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Revaz Gamkrelidze – 90

Revaz Gamkrelidze, the well-known Georgian mathematician, Academician of the Georgian Na-
tional Academy of Sciences and the Russian Academy of Sciences, was born on February 4, 1927 in
Kutaisi (Georgia). His father, Valerian Gamkrelidze, was one of the noted figures of Publishing house
in Georgia. Upon graduation from the secondary school, R. Gamkrelidze continued his education
at the Mechanics and Mathematics department of Tbilisi State University, where he won reputa-
tion of a talented and successful student. All the aforesaid gives every reason to send R. Gamkre-
lidze to Lomonosov Moscow State University for further studies. Here, for the first time, he met
one of the leading figures in mathematical thought, the great Russian mathematician, Academician
Lev Pontryagin, who has left an ineffaceable mark on further creation of scientific interests and
demonstration of unique talent in young R. Gamkrelidze.

The first scientific result obtained by Revaz Gamkrelidze deals with Chern’s cycles of complex alge-
braic manifolds, and his next scientific activity refers to the nonclassical variational calculus, i.e., the
optimal control theory. R. Gamkrelidze, together with L. Pontryagin, V. Boltyanskii and E. Mish-
chenko, laid the foundation of the Mathematical Theory of Optimal Processes. He was the first who
has proved the maximum principle, the necessary optimality condition of control for the linear time-
optimal control problem. He studied the question of the existence of optimal control, introduced the
notion of a general state of the system and showed that the maximum principle for such systems is
likewise a sufficient optimality condition. Notable is the fact that the maximum principle, as a hypoth-
esis, has been stated by Pontryagin, and in scientific literature is known as Pontryagin’s maximum
principle. R. Gamkrelidze’s fundamental researches dealing with the optimal problems with bounded
phase coordinates belong to the same period. Scientific achievements obtained by Pontryagin’s school
were published in 1961 as a monograph under the title “The mathematical theory of optimal processes”
(Russian): L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze and E. F. Mishchenko, Gosudarstv.
Izdat. Fiz.-Mat. Lit., Moscow, 1961. The work was awarded with the State Lenin Prize in 1962. It
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has been translated into many languages and made a great contribution to the development of the
theory of optimal control in many countries. Later on, R. Gamkrelidze discovered and studied sliding
optimal modes.

Investigations of these objects took him to the concepts of a quasi-convex set and a quasi-convex
filter in vector topological spaces, which laid the foundation for creation of a general theory of extremal
problems. In this theory, R. Gamkrelidze was the first who has proved maximum principles in the
integral form. Besides, he has studied quasi-linear differential games and identified an escape strategy
for them. Later, he has constructed exponential representation of flows and the chronological calculus.
Fundamental results in geometrical theory of control also belong to him.

R. Gamkrelidze is occupied with profound scientific-research and pedagogical activities in different
scientific centers of the world (USA, Germany, France, England, etc.). He takes part in many Inter-
national scientific congresses and conferences. He is a member of editorial boards of many scientific
journals. Among R. Gamkrelidze’s pupils are many famous scientists all over the world.

Over a long period of time, R. Gamkrelidze headed the Department of Theory of Control at
Tbilisi State University (TSU) and the Department of Differential Equations at Steklov Institute of
Mathematics. R. Gamkrelidze, together with his pupil G. Kharatishvili, has made a great contribution
to the development of the optimal control theory in Georgia, he is deemed a successor of A. Razmadze,
the first Georgian mathematician. A course of lectures delivered by R. Gamkrelidze in TSU laid the
foundation for writing the monograph, which was translated into Russian and published by Publishing
house of Tbilisi State University. For his book, R. Gamkrelidze was endowed with A. Razmadze’s
Prize of the Georgian National Academy of Sciences in 1975. Later on, the monograph has been
translated into English and published in the USA: R. V. Gamkrelidze, “Principles of Optimal Control
Theory”, Mathematical Concepts and Methods in Science and Engineering, Vol. 7. Plenum Press,
New York–London, 1978.

Along with the fertile scientific-pedagogical activities, R. Gamkrelidze is engaged with editorial
activity. He is editor-in-chief of many scientific publications, including abstract journal “Matematika”,
serial publications: “Contemporary Mathematics and Its Applications”, “Contemporary Mathematics,
Fundamental Directions”, “Fundamental and Applied Mathematics”.

The honored and famous scientist Revaz Gamkrelidze meets his ninetieth anniversary with inex-
haustible endeavor and achievements, with unshakable faith in the future. Wish him a long life and
creative success.

Tamaz Tadumadze
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VARIATION FORMULAS OF SOLUTIONS FOR
FUNCTIONAL DIFFERENTIAL EQUATIONS WITH
SEVERAL CONSTANT DELAYS AND THEIR
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Abstract. For nonlinear functional differential equations with several constant delays, the theorems
on the continuous dependence of solutions of the Cauchy problem on perturbations of the initial data
and on the right-hand side of the equation are proved. Under the initial data we mean the collection
of the initial moment, constant delays, initial vector and initial function. Perturbations of the initial
data and of the right-hand side of the equation are small in a standard norm and in an integral sense,
respectively. Variation formulas of a solution are derived for equations with a discontinuous initial
and continuous initial conditions. In the variation formulas, the effects of perturbations of the initial
moment and delays as well as the effects of continuous initial and discontinuous initial conditions are
revealed. For the optimal control problems with delays, general boundary conditions and functional,
the necessary conditions of optimality are obtained in the form of equality or inequality for the initial
and final moments, for delays and an initial vector and also in the form of the integral maximum
principle for the initial function and control.

2010 Mathematics Subject Classification. 34K99, 34K27, 49K21.

Key words and phrases. Delay functional differential equations, continuous dependence of solu-
tions, variation formula of a solution, effect of initial moment perturbation, effect of the discontinuous
initial condition, effect of the continuous initial condition, effect of constant delays perturbations,
optimal control problem with delays, necessary conditions of optimality.

ÒÄÆÉÖÌÄ. ÀÒÀßÒ×ÉÅÉ ×ÖÍØÝÉÏÍÀËÖÒ-ÃÉ×ÄÒÄÍÝÉÀËÖÒÉ ÂÀÍÔÏËÄÁÄÁÉÓÀÈÅÉÓ ÌÖÃÌÉÅÉ ÃÀÂÅÉ-
ÀÍÄÁÄÁÉÈ ÃÀÌÔÊÉÝÄÁÖËÉÀ ÊÏÛÉÓ ÀÌÏÝÀÍÉÓ ÀÌÏÍÀáÓÍÄÁÉÓ ÖßÚÅÄÔÀÃ ÃÀÌÏÊÉÃÄÁÖËÄÁÉÓ ÈÄÏÒÄ-
ÌÄÁÉ ÓÀßÚÉÓÉ ÌÏÍÀÝÄÌÄÁÉÓÀ ÃÀ ÂÀÍÔÏËÄÁÉÓ ÌÀÒãÅÄÍÀ ÌáÀÒÉÓ ÛÄÛ×ÏÈÄÁÉÓ ÌÉÌÀÒÈ. ÓÀßÚÉÓÉ
ÌÏÍÀÝÄÌÄÁÉÓ ØÅÄÛ ÉÂÖËÉÓáÌÄÁÀ ÓÀßÚÉÓÉ ÌÏÌÄÍÔÉÓ, ÌÖÃÌÉÅÉ ÃÀÂÅÉÀÍÄÁÄÁÉÓ, ÓÀßÚÉÓÉ ÅÄØÔÏÒÉÓÀ
ÃÀ ×ÖÍØÝÉÉÓ ÄÒÈÏÁËÉÏÁÀ. ÓÀßÚÉÓÉ ÌÏÍÀÝÄÌÄÁÉÓÀ ÃÀ ÂÀÍÔÏËÄÁÉÓ ÌÀÒãÅÄÍÀ ÌáÀÒÉÓ ÛÄÛ×Ï-
ÈÄÁÄÁÉ, ÛÄÓÀÁÀÌÉÓÀÃ, ÌÝÉÒÄÀ ÓÔÀÍÃÀÒÔÖËÉ ÍÏÒÌÉÈ ÃÀ ÉÍÔÄÂÒÀËÖÒÉ ÀÆÉÈ. ÂÀÌÏÚÅÀÍÉËÉÀ
ÀÌÏÍÀáÓÍÉÓ ÅÀÒÉÀÝÉÉÓ ×ÏÒÌÖËÄÁÉ ÂÀÍÔÏËÄÁÄÁÉÓÀÈÅÉÓ, ÒÏÂÏÒÝ ßÚÅÄÔÉËÉ, ÀÓÄÅÄ ÖßÚÅÄÔÉ
ÓÀßÚÉÓÉ ÐÉÒÏÁÉÈ. ÅÀÒÉÀÝÉÉÓ ×ÏÒÌÖËÄÁÛÉ ÂÀÌÏÅËÄÍÉËÉÀ ÓÀßÚÉÓÉ ÌÏÌÄÍÔÉÓÀ ÃÀ ÃÀÂÅÉÀÍÄÁÄ-
ÁÉÓ ÛÄÛ×ÏÈÄÁÉÓ Ä×ÄØÔÄÁÉ, ßÚÅÄÔÉËÉ ÃÀ ÖßÚÅÄÔÉ ÓÀßÚÉÓÉ ÐÉÒÏÁÄÁÉÓ Ä×ÄØÔÄÁÉ. ÏÐÔÉÌÀËÖÒÉ
ÌÀÒÈÅÉÓ ÀÌÏÝÀÍÄÁÉÓÈÅÉÓ ÃÀÂÅÉÀÍÄÁÄÁÉÈ, ÆÏÂÀÃÉ ÓÀÓÀÆÙÅÒÏ ÐÉÒÏÁÄÁÉÈ ÃÀ ×ÖÍØÝÉÏÍÀËÉÈ
ÌÉÙÄÁÖËÉÀ ÏÐÔÉÌÀËÖÒÏÁÉÓ ÀÖÝÉËÄÁÄËÉ ÐÉÒÏÁÄÁÉ: ÖÔÏËÏÁÄÁÉÓÀ ÃÀ ÔÏËÏÁÄÁÉÓ ÓÀáÉÈ
ÓÀßÚÉÓÉ ÃÀ ÓÀÁÏËÏÏ ÌÏÌÄÍÔÄÁÉÓÀÈÅÉÓ, ÃÀÂÅÉÀÍÄÁÄÁÉÓÀ ÃÀ ÓÀßÚÉÓÉ ÅÄØÔÏÒÉÓÀÈÅÉÓ; ÉÍÔÄÂÒÀ-
ËÖÒÉ ÌÀØÓÉÌÖÌÉÓ ÐÒÉÍÝÉÐÉÓ ×ÏÒÌÉÈ ÓÀßÚÉÓÉ ÃÀ ÌÀÒÈÅÉÓ ×ÖÍØÝÉÄÁÉÓÈÅÉÓ.
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Introduction
As is known, real economical, biological, physical and majority of processes contain an information
about their behavior in the past, i.e., the processes that contain effects with delayed action and which
are described by functional differential equations with delays. To illustrate this, below we will consider
two simplest models of the economic growth and the immune response with several constant delays.

The economic growth model. Let N(t) be a quantity of a product produced at the moment t
expressed in money units. The fundamental principle of the economic growth is of the form

N(t) = C(t) + Iinv(t), (0.1)

where C(t) is the so-called apply function and Iinv(t) is a quantity induced investment. We consider
the case where the functions C(t) and I(t) have the form

C(t) = α0N(t), α0 ∈ (0, 1), (0.2)

and

Iinv(t) =
s∑

i=1

αiN(t− τi) + αs+1Ṅ(t), τi > 0, i = 1, s. (0.3)

Formula (0.3) shows that the value of investment at the moment t depends on the quantity of money
at the moments t−τi, i = 1, s (in the past), and on the velocity (production current) at the moment t.
From the formulas (0.1)–(0.3) we get the equation with delays

Ṅ(t) =
1− α0

αs+1
N(t)−

s∑
i=1

αi

αs+1
N(t− τi).

The immune response Marchuk’s model [26]. A simple model about viruses attack on an
organism and its immune response is the following functional differential equation:

ẋ1(t) = p1x1(t)− p2x1(t)x3(t),

ẋ2(t) =
s∑

i=1

pi+2x1(t− τi)x3(t− τi)− ps+3(x2(t)− x∗2),

ẋ3(t) = ps+4x2(t)− ps+5x3(t)− ps+6x1(t)x3(t),

(0.4)

where x1(t) is the viruses concentration at time t; x2(t) is the plasma cells concentration producing
antibodies. Plasma cells after a certain time period give the immune response which is characterized
by the summand

s∑
i=1

pi+2x1(t − τi)x3(t − τi), where τi > 0 are delays of immune reactions, i.e.,

this expression supports reproduction of antibodies; x3(t) is the antibodies concentration which kills
viruses. The first equation of system (0.4) describes changes of x1(t), here the first term p1x1(t)
supports reproduction of viruses and the second term p2x1(t)x3(t) characterizes the struggle between
viruses and antibodies and do not supports reproduction of viruses. x∗2 is the physiological level of
plasma cells, i.e., this concentration of plasma cells is always in the organism, and in the absence of
viruses in the organism, the plasma cells remain at a constant level. Finally, p1, p2, . . . , ps+6 are the
positive constants.

A great deal of works (including, for example, [1–4,12,13,19,22]) are devoted to the investigation
of functional differential equations with delay.

The present work consists of two parts, interconnected naturally in their meaning.
The first part considers the equation

ẋ(t) = f
(
t, x(t), x(t− τ1), . . . , x(t− τs)

)
(0.5)
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with the discontinuous initial condition

x(t) = φ(t), t < t0, x(t0) = x0. (0.6)

The condition (0.6) is called a discontinuous initial condition since, in general, x(t0) ̸= φ(t0).
In the same part we study the continuous dependence of solutions of the problem (0.5), (0.6) on

the initial data and on the right-hand side of the equation (0.5). Under the initial data we mean the
collection of initial moment t0, delays τi, i = 1, s, initial vector x0 and initial function φ(t). Moreover,
we derive variation formulas of a solution (variation formulas) for the differential equation (0.5) with
the discontinuous initial condition (0.6) and the continuous initial condition

x(t) = φ(t), t ≤ t0. (0.7)

The condition (0.7) is called a continuous initial condition since, always, x(t0) = φ(t0). The term
“variation formula of solution” has been introduced by R. V. Gamkrelidze and proved in [6] for the
ordinary differential equation.

In the second part, the optimization problems are investigated for the controlled equation

ẋ(t) = f
(
t, x(t), x(t− τ1), . . . , x(t− τs), u(t)

)
,

and the necessary optimality conditions are obtained.
In Section 1, we prove a theorem on the continuous dependence of a solution in the case where the

perturbation of f is small in the integral sense and initial data are small in the standard norm.
Theorems on the continuous dependence of solutions of the Cauchy problem and the boundary
value problems for various classes of ordinary differential equations and delay functional differen-
tial equations when perturbations of the right-hand side are small in the integral sense, are given
in [6, 7, 18–21,23,24,33–35,39].

In Sections 2 and 3, we prove the variation formulas in which the effects of perturbations of the
initial moment and several delays and also the effects of discontinuous and continuous initial conditions
are detected. The variation formula of a solution plays a basic role in proving the necessary conditions
of optimality for sensitivity analysis of mathematical models. Moreover, the variation formula allows
one to get an approximate solution of the perturbed equation. The variation formulas for various
classes of differential equations are given in [6, 7, 18–20,36–42].

In Section 4, we extend the central result of the axiomatic theory of extremal problems (R. V. Gam-
krelidze and G. L. Kharatishvili’s theorem on the necessary criticality condition [7–9]) to the mappings
defined on a finitely locally convex set. This is stipulated by the fact that it is more convenient to
treat the optimal problems with delays as the problems of finding the mappings, defined and critical
on a finitely locally convex set and on a quasi-convex filter, respectively. The proof of the necessary
criticality condition given in Subsection 4.1, is performed according to the scheme presented in [7–9]
with nonessential changes.

In Subsection 4.3, we prove the quasiconvexity of the filter arising in the optimal control problem
with delays. The concept of quasiconvexity of a filter was introduced by R. V. Gamkrelidze, as a
result of studying slide modes [10, 11]. Of special interest is the finding of control systems with
a quasiconvex filter, since the necessary optimality conditions for these systems are deduced from
the necessary criticality condition. In Subsection 4.4, we consider optimal control problems with a
general functional and boundary conditions, the discontinuous initial condition and the continuous
condition. The necessary conditions are obtained: for the initial and final moments in the form of
inequalities and equalities, for delays in the form of inequalities and equalities, for the initial vector
in the form of equality, and for the initial function and control function in the form of integral
maximum principle. Optimal control problems for various classes of functional differential equations
are investigated in [5, 15–18,20,25,27–31].
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1 Continuous dependence of solutions
1.1 Notation and auxiliary assertions
Let I = [a, b] be a finite interval and Rn be the n-dimensional vector space of points x = (x1, . . . , xn)⊤

with |x|2 =
n∑

i=1

|xi|2, where T is the sign of transposition. Let θi2 > θi1 > 0, i = 1, s, be the given

numbers; suppose that O ⊂ Rn is an open set, and Ef is a set of functions f = (f1, . . . , fn)⊤ :
I ×Os+1 → Rn satisfying the following conditions: for each fixed (x, x1, . . . , xs) ∈ Os+1, the function
f(t, x, x1, . . . , xs) is measurable; for each f ∈ Ef and compact set K ⊂ O, there exist functions
mf,K(t), Lf,K(t) ∈ L1(I,R+), R+ = [0,∞), such that for almost all t ∈ I

|f(t, x, x1, . . . , xs)| ≤ mf,K(t) ∀ (x, x1, . . . , xs) ∈ Ks+1

and

∣∣f(t, x, x1, . . . , xs)− f(t, y, y1, . . . , ys)
∣∣ ≤ Lf,K(t)

[
|x− y|+

s∑
i=1

|xi − yi|
]

∀ (x, x1, . . . , xs) ∈ Ks+1, ∀ (y, y1, . . . , ys) ∈ Ks+1.

Two functions f1, f2 ∈ Ef are said to be equivalent, if for every fixed (x, x1, . . . , xs) ∈ Os+1 and for
almost all t ∈ I

f1(t, x, x1, . . . , xs)− f2(t, x, x1, . . . , xs) = 0.

The equivalence classes of functions of the space Ef compose a vector space which is also denoted by
Ef ; these classes are called the functions and denoted by f again. In what follows, under f ∈ Ef it
is assumed any representative from the equivalence class of f .

Lemma 1.1 ([6, p. 56]). Let f ∈ Ef . Then the function

H(f ; t′, t′′, x, x1, . . . , xs) =

∣∣∣∣
t′′∫
t′

f(t, x, x1, . . . , xs) dt

∣∣∣∣
is continuous in (t′, t′′, x, x1, . . . , xs) ∈ I2 ×Os+1

Lemma 1.2 ([6, p. 41]). Let K0 ⊂ O and K1 ⊂ O be compact sets with K0 ⊂ intK1. Then there exist
a compact set Q ⊂ Os+1 and a continuously differentiable function χ(x, x1, . . . , xs), (x, x1, . . . , xs) ∈
Rn × · · · × Rn such that Ks+1

0 ⊂ Q ⊂ intKs+1
1 and

χ(x, x1, . . . , xs) =

{
1, (x, x1, . . . , xs) ∈ Q,

0, (x, x1, . . . , xs) ̸∈ Ks+1
1 .

(1.1)

Lemma 1.3. Let f ∈ Ef . Then the function

g(t, x, x1, . . . , xs) =

{
χ(x, x1, . . . , xs)f(t, x, x1, . . . , xs), t ∈ I, (x, x1, . . . , xs) ∈ Ks+1

1 ,

0, t ∈ I, (x, x1, . . . , xs) ̸∈ Ks+1
1 ,

(1.2)

satisfies for almost all t ∈ I the following conditions:

|g(t, x, x1, . . . , xs)| ≤ mf,K1(t) ∀ (x, x1, . . . , xs) ∈ Rn × · · · × Rn (1.3)

and ∣∣g(t, x, x1, . . . , xs)− g(t, y, y1, . . . , ys)
∣∣ ≤ Lf (t)

[
|x− y|+

s∑
i=1

|xi − yi|
]

(1.4)

∀ (x, x1, . . . , xs) ∈ Rn × · · · × Rn, ∀ (y, y1, . . . , ys) ∈ Rn × · · · × Rn,
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where

Lf (t) = Lf,K1(t) + α0mf,K1(t), (1.5)

α0 = sup
{
|χx(x, x1, . . . , xs)|+

s∑
i=1

|χxi
(x, x1, . . . , xs)| : (x, x1, . . . , xs) ∈ Rn × · · · × Rn

}
.

Proof. The inequality (1.3) follows from the definition of the function g. Let

(x, x1, . . . , xs) ∈ Ks+1
1 and (y, y1, . . . , ys) ∈ Ks+1

1 ,

then (see (1.2)) we have∣∣g(t, x, x1, . . . , xs)− g(t, y, y1, . . . , ys)
∣∣

=
∣∣χ(x, x1, . . . , xs)f(t, x, x1, . . . , xs)− χ(y, y1, . . . , ys)f(t, y, y1, . . . , ys)

∣∣
=

∣∣∣χ(x, x1, . . . , xs)(f(t, x, x1, . . . , xs)− f(t, y, y1, . . . , ys)
)

+
(
χ(x, x1, . . . , xs)− χ(y, y1, . . . , ys)

)
f(t, y, y1, . . . , ys)

∣∣∣
≤ Lf,K1(t)

[
|x− y|+

s∑
i=1

|xi − yi|
]
+
∣∣χ(x, x1, . . . , xs)− χ(y, y1, . . . , ys))

∣∣mf,K1(t). (1.6)

It is not difficult to see that∣∣χ(x, x1, . . . , xs)− χ(y, y1, . . . , ys))
∣∣

=

∣∣∣∣
1∫

0

d

dξ
χ
(
y + ξ(x− y), y1 + ξ(x1 − y1), . . . , ys + ξ(xs − ys)

)
dξ

∣∣∣∣
≤

1∫
0

[∣∣χx

(
y + ξ(x− y), y1 + ξ(x1 − y1), . . . , ys + ξ(xs − ys)

)∣∣ |x− y|+
s∑

i=1

|χxi
( · )| |xi − yi|

]
dξ

≤ α0

[
|x− y|+

s∑
i=1

|xi − yi|
]
.

Taking this relation into account, from (1.6) we obtain (1.4). Let

(x, x1, . . . , xs) ∈ Ks+1
1 and (y, y1, . . . , ys) ̸∈ Ks+1

1 ,

then χ(y, y1, . . . , ys) = 0, i.e., g(y, y1, . . . , ys) = 0, therefore we have∣∣g(t, x, x1, . . . , xs)− g(t, y, y1, . . . , ys)
∣∣

= |g(t, x, x1, . . . , xs)| =
∣∣χ(x, x1, . . . , xs)− χ(y, y1, . . . , ys))

∣∣ |f(t, x, x1, . . . , xs)|
≤ α0mf,K1

(t)
[
|x− y|+

s∑
i=1

|xi − yi|
]
≤ Lf (t)

[
|x− y|+

s∑
i=1

|xi − yi|
]
.

It is easily seen that the latter inequality also holds in the case

(x, x1, . . . , xs) ̸∈ Ks+1
1 and (y, y1, . . . , ys) ∈ Ks+1

1 .

Let I1 = [τ̂ , b], where τ̂ = a− max{θ12, . . . , θs2}. By PC(I1,Rn) we denote the space of piecewise-
continuous functions φ : I1 → Rn with finitely many discontinuities of the first kind equipped with
the norm ∥φ∥I1 = sup{|φ(t)| : t ∈ I1}. By Φ = {φ ∈ PC(I1,Rn) : clφ(I1) ⊂ O} we denote a set of
initial functions, where φ(I1) = {φ(t) : t ∈ I1}.
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Let φi ∈ Φ, i = 0, s, be fixed functions and let tα ∈ (a, b), α = 1, p, be discontinuity points of the
function ψ(t) = (φ0(t), φ1(t− τ1), . . . , φs(t− τs)), where τi ∈ [θi1, θi2], i = 1, s, are the given numbers.

We now introduce the notation

φij(t) =


φi(tj−1 − τi+), t = tj−1,

φi(t− τi), t ∈ (tj−1, tj),

φi(tj − τi−), t = tj ,

(1.7)

where i = 0, s, j = 1, p+ 1, t0 = a, tp+1 = b, τ0 = 0. Clearly, the function φij(t) is continuous on the
interval [tj−1, tj ]. Next, let k be a fixed natural number,

wj(k;ψ) = sup
{ s∑

i=0

|φij(t
′)− φij(t

′′)| : t′, t′′ ∈ [tj−1, tj ], |t′ − t′′| ≤ tj − tj−1

k

}
,

w(k;ψ) = sup
{
wj(k;ψ) : 1 ≤ j ≤ p+ 1

}
.

Lemma 1.4. Let φi ∈ Φ, i = 0, s, and let φi(t) ∈ K, where K ⊂ O is a compact set. Then for an
arbitrary f ∈ Ef and a natural number k, the inequality

β = sup
{∣∣∣∣

ξ2∫
ξ1

f
(
t, φ0(t), φ1(t− τ1), . . . , φs(t− τs)

)
dt

∣∣∣∣ : ξ1, ξ2 ∈ I

}

≤ w(k;ψ)

∫
I

Lf,K(t) dt+ k(p+ 1)H0(f ;K)

holds, where

H0(f ;K) = sup
{
H(f ; t′, t′′, x, x1, . . . , xs) : (t′, t′′, x, x1, . . . , xs) ∈ I2 ×Ks+1

}
(see Lemma 1.1).

Proof. There exist the numbers a1, b1 ∈ I such that

β =

∣∣∣∣
b1∫

a1

f
(
t, φ0(t), φ1(t− τ1), . . . , φs(t− τs)

)
dt

∣∣∣∣.
Let a1 ∈ [tl−1, tl) and b1 ∈ [tq−1, tq) with 1 ≤ l ≤ q ≤ p + 1. Divide each of the intervals [a1, tl],
[tj−1, tj ], j = l + 1, q − 1, [tq−1, b1], into k equal parts ∆l

ρ, ∆j
ρ, j = l + 1, q − 1, ∆q

ρ, ρ = 1, k, respec-
tively. Obviously,

[a1, b1] = [a1, tl] ∪
( q−1∪

j=l+1

[tj−1, tj ]
)
∪ [tq−1, b1] =

q∪
j=l

k∪
ρ=1

∆j
ρ.

Using this relation and the notation (1.7), we obtain

β ≤
q∑

j=l

k∑
ρ=1

∣∣∣∣ ∫
∆j

ρ

f
(
t, φ0j(t), φ1j(t), . . . , φsj(t)

)
dt

∣∣∣∣.
Let tjρ ∈ ∆j

ρ, j = 1, q, ρ = 1, k, be arbitrary fixed points. Then

β ≤
q∑

j=l

k∑
ρ=1

∫
∆j

ρ

∣∣∣f(t, φ0j(t), φ1j(t), . . . , φsj(t)
)
− f

(
t, φ0j(t

j
ρ), φ1j(t

j
ρ), . . . , φsj(t

j
ρ)
)∣∣∣ dt
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+

q∑
j=l

k∑
ρ=1

∣∣∣∣ ∫
∆j

ρ

f
(
t, φ0j(t

j
ρ), φ1j(t

j
ρ), . . . , φsj(t

j
ρ)
)
dt

∣∣∣∣
≤

q∑
j=l

k∑
ρ=1

∫
∆j

ρ

[
Lf,K(t)

s∑
i=0

∣∣φij(t)− φij(t
j
ρ)
∣∣] dt+ k(q − l + 1)H0(f ;K)

≤
q∑

j=l

k∑
ρ=1

wj(k;ψ)

∫
∆j

ρ

Lf,K(t) dt+ k(p+ 1)H0(f ;K)

≤ w(k;ψ)

∫
I

Lf,K(t) dt+ k(p+ 1)H0(f ;K).

Lemma 1.5. Let φi ∈ Φ, i = 0, s, and let φi(t) ∈ K, where K ⊂ O is a compact set. Further, let the
sequence δfi ∈ Ef , i = 1, 2, . . . , satisfy the conditions∫

I

Lδfi,K(t) dt ≤ α1 = const, i = 1, 2, . . . , and lim
i→∞

H0(δfi;K) = 0.

Then lim
i→∞

βi = 0, where

βi = sup
{∣∣∣∣

ξ2∫
ξ1

δfi
(
t, φ0(t), φ1(t− τ1), . . . , φs(t− τs)

)
dt

∣∣∣∣ : ξ1, ξ2 ∈ I

}
.

Proof. Let ε > 0 be an arbitrary number. By Lemma 1.4, we have

βi ≤ w(k;ψ)

∫
I

Lδfi,K(t) dt+ k(p+ 1)H0(δfi;K) ≤ α1w(k;ψ) + k(p+ 1)H0(δfi;K). (1.8)

The functions φij(t), t ∈ [tj−1, tj ], are continuous. Therefore, lim
k→∞

w(k;ψ) = 0. There exist natural
numbers k0 and i0 such that

w(k0;ψ) ≤
ε

2
and k0(p+ 1)H0(δfi;K) ≤ ε

2
, i ≥ i0. (1.9)

Taking into account the relations (1.9) in (1.8), we obtain βi ≤ ε for i ≥ i0. By the arbitrariness of ε,
we can conclude that βi→ 0, as i→ ∞.

Lemma 1.6 ([6, p. 68]). Let m(t) ∈ L1(I,R+). Then the formula

t∫
a

m(ξ1) dξ1

ξ1∫
a

m(ξ2) dξ2 · · ·
ξk−1∫
a

m(ξk) dξk =
1

k!

( t∫
a

m(ξ) dξ

)k

holds.

Lemma 1.7. Let f1, f2 ∈ Ef be equivalent functions. Then for an arbitrary function φ ∈ Φ, the
relation ∣∣∣∣

ξ2∫
ξ1

f̂
(
t, φ(t), φ(t− τ1), . . . , φ(t− τs)

)
dt

∣∣∣∣ = 0 ∀ ξ1, ξ2 ∈ I (1.10)

holds, where
f̂(t, x, x1, . . . , xs) = f1(t, x, x1, . . . , xs)− f2(t, x, x1, . . . , xs).
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Proof. It is clear that for almost all t ∈ I,

f̂(t, x, x1, . . . , xs) = 0 ∀ (x, x1, . . . , xs) ∈ O1+s.

Therefore
H0(f̂ ;K) = 0, where K = clφ(I1) ⊂ O.

Using Lemma 1.3, for an arbitrary natural number k and ξ1, ξ2 ∈ I, we get

∣∣∣∣
ξ2∫

ξ1

f̂
(
t, φ(t), φ(t− τ1), . . . , φ(t− τs)

)
dt
∣∣∣ ≤ w(k;ψ)

∫
I

Lf̂ ;K(t) dt,

where ψ(t) = (φ(t), φ(t− τ1), . . . , φs(t− τs)) and w(k;ψ) → 0, as k → ∞. Thus the relation (1.10) is
valid.

Lemma 1.8. Let f ∈ Ef . Then the mapping

φ −→
t∫

a

f
(
ξ, φ(ξ), φ(ξ − τ1), . . . , φ(ξ − τs)

)
dξ, φ ∈ Φ,

is uniquely defined (see Lemma 1.7).

Let X be a metric space, ϱ be a distance function on X, and let

F ( · ;µ) : X → X (1.11)

be a family of mappings depending on the parameter µ ∈ Λ, where Λ is a topological space. The
family of the mappings (1.11) is said to be uniformly contractive if there exists a number α ∈ (0, 1)
independent of µ such that the inequality

ϱ
(
F (y1;µ), F (y2;µ)

)
≤ αϱ(y1, y2) ∀ y1, y2 ∈ X

holds for each µ ∈ Λ.
Define the iteration of the mapping (1.11):

F k(y;µ) = F (F k−1(y;µ);µ), k = 1, 2, . . . , F 0(y;µ) = y.

Obviously,
F k( · ;µ) : X → X ∀µ ∈ Λ. (1.12)

Theorem 1.1 ([6, p. 61]; [14, p. 608]). Let X be a complete metric space. If a certain iteration (1.12)
is a uniformly contractive family, then for every µ ∈ Λ the mapping (1.11) has a unique fixed point
yµ ∈ X, i.e., F (yµ;µ) = yµ. Moreover, if for fixed µ0 ∈ Λ, a certain iteration F k(yµ0 ; · ) : Λ → X is
continuous at the point µ0, then the mapping yµ : Λ → X is likewise continuous at the point µ0.

1.2 Theorems on continuous dependence of solutions
To each element

µ = (t0, τ1, . . . , τs, x0, φ, f) ∈ Λ = [a, b)× [θ11, θ12]× · · · × [θs1, θs2]×O × Φ× Ef

we assign the delay functional differential equation

ẋ(t) = f
(
t, x(t), x(t− τ1), . . . , x(t− τs)

)
(1.13)

with the discontinuous initial condition

x(t) = φ(t), t ∈ [τ̂ , t0), x(t0) = x0. (1.14)
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Definition 1.1. Let µ = (t0, τ1, . . . , τs, x0, φ, f) ∈ Λ. A function x(t) = x(t;µ) ∈ O, t ∈ [τ̂ , t1],
t1 ∈ (t0, b], is called a solution of the equation (1.13) with the initial condition (1.14), or a solution
corresponding to the element µ and defined on the interval [τ̂ , t1], if it satisfies the condition (1.14)
and on the interval [t0, t1] satisfies the integral equation

x(t) = x0 +

t∫
t0

f
(
ξ, x(ξ), x(ξ − τ1), . . . , x(ξ − τs)

)
dξ

(see Lemma 1.7).

Obviously, the function x(t;µ), t ∈ [t0, t1], is absolutely continuous and satisfies the equation (1.13)
almost everywhere on [t0, t1]. If t1 − t0 is sufficiently small, then there exists a solution corresponding
to µ [3, 13,22].

In the space Ef , we introduce a family of subsets

ℜ =
{
VK,δ : K ⊂ O, δ > 0

}
.

Here, K ⊂ O is a compact set, δ > 0 is an arbitrary number, and

VK,δ =
{
δf ∈ Ef : H0(δf ;K) ≤ δ

}
.

The family ℜ can be taken as a basis of neighborhoods of zero in the space Ef [32]. Hence it
defines a locally convex Hausdorff vector topology with which Ef becomes a topological vector space.
Everywhere in what follows, we will assume that the space Ef is endowed precisely with that topology.

We introduce the set

W (K;α) =

{
δf ∈ Ef : ∃mδf,K(t), Lδf,K(t) ∈ L1(I,R+),

∫
I

[
mδf,K(t) + Lδf,K(t)

]
dt ≤ α

}
,

where K ⊂ O is a compact set and α > 0 is a fixed number independent of δf .
Let µ0 = (t00, τ10, . . . , τs0, x00, φ0, f0) ∈ Λ be a fixed element,

B(t00; δ) =
{
t0 ∈ I : |t0 − t00| < δ

}
, B(τi0; δ) =

{
τi ∈ [θi1, θi2] : |τi − τi0| < δ

}
, i = 1, s,

B(x00; δ) =
{
x0 ∈ O : |x0 − x00| < δ

}
, B(φ0; δ) =

{
φ ∈ Φ : ∥φ− φ0∥I1 < δ

}
,

Theorem 1.2. Let x0(t) be a solution corresponding to µ0 = (t00, τ10, . . . , τs0, x00, φ0, f0) ∈ Λ and
defined on [τ̂ , t10], where t10 < b, and let K1 ⊂ O be a compact set containing a certain neighborhood
of the set K0 = clφ0(I1) ∪ x0([t00, t10]). Then the following conditions hold:
1.1. There exist numbers δi > 0, i = 0, 1, such that to each element

µ = (t0, τ1, . . . , τs, x0, φ, f0 + δf) ∈ V (µ0;K1, δ0, α)

= B(t00; δ0)×B(τ10; δ0)× · · · ×B(τs0; δ0)×B(x00; δ0)×B(φ0; δ0)

×
[
f0 + (W (K1;α) ∩ VK1,δ0)

]
there corresponds the solution x(t;µ) defined on the interval [τ̂ , t10 + δ1] ⊂ I1 and satisfying the
condition x(t;µ) ∈ K1.

1.2. For an arbitrary ε > 0, there exists a number δ2 = δ2(ε) ∈ (0, δ0) such that the inequality

|x(t;µ)− x(t;µ0)| ≤ ε ∀ t ∈ [θ, t10 + δ1], θ = max{t0, t00}

holds for any µ ∈ V (µ0;K1, δ2, α).

1.3. For an arbitrary ε > 0, there exists a number δ3 = δ3(ε) ∈ (0, δ0) such that the inequality
t10+δ1∫
τ̂

|x(t;µ)− x(t;µ0)| dt ≤ ε

holds for any µ ∈ V (µ0;K1, δ3, α).
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Due to the uniqueness, the solution x(t;µ0) is a continuation of the solution x0(t) on the interval
[τ̂ , t10 + δ1].

In the space Eδµ = Eµ − µ0 with the elements δµ = (δt0, δτ1, . . . , δτs, δx0, δφ, δf), where Eµ =
R× R× · · · × R× Rn × PC(I1,Rn)× Ef , we introduce the set of variations

ℑ =

{
δµ = (δt0, δτ1, . . . , δτs, δx0, δφ, δf) ∈ Eδµ :

|δt0| ≤ γ, |δτi| ≤ γ, i = 1, s, |δx0| ≤ γ, ∥δφ∥I ≤ γ, δf =
k∑

i=1

λiδfi, |λi| ≤ γ, i = 1, k

}
,

where γ > 0 is a fixed number and δfi ∈ Ef − f0, i = 1, k, are fixed functions.

Theorem 1.3. Let x0(t) be a solution corresponding to µ0 = (t00, τ10, . . . , τs0, x00, φ0, f0) ∈ Λ and
defined on [τ̂ , t10] with t00, t10 ∈ (a, b), τi0 ∈ (θi1, θi2), i = 1, s, and let K1 ⊂ O be a compact set
containing a certain neighborhood of the set K0. Then the following conditions hold:

1.4. There exist numbers ε1 > 0 and δ1 > 0 such that for an arbitrary (ε, δµ) ∈ [0, ε1]× ℑ, we have
µ0+ εδµ ∈ Λ and the solution x(t;µ0+ εδµ) defined on the interval [τ̂ , t10+ δ1] ⊂ I1 corresponds
to this element. Moreover, x(t;µ0 + εδµ) ∈ K1.

1.5. The following relations hold:

lim
ε→0

sup
{
|x(t;µ0 + εδµ)− x(t;µ0)| : t ∈ [θ, t10 + δ1]

}
= 0,

lim
ε→0

t10+δ1∫
τ̂

|x(t;µ0 + εδµ)− x(t;µ0)| dt = 0

uniformly in δµ ∈ ℑ, where θ = max{t00, t00 + εδt0}.

Theorem 1.2 is the corollary of Theorem 1.1.
Let Eu(I) be the space of measurable functions u(t) ∈ Rr, t ∈ I, satisfying the condition: clu(I)

is a compact set in Rr. Let U0 ⊂ Rr be an open set and Ω(I, U0) = {u ∈ Eu(I) : clu(I) ⊂ U0}.
To each element w = (t0, τ1, . . . , τs, x0, φ, u) ∈ Λ1 = [a, b) × [θ11, θ12] × · · · × [θs1, θs2] × O × Φ ×

Ω(I, U0) we assign the delay controlled functional differential equation

ẋ(t) = ϕ
(
t, x(t), x(t− τ1), . . . , x(t− τs), u(t)

)
(1.15)

with the discontinuous initial condition (1.14). Here the function ϕ(t, x, x1, . . . , xs, u) is defined on
I ×Os+1 × U0 and satisfies the following conditions: for each fixed (x, x1, . . . , xs, u) ∈ Os+1 × U0 the
function ϕ( · , x, x1, . . . , xs, u) : I → Rn is measurable; for each compact sets K ⊂ O and U ⊂ U0 there
exist the functions mK,U (t), LK,U (t) ∈ L1(I,R+) such that for almost all t ∈ I,

|ϕ(t, x, x1, . . . , xs, u)| ≤ mK,U (t) ∀ (x, x1, . . . , xs, u) ∈ Ks+1 × U,∣∣ϕ(t, x, x1, . . . , xs, u1)− ϕ(t, y, y1, . . . , ys, u2)
∣∣ ≤ Lf,K(t)

[
|x− y|+

s∑
i=1

|xi − yi|+ |u1 − u2|
]

∀ (x, x1, . . . , xs) ∈ Ks+1, ∀ (y, y1, . . . , ys) ∈ Ks+1 and ∀ (u1, u2) ∈ U2.

Definition 1.2. Let w = (t0, τ1, . . . , τs, x0, φ, u) ∈ Λ1. A function x(t) = x(t;w) ∈ O, t ∈ [τ̂ , t1],
t1 ∈ (t0, b], is called a solution of the equation (1.15) with the initial condition (1.14), or a solution
corresponding to the element w and defined on the interval [τ̂ , t1], if it satisfies the condition (1.14)
and is absolutely continuous on the interval [t0, t1] and satisfies the equation (1.15) almost everywhere
(a.e.) on [t0, t1].

Theorem 1.4. Let x0(t) be a solution corresponding to w0 = (t00, τ10, . . . , τs0, x00, φ0, u0) ∈ Λ1 and
defined on [τ̂ , t10], with t10 < b, and let K1 ⊂ O be a compact set containing a certain neighborhood of
the set K0 = clφ0(I1) ∪ x0([t00, t10]). Then the following conditions hold:
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1.6. There exist the numbers δi > 0, i = 0, 1, such that to each element

w = (t0, τ1, . . . , τs, x0, φ, u) ∈ V̂ (w0; δ0)

= B(t00; δ0)×B(τ10; δ0)× · · · ×B(τs0; δ0)×B(x00; δ0)×B(φ0; δ0)×B(u0; δ0)

there corresponds a solution x(t;w) defined on the interval [τ̂ , t10 + δ1] ⊂ I1 and satisfying the
condition x(t;w) ∈ K1; here B(u0; δ0) = {u ∈ Ω(I, U0) : ∥u− u0∥I < δ0}.

1.7. For an arbitrary ε > 0, there exists a number δ2 = δ2(ε) ∈ (0, δ0) such that the inequality

|x(t;w)− x(t;w0)| ≤ ε ∀ t ∈ [θ, t10 + δ1], θ = max{t0, t00},

holds for any w ∈ V̂ (w0; δ2).

1.8. For an arbitrary ε > 0, there exists a number δ3 = δ3(ε) ∈ (0, δ0) such that the inequality

t10+δ1∫
τ̂

|x(t;w)− x(t;w0)| dt ≤ ε

holds for any w ∈ V̂ (w0; δ3).

Due to the uniqueness, the solution x(t;w0) is a continuation of the solution x0(t) on the interval
[τ̂ , t10 + δ1].

In the space Eδw = Ew − w0 with the elements δw = (δt0, δτ1, . . . , δτs, δx0, δφ, δu), where Ew =
R× R× · · · × R× Rn × PC(I1,Rn)× Eu(I), we introduce the set of variations

ℑ1 =
{
δw = (δt0, δτ1, . . . , δτs, δx0, δφ, δu) ∈ Eδw :

|δt0| ≤ γ, |δτi| ≤ γ, i = 1, s, |δx0| ≤ β, ∥δφ∥I1 ≤ γ, ∥δu∥I ≤ γ
}
,

where γ > 0 is a fixed number.

Theorem 1.5. Let x0(t) be a solution corresponding to w0 = (t00, τ10, . . . , τs0, x00, φ0, u0) ∈ Λ1 and
defined on [τ̂ , t10] with t00, t10 ∈ (a, b), τi0 ∈ (θi1, θi2), i = 1, s, and let K1 ⊂ O be a compact set
containing a certain neighborhood of the set K0. Then the following conditions hold:

1.9. There exist numbers ε1 > 0 and δ1 > 0 such that for an arbitrary (ε, δw) ∈ [0, ε1] × ℑ1 we
have w0 + εδw ∈ Λ1 and the solution x(t;w0 + εδw) defined on the interval [τ̂ , t10 + δ1] ⊂ I1
corresponds to this element. Moreover, x(t;w0 + εδw) ∈ K1.

1.10. The following relations hold:

lim
ε→0

sup
{
|x(t;w0 + εδw)− x(t;w0)| : t ∈ [θ, t10 + δ1]

}
= 0,

lim
ε→0

t10+δ1∫
τ̂

∣∣x(t;w0 + εδw)− x(t;w0)
∣∣ dt = 0

uniformly in δw ∈ ℑ1, where θ = max{t00, t00 + εδt0}.

Theorem 1.5 is the corollary of Theorem 1.4.
Let I2 = [a, τ̂1], where τ̂1 = b + max{θ12, . . . , θs2}. By Φ1 = {φ ∈ PC(I2,Rn) : clφ(I2) ⊂ O} we

denote a set of initial functions for the functional differential equation with advanced arguments. To
each element

ϑ = (t1, τ1, . . . , τs, x1, φ, f) ∈ Λ2 = (a, b]× [θ11, θ12]× · · · × [θs1, θs2]×O × Φ1 × Ef
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we assign the functional differential equation with the advanced argument

ẋ(t) = f
(
t, x(t), x(t+ τ1), . . . , x(t+ τs)

)
with the discontinuous initial condition

x(t1) = x1, x(t) = φ(t), t ∈ (t1, τ̂1].

Definition 1.3. Let ϑ = (t1, τ1, . . . , τs, x1, φ, f) ∈ Λ2. A function x(t) = x(t;ϑ) ∈ O, t ∈ [t0, τ̂1],
t0 ∈ [a, t1), is called a solution corresponding to the element ϑ and defined on the interval [t0, τ̂1] if
it satisfies the initial condition and is absolutely continuous on the interval [t0, t1] and satisfies the
integral equation

x(t) = x1 +

t1∫
t

f
(
ξ, x(ξ), x(ξ + τ1), . . . , x(ξ + τs)

)
dξ.

Theorem 1.6. Let x0(t) be a solution corresponding to ϑ0 = (t10, τ10, . . . , τs0, x10, φ0, f0) ∈ Λ2 and
defined on [t00, τ̂2], where t00 > a, and let K1 ⊂ O be a compact set containing a certain neighborhood
of the set clφ0(I2) ∪ x0([t00, t10]). Then the following conditions hold:
1.11. There exist numbers δi > 0, i = 0, 1, such that to each element

ϑ = (t1, τ1, . . . , τs, x1, φ, f0 + δf) ∈ V (ϑ0;K1, δ0, α)

= B(t10; δ0)×B(τ10; δ0)×· · ·×B(τs0; δ0)×B(x10; δ0)×B1(φ0; δ0)×
[
f0+(W (K1;α)∩VK1,δ0)

]
there corresponds the solution x(t;ϑ) defined on the interval [t00 − δ1, τ̂2] ⊂ I2 and satisfying the
condition x(t;ϑ) ∈ K1.

1.12. For an arbitrary ε > 0, there exists a number δ2 = δ2(ε) ∈ (0, δ0) such that the inequality

|x(t;ϑ)− x(t;ϑ0)| ≤ ε ∀ t ∈ [t00 − δ1, θ], θ = min{t1, t10}

holds for any ϑ ∈ V (ϑ0;K1, δ2, α).

1.13. For an arbitrary ε > 0, there exists a number δ3 = δ3(ε) ∈ (0, δ0) such that the inequality
τ̂2∫

t00−δ1

|x(t;ϑ)− x(t;ϑ0)| dt ≤ ε

holds for any µ ∈ V (µ0;K1, δ3, α).
Here B1(φ0; δ) =

{
φ ∈ Φ1 : ∥φ− φ0∥I2 < δ

}
.

Theorem 1.6 is proved analogously to Theorem 1.2.

1.3 Proof of Theorem 1.2 (on the continuous dependence of a solution for a class
of functional differential equations)

To each element µ = (t0, τ1, . . . , τs, x0, φ, f) ∈ Λ we assign the functional differential equation

ẏ(t) = f(t0, τ1, . . . , τs, φ, y)(t) = f
(
t, y(t), h(t0, φ, y)(t− τ1), . . . , h(t0, φ, y)(t− τs)

)
(1.16)

with the initial condition
y(t0) = x0, (1.17)

where h : I × Φ× C(I,Rn) → PC(I1,Rn) is the operator given by the formula

h(t0, φ, y)(t) =

{
φ(t) for t ∈ [τ̂ , t0),

y(t) for t ∈ [t0, b],
(1.18)

and C(I,Rn) is the space of continuous function y : I → Rn equipped with the distance d(y1, y2) =
∥y1 − y2∥I .
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Definition 1.4. An absolutely continuous function y(t) = y(t;µ) ∈ O, t ∈ [r1, r2] ⊂ I, is called a
solution of the equation (1.16) with the initial condition (1.17), or a solution corresponding to the
element µ ∈ Λ and defined on [r1, r2], if t0 ∈ [r1, r2], y(t0) = x0 and it satisfies the equation (1.16)
a.e. on the interval [r1, r2].

Remark 1.1. Let y(t;µ), t ∈ [r1, r2], µ ∈ A, be a solution of the equation (1.16) with the initial
condition (1.17). Then, as is easily seen, the function

x(t;µ) = h(t0, φ, y( · ;µ))(t), t ∈ [τ̂ , r2],

is the solution of the equation (1.13) with the initial condition (1.14).

Theorem 1.7. Let y0(t) = y(t;µ0), µ0 ∈ A, be a solution defined on [r1, r2] ⊂ (a, b), and let K1 ⊂ O
be a compact set containing a certain neighborhood of the set K0 = clφ0(I1) ∪ y0([r1, r2]). Then the
following conditions hold:

1.14. There exist the numbers δi > 0, i = 0, 1, such that a solution y(t;µ) defined on [r1−δ1, r2+δ1] ⊂ I
corresponds to each element

µ = (t0, τ1, . . . , τs, x0, φ, f0 + δf) ∈ V (µ0;K1, δ0, α).

Moreover,
φ(t) ∈ K1, t ∈ I1; y(t;µ) ∈ K1, t ∈ [r1 − δ1, r2 + δ1],

for arbitrary µ ∈ V (µ0;K1, δ0, α).

1.15. For an arbitrary ε > 0, there exists a number δ2 = δ2(ε) ∈ (0, δ0] such that the inequality

|y(t;µ)− y(t;µ0)| ≤ ε ∀ t ∈ [r1 − δ1, r2 + δ1] (1.19)

holds for any µ ∈ V (µ0;K1, δ2, α).

Proof. Let ε0 > 0 be insomuch small that a closed ε0-neighborhood of the set K0

K(ε0) =
{
x ∈ Rn : ∃x̂ ∈ K0, |x− x̂| ≤ ε0

}
lies in intK1. By Lemma 1.2, there exist a compact set Q : Ks+1

0 (ε0) ⊂ Q ⊂ Ks+1
1 and a continuously

differentiable function χ : Rn(s+1) → [0, 1] of the form (1.1).
To each element µ ∈ Λ, we assign the functional differential equation

ż(t) = g(t0, τ1, . . . , τs, φ, z)(t) = g
(
t, z(t), h(t0, φ, z)(t− τ1), . . . , h(t0, φ, z)(t− τs)

)
(1.20)

with the initial condition
z(t0) = x0, (1.21)

where g = χf . The function g(t, x, x, x1, . . . , xs) satisfies the conditions (1.3) and (1.4).
The solution of the equation (1.20) with the initial condition (1.21) depends on the parameter

µ ∈ Λ0 = [a, b)× [θ11, θ12]× · · · × [θs1, θs2]×O × Φ×
(
f0 +W (K1, α)

)
⊂ Eµ.

The topology in Λ0 is inherited from the vector space Eµ.
On the complete metric space C(I,Rn) we introduce a family

F ( · ;µ) : C(I,Rn) → C(I,Rn) (1.22)

of mapping depending on the parameter µ by the formula

ζ(t) = ζ(t; z, µ) = x0 +

t∫
t0

g(t0, τ1, . . . , τs, φ, z)(ξ) dξ.
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Clearly, every fixed point z(t;µ), t ∈ I, of the mapping (1.22) is a solution of the equation (1.20) with
the initial condition (1.21).

Define the kth iteration F k(z;µ) by

ζk(t) = ζk(t; z, µ) = x0 +

t∫
t0

g(t0, τ1, . . . , τs, φ, ζk−1)(ξ) dξ, k = 1, 2, . . . , ζ0(t) = z(t).

Let us now prove that for a sufficiently large k, the family of mappings F k(z;µ) is uniformly contrac-
tive. For this purpose, we estimate the difference

|ζ ′k(t)− ζ ′′k (t)| =
∣∣ζk(t; z′, µ)− ζk(t; z

′′, µ)
∣∣

≤
t∫

a

∣∣g(t0, τ1, . . . , τs, φ, ζ ′k−1)(ξ)− g(t0, τ1, . . . , τs, φ, ζ
′′
k−1)(ξ)

∣∣ dξ
≤

t∫
a

Lf (ξ)
[
|ζ ′k−1(ξ)− ζ ′′k−1(ξ)|+

s∑
j=1

∣∣h(t0, φ, ζ ′k−1)(t− τj)− h(t0, φ, ζ
′′
k−1)(t− τj)

∣∣] dξ, (1.23)

k = 1, 2, . . .

(see (1.4)), where the function Lf (ξ) is of the form (1.5). Here it is assumed that ζ ′0 = z′(t) and
ζ ′′0 = z′′(t). It follows from the definition of the operator h( · ) (see (1.18)) that

h(t0, φ, ζ
′
k−1)(ξ − τj)− h(t0, φ, ζ

′′
k−1)(ξ − τj) = h(t0, 0, ζ

′
k−1 − ζ ′′k−1)(ξ − τj).

Hence, for ξ ∈ [a, t0 + τj), we have

h(t0, 0, ζ
′
k−1 − ζ ′′k−1)(ξ − τj) = 0. (1.24)

Let t0 + τj < b; then for ξ ∈ [t0 + τj , b] we obtain∣∣h(t0, 0, ζ ′k−1 − ζ ′′k−1)(ξ − τj)
∣∣ = ∣∣ζ ′k−1(ξ − τj)− ζ ′′k−1)(ξ − τj)

∣∣
≤ sup

{∣∣ζ ′k−1(t− τj)− ζ ′′k−1(t− τj)
∣∣ : t ∈ [t0 + τj , ξ]

}
≤ sup

{∣∣ζ ′k−1(t)− ζ ′′k−1(t)
∣∣ : t ∈ [a, ξ]

}
. (1.25)

If t0 + τj > b, then (1.24) holds on the whole interval I. The relation (1.23), together with (1.24) and
(1.25), implies that

|ζ ′k(t)− ζ ′′k (t)| ≤ sup
{
|ζ ′k(ξ)− ζk

′′(ξ)| : ξ ∈ [a, t]
}

≤ (s+ 1)

t∫
a

Lf (ξ1) sup
{
|ζ ′k−1(ξ)− ζ ′′k−1(ξ)| : ξ ∈ [a, ξ1]

}
dξ1, k = 1, 2, . . . .

Therefore,

|ζ ′k(t)− ζ ′′k (t)| ≤ (s+ 1)2
t∫

a

Lf (ξ1) dξ1

ξ1∫
a

Lf (ξ2) sup
{
|ζ ′k−2(ξ)− ζ ′′k−2(ξ)| : ξ ∈ [a, ξ2]

}
dξ2.

Continuing this procedure, we obtain

|ζ ′k(t)− ζ ′′k (t)| ≤ (s+ 1)kαk(t)∥z′ − z′′∥I ,

where

αk(t) =

t∫
a

Lf (ξ1) dξ1

ξ1∫
a

Lf (ξ2) dξ2 · · ·
ξk−1∫
a

Lf (ξk) dξk =
1

k!

( t∫
a

Lf (ξ) dξ

)k
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(see Lemma 1.6). Thus

d
(
F k(z′;µ), F k(z′′;µ)

)
= ∥ζ ′k − ζ ′′k ∥I ≤ (s+ 1)k

k!

( b∫
a

Lf (ξ) dξ

)k

∥z′ − z′′∥I = αk(b)∥z′ − z′′∥I .

Let us prove the existence of a number α2 > 0 such that∫
I

Lf (t) dt ≤ α2 ∀ f ∈ f0 +W (K1;α).

Indeed, let (x, x1, . . . , xs) ∈ Ks+1
1 and f ∈ f0 +W (K1;α), then

|f(t, x, x1, . . . , x2)| ≤ mf0,K1
(t) +mδf,K1

(t) := mf,K1
(t), t ∈ I.

Further, let x′x′i, x′′, xi′′ ∈ K1, i = 1, s, then∣∣f(t, x′.x′1, . . . , x′s)− f(t, x′′, x′′1 , . . . , x
′′
s )
∣∣

≤
∣∣f0(t, x′, x′1, . . . , x′s)− f0(t, x

′′, x′′1 , . . . , x
′′
s )
∣∣+ ∣∣δf(t, x′, x′1, . . . , x′s)− δf(t, x′′, x′′1 , . . . , x

′′
s )
∣∣

≤
(
Lf0,K1(t) + Lδf,K1(t)

)[
|x′ − x′′|+

s∑
i=1

|x′i − x′′i |
]

= Lf,K1(t)
[
|x′ − x′′|+

s∑
i=1

|x′i − x′′i |
]
,

where Lf,K1(t) = Lf0,K1(t) + Lδf,K1(t).
By (1.5),∫
I

Lf (t) dt =

∫
I

(
Lf,K1(t) + α0mf,K1(t)

)
dt

=

∫
I

[
Lf0,K1(t) + Lδf,K1(t) + α0(mf0,K1(t) +mδf,K1(t))

]
dt

≤ α(α0 + 1) +

∫
I

[
Lf0,K1(t) + α0mf0,K1(t)

]
dt := α2.

Taking into account this estimate, we obtain αk(b) ≤ ((s + 1)α2)
k/k!. Consequently, there exists

a positive integer k1 such that αk1(b) < 1. Therefore, the k1st iteration of the family (1.22) is
contracting. By Theorem 1.1, the mapping (1.22) has a unique fixed point for each µ. Hence it
follows that the equation (1.20) with the initial condition (1.21) has a unique solution z(t;µ), t ∈ I.

Let us prove that the mapping F k(z( · ;µ0); · ) : Λ0 → C(I,Rn) is continuous at the point µ = µ0

for an arbitrary k = 1, 2, . . . . Towards this end, it suffices to show that if the sequence µi =
(t0i, τ1i, . . . , τsi, x0i, φi, fi) ∈ A0, i = 1, 2, . . . , where fi = f0 + δfi, converges to µ0 =
(t00, τ10, . . . , τs0, x00, φ0, f0), i.e. if

lim
i→∞

(
|t0i − t00|+

s∑
j=1

|τji − τj0|+ |x0i − x00|+ ∥φi − φ0∥11 +H0(δfi;K1)
)
= 0,

then
lim
i→∞

F k(z( · ;µ0);µi) = F k(z( · ;µ0);µ0) = z( · ;µ0). (1.26)

We now prove the relation (1.26) by induction. Let k = 1, then we have

|ζi1(t)− z0(t)| ≤ |x0i − x00|

+

∣∣∣∣
t∫

t0i

gi(t0i, τ1i, . . . , τsi, φi, z0)(ξ) dξ −
t∫

t00

g0(t00, τ10, . . . , τs0, φ0, z0)(ξ) dξ

∣∣∣∣ ≤ αi
1 + αi

2(t), (1.27)
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where

ζi1(t) = ζ1(t; z0, µi), z0(t) = z0(t;µ0), gi = χfi = g0 + δgi, g0 = χf0, δgi = χδfi;

αi
1 = |x0i − x00|+

∣∣∣∣
t00∫

t0i

∣∣g0(t00, τ10, . . . , τs0, φ0, z0)(ξ)
∣∣ dξ∣∣∣∣,

αi
2(t) =

∣∣∣∣
t∫

t0i

[
gi(t0i, τ1i, . . . , τsi, φi, z0)(ξ)− g0(t00, τ10, . . . , τs0, φ0, z0)(ξ)

]
dξ

∣∣∣∣.
According to (1.3),

αi
1 ≤ |x0i − x00|+

∣∣∣∣
t00∫

t0i

mf0,K1(t) dt

∣∣∣∣,
therefore,

lim
i→∞

αi
1 = 0. (1.28)

After elementary transformation we obtain

αi
2(t) ≤

∣∣∣∣
t∫

t0i

[
g0(t0i, τ1i, . . . , τsi, φi, z0)(ξ)− g0(t00, τ10, . . . , τs0, φ0, z0)(ξ)

]
dξ

∣∣∣∣
+

∣∣∣∣
t∫

t0

[
δgi(t0i, τ1i, . . . , τsi, φi, z0)(ξ)− δgi(t0i, τ1i, . . . , τsi, φ0, z0)(ξ)

]
dξ

∣∣∣∣
+

∣∣∣∣
t∫

t0i

δgi(t0i, τ1i, . . . , τsi, φ0, z0)(ξ) dξ

∣∣∣∣
≤

s∑
j=1

(αi
2j + αi

3j) + αi
4(t), (1.29)

where

αi
2j =

∫
I

Lf0(ξ)
∣∣h(t0i, φi, z0)(ξ − τji)− h(t00, φ0, z0)(ξ − τj0)

∣∣ dξ,
αi
3j =

∫
I

Lδfi(ξ)
∣∣h(t0i, φi, z0)(ξ − τji)− h(t0i, φ0, z0)(ξ − τj0)

∣∣ dξ,
αi
4(t) =

∣∣∣∣
t∫

t0i

δgi(t0i, τ0i, . . . , τsi, φ0, z0)(ξ) dξ

∣∣∣∣, δgi = gi − g0.

We now estimate αi
2j , αi

3j and αi
4(t). We have

αi
2j ≤

∫
I

Lf0(ξ)
∣∣h(t0i, φi, z0)(ξ − τji)− h(t0i, φ0, z0)(ξ − τji)

∣∣ dξ
+

∫
I

Lf0(t)
∣∣h(t0i, φ0, z0)(ξ − τji)− h(t00, φ0, z0)(τj0(t))

∣∣ dξ
≤

∫
I

Lf0(ξ)
∣∣h(t0i, φi − φ0, 0)(ξ − τji)

∣∣ dξ
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+

∫
I

Lf0(ξ)
∣∣h(t0i, φ0, z0)(ξ − τji)− h(t00, φ0, z0)(ξ − τji)

∣∣ dξ
+

∫
I

Lf0(ξ)
∣∣h(t00, φ0, z0)(ξ − τji)− h(t00, φ0, z0)(ξ − τj0)

∣∣ dξ
≤ ∥φi − φ0∥I1

∫
I

Lf0(ξ) dξ + αi
21j + αi

22j .

Introduce the notation

ξ0ji = min{t00 + τji, t0i + τji}, ξ1ji = max{t00 + τji, t0i + τji}.

It is easy to see that

αi
21j =

ξ1ji∫
ξ0ji

Lf0(ξ)
∣∣h(t0i, φ0, z0)(ξ − τji)− h(t00, φ0, z0)(ξ − τji)

∣∣ dξ
and

lim
i→∞

(ξ1ji − ξ0ji) = 0.

Consequently, αi
21j → 0.

Introduce the notation

ν0ji = min{t00 + τji, t00 + τj0}, ν1ji = max{t00 + τji, t00 + τj0}.

For αi
22j , we have

αi
22j =

ν1ji∫
ν0ji

Lf0(ξ)
∣∣h(t00, φ0, z0)(ξ − τji)− h(t00, φ0, z0)(ξ − τj0)

∣∣ dξ.
Thus, αi

22j → 0. Consequently,
αi
2j → 0. (1.30)

Further,

αi
3j ≤

∫
I

Lδfi(ξ)
∣∣φi(ξ − τji)− φ0(ξ − τji)

∣∣ dξ ≤ ∥φi − φ0∥I1
∫
I

Lδfi(ξ) dξ −→ 0. (1.31)

We now estimate αi
4(t). The function φ0(ξ), ξ ∈ I1, is piecewise-continuous with a finite number

of discontinuity points of the first kind, i.e., there exist subintervals (θp, θp+1), p = 1,m, where the
function φ0(ξ) is continuous, with

θ1 = τ̂ , θm+1 = b, I1 =
m−1∪
p=1

[θp, θp+1) ∪ [θm, θm+1].

On the interval I1, we define the continuous functions zi(ξ), i = 1,m+ 1, as follows:

z1(ξ) = φ01(ξ), . . . , zm(ξ) = φ0m(ξ), zm+1(ξ) =

{
z0(a), ξ ∈ [τ̂ , a),

z0(ξ), ξ ∈ I,

where

φ0p(ξ) =


φ0(θp+), ξ ∈ [τ̂ , θp],

φ0(ξ), ξ ∈ (θp, θp+1),

φ0(θp+1−), ξ ∈ [θp+1, b],

p = 1,m.
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One can readily see that αi
4(t) satisfies the following estimation:

αi
4(t) ≤

m+1∑
m1=1

· · ·
m+1∑
ms=1

max
t′,t′′∈I

∣∣∣∣
t′′∫
t′

δgi
(
ξ, z0(ξ), zm1(ξ − τ1i), . . . , zms(ξ − τsi)

)
dξ

∣∣∣∣
≤

m+1∑
m1=1

· · ·
m+1∑
ms=1

max
t′,t′′∈I

∣∣∣∣
t′′∫
t′

δgi
(
ξ, z0(ξ), zm1

(ξ − τ10), . . . , zms
(ξ − τs0)

)
dξ

∣∣∣∣
+

m+1∑
m1=1

· · ·
m+1∑
ms=1

max
t′,t′′∈I

∣∣∣∣
t′′∫
t′

∣∣∣δgi(ξ, z0(ξ), zm1(ξ − τ1i), . . . , zms(ξ − τsi)
)

− δgi
(
ξ, z0(ξ), zm1(ξ − τ10), . . . , zms(ξ − τs0)

)∣∣∣ dξ∣∣∣∣
≤

m+1∑
m1=1

· · ·
m+1∑
ms=1

max
t′,t′′∈I

∣∣∣∣
t′′∫
t′

δgi
(
ξ, z0(ξ), zm1(ξ − τ10), . . . , zms(ξ − τs0)

)
dξ

∣∣∣∣
+

m+1∑
m1=1

· · ·
m+1∑
ms=1

∫
I

Lδfi,K1(ξ)
s∑

j=1

∣∣zmj (ξ − τji)− zmj (ξ − τj0)
∣∣ dξ

≤
m+1∑
m1=1

· · ·
m+1∑
ms=1

max
t′,t′′∈I

∣∣∣∣
t′′∫
t′

δgi
(
ξ, z0(ξ), zm1(ξ − τ10), . . . , zms(ξ − τs0)

)
dξ

∣∣∣∣
+

m+1∑
m1=1

· · ·
m+1∑
ms=1

s∑
j=1

max
ξ∈I

∣∣zmj (ξ − τji)− zmj (ξ − τj0)
∣∣ ∫
I

Lδgi,K1(ξ) dξ. (1.32)

Obviously,
H0(δgi;K1) = H0(χδfi;K1) ≤ H0(δfi;K1)

(see (1.1)). Since H0(δfi;K1) → 0, as i→ ∞, we have

lim
i→∞

H0(δgi,K1) = 0.

This allows us to use Lemma 1.5 which, in its turn, implies that

lim
i→∞

max
t′,t′′∈I

∣∣∣∣
t′′∫
t′

δgi
(
ξ, z0(ξ), zm1

(ξ − τ10), . . . , zms
(ξ − τs0)

)
dξ

∣∣∣∣ = 0 ∀mk ∈ {1,m+ 1}, k = 1, s.

Moreover, it is clear that
lim
i→∞

max
t∈I

∣∣zmj (τji(ξ))− zmj (τj0(ξ))
∣∣ = 0.

The right-hand side of the inequality (1.32) consists of finitely many summands and, therefore,

lim
i→∞

αi
4(t) = 0 (1.33)

uniformly in t ∈ I.
The conditions (1.30), (1.31) and (1.33) yield

lim
i→∞

αi
2(t) = 0 (1.34)

uniformly in t ∈ I (see (1.29)).
Taking into account (1.28) and (1.34), we see that (1.27) implies

∥ζi1 − z0∥I = 0.
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The relation (1.26) is proved for k = 1.
Let (1.26) hold for a certain k > 1; we will prove it for k + 1. Elementary transformations yield

|ζik+1(t)− z0(t)|

≤ |x0i − x00|+
∣∣∣∣

t∫
t0i

gi(t0i, τ1i, . . . , τsi, φi, ζ
i
k)(ξ) dξ −

t∫
t00

g0(t00, τ10, . . . , τs0, φ0, z0)(ξ) dξ

∣∣∣∣
≤ |x0i − x00|+

∣∣∣∣
t00∫

t0i

g0(t00, τ10, . . . , τs0, φ0, z0)(ξ) dξ

∣∣∣∣
+

∣∣∣∣
t∫

t0i

[
gi(t0i, τ1i, . . . , τsi, φi, z0)(ξ)− g0(t00, τ10, . . . , τs0, φ0, z0)(ξ)

]
dξ

∣∣∣∣
+

∣∣∣∣
t∫

t0i

∣∣∣gi(t0i, τ1i, . . . , τsi, φi, ζ
i
k)(ξ)− gi(t0i, τ1i, . . . , τsi, φi, z0)(ξ)

∣∣∣ dξ∣∣∣∣ = αi
1 + αi

2(t) + αi
4k.

The quantities αi
1 and αi

2(t) have been estimated previously, and it remains to estimate αi
4k. We have

αi
4k ≤

∫
I

Lfi(ξ)
[
ζik(ξ)− z0(ξ)|+

s∑
j=1

|h(t0i, 0, ζik − z0)(ξ − τji)|
]
dξ

≤ (s+ 1)∥ζik − z0∥I
∫
I

Lfi(ξ) dξ ≤ (s+ 1)α2∥ζik − z0∥I .

Since
lim
i→∞

∥ζik − z0∥I = 0,

it follows that
lim
i→∞

αi
4k = 0. (1.35)

According to (1.28), (1.34) and (1.35), we have

lim
i→∞

∥ζik+1 − z0∥I = 0.

The relation (1.26) is proved for every k = 1, 2, . . . .
Let the number δ1 > 0 be insomuch small that [r1−δ1, r2+δ1] ⊂ I and |z(t;µ0)−z(r1;µ0)| ≤ ε0/2

for t ∈ [r1 − δ1, r1] and |z(t;µ0)− z(r2;µ0)| ≤ ε0/2 for t ∈ [r2, r2 + δ1].
From the uniqueness of the solution z(t;µ0) we can conclude that z(t;µ0) = y0(t) for t ∈ [r1, r2].

Taking into account the above inequalities, we have(
z(t;µ0), h

(
t00, φ0, z( · ;µ0)

)
(t− τ10), . . . , h

(
t00, φ0, z( · ;µ0)

)
(t− τs0)

)
∈ Ks+1

(ε0
2

)
⊂ Q,

t ∈ [r1 − δ1, r2 + δ1].

Hence

χ
(
z0(t), h

(
t00, φ0, z( · ;µ0)

)
(t− τ10), . . . , h

(
t00, φ0, z( · ;µ0)

)
(t− τs0)

)
= 1, t ∈ [r1 − δ1, r2 + δ1],

and the function z(t;µ0) satisfies the equation

ẏ(t) = f0
(
t, z0(t), h(t00, φ, y)(t− τ10), . . . , h(t00, φ, y)(t− τs0)

)
, t ∈ [r1 − δ1, r2 + δ1],

and the initial condition
y(t00) = x00.
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Therefore,
y(t;µ0) = z(t;µ0), t ∈ [r1 − δ1, r2 + δ1].

According to the fixed point Theorem 1.1, for ε0/2 there exists a number δ0 ∈ (0, ε0) such that a
solution z(t;µ) satisfying the condition

|z(t;µ)− z(t;µ0)| ≤
ε0
2
, t ∈ I,

corresponds to each element µ ∈ V (µ0;K1, δ0, α).
Therefore, for t ∈ [r1 − δ1, r2 + δ1],

z(t;µ) ∈ K(ε0) ∀µ ∈ V (µ0;K1, δ0, α).

Taking into account that φ(t) ∈ K(ε0), we can see that for t ∈ [r1 − δ1, r2 + δ1],

χ
(
z(t;µ), h

(
t0, φ, z( · ;µ)

)
(t− τ1), . . . , h

(
t0, φ, z( · ;µ)

)
(t− τs)

)
= 1 ∀µ ∈ V (µ0;K1, δ0, α).

Hence the function z(t;µ) satisfies the equation (1.16) and the condition (1.17), i.e.,

y(t;µ) = z(t;µ) ∈ K1, t ∈ [r1 − δ1, r2 + δ1], µ ∈ V (µ0;K1, δ0, α). (1.36)

The first part of Theorem 1.7 is proved. By Theorem 1.1, for an arbitrary ε > 0, there exists a
number δ2 = δ2(ε) ∈ (0, δ0) such that for each µ ∈ V (µ0;K1, δ2, α),

|z(t;µ)− z(t;µ0)| ≤ ε, t ∈ I,

whence, using (1.36), we obtain (1.19).

Proof of Theorem 1.2. In Theorem 1.7, let r1 = t00 and r2 = t10. Obviously, the solution x0(t) =
x(t;µ0) on the interval [t00, t10] satisfies the following equation:

ẏ(t) = f0(t0, τ10, . . . , τs0, φ0, y)(t).

Therefore, in Theorem 1.7, in the capacity of the solution y0(t) = y(t;µ0) we can take the function
x0(t), t ∈ [t00, t10].

By Theorem 1.7, there exist the numbers δi > 0, i = 0, 1, and for an arbitrary ε > 0 there exists a
number δ2 = δ2(ε) ∈ (0, δ0] such that the solution y(t;µ), t ∈ [t00 − δ1, t10 + δ1], corresponds to each
µ ∈ V (µ0;K1, δ0, α). Moreover, the following conditions hold:

φ(t) ∈ K1, t ∈ I1; y(t;µ) ∈ K1,

|y(t : µ)− y(t;µ0)| ≤ ε, t ∈ [t00 − δ1, t10 + δ1],

µ ∈ V (µ0;K1, δ2, α).

(1.37)

For an arbitrary µ ∈ V (µ0;K1, δ0, α), the function

x(t;µ) =

{
φ(t), t ∈ [τ̂ , t0),

y(t;µ), t ∈ [t0, t1 + δ1],

is the solution corresponding to µ. Moreover, if t ∈ [θ, t10 + δ1], then x(t;µ0) = y(t;µ0) and x(t;µ) =
y(t;µ). Taking into account (1.37), we see that this implies 1.1 and 1.2. It is not difficult to note that
for an arbitrary µ ∈ V (µ0;K1, δ2, α), we have

t10+δ1∫
τ̂

|x(t;µ)−x(t;µ0)| dt=
θ0∫
τ̂

|φ(t)−φ0(t)| dt+
θ∫

θ0

|x(t;µ)−x(t;µ0)| dt+
t10+δ1∫
θ

|x(t;µ)−x(t;µ0)| dt

≤∥φ− φ0∥I1(b− τ̂) +N |t0 − t00|+ max
t∈[θ,t10+δ1]

|x(t;µ)− x(t;µ0|((b− τ̂),

where θ0 = min{t0, t00}, N = sup{|x′ − x′′| : x′, x′′ ∈ K1}.
By 1.1 and 1.2, this inequality implies 1.3.
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1.4 Proof of Theorem 1.4
To each element w ∈ Λ1 we put in correspondence the functional differential equation

ẏ(t) = ϕ(t0, φ, τ1, . . . , τs, y, u)(t) = ϕ
(
t, y(t), h(t0, φ, y)(t− τ1), . . . , h(t0, φ, y)(t− τs), u(t)

)
(1.38)

with the initial condition (1.17).

Theorem 1.8. Let y0(t) = y(t;w0), w0 = (t00, τ10, . . . , τs0, x00, φ0, u0) ∈ Λ1 be defined on [r1, r2] ⊂
(a, b) and let K1 ⊂ O be a compact set containing a certain neighborhood of the set clφ0(I1)∪y0([r1, r2]).
Then the following conditions hold:

1.16. There exist numbers δi > 0, i = 0, 1, such that to each element

w = (t0, τ1, . . . , τs, x0, φ, u) ∈ V̂ (w0; δ0)

= B(t00; δ0)× V (τ10; δ0)× · · · ×B(τs0; δ0)×B(x00; δ0)×B(φ0; δ0)× V2(u0; δ0)

there corresponds the solution y(t;w) defined on the interval [r1 − δ1, r2 + δ1] ⊂ I and satisfying
the condition y(t;w) ∈ K1.

1.17. For an arbitrary ε > 0, there exists a number δ2 = δ2(ε) ∈ (0, δ0) such that the inequality

|y(t;w)− y(t;w0)| ≤ ε ∀ t ∈ [r1 − δ1, r2 + δ1]

holds for any w ∈ V̂ (w0; δ2).

Proof. We rewrite the equation (1.38) in the form

ẏ(t) = ϕ0(t0, φ, τ1, . . . , τs, y)(t) + δϕu(t0, φ, τ1, . . . , τs, y)(t),

where

ϕ0(t, x, x1, . . . , xs) = ϕ(t, x, x1, . . . , xs, u0(t)) ∈ Ef ,

δϕu(t, x, x1, . . . , xs) = ϕ(t, x, x1, . . . , xs, u(t))− ϕ0(t, x, x1, . . . , xs) ∈ Ef .

Let δ̂0 > 0 be a number insomuch small that B(u0; δ̂0) ⊂ Ω. There exists a compact set Û ⊂ U0 such
that any function from the neighborhood B(u0; δ̂0) takes its values in Û .

Let K ⊂ O be a compact set. There exists a function LK(t) ∈ L1(I,R+) such that for almost all
t ∈ I, the inequality

∣∣ϕ(t, x′, x′1, . . . , x′′s , u′)− ϕ(t, x′′, x′1, . . . , x
′′
s , u

′′)
∣∣ ≤ LK(t)

[
|x′ − x′′|+

s∑
i=1

|x′i − x′′i |+ |u′ − u′′|
]

∀x′, x′′ ∈ K, ∀x′i, x′′i ∈ K, i = 1, s, ∀u′, u′′ ∈ Û

holds. Hence

|δϕu(t, x, x1, . . . , xs)| ≤ LK(t)|u(t)− u0(t)| ≤ δ̂0LK(t) ∀xi ∈ K, i = 1, s, ∀u ∈ B(u0; δ̂0),∣∣δϕu(t, x′, x′1, . . . , x′s)− δϕu(t, x
′′, x′′1 , . . . , x

′′
s )
∣∣ ≤ 2LK(t)

[
|x′ − x′′|+

s∑
i=1

|x′i − x′′i |
]

∀x′, x′′ ∈ K, ∀x′i, x′′i ∈ K, i = 1, s.

It is easy to see that the inclusions {δϕu(t, x, x1, . . . , xs) : u ∈ B(u0; δ)} ⊂ W (K;α) and
{δϕu(t, x, x1, . . . , xs) : u ∈ B(u0; δ)} ⊂ VK,δ̂1

hold for δ ∈ (0, δ̂0], where

α = (2 + δ̂0)

∫
I

LK(t) dt, δ̂1 = δ

∫
I

Lf (t) dt.

We can now apply Theorem 1.7 which, in its turn, proves Theorem 1.8.
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Proof of Theorem 1.4. In Theorem 1.8, let r1 = t00 and r2 = t10. Obviously, the solution x0(t) =
x(t;w0) satisfies on the interval [t00, t10] the following equation:

ẏ(t) = ϕ(t00, τ10, . . . , τs0, φ0, y, u0)(t).

Therefore, in Theorem 1.8, we can take the function x0(t), t ∈ [t00, t10] as the solution y0(t) = y(t;w0).
Then the proof of the theorem completely coincides with that of Theorem 1.2; for this purpose, it
suffices to replace everywhere the element µ by the element w and the set V (µ0;K1, δ0, α) by the set
V̂ (w0; δ0).

2 Variation formulas of solutions for equations with the
discontinuous initial condition

2.1 Auxiliary assertions
Consider the set of functions f = (f1, . . . , fn)⊤ : I × Os+1 → Rn satisfying the following con-
ditions: for almost all t ∈ I, the function f(t, · ) : Os+1 → Rn is continuously differentiable;
for every (x, x1, . . . , xs) ∈ Os+1, the functions f(t, x, x1, . . . , xs), fx(t, · ), fxi(t, · ), i = 1, s, where
x = (x1, . . . , xn)⊤, xi = (x1i , . . . , x

n
i )

⊤, are measurable on I; for any such function f and any compact
set K ⊂ O, there exists a function mf,K(t) ∈ L1(I,R+) such that for any (x, x1, . . . , xs) ∈ Ks+1 and
for almost all t ∈ I,

|f(t, x, x1, . . . , xs)|+ |fx(t, · )|+
s∑

i=1

|fxi(t, · )| ≤ mf,K(t).

The classes of such equivalent functions compose a vector space, which will be denoted by E(1)
f ; these

classes are also called the functions and they will likewise be denoted by f .

Lemma 2.1 ([6, p. 80]). Let K ⊂ O be a compact set and let f ∈ E
(1)
f . Then

sup
{
|f(t, x, x1, . . . , xs)|+ |fx(t, · )|+

s∑
i=1

|fxi(t, · )| : (x, x1, . . . , xs) ∈ Ks+1

}
∈ L1(I,R+).

Lemma 2.2. The inclusion
E

(1)
f ⊂ Ef (2.1)

holds.
Proof. Let f ∈ E

(1)
f and let K0 ⊂ O be an arbitrary compact set. To prove the inclusion (2.1), it

suffices to show that there exists a function Lf,K0(t) ∈ L1(I,R+) such that for almost all t ∈ I,∣∣f(t, x′, x′1, . . . , x′s)− f(t, x′′, x′′1 , . . . , x
′′
s )
∣∣ ≤ Lf,K0(t)

{
|x′ − x′′|+

s∑
i=1

|x′i − x′′i |
}

∀x′, x′′ ∈ K0, ∀x′i, x′′i ∈ K0, i = 1, s.

Introduce the function g = (g1, . . . , gn)⊤ = χf = (χf1, . . . , χfn)⊤ (see (1.1) and (1.2)). Clearly, for
(x, x1, . . . , xs) ̸∈ Ks+1

1 , we have

|gx(t, x, x1, . . . , xs)|+
s∑

i=1

|gxi
(t, · )| = 0, i = 1, s. (2.2)

Let (x, x1, . . . , xs) ∈ Ks+1
1 . It is not difficult to see that the relations

|gx| =
[ n∑
k,j=1

|gkxj |2
] 1

2 ≤
n∑

k,j=1

∣∣∣(χfk)xj

∣∣∣,
|gxi | =

[ n∑
k,j=1

|gk
xj
i

|2
] 1

2 ≤
n∑

k,j=1

∣∣∣(χfk)xj
i

∣∣∣,
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where
(χfk)xj =

∂

∂xj
(χfk),

are valid. We have

|(χfk)xj | ≤ |fk| |χ
xj |+ |fkxj | ≤ |f | |χ

xj |+ |fx| ≤ mf,K1(t)(α0 + 1),

|(χfk)xj
i
| ≤ |fk| |χ

x
j
i

|+ |fk
xj
i

| ≤ |f | |χ
x
j
i

|+ |fxi | ≤ mf,K1(t)(α0 + 1), i = 1, s,

where

α0 = sup
{
|χx(x, x1, . . . , xs)|+

s∑
i=1

|χxi
( · )| : (x, x1, . . . , xs) ∈ Rn × · · · × Rn

}
,

mf,K1(t) = sup
{
|f(t, x, x1, . . . , xs)|+ |fx(t, · )|+

s∑
i=1

fxi(t, · )| : (x, x1, . . . , xs) ∈ Ks+1
1

}
(see (2.1)). Thus, for ∀ (t, x, x1, . . . , xs) ∈ I ×Ks+1

1 , we get

|gx(t, x, x1, . . . , xs)|+
s∑

i=1

|gxi(t, · )| ≤ mg,K1(t), i = 1, s, (2.3)

where
mg,K1(t) = n2(s+ 1)(α0 + 1)mf,K1(t).

It is clear that (2.3) is valid for (t, x, x1, . . . , xs) ∈ I × Rn × · · · × Rn, as well (see (2.2)). Let
(x′, x′1, . . . , x

′
s) and (x′′, x′′1 , . . . , x

′′
s ) be arbitrary points in Ks+1

0 . Then (see (1.1)) we have∣∣f(t, x′, x′1, . . . , x′s)− f(t, x′′, x′′1 , . . . , x
′′
s )
∣∣ = ∣∣g(t, x′, x′1, . . . , x′s)− g(t, x′′, x′′1 , . . . , x

′′
s )
∣∣

≤
∣∣∣∣

1∫
0

d

dθ
g
(
t, x′′ + θ(x′ − x′′), x′′1 + θ(x′1 − x′′1), . . . , x

′′
s + θ(x′s − x′′s )

)
dθ

∣∣∣∣
≤

1∫
0

[∣∣gx(t, x′′ + θ(x′ − x′′), x′′1 + θ(x′1 − x′′1), . . . , x
′′
s + θ(x′s − x′′s )

)∣∣ |x′ − x′′|

+

s∑
i=1

∣∣gxi

(
t, x′′ + θ(x′ − x′′), x′′1 + θ(x′1 − x′′1), . . . , x

′′
s + θ(x′s − x′′s )

)∣∣ |xi′′ − x′′i |
]
dθ

≤ mg,K1(t)
[
|x′ − x′′|+

s∑
i=1

|xi′′ − x′′i |
]
.

Therefore, as Lf,K0(t) we can take mg,K1(t).

Consider now the linear delay functional differential equation

ẋ(t) = A(t)x(t) +
s∑

i=1

Ai(t)xi(t− τi) + f(t) (2.4)

with the discontinuous initial condition

x(t) = φ(t), t ∈ [τ̂ , t0), x(t0) = x0. (2.5)

Here, A(t), Ai(t), i = 1, s, are the integrable matrix functions of dimension n × n; t0 ∈ [a, b),
τi ∈ [θi1, θi2], i = 1, s, are fixed numbers; φ ∈ PC(I1,Rn) is a fixed initial function and x0 ∈ Rn is a
fixed initial vector.
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The equation (2.4) with the initial condition (2.5) has a unique solution x(t) defined on [τ̂ , b] (see
Definition 1.1).

For every t ∈ (a, b], on the interval [a, t], let us consider the following matrix functional differential
equation with the advanced arguments:

Yξ(ξ; t) = −Y (ξ; t)A(ξ)−
s∑

i=1

Y (ξ + τi; t)Ai(ξ + τi), ξ ∈ [a, t], (2.6)

with the initial condition
Y (t; t) = Υ, Y (ξ; t) = Θ, ξ ∈ (t, τ̂1], (2.7)

where Υ is the identity matrix and Θ is the zero matrix.
For every t ∈ (a, b], the equation (2.6) with the discontinuous initial condition (2.7) has a unique

solution Y (ξ; t) defined on [a, τ̂1] (see Definition 1.3).
Lemma 2.3 (Cauchy formula). The solution of the equation (2.4) with the initial condition (2.5) can
be represented on the interval [t0, b] by the following formula:

x(t) = Y (t0; t)x0 +
s∑

i=1

t0∫
t0−τi

Y (ξ + τi; t)Ai(ξ + τi)φ(ξ) dξ +

t∫
t0

Y (ξ; t)f(ξ) dξ, (2.8)

where Y (ξ; t) is a solution of the equation (2.6) with the initial condition (2.7).
Proof. On the interval [t0, t], where ξ ∈ (t0, b], consider the equation

ẋ(ξ) = A(ξ)x(ξ) +

s∑
i=1

Ai(ξ)xi(ξ − τi) + f(ξ) (2.9)

with the initial condition
x(ξ) = φ(ξ), ξ ∈ [τ̂ , t0), x(t0) = x0.

Multiplying the equation (2.9) by the matrix function Y (ξ; t) and integrating in ξ ∈ [t0, t], we obtain
t∫

t0

Y (ξ; t)ẋ(ξ) dξ =

t∫
t0

Y (ξ; t)
[
A(ξ)x(ξ) +

s∑
i=1

Ai(ξ)x(ξ − τi)
]
dξ +

t∫
t0

Y (ξ; t)f(ξ) dξ. (2.10)

The integration by pats on the left-hand side of (2.10) with regard for Y (t; t) = Υ yields
t∫

t0

Y (ξ; t)ẋ(ξ) dξ = x(t)− Y (t0; t)x0 −
t∫

t0

Yξ(ξ; t)x(ξ) dξ. (2.11)

Further,
t∫

t0

Y (ξ; t)Ai(ξ)x(ξ − τi) dξ =

t−τi∫
t0−τi

Y (ξ + τi; t)Ai(ξ + τi)x(ξ) dξ

=

t0∫
t0−τi

Y (ξ + τi; t)Ai(ξ + τi)φ(ξ) dξ +

t∫
t0

Y (ξ + τi; t)Ai(ξ + τi)x(ξ) dξ (2.12)

(see (2.7)). Taking into account (2.11) and (2.12), from (2.10) we find that

x(t) = Y (t0; t)x0 +
s∑

i=1

t0∫
t0−τi

Y (ξ + τi; t)Ai(ξ + τi)φ(ξ) dξ

+

t∫
t0

[
Yξ(ξ; t) +A(ξ)x(ξ) +

s∑
i=1

Y (ξ + τi; t)Ai(ξ + τ)
]
x(ξ) dξ +

t∫
t0

Y (ξ; t)f(ξ)dξ.

Y (ξ; t) satisfies the equation (2.6) and, therefore, the latter relation implies the formula (2.8).
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Lemma 2.4 (Gronwall–Bellman’s inequality). Let v(t) ≥ 0, t ∈ [t0, b], be a continuous scalar-valued
function, m(t) ∈ L1(I,R+), and let the inequality

v(t) ≤ c+

t∫
t0

m(ξ)v(ξ) dξ,

where c ≥ 0, hold. Then

v(t) ≤ c exp
( t∫

t0

m(ξ) dξ

)
, t ∈ [t0, b].

Lemma 2.5. Let t′ ∈ (a, b]. For an arbitrary ε > 0, there exists δ > 0 such that the inequality

|Y (ξ; t′)− Y (ξ; t′′)| ≤ ε ∀ ξ ∈ [a, t],

holds for arbitrary t′′ ∈ [t′ − δ, t′ + δ] ∩ I, where t = min{t′, t′′}.

Lemma 2.5 is a simple consequence of Theorem 1.6.

Lemma 2.6. The matrix function Y (ξ; t) is continuous on the set Π = {(ξ, t) : a < ξ < t, t ∈ (a, b)}.

Proof. Let (ξ, t) ∈ Π be a fixed point. There exists δ1 > 0 such that ξ + ∆ξ < min{t + ∆t, t} and
t+∆t < b for |∆ξ| ≤ δ1, |∆t| ≤ δ1, i.e., (ξ +∆ξ, t+∆t) ∈ Π.

Using Lemma 2.5, we see that for each ε > 0, there exists δ2 ∈ (0, δ1) such that for arbitrary ∆ξ
and ∆t satisfying the conditions |∆ξ| ≤ δ2 and |∆t| ≤ δ2, the inequality∣∣Y (ξ +∆ξ; t+∆t)− Y (ξ +∆ξ; t)

∣∣ ≤ ε

2

holds.
On the other hand, the function Y (ς; t) is continuous with respect to ς ∈ [a, t], i.e., there exists a

number δ3 ∈ (0, δ1) such that ∣∣Y (ξ +∆ξ; t)− Y (ξ; t)
∣∣ ≤ ε

2
, |∆ξ| ≤ δ3.

Hence, for |∆ξ| ≤ δ, |∆t| ≤ δ, δ = {δ2, δ3}, we have∣∣Y (ξ +∆ξ; t+∆t)− Y (ξ; t)
∣∣

≤
∣∣Y (ξ +∆ξ; t+∆t)− Y (ξ +∆ξ; t)

∣∣+ ∣∣Y (ξ +∆ξ; t)− Y (ξ; t)
∣∣ ≤ ε.

2.2 Formulation of main results
To each element

µ = (t0, τ1, . . . , τs, x0, φ, f) ∈ Λ(1) = [a, b)× [θ11, θ12]× · · · × [θs1, θs2]×O × Φ× E
(1)
f

we assign the delay functional differential equation

ẋ(t) = f
(
t, x(t), x(t− τ1), . . . , x(t− τs)

)
(2.13)

with the discontinuous initial condition

x(t) = φ(t), t ∈ [τ̂ , t0), x(t0) = x0. (2.14)

Definition 2.1. Let µ = (t0, τ1, . . . , τs, x0, φ, f) ∈ Λ(1). A function x(t) = x(t;µ) ∈ O, t ∈ [τ̂ , t1],
t1 ∈ (t0, b], is called a solution of the equation (2.13) with the initial condition (2.14), or a solution
corresponding to the element µ and defined on the interval [τ̂ , t1], if it satisfies the condition (2.14)
and is absolutely continuous on the interval [t0, t1] and satisfies the equation (2.13) a.e. on [t0, t1].
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Let x0(t) be the solution corresponding to the element µ0 = (t00, τ10, . . . , τs0, x0, φ0, f0) ∈ Λ(1) and
defined on the interval [τ̂ , t10], where t00, t10 ∈ (a, b), t00 < t10 and τi0 ∈ (θ1i, θ2i), i = 1, s.

In the space E(1)
δµ = E

(1)
µ − µ0 with the elements δµ = (δt0, δτ1, . . . , δτs, δx0, δφ, δf), where E(1)

µ =

R× R× · · · × R× Rn × PC(I1,Rn)× E
(1)
f , we introduce the set of variations

ℑ(1) =

{
δµ = (δt0, δτ1, . . . , δτs, δx0, δφ, δf) ∈ E

(1)
δµ : |δt0| ≤ γ, |δτi| ≤ γ, i = 1, s,

|δx0| ≤ γ, ∥δφ∥I ≤ γ, δf =

k∑
i=1

λiδfi, |λi| ≤ γ, i = 1, k

}
,

where γ > 0 is a fixed number and δfi ∈ Ef − f0, i = 1, k, are fixed functions.
There exist numbers δ1 > 0 and ε1 > 0 such that for arbitrary (ε, δµ) ∈ (0, ε1) × ℑ(1), to the

element µ0+ εδµ there corresponds the solution x(t;µ0+ εδµ) defined on the interval [τ̂ , t10+ δ1] ⊂ I1
(see Lemma 2.8).

Due to the uniqueness, the solution x(t;µ0) is a continuation of the solution x0(t) on the interval
[τ̂ , t10 + δ1]. Therefore, in the sequel, the solution x0(t) is assumed to be defined on the interval
[τ̂ , t10 + δ1].

Let us define the increment of the solution x0(t) = x(t;µ0):

∆x(t) = ∆x(t; εδµ) = x(t;µ0 + εδµ)− x0(t) ∀ (t, ε, δµ) ∈ [τ̂ , t10 + δ1]× (0, ε1)×ℑ(1). (2.15)

Theorem 2.1. Let the following conditions hold:

2.1. τs0 > · · · > τ10 and t00 + τs0 < t10;

2.2. the function φ0(t) is absolutely continuous and φ̇0(t) is bounded;

2.3. the function f0(w), w = (t, x, x1, . . . , xs) ∈ I ×Os+1, is bounded;

2.4. there exists the finite limit

lim
w→w0

f0(w) = f−0 , w ∈ (a, t00]×Os+1,

where w0 = (t00, x00, φ0(t00 − τ10), . . . , φ0(t00 − τs0));

2.5. there exist the finite limits

lim
(w1i,w2i)→(w0

1i,w
0
2i)
[f0(w1i)− f0(w2i)] = f0i,

where w1i, w2i ∈ (a, b)×Os+1, i = 1, s,

w0
1i =

(
t00 + τi0, x0(t00 + τi0), x0(t00 + τi0 − τ10), . . . , x0(t00 + τi0 − τi−10),

x00, x0(t00 + τi0 − τi+10), . . . , x0(t00 + τi0 − τs0)
)
,

w0
2i =

(
t00 + τi0, x0(t00 + τi0), x0(t00 + τi0 − τ10), . . . , x0(t00 + τi0 − τi−10),

φ0(t00), x0(t00 + τi0 − τi+10), . . . , x0(t00 + τi0 − τs0)
)
.

Then there exist numbers ε2 ∈ (0, ε1) and δ2 ∈ (0, δ1), with t10− δ2 > t00+ τs0, such that for arbitrary
(t, ε, δµ) ∈ [t10 − δ2, t10 + δ2]× (0, ε2)×ℑ(1)

− , where ℑ(1)
− = {δµ ∈ ℑ(1) : δt0 ≤ 0}, we have

∆x(t; εδµ) = εδx(t; δµ) + o(t; εδµ). (2.16)

Here
δx(t; δµ) = −Y (t00; t)f

−
0 δt0 + β(t; δµ) (2.17)
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and

β(t; δµ) = Y (t00; t)δx0 −
[ s∑

i=1

Y (t00 + τi0; t)f0i

]
δt0

−
s∑

i=1

[
Y (t00 + τi0; t)f0i +

t∫
t00

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ

]
δτi

+
s∑

i=1

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ +

t∫
t00

Y (ξ; t)δf [ξ] dξ,

where it is assumed that
t∫

t00

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ =

t00+τi0∫
t00

Y (ξ; t)f0xi [ξ]φ̇0(ξ − τi0) dξ +

t∫
t00+τi0

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ.

Next, Y (ξ; t) is the n× n-matrix function satisfying the equation

Yξ(ξ; t) = −Y (ξ; t)f0x[ξ]−
s∑

i=1

Y (ξ + τi0; t)f0xi [ξ + τi0], ξ ∈ [t00, t], (2.18)

and the condition

Y (t; t) = Υ, Y (ξ; t) = Θ, ξ > t; (2.19)

where

f0xi [ξ] = f0xi

(
ξ, x0(ξ), x0(ξ − τ10), . . . , x0(ξ − τs0)

)
,

δf [ξ] = δf
(
ξ, x0(ξ), x0(ξ − τ10), . . . , x0(ξ − τs0)

)
.

Some comments. The expression (2.17) is called the variation formula of the solution.
The addend

−
[
Y (t00; t)f

−
0 +

s∑
i=1

Y (t00 + τi0; t)f0i

]
δt0

in the formula (2.17) is the effect of the discontinuous initial condition (2.14) and perturbation of the
initial moment t00.

The addend

−
s∑

i=1

[
Y (t00 + τi0; t)f0i +

t∫
t00

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ

]
δτi

in the formula (2.17) is the effect of perturbations of the delays τi0, i = 1, s. The expression

Y (t00; t)δx0 +
s∑

i=1

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ

in the formula (2.17) is the effect of perturbations of the initial vector x00 and the initial function
φ0(t).

The addend
t∫

t00

Y (ξ; t)δf [ξ] dξ
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in the formula (2.17) is the effect of perturbation of the right-hand side of the equation

ẋ(t) = f0
(
t, x(t), x(t− τ10), . . . , x(t− τs0)

)
.

Next, it is clear that

δx(t; δµ) = δx0(t; δµ)−
s∑

i=1

δxi(t; δµ), t ∈ [t10 − δ2, t10 + δ2],

where

δx0(t; δµ) = Y (t00; t)[δx0 − f−0 δt0] +

s∑
i=1

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ

+

t∫
t00

Y (ξ; t)
[
−

s∑
i=1

f0xi [ξ]ẋ0(ξ − τi0)δτi + δf [ξ]
]
dξ,

δxi(t; δµ) = Y (t00 + τi0; t)f0i(δt0 + δτi).

On the basis of the Cauchy formula (see Lemma 2.3), the function

δx0(t) =

{
δφ(t), t ∈ [τ̂ , t00),

δx0(t, δµ), t ∈ [t00, t10 + δ2],

is a solution of the equation

δ̇x(t) = f0x[t]δx(t) +
s∑

i=1

f0xi [t]δx(t− τi)−
s∑

i=1

f0xi [ξ]ẋ0(ξ − τi0)δτi + δf [ξ]

with the initial condition

δx(t) = δφ(t), t ∈ [τ̂ , t00), δx(t00) = δx0 − f0[t]δt0,

and the function

δxi(t) =

{
0, t ∈ [τ̂ , t00 + τi0),

Y (t00 + τi0; t)f0i(δt0 + δτi), t ∈ [t00 + τi0, t10 + δ2],

is a solution of the equation

δ̇x(t) = f0x[t]δx(t) +

s∑
i=1

f0xi [t]δx(t− τi)

with the initial condition

δx(t) = 0, t ∈ [τ̂ , t00 + τi0), δx(t00 + τi0) = f0i(δt0 + δτi).

Theorem 2.2. Let the conditions 2.1–2.3 and 2.5 of Theorem 2.1 hold. Moreover, there exists the
finite limit

lim
w→w0

f0(w) = f+0 , w ∈ [t00, b)×Os+1. (2.20)

Then there exist numbers ε2 ∈ (0, ε1) and δ2 ∈ (0, δ1), with t10 − δ2 > t00 + τs0 such that for arbitrary
(t, ε, δµ) ∈ [t10 − δ2, t10 + δ2]× (0, ε2)× ℑ(1)

+ , where ℑ(1)
+ = {δµ ∈ ℑ(1) : δt0 ≥ 0}, the formula (2.16)

holds. Here,
δx(t; δµ) = −Y (t00; t)f

+
0 δt0 + β(t; δµ).
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Theorem 2.3. Let the conditions 2.1–2.5 of Theorem 2.1 and the condition (2.20) hold. Moreover,
f−0 = f+0 := f̂0. Then there exist numbers ε2 ∈ (0, ε1) and δ2 ∈ (0, δ1), with t10 − δ2 > t00 + τs0, such
that for arbitrary (t, ε, δµ) ∈ [t10 − δ2, t10 + δ2]× (0, ε2)×ℑ(1), the formula (2.16) holds, where

δx(t; δµ) = −Y (t00; t)f̂0δt0 + β(t; δµ).

Theorem 2.3 is a corollary to Theorems 2.1 and 2.2.

Theorem 2.4. Let the conditions 2.1–2.4 of Theorem 2.1 hold. Moreover, there exist the finite limits

lim
(w1i,w2i)→(w0

1i,w
0
2i)

[
f0(w1i)− f0(w2i)

]
= f−0i , w1i, w2i ∈ (a, t00 + τi0]×Os+1, i = 1, s,

Then there exist numbers ε2 ∈ (0, ε1) and δ2 ∈ (0, δ1), with t10− δ2 > t00+ τs0, such that for arbitrary
(t, ε, δµ) ∈ [t10 − δ2, t10 + δ2]× (0, ε2)× ℑ(1)

−−, where ℑ(1)
−− = {δµ ∈ ℑ(1) : δt0 ≤ 0, δτi ≤ 0, i = 1, s},

the formula (2.16) holds. Here

δx(t; δµ) = −
[
Y (t00; t)f

−
0 +

s∑
i=1

Y (t00 + τi0; t)f
−
0i

]
δt0 −

s∑
i=1

[
Y (t00 + τi0; t)f

−
0i

]
δτi + β1(t; δµ),

where

β1(t; δµ) = Y (t00; t)δx0 −
s∑

i=1

[ t∫
t00

Y (ξ; t)f0xi
[ξ]ẋ0(ξ − τi0) dξ

]
δτi

+

s∑
i=1

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ +

t∫
t00

Y (ξ; t)δf [ξ] dξ.

Theorem 2.4 can be proved by analogy to Theorem 2.1.

Theorem 2.5. Let the conditions 2.1–2.3 of Theorem 2.1 and the condition (2.20) hold. Moreover,
there exist the finite limits

lim
(w1i,w2i)→(w0

1i,w
0
2i)

[
f0(w1i)− f0(w2i)

]
= f+0i , w1i, w2i ∈ [t00 + τi0, b)×Os+1, i = 1, s,

Then there exist the numbers ε2 ∈ (0, ε1) and δ2 ∈ (0, δ1), with t10−δ2 > t00+τs0, such that for arbitrary
(t, ε, δµ) ∈ [t10 − δ2, t10 + δ2]× (0, ε2)× ℑ(1)

++, where ℑ(1)
++ = {δµ ∈ ℑ(1) : δt0 ≥ 0, δτi ≥ 0, i = 1, s},

the formula (2.16) holds. Here

δx(t; δµ) = −
[
Y (t00; t)f

+
0 +

s∑
i=1

Y (t00 + τi0; t)f
+
0i

]
δt0 −

s∑
i=1

[
Y (t00 + τi0; t)f

+
0i

]
δτi + β1(t; δµ).

Theorem 2.5 can be proved by analogy to Theorem 2.2.

2.3 Lemma on estimation of the increment of a solution with respect
to the variation set ℑ(1)

−

To each element µ = (t0, τ1, . . . , τs, x0, φ, f) ∈ Λ(1), we assign the functional differential equation

ẏ(t) = f(t0, τ1, . . . , τs, φ, y)(t) (2.21)

with the initial condition
y(t0) = x0 (2.22)

(see (1.16)).
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Definition 2.2. Let µ = (t0, τ1, . . . , τs, x0, φ, f) ∈ Λ(1). An absolutely continuous function y(t) =
y(t;µ) ∈ O, t ∈ [r1, r2] ⊂ I, is called a solution of the equation (2.21) with the initial condition
(2.22), or a solution corresponding to the element µ and defined on the interval [r1, r2], if t0 ∈ [r1, r2],
y(t0) = x0, and the function y(t) satisfies the equation (2.21) a.e. on [r1, r2].

Remark 2.1. Let y(t;µ), t ∈ [r1, r2], be a solution corresponding to the element µ = (t0, τ1, . . . , τs,
x0, φ, f) ∈ Λ(1). Then the function

x(t;µ) = h(t0, φ, y( · ;µ))(t), t ∈ [τ̂ , r2], (2.23)

is a solution of the equation (2.13) with the initial condition (2.14) (see Definition 2.1 and (1.18)).

Lemma 2.7. Let y0(t) be a solution corresponding to the element µ0 = (t00, τ10, . . . , τs0, x0, φ0, f0) ∈
Λ(1) and defined on [r1, r2] ⊂ (a, b); let t00 ∈ [r1, r2), τi0 ∈ (θi1, θi2), i = 1, s, and let K1 ⊂ O be
a compact set containing a neighborhood of the set φ0(I1) ∪ y0([r1, r2]). Then there exist numbers
ε1 > 0 and δ1 > 0 such that for any (ε, δµ) ∈ (0, ε1)×ℑ(1), we have µ0 + εδµ ∈ Λ(1). In addition, to
this element there corresponds a solution y(t;µ0 + εδµ) defined on the interval [r1 − δ1, r2 + δ1] ⊂ I.
Moreover, {

φ(t) := φ0(t) + εδφ(t) ∈ K1, t ∈ I1,

y(t;µ0 + εδµ) ∈ K1, t ∈ [r1 − δ1, r2 + δ1],
(2.24)

and
lim
ε→0

y(t;µ0 + εδµ) = y(t;µ0)

uniformly for (t, δµ) ∈ [r1 − δ1, r2 + δ1]×ℑ(1).

This lemma is a consequence of Theorem 1.7.

Lemma 2.8. Let x0(t) be a solution corresponding to the element µ0 = (t00, τ10, . . . , τs0, x0, φ0, f0) ∈
Λ(1) and defined on [τ̂ , t10] (see Definition 1.1), let t00, t10 ∈ (a, b), τi0 ∈ (θi1, θi2), i = 1, s, and let
K1 ⊂ O be a compact set containing a neighborhood of the set φ0(I1) ∪ x0([t00, t10]). Then there
exist numbers ε1 > 0 and δ1 > 0 such that for any (ε, δµ) ∈ (0, ε1) × ℑ(1), we have µ0 + εδµ ∈
Λ(1). In addition, to this element there corresponds a solution x(t;µ0 + εδµ) defined on the interval
[τ̂ , t10 + δ1] ⊂ I1. Moreover,

x(t;µ0 + εδµ) ∈ K1, t ∈ [τ̂ , t10 + δ1]. (2.25)

It is easy to see that if in Lemma 2.7 one puts r1 = t00, r2 = t10, then x0(t) = y0(t), t ∈ [t00, t10],
and

x(t;µ0 + εδµ) = h
(
t0, φ, y( · ;µ0 + εδµ)

)
(t), (t, ε, δµ) ∈ [τ̂ , t10 + δ1]× (0, ε1)×ℑ(1)

(see (2.23)). Thus, Lemma 2.8 is a simple corollary of Lemma 2.6 (see (2.24)).
Due to the uniqueness, the solution y(t;µ0) on the interval [r1 − δ1, r2 + δ1] is a continuation

of the solution y0(t). Therefore, we can assume that the solution y0(t) is defined on the interval
[r1 − δ1, r2 + δ1].

Lemma 2.7 allows one to define the increment of the solution y0(t) = y(t;µ0):

∆y(t) = ∆y(t; εδµ) = y(t;µ0 + εδµ)− y(t;µ0)

= y(t)− y0(t) ∀ (t, ε, δµ) ∈ [r1 − δ1, r2 + δ1]× (0, ε1)×ℑ(1). (2.26)

Obviously,
lim
ε→0

∆y(t; εδµ) = 0 (2.27)

uniformly with respect to (t, δµ) ∈ [r1 − δ1, r2 + δ1]×ℑ(1) (see Lemma 2.7).
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Lemma 2.9. Let τs0 > · · · > τ10 and t00+ τs0 ≤ r2. Moreover, the conditions 2.2–2.4 of Theorem 2.1
hold. Then there exists a number ε2 ∈ (0, ε1) such that

max
t∈[t00,r2+δ1]

|∆y(t)| ≤ O(εδµ) (2.28)

for arbitrary (ε, δµ) ∈ (0, ε2)×ℑ(1)
− . Moreover,

∆y(t00) = ε[δx0 − f−0 δt0] + o(εδµ). (2.29)

Proof. Let ε2 ∈ (0, ε1) be insomuch small that for arbitrary (ε, δµ) ∈ (0, ε2)×ℑ(1)
− the inequalities

t0 + τi > t00, i = 1, s, (2.30)

hold, where t0 = t00 + εδt0, τi = τi0 + εδτi. On the interval [t00, r2 + δ1], the function ∆y(t) =
y(t)− y0(t), where y(t) = y(t;µ0 + εδµ), satisfies the equation

∆̇y(t) = a(t; εδµ) + εb(t; εδµ), (2.31)

where
a(t; εδµ) = f0(t0, τ1, . . . , τs, φ, y0 +∆y)(t)− f0(t00, τ10, . . . , τs0, φ0, y0)(t),

b(t; εδµ) = δf(t0, τ1, . . . , τs, φ, y0 +∆y)(t).
(2.32)

We rewrite the equation (2.31) in the integral form

∆y(t) = ∆y(t00) +

t∫
t00

[
a(ξ; εδµ) + εb(ξ; εδµ)

]
dξ.

Hence it follows that

|∆y(t)| ≤ |∆y(t00)|+ a1(t; t00, εδµ) + εb1(t00; εδµ), (2.33)

where

a1(t; t00, εδµ) =

t∫
t00

|a(ξ; εδµ)| dξ, b1(t00; εδµ) =

r2+δ1∫
t00

|b(ξ; εδµ)| dξ.

Let us prove the formula (2.29). We have

∆y(t00) = y(t00;µ0 + εδµ)− y0(t00)

= x00 + εδx0 +

t00∫
t0

[
f0(t, y0(t) + ∆y(t), φ(t− τ1), . . . , φ(t− τs)) + εb(t; εδµ)

]
dt− x00 (2.34)

(see (2.30)). It is clear that if t ∈ [t0, t00], then

lim
ε→0

(
t, y0(t) + ∆y(t), φ(t− τ1), . . . , φ(t− τs)

)
= lim

t→t00−

(
t, y0(t), φ0(t− τ10), . . . , φ0(t− τs0)

)
= w0

(see (2.27)). Consequently,

lim
ε→0

sup
t∈[t0,t00]

∣∣f0(t, y0(t) + ∆y(t), φ(t− τ1), . . . , φ(t− τs))− f−0
∣∣ = 0.

This relation implies that

t00∫
t0

f0
(
t, y0(t) + ∆y(t), φ(t− τ1), . . . , φ(t− τs)

)
dt

= −εf−0 δt0 +
t00∫
t0

[
f0(t, y0(t) + ∆y(t), φ(t− τ1), . . . , φ(t− τs))− f−0

]
dt = −εf−0 δt0 + o(εδµ). (2.35)
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Further, we have
t00∫
t0

|b(t; εδµ)| dt ≤
t00∫
t0

k∑
i=1

|λi|
∣∣δfi(t0, τ1, . . . , τs, φ, y0 +∆y)(t)

∣∣ dt ≤ γ
k∑

i=1

t00∫
t0

mδfi,K1(t) dt. (2.36)

From (2.34), by virtue of (2.35), (2.36), we obtain (2.29).
Let us now prove the inequality (2.28). Let

ρi,1 = min{t0 + τi, t00 + τi0}, ρi,2 = max{t00 + τi, t00 + τi0}, i = 1, s.

It is easy to see that
ρi,2 ≥ ρi,1 > t00 and ρi,2 − ρi,1 = O(εδµ).

Let ε2 be insomuch small that for arbitrary (ε, δµ) ∈ (0, ε2)×ℑ(1)
− the inequalities

ρi,1 < ρi+1,1, i = 1, s− 1, ρs,2 < r2 + δ1

hold. Now we estimate a1(t; t00, εδµ), t ∈ [t00, r2 + δ1]. Let t ∈ [t00, ρ1,1]. Obviously,

a1(t; t00, εδµ) ≤
t∫

t00

Lf0,K1(ξ)|∆y(ξ)| dξ +
s∑

i=1

a2i(t; t00, εδµ), (2.37)

where

a2i(t; t00, εδµ) =

t∫
t00

Lf0,K1(ξ)
∣∣h(t0, φ, y0 +∆y)(ξ − τi)− h(t00, φ0, y0)(ξ − τi0)

∣∣ dξ
(see Lemma 2.2). It is clear that if t ∈ [t00, ρ11), then for ξ ∈ [t00, t] and any i = 1, s, we have
ξ − τi < t0 and ξ − τi0 < t00, therefore,

a2i(t; t00, εδµ) =

t∫
t00

Lf0,K1(ξ)
∣∣φ(ξ − τi)− φ0(ξ − τi0)

∣∣ dξ
≤ O(εδµ) +

b∫
t00

Lf0,K1(ξ)
∣∣φ0(ξ − τi)− φ0(ξ − τi0)

∣∣ dξ, i = 1, s.

The boundedness of the function φ̇0(t), t ∈ I1, yields

|φ0(ξ − τi)− φ0(ξ − τi0)| =
∣∣∣∣

ξ−τi∫
ξ−τi0

φ̇0(t) dt

∣∣∣∣ = O(εδµ).

Thus, for t ∈ [t00, ρ1,1], we have

a2i(t; t00, εδµ) ≤ O(εδµ), i = 1, s.

Consequently, for t ∈ [t00, ρ1,1], we get

a1(t; t00, εδµ) ≤ O(εδµ) +

t∫
t00

Lf0,K1(ξ)|∆y(ξ)| dξ. (2.38)

Let t ∈ [ρ1,1, ρ1,2]. Then

a1(t; t00, εδµ) = a1(ρ1,1; t00, εδµ) + a1(t; ρ1,1, εδµ).
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By the condition of Theorem 2.1, the function |a(ξ; εδµ)|, ξ ∈ [t00, r2 + δ1], is bounded, i.e.,∣∣a1(t; ρ1,1, εδµ)∣∣ ≤ O(εδµ), t ∈ [ρ1,1, ρ1,2].

Therefore, for t ∈ [ρ1,1, ρ1,2], we have

a1(t; t00, εδµ) ≤ a1(ρ1,1; t00, εδµ) +O(εδµ)

≤ O(εδµ) +

ρ1,1∫
t00

Lf0,K1(ξ)|∆y(ξ)| dξ ≤ O(εδµ) +

t∫
t00

Lf0,K1(ξ)|∆y(ξ)| dξ.

Thus on the interval [t00, ρ1,2], the formula (2.38) is valid.
Let t ∈ [ρ1,2, ρ2,1], then t − τ1 > t0, t − τ10 > t00 and t − τi < t0, t − τi0 < t00, i = 2, s. For this

case we have

a1(t; t00, εδµ) = a1(ρ1,2; t00, εδµ) + a1(t; ρ1,2, εδµ)

≤ O(εδµ) +

ρ1,2∫
t00

Lf0,K1(ξ)|∆y(ξ)| dξ +
t∫

ρ1,2

Lf0,K1(ξ)|∆y(ξ)| dξ +
t∫

ρ1,2

Lf0,K1(ξ)|∆y(ξ − τ1)| dξ

+

t∫
ρ1,2

Lf0,K1(ξ)
∣∣y0(ξ − τ1)− y0(ξ − τ10)

∣∣ dξ + s∑
i=2

a2i(t; ρ12, εδµ)

(see (2.37)). It is clear that

∣∣y0(ξ − τ1)− y0(ξ − τ10)
∣∣ ≤ ∣∣∣∣

ξ−τ10∫
ξ−τ1

∣∣f0(t00, τ10, . . . , τs0, y0)(t)∣∣ dt∣∣∣∣ ≤ O(εδµ)

and

a2i(t; ρ1,2, εδµ =

t∫
ρ1,2

Lf0,K1(ξ)
∣∣φ(ξ − τi)− φ0(ξ − τi0)

∣∣ dξ
≤ O(εδµ) +

b∫
t00

Lf0,K1(ξ)
∣∣φ0(ξ − τi)− φ0(ξ − τi0)

∣∣ dξ ≤ O(εδµ), i = 2, s.

Thus, for t ∈ [t00, ρ2,1],

a1(t; t00, εδµ) ≤ O(εδµ) +

t∫
t00

Lf0,K1(ξ)|∆y(ξ)| dξ +
t−τ1∫

ρ1,2−τ1

Lf0,K1(ξ + τ1)|∆y(ξ)| dξ

≤ O(εδµ) +

t∫
t00

[
Lf0,K1(ξ) + χ1(ξ + τ1)Lf0,K1(ξ + τ1)

]
|∆y(ξ)| dξ, ρ1,2 − τ1 ≥ t00,

where χ1(ξ) is the characteristic function of the interval I. Continuing this process for t ∈ [t00, ρs,2],
we can prove that

a1(t; t00, εδµ) ≤ O(εδµ) +

t∫
t00

[
Lf0,K1(ξ) +

s−1∑
i=1

(s− i)χ1(ξ + τi)Lf0,K1(ξ + τi)
]
|∆y(ξ)| dξ. (2.39)
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Let t ∈ [ρs,2, r2 + δ1], then

a1(t; t00, εδµ) = a1(ρs,2; t00, εδµ) + a1(t; ρs,2, εδµ)

≤ O(εδµ) +

ρs,2∫
t00

[
Lf0,K1(ξ) +

s−1∑
i=1

(s− i)χ1(ξ + τi)Lf0,K1(ξ + τi)
]
|∆y(ξ)| dξ

+

t∫
ρs,2

Lf0,K1
(ξ)

[
|∆y(ξ)|+

s∑
i=1

∣∣y0(ξ − τi)− y0(ξ − τi0)
∣∣+ s∑

i=1

|∆y(ξ − τi)| dξ
]

≤ O(εδµ) +

t∫
t00

Lf0,K1(ξ)|∆y(ξ)| dξ +
t∫

t00

[ s−1∑
i=1

(s−i)χ1(ξ+τi)Lf0,K1(ξ+τi)
]
|∆y(ξ)| dξ

+

s∑
i=1

t−τi∫
ρs,2−τi

χ1(ξ + τi)Lf0,K1(ξ + τi)|∆y(ξ)| dξ

≤ O(εδµ) +

t∫
t00

[
Lf0,K1(ξ) +

s∑
i=1

(s− i+ 1)χ1(ξ + τi)Lf0,K1(ξ + τi)
]
|∆y(ξ)| dξ.

Consequently, for t ∈ [t00, r2 + δ1], we have

a1(t; t00, εδµ) ≤ O(εδµ) +

t∫
t00

[
Lf0,K1(ξ) +

s∑
i=1

(s− i+ 1)χ1(ξ + τi)Lf0,K1(ξ + τi)
]
|∆y(ξ)| dξ (2.40)

(see (2.39)). Obviously,

b1(t00, εδµ) ≤ γ

r2+δ1∫
t00

k∑
i=1

∣∣δfi(t0, τ1, . . . , τs, y0 +∆y)(t)
∣∣ dt ≤ γ

k∑
i=1

∫
I

mδfi,K1(t) dt. (2.41)

According to (2.29), (2.40) and (2.41), the inequality (2.33) directly implies

|∆y(t)| ≤ O(εδµ)

+

t∫
t00

[
Lf0,K1(ξ) +

s∑
i=1

(s− i+ 1)χ1(ξ + τi)Lf0,K1(ξ + τi)
]
|∆y(ξ)| dξ, t ∈ [t00, r2 + δ1].

By the Gronwall–Bellman inequality, from the above we obtain (2.28).

2.4 Proof of Theorem 2.1
Let r1 = t00 and r2 = t10 in Lemma 2.8, then

x0(t) =

{
φ0(t), t ∈ [τ̂ , t00),

y0(t), t ∈ [t00, t10],

and for arbitrary (ε, δµ) ∈ (0, ε1)×ℑ(1)
− ,

x(t;µ0 + εδµ) =

{
φ(t) := φ0(t) + εδφ(t), t ∈ [τ̂ , t0),

y(t;µ0 + εδµ), t ∈ [t0, t10 + δ1]
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(see (2.23)). Note that δµ ∈ ℑ(1)
− , i.e., t0 < t00, therefore we have

∆x(t) =


εδφ(t) for t ∈ [τ̂ , t0),

y(t;µ0 + εδµ)− φ0(t) for t ∈ [t0, t00),

∆y(t) for t ∈ [t00, t10 + δ1]

(see (2.15) and (2.26)). By Lemma 2.9, we have

|∆x(t)| ≤ O(εδµ) ∀ (t, ε, δµ) ∈ [t00, t10 + δ1]× (0, ε2)×ℑ(1)
− , (2.42)

∆x(t00) = ε[δx0 − f−0 δt0] + o(εδµ). (2.43)

The function ∆x(t) satisfies the equation

∆̇x(t) = f0[t, x0 +∆x] + εδf [t, x0 +∆x]− f0[t]

= f0x[t]∆x(t) +
s∑

i=1

f0xi [t]∆x(t− τi0) + εδf [t] +
2∑

i=1

ϑi(t; εδµ) (2.44)

on the interval [t00, t10 + δ1], where

f0[t, x0 +∆x] = f0

(
t, x0(t) + ∆x(t), x0(t− τ1) + ∆x(t− τ1), . . . , x0(t− τs) + ∆x(t− τs)

)
,

f0[t] = f0
(
t, x0(t), x0(t− τ10), . . . , x0(t− τs0)

)
,

δf [t, x0 +∆x] = δf
(
t, x0(t) + ∆x(t), x0(t− τ1) + ∆x(t− τ1), . . . , x0(t− τs) + ∆x(t− τs)

)
,

δf [t] = δf
(
t, x0(t), x0(t− τ1), . . . , x0(t− τs)

)
,

ϑ1(t; εδµ) = f0[t, x0 +∆x]− f0[t]− f0x[t]∆x(t)−
s∑

i=1

f0xi [t]∆x(t− τi0), (2.45)

ϑ2(t; εδµ) = ε
[
δf([t, x0 +∆x])− δf [t]

]
. (2.46)

By using the Cauchy formula, one can represent the solution of the equation (2.44) in the form

∆x(t) = Y (t00; t)∆x(t00) + ε

t∫
t00

Y (ξ; t)δf [ξ] dξ +
2∑

p=0

Rp(t; t00, εδµ), t ∈ [t00, t10 + δ1], (2.47)

where 

R0(t; t00, εδµ) =

s∑
i=1

Ri0(t; t00, εδµ),

Ri0(t; t00, εδµ) =

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]∆x(ξ) dξ,

Rp(t; t00, εδµ) =

t∫
t00

Y (ξ; t)ϑp(ξ; εδµ) dξ, p = 1, 2,

(2.48)

and Y (ξ; t) is the matrix function satisfying the equation (2.18) and the condition (2.19). Let δ2 ∈
(0, δ1) be insomuch small that the inequalities

t00 − δ2 > a, t00 + τs0 < t10 − δ2

hold. The function Y (ξ; t) is continuous on the set {(ξ, t) : ξ ∈ [t00−δ2, t00], t ∈ [t10−δ2, t10+δ2]} ⊂ Π,
by Lemma 2.6. Therefore,

Y (t00; t)∆x(t00) = εY (t00; t)[δx0 − f−0 δt0] + o(t; εδµ) (2.49)
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(see (2.29)). One can readily see that

Ri0(t; t00, εδµ) = ε

t0∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ +

t00∫
t0

Y (ξ + τi0; t)f0xi [ξ + τi0]∆x(ξ) dξ

= ε

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ +

t00+τi0∫
t0+τi0

Y (ξ; t)f0xi [ξ]∆x(ξ − τi0)dξ+o(t; εδµ).

Thus

R0(t; t00, εδµ) = ε
s∑

i=1

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ

+
s∑

i=1

t00+τi0∫
t0+τi0

Y (ξ; t)f0xi [ξ]∆x(ξ − τi0) dξ + o(t; εδµ). (2.50)

Let
ϱi,1 = min{t0 + τi, t00 + τi0}, ϱi,2 = max{t0 + τi, t00 + τi0}, i = 1, s,

and let a number ε2 ∈ (0, ε1) be insomuch small that

t00 < ϱ1,1, ϱi,2 < ϱi+1,1, i = 1, s− 1, ϱs,2 < t10 − δ2.

For t ∈ [t10 − δ2, t10 + δ2], we have

R1(t; t00, εδµ) =
s∑

i=0

wi(t; εδµ),

where

w0(t; εδµ) =

t00+τ10∫
t00

ϑ11(ξ; t, εδµ) dξ, wi(t; εδµ) =

t00+τi+10∫
t00+τi0

ϑ11(ξ; t, εδµ) dξ, i = 1, s− 1,

ws(t; εδµ) =

t∫
t00+τs0

ϑ11(ξ; t, εδµ) dξ, ϑ11(ξ; t, εδµ) = Y (ξ; t)ϑ1(ξ; εδµ)

(see (2.45)). Let ϱ1,1 = t0 + τ1 and t0 + τ1 < t0 + τ10, then we have

w0(t; εδµ) = w01(t; εδµ) + w02(t; εδµ).

Here,

w01(t; εδµ) =

t0+τ1∫
t00

ϑ11(ξ; t, εδµ) dξ,

w02(t; εδµ) =

t00+τ10∫
t0+τ1

Y (ξ; t)
{
f0[ξ, x0 +∆x]− f0[ξ]

}
dξ

−
t00+τ10∫
t0+τ1

Y (ξ; t)
[
f0x[ξ]∆x(ξ) +

s∑
i=2

f0xi [ξ]∆x(ξ − τi0)
]
dξ
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−
t0+τ10∫
t0+τ1

Y (ξ; t)f0x1 [ξ]∆x(ξ − τ10) dξ −
t00+τ10∫
t0+τ10

Y (ξ; t)f0x1 [ξ]∆x(ξ − τ10) dξ.

We introduce the notations:

f0[ξ; θ, εδµ] = f0

(
ξ, x0(ξ) + θ∆x(ξ), x0(ξ − τ10) + θ

(
x0(ξ − τ1)− x0(ξ − τ10) + ∆x(ξ − τ1)

)
, . . . ,

x0(ξ − τs0) + θ
(
x0(ξ − τs)− x0(ξ − τs0) + ∆x(ξ − τs)

))
,

σ(ξ; θ, εδµ) = f0x[ξ; θ, εδµ]− f0x[ξ], σi(ξ; θ, εδµ) = f0xi [ξ; θ, εδµ]− f0xi [ξ].

It is easy to see that

f0[ξ, x0 +∆x]− f0[ξ] =

1∫
0

d

dθ
f0[ξ; θ, εδµ] dθ

=

1∫
0

{
f0x[ξ; θ, εδµ]∆x(ξ) +

s∑
i=1

f0xi [ξ; θ, εδµ]
(
x0(ξ − τi)− x0(ξ − τi0) + ∆x(ξ − τi)

)}
dθ

= σ1(ξ; εδµ)∆x(ξ) +

s∑
i=1

σi1(ξ; εδµ)
(
x0(ξ − τi)− x0(ξ − τi0) + ∆x(ξ − τi)

)
+ f0x[ξ]∆x(ξ) +

s∑
i=1

f0xi [ξ]
(
x0(ξ − τi)− x0(ξ − τi0) + ∆x(ξ − τi)

)
,

where

σ1(ξ; εδµ) =

1∫
0

σ(ξ; θ, εδµ) dθ, σi1(ξ; εδµ) =

1∫
0

σi(ξ; θ, εδµ) dθ.

Taking into account the last relation for t ∈ [t10 − δ2, t10 + δ2], we have

w01(t; εδµ) =
4∑

p=1

w
(p)
01 (t; εδµ),

where

w
(1)
01 (t; εδµ) =

t0+τ1∫
t00

Y (ξ; t)σ1(ξ; εδµ)∆x(ξ) dξ,

w
(2)
01 (t; εδµ) =

s∑
i=1

t0+τ1∫
t00

Y (ξ; t)σi1(ξ; εδµ)
[
x0(ξ − τi)− x0(ξ − τi0) + ∆x(ξ − τi)

]
dξ

=
s∑

i=1

t0+τ1∫
t00

Y (ξ; t)σi1(ξ; εδµ)
[
φ0(ξ − τi)− φ0(ξ − τi0) + εδφ(ξ − τi)

]
dξ,

w
(3)
01 (t; εδµ) =

s∑
i=1

t0+τ1∫
t00

Y (ξ; t)f0xi
[ξ]

[
x0(ξ − τi)− x0(ξ − τi0)

]
dξ

=

s∑
i=1

t0+τ1∫
t00

Y (ξ; t)f0xi [ξ]
[
φ0(ξ − τi)− φ0(ξ − τi0)

]
dξ,



Variation Formulas of Solutions for FDE with Several Constant Delays and Their Applications in OCPs 45

w
(4)
01 (t; εδµ) =

s∑
i=1

t0+τ1∫
t00

Y (ξ; t)f0xi [ξ]
[
∆x(ξ − τi)−∆x(ξ − τi0)

]
dξ

= ε
s∑

i=1

t0+τ1∫
t00

Y (ξ; t)f0xi [ξ]
[
δφ(ξ − τi)− δφ(ξ − τi0)

]
dξ.

The function φ0(ξ), ξ ∈ I1 is absolutely continuous, therefore for each fixed Lebesgue point ξ ∈
(t00, t10 + δ2) of function φ̇0(ξ − τi0) we get

φ0(ξ − τi)− φ0(ξ − τi0) =

ξ−εδτi∫
ξ

φ̇0(ς − τi0) dς = −εφ̇0(ξ − τi0)δτi + γi(ξ; εδµ), (2.51)

where
lim
ε→0

γi(ξ; εδµ)

ε
= 0 uniformly for δµ ∈ ℑ(1)

− . (2.52)

Thus, (2.51) is valid for almost all points of the interval (t00, t10+δ2). From (2.51), taking into account
the boundedness of the function φ̇0(ξ), we have∣∣φ0(ξ − τi)− φ0(ξ − τi0)

∣∣ ≤ O(εδµ) and
∣∣∣γi(ξ; εδµ)

ε

∣∣∣ ≤ const. (2.53)

According to (2.42) and (2.51), for the expression w
(p)
01 (t; εδµ), p = 1, 4, we have

|w(1)
01 (t; εδµ)| ≤ ∥Y ∥O(εδµ)σ1(εδµ), |w(2)

01 (t; εδµ)| ≤ ∥Y ∥O(εδµ)

s∑
i=1

σi1(εδµ),

w
(3)
01 (t; εδµ) =

s∑
i=1

[
γi1(t; εδµ)− ε

( t0+τ1∫
t00

Y (ξ; t)f0xi [ξ]φ̇0(ξ − τi0) dξ

)
δτi

]
,

|w(4)
01 (t; εδµ)| ≤ o(εδµ)∥Y ∥

s∑
i=1

t0+τ1∫
t00

|f0xi [ξ]| dξ.

Here

σ1(εδµ) =

t00+τ10∫
t00

|σ1(ξ; εδµ)| dξ, σi1(εδµ) =

t00+τ10∫
t00

|σi1(ξ; εδµ)| dξ,

∥Y ∥ = sup
{
|Y ξ; t| : (ξ, t) ∈ Π

}
, γi1(t; εδµ) =

t∫
t00

Y (ξ; t)f0xi [ξ]γi(ξ; εδµ) dξ.

Obviously, ∣∣∣γi1(t; εδµ)
ε

∣∣∣ ≤ ∥Y ∥
t00+τ10∫
t00

|fxi [ξ]|
∣∣∣γi(ξ; εδµ)

ε

∣∣∣ dξ.
By the Lebesgue theorem on the passage to the limit under the integral sign, we have

lim
ε→0

σ1(εδµ) = 0, lim
ε→0

σi1(εδµ) = 0, lim
ε→0

∣∣∣γi1(t; εδµ)
ε

∣∣∣ = 0

uniformly for (t, δµ) ∈ [t00, t00 + τ10]×ℑ(1)
− (see (2.52) and (2.53)). Thus,

w
(1)
01 (t; εδµ) = w

(2)
01 (t; εδµ) = w

(4)
01 (t; εδµ) = o(t; εδµ),

w
(3)
01 (t; εδµ) = −ε

s∑
i=1

[ t0+τ1∫
t00

Y (ξ; t)f0xi [ξ]φ̇0(ξ − τi0) dξ

]
δτi + o(t; εδµ).

(2.54)
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Further,

ε

t00+τ10∫
t0+τ1

Y (ξ; t)f0xi [ξ]φ̇0(ξ − τi0)dξ = o(t; εδµ), ẋ0(ξ − τi0) = φ̇0(ξ − τi0), ξ ∈ [t00, t00 + τi0),

therefore,

w
(3)
01 (t; εδµ) = −ε

s∑
i=1

[ t00+τ10∫
t00

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ

]
δτi + o(t; εδµ). (2.55)

On the basis of (2.54) and (2.55), we obtain

w01(t; εδµ) = −ε
s∑

i=1

[ t00+τ10∫
t00

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ

]
δτi + o(t; εδµ).

Let us now transform w02(t; εδµ). We have

w02(t; εδµ)=

t00+τ10∫
t0+τ1

Y (ξ; t)
{
f0[ξ, x0+∆x]−f0[ξ]

}
dξ−

t00+τ10∫
t0+τ10

Y (ξ; t)f0x1
[ξ]∆x(ξ−τ10) dξ+o(t; εδµ).

Since for ξ ∈ [t0 + τ1, t00 + τ10],

|∆x(ξ)| ≤ O(εδµ), |∆x(ξ − τi)| = ε|δφ(ξ − τi)|, x0(ξ − τi) = φ0(ξ − τi), i = 2, s,

and

x0(ξ−τ1)+∆x(ξ−τ1)=x(ξ−τ1;µ0+εδµ)=y(ξ−τ1;µ0+εδµ)=y0(ξ−τ1)+∆y(ξ−τ1; εδµ),

we get

lim
ε→0

(
ξ, x0(ξ) + ∆x(ξ), x0(ξ − τ1) + ∆x(ξ − τ1), . . . , x0(ξ − τs) + ∆x(ξ − τs)

)
= lim

ξ→t00+τ10−

(
ξ, x0(ξ), y0(ξ − τ10), x0(ξ − τ10), . . . , x0(ξ − τs0)

)
= w0

1i,

lim
ξ→t00+τ10−

(
ξ, x0(ξ), x0(ξ − τ10), . . . , x0(ξ − τs0)

)
= w0,

i.e.,
lim
ε→0

sup
ξ∈[t0+τ1,t00+τ10]

[
f0[ξ, x0 +∆x]− f0[ξ]

]
= f01.

Moreover, the function Y (ξ; t) is continuous at the set [t00, t00 + τ10]× [t00 − τ2, t10 + δ2] ⊂ Π. Thus,

t00+τ10∫
t0+τ1

Y (ξ; t)
{
f0[ξ, x0 +∆x]− f0[ξ]

}
dξ = −εY (t00 + τ10; t)f10(δt0 + δτ1) + o(t; εδµ).

The expression −εY (t00 + τ10; t)f10(δt0 + δτ1) is the effect of discontinuity. Consequently,

w0(t; εδµ) =− ε
s∑

i=1

[ t00+τ10∫
t00

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ

]
δτi − εY (t00 + τ10; t)f10(δt0 + δτ1)

−
t00+τ10∫
t0+τ10

Y (ξ; t)f0x1
[ξ]∆x(ξ − τ10)dξ + o(t; εδµ). (2.56)
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Let ϱ1,1 = t0 + τ1 again and t0 + τ10 < t0 + τ1, then we have

w0(t; εδµ) =
2∑

k=1

ŵ0k(t; εδµ),

where

ŵ01 =

t0+τ10∫
t00

Y (ξ; t)ϑ1(ξ; εδµ) dξ,

ŵ02 =

t0+τ1∫
t0+τ10

Y (ξ; t)
{
f0[ξ;x0 +∆x]− f0[ξ]

}
dξ +

t00+τ10∫
t0+τ1

Y (ξ; t)
{
f0[ξ;x0 +∆x]− f0[ξ]

}
dξ

−
t00+τ10∫
t0+τ10

Y (ξ; t)
{
f0x[ξ]∆x(ξ) +

s∑
i=2

f0xi [ξ]∆x(ξ − τi0)
}
dξ

−
t00+τ10∫
t0+τ10

Y (ξ; t)fx1 [ξ]∆x(ξ − τ10) dξ.

For this case the formula (2.56) is valid and can be proved by the scheme described above.
Let ϱ1,1 = t00 + τ10, i.e., t00 + τ10 < t0 + τi. In this case, by analogous transformations can be

proved the formula

w0(t; εδµ) =− ε
s∑

i=1

[ t00+τ10∫
t00

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ

]
δτi

−
t00+τ10∫
t0+τ10

Y (ξ; t)f0x1 [ξ]∆x(ξ − τ10) dξ + o(t; εδµ)

without discontinuity effect −εf01(δt0+ δτ1). We notice that this effect appears under transformation
of the addend w1(t; εδµ). For R1(t; t00, εδµ), after transformations of wi(t; εδµ), i = 1, s, we obtain

R1(t; t00, εδµ) =− ε

s∑
i=1

[ t∫
t00

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ

]
δτi −

s∑
i=1

t00+τi0∫
t0+τi0

Y (ξ; t)f0x1 [ξ]∆x(ξ − τi0) dξ

− ε
s∑

i=1

Y (t00 + τi0; t)fi0(δt0 + δτi) + o(t; εδµ). (2.57)

Finally, let us estimate R2(t; t00, εδµ). We have

|R2(t; t00, εδµ)| ≤ εγv(εδµ),

where

v(εδµ) =

t10+δ2∫
t00

L̂(t)
{
|∆x(t)|+

s∑
i=1

[
|x0(t− τi)− x0(t− τi0)|+ |∆x(t− τi)|

]}
dt,

L̂(t) =

s∑
j=1

Lδfj ,K1(t)
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(see (2.46)). It is clear that

v(εδµ) ≤ O(εδµ)

t10+δ2∫
t00

L̂(t) dt+
s∑

i=1

ϱi,1∫
t00

L̂(t)
[
|φ0(t− τi)− φ0(t− τi0)|+ ε|δφ(t− τi)|

]
dt

+
s∑

i=1

ϱi,2∫
ϱi,1

L̂(t)
[
|x0(t− τi)− x0(t− τi0)|+ |∆x(t− τi)|

]
dt

+
s∑

i=1

t00+τi0∫
ϱi,2

L̂(t)
[
|x0(t− τi)− x0(t− τi0)|+O(εδµ)

]
dt.

Further,

φ0(t− τi)− φ0(t− τi0) =

t−τi∫
t−τi0

φ̇0(ξ) dξ,

x0(t− τi)− x0(t− τi0) =

t−τi∫
t−τi0

ẋ0(ξ) dξ =

t−τi∫
t−τi0

f0[ξ] dξ.

Taking into account the boundedness of the functions φ̇0(ξ) and f0[ξ], we obtain∣∣φ0(t− τi)− φ0(t− τi0)
∣∣ = O(εδµ),

∣∣x0(t− τi)− x0(t− τi0)
∣∣ = O(εδµ).

Moreover, ∣∣x0(t− τi)− x0(t− τi0)
∣∣+ |∆x(t− τi)|, t ∈ [ϱi,1, ϱi,2],

is bounded. From these relations it follows that

lim
ε→0

v(εδµ) = 0

uniformly for δµ ∈ ℑ(1)
− . Thus,

R2(t; t00, εδµ) = o(t; εδµ). (2.58)
From (2.47), by virtue of (2.50), (2.57) and (2.58), we obtain (2.16), where δx(t; δµ) has the form
(2.17).

2.5 Lemma on the estimation of the increment of a solution with respect
to the variation set ℑ(1)

+

Lemma 2.10. Let τs0 > · · · > τ10 and t00+τs0 ≤ r2. Moreover, the conditions 2.2–2.3 of Theorem 2.1
and the condition (2.20) hold. Then there exists a number ε2 ∈ (0, ε1) such that

max
t∈[t0,r2+δ1]

|∆y(t)| ≤ O(εδµ) (2.59)

for arbitrary (ε, δµ) ∈ (0, ε2)×ℑ(1)
+ . Moreover,

∆y(t0) = ε[δx0 − f+0 δt0] + o(εδµ). (2.60)

Proof. Let ε2 ∈ (0, ε1) be insomuch small that for arbitrary (ε, δµ) ∈ (0, ε2)×ℑ(1)
+ the inequalities

t00 + τi > t0, t00 + τi0 > t0, i = 1, s, (2.61)

hold. On the interval [t0, r2 + δ1], the function ∆y(t) = y(t)− y0(t) satisfies the equation

∆̇y(t) = a(t; εδµ) + εb(t; εδµ) (2.62)
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(see (2.32)). We rewrite the equation (2.62) in the integral form

∆y(t) = ∆y(t0) +

t∫
t0

[
a(ξ; εδµ) + εb(ξ; εδµ)

]
dξ.

Hence it follows that
|∆y(t)| ≤ |∆y(t0)|+ a1(t; t0, εδµ) + εb1(t0, εδµ). (2.63)

Let us prove the formula (2.60). We have

∆y(t0) = y(t0;µ0+εδµ)−y0(t0) = x00+εδx0−x00−
t0∫

t00

f0
(
t, y0(t), φ0(t−τ10), . . . , φ0(t−τs0)

)
dt (2.64)

(see (2.61)). It is clear that if t ∈ [t00, t0], then

lim
ε→0

(
t, y0(t), φ0(t− τ10), . . . , φ(t− τs0)

)
= lim

t→t00+

(
t, y0(t), φ0(t− τ10), . . . , φ0(t− τs0)

)
= w0.

Consequently,
lim
ε→0

sup
t∈[t00,t0]

∣∣f0(t, y0(t), φ0(t− τ10), . . . , φ0(t− τs0)
)
− f+0

∣∣ = 0.

This relation implies

t0∫
t00

f0
(
t, y0(t), φ0(t− τ10), . . . , φ0(t− τs0)

)
dt

= −εf+0 δt0 +
t0∫

t00

[
f0(t, y0(t), φ0(t− τ10), . . . , φ0(t− τs0))− f+0

]
dt = −εf+0 δt0 + o(εδµ). (2.65)

From (2.64), by virtue of (2.65), we obtain (2.60).
Now let us prove the inequality (2.59). Let

ρi,1 = min{t00 + τi, t00 + τi0}, ρi,2 = max{t0 + τi, t00 + τi0}, i = 1, s.

It is easy to see that ρi,2 ≥ ρi,1 > t0 and ρi,2 − ρi,1 = O(εδµ). Let ε2 be insomuch small that for
arbitrary (ε, δµ) ∈ (0, ε2) × ℑ(1)

+ the inequalities ρi,1 < ρi+1,1, i = 1, s− 1, hold. We now estimate
a1(t; t0, εδµ), t ∈ [t0, r2 + δ1]. Let t ∈ [t0, ρ1,1]. Obviously,

a1(t; t0, εδµ) ≤
t∫

t0

Lf0,K1(ξ)|∆y(ξ)| dξ +
s∑

i=1

a2i(t; t0, εδµ) (2.66)

(see (2.37)). It is clear that if t ∈ [t0, ρ1,1), then for ξ ∈ [t0, t] and for any i = 1, s, we have ξ − τi < t0
and ξ − τi0 < t00, hence,

a2i(t; t0, εδµ) =

t∫
t0

Lf0,K1(ξ)
∣∣φ(ξ − τi)− φ0(ξ − τi0)

∣∣ dξ
≤ O(εδµ) +

b∫
t0

Lf0,K1
(ξ)

∣∣φ0(ξ − τi)− φ0(ξ − τi0)
∣∣ dξ, i = 1, s.
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From the boundedness of the function φ̇0(t), t ∈ I1, follows

∣∣φ0(ξ − τi)− φ0(ξ − τi0)
∣∣ = ∣∣∣∣

ξ−τi∫
ξ−τi0

φ̇0(t) dt

∣∣∣∣ = O(εδµ).

Thus, for t ∈ [t0, ρ1,1], we have

a2i(t; t0, εδµ) ≤ O(εδµ), i = 1, s.

Consequently, for t ∈ [t0, ρ1,1], we get

a1(t; t0, εδµ) ≤ O(εδµ) +

t∫
t0

Lf0,K1(ξ)|∆y(ξ)| dξ. (2.67)

Let t ∈ [ρ1,1, ρ1,2], then a1(t; t0, εδµ) = a1(ρ1,1; t0, εδµ) + a1(t; ρ1,1, εδµ). The function |a(ξ; εδµ)|,
ξ ∈ [t0, r2+δ1], is bounded, i.e., |a1(t; ρ1,1, εδµ)| ≤ O(εδµ), t ∈ [ρ1,1, ρ1,2]. Therefore, for t ∈ [ρi,1, ρi,2],
we have

a1(t; t0, εδµ) ≤ a1(ρ1,1; t0, εδµ) +O(εδµ)

≤ O(εδµ) +

ρ1,1∫
t0

Lf0,K1(ξ)|∆y(ξ)| dξ ≤ O(εδµ) +

t∫
t0

Lf0,K1(ξ)|∆y(ξ)| dξ.

Thus, on the interval [t0, ρ1,2], the formula (2.67) is valid. Let t ∈ [ρ1,2, ρ2,1], then t − τ1 > t0,
t− τ10 > t00 and t− τi < t0, t− τi0 < t00, i = 2, s.

For this case, we have

a1(t; t0, εδµ) = a1(ρ1,2; t0, εδµ) + a1(t; ρ1,2, εδµ)

≤ O(εδµ) +

ρ1,2∫
t0

Lf0,K1(ξ)|∆y(ξ)| dξ +
t∫

ρ1,2

Lf0,K1(ξ)|∆y(ξ)| dξ +
t∫

ρ1,2

Lf0,K1(ξ)|∆y(ξ − τ1)| dξ

+

t∫
ρ1,2

Lf0,K1
(ξ)|y0(ξ − τ1)− y0(ξ − τ10)| dξ +

s∑
i=2

a2i(t; ρ12, εδµ).

It is clear that

∣∣y0(ξ − τ1)− y0(ξ − τ10)
∣∣ ≤ ∣∣∣∣

ξ−τ10∫
ξ−τ1

∣∣f0(t00, τ10, . . . , τs0, y)(t)∣∣ dt∣∣∣∣ ≤ O(εδµ)

and

a2i(t; ρ1,2, εδµ) =

t∫
ρ1,2

Lf0,K1(ξ)
∣∣φ(ξ − τi)− φ0(ξ − τi0)

∣∣ dξ
≤ O(εδµ) +

b∫
t00

Lf0,K1(ξ)
∣∣φ0(ξ − τi)− φ0(ξ − τi0)

∣∣ dξ ≤ O(εδµ), i = 2, s.

Thus, for t ∈ [t0, ρ2,1],
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a1(t; t0, εδµ) ≤ O(εδµ) +

t∫
t0

Lf0,K1(ξ)|∆y(ξ)| dξ +
t−τ1∫

ρ1,2−τ1

Lf0,K1(ξ + τ1)|∆y(ξ)| dξ

≤ O(εδµ) +

t∫
t0

[
Lf0,K1(ξ) + χ1(ξ + τ1)Lf0,K1(ξ + τ1)

]
|∆y(ξ)| dξ, ρ1,2 − τ1 ≥ t0.

Continuing this process, we can prove that for t ∈ [t0, ρs,2],

a1(t; t0, εδµ) ≤ O(εδµ) +

t∫
t0

[
Lf0,K1(ξ) +

s−1∑
i=1

(s− i)χ1(ξ + τi)Lf0,K1(ξ + τi)
]
|∆y(ξ)| dξ. (2.68)

Let t ∈ [ρs,2, r2 + δ1], then

a1(t; t0, εδµ) = a1(ρs,2; t0, εδµ) + a1(t; ρs,2, εδµ)

≤ O(εδµ) +

ρs,2∫
t0

[
Lf0,K1(ξ) +

s−1∑
i=1

(s− i)χ1(ξ + τi)Lf0,K1(ξ + τi)
]
|∆y(ξ)| dξ

+

t∫
ρs,2

Lf0,K1(ξ)
[
|∆y(ξ)|+

s∑
i=1

∣∣y0(ξ − τi)− y0(ξ − τi0)
∣∣+ s∑

i=1

|∆y(ξ − τi)| dξ

≤O(εδµ)+

t∫
t0

Lf0,K1(ξ)|∆y(ξ)| dξ+
t∫

t0

[ s−1∑
i=1

(s−i)χ1(ξ +τi)Lf0,K1(ξ+τi)
]
|∆y(ξ)| dξ

+

s∑
i=1

t−τi∫
ρs,2−τi

χ1(ξ + τi)Lf0,K1(ξ + τi)|∆y(ξ)| dξ

≤ O(εδµ) +

t∫
t0

[
Lf0,K1(ξ) +

s∑
i=1

(s− i+ 1)χ1(ξ + τi)Lf0,K1(ξ + τi)
]
|∆y(ξ)| dξ.

Consequently, for t ∈ [t0, r2 + δ1], we have

a1(t; t0, εδµ) ≤ O(εδµ) +

t∫
t0

[
Lf0,K1(ξ) +

s∑
i=1

(s− i+ 1)χ1(ξ + τi)Lf0,K1(ξ + τi)
]
|∆y(ξ)| dξ (2.69)

(see (2.66) and (2.68)). Obviously,

b1(t0, εδµ) ≤ γ

r2+δ1∫
t0

k∑
i=1

∣∣δfi(t0, τ1, . . . , τs, y0 +∆y)(t)
∣∣ dt ≤ γ

k∑
i=1

∫
I

mδfi,K1(t) dt. (2.70)

According to (2.60), (2.69) and (2.70), the inequality (2.63) directly implies

|∆y(t)| ≤ O(εδµ) +

t∫
t0

[
Lf0,K1(ξ) +

s∑
i=1

(s− i+1)χ1(ξ+ τi)Lf0,K1(ξ+ τi)
]
|∆y(ξ)| dξ, t ∈ [t0, r2 + δ1].

By the Gronwall–Bellman inequality, from the above we obtain (2.59).
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2.6 Proof of Theorem 2.2
First of all, we note that δµ ∈ ℑ(1)

+ i.e., t00 < t0, therefore we have

∆x(t) =


εδφ(t) for t ∈ [τ̂ , t00),

φ(t)− y0(t) for t ∈ [t00, t0),

∆y(t) for t ∈ [t0, t10 + δ1].

By Lemma 2.10, we get

|∆x(t)| ≤ O(εδµ) ∀ (t, ε, δµ) ∈ [t0, t10 + δ1]× (0, ε2)×ℑ(1)
+ (2.71)

and
∆x(t0) = ε[δx0 − f+0 δt0] + o(εδµ). (2.72)

The function ∆x(t) satisfies the equation (2.44) on the interval [t0, t10 + δ1]; therefore, by using the
Cauchy formula, we can represent it in the form

∆x(t) = Y (t0; t)∆x(t0) + ε

t∫
t0

Y (ξ; t)δf [ξ] dξ +
2∑

p=0

Rp(t; t0, εδµ), t ∈ [t0, t10 + δ1] (2.73)

(see (2.48)). Let ε2 ∈ (0, ε1) and δ2 ∈ (0, δ1) be insomuch small that the inequalities

t0 + τi < t10 − δ2, i = 1, s, t00 + τs0 < t10 − δ2

hold. The function Y (ξ; t) is continuous on the set [t00, t00 + τs0]× [t10 − δ2, t10 + δ2] ⊂ Π. Therefore,

Y (t0; t)∆x(t0) = εY (t00; t)[δx0 − f+0 δt0] + o(t; εδµ) (2.74)

(see (2.72)).
Let us transform R(t; t0, εδµ). It is not difficult to see that

R0(t; t0, εδµ) =
s∑

i=1

t0∫
t0−τi

Y (ξ + τi0; t)f0xi [ξ + τi0]∆x(ξ) dξ

=

s∑
i=1

[
ε

t00∫
t0−τi0

Y (ξ+τi0; t)f0xi [ξ+τi0]δφ(ξ) dξ+

t0∫
t00

Y (ξ+τi0; t)f0xi [ξ+τi0]∆x(ξ) dξ

]

= ε
s∑

i=1

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ

+
s∑

i=1

t0+τi0∫
t00+τi0

Y (ξ; t)f0xi [ξ]∆x(ξ − τi0) dξ + o(t; εδµ). (2.75)

In a similar way, with nonessential changes, one can prove

R1(t; t0, εδµ) = −ε
s∑

i=1

[ t∫
t0

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ

]
δτi

−
s∑

i=1

t0+τi0∫
t00+τi0

Y (ξ; t)f0x1 [ξ]∆x(ξ−τi0) dξ−ε
s∑

i=1

fi0(δt0+δτi)+o(t; εδµ), (2.76)

R2(t; t0, εδµ) = o(t; εδµ). (2.77)
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Finally, note that

ε

t∫
t0

Y (ξ; t)δf [ξ] dξ = ε

t∫
t00

Y (ξ; t)δf [ξ]dξ + o(t; εδµ). (2.78)

From (2.73), by virtue of (2.74)–(2.78), we obtain (2.16), where

δx(t; δµ) = −Y (t00; t)f
+
0 δt0 + β(t; δµ).

3 Variation formulas of solutions for equations with the
continuous initial condition

3.1 Formulation of the main results
To each element

µ = (t0, τ1, . . . , τs, φ, f) ∈ Λ(2) = [a, b)× [θ11, θ12]× · · · × [θs1, θs2]× Φ2 × E
(1)
f

we assign the functional differential equation

ẋ(t) = f
(
t, x(t), x(t− τ1), . . . , x(t− τs)

)
(3.1)

with the continuous initial condition

x(t) = φ(t), t ∈ [τ̂ , t0], (3.2)

where Φ2 = {φ ∈ C(I1,Rn) : φ(t) ∈ O}.

Definition 3.1. Let µ = (t0, τ1, . . . , τs, φ, f) ∈ Λ(2). A function x(t) = x(t;µ) ∈ O, t ∈ [τ̂ , t1],
t1 ∈ (t0, b], is called a solution of the equation (3.1) with the initial condition (3.2), or a solution
corresponding to the element µ and defined on the interval [τ̂ , t1], if it satisfies the condition (3.2) and
is absolutely continuous on the interval [t0, t1] and satisfies the equation (3.1) a.e. on [t0, t1].

Let x0(t) be a solution corresponding to a fixed element

µ0 = (t00, τ10, . . . , τs0, φ0, f0) ∈ Λ(2)

and defined on the interval [τ̂ , t10], where t00, t10 ∈ (a, b), t00 < t10, and τi0 ∈ (θ1i, θ2i), i = 1, s.
In the space E(2)

δµ = E
(2)
µ − µ0 with the elements δµ = (δt0, δτ1, . . . , δτs, δφ, δf), where E(2)

µ =

R× R× · · · × R× C(I1,Rn)× E
(2)
f , we introduce the set of variations

ℑ(2) =

{
δµ = (δt0, δτ1, . . . , δτs, δφ, δf) : |δt0| ≤ γ, |δτi| ≤ γ, i = 1, s,

δφ =
k∑

i=1

λiδφi, δf =
k∑

i=1

λiδfi, |λi| ≤ γ, i = 1, k

}
, (3.3)

where δφi ∈ Φ2 − φ0, δfi ∈ E
(2)
f − f0, i = 1, k, are fixed functions; γ > 0 is a fixed number.

There exist numbers δ1 > 0 and ε1 > 0 such that for arbitrary (ε, δµ) ∈ (0, ε1) × ℑ(2), we have
µ0 + εδµ ∈ Λ(2), and to the element µ0 + εδµ there corresponds the solution x(t;µ0 + εδµ) defined on
the interval [τ̂ , t10 + δ1] ⊂ I1.

Due to the uniqueness, the solution x(t;µ0) is a continuation of the solution x0(t) on the interval
[τ̂ , t10 + δ1]. Therefore, in the sequel, the solution x0(t) is assumed to be defined on the interval
[τ̂ , t10 + δ1].

Let us define the increment of the solution x0(t) = x(t;µ0):

∆x(t) = ∆x(t; εδµ) = x(t;µ0 + εδµ)− x0(t) ∀ (t, ε, δµ) ∈ [τ̂ , t10 + δ1]× (0, ε1)×ℑ(2). (3.4)
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Theorem 3.1. Let the function φ0(t), t ∈ I1, be absolutely continuous. Let the functions φ̇0(t) and
f0(w), w = (t, x, x1, . . . , xs) ∈ I ×Os+1 be bounded. Moreover, there exist the finite limits

φ̇−
0 = φ̇0(t00−), lim

w→w0

f0(w) = f−0 , w ∈ (a, t00]×Os+1,

where
w0 =

(
t00, φ0(t00), φ0(t00 − τ10), . . . , φ0(t00 − τs0)

)
.

Then there exist the numbers ε2 ∈ (0, ε1) and δ2 ∈ (0, δ1) such that for arbitrary (t, ε, δµ) ∈ [t00, t10 +

δ2]× (0, ε2)×ℑ(2)
− ,

∆x(t; εδµ) = εδx(t; δµ) + o(t; εδµ) (3.5)

where ℑ(2)
− = {δµ ∈ ℑ(2) : δt0 ≤ 0} and

δx(t; δµ) = Y (t00; t)(φ̇
−
0 − f−0 )δt0 + β(t; δµ), (3.6)

β(t; δµ) = Y (t00; t)δφ(t00) +
s∑

i=1

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ

−
t∫

t00

Y (ξ; t)
[ s∑

i=1

f0xi [ξ]ẋ0(ξ − τi0)δτi

]
dξ +

t∫
t00

Y (ξ; t)δf [ξ] dξ. (3.7)

Here Y (ξ; t) is the n× n-matrix function satisfying the equation

Yξ(ξ; t) = −Y (ξ; t)f0x[ξ]−
s∑

i=1

Y (ξ + τi0; t)f0xi [ξ + τi0], ξ ∈ [t00, t], (3.8)

and the condition

Y (t; t) = Υ, Y (ξ; t) = Θ, (3.9)

where

f0xi [ξ] = f0xi

(
ξ, x0(ξ), x0(ξ − τ10), . . . , x0(ξ − τs0)

)
,

δf [ξ] = δf
(
ξ, x0(ξ), x0(ξ − τ10), . . . , x0(ξ − τs0)

)
.

Some comments. On the basis of the Cauchy formula, we can conclude that the function

δx(t) =

{
δφ(t), t ∈ [τ̂ , t00),

δx(t; δµ), t ∈ [t00, t10 + δ2],

is a solution of the equation

δ̇x(t) = f0x[t]δx(t) +
s∑

i=1

f0xi [t]δx(t− τi0)−
s∑

i=1

f0xi [t]ẋ0(t− τi0)δτi + δf [t]

with the discontinuous initial condition

δx(t) = δφ(t), t ∈ [τ̂ , t00), δx(t00) = (φ̇−
0 − f−0 )δt0 + δφ(t00).

The addend

−
t∫

t00

Y (ξ; t)
[ s∑

i=1

f0xi [ξ]ẋ0(ξ − τi0)δτi

]
dξ

in the formula (3.7) is the effect of perturbations of the delays τi0, i = 1, s.
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The expression
Y (t00; t)(φ̇

−
0 − f−0 )δt0

in the formula (3.6) is the effect of the continuous initial condition (3.2) and perturbation of the initial
moment t00.

The expression

Y (t00; t)δφ(t00) +
s∑

i=1

t00∫
t00−τi0

Y (s+ τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ

in the formula (3.7) is the effect of perturbation of the initial function φ0(t).
The addend

t∫
t00

Y (ξ; t)δf [ξ] dξ

in (3.7) is the effect of perturbation of the right-hand side of equation

ẋ(t) = f0
(
t, x(t), x(t− τ10), . . . , x(t− τs0)

)
.

Theorem 3.2. Let the function φ0(t), t ∈ I1, be absolutely continuous. Let the functions φ̇0(t) and
f0(w), w = (t, x, x1, . . . , xs) ∈ I ×Os+1, be bounded. Moreover, there exist the finite limits

φ̇+
0 = φ̇0(t00+), lim

w→w0

f0(w) = f+0 , w ∈ [t00, b)×Os+1.

Then for each t̂0 ∈ (t00, t10) there exist the numbers ε2 ∈ (0, ε1) and δ2 ∈ (0, δ1) such that for arbitrary
(t, ε, δµ) ∈ [t̂0, t10 + δ2]× (0, ε2)× ℑ(2)

+ , where ℑ(2)
+ = {δµ ∈ ℑ(2) : δt0 ≥ 0}, the formula (3.5) holds,

where
δx(t; δµ) = Y (t00; t)(φ̇

+
0 − f+0 )δt0 + β(t; δµ). (3.10)

The following assertion is a corollary to Theorems 3.1 and 3.2.

Theorem 3.3. Let the assumptions of Theorems 3.1 and 3.2 be fulfilled. Moreover, φ̇−
0 − f−0 =

φ̇+
0 − f+0 := f̂0. Then, for each t̂0 ∈ (t00, t10), there exist the numbers ε2 ∈ (0, ε1) and δ2 ∈ (0, δ1)

such that for arbitrary (t, ε, δµ) ∈ [t̂0, t10 + δ2]× (0, ε2)×ℑ(2) the formula (3.5) holds, where

δx(t; δµ) = Y (t00; t)f̂0δt0 + β(t; δµ).

All the assumptions of Theorem 3.3 are satisfied if the function f0(t, x, x1, . . . , xs) is continuous
and bounded, and the function φ0(t) is continuously differentiable. Clearly, in this case,

f̂0 = φ̇0(t00)− f0
(
t00, φ0(t00), φ0(t00 − τ10), . . . , φ0(t00 − τs0)

)
.

Theorems 3.1–3.3 correspond to the cases where there exist the left-sided, right-sided and two-sided
variations of the initial moment t00, respectively.

3.2 Lemma on estimation of the increment of a solution with respect
to the variation set ℑ(2)

−

To each element µ = (t0, τ1, . . . , τs, φ, f) ∈ Λ(2) we assign the functional differential equation

ẏ(t) = f(t0, τ1, . . . , τs, φ, y)(t) (3.11)

with the initial condition
y(t0) = φ(t0) (3.12)

(see (1.16)).
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Definition 3.2. Let µ = (t0, τ1, . . . , τs, φ, f) ∈ Λ(2). An absolutely continuous function y(t) =
y(t;µ) ∈ O, t ∈ [r1, r2] ⊂ I, is called a solution of the equation (3.11) with the initial condition
(3.12), or a solution corresponding to the element µ and defined on the interval [r1, r2], if t0 ∈ [r1, r2],
y(t0) = φ(t0) and the function y(t) satisfies the equation (3.11) a.e. on [r1, r2].

Remark 3.1. Let y(t;µ), t ∈ [r1, r2], be a solution corresponding to the element µ = (t0, τ1, . . . , τs,
φ, f) ∈ Λ(2). Then the function

x(t;µ) = h(t0, φ, y( · ;µ))(t), t ∈ [τ̂ , r2], (3.13)

is a solution of the equation (3.11) with the initial condition (3.12) (see Definition 3.1 and (1.18)).

Lemma 3.1. Let y0(t) be a solution corresponding to the element µ0 = (t00, τ10, . . . , τs0, φ0, f0) ∈ Λ(2)

and defined on [r1, r2] ⊂ (a, b); let t00 ∈ [r1, r2), τi0 ∈ (θi1, θi2), i = 1, s, and let K1 ⊂ O be a compact
set containing a neighborhood of the set φ0(I1)∪ y0([r1, r2]). Then there exist the numbers ε1 > 0 and
δ1 > 0 such that for any (ε, δµ) ∈ (0, ε1)×ℑ(2), we have µ0 + εδµ ∈ Λ(2). In addition, to this element
there corresponds a solution y(t;µ0 + εδµ) defined on the interval [r1 − δ1, r2 + δ1] ⊂ I. Moreover,{

φ(t) := φ0(t) + εδφ(t) ∈ K1, t ∈ I1,

y(t;µ0 + εδµ) ∈ K1, t ∈ [r1 − δ1, r2 + δ1],
(3.14)

and
lim
ε→0

y(t;µ0 + εδµ) = y(t;µ0)

uniformly for (t, δµ) ∈ [r1 − δ1, r2 + δ1]×ℑ(2).

This lemma is a consequence of Theorem 1.7.

Lemma 3.2. Let x0(t) be a solution corresponding to the element µ0 = (t00, τ10, . . . , τis, φ0, f0) ∈ Λ(2)

and defined on [τ̂ , t10] (see Definition 3.1), let t00, t10 ∈ (a, b), τi0 ∈ (θi1, θi2), i = 1, s, and let K1 ⊂ O
be a compact set containing a neighborhood of the set φ0(I1)∪x0([t00, t10]). Then there exist the numbers
ε1 > 0 and δ1 > 0 such that for any (ε, δµ) ∈ (0, ε1) × ℑ(2), we have µ0 + εδµ ∈ Λ(2). In addition,
to this element there corresponds a solution x(t;µ0 + εδµ) defined on the interval [τ̂ , t10 + δ1] ⊂ I1.
Moreover,

x(t;µ0 + εδµ) ∈ K1, t ∈ [τ̂ , t10 + δ1]. (3.15)

It is easy to see that if in Lemma 3.1 one puts r1 = t00, r2 = t10, then x0(t) = y0(t), t ∈ [t00, t10],
and

x(t;µ0 + εδµ) = h
(
t0, φ, y( · ;µ0 + εδµ)

)
(t) ∀ (t, ε, δµ) ∈ [τ̂ , t10 + δ1]× (0, ε1)×ℑ(2)

(see (3.13)). Thus, Lemma 3.2 is a simple corollary of Lemma 3.1 (see (3.14)).
Due to the uniqueness, the solution y(t;µ0) on the interval [r1 − δ1, r2 + δ1] is a continuation

of the solution y0(t). Therefore, we can assume that the solution y0(t) is defined on the interval
[r1 − δ1, r2 + δ1].

Lemma 3.1 allows one to define the increment of the solution y0(t) = y(t;µ0):

∆y(t) = ∆y(t; εδµ) = y(t;µ0 + εδµ)− y0(t) ∀ (t, ε, δµ) ∈ [r1 − δ1, r2 + δ1]× (0, ε1)×ℑ(2). (3.16)

Obviously,
lim
ε→0

∆y(t; εδµ) = 0 (3.17)

uniformly with respect to (t, δµ) ∈ [r1 − δ1, r2 + δ1]×ℑ(2) (see Lemma 3.1).

Lemma 3.3. Let the conditions of Theorem 3.1 hold. Then there exist the numbers ε2 ∈ (0, ε1) and
δ2 ∈ (0, δ1) such that

max
t∈[t00,r2+δ2]

|∆y(t)| ≤ O(εδµ) (3.18)

for arbitrary (ε, δµ) ∈ (0, ε2)×ℑ(2)
− . Moreover,

∆y(t00) = ε
[
δφ(t00) + (φ̇−

0 − f−0 )δt0
]
+ o(εδµ). (3.19)
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Proof. Let ε′2 ∈ (0, ε1) be insomuch small that for arbitrary (ε, δµ) ∈ (0, ε′2) × ℑ(2)
− the following

inequalities
t0 + τi > t00, i = 1, s, (3.20)

hold, where t0 = t00+εδt0, τi = τi0+εδτi. On the interval [t00, r2+δ1], the function ∆y(t) = y(t)−y0(t),
where y(t) = y(t;µ+ εδµ), satisfies the equation

∆̇y(t) = a(t; εδµ) + εb(t; εδµ), (3.21)

where
a(t; εδµ) = f0(t0, τ1, . . . , τs, φ, y0 +∆y)(t)− f0(t00, τ10, . . . , τs0, φ0, y0)(t),

b(t; εδµ) = δf(t0, τ1, . . . , τs, φ, y0 +∆y)(t).
(3.22)

We rewrite the equation (3.21) in the integral form

∆y(t) = ∆y(t00) +

t∫
t00

[
a(ξ; εδµ) + εb(ξ; εδµ)

]
dξ.

Hence it follows that

|∆y(t)| ≤ |∆y(t00)|+ a1(t; t00, εδµ) + εb1(t00; εδµ), (3.23)

where

a1(t; t00, εδµ) =

t∫
t00

|a(ξ; εδµ)| dξ, b1(t00; εδµ) =

r2+δ1∫
t00

|b(ξ; εδµ)| dξ.

Let us prove the formula (3.19). We have

∆y(t00) = y(t00;µ0 + εδµ)− y0(t00) = φ0(t0) + εδφ(t0)

+

t00∫
t0

[
f0
(
t, y0(t) + ∆y(t), φ(t− τ1), . . . , φ(t− τs)

)
+ εb(t; εδµ)

]
dt− φ0(t00) (3.24)

(see (3.20)). Since
t0∫

t00

φ̇0(t) dt = εφ̇−
0 δt0 + o(εδµ)

and
lim
ε→0

δφ(t0) = δφ(t00) uniformly with respect to δµ ∈ ℑ(2)
−

(see (3.3)), we have

φ0(t0) + εδφ(t0)− φ0(t00)

=

t0∫
t00

φ̇0(t) dt+ εδφ(t00) + ε
[
δφ(t0)− δφ(t00)

]
= ε[φ̇−

0 δt0 + δφ(t00)] + o(εδµ). (3.25)

It is clear that if t ∈ [t0, t00], then

lim
ε→0

(
t, y0(t)+∆y(t), φ(t−τ1), . . . , φ(t−τs)

)
= lim

t→t00−

(
t, y0(t), φ0(t−τ10), . . . , φ0(t−τs0)

)
=w0

(see (3.17)). Consequently,

lim
ε→0

sup
t∈[t0,t00]

∣∣f0(t, y0(t) + ∆y(t), φ(t− τ1), . . . , φ(t− τs)
)
− f−0

∣∣ = 0.
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This relation implies that

t00∫
t0

f0
(
t, y0(t) + ∆y(t), φ(t− τ1), . . . , φ(t− τs)

)
dt = −εf−0 δt0

+

t00∫
t0

[
f0
(
t, y0(t) + ∆y(t), φ(t− τ1), . . . , φ(t− τs)

)
− f−0

]
dt = −εf−0 δt0 + o(εδµ). (3.26)

Further, we have
t00∫
t0

|b(t; εδµ)| dt ≤
t00∫
t0

k∑
i=1

|λi|
∣∣δfi(t0, τ1, . . . , τs, φ, y0 +∆y)(t)

∣∣ dt ≤ γ
k∑

i=1

t00∫
t0

mδfi,K1(t) dt (3.27)

(see (3.16), (3.3) and (3.14)).
From (3.24), by virtue of (3.25)–(3.27), we obtain (3.19).
Let us now prove the inequality (3.18). Towards this end, we estimate a1(t; t00, εδµ), t ∈ [t00, r2 +

δ1]. Obviously,

a1(t; t00, εδµ) ≤
t∫

t00

Lf0,K1(ξ)|∆y(ξ)| dξ +
s∑

i=1

a2i(t; t00, εδµ), (3.28)

where

a2i(t; t00, εδµ) =

t∫
t00

Lf0,K1(ξ)
∣∣h(t0, φ, y0 +∆y)(ξ − τi)− h(t00, φ0, y0)(ξ − τi0)

∣∣ dξ
(see (3.22)).

Let t00 + τi0 ≤ r2 and let ε2′ be insomuch small that t00 + τi < r2 + δ1.
Furthermore, let

ρi1 = min{t0 + τi, t00 + τi0}, ρi2 = max{t00 + τi, t00 + τi0}.

It is easy to see that
ρi2 ≥ ρi1 > t00 and ρi2 − ρi1 = O(εδµ).

Let t ∈ [t00, ρi1), then for ξ ∈ [t00, t], we have ξ − τi < t0 and ξ − τi0 < t00, and hence,

a2i(t; t00, εδµ) =

t∫
t00

Lf0,K1(ξ)
∣∣φ(ξ − τi)− φ0(ξ − τi0)

∣∣ dξ.
From the boundedness of the function φ̇0(t), t ∈ I1, it follows that∣∣φ(ξ − τi)− φ0(ξ − τi0)

∣∣ = ∣∣φ0(ξ − τi) + εδφ(ξ − τi)− φ0(ξ − τi0)
∣∣

= O(εδµ) +

∣∣∣∣
ξ−τi∫

ξ−τi0

φ̇0(t) dt

∣∣∣∣ = O(εδµ). (3.29)

Thus, for t ∈ [t00, ρi1], we have

a2i(t; t00, εδµ) ≤ O(εδµ), i = 1, s. (3.30)

Let t ∈ [ρi1, ρi2], then

a2i(t; t00, εδµ) ≤ a2i(ρi1; t00, εδµ) + a2i(ρi2; ρi1, εδµ) ≤ O(εδµ) + a2i(ρi2; ρi1, εδµ).
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Let ρi1 = t0 + τi and ρi2 = t00 + τi, i.e., t0 + τi < t00 + τi0 < t00 + τi. We have

a2i(ρi2; ρi1, εδµ) ≤
t00+τi0∫
t0+τi

Lf0,K1(ξ)
∣∣y(ξ − τi;µ0 + εδµ)− φ0(ξ − τi0)

∣∣ dξ
+

t00+τi∫
t00+τi0

Lf0,K1(ξ)
∣∣y(ξ − τi;µ0 + εδµ)− y0(ξ − τi0)

∣∣ dξ
≤

t00+τi0∫
t0+τi

Lf0,K1(ξ)
∣∣y(ξ − τi;µ0 + εδµ)− φ(ξ − τi)

∣∣ dξ
+

t00+τi0∫
t0+τi

Lf0,K1(ξ)
∣∣φ(ξ − τi)− φ0(ξ − τi0)

∣∣ dξ
+

t00+τi∫
t00+τi0

Lf0,K1(ξ)
∣∣y(ξ − τi;µ0 + εδµ)− φ(ξ − τi)

∣∣ dξ
+

t00+τi∫
t00+τi0

Lf0,K1(ξ)
∣∣φ(ξ − τi)− φ0(ξ − τi0)

∣∣ dξ
+

t00+τi∫
t00+τi0

Lf0,K1(ξ)
∣∣φ0(ξ − τi0)− y0(ξ − τi0)

∣∣ dξ
≤ o(εδµ) +

t00+τi∫
t0+τi

Lf0,K1(ξ)
∣∣y(ξ − τi;µ0 + εδµ)− φ(ξ − τi)

∣∣ dξ
+

t00+τi∫
t00+τi0

Lf0,K1(ξ)
∣∣φ0(ξ − τi0)− y0(ξ − τi0)

∣∣ dξ
= o(εδµ) +

t00∫
t0

Lf0,K1(ξ + τi)
∣∣y(ξ;µ0 + εδµ)− φ(ξ)

∣∣ dξ
+

t00+τi−τi0∫
t00

Lf0,K1(ξ + τi0)|φ0(ξ)− y0(ξ)| dξ

(see (3.29)). The functions f0(t, x, x1, . . . , xs), (t, x, x1, . . . , xs) ∈ I × O1+s and φ̇0(t), t ∈ I1, are
bounded; therefore, ∣∣y(ξ;µ0 + εδµ)− φ(ξ)

∣∣
=

∣∣∣∣φ(t0) +
ξ∫

t0

[
f0(t0, τ1, . . . , τs, φ, y0 +∆y)(t) + b(t; εδµ)

]
dt− φ(ξ)

∣∣∣∣ ≤ O(εδµ), ξ ∈ [t0, t00], (3.31)

and

|φ0(ξ)− y0(ξ)| =
∣∣∣∣φ0(ξ)− φ0(t00)−

ξ∫
t00

f0(t00, τ10, . . . , τs0, φ0, y0)(t) dt

∣∣∣∣ ≤ O(εδµ),

ξ ∈ [t00, t00 + τi − τi0] (τi > τi0).
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Thus,
a2i(ρi2; ρi1, εδµ) = o(εδµ).

Let ρi1 = t0 + τi and ρi2 = t00 + τi0, then

ai2(ρi2; ρi1, εδµ) =

t00+τi0∫
t0+τi

Lf0,K1(ξ)
∣∣y(ξ − τi;µ0 + εδµ)− φ0(ξ − τi0)

∣∣ dξ = o(εδµ).

Let ρi1 = t00 + τi0 and ρi2 = t00 + τi, i.e., t00 + τi0 < t0 + τi < t00 + τi. We have

ai2(ρi2; ρi1, εδµ) ≤
t0+τi∫

t00+τi0

Lf0,K1
(ξ)

∣∣φ(ξ − τi)− y0(ξ − τi0)
∣∣ dξ

+

t00+τi∫
t0+τi

Lf0,K1(ξ)
∣∣y(ξ − τi;µ0 + εδµ)− y0(ξ − τi0)

∣∣ dξ = o(εδµ).

Consequently, for t ∈ [t00, ρi2], the inequality (3.30) holds.
Let t ∈ [ρi2, r2 + δ1], then t− τi ≥ t0 and t− τi0 ≥ t00, therefore,

a2i(t; t00, εδµ) = a2i(ρi2; t00, εδµ) +

t∫
ρi2

Lf0,K1(ξ)
∣∣y0(ξ − τi) + ∆y(ξ − τi)− y0(ξ − τi0)

∣∣ dξ
≤ O(εδµ) +

t−τi∫
ρi2−τi

Lf0,K1(ξ + τi)|∆y(ξ)| dξ +
t∫

ρi2

Lf0,K1(ξ)
∣∣y0(ξ − τi)− y0(ξ − τi0)

∣∣ dξ
≤ O(εδµ) +

t∫
t00

χ(ξ + τi)Lf0,K1
(ξ + τi)|∆y(ξ)| dξ +

r2+δ1∫
ρi2

Lf0,K1
(ξ)

∣∣y0(ξ − τi)− y0(ξ − τi0)
∣∣ dξ.

Further, for ξ ∈ [ρi2, r2 + δ1],

∣∣y0(ξ − τi)− y0(ξ − τi0)
∣∣ ≤ ξ−τI∫

ξ−τi0

∣∣f0(t00, τi1, . . . , τis, y0)(t)∣∣ dt ≤ O(εδµ).

Thus, for t ∈ [t00, r2 + δ1], we get

a2i(t; t00, εδµ) ≤ O(εδµ) +

t∫
t00

χ1(ξ + τi)Lf0,K1(ξ + τi)|∆y(ξ)| dξ. (3.32)

We now consider the case where t00 + τi0 > r2. Let δ2 ∈ (0, δ1) and ε′′2 ∈ (0, ε1) be insomuch small
numbers that t00 + τi0 > r2 + δ2 and t0 + τi > r2 + δ2 for arbitrary (ε, δµ) ∈ (0, ε′′2)×ℑ(2)

− .
It is easy to see that

a2i(t; t00, εδµ) ≤
t∫

t00

Lf0,K1(ξ)
∣∣φ(ξ − τi)− φ0(ξ − τi0)

∣∣ dt ≤ O(εδµ).

Thus, for arbitrary (t, ε, δµ) ∈ [t00, r2 + δ2] × (0, ε2) × ℑ(2)
− and i = 1, s, where ε2 = min(ε′2, ε′′2), the

inequality (3.32) holds.
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Consequently, we have

a1(t; t00, εδµ) ≤ O(εδµ) +

t∫
t00

[
Lf,K1(ξ) +

s∑
i=1

χ1(ξ + τi)Lf,K1(ξ + τi)
]
|∆y(ξ)| dξ, (3.33)

t ∈ [t00, r2 + δ1],

(see (3.28)). Obviously,

b1(t00, εδµ) ≤ γ

r2+δ2∫
t00

k∑
i=1

∣∣δfi(t0, τ1, . . . , τs, y0 +∆y)(t)
∣∣ dt ≤ γ

k∑
i=1

∫
I

mδfi,K1
(t) dt. (3.34)

According to (3.19), (3.33) and (3.34), the inequality (3.23) directly implies

|∆y(t)| ≤ O(εδµ) +

t∫
t00

[
Lf,K1(ξ) +

s∑
i=1

χ1(ξ + τi)Lf,K1(ξ + τi)
]
|∆y(ξ)| dξ, t ∈ [t00, r2 + δ2].

By the Gronwall–Bellman inequality lemma, from the above we obtain (3.18).

3.3 Proof of Theorem 3.1
Let r1 = t00 and r2 = t10 as in Lemma 3.1, then

x0(t) =

{
φ0(t), t ∈ [τ̂ , t00),

y0(t), t ∈ [t00, t10],

and for arbitrary (ε, δµ) ∈ (0, ε1)×ℑ(2)
− ,

x(t;µ0 + εδµ) =

{
φ(t), t ∈ [τ̂ , t0),

y(t;µ0 + εδµ), t ∈ [t0, t10 + δ1]

(see (3.13)).
We note that δµ ∈ ℑ(2)

− , i.e., t0 < t00, therefore

∆x(t) =


εδφ(t) for t ∈ [τ̂ , t0),

y(t;µ0 + εδµ)− φ0(t) for t ∈ [t0, t00),

∆y(t) for t ∈ [t00, t10 + δ1]

(see (3.4) and (3.16)).
By Lemma 3.3 and the relation∣∣y(t;µ0 + εδµ)− φ0(t)

∣∣ ≤ O(εδµ), t ∈ [t0, t00],

we have

|∆x(t)| ≤ O(εδµ) ∀ (t, ε, δµ) ∈ [τ̂ , t10 + δ2]× (0, ε2)×ℑ(2)
− , (3.35)

∆x(t00) = ε
[
δφ(t00) + (φ̇−

0 − f−0 )δt0
]
+ o(εδµ). (3.36)

The function ∆x(t) satisfies the equation

∆̇x(t) = f0[t, x0 +∆x] + εδf [t, x0 +∆x]− f0[t]

= f0x[t]∆x(t) +
s∑

i=1

f0xi [t]∆x(t− τi0) + εδf [t] +
2∑

i=1

ϑi(t; εδµ) (3.37)
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on the interval [t00, t10 + δ2], where

f0[t, x0 +∆x] = f0

(
t, x0(t) + ∆x(t), x0(t− τ1) + ∆x(t− τ1), . . . , x0(t− τs) + ∆x(t− τs)

)
,

f0[t] = f0
(
t, x0(t), x0(t− τ10), . . . , x0(t− τs0)

)
,

δf [t, x0 +∆x] = δf
(
t, x0(t) + ∆x(t), x0(t− τ1) + ∆x(t− τ1), . . . , x0(t− τs) + ∆x(t− τs)

)
,

δf [t] = δf
(
t, x0(t), x0(t− τ1), . . . , x0(t− τs)

)
,

ϑ1(t; εδµ) = f0[t, x0 +∆x]− f0[t]− f0x[t]∆x(t)−
s∑

i=1

f0xi [t]∆x(t− τi0), (3.38)

ϑ2(t; εδµ) = ε
[
δf [t, x0 +∆x]− δf [t]

]
. (3.39)

By using the Cauchy formula, one can represent the solution of the equation (3.37) in the form

∆x(t) = Y (t00; t)∆x(t00) + ε

t∫
t00

Y (ξ; t)δf [ξ] dξ +

2∑
p=0

Rp(t; t00, εδµ), t ∈ [t00, t10 + δ2], (3.40)

where 

R0(t; t00, εδµ) =
s∑

i=1

Ri0(t; t00, εδµ),

Ri0(t; t00, εδµ) =

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]∆x(ξ) dξ,

Rp(t; t00, εδµ) =

t∫
t00

Y (ξ; t)ϑp(ξ; εδµ) dξ, p = 1, 2,

(3.41)

and Y (ξ; t) is the matrix function satisfying the equation (3.8) and the condition (3.9). The function
Y (ξ; t) is continuous on the set

[t00 − δ2, t00]× [t00, t10 + δ2] ⊂ Π.

Therefore,
Y (t00; t)∆x(t00) = εY (t00; t)

[
δφ(t00) + (φ̇−

0 − f−0 )δt0
]
+ o(t; εδµ) (3.42)

(see (3.36)). One can readily see that

Ri0(t; t00, εδµ) = ε

t0∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ +

t00∫
t0

Y (ξ + τi0; t)f0xi [ξ + τi0]∆x(ξ) dξ

= ε

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi
[ξ + τi0]δφ(ξ)dξ + o(t; εδµ)

(see (3.35)). Thus

R0(t; t00, εδµ) = ε
s∑

i=1

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ + o(t; εδµ). (3.43)

We introduce the notations:

f0[t; θ, εδµ] = f0

(
t, x0(t) + θ∆x(t), x0(t− τ10) + θ(x0(t− τ1)− x0(t− τ10) + ∆x(t− τ1)), . . . ,

x0(t− τs0) + θ
(
x0(t− τs)− x0(t− τs0) + ∆x(t− τs)

))
,

σ(t; θ, εδµ) = f0x[t; θ, εδµ]− f0x[t], ϱi(t; θ, εδµ) = f0xi [t; θ, εδµ]− f0xi [t].
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It is easy to see that

f0([t, x0 +∆x]− f0[t] =

1∫
0

d

dθ
f0[t; θ, εδµ] dθ

=

1∫
0

{
f0x[t; θ, εδµ]∆x(t) +

s∑
i=1

f0xi [t; θ, εδµ]
(
x0(t− τi)− x0(t− τi0) + ∆x(t− τi)

)}
dθ

=

[ 1∫
0

σ(t; θ, εδµ) dθ

]
∆x(t) +

s∑
i=1

[ 1∫
0

ϱi(t; θ, εδµ) dθ

](
x0(t− τi)− x0(t− τi0) + ∆x(t− τi)

)
+ f0x[t]∆x(t) +

s∑
i=1

f0xi
[t]
(
x0(t− τi)− x0(t− τi0) + ∆x(t− τi)

)
.

Taking into account the last relation for t ∈ [t00, t10 + δ2], we have

R1(t; t00, εδµ) =

6∑
p=3

Rp(t; t00, εδµ),

where

R3(t; t00, εδµ) =

t∫
t00

Y (ξ; t)σ1(ξ; εδµ)∆x(ξ) dξ, σ1(ξ; εδµ) =

1∫
0

σ(ξ; s, εδµ) ds,

R4(t; t00, εδµ) =
s∑

i=1

t∫
t00

Y (ξ; t)ϱi2(ξ; εδµ)
[
x0(ξ − τi)− x0(ξ − τi0) + ∆x(ξ − τi)

]
dξ,

ϱi2(ξ; εδµ) =

1∫
0

ϱi1(ξ; θ, εδµ) dθ,

R5(t; t00, εδµ) =
s∑

i=1

t∫
t00

Y (ξ; t)f0xi [ξ]
[
x0(ξ − τi)− x0(ξ − τi0)

]
dξ,

R6(t; t00, εδµ) =

s∑
i=1

t∫
t00

Y (ξ; t)f0xi [ξ]
[
∆x(ξ − τi)−∆x(ξ − τi0)

]
dξ

(see (3.38)). The function x0(t), t ∈ [τ̂ , t10+ δ2], is absolutely continuous, and for each fixed Lebesgue
point ξi ∈ (t00, t10 + δ2) of the function ẋ0(ξ − τi0) we get

x0(ξi − τi)− x0(ξi − τi0) =

ξi−εδτi∫
ξi

ẋ0(ς − τi0) dς = −εẋ0(ξi − τi0)δτi + γi(ξi; εδµ), (3.44)

where
lim
ε→0

γi(ξi; εδµ)

ε
= 0 uniformly for δµ ∈ ℑ(2)

− . (3.45)

Thus (3.44) is valid for almost all points of the interval (t00, t10+δ2). From (3.44), taking into account
the boundedness of the function

ẋ0(t) =

{
φ̇0(t), t ∈ [τ̂ , t00],

f0
(
t, x0(t), x0(t− τ10), . . . , x0(t− τs0)

)
, t ∈ (t00, t10 + δ2],
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it follows that ∣∣x0(ξi − τi)− x0(ξi − τi0)
∣∣ ≤ O(εδµ) and

∣∣∣γi(ξi; εδµ)
ε

∣∣∣ ≤ const. (3.46)

It is clear that ∣∣∆x(ξ − τi)−∆x(ξ − τi0)
∣∣ = {

o(ξ; εδµ) for ξ ∈ [t00, ρi1],

O(ξ; εδµ) for ξ ∈ [ρi1, ρi2]
(3.47)

(see (3.35)).
Let ξ ∈ [ρi2, t10 + δ1], then ξ − τi ≥ t00, ξ − τi0 ≥ t00. Therefore,

∣∣∆x(ξ − τi)−∆x(ξ − τi0)
∣∣ ≤ ξ−τi∫

ξ−τi0

|∆̇x(s)| ds

≤
ξ−τi∫

ξ−τi0

Lf0,K1(ς)
[
|∆x(ς)|+

s∑
i=1

∣∣x0(ς − τi)− x0(ς − τi0)
∣∣+ |∆x(ς − τi)|

]
dς

+ εα

ξ−τi∫
ξ−τi0

k∑
j=1

mδfj ,K1(ς) dς = o(ξ; εδµ) (3.48)

(see (3.37), (3.15), (3.46) and (3.35)).
According to (3.35), (3.44) and (3.46)–(3.48), for the expressions Rp(t; t00, εδµ), p = 3, 4, 5, we

have

|R3(t; t00, εδµ)| ≤ ∥Y ∥O(εδµ)σ2(εδµ), σ2(εδµ) =

t10+δ1∫
t00

|σ1(ξ; εδµ)| dξ,

|R4(t; t00, εδµ)| ≤ ∥Y ∥O(εδµ)
s∑

i=1

ρi2(εδµ), ρi2(εδµ) =

t10+δ1∫
t00

|ρi1(ξ; εδµ)| dξ,

R5(t; t00, εδµ) = −ε
s∑

i=1

[ t∫
t00

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ

]
δτi +

s∑
i=1

γi1(t; εδµ),

where

∥Y ∥ = sup
{
|Y (ξ; t)| : (ξ, t) ∈ Π

}
, γi1(t; εδµ) =

t∫
t00

Y (ξ; t)f0xi [ξ]γi(ξ; εδµ) dξ.

Obviously, ∣∣∣γi1(t; εδµ)
ε

∣∣∣ ≤ ∥Y ∥
t10+δ1∫
t00

|f0xi [ξ]|
∣∣∣γi(ξ; εδµ)

ε

∣∣∣ dξ.
By the Lebesgue theorem on the passage to the limit under the integral sign, we have

lim
ε→0

σ2(εδµ) = 0, lim
ε→0

ρi2(εδµ) = 0, lim
ε→0

∣∣∣γi1(t; εδµ)
ε

∣∣∣ = 0

uniformly for (t, δµ) ∈ [t00, t10 + δ1]×ℑ(2)
− (see (3.45)). Thus,

Rp(t; t00, εδµ) = o(t; εδµ), p = 3, 4, (3.49)

R5(t; t00, εδµ) = −ε
s∑

i=1

[ t∫
t00

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ

]
δτi + o(t; εδµ). (3.50)
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Further,

|R6(t; t00, εδµ)| ≤ ∥Y ∥
t10+δ1∫
t00

s∑
i=1

|f0xi [ξ]|
∣∣∆x(ξ − τi)−∆x(ξ − τi0)

∣∣ dξ = o(εδµ). (3.51)

On the basis of (3.49)–(3.51), we obtain

R1(t; t00, εδµ) = −ε
s∑
i

[ t∫
t00

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ

]
δτi + o(t; εδµ). (3.52)

Next,

|R2(t; t00, εδµ)|

≤εγ
t10+δ1∫
t00

k∑
j=1

Lδfj ,K1(ξ)
[
|∆x(ξ)|+

s∑
i=1

(
|x0(ξ−τ)−x0(ξ−τ0)|+|∆x(ξ−τ)|

)]
dξ≤o(εδµ) (3.53)

(see (3.39)).
From (3.40), by virtue of (3.42), (3.43), (3.52) and (3.53), we obtain (3.5), where δx(t; δµ) has the

form (3.6).

3.4 Lemma on estimation of the increment of a solution with respect
to the variation set ℑ(2)

+

Lemma 3.4. Let the conditions of Theorem 3.2 hold. Then there exist the numbers ε2 ∈ (0, ε1) and
δ2 ∈ (0, δ1) such that

max
t∈[t0,r2+δ2]

|∆y(t)| ≤ O(εδµ) (3.54)

for arbitrary (ε, δµ) ∈ [0, ε2]×ℑ(2)
+ . Moreover,

∆y(t0) = ε
[
δφ(t00) + (φ̇+

0 − f+0 )δt0
]
+ o(εδµ). (3.55)

Proof. Let a number ε′2 ∈ (0, ε1) be insomuch small that for arbitrary (ε, δµ) ∈ (0, ε′2) × ℑ(2)
+ , the

inequalities
t00 + τi > t0, t00 + τi0 > t0, i = 1, s, (3.56)

hold, where t0 = t00 + εδt0. On the interval [t0, r2 + δ1], the function ∆y(t) = y(t)− y0(t) satisfies the
equation

∆̇y(t) = a(t; εδµ) + εb(t; εδµ) (3.57)
(see (3.21)). We rewrite the equation (3.57) in the integral form

∆y(t) = ∆y(t0) +

t∫
t0

[
a(ξ; εδµ) + εb(ξ; εδµ)

]
dξ.

Hence it follows that
|∆y(t)| ≤ |∆y(t0)|+ a1(t; t0, εδµ) + εb(t0, εδµ). (3.58)

Let us prove the formula (3.55). We have

∆y(t0) = y(t0;µ0 + εδµ)− y0(t0)

= φ0(t0) + εδφ(t0)− φ0(t00)−
t0∫

t00

[
f0
(
t, y0(t), φ0(t− τ10), . . . , φ0(t− τs0)

)]
dt (3.59)
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(see (3.56)). Since
t0∫

t00

φ̇0(t) dt = εφ̇+
0 δt0 + o(εδµ)

and
lim
ε→0

δφ(t0) = δφ(t00) uniformly with respect to δµ ∈ ℑ(2)
+

(see (3.3)), we get

φ0(t0) + εδφ(t0)− φ0(t00)

=

t0∫
t00

φ̇0(t) dt+ εδφ(t00) + ε[δφ(t0)− δφ(t00)] = ε[φ̇+
0 δt0 + δφ(t00)] + o(εδµ). (3.60)

It is clear that if t ∈ [t00, t0], then

lim
ε→0

(
t, y0(t)+∆y(t), φ(t− τ1), . . . , φ(t− τs)

)
= lim

t→t00+

(
t, y0(t), φ0(t− τ10), . . . , φ0(t− τs0)

)
= w0

(see (3.17)). Consequently,

lim
ε→0

sup
t∈[t00,t0]

∣∣∣f0(t, y0(t) + ∆y(t), φ(t− τ1), . . . , φ(t− τs))− f+0

∣∣∣ = 0.

This relation implies that

t00∫
t0

f0
(
t, y0(t) + ∆y(t), φ(t− τ1), . . . , φ(t− τs)

)
dt

= −εf+0 δt0 +
t00∫
t0

[
f0
(
t, y0(t) + ∆y(t), φ(t− τ1), . . . , φ(t− τs)

)
− f+0

]
dt = −εf+0 δt0 + o(εδµ). (3.61)

From (3.59), by virtue of (3.60) and (3.61), we obtain (3.55).
In order to prove the inequality (3.54) we estimate a1(t; t0, εδµ), t ∈ [t0, r2 + δ1]. Obviously,

a1(t; t0, εδµ) ≤
t∫

t0

Lf0,K1(ξ)|∆y(ξ)| dξ +
s∑

i=1

a2i(t; t0, εδµ) (3.62)

(see (3.28)).
Let there exist t00 + τi0 ≤ r2 and let ε2′ ∈ (0, ε1) be insomuch small that t0 + τi < r2 + δ1.

Furthermore, let

ρi1 = min{t00 + τi, t00 + τi0}, ρi2 = max{t0 + τi, t00 + τi0}.

It is easy to see that
ρi2 ≥ ρi1 > t0, ρi2 − ρi1 = O(εδµ).

Let t ∈ [t0, ρi1), then for ξ ∈ [t0, t] we have ξ − τi < t0 and ξ − τi0 < t00. Therefore,

a2i(t; t0, εδµ) =

t∫
t0

Lf0,K1(ξ)
∣∣φ(ξ − τi)− φ0(ξ − τi0

∣∣ dξ.
From the boundedness of the function φ̇0(t), t ∈ I1, follows
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∣∣φ(ξ − τi)− φ0(ξ − τi0)
∣∣ = ∣∣φ0(ξ − τi) + εδφ(ξ − τi)− φ0(ξ − τi0)

∣∣
= O(εδµ) +

∣∣∣∣
ξ−τi∫

ξ−τi0

φ̇0(t) dt

∣∣∣∣ = O(εδµ). (3.63)

Thus, for t ∈ [t0, ρi1], we have

a2i(t; t0, εδµ) ≤ O(εδµ), i = 1, s. (3.64)

Let t ∈ [ρi1, ρi2], then

a2i(t; t0, εδµ) ≤ a2i(ρi1; t0, εδµ) + a2i(ρ21; ρi1, εδµ) ≤ O(εδµ) + a2i(ρ21; ρi1, εδµ)

(see (3.64)).
Let ρi1 = t00 + τi and ρi2 = t0 + τi, i.e., t00 + τi < t00 + τi0 < t0 + τi. We have

a2i(ρi2; ρi1, εδµ) ≤
t00+τi0∫
t00+τi

Lf0,K1(ξ)
∣∣φ(ξ − τi)− φ0(ξ − τi0)

∣∣ dξ
+

t0+τi∫
t00+τi0

Lf0,K1(ξ)
∣∣φ(ξ − τi)− y0(ξ − τi0)

∣∣ dξ ≤ o(εδµ)

(see (3.63)). Consequently, for t ∈ [t0, ρi2], the inequality (3.64) holds.
Let t ∈ [ρi2, r2 + δ1], then t− τi ≥ t0 and t− τi0 ≥ t00. Therefore

a2i(t; t0, εδµ) = a2i(ρi2; t0, εδµ) +

t∫
ρi2

Lf0,K1(ξ)
∣∣y0(ξ − τi) + ∆y(ξ − τi)− y0(ξ − τi0)

∣∣ dξ
≤ O(εδµ) +

t−τi∫
ρi2−τi

Lf0,K1(ξ + τi)|∆y(ξ)| dξ +
t∫

ρi2

Lf0,K1(ξ)
∣∣y0(ξ − τi)− y0(ξ − τi0)

∣∣ dξ
≤ O(εδµ) +

t∫
t0

χ1(ξ + τi)Lf0,K1(ξ + τi)|∆y(ξ)| dξ.

Consequently, in this case we have

a1(t; t0, εδµ) ≤ O(εδµ)+

t∫
t0

[
Lf,K1(ξ)+

s∑
i=1

χ1(ξ+τi)Lf,K1(ξ+τi)
]
|∆y(ξ)| dξ, t ∈ [t0, r2+δ1], (3.65)

(see (3.62)).
We now consider the case where t00 + τi0 > r2. Let the numbers δ2 ∈ (0, δ1) and ε′′2 ∈ (0, ε1) be

insomuch small that t0 + τi > r2 + δ2 for arbitrary (ε, δµ) ∈ (0, ε′′2)×ℑ(2)
+ . It is easy to see that

a2i(t; t0, εδµ) ≤
t∫

t0

Lf0,K1(ξ)
∣∣φ(ξ − τi)− φ0(ξ − τi0)

∣∣ dt ≤ O(εδµ).

Thus, for arbitrary (t, ε, δµ) ∈ [t00, r2 + δ2] × (0, ε2) × ℑ(2)
+ , where ε2 = min(ε′2, ε′′2), the inequality

(3.65) holds.
Obviously,

b(t0, εδµ) ≤ γ

r2+δ2∫
t0

k∑
i=1

∣∣δfi(t0, τ1, . . . , τs, y0 +∆y)(t)
∣∣ dt ≤ γ

k∑
i=1

∫
I

mδfi,K1(t) dt. (3.66)
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According to (3.55), (3.65) and (3.66), the inequality (3.58) directly implies

|∆y(t)| ≤ O(εδµ) +

t∫
t0

[
Lf,K1(ξ) +

s∑
i=1

χ1(ξ + τi)Lf,K1(ξ + τi)
]
|∆y(ξ)| dξ, t ∈ [t0, r2 + δ2].

By the Gronwall–Bellman inequality, from the above we obtain (3.54).

3.5 Proof of Theorem 3.2
First of all, we note that δµ ∈ ℑ(2)

+ i.e., t00 < t0, therefore we have

∆x(t) =


εδφ(t) for t ∈ [τ̂ , t00),

φ(t)− y0(t) for t ∈ [t00, t0),

∆y(t) for t ∈ [t0, t10 + δ1].

In a similar way (see (3.31)), one can prove

|φ(t)− y0(t)| = O(t; εδµ), t ∈ [t00, t0].

According to the last relation and Lemma 3.4, we have

|∆x(t)| ≤ O(εδµ) ∀ (t, ε, δµ) ∈ [τ̂ , t10 + δ2]× [0, ε2]×ℑ(2)
+

and
∆x(t0) = ε

[
δφ(t00) + (φ̇+

0 − f+0 )
]
δt0 + o(εδµ).

Let t̂ ∈ (t00, t10) be a fixed point, and let ε2 ∈ (0, ε1) be insomuch small that t0 < t̂ for arbitrary
(ε, δµ) ∈ (0, ε1) × ℑ(2)

+ . The function ∆x(t) satisfies the equation (3.37) on the interval [t0, t10 + δ2].
Therefore, by using the Cauchy formula, we can represent it in the form

∆x(t) = Y (t0; t)∆x(t0) + ε

t∫
t0

Y (ξ; t)δf [ξ] dξ +
2∑

i=0

Ri(t; t0, εδµ), (3.67)

where Y (ξ; t) is the matrix function satisfying the equation (3.8) and the condition (3.9). The matrix
function Y (ξ; t) is continuous on [t00, t̂)× [t̂, t10 + δ2], therefore

Y (t0; t)∆x(t0) = εY (t00; t)
[
δφ(t00) + (φ̇+

0 − f+0 )
]
δt0 + o(εδµ). (3.68)

Let us now transform
R0(t; t0, εδµ) =

s∑
i=1

Ri0(t; t0, εδµ).

It is not difficult to see that

Ri0(t; t0, εδµ) = ε

t00∫
t0−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ +

t0∫
t00

Y (ξ + τ0; t)f0xi [ξ + τi0]∆x(ξ) dξ

= ε

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ + o(t; εδµ).

Thus,

R0(t; t0, εδµ) = ε

s∑
i=1

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ + o(t; εδµ). (3.69)
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In a similar way, with nonessential changes, for t ∈ [t̂, t10 + δ2], one can prove

R1(t; t0, εδµ) = −ε
s∑

i=1

t∫
t00

Y (ξ; t)
[
f0xi [ξ]ẋ0(ξ − τi0)δτi

]
dξ + o(t; εδµ), (3.70)

R2(t; t0, εδµ) = o(t; εδµ). (3.71)

Finally, we note that for t ∈ [t̂, t10 + δ2],

ε

t∫
t0

Y (ξ; t)δf [ξ] dξ = ε

t∫
t00

Y (ξ; t)δf [ξ] dξ + o(t; εδµ). (3.72)

Taking into account (3.68)–(3.72), from (3.67) we obtain (3.5), where δx(t; εδµ) has the form
(3.10).

4 Optimal control problems and necessary conditions
of optimality

4.1 Preliminaries and necessary criticality condition
In this subsection by Ez we will denote a vector space. The k-dimensional vector space Ek

z will be
identified with the space Rk. By the module of an element z ∈ Ek

z we will mean the Euclidean module

|z|2 = z⊤z =
k∑

i=1

(zi)2.

In what follows, finite-dimensional vector spaces will be endowed with the Euclidean topology. Let
zi ∈ Ez, i = 1, k. The set

L =
{
z =

k∑
i=1

λizi : λi ∈ R, i = 1, k
}

is called the finite-dimensional linear manifold generated by the points zi, i = 1, k. If z0 ∈ L, then we
say that the manifold L passes through the point z0 and it will be denoted by Lz0 . In what follows,
we will write the manifold Lz0 in the equivalent form

Lz0 =
{
z = z0 +

k∑
i=1

λizi : λi ∈ R, i = 1, k
}
. (4.1)

For each fixed α > 0, the set { k∑
i=1

λizi : |λi| ≤ α, i = 1, k
}

(4.2)

is a convex bounded neighborhood of zero in the space Lz0 − z0.

Definition 4.1. We say that points zi ∈ Ez, i = 0, k, are in a general position if the vectors zi − z0,
i = 1, k, are linearly independent.

From this definition it follows that for any zi, i = 1, k, the system of vectors z0 − zi, . . . , zi−1 −
zi, zi+1 − zi, . . . , zk − zi is linearly independent, as well.

Definition 4.2. Let the points zi, i = 0, k, be in a general position. The convex hull of points zi,
i = 0, k, i.e., co({z0, . . . , zk}), is called a k-dimensional simplex.
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Clearly, a k-dimensional simplex is a convex compact set in the linear finite dimensional manifold
generated by the points zi, i = 0, k. It is easy to note that

co({z0, . . . , zk}) = z0 + co({0, z1 − z0, . . . , zk − z0})

= z0 +
{ k∑

i=1

λi(zi − z0) : λi ≥ 0,
k∑

i=1

λi ≤ 1
}
. (4.3)

From the relations (4.2), (4.3) and Definition 4.2 follow Lemmas 4.1 and 4.2.

Lemma 4.1. The simplex co({z0, . . . , zk}) has a nonempty interior.

Lemma 4.2. Each point z of a simplex co({z0, . . . , zk}) can be uniquely represented in the form

z =
k∑

i=0

λizi, where λi ≥ 0, i = 0, k, and
k∑

i=0

λi = 1.

Lemma 4.3. Let M ⊂ Ek
z and, moreover, let 0 ∈ intM . Then in Ek

z there exists a k-dimensional
simplex which is contained in M and contains 0 ∈ Ek

z as an interior point.

Proof. Let co({z0, . . . , zk}) ⊂ Ek
z be a k-dimensional simplex. By Lemma 4.1, there exists ẑ ∈

int co({z0, . . . , zk}) such that the k-dimensional simplex

−ẑ + co({z0, . . . , zk}) = co({z0 − ẑ, . . . , zk − ẑ})

contains 0 ∈ Ek
z as an interior point. By assumption, there exists a convex neighborhood

V =
{
z ∈ Ek

z : |z| < ε0
}
, ε0 > 0,

of zero contained in M .
Let ε > 0 be a number such that ε(zi − ẑ) ∈ V , i = 0, k. Hence the k-dimensional simplex

ε co({z0 − ẑ, . . . , zk − ẑ}) is contained in M and contains 0 ∈ Ek
z as an interior point.

Lemma 4.4. Let a linear mapping
g : Ez → Ek

g (4.4)

and a k-dimensional simplex co({g0, . . . , gk}) ⊂ Ek
g be given. Let zi, i = 0, k, be certain inverse

images of the points gi, i = 0, k, under the mapping (4.4), respectively. Then co({z0, . . . , zk}) ⊂ Ez is
a k-dimensional simplex, and the restriction of the mapping

g : co({z0, . . . , zk}) −→ co({g0, . . . , gk}) (4.5)

is a homeomorphism.

Proof. Let there exist numbers λi, i = 1, k, such that

k∑
i=1

λi(zi − z0) = 0,
k∑

i=1

|λi| ̸= 0.

Obviously,

g
( k∑

i=1

λi(zi − z0)
)
=

k∑
i=1

λi(gi − g0) = 0;

in turn, this contradicts the linear independence of the elements gi − g0, i = 1, k.
Therefore, co({z0, . . . , zk}) is a k-dimensional simplex. By Lemma 4.2, the mapping (4.5) is a

homeomorphism.

Let the Hausdorff vector topology be given in Ez, which transforms Ez into a topological vector
space.
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Lemma 4.5. Let W ⊂ Ez and let a mapping

P :W → Ek
p , (4.6)

continuous in the topology induced from Ez, be given. Further, let K ⊂ W be a compact set. Then
for any ε > 0, there exists a neighborhood Vε ⊂ Ez of zero such that

|P (z′)− P (z′′)| ≤ ε ∀ (z′, z′′) ∈ K ×W, z′ − z′′ ∈ Vε.

Proof. For each point z′ ∈ K, there exists a convex neighborhood V (z′) ⊂ Ez of zero such that

|P (z′)− P (z)| ≤ ε

3
∀ z ∈ (z′ + V (z′)) ∩W.

The system of sets {z′ + V (z′) : z′ ∈ K} composes an open covering of the compact set K. Hence
there exists a finite subcovering {z′i + V (z′i) : i = 1,m} of the set K.

Clearly, for z ∈ (z′i + V (z′i)) ∩W ,

|P (z′i)− P (z)| ≤ ε

3
. (4.7)

By the continuity of the mapping (4.6), for 2ε/3, there exist convex neighborhoods Vi ⊃ V (z′i),
i = 1,m, of zero such that

|P (z′i)− P (z)| ≤ 2
ε

3
∀ z ∈ (z′i + Vi) ∩W. (4.8)

Obviously, the sets

V̂i = Vi − V (z′i) = Vi + (−1)V (z′i), Vε =

m∩
i=1

V̂i

are the neighborhoods of zero in Ez, and for an arbitrary point z ∈ (z′i+V (z′i)+V̂i)∩W , the inequality
(4.8) holds.

Let (z′, z′′) ∈ K × W , z′ − z′′ ∈ Vε and the point z′ belong to some of the sets z′k + V (z′k),
1 ≤ k ≤ m. Further,

z′′ − z′k = z′′ − z′ + z′ − z′k ∈ Vε + V (z′k) ⊂ V̂k + V (z′k) = Vk.

Taking into account the inequalities (4.7) and (4.8), we have

|P (z′)− P (z′′)| ≤ |P (z′)− P (z′k)|+ |P (z′k)− P (z′′)| ≤ ε

3
+

2

3
ε = ε.

Definition 4.3. The set Ψ of a subsets from Ez is called a filter if it satisfies the following conditions:

(a) if A ∈ Ψ and B ∈ Ψ, then A ∩B ∈ Ψ;

(b) if A ∈ Ψ and B ⊃ A, then B ∈ Ψ;

(c) ∅ ̸∈ Ψ.

The set of all neighborhoods of a fixed point of the space Ez serves as an example of a filter.

Definition 4.4. A set ℜ̂ of a subset of Ez is called a basis of a filter if it has the following properties:

(a) for any A ∈ ℜ̂ and B ∈ ℜ̂, there exists C ∈ ℜ̂ such that C ⊂ A ∩B;

(b) ∅ ̸∈ ℜ.

The set Ψ of all subsets each of which contains a certain set from ℜ̂ is the filter generated by the
basis ℜ̂.
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Theorem 4.1 (Carathéodory). Let M ⊂ Ek
z . Then any point z ∈ co(M) can be represented in the

form

z =
k∑

i=0

λizi,

where zi ∈M , λi ≥ 0, i = 0, k, and
k∑

i=0

λi = 1.

Theorem 4.2 (Brouwer). Let co({z0, . . . , zk}) ⊂ Ez be a k-dimensional simplex. Then each contin-
uous mapping

g : co({z0, . . . , zk}) −→ co({z0, . . . , zk})
has a fixed point, i.e., there exists a point z ∈ co({z0, . . . , zk}) such that g(z) = z.

Theorem 4.3. Let M ⊂ Ek
z be a convex set and 0 ∈ ∂M . Then there exists a nonzero k-dimensional

vector π = (π1, . . . , πk) such that

πz =

k∑
i=1

πiz
i ≤ 0 ∀ z ∈M.

Let Ez = Ek
x ×Eς be a vector space of points z = (x, ς). Assume that D ⊂ Ez is a certain set and

a mapping
P : D → Em

p (4.9)
is given. Let Ψ be an arbitrary filter in Ez.

Definition 4.5. We say that the mapping (4.9) is defined on the filter Ψ if there exists an element
W ∈ Ψ such that W ⊂ D.

Definition 4.6. Let the mapping (4.9) be defined on the filter Ψ. The mapping (4.9) is said to be
critical on the filter Ψ if for any point z0 belonging to all elements of the filter Ψ, there exists an
element W ⊂ Ψ such that W ⊂ D and P (z0) ∈ ∂P (W ).

Definition 4.7. We say that the mapping (4.9) defined on the filter Ψ is continuous on Ψ if there
exists an element W ∈ Ψ such that W ⊂ D and the restriction

P :W → Em
p

of the mapping (4.9) is continuous in the topology induced from Ez.

Let X ⊂ Ek
z be a locally convex topological subspace, i.e., for an arbitrary neighborhood Vx ⊂ X

of a point x ∈ X, there exists a convex neighborhood V̂x ⊂ X contained in Vx. The following lemma
is easily proved.

Lemma 4.6. Let x̂ ∈ X be a fixed point. Further, let V0 ⊂ X − x̂ be a convex bounded neighborhood
of zero, and let V1 ⊂ X − x̂ be a certain neighborhood of zero. Then there exists a number ε0 > 0 such
that

εV0 ⊂ V1 ∀ ε ∈ (0, ε0).

Definition 4.8. A set D ⊂ X × Eς is said to be finitely locally convex if for an arbitrary point
z = (x, ς) ∈ D and for arbitrary manifold Lς ⊂ Eς , there exist convex neighborhoods Vx ⊂ X and
Vς ⊂ Eς of the points x and ς, respectively, such that

Vx × Vς ⊂ D.

Lemma 4.6 and Definition 4.8 directly imply the following lemma.

Lemma 4.7. Let D be a finitely locally convex set, and let z0 = (x0, ς0) ∈ D. Further, let V0 ⊂ X−x0
and V ⊂ Lς0 − ς0 be bounded convex neighborhoods of zero (see (4.2)). Then there exists a number
ε0 > 0 such that

z0 + εδz ∈ D ∀ (ε, δz) ∈ (0, ε0)× V0 × V, δz = (δx, δς). (4.10)
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Definition 4.9. We say that the mapping (4.9) has a differential at a point z0 = (x0, ς0) ∈ D if there
exists a linear mapping

dPz0 : Eδz = Ez − z0 → Em
δp (4.11)

such that for any manifold

Lς0 =
{
ς0 +

k∑
i=1

λiδςi : λi ∈ R, i = 1, k
}
⊂ Eς

(see (4.1)) the representation

P (z0 + εδz)− P (z0) = εdPz0(δz) + o(εδz) ∀ (ε, δz) ∈ (0, ε0)× V0 × V

holds, where V0 ⊂ X − x0 and V ⊂ Lς0 − ς0 are bounded neighborhoods of zero; ε0 > 0 is the number
for which (4.10) holds;

lim
ε→0

o(εδz)

ε
= 0 uniformly in δz ∈ V0 × V.

The mapping (4.11) is called the differential of the mapping (4.9) at the point z0.

Definition 4.10 (Gamkrelidze). A filter Ψ in Ez is said to be quasiconvex if for any element W ∈ Ψ
and any natural number k, there exists an element W1 =W1(W,k) ∈ Ψ such that for arbitrary points
zi ∈W1, i = 0, k, and an arbitrary neighborhood of zero V ⊂ Ez, there exists a continuous mapping

ϕ : co({z0, . . . , zk}) −→W. (4.12)

satisfying the condition
(z − ϕ(z)) ∈ V ∀ z ∈ co({z0, . . . , zk}).

Obviously, in Definition 4.10, we can assume that W1 ⊂ W , since any element W2 ⊂ W ∩W1 of
the filter has the indicated property of the element W1. Therefore, in what follows, we will assume
that W1 ⊂W .

Definition 4.11. A filter Ψ is said to be convex if there exists a basis of the filter consisting of convex
sets.

Lemma 4.8. Every convex filter Ψ in Ez is quasiconvex.

Proof. For any element W ∈ Ψ, there exists a convex element W2 ⊂ W , which can be taken as W1;
as the mapping (4.12), it is necessary to take the identity mapping.

Let Ez be a topological vector space, X ⊂ Ek
x be a locally convex topological space, andD ⊂ X×Eς

be a finitely locally convex set.
Let a mapping

P : D → Em
p (4.13)

be given, and let Ψ be a filter in Ez.
By co[Ψ] we denote the convex filter whose elements are the sets co(W ), where W is an arbitrary

element of the filter Ψ.
Theorem formulated below is an analogue of R. V. Gamkrelidze and G. L. Kharatishvili’s Theorem

on the necessary criticality condition to mappings defined on a finitely locally convex set. The proof of
the following theorem is performed according to the scheme presented in [7–9] with only nonessential
changes.

Theorem 4.4. Let the mapping (4.13) be continuous on co[Ψ] and critical on Ψ. Further, let the
filter Ψ be quasiconvex. Then for any point z0 = (x0, ς0) belonging to all sets of the filter Ψ at which
the mapping (4.13) has the differential (4.11), there exists an element Ŵ ∈ Ψ such that zero of the
space Em

dp is a boundary point of the set

dPz0(co(Ŵ )− z0) ⊂ Em
dp. (4.14)
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Proof. By the assumption, there exist elements Wi ∈ Ψ, i = 1, 2, such that co(W1) ⊂ D, W2 ⊂ D,
and, moreover, the mapping

P : co(W1) → Em
p (4.15)

is continuous and P (z0) ∈ ∂P (W2). Clearly, W3 =W1 ∩W2 ∈ Ψ and P (z0) ∈ ∂P (W3).
Let the conditions of the theorem hold, but for any W ∈ Ψ lying in D, the point 0 ∈ Em

dp is an
interior point of the set

dPz0(co(W )− z0) ⊂ Em
dp.

Let us show that this contradicts the choice of the element W3. Precisely, we prove the solvability
of the following equation

P (z) = P (z0) + p, z ∈W3, (4.16)

with respect to z and for any vector p ∈ Em
p whose module is sufficiently small, and, therefore, we

prove that P (z0) is an interior point of the set P (W3) ⊂ Em
p , which contradicts the choice of W3. By

W4 =W4(W3; (m+1)2) ⊂W3 we denote the element of the quasiconvex filter Ψ (see Definition 4.10)
satisfying the following condition: for any neighborhood of zero V ⊂ Ez and any 1 + (m+ 1)2 points
z0, . . . , z(m+1)2 from W4, there exists a continuous mapping

ϕ : co({z0, . . . , z(m+1)2}) −→W3 (4.17)

satisfying the condition
(z − ϕ(z)) ∈ V ∀ z ∈ co({z0, . . . , z(m+1)2}). (4.18)

According to the assumption made, 0 ∈ Em
dp is an interior point of the convex set

dPz0(co(W4)− z0) ⊂ Em
dp. (4.19)

Hence there exist m+1 points dpi ∈ dPz0(co(W4)−z0) that are in general position, and, moreover, the
m-dimensional simplex co({dp0, . . . , dpm}) containing 0 ∈ Em

dp as an interior point (see Lemma 4.3).
By the linearity of the mapping (4.11),

dPz0(co(W4)− z0) = co(dPz0(W4 − z0)).

Each of the points
dpi ∈ co(dPz0(W4 − z0)), i = 0,m,

is represented in the form

dpi =
m∑
j=0

µijdpij , dpij ∈ dPz0(W4 − z0), µij ≥ 0,
m∑
j=0

µij = 1

(see Theorem 4.1). Let δzij ∈W4 − z0 be some inverse images of the points dpij under the mapping

dPz0 :W4 − z0 −→ Em
dp,

and let

δzi =

m∑
j=0

µijδzij , i = 0,m. (4.20)

Obviously,
dPz0(δzi) = dpi, i = 0,m.

By Lemma 4.4, the points δzi = (δxi, δςi), i = 0,m, are in general position and the mapping

dPz0 : co({δz0, . . . , δzm}) −→ co({dp0, . . . , dpm}) (4.21)

is a homeomorphism.
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Let z ∈ co({z0, z0 + δz0, . . . , z0 + δzm}). Then

z = z0 +
m∑
i=0

λiδzi = z0 +
m∑
i=0

k∑
j=0

λiµijδzij =
(
1−

m∑
i=0

m∑
j=0

λiµij

)
z0 +

m∑
i=0

m∑
j=0

λiµij(z0 + δzij),

λi ≥ 0,
m∑
i=0

λi ≤ 1

(see (4.3) and (4.20)). Hence

co
(
{z0, z0 + δz0, . . . , z0 + δzm}

)
⊂ co

(
{z0, z0 + δz00, . . . , z0 + δzij , . . . , z0 + δzmm}

)
. (4.22)

Further, let us show that for ε ∈ [0, 1], the inclusion

z0 + ε co({δz0, . . . , δzm}) ⊂ co
(
{z0, z0 + δz0, . . . , z0 + δzm}

)
(4.23)

holds. Indeed, it is clear that every point z0 + ε co({δz0, . . . , δzm}) is represented in the form

z = z0 + ε
m∑
i=0

λiδzi = (1− ε)z0 + ε
m∑
i=0

λi(z0 + δzi) ∈ co
(
{z0, z0 + δz0, . . . , z0 + δzm}

)
.

The inclusions (4.22) and (4.23) imply

z0 + ε co({δz0, . . . , δzm}) ⊂ co
(
{z0, z0 + δz0, . . . , z0 + δzm}

)
⊂ co(W4) ⊂ co(W3) ⊂ D ∀ ε ∈ [0, 1]. (4.24)

Taking into account
D − z0 ⊂ (X − x0)× (Eς − ς0),

we see that the latter relation directly implies the inclusion

ε co({δx0, . . . , δxm}) ⊂ (X − x0), ε ∈ [0, 1]. (4.25)

Let Lς0 ⊂ Eς be the manifold generated by the points ς0, δς0, . . . , δςm:

Lς0 =
{
ς0 +

m+1∑
i=0

λiδςi : λi ∈ R, i = 0,m+ 1
}
, δςm+1 = ς0.

Obviously,
ε co({δς0, . . . , δςm}) ⊂ Lς0 − ς0. (4.26)

Let V0 ⊂ X − x0 and V ⊂ Lς0 − ς0 be convex bounded neighborhoods of zero. There exists a number
ε1 ∈ (0, 1) such that

ε1 co({δx0, . . . , δxm}) ⊂ V0, ε1 co({δς0, . . . , δςm}) ⊂ V

(see (4.25) and (4.26)). Hence
ε1 co({δz0, . . . , δzm}) ⊂ V0 × V. (4.27)

Let w(ε) = εε1, ε ∈ (0, 1). Lemma 4.7 implies the existence of a number ε2 ∈ (0, 1) such that

z0 + w(ε)δz ∈ D ∀ (ε, δz) ∈ (0, ε2)× V0 × V.

Denote by d > 0 the distance from the point 0∈Em
dp to the boundary of the simplex co({dp0, . . . , dpm}).

The differentiability of the mapping (4.13) at the point z0 implies the existence of a number
ε3 ∈ (0, ε2) such that

P (z0 + w(ε)δz) = P (z0) + w(ε)dPz0(δz) + o(w(ε)δz) ∀ (ε, δz) ∈ (0, ε3)× V0 × V ; (4.28)
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moreover,
|o(w(ε)δz)|

w(ε)
≤ d

3
∀ (ε, δz) ∈ (0, ε3)× V0 × V. (4.29)

Obviously, on account of (4.27), the relations (4.28) and (4.29) hold for (ε, δz) ∈ (0, ε3) ×
co({δz0, . . . , δzm}).

The mapping (4.15) is continuous on co(W3) in the topology of the space X × Lς0 . Therefore,
P (z0 + w(ε)δz) is continuous in δz ∈ co({δz0, . . . , δzm}) (see (4.24)). Using (4.28), we conclude from
the above-said that for each ε ∈ (0, ε3), the function o(w(ε)δz) is continuous on co({δx0, . . . , δxm}).

Further, the continuity of the mapping P on co(W3) and the compactness of the set
z0 + w(ε) co({δz0, . . . , δzk}) ⊂ co(W3) imply that for each ε ∈ (0, ε3), there exists a neighborhood of
zero Vε ⊂ Ez such that for

z′ ∈ z0 + w(ε) co({δx0, . . . , δxm}), z′′ ∈ co(W3), z′ − z′′ ∈ Vε, (4.30)

we have
|P (z′)− P (z′′)| ≤ w(ε)

d

3
(4.31)

(see Lemma 4.5).
The conditions (4.17), (4.18) and the relation (4.22) directly imply the existence of a family of

continuous mappings
ϕε : co

(
{z0, z0 + δz0, . . . , z0 + δzm}

)
−→W4,

depending on ε ∈ (0, ε3) and satisfying the condition

z − ϕε(z) ∈ Vε ∀ z ∈ co
(
{z0, z0 + δz0, . . . , z0 + δzm}

)
.

For ε ∈ (0, ε3), the simplex z0+w(ε) co({δz0, . . . , δzm}) is contained in co({z0, z0+δz0, . . . , z0+δzm})
(see (4.23), and, therefore,

z − ϕε(z) ∈ Vε ∀ z ∈ z0 + w(ε) co({δz0, . . . , δzm}). (4.32)

Let us now show that the equation

P (ϕε(z)) = P (z0) + w(ε)p, z ∈ z0 + w(ε) co({δz0, . . . , δzm}) (4.33)

is solvable in z for a sufficiently small ε and an arbitrary p ∈ Em
p satisfying the condition

|p| ≤ d

3
. (4.34)

Indeed, we rewrite this equation in the form

P (z) = P (z0) + w(ε)p+ P (z)− P (ϕε(z)), z ∈ z0 + w(ε) co({δz0, . . . , δzm}),

or, using (4.28), in the form of the following equation in δz:

dPz0(δz) = p− o(w(ε)δz)

w(ε)
+
P (z0 + w(ε)δz)− P (ϕε(z0 + w(ε)δz)

w(ε))
, δz ∈ co({δz0, . . . , δzm}). (4.35)

The relations (4.29)–(4.32) and (4.34) imply(
p− o(w(ε)δz)

w(ε)
+
P (z0 + w(ε)δz)− P (ϕε(z0 + w(ε)δz)

w(ε))

)
∈ co({δp0, . . . , δpm})

and hence the equation (4.35) is equivalent to the equation

δz = dP−1
z0

(
p− o(w(ε)δz)

w(ε)
+
P (z0 + w(ε)δz)− P (ϕε(z0 + w(ε)δz)

w(ε)

)
, (4.36)
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where
dP−1

z0 : co({dp0, . . . , dpm}) −→ co({δz0, . . . , δzm})

is a continuous mapping, inverse to the mapping (4.21).
We can consider the right-hand side of the equation (4.36) as a continuous self-mapping of the

simplex co({δz0, . . . , δzm}), and hence each fixed point of this mapping is a solution of the equation
(4.36) (see Theorem 4.2). Thus, we have proved the solvability of the equation (4.33) for an arbitrary
p satisfying (4.34) and, therefore, the solvability of the equation (4.16) for p whose modules are
sufficiently small.

Theorem 4.5. Let the conditions of Theorem 4.4 hold. Then for any point z0 belonging to all sets Ψ

at which the differential (4.11) exists, there exist an element Ŵ ∈ Ψ and a vector π = (π1, . . . , πm) ̸= 0
such that

πdPz0(δz) =

m∑
i=1

πidP
i
z0(δz) ≤ 0 ∀ ∈ cone(co(Ŵ )− z0), (4.37)

where cone(Ŵ ) is the cone generated by the set Ŵ .

Proof. Set (4.14), being the image of a convex set under a linear mapping, is also convex. Since 0 ∈ Em
dp

is a boundary point of the convex set (4.14), by Theorem 4.3, there exists a nonzero m-dimensional
vector for which

πdPz0(δz) ≤ 0 ∀ δz ∈ co(Ŵ − z0).

This implies (4.37).

4.2 Gamkrelidze’s approximation lemma
Let U0 ⊂ Rr be an open set. Now let us consider the function f(t, x, x1, . . . , xs, u), (t, x, x1, . . . , xs, u) ∈
I×Os+1×U0, satisfying the following conditions: for almost all t ∈ I, the function f : I×Os+1×U0 →
Rn is continuous and continuously differentiable in (x, x1, . . . , xs) ∈ Os+1; for each (x, x1, . . . , xs, u) ∈
Os+1 × U0, the function f(t, x, x1, . . . , xs, u) and the matrices fx(t, x, · ), fxi(t, x, · ), i = 1, s, are
measurable on I; for any compact sets K ⊂ O and M ⊂ U0, there exists a function mK,M (t) ∈
L1(I,R+) such that for any (x, x1, . . . , xs, u) ∈ Ks+1 ×M and almost all t ∈ I,

|f(t, x, x1, . . . , xs, u)|+ |fx(t, x, · )|+
s∑

i=1

|fxi(t, x, · )| ≤ mK,M (t).

Introduce the set

F =
{
f(t, x, x1, . . . , xs) = f(t, x, x1, . . . , xs, u(t)) : u ∈ Ω(I, U)

}
,

where U ⊂ U0 is a given set. The set F can be identified with a subset of the space E(1)
f . A family of

subintervals
σ =

{
Iβ = [tβ , tβ+1] : β = 1,m

}
,

where a = t1 < t2 < · · · < tm−1 < tm = b, is called a σ-partition of the interval I.
Let the points fi(t, x, x1, . . . , xs) = f(t, x, x1, . . . , xs, ui(t)) ∈ F , i = 1, k + 1, and the σ-partition

of the interval be given. Using these data, to each point λ of the k-dimensional simplex

Σ =
{
λ = (λ1, . . . , λk+1) : λi ≥ 0,

k+1∑
i=1

λi = 1
}

we can uniquely put in correspondence the subdivision of each intervals Iβ into k + 1 subintervals
Iβi(λ), i = 1, k + 1, defined by the condition

mes Iβi(λ) = λi mes Iβ , i = 1, k + 1, (4.38)
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if λi = 0, then the corresponding interval degenerates into a point. Define the mapping

ϕσ : Σ → F (4.39)

by the formula
ϕσ(λ) = fλ(t, x, x1, . . . , xs) = f

(
t, x, x1, . . . , xs, uλ(t)

)
,

where
uλ(t) = ui(t), t ∈ Iβi(λ), β = 1,m, i = 1, k + 1.

It is clear that

fλ(t, x, x1, . . . , xs) = fi(t, x, x1, . . . , xs), t ∈ Iβi(λ), (x, x1, . . . , xs) ∈ Os+1, (4.40)
β = 1,m, i = 1, k + 1.

The relations (4.38) and (4.40) play principal role in proving the following

Lemma 4.9 (Gamkrelidze’s approximation lemma [6,7,10]). For an arbitrary σ-partition, the mapping
(4.39) is continuous, i.e., for an arbitrary point λ̂ ∈ Σ and an arbitrary neighborhood VK,ε ∈ ℜ, there
exists a number δ > 0 such that

(fλ − fλ̂) ∈ VK,ε ∀λ ∈
{
λ ∈ Σ : |λ− λ̂| < δ

}
.

Moreover, for an arbitrary neighborhood VK,ε ∈ ℜ, there exists a σ-partition such that for ∀λ ∈ Σ, we
have ( k+1∑

i=1

λifi − fλ

)
∈ VK,ε,

i.e.,

∣∣∣∣
t′′∫
t′

[ s∑
i=0

λifi(t, x, x1, . . . , xs)− fλ(t, x, x1, . . . , xs)
]
dt

∣∣∣∣ ≤ ε

∀ (t′, t′′, x, x1, . . . , xs, λ) ∈ I2 ×Ks+1 × Σ.

Let θν > · · · > θ1 > 0 be the given numbers with θi = mih, where mi, i = 1, ν, are natural numbers
and h > 0 is a real number. Let the function f(t,x, x1, . . . , xs,u,u1, . . . ,uν), (t, x, x1, . . . , xs,u1, . . . ,uν)∈
I × Os+1 × Uν+1

0 , satisfy the following conditions: for almost all t ∈ I, the function f : I ×
Os+1 × Uν+1

0 → Rn is continuous and continuously differentiable in (x, x1, . . . , xs) ∈ Os+1; for
each (x, x1, . . . , xs, u, u1, . . . , uν) ∈ O1+s × Uν+1

0 , the function f(t, x, x1, . . . , xs, u, u1, . . . , uν) and the
matrices fx(t, x, · ), fxi(t, x, · ), i = 1, s, are measurable on I; for any compact sets K ⊂ O and
M ⊂ U0, there exists a function mK,M (t) ∈ L1(I,R+) such that for any (x, x1, . . . , xs, u, u1, . . . , uν) ∈
Ks+1 ×Mν+1 and almost all t ∈ I,

∣∣f(t, x, x1, . . . , xs, u, u1, . . . , uν)∣∣+ |fx(t, x, · )|+
s∑

i=1

|fxi(t, x, · )| ≤ mK,M (t).

Introduce the set

F1 =
{
f(t, x, x1, . . . , xs) = f

(
t, x, x1, . . . , xs, u(t), u(t− θ1), . . . , u(t− θν)

)
: u ∈ Ω(I2, U)

}
,

where I2 = [a− θν , b],Ω(I2, U) ⊂ Eu(I2).
Consider the functions fi(t, x, x1, . . . , xs) = f(t, x, x1, . . . , xs, ui(t), ui(t− θ1), . . . , ui(t− θν)) ∈ F1,

i = 0, s. In this case, we consider the σ̂-partition which means that we partition the interval [a− θν , b]
in the following way. Let γ > 0 be the minimum number satisfying the condition b+γ−a+ θnu = lh,
where l is a natural number and let I(α), α = 1, l, be a system of intervals of length h adjacent to each
other such that the left endpoint of the interval I(1) coincides with the point a−θν , the right endpoint
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of it coincides with the left endpoint of the subsequent interval I(2), etc., and the right endpoint of
I(l) coincides with the endpoint b+ γ. Next, we divide each of the intervals I(α) by a partial interval
I
(α)
β , β = 1,m, in a unified way so that the right endpoint of one of the partial intervals I(l)β coincides

with the point b. To an arbitrary point λ ∈ Σ, we put in correspondence a subdivision into partial
intervals I(α)βi

(λ) common for all I(α)β and defined by the condition (4.38).
Let the points fi(t, x, x1, . . . , xs) = f(t, x, x1, . . . , xs, ui(t), ui(t− θ1), . . . , ui(t− θν)) ∈ F1, i = 0, s,

and σ̂-partition of the interval be given.
Let us define the mapping

ϕσ̂ : Σ → F1 (4.41)
by the formula

ϕσ̂(λ) = fλ(t, x, x1, . . . , xs) = f
(
t, x, x1, . . . , xs, uλ(t), uλ(t− θ1), . . . , uλ(t− θν)

)
,

where
uλ(t) = ui(t), t ∈ I

(α)
βi

(λ), α = 1, l, β = 1,m, i = 1, k + 1.

It is clear that
fλ(t, x, x1, . . . , xs) = fi(t, x, x1, . . . , xs), t ∈ I

(α)
βi

(λ).

The latter relation allows one to prove generalization of Lemma 4.9.

Lemma 4.10. For an arbitrary σ̂-partition, the mapping (4.41) is continuous. Moreover, for an
arbitrary neighborhood VK,ε ∈ ℜ, there exists a σ̂-partition such that for ∀λ ∈ Σ, we have

( k+1∑
i=1

λifi − fλ

)
∈ VK,ε. (4.42)

Lemma 4.11 ( [20, p. 66]). Let zi ∈ Ez, i = 1, k + 1. There exist a subset Σ0 ⊂ Σ and a function
ϕ(z), z ∈ co({z1, . . . , zk+1}), such that the mapping

ϕ : co({z1, . . . , zk+1}) −→ Σ0 (z 7−→ λ ∈ Σ0) (4.43)

is a homeomorphism.

Lemma 4.12. Let fi(t, x, x1, . . . , xs) ∈ F1, i = 1, k + 1. Then for an arbitrary VK,ε ∈ ℜ, there exists
a continuous mapping

ϕ0 : co({f1, . . . , fk+1}) −→ F1 (4.44)
satisfying the condition

(z − ϕ0(z) ∈ VK,ε ∀ z ∈ co({f1, . . . , fk+1}). (4.45)

Proof. On the set Σ0 we define the mapping (4.41), i.e., ϕσ̂(λ) = fλ ∈ F1 ∀λ ∈ Σ0. By Lemma 4.10,
the mapping (4.41) is continuous and (4.42) is valid. Define now the continuous mapping (4.44) by
the formula ϕ0(z) = ϕσ̂(ϕ(z)), z ∈ co({f1, . . . , fk+1}), where

z 7−→ ϕ(z) = λ ∈ Σ0 and ϕσ̂(ϕ(z)) = fϕ(z) = fλ ∈ F1

(see (4.43)). The relation (4.42) implies (4.45).

4.3 Example of a quasiconvex filter
Let f0(t, x, x1, . . . , xs) = f(t, x, x1, . . . , xs, u0(t), u0(t − θ1), . . . , u0(t − θν)) ∈ F1 be a fixed point. In
F1, let us define the filter Ψ using the basis

ℜ1 =
{
WK,δ : K ⊂ O is a compact set, δ > 0 is an arbitrary number

}
,

where

WK,δ=
{
f(t, x, x1, . . . , xs)=f

(
t, x, x1, . . . , xs, u(t), u(t−θ1), . . . , u(t−θν)

)
∈F1 : H1(f−f0 : K)≤δ

}
,
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H1(f : K) =

∫
I

[
sup

(x,x1,...,xs)∈Ks+1

(
|f(t, x, x1, . . . , xs)+|fx(t, x, · )|+

s∑
i=1

|fxi(t, x, · )|
)]
dt, f ∈E(1)

f ,

(see Lemma 2.1).

Lemma 4.13. The filter Ψ is quasiconvex.

Proof. Let an arbitrary element W ∈ Ψ and an arbitrary natural number k be given. There exists an
element WK,δ ∈ ℜ1 such that WK,δ ⊂ W . Let us show that as W1 in the definition of a quasiconvex
filter, we can take WK, δ

k+1
.

Assume that the points

fi(t, x, x1, . . . , xs) = f
(
t, x, x1, . . . , xs, ui(t), ui(t− θ1), . . . , ui(t− θν)

)
∈WK, δ

k+1
, i = 1, k + 1,

are such that
H1(fi − f0);K) ≤ δ

k + 1
, i = 1, k + 1.

By Lemma 4.12, there exists a continuous mapping

ϕ0 : co({f1, . . . , fk+1}) −→ F1

defined by the formula
ϕ0 = ϕσ̂(ϕ(z)) = fλ, λ ∈ Σ0,

and satisfying the condition

(z − ϕ0(z)) ∈ VK,ε ∀ z ∈ co({f1, . . . , fk+1}).

It remains to prove that fλ ∈WK,δ ∀λ ∈ Σ0. For this purpose, let us estimate the quantity H1(fλ −
f0;K). Owing to the specific character of the σ̂-partition, we have

fλ(t, x, x1, . . . , xs) = fi(t, x, x1, . . . , xs), t ∈ I
(α)
βi

(λ) ∩ I.

Taking into account the latter assertion, we have

H1(fλ − f0;K) =
l∑

α=1

∫
I(α)∩I

[
sup

(x,x1,...,xs)∈Kk

(∣∣fλ(t, x, · )− f0(t, x, · )
∣∣

+
∣∣∣ ∂
∂x

fλ(t, x, · )−
∂

∂x
f0(t, x · )

∣∣∣+ s∑
j=1

∣∣∣ ∂

∂xj
fλ(t, x, · )−

∂

∂xj
f0(t, x, · )

∣∣∣)] dt
≤

l∑
α=1

m∑
β=1

k+1∑
i=1

∫
I
(α)
βi

(λ)∩I

[
sup

(x,x1,...,xs)∈Kk

(∣∣fi(t, x, · )− f0(t, x, · )
∣∣

+
∣∣∣ ∂
∂x

fi(t, x, · )−
∂

∂x
f0(t, x, · )

∣∣∣+ s∑
j=1

∣∣∣ ∂

∂xj
fλ(t, x, · )

∂

∂xj
f0(t, x, · )

∣∣∣)] dt
≤

k+1∑
i=1

H1(fi − f0;K) ≤ δ.

Hence ϕ0(z) ∈WK,δ.

Lemma 4.14. In the space E(1)
f , let the set

W (1) =
{
f ∈ E

(1)
f : H1(f − f0;K0) ≤ δ0

}
,
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where δ0 > 0 is a fixed number and K0 ⊂ O is a compact set, be given. Then for an arbitrary W ∈ Ψ,
the inclusion

cone
(
[W (1)]W − f0

)
⊃ F1 − f0 (4.46)

holds. Here [W ]w(1) denotes the closure (with respect to W (1)) of the set W (1) ∩W in the topology on
W (1) induced by the topology on Ef .

Proof. Clearly, WK0,δ0 ⊂W (1) and there exists WK1,δ1 contained in W . Therefore,

W (1) ∩W ⊃WK1,δ1 ∩WK0,δ0 ⊃WK2,δ2 , (4.47)

where K2 = K0 ∪K1, δ2 = min{δ1, δ0}. To prove the inclusion (4.46), it suffices to show that

cone
(
[W (1)]wK2,δ2

− f0
)
⊃ F1 − f0

(see (4.47)). Let f −f0 ∈ F1−f0 and zλ = (1−λ)f0+λf , λ ∈ [0, 1]; let {εi} be a sequence converging
to zero. By Lemma 4.12, we can construct a sequence of continuous mappings

ϕ
(i)
0 : co({f0, f}) −→ F1, i = 1, 2, . . . ,

such that
zλ − ϕ

(i)
0 (zλ) ∈ VK2,εi , λ ∈ [0, 1], i = 1, 2, . . . , (4.48)

where

ϕ
(i)
0 (zλ) = fλ(t, x, x1, . . . , xs) = f

(
t, x, x1, . . . , xs, uλ(t), uλ(t− θ1), . . . , uλ(t− θν)

)
,

uλ(t) =

{
u0(t), t ∈ I

(α)
β1

∩ I2,
u(t), t ∈ I

(α)
β2

∩ I2,
α = 1, l, β = 1,mi, mi = m(εi).

Let us now prove the existence of λ0 ∈ (0, 1) such that

ϕ
(i)
0 (zλ) ∈WK2,δ2 , i = 1, 2, . . . , ∀λ ∈ [0, λ0]. (4.49)

For the expression H1(f − f0;K2), taking into account the relation fλ(t, x, x1, . . . , xs) =

f0(t, x, x1, . . . , xs), t ∈ t ∈ I
(α)
β1

(λ) ∩ I, we have

H1(fλ − f0;K2) =

l∑
α=1

∫
I
(α)
2i (λ)

[
sup

(x,x1,...,xs)∈K1+s
2

(∣∣f(t, x, · )− f0(t, x, · )
∣∣

+
∣∣∣ ∂
∂x

f(t, x, · )− ∂

∂x
f0(t, x, · )

∣∣∣+ s∑
j=1

∣∣∣ ∂

∂xj
f(t, x, · )− ∂

∂xj
f0(t, x, · )

∣∣∣)] dt,
where

I
(α)
2i (λ) =

mi∪
β=1

(
I
(α)
β2

(λ) ∩ I
)
.

The specific character of the σ̂-partition implies

mes
( l∑

α=1

I
(α)
2i (λ)

)
−→

l∑
α=1

m1∑
β=1

mes Iαβ2
(λ) = λ

l∑
α=1

m1∑
β=1

mes Iαβ ≤ λmes I2.

Therefore,

mes
( l∑

α=1

I
(α)
2i (λ)

)
−→ 0 as λ→ 0
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uniformly in i = 1, 2, . . . . Hence there exists λ0 ∈ (0, 1) for which

H1(fλ − f0;K2) ≤ δ2.

The inclusion (4.48) is proved. The condition (4.49) implies ϕ(i)0 (zλ) → zλ as i→ ∞. Therefore,

zλ ∈ [W (1)]WK2,δ2
for λ ∈ [0, λ0],

and hence
zλ − f0 ∈ cone

(
[W (1)]WK2,δ2

)
, λ ∈ [0, λ0],

but zλ − f0 = λ(f − f0). Thus f − f0 ∈ cone([W (1)]WK2,δ2
).

4.4 The optimal control problem with the discontinuous initial condition
Consider the optimal control problem

ẋ(t) = f
(
t, x(t), x(t− τ1), . . . , x(t− τs), u(t), u(t− θ1), . . . , u(t− θν)

)
, (4.50)

t ∈ [t0, t1] ⊂ I, u ∈ Ω(I2, U),

x(t) = φ(t), t ∈ [τ̂ , t0), x(t0) = x0, φ ∈ Φ1, x0 ∈ X0, (4.51)
qi
(
t0, t1, τ1, . . . , τs, x0, x(t1)

)
= 0, i = 1, l, (4.52)

q0
(
t0, t1, τ1, . . . , τs, x0, x(t1)

)
−→ min, (4.53)

where θν > · · · > θ1 > 0, Φ2 = {φ ∈ PC(I2,Rn) : φ(t) ∈ N}, N ⊂ O is a convex set; X0 ⊂ O is a
convex compact set; the scalar-valued functions qi(t0, t1, τ1, . . . , τs, x0, x1), i = 0, l, are continuously
differentiable on I2 × [θ11, θ12]× · · · × [θs1, θs2]×O2.

The problem (4.50)–(4.53) is called an optimal control problem with the discontinuous initial
condition.

Definition 4.12. Let v = (t0, t1, τ1, . . . , τs, x0, φ, u) ∈ A = (a, b)× (a, b)× (θ11, θ12)×· · ·× (θs1, θs2)×
X0 × Φ2 × Ω(I, U). A function x(t) = x(t; v) ∈ O, t ∈ [τ̂ , t1], is called a solution of the equation
(4.50) with the discontinuous initial condition (4.51), or a solution corresponding to the element v
and defined on the interval [τ̂ , t1], if it satisfies the condition (4.51) and is absolutely continuous on
the interval [t0, t1] and satisfies the equation (4.50) a.e. on [t0, t1].

Definition 4.13. An element v = (t0, t1, τ1, . . . , τs, x0, φ, u) ∈ A is said to be admissible if the
corresponding solution x(t) = x(t; v) satisfies the boundary conditions (4.52).

Denote by A0 the set of admissible elements.

Definition 4.14. An element v0 = (t00, t10, τ10, . . . , τs0, x00, φ0, u0) ∈ A0 is said to be optimal if there
exist a number δ0 > 0 and a compact set K0 ⊂ O such that for an arbitrary element v ∈ A0 satisfying
the condition

|t00 − t0|+ |t10 − t1|+
s∑

i=1

|τi0 − τi|+ |x00 − x0|+ ∥φ0 − φ∥I1 +H1(f0 − f ;K0) ≤ δ0,

the inequality

q0
(
t00, t10, τ10, . . . , τs0, x00, x0(t10)

)
≤ q0

(
t0, t1, τ1, . . . , τs, x0, x(t1)

)
holds. Here

f0 = f0(t, x, x1, . . . , xs) = f
(
t, x, x1, . . . , xs, u0(t), u0(t− θ1), . . . , u0(t− θk)

)
and

f = f(t, x, x1, . . . , xs) = f
(
t, x, x1, . . . , xs, u(t), u(t− θ1), . . . , u(t− θk)

)
.
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Theorem 4.6. Let v0 be an optimal element and let the following conditions hold:

4.1. τs0 > · · · > τ10 and t00 + τs0 < t10, with τi0 ∈ (θi0, θi+10), i = 1, s− 1;

4.2. θi = mih, i = 1, ν, where mi, i = 1, ν, are natural numbers, h > 0 is a real number;

4.3. the function φ0(t) is absolutely continuous and φ̇0(t) is bounded;

4.4. the function f0(w), w = (t, x, x1, . . . , xs) ∈ I ×Os+1, is bounded;

4.5. there exists the finite limit

lim
w→w0

f0(w) = f−0 , w ∈ (a, t00]×Os+1,

where w0 = (t00, x00, φ0(t00 − τ10), . . . , φ0(t00 − τs0));

4.6. there exist the finite limits

lim
(w1i,w2i)→(w0

1i,w
0
2i)
[f0(w1i)− f0(w2i)] = f0i,

where w1i, w2i ∈ (a, b)×Os+1, i = 1, s,

w0
1i =

(
t00 + τi0, x0(t00 + τi0), x0(t00 + τi0 − τ10), . . . , x0(t00 + τi0 − τi−10),

x00, x0(t00 + τi0 − τi+10), . . . , x0(t00 + τi0 − τs0)
)
,

w0
2i =

(
t00 + τi0, x0(t00 + τi0), x0(t00 + τi0 − τ10), . . . , x0(t00 + τi0 − τi−10),

φ0(t00), x0(t00 + τi0 − τi+10), . . . , x0(t00 + τi0 − τs0)
)
;

4.7. there exists the finite limit

lim
w→ws+1

f0(w) = f−s+1, w ∈ (t00, t10]×Os+1, ws+1=
(
t10, x0(t10), x0(t10−τ10), . . . , xs(t10−τs0)

)
.

Then there exist a vector π = (π0, . . . , πl) ̸= 0, with π0 ≤ 0, and a solution ψ(t) = (ψ1(t), . . . , ψn(t))
of the equation

ψ̇(t) = −ψ(t)f0x[t]−
s∑

i=1

ψ(t+ τi0)f0xi [t+ τi0], t ∈ [t00, t10], ψ(t) = 0, t > t10, (4.54)

such that the following conditions hold:

4.8. the conditions for the moments t00 and t10:

πQ0t0 ≥ ψ(t00)f
−
0 +

s∑
i=1

ψ(t00 + τi0)f0i, πQ0t1 ≥ −ψ(t10)f−s+1,

where
Q0 = (q0, . . . , ql)⊤, Q0t0 =

∂

∂t0
Q0;

4.9. the conditions for the delays τi0, i = 1, s,

πQ0τi = ψ(t00 + τi0)f0i +

t10∫
t00

ψ(t)f0xi [t]ẋ0(t− τi0) dt = 0, i = 1, s;
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4.10. the condition of the vector x00,

(πQ0x0 + ψ(t00))x00 = max
x0∈X0

(πQ0x0 + ψ(t00))x0;

4.11. the integral maximum principle for the initial function φ0(t),

s∑
i=1

t00∫
t00−τi0

ψ(t+ τi0)f0xi [t+ τi0]φ0(t) dt = max
φ(t)∈Φ1

s∑
i=1

t00∫
t00−τi0

ψ(t+ τi0)f0xi [t+ τi0]φ(t) dt;

4.12. the integral maximum principle for the control function u0(t),

t10∫
t00

ψ(t)f0[t] dt

= max
u(t)∈Ω(I2,U)

t10∫
t00

ψ(t)f
(
t, x0(t), x0(t− τ10), . . . , x0

(
t− τi0, u(t), u(t− θ1), . . . , u(t− θν)

))
dt;

4.13. the condition for the function ψ(t),

ψ(t10) = πQ0x1 .

Theorem 4.7. Let v0 be an optimal element and let the conditions 4.1–4.4 and 4.6 hold. Moreover,
there exist the finite limits

lim
w→w0

f0(w) = f+0 , w ∈ [t00, b)×Os+1, lim
w→ws+1

f0(w) = f+s+1, w ∈ [t10, b)×Os+1. (4.55)

Then there exist a vector π = (π0, . . . , πl) ̸= 0, with π0 ≤ 0, and a solution of the equation (4.54) such
that the conditions 4.9–4.13 hold. Moreover,

πQ0t0 ≤ ψ(t00)f
−
0 +

s∑
i=1

ψ(t00 + τi0)f0i, πQ0t1 ≤ −ψ(t10)f−s+1.

Theorem 4.8. Let v0 be an optimal element and let the conditions of Theorem 4.6 hold. Moreover,
there exist the finite limits f+0 , f+s+1, with f−0 = f+0 := f̂0, f−s+1 = f+s+1 := f̂s+1. Then there exist a
vector π = (π0, . . . , πl) ̸= 0, with π0 ≤ 0, and a solution of the equation (4.54) such that the conditions
4.9–4.13 hold. Moreover,

πQ0t0 = ψ(t00)f̂0 +
s∑

i=1

ψ(t00 + τi0)f0i, πQ0t1 = −ψ(t10)f̂s+1.

Theorem 4.9. Let v0 be an optimal element and let the conditions 4.1–4.5 and 4.7 hold. Moreover,
there exist the finite limits

lim
(w1i,w2i)→(w0

1i,w
0
2i)
[f0(w1i)− f0(w2i)] = f−0i ,

where w1i, w2i ∈ (a, t00 + τi0) × Os+1, i = 1, s. Then there exist a vector π = (π0, . . . , πl) ̸= 0, with
π0 ≤ 0, and a solution of the equation (4.54) such that the conditions 4.8–4.13 hold. Moreover,

πQ0τi ≥ ψ(t00 + τi0)f
−
0i +

t10∫
t00

ψ(t)f0xi [t]ẋ0(t− τi0) dt, i = 1, s.
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Theorem 4.10. Let v0 be an optimal element and let the conditions 4.1–4.5 and (4.55) hold. Moreover,
there exist the finite limits

lim
(w1i,w2i)→(w0

1i,w
0
2i)

[
f0(w1i)− f0(w2i)

]
= f+0i ,

where w1i, w2i ∈ [t00 + τi0, b) × Os+1, i = 1, s. Then there exist a vector π = (π0, . . . , πl) ̸= 0, with
π0 ≤ 0, and a solution of the equation (4.54) such that the conditions 4.8–4.13 hold. Moreover,

πQ0τi ≤ ψ(t00 + τi0)f
+
0i +

t10∫
t00

ψ(t)f0xi [t]ẋ0(t− τi0) dt, i = 1, s.

4.5 Proof of Theorem 4.6
Auxiliary assertions. Let K ⊂ O be a compact set and let α > 0 be a certain given number. In
the spaces E(1)

f and Ef , we define, respectively, the sets

WK,α =
{
δf ∈ E

(1)
f : H1(δf ;K) ≤ α

}
,

W (K;α) =

{
δf ∈ Ef : ∃mδf,K(t), Lδf,K(t) ∈ L1(I,R+),

∫
I

[
mδf,K(t) + Lδf,K(t)

]
dt ≤ α

}
.

Lemma 4.15. Let Ki ⊂ O, i = 1, 2, be compact sets, and, moreover, let K1 ⊂ intK2 and α1 > 0 be
a certain number. Then there exists a number α2 > 0 such that

WK2,α1 ⊂W (K1;α2). (4.56)

Proof. Let δf ∈WK2,α1 . Hence∫
I

sup
{
|δf(t, x, x1, . . . , xs)|+ |δfx(t, x, · )|+

s∑
i=1

|δfxi(t, x, · )| : (x, x1, . . . , xs) ∈ Ks+1
2

}
dt ≤ α1.

For a.e. t ∈ I and every (x′, x′1, . . . , x
′
s) ∈ Ks+1

1 , (x′, x′1, . . . , x
′
s) ∈ Ks+1

1 the inequality

∣∣δf(t, x′, x′1, . . . , x′s)− δf(t, x′′, x′′1 , . . . , x
′′
s )
∣∣ ≤ Lδf,K1(t)

[
|x′ − x′′|+

s∑
i=1

|x′i − x′′i |
]

holds, where

Lδf,K1(t) = n2s(α0 + 1)

× sup
{
|δf(t, x, x1, . . . , xs)|+ |δfx(t, x, · )|+

s∑
i=1

|δfxi(t, x, · )| : (x, x1, . . . , xs) ∈ K2

}
(see Lemma 2.2).

On the other hand, it is obvious that for (t, x, x1, . . . , xs) ∈ I ×Ks+1
1 , we have

|δf(t, x, x1, . . . , xs)| ≤ mδf,K1(t) = sup
{
|δf(t, x, x1, . . . , xs)| : (x, x1, . . . , xs) ∈ Ks+1

1

}
.

Using the relations obtained above, we get∫
I

[
mδf,K1(t) + Lδf,K1(t)

]
dt ≤ α1

[
1 + n2s(α0 + 1)

]
:= α2.

The inclusion (4.56) is proved.
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To each element

κ = (t0, t1, τ1, . . . , τs, x0, φ, f) ∈ (a, b)× (a, b)× (θ11, θ12)× · · · × (θs1, θs2)×X0 × Φ1 × E
(1)
f

we put in correspondence the functional differential equation

ẋ(t) = f
(
t, x(t), x(t− τ1), . . . , x(t− τs)

)
, t ∈ [t0, t1],

with the initial condition
x(t) = φ(t), t ∈ [τ̂ , t0), x(t0) = x0.

Definition 4.15. The solution corresponding to an element κ = (t0, t1, τ1, . . . , τs, x0, φ, f) is called a
solution x(t;µ), µ = (t0, τ1, . . . , τs, x0, φ, f), defined on [τ̂ , t1], and denoted by x(t;κ).

Therefore,
x0(t) = x(t; v0) = x(t;κ0) = x(t;µ0), t ∈ [τ̂ , t10], (4.57)

where
κ0 = (t00, t10, τ10, . . . , τs0, x00, φ0, f0), µ0 = (t00, τ10, . . . , τs0, x00, φ0, f0).

The following lemma is a direct consequence of Theorem 1.2.

Lemma 4.16. Let α1 > 0 be a certain given number, and let K1 ⊂ O be a compact set containing a
certain neighborhood of the set clφ0(I1) ∪ x0([t00, t10]). Then there exists a number δ1 > 0 such that
to each element

κ ∈ V (κ0;K1, δ1, α1) = (B(t00; δ1) ∩ I)× (B(t10; δ1) ∩ I)× (B(τ10; δ1) ∩ (θ11, θ12))× · · ·
× (B(τs0; δ1) ∩ (θs1, θs2))× (B(x00, δ1) ∩O)× (B(φ0; δ1) ∩ Φ2)×

[
f0 + (WK1,α1 ∩ VK1,δ1)

]
there corresponds the solution x(t;κ) ∈ K1, t ∈ [τ̂ , t1]. Moreover, for each ε > 0, there exists a number
δ = δ(ε) ∈ (0, δ1) such that for an arbitrary κ ∈ V (κ0;K1, δ1, α1), the inequality

|x(t10;κ0)− x(t1;κ)| ≤ ε

holds.

Remark 4.1. Lemma 4.16 remains valid if we replace the set V (κ0;K1, δ1, α1) by the set

V (κ0;K1, δ1) = (B(t00; δ1) ∩ I)× (B(t10; δ1) ∩ I)× (B(τ10; δ1) ∩ (θ11, θ12))× · · ·
× (B(τs0; δ1) ∩ (θs1, θs2))× (B(x00, δ1) ∩O)× (B(φ0; δ1) ∩ Φ2)× [f0 +WK1,δ1 ].

Let us now consider the topological vector space

Eκ = R2+s+n × PC(I1,Rn)× E
(1)
f

with the points κ = (y, ς), where y = (t0, t1, τ1, . . . , τs, x0)
⊤, ς = (φ, f).

The set
X = [a, t00]× [t00, t10]× [θ11, θ12]× · · · × [θs1, θs2]×O ⊂ R2+s+n

is a locally convex subspace in the topology induced from R2+s+n.
By D0 ⊂ Eκ we denote the set of elements κ ∈ X × Φ2 × E

(1)
f such that the solution x(t;κ)

corresponds to each of them. The set D0 is nonempty, since κ0 ∈ D0.

Lemma 4.17. The set D0 is finitely convex.

Proof. Let κ̂ = (ŷ, ς̂) ∈ D0 be an arbitrary fixed point, and Lς̂ ⊂ Eς be a linear manifold, i.e.,

Lς̂ =
{
ς̂ + δς : δς =

k∑
i=1

λiδςi, λi ∈ R, i = 1, k
}
,



Variation Formulas of Solutions for FDE with Several Constant Delays and Their Applications in OCPs 87

where δςi ∈ Eς , i = 1, k, are fixed points. There exists a number δ1 > 0 such that with each element
κ ∈ V (κ̂;K1, δ1) we associate the solution x(t; ς̂) ∈ K1 (see Remark 4.1).

Let a number δ ∈ (0, δ1) be insomuch small that the neighborhood of the point ς̂

Vς̂ =
{
ς̂ +

k∑
i=1

λiδςi : |λi| ≤ δ, i = 1, k
}

is contained in the set
(B(φ̂; δ1) ∩ Φ2)× [f̂ +WK1,δ1 ].

Therefore, there exist convex neighborhoods

Vŷ = (B(t̂0; δ) ∩ (a, t̂0))× (B(t̂1; δ) ∩ (t̂0, t̂1))× (B(x̂0; δ1) ∩O) ⊂ X, Vς̂ ⊂ Lς̂

such that
Vŷ × Vς̂ ⊂ D0.

Hence the set D0 is finitely locally convex with respect to the space X × Eς .

On the set D0, let us define the mapping

S : D0 → Rn

by the formula
S(κ) = x(t1;κ).

Lemma 4.18. The mapping S is differentiable at the point κ0 and

dSκ0(δκ) = δx(t10; δκ) + f−s+1δt1 ∀ δκ = (δt0, δt1, δτ1, . . . , δτs, δx0, δφ, δf) ∈ Eκ − κ0, (4.58)

where

δx(t10; δκ) = δx(t10; δµ) = −
[
Y (t00; t)f

−
0 +

s∑
i=1

Y (t00 + τi0; t)f0i

]
δt0

−
s∑

i=1

[
Y (t00 + τi0; t)f0i +

t∫
t00

Y (ξ; t)f0xi
[ξ]ẋ0(ξ − τi0) dξ

]
δτi + Y (t00; t)δx0

+
s∑

i=1

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ +

t∫
t00

Y (ξ; t)δf [ξ] dξ (4.59)

and δµ = (δt0, δτ1, . . . , δτs, δx0, δφ, δf) ∈ E
(1)
µ − µ0.

Proof. Let Lς0 ⊂ Eς be a linear manifold, and let

V0 ⊂ X − y0, V ⊂ Lς0 − ς0

be bounded convex neighborhoods of zero, where y0 = (t00, t10, τ10, . . . , τs0, x00)
⊤ and ς0 = (φ0, f0).

The finite local convexity of the set D0 implies the existence of a number ε0 > 0 such that for an
arbitrary (ε, δς) ∈ (0, ε0)× V0 × V , ς0 + εδς ∈ D0, and

x(t10 + εδt1;κ0 + εδκ)− x(t10 + εδt1;κ0) = x(t10 + εδt1;µ0 + εδµ)− x(t10 + εδt1;µ0)

= ∆x(t10 + εδt1; εδµ) = εδx(t10 + εδt1; δµ) + o(t10 + εδt1; εδµ),

where the variation δx(t10 + εδt1; δµ) is calculated by the formula (2.7).
We have
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S(κ0 + εδκ)− S(κ0) = x(t10 + εδt1;κ0 + εδκ)− x0(t10)

= x(t10 + εδt1;κ0 + εδκ)− x0(t10 + εδt1) + x0(t10 + εδt1)− x0(t10)

= εδx(t10 + εδt1; δµ) + o(t10 + εδt1; εδµ) +

t10+εδt1∫
t10

f0[t] dt. (4.60)

It is easy to note that
lim
i→0

δx(t10 + εδt1; δµ) = δx(t10; δµ)

uniformly in δκ ∈ V0 × V , (i.e., uniformly for the corresponding δµ ) and

t10+εδt1∫
t10

f0[t] dt = εf−s+1δt1 + o(εδκ).

Taking into account these relations and the variation formula (2.7), from (4.60) we obtain

S(κ0 + εδκ)− S(κ0) = ε
[
δx(t10; δκ) + f−s+1δt1

]
+ o(εδκ) = εdSκ0(δκ) + o(εδκ), (4.61)

where δx(t10; δκ) has the form (2.59).

Differentiability of the mapping at the point z0. Consider the vector space

Ez = R× Eκ

of points z = (ξ, κ).
Introduce the sets

X = R+ ×X0, D = R+ ×D0.

The set is finitely locally convex in the subspace X × Eς ⊂ Ez (see Lemma 4.17).
On the set D, let us define the mapping

P : D → Rl+1

by the formula
P (z) = Q(t0, t1, τ1, . . . , τs, x0, S(κ)) + (ξ, 0, . . . , 0)⊤,

where Q = q0, . . . , ql and S(κ) = x(t1;κ).

Lemma 4.19. The mapping P is differentiable at the point z0 = (0, κ0) and

dPz0(δz) =
{
Q0t0−Q0x1Y (t00; t10)f

−
0 −

s∑
i=1

Q0x1Y (t00+τi0; t10)f0i

}
δt0+

{
Q0t1+Q0x1f

−
s+1

}
δt1

+
s∑

i=1

{
Q0τi −Q0x1Y (t00 + τi0; t10)f0i −

t10∫
t00

Q0x1Y (t; t10)f0xi [t]ẋ0(t− τi0) dt

}
δτi

+
{
Q0x0 +Q0x1Y (t00; t10)

}
δx0 +

s∑
i=1

t00∫
t00−τi0

Q0x1Y (t+ τi0; t)f0xi [t+ τi0]δφ(t) dt

+

t10∫
t00

Q0x1Y (t; t10)δf [t] dt+ (δξ, 0, . . . , 0)⊤, δz = (δξ, δκ) ∈ Ez − z0. (4.62)
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Proof. Let Lς0 ⊂ Eς be an arbitrary linear manifold and let

V0 ⊂ X − (0, y0)
⊤, V ⊂ Lς0 − ς0

be arbitrary bounded convex neighborhoods of zero. There exists a number ε0 > 0 such that for
arbitrary ε ∈ (0, ε0) and δz ∈ V0 × V ,

z0 + εδz ∈ D,

and the formula (4.61) holds.
We have

P (z0 + εδz)− P (z0) = Q
(
t00+εδt0, t10+εδt1, τ10+εδτ1, . . . , τs0+εδτs, x00+εδx0, S(κ0+εδκ)

)
−Q

(
t00, t10, τ10, . . . , τs0, x00, S(κ0)

)
+ ε(δξ, 0, . . . , 0)⊤.

Let a number ε0 > 0 be insomuch small that

S(κ0) + t(S(κ0 + εδκ)− S(κ0)) ∈ O ∀ (t, ε) ∈ (0, 1)× (0, ε0), ∀ δz ∈ V0 × V,

where δz = (δξ, δκ) (see Lemma 4.16).
Let us now transform the difference

Q
(
t00 + εδt0, t10 + εδt1, τ10 + εδτ1, . . . , τs0 + εδτs, x00 + εδx0, S(κ0 + εδκ)

)
−Q

(
t00, t10, τ10, . . . , τs0, x00, S(κ0)

)
=

1∫
0

d

dt
Q
(
t00 + εtδt0, t10 + εtδt1, τ10 + εtδτ1, . . . ,

τs0 + εtδτs, x00 + εtδx0, S(κ0) + t
(
S(κ0 + εδκ)− S(κ0)

))
dt

= ε
[
Q0t0δt0 +Q0t1δt1 +

s∑
i=1

Q0τiδτi +Q0x0δx0 +Q0x1dSκ0(δκ)
]
+ α(εδz),

where

α(εδz) = ε

1∫
0

{[
Q0t0 [ε; t]−Q0t0

]
δt0 +

[
Q0t1 [ε; t]−Q0t1

]
δt1 +

s∑
i=1

[
Q0τi [ε; t]−Q0τi

]
δτi

+
[
Q0x0

[ε; t]−Q0x0

]
δx0 +

[
Q0x1

[ε; t]−Q0x1

]
Sκ0

(δκ) +Q0x1
[ε; t]o(εδκ)

}
dt,

Q0t0 [ε; t] = Qt0

(
t00 + εtδt0, t10 + εtδt1, τ10 + εtδτ1, . . . ,

τs0 + εtδτs, x00 + εtδx0, S(κ0) + t
(
S(κ0 + εδκ)− S(κ0)

))
.

It is easy to note that

lim
ε→0

[
Q0ti [ε; t]−Q0ti

]
= 0, i = 1, 2, lim

ε→0

[
Q0τi [ε; t]−Q0τi

]
= 0, i = 1, s,

lim
ε→0

[
Q0xi [ε; t]−Q0xi

]
= 0, i = 0, 1.

Therefore, α(εδz) = o(εδz). Thus,

P (z0+εδz)−P (z0)=ε
[
Q0t0δt0+Q0t1δt1+

s∑
i=1

Q0τiδτi+Q0x1dSκ0(δκ)+(δξ, 0, . . . , 0)⊤
]
+o(εδz).

Due to the relations (4.58) and (4.59) from the above equality we get (4.62).
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Quasiconvexity of the filter Ψz0 . Continuity of the mapping P on the filter co[Ψz0 ]. In
the topological vector space Ez, let us define the filter Ψz0 as the direct product

Ψz0 = Ψŷ0
×Ψφ0

×Ψ

of two filters Ψŷ0
, ŷ0 = (0, y0)

⊤, and Ψφ0 which are defined, respectively, by the convex bases{
(B0 ∩ R+)× (Bt00 ∩ (a, t00])× (Bt01 ∩ (a, t10])× (Bτ10 ∩ (θ11, θ12))× · · ·

× (Bτs0 ∩ (θs1, θs2))× (Bx00 ∩O) : B0, . . . , Bx00 are convex neighborhoods
}
,{

Bφ0 ∩ Φ1 : Bφ0 ⊂ PC(I1,Rn) is a convex neighborhood
}
.

The filter Ψ has been introduced in Subsection 4.3.
There exists a number δ1 > 0 such that the set

W = R+ × (B(t00; δ1) ∩ (a, t00])× (B(t01; δ1) ∩ (a, t10])× (B(τ10; δ1) ∩ (θ11, θ12))× · · ·

×B(τs0; δ1) ∩ (θs1, θs2))× (B(x00; δ1) ∩O))× (B(φ0; δ1) ∩ Φ1))×W
(1)
f0

(K1, δ1) ⊂ D

and, moreover, the mapping
P :W → Rl+1

p

is continuous in the topology induced from Ez. Here

W
(1)
f0

(K1, δ1) =
{
f ∈ E

(1)
f : H1(f − f0 : K1) ≤ δ1

}
.

The element WK1,δ1 of the filter Ψ is contained in the convex set W (1)
f0

(K1, δ1). Therefore,

co(Wz0) ⊂W ⊂ D,

where

Wz0 = R+ × (B(t00; δ1) ∩ (a, t00])× (B(t01; δ1) ∩ (a, t10])× (B(τ10; δ1) ∩ (θ11, θ12))× · · ·
×B(τs0; δ1) ∩ (θs1, θs2))× (B(x00; δ1) ∩O))× (B(φ0; δ1) ∩ Φ1))×WK1,δ1 ∈ Ψz0 .

Hence there exists an element Wz0 ∈ Ψ such that

P : co(Wz0) → Rl+1

is continuous. Therefore, the mapping P is defined and continuous on the filter co([Ψz0 ]).

Criticality of the mapping P on the filter Ψz0 . The point z0 = (0, κ0) belongs to all elements
of the filter Ψz0 , and, moreover,

P (z0) =
(
q0
(
t00, t10, τ10, . . . , τs0, x00, x0(t10)

)
, 0, . . . , 0

)⊤
.

Introduce the set

f =
{
κ = (t0, t1, τ1, . . . , τs, x0, φ, f) : f = f

(
t, x, x1, . . . , xs, u(t), u(t− θ1), . . . , u(t− θν)

)
,

w = (t0, t1, τ1, . . . , τs, x0, φ, u) ∈W0

}
.

For an arbitrary element
z = (ξ, κ) ∈Wz0 ∩ (R+ × f),

where Wz0 ∈ Ψz0 , we have

P (z) =
(
q0(t0, t1, τ1, . . . , τs, x0, x(t1);κ), 0, . . . , 0

)⊤
.
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The element w0 ∈ W0 is optimal; therefore, there exists an element Wz0(K2; δ2) ∈ Ψz0 , where δ2 ∈
(0, δ̂) and K2 ⊂ O is a compact set containing K̂ such that for an arbitrary element

z ∈Wz0(K2; δ2) ∩ (R+ × f)

the inequality

q0
(
t00, t10, τ10, . . . , τs0, x00, x0(t10)

)
≤ q0

(
t0, t1, τ1, . . . , τs, x0, x(t1;κ)

)
+ ξ

holds. It is easy to see that

P (Wz0 ∩ (R+ × f)) ⊂ R0 =
{
(p1, 0 . . . , 0)⊤ ∈ Rp+1

}
and the point P (z0) is a boundary point of the set P (Wz0(K2; δ2) ∩ (R+ × f)) with respect to the
space R0.

Therefore, P (z0) ∈ ∂(P (Wz0(K2; δ2) ∩ R0)), and, the more so, P (z0) ∈ ∂(P (Wz0(K2; δ2)).

Deduction of the necessary optimality conditions. All the conditions of Theorem 4.5 hold.
Therefore, there exist a nonzero vector π = (π0, . . . , πl) and an element Ŵz0 ∈ Ψz0 such that the
inequality

πdPz0(δz) ≤ 0 ∀ δz ∈ cone(Ŵz0 − z0) (4.63)

holds, where dPz0(δz) has the form (4.62).
Introduce the function

ψ(t) = πQ0x1Y (t : t10); (4.64)

as is easily seen, it satisfies the equation (4.54) and the conditions

ψ(t10) = πQ0x1 , ψ(t) = 0, t > t10. (4.65)

Taking into account (4.62), (4.64) and (4.65), from the inequality (4.63) we obtain

{
πQ0t0 − ψ(t00)f

−
0 −

s∑
i=1

ψ(t00 + τi0)f0i

}
δt0 +

{
πQ0t1 + ψ(t10)f

−
s+1

}
δt1

+
s∑

i=1

{
πQ0τi − ψ(t00 + τi0)f0i −

t10∫
t00

ψ(t)f0xi [t]ẋ0(t− τi0) dt

}
δτi +

{
πQ0x0 + ψ(t00)

}
δx0

+
s∑

i=1

t00∫
t00−τi0

ψ(t+ τi0)f0xi [t+ τi0]δφ(t) dt+

t10∫
t00

ψ(t)δf [t] dt+ π0δξ, δz ∈ cone(Ŵz0 − z0). (4.66)

The condition δz ∈ cone(Ŵz0 − z0) is equivalent to the conditions

δξ ∈ R+, δt0 ∈ (−∞, 0], δt1 ∈ (−∞, 0], δτi ∈ R, i = 1, s,

δx0 ∈ cone(Ŵx00 − x00), δφ ∈ cone(Ŵφ0 − φ0), δf ∈ cone(Ŵf0 − f0),

where
Ŵx00 = Bx00 ∩X0, Ŵφ0 = Bφ0 ∩ Φ1 ∈ Ψφ0 , Ŵf0 ∈ Ψf0 .

Let δt0 = δt1 = δτ1 = · · · = δτi = 0 and δx0 = δφ = δf = 0 in (4.66), we obtain

π0δξ ≤ 0 ∀ δξ ∈ R+.

This implies
π0 ≤ 0.
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Setting δξ = δt0 = δτ1 = · · · = δτi = 0, and δx0 = δφ = δf = 0; then, taking into account the fact
that δt0 ∈ (−∞, 0], from (4.66) for the initial moment t00 we obtain the following condition:

πQ0t0 ≥ ψ(t00)f
−
0 +

s∑
i=1

ψ(t00 + τi0)f0i.

If δξ = δt0 = δτ1 = · · · = δτi = 0 and δx0 = δφ = δf = 0 in the inequality (4.66), then for the final
moment t10 we obtain the following condition:

πQ0t1 ≥ −ψ(t10)f−s+1.

If δξ = δt0 = δt1 = 0 and δx0 = δφ = δf = 0, we get

s∑
i=1

{
πQ0τi − ψ(t00 + τi0)f0i −

t10∫
t00

ψ(t)f0xi [t]ẋ0(t− τi0) dt

}
δτi ≤ 0 ∀ δτi ∈ R, i = 1, s.

From the above follow the conditions for the delays τi0, i = 1, s:

πQ0τi = ψ(t00 + τi0)f0i +

t10∫
t00

ψ(t)f0xi [t]ẋ0(t− τi0) dt, i = 1, s.

Let δξ = δt0 = δt1 = δτ1 = · · · = δτi = 0 and δφ = δf = 0 in (4.66). Then

{πQ0x0 + ψ(t00)}δx0 ≤ 0, δx0 ∈ cone((Bx00 ∩X0)− x00).

Let us prove the inclusion
cone((Bx00 ∩X0)− x00) ⊃ X0 − x00.

Indeed, let x0 ∈ X0 be arbitrary point. The set x0 is convex, therefore, for an arbitrary ε ∈ [0, 1], the
point xε = x00+ε(x0−x00) ∈ X0. On the other hand, for a sufficiently small ε > 0, xε ∈ Bx00 . Hence
xε − x00 = ε(x0 − x00) ∈ (Bx00 ∩X0)− x00. This implies x0 − x00 ∈ cone((Bx00 ∩X0)− x00). Thus,

{πQ0x0 + ψ(t00)}x00 = max
x0∈X0

{πQ0x0 + ψ(t00)}x0.

Let δξ = δt0 = δt1 = δτ1 = · · · = δτi = 0 and δx0 = δf = 0. We have

s∑
i=1

t00∫
t00−τi0

ψ(t+ τi0)f0xi [t+ τi0]δφ(t) dt ≤ 0 ∀ δφ ∈ cone(Ŵφ0 − φ0).

Analogously, we can prove
cone(Ŵφ0 − φ0) ⊃ Φ1 − φ0.

Thus,

s∑
i=1

t00∫
t00−τi0

ψ(t+ τi0)f0xi [t+ τi0]φ0(t) dt = max
φ(t)∈Φ1

s∑
i=1

t00∫
t00−τi0

ψ(t+ τi0)f0xi [t+ τi0]φ(t) dt.

We now consider the case where δξ = δt0 = δt1 = δτ1 = · · · = δτi = 0 and δx0 = δφ = 0. From (4.66)
we obtain

t10∫
t00

ψ(t)δf [t] dt ≤ 0, δf ∈ cone(Ŵf0 − f0).
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Now, using the last inequality, let us prove the integral maximum principle. For this purpose, we have
to prove the continuity of the mapping

δf −→
t10∫

t00

δf [t]dt, δf [t] = δf
(
t, x0(t), x0(t− τ10), . . . , x0(t− τs0)

)
(4.67)

on the set W (1)(K1;α) in the topology induced from E
(1)
f . Here K1 ⊂ O is a compact set containing

a certain neighborhood of the set φ0(I2) ∪ x0([t00, t10]) and α > 0 is a certain number.
Let δfi ∈W (1)(K1;α), i = 1, 2, . . . , and lim

i→∞
H0(δfi;K1) = 0. The mapping (4.67) is continuous if

lim
i→∞

t10∫
t00

ψ(t)δfi[t] dt = 0. (4.68)

Integration by parts yields
t10∫

t00

δψ(t)fi[t]dt = ψ(t00)

t10∫
t00

δfi[t] dt−
t10∫

t00

ψ(t)

( t∫
t00

δfi[ξ] dξ

)
dt.

By Lemma 1.5, we have

lim
i→∞

t∫
t00

δfi[ξ] dξ = 0

uniformly in t ∈ [t00, t10].
Therefore, the relation (4.68) holds. The continuity of the mapping (4.67) allows us to strengthen

inequality given above:
t10∫

t00

ψ(t)δf [t]dt ≤ 0, δf ∈ cone([W (1)(K1;α)]Ŵf0
− f0).

According to Lemma 4.14,

cone([W (1)(K1;α)]Ŵf0
− f0) ⊃ F1 − f0. (4.69)

From (4.69) it follows the integral maximum principle
t10∫

t00

ψ(t)f0[t] dt= max
u(t)∈Ω(I,U)

t10∫
t00

ψ(t)f
(
t, x0(t), x0(t−τ10), . . . , x0(t−τs0), u(t), u

(
t−θ1, . . . , u(t−θν)

))
dt.

Theorem 4.6 is proved.
To conclude this subsection, it should be noted that Theorems 4.7–4.10 are proved in a similar

way by using the corresponding variation formulas of a solution.

4.6 The optimal control problem with the continuous initial condition
Consider the optimal control problem

ẋ(t) = f
(
t, x(t), x(t− τ1), . . . , x(t− τs), u(t), u(t− θ1), . . . , u(t− θν)

)
, (4.70)

t ∈ [t0, t1] ⊂ I, u ∈ Ω(I2, U),

x(t) = φ(t), t ∈ [τ̂ , t0], φ ∈ Φ3, (4.71)
qi
(
t0, t1, τ1, . . . , τs, φ(t0), x(t1)

)
= 0, i = 1, l, (4.72)

q0
(
t0, t1, τ1, . . . , τs, φ(t0), x(t1)

)
−→ min, (4.73)
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where Φ3 = {φ ∈ C(I1,Rn) : φ(t) ∈ N}, N ⊂ O is a convex set.
The problem (4.70)–(4.73) is called an optimal control problem with the continuous initial condi-

tion.

Definition 4.16. Let v = (t0, t1, τ1, . . . , τs, φ, u) ∈ A1 = (a, b)× (a, b)× (θ11, θ12)× · · · × (θs1, θs2)×
Φ3×Ω(I, U)). A function x(t) = x(t; v) ∈ O, t ∈ [τ̂ , t1], is called a solution of the equation (4.70) with
the discontinuous initial condition (4.71), or a solution corresponding to the element v and defined
on the interval [τ̂ , t1], if it satisfies the condition (4.71) and is absolutely continuous on the interval
[t0, t1] and satisfies the equation (4.70) a.e. on [t0.t1].

Definition 4.17. An element v = (t0, t1, τ1, . . . , τs, φ, u) ∈ A1 is said to be admissible if the corre-
sponding solution x(t) = x(t; v) satisfies the boundary conditions (4.72).

Denote by A10 the set of admissible elements.

Definition 4.18. An element v0 = (t00, t10, τ10, . . . , τs0, φ0, u0) ∈ V10 is said to be optimal if there
exist a number δ0 > 0 and a compact set K0 ⊂ O such that for an arbitrary element v ∈ A10 satisfying
the condition

|t00 − t0|+ |t10 − t1|+
s∑

i=1

|τi0 − τi|+ ∥φ0 − φ∥I1 +H1(f0 − f ;K0) ≤ δ0

the inequality

q0
(
t00, t10, τ10, . . . , τs0, φ0(t00), x0(t10)

)
≤ q0

(
t0, t1, τ1, . . . , τs, φ(t0), x(t1)

)
holds.

Theorem 4.11. Let v0 be an optimal element and let the following conditions hold:

4.14. τs0 > · · · > τ10 and with τi0 ∈ (θi0, θi+10), i = 1, s− 1;

4.15. θi = mih, i = 1, ν, where mi, i = 1, ν, are natural numbers, h > 0 is a real number;

4.16. the function φ0(t) is absolutely continuous and φ̇0(t) is bounded;

4.17. the function f0(w), w = (t, x, x1, . . . , xs) ∈ I ×O1+s, is bounded;

4.18. there exist the finite limits

lim
t→t00−

φ̇0(t) = φ̇−
0 , lim

w→w0

f0(w) = f−0 , w ∈ (a, t00]×O1+s,

where w0 = (t00, φ0(t00), φ0(t00 − τ10), . . . , φ0(t00 − τs0));

4.19. there exists the finite limit

lim
w→ws+1

f0(w)=f
−
s+1, w∈(t00, t10]×Os+1, ws+1=

(
t10, x0(t10), x0(t10−τ10), . . . , xs(t10−τs0)

)
.

Then there exist a vector π = (π0, . . . , πl) ̸= 0 with π0 ≤ 0, and a solution ψ(t) = (ψ1(t), . . . , ψn(t))
of the equation

ψ̇(t) = −ψ(t)f0x[t]−
s∑

i=1

ψ(t+ τi0)f0xi [t+ τi0], t ∈ [t00, t10],

ψ(t) = 0, t > t10, (4.74)

such that the following conditions hold:

4.20. the conditions for the moments t00 and t10:

πQ0t0 ≥ ψ(t00)[φ̇
−
0 − f−0 ], πQ0t1 ≥ −ψ(t10)f−s+1;
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4.21. the conditions for the delays τi0, i = 1, s:

πQ0τi =

t10∫
t00

ψ(t)f0xi [t]ẋ0(t− τi0) dt, i = 1, s;

4.22. the maximum principle for the initial function φ0(t):

[Q0x0 + ψ(t00)]φ0(t00) +
s∑

i=1

t00∫
t00−τi0

ψ(t+ τi0)f0xi [t+ τi0]φ0(t) dt,

= max
φ(t)∈Φ2

[Q0x0 + ψ(t00)]φ(t00) +

s∑
i=1

t00∫
t00−τi0

ψ(t+ τi0)f0xi [t+ τi0]φ(t) dt;

4.23. the integral maximum principle for the control function u0(t):

t10∫
t00

ψ(t)f0[t] dt

= max
u(t)∈Ω(I2,U)

t10∫
t00

ψ(t)f
(
t, x0(t), x0(t− τ10), . . . , x0

(
t− τi0, u(t), u(t− θ1), . . . , u(t− θν)

))
dt;

4.24. the condition for the function ψ(t)
ψ(t10) = πQ0x1 .

Theorem 4.12. Let v0 be an optimal element and let the conditions 4.14–4.17 hold. Moreover, there
exist the finite limits

lim
t→t00+

φ̇(t) = φ̇+
0 , lim

w→w0

f0(w) = f+0 , w ∈ [t00, b)×O1+s,

lim
w→ws+1

f0(w) = f+s+1, w ∈ [t10, b)×Os+1.

Then there exist a vector π = (π0, . . . , πl) ̸= 0 with π0 ≤ 0, and a solution of the equation (4.74) such
that the conditions 4.21–4.24 hold. Moreover,

πQ0t0 ≤ ψ(t00)[φ̇
+
0 − f+0 ], πQ0t1 ≤ −ψ(t10)f+s+1.

Theorem 4.13. Let v0 be an optimal element and let the conditions of Theorems 4.11 and 4.12
hold. Moreover, φ̇−

0 − f−0 = φ̇+
0 − f+0 := f̂0, f−s+1 = f+s+1 := f̂s+1. Then there exist a vector

π = (π0, . . . , πl) ̸= 0, with π0 ≤ 0, and a solution of the equation (4.74) such that the conditions
4.21–4.24 hold. Moreover,

πQ0t0 = ψ(t00)f̂0, πQ0t1 = −ψ(t10)f̂s+1.

By variation formulas of a solution (see Section 3), Theorems 4.11–4.13 are proved by the analogous
scheme.
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Abstract. The investigation of differential equations with random impulses combines ideas in the
qualitative theory of differential equations and probability theory. The p-moment exponential stability
of the solutions is defined and studied when the waiting time between two consecutive impulses is
Erlang distributed. The study is based on the application of Lyapunov functions. Some examples are
given to illustrate the results.
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ÒÄÆÉÖÌÄ. ÛÄÌÈáÅÄÅÉÈ ÉÌÐÖËÓÄÁÉÀÍÉ ÃÉ×ÄÒÄÍÝÉÀËÖÒÉ ÂÀÍÔÏËÄÁÄÁÉÓ ÂÀÌÏÊÅËÄÅÀ ÀÄÒÈÉÀ-
ÍÄÁÓ ÃÉ×ÄÒÄÍÝÉÀËÖÒ ÂÀÍÔÏËÄÁÀÈÀ ÈÅÉÓÄÁÒÉÅÉ ÈÄÏÒÉÉÓÀ ÃÀ ÀËÁÀÈÏÁÉÓ ÈÄÏÒÉÉÓ ÉÃÄÄÁÓ.
ÀÌÏÍÀáÓÍÈÀ p-ÌÏÌÄÍÔÖÒÉ ÄØÓÐÏÍÄÍÝÉÀËÖÒÉ ÌÃÂÒÀÃÏÁÀ ÂÀÍÓÀÆÙÅÒÖËÉÀ ÃÀ ÛÄÓßÀÅËÉËÉÀ
ÉÌ ÛÄÌÈáÅÄÅÀÛÉ, ÒÏÝÀ ÏÒ ÌÏÌÃÄÅÍÏ ÉÌÐÖËÓÓ ÛÏÒÉÓ ËÏÃÉÍÉÓ ÃÒÏ ÀÒÉÓ ÄÒËÀÍÂÉÓ ßÄÓÉÈ
ÂÀÍÀßÉËÄÁÖËÉ. ÂÀÌÏÊÅËÄÅÀ Ä×ÖÞÍÄÁÀ ËÉÀÐÖÍÏÅÉÓ ×ÖÍØÝÉÄÁÉÓ ÂÀÌÏÚÄÍÄÁÀÓ. ÛÄÃÄÂÄÁÉÓ
ÓÀÉËÖÓÔÒÀÝÉÏÃ ÌÏÚÅÀÍÉËÉÀ ÌÀÂÀËÉÈÄÁÉ.
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1 Introduction
In some real world phenomena the investigated process changes instantaneously at uncertain mo-
ments. In modeling such processes it is necessarily to combine deterministic differential equations
with random variables presenting the moments of impulses. The presence of randomness in the jump
condition changes the behavior of solutions of differential equations significantly. The study of prop-
erties of solutions combines methods of deterministic differential equations and probability theory.
Impulsive differential equations with random impulsive moments differ from stochastic differential
equations with jumps [5, 9–11]. Investigations concerning deterministic differential equations with
random impulses were considered in [2, 3, 7, 8, 12], but there are some inaccuracies there concerning
properties of deterministic variables and random variables.

In this paper we study nonlinear differential equations subject to impulses occurring at random
moments. Inspired by queuing theory and the distribution for the waiting time, we study the case of
Erlang distributed random variables between two consecutive moments of impulses. The p-moment
exponential stability of the solution is investigated by employing Lyapunov’s functions.

2 Random impulses in differential equations
Let the increasing sequence of nonnegative points {Tk}∞k=0 be given with lim

k→∞
{Tk} = ∞. Consider

the initial value problem for the system of impulsive differential equations (IDE) with fixed points of
impulses

x′ = f(t, x(t)) for t ∈ (Tk, Tk+1], k = 0, 1, 2, . . . ,

x(Tk + 0) = Ik(x(Tk − 0)) for k = 1, 2, . . . ,

x(T0) = x0,

(2.1)

where x, x0 ∈ Rn, f ∈ C[R+ × Rn,Rn], Ik : R+ × Rn → Rn.
We will assume the following condition is satisfied

H1. f(t, 0) = 0 and Ik(t, 0) = 0 for t ≥ 0, k = 1, 2, . . . .

Let the probability space (Ω,F , P ) be given. Let {τk}∞k=1 be a sequence of independent random
variables that are defined on the sample space Ω. We will call the random variables τk waiting times.
Assume

∞∑
k=1

τk = ∞ with probability 1.

We will assume the following condition is satisfied:

H2. The random variables {τk}∞k=1, τk ∈ Erlang(αk, λ) are independent random variables.

We will recall some properties of Erlang distribution:

(i) If X ∈ Erlang(α1, λ) and Y ∈ Erlang(α2, λ) are independent random variables, then X + Y ∈
Erlang(α1 + α2, λ);

(ii) The cumulative distribution function (CDF) of Erlang(α, λ) is

F (x;α, λ) = 1−
α−1∑
j=1

(λx)j

j!
e−λx, x ≥ 0,

and the density function is

f(x;α, λ) = λ
(λx)α−1

(α− 1)!
e−λx, x > 0.

Define the sequence of random variables {ξk}∞k=0 such that

ξk = T0 +
k∑

i=1

τi, k = 1, 2, . . . ,
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where T0 ≥ 0 is a fixed point.
We note that {ξk}∞k=0 is an increasing sequence of random variables defined by the recurrence

formula ξ0 = T0, ξk = ξk−1 + τk, k = 1, 2, . . . . The random variable ξn will be called the waiting time
and it gives the arrival time of n-th impulses.

Remark 2.1. The random variables Ξn = ξn − T0 =
n∑

i=1

τi ∈ Erlang
( n∑
i=1

αi, λ
)

are continuous with

CDF

F
(
t;

n∑
i=1

αi, λ
)
= P (Ξn < t) = 1−

∑n
i=1 αi−1∑
j=1

(λt)j

j!
e−λt for t ≥ 0.

Let the points tk be arbitrary values of the random variables τk, k = 1, 2, . . . , correspondingly.

Define the increasing sequence of points Tk = T0+
k∑

i=1

ti, k = 1, 2, 3 . . . , that are values of the random

variables ξk.
Consider the initial value problem (IVP) for the system of impulsive fractional differential equations

(IFrDE) with fixed points of impulses (2.1). The solution of IVP for IDE (2.1) depends not only on
the initial condition (T0, x0) but on the moments of impulses Tk, k = 1, 2, . . . , i.e. the solution
depends on the initially chosen arbitrary values tk of the random variables τk, k = 1, 2, . . . . We
denote the solution of the initial value problem (2.1) by x(t;T0, x0, {Tk}). We will assume that
x(Tk;T0, x0, {tk}) = lim

t→Tk−0
x(t;T0, x0, {tk}) for any k = 1, 2, . . . .

The set of all solutions x(t;T0, x0, {Tk}) of IVP for IDE (2.1) for any values tk of the random
variables τk, k = 1, 2, . . . , generates a stochastic process with state space Rn. We denote it by
x(t;T0, x0, {τk}) and we will say that it is a solution of the following initial value problem for impulsive
differential equations with random moments of impulses (RIDE)

x′(t) = f(t, x(t)) for t ≥ T0, ξk < t < ξk+1, k = 0, 1, . . . ,

x(ξk + 0) = Ik(x(ξk − 0)) for k = 1, 2, . . . ,

x(T0) = x0.

(2.2)

Definition 2.1. Let tk be a value of the random variable τk, k = 1, 2, 3, . . . , and Tk = T0 +
k∑

i=1

ti,

k = 1, 2, . . . . Then the solution x(t;T0, x0, {Tk}) of the IVP for the IDE with fixed points of impulses
(2.1) is called a sample path solution of the IVP for the RIDE (2.2).

Any sample path solution x(t;T0, x0, {Tk}) ∈ C1((Tk, Tk+1],Rn), k = 0, 1, 2, . . . .

Definition 2.2. A stochastic process x(t;T0, x0, {τk}) with an uncountable state space Rn is said to
be a solution of the IVP for the system of RIDE (2.2) if for any values tk of the random variable τk,

k = 1, 2, 3, . . . , and Tk = T0 +
k∑

i=1

ti, k = 1, 2, . . . , the corresponding function x(t;T0, x0, {Tk}) is a

sample path solution of the IVP for RIDE (2.2).

Example.
Case 1 (differential equation). Consider the following scalar ordinary differential equation (ODE)

x′ = 0, x(0) = x0 ̸= 0. Its solution x(t) = x0, t ≥ 0, is stable but does not approach 0.
Case 2 (impulsive differential equations with fixed points of impulses). Consider the following IVP

for the scalar IDE (2.1)
x′ = 0 for t ≥ 0, t ̸= Tk,

x(Tk + 0) = ax(Tk − 0) for k = 1, 2, . . . ,

x(0) = x0 ̸= 0,

(2.3)

where a is a constant.
The solution of IVP (2.3) is the piecewise continuous function x(t;x0) = akx0 for t ∈ (Tk, Tk+1].

The behavior of x(t;x0) depends significantly on the amplitude a of the impulses.
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If |a| < 1 then |x(t;x0)| approaches 0.
Case 3 (differential equation with random points of impulses). Consider the following partial case

of the IVP for RIDE (2.2)

x′ = 0 for t ≥ 0, ξk < t < ξk+1,

x(ξk + 0) = ax(ξk − 0) for k = 1, 2, . . . ,

x(0) = x0 ̸= 0,

(2.4)

where x ∈ R, a is a constant and the random variables ξk are defined above.

Let for any k = 1, 2, . . . the point tk be an arbitrary value of the random variable τk and Tk =
k∑

i=0

ti,

k = 1, 2, 3 . . . , i.e. Tk is a value of the random variable ξk. Consider the IVP for the corresponding IDE

x′ = 0 for t ≥ 0, t ̸= Tk,

x(Tk + 0) = ax(Tk − 0) for k = 1, 2, . . . ,

x(0) = x0.

(2.5)

The solution of (2.5) is x(t; 0, x0, {Tk}) = akx0 for Tk < t ≤ Tk+1. It depends on both initial value
x0 and the moments of impulses Tk, i.e. on the initially chosen arbitrary values tk of the random
variables τk, k = 1, 2, . . . .

The set of all solutions of the IVP (2.5) for any values tk of the random variables τk generates a
stochastic process x(t;x0, {τk}) = akx0 for ξk < t ≤ ξk+1 which has an expected value

E
∣∣x(t;x0, {τk})

∣∣ = |x0|P (T0 < t < ξ1) +
∞∑
k=1

|akx0|P (ξk < t < ξk+1),

i.e. it depends significantly on the distribution of the random variables τk.

3 Preliminary probability results
Lemma 3.1. Let the condition (H2) be satisfied. Then the probability that there will be exactly k
impulses until time t, t ≥ T0, is given by

P (Sk(t)) = e−λ(t−T0)

k∑
i=1

αi−1∑
j=

∑k−1
i=1 αi

(λ(t− T0))
j

j!
, t ≥ T0,

where the events Sk(t) = {ω ∈ Ω : ξk(ω) < t < ξk+1(ω)}, k = 1, 2, . . . .

Proof. According to Remark 2.1 we get

P (Sk(t)) = P (ξk < t < ξk+1) = P (ξk − T0 < t− T0 < ξk+1 − T0)

= FΞk

(
t− T0;

k∑
i=1

αi, λ
)
− FΞk+1

(
t− T0;

k+1∑
i=1

αi, λ
)
.

Corollary. Let the condition (H2) be satisfied with αi = α, i = 1, 2, . . . . Then the probability that
there will be exactly k impulses until time t, t ≥ T0, is given by

P (Sk(t)) = e−λ(t−T0)
kα−1∑

j=(k−1)α

(λ(t− T0))
j

j!
.
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We now obtain a formula for the solution of the initial value problem for a scalar linear differential
equation with random moments of impulses:

u′ = −mku for t ≥ T0, ξk < t < ξk+1,

u(ξk + 0) = bku(ξk − 0) for k = 1, 2, . . . ,

u(T0) = u0,

(3.1)

where u0 ∈ R, mk > 0, k = 0, 1, 2, . . . , and bk ̸= 1, k = 1, 2, . . . , are real constants.
Lemma 3.2. Let the condition (H2) be satisfied and the nonincreasing sequence of real positive
numbers {mi}∞i=0 be such that

∞∑
k=0

e−mk(t−T0)
k∏

i=1

|bi| < ∞.

Then the solution of the IVP for the linear RIDE (3.1) is given by the formula

u(t;T0, u0, {τk}) =


u0e

−m0(t−T0) for T0 < t < τ1

u0

( k∏
i=1

bi

)
e
−

k∑
i=1

mi−1τi
e−mk(t−ξk) for ξk < t < ξk+1, k = 1, 2, . . . ,

(3.2)

and the expected value of the solution satisfies the inequality

E
(∣∣u(t;T0, u0, {τk})

∣∣) ≤ |u0|
∞∑
k=0

e−mk(t−T0)
k∏

i=1

|bi| for t ≥ T0.

Proof. The formula for the solution follows from the formula for the solution of the corresponding
IVP for the linear IDE with fixed points of impulses and Definition 2.2.

According to Lemma 3.1, formula (3.2), the independence of the random variables τk and inequality
E(η) ≤ E(ξ) for the random variables η, ξ : 0 ≤ η ≤ ξ we have

E
(∣∣u(t;T0, u0, {τk})

∣∣) = |u0|e−m0(t−T0)P (τ1 > t− T0)

+
∞∑
k=1

|u0|
( k∏

i=1

|bi|
)
e−mk(t−T0)

k∏
i=1

E
(
e−(mi−1−mk)τi

)
P (Sk(t)) for t ≥ T0. (3.3)

Using the definition of the density function of the Erlang distribution and substituting (mi−mk+
λ)x = s we get

Ee(mk−mi)τi =

∞∫
0

e(mk−mi)xλ
(λx)αi−1

(αi − 1)!
e−λx dx =

(λ)αi

(αi − 1)!

∞∫
0

e−(mi−mk+λ)xxαi−1 dx

=
1

(mi −mk + λ)αi

(λ)αi

(αi − 1)!

∞∫
0

e−ssαi−1 ds =
( λ

mi −mk + λ

)αi

. (3.4)

Substitute (3.4) in (3.3), use Lemma 3.1 and obtain

E
(∣∣u(t;T0, u0, {τk})

∣∣) = |u0|e−(m0+λ)(t−T0)
α1−1∑
j=1

(λ(t− T0))
j

j!

+
∞∑
k=1

|u0|e−(mk+λ)(t−T0)
( k∏

i=1

|bi|
) k∏

i=1

( λ

mi −mk + λ

)αi

k∑
i=1

αi−1∑
j=

∑k−1
i=1 αi

(λ(t− T0))
j

j!
. (3.5)

Inequalities (3.5) and λ
mi−mk+λ ≤ 1 prove the lemma.

Remark 3.1. Note that the conditions of Lemma 3.2 are satisfied for mk = m and |bi| = 1
2 .
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4 p-exponential stability
In this paper we will use Lyapunov functions V (t, x) : J ×∆ → R+, which are continuous on J ×∆
and locally Lipschitzian with respect to its second argument, where J ⊂ R+ and ∆ ⊂ Rn, 0 ∈ ∆, and
their Dini derivatives.
Definition 4.1. Let p > 0. Then the trivial solution (x0 = 0) of the RIDE (2.2) is said to
be p-moment exponentially stable if for any x0 ∈ Rn there exist constants α, µ > 0 such that
E[∥x(t;T0, x0, {τk})∥p] < α∥x0∥pe−µ(t−T0) for all t > T0, where x(t;T0, x0, {τk} is the solution of the
IVP for the RIDE (2.2).
Theorem 4.1. Let the following conditions be satisfied:

1. The conditions (H1), (H2) hold.

2. The function V ∈ Λ(R+,Rn) and there exist positive constants a, b such that

(i) a∥x∥p ≤ V (t, x) ≤ b∥x∥p for t ∈ R+, x ∈ Rn;
(ii) there exists a constant m ≥ 0 such that

D+
(2.1)V (t, x) ≤ −mV (t, x) for t ∈ R+, x ∈ Rn;

(iii) for any k = 1, 2, . . . there exist functions wk ∈ C(R+,R+) and constants Ck > 0, wk(t) ≤

Ck for t ≥ 0 such that
∞∑
k=0

k∏
i=1

Ci = C < ∞ and

V (t, Ik(x)) ≤ wk(t)V (t, x) for t ∈ R+, x ∈ Rn. (4.1)

Then the trivial solution of the RIDE (2.2) is p-moment exponentially stable.
Proof. Let (T0, x0) ∈ R+ × Rn be an arbitrary initial data and the stochastic process xτ (t) =
x(t;T0, x0, {τk}) be a solution of the IVP for the RIDE (2.2).

Now consider the IVP for the scalar linear RIDE (3.1) with mk = m, bk = Ck and u0 = V (T0, x0)
with a solution uτ (t) = u(t;T0, x0, {τk}). According to Lemma 3.2 the inequality

E
(
|uτ (t)|

)
≤ |u0|e−m(t−T0)

∞∑
k=0

k∏
i=1

|Ci| = C|u0|e−m(t−T0)

holds.
Let tk be arbitrary values of the random variables τk, k = 1, 2, . . . , and Tk = T0 +

k∑
i=1

ti, k =

1, 2, . . . . Consider the sample path solutions x(t) = x(t;T0, x0, {Tk}) and u(t) = u(t;T0, x0, {Tk}).
Let v(t) = V (t, x(t)) for t ≥ T0. The function v(t) satisfies the linear impulsive differential inequ-

alities with fixed points of impulses
D+v(t) ≤ −mvτ (t) for Tk < t < Tk+1,

v(Tk+) ≤ Ckv(Tk), k = 1, 2, . . . ,

v(T0) = V (T0, x0).

(4.2)

The function m(t) = v(t)−u(t), t ≥ T0, is a piecewise continuous function and satisfies IVP (4.2) with
a zero initial condition. Therefore m(t) ≤ 0 on [T0,∞) (for details see the books [4, 6]). Therefore
vτ (t) ≤ uτ (t) where the set of v(t;T0, x0, {Tk}) for any values tk of the random variables τk, k =
1, 2, . . . , generates a stochastic process vτ (t) with state space Rn.

From the condition 2 (i) of Theorem 4.1 we obtain

E
(
∥xτ (t)∥p

)
=

1

a
E
(
a∥xτ (t)∥p

)
≤ 1

a
E(V (t, xτ (t))) =

1

a
E(vτ (t)) ≤

1

a
E(uτ (t))

≤ C

a
V (T0, x0)e

−m(t−T0) ≤ Cb

a
∥x0∥pe−m(t−T0), t ≥ T0.

Remark 4.1. If αk = 1 for all k, i.e. the random variables τk ∈ Exp(λ), the p-moment exponential
stability is studied in [1].
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SOLVABILITY OF PERIODIC BOUNDARY VALUE
PROBLEMS OF FRACTIONAL DIFFERENTIAL
SYSTEMS WITH IMPULSE EFFECTS



Abstract. Two new classes of periodic boundary value problems of coupled impulsive fractional
differential equations are proposed. Sufficient conditions are given for the existence of solutions of
these problems. The analysis relies on the well known Schauder’s fixed point theorem. The obtained
results show that the Riemann–Liouville fractional derivative and the Caputo’s fractional derivative
have similar properties. Examples are given to illustrate the main theorems.
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ÒÄÆÉÖÌÄ. ÛÄÖÙËÄÁÖËÉ ÉÌÐÖËÓÖÒÉ ßÉËÀÃßÀÒÌÏÄÁÖËÉÀÍÉ ÃÉ×ÄÒÄÍÝÉÀËÖÒÉ ÂÀÍÔÏËÄÁÄ-
ÁÉÓÈÅÉÓ ÛÄÌÏÔÀÍÉËÉÀ ÐÄÒÉÏÃÖËÉ ÓÀÓÀÆÙÅÒÏ ÀÌÏÝÀÍÄÁÉÓ ÏÒÉ ÀáÀËÉ ÊËÀÓÉ. ÌÏÝÄÌÖËÉÀ
ÀÌ ÀÌÏÝÀÍÄÁÉÓ ÀÌÏÍÀáÓÍÉÓ ÀÒÓÄÁÏÁÉÓ ÓÀÊÌÀÒÉÓÉ ÐÉÒÏÁÄÁÉ. ÀÍÀËÉÆÉ ÄÚÒÃÍÏÁÀ ÛÀÖÃÄÒÉÓ
ÝÍÏÁÉË ÈÄÏÒÄÌÀÓ ÖÞÒÀÅÉ ßÄÒÔÉËÉÓ ÛÄÓÀáÄÁ. ÌÉÙÄÁÖËÉ ÛÄÃÄÂÄÁÉ ÀÜÅÄÍÄÁÓ, ÒÏÌ ÒÉÌÀÍ-
ËÉÖÅÉËÉÓ ÃÀ ÊÀÐÖÔÏÓ ßÉËÀÃ ßÀÒÌÏÄÁÖËÄÁÓ ÀØÅÓ ÌÓÂÀÅÓÉ ÈÅÉÓÄÁÄÁÉ. ÌÈÀÅÀÒÉ ÈÄÏÒÄÌÄÁÉÓ
ÓÀÉËÖÓÔÒÀÝÉÏÃ ÌÏÚÅÀÍÉËÉÀ ÌÀÂÀËÉÈÄÁÉ.
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1 Introduction
The fractional derivatives serve an excellent tool for the description of hereditary properties of various
materials and processes. Fractional differential equations arise naturally in many engineering and
scientific disciplines such as physics, chemistry, biology, electrochemistry, electromagnetic, control
theory, economics, signal and image processing, aerodynamics, and porous media. The boundary value
problems for nonlinear fractional differential equations have been addressed by several researchers
during the last decades. There have been many results obtained on the existence of solutions of
boundary value problems for nonlinear fractional differential equations (see [7,8,33,35,36,47,55,58]).

Applications of fractional order differential systems are in many fields, as for example, rheology,
mechanics, chemistry, physics, bioengineering, robotics and many others (see [11]). Diethehm [12]
proposed the model of the type (which is called a multi-order fractional differential system):{

cDni

0+yi(t) = fi
(
t, y1(t), . . . , yn(t)

)
, i = 1, 2, . . . , n,

yj(0) = yj,0, j = 1, 2, . . . , n.
(1.1)

Here cD∗
0+ is the standard Caputo’s fractional derivative. This system contains many models as

special cases, see Chen’s fractional order system [51, 52] with a double scroll attractor, Genesio-Tesi
fractional-order system [19], Lu’s fractional order system [13], Volta’s fractional-order system [38,39],
Rossler’s fractional-order system [27] and so on. Other applications of fractional differential systems
may be seen in Chapter 10 in [40].

In [16,37,49], the fractional order nonlinear dynamical model of interpersonal relationshipsD
αx1(t) + α1x1(t) = A1 + β1x2(t)

(
1− εx22(t)

)
,

Dαx2(t) + α2x2(t) = A2 + β2x1(t)
(
1− εx21(t)

)
,

(1.2)

was proposed, where 0 < α ≤ 1, αi > 0, βi, Ai (i = 1, 2), ε are the real constants. These parameters
are oblivion, reaction, and attraction constants. The variables x1 and x2 are the measures of love of
individuals and for their respective partners, where positive and negative measures represent feelings.
In the equations in (1.2), we assume that feelings decay exponentially fast in the absence of partners.
The parameters specify the romantic style of individuals 1 and 2. For instance, αi describes the
extent to which individual i is encouraged by his/her own feeling. In other words, αi indicates the
degree to which an individual has internalized a sense of his/her self-worth. In addition, it can be
used as the level of anxiety and dependency on other person’s approval in romantic relationships. The
parameter βi represents the extent to which individual i is encouraged by his/her partner, and/or
expects his/her partner to be supportive. It measures the tendency to seek or avoid closeness in a
romantic relationship. Therefore, the term −αixi says that the love measure of i, in the absence of
the partner, decays exponentially and αi is the time required for love to decay (see [37]).

From the viewpoint of the theoretics and practice, it is natural for mathematicians to investigate
the impulsive fractional differential equations. In recent years, many authors [1,9,15,17,20,22,25,26,
28,29,34,41,46,47,54] studied the existence or uniqueness of solutions of impulsive initial or boundary
value problems for fractional differential equations. For examples, impulsive anti-periodic boundary
value problems (see [2–4,43]), impulsive periodic boundary value problems (see [44]), impulsive initial
value problems (see [10, 14, 31, 50]), two-point, three-point or multi-point impulsive boundary value
problems (see [5,45,57]), impulsive boundary value problems on infinite intervals (see [56]). However,
there has been no papers concerned with the solvability of periodic boundary value problems of
impulsive fractional differential systems.

In [9], the authors have studied the solvability of the following periodic boundary value problem:
Dα

t+i
x(t)− λx(t) = p(t)f(t, x(t)), t ∈ (ti, ti+1), i = 0, 1, . . . ,m,

x(1)− lim
t→0

t1−αx(t) = 0,

lim
t→t+i

(t− ti)
1−α

[
x(t)− x(ti)

]
= Ii(x(ti)), i = 1, 2, . . . ,m,
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where α ∈ (0, 1), 0 = t0 < t1 < · · · < tm+1 = 1, Dα
t+i

is the standard Riemann–Liouville fractional
derivative, Ii : R → R is continuous, λ ̸= 0, f is continuous at every points in (ti, ti+1] × R and for
every function v ∈ C0(ti, ti+1] the limit lim

t→t+i

v(t) exists (finite), then lim
t→t+i

f(t, (t − ti)
α−1v(t)) exists

(finite).
In [24], Liu studied the existence of solutions of the following periodic type boundary value problem

of nonlinear singular fractional differential equation

Dβ
0+

[
Φ(ρ(t)Dα

0+u(t))
]
= q(t)f

(
t, u(t), Dα

0+u(t)
)
, t ∈ (0, 1),

lim
t→1

t1−αu(t)− lim
t→0

t1−αu(t) =

1∫
0

G
(
s, u(s), Dα

0+u(s)
)
ds,

lim
t→1

t1−βΦ
(
ρ(t)Dα

0+u(t)
)
− lim

t→0
t1−βΦ

(
ρ(t)Dα

0+u(t)
)
=

1∫
0

H(s, u(s), Dα
0+u(s)) ds,

lim
t→t+1

u(t) = I
(
t1, u(t1), D

α
0+u(t1)

)
,

lim
t→t+1

Φ
(
ρ(t)Dα

0+u(t)
)
= J

(
t1, u(t1), D

α
0+u(t1)

)
.

where 0 < α, β ≤ 1, Dα
0+ (or Dβ

0+) is the Riemann–Liouville fractional derivative of order α (or β),
Φ : R → R is a sup-multiplicative-like function with supporting function ω, its inverse function is
denoted by Φ−1 : R→ R with supporting function ν, 0 < t1 < 1, I, J : (0, 1)×R2 → R are continuous
functions, ϕ, ψ : (0, 1) → R with ϕ|(0,t1], ρ|(0,t1] ∈ L1(0, t1) and ϕ|(t1,1], ρ|(t1,1] ∈ L1(t1, 1), ρ : (0, 1) →
[0,+∞) with ρ|(0,t1] ∈ C0(0, t1] and ρ|(t1,1] ∈ C0(t1, 1) satisfies that there exist numbers L > 0 and
k > −α such that ρ(t) ≥ t−kν(tβ−1)

L for all t ∈ (0, 1), t ̸= t1, q : (0, 1) → R with q|(0,t1] ∈ C0(0, t1]

and q|(t1,1] ∈ C0(t1, 1) and there exist numbers L1 > 0 and k1 > −β such that |q(t)| ≤ L1t
k1 for all

t ∈ (0, 1), f , G, H defined on (0, t1)
∪
(t1, 1)×R×R are impulsive Carathéodory functions that

may be singular at t = 0, t1 and 1.
One knows that both of the fractional derivatives (the Riemann–Liouville fractional derivative

and the Caputo’s fractional derivative) are actually nonlocal operators because integrals are nonlocal
operators. Moreover, calculating time fractional derivatives of a function at some time requires all the
past history and hence fractional derivatives can be used for modeling systems with memory. In [9],
the fractional derivative has a variable base points ti (i = 0, 1, 2, . . . ,m). This action may short the
memory time. However, in applications, fractional differential equation involves fractional derivative
that has a constant base point.

In this paper, we discuss the following impulsive periodic boundary value problems of singular
fractional differential systems with a constant base point t = 0:

Dα1

0+x(t)− λ1x(t) = p1(t)f1
(
t, x(t), y(t)

)
, t ∈ (ti, ti+1), i ∈ N0,

Dα2

0+y(t)− λ2y(t) = p2(t)f2
(
t, x(t), y(t)

)
, t ∈ (ti, ti+1), i ∈ N0,

x(1)− lim
t→0

t1−α1x(t) = 0,

y(1)− lim
t→0

t1−α2y(t) = 0,

lim
t→t+i

(t− ti)
1−α1x(t) = I

(
ti, x(ti), y(ti)

)
, i ∈ N,

lim
t→t+i

(t− ti)
1−α2y(t) = J

(
ti, x(ti), y(ti)

)
, i ∈ N,

(1.3)

and
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cDα1

0+x(t)− λ1x(t) = p3(t)f3
(
t, x(t), y(t)

)
, t ∈ (ti, ti+1), i ∈ N0,

cDα2

0+y(t)− λ2y(t) = p4(t)f4
(
t, x(t), y(t)

)
, t ∈ (ti, ti+1)), i ∈ N0,

x(1)− lim
t→0

x(t) = 0,

y(1)− lim
t→0

y(t) = 0,

lim
t→t+i

x(t) = I
(
ti, x(ti), y(ti)

)
, i ∈ N,

lim
t→t+i

y(t) = J
(
ti, x(ti), y(ti)

)
, i ∈ N,

(1.4)

where

(a) 0 < α1, α2 < 1, λ1, λ2 ∈ R, D∗ is the standard Riemann–Liouville fractional derivative of order
∗ > 0, cD∗ is the standard Caputo’s fractional derivative of order ∗ > 0;

(b) m is a positive integer, 0 = t0 < t1 < t2 < · · · < tm−1 < tm < tm+1 = 1, N0 = {0, 1, 2, . . . ,m}
and N = {1, 2, . . . ,m};

(c) p1, p2 are continuous on (0, 1) and p1, p2 ∈ L1(0, 1) and there exist constants kj > −1, lj ∈
(−αj , 0] with 1 + kj + lj > 0 (j = 1, 2) such that |pj(t)| ≤ tkj (1− t)lj for all t ∈ (0, 1), j = 1, 2;

(c1) p3, p4 are continuous on (0, 1) and p1, p2 ∈ L1(0, 1) and there exist constants kj > −1, lj ∈
(−αj , 0] with αj + kj + lj > 0 (j = 1, 2) such that |pj(t)| ≤ tkj (1− t)lj for all t ∈ (0, 1), j = 3, 4;

(d) f1, f2 defined on
m∪
i=0

(ti, ti+1) × R2 are I-Carathéodory functions (see the definition in Sec-

tion 2), I, J : {ti : i ∈ N} ×R2 → R are discrete I-Carathéodory functions;

(d1) f3, f4 defined on
m∪
i=0

(ti, ti+1) × R2 are II-Carathéodory functions (see the definition in

Section 2), I, J : {ti : i ∈ N} ×R2 → R are discrete II-Carathéodory functions.

A pair of functions x, y : (0, 1] → R is called a solution of BVP (1.3) if

x
∣∣
(ti,ti+1]

∈ C0(ti, ti+1], y
∣∣
(ti,ti+1]

∈ C0(ti, ti+1], i ∈ N0, (1.5)

and the limits
lim
t→t+i

(t− ti)
1−α1x(t), lim

t→t+i

(t− ti)
1−α2y(t), i ∈ N0,

exist and x, y satisfy all equations in (1.3).
A pair of functions x, y : (0, 1] → R is called a solution of BVP (1.4) if the limits

lim
t→t+i

x(t), lim
t→t+i

y(t), i ∈ N0,

exist and x, y satisfy all equations in (1.4).
To the best of the authors knowledge, no one has studied the existence of solutions for BVPs (1.3)

and (1.4). We obtain results on the existence of at least one solution for BVPs (1.3) and (1.4),
respectively. Two examples are given to illustrate the efficiency of the main theorems.

The remainder of this paper is organized as follows: in Section 2, we present preliminary results.
In Sections 3 and 4, the existence theorems and their proofs on BVPs (1.3) and (1.4) are given,
respectively. Finally, we present examples to show the applications of the main theorems.
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2 Preliminaries
For the convenience of the readers, we firstly present the necessary definitions from the fractional
calculus theory. These definitions and results can be found in [23,40].

Let the Gamma function, Beta function and two classical Mittag–Leffler special functions be
defined by

Γ(α) =

+∞∫
0

xα−1e−x dx, B(p, q) =

1∫
0

xp−1(1− x)q−1 dx,

Eδ,δ(x) =

∞∑
k=0

xk

Γ(δk + δ)
, Eδ,1(x) =

∞∑
k=0

xk

Γ(δk + 1)
,

respectively, for α > 0, p > 0, q > 0, δ > 0. We note that Eδ,δ(x) > 0 for all x ∈ R and Eδ,δ(x) is
strictly increasing in x. Then for x > 0, we have

Eδ,δ(−x) < Eδ,δ(0) =
1

Γ(δ)
< Eδ,δ(x).

Definition 2.1 ([23]). Let c ∈ R. The Riemann–Liouville fractional integral of order α > 0 of a
function g : (c,∞) → R is given by

Iαc+g(t) =
1

Γ(α)

t∫
c

(t− s)α−1g(s) ds,

provided that the right-hand side exists.

Definition 2.2 ([23]). Let c ∈ R. The Riemann–Liouville fractional derivative of order α > 0 of a
continuous function g : (c,∞) → R is given by

Dα
c+g(t) =

1

Γ(n− α)

dn

dtn

t∫
c

g(s)

(t− s)α−n+1
ds,

where α < n ≤ α+ 1, i.e., n = ⌈α⌉, provided that the right-hand side exists.

Lemma 2.1 ([23]). Let α < n ≤ α+ 1, u ∈ C0(c,∞) ∩ L1(c,∞). Then

Iαc+D
α
c+u(t) = u(t) + C1(t− c)α−1 + C2(t− c)α−2 + · · ·+ Cn(t− c)α−n,

where Ci ∈ R, i = 1, 2, . . . , n.

We use the function space

X =
{
x : (0, 1] → R : x

∣∣
(ti,ti+1]

∈ C0(ti, ti+1], i ∈ N0,

there exist the limits lim
t→t+i

(t− ti)
1−α1x(t), i ∈ N0

}
.

Define
∥x∥ = ∥x∥X = max

{
sup

t∈(ti,ti+1]

(t− ti)
1−α1 |x(t)| : i ∈ N0

}
.

Lemma 2.2. X is a Banach space with the norm ∥ · ∥ defined.

Proof. In fact, it is easy to see that X is a normed linear space with the norm ∥ · ∥. Let {xu} be a
Cauchy sequence in X. Then ∥xu − xv∥ → 0, u, v → +∞. It follows that

sup
t∈(ti,ti+1]

(t− ti)
1−α1

∣∣xu(t)− xv(t)
∣∣ −→ 0, v, u→ +∞, i ∈ N0.
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Define xi = x
∣∣
(ti,ti+1]

and

(t− ti)
1−α1xi(t) =

 lim
t→t+i

(t− ti)
1−α1x(t), t = ti,

(t− ti)
1−α1x(t), t ∈ (ti, ti+1].

We know that t→ (t− ti)
1−α1x(t) is continuous on [ti, ti+1]. Thus t→ (t− ti)

1−α1xu,i(t) is a Cauchy
sequence in C[ti, ti+1]. Then (t − ti)

1−α1xu,i(t) uniformly converges to some x0,i in C[ti, ti+1] as
u→ +∞. It follows that

sup
t∈[ti,ti+1]

∣∣(t− ti)
1−α1xu,i(t)− x0,i

∣∣ −→ 0, u→ +∞, i ∈ N0.

That is,
sup

t∈[ti,ti+1]

(t− ti)
1−α1

∣∣xu,i(t)− (t− ti)
α1−1x0,i

∣∣ −→ 0, u→ +∞, i ∈ N0.

Let x0(t) = (t− ti)
α1−1x0,i(t) for t ∈ (ti, ti+1], i ∈ N0. It is easy to see that x0 ∈ X and xu → x0 as

u→ +∞ in X. It follows that X is a Banach space. The proof is complete.

Define

Y =
{
y : (0, 1] → R : y

∣∣
(ti,ti+1]

∈ C0(ti, ti+1], i ∈ N0,

there exist the limits lim
t→t+i

(t− ti)
1−α2y(t), i ∈ N0,

}
with the norm

∥y∥ = ∥y∥Y = max
{

sup
t∈(ti,ti+1]

(t− ti)
1−α2 |y(t)| : i ∈ N0

}
.

Then Y is a Banach space. Choose E = X × Y with the norm ∥(x, y)∥ = max{∥x∥X , ∥y∥Y }. Then E
is a Banach space. We will seek for solutions of BVP (1.3) in E.

Definition 2.3. We call F :
m∪
i=0

(ti, ti+1)× R2 → R an I-Carathéodory function if it satisfies the

following conditions:

(i) t→ F (t, (t− ti)
α1−1u, (t− ti)

α2−1v) are measurable on (ti, ti+1), i ∈ N0 for any (u, v) ∈ R2;

(ii) (u, v) → F
(
t, (t− ti)

α1−1u, (t− ti)
α2−1v

)
are continuous on R2 for all t ∈ (ti, ti+1), i ∈ N0;

(iii) for each r > 0, there exists Mr ≥ 0 such that |F (t, (t − ti)
α1−1u, (t − ti)

α2−1v)| ≤ Mr for all
t ∈ (ti, ti+1), i ∈ N0 and |u|, |v| ≤ r.

We call G : {ti : i ∈ N} × R2 → R a discrete I-Carathéodory function if it satisfies the
following conditions:

(i) (u, v) → G(ti, (ti − ti−1)
α1−1u, (ti − ti−1)

α2−1v), i ∈ N are continuous on R2;

(ii) for each r > 0, there exists Mr ≥ 0 such that |G(ti, (ti − ti−1)
α1−1u, (ti − ti−1)

α2−1v)| ≤Mr for
almost all i ∈ N and |u|, |v| ≤ r.

Definition 2.4. We call F :
m∪
i=0

(ti, ti+1) × R2 → R a II-Carathéodory function if it satisfies the

following conditions:

(i) t→ F (t, u, v) are measurable on (ti, ti+1), i ∈ N0 for any (u, v) ∈ R2;

(ii) (u, v) → F (t, u, v) are continuous on R2 for all t ∈ (ti, ti+1), i ∈ N0;

(iii) for each r > 0, there exists Mr ≥ 0 such that |F (t, u, v)| ≤ Mr for all t ∈ (ti, ti+1), i ∈ N0 and
|u|, |v| ≤ r.
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We call G : {ti : i ∈ N} × R2 → R a discrete II-Carathéodory function if it satisfies the
following conditions:

(i) (u, v) → G(ti, u, v), i ∈ N are continuous on R2;

(ii) for each r > 0, there exists Mr ≥ 0 such that |G(ti, u, v)| ≤ Mr for almost all i ∈ N and
|u|, |v| ≤ r.

We also use the function space

X1 =
{
x : (0, 1] → R : x

∣∣
(ti,ti+1]

∈ C0(ti, ti+1], i ∈ N0, there exist the limits lim
t→t+i

x(t), i ∈ N0

}
.

Define
∥x∥ = ∥x∥X1 = max

{
sup

t∈(ti,ti+1]

|x(t)| : i ∈ N0

}
.

Then X1 is the Banach space with the norm ∥ · ∥X1 defined. Choose E1 = X1 × X1 with the norm
∥(x, y)∥ = max{∥x∥X1 , ∥y∥X1}. Then E1 is a Banach space. We will seek for solutions of BVP (1.4)
in E1.

To ease expression, we denote δα,λ(t, ti) = (t−ti)α−1Eα,α(λ(t−ti)α) for t ∈ (ti, ti+1] and α ∈ (0, 1]
and λ ∈ R.

3 Solvability of BVP (1.3)
In this section, we study the solvability of BVP (1.3) by seeking solutions in the Banach space E.

Lemma 3.1. Suppose that σ ∈ L1(0, 1) and there exist numbers k1 > −1 and max{−α1,−k1 − 1} <
l1 ≤ 0 such that |σ(t)| ≤ tk1(1− t)l1 for all t ∈ (0, 1). Then x ∈ X is a solution of

Dα1

0+x(t)− λ1x(t) = σ(t), t ∈ (ti, ti+1), i ∈ N0, (3.1)

if and only if there exist constants Ai (i ∈ N0) such that

x(t) = Γ(α1)
i∑

j=0

Ajδα1,λ1(t, tj) +

t∫
0

δα1,λ1(t, s)σ(s) ds, t ∈ (ti, ti+1], i ∈ N0. (3.2)

Proof. We do two steps:
Step 1. Suppose that x ∈ X is a solution of (3.1). By (3.26) in [8], we know that there exist

numbers A0 such that

x(t) = Γ(α1)A0δα1,λ1(t, 0) +

t∫
0

δα1,λ1(t, s)σ(s) ds, t ∈ (0, t1]. (3.3)

We know that (3.2) holds when i = 0. Now suppose that (3.2) holds for i = 0, 1, 2, . . . , n (n ≤ m− 1).
We will prove that (3.2) holds for i = n+ 1. Suppose that

x(t) = Φ(t) + Γ(α1)
n∑

j=0

Ajδα,λ1(t, tj) +

t∫
0

δα1,λ1(t, s)σ(s) ds, t ∈ (tn+1, tn+2]. (3.4)

It is easy to check that for t ∈ (tn+1, tn+2]

t∫
0

x(s)

(t− s)α1
ds =

n∑
j=0

tj+1∫
tj

x(s)

(t− s)α1
ds+

t∫
tn+1

x(s)

(t− s)α1
ds
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=
n∑

j=0

tj+1∫
tj

j∑
u=0

AuΓ(α1)(s−tu)α1−1Eα1,α1(λ1(s−tu)α1)+
s∫
0

(s−v)α1−1Eα1,α1(λ1(s−v)α1)σ(v) dv

(t−s)α1
ds

+

t∫
tn+1

Φ(s)+
n∑

j=0

AjΓ(α1)(s−tj)α1−1Eα1,α1(λ1(s−tj)α1)+
s∫
0

(s−v)α1−1Eα1,α1(λ1(s−v)α1)σ(v) dv

(t−s)α1
ds

=

t∫
tn+1

Φ(s)

(t− s)α1
ds+

n∑
j=0

j∑
u=0

AuΓ(α1)

tj+1∫
tj

(s− tu)
α1−1Eα1,α1(λ1(s− tu)

α1)

(t− s)α1
ds

+

n∑
j=0

tj+1∫
tj

s∫
0

(s− v)α1−1Eα1,α1(λ1(s− v)α1)σ(v)dv

(t− s)α1
ds

+
n∑

j=0

AjΓ(α1)

t∫
tn+1

(s− tj)
α1−1Eα1,α1(λ1(s− tj)

α1)

(t− s)α1
ds

+

t∫
tn+1

s∫
0

(s− v)α1−1Eα1,α1(λ1(s− v)α1)σ(v) dv

(t− s)α1
ds

=

t∫
tn+1

Φ(s)

(t− s)α
ds+

n∑
j=0

j∑
u=0

AuΓ(α1)

tj+1∫
tj

(t− s)−α1(s− tu)
α1−1

+∞∑
w=0

λw1 (s− tu)
α1w

Γ(α1(w + 1))
ds

+

n∑
j=0

AjΓ(α1)

t∫
tn+1

(t− s)−α1(s− tj)
α1−1

+∞∑
w=0

λw1 (s− tj)
α1w

Γ(α1(w + 1))
ds

+
n∑

j=0

tj∫
0

tj+1∫
tj

(t− s)−α1(s− v)α1−1
+∞∑
w=0

λw1 (s− v)α1w

Γ(α1(w + 1))
ds σ(v) dv

+
n∑

j=0

tj+1∫
tj

tj+1∫
v

(t− s)−α1(s− v)α1−1
+∞∑
w=0

λw1 (s− v)α1w

Γ(α1(w + 1))
dsσ(v) dv

+

tn+1∫
0

t∫
tn+1

(t− s)−α1(s− v)α1−1
+∞∑
w=0

λw1 (s− v)α1w

Γ(α1(w + 1))
ds σ(v) dv

+

t∫
tn+1

t∫
v

(t− s)−α1(s− v)α1−1
+∞∑
w=0

λw1 (s− v)α1w

Γ(α1(w + 1))
ds σ(v) dv

=

t∫
tn+1

Φ(s)

(t− s)α
ds+

n∑
j=0

j∑
u=0

AuΓ(α1)

+∞∑
w=0

λw1
Γ(α1(w + 1))

tj+1∫
tj

(t− s)−α1(s− tu)
α1w+α1−1 ds

+
n∑

j=0

AjΓ(α1)
+∞∑
w=0

λw1
Γ(α1(w + 1))

t∫
tn+1

(t− s)−α1(s− tj)
α1w+α1−1 ds

+
n∑

j=0

tj∫
0

+∞∑
w=0

λw1
Γ(α1(w + 1))

tj+1∫
tj

(t− s)−α1(s− v)α1w+α1−1 ds σ(v) dv
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+
n∑

j=0

tj+1∫
tj

+∞∑
w=0

λw1
Γ(α1(w + 1))

tj+1∫
v

(t− s)−α1(s− v)α1w+α1−1 ds σ(v) dv

+

tn+1∫
0

+∞∑
w=0

λw1
Γ(α1(w + 1))

t∫
tn+1

(t− s)−α1(s− v)α1w+α1−1 ds σ(v) dv

+

t∫
tn+1

+∞∑
w=0

λw1
Γ(α1(w + 1))

t∫
v

(t− s)−α1(s− v)α1w+α1−1 ds σ(v) dv

=

t∫
tn+1

Φ(s)

(t− s)α
ds+

n∑
j=0

j∑
u=0

AuΓ(α1)
+∞∑
w=0

λw1 (t− tu)
α1w

Γ(α1(w + 1))

tj+1−tu

t−tu∫
tj−tu
t−tu

(1− ω)−α1ωα1w+α1−1 dω

+

n∑
j=0

AjΓ(α1)

+∞∑
w=0

λw1 (t− tj)
α1w

Γ(α1(w + 1))

1∫
tn+1−tj

t−tj

(1− ω)−α1ωα1w+α1−1 dω

+

n∑
j=0

tj∫
0

+∞∑
w=0

λw1 (t− v)α1w

Γ(α1(w + 1))

tj+1−v

t−v∫
tj−v

t−v

(1− ω)−α1ωα1w+α1−1 dω σ(v) dv

+
n∑

j=0

tj+1∫
tj

+∞∑
w=0

λw1 (t− v)α1w

Γ(α1(w + 1))

tj+1−v

t−v∫
0

(1− ω)−α1ωα1w+α1−1 dω σ(v) dv

+

tn+1∫
0

+∞∑
w=0

λw1 (t− v)α1w

Γ(α1(w + 1))

1∫
tn+1−v

t−v

(1− ω)−α1ωα1w+α1−1 dω σ(v) dv

+

t∫
tn+1

+∞∑
w=0

λw1 (t− v)α1w

Γ(α1(w + 1))

1∫
0

(1− ω)−α1ωα1w+α1−1 dω σ(v) dv

=

t∫
tn+1

Φ(s)

(t− s)α
ds+

n∑
u=0

AuΓ(α1)
+∞∑
w=0

λw1 (t− tu)
α1w

Γ(α1(w + 1))

tn+1−tu
t−tu∫
0

(1− ω)−α1ωα1w+α1−1 dω

+

n∑
j=0

AjΓ(α1)

+∞∑
w=0

λw1 (t− tj)
α1w

Γ(α1(w + 1))

1∫
tn+1−tj

t−tj

(1− ω)−α1ωα1w+α1−1 dω

+

n∑
j=1

tj∫
0

+∞∑
w=0

λw1 (t− v)α1w

Γ(α1(w + 1))

tj+1−v

t−v∫
tj−v

t−v

(1− ω)−α1ωα1w+α1−1 dω σ(v) dv

+
n∑

j=0

tj+1∫
tj

+∞∑
w=0

λw1 (t− v)α1w

Γ(α1(w + 1))

tj+1−v

t−v∫
0

(1− ω)−α1ωα1w+α1−1 dω σ(v) dv
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+

tn+1∫
0

+∞∑
w=0

λw1 (t− v)α1w

Γ(α1(w + 1))

1∫
tn+1−v

t−v

(1− ω)−α1ωα1w+α1−1 dω σ(v) dv

+

t∫
tn+1

+∞∑
w=0

λw1 (t− v)α1w

Γ(α1(w + 1))

1∫
0

(1− ω)−α1ωα1w+α1−1 dω σ(v) dv

=

t∫
tn+1

Φ(s)

(t− s)α
ds+

n∑
u=0

AuΓ(α1)

+∞∑
w=0

λw1 (t− tu)
α1w

Γ(α1(w + 1))

1∫
0

(1− ω)−α1ωα1w+α1−1 dω

+
n∑

j=1

tj∫
0

+∞∑
w=0

λw1 (t− v)α1w

Γ(α1(w + 1))

tj+1−v

t−v∫
tj−v

t−v

(1− ω)−α1ωα1w+α1−1 dω σ(v) dv

+

n∑
j=0

tj+1∫
tj

+∞∑
w=0

λw1 (t− v)α1w

Γ(α1(w + 1))

tj+1−v

t−v∫
0

(1− ω)−α1ωα1w+α1−1 dω σ(v) dv

+

tn+1∫
0

+∞∑
w=0

λw1 (t− v)α1w

Γ(α1(w + 1))

1∫
tn+1−v

t−v

(1− ω)−α1ωα1w+α1−1 dω σ(v) dv

+

t∫
tn+1

+∞∑
w=0

λw1 (t− v)α1w

Γ(α1(w + 1))

1∫
0

(1− ω)−α1ωα1w+α1−1 dω σ(v) dv

=

t∫
tn+1

Φ(s)

(t− s)α
ds+

n∑
u=0

AuΓ(α1)
+∞∑
w=0

λw1 (t− tu)
α1w

Γ(α1(w + 1))

1∫
0

(1− ω)−α1ωα1w+α1−1 dω

+

t∫
0

+∞∑
w=0

λw1 (t− v)α1w

Γ(α1(w + 1))

1∫
0

(1− ω)−α1ωα1w+α1−1 dω σ(v) dv.

One can see that for t ∈ (tn+1, tn+2]

1

Γ(1− α1)

( t∫
0

x(s)

(t− s)α
ds

)′

=
1

Γ(1− α1)

( t∫
tn+1

Φ(s)

(t− s)α
ds

)′

+
1

Γ(1− α1)

n∑
u=0

AuΓ(α1)
+∞∑
w=1

λw1 α1w(t− tu)
α1w−1

Γ(α1(w + 1))

1∫
0

(1− ω)−α1ωα1w+α1−1 dω

+
1

Γ(1− α1)

t∫
0

+∞∑
w=1

λw1 α1w(t− v)α1w−1

Γ(α1(w + 1))

1∫
0

(1− ω)−α1ωα1w+α1−1 dω σ(v) dv

+
1

Γ(1− α1)

1

Γ(α1)

1∫
0

(1− ω)−α1ωα1−1 dω σ(t)

= σ(t) +Dα1

t+n+1

Φ(t) +
1

Γ(1− α1)

n∑
u=0

AuΓ(α1)
+∞∑
w=1

λw1 α1w(t− tu)
α1w−1

Γ(α1(w + 1))
B(1− α1, α1w + α1)
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+
1

Γ(1− α1)

t∫
0

+∞∑
w=1

λw1 α1w(t− v)α1w−1

Γ(α1(w + 1))
B(1− α1, α1w + α1)σ(v) dv

= σ(t)+Dα1

t+n+1

Φ(t)+

n∑
u=0

AuΓ(α1)

+∞∑
w=1

λw1 α1w(t−tu)α1w−1

Γ(α1w+1))
+

t∫
0

+∞∑
w=1

λw1 α1w(t−v)α1w−1

Γ(α1w+1))
σ(v) dv

= σ(t) +Dα1

t+n+1

Φ(t) + λ1

n∑
j=0

AjΓ(α1)(t− tj)
α1−1Eα1,α1

(λ1(t− tj)
α1)

+ λ1

t∫
0

(t− s)α1−1Eα1,α1(λ1(t− s)α1)σ(s) ds.

So,

σ(t) = Dα1

0+x(t)− λ1x(t) =
1

Γ(1− α1)

( t∫
0

x(s)

(t− s)α
ds

)′

− λ1

(
Φ(t) +

n∑
j=0

AjΓ(α1)(t− tj)
α1−1Eα1,α1(λ1(t− tj)

α1)

+

t∫
0

(t− s)α1−1Eα1,α1(λ1(t− s)α1)σ(s) ds

)
= σ(t) +Dα1

t+n+1

Φ(t)− λ1Φ(t).

It follows that Dα1

t+n+1

Φ(t) − λ1Φ(t) = 0 for t ∈ (tn+1, tn+2]. Hence there exists a constant An+1 ∈ R

such that Φ(t) = An+1Γ(α1)(t − tn+1)
α1−1Eα1,α1(λ1(t − tn+1)

α1). Substituting Φ into (9), we know
that (3.2) holds for i = n+ 1. Thus, due to induction, (3.2) holds for all i ∈ N0.

Step 2. Now suppose that x satisfies (3.2). We prove that x ∈ X and x satisfies (3.1).
Firstly, we prove that x ∈ X. In fact, we have for 0 < t1 < t2 ≤ 1 that

∣∣∣∣
t2∫
0

(t2 − s)α1−1Eα1,α1(λ1(t2 − s)α1)σ(s) ds−
t1∫
0

(t1 − s)α1−1Eα1,α1(λ1(t1 − s)α1)σ(s) ds

∣∣∣∣
≤

t2∫
t1

(t2 − s)α1−1Eα1,α1(λ1(t2 − s)α1)sk1(1− s)l1 ds

+

t1∫
0

∣∣(t2 − s)α1−1 − (t1 − s)α1−1
∣∣Eα1,α1(λ1(t2 − s)α1)sk1(1− s)l1 ds

+

t1∫
0

(t1 − s)α1−1
∣∣Eα1,α1(λ1(t2 − s)α1)− Eα1,α1(λ1(t1 − s)α1)

∣∣sk1(1− s)l1 ds

≤
+∞∑
w=0

λw1
Γ(α1(w + 1))

t2∫
t1

(t2 − s)αw+α1+l1−1sk1 ds

+
+∞∑
w=0

λw1
Γ(α1(w + 1))

t1∫
0

[
(t1 − s)α1−1 − (t2 − s)α1−1

]
(t2 − s)α1wsk1(1− s)l1 ds
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+

t1∫
0

(t1 − s)α1−1
∣∣Eα1,α1

(λ1(t2 − s)α1)− Eα1,α1
(λ1(t1 − s)α1)

∣∣sk1(1− s)l1 ds

=:M1 +M2 +M3.

We see that the first term M1 satisfies

M1 =
+∞∑
w=0

λw1
Γ(α1(w + 1))

tα1w+α1+k1+l1
2

1∫
t1
t2

(1− ω)αw+α1+l1−1ωk1 dω

≤ Eα1,α1(λ1t
α1
2 )

1∫
t1
t2

(1− ω)α1+l1−1ωk1 dω −→ 0 ′ as t1 → t2.

The second term M2 satisfies

M2 ≤
+∞∑
w=0

λw1
Γ(α1(w + 1))

t1∫
0

[
(t1 − s)α1−1 − (t2 − s)α1−1

]
(1− s)l1sk1 ds

≤
+∞∑
w=0

λw1
Γ(α1(w+1))

t1∫
0

(t1−s)α1−1(t2−s)l1sk1 ds−
+∞∑
w=0

λw

Γ(α1(w+1))

t1∫
0

(t2−s)α1+l1−1sk1 ds

≤
+∞∑
w=0

λw1
Γ(α1(w + 1))

t1∫
0

(t1 − s)α1+l1−1sk1 ds−
+∞∑
w=0

λw

Γ(α1(w + 1))

t1∫
0

(t2 − s)α1+l1−1sk1 ds

=
+∞∑
w=0

λw1
Γ(α1(w + 1))

tα1+k1+l1
1

1∫
0

(1− ω)α1+l1−1ωk1 dω

−
+∞∑
w=0

λw

Γ(α1(w + 1))
tα1+k1+l1
2

t1
t2∫
0

(1− ω)α1+l1−1ωk1 dω

= Eα1,α1(λ1)
[
tα1+k1+l1
1 − tα1+k1+l1

2

]
B(α1 + l1, k1 + 1)

− Eα1,α1(λ1)t
α1+k1+l1
2

1∫
t1
t2

(1− ω)α1+l1−1ωk1 dω −→ 0 as t1 → t2.

Now for the third term M3, we know that Eα1,α1(λ1x
α) is uniformly continuous on [0, t2], thus for

each ε > 0 there exists δ > 0 such that |Eα1,α1(λ1x
α
1 ) − Eα1,α1(λ1x

α
2 )| < ε for |x1 − x2| < δ. Then

for s ∈ [0, t1] and |t1 − t2| < δ, we have t1 − s, t2 − s ∈ [0, t2] and |(t1 − s) − (t2 − s)| < δ. So
|Eα1,α1(λ1(t2 − s)α1)− Eα1,α1(λ1(t1 − s)α1)| < ε. Hence,

M3 ≤
t1∫
0

(t1 − s)α1+l1−1
∣∣Eα1,α1

(λ1(t2 − s)α1)− Eα1,α1
(λ1(t1 − s)α1)

∣∣sk1 ds

≤ ε

t1∫
0

(t1 − s)α1+l1−1sk ds ≤ εB(α1 + l1, k1 + 1).

Thus M3 → 0 as t1 → t2.

So, t −→
t∫
0

(t − s)α1−1Eα1,α1(λ1(t − s)α1)σ(s) ds is continuous on (0, 1]. Then x ∈ C0(ti, ti+1],

i ∈ N0. For t ∈ (0, t1], we get
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t1−α1

∣∣∣∣
t∫

0

(t−s)α1−1Eα1,α1(λ1(t−s)α1)σ(s) ds

∣∣∣∣≤ t1−α1

t∫
0

(t−s)α1−1Eα1,α1(λ1(t−s)α1)sk1(1−s)l1 ds

= t1−α1

t∫
0

(t− s)α1−1
+∞∑
i=0

λi1(t−s)α1i

Γ(α1i+α1)
sk1(1−s)l1 ds≤ t1−α1

t∫
0

(t−s)α1+l1−1
+∞∑
i=0

λi1(t−s)α1i

Γ(α1i+α1)
sk1 ds

= t1−α1

+∞∑
i=0

λi1
Γ(α1i+ α1)

t∫
0

(t− s)α1+α1i+l1−1sk1 ds

= t1−α1

+∞∑
i=0

λi1
Γ(α1i+ α1)

tα1+α1i+l1+k1

1∫
0

(1− w)α1+α1i+l1−1wk1 dw

≤ t1−α1

+∞∑
i=0

λi1
Γ(α1i+ α1)

tα1+α1i+l1+k1

1∫
0

(1− w)α1+l1−1wk1 dw

= t1+l1+k1B(α1 + l1, k1 + 1)
+∞∑
i=0

λi1t
α1i

Γ(α1i+ α1)
= t1+l1+k1B(α1 + l1, k1 + 1)Eα1,α1(λ1t

α1).

From k1 + l1 + 1 > 0, we get

lim
t→0

t1−α1

∣∣∣∣
t∫

0

(t− s)α1−1Eα1,α1(λ1(t− s)α1)σ(s) ds

∣∣∣∣ = 0.

Then lim
t→0+

t1−α1x(t) exists. It is similar to prove that lim
t→t+i

(t− ti)1−α1x(t), i ∈ N , exist. Hence x ∈ X.

By direct computation, similarly to Step 1, we can show for t ∈ (ti, ti+1], i ∈ N0, that

Dα1

0+x(t)− λ1x(t) =
1

Γ(1− α)

( t∫
0

(t− s)−α1x(s) ds

)′

− λ1x(t) = σ(t).

So, x is a solution of (3.1) in X.

Lemma 3.2. Suppose that ∆ = 1 − Γ(α1)Eα1,α1(λ1) ̸= 0, σ ∈ L1(0, 1) and there exist numbers
k1 > −1 and max{−α1,−k1−1} < l1 ≤ 0 such that |σ(t)| ≤ tk1(1− t)l1 for all t ∈ (0, 1). Then x ∈ X
is a solution of 

Dα1

0+x(t)− λ1x(t) = σ(t), t ∈ (ti, ti+1), i ∈ N0,

x(1)− lim
t→0

t1−α1x(t) = 0,

lim
t→t+i

(t− ti)
1−α1x(t) = Ii, i ∈ N,

(3.5)

if and only if x ∈ X and

x(t) =
Γ(α1)

2δα1,λ1(t, 0)

∆

m∑
j=1

Ijδα1,λ1(1, tj) +
Γ(α1)δα1,λ1(t, 0)

∆

1∫
0

δα1,λ1(1, s)σ(s) ds

+ Γ(α1)

i∑
j=1

Ijδα1,λ1(t, tj) +

t∫
0

δα1,λ1(t, s)σ(s) ds, t ∈ (ti, ti+1], i ∈ N0. (3.6)
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Proof. Let x be a solution of (3.5). Similarly to Step 2 in Lemma 3.1, since l ≤ 0 for t ∈ (0, t1], one
can see that

t1−α1

∣∣∣∣
t∫

0

δα1,λ1(t, s)σ(s) ds

∣∣∣∣ = t1−α1

∣∣∣∣
t∫

0

(t− s)α1−1Eα1,α1(λ1(t− s)α1)σ(s) ds

∣∣∣∣
≤ t1+l1+k1B(α1 + l1, k1 + 1)Eα1,α1(λ1t

α1).

From k1 + l1 + 1 > 0, we get

lim
t→0

t1−α1

∣∣∣∣
t∫

0

δα1,λ1(t, s)σ(s) ds

∣∣∣∣ = 0. (3.7)

From Lemma 3.1, there exist constants Ai ∈ R (i ∈ N0) such that

x(t) = Γ(α1)

i∑
j=0

Ajδα1,λ1(t, tj) +

t∫
0

δα1,λ1(t, s)σ(s) ds, t ∈ (ti, ti+1], i ∈ N0. (3.8)

Note that Eα1,α1(0) =
1

Γ(α1)
. It follows from the boundary conditions and the impulse assumption in

(3.5) that

Γ(α1)
m∑
j=0

Ajδα1,λ1(1, tj) +

1∫
0

δα1,λ1(1, s)σ(s) ds−A0 = 0, Ai = Ii, i ∈ N.

It follows that

A0 =
1

∆

(
Γ(α1)

m∑
j=1

Ijδα1,λ1(1, tj) +

1∫
0

δα1,λ1(1, s)σ(s) ds

)
.

Substituting Ai (i ∈ N0) into (3.8), we obviously get (3.6) by changing the term order.
On the other hand, if x satisfies (3.6), then it is easy to see that x

∣∣
(ti,ti+1]

is continuous and the
limit lim

t→ti+
(t− ti)1−α1x(t) exists for i ∈ N0. Using Lemma 3.1, we can prove that x satisfies (3.5).

Lemma 3.3. Suppose that ∇ = 1 − Γ(α2)Eα2,α2(λ2) ̸= 0, σ ∈ L1(0, 1) and there exist numbers
k2 > −1 and max{−α2,−k2− 1} < l2 ≤ 0 such that |σ(t)| ≤ tk2(1− t)l2 for all t ∈ (0, 1). Then x ∈ Y
is a solution of 

Dα2

0+x(t)− λ2x(t) = σ(t), t ∈ (ti, ti+1), i ∈ N0,

x(1)− lim
t→0

t1−α2x(t) dt = 0,

lim
t→t+i

(t− ti)
1−α2x(t) = Ji, i ∈ N

(3.9)

if and only if x ∈ Y and

x(t) =
Γ(α2)

2δα2,λ2(t, 0)

∇

m∑
j=1

J(tj , x(tj), y(tj))δα2,λ2(1, tj) +
Γ(α2)δα2,λ2(t, 0)

∇

1∫
0

δα2,λ2(1, s)σ(s) ds

+ Γ(α2)

i∑
j=1

J(tj , x(tj), y(tj))δα2,λ2(t, tj) +

t∫
0

δα2,λ2(t, s)σ(s) ds, t ∈ (ti, ti+1], i ∈ N0. (3.10)

Proof. The proof is similar to that of Lemma 3.2, and hence we omit it.
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Let ∆,∇ be defined in Lemmas 3.2 and 3.3. Define the nonlinear operator T on E by T (x, y)(t) =
((T1(x, y))(t), (T2(x, y))(t)) with

(T1(x, y))(t) =
Γ(α1)

2δα1,λ1
(t, 0)

∆

m∑
j=1

δα1,λ1
(1, tj)I(tj , x(tj), y(tj))

+
Γ(α1)δα1,λ1(t, 0)

∆

1∫
0

δα1,λ1(1, s)p1(s)f1(s, x(s), y(s)) ds

+ Γ(α1)
i∑

j=1

I(tj , x(tj), y(tj))δα1,λ1(t, tj)

+

t∫
0

δα1,λ1(t, s)p1(s)f1(s, x(s), y(s)) ds, t ∈ (ti, ti+1], i ∈ N0,

and

(T2(x, y))(t) =
Γ(α2)

2δα2,λ2(t, 0)

∇

m∑
j=1

δα2,λ2(1, tj)J(tj , x(tj), y(tj))

+
Γ(α2)δα2,λ2(t, 0)

∇

1∫
0

δα2,λ2(1, s)p2(s)f2(s, x(s), y(s)) ds

+ Γ(α2)

i∑
j=1

J(tj , x(tj), y(tj))δα2,λ2(t, tj)

+

t∫
0

δα2,λ2(t, s)p2(s)f2(s, x(s), y(s)) ds, t ∈ (ti, ti+1], i ∈ N0,

for (x, y) ∈ E.

Lemma 3.4. Suppose that f1, f2 are I-Carathéodory functions, I, J are discrete I-Carathéodory
functions. Then (x, y) ∈ E is a solution of BVP (1.3) if and only if (x, y) is a fixed point of T in E
and T : E → E is well defined and is completely continuous.

Proof. It is easy to see from Lemmas 3.2 and 3.3 that (x, y) ∈ E is a solution of BVP (1.3) if and only
if (x, y) is a fixed point of T in E. We divide the remainder of the proof into the following steps:
Step (i). We prove that T : E → E is well defined. Similarly to the proofs of Lemma 3.1, we can
prove that T1(x, y) ∈ X and T2(x, y) ∈ Y for all (x, y) ∈ E. Thus T : E → E is well defined.
Step (ii). We prove that T is continuous.

Let (xn, yn) ∈ E with (xn, yn) → (x0, y0) as n → ∞. We can show that T (xn, yn) → T (x0, y0) as
n→ ∞ by using the dominant convergence theorem. We refer the readers to the papers [42,48,53].
Step (iii). Prove that T is compact, i.e., T (Ω) is relatively compact for every bounded subset Ω ⊂ E.

Let Ω be a bounded open nonempty subset of E. Then there exists r > 0 such that

∥(x, y)∥ = max
{

sup
t∈(ti,ti+1]

(t− ti)
1−α1 |x(t)|, sup

t∈(ti,ti+1]

(t− ti)
1−α2 |y(t)| : i ∈ N0

}
≤ r < +∞ (3.11)

holds for all (x, y) ∈ Ω. Since f1, f2 are I-Carathéodory functions and I, J are discrete I-Cara-
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théodory functions, there exist constants MI ,MJ ,Mf1 ,Mf2 ≥ 0 such that

∣∣f1(t, x(t), y(t))∣∣ = ∣∣∣f(t, (t− ti)
1−α1x(t)

(t− ti)1−α1
,
(t− ti)

1−α2y(t)

(t− ti)1−α2

)∣∣∣ ≤Mf1 , t ∈ (ti, ti+1), i ∈ N0,∣∣f2(t, x(t), y(t))∣∣ ≤Mf2 , t ∈ (ti, ti+1), i ∈ N0,∣∣I(ti, x(ti), y(ti))∣∣ = ∣∣∣I(ti, (ti − ti−1)
1−α1x(ti)

(ti − ti−1)1−α1
,
(ti − ti−1)

1−α2y(ti)

(ti − ti−1)1−α2

)∣∣∣ ≤MI , i ∈ N,∣∣J(ti, x(ti), y(ti))∣∣ ≤MJ , i ∈ N.

(3.12)

This step is done by three sub-steps.
Sub-step (iii1). Prove that T (Ω) is uniformly bounded.

Using the definition of T1, for t ∈ (0, t1] we have

t1−α1 |(T1(x, y))(t)| ≤
Γ(α1)

2Eα1,α1
(|λ1|tα1

1 )

|∆|

m∑
j=1

(1− tj)
α1−1Eα1,α1(λ1(1− tj)

α1)MI

+
Γ(α1)Eα1,α1(|λ1|t

α1
1 )

|∆|

1∫
0

(1−s)α1−1Eα1,α1(λ1(1−s)α1)sk1(1− s)l1 dsMf1

+ t1−α1

t∫
0

(t− s)α1−1Eα1,α1(λ1(t− s)α1)sk1(1− s)l1 dsMf1

≤ Γ(α1)Eα1,α1(|λ1|)
|∆|

(1− tm)α1−1mΓ(α1)Eα1,α1(|λ1|)MI

+
(Γ(α1)Eα1,α1(|λ1|)

|∆|
+ 1

)
B(α1 + l1, k1 + 1)Eα1,α1(|λ1|)Mf1 .

Similarly, we can prove for t ∈ (ti, ti+1], i ∈ N , that

(t− ti)
1−α1 |(T1(x, y))(t)|

≤ (ti+1 − ti)
1−α1

Γ(α1)
2tα1−1

1 Eα1,α1
(|λ1|tα1

i+1)

|∆|

m∑
j=1

(1− tj)
α1−1Eα1,α1(λ1(1− tj)

α1)MI

+ (ti+1 − ti)
1−α1

Γ(α1)t
α1−1
1 Eα1,α1(|λ1|t

α1
i+1)

|∆|
B(α1 + l1, k1 + 1)Eα1,α1(λ1)Mf1

+ Γ(α1)

i∑
j=1

Eα1,α1(|λ1|(ti+1 − tj)
α1)MI

+ max
{
1, tα1+k1+l1

1

}
B(α1 + l1, k1 + 1)Eα1,α1(|λ1|t

α1
i+1)Mf1

≤
(Γ(α1)t

α1−1
1 Eα1,α1

(|λ1|)
|∆|

(1− tm)α1−1 + 1
)
mΓ(α1)Eα1,α1

(|λ1|)MI

+
(Γ(α1)t

α1−1
1 Eα1,α1(|λ1|)

|∆|
+ max

{
1, tα1+k1+l1

1

})
B(α1 + l1, k1 + 1)Eα1,α1(|λ1|)Mf1 .

Then

∥T1(x, y)∥X ≤
(Γ(α1)t

α1−1
1 Eα1,α1(|λ1|)

|∆|
(1− tm)α1−1 + 1

)
mΓ(α1)Eα1,α1(|λ1|)MI

+
(Γ(α1)t

α1−1
1 Eα1,α1(|λ1|)

|∆|
+ max

{
1, tα1+k1+l1

1

})
B(α1 + l1, k1 + 1)Eα1,α1(|λ1|)Mf1 .
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We can also find that

∥T2(x, y)∥ ≤
(Γ(α2)t

α2−1
1 Eα2,α2(|λ2|)

|∇|
(1− tm)α2−1 + 1

)
mΓ(α2)Eα2,α2(|λ2|)MJ

+
(Γ(α2)t

α2−1
1 Eα2,α2(|λ2|)

|∇|
+ max

{
1, tα2+k2+l2

1

})
B(α2 + l2, k2 + 1)Eα2,α2(|λ2|)Mf2 .

From the above discussion, T (Ω) is uniformly bounded.
Sub-step (iii2). Prove that both {(t−ti)1−α1(T1(x, y))(t) : (x, y) ∈ Ω} and {(t−ti)1−α2(T2(x, y))(t) :
(x, y) ∈ Ω} are equi-continuous on each subinterval [a, b] ⊆ (ti, ti+1], i ∈ N0, respectively.

Let s2 ≤ s1 and s1, s2 ∈ [a, b] ⊆ (0, t1]. We can prove∣∣s1−α1
1 (T1(x, y))(s1)− s1−α1

2 (T1(x, y))(s2)
∣∣

≤ Γ(α1)
2
∣∣∣Eα1,α1(λ1s

α1
1 )− Eα1,α1(λ1s

α1
2 )

∆

∣∣∣ m∑
j=1

(1− tj)
α1−1Eα1,α1(λ1(1− tj)

α1)MI

+ Γ(α1)
∣∣∣Eα1,α1(λ1s

α1
1 )− Eα1,α1(λ1s

α1
2 )

∆

∣∣∣ 1∫
0

(1− s)α1−1Eα1,α1(λ1(1− s)α1)sk1(1− s)l1 ds

+

∣∣∣∣s1−α1
1

s1∫
0

(s1 − s)α1−1Eα1,α1(λ1(s1 − s)α1)p1(s)f1(s, x(s), y(s)) ds

− s1−α1
2

s2∫
0

(s2 − s)α1−1Eα1,α1(λ1(s2 − s)α1)p1(s)f1(s, x(s), y(s)) ds

∣∣∣∣.
(i) It is easy to show that Eα1,α1(λ1x

α1) is uniformly continuous on [0, b]. Then for any ε > 0,
there exists δ > 0 such that |Eα1,α1(λ1s

α1
1 )−Eα1,α1(λ1s

α1
2 )| < ε for all s1, s2 ∈ [0, b] with |s1−s2| < δ.

(ii) Both
m∑
j=1

(1− tj)α1−1Eα1,α1(λ1(1− tj)α1)MI and
1∫
0

(1−s)α1−1Eα1,α1(λ1(1−s)α1)sk1(1−s)l1 ds

are constants.
(iii) It is easy to prove that

xµ − yµ ≤ (x− y)µ for all µ ∈ (0, 1], x ≥ y > 0,

xµ − yµ ≤ µxµ−1(x− y) for all µ > 1, x ≥ y > 0,

h1(x) = xcx−1 is increasing on
(
0,− 1

ln c

)
and decreasing on

(
− 1

ln c ,+∞
)
, c ∈ (0, 1),

h2(x) = −x lnx ≥ min
{
− (b− a) ln(b− a),−b ln b

}
for all x ∈ [b− a, b].

It follows that

h1(x) ≤ max
{
1,

1

e

1

−c ln c

}
≤ max

{
1,

1

e

1

min{−(b− a) ln(b− a),−b ln b}

}
, x > 1, c ∈ [b− a, b].

Then we have for s2, s1 ∈ [a, b] with s1 > s2 that

∣∣∣∣s1−α1
1

s1∫
0

(s1 − s)α1−1Eα1,α1(λ1(s1 − s)α1)p1(s)f1(s, x(s), y(s)) ds

− s1−α1
2

s2∫
0

(s2 − s)α1−1Eα1,α1(λ1(s2 − s)α1)p1(s)f1(s, x(s), y(s)) ds

∣∣∣∣
=

∣∣∣∣s1−α1
1

s1∫
0

(s1 − s)α1−1
+∞∑
k=0

λk1(s1 − s)α1k

Γ(α1(k + 1))
p1(s)f1(s, x(s), y(s)) ds
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− s1−α1
2

s2∫
0

(s2 − s)α1−1
+∞∑
k=0

λk1(s2 − s)α1k

Γ(α(k + 1))
p1(s)f1(s, x(s), y(s)) ds

∣∣∣∣
=

∣∣∣∣ +∞∑
k=0

|λ1|k

Γ(α1(k + 1))
s1−α1
1

s1∫
0

(s1 − s)α1(k+1)−1p1(s)f1(s, x(s), y(s)) ds

−
+∞∑
k=0

|λ1|k

Γ(α(k + 1))
s1−α1
2

s2∫
0

(s2 − s)α1(k+1)−1p1(s)f1(s, x(s), y(s)) ds

∣∣∣∣
≤

+∞∑
k=0

|λ1|k

Γ(α(k + 1))

∣∣∣∣s1−α1
1

s1∫
0

(s1 − s)α1(k+1)−1p1(s)f1(s, x(s), y(s)) ds

− s1−α1
2

s2∫
0

(s2 − s)α1(k+1)−1p1(s)f1(s, x(s), y(s)) ds

∣∣∣∣
≤

+∞∑
k=0

|λ1|k

Γ(α1(k + 1))

[∣∣s1−α1
1 − s1−α1

2

∣∣ s1∫
0

(s1 − s)α1(k+1)−1|p1(s)| |f1(s, x(s), y(s))| ds

+ s1−α1
2

s1∫
s2

(s1 − s)α1(k+1)−1|p1(s)| |f1(s, x(s), y(s))| ds

+ s1−α1
2

s2∫
0

∣∣(s1 − s)α1(k+1)−1 − (s2 − s)α1(k+1)−1
∥∥p1(s)| |f1(s, x(s), y(s))| ds]

≤Mf1

+∞∑
k=0

|λ1|k

Γ(α1(k + 1))

[∣∣s1−α1
1 − s1−α1

2

∣∣ s1∫
0

(s1 − s)α1(k+1)−1sk1(1− s)l1 ds

+ s1−α1
2

s1∫
s2

(s1 − s)α1(k+1)−1sk1(1− s)l1 ds

+ s1−α1
2

s2∫
0

∣∣(s1 − s)α1(k+1)−1 − (s2 − s)α1(k+1)−1
∣∣sk1(1− s)l1 ds

]

≤Mf1

+∞∑
k=0

|λ1|k

Γ(α1(k + 1))

[∣∣s1−α1
1 − s1−α1

2

∣∣ s1∫
0

(s1 − s)α1(k+1)+l1−1sk1 ds

+ s1−α1
2

s1∫
s2

(s1 − s)α1(k+1)+l1−1sk1 ds

+ s1−α1
2

s2∫
0

∣∣(s1 − s)α1(k+1)−1 − (s2 − s)α1(k+1)−1
∣∣sk1(1− s)l1 ds

]

=Mf1

+∞∑
k=0

|λ1|k

Γ(α1(k + 1))

[∣∣s1−α1
1 − s1−α1

2

∣∣sα1(k+1)+k1+l1
1

1∫
0

(1− w)α1(k+1)+l1−1wk1 dw

+ s1−α1
2 s

α1(k+1)+k1+l1
1

1∫
s2
s1

(1− w)α1(k+1)+l1−1wk1 dw
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+ s1−α1
2

s2∫
0

∣∣(s1 − s)α1(k+1)−1 − (s2 − s)α1(k+1)−1
∣∣sk1(1− s)l1 ds

]

≤Mf1

+∞∑
k=0

|λ1|k

Γ(α1(k+1))

[∣∣s1−α1
1 −s1−α1

2

∣∣max
{
aα1+k1+l1 , bα1+k1+l1

} 1∫
0

(1−w)α1+l1−1wk1 dw

+ max
{
aα1+k1+l1 , bα1+k1+l1

} 1∫
s2
s1

(1− w)α1+l1−1wk1 dw

+ s1−α1
2

s2∫
0

∣∣(s1 − s)α1(k+1)−1 − (s2 − s)α1(k+1)−1
∣∣sk1(1− s)l1 ds

]
.

One can see

∣∣s1−α1
1 − s1−α1

2

∣∣ −→ 0,

1∫
s2
s1

(1− w)α1+l1−1wk1 dw −→ 0 as s1 → s2.

On the other hand, for α1(k + 1)− 1 ∈ (0, 1] we have

s1−α1
2

s2∫
0

∣∣(s1 − s)α1(k+1)−1 − (s2 − s)α1(k+1)−1
∣∣sk1(1− s)l1 ds

≤ (s1 − s2)
α1(k+1)−1

s2∫
0

sk1(s2 − s)l1 ds = (s1 − s2)
α1(k+1)−1sk1+l1+1

2

1∫
0

(1− w)l1wk1 ds

≤ (s1−s2)α1(k+1)−1

1∫
0

(1−w)l1wk1 dw−→0

as s1→s2 uniformly for k=
[ 1

α1

]
−1,

[ 1

α1

]
, . . . ,

[ 2

α1

]
−1.

For α1(k + 1)− 1 > 1,

s1−α1
2

s2∫
0

∣∣(s1 − s)α1(k+1)−1 − (s2 − s)α1(k+1)−1
∣∣sk1(1− s)l1 ds

≤ (s1 − s2)

s2∫
0

(α1(k + 1)− 1)(s1 − s)α1(k+1)−2sk1(s2 − s)l1 ds

≤ (s1 − s2)max
{
1,

1

e

1

min{−(b− a) ln(b− a),−b ln b}

} s2∫
0

sk1(s2 − s)l1 ds

≤ (s1 − s2)max
{
1,

1

e

1

min{−(b− a) ln(b− a),−b ln b}

}
sk1+l1+1
2

1∫
0

wk1(1− w)l1 dw

≤ (s1−s2)max
{
1,

1

e

1

min{−(b−a) ln(b−a),−b ln b}

} 1∫
0

wk1(1−w)l1 dw−→0 as s1→s2.
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For α1(k + 1)− 1 ≤ 0,

s1−α1
2

s2∫
0

∣∣(s1 − s)α1(k+1)−1 − (s2 − s)α1(k+1)−1
∣∣sk1(1− s)l1 ds

≤
s2∫
0

[
(s2 − s)α1(k+1)−1 − (s1 − s)α1(k+1)−1

]
sk1(s2 − s)l1 ds

≤
s2∫
0

(s2 − s)α1(k+1)+l1−1sk1ds−
s2∫
0

(s1 − s)α1(k+1)−1sk1(s2 − s)l1 ds

≤
s2∫
0

(s2 − s)α1(k+1)+l1−1sk1ds−
s2∫
0

(s1 − s)α1(k+1)+l1−1sk1 ds

=s
α1(k+1)+k1+l1
2

1∫
0

(1−w)α1(k+1)+l1−1wk1 dw−sα1(k+1)+k1+l1
1

s2
s1∫
0

(1−w)α1(k+1)+l1−1wk1 dw

≤
∣∣sα1(k+1)+k1+l1

2 − s
α1(k+1)+k1+l1
1

∣∣ 1∫
0

(1− w)α1(k+1)+l1−1wk1 dw

+s
α1(k+1)+k1+l1
1

1∫
s2
s1

(1− w)α1(k+1)+l1−1wk1 dw

≤
∣∣sα1(k+1)+k1+l1

2 − s
α1(k+1)+k1+l1
1

∣∣ 1∫
0

(1− w)α1+l1−1wk1 dw

+max
{
aα1+k1+l1 , bα1+k1+l1

} 1∫
s2
s1

(1− w)α1+l1−1wk1 dw −→ 0

as s1 → s2 uniformly for k = 0, 1, 2, . . . ,
[ 1

α1

]
− 1.

From the above discussion, there exists δ > 0 such that

∣∣s1−α1
1 − s1−α1

2

∣∣ < ε,

1∫
s2
s1

(1− w)α1+l1−1wk1 dw < ε,

s1−α1
2

s2∫
0

∣∣(s1 − s)α1(k+1)−1 − (s2 − s)α1(k+1)−1
∣∣sk1(1− s)l1 ds < ε

hold for all s1, s2 ∈ [a, b], 0 < s1 − s2 < δ, k = 0, 1, 2, . . . . Then

∣∣∣∣s1−α1
1

s1∫
0

(s1 − s)α1−1Eα1,α1(λ1(s1 − s)α1)p1(s)f1(s, x(s), y(s)) ds

− s1−α1
2

s2∫
0

(s2 − s)α1−1Eα1,α1(λ1(s2 − s)α1)p1(s)f1(s, x(s), y(s)) ds

∣∣∣∣
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< εMf1

+∞∑
k=0

|λ1|k

Γ(α1(k + 1))

[
max

{
aα1+k1+l1 , bα1+k1+l1

} 1∫
0

(1− w)α1+l1−1wk1 dw

+ max
{
aα1+k1+l1 , bα1+k1+l1}+ 1

]

= εMf1Eα1,α1(|λ1|)
[

max
{
aα1+k1+l1 , bα1+k1+l1

} 1∫
0

(1− w)α1+l1−1wk1 dw

+ max
{
aα1+k1+l1 , bα1+k1+l1}+ 1

]
, s1, s2 ∈ [a, b], 0 < s1 − s2 < δ, k = 0, 1, 2, . . . .

From (i), (ii) and (iii), we have∣∣s1−α1
1 (T1(x, y))(s1)− s1−α1

2 (T1(x, y))(s2)
∣∣ −→ 0 uniformly in [a, b] ⊂ (0, t1] as s1 → s2.

Similarly, we can show that for s1, s2 ∈ [a, b] ⊆ (ti, ti+1], i ∈ N ,∣∣(s1 − ti)
1−α1(T1(x, y))(s1)− (s2 − ti)

1−α1(T1(x, y))(s2)
∣∣ −→ 0 uniformly as s1 → s2,

and for s1, s2 ∈ [a, b] ⊆ (ti, ti+1], i ∈ N0,∣∣(s1 − ti)
1−α2(T2(x, y))(s1)− (s2 − ti)

1−α2(T2(x, y))(s2)
∣∣ −→ 0 uniformly as s1 → s2.

All of these expressions complete this step.
Sub-step (iii3). Prove that both {(t−ti)1−α1(T1(x, y))(t) : (x, y) ∈ Ω} and {(t−ti)1−α2(T2(x, y))(t) :
(x, y) ∈ Ω} are equi-convergent at t = ti, i ∈ N0, respectively.

For i ∈ N0, since lim
t→t+i

(t−ti)1−α1(T1(x, y))(t) exists, we can easily see that {(t−ti)1−α1(T1(x, y))(t) :

(x, y) ∈ Ω)} is equi-convergent at t = ti, i ∈ N0. Similarly, we can show that (t− ti)1−α2(T2(x, y))(t) :
(x, y) ∈ (Ω)} is equi-convergent at t = ti, i ∈ N0. So T (Ω) is relatively compact. Then T is completely
continuous.

Now, we prove the first theorem of this paper by using the Schauder’s fixed point theorem [30].
We need the following assumptions:

(D1) f1, f2 are I-Carathéodory functions, I, J are discrete I-Carathéodory functions and there
exist non-decreasing functions ϕi, ψi : [0,+∞) × [0,+∞) → [0,+∞), measurable functions
ϕi, ϕi, ψi : (0, 1) → R (i = 1, 2) and constants Ij , Jj such that∣∣∣f1(t, x

(t− ti)1−α1
,

y

(t− ti)1−α2

)
− ϕ1(t)

∣∣∣ ≤ ϕ1(|x|, |y|), t ∈ (ti, ti+1), x, y ∈ R, i ∈ N0,∣∣∣f2(t, x

(t− ti)1−α1
,

y

(t− ti)1−α2

)
− ϕ2(t)

∣∣∣ ≤ ϕ2(|x|, |y|), t ∈ (ti, ti+1), x, y ∈ R, i ∈ N0,∣∣∣I(tj , x

(tj − tj−1)1−α1
,

y

(tj − tj−1)1−α2

)
− Ij

∣∣∣ ≤ ψ1(|x|, |y|), j ∈ N, x, y ∈ R,∣∣∣J(tj , x

(tj − tj−1)1−α1
,

y

(tj − tj−1)1−α2

)
− Jj

∣∣∣ ≤ ψ2(|x|, |y|), j ∈ N, x, y ∈ R.

(D2) f1, f2 are I-Carathéodory functions, I, J are discrete I-Carathéodory functions and there
exist nonnegative constants Ii, Ji, bi, ai, Bi, Ai, τj , σj (j = 1, 2, . . . , n) and measurable functions
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ϕi : (0, 1) → R (i = 1, 2) such that∣∣∣f1(t, x

(t−ti)1−α1
,

y

(t−ti)1−α2

)
−ϕ1(t)

∣∣∣≤ n∑
j=1

aj |x|τj |y|σj , t∈(ti, ti+1), x, y∈R, i∈N0,

∣∣∣f2(t, x

(t−ti)1−α1
,

y

(t−ti)1−α2

)
−ϕ2(t)

∣∣∣≤ n∑
j=1

bj |x|τj |y|σj , t∈(ti, ti+1), x, y∈R, i∈N0,

∣∣∣I(tj , x

(tj−tj−1)1−α1
,

y

(tj−tj−1)1−α2

)
−Ij

∣∣∣≤ n∑
j=1

Aj |x|τj |y|σj , j∈N, x, y∈R,

∣∣∣J(tj , x

(tj−tj−1)1−α1
,

y

(tj−tj−1)1−α2

)
−Jj

∣∣∣≤ n∑
j=1

Bj |x|τj |y|σj , j∈N, x, y∈R.

Define

Φ1(t) =
Γ(α1)

2δα1,λ1(t, 0)

∆

m∑
j=1

δα1,λ1(1, tj)Ij +
Γ(α1)δα1,λ1(t, 0)

∆

1∫
0

δα1,λ1(1, s)p1(s)ϕ1(s) ds

+ Γ(α1)
i∑

j=1

δα1,λ1(t, tj)Ij +

t∫
0

δα1,λ1(t, s)p1(s)ϕ1(s) ds, t ∈ (ti, ti+1], i ∈ N0,

and

Φ2(t) =
Γ(α2)

2δα2,λ2(t, 0)

∇

m∑
j=1

δα2,λ2(1, tj)Jj +
Γ(α2)δα2,λ2(t, 0)

∇

1∫
0

δα2,λ2(1, s)p2(s)ϕ2(s) ds

+ Γ(α2)

i∑
j=1

δα2,λ2(t, tj)Jj +

t∫
0

δα2,λ2(t, s)p2(s)ϕ2(s) ds, t ∈ (ti, ti+1], i ∈ N0.

Denote

P1 =
(Γ(α1)t

α1−1
1 Eα1,α1(|λ1|)

|∆|
+ max

{
1, tα1+k1+l1

1

})
B(α1 + l1, k1 + 1)Eα1,α1(|λ1|),

Q1 =
(Γ(α1)t

α1−1
1 Eα1,α1(|λ1|)

|∆|
(1− tm)α1−1 + 1

)
mΓ(α1)Eα1,α1(|λ1|),

P2 =
(Γ(α2)t

α2−1
1 Eα2,α2(|λ2|)

|∇|
+ max

{
1, tα2+k2+l2

1

})
B(α2 + l2, k2 + 1)Eα2,α2(|λ2|),

Q2 =
(Γ(α2)t

α2−1
1 Eα2,α2(|λ2|)

|∇|
(1− tm)α2−1 + 1

)
mΓ(α2)Eα2,α2(|λ2|).

Theorem 3.1. Suppose that (D1) holds. Then BVP (1.3) has at least one solution if

P1ϕ1
(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
+Q1ψ1

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
≤ r1,

P2ϕ2
(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
+Q2ψ2

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
≤ r2

(3.13)

has a couple of positive solutions (r1, r2).

Proof. To apply the Schauder’s fixed point theorem, we have to define a closed convex bounded subset
Ω of E such that T (Ω) ⊆ Ω.

Let r1 > 0, r2 > 0, denote Ω = {(x, y) ∈ E : ∥x − Φ1∥ ≤ r1, ∥y − Φ2∥ ≤ r2}. For (x, y) ∈ Ω,
we get

∥x∥ ≤ ∥x− Φ1∥+ ∥Φ1∥ ≤ r1 + ∥Φ1∥, ∥y∥ ≤ ∥y − Φ2∥+ ∥Φ2∥ ≤ r2 + ∥Φ2∥.
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Then (D1) implies that∣∣f1(t, x(t), y(t))− ϕ1(t)
∣∣ = ∣∣∣f(t, (t− ti)

1−α1x(t)

(t− ti)1−α1
,
(t− ti)

1−α2y(t)

(t− ti)1−α1

)
− ϕ1(t)

∣∣∣
≤ ϕ1

(
|(t− ti)

1−α1x(t)|, |(t− ti)
1−α2y(t)|

)
≤ ϕ1

(
∥x∥, ∥y∥

)
≤ ϕ1

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
, t ∈ (ti, ti+1), i ∈ N0,∣∣f2(t, x(t), y(t))− ϕ2(t)

∣∣ ≤ ϕ2
(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
, t ∈ (ti, ti+1), i ∈ N0,∣∣I(tj , x(tj), y(tj))− Ij

∣∣ ≤ ψ1

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
, j ∈ N,∣∣J(tj , x(tj), y(tj))− Jj

∣∣ ≤ ψ2

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
, j ∈ N.

By the definition of T , using the above inequalities, similarly to Step (iii1) in the proof of Lemma 3.4,
we get

∥T1(x, y)− Φ1∥ ≤
(Γ(α1)t

α1−1
1 Eα1,α1(|λ1|)

|∆|
(1− tm)α1−1 + 1

)
×mΓ(α1)Eα1,α1(|λ1|)ψ1

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
+

(Γ(α1)t
α1−1
1 Eα1,α1(|λ1|)

|∆|
+ max

{
1, tα1+k1+l1

1

})
× B(α1 + l1, k1 + 1)Eα1,α1

(|λ1|)ϕ1
(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
= P1ϕ1

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
+Q1ψ1

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
.

Similarly, we have

∥T2(x, y)− Φ2∥ ≤
(Γ(α2)t

α2−1
1 Eα2,α2(|λ2|)

|∇|
(1− tm)α2−1 + 1

)
×mΓ(α2)Eα2,α2(|λ2|)ψ2

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
+

(Γ(α2)t
α2−1
1 Eα2,α2(|λ2|)

|∇|
+ max

{
1, tα2+k2+l2

1

})
× B(α2 + l2, k2 + 1)Eα2,α2(|λ2|)ϕ2

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
= P2ϕ2

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
+Q2ψ2

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
.

From the assumption, the inequality of system (3.13) has positive solution (r1, r2). We choose Ω =
{(x, y) ∈ E : ∥x − Φ1∥ ≤ r1, ∥y − Φ2∥ ≤ r2}. Then we get T (Ω) ⊂ Ω. Hence the Schauder’s fixed
point theorem implies that T has a fixed point (x, y) ∈ Ω. So (x, y) is a solution of BVP (1.3).

Denote

Pj =
(Γ(α1)t

α1−1
1 Eα1,α1(|λ1|)

|∆|
(1− tm)α1−1 + 1

)
mΓ(α1)Eα1,α1(|λ1|)Aj

+
(Γ(α1)t

α1−1
1 Eα1,α1(|λ1|)

|∆|
+max

{
1, tα1+k1+l1

1

})
B(α1+l1, k1+1)Eα1,α1(|λ1|)aj , j=1, 2, . . . , n,

Qj =
(Γ(α2)t

α2−1
1 Eα2,α2(|λ2|)

|∇|
(1− tm)α2−1 + 1

)
mΓ(α2)Eα2,α2(|λ2|)Bj

+
(Γ(α2)t

α2−1
1 Eα2,α2(|λ2|)

|∇|
+max

{
1, tα2+k2+l2

1

})
B(α2+l2, k2+1)Eα2,α2(|λ2|)bj , j=1, 2, . . . , n.

Theorem 3.2. Suppose that (D2) holds. Then BVP (1.3) has at least one solution if
n∑

j=1

Pj

[
r1 + ∥Φ1∥]τj [r2 + ∥Φ2∥

]σj ≤ r1,
n∑

j=1

Qj

[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj ≤ r2 (3.14)

has a couple of positive solutions (r1, r2).
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Proof. To apply the Schauder’s fixed point theorem, we have to define a closed convex bounded subset
Ω of E such that T (Ω) ⊆ Ω.

Let r1 > 0, r2 > 0, denote Ω = {(x, y) ∈ E : ∥x − Φ1∥ ≤ r1, ∥y − Φ2∥ ≤ r2}. For (x, y) ∈ Ω, we
get

∥x∥ ≤ ∥x− Φ1∥+ ∥Φ1∥ ≤ r1 + ∥Φ1∥, ∥y∥ ≤ ∥y − Φ2∥+ ∥Φ2∥ ≤ r2 + ∥Φ2∥.

Then (D2) implies that

∣∣f1(t, x(t), y(t))− ϕ1(t)
∣∣ ≤ n∑

j=1

aj
[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj
, t ∈ (ti, ti+1), i ∈ N0,

∣∣f2(t, x(t), y(t))− ϕ2(t)
∣∣ ≤ n∑

j=1

bj
[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj
, t ∈ (ti, ti+1), i ∈ N0,

∣∣I(tj , x(tj), y(tj))− Ij
∣∣ ≤ n∑

j=1

Aj

[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj
, j ∈ N,

∣∣J(tj , x(tj), y(tj))− Jj
∣∣ ≤ n∑

j=1

Bj

[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj
, j ∈ N.

By the definition of T , using the above inequalities, similarly to Step (iii1) in the proof of Lemma 3.4,
we get

∥T1(x, y)− Φ1∥ ≤
(Γ(α1)t

α1−1
1 Eα1,α1(|λ1|)

|∆|
(1− tm)α1−1 + 1

)
×mΓ(α1)Eα1,α1(|λ1|)

n∑
j=1

Aj

[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj

+
(Γ(α1)t

α1−1
1 Eα1,α1(|λ1|)

|∆|
+ max

{
1, tα1+k1+l1

1

})
× B(α1 + l1, k1 + 1)Eα1,α1(|λ1|)

n∑
j=1

aj
[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj

=

n∑
j=1

Pj

[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj
.

Similarly, we have

∥T2(x, y)− Φ2∥ ≤
(Γ(α2)t

α2−1
1 Eα2,α2(|λ2|)

|∇|
(1− tm)α2−1 + 1

)
×mΓ(α2)Eα2,α2

(|λ2|)
n∑

j=1

Bj

[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj

+
(Γ(α2)t

α2−1
1 Eα2,α2(|λ2|)

|∇|
+ max

{
1, tα2+k2+l2

1

})
× B(α2 + l2, k2 + 1)Eα2,α2(|λ2|)

n∑
j=1

bj
[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj

=
n∑

j=1

Qj

[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj
.

From the assumption, the inequality of system (3.14) has positive solution (r1, r2). We choose Ω =
{(x, y) ∈ E : ∥x − Φ1∥ ≤ r1, ∥y − Φ2∥ ≤ r2}. Then we get T (Ω) ⊂ Ω. Hence the Schauder’s fixed
point theorem implies that T has a fixed point (x, y) ∈ Ω. So (x, y) is a solution of BVP (1.3).
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Remark 3.1. Suppose that (D2) holds. Fix r1 > 0 and r2 > 0. Since

lim
Aj ,aj→0

n∑
j=1

Qj

[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj
= lim

Bj ,bj→0

n∑
j=1

Pj

[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj
= 0,

(3.14) holds for sufficiently small nonnegative constants bi, ai (i = 1, 2, . . . , n), Bi, Ai (i = 1, 2, . . . , n).
So it is easy to see that BVP (1.3) has at least one solution if the nonnegative constants bi, ai
(i = 1, 2, . . . , n), Bi, Ai (i = 1, 2, . . . , n) are sufficiently small.

4 Solvability of BVP (1.4)
In this section, we study the solvability of BVP (1.4). We will seek for solutions of BVP (1.4) in E1.

Lemma 4.1. Suppose that σ ∈ L1(0, 1) and there exist numbers k > −1 and max{−α1,−k−1} < l ≤ 0
such that |σ(t)| ≤ tk(1− t)l for all t ∈ (0, 1). Then x ∈ X1 is a solution of

cDα1

0+x(t)− λ1x(t) = σ(t), t ∈ (ti, ti+1), i ∈ N0, (4.1)

if and only if there exist constants ci (i ∈ N0) such that

x(t) = Γ(α1)
i∑

j=0

cjEα1,1(λ1(t− tj)
α1) +

t∫
0

δα1,λ1
(t, s)σ(s) ds, t ∈ (ti, ti+1], i ∈ N0. (4.2)

Proof. Suppose that x satisfies (4.2). Firstly, we prove that
t∫
0

δα1,λ1(t, s)σ(s) ds is convergent. In fact,

we have for t ∈ (ti, ti+1] that

∣∣∣∣
t∫

0

δα1,λ1(t, s)σ(s) ds

∣∣∣∣ = ∣∣∣∣
t∫

0

(t− s)α1−1Eα1,α1(λ1(t− s)α1)σ(s) ds

∣∣∣∣
≤

t∫
0

(t− s)α1−1Eα1,α1(λ1(t− s)α1)|σ(s)| ds

≤
t∫

0

(t− s)α1−1Eα1,α1(λ1(t− s)α1)sk(1− s)l ds

=
+∞∑
j=0

λj1
�((j + 1)α1)

t∫
0

(t− s)α1−1(t− s)α1jsk(1− s)l ds

≤
+∞∑
j=0

λj1
�((j + 1)α1)

t∫
0

(t− s)α1+l−1(t− s)α1jsk ds

=
+∞∑
j=0

λj1
�((j + 1)α1)

tα1+α1j+k+l

1∫
0

(1− w)α1+α1j+l−1wk dw

≤
+∞∑
j=0

λj1t
α1j

�((j + 1)α1)
tα1+k+l

1∫
0

(1− w)α1+l−1wk dw

= tα1+k+lEα1,α1(λ1t
α1)B(α1 + l, k + 1).
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One knows that x
∣∣
(ti,ti+1]

is continuous. Now, we prove that x satisfies (4.1). In fact, for t ∈ (t0, t1],
we have

cDα1

0+x(t) =
1

�(1− α1)

t∫
0

(t− s)−α1

(
c0Eα1,1(λ1(s)

α1)

+

s∫
0

(s− v)α1−1Eα1,α1(λ1(s− v)α1)σ(v) dv

)′

ds

=
1

�(1−α1)

t∫
0

(t−s)−α1

(
c0

+∞∑
j=0

λj1s
α1j

�(α1j+1)
+

+∞∑
j=0

λj1
�((j+1)α1)

s∫
0

(s−v)α1−1(s−v)α1jσ(v) dv

)′

ds

=
c0

�(1− α1)

+∞∑
j=1

t∫
0

(t− s)−α1
α1jλ

j
1s

α1j−1

Γ(α1j + 1)
ds

+
1

�(1− α1)

+∞∑
j=0

λj1
�((j + 1)α1)

t∫
0

(t− s)−α1

( s∫
0

(s− v)α1+α1j−1σ(v) dv

)′

ds

=
c0

�(1− α1)

+∞∑
j=1

α1jλ
j
1

�(α1j + 1)
t−α1+α1j

1∫
0

(1− w)−α1wα1j−1 dw +
+∞∑
j=0

λj1
cDα1

0+I
α1+α1j
0+ σ(t)

=
c0

�(1− α1)

+∞∑
j=1

α1jλ
j
1

�(α1j + 1)
t−α1+α1j

�(1− α1)�(α1j)

�(1 + α1j − α1)
+ σ(t) +

+∞∑
j=1

λj1

t∫
0

(t− s)α1j−1

�(α1j)
σ(s) ds

= λ1c0

+∞∑
j=1

α1jλ
j−1
1

�(α1j+1)
tα1(j−1) �(α1j)

�(1+α1j−α1)
+σ(t)+λ1

t∫
0

(t−s)α1−1
+∞∑
j=1

λj−1
1

(t−s)α1(j−1)

�(α1j)
σ(s) ds

= λ1c0

+∞∑
j=1

λj−1
1 tα1(j−1)

�(α1j + 1)

�(α1j + 1)

�(α1(j − 1) + 1)
+ σ(t) + λ1

t∫
0

(t− s)α1−1Eα1,α1(λ1(t− s)α1)σ(s) ds

= λ1x(t) + σ(t).

Now, suppose that t ∈ (ti, ti+1] (i ≥ 1). Similarly we have

cDα1

0+x(t) =
1

�(1− α1)

t∫
0

(t− s)−α1x′(s) ds

=
1

�(1− α1)

[ i−1∑
j=0

tj+1∫
tj

(t− s)−α1x′(s) ds+

t∫
ti

(t− s)−α1x′(s) ds

]

=
1

�(1− α1)

[ i−1∑
j=0

tj+1∫
tj

(t− s)−α1

×
( j∑

κ=0

cκEα1,1(λ1(s− tκ)
α) +

s∫
0

(s− v)α1−1Eα1,α1(λ1(s− v)α1)σ(v) dv

)′

ds

+

t∫
ti

(t− s)−α1

( i∑
κ=0

cκEα1,1(λ1(s− tκ)
α1) +

s∫
0

(s− v)α1−1Eα1,α1(λ1(s− v)α1)σ(v) dv

)′

ds

]
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=
1

�(1− α1)

i−1∑
j=0

tj+1∫
tj

(t− s)−α1

[ j∑
κ=0

cκEα1,1(λ1(s− tκ)
α1)

]′
ds

+
1

�(1− α1)

t∫
ti

(t− s)−α1

[ i∑
κ=0

cκEα1,1(λ1(s− tκ)
α1)

]′
ds

+
1

�(1− α1)

t∫
t0

(t− s)−α1

[ s∫
0

(s− v)α1−1Eα1,α1(λ1(s− v)α1)σ(v) dv

]′
ds

=
1

�(1− α1)

i−1∑
j=0

j∑
κ=0

cκ

tj+1∫
tj

(t− s)−α1

[ +∞∑
m=0

λm1 (s− tκ)
mα1

�(mα1 + 1)

]′
ds

+
1

�(1− α1)

i∑
κ=0

cκ

t∫
ti

(t− s)−α1

[ +∞∑
m=0

λm1 (s− tκ)
mα1

�(mα1 + 1)

]′
ds

+
1

�(1− α1)

+∞∑
m=0

λm1
�(α1(m+ 1))

t∫
0

(t− s)−α1

[ s∫
0

(s− v)α1+mα1−1σ(v) dv

]′
ds

=
1

�(1− α1)

i−1∑
j=0

j∑
κ=0

cκ

+∞∑
m=1

λm1 mα1

�(mα1 + 1)

tj+1∫
tj

(t− s)−α1(s− tκ)
mα1−1 ds

+
1

�(1−α1)

+∞∑
m=1

mα1λ
m
1

�(mα1+1)

i∑
κ=0

cκ

t∫
ti

(t−s)−α1(s−tκ)mα1−1 ds+

+∞∑
m=0

λm1
cDα1

0+I
α1(m+1)
0+ σ(t)

=
1

�(1− α1)

+∞∑
m=1

λm1 mα1

�(mα1 + 1)

i−1∑
j=0

j∑
κ=0

cκ(t− tκ)
mα1−α1

tj+1−tκ

t−tκ∫
tj−tκ
t−tκ

(1− w)−α1wmα1−1 dw

+
1

�(1−α1)

+∞∑
m=1

mα1λ
m
1

�(mα1+1)

i∑
κ=0

cκ(t−tκ)α1m−α1

1∫
ti−yκ
t−tκ

(1−w)−α1wmα1−1 dw+

+∞∑
m=0

λm1 I
α1m
0+ σ(t)

=
1

�(1− α1)

+∞∑
m=1

λm1 mα1

�(mα1 + 1)

i−1∑
κ=0

cκ(t− tκ)
mα1−α1

i−1∑
j=κ

tj+1−tκ

t−tκ∫
tj−tκ

t−tκ

(1− w)−α1wmα1−1 dw

+
1

�(1− α1)

+∞∑
m=1

mα1λ
m
1

�(mα1 + 1)

i−1∑
κ=0

cκ(t− tκ)
α1m−α1

1∫
ti−yκ
t−tκ

(1− w)−α1wmα1−1 dw

+
ci

�(1− α1)

+∞∑
m=1

mα1λ
m
1

�(mα1 + 1)

1∫
0

(1− w)−α1wmα1−1 dw + σ(t)

+λ1

t∫
0

+∞∑
m=1

(t− s)α1−1λ
m−1
1 (t− s)α1(m−1)

�(α1m)
σ(s) ds

=
1

�(1− α1)

+∞∑
m=1

λm1 mα1

�(mα1 + 1)

i−1∑
κ=0

cκ(t− tκ)
mα1−α1

1∫
0

(1− w)−α1wmα1−1 dw
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+
ci

�(1− α1)

+∞∑
m=1

mα1λ
m
1

�(mα1 + 1)

1∫
0

(1− w)−α1wmα1−1 dw + σ(t)

+λ1

t∫
0

+∞∑
m=1

(t− s)α1−1λ
m−1
1 (t− s)α1(m−1)

�(α1m)
σ(s) ds = λ1x(t) + σ(t).

Thus, due to induction, we conclude that x satisfies (4.1) if x satisfies (4.2).
We now suppose that x is a solution of (4.1). We will prove that x satisfies (4.2). Since x is

continuous on (t0, t1] and the limit lim
t→0+

x(t) exists, by Theorem 6.11 in [21], there exists c0 ∈ R such
that

x(t) = c0Eα1,1(λ1t
α1) +

t∫
0

δα1,λ1(t, s)σ(s) ds, t ∈ (t0, t1].

This means that (4.2) holds for i = 0. Suppose

x(t) = Φ(t) + c0Eα1,1(λ1t
α1) +

t∫
0

δα1,λ1(t, s)σ(s) ds, t ∈ (t1, t2]. (4.3)

By cDα1

0+x(t)− λ1x(t) = σ(t), t ∈ (t1, t2], we get

σ(t) + λ1x(t) =
cDα1

0+x(t) =
1

�(1− α1)

t∫
0

(t− s)−α1x′(s) ds

=
1

�(1− α1)

( t1∫
0

(t− s)−α1x′(s) ds+

t∫
t1

(t− s)−α1x′(s) ds

)

=
1

�(1− α1)

[ t1∫
0

(t− s)−α1

(
c0Eα1,1(λ1s

α1) +

s∫
0

(s− v)α1−1Eα1,α1(λ1(s− v)α1)σ(v) dv

)]′
ds

+

t∫
t1

(t− s)−α1

(
Φ(s) + c0Eα1,1(λ1s

α1) +

s∫
0

(s− v)α1−1Eα1,α1
(λ1(s− v)α1)σ(v) dv

)′

ds

=
1

�(1− α1)

t1∫
0

(t− s)−α1
(
c0Eα1,1(λ1s

α1)
)′
ds+

1

�(1− α1)

t∫
t1

(t− s)α1−1
(
c0Eα1,1(λ1s

α1)
)′
ds

+
1

�(1− α1)

t∫
0

(t− s)−α1

( s∫
0

(s− v)α1−1Eα1,α1(λ1(s− v)α1)σ(v) dv

)′

ds

+
1

�(1− α1)

t∫
t1

(t− s)α1−1Φ′(s) ds

=
c0

�(1− α1)

+∞∑
m=1

mα1λ
m
1

�(mα1 + 1)

t1∫
0

(t− s)−α1smα1−1 ds

+
c0

�(1− α1)

+∞∑
m=1

mα1λ
m
1

�(mα1 + 1)

t∫
t1

(t− s)−α1smα1−1 ds

+
1

�(1− α1)

t∫
0

(t− s)−α1

( s∫
0

(s− v)α1−1
+∞∑
m=0

λm1 (s− v)α1m

�(α1(m+ 1))
σ(v) dv

)′

ds
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+
1

�(1− α1)

t∫
t1

(t− s)α1−1Φ′(s) ds

= σ(t) + λ1

t∫
0

(t− s)α1−1Eα1,α1(λ1(t− s)α1)σ(s) ds+ λ1c0Eα1,1(λ1t
α1) + cDα1

t+1
Φ(t)

= σ(t) + λ1x(t) +
cDα1

t+1
Φ(t)− λ1Φ(t).

It follows that cDα1

t+1
Φ(t)− λ1Φ(t) = 0 for all t ∈ (t1, t2]. By Theorem 6.11 in [21], there exists c1 ∈ R

such that Φ(t) = c1Eα,1(λ(t− t1)
α) for t ∈ (t1, t2]. Substituting Φ into (22), we find that (4.2) holds

for i = 2. Now suppose that (4.2) holds for all i = 0, 1, 2, . . . , n ≤ m − 1. By a similar method used
above, we can prove that (4.2) holds for i = n + 1. Due to induction, x satisfies (4.2), x

∣∣
(ti,ti+1]

is
continuous and lim

t→t+i

x(t) exists.

Lemma 4.2. Suppose that ∆ = 1 − Γ(α1)Eα1,1(λ1) ̸= 0, σ ∈ L1(0, 1) and that there exist numbers
k > −1 and α1 + k + l > 0 such that |σ(t)| ≤ tk(1− t)l for all t ∈ (0, 1). Then x ∈ X is a solution of

cDα1

0+x(t)− λ1x(t) = σ(t), t ∈ (ti, ti+1), i ∈ N0,

x(1)− lim
t→0

x(t) = 0,

lim
t→t+i

x(t) = Ii, i ∈ N,

(4.4)

if and only if x ∈ X and

x(t) =
Γ(α1)

2Eα1,1(λ1t
α1)

∆

m∑
j=1

IjEα1,1(λ1(1− tj)
α1) +

Γ(α1)Eα1,1(λ1t
α1)

∆

1∫
0

δα1,λ1(1, s)σ(s) ds

+ Γ(α1)
i∑

j=1

IjEα1,1(λ1(t− tj)
α1) +

t∫
0

δα1,λ1(t, s)σ(s) ds, t ∈ (ti, ti+1], i ∈ N0. (4.5)

Proof. Let x be a solution of (4.4). Similarly to Step 2 in Lemma 4.1 since l ≤ 0 for t ∈ (0, t1], one
can see that ∣∣∣∣

t∫
0

δα1,λ1(t, s)σ(s) ds

∣∣∣∣ ≤ tα1+l+kB(α1 + l, k + 1)Eα1,α1(λ1t
α1).

From α1 + k + l > 0, we get

lim
t→0

∣∣∣∣
t∫

0

(t− s)α1−1Eα1,α1(λ1(t− s)α1)σ(s) ds

∣∣∣∣ = 0. (4.6)

Due to Lemma 4.1, there exist constants Ai ∈ R(i ∈ N0) such that

x(t) = Γ(α1)
i∑

j=0

AjEα1,1(λ1(t− tj)
α1) +

t∫
0

δα1,λ1(t, s)σ(s) ds, t ∈ (ti, ti+1], i ∈ N0. (4.7)

Boundary conditions and the impulse assumption in (4.4) yield that

Γ(α1)
m∑
j=0

AjEα1,1(λ1(1− tj)
α1) +

1∫
0

δα1,λ1(1, s)σ(s) ds−A0 = 0, Ai = Ii, i ∈ N.
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It follows that

A0 =
1

∆

(
Γ(α1)

m∑
j=1

IjEα1,1(λ1(1− tj)
α1) +

1∫
0

δα1,λ1(1, s)σ(s) ds

)
.

Substituting Ai (i ∈ N0) into (4.7), we obviously get (4.5) by changing the term order.
On the other hand, if x satisfies (4.5), then it is easy to see that x

∣∣
(ti,ti+1]

is continuous and the
limit lim

t→ti+
x(t) exists for i ∈ N0. Using Lemma 4.1, we can prove that x satisfies (4.4).

Lemma 4.3. Suppose that ∇ = 1−Γ(α2)Eα2,1(λ2) ̸= 0, σ ∈ L1(0, 1) and there exist numbers k > −1
and max{−α2,−k − 1} < l ≤ 0 such that |σ(t)| ≤ tk(1 − t)l for all t ∈ (0, 1). Then x ∈ Y is a
solution of 

cDα2

0+x(t)− λ2x(t) = σ(t), t ∈ (ti, ti+1), i ∈ N0,

x(1)− lim
t→0

x(t) = 0,

lim
t→t+i

x(t) = Ji, i ∈ N,

(4.8)

if and only if x ∈ Y and

x(t) =
Γ(α2)

2Eα2,1(λ2t
α2)

∇

m∑
j=1

JjEα2,1(λ2(1− tj)
α2) +

Γ(α2)Eα2,1(λ2t
α2)

∇

1∫
0

δα2,λ2(1, s)σ(s) ds

+ Γ(α2)
i∑

j=1

JjEα2,1(λ2(t− tj)
α2) +

t∫
0

δα2,λ2(t, s)σ(s) ds, t ∈ (ti, ti+1], i ∈ N0. (4.9)

Proof. The proof is similar to that of Lemma 4.2 and we omit it here.

Let ∆, ∇ be defined as in Lemmas 4.2 and 4.3. Define the nonlinear operator T on E by T (x, y)(t) =
((T1(x, y))(t), (T2(x, y))(t)) for (x, y) ∈ E with

(T1(x, y))(t) =
Γ(α1)

2Eα1,1(λ1t
α1)

∆

m∑
j=1

Eα1,1(λ1(1− tj)
α1)I(tj , x(tj), y(tj))

+
Γ(α1)Eα1,1(λ1t

α1)

∆

1∫
0

δα1,λ1(1, s)p3(s)f3(s, x(s), y(s)) ds

+ Γ(α1)
i∑

j=1

Eα1,1(λ1(t− tj)
α1)I(tj , x(tj), y(tj))

+

t∫
0

δα1,λ1(t, s)p3(s)f3(s, x(s), y(s)) ds, t ∈ (ti, ti+1], i ∈ N0,

(T2(x, y))(t) =
Γ(α2)

2Eα2,1(λ2t
α2)

∇

m∑
j=1

Eα2,1(λ2(1− tj)
α2)J(tj , x(tj), y(tj))

+
Γ(α2)Eα2,1(λ2t

α2)

∇

1∫
0

δα2,λ2(1, s)p4(s)f4(s, x(s), y(s)) ds

+ Γ(α2)
i∑

j=1

Eα2,1(λ2(t− tj)
α2)J(tj , x(tj), y(tj))

+

t∫
0

δα2,λ2
(t, s)p4(s)f4(s, x(s), y(s)) ds, t ∈ (ti, ti+1], i ∈ N0.
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Lemma 4.4. Suppose that f3, f4 are II-Carathéodory functions, I, J discrete II-Carathéodory
functions, Then (x, y) ∈ E is a solution of BVP (1.4) if and only if (x, y) is a fixed point of T in E1

and T : E1 → E1 is well defined and completely continuous.

Proof. The proof is similar to that of of Lemma 3.4 and is omitted.

Now, we prove the main theorem in this section by using the Schauder’s fixed point theorem [30].
We need the following assumptions:

(D3) f3, f4 are II-Carathéodory functions, I, J are discrete II-Carathéodory functions and there
exist non-decreasing functions ϕi, ψi : [0,+∞) × [0,+∞) → [0,+∞), measurable functions
ϕi : (0, 1) → R (i = 1, 2) and constants Ij , Jj such that∣∣f3(t, x, y)− ϕ3(t)

∣∣ ≤ ϕ3(x, y), t ∈ (ti, ti+1), x, y ∈ R, i ∈ N0,∣∣f4(t, x, y)− ϕ4(t)
∣∣ ≤ ϕ4(x, y), t ∈ (ti, ti+1), x, y ∈ R, i ∈ N0,∣∣I(tj , x, y)− Ij
∣∣ ≤ ψ3(x, y), j ∈ N, x, y ∈ R,∣∣J(tj , x, y)− Jj | ≤ ψ4(x, y), j ∈ N, x, y ∈ R.

(D4) f3, f4 are II-Carathéodory functions, I, J are discrete II-Carathéodory functions and there
exist nonnegative constants Ii, Ji, bi, ai, Bi, Ai, τj , σj (j = 1, 2, . . . , n) and measurable functions
ϕi : (0, 1) → R (i = 1, 2) such that

∣∣f3(t, x, y)− ϕ1(t)
∣∣ ≤ n∑

j=1

aj |x|τj |y|σj , t ∈ (ti, ti+1), x, y ∈ R, i ∈ N0,

∣∣f4(t, x, y)− ϕ2(t)
∣∣ ≤ n∑

j=1

bj |x|τj |y|σj , t ∈ (ti, ti+1), x, y ∈ R, i ∈ N0,

∣∣I(tj , x, y)− Ij
∣∣ ≤ n∑

j=1

Aj |x|τj |y|σj , j ∈ N, x, y ∈ R,

∣∣J(tj , x, y)− Jj
∣∣ ≤ n∑

j=1

Aj |x|τj |y|σj , j ∈ N, x, y ∈ R.

Define

Φ1(t) =
Γ(α1)

2Eα1,1(λ1t
α1)

∆

m∑
j=1

Eα1,1(λ1(1− tj)
α1)Ij

+
Γ(α1)Eα1,1(λ1t

α1)

∆

1∫
0

δα1, λ1(1, s)p1(s)ϕ1(s) ds+ Γ(α1)
i∑

j=1

Eα1,1(λ1(t− tj)
α1)Ij

+

t∫
0

δα1,λ1(t, s)p1(s)ϕ1(s) ds, t ∈ (ti, ti+1], i ∈ N0,

Φ2(t) =
Γ(α2)

2Eα2,1(λ2t
α2)

∇

m∑
j=1

Eα2,1(λ2(1− tj)
α2)Jj

+
Γ(α2)Eα2,1(λ2t

α2)

∇

1∫
0

δα2,λ2(1, s)p2(s)ϕ2(s) ds+ Γ(α2)
i∑

j=1

Eα2,1(λ2(t− tj)
α2)Jj

+

t∫
0

δα2,λ2
(t, s)p2(s)ϕ2(s) ds, t ∈ (ti, ti+1], i ∈ N0.
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Denote

P1 =
Γ(α1)Eα1,1(|λ1|)

|∆|
B(α1 + l1, k1 + 1)Eα1,1(|λ1|) + B(α1 + l1, k1 + 1)Eα1,1(|λ1|),

Q1 =
Γ(α1)

2Eα1,1(|λ1|
|∆|

mEα1,1(|λ1|) +mΓ(α1)Eα1,α1
(|λ1|),

P2 =
Γ(α2)Eα2,1(|λ2|)

|∇|
B(α2 + l2, k2 + 1)Eα2,1(|λ2|) + B(α2 + l2, k2 + 1)Eα2,1(|λ2|),

Q2 =
Γ(α2)

2Eα2,1(|λ2|
|∇|

mEα2,1(|λ2|) +mΓ(α2)Eα2,1(|λ2|).

Theorem 4.1. Suppose that (D3) holds. Then BVP (1.4) has at least one solution if

P1ϕ3
(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
+Q1ψ3

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
≤ r1,

P2ϕ4
(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
+Q2ψ4

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
≤ r2

(4.10)

has a couple of positive solutions (r1, r2).

Proof. To apply the Schauder’s fixed point theorem, we have to define a closed convex bounded subset
Ω of E such that T (Ω) ⊆ Ω.

Let r1 > 0, r2 > 0, denote Ω = {(x, y) ∈ E : ∥x − Φ1∥ ≤ r1, ∥y − Φ2∥ ≤ r2}. For (x, y) ∈ Ω, we
get

∥x∥ ≤ ∥x− Φ1∥+ ∥Φ1∥ ≤ r1 + ∥Φ1∥, ∥y∥ ≤ ∥y − Φ2∥+ ∥Φ2∥ ≤ r2 + ∥Φ2∥.

Then (D3) implies that∣∣f3(t, x(t), y(t))− ϕ3(t)
∣∣ ≤ ϕ3

(
|x(t)|, |y(t)|

)
≤ ϕ1

(
∥x∥, ∥y∥

)
≤ ϕ3

(
r1 + ∥Φ2∥, r2 + ∥Φ2∥

)
, t ∈ (ti, ti+1), i ∈ N0,∣∣f4(t, x(t), y(t))− ϕ4(t)

∣∣ ≤ ϕ4
(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
, t ∈ (ti, ti+1), i ∈ N0,∣∣I(tj , x(tj), y(tj))− Ij

∣∣ ≤ ψ3

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
, j ∈ N,∣∣J(tj , x(tj), y(tj))− Jj

∣∣ ≤ ψ4

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
, j ∈ N.

By the definition of T , using the above inequalities and the first inequality in the proof of Lemma 4.2,
we get

∥T1(x, y)− Φ1∥ ≤ Γ(α1)
2Eα1,1(λ1t

α1)

|∆|

m∑
j=1

Eα1,1(λ1(1− tj)
α1)

∣∣I(tj , x(tj), y(tj))− Ij
∣∣

+
Γ(α1)Eα1,1(λ1t

α1)

|∆|

1∫
0

δα1,λ1(1, s)|p3(s)|
∣∣f3(s, x(s), y(s))− ϕ3(s)

∣∣ ds
+ Γ(α1)

i∑
j=1

Eα1,1(λ1(t− tj)
α1)

∣∣I(tj , x(tj), y(tj))− Ij
∣∣

+

t∫
0

δα1,λ1(t, s)|p3(s)|
∣∣f3(s, x(s), y(s))− ϕ3(s)

∣∣ ds
≤ Γ(α1)

2Eα1,1(|λ1|
|∆|

mEα1,1(|λ1|)
(
ψ3(r1 + ∥Φ1∥, r2 + ∥Φ2∥)

)
+

Γ(α1)Eα1,1(|λ1|)
|∆|

1∫
0

δα1,λ1(1, s)|p3(s)| ds(v)

+mΓ(α1)Eα1,1(|λ1|)
(
ψ3(r1 + ∥Φ1∥, r2 + ∥Φ2∥)

)
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+

t∫
0

δα1,λ1(t, s)|p3(s)| ds
(
ϕ3(r1 + ∥Φ2∥, r2 + ∥Φ2∥)

)
≤ Γ(α1)

2Eα1,1(|λ1|)
|∆|

mEα1,1(|λ1|)
(
ψ3(r1 + ∥Φ1∥, r2 + ∥Φ2∥)

)
+

Γ(α1)Eα1,1(|λ1|)
|∆|

B(α1+l1, k1+1)Eα1,1(|λ1|)
(
ϕ3(r1+∥Φ2∥, r2+∥Φ2∥)

)
+mΓ(α1)Eα1,1(|λ1|)

(
ψ3(r1 + ∥Φ1∥, r2 + ∥Φ2∥)

)
+ tα1+l1+k1B(α1 + l1, k1 + 1)Eα1,1(λ1t

α1)
(
ϕ3(r1 + ∥Φ2∥, r2 + ∥Φ2∥)

)
≤ P1ϕ3

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
+Q1ψ3

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
.

Similarly, we have

∥T2(x, y)− Φ2∥ ≤ P2ϕ4
(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
+Q2ψ4

(
r1 + ∥Φ1∥, r2 + ∥Φ2∥

)
.

From the assumption, the inequality of system (4.10) has a positive solution (r1, r2). We choose
Ω = {(x, y) ∈ E : ∥x−Φ1∥ ≤ r1, ∥y−Φ2∥ ≤ r2}. Then we get T (Ω) ⊂ Ω. Hence the Schauder’s fixed
point theorem implies that T has a fixed point (x, y) ∈ Ω. So (x, y) is a solution of BVP (1.4).

Denote

Pj =
(Γ(α1)Eα1,1(|λ1|)

|∆|
+ 1

)
mΓ(α1)Eα1,1(|λ1|)Aj

+
(Γ(α1)Eα1,1(|λ1|)

|∆|
+ 1

)
B(α1 + l1, k1 + 1)Eα1,1(|λ1|)aj , j = 1, 2, . . . , n,

Qj =
(Γ(α2)Eα2,1(|λ2|)

|∇|
+ 1

)
mΓ(α2)Eα2,1(|λ2|)Bj

+
(Γ(α2)Eα2,1(|λ2|)

|∇|
+ 1

)
B(α2 + l2, k2 + 1)Eα2,1(|λ2|)bj , j = 1, 2, . . . , n.

Theorem 4.2. Suppose that (D4) holds. Then BVP (1.4) has at least one solution if
n∑

j=1

Pj

[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj ≤ r1,
n∑

j=1

Qj

[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj ≤ r2 (4.11)

has a couple of positive solutions (r1, r2).

Proof. The proof is similar to that of Lemma 3.2 and is omitted.

Remark 4.1. Suppose that (D4) holds. Fix r1 > 0 and r2 > 0. Since

lim
Aj ,aj→0

n∑
j=1

Qj

[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj
= lim

Bj ,bj→0

n∑
j=1

Pj

[
r1 + ∥Φ1∥

]τj [
r2 + ∥Φ2∥

]σj
= 0,

(4.11) holds for sufficiently small nonnegative constants bi, ai (i = 1, 2, . . . , n), Bi, Ai (i = 1, 2, . . . , n),
we know that BVP (1.4) has at least one solution if the nonnegative constants bi, ai (i = 1, 2, . . . , n),
Bi, Ai (i = 1, 2, . . . , n) are sufficiently small.

5 Examples
To illustrate the usefulness of our main results, we present two examples to see that Theorems 3.1
and 4.1 can be readily applied.
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Example 5.1. Consider the following impulsive boundary value problem

D
2
5

0+u(t)− u(t) = q1(t)
[
c1 + a1

[
(t− ti)

3
5u(t)

]σ
+ a2

[
(t− ti)

2
5 v(t)

]σ]
, i = 0, 1, 2, 3,

D
3
5

0+v(t)− v(t) = q2(t)
[
c2 + b1

[
(t− ti)

3
5u(t)

]σ
+ b2

[
(t− ti)

2
5 v(t)

]σ]
, i = 0, 1, 2, 3,

u(1)− lim
t→0

t
3
5u(t) = 0, v(1)− lim

t→0
t
2
5 v(t) = 0,

lim
t→t+i

(t− ti)
3
5u(t) = lim

t→t+i

(t− ti)
2
5 v(t) = 0, i = 1, 2, 3,

(5.1)

where c1, c2 ∈ R, b1, a1, b2, a2 ≥ 0 are constants, 0 = t0 < t1 = 1
4 < t2 = 1

3 < t3 = 1
2 < t4 = 1 with

m = 3, q1(t) = q2(t) = t−
1
15 (1− t)−

1
15 , t ∈ (0, 1), σ > 0.

We apply Theorem 3.2 to get solutions of BVP (5.1). Corresponding to BVP (1.3), we have
α1 = 2

5 , α2 = 3
5 , λ1 = λ2 = 1, q1, q2 satisfy the condition |qi(t)| ≤ tki(1 − t)li with ki = li = − 1

15
(i = 1, 2), f1, f2, I, J satisfy the following items:

f1
(
t, (t− ti)

− 3
5x, (t− ti)

− 2
5 y

)
= c1 + a1x

σ + a2y
σ, t ∈ (ti, ti+1], i = 0, 1, 2, 3,

f2
(
t, (t− ti)

− 3
5x, (t− ti)

− 2
5 y

)
= c2 + b1x

σ + b2y
σ, t ∈ (ti, ti+1], i = 0, 1, 2, 3,

I(ti, x, y) = J(ti, x, y) = 0, i = 1, 2, 3.

It is easy to show that f1, f2 are I-Carathéodory functions, I, J are discrete I-Carathéodory functions.
Furthermore, choose ϕ1(t) = c1 and ϕ2(t) = c2, Ii = Ji = 0. It is easy to see∣∣∣f1(t, (t− ti)

− 3
5x, (t− ti)

− 2
5 y

)
− ϕ1(t)

∣∣∣ ≤ a1|x|σ + a2|y|σ, t ∈ (ti, ti+1], i = 0, 1, 2, 3,∣∣∣f2(t, (t− ti)
− 3

5x, (t− ti)
− 2

5 y
)
− ϕ1(t)

∣∣∣ ≤ b1|x|σ + b2|y|σ, t ∈ (ti, ti+1], i = 0, 1, 2, 3,∣∣I(ti, x, y)− Ii
∣∣ = |J(ti, x, y)− Ji| = 0, i = 1, 2, 3.

By the Mathlab tool we find that

2 < E 2
5 ,

2
5
(1) =

+∞∑
j=0

1

Γ( 25 (j + 1))
=

1

Γ(25 )
+

1

Γ( 45 )
+

1

Γ(65 )
+ · · ·+ 1

Γ( 305 )
+ · · ·

≤ 7 +
1

Γ(325 )
+

1

Γ( 345 )
+

1

Γ( 365 )
+

1

Γ(385 )
+ · · ·

≤ 7 +
1

Γ(325 )
+

1

Γ( 345 )
+

1

Γ( 365 )
+

5

33Γ( 325 )
+

5

35Γ(345 )
+

5

37Γ( 365 )
+ · · ·

≤ 7 +
1

Γ(325 )

1

1− 5
33

+
1

Γ(345 )

1

1− 5
35

+
1

Γ( 365 )

1

1− 5
37

≤ 8,

2 < E 3
5 ,

3
5
(1) =

1

Γ( 35 )
+

1

Γ( 65 )
+

1

Γ( 95 )
+

1

Γ( 125 )
+

1

Γ(155 )
+

1

Γ( 215 )
+

1

Γ( 245 )
+ · · ·

≤ 4 +
5

7

1

Γ( 75 )
+

5

10

5

5

1

Γ( 55 )
+

5

13

5

8

1

Γ( 85 )
+

5

16

5

11

5

6

1

Γ( 65 )

+
5

19

5

14

5

9

1

Γ( 95 )
+

5

22

5

17

5

12

5

7

1

Γ( 75 )
+ · · ·

≤ 4 +
5

7

1

Γ( 75 )
+

5

10

1

Γ( 55 )
+

5

7

5

7

1

Γ( 75 )
+

5

10

5

10

1

Γ( 55 )

+
5

7

5

7

5

7

1

Γ(75 )
+

5

10

5

10

5

10

1

Γ(55 )
+ · · ·

= 4 +
1

Γ( 75 )

5

7− 5
+

1

Γ(55 )

5

10− 5
≤ 8.
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By direct computation, using αj + kj + lj > 0, we get

Pj =

(
Γ( 25 )

5
√
64E 2

5 ,
2
5
(1)

|1− Γ(25 )E 2
5 ,

2
5
(1)|

+ 1

)
B
(1
3
,
14

15

)
E 2

5 ,
2
5
(1)aj < 1035aj , j = 1, 2,

Qj =

(
Γ( 35 )

5
√
16E 3

5 ,
3
5
(1)

|1− Γ(35 )E 3
5 ,

3
5
(1)|

+ 1

)
B
( 8

15
,
14

15

)
E 3

5 ,
3
5
(1)bj < 16bj , j = 1, 2.

One finds that

Φ1(t) = c1
Γ(α1)δα1,λ1(t, 0)

∆

1∫
0

δα1,λ1(1, s)p1(s) ds+ c1

t∫
0

δα1,λ1(t, s)p1(s) ds

and

Φ2(t) = c2
Γ(α2)δα2,λ2(t, 0)

∇

1∫
0

δα2,λ2(1, s)p2(s) ds+ c2

t∫
0

δα2,λ2(t, s)p2(s) ds.

Then

∥Φ1∥ ≤ |c1|
(
Γ(25 )

5
√
64E 2

5 ,
2
5
(1)

|1− Γ( 25 )E 2
5 ,

2
5
(1)|

+ 1

)
B
(1
3
,
14

15

)
E 2

5 ,
2
5
(1) ≤ 1035|c1|.

We can also get

∥Φ2∥ ≤ |c2|
(
Γ( 35 )

5
√
16E 3

5 ,
3
5
(1)

|1− Γ( 35 )E 3
5 ,

3
5
(1)|

+ 1

)
B
( 8

15
,
14

15

)
E 3

5 ,
3
5
(1) ≤ 16|c2|.

Then Theorem 3.2 implies that BVP (5.1) has at least one solution if

1035a1
[
r1 + 1035|c1|

]σ
+ 1035a2

[
r2 + 16|c2|

]σ ≤ r1,

16b1
[
r1 + 1035|c1|

]σ
+ 16b2

[
r2 + 16|c2|

]σ ≤ r2
(5.2)

has a couple of positive solutions (r1, r2). So BVP (5.1) has at least one solution for every c1, c2 ∈ R
and sufficiently small ai, bi.

Example 5.2. Consider the following impulsive boundary value problem

cD
2
5

0+u(t)− u(t) = q1(t)
[
c1 + a1[u(t)]

σ + a2[v(t)]
σ
]
, t ∈ (ti, ti+1), i = 0, 1, 2, 3,

cD
3
5

0+v(t)− v(t) = q2(t)
[
c2 + b1[u(t)]

σ + a2[v(t)]
σ
]
, t ∈ (ti, ti+1), i = 0, 1, 2, 3,

u(1)− lim
t→0

u(t) = 0, v(1)− lim
t→0

v(t) = 0,

lim
t→t+i

u(t) = lim
t→t+i

v(t) = ti, i ∈ N,

(5.3)

where c1, c2 ∈ R, b1, a1, b2, a2 ≥ 0 are constants, 0 = t0 < t1 = 1
4 < t2 = 1

3 < t3 = 1
2 < t4 = 1 with

m = 3, q1(t) = q2(t) = t−
1
15 (1− t)−

1
15 , t ∈ (0, 1).

We apply Theorem 4.2 to get solutions of BVP (5.3). Corresponding to BVP (1.4), we have αi =
2
5 ,

βi =
3
5 , λ1 = λ2 = 1, q1, q2 satisfy the condition |qi(t)| ≤ tki(1−t)l1 with ki = li = − 1

15 , f3, f4, I, J are
defined by f3(t, x, y) = c1+a1x

σ +a2y
σ, f4(t, x, y) = c2+ b1x

σ + b2y
σ and I(ti, x, y) = J(ti, x, y) = ti,

i = 1, 2, 3.
It is easy to show that f3, f4 are II-Carathéodory functions, I, J are discrete II-Carathéodory

functions. Choose ϕ1(t) = c1 and ϕ2(t) = c2, Ii = Ji = ti. It is easy to see∣∣f3(t, x, y)− ϕ1(t)
∣∣ ≤ a1|x|σ + a2|y|σ, t ∈ (ti, ti+1), x, y ∈ R,∣∣f4(t, x, y)− ϕ2(t)
∣∣ ≤ b1|x|σ + b2|y|σ, t ∈ (ti, ti+1), x, y ∈ R,
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∣∣I(ti, x, y)− Ii
∣∣ = ∣∣J(ti, x, y)− Ji

∣∣ = 0, i ∈ N, x, y ∈ R.

By the direct computation, we get

Pj =

(
Γ(25 )E 2

5 ,1
(1)

|1− Γ(25 )E 2
5 ,1

(1)|
+ 1

)
B
(1
3
,
14

15

)
E 2

5 ,1
(1)aj < 465aj , j = 1, 2,

Qj =

(
Γ(35 )E 3

5 ,1
(1)

|1− Γ(35 )E 3
5 ,1

(1)|
+ 1

)
B
( 8

15
,
14

15

)
E 3

5 ,1
(1)bj < 203bj , j = 1, 2.

Then Theorem 4.2 implies that BVP (5.3) has at least one solution if (5.2) holds. So BVP (5.3) has
at least one solution for every c1, c2 ∈ R and sufficiently small ai, bi.
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Short Communication

Malkhaz Ashordia

ON THE ANTIPERIODIC PROBLEM FOR SYSTEMS
OF NONLINEAR GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

Abstract. The general theorem (principle of a priori boundedness) on the solvability of the an-
tiperiodic problem for systems of nonlinear generalized ordinary differential equations is given.

ÒÄÆÉÖÌÄ. ÂÀÍÆÏÂÀÃÄÁÖË ÜÅÄÖËÄÁÒÉÅ ÀÒÀßÒ×ÉÅ ÃÉ×ÄÒÄÍÝÉÀËÖÒ ÂÀÍÔÏËÄÁÀÈÀ ÓÉÓÔÄÌÄ-
ÁÉÓÈÅÉÓ ÂÀÍáÉËÖËÉÀ ÀÍÔÉÐÄÒÉÏÃÖËÉ ÀÌÏÝÀÍÀ. ÌÏÚÅÀÍÉËÉÀ ÆÏÂÀÃÉ ÈÄÏÒÄÌÀ (ÀÐÒÉÏÒÖË
ÛÄ×ÀÓÄÁÀÈÀ ÐÒÉÍÝÉÐÉ) ÀÌ ÀÌÏÝÀÍÉÓ ÀÌÏáÓÍÀÃÏÁÉÓ ÛÄÓÀáÄÁ.

2010 Mathematics Subject Classification: 34K10.
Key words and phrases: Systems of nonlinear generalized ordinary differential equations, the
Kurzweil–Stieltjes integral, antiperiodic problem, solvability, principle of a priori boundedness.

Let n be a natural number, ω > 0 be a real number, A : Rn → Rn×n be a matrix-function with
bounded total variation components on every closed interval of the real axis, and f : R × Rn → Rn

be a vector-function belonging to the Carathéodory class corresponding to the matrix-function A on
every closed interval of the real axis.

Consider the nonlinear system of generalized ordinary differential equations

dx = dA(t) · f(t, x) (1)

in the antiperiodic problem
x(t+ ω) = −x(t) for t ∈ R. (2)

We will assume that

A(t+ ω) = A(t) + C and f(t+ ω, x) = −f(t,−x) for t ∈ R, x ∈ Rn, (3)

or
A(t+ ω) = −A(t) + C and f(t+ ω, x) = f(t,−x) for t ∈ R, x ∈ Rn, (4)

where C ∈ Rn×n is a constant matrix.
The theorem on the existence of a solution of the problem (1), (2), which will be given below and

called the principle of a priori boundedness, generalizes the well known Conti–Opial type theorems
(see [6,7,12] for the case of ordinary differential equations) and supplements the earlier known criteria
of solvability of nonlinear and initial boundary value problems for systems of generalized ordinary
differential equations (see [1–5,11,13,14] and the references therein).

Analogous and related questions are investigated in [7–10] (see also the references therein) for
the boundary value problems for linear and nonlinear systems of ordinary differential and functional
differential equations.

To a considerable extent, the interest to the theory of generalized ordinary differential equations
has also been stimulated by the fact that this theory enables one to investigate ordinary differential,
impulsive and difference equations from a unified point of view (see [1–5,11,13,14] and the references
therein).
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Throughout the paper, the following notation and definitions will be used.
R = ]−∞,+∞[, R+ = [0,+∞[ , [a, b] (a, b ∈ R) is a closed interval.
Rn×m is the space of all real n×m-matrices X = (xil)

n,m
i,l=1 with the norm ∥X∥ =

n,m∑
i,l=1

|xil|;

Rn×m
+ =

{
(xil)

n,m
i,l=1 : xil ≥ 0 (i = 1, . . . , n; l = 1, . . . ,m)

}
.

On×m (or O) is the zero n×m-matrix.
If X = (xil)

n,m
i,l=1 ∈ Rn×m, then |X| = (|xil|)n,mi,l=1.

Rn = Rn×1 is the space of all real column n-vectors x = (xi)
n
i=1; Rn

+ = Rn×1
+ .

If X ∈ Rn×n, then detX is the determinant of X; In is the identity n×n-matrix; diag(λ1, . . . , λn)
is the diagonal matrix with diagonal elements λ1, . . . , λn.

b∨
a
(X) is the total variation of the matrix-function X : R → Rn×m on the closed interval [a, b], i.e.,

the sum of total variations of its components xil (i = 1, . . . , n; l = 1, . . . ,m); V (X)(t) = (v(xil)(t))
n,m
i,l=1,

where v(xil)(0) = 0, v(xil)(t) =
t∨
0
(xil) for t > 0 and v(xil)(t) = −

0∨
t
(xil) for t < 0;

X(t−) and X(t+) are the left and the right limits of the matrix-function X : [a, b] → Rn×m at
the point t (we assume X(t) = X(a) for t ≤ a and X(t) = X(b) for t ≥ b, if necessary); △−X(t) =
X(t)−X(t−), △+X(t) = X(t+)−X(t);

BV([a, b],Rn×m) is the set of all matrix-functions of bounded variation X : [a, b] → Rn×m (i.e.,

such that
b∨
a
(X) < +∞);

BVs([a, b],Rn×m) is the normed space of all X ∈ BV ([a, b],Rn×m) with the norm ∥X∥s =
sup{∥X(t)∥ : t ∈ [a, b]}.

A matrix-function is said to be continuous, nondecreasing, integrable, etc., if each of its components
is such.

I ⊂ R is an interval.
C(I,Rn×m) is the set of all continuous matrix-functions X : I → Rn×m.
If B1 and B2 are normed spaces, then an operator g : B1 → B2 (nonlinear, in general) is positive

homogeneous if g(λx) = λg(x) for every λ ∈ R+ and x ∈ B1.
An operator φ : BV([a, b],Rn) → Rn is called nondecreasing if for every x, y ∈ BV([a, b],Rn) such

that x(t) ≤ y(t) for t ∈ [a, b] the inequality φ(x)(t) ≤ φ(y)(t) holds for t ∈ [a, b].
If α : I → R is a nondecreasing function, then Dα = {t ∈ I : α(t+)− α(t−) ̸= 0}.
s1, s2, sc : BV([a, b],R) → BV([a, b],R) are the operators defined by

s1(x)(a) = s2(x)(a) = 0,

s1(x)(t) =
∑

a<τ≤t

△−x(τ) and s2(x)(t) =
∑

a≤τ<t

△+x(τ) for a < t ≤ b,

and
sc(x)(t) = x(t)− s1(x)(t)− s2(x)(t) for t ∈ [a, b].

If g : [a, b] → R is a nondecreasing function, x : [a, b] → R, then
t∫

s

x(τ) dg(τ) =

∫
]s,t[

x(τ) dsc(g)(τ) +
∑

s<τ≤t

x(τ)△−g(τ) +
∑

s≤τ<t

x(τ)△+g(τ) for a ≤ s < t ≤ b,

where
∫
]s,t[

x(τ) dsc(g)(τ) is the Lebesgue–Stieltjes integral over the open interval ]s, t[ with respect to
the measure µ(sc(g)) corresponding to the function sc(g); if a = b, then we assume

∫ b

a
x(t) dg(t) = 0;

thus
∫ t

s
x(τ) dg(τ) is the Kurzweil–Stieltjes integral (see [11,13,14]).

L([a, b],R; g) is the space of all functions x : [a, b] → R, measurable and integrable with respect to
the measure µ(gc(g)) for which∑

a<t≤b

|x(t)|△−g(t) +
∑

a≤t<b

|x(t)|△+g(t) < +∞,
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with the norm ∥x∥L,g =
∫ b

a
|x(t)| dg(t).

If gj : [a, b] → R (j = 1, 2) are nondecreasing functions, g(t) ≡ g1(t)−g2(t), and x : [a, b] → R, then

t∫
s

x(τ) dg(τ) =

t∫
s

x(τ) dg1(τ)−
t∫

s

x(τ) dg2(τ) for a ≤ s ≤ t ≤ b.

If G = (gik)
l,n
i,k=1 : [a, b] → Rl×n is a nondecreasing matrix-function and D ⊂ Rn×m, then

L([a, b], D;G) is the set of all matrix-functions X = (xkj)
n,m
k,j=1 : [a, b] → D such that xkj ∈

L([a, b], R; gik) (i = 1, . . . , l; k = 1, . . . , n; j = 1, . . . ,m);

t∫
s

dG(τ) ·X(τ) =

( n∑
k=1

t∫
s

xkj(τ)dgik(τ)

)l,m

i,j=1

for a ≤ s ≤ t ≤ b,

Sj(G)(t) ≡
(
sj(gik)(t)

)l,n
i,k=1

(j = 1, 2) and Sc(G)(t) ≡
(
sc(gik)(t)

)l,n
i,k=1

.

If D1 ⊂ Rn and D2 ⊂ Rn×m, then Car([a, b] ×D1, D2;G) is the Carathéodory class, i.e., the set
of all mappings F = (fkj)

n,m
k,j=1 : [a, b]×D1 → D2 such that for each i ∈ {1, . . . , l}, j ∈ {1, . . . ,m} and

k ∈ {1, . . . , n}:

(i) the function fkj( · , x) : I → D2 is µ(sc(gik))-measurable for every x ∈ D1;

(ii) the function fkj(t, · ) : D1 → D2 is continuous for µ(sc(gik))-almost every t ∈ I and for every
t ∈ Dgik , and sup{|fkj( · , x)| : x ∈ D0} ∈ L([a, b],R; gik) for every compact D0 ⊂ D1.

If Gj : [a, b] → Rl×n (j = 1, 2) are nondecreasing matrix-functions, G(t) ≡ G1(t) − G2(t), and
X : [a, b] → Rn×m, then

t∫
s

dG(τ) ·X(τ) =

t∫
s

dG1(τ) ·X(τ)−
t∫

s

dG2(τ) ·X(τ) for a ≤ s ≤ t ≤ b,

Sk(G)(t) ≡ Sk(G1)(t)− Sk(G2)(t) (k = 1, 2), Sc(G)(t) ≡ Sc(G1)(t)− Sc(G2)(t).

If G1(t) ≡ V (G)(t) and G2(t) ≡ V (G)(t)−G(t), then

L([a, b], D;G) =
2∩

j=1

L([a, b], D;Gj),

Car([a, b]×D1, D2;G) =

2∩
j=1

Car([a, b]×D1, D2;Gj).

If G(t) ≡ diag(t, . . . , t), then we omit G in the notation containing G.
The inequalities between the vectors and matrices are understood componentwise.
Below we assume that

A1(t) ≡ V (A)(t) and A2(t) ≡ V (A)(t)−A(t).

A vector-function x : R → Rn is said to be a solution of the system (1) if its restriction on every
closed interval [a, b] ⊂ R belongs to BV([a, b],Rn) and

x(t) = x(s) +

t∫
s

dA(τ) · f(τ, x(τ)) for s ≤ t.

Under a solution of the problem (1), (2) we mean solutions of the system (1) satisfying the condi-
tion (2).
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Let B ∈ BV([a, b],Rn×n), η : [a, b] → Rn and q : BV([a, b],Rn) → BV([a, b],Rn) be a matrix-
function, a vector-function and an operator, respectively. Then by a solution of the system of gener-
alized ordinary differential inequalities

dx− dB(t) · x ≤ dη(t) + dq(x) (≥) for t ∈ [a, b]

we mean a vector-function x ∈ BV([a, b],Rn) such that

x(t)− x(s)−
t∫

s

dB(τ) · x(τ) ≤ η(t)− η(s) + q(x)(t)− q(x)(s) (≥) for a ≤ s ≤ t ≤ b.

In addition, if the vector-function η : [a, b] → Rn is nondecreasing and g : BV([a, b],Rn) →
BV([a, b],Rn

+) is a positive homogeneous nondecreasing operator, then by ΩB,η,g we denote a set of
all solutions of the system

|dx− dB(t) · x| ≤ dη(t) + dg(|x|).
If η(t) ≡ 0 and q is a trivial operator, then we omit η and q in the notations containing ones. Thus

ΩB is the set of all solutions of the homogeneous system of generalized differential equations

dx = dB(t) · x.

We define

αl(t) =
n∑

i=1

v(ail)(t) (l = 1, . . . , n) and α(t) =
n∑

i=1

αi(t) for t ∈ R.

Under the conditions (3) or (4), it is not difficult to verify that if a vector-function x is a solution
of the system (1), then the vector-function y(t) = −x(t+ ω) (t ∈ R) will be a solution of the system
(1), as well. Indeed, by the definition of a solution of the system, using (3) or (4), we have

y(t)− y(s) = −
(
x(t+ ω)− x(s+ ω)

)
= −

t+ω∫
s+ω

dA(τ) · f(τ, x(τ))

= −
t∫

s

dA(τ + ω) · f
(
τ + ω, x(τ + ω)

)
=

t∫
s

dA(τ) · f(τ, y(τ)) for s < t.

Therefore, if x ∈ BV([a, b],Rn) is a solution of the system (1) on the closed interval [0, ω] satisfying
the condition

x(ω) = −x(0), (5)
then its ω-antiperiodic continuation, i.e. the vector-function y(t) = (−1)kx(t − kω) for kω ≤ t <
(k + 1)ω (k = 0,±1,±2, . . . ), will be a solution of the ω-antiperiodic problem (1), (2).

In connection with this fact we consider the boundary value problem (1), (5) on the closed interval
[0, ω]. Below, we will give the sufficient conditions guaranteeing the solvability of the later and hence
of the problem (1), (2), as well.

Definition 1. The pair (P, l) of the matrix-function P ∈ Car([0, ω]×Rn,Rn×n;A) and the continuous
operator l : BVs([0, ω],Rn)× BVs([0, ω],Rn) → Rn is said to be consistent if:

(i) for any fixed x ∈ BVs([0, ω],Rn), the operator l(x, · ) : BVs([0, ω],Rn) → Rn is linear;

(ii) for any z ∈ Rn, x and y ∈ BVs([0, ω],Rn), the inequalities

∥P (t, z)∥ ≤ ξ(t, ∥z∥), ∥l(x, y)∥ ≤ ξ0(∥x∥s) · ∥y∥s

are fulfilled for µ(gc(α))-almost all t ∈ [0, ω] and for t ∈ Dα, where ξ0 : R+ → R+ is a
nondecreasing function, and ξ : [0, ω] × R+ → R+ is a nondecreasing in the second variable
function such that ξ(·, s) ∈ L([0, ω],R+;α) for every s ∈ R+;
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(iii) there exists a positive number β such that for any x ∈ BVs([0, ω],Rn), q ∈ L([0, ω],Rn;A) and
c0 ∈ Rn, for which the conditions

det
(
In −△−A(t) · P (t, x(t))

)
̸= 0 for t ∈ [0, ω],

det
(
In +△+A(t) · P (t, x(t))

)
̸= 0 for t ∈ [0, ω]

hold, an arbitrary solution x of the boundary value problem

dy = dA(t) ·
(
P (t, x(t))y + q(t)

)
, l(x, y) = c0

admits the estimate
∥y∥s ≤ β

(
∥c0∥+ ∥q∥L,α

)
.

Theorem 1. Let A ∈ BV([0, ω],Rn×n), f ∈ Car([0, ω] × Rn, Rn;A) and let there exist a positive
number ρ and a consistent pair (P, l) of the matrix-function P ∈ Car([0, ω] × Rn,Rn×n;A) and the
continuous operator l : BVs([0, ω],Rn) × BVs([0, ω],Rn) → Rn such that an arbitrary solution of the
problem

dx = dA(t) ·
(
P (t, x)x+ λ[f(t, x)− P (t, x)]x

)
, (6)

λ(x(0) + x(ω)) + (1− λ)l(x, x) = 0 (7)

admits the estimate
∥x∥s ≤ ρ (8)

for any λ ∈]0, 1[. Then the problem (1), (2) is solvable.

Definition 2. Let S ⊂ BVs([0, ω],Rn×n), L be a subset of the set of all bounded vector-functionals
l : BVs([0, ω],Rn) → Rn, and y ∈ BV([0, ω],Rn). We say that:

(i) a matrix-function B0 ∈ BV([0, ω],Rn×n) belongs to the set En
S if the condition

det
(
In −△−B0(t)

)
̸= 0 and det

(
In +△+B0(t)

)
̸= 0 for t ∈ [0, ω] (9)

holds and there exists a sequence Bk ∈ S (k = 1, 2, . . . ) such that lim
k→+∞

∥Bk −B0∥s = 0;

(ii) a vector-functional l0 : BVs([0, ω],Rn) → Rn belongs to the set En
L(y) if there exists a sequence

lk ∈ L (k = 1, 2, . . . ) such that lim
k→+∞

lk(y) = l0(y).

Definition 3. Let g0 : BV([0, ω],Rn
+) → BV([0, ω],Rn) be a positive homogeneous nondecreasing

operator, and h0 : BVs([0, ω],Rn
+) → Rn

+ be a positive homogeneous operator. We say that the pair
(S,L) of a set S ⊂ BVs([0, ω],Rn×n) and a set L of some vector-functionals l : BVs([0, ω],Rn) → Rn

belongs to the Opial class On
g0,h0

if:

(i) every operator l ∈ L is linear and continuous with respect to the norm ∥ · ∥s;

(ii) there exist the numbers r0, ξ0 ∈ R+ and a nondecreasing function φ : [0, ω] → R such that the
inequalities

∥B(0)∥ ≤ r0, ∥B(t)−B(s)∥ ≤ φ(t)− φ(s) for 0 ≤ s < t ≤ ω,

∥l(y)∥ ≤ ξ0∥y∥s

are fulfilled for any B ∈ S, l ∈ L and y ∈ BVs([0, ω],Rn);

(iii) for B0 ∈ En
S , if the function y ∈ BVs([0, ω],Rn) is a solution of the system

|dy − dB0(t) · y| ≤ dg0(|y|)

under the condition
|l0(y)| ≤ h0(|y|),

where l0 ∈ En
L(y), then y(t) ≡ 0.
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If g0(y)(t) ≡
t∫
0

dG0(τ) · q0(y)(τ) for y ∈ BV([0, ω],Rn
+), where G0 : [0, ω] → Rn is a nondecreasing

matrix-function, and q0 : BVs([0, ω],Rn
+) → BVs([0, ω],Rn

+) is a positive homogeneous operator, then
we write On

G0,q0,h0
instead of On

g0,h0
.

Definition 4. Let P ∈ Car([0, ω] × Rn,Rn×n;A) and let l : BVs([0, ω],Rn) × BVs([0, ω],Rn) →
Rn be a continuous vector-functional. We say that the pair (B0, l0) of the matrix-function B0 ∈
BV([0, ω],Rn×n) and the vector-functional l0 : BVs([0, ω],Rn) → Rn belongs to the set En

A,P,l if there
exists a sequence xk ∈ BVs([0, ω],Rn) (k = 1, 2, . . . ) such that the conditions

lim
k→+∞

t∫
a

dA(τ) · P (τ, xk(τ)) = B0(t) uniformly on [0, ω] (10)

lim
k→+∞

l(xk, y) = l0(y) for y ∈ ΩB0

are valid.

Definition 5. We say that the pair (P, l) of the matrix-function P ∈ Car([0, ω]× Rn,Rn×n;A) and
the continuous operator l : BVs([0, ω],Rn)×BVs([0, ω],Rn) → Rn belongs to the Opial class On

A with
respect to the matrix-function A if:

(i) for any fixed x ∈ BVs([0, ω],Rn), the operator l(x, · ) : BVs([0, ω],Rn) → Rn is linear;

(ii) for any z ∈ Rn, x and y ∈ BVs([0, ω],Rn), the inequalities

∥P (t, z)∥ ≤ ξ(t), ∥l(x, y)∥ ≤ ξ0∥y∥s (11)

are fulfilled for µ(gc(α))-almost all t ∈ [0, ω] and for t ∈ Dα, where ξ0 ∈ R+, and ξ ∈
L([0, ω],R+;α);

(iii) the problem
dy = dB0(t) · y, l0(y) = 0

has only a trivial solution for every pair (B0, l0) ∈ En
A,P,l.

Remark 1. By (10) and (11), the condition ∥△−A(t)∥ ·ξ(t) < 1 and ∥△+A(t)∥ ·ξ(t) < 1 for t ∈ [0, ω]
guarantees the condition (9).

Corollary 1. Let A ∈ BV([0, ω],Rn×n), f ∈ Car([0, ω] × Rn,Rn;A) and let there exist a positive
number ρ and a pair (P, l) ∈ On

A such that an arbitrary solution of problem (6), (7) admits the estimate
(8) for any λ ∈]0, 1[. Then the problem (1), (2) is solvable.

Corollary 2. Let A ∈ BV([0, ω],Rn×n), f ∈ Car([0, ω]× Rn,Rn;A),P ∈ L([0, ω],Rn×n;A), and let
l : BVs([0, ω],Rn) → Rn be a bounded linear operator such that

det
(
In −△−A(t) · P (t)

)
̸= 0 and det

(
In +△+A(t) · P (t)

)
̸= 0 for t ∈ [0, ω]

and the problem
dy = dA(t) · P (t)y, l(y) = 0

has only a trivial solution. Let, moreover, there exist a positive number ρ such that an arbitrary
solution of the problem

dx = dA(t) ·
(
P (t)x+ λ[f(t, x)− P (t)x]

)
,

λ(x(0) + x(ω)) + (1− λ)l(x) = 0

admits the estimate (8) for any λ ∈]0, 1[. Then the problem (1), (2) is solvable.

The following result is analogous of the well-known one belonging to R. Conti and Z. Opial for
boundary value problems for ordinary nonlinear differential equations (see [6, 7, 12]).
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Corollary 3. Let A ∈ BV([0, ω],Rn×n), f ∈ Car([0, ω] × Rn,Rn;A) and let the pair (P, l) ∈ On
A be

such that

|f(t, x)− P (t, x)x| ≤ β(t, ∥x∥) for t ∈ [0, ω], x ∈ Rn, (12)
|x(0) + x(ω)− l(x, x)| ≤ l0(|x|) + l1(∥x∥s) for x ∈ BVs([0, ω],Rn), (13)

where β ∈ Car([0, ω] × R+,Rn
+;A) is a nondecreasing in the second variable vector-function, l0 :

BVs([0, ω],Rn
+) → Rn

+ is a positive homogeneous continuous operator, and l1 ∈ C(R+,Rn
+). Let,

moreover,

lim
k→+∞

1

ρ

b∫
a

dV (A)(τ) · β(τ, ρ) = 0n, lim
ρ→+∞

l1(ρ)

ρ
= 0n. (14)

Then the problem (1), (2) is solvable.

By YP (x) we denote the fundamental matrix of the system

dy = dA(t) · P (t, x(t)) y

for every x ∈ BVs([0, ω],Rn) satisfying the condition YP (x)(a) = In.

Corollary 4. Let A ∈ BV([0, ω],Rn×n), f ∈ Car([0, ω]× Rn,Rn;A), P ∈ Car([0, ω]× Rn,Rn×n;A)
and a continuous operator l : BVs([0, ω],Rn) × BVs([0, ω],Rn) → Rn, satisfying conditions (i) and
(ii) of Definition 5, be such that the conditions (12)–(14) hold, where β ∈ Car([0, ω] × R+,Rn

+;A)
is a nondecreasing in the second variable vector-function, l0 : BVs([0, ω],Rn

+) → Rn
+ is a positive

homogeneous continuous operator, and l1 ∈ C(R+,Rn
+). Let, moreover,

inf
{
| det(l(x, YP (x)))| : x ∈ BVs([0, ω],Rn)

}
> 0. (15)

Then the problem (1), (2) is solvable.

Remark 2. In Corollary 4, the condition (15) cannot be replaced by the condition

det
(
l(x, YP (x))

)
̸= 0 for x ∈ BVs([0, ω],Rn). (16)

The corresponding example for ordinary differential systems, i.e., for the case A(t) ≡ diag(t, . . . , t) has
been constructed in [8]. Basing on this example, it is not difficult to construct analogous examples
for the case A(t) ̸≡ diag(t, . . . , t). Consider the scalar boundary value problem

dx =
( |x|x
1 + |x|

+ 1
)
dα(t), x(0) = −x(ω),

where α(t) = 0 for 0 ≤ t ≤ c and α(t) = −2 for c < t ≤ ω, and c = ω/2. Every solution of the system
has the form

x(t) =

x(0) for 0 ≤ t ≤ c,

x(0)− 2
( |x(0)|x(0)
1 + |x(0)|

+ 1
)

for c < t ≤ ω.

This problem cannot be solvable because the equation x(0) + x(ω) = 0 is unsolvable with respect to
x(0). On the other hand, if we assume P (t, x) = |x|

1+|x| and l(x, y) = y(0) + y(ω), then

Y (t) =

1 for 0 ≤ t ≤ c,

1− 2|x(c)|
1 + |x(c)|

for c < t ≤ ω

for x ∈ BVs([0, ω],Rn) and, therefore,

det
(
l(x, YP (x))

)
=

2

1 + |x(c)|
for x ∈ BVs([0, ω],Rn).

Consequently, all the conditions of Corollary 4 are fulfilled except of the condition (15), instead of
which we have the condition (16).
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Remark 3. In particular, in the results obtained above we can assume l(x, y) ≡ x(0) + x(ω) and
l(x) = l(x, x) ≡ x(0) + x(ω). Thus, for instance, the second estimate in condition (ii) of Definition 1
is fulfilled. The condition (7) in Theorem 1 and Corollary 1 as well as the analogous condition in
Corollary 2 coincide with the condition (2). The condition (13) is valid for l0 ≡ 0 and l1 ≡ 0.
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