1,2,3,4.

If ayasazay # 0, then we have the following system of equations:

Pip=a;'Pif,
PQSQ = a_1P2f7
2 (3.38)
PSSD =asg P3f7
P4§0 = a21P4f.

Using the identity
P +P+ P+ Py=1,

we obtain (3.36). Conversely, we can verify that ¢ fulfills (3.35).
If ajazazas = 0, then a; = 0 for some j € {1,2,3,4}. It follows that
P;f =0. Then, we have

S he- Y e
Jj<4 Jj<4
aj;ﬁo aj;ﬁo

Using P; Py = 6Py, we obtain

(X R)e= (X R X o hr)

j<4 j<4 j<d
aj;é() aj;ﬁO aj;éO
Equivalently,
( E Pj) [ap— E a;lef} =0.
Jj<4 Jj<4
aﬁéO aﬁéO

So, we obtain the solution (3.37).

Conversely, we can verify that ¢ fulfills (3.35). As the Hermite functions
are the eigenfunctions of T', we can say that the cardinality of all functions
¢ in (3.37) is infinite. O

3.2.4. Convolution. In this subsection we will present a new convolution i
for the operator T'. We will perform it for the case b # 0 and ¢ # :I:%(l +1i).
This means that we are identifying the operations that have a correspondent
multiplication property for the operator T as the usual convolution has for

the Fourier transform (T'f)(Tg) = T(f ¥ g).
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Theorem 3.12. For the operator T = al +bF + cW, with a,b,c € C, b # 0
and ¢ # :l:%(l +1i), and f,g € L*>(R™), we have the following convolution:

I %9 =CAufg+ As(W)(Wg) + As(f Wy + g W )
+ Au(f Fg+ g Ff) + As(WH(F~1g) + (F~f)(Wyg))
+ As(W)(Fg) + (F)(Wg)) + Ar(g F' f + fFlg)
+ As((FN)(Fg)) + Ao (F1)(F~'g))
+ A10(F(f9)) + Aui (F(f W) + F(gW f)) + Awa(F ' (f9))
+ A (F(f Fg) + F(g Ff)) + Aw(F~'(f Fg) + F' (g Ff))
+ Ais(F((FH)(Wg)) + F((Wf)(Fg)))
+ A (FH((FF)(Wg)) + FH((Wf)(Fg)))
+ AirF((Ff)(Fg)) + AsF = ((F/)(Fg)) |, (3.39)
where
1
(a? — ¢2)2 + b2(dac — b2)’
Ay = T7a® — 763 + 7ab%c — ab? P + a2 — 05,
Ay = Ta3c? — Tact + 0% — a®b? + atec — >3,
As = Ta*e — 7a%¢ + Tab*? — a®b%c + a®c? — ac?,
Ay = 7a*b — 7a®bc? + Tab®e, As = —a?b® + a®be — abc?,
Ag = Ta’be — Tabe® + 7632, Ay = —ab®c 4 a®bc? — b,
Ag = 7a%b? — 7ab®c? + e, A9 = —ab* + a®b*c — b2c3,
Ay = a*b+ a®bc® + b3c — 2abe?,
Aqq = a’be + abe® + abdc — 2a%bc?,
A1s = a®b® + bt + a®b® — 2a%be,  Ais = a®b® + ab?c?,
Aqg = ab* — 2a°b%e, A5 = a®’bPe + b33,
A = bre —2ab%c?, A =a?bP + 032, A =0b° — 2ab’e.

C=—

Proof. Using the definition of T, by computation we obtain the equivalence
between (3.39) and

T o __ 1
9= (a? — ¢2)2 + b2(4ac — b?)
x T3 — 4aT? + (602 — 2¢3)T — (—4a® — 4b%c + 4a02)I] [(Tf)(Tg)].

f

Consequently, having in mind (3.22), we identify the last identity with

fxg=T""[(Tf)(Tg))],
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which is equivalent to

(TF)(Tg) =T(f * g),

as desired. O
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Abstract. We investigate the Dirichlet type boundary value problems
for anisotropic pseudo-Maxwell’s equations in screen type problems. It is
shown that the problems with tangent Dirichlet traces are well-posed in
tangent Sobolev spaces and they can equivalently be reduced to the Dirich-
let boundary value problems in usual Sobolev spaces. Using the potential
method and theory if pseudeodifferential equations the unigieness and ex-
istence theorems are proved. Asymptotic expansions of solutions near the
screen edge are derived and used to establish the best Hoélder smoothness
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1. INTRODUCTION

The study of boundary value problems in electromagnetism naturally
leads us to the pseudo-Maxwell’s equations with inherited tangent boundary
conditions, which are in some sense non-standard for the system of elliptic
equations, cf. the works of Buffa, Costabel, Christiansen, Dauge, Hazard,
Lenoir, Mitrea, Nicaise and others. Due to the presence of tangent boundary
conditions the usage of the potential methods for the investigation is com-
plicated and the case of tangent Dirichlet type boundary condition is mostly
studied by variational methods. Our goal is to investigate well-posedness
of the screen type Dirichlet boundary value problems for pseudo-Maxwell’s
equations

A(D)U := curl gt eurl U —segrad div(e U) —w?e U =0 in R*\ % (1.1)
with the help of the potential method and tools of pseudodifferential equa-
tions; here, ¥ C R? denotes a screen which is a compact, orientable and
non self-intersecting surface with the boundary.

The present investigation covers the anisotropic case when the coefficients
in (1.1) are real-valued and constant matrices

€ =lgjrlsxs, 1= [ujkl3xs; (1.2)

which are symmetric and positive definite,

(6,6) 2 clé®,  (u€, &) 2 dl¢f?, vEER?,

for some positive constants ¢ > 0, d > 0, where

3
(n,&) =Y _n;&;, m,¢eC?,
j=1
sin (1.2) is a positive real number and the frequency parameter w is assumed
to be non-zero and complex valued, i.e., Imw # 0.

2. FORMULATION OF THE PROBLEMS

From now on throughout the paper, unless stated otherwise, {0 denotes
either a bounded QT C R? or an unbounded Q= := R3\ O domain with
the smooth, non-self-intersecting boundary . := 9Q% and v is the outer
unit normal vector field to .. Whenever necessary, we will specify the case.

By % we denote a subsurface of . (a screen) with a boundary 9%,
which has two faces 4~ and ¥ and inherits the orientation from .: €+
borders the inner domain Q1 and ¥~ borders the outer domain ©~. The
unbounded domain with a screen configuration is denoted by

RS :=R3\ 7.
The space ﬁ“(%) comprises those functions ¢ € H"(#) which are sup-
ported in % (functions with the “vanishing traces on the boundary”). For

the detailed definitions and properties of these spaces we refer, e.g., to
[13,14,16,17]).
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It is well-known that H"~/2(.#) is a trace space for H"(Q), provided
that » > 1/2 and the corresponding trace operator is denoted by v.s. For
the detailed definitions and properties of these spaces we refer, e.g., to [17].

Let us note that since . is smooth, the Dirichlet trace v U, the tan-
gential (Dirichlet) traces 7, U = v (v x U) and .U = y¢[(v x U) x v],
the normal (Dirichlet) traces v, U = (v,v2U) (ie., v, U = v - y5U) are
well defined for the elements of H!(Q) and ~,U,v,U belong to the Sobolev
space

H} (#):={U e (H*T))*: v-U=00n.}
of tangential vector fields of order 1/2 on the surface ., while v, U €
Hz () and v»U € H2 (.%).

First, for the smooth functions, using the Gaufl formula (integration by

parts), we obtain the following Green’s formulae:

(AD)WU,V)ge = (W x p~tewrlU,V,) , — (sdiv(eU),ev - V),
tac, (U, V)gr —w*(eU,V)g., (2.1)

where a. , is the natural bilinear differential form associated with Green’s
formulae (2.1)

a. (U, V)g:=(u ' cuwrl U, curl V), + s (div(eU),div(eV)) .  (2:2)

and V=V — (v, V)v.
Note that Green’s formula (2.1) allows us to define the Neumann’s trace

T(D,v)U := s div(eU)ev — v x p~ ' curl U, (2.3)

for an arbitrary vector U € H!(QT) provided that A(D)U € Ly(Q*) by
the duality as follows

(T(D,v)U,V) 4 =a.,(U,V)g:—(AD)U,V)q,—w* (U, V)i, (2.4)
for all V € HY(QT).
Theorem 2.1 (cf. [6]). In (1.1), the operator
A(D)U = curl g~ curl U — se grad div(eU) — w?cU
is elliptic, has a positive definite principal symbol and is self-adjoint.

Now we are ready to formulate the screen type Dirichlet boundary value
problems (BVPs) for anisotropic pseudo-Maxwell’s equations:

The Dirichlet boundary value problem D:
Find U € H'(RY) such that

AD)U =0 in RZ,
yH(U)=g* on €,
where the given data g* satisfy the conditions

gt cHY2 (%), gt —g erglH'*(%). (2:6)
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The Dirichlet boundary value problem D :
Find U € HL, o(R%) := {U € H'(R%) : (ev,74:U) = 0 on €} such

ev,0
that
AD)U =0 in R, 2.7)
VE(U) =f* on €, )
where the given data f* satisfy the conditions
e H/*(%), fF—f ergH/*(%). (2.8)
The Dirichlet boundary value problem D :
Find U € H}, ((R%) such that
A(D)U = in R2
jf )JU=0 in RZ, (2.9)
VEU)=ft on €,
where the given data f* satisfy the conditions
= e H/%(%), £ —f €r /% (7). (2.10)

Before we proceed it is worth to note that tangent boundary conditions
in Problems D, and D, are motivated by tight connections between bound-
ary value problems for pseudo-Maxwell’s equation and Maxwell’s equation,
where the boundary operators v, and v, are natural, cf. [1-3,7] and others.
However, since we consider smooth screens there is a connection between
the traces 7, and 7, established by the geometric operation v x - which is
in fact a rotation operator and therefore from the uniqueness, existence and
regularity results for the Problem D, we get the same results for the Prob-
lem D, and vice versa. Moreover, the uniqueness, existence and regularity
results for these problems are an easy consequence of the results obtained
for the Problem D below due to the following formula:

(ev,g) — (ev, (Vv X g8) X V)
(ev,v)

g=@wxg) xv+ v, (2.11)

which holds true for the smooth vector field v and any g € H2 (7). Indeed,
first, from the decomposition

g=vx(gxv)+ (g (2.12)
we have

(ev,g) = (ev,v X (g x V) + (v, g){ev, V). (2.13)
Now, by expressing (v, g) from (2.13) and inserting it into (2.12), we get
(2.11). Further, if U is a unique solution of the Problem D with the bound-
ary data
(ev, £ x v)

+ _ _
gt =f xv )
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where f* satisfy the conditions (2.8) (therefore g* satisfy the conditions
(2.6)), we need to show that U € H}, ((R%) and vE(U) = f+. Clearly, we
have

(ev, f x V)

o) (ev,v) =0

(v, v¢=U) = (ev,g7) = (ev. £ x v) —

and

ev, i x v)

fyTi(U):ux(fixu)—< (v xv)=vx (ff xv)=f*,

(ev,v)

since £+ € Hi/z(%). Thus it is sufficient to study the Problem D.

3. VECTOR POTENTIALS

The elliptic operator A(D) in (1.1) has the fundamental solution (cf. [13])
1 .
Fa(x)=F_ [77(9)] = ZL, [i ﬁ/e*”w?’d*(i’m) dri,

E/ = (51752)T € R27 T = (xlax?)) € Rsa

where .7 ! denotes the inverse Fourier transform and .« (¢) is the full sym-
bol of the operator A(D):

,,Q{(f) = Ucurl(g);u_lo'curl(f) + 86[5j§k}3><35 - w25a 5 = (517§2a§3)—r € Rgv

where

0 i3 —i&
Ucurl(f) = _if?) 0 161
i —i& 0

If 23 < 0 (if, respectively, x5 > 0), we fix the sign “+” (the sign “—") and
a contour .Z in the upper (in the lower) complex half-plane, which encloses
all roots of the polynomial equation det«(£) = 0 in the corresponding
half-planes.

Let us consider, respectively, the single-layer and double-layer potential
operators

VU(z) = 74 Fa(z — 1)U (r)dS, (3.1)
d T
WU (z) := 7{ [(T(D,V(T))FA)(:E - T)} U(r)dS, 2€Q,  (3.2)
S

related to pseudo-Maxwell’s equations in (1.1). Obviously,
A(D)VU (z) = A(D)WU (z) =0, VU € Ly(¥), Vz € Q. (3.3)

For the next Propositions 3.1-3.4 and for their proofs we refer, e.g.,
to [9,11,15].
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Proposition 3.1. Let Q C R3 be a domain with the smooth boundary
S = 0N.
The potential operators above map continuously the spaces
V H () — H3/2(Q),
W H"(.¥) —» H+2(Q), VreR.
The direct values V_1, Wq and Vi1 of the potential operators V, W

and T(D,v)W are pseudodifferential operators of order —1, 0 and 1, re-
spectively, and map continuously the spaces

V_i: H(Y) - H (),
Wy : H'(.¥) = H"(.¥), (3.5)
Vi H(Y) - H (), VreR.

(3.4)

Proposition 3.2. The potential operators on an open, compact, smooth
surface € C R3 have the following mapping properties:

V:H(¢) — HT3/2(RE),
W :H' (%) — H 2R3, VreR.

The direct values V_1, Wq and V1 of the potential operators V, W
and T(D,v)W are pseudodifferential operators of order —1, 0 and 1, re-
spectively, and have the following mapping properties:

V_y H'(¢) —» H' (%),
Wy : H' (%) — H' (%), (3.7)
Vi H(€) - H~YE), VreR.

(3.6)

Proposition 3.3. For the traces of potential operators we have the following
Plemelji formulae:

(- VU)() = (14 VU)(x) = V_1U a), (38)
(1 T(D,W)VU) (@) = 55U (&) + (Wo)* (. DU 2), (39)
(v WU)(z) = :E%U(x) + Wo(z, D)U(x), (3.10)

(vr-T(D,v)WU)(z) = (7.0+T(D,v)WU)(z) = V11U (z),  (3.11)
res, UeH)(Y),
where (Wo)*(z,D) is the adjoint to the pseudodifferential operator Wq(z,D),
the direct value of the potential operator T(D,v)V on the boundary 7.

Proposition 3.4. Let the boundary . = 0Q*F be a compact smooth surface.
Solutions to pseudo-Mazwell’s equations with anisotropic coefficients € and
W are represented as

U(z) =+tW(ye:U)(z) F V(v e+ T(D,v)U)(z), x € 5 (3.12)
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where v+ T(D,v)¥ is Neumann’s trace operator (see (2.3)) and vo+V is
Dirichlet’s trace operator.

If € C R3 is an open compact smooth surface, then a solution to pseudo-
Mazwell’s equations with anisotropic coefficients € and u is represented as

U(x) = W([U))(z) - V(T (D, »)U])(z), = € Ry,
U] :==v4+U —y%-U, [T(D,v)U]| :=4+T(D,v)U — - T(D,v)U.

As a consequence of the representation formula (3.12) we derive the fol-
lowing

Corollary 3.5. For a complez valued frequency, a solution to the screen type
boundary value problems for pseudo-Mazwell’s equations decays at infinity
exponentially, i.e.,

U(z) = ﬁ’(e‘alxl) as |x| = oo provided that Imw # 0 (3.13)
for some a > 0.
Theorem 3.6. The Problem D has at most one solution.

Proof. The proof is standard and uses Green’s formula (cf. (2.1)-(2.4)).
Let R be a sufficiently large positive number and B(R) be the ball centered
at the origin with radius R. Set Qg := R% N B(R). Note that the domain
Qg has a piecewise smooth boundary Sg including both sides of €.

Let U be a solution of the homogeneous problem. Then applying Green’s
formula for V' = U in Qi and passing to the limit R — oo, taking into
account the estimate

U(z) = ﬁ(e‘a‘ml) as |z] = oo for a >0,
we get
a.,(U,U)gs —w?(U,U)gs = 0.
Since € and p~! are positive definite constant matrices, s > 0, and Imw # 0,
it follows that
(eU,U)gs =0,
and therefore U = 0 in R3. O

4. THE SCREEN TYPE DIRICHLET PROBLEM

Let ¢ft € H-Y/2(.%) be a fixed extension of the function ft € H~1/2(%)
up to the entire closed surface . and let fo(ft — f7) € H;}G () be an

extension by zero of the function £ — £~ € roH1/2(%), cf. (2.6). Then
any extension of the function f+ € H~'/2(%) onto .7 is given as

CHEY = 0fT

where is an arbitrary element of the space HY/2(€¢), ¢¢ := .\ €. There-
fore, any extension of the function f~ € H'/?(%) onto .7 is defined as
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0= =0t — (Y — £) € HY?(.¥) and we have
rel £ =fF — (fr —f)=f",
© ( ! ) (4.1)
7"(50£+f+ = T%cf f_

We look for a solution of the screen type Dirichlet problem (2.5)-(2.6) in
the form of single-layer potentials:

Ue) = {V(V_1)1€+f+(x), z € Qt,

V(V_) YW f(z), ze€Q . (4.2)

Then U satisfies the basic differential equation (1.1) in the domains QF,
as well as the boundary conditions on &. From the ellipticity of the differ-
ential operator A(D) it follows that a generalized solution of the equation
A(D)U = 0 is analytic in R, and following continuity conditions

c U— c —U:O
{“g Vr+ TeY.y , (4.3)

rey - (T(D,)U) = reer s (T(D,w)U) =0

hold across the complementary surface €. It is clear that by our construc-
tion the first equation in (4.3) is satisfied, cf. (3.8) and (4.1). From the
second equation, by applying (3.9) and (4.1) we derive the equation

1 1
ree (= 5T+ (Wo)' ) (Vor) 58 —re (51+(Wo)" ) (Vor) e € =0,
which is a strongly elliptic pseudo-differential equation on the surface ¢
—rge(V_1)™' =F, (4.4)

with the known right-hand side
1 1 ,
F = rge(V_q) T —repe (5 I+ (VVU)*)(\Ll)—lzo(f+ —f) € H2(%°).

The principal homogeneous symbol o__,)-1(2,§) of the operator

—(V_1)7! is even with respect to & for all z € ¥. This implies that the
matrix

(U,(V71)71(x/7()’ 0, _1))_10*(V—1)’1($l707 0,+1) =1, x’ € 0%, (4.5)

has trivial eigenvalues. Using the equality (4.5) analogously to Lemma 3.12
from [6] we can prove the following theorem.

Theorem 4.1. The operator
—rege(V_1) 7! 1 HY (%) — H (%)
is invertible for all 0 < s < 1.

From Theorem 4.1 the following existence result follows immediately.
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Theorem 4.2. The Problem D possesses a unique solution U € H*(RY)
which can be represented by single- layer potentials

V(V_y)~ (e + ) in QF,
V(V_q) L (tf + —fo(fF —£7))  in Q7

where is a solution of the uniquely solvable pseudo-differential equation
(4.4).
Moreover, if the conditions

£ e H2t5(%), fH—f ergHz25(%).

for the data in (2.6) hold, a solution U of the screen type Dirichlet problem
belongs to the space H'T*(RZ) for all s € [0,1/2).

Finally, we characterize the asymptotic behaviour of solutions of the
problem D-I near the screen edge 0% .

Let ' € 9% and II,, be the plane passing through the point z’ and
orthogonal to the curve 9%. We introduce the polar coordinates (r,«),
2>0, -7 < a < m, on the plane II,/, with pole at the point z’, such that
the points (r,+m) describe the faces of the screen € in the vicinity of the
boundary €. We assume that the boundary data f* are infinitely smooth.
Applying the results obtained in [4,5,8,12], near the screen edge we obtain
the following asymptotic expansion:

M
U, ra)= do(x',a)r% + de(x’,a)r%Jrk +Upsa(2',r ),  (4.6)
k=1
where dy, € (C®(0% x [—7,7]))%, k=0,...,M, Up11 € CMHT(QF).

Note that from asymptotic expansion (4.6) it follows that U has C'-

smoothness in the tubular neighbourhood of the screen edge 9% .
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Abstract. The purpose of the present research is to investigate the
Fredholm criteria for the Prandtl-type integro-differential equation with
piecewise-continuous coefficients in the Bessel potential spaces Hl) (R).

We reduce the integro-differential equations to an equivalent system of
Mellin type convolution equation. Applying the recent results to Mellin
convolution equations with meromorphic kernels in Bessel potential spaces
obtained by V. Didenko & R. Duduchava [3] and R. Duduchava [9], the
Fredholm criteria (and in some cases, the unique solvability criteria) of the
above-mentioned integro-differential equations are obtained.

2010 Mathematics Subject Classification. Primary 47B35; Sec-
ondary 45E10, 35J57.

Key words and phrases. Integro-differential equations, Quasilocaliza-
tion, Fredholm property, Symbol, Bessel potential spaces, Mellin convolu-
tions.

©9boydg. Fobodrgdsmg LS00l dobsbos 3sdmoggmomls gMgdmem=
dg9mmdol 3Mo@dg®moydo 3Mmsbp@mol Godol 0bdga®m-©ogg®mgbiosmg®o
35b@mEgdolomgol 9dsb-90sb 9Fyg960 3mgnB0E0gb@gd0om dgLgmols 3m-
Babgosmms bogdigdo Hi(R). odmbsggemggo 0b@gy®@m-ogg@gbios-
gm0 asbBmagdgdol LobEgds ©s0ygobgds gdgogemgbda® dgeobols
3mbgmeaiool ool LobEgdaby, dmdmobmgolsE godmygbgds 3. ©o-
©gbgml, @. EgEghsgsl [3] o @. EgEyghsgsl [9] dog® dmem AL
dowgdgmo Ygegagdo dgmobol gmbgmmygiools Godol asbGmegdgdolis-
ngol 3gomIm@Oggmo doMmmggdomn dgbgmol 3mEgbiosms Logmggodo,
Lo@s3 o gbomos g@gdmmdg®mdol (ws, oy dgdmbggggddo, go-
050000 sdmblbsmdbol) gMo@gdogdgdo bgdmm bligbgdymo 0b@gaydm=

008903050 AobFmEgdgdolomgol.



Integro-Differential Equations of Prandtl Type in the Bessel Potential Spaces 47

INTRODUCTION AND THE FORMULATION OF THE MAIN THEOREM

We study the following integro-differential equation in the Bessel poten-

tial space setting
o -4 [ €0 47— fo), )
R

1 1
s _ s—1
p € Hy(R), ¢(0)=0, feH, " (R), 5<s<1+5, 1<p<oo,

where a(t) is a piecewise-constant coefficient: a(t) = a_ for t < 0 and
a(t) = ay for t > 0. Such boundary integral equations occur as an equiva-
lent reformulation of many problems in the classical two-dimensional elas-
ticity (stringers attached to plates, rigid inclusions in elastic plates, stamps
applied to elastic plates etc., see [16]) in aerodynamics (airfoil equation)
and in many other problems. In Section 1 we expose an example from Sec-
tion 6, [18], where the model initial stringer problem was considered and
solved in a spaceless setting by a somewhat different method, namely by the
method of complex analysis. We endow the example with the non-classical
setting when the displacement vector u + tv is sought in the Bessel poten-
tial space HZH/ P
space H5 /P71,

Based on the investigations from [3,9], in Section 4 is defined the symbol
A (w) of the equation (1), which is a continuous 2 x 2 matrix-function on
the infinite rectangle SR. For an elliptic symbol wlggfq | det Aj(w)| # 0, the

and the stresses o, oy, Tzy belong to the Bessel potential

increment of the argument - arg det A5 (w) is an integer and called the
index ind det.A;. The following theorem is the main result for the equation
(1) in the present paper.

Theorem 0.1. Let, 1 <p<oo, -1<s<1,ar €C.
The equation (1) is Fredholm if and only if the following two conditions
hold:

(i) The coefficients ax are not negative reals: ax € C\R~, R— :=
(70070];

(ii) The parameters p and s are not the solutions to the following tran-
scendental equation:

cos? = sin? (1 + s> —sin2 = = 0. (2)
p p p
If the conditions i and i hold and 1 < p < 4, then the equation (1) has
a unique solution for all 1 < p < 4 and arbitrary —1 < s < 1.
If the conditions i and i hold and 4 < p < oo, then the transcendental
equation (2) has two pairs of solutions {p, s,} and {p, s, —1}, where s, > 0,
sp —1 < 0. Then the equation (1) has

(i) a unique solution for all s, — 1 < s < sp;
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(ii) a unique solution for all right-hand sides which are orthogonal to
the solution of the dual homogeneous equation for all s, < s <1
(the equation has index —1);

(iii) @ non-unique solution for all right-hand sides provided —1 < s <
sp — 1; the homogeneous equation has one linearly independent so-
lution (the equation has index 1).

The same method which we use in the present paper, applies also to the
equations with complex conjugated unknown functions

ar(z)o(x) + az(x)¢' () + as(z)p(x) + as(x)y’ ()
as(x) [ o(t) ag(x) [ ¢'(t) ar(x) [ o(t)
T dt + dt + —= dt
/ | [

T t—=x t—zx T t—
r r
ag(z) [ () ag(x) [ »(t)
+ s /t—xdt+ T /t—xdt
r r
002 [0 4o ), wer, 3)
r

weH;(F), feL,T), aj e PCT), j=1,...,10,

where I' is a union of smooth curves, open or closed, including infinite
beams (e.g. R). Such equations occur in many problems of elasticity (see
e.g. [6-8,17]).

For the investigation of equation (1) on R we first convert it into a system
of Mellin convolution equations with constant coefficients on the semi-axes
R*. Then the results on Mellin convolution equations in the Bessel potential
spaces (see [3,9]) are applied and provide the criteria for the initial equation
to have the Fredholm property and write formula for the index.

For the investigation of equation (3) first a quasi-localization is applied,
which assigns to it at each point ¢ € I' the same equation, but either on
the axes R with piecewise constant coefficients, which have jumps only at 0,
or on the beam R with constant coefficients (“freezing coefficients” at the
localization points; see details in [1,2,4,15]). The obtained equations are
investigated just as in the case of equation (1). It is proved that equation
(3) is Fredholm one, if and only if all local equations are Fredholm (the local
and global Fredholmness for the localized equations coincide).

The details of this investigation will be available in a forthcoming publi-
cation.

The present paper is organized as follows: in Section 1 we describe the
stringer problem which leads to the integro-differential equation (1) we are
going to investigate. In Section 2 we observe Fourier convolution operators
in the Bessel potential spaces. The key result on commutants of the Mellin
convolution operators and Bessel potentials is represented in Section 3. In
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the Section 4 we investigate integro-differential equation (1) in the Bessel
potential space IB%Z(R) and prove the key results, including Theorem 0.1.

1. THE INTEGRO-DIFFERENTIAL EQUATION OF THE STRINGER PROBLEM

In the present section we expose some details how the Prandtl-type equa-
tion (1) is derived as an equivalent boundary integral equation for a model
stringer problem. The procedure is very well described in the literature and
we only expose some details to show in which space is it correct to look for
a solution of a boundary integral equation. In foregoing papers the space
where solution belongs was either ignored (see e.g. [16,18]), or a solution
was sought in the Lebesgue space L,, (see e.g. [6-8]). It should be noted here
that the Fredholm property of equation (1) might be essentially different in
Lebesgue and Bessel potential spaces (see [3,9] and Section 3 below).

Suppose a piecewise homogenous thin elastic plate, consisting of two
semi-infinite parts occupy the upper Imz > 0 and the lower Imz < 0
complex half-planes of the variable z = x 4 dy. It is reinforced along the
junction line y = 0. A piecewise homogenous infinite elastic stringer consists
of two semi-infinite bars x > 0 and = < 0, joined to one another and
having elastic moduli £_ and F, and small cross sections S_ and S,
respectively. The plates have thicknesses h_, h, Poisson’s ratios v_, v
and share moduli p_, . Here and below the subscript 4 corresponds
to the plate occupying the upper half-plane Imz > 0 and the subscript
— corresponds to the plate occupying the lower half-plane Im 2z < 0. The
plates are joined so that their middle surfaces are identical. The stringer is
attached ideally rigidly to the plates and symmetrically both with respect
to the junction line of the plates and with respect to their middle surfaces.

Problem S: Find complex potentials that describe the stress state of the
plates and the contact stresses under the stringer.

To write the corresponding boundary integral equation we follow [18] and
apply the complex potentials.
First, we write the equilibrium equations in the interval [z, 2 + Az] :

N(z + Az) — N(z) + [h_7} (x) — ho + 7, (x)| Az = 0, (4)
[h_of,(x) —h_ + 0., ()] Az = 0.

After dividing both sides by Az and taking the limit as Ax — 0, we obtain
N'(z)+h_7} (x) —h_ +7,(x) =0, h_of(x) —h_+o0,(x)=0, (5)
where IV is the normal stress in the stringer calculated for the entire thick-
ness of the stringer, 7., and o, are the share and normal stresses in the
plates calculated per unit thickness of the plates. N(z) = E_S_e(x) at
x > 0and N(z) = EySie(z) at * < 0. The stringer is rigidly attached
to the plates. Within the model adopted, this is taken into account by

equating the displacement vector u + v of points in the stringer and the
displacement vectors (u+4v)™ and (u+iv)~ of the corresponding points in
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the upper and lower plates on the line y = 0. Thus, we obtain the following
system of boundary conditions:

A(@)u" (@) +hot (x) =h-+7,,(x)=0, h_oj(z)=h_+0, (x)=0,
(u+iv)(z) = (u+iv)” (z) = (u+iv)"(z), =€ R\ {0},

where A(z) = E_S_ for x < 0 and A(x) = E, S, for x > 0. Conditions (6)
must be supplemented with the equilibrium condition of the stringer

(6)

oo
/ [ho7t(x) = h_ + 7 (x)] dz 4 Py = 0.
—00
It is natural to look for a weak solution. Namely, in the classical setting
the displacement vector u + iv belongs to the Sobolev (energy) space H?!
and the stresses o, 0y, T4y, Which are compiled of the partial derivatives

of the displacement vector u + iv in the plates with respect to the variable
x in the Hilbert space ILo:

u+iv e HY(C UCT), Oz, Oy, Ta,y € L2(C), (7)

where C™ denotes the lower and C* the upper complex half-planes.
The displacement vector u + 7v and the stresses 0, 0y, 7oy are found by
means of the Kolosov—Muskhelishvili’s formulae

05(2) + 0y(z) =4Re Py (z),
0y(2) —iTpy(2) = Pi(2) — P4 (Z) + (2 — 2)P+(2),

s [u(z) +iv(2)] = B2 (=) ~ 2 (2) + (2~ DBL(), £Imz>0, (8)

dx
Ba(z) = {(I)I(z), Tmz > 0, 3— vy

®1(z), Imz<0, " Ttuvy

where @4 (z) are piecewise holomorphic functions (complex potentials) with
a line of discontinuity along the real axis and they vanish at infinity. Based
on the representation of the potentials as the Cauchy integrals,

1 T I T 0
*x(z)= 27r(1+(5f€)/ i, 2-(@)= 27r(f£:+5)/ P O)

for the unknown density we derive the following equation from (8):

g(m)_@di 9() dt:g(g:)—@/ 90 40, (10)

T dx t—=x s
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(see [18, Section 6] for details), where

5= Zirzt, g(x) = 22(2) % Re [r_ @7 (z) + @ ()],

EySy ky(h-+0)+r_(14£40)

dhypy (K4 +06)(1+£4.0)
Equation (10) coincides with (1) and in the classical setting (7) due to

the Kolosov—Muskhelishvili’s formulae (8), we have &4 € Lo(C*). Then,

due to the representation formulae (9), the unknown function g in equation
(11) has to be found in the trace space

g € HV2(R). (12)

(11)

a(x)=ayg for £2>0, ay:= >0.

In the non-classical setting,
1
u+iv € HY(CTUCT), 04,04,70y €HS'(C), 1<p<oo, s>- (13)
p

(we should impose the constraint s > 1/p to ensure the existence of the trace
(u +iv)™T on the boundary), the integral equation (11) has to be solved in
the trace space

g € HETVPL(R). (14)

2. FOURIER CONVOLUTION OPERATORS IN THE BESSEL POTENTIAL
SpAcEs H (RT)

To formulate the next theorem we need to introduce the Fourier convo-
lution and Bessel potential operators.

Let a € Lo, 10c(R) be a locally bounded m x m matrix function. The
Fourier convolution operator (FCO) with the symbol a is defined by

W =FtaF. (15)
Here
Fu() = /eigwu(x) dr, £ e€R". (16)
R
is the Fourier transformation and
F (€)= (271()” /e—i%(g) d¢, x €R". (17)
R

is its inverse transformation. If the operator
0 —
W, Hp(R) — H7"(R) (18)
is bounded, we say that a is an Ly-multiplier of order r and use “L,,-mul-

tiplier” if the order is 0. The set of all L,-multipliers of order r (of order 0)
is denoted by D7 (IR) (by 91,(R), respectively). Let

MR) = [ MR, MR = () M(R).

p—e<q<p+te p—e<q<p-+te
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For an L,-multiplier of order r, a € M (IR), the Fourier convolution
operator (FCO) on the semi-axis R is defined by the equality

W, =r W2 Hy(RT) — HS"(RT), (19)

where ry := rg¢ : H3(R) — HP(R") is the restriction operator to the
semi-axes RT.

We did not use in the definition of the class of multipliers 901 (R) the
parameter s € R. This is due to the fact that 907 (R) is independent of s:
if the operator W, in (19) is bounded for some s € R, it is bounded for all
other values of s.

Another definition of the multiplier class 9 (R) is written as follows: a €
M5 (R) if and only if A™"a € M, (R) = MY(R), where A"(€) := (1+ [¢[*)™/2.
This assertion is one of the consequences of Theorem 2.1 below.

The Bessel potential operators are defined as follows:

AL =W3, Hy(RY) — Hy7"(RY),
AT =1 W RE HE(RT) — HS"(RY), (20)
() =0E£7)", §€R, Imy>0,
and they arrange isomorphisms of the corresponding spaces (see [6,9]). Here,
{ ]H[ZS,(R“‘) — H5(R) is some extension operator and the final result is
independent of the choice of an extension ¢ (we did not needed the extension
operator in (19), since the space H?(R") is automatically embedded in
H3(R) by extending the functions with 0).
Theorem 2.1. Let 1 < p < oco. Then
1. For anyr,s € R, v € C, Im~ > 0 the convolution operators
AL =Wy : HZ(RJF) — H;_T(RJF),
AT = 7"+W£37€ (HE(RY) — HY"(RT), (21)
() =(£7)", £eR, Imy >0,
arrange isomorphisms of the corresponding spaces (see [6,14]). Here,
£ HP (RT) — H (R) is some extension operator and the final result

is independent of the choice of an extension £. v is the restriction
from the azes R to the semi-azes RT.

2. For any operator A : ]ﬁ[;(]R*) — H~"(R*) of order r, the follo-
wing diagram is commutative

A

H3(R+)

Ay J{ lL‘i‘J : (22)

Lp(RY) ——————L,(R¥)

A*TTAASE

HIS)—T(R+)
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Diagram (22) provides an equivalent lifting of the operator A of
orderr to the operator A* " AN L,(RT) — L, (RY) of order 0.

3. For any bounded convolution operator W : HP (RT) — H>~"(R™T)
of order r and for any pair of complex numbers 1, 72 such that
Im~; >0, j =1,2, the lifted operator

AY W AY, =W, HSY(RY) — HS " H(RY),

[
v (23)
ay,u(é-) = (6 - ’yl)ua(é-)(é- + 72)
is again a Fourier convolution.
In particular, the lifted operator W, _ . = ATTW,A®

L,(RT) — L,(R™) has the symbol

) = A0l 0 = (52) T

Remark 2.2. For any pair of multipliers a € 9 (R), b € M (R) the corre-
sponding convolution operators on the axes W? and W,? have the property
WOW? = WOWO = WY,

For the corresponding Wiener—Hopf operators on the half-axes a similar
equality

W Wy = Wy (24)
holds if and only if either the function a(§) has an analytic extension in the
lower half-plane, or the function b(§) has an analytic extension in the upper
half-plane (see [6]).

Note that actually (23) is a consequence of (24).

Let R := RU {oo} denote the one point compactification of the real axes

R and ﬁi:: RU{=£o0} denote the two point compactification of R. By C(R)
(by C(R), respectively) we denote the space of continuous functions g(z)
on R which have the equal limits at the infinity g(—o0) = g(+00) (limits at

the infinity may be different g(—o0) # g(+o0). By PC(]I.%) is denoted the
space of piecewise-continuous functions on R, having the limits a (¢t + 0) at
all points ¢ € R, including the infinity.
Proposition 2.3 ([6, Lemma 7.1] and [10, Proposition 1.2]). Let 1 <p< oo,
a€CRT),be C(R)N ﬁp(R) and a(oco) = b(oo) = 0. Then the operators
aWy, Wyal : L,(Rt) — L,(R™) are compact.

Moreover, these operators are bounded in all Bessel potential space, and,

due to Krasnoselskij interpolation theorem for compact operators, are com-
pact in these spaces.

Proposition 2.4 ([6, Lemma 7.4] and [10, Lemma 1.2]). Let 1 < p < o0
and let a and b satisfy at least one of the conditions

(i) a € C(RY), b e M,(R) N PC(R);
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(ii) a € PC(R"), b € CM,(R).
Then the commutants [al, Ws] and [al, )], where MY is a Mellin convo-
lution operator (see the next Section 3), are compact operators in the space
L,(RT).
Moreover, these operators are compact in all Bessel potential and Besov
spaces, where they are bounded, due to Krasnoselskij interpolation theorem
for compact operators.

The differentiation is a Fourier convolution operator with the symbol
—i&:

T O = r O F T Y = v FH i) Fp = Woyerp, ¢ € CO(RT). (25)
Using (25) and (20), we get

_ £
re (O AL — 1) =r (ALL0 — 1) =W,, g(&) = e 1, £€R.
The symbol g(&) is infinitely smooth and vanishes at infinity: g(+oo) = 0.

Then, due to Proposition 2.3, the operators

vo[r(OALL = D)), [re(0 AL — D)]vol (26)

are compact for all vg € C§°(R™) (and even for all sufficiently smooth
vg € C™(R™)) which vanish at infinity vg(co) = 0. The compactness of the
operators in (26) imply the local invertibility of 9; (with the local inverse
AZl) even at all finite points t € R*.

3. MELLIN CONVOLUTION OPERATORS IN THE BESSEL POTENTIAL
SpACES H(RT)

In the present section we expose auxiliary results from [9] (also see
[3, 6, 10]), which are essential for the investigation of boundary integral
equation (1).

Consider a Mellin convolution operator 90 in the Bessel potential spaces

MY = Mg'aMp  HE(RT) — H3(RY), (27)
where
Mav(e) = [0, e,
0
1 _ 1 7 i +
Mg u(t) = 5 tePu(g)dg, teRT.

are the Mellin transformation and the inverse to it. B
The symbol a(€) of this operator is an n x n matrix function a € CIMY(R)
continuous on the real axis R with the only possible jump at infinity.
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The most important example of a Mellin convolution operator is an in-
tegral operator of the form

MOu(t) = cou(t)—&-% / :(j)t dt + K(;)u(T)dg (28)
0 0

with n X n matrix coefficients and n x n matrix kernel. 90 is a bounded
operator in the weighted Lebesgue space of vector-functions
M L,(#,RY) — L,(t7, RT), 1<p<oo, -1<y<p—1, (29

endowed with the norm

i 1/p
lu| Ly, RY)| := [/mu(tw’dt]
0
under the following constraint on the kernel (on each entry of the matrix

kernel)

/#HIC(t) dt < co, B:=
0
(cf. [6]). The symbol of the operator (28) is the Mellin transform of the
kernel

1
Y p<cp<t (30)

a(§) := co + ¢1 coth w(if + &) + MK (§)
| [ oier b
i=co+crcothn(if+&)+ [ ¢ K(t)? , £eR, (31)
0
and the symbol is responsible for the Fredholm properties of the operator.
Obviously,

MM = Moy = MMy, ¢ € C5°(RT),
for arbitrary a € 9 (R) and b € M, (R).
Theorem 3.1. Letl <p<ooand -1 <y<p—1(orl<p< oo provided
c1 =0 in (28)). The operator MY in (28)~(29) with a symbol a € CIM)(R),
is a Fredholm operator if and only if its symbol is invertible (is elliptic)

ggﬂf@ |deta(§)| > 0. (32)

If the symbol is elliptic, the operator is invertible and 93?2_1 is the inverse.

Things are different in the Bessel potential spaces. Let us recall some
results from [9, Section 2].

Consider the kernels which are meromorphic functions on the complex
plane C, vanishing at infinity,

N d:
K(t):=>" W (33)

Jj=0



56 R. Duduchava and T. Tsutsunava

having poles at ¢g,c1,...,cny € C\ {0} and complex coefficients d; € C.

Definition 3.2 (see [9]). We call a kernel K(¢) in (33) admissible if for
those poles ¢y, ..., ¢, which belong to the positive semi-axes arg cg = --- =
arg ¢y = 0, the corresponding multiplicities is one my = --- =my = 1.

For example: The Mellin convolution operator

1 m—1
KT o(t) == - / 7(—15—01)7()2 dr, —m <argc<m, v€Ly(R") (34)

has an admissible kernel for arbitrary m = 1,2, ... if the following constraint
holds: for a real arg ¢ = 0 and positive ¢ > 0 necessarily m = 1.

Proposition 3.3 (see [9, Corollary 2.3, Theorem 2.4]). Let 1 < p < co and
—1<y<p—1(orl<p< oo provided c; =0 in (28)), s € R and K(t) in
(33) be an admissible kernel. Then the Mellin convolution operator

T t dr
0 — hd 2
Mou(t) = cou(t) + /IC(T)U(T) .
0
is bounded in the Lebesgue space L,(R™,t7) and, also, in the Bessel potential
space in the following setting:
MmO« 7 H3(RT) — H3(RT). (35)

Theorem 3.4 ([3, Theorem 5.1] and [9]). Let s € R and 1 < p < co.
If r<arge<m argc#0,0<argy <m and 0 < arg(—c~y) < 7, the
Mellin convolution operator between the Bessel potential spaces

K!: Hj(RT) — H)(RY) (36)
is lifted to the equivalent operator
ALK AT =K Wy Ly (RT) — Ly (RY), (37)
where ¢=% = |c| e~ 88 ¢ gnd
§+0 ) s
3 =) . 38
GE (38)

If -m <arge<m arge#0,0 <argy <7 and —7 < arg(—c~y) < 0,
the Mellin convolution operator between the Bessel potential spaces (36) is
lifted to the equivalent operator

s 1A—s _ —s
A—‘YKCA’Y =cC ngmfwo c gicwoﬂ

= c_SKiqun, +T: LP(R+) - LP(R+)’ (39)

s
=v09=ev0.y

where T : L,(R") — L, (R™) is a compact operator.
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Let us consider the Banach algebra 2,(R") generated by Mellin convo-
lution and Fourier convolution operators, i.e. by the operators

A=) Wa M0 W, (40)

j=1

and their compositions in the Lebesgue space L,(R"). Here, zmgj are the
Mellin convolution operators with continuous N x N matrix symbols a; €
Cm,(R), Wy,, Wy, are Fourier convolution operators with N' x N matrix
symbols b;, d; € CM,(R\ {0}) := CM, (R UR"). The algebra of N x N
matrix L,-multipliers CO, (R \ {0}) consists of those piecewise-continuous
N x N matrix multipliers b € M, (R) N PC(R) which are continuous on the
semi-axis R~ and RT, but might have finite jump discontinuities at 0 and
at infinity.

To define the symbol of the operator A in (40) which governs the Fred-
holm property and the index of A (see Theorem 3.5, below) we consider the
infinite clockwise oriented “rectangle” R := 'y UT; UTy U T, where (cf.
Figure 1)

r, — R x {_A'_Oo}, I‘g: = {:I:oo} X RJF’ I's =R x {0}

(=00, —o0) (€.€) (+00, +00)
[ > 9
I'y
o , Y
FEJ (—00, —7) (+o0,7) ry
I.
I8 ! € °
(—oc,0—0) (£,€) (+00,0+0)

FIGURE 1. The domain R of definition of the symbol A} (w).
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The symbol A,(w) of the operator A in (40) is a function on the set R, viz.

m

Z(dj)P(Ooag)aj(E)(bj)P(ooa5)) W = (5;5) € ]-—‘713
j=1
> dj(n)a;(+00)b;(n), w = (4o0,n) €'y,
Ap(w) = {0 (41)
Zdj(_n)aj(_oo)bj(_n)7 w=(—o0,n) €Ty,
> (d)p(0,9)a; () (6),(0,6),  w=(£0) €T,
j=1

The connecting function g,(c0, €) in (41) for a piecewise continuous function
g € PC(R) is defined as follows:

gp(z, ) := % [9(z+0) + g(z —0)] — % [9(z +0) — g(z —0)] cotw(% — i§)

+7 . .
sfroy cosm(d 4 Tl g
2

Sinw(% —i€)

— ei7r

, £ER, (42)

1 1 L]
gF = Eln g(x +0), Reg;f::;argg(:c:I:O)7 z € R:=RU{o0}.

The function gp(co,£) fills up the discontinuity (the jump) of g(&§) at
oo between g(—oo) and g(+o0) with an oriented arc of the circle (see [9,
Section 4] for further details).

The symbol A, (w) is continuous on the rectangle S and if it is elliptic

Jnf [det Ap(w)| >0, (43)
the increment of the argument (1/27) arg A, (w) when w ranges through R

in the positive direction, is an integer. This integer is called the winding
number or the index of the symbol and is denoted by ind det A,,.

Theorem 3.5 (]9, Theorem 4.13]). Let 1 < p < co and let A be defined by
(40). Then A : L,(RT) — L,(R") is a Fredholm operator if and only if
its symbol A, (w) is elliptic. If A is Fredholm, the index of the operator is

Ind A = —ind det A,,. (44)

4. INVESTIGATION OF THE INTEGRO-DIFFERENTIAL EQUATION (1)

For the investigation of equation (1) we apply the approach developed
in [11] and the localization technique.

Proof of Theorem 0.1. Let us introduce the notation

cPl(t) = (P(*t), fl(t) = f(it)a
w2(t) == p(t), fa(t) = f(t) for t > 0.
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Then ¢ (t) := —¢'(—t), h(t) := ¢'(t) and the integral equation (1) is then
written in the following form:

@U+/%mma7%mmﬂm
0

T t—T1 ™ t+ 71
% b teRT,  (45)
) - % 210) gy O [0 )
v2 s t+7 ™ t—71 20
0 0

01,02 EHI(RT), f1, fo € H3'(RT).

Moreover, by physical arguments (the system (45) is an equivalent reformu-
lation of the Problem S (see (11), (13)) and we can assume that:

(i) a solution to the system (45) vanishes at 0

P1,P2 € ﬁ;(Rﬂ- (46)
(ii) the system (45) has a unique solution ¢4, @2 in the classical setting
s=1/2,p=2:
1,000 € HY2(RY), f1, fo € HTV2(RT). (47)
The system of integral equations (45) is of Mellin type,
pi(t) +a- [ K1 @) (1) = KLy 9h(t)| = ful(t),

(48)
Pa(t) — a4 K' 11 (t) — K1‘P2() = fa(t),

©1,p2 € H;(R‘f‘), i, f2 € Hfgfl(RJr),

where

t

=n~

/('0 dr, 0<|argc|<m, ¢€Ly(RY),
0

is a Mellin convolutions operator with a meromorphic kernel (see Definition
3.2).
Since ¢; € H5(RT), f; € HS~'(RT), j = 1,2, we introduce new functions
=A%, o2 =A%, i=ATSTgr fo=ATSTg,
Im’y > 07 1/)17,(/}27.91792 S LP(R )a
use the equality

do(t
W _ )= W)t
and get
A;s¢1 +a— [K%W_igA;swl — Kl—IW—iSA;SwQ} _ _;+1g1,

Ay = ay {Kl—lw—iEAv_swl - K}W_%A;wz} = AT g,
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Here, the pair of functions 11, ¥ is unknown while the pair g1, go is known
(prescribed).

The system is already lifted to the LL,-space setting, and we will write it
in a convenient form by applying the Bessel potential operator Af/_l to the
both parts of the equations:

NI+ o [NTUKAW At = ATUKL WA
= NN g =gy,

NI s — ay [ASKL WALt = A UKW AT 0|
= AT gy = g,

wla wQa 91,92 S LP(R+)a
since As_fylA:fYHu = u (see [6]). By using the equality

T 1A—7T _ —ryxrl AT —r
AT KIATT = c"KIAT A

—cytty

proved in [3, Theorem 5.1] for arbitrary ¢ € C and again the equality
As__ﬂ/lA; s+l — I we rewrite the system in the following form:

s—1A—s
ASTIASSY,
+a_ [KiAs__leJsA;S%*(*1)7S+1K1—1AfflW—igA;SwQ} — 9

s—1A—s
AP IAS 51y
oy [(“1) UKL ASTIW AT — KA WA TS| = g,

’(/)17 ’l/)Qa g1, 92 S LP(R+)
Next, we apply the equalities
Ay =Wierpyr, WoWy =W,

where the second one holds if a(§) has an analytic extension in the lower
half-plane or b(§) has an analytic extension in the upper half-plane (see [3,6]
for details). The above equalities imply, in particular, that

E—’Y)s 1,
§+v/ £—v

—1A—s
AN = Wiyt Wigq)— = W
Aiilw_igA;S =W _ic.

£+
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Finally, we arrive to the following system of convolution equations, which
is an equivalent reformulation of the system (48) in the L,-space setting:

W(m)s 1P+ a,K}W(g)S —ie P1
£+ E—v §+’Y §—~
H KL W by =

1 (49)
s .
Wiy vt (_1)1 0+ KW —ic Y
+a+K1W(§%)S %1% = 92,
d)lvaaglng S ]Lp(R+)
Let us rewrite the system (49) as follows
¢1) + (91> +
AV =G, V.= eL,(RY), G:= €L,(R
(92) € Lot) 1) eL,®")
where
[W(5W)s 1 +G,KiW(§——y )s —i£ eﬂSia—Kllw;iﬁ ]
A= £+ ‘E_;’Y 1 &ty £y 1 Sty
erar K W Wi o T BiW ) e

According to [9, Formulae (41), (81)], the symbols of operators K| = E)JT%%

and K' | = MY, are, respectively,
—1

1

K1(6) = —icothm(if + &) = —cot (B — i€), KL,(¢) = smr(B i)

With the shorthand notation,

§—7y* 1 §—7\* —i§ —i§
n@ =) e 2O=(c) 75 BO=75

we rewrite the operator A as follows

Wi, +a M Wy, ™ MG Wy

Al A,
A=|g1 fal= | 50
|: :| ew31a+w%£l ng Wb1 + a+9ﬁolq ng] ( )

Af Af

and investigate the operator A : L,(RT) — L,(R™).
It is easy to see that the functions by (), ba(€) b3(€) and KL, have the
following limits:

bl(:I:oo) = 0, bl (0) = - )

bo(—00) = —i, by(400) = —ie*™ by(0) = 0,
bg(ﬂ:OO) = —i, b3(0) = O,
Ki(£o0) = +i, K1 (£o0)=0.
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Then, according to [9, Formulae (85), (86)] (also see the earlier paper

[10]), the symbol of the operators AT and A¥ in (50) are written as follows:
A7 S S
Aﬁ)Zl(i%W)( )5@]
(A (w)  (A])j(w)
where
27st 27wst
(Af);(w) = jay cot (B — iﬁ)(e 2+ 1 4 5 L cot (B — i{))
g cotm(B — i) sinm(B — i€ + s)
- e sin(8 — i)
. e cosm(B— if) sinw(f — i + s)
=iaye ,
sin? (B — i€)
s () = 0T ™
("42 )p(w) - Sil’l’ﬂ'(ﬁ _ Zf) if w= (f,OO) € Fla
N S/ e S S et/ Bt A S
(AD)p(w) = (_UJW) E— wi(_an) —
:_<n—7)*1+ain
n+y R

(.AQi);(w) =0 if w=(+o0,n) € E7
(Apw) = (T0) Ly (120) 70

n+~/ n—v n+v/ n—v
::(n*7)51+ain
n+y/ n—v"’

(AZ)3(w) =0 if w=(—o0,n) €T3,

TSt
e

+\s _
(AD)p(w) = 5

(A7) (w) =0 if w= (¢ 00) €5,
andﬁziféR,nER*. Then

det A7 (w)
- omsi COSZm(B—i€) sin? W(B—zf+s)—51n m(B—i€)
f-ase sin (3 —i€) ’
W= (57 ) S Fla
- (n—vyﬁﬂl+wmﬂb+mm) w = (oo, 7) € TE (51)
Tty n* =2 P T EEIE
2mst
eyQ ., w=(£0)€eTs.

The symbol A7 (w) is non-elliptic (i.e., det A;(w) = 0) if and only if
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(i) (14 a-n)(1+a4n) # 0for all 0 <n < oco. This condition holds if
and only if coefficients a1 are not negative reals: ax € C\ R—;

(ii) The parameters p and s are solutions to the equation
1 1 1
cos? w(f — zf) sin? 7r<f +5— i§) — sin? 7T<* — i§) =0. (52)
p p p

By analyzing the transcendental equation (52), we come to the following
conclusions.

(52) have a solution only for £ = 0 and (52) transforms into an equivalent
transcendental equation (2).

For 1 < p < 4, (2) has no solution for any —1 < s < 1, because if we
write it in an equivalent form

1
sin? 7T<* + s) = tan? ~ (53)
p p

the right-hand side is more than 1, while the left-hand side is less than or
1

is equal to 1. On the other hand, in the classical setting p = 2, s = —35
equation (1) has a unique solution (see (47)). Since this pair belongs to the
quadrat 1 < p < 4, —1 < s < 1, where equation (1) is Fredholm, it has the
same kernel and co-kernel in all these cases, i.e., is uniquely solvable for all
1 <p<4andall -1 < s <1 (see [5] and [12] for the proof of the assertion).

For 4 < p < o0, (53) has, due to the periodicity, two pairs of solutions
{p,sp} and {p,s, — 1}, where s, > 0, s, —1 < 0. It can be shown that
for s, =1 < s < s5p, for =1 < s < s, — 1, and for s, < s < 1 the
symbol A} has index 0, +1 and —1, respectively. Manipulating with the
properties of kernels and co-kernels in embedded spaces, we can prove easily
that equation (1) has, respectively, no kernel and co-kernel (is uniquely
solvable), has no kernel, but 1-dimensional co-kernel (has a unique solution
for all right-hand sides which are orthogonal to the solution of the dual
homogeneous equation) and has the 1-dimensional kernel, but no co-kernel
(has a non-unique solution for all right-hand sides), respectively. O
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Abstract. A necessary condition for the existence of spectral factoriza-
tion is positive definiteness a.e. on the unit circle of a matrix function which
is being factorized. Correspondingly, the existing methods of approximate
computation of the spectral factor can be applied only in the case where the
matrix function is positive definite. However, in many practical situations
an empirically constructed matrix spectral densities may lose this property.
In the present paper we consider possibilities of approximate spectral fac-
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1. INTRODUCTION

Matrix Spectral Factorization Theorem [9], [5] asserts that if

Sngtg 812Et§ cee Slrétg

So1(t Soo(t cee Sop(T

St =1\ . : : R (1)
sp1(t)  sp2(t) oo sep(t)

|t| = 1, is a positive definite (a.e.) matrix function with integrable entries,
sij € L*(T), and if the Paley~Wiener condition

logdet S € L'(T) (2)

is satisfied, then (1) admits a (left) spectral factorization
S(t) =ST(t)S™(t) = ST(B)(ST()", 3)
where ST is an r X r outer analytic matrix function with entries from the
Hardy space H?(D), D = {z € C : |z| < 1}, and S~ (2) = (ST(1/2))*,

|z| > 1. It is assumed that (3) holds for boundary values a.e. on T. A
spectral factor ST is unique up to a constant right unitary multiplier (see

e.g. [3]).
In the scalar case, r = 1, a spectral factor of a positive function f can be
explicitly written by the formula

2T

0
e =ew (5 [ S towse) i) ()
0

e —

and it is well-known that if (1) is a Laurent polynomial matrix

N
St)= Y Cutk, CrecCr, (5)
k=—N

N

then the spectral factor ST(t) = Y AxtF is a polynomial matrix of the
k=0

same order (see e.g. [2]).

A challenging practical problem is actual approximate computation of
matrix coefficients of analytic function S* for a given matrix function (1).
Starting with Wiener’s original efforts [10], various methods have been de-
veloped to approach this problem (see the survey papers [7], [8] and refer-
ences therein). Recently, a new algorithm of matrix spectral factorization
has been proposed in [6]. This algorithm can be applied to any matrix
function which satisfies the necessary and sufficient condition (2) for the
existence of factorization. (Most of other algorithms impose additional re-
strictions on (1), such as S to be rational or strictly positive definite on the
boundary.) In the present paper we would like to demonstrate that (at least
in the polynomial case) the proposed algorithm can be also applied to the
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so-called “perturbed” data which looses the property of positive definiteness.
Namely, we consider and solve the following problem.

In most practical applications of spectral factorization, a power spectral
density S is constructed from empirical observations which are always sub-
ject to small numerical errors. Thus, instead of theoretically existing matrix
spectral density (1), which is always positive definite (a.e.) on T, we have to
deal with S which may no longer be even positive semi-definite on T. The

n

classical illustrative example is when S(t) = > Ct* is a Laurent matrix
k=—n
polynomial with det S(tg) = 0 for some ¢y € T and we disturb the coeffi-
cients C%. The question arises if the above mentioned spectral factorization
algorithm can treat S as positive definite in order to correct this “small er-
ror” in data and find ST approximately. (Most of existing matrix spectral
factorization algorithms do not make sense for non positive definite data.)
Below we provide a positive answer to this question. To be specific, for
polynomial matrix functions, depending on algorithm proposed in [6], we
explicitly describe a computational procedure which can be applied to any
polynomial data (say, maps €, : Py(mxm) — Ph(mxm),n=1,2,..., see
Section 2 for the notation) in such a manner that the following statement
is true.

Theorem 1. Let S be a polynomial matriz function (5) which is positive
semi-definite on T and has a spectral factor ST, and let S,,, n =1,2,..., be a
sequence of arbitrary (not necessarily positive semi-definite on T) polynomial
matriz functions of the same degree N such that

[[Sn = Sllzr = 0. (6)

Then
[€0(Sn) = ST — 0. (7)

The paper is organized as follows. In the next section, we introduce the
notation that will be used throughout the paper. In Section 3, we review the
matrix spectral factorization algorithm proposed in [6] and in Section 4 we
describe the strategy dealing with non positive definite matrices. In Section
5, we consider the above formulated problem in the scalar case and solve it
for polynomial functions. A partial solution of the problem is provided for
general spectral densities. The main Theorem 1 along with some auxiliary
lemmas are proved in Section 6.

2. NOTATION

Let T = {z € C: |z| = 1} with the standard Lebesgue measure dyu on it
and D= {z € C: |z| <1}. Asusual, L? = LP(T), 0 < p < oo, denotes the
Lebesgue space of p-integrable complex functions defined on T, and C"™*™,
LP(T)™*™  etc., denote the set of m x m matrices with entries from C,
LP(T), etc. If S € C"™" is a matrix (function) and m < r, then S, stands
for the upper-left m x m submatrix of S (S is assumed to be 1). For a
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matrix (function) M, its Hermitian conjugate matrix (function) is denoted
by M* = M Finally, I,,, is the m x m unit matrix.

The kth Fourier coefficient of an integrable (matrix) function f € L!(T)
(f € LYT)™*™) is denoted by cx{f} (Cix{f} € C™ ™). For p > 1,
LE(T) := {f € Ly(T) : c{f} = 0 whenever k < 0}, and, for n > 0,
LY (T) := {f € Ly(T) : e{f} = 0 whenever k& < —n}. Moreover,

N
Py = { > c2¥, ¢ € C} is the set of trigonometric polynomials of
k=—N

N
degree at most N and Py := {3 ex2*, ¢ € C}. Also, P = UPy and
k=0

Pt = UP]T,, while Q[z] := {p/q: p,q € PT} stands for the set of rational
functions.

The Hardy space of analytic functions in D, H? = HP(D) is identified
with L% (T) for p > 1, and H}, = H{, (D) is the set of outer analytic functions
from H,. A square matrix function is called outer if its determinant is an
outer function.

For a real function f, let sf be the truncated function

O = {f(t) if f(t) > 6,

5 i f(t) <o ®

(we usually use the argument “¢” for functions defined on T). Also, let
f) = max(0, f) and () = max(0, —f).

The notation f,, = f means that f,, converges to f in measure. Observe
that

fo 3 f=> fD) = fOD) (9)

We will also use the following implication (see, e.g. [4, Corollary 1]):

lfn— fllze = 0, |unl <1, up = u=|fnu, — fullrz — 0. (10)

3. OVERVIEW OF THE MATRIX SPECTRAL FACTORIZATION ALGORITHM

The first step of the matrix spectral factorization algorithm proposed
in [6] is the triangular factorization

S(t) = Mg(t)Mg(t), (11)
where Mg(t) is the lower triangular matrix
ff'(t) 0 e 0 0
Eanlt)  f ) - 0 0
Ms(t) = : : : : o (12)
E1a(t) &o1p(t) - 41 0
& (t) Erat) oo &rpoa(t) f1(1)

&, € LA(T), f;* € H3. Then Mg is post multiplied by the unitary matrix
functions of the special form Uy, Ug, ..., U,, so that to make the left-upper
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m X m submatrices of Mg analytic step-by-step, m = 2,3,...,r. As a result,
we get (see [4, formula (47)])

ST(t) = Ms(t)U2(t)Us(t) - Uy (1), (13)

where each U,, has a block matrix form

U, (t) = (Uné(t) 0 )

Irfm

and Up,(t) is the special unitary matrix function

u11(t) u12(t) e U1, m—1(t) Ut ()
uo1 () uo2(t) e U2,m—1(t) Uzm (1)
U(t) = (14
Un-11(t) Um—12(t) - Um—1m-1(t) Um—1m(t)
U1 (t)  um2(t) o Umm—1() Umm(t)
ui; € LY, detU(t) =1 ae., (15)

while, for each m < r, the left-upper m x m submatrix of MsUsU;s...U,,
is a spectral factor of the left-upper m x m submatrix of S, i.e.,

(Ms()U2(t)Us(t) - U (1)), = Sphay- (16)

An explicit description of the representation (13) and its approximate
computation are discussed in [6], [4]. In particular, when the left-upper
(m — 1) x (m — 1) submatrix of (12) has already been made analytic, the
matrix function (MSUQUg . Um,l) has the form

[m]

(MgUsz---Uy,q)

[m]
0 0
: + :
= S[J:n_l] ] = S[m—l] | F, (A7)
0 0
G G o Cmer S 00 ... 01
where F' is the matrix function
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
Fit)y=1 . . . . | (18)
0 0 0 1 0

GO Gl Gl - ) FEO)
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Remark 1. Note that matrix function (17) multiplied by its Hermitian con-
jugate gives S|,,). Therefore, the following equation

G
R S1im
<2 Som
Spn_1] = (19)
Sm—1,m
Cmfl

holds.

The analyticity of the m-th row in (17) is achieved by application of the
following

Theorem 2 (see [4, Lemma 4]). For any matriz function F of the form
(18), where
GeLXT), i=1,2,....m—1, fteH?, (20)
there exists a unitary matriz function U of the form (14), (15), such that
FU € L3 (T)™ ™.

Remark 2. Note that under the above circumstances,

0

Sty = Sim—1] (1) U. (21)
G G oo Gmr S

In order to compute (14) approximately, (18) is approximated by its
Fourier series. More specifically, let F}, be the matrix function (18) in which
the last row is replaced by

(G (), G5 (1), s Gma (0), £ (1)), G € L2(T), (22)
where (" (t) = i ce{GHF, f = f. Then the following result is invoked:
k=—n

Theorem 3 (see [6, Theorem 1]). Let F,, be a matriz function of the form
(18), (22), where

re L2 (T), i=1,2,..., and f,7(0) #0. (23)

Then there exists a unique unitary matriz function U, of the form (14),
where w;; € Py, detUy(t) =1 (on T), and U, (1) = I,,, such that

E,U, € L3 (T)™™.

Note that [6] in fact provides an explicit construction of U,.
In order to justify the approximating properties of the algorithm, the
following convergence theorem is proved in [4].
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Theorem 4 (cf. [4, Theorem 2|). Let F be a matriz function of the form
(18), (20), and let F,,, n =1,2,..., be a sequence of matriz functions of the
form (18) with the last row replaced by (22). Let also

"= Gy fT— fT in L? and f € H3. (24)

If U,, n=1,2,..., are the corresponding unitary matriz functions defined
according to Theorem 2, then U, converges in measure:

U, = U,

and F,U,, converges in L? to the spectral factor of FF*.

4. TREATMENT OF NONPOSITIVE DEFINITE MATRIX FUNCTIONS

The main argument which helps to deal with the matrix functions S
which are close to S, but are not necessarily positive semi-definite (a.e. on
T) is the observation that Theorem 4 remains valid if in (24) we replace
the condition f; € HZ by a weaker requirement f,7(0) # 0, as in (23).
Theorem 3 guarantees that the corresponding U, exists in this case as well.
Because of the importance of this fact for our goals, we formulate this result
separately.

Theorem 5. Let F' be a matriz function of the form (18), (20), and let F,,
n=12 ... be a sequence of matriz function of the form (18), (22), (23)
such that

"= ¢ oand fF — Y oin L2

If U,, n=1,2,..., are the corresponding unitary matriz functions defined
according to Theorem 3, then U, converges in measure:
U,=U0,

and F,U, converges in L? to the spectral factor of FF*.

Remark 3. It should be observed that under the above circumstances F,, U,
might not be the canonical spectral factor of F,, F* (which was the case in
the situation of Theorem 4), since det(F,U,,) = det(F,) = f,/ might have
zeros inside the unit circle. Thus the phrase in the end of the first column
on page 2320 in [6] contains a small inaccuracy.

Although Theorems 4 and 5 look alike, there is a significant difference
between their meaning, as it is explained in the above remark. Nevertheless,
the proof of Theorem 5 does not require any additional efforts, and the proof
of Theorem 4 given in [4] goes through without any changes. Therefore we
do not provide the proof of Theorem 5 here.

For a positive definite (a.e. on T) matrix function (1) the triangular fac-
torization (11) can be performed by the recurrent formulas which are similar
to Cholesky factorization formulas for constant positive definite matrices.
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Namely, for the entries of matrix function (12), we can write (see [6], for-
mulas (56)—(58)):

fi = \/det Sy [ det Spyp 1) = det S}, /det STy, (25)
where /f is the scalar spectral factor of f defined by (4),

gilzsil/ﬁv ’L':2,3,...,7”, (26)
-1 -
&= (5= Y_€uln) [ 17, G=23,r=1, i=j+1j42,..m (27)
k=1

If now S is not necessarily positive definite, then det §[m] might become
negative on a set of positive measure and we would not be able to define
the scalar spectral factor of det Sj,,/ det Sp,;,—1). However, we could still
define Mg using formulas (25)-(27) if we were able to determine the +/f
for not necessarily positive function f. In the following section, we define a
“scalar spectral factor” of not necessarily positive function for specific cases.
If we continue the computational procedures described in Section 3 for Mg
in place of Mg, we get MzU3Us - - - U, which is similar to expression (13)
and therefore we would expect its closeness to ST. For polynomial matrix
functions, we perform these procedures in an explicit way.

5. THE SCALAR CASE

If 0 < f € LYT) and log f € L'(T), then the spectral factor f* can be
written by the formula (4). However, if we only know that fis close to f
in L! norm, then f might even not be non-negative a.e. (we discard the
1mag1nary part of f if it exists, so we assume here that f is a real function).
Even if f were positive, log f should also be close to log f in order to claim
the closeness of f* to f+ (see [4], [1]). Therefore, we consider

0 P
70 = e (4 / S togsfe) a0 (28)
0

(see (8)) and prove the following
Lemma 1. Let 0 < f € LY(T) and log f € L*(T). Suppose f,, € L*(T) and

[ fn = fllzr — 0. (29)

Then

o, —
Jim T (£ = /e =0, (30)

Proof. Tt has been proved in [4] that if 0 < f, € LY(T), (29) holds and
27 27

[ log fn(e?®)df — [ log f(e'?)df, then || f;F — f¥| g2 — 0. Hence, we can
0 0

show first that
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a) ILm llsfr. — sfllr = 0 for each § > 0 and

n—o00
T T

lim [ logsfn(e?)df = / log 5 f (') df, (31)

which implies that lim ||sf;7 — s/ |2 = 0 and, consequently,
n—oo

lim [sff = fHlle = s = fT 22, (32)
n—oo

and then
. s - 0y 70 — i -
b) 61_1>r(r)1+ lsf—fllzr — 0and 61_1>r(r)1+ﬁ[10g5f(e ) do 1{1ogf(e ) df, which

implies that

li o ft e =0.
S [lsf ™ = fT 2 =0 (33)

The relation (30) will then follow from (32) and (33).

Part b) is an easy exercise in Lebesgue integration theory, and we will
thus concentrate on a). It is easy to realize that |sfn, — s5f| < |fn — f]
and therefore the first part of a) follows from (29), which also implies that
log s fn = logsf as n — oco. In addition, [log s f,,]*) = [logsf]®) (see (9)).

The necessary and sufficient condition for (29) is that

fn=f and sup /fndm—>0 as k— oo and ¢ — 0.
n>k,p,(E)<sE

Therefore, ||[log s fn] ") —[log s f]F) ||z — 0 and, in addition, ||[logsf.]) —
[logsf]||z1 — 0 due to the bounded convergence theorem. Thus (31)
follows. O

The relation (30) shows that for any sequence f,,, n = 1,2, ..., satisfying
(29) there exist ¢, — 0+ such that

i [, fif — fF e =0, (34)

However, (34) does not hold for every sequence §,, — 0+ and, in general, it
is hard to determine conditions on ¢, which would guarantee (34).
An explicit computational procedure is proposed for polynomial case.

N
Namely, for any polynomial p(z) = > ¢x2* (which might not be positive

k=—N
or even real on T), let
Re{p(t hen Re{p(t 0
A(t) = e{p(®)} when Re{p(t)} >0, (35)
1 when Re{p(t)} <0,
let pT be the spectral factor of p:
2m

A7 | ei? — 2
0

60
#t = exp < 1 /e T2 g (ei?) d&), (36)
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and let pT be its Fourier approximation up to degree N:
N

pr(z) =Y a{pi}e. (37)
k=0
We prove the following
Lemma 2. Let
N
f&)=> cath >0 for teT, (38)
k=—N

and let
N

k=—N
be such a sequence that

fa— £ (39)
Then B
f= 1 (40)
Proof. We will show that
£ = £l = 0 (41)

which implies (40), by virtue of the definition (37).
In order to prove (41), it is sufficient to show that (see [4])

1o = fllr — 0 (42)
and
/ log f, (£) dt — / log £(£) dt. (43)
T T
Let E, :={t € T: Re{f(t)} > 0}. Then
fo=1p,Re{fn} + Ing, = Re{ f,,}F) + Ing,. (44)
Since (39) holds, we have ||Re{f.} — f||z: — 0, which implies that
||§Re{fn}(+) - f(+)HL1 = ||§Re{fn}(+) - f”Ll — 0. (45)

Since Re{fn} = f, u{f < 0} = 0, and 0 is the continuity point of the
distribution function t — pu{f < t}, we have

w(T\ Eyp) — 0, (46)

which implies that ||1r\ g, |21 — 0 and (42) follows from (44) and (45).
In order to prove (43), we need the following

Lemma 3. Let Py C ’P;{, be the set of monic polynomials with the degrees
not exceeding N. Then

log[f ()] du| = 0. (47)
{teT: |£(1)|<8}

lim sup

6—0+ fePy
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Proof. Let

(z — z1).

f(z) =

=

k

N
Then {t € T: |f(t)| <6} U{teT: |t— 2| <5/N} and
k=1

1

log || du' S

N
U {Jt—zx|<6/N}
k=1

N N N
SZ / |10g|t—zj\|gzz / ’10g|t—zj||

I=UR=L sy <oty

.
I
=

N
U {lt—2k|<8t/N}
k=1

< N? / |log|t —1]|dp— 0 as § —0+.
{lt—1]<at/N}
Consequently, (47) holds. a
We continue with the proof of (43) as follows.

Since Re{f,,} — f and f, — Re{f,} = 0 by virtue of (35) and (46), the
convergence in measure
In=f (48)
holds, which implies that 5f, = sf for each § > 0, and since f, are uni-
formly bounded as well, from the above by virtue of (39), we have

/ log 5 dy — / log 5 f dp. (49)
T

T
On the other hand,

/1og5fd,u—/logfdu‘§ lim / log fdu =0 (50)
6—0+

T T (r<8)

as log f € LY(T), and

‘/logafndu—/logfndu‘s‘ / logfndu‘
T T

{0<fn <5}

lim
d—0+

< / log%e{fn}d,u‘ —0 as § — 0+, (51)
{0<Re{fn}<é}
&0} SEG,
by virtue of Lemma 3, since Re{f, }(t) = Re{ > ¢ 'tk} = Y &t
k=—N k=—N
are trigonometric polynomials and (é%})fltN%e{fn}(t) € P, while é%L}
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are uniformly bounded. Now (43) follows from (49), (50) and (51) since
lim ‘/logfndu— /logfdﬂ‘
n— oo
T T

/10gfn dp — /IOg 5 fn dpi]
T

T

/ log s/ dii — / log 5fdu‘
T

T

< lim limsup

n—=00 5§50+

+ lim limsup
n—o0 5§ 504

4+ lim sup
6—0+

/log5fdu—/logfd,u‘20. O
T T

6. THE MATRIX CASE

In this section we introduce the computational procedures €, : Py (m x
m) — Pl(m xm), n=1,2,..., and prove Theorem 1. First, we need two
auxiliary lemmas.

Lemma 4. Let

p(z)
f(z2) === €Q[z]nL>(T 52
(2) o) [2] (T) (52)
be a rational function without poles in D, satisfying
lf(z)| < C for z€T, (53)
and let
pn = p and ¢n — (54)

where deg(p,) = deg(p) and deg(q,) = deg(q), n=1,2,....
Let wyn = exp(%i), n=12,..., k=0,1,...,n — 1, be the Discrete
Fourier Transform nodes. Then
n—1

2m
V, = o Z |hn(win)|? = | fI5 as n— 0, (55)
k=0

where
ha(e) = {pnw)/qn(m if |pa()/gu(@)| < C,
0 if |pn(w)/an(w)| > C.
Proof. By virtue of (54), for each R < oo, the set of polynomials p,, n =
1,2,..., is uniformly bounded on D(0,R) = {z € C: |z| < R}, i.e.,

sup sup |pn(z)] < 0.
" 2eD(0,R)

N
Let g(2) =b [[ (2—2k), b # 0. If g (2) = by, Hszl(Z—Zk,n), n=12...,
k=1

and we label the zeroes of g, accordingly, then we get

b, =+ b and 2y, = 21, k=1,2,...,N, as n — oo.
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Since the zeros of ¢, are concentrated around the points zp, k& =
1,2,..., N, for each € > 0, there exist § > 0 and ng € N such that

w{T\ @w} <e (56)

and the functions

frn i =0n/qn, n > no, (57)
are uniformly bounded in
N
D.:=D(0,1+6)\ | ) D(z, 9). (58)
k=1

Consequently, the set of functions (57) is a normal family and converges
uniformly on every compact in (58) which implies, by virtue of (53), that
there exists ni > ng such that

[fn(2)| < C for n>ny and z € TN D..

Consequently, h,, = f, on TN D, for n > ny and h,, converges uniformly to
finTND..

Since the derivatives of a normal family of functions form a normal family
as well, we have that h, together with h/ converge uniformly on T N D..
Consequently,

27
D S e e T
{k: Wkn EDE} TND.
as n — 0o, while

‘/|f|2du—/|f|2du‘§ sup /If\Qdu—>O as £ =0
T

E)<e
TND. u(s) E

and

lim sup
n—oo

2 5 2 = 9
— Z |n (wWre,n) ™ — o Z [ (W) |
k=0

n
{k3 Wkn EDE}

2
—limsup — 3 |ha(wpa)l’ < Cu{T\D.} < Ce =0 as € - 0.
n—oo T {k: wpgn¥Dc}

Hence (55) holds. O

Lemma 5. Let f, p,, q, and V,, be the same as in Lemma 4. Assume that
4, (0) #£0, n=1,2,..., and let

oo
Z ag?’ ~ Pn(z)
k=0

qn(2)
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be the Tailor expansion of pn/qn in the neighborhood of zero. Define
L[pn, an] € Py by

! ! I+1
Zakzk if Z|ak|2§Vn<Z|ak|2 and 1<n,
Lulpn, nl(2) := ¢ F7° 0 F=0 (59)

Zakzk if Z |04;<;|2 < V,.
k=0 k=0

Then
||£n[pn,qn] — f||L2(T) — 0 as n — oo. (60)

Proof. The Tailor coefficients of f = p/q can be expressed recurrently in
terms of coefficients of p and ¢. Thus, because of (54), we have

for each k>0, cx{Ln[pn,qn]} = cu{f} as n — occ. (61)

By virtue of Lemma 4 and definition (59), taking into account (61), we also
have

Hﬁn[pnaQn]HLz(T) — ||f||L2(1r) as n — 00.

The convergence in (60) now follows from the general fact that in a Hilbert
space the weak convergence, when combined with the convergence of norms,
implies strong convergence. (]

We are ready now to introduce the computational procedure ¢ = &,
described in the introduction, which can be applied to any S,, € P"*", such
that Theorem 1 holds.

Note that if S is a polynomial matrix function (5), then for each m,
1 < m < r, the first m — 1 entries (1,(2,...,(n—1 of the m-th row of
MgUsUs...U,,_1 in (17) are rational functions, since they can be deter-
mined by Cramer’s rule from equation (19) as

Gi(t) = pi(t)/a(t) = t™ (tVpi(t) /a(1)), (62)

where ¢ = det S[fn_l] € P;(m_l) (it is free of zeros in D) and p; is the

determinant of the matrix S[fn _1p the i-th column of which is replaced by
[S2ms -y Sm—1,m]| T, implying zNp; € P¥, .

We compute the diagonal entries ff‘n, J/‘;"’n, cey Aj‘n of the “triangular
+

factor” of S, by the formulas: ff“n = (Sn)py  (see Section 2 for notation
Sim) and definitions (35)-(37)) and

— +

Pt = L [det((Sn)pm) +det(Sa)pno)) ] (63)

(see Lemma 5 for definitions). Set

~ ~ +
(Sn)fyy = filn = (Su)ny (64)
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and for each m = 2,3,...,r we recurrently construct
N
Sn) g = Agntt, Ag, € C™M,
k=0

an approximate “spectral factor” of (S, )], making an assumption that
(§n)[tn71] has already been constructed and performing the following oper-
ations. Let

Cim = tN Lot Dimsan(D)], i=1,2,...,m —1, (65)

where p; , and ¢; are defined similar to (62), namely, g, = det ((S’\”);ﬂ*l])
and p; , is the determinant of the matrix (S’\n)ﬁ%l] with its i-th column

replaced by [S2m, - .-, Sm—1.,m]’ . For the matrix ﬁnﬁm of the form (18) with
the last row

(Cl,ny CQ,na ) Cm—l,na f'jr;,n)v (66)
using Theorem 3, we construct the unitary matrix function U,, , such that
FpmUpn € (PT)™*™. By virtue of formula (21), the matrix function

0
5. det ((Su)f—1)) 0 Unn  (67)
G Com - G-t Frhn
is a candidate for (§n)[+m] Since we know that S[jn] € (P)™*™, we discard

coefficients of the entries in (67) with indices outside the range [0, N] and
let

N
(Sn)ihy(2) =D _CW{S- U}, m=23,...,r. (68)
k=0
We define
C(Sn) = (Su)fhy- (69)

Let us prove now the convergence (7).
Consider the equation (63). Since, because of (6), det ((Sn)pm)) —
—~ —+
det S as n — o0, we have det((Sn)pm)) — det S[J;n], m = 1,2,...,r,
by virtue of Lemma 2 (in particular,
—~ + ~
see (64)), while the limiting functions det S[‘:n] are free of zeros in D and
+ = det S[+ ]/det S[—:n—l] € Ly(T) (see (25)) do not have poles on T. Con-

m

sequently, the hypotheses of Lemma 5 hold and therefore

f,',t’n—>f$inL2 as n—o0, m=23,...,m (71)
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Since (70) holds, we assume invoking induction that

(§n)[+m_1] — S[Jr in L? as n — oo, (72)

m—1]

and prove (72) for m — 1 replaced by m.
Consider now the equation (65). The sequences of polynomials p; ,, and
qn also satisfy the hypothesis of Lemma 5 and therefore

Zi,n — ¢ in L? as n — oo. (73)

Thus, taking into account the relation (71) also, we have that the sequence of
matrix functions ﬁmm of the form (18), (66) converges in L2. Consequently,
we can apply Theorem 5 to conclude that the sequence of unitary matrix
functions Uy ,, in the equation (67) is convergent in measure which, by
virtue of (10), implies that the product in (67) and, consequently, (68) are
convergent. Namely,

[m]

(5p) = S[‘rn] in L? as n — oo. (74)

We get (7) if we substitute m = r in (74), and thus the proof of Theorem 1
is completed.
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1. STATEMENT OF THE PROBLEM

In the space R"*! of variables = (z1,...,7,) and ¢, in the cylindrical
domain D = 2 x (0,7, where € is some open Lipschitz domain in R", we
consider a nonlocal problem of finding a solution u(z,t) of the equation

Lyu = uy — Zu”“” + 2auy + cu + Aul|%u = F(z,t), (z,t) € Dp, (1.1)
i=1

satisfying the homogeneous boundary condition
=0 (1.2)

<8u n )
— +ou
v r
on the lateral boundary I : 9Q x (0,T) of the cylinder Dy and the homo-
geneous nonlocal conditions
Kuu:=u(z,0) — pu(z,T) =0, z€Q, (1.3)
Kuug = ui(x,0) — pus(z,T) =0, z€Q, (1.4)

where F' is the given function; a, A, u, a, ¢ and o are the given constants
and a > 0, Au # 0; % is the derivative with respect to the outer normal to
8DT, n Z 2.

Remark 1.1. A great number of works are devoted to the investigation of
nonlocal problems. In the case of abstract evolution equations and partial
differential equations of hyperbolic type, the nonlocal problems are studied
in [1-13,17,21]. Note that for |u| # 1 it suffices to restrict ourselves to
the case || < 1, since the case |p| > 1 reduces to the previous one if we
pass from the variable ¢ to the variable ¢ = T —¢. The case |p| = 1 will
be treated in the final Section 4. In particular, the problem (1.1)—(1.4) for
1 =1 can be treated as a periodic problem.

We introduce into consideration the following spaces of functions:

o

CZ(DT) = {U S CZ(DT) :

(5 )],

WL (D) = {vewd(Dr): K =0}, (1.6)

=0, Kpo=0, K, = 0}, (1.5)

where Wy (D7) is the well-known Sobolev space consisting of functions of
the class Lo(Dr) whose all generalized first order derivatives belong likewise
to Lo(Dr), and the equality IC,v = 0 is understood in a sense of the trace
theory [16, p. 71].

Definition 1.1. Let F' € Ly(Qr). The function u will be said to be a
strong generalized solution of the problem (1.1)-(1.4) of the class W3 in

o
the domain Dy if u € W} x(Dr) and there exists a sequence of functions
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Um € C%(Dr) such that u,, — w in the space W3 ,(Dr), and Ly, — F
in the space Lo(Dr).

Note that the above definition of a solution of the problem (1.1)—(1.4)
remains valid in a linear case, as well, that is for A = 0.

Remark 1.2. Obviously, a classical solution of the problem (1.1)-(1.4) from
the space C?(Dr) is a strong generalized solution of that problem of the
class W3 in the domain D in a sense of Definition 1.1.

Remark 1.3. Tt should be noted that even in a linear case, that is for A = 0,
the problem (1.1)—(1.4) is not always well-posed. For example, for A = a =
¢ =0 and |u| = 1, the homogeneous problem corresponding to (1.1)—(1.4)
may have infinite set of linearly independent solutions, whereas in order for
the inhomogeneous problem to be solvable, it is necessary that a finite or
an infinite set of conditions in the form of functional equalities imposed on
the right-hand side F' of equation (1.1) be fulfilled (see Remark 4.1 below).

The present paper is organized as follows. In Section 2, for some con-
ditions on the coefficients of the problem (1.1)—(1.4) an a priori estimate
for a strong generalized solution of the class W is proved. In Section 3,
on the basis of the obtained a priori estimate it is proved that the problem
(1.1)—(1.4) is solvable. In the last Section 4, as an application of the results
obtained in the previous sections, we consider the case |u| = 1.

2. AN A PRIORI ESTIMATE OF SOLUTION OF THE PROBLEM (1.1)—(1.4)
Consider the conditions
a>0, ¢>0, c>0. (2.1
2

)
Lemma 2.1. Let A > 0, |u| < 1, and let F' € Ly(Dr) and conditions (2.1)
be fulfilled. Then for a strong generalized solution u of the problem (1.1)-
(1.4) of the class Wy in the domain Dt in a sense of Definition 1.1 the a
priori estimate

Iy < 1P Laomy +c2 2.2)
with nonnegative constants ¢; = ¢;(A\, u, Q,T), independent of u and F, and
c1 > 0, is valid, whereas in a linear case, that is for A = 0, if 0 > 0, the
constant cz = 0, and by virtue of (2.2), a solution of the problem (1.1)—(1.4)
is unique in a sense of Definition 1.1.

Proof. Let u be a strong generalized solution of the problem (1.1)—(1.4) of
the class W3 in the domain Dp. By Definition 1.1, there exists the sequence
of functions u,, € C%(Dr) (see (1.5)) such that

Jim[fum, — uf =0, lim [[Lxum = FllL,0r) =0 (2:3)

o =
W3 ,.(Dr)
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Let us consider the function wu,, € Ci(ET) as a solution of the problem

Lyuy, = Fp,, (x,t) S DT, (24)
Oup,
(L + Uum) =0, Kuum =0, K tme =0. (2.5)
ov r
Here
F,, := Lyu,,. (2.6)

Multiplying both parts of equality (2.4) by 2u,,; and integrating with
respect to the domain D, := DrN{t < 7}, 0 <7 < T, we obtain

0 /0um\?2 02wy, Ouy,
/&( 5 dxdt?/; o2 o
D, =
2
+4a/u3nt dmdt—l—c/( Tt dmdt—l—i)\ %|um|°‘Jr2 dx dt

D, D, DT

= Q/qumt dx dt. (2.7)

D,

Assume w, == {(x,t) € Dr: 2 € Q, t =7}, 0 < 7 < T, where wy and
Qr are, respectively, the lower and upper bases of the cylindrical domain
Dyp. Let v := (Vg,,Vgyy- - - Vs, , Vt) be the unit vector of the outer normal
to dD,. Since

Va; w.Uwg

= 0, I/t| = 1, Vt|w0 = *17

wr

=0, 1=1,...,n,

I/t|1".r::l"ﬂ{t§7'}
therefore, taking into account (2.5) and integrating by parts, we have
0 [O0um\?2 Oy \ 2
/E(W) dacdtz/( ot ) ths:/ufntdx—/u%ndx, (2.8)

D,

wr wo

D,
_Q/Zasum QU dx dt = /Z Upp )t — 2(Umna, Ut )z } dx dt
/Zumw dx—/ZumgC dr —2 /[Zumwiw}umtds

i=1

.

/Zumw dx—/Zumi dm—f—?/oumumtds
/Zumw dm—/Zumw da;—l—a/( s )eds
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n n
= /Zu%m dx—/Zufmi dx + o / ut, ds —o / u?, ds, (2.9)
i=1 L i=1 o

wr W Owo
2
— / 9 |ty |22 da dt
a+2 ) ot
DT
2) a2 2) a+2
= 25 [l = 20 [l g
wWr wo
/(ufn)t de dt = /ufn dx — /ufn dx.
D, wr wo
Assuming
n ZA
Wi (7) = / [cufn +ul, + Z uf,m + ) |um|°‘+2] dz
o i=1
+o / u?, ds (2.11)
Owr
by virtue of (2.8), (2.9), (2.10) and (2.7), we obtain
a m
wm (7) + 4a / u?, drdt = w,(0)+2 [ F, gtL dx dt. (2.12)
D, D,

Since 2F,, U < e 1F2 + cu?,, for every € = const > 0, it follows from
(2.12), owing to a > 0, that

Wi (T) < Wy (0) + € / u?, drdt4 et /Ffl dz dt. (2.13)
D, D,

Next, by virtue of (2.11), A > 0 and o > 0, we have

/ufm d:cdt:/ {/ufmd:c} ds < /wm(s) ds,
0

T 0 Ws

whence, with regard for (2.13), we obtain

Wi (1) < s/wm(f) dé + w, (0) + 1 /Fib dedt, 0<7<T. (2.14)
0 D,
Since D, C Dp, 0 < 7 < T, the right-hand side of inequality (2.14) is
a nondecreasing function of the variable 7, and by Gronwall’s lemma, it
follows from (2.14) that
wp (1) < [wm(O) +et /F,%L dx dt} e, 0<7<T. (2.15)

.



The Existence of Solutions of one Nonlocal in Time Problem. .. 89

By virtue of (2.5), A > 0,0 >0, |u| <1, @ > 0, from (2.12) we get

n

wp (0) = / {cu,zn(x,()) +u? (x,0) + Zufm (z,0)
o i=1
+ 22 |u?, (x,0)]*+2 dx+0/u2 (2,0)ds
a+2 ™ maT
o0

= [ i om0 S o)
Q =1

2)|p|**? a+2 2,2 2

o [um (z,T)| dx +o | pus,(x,T)ds < p“wy,(T). (2.16)
a

o9

Using inequality (2.15) for 7 = T, by virtue of (2.16), we find that

+

Wi (0) < p2wp, (T) < i [wm(o) et / F2 dx dt] e, (2.17)

r

Since |u| < 1, we can choose a positive constant e = (i, T') so small that
= pPett < 1. (2.18)

For example, in the capacity of € from (2.18) we can take the number
1 1
g = T ln(f)

1]
Owing to (2.18), from (2.17) we obtain

w(0) < (1= )~ pPe e FullL, py)- (2.19)

Taking into account (2.19), from (2.15) we find that
Wi (T) < ANFmllZ,ppy, 0<7<T. (2.20)

Here
—1,2_—1_¢eT —1| _eT 1 1

’yz[(l—ul) pe et +e }e ) E:TIn(m). (2.21)

By virtue of A >0, @« >0, ¢ >0, 0 > 0 and (2.11), we have

2 _ 2 2
/umdxf / u,, dr + / u,, dr
wr wry [um|<1 Wy Jum[>1

< mesQ + |ty |22 da

Wr, |um|>1
a+2

It follows from (2.11), (2.20) and (2.22) that
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n
a—+2
/ [ufn + ufm + ;ufml} dr < mes) + > Wy (T) + Wi (7)
a+2
= mesQ + (1 + 5 )7||Fm||i2(DT)7 0<7<T. (223)

By (2.23), we obtain

A n

2 _ 2 2 2

b, = [ [ (s S ) ao] i

0 W 1=

2
< TmesQ + T(l + %)ynaniz(Dﬂ, 0<7<T. (2.24)

Taking from both parts of inequality (2.24) the square root and using
the obvious inequality (a2 + b%)Y/2 < |a| + |b|, we have

lumlle, .y < CrllFmllzaor) +c2. (2.25)
2

Here, due to (2.21), for A > 0, we get

1
2 2
cl = <T(1 + o+ ) |:(1 _ ﬂ1)71‘u2€7165T + 51:|66T) ,

12)\ 1 2.26
() o

e=—1In
|l

T
co = (TmesQ)%.

Bearing in mind limiting equalities (2.3) and passing in inequality (2.25)
to the limit, as m — oo, we obtain (2.2). Thus Lemma 2.1 is proved for
A>0.

In a linear case, that is for A = 0, but ¢ > 0, the proof of a priori estimate
(2.2) with ¢o = 0 follows from the following reasoning. As is known, the
norm of the space W4 (Q) for o > 0 is equivalent to the norm

n
||| :/Zvi dx—|—a/1}2ds
o =1 09

[18, p. 147] that is, in particular, there exists the positive constant ¢y =
¢o(§2, o) such that

”U”%/VZ}(Q) = / ['UQ + ZUJQDJ dz
i=1

Q

SCO[/ZUEH dx—l—a/des} Vo e Wy (). (2.27)
o =t 80

By (2.1),(2.27), instead of (2.22) and (2.23), with regard for (2.11), we
will have
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n
/“@i,+u;,+§:u;“}dx

o 1=1

< / W2, da+ wn(7) < (co + Dwom (7). (2.28)

wr

From (2.20) and (2.28), analogously to how we have obtained (2.24), it
follows that

T
||um||3<;/1 D = /(CO + Dwn (1) dr < Tco + VY| Flll, (ppy- (2:29)
2,0
0

Passing in inequality (2.29) to the limit, as m — oo, and taking into
account (2.3), we obtain estimate (2.2) in which

1
2
Cy = 0,
what proves Lemma 2.1 in case A =0 and o > 0. O

Remark 2.1. In Section 3, the question on the solvability of the problem
(1.1)—(1.4) is reduced to that of finding a uniform with respect to the pa-
rameter s € [0,1] a priori estimate for a strong generalized solution of the
equation

n
Vgt — Z Vg2 + 8(c — a*)v + s exp(—aat)|v|*v
i=1
= sexp(at)F(x,t), (z,t) € Dy, (2.31)

satisfying both the boundary condition

ov
(5 + av) T 0 (2.32)
and the nonlocal conditions
(Kpuoo) (@) =0, (Kpv0)(@) =0, z €, (2.33)

where pig = pexp(—aT’), |u| < 1, and the operator K, for 1 = pg is defined
in (1.3). To obtain a uniform with respect to 7 a priori estimate for the
solution of the problem (2.31)—(2.33) it is sufficient that instead of (2.1) be
fulfilled the more bounded conditions

a>0, ¢>a% o>0. (2.34)
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For this case, we present in the proof of Lemma 2.1 certain changes.
Assuming

25\

W (T) = /[s(c a )v —l—vmt—i—g vmm i2 exp(—aa7)|vm|a+2 dx

o
i=1

wr
+0 / vZ, ds,
Owr

instead of equality (2.12) for w,,, in regard to the function v,, we get

- 28)\(1
Wy (T

/exp —aat)|v,|*T? de dt
D,
= Wy, (0) + 2s / exp(at) Fpvme dzx dt,

D,

whence by virtue of sAa > 0, s € [0, 1], analogously to (2.13)—(2.15), we
respectively, obtain

Wi (T7) < Wy (0) + £ / v2, dodt + e exp(2aT) / F2 dxdt,
Dt
T

) < E/wm €) dé + W (0) + e ! exp(2aT) / F2 dxdt,
0 Dr

W (1) < {wm(O) + e texp(2aT) / F2 dx dt} e, 0<7T<T.

Further, by (2.33), (2.34) and po = pexp(—at), |pu| < 1, taking into
account the fact that

[0%2 = |up|2 exp(—aaT) 0] exp(aaT)

|10
= |po|* exp(—aaT)|u|* < |uo|* exp(—aaT),

we instead of (2.16) have

n0) = [ [ste = a0 0.0) + 020,04 3 02 020
Q i=1

25\
b= 5 |vm(x,0)|a+2] dera/vfn(x,O) ds
et

o0

-/ [uésw—a%(x,ﬂ+ﬂ3vzt<x,T>
Q
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25|02

) Um(x,T)|0‘+2} dx

+ p’(% Z U?rwi (33, T) +
i=1
2,2 2~
+ U/Movm(xaT) dS S Mme(T)
o0

Analogously, instead of (2.17)—(2.21) we, respectively, obtain

Wy (0) < p i, (T) < pd [{Em(O) + e L exp(2aT) / F2 dx dt} e,
Dt
p2 = pget <1,
W (0) < (1 = p2) " pge ™" e exp(2aT) | FinllZ, (b, )

() S AN FmllZyppr 0<7<T,
5= [(1 — o) tpde et e exp(2a + €)T,

where by virtue of |ug| < |u], we can take in the capacity of € the same
number € = % ln(ﬁ) as in (2.21). Next, analogously to how from (2.20)

and (2.28) we have got a priori estimate (2.2) with the constants ¢; and ca,
from (2.30) we will have

o, oy < ol FlLacon (235)
JHO

where the positive constant

Nl

c3 = {T(co +1) [(1 — o) e et e exp(2a + a)T} (2.36)

does not depend on v, F' and on the parameter s € [0, 1].

3. THE EXISTENCE OF A SOLUTION OF THE PROBLEM (1.1)—(1.4)

To prove that the problem (1.1)—(1.4) has a solution in case |u| < 1, we
will use the well-known facts dealing with the solvability of the following
mixed problem

U — Zuzixi = F(z,t), (z,t) € Dr, (3.1)
i=1

) =0, u(z,0)=p(), u(z,0) =), e, (3.2)

(3u n )
— +ou
ov
where F', p and v are the given functions, o = const > 0.
For F € La(Dr), ¢ € W5 (), ¢ € La(2) a unique generalized solution
u of the problem (3.1), (3.2) from the space Es 1 (D) with the norm
2,2 2
ve 4+ vp + vm} dz
[l

2 _
1015, , (pr) = oS
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is given by the formula [16, pp. 214, 226], [19, pp. 292, 294]

oo
u= Z <ak cos gt + by sin pgt
k=1

+ i O/Fk(r) sin pg(t — 7) dT) vr(x), (3.3)

where \p = fui, 0<p Spg <o < pup < -+ are eigen-functions and
klim i = 0, while pr € W3(Q) are the corresponding eigen-functions of
—00

the spectral problem Aw = Aw, (‘g—”;‘j +ow = 0 in the domain Q (A :=

Moo

n
> 88723) which form simultaneously an orthonormalized basis in Lo (£2) and

=1

orthogonal basis in W3 () in a sense of the scalar product

(v, w)wa (o) :/vaiwxi dx—i—/avwds
o i=1

o0
[16, p. 237], that is,

1, 1=k
) =6 (o Y, [ = (34
Pk, 01) La(0) ko (Pk w)wg(m KOk O 0. 14k (3.4)
Here
A = (g@,(pk)L2(Q)7 bk :/qul(’(/J,QDk)7 k= 1,2,..., (35)
F(z,t) =) Fi(t)er(),
> @9
Fk(t) = (Fv (Pk)LQ(Wt)7 wr = DprN {t = T}7

and for the solution u from (3.3) the estimate

[ell 2,1 (D) < 7<||F||L2(DT) + ||<PHW21(Q) + ||¢||L2(Q)) (3.7)

with the positive constant v, independent of F', ¢ and v, is valid [16, pp. 214,
226].
Let us consider now the linear problem

0%u " 92y

Lou := o 2 Py = F(z,t), (z,t) € Dr, (3.8)
ou
(5 + Uu) . =0, (3.9)
u(z,0) — pu(x,T) =0, u(z,0) — pue(x,T) =0, z€Q, (3.10)

corresponding to (1.1)—(1.4) in case a = ¢ = A = 0.
Show that for |u| < 1, for any F' € Lo(Dr), there exists a unique strong
generalized solution of the problem (3.8)—(3.10). Indeed, since the space of
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finite infinitely differentiable functions C§°(Dr) is dense in Lo(Dr), there-
fore for F' € Ly(Dr) and for any natural number m there exists the function
F,, € C§°(Dr) such that

1
||Fm - FHL2(DT) < E : (311)

On the other hand, for the function F,, in the space Ly(Dr) the decompo-
sition [16]

Fr(z,t) = ZFm,k<t)‘Pk(x)a Fm,k(t) = (Fn, QOk)Lz(Q) (3.12)
k=1

is valid.
Therefore there exists the natural number ¢,,, lim ¢,, = oo, such that
m—»o0

for
L

F(2,t) =Y Fok(t)pr(z) (3.13)

k=1
the inequality
~ 1
HFm*FmHLz(DT) < m (3.14)
holds.
It follows from (3.11) and (3.14) that
Tim (B~ Flla(og) = 0. (3.15)

The solution u = u,, of the problem (3.1), (3.2) for

Lo L
o= o, =Y mbrpr, F=Fp,
k=1 k=1

is given by formula (3.3) which with regard for (3.4)—(3.6) and (3.13) takes
the form
L

Um = Z (ak COS ,Ukt +Zk sin /,th
k=1

+ :}CO/Fm,k(T) sin pu(t — 7) dT)ng(x). (3.16)

By the construction, the function wu,, from (3.16) satisfies equation (3.8)
and the boundary condition (3.9) for F = F, from (3.13).

Define now unknown coefficients a; and Ek in such a way that the function
U, from (3.16) likewise satisfy the nonlocal conditions (3.10). Towards this
end, we substitute the right-hand side of (3.16) into equalities (3.10). As a
result, taking into account that the system of functions {pg(z)} forms the
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basis in L2(2), to find coefficients a; and by, we obtain the following system
of linear algebraic equations
(1 — peos i T)ag — (wsin puT)by,

T

= L | Fpk(r) sin (T — 7) dr,
Pk
i ~ 0 ~ (3.17)
(ppur sin prT)ak + pr(1 — peos peT)by
T
= /L/Fmﬁk(’r) cos pg(T — 1) dr,
0
k=1,2,...,4,, whose solution is

G = [dlkwk sin T — dog(1 — ucos ukT)} A7 k=12, 0, (3.18)
gk = [dgk(l — pcos upT) — dygfofir sinukT} A;l, k=1,2,...,0m. (3.19)

Here

T
dip = ,uﬁ /Fm,k(T) sin p (T — 7) dT,
k
0

T
do, = H/Fm,k(T) cos pug (T — 1) dr
0

and since |p| < 1, for the determinant Ay of system (3.17), we have
2 2 2 2
Ay = g [(1 — peos upT)” + p” sin MkT} > (1= [pul)” >0. (3.20)

Below, the Lipschitz domain 2 will be assumed to be such that the eigen-
functions ¢y, € C2(Q), k > 1. For example, this fact will hold if 9Q € Cl31+3
[18, p. 227]. This may take place also in the case of piecewise smooth
Lipschitz domain, for example, for the parallelepiped Q = {z € R" : |z;] <
a;, i = 1,...,n}, the corresponding eigen-functions ¢y € C°°(Q) [19] (see
also Remark 4.1). Thus, since F,, € C§°(Dr), by virtue of (3.12), the
function F,, » € C?([0,T]), and hence the function u,, from (3.16) belongs
to the space C%(D7). Next, by the construction, the function wu,, from

(3.16) will belong to the space C? (D) which has been defined in (1.5), and
Lotm = Fpy  Lo(tm — ug) = F, — Fp. (3.21)

From (3.21) and a priori estimate (2.2) for a = ¢ = A = 0 in which by
Lemma 2.1 the constant c; = 0, we have

< allFm = FillLo(or)- (3.22)
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By virtue of (3.15), it follows from (3.22) that the sequence u,, € C%(Dr)
is fundamental in the whole space W3 u(D1). Therefore there exists the

function u € W , (D) such that by (3.15) and (3.21) the limiting equalities
(2.3) are valid for A = 0. The latter means that the function u is a strong
generalized solution of the problem (3.8)—(3.10). The uniqueness of that
solution follows from a priori estimate (2.2) in which A = 0 and the constant
co = 0, that is,

g, < alFlacon: (3.23)

Remark 3.1. Thus the linear problem (3.8)—(3.10) has a unique strong gen-

eralized solution u € W3 ,(Dr) for which we can write u = 0, ' (F), where

"

o
D;l : Lo(Dr) — W%,H(DT) is the linear continuous operator whose norm
by virtue of (3.23) admits the estimate

[mpad] <eci. (3.24)

o —_
L2(Dr)—=W;3 ,(Dr)

Remark 3.2. Regarding a new unknown function v := wexp(at), the problem
(1.1)—(1.4) can be written in the form

n

Lyv = vy — vaf + (¢ — a®)v + Xexp(—aat)|v|*v

i=1
= exp(at)F(z,t), (z,t) € Dr, (3.25)
(% +ov) =0, (3.26)
(Kuov)(2) =0, (Kpove)(2) =0, 2 €, (3.27)

where pg = pexp(—aT’). Note that the problems (1.1)—(1.4) and (3.25)—
(3.27) are equivalent in a sense that u is a strong generalized solution of the
problem (1.1)—(1.4), if and only if v is a strong generalized solution of the

problem (3.25)(3.27), that is v € W, (Dr), and there exists the sequence

of functions v, € C2 (Dr) such that v, — v in the space W3 , (Dr), and
Lvm — exp(at)F(z,t) in the space Lo(D7).

Remark 3.3. The embedding operator I : W (D) — Ly(Dr) is the linear,
continuous, compact operator for 1 < ¢ < %, when n > 1 [16, p. 81].
At the same time, the Nemytski’s operator N : Ly(Dr) — Lo(Dr) acting by
the formula N'v = (¢ — a?)v + Aexp(—aat)|v|*v is continuous and bounded
if ¢ > 2(a+ 1) [14, p. 349], [15, pp. 66, 67]. Thus, if a < -2, that is

2(a+1) < 2t then there exists the number g such that 1 < ¢ < Antl)

n—1 7 n—1

and g > 2(a + 1). Therefore, in this case the operator

No=NT: Wi, (Dr) = Ly(Dr) (3.28)
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will be continuous and compact. Moreover, from w € W%#O (Dr) it all
the more follows that exp(—aat)|v|*v € Lo(Dr), and if v, — v in the

space W3 , (Dr), then exp(—aat)|vy,|* v, — exp(—aat)|v|*v in the space
Ly(Dr).

Remark 3.4. Under the assumption that @ > 0 and |u| < 1, we have || < 1,

and taking into account Remarks 3.1 and 3.2, the function v € W3 , (Dr)
is a strong generalized solution of the problem (3.25)—(3.27), if and only if
v is a solution of the following functional equation

v=01 ((a2 —c)v — )\exp(—aat)|v|av) + D;()l(exp(at)F) (3.29)

o
o
in the space W3, (Dr).

We rewrite equation (3.29) in the form

v = Agv := —D;{} (Nov) + D;[)l(exp(at)F), (3.30)

where the operator Ny : W4, (Dr) — Ly(Dr) from (3.28) is, by Re-
mark 3.3, continuous and compact one. Consequently, owing to (3.24), the

operator Ay : W3, (Dp) — W5, (Dr) from (3.30) is likewise continu-
ous and compact for 0 < a < % At the same time, by Remarks 2.1,
3.2 and 3.4, if conditions (2.34) are fulfilled for every value of parameter
s € [0, 1] and for every solution v of equation v = sAgv with the parameter
s € [01,], then a priori estimate (2.35) with nonnegative constant c¢s from
(2.36), independent of v, F' and s, is valid. Therefore, by the Lerée—Schauder

theorem [20, p. 375], equation (3.30), and hence by Remarks 3.2 and 3.4,

the problem (1.1)-(1.4) has at least one solution u € W3 ,(Dr). Thus we
have proved the following

Theorem 3.1. Let 0 < a < -2, A >0, |u| < 1 and conditions (2.34) be
fulfilled. Then for any F € Lo(Dr) the problem (1.1)—(1.4) has at least one

strong generalized solution of the class W3 in the domain Dt in a sense of
Definition 1.1.

4. THE CASE |u| =1

Instead of conditions (2.1) we consider now the conditions
a>0, c>a? o>0. (4.1)

Theorem 4.1. Let 0 < a < =2, A > 0, |u| = 1 and conditions (4.1) be
fulfilled. Then for any F' € Lo(Dr) the problem (1.1)—(1.4) has at least one
strong generalized solution of the class W4 in the domain Dt in a sense of

Definition 1.1.
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Proof. Regarding a new unknown function v := wexp(at), the problem
(1.1)-(1.4) by Remark 3.2 reduces equivalently to the nonlocal problem
(3.25)—(3.27), where by virtue of a > 0, for the number py = pexp(—aT’) we
have |po| < 1. Therefore if the conditions of Theorem 4.1 are fulfilled, then
repeating reasoning mentioned in proving Theorem 3.1 we can conclude
that the problem (3.25)—(3.27) and hence the problem (1.1)-(1.4) has at
least one strong generalized solution of the class W3 in the domain Dp. [

Remark 4.1. Tt should be noted that for || = 1 the homogeneous problem
corresponding to (1.1)—(1.4) may have even in a linear case, i.e., for A =0, a
finite or even an infinite set of linearly independent solutions, if conditions
(4.1) are violated, whereas for the solvability of that problem the function
F € Ly(Dr) must satisfy, respectively, a finite or an ininite number of
conditions of solvability of type ¢(F) = 0, where ¢ is the linear continuous
functional in Lo(Dr). Indeed, let us consider the case A = a = ¢ = 0,
o = 1. When p = 1, we denote by A(1) a set of those uy from (3.3) for
which the ratio % is a natural number, ie., A(1) = {px : % € N}
Formulas (3.18) and (3.19) for finding unknown coefficients @ and by, in the
representation (3.16) have been obtained from the system of linear algebraic
equations (3.17). In case A\(1) # @ and pui € A(1), p = 1, the determinant
of system (3.17) given by formula (3.20) is equal to zero. Moreover, in this
case all coefficients a;, and Ek in the left-hand side of system (3.17) are equal
to zero. Therefore, in accordance with (3.3), the homogeneous problem
corresponding to (3.8), (3.9) and (3.10) is satisfied with the function

ug(z,t) = (C1 cos pt + Co sin pgt)op (), (4.2)

where C and Cs are arbitrary constant numbers, and in this case the nec-
essary conditions for the solvability of the inhomogeneous problem (3.8)—
(3.10) corresponding to ux € A(1) are

U1 (F) = / F(z,t)pr(z)sinpup(T —t)dedt =0,
Dt

(4.3)
U o(F) = / F(z,t)pr(z) cos up (T — t) dx dt = 0.
Dt
Analogously, in case p = —1, we denote by A(—1) a set of those puy

from (3.3) for which the ratio % is an odd natural number. For p; €
A(=1), p = —1, the function uy from (4.2) is, likewise, a solution of the
homogeneous problem corresponding to (3.8)—(3.10), and conditions (4.3)
are the necessary ones for solvability of that problem. For example, for n =
2, the eigen-numbers and eigen-functions of the spectral problem Aw = Aw,
(% —i—w)’aQ =0 are

1
M= =1 [k =1+ (ke = 1], k= (ki k) € N2
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ok (x1,w2) = dip (sin fig, 21 + [ig, €08 [ig, 1) ( SIn [, @2 + Fik, COS ik, T2),

where fiy, = 1 (2k; — 1), pp = 3 /(2k1 — 1)2 + (2k2 — 1)2, and dj, is the

— 2
normalizing factor defined from the condition ||¢k|r,) = 1. It can be

easily seen that if the number T is such that 2\/T§ﬂ € N, then for any

k = (k1,k2) such that k; = ko we have pup € A(1). In this case, i.e., for
=1 and 2\/T§ﬂ € N, the homogeneous problem corresponding to (3.8)—
(3.10) will have an infinite set of linearly independent solutions of type
(4.2), and for the solvability of that problem it is necessary that an infinite
number of conditions of type (4.3) for k = (k1, k2) such that k; = k2 € N

are fulfilled. The case = —1 is considered analogously.
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1. INTRODUCTION

About eighty years ago S. G. Mikhlin [24] in solving the regularization
problem for two-dimensional singular integral operators (SIOs) assigned to
each such an operator A a function o(A)(z), which he called a symbol, and
he showed that the regularization is possible if igf lo(A)(x)| > 0. There-
after (as widely known) the notion of the symbol was extended to multi-
dimensional and one-dimensional SIOs by many authors. In particular, for
one-dimensional singular operator A = al + bS + T, where a(t), b(t) are
continuous functions on a simple closed contour I', T" is a compact operator
and

Sf(t) = i Mdr (tel), (1.1)
) T—1
r
the symbol in the space L, (T, p) (1 < p < 00) was defined by the equality

o(al +bS+T)(t,z) = a(t)+zb(t) ((t,z) €T x {£1}). (1.2)

For a long period of time, symbols of SIOs were used for the following
(sufficient) conditions:

If inf|o(A)(x)| > 0, then A is a Fredholm operator.
An important role in raising the status of the symbols (for many classes
of operators) was played by Gelfand’s theory of maximal ideals in Banach

algebras. Using this theory, I. Gohberg obtained the following important
results.

Theorem 1.1 ( [3]). Let A := al+bS+T and o(A)(t, z) denote, respectively,
the singular integral operator and its symbol, defined in (1.2). Then

A€ F(Ly(I") <= og(A)(t,z) #0, V(t,z) € T x {£1}, (1.3)
where F(B) denote the set of all Fredholm operators on Banach space B.

To formulate a next theorem, we need the following notations. Let 2
denote the unit sphere in an n-dimensional space R™; Y,,(0) (6 € Q, n =
1,2,...) the sequence of all n-dimensional spherical functions, numbered in
some order; Y, the simplest singular integral operator (see [24] or [5])

- i (V)
(Vuf) () = 7/ 1) dy

|x

with the symbol Y,,(0); T the ideal of all compact operators in the algebra L
(Lp(R™)) (1 < p < 00); Ap the Banach subalgebra of L (L,(R™)), generated
by the operators

Af(2) = ao(@)f(z) + Y an(@)(Yuf) (@) +T (T €T)

n=1
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with continuous coefficients a,,(z) and with the symbols
Az, 0) = ag(x) + Z an(x

Theorem 1.2 ( [5]). The quotient algebra Ay = As/T is a commutative
Banach algebra; the symbols A(z,0) coincides with the functzons of element

Ae AQ on the compact space of maximal ideals of the algebra AQ and
A€ F(Ly(R")) <= A(x,0) #0, V(z,0) € R" x Q. (1.4)

Theorems 1.1, 1.2 were extended in [4,6] to systems of the corresponding
SIOs.

With the appearance of the (revolutionary) results [3—6] the concept of
the symbols of SIOs achieved a higher status: responsibility for the nec-
essary and sufficient conditions of Fredholmness (see (1.3), (1.4)). This
inspired many mathematicians, interested in the theory of symbol of SIOs,
to generalize these results, obtained by Gohberg, to other Banach spaces'.

The author of this survey was inspired, too. And in the papers [19,20]
the main results from [3-6] were extended to spaces L, and Ly (1 < p < 00).

Shortly thereafter, I. Gohberg invited me to join him for studying the
Fredholm theory of one-dimensional SIOs with piecewise continuous coeffi-
cients on Ly (I"): to obtain the spectrum, symbols and formulas for compu-
tation the index. I gladly accepted this invitation.

The Fredholm theory for SIOs with PC coefficients, obtained in [7-10],
is briefly described in Sections 2, 3. The influence of some results of
B. V. Khvedelidze on this cycle of researches is described in Section 4.
In Section 5, we construct a counterexample, related to a scalar symbol in
algebra generated by SIOs with PC coefficients. In appendix (Section 6),
some associated results and their applications, obtained in [19,20] and [8],
are shown. An open question is stated.

It is my pleasure to thank my friend Prof. Roland Duduchava? for useful
remarks and comments.

2. ON THE SPECTRUM AND INDEX OF SIOs wiTH PC COEFFICIENTS

Recall (for convenience) several notations and definitions.
Let L,(T', p), 1 < p < oo denote a weighted Banach space with

:H|t*tk|ﬁ’“ —1<fe<p-—-1,

1A o = / () latl,

1Many results, obtained in this research, are described in the (encyclopedic) book [25].
2N0te, that Roland Duduchava had a privilege to be the student of both: B. V. Khve-
delidze and 1. C. Gohberg!
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PC (T") is the set of all piecewise continuous functions® on I'; A = aP + bQ;
C = cP+ @, where a,b,c € PC, P:= (I +5)/2, Q = (I — 5)/2, and the
operator S is defined by (1.1).

In this section we assume, for simplicity, that I" is a simple closed oriented
Lyapunov contour, 0 € DT and the function ¢(t) (¢ PC(T')) has only one
point ¢y of discontinuity:

C(to - 0) = 21, C(to + O) = 29. (2.1)

Definition 2.1. We denote by v(z1,22,6) (0 < § < 7) the circular arc
joining the points z; to 2o and having the following properties:

19, Let § € (0, 7). Then from any interior point z € v(21, 22, d) one sees
the straight line [21, 23] under the angle ¢, and running through the
arc from z; to zs, this straight line is located in the left-hand side.

20, Let § € (,27), then we define v(z1, 22,8) := v(29, 21,27 — §).

3. Finally, v(21, 29, 7) denotes the straight line [z1, 22].

Next, we denote by W), ,(c) the plane curve which results from the range
of the function ¢(¢) by adding the arc v(c(tg — 0), c(to + 0), W) We
orient the curve Wp, ,(c) in the natural manner. Also, we write Wpy(c) if
p(t) = 1.

Definition 2.2. The function ¢(t) (¢ PC(T")) is called {p, p}-non-singular,
if the curve W), ,(c) does not contain the origin.

Definition 2.3. Let the function ¢(t) be a {p, p}-non-singular. Then the
winding number of the curve W), ,(¢) around the point z = 0 is called {p, p}-
indez of the function ¢(¢). This index is abbreviated by indcP*.

Theorem 2.4. The operator C' = c¢P + Q is at least one-side invertible
on Ly(T,p) if and only if the function c(t) is {p,p}- non-singular. Let
the function c(t) be {p, p}-non-singular. Then the operator C is invertible,
invertible only from the left or invertible only from the right, depending
on whether the number k := ind cP? is equal to zero, positive or negative,
respectively. If k > 0, then dim coker(C) = k, and if k < 0, then dim
ker(C) = —k.

Remark 2.5. If the function ¢(t) has several points ¢ of discontinuity, then
W, p(c) results from the range of the function c(t) by adding several arcs
v(c(ty — 0), c(tr +0),9).

Theorem 2.6. The operator A = aP + bQ is Fredholm on L, (T, p) if and
only if b(t £0) # 0 (¢t € '), and the function c(t) = a(t)/b(t) is {p, p}-non-
singular.

Remark 2.7. A theorem similar to Theorem 2.6, was obtained by H. Widom
[28] for the case where T is a measurable subset of R.

3See (for details) the definition of PC(T') in [13, p. 62].
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Remark 2.8. For the space Ly(T"), the results of Theorems 2.4 and 2.6 were
obtained in [7]. For the spaces L,(I') and L,(T, p) in [8,9].

After the papers [8,9] were published, we (the authors) were periodi-
cally asked (at seminars and conferences) various questions related to these
papers. Most often we were asked the following

Question 2.9. How did you guess (or, how did you come) to adding these
special circular arcs, depending on p,p and joining the points c(t £+ 0)?

In Sections 4, we show a way, paved by B. V. Khvedelidze, on which we
came to the idea of these circular arcs.

3. SIOs witH MATRIX PC-COEFFICIENTS IN L7(T', p)

Let R := AP + BQ denote a singular integral operator with piecewise
continuous matrix coefficients A := [a;]};—, and B = [bi]};—,. Sufficient
conditions for the operator R to be Fredholm in Ly (I, p) was first obtained
by B. V. Khvedelidze (see [17, Chapter 2]). Then the Fredholm criterion
was obtained in our work [10]. See also [25, Chapter 5, Section 6] for some
additional historical details.

Let C := [cik]?;k:l be a piecewise continuous matrix function, and let
t1,...,t, be the points of discontinuity of the matrix C'. To each point ¢4
(s=1,...,r) we attach a matrix-valued arc

e™0s sin(1 — )0, e (=10 gin 1,

v(ts, p) := G(ts — 0) + G(ts +0), (3.1)

sin 6 sin 6
where 0, = 7 — w, and we assume that
ot) = T 1t = tl? (m = 7). (3:2)
k=1

We associate with the matrix C' a continuous matrix curve CP*(t, i), ob-
tained by adding r arcs v(ts, 1) to the range of the matrix C.

Definition 3.1. The matrix function C := [c;x]}’;—; is called {p, p}-nonsin-
gular if 0 ¢ det CP?(t, ). Let C(t) be {p, p}-nonsingular matrix function,
then its {p, p} index is defined by the equality ind C?* := ind det CP* (¢, u).

Theorem 3.2. The operator R = AP + BQ is a Fredholm operator on
L3(T, p) if and only if det B(t£0) # 0 for allt € I' and the matriz function
C(t) := B(t)"YA(t) is {p, p}-nonsingular. If these conditions are fulfilled,
then the index of operator R in the space L;’(l", p) is defined by the equality
ind R = —ind CP*.

4. INFLUENCE OF SOME RESULTS BY B. V. KHVEDELIDZE

In this section we assume, for simplicity, that I' is a simple closed oriented
Lyapunov contour, 0 € D™ and 1 € T.
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By the time we (Gohberg—Krupnik) started to work on the Fredholm
theory of SIOs with piecewise continuous coefficients on L,(I') (1 < p < c0),
the following statement was well known:

Proposition 4.1. The spectrum and Fredholm spectrum for one-dimensio-
nal SIOs with continuous coefficients in the spaces Ly(I") do not depend on
p € (1,00).

Naturally, there arose the following

Question 4.2. Is Proposition 4.1 true in the case of piecewise continuous
coefficients?

In order to get the answer to this question (as well as to some other
questions), we referred to Khvedelidze’s works [16-18]. First we turned our
attention to the following important statements.

Theorem 4.3 ( [16]). Let 1 < p < oo and p = |t —to|® (to € T'). If
—1 < 8 < p—1, then the singular operator S is bounded in L,(T', p).

Corollary 4.4. The operator (t — t)?S(t — to) ™% (to € ') is bounded in
L,(T') if and only if
1 1
—— <Red<1—-.
p p
Next, using suitable ideas and results from [16-18], we have proved the

following

Theorem 4.5. The operator A = 7P + Q with Re~y € (0,1) is a Fredholm
operator in L,(T') for all p # 1/ Re~.

Proof. Following [17,18], we considered the following two factorizations of
the function 9 (t) =7 (Rey € (0,1)):

vty = -7 ()T =g

and
t—1\1=
vt = (-1 (=) =0t (4.1)

We assumed that I' satisfies the conditions, formulated above (before (2.1)).
Without loss of generality, we also assumed that to =1 and 0 € DT.

Let A=9#t)P+Q =v¢_(¢1P+9%-'Q) and B = (¢ 7' P +_Q)y_".
It is not difficult to check that AB = BA = I. Therefore, the operator A is
invertible in some space L,(T'), if and only if the operator B is bounded in
L,. Using the representation

B= o [0 4 )1+~ 1)y 5y]

and Corollary 4.4, it was obtained in [17] that the operator A is invertible
in L, for all p:
l-p

1 1
—— <Rey< —, ie, for p< .
p p Rexy
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Next, we used factorization (4.1) and represented the operator A in the
form A = AT, where Ay =&, (t)é_(t)P+Q and T = tP+ Q. The operator
T is Fredholm in L, for all p € (1,00). Like in the first factorization, one
can obtain here that the operator A; is invertible in L,(T") for all p such
that

1- 1 1
J<Rev—1<7,i.e.,f0rp>—.
p P Re~y
Thus, for all p > 1/Re~, the operator A is a Fredholm one with
ind? A = 1. |

Example 4.6. Let v = 1/2. The operator A = t'/2P+Q is invertible in L,
for all p < 2 and it is a Fredholm with ind? = 1 for all p > 2. This follows
from Theorem 4.5. For p = 2, the operator A is not Fredholm. This does
not follow from Theorem 4.5, but it follows from the paper [7] in which the
Fredholm theory for SIOs with PC coefficients in Ly (I") was developed.

Remark 4.7. Example 4.6 shows the spectral behavior of the point A = 0
of the operator A — AI and, in particular, gives the negative answer to
Question 4.2.

In order to analyze the spectral behavior of other points A, we consider
Y(t) =t/2, A= P+ Q, and X\ & {1(t) : t € T}. We represent operator
A — M in the form
Y(t) — A

A—X = (1-X)R, where R:z( X

Pt Q) = g()P+Q. (4.2)
It follows from (4.2) that

1-0 A+1 ) )
g( ) _ + . 610 _ 610+lnr'

= =z = 4.3
g(1+0) A—-1 (43)
Following [17], we consider such a function h(t) = t7, that
B1=0) o o 0
— T — X2 nr = —. 4.4
A 10) e e = Revy o (4.4)
Now we can prove the following
Theorem 4.8. Let )(t) = t'/2, A=yP +Q,
A+1 271
Ag{y@t): tel}, and Ti_l#rexp% (0 <r < o0). (4.5)

Then the operator A — XI is a Fredholm operator in L,(T).

Proof. Tt follows from (4.5) and (4.3) that § # 27/p and from (4.4) that
Rev # 1/p. Thus (see Theorem 4.5), operator H = hP + @ is Fredholm
in L,(T"). Equalities (4.3), (4.4) provide that the function h(t)/g(t) is con-
tinuous on I'; and hence operators R (as well as operator A — AI) under
the condition 6 # 2m/p is a Fredholm operator in Ly, too. This proves the
theorem. (]
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Remark 4.9. Tt remains to describe the set £ of the points A € C\{¢(t) : t €
I'} (candidates for “non-Fredholm points”), for which the second condition
in (4.5) is not satisfied. This is not difficult.

Let 2z = (A+1)/(A—=1) = rexp(2mi/p) (0 < r < o0). If r = 0, then
A= —1,if r = 0o, then A = 1. If r = 1, then, A = —icot %. Thus, ¢ is
a circular arc with the chord [—1,1]. The point —i cot % is located on the
circular arc ¢, and from this point one sees the segment [—1,1] under the
angle § = 2?“ .

Conclusion 4.10. Let (t) = t'/? and A = ¢YP + Q. Then the set
of the points A € C\ {¢(t) : t € I'}, which are candidates for “non-
Fredholm points” of operator A — XI in L,(T'), coincides with the circular
arc v(—1,1, 2?”)

This is the way on which we came to the idea of circular arc, and it gives
the answer to Question 2.9.

5. SYMBOLS FOR ALGEBRAS OF SIOs wiTH PC COEFFICIENTS

Let £ denote a subalgebra of the algebra A := L(B), where B is a Banach
space. We say that algebra £ is with a (scalar) Fredholm symbol if there
exists a collection {h,},cy, of multiplicative functionals h, : &€ — C such
that

AcENF(B) <= hy(A) #0, VyeY. (5.1)
Compare (5.1) with scalar symbols in (1.2) and (1.4), where the sets Y7, Y
are defined, respectively, by the equalities:

Y1 =T x{£l} and Yo =R" xQ.
After the results in [7-10] were obtained a natural question arose:

Question 5.1. Is algebra &, generated by SIOs with piecewise continuous
coefficients on L, (T, p), with a scalar symbol?

We (I. Gohberg and N. Krupnik) tried to get a positive answer to this
question. But (instead), we constructed a counterexample (see below). Af-
ter some thought, we decided to construct a matriz symbol for algebras,
generated by (scalar) SIOs with PC coefficients. This idea opened a next
cycle of our common research, review of which is beyond the scope of this
article.

We conclude this section with a counterexample, mentioned above.*

Lemma 5.2. Let £ denote the algebra generated by SIOs with PC' coeffi-
cients on L,(T'), where T is a unite circle, and let G = X\ + CP — PC,
where C = c(t)I. If algebra £ is with a scalar symbol, then G is a Fredholm
operator for each A # 0.

4T my knowledge, such a counterexample has never been published.
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Proof. Let algebra A be with a scalar symbol. Then

From the definition of scalar symbol it follows that G € F(L,(T')) for all
A 0. O

Lemma 5.3. Let p =2, c(t) = t'/? and ¢(1 +0) = +1. Then there erists
A #£ 0 such that the operator G, defined in Lemma 5.2, is not Fredholm.

Proof. Tt follows from Shur’s representation

R 1 C I o] [ o] I C
TP MA+CP||P I||0 G| |0 I
that the operator G € F(Lo(T')) if and only if the operator R € F(L3(T)).
The operator R can be represented in the form

_|t @ Loe®)] H_
R—[l )\Jrc(t)}P—i_{O \ Q = AP+ BQ.
Since det B(t) # 0, the operator R is Fredholm if and only if the matrix
M)y, := B~!Ais 2-nonsingular. In particular (see Theorem 3.2 and equalities
(3.1), (3.2)), this means that

0 & det vy (1, 1), where vy(t,u) := (1 — p)Mx(1 —0) + uMy(t + 0).

But for 4 = 1/2, we have the equality

(1})7i A—-1 -1 Jr)\Jrl -1 _ 1 -1
2B T\ 1 A+ 1 A=1] )" x[1 A
and for A\g = i, we receive det vy, (1,1/2) = 0. This proves that the operator
G =il +t'/2P — Pt'/?] is not an F-operator in Ly(T). O

Corollary 5.4. Combining these two lemmas, we obtain the negative answer
to Question 5.1.

6. APPENDIX: SEVERAL (SIDE) RESULTS ASSOCIATED WITH THE MAIN
RESULTS IN [19,20] AND [8]

6.1. Banach spaces versus Hilbert spaces. Let L(B) (L(#)) denote
the algebra of all linear bounded operators in the Banach (Hilbert) space B
(H) and GL(B) be the group of invertible operators. By T (B) we denote
the ideal of all compact operators on B and by F'(B) the set of all Fedholm
operators on B.

Analyzing the proofs of Theorems 1.1 and 1.2 for the purpose of trans-
ferring them to Banach spaces, an idea appeared to find a replacement of
the following well known Proposition 6.1 (so that it would work in Banach
spaces):
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Proposition 6.1. For any operator A € L(H), there exist two operators
Ay, Ay € L(H) such that A = Ay + Ay, spec(A;) C R (i = 1,2) and the
relation

A=A +iAs € GL(H) — A= A —iAy € GL(%)
holds.

Indeed, one can take A; = (A + A*)/2, and Ay = (A — A*)/2i.
In the paper [19], the following version of substitution was proposed.

Theorem 6.2. Let operators Ay, Ay € L(B), A1 As = AsA; and spec(4;) C
R (i =1,2). Then

A=A +iA € GL(B) — A= A —iAy € GL(B)

Corollary 6.3. Let operators Ay, As € L(B), A1Ay — AsAy € T(B) and
spec(A;) CR (i =1,2). Then

A=A +iA€e F(B) < A:=A; —iAy € F(B).

Remark 6.4. These (side) results were first used in [19] for extending Goh-
berg’s Theorem 1.2 from Ly to L,. Thereafter, Theorem 6.2 and Corollary
6.3 were used for different purposes by many authors. For illustration we
consider two examples.

In 1962 Kharazov and Khvedelidze proved the following statement [15]:

Theorem 6.5. Let A = a(t)I +b(t)S be a SIO with continuous coefficients
on a closed contour in L,(T). If A is a Fredholm operator in both L,(T)
and Ly(T'), (p7' + ¢~ 1 = 1), then a(t)*> —b(t)> £ 0 on T.

Let us show (for illustration) how Theorem 6.5 and Corollary 6.3 could
be combined for a simple extension of Gohberg’s Theorem 1.1 from Lo (T")
to L,(T").

Theorem 6.6. The operator A = al +bS with continuous coefficients on a
closed contour T is Fredholm in L, (') if and only if a(t)? —b(t)?> #0 on T.

Proof. The sufficiency of this condition was proved earlier by B. V. Khvede-
lidze [17]. Now, let A € F(L,). It follows from Corollary 6.3 that A =al +
bS € F(L,), too. Therefore, the operator A" = al +bS + T, T € T(L,(T))
is Fredholm in Lj7. Thus, the operator A is a Fredholm operator in both
L,(T") and L,(T). Using Theorem 6.5, we obtain a(t)? — b(t)? # 0. O

For a second illustration, consider the following theorem which is proved
by using Theorem 6.2.

Theorem 6.7. Let K be a Banach algebra and let Ky be commutative sub-
algebra of IC, which possesses a symmetric sufficient family of multiplicative
functionals. Then Ky is inverse closed in K. See [21, Theorem 13.3] for
details.

We conclude this subsection with an open
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Question 6.8. Can we replace in Theorem 6.2 the Banach space B with a
normed or topological (or even with non-topological) space?

6.2. The circular arc v,(c) and exact values of the norms of opera-
tors S, P, Q on L,(T"). It is well known (especially now) that the norms
of SIOs play an important role in various applications. But, by the time
we were working on the paper [8], almost nothing was known about these
norms. We decided to illustrate the results (we just received) for this paper
with possible estimation of the norms of operators S, P, ). We started
with the following experiment:

It is evident that for any operator R on the Banach space B the relation
I+R ¢ GL(B) = ||R|| > 1 holds. We considered the operator A := cP+Q),
where the function ¢(t) (|¢| = 1) takes only two values : rexp(£mi/p), r > 0,
p > 2. In this case, v,(c) is a circular arc which connects these two points,
and from the point 0 € v,(c) the segment [r exp(—mi/p), r exp(wi/p)] is seen
at the angle 27 /p.

It follows from Theorem 2.4 that the operator A is not invertible. But
A=T+(c—1)P, |c(t)—1| =r?+1—2rcos % does not depend on ¢, and its
minimal value (for a fixed number p) equals sin 7 (when r = cos 7). Taking
r= cos%, we obtain

-1
1< HsinIP
p

, therefore ||P] > (sin Z)
p

This was the best estimation we could extract from our experiment. Using
same approach, we obtained the following estimates:

1 1
> > Pll, > |P|, > ——— 1
1Qlly > 1Qly > s 1Pl = 1Pl > s (6.1)
1511, =[S, = cot 5 (6.2)

2p*
where |A] := ingA—i—TH, T are compact operators, and p* = max(p, p/(p —
1)).

These estimates acquired greater significance (for us) when we were able
to prove the accuracy of some estimates. For example,

cot1 if p=2",

M on n=12,... (6.3)

on — 17
(see [8, Section 3] for details). And we formulated the following
Conjecture 6.9. Inequalities (6.1), (6.2) can be replaced by equalities.

These results (associated with the main part of results in [8]) and Con-
jecture 6.9 gave rise to a large number of publications dedicated to the best
constants, and such publications continue to appear. Almost all new result
related to best constants required new ideas and methods for their proofs.
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Some problems turned out to be very complicated. For example, it took
more than 30 years of attempts of many authors to confirm Conjecture 6.9
for analytical projections P and ). This was done by B. Hollenbeck and
I. Verbitsky (see [14] and the list of references in this paper). The operator
S was more lucky. Conjecture 6.9 was confirmed by S. K. Pichorides [26]
in 1972. Some addendum to his paper was obtained in [23]. A survey re-
lated to best constant in the theory of one-dimensional SIO is written in
the paper [22].

6.3. One more associated result. Denote by £ a subalgebra of the Ba-
nach algebra A = L(B), where B is a Banach space, and by M, (&) the
algebra of all n x n-matrices with the entries from £. Comparing the results
in articles [3,5] and [4, 6] related, respectively, to the symbols of SIOs with
scalar and matrix coefficients, the following statement was predicted:

Theorem 6.10. Let the algebra £ be commutative modulo compact opera-
tors, and let R € M, (E). Then

R € F(L(B")) <= det(R) € F'(L(B)). (6.4)
Remark 6.11. When one writes the determinant det(R), the order of the

factors is irrelevant, since the possible determinants differ from one another
by a compact term.

In [20], a following statement, associated with Theorem 6.10, was ob-
tained:

Theorem 6.12. Let K be an associative and, generally speaking, non-
commutative ring with identity e. Assume that ami € K (m,k < n) for
somen € N, and amrapg = QpgQmi, VM, k,p,q=1,...,n. Then the matriz
A= [amkly, =1 8 invertible in M,,(K) if and only if the element A := det A
is invertible in K.

The proof of Theorem 6.10 was represented in [20], as a corollary from
the general Theorem 6.12.

These two theorems (6.10 and 6.12) proved to be useful for many classes
of equations and they were included in many publications, even in the pub-
lications of the current millennium (see, for example, Lemma 1.2.34 and
related statements in [27]). Theorem 6.10 was first used in the proof of
Theorem 6 from [19].

Consider one more example of application of Theorem 6.10. Let T, :=
[ai,k]g’f}czl denote the Toeplitz operator, generated by a function a(t) =

o0

> ajt! € Loo(Sh). The following statement is proved in [11, Section 3].
j=—00
Theorem 6.13. Algebra €& C L(¢3), generated by Toeplitz operators Ty, :=
[ai—k], where a(t) are piecewise continuous functions on the unite circle , is
with a scalar Fredholm symbol. In particular, the symbol of operator Ta is
defined by the equality

a(t,p) = pa(t+0)+ (1 —pat—0) (|t|=1, 0<pu<1). (6.5)
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The following corollary follows directly from Theorems 6.13 and 6.10:
Corollary 6.14. Let A= [A;x]}')—; (Air € E). Then
A€ F(L({3)) < det A € F(L(l2)).

Remark 6.15. In order to get the analogue of Theorem 6.13 and Corollary
6.14 for £, spaces with p # 2, it was necessary to obtain some additional
results, related to Toeplitz operators on ¢,. In contrast with the space /s,
here the Khvedelidze and Gohberg—Krupnik approaches did not work. But,
Rolland Duduchava proposed a new approach and succeeded in solving the
necessary problems (see [1,2]). This made it possible to obtain in [12] the
analogues of Theorem 6.13 for £, (1 < p < 00) and to use (automatically)
Theorem 6.10 in £7.
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1. INTRODUCTION

The main aim of the paper is the study of the Fredholm property, es-
sential spectrum, and invertibility of some operators of the Mathemati-
cal Physics, such that the Schrodinger and Dirac operators with complex
electric potentials, and Maxwell operators in absorbing at infinity media.
This investigation is based on the limit operators method [23]. Earlier this
method was applied to the investigation of the location of essential spectra
of perturbed pseudodifferential operators with applications to electromag-
netic Schrodinger operators, square-root Klein—Gordon, and Dirac opera-
tors under general assumptions with respect to the behavior of real valued
magnetic and electric potentials at infinity. By means of this method a
very simple and transparent proof of the well known Hunziker, van Win-
ter, Zjislin theorem (HWZ-Theorem) for multi-particle Hamiltonians has
been obtained [14,15]. In the papers [19,20,22] the limit operators method
was applied to the study of the location of the essential spectrum of dis-
crete Schréodinger operators on Z™, and on periodic combinatorial graphs.
We also note the recent papers [16-18] devoted to applications of the limit
operators method to the investigation of the Fredholm properties of bound-
ary and transmission problems, and the boundary equations for unbounded
domains.

The paper is organized as follows. In Section 2 we give some notations
and an auxiliary material. In Section 3 we consider the Fredholm property
of strongly elliptic second order systems of differential operators of the form

n
Au(w) = 3 (i0s, — a(@)PH (@) (10, — ar(a))u(a)
k=1
+ W(z)u(z), = eR", (1.1)

where aj, are real-valued functions on R” and b*' are N x N Hermitian
matrices, W is a complex-valued N x N matrix. We suppose that ag, and
the coefficients of the matrix * belong to C’g’u(R”), and the coefficients of
the matrix W belong to Cy ,(R™), where Cy ,,(R") is the class of bounded
uniformly continuous functions on R”, and C  (R™) is the class of functions
a on R" such that d,;a € Cpo(R"), j = 1,. ..,n. In this section we prove
that if

liminf inf J(W(z)h,h) >0,

=00 ||hllon =1
then A : H2(R",CN) — L?(R",C") is a Fredholm operator of the index 0.
In Section 4, applying the results of Section 3, we study the spectra of elec-
tromagnetic Schrodinger operators on R™ with real magnetic and complex
electric potentials ®. We prove that if

lim infJ3(®(x)) > 0, (1.2)

T—r00

where @ is the electric potential, then the essential spectrum of the Schrodin-
ger operator does not have intersections with the real line R. If, in addition
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to (1.2),

J(@(x)) >0, zeR", (1.3)
then the spectrum of the Schrodinger operator does not intersect the real
line R. Under the proof of the last result we have used the uniqueness of
the continuation for elliptic operators (see e.g. [4,9,10]). Note that there is
an extensive literature devoted to the spectral properties of the Schrodinger
operators (see e.g. [1,5,24-26]).

Section 5 is devoted to the investigation of spectra of the Dirac opera-
tors with real-valued magnetic and complex-valued electric potentials. We
suppose here that the magnetic and electric potentials are slowly oscillating
at infinity. We prove here that the conditions (1.2), (1.3) provide us with
the spectrum of the Dirac operator which does not contain the real values.
For the proof we use the results of Section 3 and the uniqueness of the
continuation for some almost diagonal strongly elliptic systems of second
order.

In Section 6, we consider the harmonic Maxwell system on R3 for isotropic
nonhomogeneous media. We suppose that the electric and magnetic per-
mittivities € and p are the slowly oscillating at infinity complex valued
functions. We prove that the operator of Maxwell’s system is invertible in
admissible functional spaces if the electromagnetic medium is absorbing at
infinity, that is,

lim infJ(e(z)pu(x)) > 0.

Tr—r0o0
The proof of this result is based on the realization of the Maxwell system in
a quaternionic form (see e.g. [8,11,12]), applications of results of Section 3,

and the uniqueness of the continuation for almost diagonal strongly elliptic
systems of second order.

2. AUXILIARY MATERIAL

2.1. Notation. We will use the following standard notation.

e Given Banach spaces X, Y, £(X,Y) is the space of all bounded
linear operators from X into Y. We abbreviate £(X, X) to £(X).
If X is a Hilbert spaces, then (x,y)x is a scalar product in X of

T, y.
e L2(R",CY) is the Hilbert space of all measurable functions on R™
with values in CV provided with the norm

1/2
lull L2mn cny = (/Ilu(x)II%N dx) )
R'ﬂ

e H*(R",CY) is a Sobolev space of distributions with norm

, 1/2
fullnoencsy o= ([ @1 IO as)

Rn
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where 4 is the Fourier transform of .

We also use the standard multi-index notations. Thus, a =
(01,...,0ay) with o € NU{0} is a multi-index, || = a1+ +ap
is its length, and

9 = Q2190 D = (i) - (=i, )"

Finally, (¢) := (1 + |¢]?)Y/2 for £ € R™.
Cy(R™) is the C*-algebra of all bounded continuous functions on R™.

Cp.(R™) is the C*-subalgebra of C,(R™) of all uniformly continuous
functions.

CF(R™) is the C*-subalgebra of Cy(R") of k-times differentiable
functions such that 9%a € Cy(R") for |a| < k, and a € Cf  (R") if
a € CFR™) and 9%a € Cy,(R™) for |a| = k.

We say that a € CF(R™) if a € CF(R™) and lim, o a(x) = 0.

We denote by SO(R™) a C*-subalgebra of Cj,(R™) which consists of
all functions a, slowly oscillating at infinity in the sense that

lim sup |a(z +y) —a(z)|=0

T—r 00 yeK

for every compact subset K of R™.
We denote by SO*(R™) the set of functions a € CF(R™) such that

lim da(z)
z—00 6'xj

=0, 7=1,...,n.

Evidently, SO*(R") C SO(R™).

If A(R™) is an algebra of functions on R™, then we set

A(R™, L(CN)) = AR™) @ L(CN).

Br={x€R": |z| < R}, and B, = {zx € R": |z| > R}.

2.2. Fredholm properties of matrix partial differential operators
and limit operators. We consider matrix partial differential operators of
order m of the form

(Au)(@) = Y aa(z)Du(z), = €R", (2.1)

laf<m

under the assumption that the coefficients a, belong to Cp,,(R™, L(CN)).
One can see that A : H™(R",CY) — L?(R",C") is a bounded operator.
The operator A is said to be elliptic at the point x € R™ if

detag(x,&) #0
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for every point £ # 0, where

ag(,6) = Y an(r)E”
|a]=m
is the main symbol of A, and A is called uniformly elliptic if

det Z aa(x)wa‘ >0,

|a]=m

inf
zER™, wegn—1

where S~ ! refers to the unit sphere in R”.

The Fredholm properties of the operator A: H*(R™ CN)— Hs~™(R" CV)
can be expressed in terms of its limit operators which are defined as follows
(see e.g. [21]). Let h : N — R™ be a sequence tending to infinity. Since
aq € Cpu(R™, L(CN)), the Arcela—Ascoli’s theorem combined with a Cantor
diagonal argument implies that there exists a subsequence g of h such that
the sequences of the functions x +— aq(z + g(k)) converge as k — oo to a
limit function a¢ uniformly on every compact set K C R" for every multi-
index a. The operator

is called the limit operator of A defined by the sequence g. We denote by
Lim(A) the set of all limit operators of the differential operator A.

Theorem 2.1 ( [21]). Let A be a differential operator of the form (2.1).
Then A : H™(R",CN) — L2(R",C") is a Fredholm operator if and only if:

(i) A is a uniformly elliptic operator on R™;

(ii) all limit operators of A are invertible as operators from H™(R™, CN)
to L2(R",CN).

Note that the uniform ellipticity of the operator A implies the a priori
estimate

ull grzn cvy < C (JAull p2@n cny + ull 2@n.cny) - (2.2)

This estimate allows one to consider the uniformly elliptic differential op-
erator A as a closed unbounded operator on L?(R™,CY) with a dense do-
main H™(R™,CY). It turns out (see [2, p. 27-32]) that A, considered as
an unbounded operator in this way, is an (unbounded) Fredholm operator
if and only if A, considered as a bounded operator from H™(R",CV) to
L?(R™,CY), is a Fredholm operator.

We say that A € C belongs to the essential spectrum of A if the operator
A — M is not Fredholm as an unbounded differential operator. As above,
we denote the essential spectrum of A by sp,,, A and the common spectrum
of A (considered as an unbounded operator) by sp A. Then the assertion of
Theorem 2.1 can be stated as follows.
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Theorem 2.2 ( [21]). Let A be a uniformly elliptic differential operator of
the form (2.1). Then

SDess A = U sp AY. (2.3)
A9€Lim(A)

3. FREDHOLM PROPERTY OF SYSTEMS OF STRONGLY ELLIPTIC PARTIAL
DIFFERENTIAL OPERATORS ON R"

We consider the system of partial differential equations of second order
on R™ in the divergent form

Au(z) = Y (i85, — ar(@)b™ (2)(i0, — ar(x))u(x)

o l=1
+ W(x)u(z), =e€R", (3.1)

where
ap € Cp ,(R™), b e Cy (R™), LR™), W€ Cpu(R",LR™)), (3.2)

ay are real-valued functions, b*! are Hermitian matrices, that is, b¥!(z)* =
b¥!(x), and W is a complex-valued matrix. The conditions (3.2) provide
the boundedness of A : H?(R",C") — L?(R",C"). We suppose that the
operator A is strongly elliptic, that is there exists a constant v > 0 such
that for every h € CN and v = (v1,...,v,) € R",

n

> (0" (@)h Bevvery = A|[BlE [V][Ra- (3.3)
k=1
Theorem 3.1. Let the conditions (3.2), (3.3) and
liminf inf J(W(z)h,h)er >0 (3.4)

T—r00 Hh”chl

hold. Then A : H?*(R",CN) — L?(R",C") is a Fredholm operator of the
index 0.

Proof. Since A is a uniformly elliptic operator, by the condition (3.3) we
have to prove that all limit operators AY of the operator A are invertible
from H?(R™,C") — L?(R™,C"). The limit operators A9 are of the form

n

Adu(e) = Y (i0y, — af(2)) (") () (i0s, — af (z))u(x)

k=1
+ W9 (x)u(z), =€ R™ (3.5)
The condition (3.4) implies that there exists € > 0 such that for every
reR™,
I(WI(z)h, h)en > €| hl|2n (3.6)
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Then for every u € H?(R",CY),

‘ (A%, u)L2(Rn7C) | > J(A%, U)L2(]Rn’(CN)

= /J(Wgu, u)en dr > €||“H2L2(Rn,CN)' (3.7)
Rn
This estimate yields that there exists an inverse in the algebraic sense opera-
tor (A9)~1, bounded in L?(R™,C"). Since A is a uniformly elliptic operator
on R", the following a priory estimate

lull 2 m ovy < C (I1Au| p2rn cny + Hu||L2(R",(CN)> (3.8)

holds. The last estimate implies that all limit operators A9 : H2(R",CV) —
L?(R™,C") are invertible. Then by Theorem 2.1, A : H?(R",CN) —
L?(R",C") is a Fredholm operator. Let us prove that index A = 0. We
consider the family of differential operators 4, = A + p?I, u > 0. As
above, one can prove that 4, : H*(R",CY) — L?(R",C") are Fredholm
operators. Note that A, is an elliptic family depending on the parame-
ter u > 0 (see e.g. [3]). Hence there exists py > 0 such that A, is an
invertible operator for p > pg. Hence index A = 0 because the family
A, : H*(R",CY) — L*(R",C") is continuously depending on the parame-
ter p. O

4. SCHRODINGER OPERATORS WITH A COMPLEX POTENTIAL

We consider the Schrédinger operator

1 e - e
Hu(zx) := . (Dj + e (z))pﬂk(z) (Dj + p ak(a:))u(x)
+e®(z)u(z), xeR",
where D; = % a%,» , h is a Planck constant, m is the electron mass, c¢ is the
light speed in the vacuum, a = (a1,...,a,) is a magnetic potential, and
® is an electrical potential on R™, the latter equipped with a Riemannian
metric p = (pjk)7 x—; which is subject to the positivity condition
zeRn,iggsnfl pir(z)wiwk >0, (4.1)
where pji(z) refers to the matrix, inverse to p/¥(z). Here and in what
follows, we make use of Einstein’s summation convention.

We suppose that p/¥, a; are real-valued functions in Cy ,(R™) and a com-
plex valued electric potential ® € Cj,(R™). Under these conditions, H
can be considered as a closed unbounded operator on L?(R™) with domain
H?(R™). If ® is a real-valued function, then H is a self-adjoint operator and
‘H has a real spectrum.

Theorem 4.1. (i) Let
lim inf3®(x) > 0. (4.2)

r—r00
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Then the essential spectrum of the operator H does not contain real
values.

(ii) Let the condition (4.2) hold and
30(z) > 0 (4.3)

for every x € R™. Then the spectrum of the operator H does not
contain real values.

Proof. (i) According to formula (2.3),
Spess H = U Sp HQ? (44)
A9€Lim (H)
where
1 e ; e
Hou(w) i= 5= (D + < ad(@)) (077 (@) (D + = af (@) ) u(a)
+ e®d(x)u(x), =€ R™
We set &5 = ® — AI, A € R. The condition (4.2) implies that
inf J99 : 4.
xgﬁaan)A(m) >0 (4.5)
This condition implies that the operator HY — AI, A € R is invertible with
a bounded in L?(R"™) inverse operator (H9 — AI)~1. Hence R > \ & sp HY.
Formula (4.4) implies that (sp.,, H) "R = @.
(ii) As in the proof of Theorem 3.1, we obtain that Hy = H + A :
H?(R") — L?(R") are Fredholm operators of the index zero. Let us prove

that ker Hy = {0}. Let u € ker % . Estimates (4.1), (4.2), and (4.3) imply
that there exists e and R > 0 such that

0= 3(Ho, ) o an oy = 3 / (e®(2)u(x), u(z))er do

]Rn
—7 / (e (2)u(x), u(z))ex dz + 3 / (e (2)u(x), u(x))en do
|z|<R || >R
> €Hu||2L2(B;%,CN)' (4.6)

Since ker H) C H?(R"), the estimate (4.6) implies that
au‘

u]aBR =0, W =0, (4.7)

0BR

where % is a normal derivative to the sphere dBgr. By the uniqueness
of a solution of the Cauchy problem, for elliptic equations with the oldest

Lipschitz coeflicients (see e.g. [4,7,9,10]), we obtain that the Cauchy problem
Au(x) =0, = € Bp,

Ju
u’aBR :05 % |aBR:0
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has the trivial solution only. Hence u = 0 on R™. That is, ker H) = {0}
and H : H2(R",CY) — L?(R",C") is an invertible operator. This implies
that spHNR = @. O

5. DIRAC OPERATORS WITH COMPLEX ELECTRIC POTENTIALS

In this section we consider the Dirac operator on R3, equipped with the
Riemannian metric tensor (p;;) depending on z € R? (for a general account
on Dirac operators see, for example, [28]). We suppose that there is a
constant C' > 0 such that

pjk(l')gjgk Z C‘£|27 WS RS; (51)

where we use as above Einstein’s summation convention. Let p/* be the
tensor, inverse to p;i, and let ¢?%(z) = \/pi¥(x) be the positive square
root. The Dirac operator on R? is the matrix operator defined as

c . .
D= 3 Y (#F P + Pj®) + Pmyo + e Ey (5.2)

acting on vector functions on R?® with values in C*. In (5.2), the v, k =
0,1,2,3, are the 4 x 4 Dirac matrices, i.e., they satisfy

ViVk + YKV = 201 Es (5.3)
for all choices of j,k =0,1,2,3, FE, is the 4 X 4 unit matrix,
e h 0 .
Pj:Dj+Eaja Dj:;aixj’ J=12,3,

where 7 is the Planck constant, a = (a1, a2, as) is the vector potential of
the magnetic field H, that is, H = V x a, ® is the scalar potential of the
electric field E, that is, E = V®, and m and e are the mass and the charge
of the electron, c is a light speed in the vacuum.

We suppose that

p*a; € SO*R?), j,k=1,2,3, ®c SO (R?), (5.4)
and pjk,Aj are real-valued functions, and electrical potential ® can be a
complex function. We consider the operator D as an unbounded operator
on the Hilbert space L?(R?, C*) with domain H'(R3 C*).
Note that the main symbol of D is op(z,€) = c¢/F(x)&;vk. Using (5.3)
and the identity ¢?*¢"*6; = pI", we obtain that
op(x,8)” = PR ()¢ ()& & vve
= R ()¢ ()01 6 = (PP (2)€;6, ) En.
Together with (5.1), this equality shows that D is a uniformly elliptic matrix
differential operator on R3. Hence the following a priory estimate

||u||H1(R3,C4) S C (”DUHL2(R3,C4) + ||u||L2(R37<C4))

holds which implies that D is a closed operator in L?(R?, C*) with domain
H1(R3,C*). Tt follows from the conditions (5.4) that the limit operators DY
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of D defined by sequences ¢ : Z — R? tending to infinity are the operators
with the constant coefficients of the form

D7 = en(¢)?(Ds + = af ) + meyo — e@7 By,
c
where ] .
()7 == lim_¢'*(g(m)),
m—o0
af = Tim_a;(g(m)), ®%:= lim @(g(m)).
The operator D is unitarily equivalent to the operator
DY = cryk(qﬁjk)ng + yomc® 4 e®Y,
and the equivalence is realized by the unitary operator Tyo : f — €' ¢ 7% f
a9 = (af,a3,a3). Let ® € SO(R3), and @, C C be the set of all particular
limits ®9 = h_r}n ®(g(m)) defined by sequences R? 5 g(m) — oo.
m o0
Theorem 5.1. Let the conditions (5.1) be fulfilled. Then the Dirac operator
D: H'(R3 C*) — L*(R%,CY)

is a Fredholm operator if and only if

B N (—00, —mc?| = T, B N [mc?, +00) = 2. (5.6)
Proof. Set
BY(€) 1= chre(@™)%€; + mcy0 and ()7 := lim_p™ (g(m)).
Then

(D§(€) — @ Ex)(DE(€) + @7 Ey)
= (02h2(pjk)9§j§k +m2ct — (e@9)2)E4. (5.7)
The condition (5.6) and the identity (5.7) imply that
det ((D§(&) + e®9)Ey) # 0

for every ¢ € R3. Hence, the operator DY : H(R3 C*) — L2(R3,C*) is
invertible and, consequently, so is D9. By Theorem 2.1, D is a Fredholm
operator. For the reverse implication, assume that the condition (5.6) is
not fulfilled. Then there exist ®9 € C and a vector £° € R? \ {0} such that

A (p)IE0E + et — (ed7)? = 0.
Given ¢°, we find a vector u € C* such that v := (238(50) — (e®9)E)u #

0. Then (5.7) implies that (DY(£°) + e®9Ey)v = 0, whence det(DI(£0) +
ePIE,) = 0. Thus, the operator DY is not invertible. By Theorem 2.1, D

cannot be a Fredholm operator. (Il
Theorem 5.2. If the condition (5.1) is satisfied, then
SPess D = €@ 4 (—00, —mc?] + [mc? + 00),

where + denotes the algebraic sum of sets on the complex plane, and e®
is the set of particular limits of the function e® at infinity.
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P?”OO]: Let A € C. The symbol of the operator DY — AI is the function
&~ DJ(&) + (e®9 — \)Ey4. Invoking (5.7)), we obtain
(DY(€) = (e = N E2)(DE(E) + (07 — \)Eu)
=[R2 (p7%)9¢;6, + mPct — (e®? — A?)|Ey. (5.8)
Then eigenvalues A\ (§) of the matrix D (§) — e®IE, are given by
AL(§) :==ed? £ (chgkgjgk +m2eHV2, (5.9)
This implies that
spDY = [e®I + mc?, +00) U (—o0, e®d — mc?].
Hence,
SPess D = Ugsp DY = e®o, + [mc?, +00) + [—00, —mc?). O
Theorem 5.3. Let the condition (5.3) be satisfied and
infJ®%(z) >0, liminfJ®*(z) > 0. (5.10)
Then the Dirac operator
D: H'(R3 C*) — L*(R%,CY)
is invertible.

Proof. Let D,, = D+pul : HY(R3,C*) — L*(R3,C*), u > 0. Then according
to Theorem 5.1, D,, is the continuous family of Fredholm operators. More-
over, D, is an elliptic family. This implies that there exists po > 0 large
enough such that D,, are invertible operators for u > pg. Hence indexD = 0.
Let us prove that ker D = {0}. Note if u € ker D, then u € ker A, where

A= (Dy — eDEy)(Dy + eDEy),
and
Dy = gvk(d)jkpj + P;j¢?*) + myp.
Since p’* € SO?(R?) and ® € SO'(R3), we obtain that
A= (Dy— e®Ey)(Do + e®Ey) = L+ R, (5.11)
where
L = [(¢®h*P;jp’* Py) +mPc* — (e®)?] Ey

is the diagonal 4 x 4 matrix operator with strongly elliptic differential op-
erators of second order on the main diagonal, and

3
R = erawj + 70

Jj=1
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is a 4 x 4 matrix differential operator of the first order with coefficients 77
€ Cy(R3, L(C*)), j =0,1,2,3. Let u € ker A. Then we obtain
0= (AU, U)LQ(R37C4) = 62ﬁ2 / pjk(Pj’U,, Pku)(c4 dx
R3
+ /(m2c4 — (e®(x))}) |u(2)||2e dx + /(Ru(x),u(m))R4 dr.  (5.12)
R3 R3
Since 77 € Co(R3, L(C?)) for every € > 0, there exists Ry > 0 such that
[Rull 2By, 01y < ellullz2(sy,.c1) (5.13)

for R > Ry. Let R > Ry be such that

infJ(e®(z))> > e —e > 0.
Br
The condition (5.10) and formulas (5.12)), (5.13) yield

0 = 3(Au, 1) e 1y > (€ —€) / ()| da (5.14)
By
Note that the operator of second order A is uniformly elliptic. This implies

that ker A ¢ H?(R? C*). Hence u|p;, = 0 implies that u is a solution of
the homogeneous Cauchy problem

Au=0, z € Bp, (5.15)
ul,, =0 2 =
9Br ovloBr

The matrix operator A = L + R is a perturbation of the diagonal elliptic
operator L of second order by the first order operator R with bounded
coefficients, conserving the Carleman estimates (see e.g. [27, Chapter 14],
[6], [7]). Hence the Cauchy problem (5.15) has the trivial solution only, and
ker D = {0}. Hence D is an invertible operator. O

Corollary 5.4. Let the conditions (5.3), (5.10) be satisfied. Then the spec-
trum of D does not have real values.

6. MAXWELL’S EQUATION WITH COMPLEX ELECTRIC AND MAGNETIC
PERMITTIVITY

6.1. Maxwell’s system. We consider the Maxwell’s system describing the
harmonic electromagnetic fields

V x H =iwD +]j, (6.1)
V x E = —iwB, (6.2)
V-D=p, (6.3)
V-B=0, (6.4)
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where w > 0 is a frequency of harmonic vibrations of the electromagnetic
field,

p = p(z) is the volume charge density,

j = j(z) is the current density,

I
o

E x) is the electric field intensivity,
H = H(x) is the magnetic field intensivity,

D = D(z) is the electric induction vector,

B = B(x) is the electric induction vector.

The Maxwell equations are provided by the constitutive relations con-
necting the vectors E;, H and D, B. We consider relations corresponding
to isotropic nonhomogeneous media:

D(z) = e(z)E(x), (6.5)
B(z) = p(z)H(z),

where ¢ = (), u(x) are electric and magnetic permittivity given by com-
plex-valued functions on R? depending on the frequency w, such that

infle(z)| > 0, inf|u(z)| > 0.
(In what follows, we will omit the dependence of these functions on w).
The system (6.1)—(6.6) can be written as
V x H =iweH +j,
V x E = —iwuH,
V.-e¢E =p,
V-uH=0.

(6.7)

We associate with the system (6.7) the operator M : H'(R3,CS) —
L3(R3,C8).

6.2. Quaternionic representation of Maxwell’s system. To study the
Fredholm property and invertibility of the Maxwell’s operators, it is conve-
nient to consider their quaternionic realizations (see the book [11]). We let
H denote the complex quaternionic algebra, which is the associative alge-
bra over the field C generated by four elements 1, e!, €2, e® satisfying the
conditions

and
12=1, (ef)?=-1, 1ef =ef1=¢" e"e/=—ele"

for j,k = 1,2,3. Each of the elements 1,e!, e?, e commutes with the imag-
inary unit ¢. Hence, every element ¢ € H has a unique decomposition

G=qo+qe' +q@e’ +ge’=1q+q
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with ¢; € C. The number gy is called the scalar part of the quaternion g,
and q is its vector part. One can also think of H as a complex linear space
of dimension 4 with usual linear operations.

With respect to the base {1,e!,e? e} of this space, the operator of
multiplication from the left and from the right by 1 has the unit 4 x 4 matrix
EP as its matrix representation, whereas the matrix representations Elj and
EJ of the operators of multiplication from the left and from the right by e;,
7 =1,2,3, are real and skew-symmetric matrices. In what follows, if d is a
quaternion, we denote in a usual way the operator multiplication by & from
the left as H 3% — au € H, and we denote the operator multiplication by @
from the right as H 34 — "% = @4 € H. Let @ = ag + are! + agse? + aze>.
Then the operators @ — ait and @ — a"% have in the base {1,e!, e?, e®}

3 , 3
the matrices M and Mz M, = ZajElj,mar = ZajEﬁ.
Jj=0 Jj=0

The space H carries also the structure of a complex Hilbert space via the

scalar product

(¢ ™) == qoTo + Q17T + 272 + G373
By L?(R3,H) we denote the Hilbert space of all measurable and squared
integrable quaternion valued functions (z) = u(x) + u(x) on R® which is
provided with the scalar product

(8,0) o ) = / (aa), () dz,
R3
and by H*(R3,H) the Sobolev space of order s € R with the norm

1/2
it e s ) = ( 10 = 275w e do:) .
R3

It is clear that L?(R3 H) and H*(R3 H) are isometrically isomorphic to
L?(R?,C*) and H*(R?,CY). Let
Di(z) = €' 9,,u(z), €R?,

be the Moisil-Teodorescu differential operator of the first order acting from
H*(R3 H) into H*~!(R3,H). The operator D has remarkable properties:

Diu(x) = Dug(z) + Du(x) = =V - u(z) + Vug(z) + V x u(x) (6.8)
for the quaternionic function % = ug + u and
D?i = —Au, u€ H*(R? H)), (6.9)

3
where A = Y~ 0,2 is the Laplacian. In what follows, we need the formula
=1
of differentiation of the product of a quaternion function f € C* (R3,H) by
a scalar function a € C1(R3),

D(af) = a(Df) + (Va)f. (6.10)
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Properties (6.8), (6.10) allow us to write Maxwell’s system (6.1)—(6.6) in
the quaternionic form (see [11, p. 88]),

DE(z) = e '(2)Ve(z) - E — iwp(x)H(z) — ggi , (6.11)
DH(z) = p~*(z)Vu(z) - H+ iwe(z)E(z) + j(2), (6.12)

3
where a-b = )" a;b;. Applying formula
j=1

1
a-b:—i(ab—l—ba),

where ab and ba denote the product of the vectors as quaternions, we
obtain

_ 1 -1 T . p(.’IJ)
DE(z) = —5 &7 (@)(Ve()) + (Ve(@)) B(z) — iwp(z)H(z) = Zo5
DH(z) = —% P (@) (Vi) + (Vu(2))")H(z) + iwe(2)B(w) + j(2).

We associate with the system (6.11), (6.12) the quaternionic matrix op-
erator

1
DE(z) + 3 (e Hx)Ve(x) + Ve(2)"E(x)) + iwp(z)H(x)
_ (6.13)
1, _ . ,
DH(z) + 5 (4 (2) (Vpl) + V) H() — e (1) B()
acting from H'(R? H?) into L*(R3, H?),H? = H x H.
Remark 6.1. Since a quaternionic system of equations can be written in

the matrix-vectorial form, we can apply the limit operators approach for
investigation of the Fredholm property of the operator M.

6.3. Fredholm property and invertibility.

Theorem 6.2. Let
lim inf Jk?(z) > 0, (6.14)

xr—r 00
where k?(x) = w?e(x)u(z) is square of the wave number of Mazwell’s system.
Then M : HY(R3,H?) — L*(R3,H?) is a Fredholm operator of the index 0.

Proof. We follow to the above given scheme of the proof of the Fredholm
properties. The main symbol of M is a quaternionic matrix function

om(§) = <iez)€j ie?€j> )

_(EPEs 0 B
(f) - ( 0 : §|2E4) ) |£‘2 - |£1|2 + |§2‘2 + ‘€3|2. (615)

and

il\’)

(o)
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Let 4

~ _ (iE}¢; 0

7le) = ( 0 B¢
be the main symbol of M in the matrix representation. Then (6.15) implies
that M is a uniformly elliptic operator. The limit operators M9 are those
with constant coefficients

MY (E(x)) _ (DE(.I) + iwugH(x)> ’ (6.16)

H(x) DH(x) — iweIE(z)
where
99— i 99— i
pd = lim p(g(m)), &= lim e(g(m))
and

lim Vy(z) = ILm Ve(x) =0,

r—00

since ¢, € SO?(R™). We will prove that the condition (6.14) provides the
invertibility of the operators MY : H'(R3,H?) — L?(R3, H?). Indeed, let

M9 <EI> _ (ggt ZZJ;ZI;) - (g) , (6.17)

The system (6.17) is reduced to two independent equations
—(A+ (k9)*)E = DF — iwp®, (6.18)
—(A+ (k9)*H = D® + iwe’F, (6.19)

where (k9)% = w?e9p9 is a square of the wave number of the limit operator.
Since J(k9)% > 0 the operators (A?+(k9)%) : H*(R3, H(C)) — L?(R3,H(C))

are invertible, and we obtain
—D(A + (k9)?)7'F —dwpd (A + (k9)?)"1®
(Mg)1<F>_ (A+ (k7)) ! (A + (k9)%)  (620)
® —D(A+ (k9)?) 71 ® + iwed (A + (k9)?)~'F

It follow from (6.20) that (M9)~! is a bounded operator from L?(R? H?)
into H'(R3, H?). Hence the limit operators

M9 HY(R3 H?) — L?(R3, H?)
are invertible. Thus Theorem 2.1 implies that
M HY(R? H?) — L*(R3 H?)
is a Fredholm operator.
Let us consider the family of operators My = M+, A > 0. It is easy to
see that M is the family of elliptic systems with a parameter. Moreover, as

above, M is a Fredholm family, continuously depending on the parameter
A > 0. Hence index M = 0. O

Theorem 6.3. Let ¢, € SO*(R?), and
JK*(x) > 0, (6.21)
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and the condition (6.14) be satisfied. Then the operator
M HY(R® H?) — L*(R® H?)
is invertible.

Proof. Tt remains to prove that ker M = {0}. Suppose that u = (EI) €

ker M. Then u satisfies the homogeneous system of equations
DE(z) = ¢ Y(x)Ve(z) - E — iwp(x)H(z), (6.22)
DH(z) = p *(z)Vu(z) - H + iwe(2)E(x). (6.23)
Applying differentiation formula (6.10)), we reduce this system to the fol-
lowing ones:

(D? — k*(2))E(z) — D(e*(2)Ve(x) - E) + iwVu(x) - H(z) = 0,

2 2 . , (6.24)
(D* —k*(z))H(z) — D(pp~ " (z)Vpu(x) - H) — iwVe(z) - E(z) = 0.

Hence (E

H) satisfies the homogeneous system of quaternionic equations

(5= even (3) 7 (3)- )

E\ [-D(e Yz)Ve(z) - E) +iwVu(z) - H(z)
T (1) = () B0y - D o -5

Note that 7 is a matrix quaternionic differential operator of the first order
with coefficients in the class C¢(R™). This implies that

where

Am By, Tl £ (2 (2 12), L2 (R H2))
= ngnoo T By |l c(m2®2 B2), L2 (R? H2)) = 0,
where ¢p € C>®(R?), 0 < op, < 1, supppp, C B, ng;{(m) =1 if
x € B}p. Note that ker B € H?(R?, C%) because the operator B is uniformly
elliptic on R®. Repeating the proof of triviality of the kernel of the Dirac
operator, we obtain ker M = {0}. O

Theorems 6.2 and 6.3 imply the following result.
Theorem 6.4. Let e, i € SO*(R3). Then:
(i) If the condition (6.14) is satisfied, then the operator
M : HY(R? C%) — L*(R*, C?®)
of the Mazwell system is a Fredholm one;
(ii) If the conditions (6.14) and (6.21) are satisfied, then
M : HY(R? C%) — L*(R*,C?®)

is an invertible operator.
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Note that the electric and magnetic permittivity in the dispersive elec-
tromagnetic media are complex-valued functions of the form (see e.g. [13]):

ioe(x) ),

M»

e(x) = eo (1 +
(6.25)

(@) = po (1 +
where gg, 1o are electric and magnetic permittivity in the vacuum, o (x),

o, (x) are absorption coefficients for the electric and magnetic permittivity
satisfying the conditions:

oe(x) >0, o,(x)>0. (6.26)
This implies that
) = (14 200y (1 1 Fzulay
= c? w w /)

where ¢ is the light speed in the vacuum.
Thus Theorem 6.4 provides us with the following result.

Theorem 6.5. Let o.,0, € SO*(R?). Then Mazwell’s operator M :
HY(R3,C%) — L%(R3,C®) is invertible if at least one of the conditions

lggg‘}fae(x) > 0, lgg})rgfau(m) >0

in (6.25) holds.
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MALKHAZ ASHORDIA

ANTIPERIODIC BOUNDARY VALUE PROBLEM
FOR SYSTEMS OF LINEAR GENERALIZED
DIFFERENTIAL EQUATIONS

Abstract. The antiperiodic boundary value problem for systems of linear
generalized differential equations is considered. The Green type theorem
on the unique solvability of the problem is established and representation
of its solution is given. The effective necessary and sufficient (among them
spectral) conditions for the unique solvability of the problem are also given.
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In the present paper we study the question of the solvability for the
system of linear generalized ordinary differential equations

dx(t) = dA(t) - x(t) + df (t) (1)
under the w > 0-antiperiodic condition
r(t+w)=—x(t) for teR, (2)

where A = (air)jy=; : R = R™™ and f = (f;);2; : R — R" are, respec-
tively, the matrix- and vector-functions with bounded variation components
on the every closed interval [a, b] from R, and w is a fixed positive number.

We establish the Green type theorem on the solvability of the problem
(1),(2) and represent the solution of the problem. In addition, we give
the effective necessary and sufficient conditions (spectral type) for unique
solvability of the problem.

The general linear boundary value problem for the system (1) is inves-
tigated sufficiently well (see e.g. [6,8,15] and the references therein), and
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the Green type theorems for the unique solvability are obtained. Certain
questions dealt with the periodic problem for the system (1) have been in-
vestigated in [2-5,7,14] (see also the references therein), but the specifical
properties analogous to those established for the ordinary differential case
(see e.g. [11]) are not available. As for the antiperiodic problem, it is suffi-
cient far from a full value. Thus the problem under considered in the paper,
is very actual.

In the paper we establish some special conditions for the unique solvabil-
ity of the problem (1), (2).

To a considerable extent, the interest to the theory of generalized ordi-
nary differential equations has also been stimulated by the fact that this
theory enables one to investigate ordinary differential, impulsive and dif-
ference equations from a unified point of view (see [1,8-10,13,14] and the
references therein).

The theory of generalized ordinary differential equations has been intro-
duced by J. Kurzweil [13] in connection with investigation of the well-possed
problem for the Cauchy problem for ordinary differential equations.

Throughout the paper, the use will be made of the following notation
and definitions.

R =] — 00, +o0[, Ry = [0, +00]; [a,b] and ]a,b] (a,b € R) are, respec-
tively, closed and open intervals.

R™™ is the space of all real n x m matrices X = (x45); 72, with the
norm

n
X[ = max > |ayl.
Jj=1,....m %

i=1

RY™ = {(@i5)i 72y 2y >0 (i=1,...,n; j=1,...,m)}.
Opnxm (or O) is the zero n X m matrix.
If X = (z5);72, € R™™, then
1 X] = (Jzij]); 2, -
R™ = R™*! is the space of all real column n-vectors z = (z;)/_; R} =
Rnxl.
+
If X € R"*"™ then:
X1 is the matrix inverse to X;
det X is the determinant of X;
r(X) is spectral radius of X;
X7 is the matrix transposed to X;
Ao(X) and A\°(X) are, respectively, the minimal and maximal eigen-
values of the symmetric X matrix.

I,, is the identity n x n-matrix.

The inequalities between the real matrices are understood component-
wise.

A matrix-function is said to be continuous, integrable, nondecreasing,
etc., if each of its component is such.
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b
If X : [a,b] = R™™ is a matrix-function, then V(X) is the sum of

a
total variations on [a,b] of its components z;; (i =1,...,n; j =1,...,m);
t
VX)(t) = (V(2i)(1));j21, where V(wi)(a) = 0, V(wy)(t) = V(i) for
a <t<b; X(t—) and X (t+) are, respectively, the left and the right limits
of X at the point ¢ (X (a—) = X(a), X(b+) = X (b)).

diX(t)=X(t) — X(t—), do X (t) = X (t+) — X(¢).

XI5 = sup {I X (@) : £ € [a, 0]}, [ X|s = (s )i 20

BV ([a, b],R™*™) is the normed space of all bounded variation matrix-
functions X : [a,b] — R™™™ (i.e., such that \Z/(X) < 00) with the norm
1],

BVioe(R,R™"*™) is the set of all matrix-functions X : [a,b] — R™*™
whose restrictions on every closed interval [a,b] from R belong to
BV([a, b], R™*™).

BV (R,R™™) and BV, (R,R"*™) are the sets of all matrix-functions
G : R — R™*™ whose restrictions on [0, w] belong to BV([0,w], R"*™) and
there exists a constant matrix C' € R™*™ gsuch that, respectively,

Gt+w)=G@t)+C for teR

and
Gt+w)=—-Gt)+C for teR.
BV ([a, ], R*™) = {X € BV([a,b], R"*™) : X(t) > Opxp for t € [a,b]}.

S¢, 85 1 BV([a,b],R) — BV([a,b],R) (j = 1,2) are the operators defined,
respectively, by

s1(z)(a) = s2(z)(a) =0,
si(x)(t) = Z diz(r) and so(x)(t) = Z dox(7) for a <t <b,

a<t<t a<t<t

and
sc(@)(t) = x(t) — s1(x)(t) — s2(x)(t) for t € [a,b].

If g : [a,b] — R is a nondecreasing function, z : [a,0] - Rand a < s <
t < b, then

t

[amdsn) = [ amdsio)in + 3 anidign) + Y alr)dag(r),
s Is,t] s<T<t s<T<t

where [ x(7)dsc(g)() is the Lebesgue-Stieltjes integral over the open
Js.t[

interval |s,¢[ with respect to the measure po(sc(g)) corresponding to the

function s.(g).
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If @ = b, then we assume

b
/ «(t) dg(t) = 0,

and if a > b, then we assume

b a

[atydst) = - [ v dgte).

a b

Hence fab z(7) dg(7) is the Kurzweil-Stieltjes integral (see [12,13]).
If g(t) = g1(t) — g2(t), where g1 and g2 are nondecreasing functions, then

/tx(T) dg(T) = /tx(T) dgi(7) /tx(T) dga(r) for s <t.

If G = (gik);j_y € BV([a,b], R>*") and X = (ax;)[ "y ¢ [a,b] — R,
then
Se(@)(8) = (selgi) (O)iher s S (@) = (55(g) D)y 7ey (G =1,2)

and
b

/dG(T) - X(r) = <g:la/bxkj(r) dgik(7)>

a

Lm

i,j=1
We introduce the operator. If X € BV,.(R,; R™*"™),
det(I, + (—=1)7d; X (t)) #0 for t € R (j = 1,2),
and Y € BV (R, ; R"*™), then
A(X,Y)(0) = Onxm,
AXY)H) =Y (1) =Y (0) + > diX(1)-(In— 1 X (7)) drY (1)

o<r<t

— Y dX () (In+de X (7)) dpY(7) for t>0,

AX,Y)() = —AX,Y)(t) for t<O0.

We say that the matrix-function X € BV([a, b], R"*™) satisfies the Lap-
po—Danilevskil condition if the matrices S.(X)(¢), S1(X)(¢) and So(X)(¥)
are pairwise permutable for every ¢ € [a,b] and there exists ty € [a,b] such
that
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A vector-function BVy,.(R, R"*™) is said to be a solution of the system
(1) if

x(t) —x(s) = /dA(T) cx(T)+ f(t) — f(s) for s<t; s,teR.

Under a solution of the problem (1), (2) we understand a solution x of
the system (1), satisfying the condition (2).
We assume that

AeBVHR,R™™) and fe BV (RR"),
i.e.,
At+w)=At)+C and f(t+w)=—f(t)+c for teR, (3)

where C' € R™ "™ and ¢ € R™ are, respectively, some constant matrix and a
vector; and

det (I, + (=1)7d;A(t)) #0 for teR (j=1,2). (4)

If a matrix-function X € BV([0,w], R™*™) is such that det(,, —d1 X (t)) #
0 for ¢ € [0,w], then we put

[X(®)]o = (In — di X ()",
(X ()]s = (In—le(t))l/th—(T) X (M))ia
for te [o,w]0 (i=1,2,...), (51)
(X))o = Onxn, (X(0)1 = X(@), (X(8))it1 = /th—(T) ~(X(7))i
for te [0,u] (i:1,2,...),0 (61)

and

VAX)(0) = (I — i X(0) V(X))
Veer (00 = (0 = i X ()| [ av e - Vi)
0
for te[0,w] (i=1,2,...), (71)



146
where X_(t) = X (t—); and if X € BV([0,w], R"*™) is such that det(l, +
d2 X (t)) # 0 for t € [0,w], then we put

(X))o = (In + d2X ()",

t

(X (@) = (In+d2X(t))*1/dX+(T) (X ()i

for te[0,w] (1=1,2,...), (52)

(X(#)o = Onsxn, (X(0)1 = X(1), (X(#))it1 = /dX+(T) ~(X(7))i

for te[0,w] (1=1,2,...) (62)
and
Vi(X)(t) = |(In + d2 X () V(X ) (1)(6) = V(X 4)(1)],

Vipr (X)(8) = |(In + d2 X (2)) '] /dV(X+)(T) -Vi(X)(7)

w

for t € [0,w] (i=1,2,...), (72)

where X (t) = X (t+).
Alongside with the system (1), we consider the corresponding homoge-
neous system

dz(t) = dA(t) - z(t). (1p)
Moreover, along with the condition (2), we consider the condition
z(0) = —z(w). (8)

Definition 1. Let the condition (3) hold. A matrix-function G : [0,w] x
[0,w] = R™*™ is said to be the Green matrix of the problem (1¢), (8) if:

(a) for every s €]0,w[, the matrix-function G(-, s) satisfies the matrix
equation

dX(t) = dA(t) - X(t)

both on [0, s[ and |s,w];

(b)

G(t,t+) = G(t,1=) =Y (O DY T (W) (I =i A1) !
LY (@)Y (I + dQA(t))*l} for ¢ €]a, bl;

(¢) G(t,-) € BV([0,w],R™*™) for every t € [0,w];
(d) the equality

/ 4, (G(0,5) + Glw. 8)) - f(s) = 0
0
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holds for every f € BV([0,w],R"™).

The Green matrix of the problem (1g) exists and it is unique in the
following sense. If G(t,s) and Gi(t,s) are two matrix-functions satisfying
the conditions (a)—(d) of Definition 1, then

g(ta S) -G1 (t7 5) = Y(t)H*(S)v
where H, € BV([0,w],R™*™) is a matrix-function such that
H,(s+)=H.(s—) =C =const for se€|[0,w],
and C € R™ " is a constant matrix.

In particular,

Y (t) (In + Y (w)) " Y 1(s) for 0 <s<t<uw,
Gt,s) =Y () (I, + Y (w)) ' Y)Y~ 1(s) for 0<t<s<w,

an arbitrary for t=s.

Theorem 1. Let the conditions (3) and (4) hold. Then the problem (1), (2)
has the unique solution xz if and only if the corresponding homogeneous
system (lg) has only the trivial solution satisfying the condition (8), i.e.,
when

det(Y (0) 4+ Y (w)) # 0, (9)

where Y is a fundamental matriz of the system (1o). If the last condition
holds, then the solution x admits the notation

o) = [ d.G(t,) - 5(5) for te 0], (10)

0
where G : [a,b] X [a,b] — R™"*™ is the Green matriz G of the problem (1p), (8).
Corollary 1. Let the conditions (3) and (4) hold, and the matriz-function

A satisfy the Lappo—Danilevskii condition. Then the problem (1), (8) has
the unique solution if and only if

det <In+eXP(SO(A)(w)) I (T+dam) ] (In—ahA(T))l) 40,
0<T<w a<tT<w

Note that if the matrix-function A satisfies the Lappo—Danilevskii con-
dition, then the matrix-function Y is defined by Y (a) = I,, and

Y(t) = exp(So(A) X)) [[ Tn+d2A(m) [ (Tn—drA(r)™!

is the fundamental matrix of the system (1).

Remark 1. Let the system (1g) have a nontrivial w-antiperiodic solution.
Then there exist f € BV, (R,R") such that the system (1) has no w-
antiperiodic solution.
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In general, it is quite difficult to verify the condition (9) directly even in
the case where one is able to write out the fundamental matrix of the system
(1p) explicitly. Therefore it is important to seek for effective conditions
which would guarantee the absence of nontrivial w-antiperiodic solutions of
the homogeneous system (1p). Below we present the results concerning our
question. Analogous results have been obtained by T. Kiguradze for the
ordinary differential equations (see [11,12]).

Theorem 2. Let the conditions (3) and (4) hold. Then the system (1) has
the unique w-antiperiodic solution if and only if there exist natural numbers
k and m such that the matriz

is monsingular and
r(Mim) <1, (11)

where
Mi = V()@ + (X2 TACLL ) - M I (A)0) + Vi),

[AB)]; (i = 0,...,m — 1) and V;(A)(t) (i = 0,...,m — 1) are defined,
respectively, by (5;) and (7)) for somel € {1,2}, and ¢ = (2 — l)w.

Corollary 2. Let the conditions (3) and (4) hold. Then the system (1) has
the unique w-antiperiodic solution if and only if there exist natural numbers
k and m such that the matriz

k—1

is nonsingular and the inequality (11) holds, where

Mpg,m = (V(A)(c))m

+(In S <A<~>>i|s) MV (A O))k + (VA )il

i=0
(A(t)); (i=0,...,m—1) and (V(A)(t)); (¢ =0,...,m — 1) are defined by
(6;) for somel € {1,2}, and ¢ = (2 — l)w.

Corollary 3. Let the conditions (3) and (4) hold. Let, moreover, there
exist a natural j such that

(A(O))Z = _(A(w))z (7/ =1,...,j- 1)
and

det ((A(0)); + (A(w));) #0,
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where (A(t)); (i = 0,...,7) are defined by (6;) for somel € {1,2}. Then
there exists €9 > 0 such that the system

dx(t) = edA(t) - x(t) + df (t)
has one and only one w-antiperiodic solution for every e €]0,&].

Theorem 3. Let the conditions (3) and (4) hold, and let a matriz-function
Ap € BV (R, R™ ™) be such that

det (I, + (—1)7d;Ao(t)) #0 for t€0,w] (j=1,2)
and the homogeneous system
dx(t) = dAy(t) - z(t)

has only the trivial w-antiperiodic solution. Let, moreover, the matriz-
function A € BVE(R,R™") admit the estimate

0<7T<w

J 106t nlaV(Ss(A = )7+ T (6ot 7-) - d(A(r) = Aa(o))
0

+ D 1Go(t. ) - da(A(T) = Ao(7))] < M,

0<7<w

where Go(t, ) is the Green matriz of the problem (1o), (8), and M € R*"
is a constant matriz such that

r(M) < 1.
Then the system (1) has one and only one w-antiperiodic solution.

The presentation (10) can be replaced by a more simple and suitable form
if we introduce the concept of the Green matrix for the problem (1g), (2).

Definition 2. The matrix function G, : R x R — R"*" is said to be the
Green matrix of the problem (1y), (2) if:
(a) Go(t+w, 7+w) = G, (t,7), Gu(t,t+w)+G,(t,7) = -1, for t,7 € R;
(b) the matrix function G, (.,7) : R — R™*™ is a fundamental matrix of
the system (1) for every 7 € R.

Theorem 4. Let the conditions (3) and
det (I, £ d;A(t)) #0 for teR

hold and the boundary value problem (1¢), (2) have only the trivial solution.
Then the system (1) has the unique w-antiperiodic solution x and it admits
the notation

t+w

z(t) = / Gu(t, T)dA (A, A(—A, f)) (T) for teR,

where G, is the Green matriz of the problem (1o), (2).
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If s € R and 8 € BV[0,w],R) are such that
L4 (C1d;B(8) £0 for (~1)i(t—s) <0 (j=1,2),
then by vs(8) we denote the unique solution of the Cauchy problem
dy(t) =~(t)dB(t), ~(s)=1.
It is known (see [9,10]) that

exp(so(B)(t) — so(B)(s)) [I (1—diB(r))™"
< T1 1+ dgﬁ(r))szrﬁs <t<w,
Vs (B)(t) = exp(SoE;)T; —s0(B)(s)) I (1—diB(7)) (12)
x JI 1+ dgﬁ(r))iTSf;r 0<t<s,
= 1 for t =s.

Let g : [0,w] — R be a nondecreasing function, and P = (p);';—,, where
pi € L([0,w],R;g) (i,k = 1,...,n). Then by Q,(P;g) we denote the set
of all matrix-functions A = (a;;)},—; € BV([0,w],R"*™) such that

t
ba®) = [ pn(r)dg(r) for 1€ D] (b= L.)
0
where

bir(t) = ar(t (Z Z dyay(7) - dya ()

=1 0<7<t

-y dzali(T)-dzalk(T)) (i,k=1,...,n).

0<r<t

Theorem 5. Let the conditions (3) and A € Q. (P;g) hold. Let, moreover,
either

Z pik(t)zizy > ot Zx for p(g)-a.a. t € 0,w], (z;)i, €R™,
i,k=1 (13)
1 —2a(t)d1g(t )>O, 14 2a(t)dag(t) 0 for 0 <t<w
and
Ve (90)(0) > 1 (14)
or
Z pik(O) iz < () Zx for u(g)-a.a. t € [0,w], (x;)ir, € R",
i,k=1 (15)
1+ 283(t)dag(t )>O, 1—28(t)d1g(t) #0 for 0 <t<w
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and

0(gs)(w) <1, (16)

where «, B € L([0,w],R; g), the functions v, (ga), Y0(gs) are defined by (12),
and

Ja(t) =2

S —_ .
1l

a(r)dg(r) and gs(t) =2 / B(r)dg(r) (17)

Then the system (1) has the unique w-antiperiodic solution.

Corollary 4. Let the conditions (3) and A € Q. (P;g) hold. Let, moreover,
either the conditions (13) and (14) or the conditions (15) and (16) hold,
where a(t) = \(P*(t)), B(t) = N(P*(t)), P*(t) = P(t) + PT(t), the
functions v,(9q),v0(gs) are defined by (12), and the functions g, and ga
are defined by (17). Then the system (1) has the unique w-antiperiodic
solution.
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PERIODIC TYPE BOUNDARY VALUE PROBLEMS
FOR SINGULAR IN PHASE VARIABLES NONLINEAR
NONAUTONOMOUS DIFFERENTIAL SYSTEMS

Dedicated to the Blessed Memory of Professor B. Khvedelidze

Abstract. The unimprovable in a certain sense conditions guaranteeing
the existence and uniqueness of positive solutions of periodic type boundary
value problems for singular in phase variables nonlinear nonautonomous
differential systems are established.

Mgbogdy.  oEpgbogos 3o@3gaYmo BB S@goYdx™mdgligdsgo o=
Hmdgd0, OMIgdo3 YoM Ybgzgmymygb Igdomeygmol Godol Lsbsbwgdmm
29m(356980L  oEgdomo sdmbsblbgdol s@Lgdmdsls s gPHMSEIMMMBSL
BP0 (33000900l Jodo®n Lobygms@dymo s®sfMR0g0 sMosgBmbmdo-
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Let —oo < a < b < 400, Roy =10, +00[,

Ry, = {(%)?:1 eR": z1>0,...,z, >O}

and f; : [a,0] x Rf, — R (i = 1,...,n) are functions satisfying the local
Carathéodory conditions, i.e. f;(-,z1,...,2,) :[a,b] > R (i=1,...,n)are
measurable for all (z;)7_, € Ry, fi(t,-,..., ) : Ry = R (i=1,...,n)

are continuous for almost all ¢ € [a, ] and for any p > 0 and py €]0, p[ the
function

;o,p(t) :maX{Z’fi(ta‘rl?"‘vxn” *Po < Spa"'7p0 < Zn <,0}
i=1

is integrable on [a, b].
Consider the differential system

du; )
ch = filt,u1,...,up) (i=1,...,n) (1)

with the boundary conditions

wi(a) = pi(us(b)) (i=1,...,n), (2)
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where ¢; : Roy — Ry (¢ =1,...,n) are continuous functions.
A particular case of (2) are the periodic boundary conditions

ui(a) =u;(b) (i=1,...,n).

Thus the conditions (2) we call the periodic type boundary conditions.

A solution (u;)j~; : [a,b] = Rf, of the system (1) satisfying the boundary
conditions (2) is called a positive solution of the problem (1), (2).

For singular in phase variables first and second order differential equa-
tions, periodic type boundary value problems are studied in detail (see,
e.g., [1, 2, 3,5, 7]). As for the system (1), for it problems of the type (2)
are investigated mainly only in the regular case, i.e., in the case where the
functions f; (i =1,...,n) are continuous, or satisfy the local Carathéodory
conditions on the set [a,b] x R and ¢; : Ry — Ry (i = 1,...,n) are
continuous functions, where

Ry = [0, 400 RY = {(z);: 21> 0,...,70 >0}

(see [1, 2] and the references therein).

Theorems below on the existence of a positive solution of the problem
(1),(2) cover the cases in which the system under consideration has sin-
gularities in phase variables, in particular, the case where for arbitrary
i,ke{l,....,n}and z; >0 (j=1,...,n; j # k) the equality

lim |f¢(t, 1. .. ,xn)‘ = 400
zr—0
is fulfilled.

In Theorems 1 and 2 it is assumed, respectively, that the functions f;
(i=1,...,n)and ¢; (i =1,...,n) on the sets [a,b] x Rf, and Ro, satisfy
the inequalities

Ji(fi(taxlv s vxn) _pi(t)mi) > Qi(tvmi) (7’ = ]-7' . 'an)v (3)
oi(pi(z) —ayz) >0 (i=1,...,n), (4)
qi(t,z;) < oi(filt 21, . .. @) — pi(t)z:)

IN

I
—_

3
~—
—
ot
~

n
S Zpik(tvml + - +xn)1’k + q0(tax17 cee 71'71) (Z
k=1

oi(pi(z) — a;x) >0, oi(pi(x) —Bix) < By (i=1,...,n). (6)

Here,

o; € {—1,1}, a; >0, ﬁl >0, O'Z‘(ﬁi—()li) >0 (i: 1,...,’/7,), BO >0,
p; : [a,b) = R (i = 1,...,n) are integrable functions, p; : [a,b] X Ry — R
and ¢; : [a,b] x Roy — Ry (i,k = 1,...,n) are integrable in the first argu-
ment and nonincreasing and continuous in the second argument functions,

and qo : [a,b] x Ry, — Ry is an integrable in the first argument and non-
increasing and continuous in the last n arguments function. Moreover, p;



and ¢; (1 =1,...,n) satisfy the conditions

(v [ 1) =1) <0 =1,
oo ([ moras) ~1) <0 =1
b

/qi(t,x)dt>0 for x>0 (i=1,...,n).

Along with (1), (2) we consider the auxiliary problem

dui
dt

= (1= N)(pi(t)u; + 0iqi(t, us))+
—i—)\fi(t,ul,...,un)—i-aig (i: 1,...,77,)7
ui(a) = (1 — Nazui(b) + Ap; (ui (b)) (i =1,...,n),

depending on the parameters A > 0 and ¢ > 0.

Theorem 1 (Principle of a priori boundedness). Let the inequalities
(3), (4), (7), and (9) be fulfilled and let there exist positive constants &g
and p such that for arbitrary A € [0,1] and € €]0,q] every positive solution

(us)?_q of the problem (10), (11) admits the estimates
w(t)y<p (i=1,...,n).

Then the problem (1), (2) has at least one positive solution.

By X = (zik){';=, and r(X) we denote the n x n matrix with compo-
nents z;; € R (i,k = 1,...,n) and the spectral radius of the matrix X,
respectively. For any integrable function p : [a,b] — R and positive number

B satisfying the condition

Ap,B) =1— Bexp (/bp(S) dS) # 0,

we put

g(p, B)(t,s) =

t

A(;,ﬁ)exp</p(7)dT> for a <s<t<b,

t

Alp,B) P

S

B </bp(7')d7'+/p(7')d7'> for a <t<s<b
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and
. t b
w(p, B)(t)=——|(1 — B ex (/ s ds)—l—ﬁex (/ s ds)—l}
A= 505|1 - Dew ( [oo o [rs
Theorem 2. Let the inequalities (5), (6), (8), and (9) be fulfilled and let
there exist continuous functions ¥; : [a,b] = Roy (i =1,...,n) such that
lim_r(H(z) <1 (12)

where H(z) = (hik(v))} )=, and

b
:max{Ei}t)/’g(pi,Bi)(t,s)’pik(&x)fk(s)ds: agtgb} (i,k=1,...,n).

Then the problem (1), (2) has at least one positive solution.

This theorem can be proved on the basis of Theorem 1 and Theorems 2.1,
2.2 and 3.1 of [3].
Now we pass to the case, where

b
oipi(t) <0 for a <t <b, ai/pi(t)dt<0 (i=1,...,n)

and the inequalities (5) have the form

qi(t,z;) <oy (filt,ze, ..., 2n) — pi(t)z;) <

~ hik(m1+---—|—a:n) .

where h;r @ Ror — Roy (i,k = 1,...,n) are continuous nonincreasing
functions, and o4, ¢; (i = 1,...,n) and gg are the numbers and functions
satisfying the above conditions.

>From Theorem 2 it follows the following corollary.

Corollary 1. If along with (6), (8) and (13) the inequality (12) is ful-
filled, where H(z) = (hik(v))} =1, then the problem (1), (2) has at least one
positive solution.

As an example, we consider the problems

dui - .
- = oo Y v+ foiltu, o)) =1,m), (1)
k=1

ui(a) =u(b) (i=1,...,n), (15)




and
dui |1 — Brlhix
dt 702;(1—Bk)(t—a)+ﬂk(b—a) e
+oifoi(t,ur, ... u,) (=1,...,n), (16)
ui(a) = Bu;(b) (i=1,...,n), (17)

where 0; € {—1,1} (i=1,...,n), pix (i,k=1,...,n)and B; (i =1,...,n)
are the constants satisfying the inequalities

pii<0a pikZO (Z#kv iakzla-"7n)a (18)

Bi>07 01(61_1)<0 (i:17"'an)7 (19)

hik (i,k =1,...,n) are nonnegative constants and fo; : [a,b] x R, — R
(i = 1,...,n) are functions satisfying the local Carathédoty conditions.

Moreover, on the set [a,b] x Rfj, the inequalities

Qi(t7xi) < fOi(t7x17"'7In) < qo(taxlv-"7xn) (7’ = ]-a"'vn)

are fulfilled, where qq : [a,b] x Rj, — Ry is an integrable in the first argu-
ment and nonincreasing and continuous in the last n arguments function,
and ¢; : [a,b] Xx Royx — Ry (¢ = 1,...,n) are integrable in the first ar-
gument and nonincreasing in the second argument functions satisfying the
conditions (9).

Corollary 2. For the existence of at least one positive solution of the prob-
lem (14), (15) it is necessary and sufficient that real parts of the eigenvalues
of the matriz (pir)} y—, be negative.

Corollary 3. For the existence of at least one positive solution of the prob-
lem (16), (17) it is necessary and sufficient that the matriz H = (hix){
satisfy the inequality

r(H) < 1. (20)
Remark 1. In the conditions of Corollaries 2 and 3 the functions fo; (i =
1,...,n) may have singularities of arbitrary order in the least n arguments.

For example, in (14) and (16) we may assume that

n

foi(t,xy, ..., xy,) = Z (quir @)z "% + goip exp(x, %)) (i=1,...,n),
=1

where p1ik, poir (i,k = 1,...,n) are positive constants and qq;x : [a,b] —
Ry, gk : [a,b] = Ry (i,k =1,...,n) are integrable functions such that
b
/ (qm(t) + qgii(t)) dt >0 (Z =1,... ,n).

a

The uniqueness of a positive solution of the problem (1), (2) can be proved
only in the case where each function f; has the singularity in the i-th phase
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variable only. More precisely, we consider the case when the system (1) has
the following form
dui
dt (
The particular cases of (21) are the differential systems

= pi(t)ui + o; (fOi t,ug, ... ,Un) + qi(t,ui)) (Z =1,... 7’I’L). (21)

n

dui .
= zai(;pikuk—i—qi(t,ui)) (i=1,...,n) (22)

and

du; - |1 — Blha > .

—=0; ur+qi(t, u; i=1,...,n). (23

i (;(1—ﬁk)(t—a)+ﬁk(b—a) () ) € e
Here o; € {-1,1} (i =1,...,n), p; : [a,b] = R (i =1,...,n) are integrable
functions, fo; : [a,b] x R — Ry (i = 1,...,n) are functions satisfying the
local Carathéodoty conditions, and ¢; : [a,b] x Roy — Ry (i = 1,...,n)
are integrable in the first argument and nonincreasing and continuous in
the second argument functions. Moreover, p; and ¢; (i = 1,...,n) satisfy

the conditions (8) and (9). As for p;; and 8; (i,k = 1,...,n), they are the
constants satisfying the inequalities (18) and (19), and h;, (i,k=1,...,n)
are nonnegative constants.

Theorem 3. Let on the sets [a,b] x R and R the conditions

oi(foilt,x1, .., @0) — foi(t,y1, - yn)) sgn(z; — ;) <
< Zpik(t)|$k -y t=1,...,n)
k=1

and
oi(pi(®) —az) 20, oy [(sai(:r) —pi(y))sgn(r —y) — Bilr — yl} <0
(t=1,...,n)

hold, where p;, : [a,b] = Ry (i,k =1,---,n) are integrable functions. Let,
moreover, there exist continuous functions ¢; : [a,b] — Roy (i = 1,...,n)
such that the matriz H = (hix)} -, with the components

b
hikmaX{Eil(t)/|g(pi7ﬂi)(t75)|pik(s)ék(5) ds : aétéb} (i,k=1,...,n)

satisfies the inequality (20). Then the problem (21), (2) has a unique positive
solution.

Theorem 3 results in the following corollaries.

Corollary 4. For the existence of a unique positive solution of the problem
(22), (15) it is necessary and sufficient that real parts of eigenvalues of the
matriz (pi)i x—1 be negative.



159

Corollary 5. For the existence of a unique positive solution of the problem
(23), (17) it is necessary and sufficient that the matriz H = (hi)7 -, satisfy
the inequality (20).

Remark 2. In the conditions of Theorem 3 and its corollaries, the functions
¢; (i = 1,...,n) may have singularities of arbitrary order in the second
argument. For example, in (21), (22) and (23) we may assume that

qi(t,x) = g1 (t)x™ " + g (t) exp(z™2) (i=1,...,n),
where p;1 > 0, g2 >0 (i =1,...,n), and g, : [a,0] = Ry (i =1,...,n;
k = 1,2) are integrable functions such that
b

/(Qil(t)+Qi2(t)) dt>0 (i=1,...,n).
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