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Tengiz Gegelia
(1928-1994)

This year we celebrate the 90th anniversary of the birth of prominent Georgian mathematician
Professor Tengiz Gegelia.

Tengiz Gegelia was born on January 28, 1928, in Patara Jikhaishi, a village in Georgia near the
city of Kutaisi. In 1945 he entered the Faculty of Physics and Mathematics of Thilisi State University
and completed his university education in 1950. In 1950-1954 he was a post-graduate student, and in
1954-1956 an assistant at the chair of differential and integral equations of Thilisi State University.
In 1956-1966 Gegelia worked as a senior researcher at A. Razmadze Mathematical Institute of the
Georgian Academy of Sciences. In 1966 he headed Department of Continuum Mechanics of Institute
of Applied Mathematics. In 1980 this department was moved to A. Razmadze Mathematical Institute
and Tengiz Gegelia was at its head until his death in 1994.

T. Gegelia defended Candidate of Science thesis in 1954 and his doctoral thesis in 1964. Since
1967, he was a professor at the Thilisi State University. In 1981-1994, he held the chair of differential
and integral equations at Thilisi State University. In 1974, T. Gegelia was elected a corresponding
member of the Georgian Academy of Sciences.

Tengiz Gegelia’s mathematical activity covered several fundamental areas: problems of the po-
tential theory and singular integral equations, problems of the classical elasticity theory, as well
as the theories of other models of elastic medium such as couple-stress and thermomoment elasticity
and electroelasticity. In his first papers published in 1952-1954 T. Gegelia considered singular integral
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equations with the Cauchy kernel and boundary value problems of the theory of holomorphic functions.
He studied these problems for much wider classes of lines than those of straight or piecewise-smooth
ones which where considered before. These lines can have an infinite number of angular points, cusp
points and points of more complicated structure. To accomplish such an extension, he generalized the
notion of the integral in the sense of the Cauchy principal value and investigated the so-called loaded
singular integral operator. The results he obtained then formed the basis of his Candidate of Science
thesis.

In 1955-1963 Tengiz Gegelia published a series of papers on multidimensional singular integral
operators. He investigated differential properties of functions represented by singular integrals as well
as of solutions of the corresponding singular integral equations. He also considered singular potentials
in various spaces of smooth functions. Other noteworthy results obtained by T. Gegelia in this field
include a formula for the difierentiation of singular integrals, a formula for the change of integration
order in iterated singular integrals, as well as an estimate of the continuity modulus of the multidimen-
sional singular integral by means of the continuity modulus of the density and the main smoothness
characteristics of the kernel and the integration surface. In particular, for a Cauchy type integral,
the latter estimate yields the well-known Zygmund inequalities. These papers made an important
contribution to the investigation of boundary value problems of elasticity. Victor Kupradze and he
were the first scientists who investigated the solvability of the system of boundary integral equations
corresponding to the Neumann boundary value problem of elasticity. Together with his associates
T. Gegelia investigated boundary value problems of various nonclassical models of elastic medium,
which take into account couple and thermal stresses, electric, diffusive and other fields. It also should
be mentioned the study of the asymptotic behaviour of solutions of various systems of elasticity in the
neighbourhood of isolated singular points. These results significantly stimulated application of the
potential method and the theory of singular integral equations to investigation of three-dimensional
problems of elasticity. Most of the above-mentioned results of T. Gegelia were included into the
well-known monographs “Three-dimensional Problems of the Mathematical Theory of FElasticity and
Thermoelasticity” by V. Kupradze, T. Gegelia, M. Basheleishvili, and T. Burchuladze and “Develop-
ment of the Potential Method in the Theory of Elasticity” by T. Burchuladze and T. Gegelia and into
his other monographs and papers.

The scientific activities of T. Gegelia won him a wide recognition. He was a member of many
national and international scientific organizations and societies. In 1976 he was elected a member of
the Bureau of the Scientific Council on Solidity and Plasticity of the USSR Academy of Sciences, and
from 1982 he was chairman of the elasticity theory sector of the said Council. From 1984 T. Gegelia
was a member of the International Society of Interaction of Mathematics and Mechanics (ISIMM),
and, from 1985, a member of the USSR National Committee on Theoretical and Applied Mechanics.

T. Gegelia made a great contribution to the search and development of young talented mathe-
maticians in Georgia. In spite of constant intensive work, he yet managed to find time for teaching
at a mathematical secondary school. Tengiz Gegelia was the author of many original textbooks for
university and secondary school curricula. He showed interest in teaching mathematics and was re-
garded as a commonly acknowledged authority in this field. For many years he headed the Methodics
Council of the Georgian Public Education Ministry and chaired the organizing committee for holding
mathematical olympiads in Georgia. He was the initiator of founding the specialized mathematical
school under Thilisi State University. which is still successfully functioning.

Tengiz Buchukuri
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Abstract. A periodic problem for systems of linear generalized differential equations is considered.
The Green type theorem on the unique solvability of the problem and the representation of its so-
lution are established. Effective necessary and sufficient conditions (of spectral type) for the unique
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1 Statement of the problem and formulation of the results

In the present paper, we investigate the solvability for the system of linear generalized ordinary
differential equations

dz(t) = dA(t) - z(t) + df (t) (1.1)
with the w-periodic (w > 0) condition

z(t+w) =x(t) for t €R, (1.2)

where A = (air)jy=y : R = R"™" and f = (fi)iL; : R — R" are, respectively, the matrix- and the
vector-functions with bounded variation components on every closed interval from R, and w is a fixed
positive number.

We establish the Green type theorem on the solvability of problem (1.1),(1.2) and the represen-
tation of a solution of the problem. In addition, we give effective necessary and sufficient conditions
(of spectral type) for the unique solvability of the problem.

The general linear boundary value problem for system (1.1) has been investigated sufficiently
well (see, e.g., [6,7,15] and the references therein, where the Green type theorems are obtained
for the unique solvability). Some questions related to the periodic problem for system (1.1) are
investigated in [2-5,8,14] (see also the references therein), but in these works no attention is given
to the investigation of specific properties analogous to the already established ones for the ordinary
differential case (see, e.g., [11]). But some questions concerning the results obtained in [11] for the
periodic problem for linear ordinary differential case is not investigated for the periodic problem for
the generalized differential case. So, the problem considered in the paper is quite topical.

We establish some special conditions for the unique solvability of the problem.

To a considerable extent, the interest in the theory of generalized ordinary differential equations
has also been stimulated by the fact that this theory enables one to investigate ordinary differential,
impulsive differential and difference equations from the unified point of view (see [1,7,9,10,13,14] and
the references therein).

The theory of generalized ordinary differential equations was introduced by J. Kurzweil [13] in
connection with the investigation of the well-posed problem for the Cauchy problem for ordinary
differential equations.

In the paper, the use will be made of the following notation and definitions.

R =] — o0, +o0[, Ry = [0, +00].

R™ ™ is the space of all n x m real matrices X = (;;); 2, with the norm

n
IX[| = max > |ayl.
j=1,....m =

RY™ = {(2i;); 2y 5 >0 (i =1,...,n; j=1,...,m)}.

Opnxm (or O) is the zero n x m matrix.

If X = (245);52, € R™™, then | X| = (lzy]);72-

R™ = R™*! is the space of all real column n-vectors = = (z;)7;; R% = R}

x % gy is the scalar product of the vectors z and y € R™.

If X € R"™" then: X! is the matrix, inverse to X; det X is the determinant of X; r(X) is
the spectral radius of X; X7 is the matrix transposed to X; A\g(X) and A\°(X) are, respectively, the
minimal and maximal eigenvalues of the symmetric matrix X.

I,, is the identity n x n-matrix.

The inequalities between the real matrices are understood componentwise.

A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each of its components
is such.

b
If X : [a,b] — R™™ is a matrix-function, then \/(X) is the sum of variations on [a,b] of its

components z;; (i = 1,...,n; j = 1,...,m); V(X)) = (v(:c”)(t)):’fil, where v(z;;)(a) = 0,
t
v(z5)(t) = V(mi;) for a <t <b.

a
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X (t—) and X (t+) are, respectively, the left and the right limits of X at the point ¢t (X (a—) = X(a),
X(b+)=X(b)); di X(t) = X(t) — X(t—), do X (t) = X (¢t+) — X ().

1 X1s = sup{[|X(0)]| : ¢ € [a,b]}, | X]s = (lzizlls)i )2y

BV ([a, b], R™*™) is the normed space of all bounded variation matrix-functions X : [a, b] — R™*™

b
(i.e., such that \/(X) < co) with the norm || X||,.

BVioe(R,R™*™) is the set of all matrix-functions X : [a,b] — R™*™ whose restrictions on every
closed interval [a, b] from R belong to BV([a, b], R"*™).

BV, (R,R™"™™) is the set of all matrix-functions G : R — R™*™ whose restrictions on [0, w] belong
to BV([0,w], R"*™) and there exists a constant matrix C' € R™"*™ such that

Gt+w)=G({t)+C for t eR.

BV ([a,b],R}*™) = {X € BV([a,b],R"*™) : X(t) > Opxm fort € [a,b]}.
Se, $1, 82 : BV([a, b],R) — BV([a, b], R) are the operators defined, respectively, by
s1(z)(a) = s2(x)(a)
si(@)(t) = Y diz(r), sa(x)(t) =

dax(7) for a <t <b,
a<t<t T<t

<

and
sc(@)(t) = x(t) — s1(x)(t) — s2(x)(t) for t € [a,b].
If g : [a,b] — R is a nondecreasing function, z : [a,b] - R and a < s < ¢t < b, then

t

[amdsn) = [ amdso)m+ 3 anidign) + Y a(r)dag(r)

S I s<T<t s<7t<t

where [ z(7)dsc(g)(7) is the Lebesgue-Stieltjes integral over the open interval |s, ¢ with respect to
Js,t[

the measure u(s.(g)) corresponding to the function s.(g).
If a = b, then we assume

b
/ 2(t) dg(t) = 0,

and if @ > b, then we assume
b a

[attydste) = - [atv)dgto).

a b

b
So, [x(7)dg(7) is the Kurzweil-Stieltjes integral (see [13,14]).
a

If g(t) = g1(t) — g2(t), where g1 and go are nondecreasing functions, then
¢ t t
/a:(T) dg(t) = /:c(T) dgi (1) — /{13(7') dga(7) for s <t.

L([a,b],R; g) is the set of all functions z : [a,b] — R, measurable and integrable with respect to
the measures u(g;) (i = 1,2), i.e., such that

b

/Iw(t)l dg;(t) < 400 (i =1,2).

a
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IfG= (gm)izzl € BV([a,b],R"*") and X = (Thj )y joi  [a,0] — R™ ™, then

Se(G)(t) = (selgin)(0)ir_y,  SH(G)(H) = (s5(gan) D)y (G =1,2)

/bdG( (Z/xkj ) dgir (T )lil.

a

and

We introduce the operator A as follows. If the matrix-function X € BV,,.(R,; R™*"™) is such that
det(I, + (—1)7d; X (t)) #0for t € R (j = 1,2), and Y € BV,.(R; R"*™), then
A(X7 Y)(O) = On><m7
A Y)(1) = Y GX () (L - X () Y ()

o<r<t

— > X (1) (In + d2 X (7)) daY (1) for t >0,
o<r<t

AX,Y)(t) = —A(X,Y)(t) for t<0.

Here, the use will be made of the following formulas:

/b 1) ( / ils) dgls ) / f@t) ) (substitution formula);

JECCR: / 9(t) dF () = F(D)g(b) — Y () - dig(t)
@ a a<t<b
— Z dof(t) - dag(t) (integration by parts formula),
a<t<b
b b
[ reratsgte) - / h(E)F() da(t) + / at — 3 M) - diglt)
a a<t<b

— Z (t)daf(t) - dag(t) (general integration by parts formula)
a<t<b

and
dj< [ 16 dg<s>> — J()dyg(t) for 1€ ah] (j=1.2),

where f, g and h € BV([a,b],R) (see Theorems 1.4.25 and 1.4.33 in [14]). Further, we use these
formulas without special indication.

We say that the matrix-function X € BV([a, b], R"*™) satisfies the Lappo—Danilevskii condition if
the matrices S.(X)(¢), S1(X)(t) and S2(X)(¢t) are pairwise permutable for every t € [a,b] and there
exists to € [a,b] such that

t

/SC(X)(T) dS.(X)(r) = /dSC(X)(T) - Se(X)(7) for t € [a,b].

to
A vector-function z € BV,.(R,R"*™) is said to be a solution of system (1.1) if

t

x(t) —x(s) = /dA(T) cx(T)+ f(t) — f(s) for s<t, s, teR.

S
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We assume that A € BV, (R,R"*") and f € BV, (R,R"), i.e.,
Alt+w)=Alt)+C and f(t+w)= f(t)+c for t € R, (1.3)

where C' € R"*™ and ¢ € R™ are, respectively, some constant matrix and vector. Moreover, we assume
that
det (I, + (—1)’d;A(t)) #0 for t e R (j =1,2). (1.4)

If a matrix-function X € BV([0,w], R™*™) is such that det(l, — d1X(¢)) # 0 for ¢ € [0,w], then
we put
t
(X0 = (1~ X)X = (T~ diX () [ ax
0

for t € [0,w] (i=1,2,...), (1.51)

(X(#)o = Onxn, (X)) =X(8), (X(8))it1 = /de(T) (X(7))s
for t € [0,w] (i=1,2,...), (1.61)

and

VA(X)(8) = (I — di X (£) [V (X_)(0),
Virt(X)(8) = | (1o — du X (8)) 7! / dV(X_)(r) - Vi(X)(7) for te[0,0] (i=12,...),
0

(1.71)

where X_(t) = X(¢t—); and if X € BV([0,w],R™*") is such that det(I,, + da X (t)) # 0 for t € [0,w],
then we put

[(X()]o = (In + d2X (1)1, [X(®))i = (In +d2X (1) /dX+(T) X ()i
for tGTO,w] (1=1,2,...), (1.59)
(X ()0 = Onxn, (X(8)1=X(t), (X(t))it1 = /dX+(T) (X(7))i

w

for t€[0,w] (i=1,2,...) (1.65)
and
VX)) = [ + X (0) 7 [(VX @) - VO],
Virr (00 = |(Tn + d2X (6) | /dV X )(7) - Vi(X)(7)| for te[0,w] (i=1,2,...), (1.72)

where X, (t) = X (t+).
Alongside with system (1.1), we consider the corresponding homogeneous system

dx(t) = dA(t) - z(t). (1.1p)
Moreover, along with condition (1.2) we consider the condition

z(0) = z(w). (1.8)
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Definition 1.1. Let condition (1.4) hold and let there exist a fundamental matrix Y of problem
(1.1p), (1.8) such that

det(D) # 0, (1.9)

where D =Y (w) — Y(0). A matrix-function G : [0,w] X [0,w] — R™*™ is said to be the Green matrix
of problem (1.1y), (1.8) if:

(a) the matrix-function G( -, s) satisfies the matrix equation
dX(t) = dA(t) - X(¢)
on both [0, s[ and s, w] for every s €]0,w[;
(b) for ¢t €la, b,

Gt t+) = Gt t—) =Y () D H{Y (w)Y " (t) (I, + do A(t)) " = Y (0)Y 1 (t) (I, — di A(t)) ™'}

(¢) G(t, -) € BV([0,w],R™*™) for every t € [0,w];

(d) the equality
/ds(g(w,s) -G(0,8) - f(s)=0
0

holds for every f € BV ([0,w], R"™).

The Green matrix of problem (1.1p), (1.8) exists and is unique in the following sense (see [6,15]).
If G(t, s) and Gy (t, s) are two matrix-functions satisfying conditions (a)—(d) of Definition 1.1, then

G(t,s) = Gu(t,s) = Y (1) Hu(s),
where H, € BV([0,w],R™*"™) is a matrix-function such that
H,.(s+) = H.(s—) = C = const for s € [0,w],

and C € R™*™ ig a constant matrix.
In particular,
Y(#) DY (0)Y~1(s) for 0<s<t<w,
G(t,s) = Yt) DY (w)YY(s) for 0 <t <s<w,

arbitrary for t =s.

Theorem 1.1. System (1.1) has a unique w-periodic solution x if and only if the corresponding
homogeneous system (1.1g) has only the trivial solution satisfying condition (1.8), i.e., when condition
(1.9) holds, where Y is a fundamental matriz of system (1.1g). If the last condition holds, then the
solution x can be written in the form

x(t) = /dsg(t,s) - f(s) for t €[0,w], (1.10)
0

where G : [a,b] X [a,b] — R™ ™ is the Green matrixz of problem (1.1p), (1.8).

Corollary 1.1. Let conditions (1.3) and (1.4) hold, and the matriz-function A satisfy the Lappo—
Danilevskit condition. Then system (1.1) has a unique w-periodic solution if and only if

det <exp(So(A)(w)) [T o+ deA(m) [ (Lo —diA()) " - In) £0. (1.11)

0<7<w a<t<w
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Note that if the matrix-function A satisfies the Lappo—Danilevskii condition, then the matrix-
function Y defined by Y (0) = I,, and

Y(t) = exp(So(A) (1) [[ Un+d2A() [[ o diA@) ™ for te0,w]  (112)

0<r<t 0<r<t
is the fundamental matrix of system (1.1p).

Remark 1.1. Let system (1.1p) have a nontrivial w-periodic solution. Then there exists f €
BV, (R,R™) such that system (1.1) has no w-periodic solution (see [6]).

In general, it is rather difficult to verify condition (1.9) directly even in the case where one is able
to write the fundamental matrix of system (1.1g) explicitly. Therefore, it is important to find effective
conditions which would guarantee the absence of nontrivial w-periodic solutions of the homogeneous
system (1.1p). Below, we will give the results concerning this question. Analogous results have been
obtained by T. Kiguradze for ordinary differential equations (see [11,12]).

Theorem 1.2. System (1.1) has a unique w-periodic solution if and only if there exist natural numbers
k and m such that the matriz

k—1
My == ([AW))i - [A(0)]:) (1.13)
i=0
is nonsingular and
r(Mgm) <1, (1.14)
where .
My = Vin(A)(e) + (D2 [IACOL],) - M- (Vi(A4) ) = Vi(A)(0)), (1.15)
i=0

[A®)]; (i=0,...,m—=1) and V;(A)(t) (i =0,...,m—1) are defined, respectively, by (1.5;) and (1.7;)
for some l € {1,2}, and c = (2 — l)w.

Corollary 1.2. System (1.1) has a unique w-periodic solution if and only if there exist natural numbers

k and m such that the matriz
k—1

My == ((Aw)): — (A(0));) (1.16)

i=0

is nonsingular and inequality (1.14) holds, where

M = VAN + (Tt 30 1ACHL) - (V@) ~ (VA (117
i=0
(A(%)): (z = 0,). ,m—1) and (V(A)(t)); (i =0,...,m —1) are defined by (1.6;) for somel € {1,2},
and c= (2 - lw.
Corollary 1.3. Let there exist a natural j such that
(A(0); = (A(w)); (i=1,...,5—1) (1.18)

and
det ((A(w)); — (4(0));) #0, (1.19)

where (A(t)); (1 =0,...,J) are defined by (1.6;) for somel € {1,2}. Then there exists g > 0 such
that the system

dz(t) = edA(t) - 2(t) + df (t) (1.20)

has one and only one w-periodic solution for every e €]0, ]
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Theorem 1.3. Let a matriz-function Ag € BV, (R,R™*"™) be such that
det (I, + (—=1)7d;Ao(t)) #0 for t € [0,w] (j =1,2) (1.21)
and the homogeneous system
dx(t) = dAo(t) - z(t) (1.22)

has only the trivial w-periodic solution. Let, moreover, the matriz-function A € BV, (R, R™*"™) admit
the estimate

/ 1Golt, 7)) dV (So(A — A0))(7)

0
+ Y |Gt ) (A — A |+ YD |Goltm) - da(AlT) — Ao(P)| <M, (123)

0<7<w 0<T<w

where Go(t,T) is the Green matriz of problem (1.22), (1.8), and M € R}*" is a constant matriz such
that
r(M) < 1. (1.24)

Then system (1.1) has one and only one w-periodic solution.

Formula (1.10) can be written in a simpler form if we introduce the concept of the Green matrix
for problem (1.1p), (1.2).

Definition 1.2. A matrix-function G, : R x R — R™*" is said to be the Green matrix of problem
(1.1p), (1.2) if:

(a)
Gut+w,7+w)=G,,71), Gu(t,t+w)—Gy(t,t)=1I, for t,7 €R; (1.25)

(b) the matrix-function G, (-,7) : R — R"*" is a fundamental matrix of system (1.1g) for every
T eR.

Theorem 1.4. Let condition (1.3) hold,
det (I, £ d;A(t)) #0 for teR (j=1,2), (1.26)

and system (1.1g) have a unique w-periodic solution. Then system (1.1) has likewise a unique w-
periodic solution x which is written in the form

t+w

() = / Gu(t,7) dA(A, A(—A, 1)) (7) for t R, (1.27)

where G, is the Green matriz of problem (1.1p), (1.2).

We introduce the following class of matrix-functions.

Let m,r1,...,rm and ny,...,ny (0 =n9 <ny < --- < ny = n) be natural numbers; o; € {—1,1}
(G =1....m); gj : [0O,w] = R (I =1,...,75; j = 1,...,m) be nondecreasing functions; ay; €
L([0,w], R; g15) (I =1,...,75 j = 1,...,m), and let matrix-functions Pi; = (pijir )i =1 (1 =1,...,7j;
j = 1, N ,m) be such that DPljik S L([O,w],R; glj) (i, k= nj—1 + 1, SN ,’I’Lj) and

n; n;

g Z prjir(t)zizr > oy;(t) Z x? for p(gi;)-almost all t € [0,w], (z;)7; € R"
i7k:n]-,1+1 i,k::nj,1+1

(I=1,...,rj; j=1,...,m). (1.28)
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Then by Qw((rj,nj,aj)?“,(glj,alj,Plj);i’f?jzl) we denote the set of all matrix-functions A €
BV([0, w], R™*™) such that

aix(t) =0 (i=n;_1+1,...,n5; k=n;+1,....n; j=1,...,m), (1.29)

'r‘j t
O'j (bj“(t) — bj“(s) — Z/pljii(T)dglj(T)) 2 0 fOI‘ 0 S S S t S w
=17

(Z:’Ilj_1+1,,nj, ]:1,,m) (130)
and
7“.7‘ t
bjin(t) = Z/pljik(r) dgij(t) for t € [0,w] (i#k; i,k=n;_1+1,...,n5; j=1,...,m), (1.31)
=1
where
1 nj nj
bjik(t) = aik(t) — (2 Z Z dla”-(T) 'dlark(T) — Z Z dga”-(r) . d2ark(7')>
0<r<t T:’nj71+1 o<r<t T:nj71+1
(,k=nj_14+1,...,n5 j=1,...,m). (1.32)

If s € R and 8 € BV([0,w], R) are such that
L+ (=1)d;B(t) #0 for (—1)7(t—s) <0 (j=1,2),
then by ~5(8) we write a unique solution of the Cauchy problem
dy(t) = () dB(t), ~(s) = 1.

Notice that condition (1.4) guarantees the unique solvability of the Cauchy problem for system
(1.1) (see, e.g., [13,14]).
It is known (see [9,10]) that

exp (s0(B) (D) —=s0(8)(s)) [ A-duBr)™" J] (1+def(r)) for s<t<w,

s<T<t s<7t<t
2(B)(t)= y (1.33)
exp (so(3)(t)—s0(B)(s)) H (1-d18(7)) H (1+d2B(7)) for 0<t<s.
t<t<s t<r<s
Theorem 1.5. Let there exist natural numbers m, r1,...,rm and ny,...,ny (0=np <ny < -+ <
N, = n), o € {-1,1} (j = 1,...,m), nondecreasing functions g;; : [0,w] = R (I = 1,...,r;;
j = 1,...,m), functions oy; € L([0,w],R;q;;) (I = 1,...,7;; j = 1,...,m) and matriz-functions

P = (pljik);szl (l=1,....,r5; 5 =1,...,m), piyir € L(0,w],R; q15) (i,k =nj_1 +1,...,n;) such
that

A€ Qu((rj,m5,05)T, (9155 s Pig) 1y =1 )- (1.34)
Let, moreover,

(1= 0,)dig; (t) + (14 0,)dag; (t) # =2 for t€ [0,0] (j =1,...,m) (1.35)

and
Y, (0595)(w—1t;) <1 (j=1,...,m), (1.36)
where t; = % (14 0j)w, the functions v, (cj9;) (j = 1,...,m) are defined by (1.33), and

gj(t) = 22/(1”(7) dglj(’l').

1=1Y

Then system (1.1) has a unique w-periodic solution.
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Remark 1.2. In the above theorem, if in addition to condition (1.35), the condition

(1+05)digj(t) + (1 — 05) dag;(t) <2 (1.37)

holds, then, by (1.33), inequality (1.36) is equivalent to

e (s0(0)@) > —3 (1+05) [T 0=y T -+ gy

0<T7<w 0<T<w
+-0) [[ G+dign™ I1 (1—dggj<f>>) for te0,u] (j=1,...,m).
0<7<w 0<T<w
Let g : [0,w] — R be a nondecreasing function and P = (pix);—,, where p;x € L([0,w],R;g)
(i,k = 1,...,n). Then we denote by Q,(P;g) the set of all matrix-functions A = (aik)ﬁkzl €
BV([0,w], R™*™) such that
t
bou(t) = /pik(T) dg(r) for t€0,w] (i k=1,...,n), (1.38)
0
where

bik(t) = a,k (Z Z dlal, d1alk Z dgah d2alk(7')) (i, k=1,..., Tl) (1.39)

=1 0<7<t o<r<t

Theorem 1.6. Let A € Qu(P;g). Let, moreover, either

(a)
Z pik(t) x> aft Zx for p(g) — a.a. t €0,w], (x;)i, € R™, (1.40)
i,k=1
1—2a(t)dig(t) >0, 14 2a(t)dag(t)#0 for 0 <t<uw, (1.41)
Yo (a)(0) < 1 (1.42)
or
(b)
z": pik(t)ziz, < B(t Zx for p(g) —a.a. t€0,w], (x;)f, €R", (1.43)
i k=1
14+28(t)deg(t) >0, 1—28(t)d1g(t) #0 for 0 <t<w, (1.44)
20 (B)w) < 1, (1.45)

where o, € L([0,w],R; g), the function vo(B) is defined by (1.33), and

t

Jga(t) = 2/@(7’) dg(T) and gs(t) 22/5(7) dg(T). (1.46)
0

0

Then system (1.1) has a unique w-periodic solution.

Corollary 1.4. Let A € Q,(P;g). Let, moreover, either (a) conditions (1.41) and (1.42) hold, or
(b) conditions (1.44) and (1.45) hold, where the functions g, and gg are defined by (1.46), a(t) =
Xo(P*(t)), B(t) = \°(P*(t)), and P*(t) = P(t) + PT(t). Then system (1.1) has a unique w-periodic
solution.
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2 Auxiliary propositions

Lemma 2.1. The following statements are valid:

(a) if « is a solution of system (1.1), then the vector-function y(t) = z(t + w) (t € R) will be a
solution of system (1.1), as well;

(b) problem (1.1),(1.2) is solvable if and only if system (1.1) has on the closed interval [0,w] a
solution satisfying the boundary condition (1.8). Moreover, the set of restrictions of solutions of
problem (1.1), (1.2) on [0,w] coincides with the set of solutions of problem (1.1),(1.8).

Proof. Let x be an arbitrary solution of system (1.1). Assume y(t) = x(¢t + w) for ¢ € R. Then, by
(1.3), we have

t+w
(t) =o0) + [ dA()-alr) + f(t+w) - £(O)
?.u t+w
:x(O)—l—/dA(T)-:c(7)+f(w)—f(0)+ / dA(T) - 2(7) + F(t +w) — F(w)
0 w
=z(w)+ /dA(T—I—w) co(t+w)+ ft+w) — f(w)
0

y(0) + /dA(T) ~y(m) + f(t) — f(0) for t € R.

0

Therefore, y is likewise a solution of system (1.1). Thus statement (a) is proved.

Let us show statement (b). It is evident that the restrictions of every solution of problem (1.1), (1.2)
on the interval [0, w] will be a solution of problem (1.1), (1.8). Consider now an arbitrary solution x of
problem (1.1), (1.8). Any continuation of this solution we again denote by z. According to statement
(a), the vector-function y(t) = z(t +w) will be a solution of system (1.1), as well. On the other hand,
in view of (1.8), we have

y(0) = z(w) = (0).
This implies that the functions x and y are the solutions of system (1.1) under the common initial
value condition. So, x(t) = y(t). Therefore, x is a solution of problem (1.1), (1.2). O

Lemma 2.2. An arbitrary fundamental matriz' Y of system (1.1o) satisfies the identity
Y(t+w) =YY 0)Y(w) for teR. (2.1)

Proof. By Lemma 2.1, the columns of the matrix-function Z(t) = Y (¢t +w) are the solutions of system
(1.1p). Therefore, there exists a constant matrix C' € R such that

Z(t)=Y({#)C for t e R.

Thus it is clear that

Hence equality (2.1) holds. O

Lemma 2.3. Let problem (1.1p), (1.2) have only the trivial solution. Then there exists a unique Green
matriz of the problem having the following form.:

-1

Gu(t,7) =Y () (Y (w)Y(0) = I,) Y~ '(r) for t,7 €R, (2.2)

where Y is a fundamental matriz of system (1.1p).
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Proof. Let Y be an arbitrary fundamental matrix of system (1.1p). Then, by Lemma 2.1, condition
(1.9) holds because the lemma guarantees the validity of Theorem 1.1 (see the proof of Theorem 1.1
below). According to Definition 1.2, the matrix-function G, : R x R — R™*" is the Green matrix if

and only if
Gu(t,7) =Y ()C(r) for t,7 € R,

where the matrix-function C' : R — R™*" is such that equalities (1.25) hold, i.e.,
Y(t+w)C(r+w)=Y()C(r), Y()(C(t+w)—C(t) =1, for t,7 €R.
By equality (2.1), equalities (2.4) hold if and only if
Y HO)Y (w)C (T +w) =C(1), C(t+w)—C(r)=Y (1) for 7 €R.

Clearly,
(I, =Y H0)Y (w))C(r) =Y H0)Y (w)Y (7) for 7 €R.
Therefore, taking into account condition (1.9), we conclude that

-1

C(r)= (Y Hw)Y(0)—I,) Y !(7) for T €R.

Putting the obtained value of C(¢) in (2.4), we obtain equality (2.2).
Lemma 2.4. If X € BV, (R,R"*™) and Y € BV, (R,R"*"™), then

(a)
d; X({t+w)=d;X(t) for teR (j =1,2);

(b)
A(X,Y) € BV,(R,R™™™), e, AX,Y)({t+w)=AX,Y)t)+C for teR,
where C is some constant n X n-matriz.

Proof. Consider equality (2.5). Let 7 = 1. Then by the definition of the set BV, (R, R"*™) we
hX(t+w)= lim (X(t+w)—X(t+w—¢))

e—0, >0
= lim (X(t)—X(t—¢)) =di1 X(t) for teR.

e—0, >0

Analogously, we show equality (2.5) for j = 2.

(2.3)

(2.4)

(2.5)

(2.6)

have

Let us show (2.6). From the definition of the operator A and equalities (2.5), we conclude that

AX,Y)(t+w) =Y (t+w) — Y i X(1) (In—di X () diY (1)

- > dQX(TTT(thQX(T))ldQY(T)

= Y(t i;tjz’(o)JrCﬁ Y X (1) (I, — di X (7)) dyY(7)
- > dQX(T+w)~(;:;<;Z;((T+w))ldgy(ﬁw)

= Y(tii;;—tY(O)+ Cot Y diX(T+w)  (In—di X (r4w)) " diY (T+w)
— > doX(r O;sz}(7+w))_1d2Y(T+w):A(X7Y)(t)+0,

where o
Oz; di X (1) - (I, — di X (7)) O<Z Ao X (7) - (In + do X (1))~ do Y (1),

and C' is some constant matrix.
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Lemma 2.5. Let g : [a,b] = R be a nondecreasing function, tg € [a,b] and ¢y € R. Let, in addition,
z € BV([a,b],R) be such that

(dz(t) — 2(t) dg(t)) sgn(t — to) <0 for t € [a,b],
1—dig(t) >0, 1+4+dag(t)#0 for a<t<tp,
14dag(t) >0, 1—dig(t)#0 for to <t <b,
(=1)? (dj2(to) — codjg(to)) <0 (j=1,2)
and z(tg) < ¢o. Then
z(t) < z(t) for t € a,b],
where T is a unique solution of the problem
dz(t) = z(t) dg(t) for t € [a,b],
:L’(to) = Cp.
The above lemma is a particular case of Lemma 2.4 from the paper [1].

Lemma 2.6. If C is a symmetric matriz, then the inequalities
M(C)(zxz) < Crxa < \(C)(xx2)
hold for every xz € R.

The lemma is proved in [11, Lemma 1.9]

3 Proof of the results

By Lemma 2.1, Theorem 1.1 follows immediately from the corresponding results of the papers [6,
15], and Theorems 1.2, 1.3 and Corollaries 1.1-1.3 follow immediately from Theorems 2.1, 2.2 and
Corollaries 2.2-2.4 of [7], respectively, if we assume that the linear operator | appearing there has the
form I(z) = 2(0) — x(w). Note that condition (1.9) has form (1.11) when the fundamental matrix of
system (1.1p) is given by (1.12) in Corollary 1.1.

Proof of Theorem 1.4. By Theorem 1.1 and Lemma 2.3, problem (1.1), (1.2) is uniquely solvable, and
problem (1.1p), (1.2) has the unique Green matrix G,,. Therefore, for the proof it is sufficient to verify
that the vector-function given by (1.27) is the w-periodic solution of system (1.1).

Assume

p(t) = A=A, f)(t) for t € R.

Let us show that the vector-function x defined by (1.27) satisfies condition (1.2). By Lemma 2.4,
it is evident that A(A, ¢) € BV, (R,R") and, therefore,

A(A, ) (t +w) = A(A, )(t) + ¢ for t €R, (3.1)

where ¢ is some constant n-vector. Taking into account (3.1) and (1.27), due to (1.25) we have

t+2w t+w
z(t+w) = / Gu(t+w,7)dA(A, p)(T) = / Go(t +w, 7+ w)dA(A, o) (T + w) = x(t).
t+w t

Let us verify that the vector-function z satisfies system (1.1). By equality (2.2),
Go(t, ) =Y (t)C,Y ! (r) for t,7 €R,

where Y is a fundamental matrix of system (1.1¢), and
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Thus, using the general integration by parts formula, we find that

a(s) = jdm / d( / G (7,m) dA(A >) - / d(Y(rm TY-l(n)dA(A,w(n))

t T+w
= [av(n-c. / Y1) dA /Y e / YA
T+w
S Y ave-c dl( [ ymaaaom)
s<n<t T
T+w
+ Z d2Y (1) - C,, d2< / Y_l(n)dA(A,go)(n)> for s<t. (3.2)
s<n<t T
On the other hand, due to (2.1),
Yt +w) - Y7 ) = Coly (). (3.3)
By (3.1), for 7 € R, we conclude that
Ttw w T+w

/ Y1 () dA(A, ) (1) = / Y1 () dA(A, ) (1) + / Y () dA(4, ) (1)

Hence, taking into account (3.3), we get

T+w

/ Y 1(5) dA )= / Yy P)m) + ¢! / Y () dA(A, 9)(1).
T 0

0

Due to the last equality and the general integration-by-parts formula, taking into account the equalities
dY (t) = dA(t) - Y (t) and d;Y(t) =d;At)-Y(t) for teR (j=1,2),
it follows from (3.2) that

t T+w

£(t) — 2(s) = / dA(r) - Y(r)C, / Y1 (n) dA(A, 9)(n) + F(s.1)

= /dA(T) ~x(T)+ F(s,t) for s,t eR, s<t, (3.4)

where

F(s,t) = A(A, ¢)(t) — A(4, ¢)(s
— ) diA(r) - diA(A + > daA(r) - dyA(A, 9)(7) for s,tER, s<t.

s<t<t s<T<t

Q. —
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Moreover, taking into account condition (1.26), according to the definition of the operator .4 and the
function ¢, we conclude that

dip(r) = dif(r) = > diA(r) - (I + diA(r)) " duf(r) for 7 €R,
s<t<t
and
dop(T) = dof (7 Z do A(T) - — d2A(7‘))71 daf (1) for T € R.
s<t<t

Using the last equalities, we can easily show that

Fls,t) Z;tdl (I, — di A(7)) "L dyo(7)
_S:itdQA( ) - (In + d2 A(7)) ™" dap(T)
_ ;t(dlA(T))Q'(I — A A(r) " dip(r)
- X A (oA )
=) =50+ 3 ddlr) duglr) = 3 aA(r) o)

= f(t) — f(s) for s,teR, s<t.

Consequently, due to (3.4), the vector-function x satisfies equation (1.1). O

Proof of Theorem 1.5. According to Theorem 1.1, to prove the theorem, it suffices to show that the
homogeneous system (1.1p) has only the trivial w-periodic solution. Let x = (z;)!_; be an arbitrary
solution of the latter problem. Assume

7

ui(t)y =Y aj(t) for te0,w] (=1,...,m).

i=nj_1+1

By condition (1.34), conditions (1.28)—-(1.32) are fulfilled. In view of (1.29) and the formula of
integration by parts, we find that

o1(ur(t) — ur(s)) = o1y <2/xi(7') doi(r) = > (dimi(t)’ + Y (dgxi(t))Q)

i=1 S s<T<t s<t<t

=0 Z (2/xi(7)xk(7') da;i (1) + Z (22(1) — 27 (1—) — 24(7) drzy(7))

s<t<t

+ > (a(r+) — 2P (r) — 23i(7) dei(T))>

/xi(r)xk(T) daik(T) — Z i (T)xg (1) dyag(T) — Z x; (7)2k (1) dzaik;<7'))

s<t<t s<tT<t

+ o1 Z (5j(u1)(t) = sj(u1)(s)) for 0< s <t <w.
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Hence,

al(ul()—ul —20'1 Z /171 Ik dSO(azk)( )

i,k=1

+ 01 Z (s5j(u1)(t) = s;(u1)(s)) for 0< s <t <w.

On the other hand,
o1 Z (55 (u)(t) = s;(u1)(s))

{ > diwi(r) - (2i() — dizi(r)) + D dowi(r) - (2ai(7 )+d2$i(7))}
i,k=1

s<t<t s<tT<t

=2 Z { Z 7)oy (T )(dlazk dem “diarg(T ))

i,k=1 ~ s<7<t

1«
+ Z 2 (T) 2k (1) (dgazk(T) —5 nga”(T) dgark(T))} for 0<s<t<w
s<t<t r=1
From this and (1.32), we obtain
o1(ur(t) —u1(s)) = 201 Z /xl )Tk (7) dbrix) (1) for 0 <s <t <w. (3.5)

i,k=1"

With regard for (1.28)—(1.31), it follows from (3.5) that

o1 (ur(t) — uy (s —2012/ 7) dbyii (7) + 207 i / 7) dbyix(7)

i#k;i,k=1"
S /plhk Pes(r)e(r) dn (7 >22 /au zx ) du (r
=1 1i,k=1

ie.,
t

o1(uy(t) —ui(s)) > /ul(r) dgy (1) for 0 <s<t<w.

S

Moreover, by (1.35), the conditions of Lemma 2.5 are fulfilled for tq = ¢1, co = u1(to) and g(t) =
91(t). In addition, by (1.35),

L+ (=1)djg1(t) #0 for t € [0,w] (j=1,2)
and, therefore, the problem
dz(t) = o1x(t) dg1(t), x(to) = co
has a unique solution x given by

x(t) = cove (0191)(t) for t € [0,w],

where the function ~y;, (0191)(¢) is defined by (1.33). According to Lemma 2.5, we have

up(t) < eoye,(0191)(t) for ¢ € [0,w]. (3.6)
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Due to (1.8), we have u1(0) = u1(w). Hence, it follows from (3.6) that

ur(w —t1) < ur(t) v, (0191)(w — 1) = wi(w — t1) 1, (0191) (W — t1).

Therefore, due to (1.36),
co = u1(0) = uy(w) =0,

and thus, by (3.6), we have
Using this identity and (1.28)—(1.32), by induction, we prove u;(t) =0 (j =1,...,m). Consequently,
zi(t)=0fort € [0,w] (i=1,...,n). O

Proof of Theorem 1.6. According to Theorem 1.1, to prove the theorem, it suffices to show that the
homogeneous system (1.1g) has only the trivial w-periodic solution. Let z = (x;)}_; be an arbitrary
solution of the latter problem. Assume

n

u(t) = fo(t) for t € [0, w].

=1

Consider the case (a). Analogously to the proof of equality (3.5) in Theorem 1.5, using (1.39), we
can show that the equality

u(t) —u(s) = 2Z/xi(7)xk(7) dbip () for 0<s<t<w

is valid. Thus, by (1.38), we have

u(t) —u(s) =2 Z /pik(r)xi(r)xk(r) dg(r) for 0 <s<t<w.

Therefore, due to (1.40), we find
t
u(t) — u(s) > /u(T) dge () for 0 <s<t<w,

ie., (du(t) — u(t) dga(t)) sgn(t —w) <0 for 0 <s<t<w

and
dru(w) — u(w) d1ge(w) > 0.

Now, taking into account condition (1.41), due to Lemma 2.5, we find
u(t) < u(w)yo(a)(t) for t e 0,w], (3.7)
whence, by equality u(0) = u(w) and (1.42), we have
u(w) = u(0) < u(w)r(@)(0)

and u(w) = 0. Hence by (3.7) we find u(t) =0 and z;(t) =0 (i =1,...,n).
In a similar way we can prove the theorem in the case (b) as well. It should only be noted that
due to (1.43), (1.44) and Lemma 2.5, we have the estimate

u(t) < u(O)10(A)(E) for t € [0,u]
instead of (3.7). Thus
u(0) < u(0)70(8)(w)

u(w) =
0, u(t)=0and 2;(t) =0 (i=1,...,n). O

and, therefore, by (1.45), we get u(0) =
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Proof of Corollary 1.4. It is evident that

M=

(pik(t) +p;ﬂ-(t)) for p(g)-almost all ¢ € [0,w], (x;)}; € R",

pik(t)zix, = 2 :

n
ik=1 i,

E
I

from which by Lemma 2.6, we have

n n n
i=1 ik=1 i=1

Therefore, the corollary follows immediately from Theorem 1.6. O
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EXISTENCE RESULTS FOR A NEW CLASS OF
FRACTIONAL INTEGRO-DIFFERENTIAL EQUATIONS
WITH STATE DEPENDENT DELAY



Abstract. In this paper we investigate the existence and uniqueness of solutions on a compact
interval for non-linear fractional integro-differential equations with state-dependent delay and non-
instantaneous impulses. Our results are based on the Banach contraction principle and the Kras-
noselkii fixed point theorem. For the illustration of the results, an example is also discussed.
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1 Introduction

This paper is concerned with the existence of solutions defined on a compact real interval for semilinear
integro-differential equations of fractional order for which impulses are not instantaneous of the form

t
t_
/ T QS, 0 Ay(s)ds = f(t,Yp(t,y))s a-e. t€(sitip] CJ, i=0,...,N, (1.1)
0
y(t) = 9i(t, Ypty)), t € (tiysi], i=1,...,N, (1.2)
Yo = (b S Bv

where 1 < a < 2, J =1[0,b], b > 0, A: D(A) C E — E is a closed linear operator of sectorial
type on a complex Banach space (F, || - ||g), the convolution integral in the equation is known as the
Riemann—Liouville fractional integral, f : J x B — E and p: J x B — (—o00, b] are suitable functions.
For any function y defined on (—oo,b] and any ¢ > 0, we denote by y; the element of B defined by
y(0) = y(t + 0) for 6§ € (—o0,0]. Here, y;(-) represents the history of the state from each time
6 € (—o0,0] up to the present time ¢. We assume that the histories y; belong to some abstract phase
space B, to be specified later, let 0 =tg = s¢g <t1 <51 <to < -+ <tny-1<sy <ty <tnys41=0>Dbe
pre-fixed numbers, and g; € C((t;, s;] x B, E), foralli = 1,2,..., N, stand for the impulsive conditions.

Fractional differential equations have been of great interest recently, in both the intensive devel-
opment of the theory of fractional calculus itself and the applications of such constructions in various
sciences such as physics, mechanics, chemistry, engineering, economy and so on (see [20,21,23]). In
particular, the question on the existence of solutions of the Cauchy problem for fractional integro-
differential equations was studied in numerous works; we refer the reader to the books by Abbas et
al. [1,2], Kilbas et al. [16], Lakshmikantham et al. [18], and the papers by Anguraj et al. [3], Bal-
achandran et al. [5]. Cuevas et al. [6,8,9], studying S-asymptotically w-periodic solutions of some
classes of semilinear differential and integro-differential equations. Recently, Wang and Chen [24]
considered a class of retarded integro-differential equations with nonlocal initial conditions where the
existence results of solutions are given over the half-line [0, 00). In [11], Gautam and Dabas studied
the existence of local and global mild solution for an impulsive fractional integro-differential equation
with state dependent delay.

Recently, Herndndez and O’Regan [13] initiated the study on the Cauchy problems for a new
type of first order evolution equations with non instantaneous impulses. In the model analyzed
in [13], the impulses start abruptly at the points ¢; and their action continue on a finite time interval
[t;, s;]. This type of problem motivates to study certain dynamical changes of evolution processes
in pharmacotherapy. For example, as in [13], we note the following simplified situation concerning
the hemodynamical equilibrium of a person. In the case of decompensation (for example, high or
low levels of glucose) one can prescribe some intravenous drugs (insulin). Since the introduction of
the drugs in the bloodstream and the consequent absorbtion for the body are gradual and continuous
processes, we can interpret this situation as an impulsive action which starts abruptly and stays active
on a finite time interval.

In this paper, we provide sufficient conditions for the existence of solutions for problem (1.1)-
(1.3). Our approach is based on the Banach contraction principle and on the Krasnoselskii fixed point
theorem.

2 Preliminaries

We introduce notations, definitions and theorems which are used throughout this paper.
Let C(J, E) be the Banach space of continuous functions from J into E with the norm

[ylloe = sup {{ly(t)]|&: t € J}.

Let B(FE) denote the Banach space of bounded linear operators from E into E.
A measurable function y : J — F is Bochner integrable if and only if ||y|| g is Lebesgue integrable.
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Let L'(J, E) denote the Banach space of measurable functions y : J — E which are Bochner
integrable normed by

b
Iyl = / ly ()] dt.
0

We define
PC(JvE) = {y = E; Yy e C((tkatk+1]7E)a k= Oa ]-7' . 'aN
and y(t), y(t; ) exist with, y(t;) = y(te), k=1,...,N}.
Obviously, PC(J, E) is a Banach space with the norm

lyllec = sup [y (@) 2-
teJ

In this paper, we will employ an axiomatic definition of the phase space B introduced by Hale and
Kato in [12] and follow the terminology used in [15]. Thus, (B,] - ||g) will be a seminormed linear
space of functions mapping (—oo,0] into E, and satisfying the following axioms:

(A1) Ify : (—o0,b) = E, b > 0, is continuous on J and yo € B, then for every ¢t € J we have the
following conditions:

(i) v € B;
(i) there exists a positive constant H such that ||y(¢)||z < H ||yl 5;

(iii) there exist two functions K (), M(-): Ry — R, independent of y with K continuous and
M locally bounded such that

lyells < K@) sup {[ly(s)lle: 0<s<t}+MH)|yols.
(A2) For the function y in (Ay), y: is a B—valued continuous function on J.

(A3) The space B is complete.

Denote
Ky=sup{K(t): teJ} and M, =sup{M(t): t € J}.

Remark 2.1.
1. (A1)(ii) is equivalent to ||¢(0)|| < H||¢||g for every ¢ € B.

2. Since || - || is a seminorm, two elements ¢, € B can verify ||¢ — ¢|z = 0 without necessarily
d(0) = () for all < 0.

3. From the equivalence in the first remark, we can see that for all ¢, € B such that ||¢ —||z = 0,
we necessarily have ¢(0) = 1(0).

Definition 2.2. A function f:.J x B — FE is said to be a Carathéodory function if
(i) for each t € J, the function f(¢, -) : B — E is continuous;
(ii) for each y € B, the function f(-,y):J — E is measurable.

Definition 2.3. Let A be a closed and linear operator with domain D(A) defined on a Banach
space E. We recall that A is the generator of a solution operator if there exists p € R and a strongly
continuous function S : RT — B(F) such that

{A*: Re(A) > u} C p(A)

and
oo

XTI\ —A) Tl = /e_”\tS(t)x dt, ReA>pu, z€E.
0
In this case, S, (t) is called the solution operator generated by A.
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Remark 2.4. The concept of a solution operator, as defined above, is closely related to the concept of
a resolvent family (see Priiss [22]). Because of the uniqueness of the Laplace transform, in the border
case o = 1, the family S(t) corresponds to a Cy semigroup (see [10]), whereas in the case a = 2,
a solution operator corresponds to the concept of a cosine family (see [4]). We note that solution
operators, as well as resolvent families, are a particular case of (a, k)-regularized families introduced

in [19]. According to [19], a solution operator S, (t) corresponds to a (1, %)—regularized family. The
following result is a direct consequence of [19, Proposition 3.1 and Lemma 2.2].

Proposition 2.5. Let S,(t) be a solution operator on E with generator A. Then the following
conditions are satisfied:

(a) Sa(t)D(A) C D(A) and ASy(t)x = S, (t)Ax for all x € D(A), t > 0.
(b) Let x € D(A) and t > 0,

t
Sa(t)z =z + / “‘F(‘Z;_l AS.(s) ds.
0
(c) Let x € E. Then ft (t}s():)_l Sa(s)xzds € D(A) and
0 t -
Sa(t)z =z + A/(t_r(sa)) Sa(s) ds.
0

Definition 2.6. Let A: D(A) C E — E be a closed linear operator. A is said to be sectorial of the
type (M, 0, u) if there exist u € R, 6 € (0,5) and M > 0 such that the resolvent of A exists outside
the sector and following two conditions are satisfied:

(1) p+Sp={u+s: AeC, |arg(-\)| < 0};
(2) I = A < A A gt So.
In this paper, we assume that in problem (1.1)—(1.3) the operator A is sectorial of type p with
0 <60 < m(152). Then A is the generator of a solution operator given by

1

" 2

S, (t) / expMAYTHAY — A) 7 a),

~

where + is a suitable path lying outside the sector u + Sp.
Cuesta [7] has proved that if A is a sectorial operator of type p, for some M > 0 and 0 < 6 <
7(1 — %), there is C' > 0 such that

[Sa®lBE) < if p<0

L+ [pfte

and

1
[Sa(®)|lB(r) < CM(1+ pt*)et ™" if p>0.
Note that S, (t) is, in fact, integrable on [0, b].

Theorem 2.7 (Krasnoselkii’s fixed point theorem [17]). Let B be a closed convex and nonempty
subset of a Banach space X. Let P and Q) be two operators such that

(i) Px+ Qy € B, whenever x,y € B;
(ii) P is compact and continuous;
(iii) @ is a contraction mapping.

Then there exists z € B such that z = Pz + Qz.
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3 Main results

Motivated by [9], we give the following definition of a mild solution of (1.1)—(1.3).

Definition 3.1. We say that the function y : (—o0,b] — E is a mild solution of (1.1)—(1.3) if
Yo = OfS B on (—OO,b], y‘[O,b] € PC([Ovb]vE) and

t

Sa()6(0) + / Sult — 8)1(5, Upemny) ds, te (0.4,
0
y(t): gi(t,yp(t,yt))7 t e (ti,SiL i=1,2,...,N,

t
Sa (t - Si)gi(siu yp(s,;,ysl.)) + / Soz(t - S)f(S, yp(s,ys)) dsv te (Si7 ti+1]~
S

Set
R(p~) ={p(s.¢): (s,0) € J x B, p(s,) <0}.

We always assume that p : J x B — (—o0, b] is continuous. Additionally, we introduce the following
hypothesis:

(H,) The function t — ¢ is continuous from R(p~) into B and there exists a continuous and bounded
function L? : R(p~) — (0, 0) such that

I bells < LO(t)||6||ls for every t € R(p).

Remark 3.2. The condition (H,) is frequently verified by the functions, continuous and bounded.
For more details, see, e.g., [15].

Lemma 3.3 ([14, Lemma 2.4]). Ify: (—o0,b] — E is a function such that yo = ¢, then
lyslls < (My + L?)||¢lls + Kpsup {[y(0)] : 6 € [0,max{0,s}]}, s € R(p™)UJ,

where L® = sup L®(t).
tER(p™)

Proposition 3.4. From (H,), (A1) and Lemma 3.3, for allt € [0,b] we have
9ot 18 < (Mo + L?)I6]l5 + K lly(2)].
Our first result is based on the Banach contraction principle.

Theorem 3.5. Assume:

(H1) The solution operator S, (t) is compact fort > 0, and there exists M > 0 such that ||So(t)]| < M
for every t € J.

(H2) There exists | > 0 such that

|f(t,u) — ftv)le <lllu—ov|g forall u,v e B.

(H3) The functions g; : (t;,s;] x B — E, i =1,...,N, are continuous and there exist the constants
hi >0,t=1,...,N such that

lgi(t,u) — gi(t,v)le < lyllu —vlls for all u,v € B.

If
C = MEy(l, +1;b) < 1,

then there exists a unique solution of problem (1.1)—(1.3).
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Proof. Let Y = {u € PC(E) : u(0) = ¢(0) = 0} be endowed with the uniform convergence topology
and P :Y — Y be the operator defined by

t
Sa000(0) + [ Salt = )15, Ty(05,) 5 tefonl, i=0,
0

(Py)(t) = { 9t Tpez,)s te (tis], i>1,

t
Sa(t - si)gi(si»yp(si,ﬂsi)) + / Sa(t - s)f(svyp(s@s)) dS, te (siati+1]7 i >1,

where 7 : (—o0,b] — F is such that 7, = ¢ and j = y on J. Let ¢ : (—o0,b] — E be the extension

of ¢ to (—oo,b] such that ¢() = #(0) = 0 on J. It is clear that P is a well-defined operator from Y’

into Y. We show that P has a fixed point which is, in turn, a mild solution of problem (1.1)—(1.3).
For any ¢ € [0,t1] and y,y* € Y, from (H1)-(H2) we have

1(Py)(t) = (Py") (D)l z < / 1Sa(t = $)l 5|1/ (5 Tps 5.)) = f(5:Tpsge)) | o ds
0

t
S/ Mg|[Gpisz,) = Tpsg s d5-
0

Using Proposition 3.4, we get

I(Py)(t) — (Py") )]z < /leK,,Hy(s) —77(s)]| pds < leKb/H?(S) =77(s)| g ds
0 0

t

— MIK, / lu(s) — 4" (s)llpds  (since g =y on [0,5])
0
< Mz Kpblly — y*|lpc.

For any t € (t;,8;],4=1,..., N, we have
1(Py)(&) = (Py* )OI = ||9:(t: Upe3,) — 96 Tug) | 5 < LoKslly — y*[lec.

Similarly, for any ¢ € (s;,t;+1], i =1,..., N, we have

I(Py)(&) = Py )B)e < [[Salt = 50 [9:(55 Tpis, ) — 955002 |

E

t
+ [ 18t = Mo |15, Te) ~ £5. T

Si

< MU Ky|ly —y*llpc + Mg Kiblly — y*llpe < (MIgKy + MIgEKub)|ly — v [lpc-

Thus, for all ¢ € [0,b], we obtain ||(Py) — (Py*)|lpc < Clly — y*||pc. Hence, P is a contraction on YV’
and has a unique fixed point y € P, which is, obviously, a unique mild solution of problem (1.1)—(1.3)
on [0, b]. O

To obtain an existence result via Krasnoselskii’s fixed point theorem, we need the following as-
sumptions.

(H4) The function f: J x B — E is Carathéodory one.
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(H5) There exist a function p € L(J; R, ) and a continuous nondecreasing function ¢ : R, — (0, 00)
such that
If @t < pE)Y(||u|lg) for a.e. t € J and each u € B.

(H6) The functions ¢ — g;(¢,0) are bounded with

G" = max_gi(t,0)le-
Theorem 3.6. Assume that (H1), (H3)-(HG6) and (H,) hold. Then problem (1.1)-(1.3) has a mild
solution.

Proof. Let P be the operator introduced in the proof of Theorem 3.5. We introduce the decomposition
Py(t) = Py(t) + P%y(t), where

Sa(t = i)gi(si, (54:7s,) /S (t = 8)f(8,Yp(s3.)) ds, if t € (sistiya], i 21,

(Py)(t) = ;
+/Sa t_ S S gp(svgs))ds’ if te [Oat1]7
0
0, if te (ti78i], 1> 1,
and
gi(t’yp(t,ﬂt)% lf t € (tiasi]a 7’ Z 17
(sz)(t) =140, if te (Siati+1]7 1> 1,
0, if ¢ e0,t].

Let B, ={y €Y : |ly|lpc < r}. The proof of the theorem will be given in a couple of steps.
Step 1: For any y € B,., we have Ply + P?y € B,.
Case 1. For each t € [0,t1], we obtain

1Py + P2y) () < [1Sa(®)ll 5|60 IIB+/IIS (t = 8)f(5:Up(s3.)lle ds

<MH¢IIB+M/I|f s ypsy5>|\EdS<M||¢||B+M/ Y (1Tp(s3,)|8) ds

Set
d= (M, + L% ¢|s+ Kor.

Then we have

Py + Py)(®)l s < Milolls + Mo(d /p
0
Thus,
1P (y) + P2(y)ll < M||¢ll5 + M(d)llpll Lo, <7
Case 2. For each t € [t;,s;),i=1,2,...,N, we have
1Py + P2y)(O)lle < llgi(t: Upeg,) =
< 9:(t. Tpwz) — 98 0| 5 + llgi(t, 0)llE < [GlTp(eg,)lls + G* < lgd + G™.

Then
[Py + Pyl < ld+G* <r.
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Case 3. For each t € (s;,ti41), i =1,2,..., N, we obtain

I(P'y+ P*y)t)|le < ||Sa(t — Si)gi(si,?p(si,ysi))HE
t t

+/HSa(t*S)f(Svyp(s,ys))HEdS < M(l’gd+G*)+M¢(d)/p(5)ds.

Sq Sq

Then
t

[Pty + P?y|| < M(l'gd +G* +y(d) /p(s) ds) <r.
si
Thus, we obtain Py + P%y € B, for any y € B,.
Step 2: We show that P? is a contraction on B,.
Case 1. For y1,y2 € B, and for ¢ € [0,¢1], we have

[(P?y1)(8) — (P?y2)(t)]| p = 0.
Case 2. For y1,y2 € B, and for t € [t;,s;), i =1,2,..., N, we have

[(P2y1)(8) — (P?y2)(1)]| < lyd.
Case 3. For y1,y2 € B, and for t € (s;,t;41],1=1,2,..., N, we obtain

[(P2y1)(t) = (P*y2) (8)]| 5 = 0.

Thus, we obtain
|1P?y1 — P?ya|lpc < lyd = L,
which implies that P? is a contraction due to L < 1.

Step 3: P! is continuous.
Let y™ be a sequence such that y” — y in B,..

Case 1. For each t € [0,;], we have

t

Sa(t)6(0) + / Salt = )15 Ttgr) = 15 Tpezy)] s

0

/‘f (5. ¥p(s,5m)) f(s7yp(3,?s))HEd8'
0

[P ™)) = Py

ol - |
E

Case 2. For each t € [t;,s;),i=1,2,...,N, we have

1P (")) = P ) ()] 5 = 0.

Case 3. For each t € (s;,t;41], i =1,2,..., N, we obtain

[P (y™) () — Py

t
Ol = ‘ +/ Salt =) [£(5.Ttu ) = F(6.Tpaz)] ds
0

t
/ 7y71) f<57yp(s,§s))HEd8.
0

Then by (H4), by the Lebesgue dominated convergence theorem, we have

|P'y™ — Ply|lpc — 0 as n — 4o0.

Step 4: P! is compact.



36 Mouffak Benchohra, Sara Litimein

I. PY(B,) C B, because |Ply| <r.

Il. We show that P! maps a bounded set into a equicontinuous set of B,.

Case 1. For the interval ¢t € [0,¢1], 0 < 73 < 79 < t1, any y € B,, one has

[(Pry)(m2) = (Pry)(m1)|| g < 1Sa(m2) = Salm)l B lI9lls

+/||S<T2—s>— S(r = )50 (5, T, >|\Ed8+/ns (2 = ) (5,05,
0

T1

T2

< 180 (r2)=Salr0) () |0l 0(d) [ 150 (r2=5) = Sa(ri =) gyp(5) s+ 2100d) [l .
0

T1
Case 2. For the interval t € [t;,5;),i=1,2,...,N, t; <7 <19 <s;, any y € B,, one has
|(Py)(r2) — (P'y)(11)||, = 0.

Case 3. For the interval ¢t € (s;,t;41],1=1,2,...,N, 8; <7 <15 <#;+ 1, any y € B, one has

(P ) (72) = (Pry)(m) | p < [[Sa(m2 = 50) = Salmi = 50| 5 ) 198 (36, Do, ., )l e

+/||Sa(72 —58i) = Sa(m1 — HB(E £ (s, Yo(s, HEdSJr/HS (s yp(sy HEdS
0

<|[Salre = si) = Salr1 — Si)HB(E) lyd +G")

T2

d)/||sa(72—si)—sa(n =5y p(s) ds+M¢(d)/p(s) ds.
0

T1

From the aforementioned equation, we find that ||(P'y)(m2) — (P'y)(m1)|| — 0 as 72 — 71, since
S (t) is continuous in the uniform operator topology. So, P! is equicontinuous. As a consequence of
Steps 3-4, together with the Arzeld—Ascoli theorem, we can conclude that P! : B, — B, is continuous
and completely continuous. By using Krasnoselskii’s fixed point theorem, the operator P = P! 4 P2
has a fixed point, which is a solution of problem (1.1)—(1.3). O

4 An example

We consider the fractional differential equation with a state-dependent delay of the form

¢
ou 1

n (t,z) — Ta-1) / (t — 5)* 2Lyu(s,z)ds

_ e Mult —o(u(t,0)),2)] el W
= S e T —atuge oy 0 € Ul il

u(t,0) = u(t,m) =0, ¢€][0,b],

u(r,x) = uo(r,2), 0€ (—00,0], x€0,n],

u(t,z) = Gi(t,u(t — o(u(t,0)),z)), (t,z)€ (t;,s] % [0,7], i=1,2,...,N,

where 1 < a < 2,0 =1%) =859 < t1 <tag < - <ty—1<sy <ty <ty+1 = b are pre-
fixed real numbers, o € C(R,[0,00)), v > 0, L, stands for the operator with respect to the spatial
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variable x which is given by L, = 88—; — 7, with » > 0. Take E = L?([0,7],R) and the operator
A:=1L,;:D(A) C E — E with domain D(A) := {u € F: v € E, u(0) = u(r) = 0}. Clearly, A
is densely defined in E and is sectorial. Hence A is a generator of a solution operator on E. For the
phase space, we choose B = B, defined by

= {qb € C((—00,0],R) :  lim e"?¢(0) exists}

60— —o0

with the norm

Iglly = sup e|g(6)].

e (—00,0]

Notice that the phase space B, satisfies axioms (A1), (A2) and (As) (see [15] for more details). Set

y(£)(2) = ut, ),
6(0) () = uo(0. 2),

L ee(0)
16.9)@) = 3= e +|¢<o D)
9i(t, 9)(z) = Gi(t,u(t — o(u(t,0)),z)),
p(t.0) = t — 0(6(0,0).

Let ¢ € By be such that (Hy) holds, and let ¢ — ¢; be continuous on R(p~). Then by Theorem 3.5,
there exists at least one mild solution of (4.1).
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MIXED AND CRACK TYPE PROBLEMS OF THE
THERMOPIEZOELECTRICITY THEORY
WITHOUT ENERGY DISSIPATION



Abstract. In this paper, we study mixed and crack type boundary value problems of the linear
theory of thermopiezoelectricity for homogeneous isotropic bodies possessing the inner structure and
containing interior cracks. The model under consideration is based on the Green—Naghdi theory
of thermopiezoelectricity without energy dissipation. This theory permits propagation of thermal
waves at finite speed. Using the potential method and the theory of pseudodifferential equations on
manifolds with boundary we prove existence and uniqueness of solutions and analyze their smoothness
and asymptotic properties. We describe an efficient algorithm for finding the singularity exponents
of the thermo-mechanical and electric fields near the crack edges and near the curves where different
types of boundary conditions collide. By explicit calculations it is shown that the stress singularity
exponents essentially depend on the material parameters, in general.
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1 Introduction

Theories of thermo-mechanics of continua consistent with a finite speed propagation of heat recently
are attracting increasing attention. In contrast to the conventional heat transfer theory, these non-
classical refined theories involve a hyperbolic-type heat transport equation, and are motivated by
experiments exhibiting the actual occurrence of wave-type heat transport (second sound). Several
authors have formulated these theories on different grounds, and a wide variety of problems revealing
characteristic features of the theories has been investigated.

Green and Naghdi [13,14] in 1993 developed a thermo-mechanical theory of thermoelastic bodies
based on an entropy balance law rather than an entropy inequality (hereinafter we refer this theory
as Green—Naghdi theory). The linearized form of this theory does not sustain energy dissipation and
permits the transmission of heat as thermal waves at finite speed. Moreover, the heat flux vector is
determined by the same potential function that determines the stress. The thermal waves propagate
with finite speeds and the solution has no dissipative term.

Almost complete historical and bibliographical notes to this direction can be found in the reference
[16] where the dynamical equations of the thermopiezoelectricity without energy dissipation are derived
on the basis of the Green—Naghdi theory established in [13,14] and Eringen’s results obtained in [9,10].

In the present paper we consider the pseudo-oscillation equations obtained by the Laplace trans-
form from the dynamical equations derived by Iegan in [16] for homogeneous isotropic solids possessing
thermopiezoelectricity properties without energy dissipation. We formulate the basic, mixed and crack
type boundary value problems (BVP) and prove existence and uniqueness of solutions. Our main tools
are the potential method and the theory of pseudodifferential equations. Solutions to the mixed and
crack type boundary value problems have singularities near the crack edges and near the lines where
the different types of boundary conditions collide, regardless of the smoothness of the boundary sur-
faces and given boundary data. Throughout the paper we shall refer to such lines as exceptional
curves. We carry out a detailed theoretical investigation of regularity and asymptotic properties of
thermo-mechanical and electric fields near the exceptional curves. By explicit calculations we show
that the stress singularity exponents essentially depend on the material parameters, in general. We
describe an efficient algorithm for finding the singularity exponents of the thermo-mechanical and
electric fields. The obtained asymptotic formulas allow us to establish optimal regularity results for
solutions.

2 Basic equations

Let © = QF be a bounded 3-dimensional domain in R? with a simply connected piecewise smooth
Lipschitz boundary S = 99, and Q = QU S. Throughout the paper n(z) stands for the outward unit
normal vector to S at the point x € S. We assume also that the origin of the co-ordinate system
belongs to €.

By C*(Q) we denote the subspace of functions from C*() whose derivatives up to the order k are
continuously extendable to S from Q and by C§°(€2) the space of infinitely differentiable test functions
with compact supports in Q C R3.

The symbols { - }§ and { - } 5 designate one sided limits on S from © and Q~ := R\, respectively.
We drop the subscript S if it does not lead to misunderstanding.

By Ly, Lpioc, Wy, W;loc, Hj, and By , (withr >0,s€R, 1 <p<oo,1<q< o0) are denoted
the Lebesgue, Sobolev—Slobodetskii, Bessel potential, and Besov function spaces, respectively (see,
e.g., [23]). Recall that Hy = W3 = Bj,, H5 = Bj ,, sz = B;w, and HI’f = Wf, for any r > 0, for
any s € R, for any positive and non-integer ¢, and for any non-negative integer k.

We use the notation v;, . ;,, for the components of tensor v of order m and employ the usual Einstein
summation convention where the subscripts range over the integers {1,2,3}. Partial derivatives with
respect to spatial variable z; we denote by 9; = 9/0x;, j = 1,2,3, while a superposed dot denotes
partial differentiation with respect to the time variable t.

We consider an elastic body that at some instant occupies the region 2 of the Euclidean three-
dimensional space and is bounded by a piecewise smooth Lipschitz surface S.
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We restrict our consideration to the linear theory of homogeneous isotropic thermoelastic bodies
developed by Green and Naghdi [13,14]. According to this theory the system of the governing equations
consists of the following field equations [16]:

e The local form of the conservation law of linear momentum
Ojtji + pofi = potis, (2.1)

where t;; is the stress tensor, u = (u1,uz,u3) " is the displacement vector, f; is the external
body force per unit mass, and pg is the density in the reference configuration.

e The local form of the conservation law of the moment of momentum
dymji + gijitie + poXi = Ijjd;, (2.2)

where m;; is the couple stress tensor, ;5 is the alternating Levi-Civita symbol, X; is the external
body couple per unit mass, I;; are the coeflicients of inertia, and ¢; is the microrotation vector.

o Maxwell’s equations for the quasi-static electric fields
8ij = f and Ek = —6k1/), (23)

where D is the electric displacement field, f is the density of free charge, E is the electric
intensity, and 1 is the electric potential.

e The local form of energy balance
poé = tijéi]‘ + mijjfij + 771'4'—1' +ep + P089 + 81((1)29) + EiDi’

where e is the internal energy per unit mass, ¢ is the microstretch function, 7; is the microstretch
stress vector, s is the external rate of supply of entropy per unit mass, 6 is the absolute temper-
ature, ®; are components of the entropy flux vector,

eij = Ojuj + €jinbr,  »ij = 09, G = Oip (2.4)
and
€ = 0;mj + poF — job, (2.5)
where jg is the microstretch inertia, and F is the microstretch body force.

e The equation of entropy
poTon = qj,; + po@, (2.6)

where 7 is the entropy per unit mass and unit time, Tg is the initial reference temperature, that
is, the temperature in the natural state in the absence of deformation and electromagnetic field,
q; is the heat flux vector

qi = To®;,

and @ is the external rate of supply of heat per unit mass.

The quantities ¢;;, my;, ™, €, D;, ¢; and pon for homogeneous isotropic media can be expressed via
Ui, Giy , ¥, 9 by the following constitutive relations [16]:

tij = Aepp0ij + (1 + 2)esj + peji + Aowdi; — BoT'dsj, (2.7)
Myj = atppGij + Botji + vo2i5 + bogijiCr + Ai€jin Bk + voei 1019, (2.8)
Ty = oG + N Ej + boersistrs + 10,0, (2.9)
€ = Xoerr + &0 — coT, (2.10)
D; = —\iegjpray — MG — v30:0 + X E, (2.11)
¢ = To(vaersisrs + v1G + kO + v3Ey), (2.12)
pon = Boerr + cop + aT, (2.13)
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where ¥ is the temperature change to a reference temperature Tp,
t
T=60-T, 19=/Tdt7
to

0i; is the Kronecker delta and A, u, s, Ao, Bo, a, B, v, A1, V1, ag, Ao, 1o, &o, Co, a, k, v3, and X, are
constitutive constants, then the field equations (2.1)—(2.3), (2.5), (2.6), read as [16]

(1 + )0;05u; + (N + p)d;05u; + 22451001 + Nodip — Bodid + pofi = poili, (2.14)
Y0;0;b; + (a + B);0;0; + e jkOjun — 23¢6; + poX; = lodi, (2.15)

(aoajaj — 50)30 — )\28]-8]-1/1 + 1/18]'8]‘19 — )\oaju]' + 0019 + p()]: = jogé, (216)
A20;0;¢ + x0j05% + 130;0;9 = — f, (2.17)

(2.18)

_ . 1
kzaj@jﬁ — 608juj —ad — Cop + V16j8j<p — u38j8j1/) = —?O poQ,

Let v = (eij, %5, Gir 0, T, iy Ey) and v = (e}, 545, C, @', T, 97, Ef). Introduce a symmetric bilinear
form

B(v,v') := Xegiel; + (1 + )esjel; + pejiei; + Aoleji@’ + €5;0) + Eopy’
+ k’ﬂj’ﬂ; + Oé%“‘%;-j + ﬂ%jiﬂgj + ’y%ij%gj + bOsijk(%ijC]lg + %z{jgk)
+ V2Eijk(%/ij19;€ + %;jﬁk) + aogg + 1 (191@/ + 19;@) + XEiEz{ +aTT'. (2.19)

The corresponding quadratic form B(v,v) can be represented as follows:

B(v,v) = Fi(e11, €22, €33, 9) + Fa(e12, €21, €13, €31, €23, €32) + F3(2211, 222, 2233)
+ Fy(sn12, 513, 001, 623, %31, %32, C1, C2, (3, V1, U2, V3) + F5(En, Eq, E5,T), (2.20)

where

Fi(e11,e22,e33,9) = (A +2u + »)errerr + Aerreas + Aeqress + Aoer1p + Aeazery
+ (A4 20 + x)eazean + Aezess + Ageaop + Aeszern + Aeszean
+ (M + 2p + 3)eszess + Aoesz@ + Aowerr + doweas + doess + Egp?,

Fy(e12, €21, €13, €31, €23, €32) = (1 + »)e12e12 + pe1zear + (1 + »)e1zens
+ peizest + pearers + (p + s)earear + peazess + (p + s)easeas
+ pezrers + (p+ x)ezresr + pesgeas + (1 + x)eszess,

F3(5211, 5092, 3233) = (o + B+ y) 112211 + Quaer1 329 + Quaey1 3633 + Quaegp 1y
+ (oo + B+ 7) 30025000 + Qustpose33 + (uaezzaeny + ez + (4 B 4 v) 333033,

Fy(s12, 201, 513, 7231, 503, 232, (1, G2, (3, U1, U2, U3) = se12(y2e12 + Breor + bo(3 + v203)
+ 3021 (Br12 + v321 — bo(3 — v2U3) + se13(7ysn13 + Brez1 — bola — v2va)
+ 231 (Bre13 + Y2831 + boCa + v2V2) + s023(y3223 + Beza + bo(r + v201)
+ re32(Bre2s + Y32 — b1 — v21) + C1(boseas — boses2 + aola + vivh)
+ Ca(—bore13 + borez1 + apla + v12) + (3(bose1a — bosear + aoCs + v103)
+ 01 (vaseas — vase3p + v1C1 + k1) + Do (—vasa3 + vosesy + vi(o + kida)
+ U3(vas12 — vosr + 1G5 + ki3),

F5(E1,Ey, E3,T) = XE;E; + aT?.

Throughout the paper we assume that B(v,7) is a positive definite form with respect to the vector

v = (eij7 Hijy Cj? ®, T7 197;7 E’L)7
B(v,v) >0 for all v #0. (2.21)
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From the positive-definiteness of the forms Fy, Fy, F3, Fy, and Fs, by Sylvester’s criterion we derive
the following necessary and sufficient conditions for form (2.20) to be positive definite:
>0, s+2u>0, 2+2u+3X>0, & (3¢+2u+3)\) > 3)\2,
v > 18], agk —vi >0, B+v+3a>0, x>0, a>0, k>0, ag>0, (2.22)
ao(y — B) > 263, (v — B)(aok — vi) + 4borrve — 2agvs — 2kbg > 0.

Further, we assume also that
po >0, Inp >0, jo>0. (2.23)

3 Equations of pseudo-oscillations

Let the sought functions u;, ¢;, @, ¥, ¥, as well as the sources f;, X;, F, f, @ involved in the system
of equations (2.14)—(2.18), be harmonic time dependent, i.e.

ui(fvv t) :eTtui(x)a ¢Z(.%', t) :eTt¢i($)v ‘P(xv t) :eTtQD(x% w(l', t) :eTtd}(w)v 79($7 t) :eTtﬁ(x)ﬂ
fi(xv t) ze‘rtfi(x)v XI(Z‘, t) :eTtXi('r)7 .7:(]}, t) :eTt]:('r)7 f(xv t) :6th($), Q(J?, t) :eTtQ(x)v
where 7 = 0 + iw is a complex parameter, o,w € R. Then equations (2.14)—(2.18) lead to the system
(1 + 5)9;0;u; + (A + p)9;0:u; — 7° pous + 3€1560; bk + Aodip — TV = —po fi, (
10;0;¢i + (v + B)0;0idj — 72 Lo + 384 djus, — 252 = —poXi, (
(aoajﬁj — fo)QO — T2j0§0 — )\Qajajw + Vlajajﬁ + 7'0019 — )\Oaj'LLj = —[)0./_'.7 (
Xajajw + )\gaj@jcp + Vgéjaj’ﬁ = 7f, (
1
kaj(’)jﬁ — 720 — Tﬁoajuj‘ — TCop + V18j6j<p — V38jajw = —? pQQ. (
0
If 7 is a pure imaginary number, we obtain the steady state oscillation equations, and if 7 = 0,

then we get the equations of statics.
Constitutive relations (2.7)—(2.13) for pseudo-oscillation state read as

tij = NOpurdij + (1 + 3)0;uj + €k dr + udju; + Xowdi; — TBoVdi;, (3.6)
m;j = adyrdi; + BO;jdi + V0;dj + bogijrk Ok + AMijkOkty + vagiji Ok, (3.7)
m; = ap0;ip — A20;1) + boeki Ok + 110;9, (3.8)
€ = AoOruy + fo(p — Tcod, (3.9)
Di = —M\iepiOkdr — X20ip — 1309 — x 00, (3.10)
¢ = To(v2ciriO1dr + 1109 + k0¥ — v30;1)), (3.11)
pon = BoOkug + cop + Tad, i,j=1,2,3. (3.12)

Denote by
A(&, T) = [Aij(& T)]9><9

the matrix differential operator generated by the left hand side expressions in (3.1)—(3.5),

Aij(0,7) = 615 (u+ 2)00 + (N + p)0:0; — T2pobijy  Aij+3(0,7) = =320,
Ai7(0,7) = Xo0;, Aig(0,7) =0, Ai(0,7)=—71Bu0;, Aiy3;(0,T)=—3e;;0,
Aiy3,43(0,7)=0i70101+ (a+B)0;0; — (25c+7°10)0i5,  Aiysjre(0,7)=0, A7;(0,7)=—X0;,
A7.i43(0,7)=0, A7 (0,7)=0a00,0; —(&0+72%0), A7(0,T)=—X20,01, Arg(0,7)=11010; + Tco,
Agj(0,7) =0, As;13(0,7)=0, Ag7(0,7)= X200, Ags(9,7)= x99,

Agg(0,7) = 13010, Agj(0,7) = —7Podj, Agj4+3(0,7) =0,

Ag7(0,7) = 11010; — Tco, Ags(0,T) = —130,0), Ago(0,7) = k00, — T%a, i,j=1,2,3.
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Then we can rewrite system (3.1)—(3.5) in the matrix form
A0, T)U =9, (3.13)
where

U= (ulau27u37¢17¢27¢3a()07¢719)—r7

1 T
® = —(Pofhpof2,pof37PoX1,poX27poX3, poF, f, T POQ) :
0

4 Generalized stress operator and Green’s formulae

Let n be a unit vector field on Q coinciding with the outward unit normal vector to 9. Introduce
the generalized stress operator 7 (9,n,7) = [T;jx(0,n, T)]oxo defined by the relation

T(aanv']—)(uthauSa d)la ¢)23 ¢37 9077/}719)1—

~1 T
= (tinu, tigng, tigng, mpng, mygng, mysng, mng, —Ding, T qing)

)

where t;;,m;;, 7, D;, ¢; are defined in (2.7)—(2.13). Entries of the matrix 7(0,n, ) read as

Tii(0,m, T) = An;0j + pn;0; + 65 (p + s0)n Ok,  Tij+3(0,n, T) = —sce; KNk,
Tiz(0,n,7) = Aong,  Tig(0,n,7) =0, Tio(0,n,7) =—7Foni, Tits,;(0,n) =0,
Tit3,j+3(0,n,7) = an;0; + Bn;0; + 670k,  Tiys,7(0,n, T) = boerinniOk,
Tit3,8(0,n,T) = MerigniOk, Tits,0(0,n,T) = vagpniOk, T7;(0,n,7) =0,
Tz7,j+3(0,n,7) = =boejxniOk, Tr7(0,m,T) = agngOk, Tzs(0,n,T) = —Aong Ok,
T79(0,n,T) = inkly, Tgj(0,n,7) =0, Tg,;43(0,n,7)=—NiegjxmiOk, Ts7(0,n,T) = Xany0k,
Tss(0,n, T) = xnigOk, Tso(0,n,7) =v3ny0k, To;(0,n,7) =0, Tg;+3(0,n,T) = —vaerjunOk,
To7(0,n, 7) = v1ngOk, Tog(0,n,7) = —v3ndk, Too(0,n,7) = kni0y, 4,5 =1,2,3.

For a domain with smooth boundary and smooth complex valued vector functions

U= (U17U2,U37¢1,¢2a¢37%¢719)—r € [CQ(Q)P}’
U= (u/lau/27uév¢&a¢/2;¢éa§0/7w/a19/)T € [CQ(Q)]Q

the following Green formula holds

/A(@,T)U-U’dx:/{T(@,n,r)U}+-{U’}+ ds—/E(Uﬁ) da, (4.1)
Q o0 Q

where the overbar denotes complex conjugation operation, the central dot designates the scalar product
in the complex space C?,

E(U,U") = (p + 5)0ju;i0;u} + 72 pouins + A0ju; 0y, + pdsu;05ul + seeijrdrdiul + Nowpdin,
— TR0V} + 70;$:0;¢; + (23 + T2 1o) hi} + ;;0;0; + BO;0;0; 0}
+ »€ijn0iuidy, + bogijrOrpdid; + MeijnOpp iy + vagijrOk¥0; b 4 adjpd;e’
+ (€0 + T250) 0@’ — X000 + 110;00;¢" — Tegd@’ + Nodjuj@’ + bogijr0id; Ok’
+ X090 X200 4 130,900 — M40 PO + k0;00;9" + 72090’
+ 7B00ju;9 + 110;00;9" + TcopV — v30;10;0" + vae; 10 PROY . (4.2)

By standard limiting procedure Green’s formula (4.1) can be extended to Lipschitz domains and to
vector-functions U € [W, ()]° and U € [W},()]° with A(9,7)U € [L,(Q)]° 1 < p < oo, % + ﬁ =1.
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With the help of Green’s formula (4.1) we can correctly determine a generalized trace vector
{T(0,n,7)U}* € [B,y2/P(99)]° for a vector function U € (W, ()]2 with A(9,7)U € [Ly(Q)]° by the
relation (cf. [20])

{T@,n, ) UY {U'}" ), = / [A(0,7)U -U" + E(U,U")] du, (4.3)
o

where U € [W),(Q)]° is an arbitrary vector function. Here the symbol (-, -)so denotes the duality

between the function spaces [By, ,1,/ P(09)]° and (B, 1/ P (89)] which extends the conventional Lo inner
product for complex valued vector functions,

aQ—/ng gj(x)dS for f,g € [L2(09))°.

aq J=1

Introduce the boundary operator ’7~'(8,n, T) = [’7’(8,71,7)”-]%9 associated with the formally adjoint
differential operator A*(9,7) = AT(-0,7),
27~§j(8, n,T) = An;0; + un;0; + 65 (i + 3¢)ny Ok, 7~§,j+3(87n,7) = — €Nk,

Tor(@,n,7) = Xons, Tis(@om,7) =0, Tio(d,n,7) = Thoni, Tivs;(0,m,7) =0,
7~§+3,j+3(37n7T) = an;0; + pn;0; + 05 yniOk, 7~§+3,7(37ﬂ77) = boeikn Ok,
7~;+3,8(8,n77) = \i€isni Ok, 7~§+3’9(8,n,7) = Vo€ Ok, 7~—7j(37n,7) =0,

7~'7,j+3(8,n,7') =0, Tr(0,n,7) = agnidp, Trs(0,n,7) = AaniOi,  Tro(8,n,7) = v1ni0,
Tsi(@.n,7) =0, T r3(d,n,7) =0, Tsr(d,n,7) = —Xenidp, Tss(d,n,7) = xnudy,
7~§9(8,n,7) = —u3n 0O, 7~§j(37 n,7) =0, ’75d+3(87n,7) =0,

7~§7(3, n,T) = v1ngk, 7~§8(8,n,7) = v3nOk, %g(a,nﬁ) = kn0y, 1,5 =1,2,3.

From (4.1) we deduce Green’s second formula,

/ [A(0,T)U-U" = U - A*(9,7)U'] da
= / [{T(@, nﬂ')U}Jr AU — {’7’(8,n,T)U'}+ . {U'}ﬂ ds. (4.4)
o0

From Green’s formulae (4.3) and (4.4) by standard limiting procedure we derive similar formulae

for the exterior domain Q= provided vector functions U, U’ € [W},,.(27)]? N Z(Q7) and A(9,7)U

is compactly supported. The class Z(27) is defined as a set of functions U possesing the following
asymptotic properties as |z| — oc:
ug(z) = O(|z|7?), djur(x) = O(|2|72), ér(z) = O(|z[?), 9;on(z) = O(lz[~?),
p(z) = O(|lz|™), 9jp(x) = O(|z[72), Y(x) = O(lz[7"), d(x) = O(jz|7?), (4.5)
d(x) = O(|z|7?), 9;0(z) = O(|z|7?), k,j=1,2,3.
Note that the fundamental matrix of the operator A(0,,7) with 7 = ¢ +iw, ¢ > 0, > 0, possesses
the decay properties (4.5) (see Appendix B).

If A*(0,, ) U’ is compactly supported as well and U’ satisfies the decay conditions (4.5), then the
following Green formulae hold for the exterior domain €27:

UT @)UY AU} ),y = — / (A0, 1)U - U + E(U,T7)] dr, (4.6)

Q-
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/ (A0, 1)U -U' — U - A*(8,7)U"] da
= —/ [{T(a,n,T)U}‘ AU —{U} - {%(a,n,T)U'}‘} ds.
o0

We recall that the direction of the unit normal vector to S = 0 is outward with respect to the
domain Q = QF.
Denote by £(U, V) the sesquilinear form on [H3(2)]° x [H3(22)]°

EWU.V) = / B(U, V) da, (4.7)
Q

where E(U,V) is defined by (4.2).
For U = (uy,ug,us, g1, b2, d3,0,0,9) ", v = (eij, 715, (5, 0, T, Ui, Ey), where e;; = dyu; + €jindn,
sij = 0195, G = Oip, T =70, ¥; = 99, E; = —0;%, we have

E(U, U) = B(’U75) + 27;)\15ijk Im(@lgbjak@) + 22)\2 Im(ajgoaji) + 211/3 Im((’?jwajg)
+ 2i7Bo Im(9u;9) + 2iTeo Im(p0) + 7% (pouitt; + lodd + jo® + avv). (4.8)
Therefore from (4.7), (4.8), (2.21), and (2.22) it follows that
Re&(U,U) > c1||U||[2H5(Q)]9 - cz||U||[2H3(Q)]9 for all U € [Hj(Q)]° (4.9)

with some positive constants ¢; and ¢y depending on the material parameters and on the complex
parameter 7, which shows that the sesquilinear form £(U, V') defined in (4.7) is coercive.

5 Boundary value problems and uniqueness theorems

Here we preserve the notation introduced in the previous subsections and formulate the boundary
value problems for the pseudo-oscillation equation (3.13) assuming that

T=0+iw, o0>0,20 welk.

Further, let S, (m = 1,2,...,10) be proper sub-manifolds of JQ such that S1USy = S3U8, =
SsUSe=857USs =8S9gUS19g=09, 51 NSy =5N85,=8N855=57NS5s =S59NS510=2.
We consider the following boundary value problems.

The general mixed boundary value problem (G)}: Find a solution

U= (u17u2;u33¢17¢27¢37§03¢319)—r € [W;(Q)]g

to the pseudo-oscillation equation (3.13) with ® € [L,(Q)]°, 1 < p < oo, satisfying the boundary
conditions

U; = ﬂl on Sl, tjmj = a on SQ, ¢Z = 51 on Sg, mg;n; = ’ffll on S4,
p=p on S5, TN =7 on Sg, Y= 1; on Sz, Djn; = l~)i on Sg, (5.1)
v="1 on Sg, gqjnj =q on S, =123,

where u;, 5,;, P, {/;, 5, €, My, T, D and q are given functions. Here equation (3.13) is understood in
the distributional sense, the Dirichlet type conditions are understood in the usual trace sense and the

1/p

corresponding data belong to the space B,l,;, , while the Neumann type conditions are understood in

the generalized functional trace sense and the corresponding data belong to the space Bp_,ll,/p.

The Dirichlet problem (D);: Find a solution

U= (u,,0,9,9)" € [WHQ)°

p
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to the pseudo-oscillation equation (3.13) with ® € [L,(2)]°, 1 < p < oo, satisfying the Dirichlet type
boundary condition
{U}T=Ff on S, (5.2)

1-1/p

where f € [Bpp '7(9)]° is a given vector function.

In the case when U satisfies the homogeneous equation
A0y, 7)U =0 in Q, (5.3)

we denote the corresponding problem by (D).

The Neumann problem (N)I: Find a solution
U= (u,6,0,0,9)" € W, (Q)°

to the pseudo-oscillation equation (3.13) with ® € [L,(Q)]°, 1 < p < oo, satisfying the Neumann type
boundary condition
{T(8p,n,7) U} =F on S, (5.4)

—1/p

where F € [Bpp'"(S)]° is a given vector function.

In the case when U satisfies the homogeneous equation (5.3) we denote the corresponding problem

by (N)j—r,o-
Mixed boundary value problem for solids with interior cracks. Let us assume that a solid
under consideration contains an interior crack. We identify the crack surface as a two-dimensional,
two-sided manifold ¥ with the crack edge /. := 9%. We assume that ¥ is a proper part of a closed
surface Sy C € surrounding a domain Q¢ C € and that ¥, Sy, and ¢, are C*>°-smooth. Denote
QE =0 \ i

We write v € W (Qx) if v e W) (Q0), ve Wy (Q2\ Q), and 7‘50\5{0}Jr = rso\f{v}’.

Recall that throughout the paper n = (n1,n9,ng) stands for the exterior unit normal vector to
0 and Sy = 0Qy. This agreement defines the positive direction of the normal vector on the crack
surface 3.

Further, we assume that S is dissected into two smooth subsurfaces, the Dirichlet part Sp and the
Neumann part Sy, S = Sp N Sy, and consider the following mixed BVP (MQ)t:

(i) on the subsurface Sp there are given the displacement and the microrotation vectors, the mi-
crostretch function, the temperature and the electric potential functions (i.e., on Sp there are
given the components of the vector {U}* - the Dirichlet data);

(ii) on the subsurface Sy there are prescribed the mechanical stress vector, the normal components
of the microstretch stress vector, the heat flux, and the electric displacement vector (i.e., on Sy
there are given the components of the vector {TU}T — the Neumann data);

(iii) the crack surface ¥ is mechanically traction free and we assume that the microstretch function,
temperature, electric potential, and the normal components of the microstretch stress vector,
heat flux, and the electric displacement vector are continuous across the crack surface.

Reducing the nonhomogeneous differential equation (3.13) to the corresponding homogeneous one, we
can formulate the above mixed problem mathematically as follows: Find a vector function

U= (u,¢,0,0,0)" = (u1,...,u9)' € [Wpl(Qg;)]g with 1 < p < oo,
satisfying the homogeneous differential equation
A0, 7)U =0 in Qy, (5.5)
the crack conditions on X,

{[TU;}" =F on %, j=T8, (5.6)
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{[TU];}  =F; on %, j=1.6, (5.7)
{ur}* —{ur}™ = fr on 3, (5.8)
{[TU1}" = {[TU):}” =Fr on %, (5.9)
{us}™ —{ug}™ = fs on 3, (5.10)
{[TU1s}" = {[TU)s} ™ =Fx on %, (5.11)
{ug}™ —{ug}™ = fo on 3, (5.12)
{ITUl}" = {[TU)e}” = Fy on £, (5.13)
and the mixed boundary conditions on S = SpUSn,
(U}t =g on Sp, (5.14)
{7'U}Jr = g™ on Sy. (5.15)

We require that the boundary data belong to the natural spaces,

1

~1—1 ~_1 1—1 1
fr: fss fo € Bpp” (¥), Fr, Fy, Fo € By’ (X)), Q(D) € [Bp,pp(SD)]ga Q(N) € [Bpp (SN)]gv (5.16)

and the compatibility conditions

~_1
Ej+ 7Fj_ € Bp’;(z), J = 1767

are satisfied.

Remark that if U € [W(Q5)]? solves the homogeneous differential equation (5.5) then actually
we have the inclusion U € [C*°(£2x)]° due to the ellipticity of the corresponding differential operator.
In fact, U is a complex valued analytic vector function of spatial real variables (z1, z2,z3) in Q.

Now we prove the uniqueness theorem (cf. [16, Theorem 3.1]).

Theorem 5.1. Let conditions (2.22) and (2.23) be satisfied and let U = (u, ¢, ¢, 1, 9) be a solution of
the problem (G)T for the homogeneous equation (5.3) satisfying the homogeneous boundary conditions
(5.1) forp=2. Then, u=¢ = =19 =0, and 1 = const. Moreover, if S; # &, then » =0 as well.

Proof. Due to (2.1), (2.2), we have the system of equations

djtji — T pou; = 0, i=1,2,3, (5.17)

oymj; + eirtin — 2 lop; = 0, i=1,2,3, (5.18)
0jmj — € —T2jop =0, (5.19)

0;q; — TpoTon =0, (5.20)

9;D; =0, (5.21)

where t;;, mj;, 7, €, ¢;, 1, D; are defined from (3.6)—(3.11).
Multiply (5.17), (5.18), (5.19), (5.20), and (5.21) by u;, ¢;, P, ¥, and 1, respectively, and integrate
over . In view of (2.4) and homogeneous boundary conditions we find

/ (tijéij + gijktijak + TQID()’U,iﬂi) dl’ = /njtjiﬂi dS = 0, (522)
Q oN
/ (mij?ij — 5ijktij$k + TQIQ(biai) dr = /njmj@i dsS =0, (523)
Q o0
/ (m@ +€p + 7'2j0<p¢) dr = /nm@dS =0, (5.24)

Q o0
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1 - _ _
—/ (qﬁﬂ? + TpOT(Jm?) dx = /niqﬂ? dS =0, (5.25)
Ty
Q 90
Q o9

By summing equalities (5.22)—(5.25) and complex conjugate of (5.26) we obtain

/(tijéij +1m % +m@+e¢+%0 q:0;0+7pond+ D, E;+77 (PouiﬂiJrIo(baJrjo@@)) dr=0. (5.27)
Q
By virtue of (2.19) the integrand in (5.27) can be rewritten as
Aeii€jj + (1 + x)eij€ij + pejiCiy + Aowej; — BoTejj + asaistj; + Bacjistiy + Vi
+ bogijkCiij + Mejinij By + vagiji3ij 060 + ao(iC; + A Ei(;
+ bogijr#iiCh, + 110;9C; + Xoej; P + E0pP — coTP — Mi€jin i Ex
— MC B — v30,0E; + XEiE; + vag;jr ;0,0 + 11(;0;0 + k0;90;9
+ v3E;0;0 + 7foe;;0 + Teowd + TaTV + 72 (pouih; + To¢d + jopP)
= B(v,) + 1Bo(ej;0 — €;;9) + Tco (0 — V) + 72 (pouiT; + Iodpg + jop@ + add),
where B(v,v") is the bilinear form with respect to the variables v = (e;;, 55, G, ¢, T, 0;9, E;) and
v = (e}, 5,,CL e’ T, 09", EY) defined in (2.19),
B(v,v") = /\€ii€}j +(pn+ %)eije;j + Mejiegj + Xo(ej;¢" + 6}]’%0) + oy’ + a%ii%;‘j
+ Baejir; + yoij g + bocigr (545G, + 25 Cr) + vacijn (54060 + 325 00)
+ aoCiCl 4+ 11 (0;9¢, + 0;9'¢;) + XEiE; + koY 09’

Due to (2.22) we have B(v,7) > 0 for any complex valued vector v # 0.
Let 7 = 0 +iw, 0 > 0. Separating the real and imaginary parts of (5.27) we get

/ (B(v,@) — 2w Im(e;;7) — 2weo Im(pd)
Q
+(0” — w?) (polul® + Io|o|* + jole|* + a|19|2)) dz = 0, (5.28)

/ (20ﬂ0 Tm(e;;9) + 20¢ Tm(o0) + 20w (polul® + To||? + jol|® + a|19|2)) dz = 0. (5.29)
Q
Multiply (5.29) by w/o and add to (5.28) to obtain

[ (B9 + 0+ ) (olul? + Tlof? + ol + alo?)) s = 0
Q
implying |u| = |¢| = |¢| = [9] = 0 and [ x|E|? dz = 0. Whence E = — grad 1) = 0 and thus ¢ = const.
Evidently, if S7 # &, then ¢ =0 follovSv)s7 which completes the proof. O
From Theorem 5.1 the following uniqueness theorem follows directly.
Theorem 5.2. Let S be Lipschitz surface and 7 = o +iw with 0 > 0, 2 0 and w € R.
(i) The basic Dirichlet BVP (D)} has at most one solution in the space [W3(Q)]°.

(ii) Solutions to the Neumann type BVP (N)I in the space [W4(2)]° are defined modulo a vector of

T

type UN) = (0,0,0,0,0,0,0,b,0)", where b is an arbitrary constant.
(ili) Mized type boundary value problem (MC)f has at most one solution in the space [W3(Qx)]°.

Similar uniqueness result for p # 2 will be proved later.



Mixed and Crack Type Problems of the Thermopiezoelectricity Theory Without Energy Dissipation 51

6 Properties of potentials and boundary operators

The full symbol of the pseudo-oscillation differential operator A(9,,7) with Re7 # 0 is non-singular,
ie.,

det A(—i&,7) #0 V€& € R\ {0}.

Moreover, the entries of the inverse matrix A=(—i &, 7) are locally integrable functions decaying at
infinity as O(|¢|~2). Therefore, we can construct the fundamental matrix I'(z,7) = [[y;(x, 7)]oxo of
the operator A(9,,7) with the help of the Fourier transform technique,
D(z,7) = F o [A7 (=g, 7).

The structure of the matrix A=!(—i&, 7) allows to represent the fundamental matrix I'(x, 7) in terms
of elementary functions (see Appendix B). These explicit formulas imply that in a neighbourhood of
the origin the fundamental matrix possesses the property I'(z,7) = O(|Jz|~!), while the columns of
I'(x,7) satisfy the decay conditions (4.5) at infinity.

Here we collect some necessary results for our analysis. Proofs of the theorems below are similar
to the proofs of their counterparts in [2,3,8,17,18].

Let us introduce the single and double layer potentials:

V(h)(x) = Vs(h) = / Tz — y,7) h(y) dyS,

s
- T
W) = Ws(h) = [ [T0,000). 90 — 5. 0)T] 0l d, 5
s
where h = (hy,ha,...,hy) " is a density vector function.

Theorem 6.1. Let 1 <p<oo,1 < qg< o0, s €R. Then the single and double layer potentials can
be extended to the continuous operators

s+1+% s+2

V(B (8)" = [Brg "] W [B (9 — [Brg” (V)
B S) — [BERQOP, B8 B0,
(B3, ()] — [Hy @), (B, (9] — [H Q)]
B (S = o F@O)° (B (S)P = @)

1 1
Theorem 6.2. Let hV) € [B, 2 (S)]°, h?) ¢ [B;q”(S)]g, l<p<oo, 1<qg<oo. Then

{V(h(l))(z)}i = /I‘(z—yﬂ')h(l)(y) dyS on S,
5

(W)@ =451 + [ [T0,n0), )G =.0)] h20) 4,8 on 5.
S

The equalities are understood in the sense of the space [Bll,;ll/p(S)]9 (cf. [21])

Theorem 6.3. Let hY) € [B, 7 (9)]°, h® ¢ [B;,T];(S)]g, l<p<oo, 1<qg<oo. Then

[TV} = 750 00) + / T(0:,n(2), 7T (2 =y, 7) KV (y) dy S on S,
S
(TWHE) NV = {TW(H®)(2)} ™ on s,

_1
where the equalities are understood in the sense of the space [Bp.g (S)]°.
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We introduce the following notation for the boundary operators generated by the single and double
layer potentials:

H(h)(2) = /F(z oy () d,S, z €S, (6.1)
S

K(h)(z) = /T(@Z,n(z),T)F(z —y,T)h(y)dy,S, z€S8, (6.2)
° ~ T

N = [ [0 )0 = r)T] b d,S, 25, (63)
S

L) (z) = {TW(h)(2)} = {TW(h)(2)} ", z€S5. (6.4)

Note that #H is a weakly singular integral operator (pseudodifferential operator of order —1), K and
N are singular integral operators (pseudodifferential operator of order 0), and £ is a singular integro-
differential operator (pseudodifferential operator of order 1). These operators possess the following
mapping and Fredholm properties.

Theorem 6.4. Let 1 <p < oo, 1< qg< 00, seR. Then the operators

M [By () = [By (9, M [H(9) — [HyH(9))°,
KN By f(S)° = By (S)°, KN [H(9))° — [Hp(9))°,
L:[By (9 = By (9, Lo [Hy(S) = [Hy (),

are continuous.

The operators H and L are strongly elliptic pseudodifferential operators, while the operators :I:% Iy+
K and i% Iy + N are elliptic, where Iy stands for the 9 x 9 unit matriz.

Moreover, the operators H, %Ig + N, and % Iy + K are invertible, whereas the operators —% Iy+ K,
—% Iy + N, and L are Fredholm operators with zero indez.

The following operator equalities hold in appropriate function spaces

1 1
CH:—ZIQ+IC2, HL':—ZIQ+./\/2. (6.5)

7 Existence and regularity of solutions to mixed BVP (MC),

Before we start analysis of the mixed problem we present here existence results for the basic Dirichlet
and Neumann boundary value problems. Using Theorem 6.4 and the fact that the null spaces of
strongly elliptic pseudodifferential operators acting in Bessel potential H,(S) and Besov B, ,(S) spaces
actually do not depend on the parameters s, p, and ¢, by quite the same arguments as in [3], we arrive
at the following existence results.

1

Theorem 7.1. Let 1 <p < oo and f € [B;;;(S)]g. Then the pseudodifferential operator
-1 -3 9 -3 9
27 Ig + N 2 [Bpp” (S)) = [Bpp” (9)]
is continuously invertible, the interior Dirichlet BVP (5.3), (5.2) is uniquely solvable in the space
[(W(Q)]? and the solution is representable in the form of double layer potential U = W (h) with the
_1
density vector function h € [B;p” (9)]° being a unique solution of the singular integral equation

27y + Nlh=f on S.

Theorem 7.2. Let 1 < p < oo and a vector function U € [W, (€2)]° solves the homogeneous differential
equation A(0,7)U =0 in Q. Then it is uniquely representable in the form

Ux) =V(H HUI) (), z€Q,
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_1
where {U}" is the trace of U on S from Q and belongs to the space [B;,,”(S)]g. Here H™1 is the
inverse to the operator H : B % — B %,

1
Theorem 7.3. Let 1 <p < oo and F = (Fy,...,Fy)" € [Bp}(9)]°.

(i) The operator
—27 o + K [Bpf (9))° = [Bpg ()] (7.1)

is an elliptic pseudodifferential operator with zero index and has a one-dimensional null space
spanned by the vector function hg = H~1¥, where

¥ :=(0,0,0,0,0,0,0,1,0)" on S. (7.2)
(ii) The null space of the operator adjoint to (7.1),

-2 g+ K* - [B), ,(S))” — [B)

"D

iS]

is the linear span of the vector (0,0,0,0,0,0,0,1, O)T.

(iii) The equation
[-27' g+ KJh=F on S, (7.3)

is solvable if and only if

/ Fy(x)dS = 0. (7.4)

S

(iv) If condition (7.4) holds, then solutions to equation (7.3) are defined modulo constant times
ho = H™1W with ¥ defined in (7.2).

(v) If condition (7.4) holds, then the interior Neumann type boundary value problem (5.3), (5.4)
is solvable in the space [W)(Q)]° and its solution is representable in the form of single layer
1

potential U = V(h), where the density vector function h € [By} (S)]° is defined by equation
(7.3). A solutions to the interior Neumann BVP in Q is defined modulo summand C U with
arbitrary constant C and VU given by (7.2).

Now we start investigation of the mixed boundary value problem (MC),.
First let us note that the boundary conditions on the crack faces X, (5.6) and (5.7), can be
transformed equivalently as

(U} = {70} = Ff —F € i (%),

I
J—‘
o

I
—
o

9

(TU +{[TU)) = Ff + F € BA(S),

Therefore the boundary conditions (5.6)—(5.15) of the problem under consideration can be rewritten as

{7'U}+ =™ on Sy, (7.5)

(U}t =g on Sp, (7.6)

{(TU Y+ {[TU);} =Ff +F7 on =, j=T.8, (7.7)
{ur}* —{ur}”™ = fr on %, (7.8)

{us}™ —{us}™ = fs on X, (7.9)

{uo}™ —{ug}™ = fo on %, (7.10)
(T} = {[TU);} =F —F on %, j=1.6, (7.11)
7.12)

{[TU]7}+ —{[TUlz} =F; on %,

—_
[\

—~
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{[TU)s}" = {[TUls}” = Fs on %, (7.13)
{[TU)o}" = {[TU} =Fy on 3. (7.14)

We look for a solution of the boundary value problem (5.5), (7.5)—(7.14) in the form

V(H ™ h) + Wo(h®) + Vo(hY) in Qy, (7.15)
where
Vb ) (@) i= [T 5, mh D 0,5,
>
Wei®)@) i= [ [F(0yn). 0 = 5.7 h 1) 4,8,
>
VO @) = [T =50 D)) 4,8,
S

R = (hgi), cee hg))—r, i=1,2,and h = (hy,...,hg) " are unknown densities,

W e Brs)?. h® e B 7 (s)° =5 6y19
AV e [Bpp(2)]7, A € [Bpp”(8)]7, he[Bpy”(9)]. (7.16)
Due to the above inclusions, clearly, in the potentials V., and W, we can take the closed surface Sy as
an integration manifold instead of the crack surface X. Recall that ¥ is assumed to be a proper part
of Sop = 09y C Q (see Section 5).

The boundary and transmission conditions (7.5)—(7.14) lead to the equations:

re Ah g [TWo(h®)] + 1, [TVe(h™M)] = g™ on Sy, (7.17)
re b+ [Wc(h(g))] +rs, Vo(hM) = ¢gP) on Sp, (7.18)
re [TVHTR)] 4 g [LhP] 4 g [Ko(BW)], =27 H(F + Fj7) on B, j =16, (7.19)
where
f h(2) f h(z) f93 j :Fji _Fj+7 j:1767

WY = —p, nl = —Fs, h§Y) = —Fy on ¥,
and A := (=271Iy + K)H ! is the Steklov—Poincaré type operator on S, and

Lo(h®)(2) = {TWe( h<2>>( )} = {TWe(h®)(2)}” on %,
Ko (h™M)( /T d2,n(2), ) T(z —y, 7)hV(y) d,S on X.

As we see the sought for density 2(*) and the last three components of the vector h(?) are determined
explicitly by the data of the problem. Hence, it remains to find the density h and the first six
components (2 = (h:(LQ), ey héz))—r of the vector h(2).

The operator generated by the left hand side expressions of the above simultaneous equations
(7.17)~(7.19), acting upon the unknown vector (h, h(?)), reads as

SNA Tsn [TWeloxe
Q:= s, 1o [rs, Weloxe )

r [TV(H ™ Y]exo 75 [Leloxe 24x15

Sp
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where [M],,x» denotes the upper left m x n dimensional block of a matrix M of dimension mg x ng
with my > m and ng > n. This operator possesses the following mapping properties:

Q: [Hy(S))” x [Hy(2)]° — [Hy~ (Sn)]” x [H(Sp)]* x [Hy (D)),

p

Q: (B 4(9))° x [B; o(£))° = [By,' (Sn))° x B} ,(Sp))° x [By ' (D), (7.20)

D,
l<p<oo, 1<g<00, seR.

Our main goal is to establish invertibility of the operators (7.20). To this end, by introducing a
new additional unknown vector we extend equation (7.18) from Sp onto the whole of S. We will do
this in the following way. Denote by g(()D) some fixed extension of g(P) from Sp onto the whole of S
preserving the space. In particular, for the zero vector ¢’ = 0 on Sp we always choose the fixed
extension vector g(()D) =0on S.

Introduce a new unknown vector w on S

w=h+r [Wa(h®)] +r Vo(h) — g5 (7.21)

It is evident that w € [ p.p (SN)] in accordance with (7.18), (7.16), (5.16), and the imbedding

1
g(()D) € [B,l,,p” (9)]°. Moreover, the restriction of equation (7.21) on Sp coincides with equation (7.18).
Therefore, we can replace equation (7.18) in system (7.17)-(7.19) by equation (7.21). Finally, we
arrive at the following simultaneous equations with respect to unknowns h, w, and h(:

ro AR+ 1, [TWeloxs(h®) = g on Sy, (7.22)
h—w+r, [Weloxs(h?) = g? on 8, (7.23)
Ty [TV(?—[_I)]ﬁxg(h) —|—7“2[£C}6X6(E(2)) ¢® on %, (7.24)

where
g0 = g™ = v [TVehO)] =1, [TWe(((0)1x0. 57 187 167) ) .
9@ = gt = v [Veh™)] = o [We((10)1xo 7,0 0 )]
9% =27 (F 4 F7) = [Keloxo(hD) = | Lo (0o, b, 1 16V) )

with F* = (FE . FHT.
Rewrite system (7.22)—(7.24) in the equivalent form

re Aw+ 1y [TWelows(h®) =y AlrsWeloxe(h®) = ¢ —r, Ag® on Sy, (7.25)
—w+h 475 [Weloxs(h®) = g? on S, (7.26)
re[TVH )], o (h) + rs[Lloxs(B) = ¢®) on 3. (7.27)

Remark 7.4. Systems (7.17)—(7.19) and (7.25)—(7.27) are equivalent in the following sense:

(i) if (h, R®)T solves system (7.17)-(7.19), then (w, h, h®)T with w given by (7.21) where g(()D) is
some fixed extension of the vector ¢P) from Sp onto the whole of S involved in the right hand
side of equation (7.26), solves system (7.25)—(7.27);

(i) if (w, h, A®)T solves system (7.25)~(7.27), then (h, h)T solves system (7.17)~(7.19).
The operator generated by the left hand sides of system (7.25)—(7.27) reads as

r. A (0] re R

SN SN

M= |-r rslg (s Weloxe
[0]6x9 TE[TV(H_l)]fsxg rslLefoxo 24%24

)
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where
R = [TWeloxe — Alrs Weloxe.

This operator has the following mapping properties:

M [H(SN))? % [HE(S))? x [H3(2)]® — [H3 1 (Sn)]° x [H5(8)]° x [Hy 1 (2)]°,
M (B (Sh))? % [B 4(9)]° x [B5 o (D)]° — [B (Sw))° x [Bs ,(S)) x [Ba,H (D)), (7.28)
l<p<oo, 1<g< o0, seR.

Due to the above agreement about the extension of the zero vector we see that if the right hand side
functions of the system (7.17)—(7.19) vanish then the same holds for the system (7.25)—(7.27) and vice
versa.

The uniqueness Theorem 5.2 and properties of the single and double layer potentials imply the
following assertion.

Lemma 7.5. The null spaces of the operators Q and M are trivial for s =1/2 and p = 2.

Now we start to analyse Fredholm properties of the operator M.
For the principal part My of the operator M we have

A [0]9><9 [0]9x6
M() = —TSIQ 7“519 [0]9><6 s (729)
[0]6X9 [0]6><9 r):‘c(l)

24x24
where £V := [£ ]6x6-

Clearly, the operator My has the same mapping properties as M and the difference M — M, is
compact.

By the same arguments as in [3], we can establish that the operators £, and A are strongly elliptic
pseudodifferential operators of order 1, therefore £(!) is a strongly elliptic pseudodifferential operator
as well. Moreover, we have the following invertibility results.

Theorem 7.6. Let 1 <p<oo,1<qg<o0,1/p—1/2<s<1/p+1/2. Then the operators

6

ro L0 [Hy ()] = [Hy ' ()], re®: [By(2)]° = [By ()]

(7.30)
are invertible.

Proof. With the help of the first equality in (6.5) we find that the principal homogeneous symbol
matrix of the strongly elliptic pseudodifferential operator £, reads as

S(Le;,8) = S(Lsy; m,6) i= [ — 47 g + &*(Ky; 7, €)] [S(Hy; 2,6)]
= [_ 4_1—[9 + GQ(Kc;xvg)] [G(Hc;x,f)]_17 T € i7 §e R? \ {0}7

where Hg, and Kg, are integral operators given by (6.1) and (6.2) with Sy for S.

One can show that the principal homogeneous symbol matrix of the operator K. is an odd matrix
function in £, whereas the principal homogeneous symbol matrix of the operator H, is an even matrix
function in £. Consequently, the matrix &(L.;z,§) is even in & (for details see [3, Lemma C.2]).

From these results it follows that £() is a strongly elliptic pseudodifferential operator with even
principal homogeneous symbol. Therefore the matrix [&(£™M); 2,0, +1)]7'&(LM); 2,0, —1) is the unit
matrix and the corresponding eigenvalues equal to 1. Now, from Theorem A.1 in Appendix A it
follows that the operators (7.30) are Fredholm with zero index for 1 < p < 00, 1 < ¢ < oo and
1/p—1/2 < s < 1/p+1/2. It remains to show that the corresponding null spaces are trivial. In turn,

~ _1
due to the same Theorem A.1, it suffices to prove that the operator r, L) : [H2 (X)]® — [H, > (%)]°
is injective, i.e, we have to prove that the homogeneous equation

reLPg=0 on ¥ (7.31)
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~1
possesses only the trivial solution in the space [H7 (X)]°.

Let g € [I?Q% (2)]° solve equation (7.31) and construct the double layer potential
U:(ulau'aUQ)TZWC(g)ﬂ gz(gaO,Ovo)T'

In view of properties of the double layer potential and equation (7.31), it can easily be verified that
the vector U € [W2(R3\ X)) is a solution to the following crack type boundary transmission problem:

A0y, T)U =0 in R\ %,
{ITU);}" ={[T0);} =0, j=T.6 on %,
{ue}t —{up}” =0, k=17,89 on %,
{(ITULY " = {[TUL} =0, k=7,8,9 on ¥

and satisfies the decay conditions (4.5) at infinity, i.e., U € Z(R3\ X).

Applying Green’s identities (4.1), (4.6) by standard arguments we can show that U = 0 in R?\ X.
Whence g = (g1,---,96)" = 0 on ¥ follows due to the equalities {u;}* — {u;}~ =g; on %, j = 1,6.
This completes the proof. O

Due to (4.9) the operator A is coercive and consequently is elliptic. Moreover, it is strongly elliptic.
Indeed, let A, be the operator A written in some local coordinate system with origin at the frozen
point z € S. Denote by A the principal part of the operator A, and let R3(n) be the half-space
y1m1(z) + yana(z) + ysns(z) < 0 with plane boundary R?(n) = OR?(n). Evidently, n(x) is the unit
outward normal vector to R3(n). From Green’s formula (4.1) with Q = R3(n), equality (4.8), and
positive definiteness of form (4.1) it follows that for all ¢ € [C§°(R?)]%, ¢ # 0,

Re / AL o) - oly) dy = / Re S (A;2,6)¢(€) - ¥(§)dE 20, ¥(§) = Fyme(o)(v),

R2(n) R2(n)

(cf. [19, Theorem 17]) which ensures strong ellipticity property of the symbol &(A; z, £), that is, there
exists a positive constant ¢ such that Re &(A;x,£)¢ - ¢ > cl¢||¢]? for x € S, £ € R2, ¢ € C°.

Let A\, k = 1,9, be the eigenvalues of the matrix ao(z) = [6(A;2,0,+1)] 7 1&(A; 2,0, -1), = €
by, = 0Sp = OSy, where &(A; x,€) with z € Sy and € = (&1, &) € R? is the principal homogeneous
symbol of the Steklov—Poincaré operator A. As we will see below one of the eigenvalues (Xg say) of
the matrix ag(z) equals to 1.

Let us introduce the notation

1 ~ 1 ~
r L ) " _ L )
o' = 1;%9 5 arg Aj(z), 6 121]129 - arg A;(z). (7.32)
zE€Lm z€l,,

Due to strong ellipticity of the operator A and since one eigenvalue equals to 1, we deduce that
-1/2 < ¢ <0 < ¢ < 1/2. Theorem A.1 in Appendix A implies the following assertion (cf. [3,
Theorem 5.19]).

Theorem 7.7. Let 1 <p<oo,1<qg<oo, 1/p—1/248" <s<1/p+1/24§ with ¢ and §" given
by (7.32). Then the Steklov—Poincaré operators

ro At [H3(Sn)]" = [HE U (SN, re, A [BSo(Sn)]° = B (S)]°

SN N

are invertible.
In turn, Theorem 7.7 leads to the following invertibility result.

Theorem 7.8. Let
1 1

l<p<oo, 1<g<L o0, 5

1 1
+0"<s<=+=-+44. (7.33)
p 2

Then operators (7.28) are invertible.
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Proof. From Theorems 7.6 and 7.7 we conclude that for arbitrary p, ¢, and s satisfying conditions
(7.33), the operators
Mo = [Hy(Sn))° x [Hy(9)]° x [Hy (5)]° = [Hy ' (Sn))” x [H(9)]° x [Hy ™ (2))°,

p p p p

Mo : (B} ,(Sn)]° % [B o (9))° x [B; o(D))° = [By' (Sw)]” x [By 4(9))° x [By ' (D),

with My defined in (7.29) are invertible. Therefore the operators (7.28) are Fredholm operators with
index 0.

By Lemma 7.5 we conclude then that for s = 1/2 and p = 2 operator (7.28) is invertible. The
null-spaces and indices of the operators (7.28) are the same for all values of the parameter ¢ € [1, +o0],
provided p and s satisfy the inequalities (7.33) (see [1, Chapter 3, Proposition 10.6]). Therefore, for
such values of the parameters p and s they are invertible. In particular, the nonhomogeneous system
(7.25)—(7.27) is uniquely solvable in the corresponding spaces. Moreover, it can be easily shown that

the solution vectors h, 1 do not depend on the extension of the vector ¢(P), while w does. However,
the sum w + g(()D) is defined uniquely. O

Due to Remark 7.4 we conclude that the operators (7.20) are invertible if p, ¢ and s satisfy
conditions (7.33).

With the help of this theorem we arrive at the following existence result for the original mixed
BVP.

Theorem 7.9. Let

<p< (7.34)

3 — 24" 1—26"

with &' and 8" given by (7.32). Then the BVP (5.5)—(5.15) has a unique solution U in the space
(W2 (Q)]°, which can be represented as U = V(H='h) + W(h?)) + V(b)) in Qg, where h, h(?),
and hY) are defined by the system (7.17)~(7.19).
Proof. The condition (7.34) follows from the inequality (7.33) with s = 1 — 1/p. Now existence of
a solution U € [W, (Qx)]° with p satisfying (7.34) follows from Theorem 7.8 and Remark 7.4. Due
to the inequalities —1/2 < &' < §” < 1/2 we have p = 2 € (3-%57, 7—557)- Therefore the unique
solvability for p = 2 is a consequence of Theorem 5.2.

To show the uniqueness result for all other values of p from the interval (7.34) we proceed as follows.
Let a vector U € [W}(Qx)]? with p satisfying (7.34) be a solution to the homogeneous boundary value
problem (5.5)—(5.15).

Then it is evident that

1—1 _1 1—1 1
{U}E € [Bpp” (), {TUYS € [Bpg (9)]°, {U}S € [Bpp” (D)), {TU}5 € [Bois (2))°,
- _ipl-e -
{U}; —{U}s € [Bpp” (D), {TU}; —{TU}y =0 on X.
By the general integral representation formula the vector U can be represented in {2y as
U=wW.({U}g —{U)Ve({TU}, —{TU}g) + WH{U}§) - V{TU}E),

ie.,

U=U"+W.(h?)+V.(hY) in Qy, (7.35)

where
WO = (TUY ~{TU)z, h® = (U} — {U}5 on %,

Ut = W{US) - V{TUYS) € Wy ().
Note that U* solves the homogeneous equation

A0, 7)U* =0 in Q.

Denote h := {U*}{. Clearly, h € [B;;l/p(S)]g. Since the Dirichlet problem possesses a unique
solution in the space [W(Q)]? for arbitrary p € [1,400), due to Theorem 7.2 we can represent U*
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uniquely in the form of a single layer potential, U* = V(H~1h) in Q (for details see [3, Chapter 5,
Section 5.6]). Therefore from (7.35) we get

U=V(H ' h)+W.(h?)+V,(h) in Qx.

Now, the homogeneous boundary and transmission conditions for U lead to the homogeneous
system (cf. (7.17)(7.19)) Q¥ = 0, where ¥ = (h, h® (D)7, Whence, ¥ = 0 follows immediately
due to invertibility of Q (see Theorem 7.8 and Remark 7.4). Consequently, U = 0 in Q. O

Let us now present some regularity results for solutions of the mixed boundary value problem
(5.5)-(5.15).

Theorem 7.10. Let 1 <t < oo, 1<q< o0,

4 4 1
395 ~P<

1 1 1
- _ = 5// - - 6/
1—25° 270 <s<ytgf

with &' and 6" given by (7.32), and let U € [W, (Qx)]? be the solution of the boundary value problem
(5.5)—(5.15). Then the following reqularity results hold:

(i) If
Ff F7 € Bi;'(%), Ff—F € B;'(%), j=16,
Fy € Bi7Y(S), fr€B; (%), k=189,
9P € [B;(Sp))°, g™V € (B (Sw))’,
then .
U e [H ()
(i) If
Ff F- e B '), Ff —F €B;;'(%), j=16,
Fr € B;;'(%), fu € B (D), k=1,8,9,
9P € (B, (Sp))°, o™ e [B:;'(SN))°,
then

Ue B, Q)

(iii) If a > 0 and

F F, € BX (%), Ff—F; € BL (%), j=1,6,
Fr € BLL(%), fr€C*X), refr=0, k=7,8,9,
9P € [C*(Sp), g™ € [BE L (SV)]’,
then L
Ue (] C”(®Q)). j=0.1,
al <y

where v = min{a, 1/2 + 6}, —1/2 < ¢’ <0 and Qo is an arbitrary proper subdomain of Q such
that ¥ C 0Q¢ = Sp € C* and Q1 = Q\ Q.

Moreover, in one-sided interior and exterior neighbourhoods of the surface Sy the vector U has c' e
smoothness with v' = min{a, 1/2}, while in a one-sided interior neighbourhood of the surface S the
vector U possesses C7 ¢ -smoothness with v = min{a, 1/24§'}; here € is an arbitrarily small positive
number.

Proof. The proof is exactly the same as that of Theorem 5.22 in [3]. O
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8 Asymptotic expansion of solutions

Here we investigate the asymptotic behaviour of solutions to the problem (5.5)—(5.15) near the ex-
ceptional curves ¢, and ¢,,. For simplicity of description of the method applied below, we assume
that the boundary data of the problem are infinitely smooth, F;", F;~ € C*=(%), F;" — F; € Cg°(%),
j=1,6, fr, Fr € C°(%), k =17,8,9, ¢P) € [C>(5p)]?, ¢ € [C’OO(SN)] where Cg°(X) denotes a
space of functions vanishing along with all tangential (to X) derivatives at £, = 9X.

In Section 7, we have shown that the boundary value problem (5.5)—(5.15) is uniquely solvable and
the solution U can be represented by (7.15), where the densities are defined by equations (7.17)—(7.19)
or by the equivalent system (7.25)—(7.27).

Let ® := (w,h, h®)T be a solution of the system (7.25)~(7.27): M® = G, where G is the vector
constructed by the right hand sides of the system, G € [C°°(Sy)]? x [C*(S)]° x [C*=(2)]5. To
establish the asymptotic behaviour of the vector U near the curves ¢, and ¢,,, we rewrite (7.15) as
follows:

VH ™ w) + Wa(@) + R, (8.1)
where

R = =V (H  [raWo(h®) + 1 Vo(hD) = g$P]) + Welfo) + Ve(h D),

with fO = (Oa0507070a0af77f8af9)—r'
Due to the relations

r Wo(h®) 4 r Vo(h) — g§P) € [C>(8))°,
WY = (Fy — Ff,... Fy — Fy,—Fy,—Fs,—Fy) € [C°(2)]°,
W’feCW)JW fs € C(X), h$? = fo e C5°(%).

we deduce s, R € [C*(9Q;)]%, where Q;, j = 0,1, are as in Theorem 7.10(iii).

The vector g involved in (8.1) is defined as follows: g = (h(Q), 0,0,0) ", where h2 solves the pseu-
dodifferential equation
ro LV R =™ on ¥ (8.2)

with T = ¥V 0T, Evidently,

v = 9 [TV( )]6><9(h)'

Finally, the vector w involved in (8.1) solves the pseudodifferential equation

ro Aw=9? on Sy, (8.3)

SN

where
U@ =g~ Ag® —r, ([TWeoxs(h®) — AlrsWeloxs(R®)) € [C(Sn))°.

As we have already mentioned, the principal homogeneous symbol G(E(l); r,8), 2 €N, £=(&,86) €
R2\ {0} of the pseudodifferential operator £(1) is even with respect to the variable ¢ and therefore
the matrix

[S(LM;2,0,+1)]

S(LW;z,0,-1), = €L,

is the unit matrix Is. Consequently, all eigenvalues of this matrix equal to one, Xj () =1, j =1,6,
x € .. Applying a partition of unity, natural local coordinate systems and local diffeomorphisms,
we can rectify £, and ¥ locally in a standard way. For simplicity, let us denote the local rectified
images of £, and ¥ under this diffeomorphisms by the same symbols. Then we identify a one-sided
neighbourhood (on X) of an arbitrary point = € £, as a part of the half-plane x5 > 0. Thus, we assume
that (x1,0) € £, and (21,22 4) € 3 for 0 < z9 4+ < e. Clearly, x2 + = dist(x, £,).
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Applying the results obtained in the references [6] and [7] we can derive the following asymptotic
expansion for the solution h(?) of the strongly elliptic pseudodifferential equation (8.2),

M

~ 1 1.p ~
h® (21, 22,4) = colar)ad , + Z cr(z)zg L + W2 (z1,224), (8.4)
k=1
where M is an arbitrary natural number, ¢, € [C*°(£.)], k = 0,1,..., M, and the remainder term

satisfies the inclusion N
A2 e [CMT e )5, f =t x [0,¢].

M+1 c,

Note that, according to [7], the terms in expansion (8.4) do not contain logarithms, since the
principal homogeneous symbol &(LM); z, €) of the pseudodifferential operator £(1) is even in &.

To derive analogous asymptotic expansion for the solution vector w of equation (8.3), we apply
the same local technique as above to a one-sided neighbourhood (in Sy ) of the curve ¢,,, and preserve
the same notation for the local coordinates.

Consider a 9 X 9 matrix ag(z1) constructed by means of the principal homogeneous symbol of the
Steklov—Poincaré operator A,

ag(w1) = [S(A;21,0,+1)] " S(A;21,0,-1), (21,0) € L. (8.5)

Note that unlike to the above considered case, now (8.5) is not the unit matrix and therefore we
proceed as follows. _

Denote by Ai(x1),...,Ag(z1) the eigenvalues of the matrix ag. Let p;, j =1,...,[,1 <1 <9,
be the distinct eigenvalues and m; be their algebraic multiplicities: mq + --- +my; = 9. It is well
known that the matrix ag(z1) admits the decomposition (see, e.g., [12, Chapter 7, Section 7]) ag(z1) =
D(x1)Tay (x1)D 71 (21), (21,0) € £y, where D is 9x 9 nondegenerate matrix with infinitely differentiable
entries and 7, has a block diagonal structure J,, (1) := diag{su1 (x1)B™) (1), ..., w(z1)B™)(1)}.

Here B®(t), v € {m4,...,m;}, are upper triangular matrices:
th=
(k o )‘ b j < k’
B (1) = o) (Ol B0 =4 1 ik
0, Jj >k,
ie.,
B t2 tl/—2 tl/—l ,
1 = ...
2! v-2)! (v—1)
tl/73 tl/72
. 1 t ..
B = | w—3)1 (—2)
0 0 0 1 t
0 0 0o .- 0 1
L <4 vXv
Denote

By(t) := diag { B (¢),..., B (t)}.

Again, applying the results from the reference [6] we derive the following asymptotic expansion for
the solution w of the strongly elliptic pseudodifferential equation (8.3):

1iA(z 1 _
w(zy,r24) = D(m)wii ( 1)Bo( ~om 10g$2,+)D H(a1)bo (1)
o L+ A1) +k
+Y D(e)a3 = T By, logws, ) + warga (w1, @a,4), (8.6)
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where by € [C™ (€))7, wars1 € [C®(GF ), 4 o = lm x [0,€], and
t k(2m0—1)
By (21,t) = Bo( - 7) Z tVdy;(x1).
=1

Here mo = max{my,...,mo}, the coefficients dy; € [C™(£,,)]?, A := (Ay,...,Ag), and
1 ~ 1 ~ 1 ~
Aj(@1) = 5 logAj(x1) = o arg Aj(z1) + 5 log|A; (1)),
—m < arg\;(z1) <m, (21,0) €4y, j=1,9.

Furthermore,

giA(’“) = diag {xf iA o L3 iAg(xl)}

Now, having at hand formulae (8.4) and (8.6) with the help of the asymptotic expansion of
potential-type functions obtained in [5] we can write the following spatial asymptotic expansions
for the solution vector U of the boundary value problem (5.5)—(5.15) near the crack edge ¢, and near
the collision curve ¢,

(a) Asymptotic erpansion near the crack edge (.:

lg mg—1 M+2 M+2-—1 A
3o+ -
Ua)= 3 |3 a4z ldD @+ Y S ahadz2 ) @) | + UG (@) (8.7)
p==£1 Ls=1 j=0 k,l=0 j+p=0
k+l+j+p>1

with the coefficients dgj)( . ,p),dii,l (1) € [C(L)]° and UI(VC[_i_1 € [CMT1(Q,)]%, j = 0,1. Here ;,
7 =0,1, are as in Theorem 7.10(iii3, and

Zo 41 = — (T2 + 23Cs 41), Zs,—1 = T2 — x3(s,—1, —T <argzs+1 <m, Cs41 € C(Le), (8.8)

where {(;, il} »_, are the different roots in ¢ of multiplicity ns, s = 1,...,lp, of the polynomial
det A(O)([Jl(xl,o 0)]~'ns) with ne = (0,£1,¢) 7, satisfying the condltlon Re Cs+1 < 0. The matrix
J,. stands for the Jacobian matrix corresponding to the canonical diffeomorphism s related to the
local co-ordinate system. Under this diffeomorphism ¢, and ¥ are locally rectified and we assume that
(21,0,0) € £, zo = dist(z™),£.), x3 = dist(z, X), where (> is the projection of the reference point
x € 2y onto the plane corresponding to the image of ¥ under the diffeomorphism .

Note that the coefficients dgj)( -, ) can be expressed by the first coefficient ¢y in the asymptotic
expansion (8.4) (for details see |5, Theorem 2.3]).

(b) Asymptotic erpansion near the collision curve (.,

lo ng—1
Uz Z {Z Z A {d( )xl, )zs;A(Il) "By ( 2%” logzs’#)}'cvj(xl)

p==x1 s=1 j=0
M+2 M+2—1 Alen)
I (m L+A(z)+p+k (m)
+ Z Z ToTy dsljp 1‘1,/0292# Bskjp(xlvlogzs,u) +UM+1(37)7 (8'9)
k,0=0 j+p=0
kd+ltjrp>1

where dgjﬁ)( , i) and dsl]p
(C=(En))?, Uy € [CMH (@), and

z;’”’;A(Il) = dlag{Z’H_A @) ,ZSIAQ(“)} kER, p==1, 1 € by

(-,p) are matrices with entries belonging to the space C*({,,), ¢; €

Bgkjp(x1,t) are polynomials with respect to the variable ¢ with vector coefficients which depend
on the variable x; and have the order vy, = k(2mo — 1) +mo — 1 + j + p, in general, where
mo = max{mq,...,m;} and m; +---+m; =9.

Note that the coefficients dg;n)( -, i) can be calculated explicitly, whereas the coefficients ¢; can
be expressed by means of the first coefficient by in the asymptotic expansion (8.6) (for details see [5,
Theorem 2.3]).
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9 Analysis of singularities of solutions

Let 2’ € £, and H(;,) be the plane passing through the point 2’ and orthogonal to the curve £.. We

introduce the polar coordinates (r,«), r > 0, —7 < a < 7, in the plane H;C,) with pole at the point

«’. Denote by X% the two different faces of the crack surface ¥. It is clear that (r,xm) € nE,
Denote the similar orthogonal plane to the curve ¢,, by Hg(;fl) at the point 2’ € ¢,, and introduce

there the polar coordinates (r, ), with pole at the point 2’. The intersection of the plane H(;?) and
Qs can be identified with the half-plane r > 0 and 0 < a < 7.

In these coordinate systems, the functions zs 11 given by (8.8) read as follows:
25,41 = —1r(cosa + (s +1(2')sina), z5,-1 =r(cosa — (s —1(2") sina),

where 2’ € L. UL, s = 1,...,lp. We can rewrite asymptotic expansions (8.7) and (8.9) in more
convenient forms, in terms of the variables » and a. Moreover, we establish more refined asymptotic
properties of the solution vector U = (u, ¢, ¢,v,9) T € [C°(2x)]? near the exceptional curves.

(i) Asymptotic analysis of solutions near the crack edge (..

The asymptotic expansion (8.7) yields
U= (ua ¢a 2 1/)7 19)T = a0($/7 04) 7,1/2 + al(x/a a) T3/2 +oeee (91)

where r is the distance from the reference point x € H;}) to the curve /., and a; = (aj1,..., Cl,jg)T,
j=0,1,..., are smooth vector functions of z’ € /..

From this representation it follows that in one-sided interior and exterior neighbourhoods of the
1
surface Sy = 9 the vector U = (u, ¢, p,1,9) " has C'z-smoothness.

(ii) Asymptotic analysis of solutions near the curve {,,.

The asymptotic expansion (8.9) yields

lg 1’7,5—1

U(z) = Z Z Z csjﬂ(ac’,a)r”’“‘sBo( - 2i7m logr)'cvsjﬂ(:c',a) +y (9.2)

p==£1s=1 5=0

where ' € £,

P70 = diag {r'“”‘;l, L., et },
(9.3)

1 1~ 1~ o
=g + oy arg\j(z'), §; = o log |\;(z")], j=1,9,

and Xj, j =1,9, are eigenvalues of the matrix
ag(a’) = [S(A;2/,0,+1)] T S(A;a’,0,-1), 2’ € Ly

Recall that here &(A;2’,€) is the principal homogeneous symbol of the Steklov—Poincaré operator
A = (=27 + K)YH~!. Moreover, the eigenvalues Xj, j = 1,9, can be expressed in terms of the
eigenvalues j3;, j = 1,9, of the matrix &(K;2’,0,41), where &(K;2’,§) is the principal homogeneous
symbol matrix of the singular integral operator K (see [4, Theorem 6.3)),

- 1428,
Aj = J =1,9. 4
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The symbol matrix &(K;2’,0,+1) is calculated explicitly

00 0 0O 0 0 0 0 0
00 —ia 0O 0O 0 0 0 0
0 ia 0 0O 0 0 0 0 0
0 0 0 0 0 0 ic ip g
00 0 0 0 —ib 0 0 0
00 0 0 b 0 0 0 0
S(K;a',0,+1) = ibg :

00 0 -2 9 0 0 0 0

2

i
00 0 -2 0 0 0 0 0

2y
00 0 -2 9 0 0 0 0
L 2y d9x9

where

a_l( A u) b_l(gﬁ;ifé)

A \NF2u42 ptx) T A\a+ By )

¢ = bobi1 + Aiba1 +v2b31, P = bobia + Aibay + v2b3a, q = bobi3 + A1baz + v2b33,
—1

ap —X2 U
[bjk]3x3 =X x 3 = (kxao + kX3 — xvi — 2Xoviv3 + agrd) ™!
11 —V3 k
kX + 1/32 k)\g — V13 xv1 + )\2V3
X | —kXo + 1113 kag — u12 —vag + Ay

Xv1+ Ao =Xy +agrs Xag + A3
The characteristic polynomial of the matrix &(C; 2’,0,+1) can be represented as

B3(B% — a®) (8% — b*)(27B* — cbo — pA1 — qua)
2y '

det (&(K;2',0,41) — BI) = —
Therefore we have the following expressions for eigenvalues of the matrix &(fC; 2/, 0, +1):

61,2 = :F\/ga 5374 = Fa, ﬂ5,6 = :Fba 57 = ﬂ8 = 59 = 07

where 1 1 bo + A1 +
Cbo T pA1 T V2
-, <z, d=————= . .
ol <5, <3, S >0 (9.5)
Then due to (9.4) we have
1—2iv—
1=2v=d o,
M= L= 1+2iv=d
A2 1_72\/& if d>0,
1+2Vd
~ 1—2a ~ 1 ~ 1-20 ~ 1 ~ ~ %
A3 = M==, s=——, ==, Mr=Xg=Xdg=1
3 1+2a7 4 )\37 5 1+2b7 6 57 7 8 9
Note, that Xg, . ,Xg are positive eigenvalues, whereas Xl, and Xg are positive if d > 0 (see Appendix A)

and | M| = [Xo| =1 if d < 0.
Applying the above results we can explicitly write the exponents of the dominant terms in the
asymptotic expansion (9.2)—(9.3):

1 1 1 1
n=g o arctan2v/—d, o = 3 + — arctan2v/—d, 6 =00, =0 if d <0, (9.6)
0 0
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1 1 . 1-2V/d

= = — 5:717 5:—(5 .fd>7 7
M=r=5, 1= H1+2\/g, 2 1 i 0 (9.7)
and
1
'73:'74:'75:'76:77:'78:79:§a
1 1—-2a 1 1—-2b
= — In—— = — = — In— = —0¢r = = = ().
3 o H1+2a754 03, 05 9 H1+2b756 05, 07 = dg =09 =0

Note, that By(t) has the form

. B =

1 0l6x
Bo(t)Zl 6 [0]6x3

[0lsxs B (t)

S O =

O~
~
—-
jarid
ISH
AN
=

and
Bo(t)=1y if d > 0.

Now we can draw the conclusions concerning the asymptotic behaviour of solution U to the mixed
problem near the exceptional curve /,,:

e If d <0, then the asymptotic expansion has the form

U — Cl,r’yl + 627,,1/2+Z63 + 637,1/27153 + C4T1/2+’L§5

+esrt/27 poeert 2 Ing + et In? e 4 gt/ g2 4 -

As we see from (9.5) and (9.6), the exponent v; characterizing the behaviour of the solution
near the line ¢, depends on the material constants and may take an arbitrary value from the
interval (0, %) In this case the solution possesses C'' smoothness in a neighbourhood of the
line ¢,,, and since vy < % the first order derivatives of solutions have non-oscillating singularities
near the exceptional curve /,,.

e Ifd >0, then

U= dl,rl/Q + d2T1/2+i51 T d3,r,1/2—'£51 +d47ﬁ1/2+i53
+ d57,,1/2—i53 + d6,,,1/2+7l65 + d77’1/2_i65 + (9(,],,3/2—6)7

where ¢ is a sufficiently small positive number. In this case the solution possesses C' 3-smoothness
in a neighbourhood of the line £,,.

10 Appendix A: Fredholm properties of strongly elliptic
pseudodifferential operators on manifolds with boundary

Here we collect some results describing the Fredholm properties of strongly elliptic pseudodifferential
operators on a compact manifold with boundary. They can be found in [1,11,15,22]. We essentially
use these results in Section 7 to prove the existence and regularity of solutions to the mixed boundary
value problem for a solid with an interior crack.

Let M € C™ be a compact, n-dimensional, nonselfintersecting manifold with boundary OM € C>
and let A be a strongly elliptic N x N matrix pseudodifferential operator of order v € R on M. Denote
by &(A;x, &) the principal homogeneous symbol matrix of the operator A in some local coordinate
system (z € M, ¢ € R™\ {0}).

Let A1(z), ..., A\n(z) be the eigenvalues of the matrix

[S(A;2,0,...,0,+1)] '&(A4;,0,...,0,—1), =€ dM,
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and let B
§j(z) =Re[(2mi) " 'InX;(z)], j=1,...,N.

Here In ¢ denotes the branch of the logarithm analytic in the complex plane cut alongi—oo, 0]. Due to
the strong ellipticity of A we have the strict inequality —1/2 < §;(z) < 1/2 for x € M. The numbers
d;(x) do not depend on the choice of the local coordinate system at the point . In particular, if the

eigenvalue Xj is real, then it is positive and consequently the corresponding d; = 0.
Note that when &(A, z,€) is a positive definite matrix for every z € M and £ € R\ {0} or when

it is an even matrix in £ we have §;(z) =0 for j =1,..., N, since all the eigenvalues X(z) (j=1,N)

are positive numbers for any x € M.
The Fredholm properties of strongly elliptic pseudodifferential operators are characterized by the
following theorem.

Theorem A.1. Let s€e R, 1 < p < oo, 1< q< o0, and let A be a strongly elliptic pseudodifferential
operator of order v € R, that is, there is a positive constant ¢y such that

Re (G(A,(E,f)é' ! C) > COK‘Q fO’f‘ T e ma g e R"”
with || =1, and ¢ € CN. Then
A:Hy(M) — H;7" (M), A: B (M)— By " (M), (A.1)
are Fredholm operators with index zero if

1 1
2;—1—1— sup d;(x) <s—Z<Zy d;(z). (A.2)

inf
TEIM, 1<j<N 2 p  zedM,1<iEN

Moreover, the null-spaces and indices of the operators (A.1) are the same (for all values of the
parameter q € [1,4+00]) provided p and s satisfy the inequality (A.2).

11 Appendix B: Fundamental solution
Let I' be the fundamental solution of the operator A(9, ),

A0, T)T(x) = 6(x) Iy, (B.1)

where §(z) is Dirac’s delta function and Iy is the 9 x 9 unite matrix.
Denote by F and F~! the direct and inverse Fourier transform operators in R?,

Fanlf) = 1O = [y do, g
R3

Fdil = s [ 0@ e, 2 e
R3

Applying the Fourier operator F to both sides of equation (B.1) we get

A(=ig, T)T(E) = I,
whence R
L(¢) = [A(—ig, )] (B.2)

From (B.2) it follows that r = (XM X)) where X*®) = (ka),...,Xék))T, k=1,...,9 is a
solution of the equation
A(—ig, 1) X® = B® (B.3)

with the right side B®) = ((C*)T (FENT G HE LENT  where
C®) = 81k, 021, 03x) ', F®) = (8up, 055, 061) T, GW) =67, H®) =3gp, LK) = 6.
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Introduce the notations

~ k) (k) (K & k - k) k) .3 k
a® = (2", 28,27, 0 = (2,2l 2f")T, ¢ =2V, §B =2l I0 =P (B4)
Then equation (B.3) can be rewritten as

[+ 29[ + 72po) @™ + (A + i€ - TM) +ielé x D] +idocd™ Wﬁo&? ® = —c®,

(1€l + <2z+ 721)] 28 + (a+ B)E(E - @) 4 ix[¢ x ] = —F®),
(aol€]? + €0 + 7270) 8% + Aa|€[20™®) — (11]€]% — 7o) I —ixg(€ - a®) = —G™)|  (B.5)

22l€2 3™ + x[EPP™) + val¢PIP) = —H®),

(kI€? 4+ 72a) 9% —irBo(€ - a®) + (1]€]? + 7o) BF) — vs|ePp™) = LB,

Multiplying the first and second equations of (B.5) by i¢ and denoting n® := i¢-a®, ¢*®) = j¢.d®)
we get

(@+B+NEL k)" 7 at+B+v’

for k = 4,5,6 and (¥} = 0 otherwise, whereas the remaining equations constitute a system of four
equations for unknowns 7]( ), pk) ¢(k) ﬁ(k)

C(k) __ 'L’gkf?, k2 7—2[0 + 2%

[+ 20+ 30) €] + 720] n™®) — Xo|€]2BH) + 7029 = —ig - C*),
(aol€* + & + 7250) ™ + Aol€2p™) — (nl¢)? - TCo)ﬂ(k) —don® = -G®,

~ ~ (B.6)
Aoe?e™ + x|£\2¢<’“> +walg9®) = —H®),
(k\£|2 + T2a)19 — 768om + (1/1|§| + Tco) — v3l¢| 1/J(k) — L"),
Denote by A(|¢[2) the matrix of coefficients of system (B.6)
[\ +2p + ) [€[* + 7% o] —Xol¢[? 0 7Bol¢[?
A(ep) = —Ao (aolé” + & +7%0)  Aalél* —(1lé]* — Teo)
0 Azl€[? XI€[? vsl¢]?
—7Bo (nl€l* + 7co) —vslé]*  (k[¢[* +7a)
Note, that ~
D(J¢[2) = det (A(l¢f))
can be factorized as
DE[) = dolé> (161 — k2) (161 — k2) (1€]? — K2),
where
do = (N 4 20 + 3)(aokx + aors + xv? 4+ 2 av1v3 — kA3)
and k7, k2, k% are the roots of the polynomial
P(z) = 2 + p12° + paz + p3 (B.7)
with
a+ b+
p1 = # { — kxA§ — 7% [a(se + A+ 2p) + B3] A3 — 27xBorovs — 27 BoAoAavs
0
= AJV3 + (32 + A+ 20)7% o (kx + v3) + ksexo + kA€o + 2kpxéo + »v3€0 + A3
+ 2uv2 0+ T (— kN2 4 v+ 2 11 v3) po+T2ag [a(%+)\+2u)x+xﬂg+(k‘x—kug)po} }7
2
Py = Aatf+) (aser?xap 4+ art*xag + 2apr?xag + ke xjo + kAT X o 4 2kuT*xjo

do
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+ 72)(@063 - kx)\% - a%TQAQ —a/\7'2)\2 - 2am’2)\2 - 263)\2 —27XxBo o1 — 27 By Ao 23
+ s jovs + AT jovs +2ur jovs — )\0’/3 +ksex€o+kAx€o+2kuxo+ 2580+ A5
+ 2/11/3&) + kT XaopPo — ]4}7' /\2/)0 + T XleO + 27’ /\2V1V3p0 + 7 aoygpo),

a+ B+ A

do x[ = ¢ + a(m?jo + )] o, (B.8)

p3 =

From (B.6) for n®), (%) $*) 9% we have
(n®), ™ §*), @(k))T — A (jgP) (iIC® ¢, G0, HW), L(k))T
implying
7D =il (x( = 723 + (162 + 07%) (€ + 7o) ) — 162 (161°kxao + ar>xa0 + € kAo
— ar? XX+ € xvi+ (e (AO—/\Q)+|§|2()\0+>\2)u1)u3+(£o+|§|2a0+72j0)u§)) Dﬁéz) ;

1@ = —ile (x( - 72 + (1€PK + ar) (6o + 7%0) ) ~ I€[2 (IE*kxao + arXao + € R0k
&
D(ieP)”
1 = = ile2 (x( = 72 + (16Rk + ar®) (& + 7o) ) — I¢[2 (1€ hxao + arxao + ¢ koA
&
DigP)”

- GT2)\0)\2+|£|2XV12+(TCo()\o—)\2)+|§|2()\0+)\2)V1)V3+(§0+|§\2a0+72j0)V§))

— at*XoAe+ € xvi+ (Tco()\o—/\2)+|§|2(/\0+)\2)V1)V3+(€0+|£‘2a0+72j0)1/§))
W =n® =y =0,
1™ = = €1 (~2xeoBo -+ €A + dava) + X (€ + arx + 163)) Gy
9 = (¢! (&2 +a72) A3 + 1€ dorn (7o — )
1
D(l¢?)’
1@ = J¢* (780 (x (0 + 1€a0 + 7o) — I€2A0A2 = Ao(=Txco + €01 + €2Aovs) )) ﬁ

+ 7(& + |€12a0 + %50 ) Bovs + TcoAo(TBo + Vg))

W =— |f|2< — 72xcoBo + [EPTXBov1 + Ao ((J€1°k + ar?) x + [€]Pvs(TBo + V3))) D(§|é|2) ,

5O = |2 ( — 72xcofBo + |EPTxBors + )\0((|§|2k +ar?)x + [€Pvs (160 + Vs))) % ’
50 = _ |§|2< — P2xeoBo + |€[2xBovt + )\0((|§|2k + CLTQ)X + [€[%vs(TB0 + V3))) D(£|2|2)’

W =50 =306 g
30 = — ¢l (16Pr2x85 + (16Pkx + ar®x + |€[23) (16 (e + A+ 200) + 7o) ) ﬁfl?)
56) |2 ((Tco — 1€PPu) ws (JE2 (3 + A+ 20) + 72p0)
+ 2o (1627288 + 627 Bovs + (16k + ar?) (1€2 ¢ + A+ 20) + 7200) )) ﬁ
) = J¢l? (mxco (IE[2¢ + A+ 21) = 700 = TxBoo
+@m+AW@mﬁw+A+mo+#mD)5éﬁy
ONIIE (AQ (|§|2k)\0 +7( = Teofo +atho + |£\2B0V1)>
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+ (T(&) +[€[*a0 +7%50) Bo — Ao (Teo + |f|21/1))’/3> D(€]2)
12;(2) = Z|£|2 <)\2(|§|2]€)\0 + T( — TCoﬂo +atXo + |£‘2ﬂ0y1)>
(6o Pao -+ 7200) = doren +1671) ) 13) 352

P = ief2 (o (Il + 7( = reaf -+ aro + €[ Born)

€3

+ (rl6o-+1€Pao-+ 700) 0 = da(ren + I6m) ) iy

DW= §6) = 5O =,
P =16 (o (167283 + (IEPK + ar) (I (e + A+ 20) + 7o)

_ V3< — €127 BoXo + (Teo + |€7v1) (1€ (3¢ + X + 20) + TQPO))) ﬁ ’
) = — 2180 (7 (€0 + |€[2a0 + 7o) Bo + Mo (reo — [€°m1) )

— (Ph+ar®) (= €PN + (60 + 1€ a0 + 7o) (IEP (e A 200+ 7200)

+ (reo + [€m) (I€P7Bodo + (e — [617) (162 + A+ 200) + 7o) D(\1§“|2) ’
GO =9 = ¢ (s = 12X + (& + I€[2a0 + 7o) (IE[2 (e + A+ 20) + 7200))

— AQ(\Q%BOAO + (o — [€PPm) (117 (e + A+ 2u) + 72”0))) ﬁ ’
DO = — ilé]? (780 (x (€ + 1€Pa0 + 7o) — [€2A0re) = Ao (rxco + €21 + € Aavs)) D(§|22) ’
T8 = =l (780 (x €0 + €an +7%5u) = € h0da) = do(rxeo + € + [€damn) ) s
T = = 12 (B0 (6 + Iea0 -+ 7240) = 1€-20A) = do{rxeo -+ € + [62harn) ) it
IO = §e) — 5o — g,
T = — |g2( = mxeo (J6 (¢ + A+ 21) + 7p0)

_ |§|2( — 7xBoo + (xv1 + Aovs) (|€]2 (3¢ + A+ 2p) + TzPO))) ﬁ )
0O = — vy (— 6PX3 + (6o + [€lPa0 + 7o) (1€ (5 + A+ 200) + 7200))

= Xo( = Ig2rBoro + (reo + €0) (161 (5 + A+ 212) + 7200) ) D|(§|;|2> ’
DO = — (e~ ePAod2 (1€ (e + A+ 202) + 7o)

+ x( — €208 + (€0 + [€1%a0 + 72j0) (€7 (3 + A + 2u) + ero))) m :

Rewrite the first two equations of (B.5) as follows:

(1 + 30)[€2 + 72p0) 0™ 4 ise[€ x B = —C®) 13X+ p)n™e — iNg€® +iTBocd™,  (B.9)
(Y1612 + (2 + 7210)] 88 +ise[e x a®] = —F®) 4 i(a + B)¢Pe. (B.10)

Taking cross product of £ with both sides of (B.9) and employ the identity

[Ex[Exa]] = (€ a)s—¢a
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we get
[(n+ )| + 72po) [€ x T®] — iscle PR = —[CH) x €] — 5¢Pe,
[VI€12 + (25 + 7210)| 88 +ise[¢ x aW] = —F®) 4 i(a + )¢ Pe.
Hence
B0 (¢) = i(C 3¢ + [CF) x €]) = (F®) —i(a + B)CWE) ((5¢ + p)|€]* + 72po)
0(¢§)
with

O(€) = (2« +91E* + 7o) (2 + )€1 + 72 p0) — * €.
Similarly, if we take cross product of £ with both sides of (B.10),

(1 + )€ + 72p0]a™) +ise[€ x ®B] = —C®) 1 i(A + u)n™e — ig€@®) + irBocd™,

[VIE? + (25¢ + 7210)] [€ x 8P| — isele]?ath) = —[F®) x €] — 5p®e,
we find
A9() = g [0+ w1 = ¥ = idagp® + ire™®)

X (YIE1? + 25 + 7200 + ise([F®) x €] + %n(k)f)} .

Let k3 and k2 be the roots of the quadratic polynomial

Q(2) = (20 + 7z + 7210 (3¢ + )z + 72po) — 5°2 = Y3 + 1) 2* + @12 + g2, (B.11)
where
@ =72po + (s + 1) (2 + 7°1o) — 5°, g2 = T polo,
then
T VE -t pe s o+ Ve - et e
2 2y(5 + 1) n 2y(5 + ) ’
1 _ 1 ( 1 _ 1 )
QUER) (et p)(k3 — k3) \[E]> — k3 [§]> — k3 /)’
and
eM(¢) = Q(|1§|2) [i5¢(CM 526 4+ [CW) x ]) = () — i+ B)CE) (e + €12 + 72p0) |, (B12)
a®)(€) = Q(|1€|2) [( — C® i+ p)n®e — irged®) +iTBoeIW) (v1€[2 +25¢ + 721)

+ise([F® x €] + xn““)g)}. (B.13)

From (B.12)—(B.13) we obtain

S0 _ e Sk 2@t H(CeAmE +7700)) £i€m —
A TR at Bt Er—m)QQep)” »m= b
@5 +3) = _6mj [(%+M)‘§|2 + TQPO] W’ m,) = 1,2,3,

o™ =0, j=1,23 m="18,9,

" = | (Ve + 25+ 72L0) (= 1+ 166 6m (= A ((kIEI +ar2)x + [€[2va(rBo + 13))
1

—|—Tx(fo—l—|§|2ao+72jo)507'50—|§|2>‘0(7Xﬁ01/1+(XV1+)‘2(T'BO+V3))TﬁO)))] Q0P
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+ [ (2 + O+ 6Py + 22+ 710) ) (IefPhSox + agor — Txcd + [€2kr o
+ arxjo — |€[* kAor2 — al€]PT? AN + €]\t
+ €% (Teo(Ao — A2) + €12 (Ao + A2)vr ) vs + [€1 (&0 + Th0)v3

+ ‘f|2ao(|§\2k’X + a7_2X+ |§|2V§)):| M ) jam = 172733
D([¢*)Q(I¢?)
(m . ¢ .
;_ ) = i3 jmn ngz) jm=1,2,3,
a7 = | (162 + 20+ 71) ((7xc0 + IE[xv + €2 A2v) (IE[2 (¢ + A + 20) + 7p0) 6o

+ 2o (161783 + (1€2kx + ar®x + €03)

2¢.
< 50+ 34 20+ 720) — €Prxsorin) )| Sxieh
- i[(%Q + A+ w) (€% + 25+ 7°1))) (TQXCoﬁo + €17 Bo (xv1 + Aovs)
de.
# ol + artx + ) | Bradogem = L2

") = | (16 + 2+ 7 1) ( (€0 + IEPan + 730w (162G + A+ 20) + 720 7o
3 (e2r22 + 1€k -+ ar) (e + A+ 20) + 72p0)

+ Ig[2rBo(vs — 7o) — I€[vs7ho)

2¢.
— Mo (€125 + X+ 20) + 7%po) (1€]*11(v3 — T80 — Teo(vs + Tﬂo))))] 2;(!%)
+i[(%2 + A+ ,u)(|§|2’y + 23 + 7'2]0)) ((|£|2k + a7'2))\(2) + €12 Xov1 (T80 — 13)
‘ €' :
+ T(EO + |£\2a0 +7’2j0)501/3 + TC(])\()(TﬂO + 1/3)):| l)(§||2|)Qj(|§|2)7 7=1,23,
a;g) = i[(|§|2’)’ + 23+ 721) (>\0< —7xco (|2 (e + A+ 2p) + 72 po)
+ €17 (= TxBoro + (xv1 + Aova) (|€7 (5e + A+ 2p) + 72/)0)))
= (= 1EPAOA (1€ (G + A+ 20) +72p0)
2¢.
#x(~ 1638 + (60 + €Pan + i) (PG + 3o+ 20) +720)) ) i) | 50
i (22 A ) (1627 + 25+ 7206)) (780 (x (6o + €%a0 + T250) — IE[2A02)
€]4¢; .
= (= xeo + 6P + 1EP0w) )| premioamy 4= b2

From (B.4) it follows that the Fourier transform of the entries of the fundamental solution matrix
have the form

Tjm = { [(y|g|2 + 25+ 721y ( —-1+ |§|25j§m( — A ((KIEP? + ar?)x + [€]2vs (B0 + v3))
+7x (&0 + 1€PPa0 + 7%50) BomBo — €12 X (TXBorr + (xva + A2 (T80 + V3))Tﬁo)>)]

+ [(%2 + (A ) (1€ + 22+ 7215)) (1€ R€ox + agor?x — T + [€[2k7 o

+attxjo — [€*kAoA2 — aléPT* XoA2 + €] xvF
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+ €% (Teo(Ao — A2) + €12 (Ao + A2)va ) vz + [€12 (&0 + T2h0) V3

2 2 2 2.2 |§‘25‘€m 1 . N
+ [P a0 (€ Rx + ar*x + I¢] V3))] DUER) }Q(ISIQ)’ jm=1,23,
T j(mts) = 15 jmi Q(€I£k|2) . jm=1,2,3,

fﬂ = {(|§|27 + 23+ 721) ((TXCO + 1€ xv1 + €12 Aaws) (€17 (3¢ + A+ 2p) + 72p0) TBo

+ 2o (€728 + (162kx + ar?x + [¢03)

2¢.
It A+ 20+ 72) = [P rasrin) )| S
[ + (ot W (1€P + 2+ 7210)) (7o + IETBo (v + Aovs)
d¢.
+ Xo (|€1Pkx + at?x + |€|21/§))] D(|§||§|)C§](|§|2)’ j=1,2,3,

L= {(ﬂ% + 2+ 70) ((50 + [€1a0 + 72j0) vs (1617 (5 + A+ 20) + 72 p0) 70
3 (16222 + (Jefk -+ ar) (e -+ A+ 20) + 72p0)

+ |€[2rBo(vs — 750) — I¢[vsBo)

€17
QUIEP)
+i [(%2 + A+ p) (17 + 25 + 7210)) ((|§|2k +ar?) A2 + €20 (T80 — vs)

ag
+7 (&0 + [€17a0 + 7%50) Bovs + Teo o (TS0 + VS))} D(|f|§|)5](|§|2) 7

Ljo=i [ufw + 25+ 7200) (Mo = 7xeo (1620 + A+ 20) + 72p0)

= Xo([EPGe+ A+ 2u) 4+ 72 p0) (|€1Pv1 (vs — 7B0) — Teo(vs + Tﬁo)))}

J=12,3,

+ €12 (= TxBoro + (xva + Aovs) (|67 (3¢ + A+ 2u) + T2,00)))

B ( — € AoA2 (|€7 (3¢ + A+ 21) 4+ 7o)

2¢.
x((~ 1629 + (60 + ePan + ) (e + 3+ 200 + 7)) ) | S5
4 [(%2 + A4 ) (€ + 2 + 7210)) (Tﬂo(x(fo +1€1%a0 + 72j0) — [€2A0N2)
|£]%¢; .
- )\0( — TXCo + ‘§|2XV1 + |§|2)\0V3)>] WQJ(MQ), J=12,3,
5 : &k (2 4+ (a+B) (e w)E]* +7%po)) £ibm )
T, m = im . 5 5 =1,4,9,
Fsm = ek ey at Bt (eE=k)Qqep) »m=h*?
_ 1
Fj+3,m+3 = _6m] [(%+ iu’)|§|2 + szO] W ) ] =123 m=1,...,6,

Pry =~ ( = 7xcoBo + €2 rxBom

& .
+ )\0((|§|2k+a7'2))(+ 1€)%vs(TBo + l/3))> D(|Z‘|2) » J1=1,2,3,
Ty =75 =T =0,
1

Trr = —[6f? (167768 + (1€ + ar®x + €8) (1€ (e + A+ 20 + 7o) ) e
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L7 = |§‘2((TCO - |§|2V1)V3(|§|2(%+ A+ 2p) + 7'2p0)

+ do(IE7285 + [€lPrBovs + (1€ + ar®) (162G + A+ 20) +700) ) ) ﬁ ’
Trg = |f‘2(TXCO(|§|2(% + A +2p) = 7%po — TXBo o
+ (XV1 + )\OVS)(‘HQ(% A+ 2'“) + T2p0))> ﬁ’

Ty = il (2 (I¢l2k20 + 7( = Teofo + aro + [€[280m) )

&
D(I¢I?)

+ (T(fo + [¢a0 + 7%50) Bo — Ao (Tco + |€|2V1))V3) , 7=1,2,3,

Tgy = g5 = Lgg = 0,

Dar = 00 = |2 (A2 (1617288 + (161 + ar®) (I[P (e + A+ 200) + 7200 )

_ u3< — €127 Boxo + (Teo + |€17v1) (JE]* (3 + A+ 2p) + 72p0))> ﬁ ’

Tgs = 9® = —[¢2r 6, (T(&J + [¢[Pa0 + 7%50) Bo + Ao (Tco — |§|2V1)>

— (6% + a72) ( = 61228 + (é0 + Ig[%a0 + 7%0) (€2 (¢ + A+ 200) + 72p0) )

+ (reo -+ 1€P0n) (€l rta + (reo — I6Fm) (€R e+ A +20) + 7)) e
Do = 00 = |¢P (va(— 6°X3 + (0 + 6P a0 + 750) (€ (e + A+ 20) + 7°00))
= o€ + (reo = €01) (€ +- A+ 2 + 7)) ) s
Doy = 0 = —ilél? (780 (x(€o + 1€12a0 + 7%j0) — l€*Aoe)
= Xo(Txeo + [¢[Pxn + €2 Aas) ) D(€|2“|2)’ i=1,23,
I'gy =T95s =T'gs =0,
Tor = —[é]?( = 7xco (|61 (¢ + A+ 202) + 7o)
= 1€ ( = o+ (o + Aars) (6120 + A+ 20 +7%50) ) ) e
Pos = —va( = €A + (& + 6P a0 + 7o) (JE2(x + A+ 200) + 7o)
= o = I€[2rBoo + (reo + [€[20) (16 (5 + A + 20) + 72po) ) D(€||§2|2) ,

Too = —|f|2( — [€PX0A2 (J€]? (52 + A+ 2) + 7% o)

+x(— IEPXS + (o + [€PPa0 + 7250) (167 (3¢ + A + 2p) “on))) ﬁ

Remark B.1. To perform the inverse Fourier thransform, for simplicity, now we assume that the
polynomials P(z) = 23 + p12% + paz + p3 and Q(2) = v(5c + p)2% + q12 + g2 defined in (B.7) and
(B.11) respectively have distinct non-negative roots in z. Note that this assumption does not follow
from conditions (2.22) and (2.23). Indeed, let 7 > 0 and choose A2 and ¢g, which are not involved in
conditions (2.22) and (2.23), sufficiently large. We will have p3 > 0 in view of (B.8) and therefore the
polynomial P(z) will have at least one negative root without violating conditions (2.22) and (2.23).

In what follows we will find an explicit representation of the fundamental matrix in terms of
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elementary functions by inverting the Fourier transform

I'(z) = (2;3 / e €T T(E) dE. (B.14)

R3
To this end, let us note that the functions

1 1 1 1
QU ™ D(EP) ™ DUEPQUER) ™ (€17 = EDQ(IEI?)

can be expanded as follows:

3 e

3 ey 1
\f| gfw K2 (|§\Lk%>c2<|s|2>:z|f\2 k2

(B.15)

L —0(3) 1 zﬁ: (3) 1 = ¢l —I—Z
D¢ ° €2 —k27 D(E)QE?) o’ |§|2 |€|2 k2’

where
1 -1
S = =) = (et w2 — kD))", P = (Yo + ) (k2 — k) (k2 — k2))
1 —1
& = (Yoe+ (K3 — KD — K3) ™' o) = —(dok3h2RE)
1

—1 —
AP = (dok3 (k3 — kD) (KF — k2) ', Y = (dok2 (k2 — KD (K2 — k2)) 7,

_ 6 -1
¥ = (dokdt — K0 )7 o = (2o T[)
j=2

e = ((oe + ok (k5 — K3) (k3 — k3) (K3 — K2) (k3 — k2))
e = (Y0 + ok (3 — K3) (3 — K2 (43 — R2)(KE — K2))
e = (Y0 + ok (3 — K3) (2 — 3) (k5 — k2)(KF — K2))
& = (7(oe o+ m)dok3 (2 — 1) (2 — K3) (K2 — k) (K2 — 12))
00 = (3604 i)R02 — KRR — K82 — KD )

Let kg = 0. Choose ky, p=1,...,6 so, that —7 < arg(k,) < 0 and denote by K,, p =0,...,6, the
functions

exp(—ikp|z|)

Ky(z) = , p=0,...,6. (B.16)

47 |x|

Then K, belongs to the space S’(R?) of tempered distributions in R* and
(A + k) Ey(2)==0(x), (&P = k) Kp(&)=1, F, (I€°Kp(€) =6(x) + kyKp(w), p=0,....6,

where K, (&) = Fae(Kp)(©)-
From (B.15) we get

3 3
7elg |£\) 2, Kol fém(ua? ; Q) — 2o Kala)

p 1

- ” (B.17)
7ol |e|) 2 » 7o BrEma |e|) 26"y

p=0
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where c§,3) =0,p=1,2,3, 054) =0.

To obtain the expression of the fundamental solution I', we have to evaluate the inverse Fourier
transform (B.14) of the Fourier image I'. Note that due to ellipticity of the operator A(9,T) its
fundamental solution I' belongs to C°°(R?\ {0}) N L}, .(R?) and therefore terms containing J(x) are
canceled. Taking into consideration relations (B.16)—(B.17) and properties of the inverse Fourier
transform operator we arrive at the following expressions for the components of the fundamental
solution matrix:

3
L) = 3 eV [ (Vk2 + 22¢ + 72, ( 14 k;@gm( — N2((kk2 + ar?)x + K2vs(7Bo + v3))
p=2

+ Tx(€o+kja0+7%50) BoTBo— ko (TxBovr + (XV1+/\2(Tﬂo+V3))TﬂO))>] K,()

6
-2 { 5 4 (A W) (k2 + 236 4+ 7210)) (K2k€ox + aor?x — 72X + K2k
p=0

+ attxjo — kpkAoda — aki T XA + kpxvi + k2 (Teo(Xo — A2) + k(Ao + A2)v) v

+ kf,(ﬁo + 7250 )va + kf,ao(kier +ar?y + kf,ug))] kf,@japr(x), j,m=1,2,3,
3
T (m3) () = 22€jm y_ VO (), jm =1,2,3,

3
Lj7(z) = Z cél) [(kz’y + 22+ 721) ((TXCO + kﬁxul + kzz)\gyg)

p=2

X (K3 (5 + X+ 2p) +72po) 7o + Ao (k,%r?xﬂg + (K2kx + ar’x + k203)

x (K2(3¢+ X+ 21) + 7%p0) — kf,rxﬁorﬁo))} k20, K, (x)
+ Z 05)4) {(%2 + A+ ,u)(k:f,v + 20 + 7'2]0)) (TQXCOBO + k:f,TBO(Xl/l + Aov3)

+ Ao(k2kx + ar?x + kgug))] kA0 K (), §=1,2,3,
3

Ijg(x) = — Z Cl(,l) {(kzv + 2+ 7°1Y) ((fo + k2 Sa0 + T jo)l/g( 2(3c+ A +2u) + 72p0) 8o
p=2

+ A2 (ki#ﬁ&ﬂkﬁkm#) (K2 (54 A+2) +7p0) + k27 B0 (v3 — 7o) —kgygTﬁ())

~ o (/{;12)(%+)\+2M)+7-2p0) (kf)yl(yg—r,é’o) —7co(vs +Tﬁ0))):| kf,&ij(m)

6
+> ey [(%2+(A+u)(k§v+2%+rﬂlo)) ((kf;mmmg+k§A0yl(Tﬁo_y3)

p=0
+7(&0 + kpao + 7250) Bovs + Tcodo(TBo + Vs))} ki Kp(x), j=1,2,3,
3
Ljo(x) = Z cz()l) [(k;f,’y + 23 + 721 (/\0( — TXCo (kg(% + A+ 2u) + 72,00)
p=2
+ k2 (= mxBoro + (xvr + Aows) (ko (se + A+ 2p) + 7 Po)))

- ( — k2 oo (K2 (3¢ + X+ 2u) + 77po)
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x(- kﬁ)\3+(§0+k§ao+T2jo)(’fﬁ(%+)\+2#)+7200)))Tﬂoﬂ K20, K ()
6

+ 37 e (324 Ot ) R+ 256472 10)) (780 (x(€o+ ka0 +7%0) ~ k2 Ao Do)
p=0

— Xo(—7xco + kﬁxul + kngyg))}kéaij({L’), ji=1,2,3,

p=2
3
+) (= + (o +5)<(%+”)k2+72/}0))80 Ky(x), j,m=1,2,3
p:1p Oé+ﬂ+"}/ jUm D p s S ) 4y 9y
3
Fj+3,m+3(m) = _ch()l)(sffu I:(%_F:u)kz + T2p0]Kp($), j = 172737 m = 17 s 767
p=2
6
I7j(z ZC [ (—T2X00ﬁo+kZTX50V1
p=0

+ o ((k2k + am?)x + k2vs(TBo + Z/3>))} 0;Kp(x), j=1,2,3,

F74(:C) = F75($) = F76($) = 0,
6

Trr(z) = — Z 023) [kg (k§7'2xﬁ0 (kzkx +ar?y + k2 )(k:Q(% FA+2u)+ T po))} K,(z),
=0

6

Prs(a) = ¢ [kg ((TCO — k2 (k7 (3 + A+ 2p) + 7°po)
p=0

+ Ao (k27282 + K27 Bovs + (k2K + ar2) (K2 (3¢ + A + 21) + 72,00)))} K,(z),
Tro(z 26: ® [k2 (Txco (K2(5¢ 4+ A+ 211) — 72p0 — 7xBoo
p=0
+ (xvn + Aovs) (K203 + A+ 2u) + 7'2p0>>)} K,(z),
Ds;(z) = 26: ®) [kg (AQ (k2kXo + T(—7coBo + atXo + k2Bov1))
p=0

+ (7(€0 + K2ao + 7%0)Bo — Ao(Teo + kgul))y?,)}ajz(p(x), j=1,2,3,

I'sa(z) = I'ss(x) = I'se(x) =0,
6
Fg7(x) = Z 65)3) [k; ()\2 (kf,TQ,Bg + (k:?)k + ClT2)(k'§(% +A+2u) +72p0))

p=0

— w3 = k270N + (reo + K2) (K2 (¢ + A+ 200) + 7o) )| K (),

6
Fsg ZC [ k2 Tﬁo ({0+k§ao—|—7’2j0)60+/\0(7'60 —k}?)l/l))
p=0

— (k2K + at?) (= k2XG + (€0 + k2ao + 7250 ) (k2 (3e + A+ 2p) + 72p0) )
+ (TCo+k2V1) (k’ZTﬁo)\o—F(TCO—kgl/ﬂ(kz(%+>\+2u)+7'2po)):| K,(z),

T'so(x Z el [k2( — k2AG + (o + k2ao + 7%j0) (K2 (3¢ + A+ 2) + 7°p0) )
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— X2 (K2mBoNo + (Teo — k2vn) (K2 (3e + A + 2p) + T%o)))} Kp(),
6
Loj(z) = ch(og) [kf, (780 (x(&otkpaotT2jo)— k2 AoA2) — Ao (TX00+1€,%XV1+7€§)\2V3))} 0, Kp(z),

J=12,3,

Ly7(z) = Z 01()3) [ — kf)( - TXCo(kf)(% + A+ 2u) + 72po)

— k2(—=7xBoAo + (xv1 + Aovs) (k2 (3 + A+ 2p) + 7200)))} Kp(x),
6
Log(7) = Z 01(73) [ —v3(— 7%27)\(2) + (&0 + /ff,ao + 72%j0) (]4?;27(” + A+ 2u) +72po))

p=0

— Mo( = kpmBoXo + (Teo + kyrn) (Ko (s + A + 2p) + TQPO))}kZKp(x),

6
Tog(2) = > cf” [ - kﬁ( — k2XoA2 (K2(5¢ + A+ 2p) + 72 o)

p=0

(= BN+ (€0 + k2ao + 7%0) (K2( + A+ 20) + 700)) ) | K, (@),
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1 Introduction

We consider the differential equation

y" = aop(t)po(y) 1 (y), (1.1)

where ag € {—1;1}, the functions p : [a;w[—]0; +00] (—00 < a < w < 400), and ¢; : Ay, —]0; 00|
(i € {0,1}) are continuous, Y; € {0,+00}, Ay, is either an interval [y, Y;[! or an interval |Y;; y?]. We
suppose that ¢ is a regularly varying function of index o1 as y — Y1 (y € Ay,) [7, pp. 10-15], and
the function ¢y is strongly monotonous on Ay, , twice continuously differentiable on Ay, and satisfies
the following conditions:

lim ¢o(y) € {0,400}, lim Po(v)¢6 ()

% % ! 2
yyezyoo yyez;; (e6(y))

=1. (1.2)

The second order differential equations with both power-type and exponential-type nonlinearities
in the right-hand side play an important role in the qualitative theory of differential equations. Such
equations have a lot of applications in practice. The fact takes place, for example, during investigations
of distribution of electrostatic potential in a cylindrical plasma volume of combustion products. The
corresponding equation can be reduced to the following one:

y" = agp(t)e”?|y'|*.

This equation is of type (1.1), in which ¢;(2) = |2|}, ¢o(z) = €”*. Under some restrictions on the
function p(¢), certain results for the asymptotic behavior of all regular solutions of that equation have
been obtained in the papers by V. M. Evtukhov and N. G. Dric (see, for example, [2]).

The differential equation

y" = aop(t)p(y)

with a rapidly varying function ¢ has been considered in the paper by V. M. Evtukhov and V. M. Khar-
kov [3]. But in that paper the introduced class of solutions of the equation depends on the function
 that in most cases not useful for practical applications.

Equation (1.1) is a natural generalization of two previous ones.

The solution y of equation (1.1) defined on the interval [tg,w[C [a,w][ is called P, (Yo, Y1, Ao)-so-
lution (—oo < Ag < 400) if the conditions

WO? _

@) Ay,, limy@ @) =Y; (i=0,1
Y [to,w[— Yis #j}y (t) i (i 1), hw y”(t)y(t)

(1.3)
are satisfied.

The goal of the present paper is to find for A\g € R\ {0;1} the necessary and sufficient conditions
for the existence of P, (Yp, Y1, \g)-solutions of equation (1.1) together with asymptotic representations

of those solutions and their first order derivatives as t T w. According to the definition, such solutions

are the regularly varying functions as ¢ T w of index ﬁ

2 Main results

First of all, we introduce some notations that will be necessary in the sequel. We consider

t, if w=4o0, _
t = 9 = Ul’
T (1) {t_(% i w < oo 1(y) = @1 ()Yl

f Y; = 400 (resp. Y; = —00), we will take 49 > 0 (resp. y? < 0).
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Yo
vy, if /|gpo(z)|ﬁ dz = +o00,
h 1 v
Po(y) = [ lpo(z)|17Tdz, Ay = Yo
Aw Yy, if / |@0(z)|ﬁ dz = const,
Y0
o [ @
Zo= lim 200 g = / o) gr 2= tim @),
y—Yo Yy T y—Yp
YyEAY, A, yEAY,

_ O (L)) (@1 (L (1))
T ()11 ()

F(t)

If o9 lim |, ()| x0T = Y7, we put
tTw

t

16) =0 = 177 -0 [ [m(rip(r) (Ima(r) 570t

BO

w

1
T—oy

dr,

b, if /w ’ﬂw(r)p(r)ﬁl <|7rw(7')\ﬁy?) ’ﬁ dr = 400,
_ b

BO
w, if / (M) (I ()58 ) |7 dr =< oo,
b
| o O,
(Ao = D)y (7)
Il(t):/iAOI(T) dr, Bl= b
2 (Ao — D) (7) " / NolI(7)] - ,
pe w, i 7()\0_1)7%(7_) T = const.

b

Here, the number b € [a,w] is chosen in such a way that y?9|m,(t))| o1 ¢ Ay, as t € [bw].

Note 2.1. From conditions (1.2) it follows that Zg, Z; € {0, +o00} and

5 (y) - Po(y)

lim ————> =1 lim —————= =1.
Yo D/ 2 ’ Y, P 2
y@y"o (25(y)) ;eAOyO (21 (y))
Note 2.2. The following statements are valid:
1)
o1
vo' (y)

o(y) = (01 — 1) [1+o0(1)] when y =Yy (y € Ay,)

©0(y)
and therefore
sign(pp(y)Po(y)) = sign(oy — 1), when y € Ay,.

2)
)
y®o(y)

@1 (y) [1+o0(1)], when y =Yy (y€ Ay)

and therefore
sign(®1(y)) = y8 when y € Ay,.

(2.1)
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Note that, by (2.1), the relation
@) B (@) )
=20 (1(D71(2))2 woYo (RUDTH(@1()))2 v=Ye (21(y)?

is valid, and from the latter it follows that

I ACRONY B
i o (q>1<<1>;1<z>>> ~ lim (1 '(2))2
/ —1 - —1
=20 21(% (2) y=Zo (01 (07 (2)))2
2,(2,1(2)

—-1=0.

/ -1
Thus the function % is slowly varying as z — Zp. The function <I>1_1(z) is also slowly
1(®] (2

varying as an inverse to the rapidly varying function. So, we have the following

’ -1
Note 2.3. The function ®~!(z) - M is slowly varying as z — Z;.

Let Y € {0,00}, Ay be some one-sided neighborhood of Y. The continuously differentiable
function L : Ay —]0; +oo] is called [6, p. 2-3] normalized slowly varying as z = Y (z € Ay), if

m yL'(y)
=Y L(y)

yE Ay

—0. (2.2)

We say that a slowly varying as z — Y (z € Ay) function 6 : Ay —]0; +o0[ satisfies the condition
S as z = Y, if for any normalized slowly varying as z = Y (z € Ay) function L : Ay, —]0; +oo[ the
following equality takes place: z =Y (2 € Ay)

0(zL(z)) = 6(2)(1 + o(1)).
We will consider that a slowly varying as z — Y (z € Ay) function Ly : Ay —]0; +oo] satisfies
the condition S; as z — Y, if for any finite segment [a;b] C]0; +oo] the inequality
<L()\z)
L(z)

limsup |In |z - — 1)’ < +oo for all A € [a; b

z—=Y
zEAY

is true.

Conditions S and S; are satisfied by the functions In |y, |In]y||* (¢ € R), In|In |y|| and by many
others.

The following theorem has been obtained.

Theorem 2.1. Let for equation (1.1) o1 # 1, the function 61(z) satisfy the condition S as z — Y3

/ —1
(z € Ay,), and the function ®7*(z) - M satisfy the condition S1 as z — Zy. Then for the
existence of P, (Yy, Y1, \o)-solutions of equation (1.1), where Ay € R\ {0, 1}, it is necessary and, if

It (t)Ao(o1 —1) >0 as t€]b,w, (2.3)
and the finite or infinite limits

| Tw (D11 (1) |
T1 ()

lim 7, (¢) F' (¢ d lim —————— ist, 24
e OF W and B e 24
sufficient the fulfilment of the following conditions:
T (ylyNo (Mo — 1) > 0; 7o (t)ydag(ho — 1) >0 as t € [a;w], (2.5)
71 .

yy Aim |, (8)[ 07T =Y, Ly (t) = 2y, (2.6)

. () L(t) . Ao —1
lim 2222 — 1 limF(t) = ———. 2.7
ttw (I{ (t))2 tTw ( ) AQ ( )

Moreover, for each such solution there take place the following asymptotic representations ast 1T w:

wm#mwﬂmvﬂ%wﬂﬁl

[1+o(1)]. (2.8)
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Proof. Necessity. Let the function y : [to,w[— Ay, be a P, (Yy, Y1, Ag)-solution of equation (1.1), for
which Ao € R\ {0,1}. Then, according to the properties of such solutions established by V. M. Ev-
tukhov (see, e.g., [4]), we have
y(t) Ao y"'(t) 1
= 14 o0(1)], = 14+0(1)] as t€|a;w]. 2.9
y® o pmm W e T B W) e releel o 29)
Thus we obtain (2.5).
From (2.9), it also follows that y/(¢) as ¢ € [a;w][ is a regularly varying function of index ﬁ It
can be represented in the form

Y(t) = lme (O™ T Li(t) as t 1w, (2.10)

where Ly () is a regularly varying function as ¢t T w (see [7, p. 10]).

Hence, taking into account the properties of regularly varying functions [7, p. 10-15], we obtain
the first of conditions (2.6).

From (1.1) and (2.9), it follows that as ¢ T w

/ 1—01 sien 0
LB — g0 = 1m0/ Ol (O p(0)1 + o(1)]. (.11)

Substituting (2.10) into (2.11), we get as t T w the equality
Yy (t 1
% =yt Ao — 1T
lpo(y ()7
In (2.10), the function L; is a slowly varying when its argument tends to Y;. The function 6;
satisfies the condition S. So, from (2.12), we have as t T w
"(t 1
S |
[po(y(t))[ =1

Integrating the relation from ¢y to t, we get as ¢t T w

1
1—01[

1+ o(1)]. (2.12)

7001 (Ime (057 Ly ()38 ) (1)

ﬁ[1 +o(1)]. (2.13)

m ()61 (7 ()78 ) (1)

y(t) t )
T+ o(1)] dr

Taking into account the choice of A, and that y — Yy (Y € Ay, ), we have
Qo(y(t)) =I(t)[1 +0o(1)] as tTw. (2.14)
From (2.13) and (2.14), according to (2.9), we get

mO (1) YOR0) _ mOLW) | (215)

y(t) Do (y(t)) 1(t)

By conditions (1.2), the function ®¢(y) is rapidly varying as y — Yy (Yo € Ay,). Thus from (2.15) it
follows that

o (OI'(t)
?TIBT 0. (2.16)
Taking into account equalities (2.14) and (2.9), we get
YOR) _ Nol) o
W0 Do D LT s e (247

From here in the same way as equality (2.14) was obtained, we get the equality

Q1(y(t)) =L()[1+0(1)] as tTw. (2.18)
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Thus, the correctness of the first representation of (2.8) and the first equality of (2.6) are justified.
We get the correctness of the second representation of (2.8) as a result of division (2.17) by (2.18).
The second representation of (2.8) can be rewritten in the form

mw()y'(t) YO (y() _ m (1)

[14+0(1)] as t1w.

y) @) L)
With the help of (2.9), from the above representation we get
Aoy () (t)fi( )i+ "
ool aw®) - Lo [140(1)] as t1 w. (2.19)

From conditions (1.2) imposed on the function ¢y (y(t)) and Note 2.2, we find that ®;(y) is a rapidly
varying function as y — Yy (Yo € Ay, ). Then, taking into account (2.19), we get

lim W = 0. (2.20)

By (2.1), (2.15), (2.16) and (2.19), we have

T (1)1 (t) AOLATIO))

ATO4L() Q) TR0)  _ oy, 210 21(y)

lim = = lim = lim — 27 = lim =1. (2.21)
I ()2 ﬂw(t)f’ ® y() 21 (y(?)) — P’ 2

e (11(1) e (1) e 21 (y(1) nyA):% (®:(6)

It means that the first of conditions (2.7) holds.
Note that the function @fl(y) is slowly varying as y — Zjy, since it is inverse to a rapidly varying
as y — Yo (Yo € Ay,) function ®;. Taking into account this fact and (2.18), we get as ¢ T w

y(t) = 7 (L(1))[L + o(1)].

The correctness of the second of conditions (2.6) follows from this fact.
Note that (2.19) can be written in the form

Ao - (27 (L1(1) _ mu(D)Ii(1)
)\0 1 . <I)1 I(Il(tD : (I)i(q)l—lul(t))) - Il(ti

[140(1)] as t1w.

The validity the second of conditions (2.7) is justified, and hence the necessity is proved.

Sufficiency. Let us suppose that conditions (2.3)—(2.7) of the theorem take place.
We apply to equation (1.1) the transformation

@1 (y(t)) = Li(t)[L + v ()],
y't) o 1 (2.22)

i ho-1 m Lt e@

and reduce system (2.22) to the following system of differential equations:

v = 183 [1+vi]- <)\o)\31 CF(t) - M(t,01)[1 + vo] — 1>7
1 ) (2.23)
vh= o L] [Qw )1+ )™ (14 0)" 7 = = .

Here,
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0 oy S v) (Y () 1 mt
(T o M) = IGIHG +G(t))> ’
01 (s - [1 4 va)) L(t) (1)
N(t,v1,v2) = G(t):m, ()Zm-

6 (| (1) sign )
From the first of conditions (2.7) we have

lim G(t) = 0. (2.24)

tTw

We have already proved that the function ®'(z) is slowly varying as z — Z;. So, taking into
account the second of conditions (2.6), we have

1

l*iTmY(t,vl) =Yy uniformly by vy : |v1| < 7 (2.25)
By Note 2.3, we have
1
%iTmM(t,vl) =1 uniformly by vy : |v1]| < 7 (2.26)
From the second of conditions (2.7), we get
Ao
lim F'(t) = . 2.27
i F(t) = 575 (227)
Now, we can prove that
. . 1 . 1
£1TmN(t,U1,v2) =1 uniformly by v : |v1| < 3 and uniformly by vy : |vg| < 7 (2.28)
From (2.26) and (2.27), it follows that
— !
( 2 (L) ) w(t)
lim I (D] 20 = lim ! — Ao =0
tw 2, (h(8) ttw F()M(t,v1)  (1—v)(Ao—1)

o (8)] %01
Hence 1
(‘51 (11(1)) )
20
| ()] 3=
is a normalized slowly varying function as ¢ T w. Statement (2.28) follows from the above according
to the fact that the function <I>1_1 is slowly variable as its argument tends to Z;, and the function 6,

satisfies condition S.
Taking into account the first of conditions (2.7), we have

lim L(1) = 0. (2.29)
From (2.24)—(2.29), it follows that
. 1 . 1 . 1
ltleQ(t,vl,vg) = uniformly by vy : |v1| < 3 and uniformly by wvs : vg| < 7 (2.30)
w 0

By (2.6), from the fact that the function <I>f1 is slowly varying as the argument tends to Z7, it
follows that there exists a number ¢y € [a,w| such that

DN | =

SN L ()L +1v1)) €Ay, as t€ [to,w[, v <
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Further, we consider the system of differential equations (2.23) on the set

1
Q = [to, w[ %D, D:{(Ul,vg): ol < 5, @':1,2}

and rewrite the system in the form

I (t
v = 10 {All(t)vl + Arz(z)ve + Ry (2, v1,v2) + Rz(ﬂf,vhvz)}
Ii(t) (2.31)
) .
vy = 0 {A21U1 + Aggvs + R3(w,v1, 22) + R4($,01»U2)},
where
)\0 )\0
A (t) = F(t)—1 Aa(t) = F(t
11(?) o1 (t) =1, Aw(t) o1 (t),
Ao Ao
Ry (t,v1,v2) Fit)—1+ F@)(M(t,v1) — 1)(1 + vy + va),
Mo —1 Mo —1
A
Ry (t,v1,v9) O F(t)M(t, v1)v1vs,
Ao —1
g1 — 1 g1 — 1— )\0
Ay = Agy =
21 N 22 " )
1
R3(t,v1,22) = " (1+ (o1 — Vo1 + o1v2) - (AoQ(E, v1,v2) — 1),
R4(t71}1,’02) = Q(t,vl,vg) |:(1 + 0'1112)((1 + 01)0171 —1-— (O’l — 1)’01)
+o1(o1 — Dvyve + ((1 +v) —1— 0'1’02)(1 + Ul)ﬂ — v3.
By virtue of equalities (2.24)—(2.29), for k € {2,4}, we get
Ry (t
im Bilt,v1,va) = 0 uniformly by t as t € [to,w][, (2.32)
|v1|+|v2|—0 |’l}1| =+ |’L)2‘
and for k € {1, 3},
%ﬁiTmRk(t,zl,zg) = 0 uniformly by vy, vs as (vy,v3) € D. (2.33)
w
At the next stage of the proof we apply to system (2.31) the following transformation:
U1 =T,
2.34
{UQZTQ—H(t). ( )
Here,
Ao F(t) — 1
H(t) = %
oot F (1)
By (2.27), we have
lim H (1) = 0. (2.35)
Thus get a system
THO R
= 1lf) o F(t)[ra +rira + R(t;r157m2)]
Li(t) Ao —1 (2.36)
) )
rhy = [Ag1r1 4 Agara + Va(t,r1,72) + Va(t,71,72)]

T (1)
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where

R(t,r1,m2) = (M(t,m1) — )X +71)(1 + 72 — H(t)),
Va(t,r1,m9) = Ra(t,r1,m2 — H(t)) — Ra(t,r1,72) + 1y (t) H'(t) — A2 H(t) + Ra(t, 71,72 — H(t)),
V4(t,7"177’2) = R4(t,’l"1,7"2).
Let us show that
ltimew(t)H’(t) =0. (2.37)

According to condition (2.4) of the theorem, there exists the following finite or infinite limit

ltITIB 7o (t) H' ().
Let
m.(t)H'(t) = q(t) and ltlTrB q(t) # 0. (2.38)
Then )
ey 4
H@®) = Ty (t) '

As a result of integration of the above equality from tg to ¢, we have

t

H(t) — H(to) = / ar) 4. (2.39)

7w (T)

to

From (2.35) and (2.39), it follows that the integral [ WQ((TT)) dr must be finite. But this is possible
to

only if
limg(t) = 0.

Thus, taking into account (2.38), we have proved the correctness of statement (2.37).
Owing to the properties of the function Ry, by (2.28) and (2.35), it follows that

1
ltiTm [Ru(t,r1,72 — H(t)) — Ry(t,r1,72)] = 0 uniformly by ry and ro as |r;| < 3 i=1,2. (2.40)
w

Applying the transformation

{rz — VG 241

where

v =pI|L(t)], B=

1, if lm I (t) = oo,
e 0 (2.42)

-1, if LI
, i ltlTrBh(t) )

to system (2.31) and taking into account (2.3), we obtain the system

wh = V1G] [ Ft)wa + 32 Flt()wrws + Wlziwiiws)],

wh = Bv/[GEH@))] [ sign G(t(x)) Az, (2.43)
+( |G (t(x))] sign G(¢(x)) Aza(z) — ]V(x))wg + Ws(z, wy,ws) + Way(x,wr, ’U}g)},

where
W (a5 wys ) = )\O/\ilF(t(x)) W“Tg;‘(’;i)l— D (14 ) (14 VIGE@ w2 — H(H)))
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Note that

Niz) = sign(G(t(2)))G' (t(x))I(¢(z)) _ sign(G(t(2)))G"(#(z))m (t(z))
2G(4(2)) VG (8(2)) [ I (t(x)) 2y/1G(t(x))]

At the same time, the equality

Q) 1) gy (BGOLEDREGOL D)y S om
1G(t(x))] S (L)Y (@~ (11(1))) In |13 (t)]
is true. Next, let us prove that
W
lim =0. (2.44)

ttw In |Il (t) ‘
By de L’Hospital rule we have

mw (017 (t)

=@ | 1., G'(t)me(t)
m-——-——=—— 1l ——.
ttw  In|Iy(2)] 2 ttw /|G(1)]

The last limit has a finite or infinite boundary, since the second limit in (2.4) exists.
Now let us prove that

/
im G')m(t) _ (2.45)
e \/1G(1)]
According to condition (2.4), there exists the following finite or infinite limit
!
Gt
e /IG(1)]
Suppose that
G' ()7 (t) :
——=——= =¢q1(t) and limgq(¢)#0. 2.46
0] a1 (t) lim qu (1) # (2.46)
Then
¢ al
G@)]  mw(t)
As a result of integration of this equality from t¢g to ¢, we have
t
2160 - 2v[a) = [ LD ar (2.47)
T (T)

to

From (2.24) and (2.47), it follows that the integral [ gi((:)) dr must be finite. But this is possible
to
only if

%iTm q1(t) =0. (2.48)

The last one is in contradiction with assumption (2.46). So, statement (2.44) is true.
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Let us now prove that ~
lim N(z)=0. (2.49)

r—+0o0

The function ®~1(z) - w satisfies condition B, hence

o7 (L ()] o7 (L ()]
1n|]1(t(m))| . ( 1 ( 1( ),[1 +v1])’¢)( 171( 1( )[ +U1])) _ 1)‘ < 0.
=1L () p(~H (11 (t)))
From the above equality and statement (2.49), it follows that
1
Erf_l W (x;w1;wse) = 0 uniformly towards wy and wy if |w;| < 3 i=1,2. (2.50)
Note that the characteristic equation of a matrix
0 B
Bsign()\o(ol - 1))A21 0
has the form | n
2 _ 191~
- =0.
Aol
This equation has no roots with real part equal to zero. Let us consider [ G(t(z))dz. Taking into
o

account the presentation G(t(x)) = %, we have

[ee] oo w

_ L (t(x)) _ L) L), w
/G(t(x))dx/71w5(:n))li(1§(zv))dx / T OL® L) dt =In|m,(t)|q, — 00 as t = w.

xo xo t(wo)

Since in some neighborhood of zero the inequality
[ ViGE@ ds = sign(Git(@) [ Gle(w))do
X0 Zo

takes place, it is true that

/\/|G(t(ac))| dor —> +o.

We have got that for the system of differential equations (2.43) all conditions of Theorem 2.2 from
[5] are fulfilled. According to this theorem, system (2.43) has a one-parameter family of solutions
{wi}2_, : [x1, +oo[ = R? (21 > mo, 7o = BIn|I1(to)]) that tend to zero as z — +oo. By (2.42), (2.22)
these solutions correspond to those solutions y of equation (1.1) that admit asymptotic representations
(2.8) as t T w.

By representations (2.8) and inequality (2.3) it is clear that the obtained solutions are indeed the
P, (Yy, Y1, \g)-solutions. The theorem is proved completely. O

3 Illustration of the results
To illustrate the results obtained above, we consider the following differential equation for ¢ € [2, +o0]
y" = v(t) exp (exp(ly|*) —exp(th)) [y 7|y’ (3.1)

Here, 09,01 € R, 01 > 1, a,d €]0,+o0], the function v : [2,400[—]0, +00[ is continuous, regularly
varying at infinity of index ~, v € R.
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This equation is of type (1.1) for which

ag =1, p(t) =vp(t)exp (—exp(t?)), @o(y) = ly|”exp (exp(ly|*)), ¢1(¥) =1y

Using the above proven theorem, let us investigate the question of the existence and asymptotic
behavior as t — 400 of Py (00, Y1, Ag)-solutions of equation (3.1) for which Ag € R\ {0, 1}.
In our case,

Thus the function 6 satisfies condition S.
Taking into account the choice of BS_OO, as t — 400, we have

0'1—].

d

exp(td)
g1 — 1

1 — 1 —1
1) = Do — 1757 -y - s T () e (SR — a1+ (1),

In the same way, as t — +00, we have

T Sy Tl S B P AR S ST exp(t?) 4
L(0) = [P = 1= -y - (=) -t ()] -exp (TP~ 267) 1+ o(1)]

In addition, in our case, since Yy = oo, taking into account the choice of A% , we get

o —1 0 L1_q exp(|y|®
(bo(y)zli.yo‘l—l—"_l exp (M_
g1 —1

a |y|a) [140(1)] as y — oo.

Similarly, we have

o1 —1\2 _e 1 o, ex @ o
B (y) = ( 1a ) LT IT20 e (% — 2|y )[1+0(1)] as y — oo. (3.2)
We have a
lim F(t)=—. .
tT1+H;o ®) d (3:3)

From (3.3) and the second condition of (2.7), it follows that equation (3.1) may have only
P (00, Y7, Ag)-solutions with
d

Ao = .
T d—a

Taking into account asymptotic representations for functions I, I, ®¢, @4, <I)1_1, we get

lim ¢F'(t) = 0.
t—+oo
So, the first condition of (2.4) is valid.
Note that

‘ e, (8)11(1) ‘
I (t)

In |1 (t)]

+9

VY e
2

[1+40(1)] as t— oo,
from which the second condition of (2.4) takes place.
At the same time,
_ —70 . _2q
B0 ) (o1 — 1) G

o7 (y) y = ” Iny- (In((c; —1)Iny)) = [L+o(1)] as y— oo.

This means that condition S; is satisfied.

Thus, all conditions of Theorem 2.1 are satisfied. By virtue of this theorem, equation (3.1) may

have only Py (400, +00, d%'la)—solutions. From Theorem 2.1 it also follows that equation (3.1) has

one-parameter family of Pj (400, +00, d%‘ia)-solutions.
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Also, using the known asymptotic behavior of the function <I>;1, it is easy to find that every
Py oo (400, 00, d%'la)—solution of equation (3.1) and its derivative satisfy the following asymptotic
representations

()2 (SROE) oy )

a 1—101 a 2 1—2d+—L 1 exp(td) d
f— . — . 1—0o . 1—0o . J—
’d—a (d) t 1 pT=a1 (t) exp(gl_1 2t>[1—|—0(1)] as t — 400,
t
y'(t) = @ [1+0(1)] as t — +oo.
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UNILATERAL CONTACT PROBLEMS FOR HOMOGENEOUS
HEMITROPIC ELASTIC SOLIDS WITH A FRICTION



Abstract. In the present paper, we study a one-sided contact problem for a micropolar homogeneous
elastic hemitropic medium with a friction. Here, on a part of the elastic medium surface with a
friction, instead of a normal component of force stress there is prescribed the normal component of
the displacement vector. We consider two cases, the so-called coercive case (when the elastic medium
is fixed along some part of the boundary) and noncoercive case (without fixed parts). By using the
Steklov—Poincaré operator, we reduce this problem to an equivalent boundary variational inequality.
Based on our variational inequality approach, we prove the existence and uniqueness theorems for
the weak solution. In the coercive case, the problem is unconditionally solvable, and the solution
depends continuously on the data of the original problem. In the noncoercive case, we present in
a closed-form the necessary condition for the existence of a solution of the contact problem. Under
additional assumptions, this condition is also sufficient for the existence of a solution.
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Key words and phrases. Elasticity theory, hemitropic solids, contact problem with a friction,
boundary variational inequality.
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1 Introduction

In the present paper, we investigate the one-sided contact problem for a homogeneous hemitropic
elastic medium with a friction. In the considered model of the theory of elasticity, as distinct from
the classical theory, every elementary medium particle undergoes both displacement and rotation. In
this case, all mechanical values are expressed in terms of the displacement and rotation vectors.

In their works [2] and [3], E. Cosserat and F. Cosserat created and presented the model of a
solid medium in which every material point has six degrees of freedom, three of which are defined by
displacement components and the other three by the components of rotation (for the history of the
model of elasticity see [5,28,30,31,34,39,40] and the references therein).

A micropolar medium, not possessing symmetry with respect to the inversion, is called a hemitropic
or noncentrosymmetric medium.

Improved mathematical models describing hemitropic properties of elastic materials have been
obtained and considered in [29] and [1]. The main equations of that model are interrelated and
generate a matrix second order differential operator of dimension 6 x 6. Particular problems for solid
media of the hemitropic theory of elasticity have been considered in [35,36,39] and [40]. The basic
boundary value problems and also the transmission problems of the hemitropic theory of elasticity with
the use of the potential method for smooth and non-smooth Lipschitz domains were studied in [35],
the one-sided contact problems of statics of the hemitropic theory of elasticity free from friction were
investigated in [16, 18,20], and the contact problems of statics and dynamics with a friction were
considered in [8-15,17,19,21-24]. Analogous one-sided problems of classical linear theory of elasticity
have been considered in many works and monographs (see [4,6,7,26,27,41] and the references therein).

In the present work, we present the basic equations of statics of the elasticity theory for homo-
geneous hemitropic media in a vector-matrix form, introduce the generalized stress operator and a
quadratic form of potential energy. Then we describe mathematical model of boundary conditions
which show the contact between a hemitropic medium and a solid body with regard for the friction
effect. We will consider the case, where some part of the elastic medium boundary is fixed mechan-
ically. The problem is reduced equivalently to the boundary variational inequality, the question on
the existence and uniqueness of a weak solution of the initial problem is treated, and a continuous
Lipschitz dependence of the solution on the data of the problem is investigated. Further, we will
investigate more complicated cases, where friction is considered on the whole medium boundary. In
such cases, the corresponding mathematical problem is, in general, unsolvable. The necessary con-
ditions of solvability are established and the sufficient conditions for the existence of a solution are
formulated explicitly.

2 Basic equations and Green’s formulas

2.1 Basic equations

Let Q C R? be a bounded simply connected domain with a C'*°-smooth boundary S = 9, Q = QU S.
The domain 2 is assumed to be filled with a homogeneous hemitropic material.

The basic equilibrium equations in the hemitropic theory of elasticity written in components of
the displacement and rotation vectors are of the form

(b + a)Au(z) + (A + p — a) grad divu(z) + (>r + v) Aw(x)
+ (6 + 3 —v) grad divw(z) + 2a curlw(z) + pF(z) =0,
(e +v)Au(z) + (6 + 3 — v) grad div u(z) + 2a curl u(z) + (v + ) Aw(x)
+ (B+v—¢) grad divw(z)+4v curlw(z) —4daw(z) +p¥(z) = 0,

(2.1)

where A = §? + 02 + 03 is the Laplace operator, 8; = 8/0x;, u = (u1,us,uz)’ is the displacement
vector, w = (wy,ws,ws) ! is the vector of rotation, F = (Fy, Fp, F3)T and ¥ = (¥, ¥y, U3) T are the
mass force and mass moment calculated per unit of mass, p is density of the elastic medium, and «,
B, 7, 8, A\, u, v, ¢ and ¢ are elastic constants (see [1,36]). Here and in what follows, the symbol ()—r
denotes transposition.
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We introduce a matrix differential operator corresponding to the left-hand side of system (2.1):

L(l)(a) L(2>(8)
L3(0) L<4><a>] o6
LY0) = (u+ )AL + (A + p— )Q(9),
LP () = L®(9) := (s + v) ALz + (0 + 2 — v)Q(9) + 2aR(D),
LDD) == [(y+e)A —4a]Iz + (B + 7 — )Q(0) + 4vR(9),

where I}, is the unit & x k-matrix and

0 —-03 09
Q(0) = [Qrj(D)],, 5 Quj(0) =00, R@)= |38 0 -0
—0y O 0

The system of equations (2.1) can be rewritten in the matrix form
LOYU(x)+G(x) =0, x €,

where U = (u,w) " and G = (pF, p¥)T.
By T'(0,n) we denote the generalized stress operator of dimension 6 x 6 (see [36]):

7(0,n) 0 = [Ty 7= T4,

" T®@,n) T@(@,n)
where
T (0, ) = (1-+ @)0pqn + (1 — @)y + A0y,
Tég)(a, n) = (3 + v)0pgOn + (3¢ — V)1g0p + 010y — 2a f:gqunk,
k=1

T(D(0,n) = (3¢ + 1)8pgOp + (3¢ — V)g0p + 510y,
3
TS0, m) = (¥ + €)0pgOn + (v — €)ngOp + Bripdy — 20> Epgiin.
k=1

Here, n(z) = (n1(x),na(z),n3(z)) denotes the outward (with respect to Q) unit normal vector at
the point = € S, and 9, = 9/0n is the normal derivative in the direction of the vector n. The
six-component generalized stress vector has the form

T(0,n)U = (TU,MU) ",
where TU := TWy + T@w is the force stress vector and MU := T®y + TWw is the moment stress

vector.

2.2 Green’s formulas
For the real-valued vector functions U = (u,w) " and U’ = (v/,w’) " of the class [C?(Q)]° the following

Green’s formula [36]

/[L(@)U-U'+E(U, 0 dm:/{T(a,n)U}+-{U’}+ ds (2.2)
Q S
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is valid, where {-}* denotes the trace operator on S from Q, and E(-, -) is a bilinear form defined
by the equality

E(U,U") = E(U',U)

3
= Z {(M + ) Upqtipg + (1 — a)up gy + (3 +v) (u;aquq + w],quPQ) + (e —v) (u;/oqwqp + Wyloqqu)
P,q=1

+(v+ E)w;aquq + (v = 5)W;qwqp + 5(u;pwqq + w;qupp) + )‘u;;puqq + 5W;pwqq}v

where upq and wy, are the so-called tensors of deformation and torsion-bending for the hemitropic

media,
3

Upg = Upq(U) = Opug — ngkwkv Wpq = wpq(U) = Opwy, p,q¢=1,2,3. (2.3)
k=1

m
Here and in the sequel, by a-b we denote the scalar product of two vectors a,b € R™ : a-b= > a;b,.
j=1
Under certain assumptions on elastic constants (see [1, 10, 23]), specific energy of deformation

E(U,U) is a positive definite quadratic form with respect to upe(U) and wpe(U), i.e., there exists a
positive number Cj > 0, depending only on the elastic constants, such that

3
E(UU)>Co > [up, +wp,].

P,q=1
The following assertion describes the null space of the energy quadratic form E(U,U) (see [36]).
Lemma 2.1. Let U = (u,w)" € [CY(Q)]® and E(U,U) =0 in Q. Then
u(z) =laxz]+0b, w)=a, z€Q,

where a and b are arbitrary three-dimensional constant vectors and [- x -| denotes the cross product
of two vectors.

Vectors of the type ([ax z]+b, a) are called generalized rigid vectors. We observe that a generalized
rigid displacement vector vanishes, i.e., a = b = 0 if it is zero at a single point.

Throughout the paper, L,(2) (1 <p < o00), La(2) = H°(Q2) and H*(Q) = H3(Q?), s € R, denote,
respectively, the Lebesgue and Bessel potential spaces (see, e.g., [32,42]). The corresponding norms we
denote by the symbols || - ||z, ) and || - [| (o). By D(2) we denote the class of C'>°(£2) functions with
support in the domain Q. If M is an open proper part of the manifold 09, i.e., M C 9Q, M # 09,
then by H®(M) we denote the restriction of the space H*(9Q) on M, H5(M) := {r,,p: ¢ € H*(0Q)},
where r,, stands for the restriction operator on the set M. Further, let H*(M) := {¢© € H*(%) :
suppp C M}.

From the positive definiteness of the energy form FE(-, -) with respect to the variables (2.3) it
follows that

B(U,U) = / EU,U)dz > 0. (2.4)
Q

Moreover, there exist positive constants ¢; and co, depending only on the material parameters,
such that the following Korn’s type inequality (see [7, Part I, § 12])

B(U,U) > er|U |1 e — c2|U 1o s (2.5)

holds for an arbitrary real-valued vector function U € [H'(Q)]S.

Remark 2.2. If U € [H'(2)]% and on some part S* C 0 the trace {U}" vanishes, i.e., 7. {U}T =0,
we have the strict Korn’s inequality B(U,U) > C’||UH[2H1(Q)]6 with some positive constant C' > 0 which
does not depend on the vector U. This follows from (2.5) and the fact that in this case B(U,U) > 0
for U # 0 (see, e.g., [33, Ch. 2J; [37, Ch. 3, p. 193]).
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Remark 2.3. By the standard limiting arguments, Green’s formula (2.2) can be extended to the
Lipschitz domains and to the vector function U € [H!(Q2)]¢ with L(9)U € [L2(2)]® and U’ € [H'(Q)]°
(see [32,37)),
/ (L@ - U + EU,U")] de = ({T(@,n)U}+, {U'}F)
Q
where (-, -)aq denotes duality between the spaces [H~/2(99Q)]¢ and [H'/?(092)]® which generalizes

the usual inner product in the space [Lo(92)]%. By virtue of this relation, the generalized trace of the
stress operator {T(9,n)U}* € [H~/2(99)]% is determined correctly.

o (2.6)

3 Contact problems with a friction

3.1 Pointwise and variational formulation of the contact problem

Let the boundary S of the domain €2 be divided into two open, connected and non overlapping parts
S1 and Sy of positive measure, S = S; U Sy, S NSy = &. Assume that the hemitropic elastic body
occupying the domain € is in contact with another rigid body along the subsurface Ss.

Definition 3.1. A vector function U = (u,w)’ € [H'(Q)]° is said to be a weak solution of the
equation
LOW 4G =0, G e [La(@)° (31)

in the domain 2 if
B(U,®) = /g-cb dr V& € [D(Q)]°,
Q

where the bilinear form B(-, -) is given by formula (2.4).

For the normal and tangential components of the force stress vector we will use, respectively, the
following notation:

(TU)p :=TU -n, (TU)s:=TU —n(TU),.

Further, let G = (pF, p®)" € [Lo(Q)]%, ¢ € [H-Y2(S2)]3, f € HY?(S3), g € Loo(S2), g > 0.
Consider the following contact problem of statics with a friction.

Problem A. Find a vector function U = (u,w) ' € [H()]® which is a weak solution of equation (3.1)
and satisfies the inclusion r, {(TU)s}* € [Loo(S2)]? and the following conditions:

rs, {UY" =0 on S, (3.2)
re, {MU}" = ¢ on Sy,

rs2{un}+ = f on Sy,

if [rg, {(TU)s}*| < g, then 7y {us}* =0, if [ry {(TU)s}*| = g, then there exist nonnegative functions
A1 and A2 which do not vanish simultaneously, and A7y {us}" = =Xorg {(TU)s}*, where the symbol
{-}T stands for the trace operator on S; (i = 1,2) from Q. Conditions (3.2) and (3.4) are understood
in the usual trace sense, whereas (3.3) is understood in the generalized functional sense described in
Remark 2.3.

To reduce Problem A to a boundary variational inequality, we first reduce the inhomogeneous
equation (3.1) to a homogeneous one. In this connection, we consider the following auxiliary linear
boundary value problem.

Find a vector function Uy = (ug,wp)’ € [H'(Q)]% that is a weak solution of equation (3.1) and
satisfies the conditions

’I“Sl {(]0}Jr =0 on Sl, ’I“S2 {MUO}+ =0 on SQ,

3.5
ro, (o}t = f on Sy, v, {(TUs)}* =0 on Sy, (3:5)
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It is well known (see [36]) that this problem is uniquely solvable, because S is neither a surface of
revolution, nor a ruled surface. Let V € [H1(©)]® be a solution of Problem A, and let Uy € [H!(Q)]°
be a solution of the auxiliary problem (3.5); then the difference U := V — Uy is a solution of the
following problem.

Problem Aj. Find a weak solution U = (u,w)" € [H'(2)]® of the equation
LU =0 in Q (3.6)

satisfying the inclusion ro {(TU)}* € [Loo(S2)]* and the following conditions:

rs {U}T =0 on S, (3.7)

re, AMU}T = on S, (3.8)

Ts, {u,}T =0 on S, (3.9)

if |7‘S2{(TU)S}+| <g, then rg {us}™ = o, (3.10)

if [rs, {(TU)s}"| = g, then there exist nonnegative functions A\; and Az which do not vanish simulta-
neously, such that

M rs, {us}™ = o] = =Xor {(TU)s}7, (3.11)
where the symbol { - }* stands for the trace operator on S; (i=1,2) from Q and g = —r, {uos}" €
[H'/2(S2)]°.

In what follows, we will study Problem Ay. Obviously, if a vector function U € [H'(Q2)]% is a
solution of Problem Ag, then the sum U + Uy is a solution of Problem A.

3.2 Reduction of Problem A; to a boundary variational inequality

To reduce Problem Ay to an equivalent boundary variational inequality, we recall that the vector
U = (u,w)" € [HY(Q)]° is a solution of equation (3.6) satisfying the Dirichlet boundary condition
{U}t = hon S with h € [H'Y?(S)]® and hence can be uniquely represented by the simple layer
potential (see [35])

Ulz) = VL) (@) = /F(x )RR () dyS, @€,
S

where I' is the fundamental solution matrix of the operator L(J) and H is the boundary integral
operator generated by the trace of the simple layer potential on the boundary S (see the closed-form
representation of I' in 35, 36]),

@) = tim [ T = 9hi)d,S = (V).

o Q>5z—z€S
S

Note that the simple layer potential V and the integral operator H have the following properties
(see [35,36]):

Vi [H(S)® — [H™2(Q))%, H:[H"(S)]® = [H(9)]° reR. (3.12)
These operators are continuous. Moreover, H is an invertible operator and
HL[H(S))® = [HH(9)]%, reR. (3.13)
The relation
{T@,n)V(h)}" = (=27 I+ K)h on S (3.14)

holds for an arbitrary h € [H~'/2(S)]%, where K is the singular integral operator,

Khia) = [[T(@.0) - p]h(y) 5.
S
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Note that 1
—5 I+ K : [HY2(9)]° — [H™Y2(9))°

is a continuous singular operator of normal type with zero index (for details, see [35,36]).
Next, for the Dirichlet problem we introduce the so-called Green’s operator G : [H'/?(S)]® —
[H1(2)]® which is defined by the relation

Gh :=V(H 'h). (3.15)

Obviously, L(9)(Gh) = 0 in Q and {Gh}T = h on S. Taking into account the properties of the
trace operator and mappings (3.12), we find that there exist positive numbers C; and Cs such that

Cullhllzrirzsye < 1GRll i @)s < Callhllmz(s)s (3.16)

for all h € [H'/?(S)]°.
Now we introduce a generalized operator of the Steklov—Poincaré type by the relation

Ah = {T(@0,n)(Gh)} " = {T(@,n)V(H )} = (=275 + K)(H'h). (3.17)

By A(S) we denote the set of restrictions of rigid displacement vectors to S, i.e.,
T T
A(S) := {X(x):(p,a) =(laxz]+ba) ,zeS| a,beR}. (3.18)

By using the Green’s formula (2.6) for U = U’ = V(H~'h), relations (3.14), (3.17) and (3.18),
and the uniqueness theorems for the Dirichlet boundary value problem, we obtain ker A = A(S).
Now we state the following lemma describing the properties of the Steklov—Poincaré operator.

Lemma 3.1. Let h,n € [HY2(S)]® and g € [HY?(5%)]%, where S* is a reqular open subset of the
boundary S = 02. Then the following assertions hold:

(i) (Ah,n)s = (An, h)s;

(i) A: [HYV2(S)]S — [H1/(S)]® is a continuous operator;
(iii) <.Ah, h>5 > C]_Hh||[2H1/2(S)]6 - CQHhH[QLQ(S)]G;.

(iv) (Ag,g9)s > CH9||[2H1/2(5)]6?

(v) (Ah,h)s > Cllh = PhlZyg)6-

Here, P is the operator of orthogonal projection (in the sense of La(S))of the space [HY/?(S)]® onto
the space A(S); the positive constants C, Cy, and Co depend on the elasticity constants and on the
geometric properties of the surface S and are independent of h and g.

Proof. Let h,n € [H'/2(S)]%. Since the vector Gh is a weak solution of the homogeneous equation
L(0)(Gh) = 0, it follows from the Green’s formula (2.6) that
<~Ah7 77>S = <{T(av n)(Gh)}"', {Gn}+>s = B(Gh7 Gﬂ) = B(Gnv Gh)
= ({T(0,n)(G)} " AGh} ") g = (An, h)s.
This implies assertion (i). Assertion (ii) is obvious, because the operator A is the composition of the
continuous operator H~! and operator —27115 + K (see relations (3.14) and (3.17)). The proof of (iii)

can be carried out as follows. By using condition (2.5), for an arbitrary h € [H/2(S)]®, we obtain the
inequality

(Ah,h)s = B(V(H " h), V(H'h)) > i [V(H ™ h)|F e — c2llV(HT A7, e
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Relations (3.15) and (3.16) imply the inequalities ||V (H™"h)|| (a1 (@ye = Cillhll{z1/2(s)6- On the other
hand, since the space [L2(S)]% is compactly embedded in [H~'/2(S)]%, it follows from the continuity
of operators (3.12) and (3.13) that

IV(H W) lza@ye < CHIH T Rl i-sr2(sye < CsllBlligr-1/2¢sy0 < Cslhllizacsye

with some positive constants C}, C5 and C3 independent of h.
We finally obtain the inequality

(Ah,B)s > 1 C3I[hlEas syp0 — c2(C5)2IAlE oo

which implies assertion (iii).
Now, assertion (v) follows from assertion (iii) and the nonnegativity of the operator A, and assertion
(iv) is a consequence of (iii). The proof of the lemma is complete. O

Our aim is to reduce Problem Ag to an equivalent boundary variational inequality. To this end, on
the space [H'/?(S3)]*® we introduce a convex continuous functional

i) = / glve — ol dS, v € [HY2(S,)P (3.19)
Sa
and the convex closed set
Ko={h=nW, T e [H>(S)%: r_ h=0, r,h{) =0}. (3.20)

On the set Ky, we consider the following boundary variational inequality.
Find a function hg = (hél), lz(()2))T € Ky such that the boundary variational inequality

(Aho, b — ho)s + j(hD) = j(h§") > (,75, (AP = b)) o (3.21)

holds for all h = (R, AT e K.

4 Equivalence theorem

Let us prove the equivalence of the boundary variational inequality (3.21) and the contact Problem Ag.

Theorem 4.1. The boundary variational inequality (3.21) and the contact Problem Ag are equivalent
in the following sense: if U € [H'(Q)]° is a solution of Problem Ay, then hg = {U}* € [HY/?(S)]¢ is
a solution of the variational inequality (3.21) and vice versa, if hg € Kq is a solution of the variational
inequality (3.21), then U := Gho € [H*(Q)]® is a solution of Problem Ag.

Proof. Let U = (u,w) " € [H'(2)]® be a solution of Problem Ag, and let hy = (h(()l),héz))—r = {U}*.
Since U € [H'(Q2)]% is a solution of Problem Ay, it readily follows from conditions (3.7) and (3.9) that

ho = (hél),héQ))T € Ko, and by virtue of the definition of the operator G (see relation (3.15)), the
solution U in the domain 2 can be uniquely represented in the form U = Ghq. By taking into account
the definition of the Steklov—Poincaré operator, we obtain

(Aho, h — ho)s + §(BD) = j(h§) = (o, rs, (MNP = BD)) o
= ({T(8,n)(Gho)}*, b — ho) ¢ + §(BV) — j(h§") — (g, ry, (K — B

2

for each h = (AW W) T € K. Since h and hg are elements of the set Ky and conditions (3.7) and
(3.8) are satisfied, we have

(Aho, h — ho)s + j(hD) = j (") = (.75, (WD = hED)) .
= ({T(0,n)(Gho)} 75, (h = ho)) g, + (g 75, () = o] =[G = o)),
= ({(T(Gho))s} ", 7s, (KD =h)) g, +(g, Irg, D —to| [, b —thol)g, =1 (4.1)
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Let
7o, {(T(Gho))s} | < g,

then rg {h }+ = 1)o and it is obvious that 1 > 0. If

{(T(Gho))s}*| = g,

then ) N
M [re, {RG)YT — 0] = —Aary, {(T(Gho))s}
and when A; # 0, we obtain

= / (T(GCho))s - (B — by — (hD) — 4i)) ds

Sa

4 [ ob2 = vl = 06 = wol) ds = [(T(Gho)) - (2~ ) ds

S2 SZ
A A
+ /g|hg1) — ol ds / | = AT Gl + S22 pds = 0.
A1 A1
Sa Sa

The case Ay # 0 is proved similarly.
Therefore, the right-hand side of equation (4.1) is non-negative and, consequently, we find that
inequality (3.21) is satisfied. The proof of the first part of Theorem 4.1 is thereby complete.

Now assume that hy = (h(()l)JLéQ))—r € Ky is a solution of the variational inequality (3.21). Let
us show that the vector function U = (u,w)’ := Ghy € [H*(R)]® is a solution of Problem Ay. By
the definition of Green’s operator G, the vector Ghy is a weak solution of the equation L(0)U = 0
in Q; since hg € Ko, we have ry {U}* = ry {Gho}" = rg ho = 0; i.e., condition (3.7) is satisfied.

Condition (3.9) is automatically satisfied, since hg = (hg1 ,h(2 )T € Ko and ry {u,}* =rg, h&) =0.

Let h = (R, hCHT € Ko, BV = hél), and h(® = h(()z) =+ x, where y € [ﬁl/Q(Sg)]?’ is an arbitrary
vector function. Since r; (h — ho) = 0, it follows from inequality (3.21) that

{M(Gho)}* = ore,x)s. =0 Vx € [H2(Sy)P,

so {M(Ghy)}T = ¢; i.e., condition (3.8) is satisfied. Therefore, inequality (3.21) can be represented
in the form

(o, AT (G0} o7, (D =BG, +5(0D) = G(15) 20 Wh = (b, h) T € Ko,
(ro, {(T(Gho))s} ey (WD — g — (B = 10))) g, + (9,75, (IRD = o] = |BSY) = who)) g, >0.
Let x € [H'/2(S5)]3. Since
(ro, {(T(Gho)):}t e, Xe) s, = (rey {(T(Gho))} T, XD,
and |7, vs| < |ry, x|, taking o (h{" — ) instead of 7 xs, we obtain
(rs, {(T(Gho))s} ' rs, X, +<g,7‘52lx\>52
e AT GR) e, () = 00)) g, + (9.7, I —wol) } 20 ¥ € [HV2(S3)P. (42)

Further, let ¢ > 0 be an arbitrary number and take +tx for x in (4.2)

H{ & (r, AT (Gho) Ym0, XD, + (976, 1N, }
(e LTGRO Y o7 () = o)), + (974, IR = ol g, } = 0 Vx € [HY2(S2)P,
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whence, by making t tending first to +o0co and then to 0, we easily derive

(ro, {(T(Gho))s}* .7, (Y — ) g, + (9,74, |05 — o), <0, (4.3)
[(re, {(T(Gho))} .75, X) | < {0075, IXI)s, VX € [HY2(S:))°. (4.4)

Now we prove that ro {(T(Gho))s}" € [Loo(S2)]?. To this end, on the space [H'/2(5,)]3 we consider
the linear functional

@(X) = <7’52{(T(Gh0))s}+,7’32 X>52 VX € [ﬁ1/2(52)}3'

Inequality (4.4) shows that the functional ® is continuous on the space r_ [H/2(8,)]3 with respect

to the topology induced by the space [L1(S2)]*. Since the space rg_ [H/2(S,)]? is dense in [L;(S5)]3,
the functional ® can be continuously extended to the space [L;(S2)]? preserving the norm. Therefore,
by the Riesz theorem, there is a functional ®* € [L.(S2)]® such that

B0 = [ #xdS Vxe LS
Sa

Thus,

<r52{(T(Gh0))s}+ar52X>SQ = /(I)* -xdS Vxe [LI(SQ)]37
Sa

ie.,

(ro, {(T(Gho)) 3t = @15 X)g, =0 Vx € [H?(S)]%,

which implies

7, {(T(Gho))s}t = @ € [Loo(S2)]".

It is well known that for an arbitrary essentially bounded function 1 € Log(Ss) there is a sequence
@1 € C*°(Sy) with supp @; C Sy such that (see, e.g., [38, Lemma 1.4.2])

llim Zi(x) = (x) for almost all z € Ss,
—00

|51(z)| < esssup |i(y)| for almost all = € S,.
YyES2

Therefore, by the Lebesgue dominated convergence theorem, it follows from inequality (4.4) that
J T GRY x = gl ] dS <0 ¥ € [Lan(S)"
Sa

Instead of x we can put v(S*)y, where x € [Loo(S2)]® and (S*) is the characteristic function of an
arbitrary measurable subset S* C Sy. As a result, we arrive at the inequality +{(7(Gho))s}T-x < glx|
on Sy for all x € [Loo(S2)]? and, by choosing x = {(T(Gho))s}*, we finally get

75, {(T(Gho))s}*| < g on S,. (4.5)
In view of (4.3) and (4.5), we obtain
1o, {(T(Gho))s} ™ 1oy (hY) = w0) + glr, (h§) —0)| =0 on Sy, (4.6)

Now, it is evident that if |ry {(T(Gho))s}"| < g, then (4.6) implies rszhé? = 1. Also, if
Irs, {(T(Gho))s} | = g, then (4.6) can be rewritten as

g|7"s2 (hé? —1o)|(cosa+1) =0 on Sy,
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where « is the angle between the vectors 7o {(T(Gho))s}" and rg, (h(()? — 1p) at a point x € Ss.
Therefore, there exist the functions A (z) > 0 and Az2(x) > 0 such thatA;(x) + Az2(x) > 0 and

(@)1, (hy) = o) = =Aa(@)rg, {(T(Gho))s}T on S5

Moreover, we can assume that A; belongs to the same class as {(T(Ghg))s}T and Ay belongs to the

same class as 7, (h(()? — o).
Thus, conditions (3.10) and (3.11) of Problem Ag hold as well, and the proof of Theorem 4.1 is
complete. O

5 The existence and uniqueness of a solution

5.1 Uniqueness

Let us prove the following uniqueness theorem.
Theorem 5.1. Problem Ag has at most one solution.

Proof. Let hy = (hél),hE)Q))T € Ko and hy = (ﬁél),ﬁSQ))T € Ko be two arbitrary solutions of the
variational inequality (3.21). Then

<Ah0jbo - h0>s + j(ﬁél)) - j(hél)) > (p,rg, (E((f) - hé2))>527
(Aho, ho — ho) g + §(h$”) = §(RSY) = (p,ry, (WG = R§D)) g .

2

By summing these inequalities, we obtain (A(hy — EO), ho — E()) s < 0. Since A is a positive definite
operator, it follows that (A(hg — ho), ho — ho)s = 0. By virtue of relation (3.17) and Lemma 2.1,
we have

0= (A(ho — ho), ho — ho)
= ({T(8,n)V(H " (ho — o))} ho — ho) g = ({T(8,n)G (ho — o)}, ho — o)
= ({T(0,n)G(ho — ho)}* {G(ho — ho)}T) 4 = B(G(ho — ha), G(ho — ha)).

Hence we derive the relation G (ho—ho) = V(H " (ho — ho)) = ([ax ]+, a)T in Q. Since hy, ho € Ko,
we have ¢ {G(ho —ho)}" =1y (ho —ho) = 0; i.e., ([a x x] 4+, a)’ =0on S;. Consequently, a=b=0
and V(H Y (ho — EO)) =0 in Q. Therefore, ho = hg on S. O

5.2 Existence of a solution

To prove the existence of a solution, on the set Xy we introduce the functional
1 }
I<h) = 5 <Ah7 h>5 +j(h(1)) - <90aT52 h’(2)>52 Vh= (h(l)? h(Q))T € K:O- (51)

Since A is a symmetric operator (see Lemma 3.1(i)), it follows that the existence of a solution of
the variational inequality (3.21) is equivalent to the existence of an element of the set Ky minimising
the functional (5.1); i.e., the variational inequality (3.21) is equivalent to the following minimization
problem:
Z(ho) = inf Z(h). 5.2

(ho) = inf Z(h) (5:2)
By the general theory of variational inequalities (see [4,25]), the solvability of the minimization problem
(5.2) readily follows from the coerciveness of the functional Z, i.e., from the property

I(h) — 00 as ||h||[H1/2(S)]6 — o0, h e K.
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Since A is a coercive operator on the set Ky (see Lemma 3.1(iv)) and j(h(")) > 0, we find that the
coerciveness of the consequence of the obvious estimate

( ) > Cl||h||[H1/2 s)J6 CQHh||[H1/2(S)]67 h = (h(l)’h(Q))T € Ko,

where C7 and C, are the positive constants independent of h. Consequently, functional (5.1) is
coercive on the closed set Ky. In addition, Z is a convex continuous functional. By the general
theory of variational inequalities (see [4,25]), we find that the variational inequality (3.21) has a
unique solution. Therefore, from Theorem 4.1 we obtain the following assertion of the existence of
the solution of Problem Ay.

Theorem 5.2. Let mesS; > 0, ¢ € [H™Y2(85)]?, g € Loo(S2) and g > 0. Then the variational
inequality (3.21) has a unique solution ho € [HY/?(8)]%, and U = Ghy is a solution of Problem Ag.

Remark 5.3. Let mes S; > 0, G € [Lao(Q)]%, o € [H™Y2(Sy))?, f € HY?(S3), g € Loo(Ss) and g > 0.
Then Problem A has a unique solution which can be represented in the form U + Uy, where U is a
solution of Problem Ag and Uy is a solution of the auxiliary problem (3.5).

5.3 Lipschitz continuous dependence of the solution on the problem data

Let U € [H*(2)]¢ and U € [H(2)]° be two solutions of Problem Ag corresponding to the data ¢, g
and @, g, respectively. Further, let hg = (hél), h(()2))‘r € Ko and hg = (E(()l),ﬁéz))—r € Ko be the traces
of the vector functions U and (7, respectively, on the boundary S. By Theorem 4.1, the vectors hg
and hg are the solutions of the corresponding variational inequalities (3.21) for the above-introduced
data. Therefore, we have two variational inequalities of form (3.21), one for hg and another for Eo. By
substituting ?LO for h into the first inequality and hg into the second one, we obtain the inequalities:

(Aho, ho = ho)s + /g(\ﬁé? — ol = B2 — wol) dS > (0,74, (B = nP)) ..
Sa

(Aho, ho — ho)s + /ﬁ(\hffg — ol — [y — who]) dS > (B, rg, (b = RP)) .
Sa

By summing these inequalities, we obtain

(Alho = Ro). o = ho)g + [ (o= DR = vl = 1Y = ol) 45 = (o = G, (R = 1)),
Sa
ie.,
(A(ho — ho),ho — ho) 4 < / (9~ 9 (RS2 — ol — A8 — wol) dS + (3 — @,r, (B = WD) ..
Sa

This inequality, together with (3.16), property (iv) of the operator A (see Lemma 3.1(iv)), and the
continuous inclusion H'/2(S) C Lo(S) implies the Lipschitz estimate

1U = Ul oy < Cillho = hollprzisyes < Ca(lle — @llim-12sy6 + 19 = llLa(s))
where C7 and (5 are the positive constants independent of U and U and the data of the problem
under consideration.
6 The semicoercive case

Let Sy =@, S =S, G € [La(N)]%, p € [HY2(9)]?, g € Loo(S) and g > 0. Consider the boundary
contact problem.
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Problem B. Find a vector function U = (u,w)’ € [H'(Q)]® which is a weak solution of equation
(3.1) in the domain (, satisfying the inclusion {(TU)s}" € [Loo(9)]® and the following boundary
conditions on the surface S:

{MU}Jr =¥, {un}+ =0,
if [{(TU)s}T| < g, then {us}™ =0, if [{(TU)s}T| = g, then there exist nonnegative functions A\; and
A2 which do not vanish simultaneously, and A\j{us}™ = =X {(TU),}T.

To reduce Problem B to an equivalent boundary variational inequality, we first reduce the inhomo-
geneous equation (3.1) to a homogeneous one. In this connection, we consider the following auxiliary
linear boundary value problem.

Find a weak solution Uy = (ug,wp)' € [H*(Q)]® of equation (3.1) in the domain Q under the
conditions

{up}t =0, {MU}T =0 (6.1)

on S. Tt is well known (see [23]) that the problem is uniquely solvable. Let W € [H!(£2)]® be a solution
of Problem B, and let Uy € [H!(©2)]° be a solution of the auxiliary problem (6.1), then the difference
U :=W —Uj is a solution of the following problem.

Problem By. Find a vector function U = (u,w)" € [H1(Q)]° that is a weak solution of the homoge-

neous equation
LO)U =0 in Q

satisfying the inclusion {(TU)s}+ € [Loo(9)]? and the following conditions on S:
(MUY =, {un}" =0;
if | {(TU)s} T +¢o| < g, then {us}T =0, if [{(TU)s}* +po| = g, then there exist nonnegative functions
A1 and Ay which do not vanish simultaneously, and
M{udt = =X ({(TU) 3 + o),
where o = {(TUp)s}*.

By analogy with the preceding coercive case (see Theorem 4.1), one can show that Problem By is
equivalent to the following boundary variational inequality.
Find a vector hg = (h(()l), h((f))—r € K such that the inequality

(Aho,h = ho)s + j1(h) = j1(h(") > (0, h® — ) (6.2)
holds for all h = (R, AN T € K, where

310) = [ glualdS + (go,0)s. ve [HS)P,
5
K={h=nYrNT e [H2(9): n} =0}. (6.3)
Note that the variational inequality (6.2) is equivalent to Problem By in the following sense: if U €
[H1(9)]° is a solution of Problem By, then hg = {U}* € K is a solution of the variational inequality
(6.2); conversely, if hg € K is a solution of the variational inequality (6.2), then Ghy € [H*(2)]% is a
weak solution of Problem By (here the operator G is defined by relation (3.15)).
Let hg = (hél)7 hé2))T € K be a solution of the variational inequality (6.2). By substituting first
h = 0 and then h = 2hg into inequality (6.2), we obtain the relation (Ahg, ho)s —i—jl(hgl)) = {p, h82)>5
which, together with (6.2), implies that

(Aho, h)s + j1 (A1) > (o, h))s. (6.4)

Let £ = (p,a)” € A(S) and p, = 0 on S. By substituting £¢ € A(S) for h into inequality (6.4)
(A(S) is defined by relation (3.18)) and taking into account the relation ker A = A(S), we obtain the
inequality
/g‘p8| ds — |(<p,a>s - <@07PS>S‘ Z 0. (65)
S
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Inequality (6.5) is a necessary condition for the solvability of the variational inequality (6.2).

Consider the case in which inequality (6.5) is strict. Taking into account the fact that the space
A(S) has finite dimension (dim A(S) = 6), one can readily see that inequality (6.5) is equivalent to
the relation

[ dloulds = lt.abs = (o ps] = I€llaaioe (6.6)
s
with some positive constant C' and with an arbitrary & = (p,a)” € A(S). Let P be the operator of
orthogonal projection of the space [H/?(S)]® onto A(S) in the sense of [Ly(S)]%; i.e., any function
h € [HY?(S)]® can be represented in the form h = & + y, where £ = (p,a)’ = Ph € A(S) and

X =007 € A(9) :i={h € [HY2(S)]5 : (h,&)[1y(sy70 = 0V E € A(S)}.
One can readily see that the norm [|hl|;z1/2(gys is equivalent to the norm || x||(g1/2(syjs + 1€l (L2 (s
On the convex closed set K we introduce the continuous convex functional

1 .
Ti(h) = 5 (A h)s + j1(hD) = (0, k) s, h= (A BT € K

Vh=x+¢c [HY?(9) with x = (1,¢)T and € = (p,a) ", we obtain

L) = Tu(x +€) = 5 (A +6), X +E)g +ia(n+p) — (0, +a)s

1 , . .
=3 (Ax, x)s — (¢, Q) s +41(p) — (p,a)s + j1(n + p) — ji(p)
> CilIxlfr2(sye = Calixllima(sye + Cllélzacsye + 1+ p) — j1(p),

with some positive constants C, C; and Cy. Now let us estimate the difference j1(n + p) — j1(p). We
have

Jin+p) —jilp) = /glns + ps| dS + {po,1s + ps)s — /glpsl dS — (o, ps)s
S S

= /9(|775 + ps| = lpsl) dS + (po, ns)s > —/glnsldS = CslIxllim1r2(syje = —Callxllimrrz(syes
S S

where Cy is a positive constant independent of n and p. By taking into account this inequality, we
finally obtain the estimate

Zi(h) > CilIxllEig/2(sye + Clléllzacsye — Csllxlimrzcsys,

which implies that
Il(h) — 400 as ||h||[H1/2(S)]6 — 00, h e K.

We have thereby shown that the functional Z; is coercive and the minimization problem is solvable
for this functional. Consequently, the corresponding variational inequality (6.2) is solvable (see [4,25]).
By virtue of the symmetry of the operator A, the problem of minimization of the functional Z; on the
space [HY/2(S)]% is equivalent to the solvability of the variational inequality (6.2). Next, note that
(A(ho — Eo) ho — h()>s = 0 for two pos&ble solutions hg and hq of the variational inequality (6.2) in
the set K. Hence it follows that hg — ho = ([a x 2] +b,a)T, a,b € R®. We have thereby proved the
following theorem on the existence and uniqueness of the solution.

Theorem 6.1. Let Sy = @, ¢ € [H™Y2(9)]3, g € Loo(S), g > 0 and let inequality (6.6) be satisfied.
Then the variational inequality (6.2)is solvable and if hg € K is a solution of inequality (6.2), then
U = Ghy is a solution of Problem By. Moreover, two solutions can differ from each other only by a
rigid displacement vector.

Remark 6.2. Let S; = @, G € [Lo(N)]%, ¢ € [HY/2(9)]3, g € Loo(S), g > 0 and let inequality (6.6)
be satisfied. Then Problem B has a solution which can be represented in the form U + Uy, where U is
a solution of Problem By and Uy is a solution of the auxiliary problem (6.1).
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Remark 6.3. Let the boundary S = 92 fall into three mutually disjoint parts Sy, St and S5 such that
S1USrUSy =8, 51 NSy =@. By analogy with the coercive case, we can study the problem, when
on Sy the traction boundary condition o {T'(9,n)U}* = Q is assigned, where @ € [H~/2(S7)]5.
The conditions on the parts S; and S5 in this case remain the same as in Problem A.

To reduce this problem to a boundary variational inequality, we first consider the following auxiliary
problem.

Find a vector function Uy = (ug,wp) ' € [H'(2)]® that is a weak solution of equation (3.1) in the
domain 2 and satisfies the boundary conditions

Ts, {Up}" =0, Tsp {T(9,n)Up} " =0,
Ts, {MU}T =0, Ts, {ug, }t = f, TSQ{(TU0)5}+ =0.

It is well known that this problem has a unique weak solution (see [4,25]), because S is neither a surface
of revolution, nor a ruled surface. Obviously, if V is a solution of the above-considered problem and
Uy is a solution of the auxiliary problem, then the difference U := V — U is a solution of the following
problem.

Find a weak solution U = (u,w) " € [H'(Q)]° of the equation

L(0)U =0 on £,

which satisfies the inclusion ¢ {(TU)s}" € [Loo(S2)]* and the following conditions:

rs {U}T =0 on Sy, TST{T(a,n)U}+ =@ on Sr,
re, {MU}" =@ on Sy, 7y {un}™ =0 on S,

if [rg, {(TU)s} 1| < g, thenry {us}* = 1o, whereas if [, {(TU)s}| = g, then there exist nonnegative
functions A; and Ay which do not vanish simultaneously, and Ay (rs {us} " — o) = =Xars {(TU)}T,
where ¢y = —rg, {ues}t. Just as above, this problem can be reduced to an equivalent boundary
variational inequality.

Find a vector hg = (h((]l), 11(()2))T € Ko such that the inequality

(Aho,h — ho)s + §(hM) — §(h{Y) > (Q, 7y, (h — ho))sy + (g, h® — b)) s

holds for all h = (AW, A®)T € Ky, where the functional j and the convex set Ky are defined
by relations (3.19) and (3.20), respectively. The proof of the existence, uniqueness and Lipschitz
continuous dependence of the solution on the problem data in this case can be carried out just as in
Problem Ag in the coercive case.

Remark 6.4. By analogy with the non-coercive case, we can study the problem when on the part
Sy of the boundary instead of the Dirichlet condition (3.7) there is assigned the tractional boundary
condition r, {T(d,n)U}" = Q, where Q € [H ~*/?(S1)]%. Moreover, we assume that the vector ¢
appearing in condition (3.8) belongs to the space [H ~1/2(55)]3 and the conditions imposed on the
part S; are the same as in Problem Ag.

To reduce the above problem to the equivalent boundary variational inequality, we preliminarily
reduce the inhomogeneous equation (3.1) to a homogeneous one. In this connection, we consider the
following auxiliary problem.

In the domain €, find a weak solution Uy = (ug,wo)' € [H'()]® of equation (3.1) with the
following condition on S:

re AT@,n)Uo} " =0, 7y {uo}t =0, ry {TU}* =0.

By [23], this problem is uniquely solvable. In this regard, we also consider the following problem.

Problem Cy. Find a vector function U = (u,w)" € [H'(€2)]® which is a weak solution of the homo-

geneous equation
LO)U =0 in Q
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satisfying the inclusion {(7TU)s}T € [Lo(S)]? and the following conditions on S:

rs {TO.MUY = Q, 1o, AMU}" = ¢ — ¢,
o = 1o, (MUY € [H2(S2)P, g {un}t =05

if {(TU)s}*] < g, then rg {us}* =0, if [{(TU)s}*| = g, then there exist nonnegative functions A\
and Ap which do not vanish simultaneously, and Airg {us}* = —Xorg {(TU).}". In this case, we
obtain the following boundary variational inequality.

Find a function hg = (hél), /182))—r € K such that the inequality
(Aho, h = ho)s + j1 (M) = j1(h§?) > (re, Q.75 (h—ho))g, + (rs, (0 —90), 76, (K@ = h§?)) o (6.7)

holds for all h = (b, )T € K, where j; (hV) = [ g|htV|dS and K defined by formula (6.3).
Sa

Now the necessary condition for the solvability of the variational inequality acquires the form

/g|ps| ds — ’<rs2 (4/7 - <p0)a a>52 + <r51 ersl >Sl‘ >0 (68)
Sa

for all £ = (p,a)T € A(S), 75, Pn = 0. When inequality (6.8) is strict, then, just as in the non-coercive
case, one can show that condition (6.8) is sufficient for the solvability of inequality (6.7).
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Introduction

R. Fuchs, Ch. Beriot, J. Bouquet, A. Lyapunov, H. Poincare, P. Painleve are the founders of the
theory that investigates the behavior of solutions of systems of ordinary differential equations in the
neighborhood of the singularity.

A separate class of problems in this area is the study of the existence and asymptotic behavior of
solutions of systems of differential equations that are not resolved relatively to the derivatives. Certain
types of systems not resolved relatively to the derivatives in a complex domain were investigated by
such scientists as M. Jwano [4], O Song Guk, Pak Ponk, Chol Permissible [12], V. Gromak and many
others.

One of the methods studying the systems of differential equations that are not resolved relatively
to the derivatives in the real-valued domain was suggested by R. Grabovskaya [3] and J. Diblic [1,2].
Later, this method in the case of a complex domain was developed by G. Samkova [7,8], N. Sharay [10],
E. Michalenko, D. Limanska [5, 6] and others. The present article is a continuation of the research
devoted to the systems of differential equations that are not resolved relatively to the derivatives in a
complex domain.

Let us consider the system of ordinary differential equations

A()Y' = B(2)Y + f(2,Y,Y’), (0.1)

where the matrices A, B : D; — CP*", Dy = {2z € C: |z| < Ry, Ry > 0}, the matrices A(z), B(z)

are analytic in the domain Dqg, D1g = D; \ {0}, the pencil of matrices A(z)A — B(z) is singular as

z — 0, the vector-function f : D x G; x Gy — CP, where domains Gy C C*, 0 € Gk, k = 1,2, the
function f(z,Y,Y”) is analytic in the domain Dy x G19 X Gag, Gro = G \ {0}, k=1, 2.

The main goal of our paper is to establish the existence and to study the asymptotic behavior of

solutions of the system of differential equations (0.1) in the domain with the point z = 0 on its border,

under the conditions that p < n, the matrix A(z) is analytic in the domain Dy and rank A(z) = p in
this domain.

1 On some singular Cauchy problem for a system of
ordinary differential equations, not resolved relatively
to the derivatives

Let us consider the system of differential equations
Y = A P(2)Y; + F(z,1,Y]), (1.1)

where | € Z, Y1 = col(Y11(2),...,Y1,(2)), Y1 : D1 — CP, the matrix P(z) is analytic in the domain
Dy, F: D1 x G11 X Ga1 — CP, Gj1 C CP, j = 1,2, F(z,Y1,Y/) is analytic vector-function in the
domain D; x G171 X Ga1, F(0,0,0) = 0.
We study the questions of the existence of analytic solutions of system (1.1) that satisfy the initial
condition
Yi(z) = 0 for 2 — 0, z € Dy, (1.2)

and the additional condition
Y{(z) =+ 0 for 2 =0, z € Di. (1.3)

According to the method of analytic continuation of solutions [3], system (1.1) will be investigated
over two sets of curves. We analytically continue solutions from the curve of the first set to some
domain by using the curves of the second set.

1.1 Introduction of some intermediary notations

For arbitrary fixed ¢; > 0, v1,v2 € R, v1 < vg, let us introduce the following intermediary sets:

I={(t,v) eR*: t € (0,t1), v E (v1,v2)},
(t1) = {(t,v) €R*: t € (0,t1), v =19 € (v1,v2)},
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v is a fixed number.

For arbitrary fixed tg € (0,t1), Oy, (to) = {(t,v) € R? : t =19, v € (v1,v2)}.

For z = z(t,v) = te', let us assign for set I C R* theset I C C, I = {z =t € C: t €
(O,tl), v E (1)1,’[)2)}.

Definition 1.1. Let p,g : I — [0,+00). We say that the function p(t,v) possesses property Q:
relative to the function g(¢,v) for v = vg € (v1,v2), if the function p(t,vg) is of higher-order of
smallness relative to the function g(¢,vo) as t — +0.

Definition 1.2. Let p,g : I — [0,+00). We say that the function p(t,v) possesses property (2
relative to the function g(t,v), if there exist C; > 0, Cy > 0 such that in the set I the inequalities

Cr- g(t7v) < p(t,’U) <Cy- g(t7U>
hold.
Let us introduce the following intermediary vector-functions:
P02 = (01" () oD@ O T T
WO (t0) = @ (0), 90 (8 0), ¢ T = [0i400), j=Tp.

For z = z(t,v) = te'’, we have

O (t,0) = [ (2(t,0))], j=T,p.

Definition 1.3. We say that the analytic on the set I vector-function @(O)(z) possesses the property
Th, if for any z € I, for the counterpart vector-functions ’(/JJ(-O) (t,v) the conditions

GO0 >0, @0 0), >0, @), >0,
¥ (+0,0) =0, (¥ (+0,0)); =0, j=T,p uniformly in v € (v3,v2)

are fulfilled.

1.2 System (1.1) on the set L, (t1)

Let us consider system (1.1) over the interval L, (¢1) for an arbitrary fixed vy € (v1,v2).
For z = 2z(t,vp) = te**°, in system (1.1) we write each vector-function and matrix in the algebraic
form and separate real and imaginary parts. Introduce the following designations:

Yi(2(t,v0)) = Ya(t), Yi(t) =Yis(t) +iVaa(t); Yi;(t) = col(Yiju(t),..., Yip(t), j =12,
P(z(t,v0)) = Bk @)% ey = Pr(t) +iPa(t), Pult) = [Bjgs @)% oys s =1,2,
where
Pik(t) = Pjra(t) +ipjua(t), j,k =1,p,
F(2(t,v0), Y1(2(t,v0)), Y{ (2(t,v0))) = F(t, Y1, YY),
F(t,Y1,Y/) = col (Fi(t,Y1,Y]), ..., F,(t,Y1,Y])),
ﬁj(ta Y1, Y)) = ﬁlj(ta Y1, YY) +iﬁ2j(t73~/1,371/)7 Jj=1p.

Due to the fact that for each v € [v1,v2] we have the equality

i;Vll(t) = (Yl(Z(t,U))); = % . % — YY(Z) X eiv,

then for z = 2(t,vy) = te'® system (1.1) takes the form

t1(Y]; +iY{y) = t'(P1 + iP) (Vi1 +iY12)e™ +eU70"0 (Re F(t, 71, Y{) +iIm F(t,Y3,YY)).  (1.4)
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Let us introduce the matrices and the vector-function
f)(t) — }31 (t) _NPQ(t) ’
Py(t)  Pi(t)

~ _ [cos(vg)E —sin(vg)E ~ _( cos((l=Nvg)E  sin((I — L)vo)E
@1(vo) = <sm(v§)E cos(t0) B ) > Qa(vo) = (—sin((l 1) E cos((l— 1)UZ)E> )

‘]?(t, }711, }7127 }71/1, }7{2) = COl (ﬁll e ﬁlpﬁgl e Fvgp),
where F is the p X p identity matrix.

Equating the real and imaginary parts of the vector-functions from the left— and right-hand sides
of system (1.4), system (1.4) reduces to

¥ (gg) — #B() 31 (v0) (%Eg) o) (1 Ty, Tro V0, T). w3

This implies that system (1.1) over the interval L, (t1) for an arbitrary fixed vg € (v1,v2) reduces
to the system of real differential equations (1.5).

1.3 System (1.1) on the set Oy (to)

Let us consider system (1.1) over the arc of circle Oy, (t9) for an arbitrary fixed to € (0,;).
For z = z(t,vp) = te'**, in system (1.1) we write each vector-function and matrix in the algebraic
form and separate real and imaginary parts. Let us introduce the following designations:

Yi(2(to,v)) = Yi(v), Yi(v) =
Yij(0) = col (Vi (v).. .7?1jp<v>>, i=12
P(=(t0,0)) = s (0|2 4ey = Pi(v) + iPa(v), Po(v) = [[Bns(v)

p —
7,k=1 s = 1327

where

Pik(v) = Djr1(v) + iDjr2(v), 4,k =1,p,
F(2(to,v), Y1 (2(to,v)), Y{ (2(t0, v))) = F(v,Y1,Y7),
F(0,Y1,Y]) = col (F1(v,Y1,Y)),..., Fy(v,Y1,Y})),

Fj(0,Y1,Y]) = Fy; (0, Y1, Y{) + iF5(v,Y1,Y)), j=Tp.

Due to the fact that for each ¢ € (0,¢1) we have the equality

/ dY1 dZ

V() = (Vi=(t,0), = = - = Y{(2) -ite™,

then for z = 2(tg,v) = toe', system (1.1) reduces to the form
th 1 (YY) +iYy) = ith(Pr +iPy) (Y11 + i¥12)e™ + e D" (Re F(v, Y1, YY) +iIm F (v, Y1,YY)). (1.6)

Let us introduce matrices and the vector-function

Blv) — 131(?1) —ﬁ2(v)
) <P2<v> <v>>

~ _ (—sin(v)E —cos(v)E B (v sin((l — 1)v)E —cos((Il — 1)v)E
@) = ( cos(v)E —sin(v)E) » Q(v) = (cos((l —Dv)E  sin((l-1)v)E ) ’

J/c\(U’ Yir, Yio, Y7, ?1/2) = col(Fy; --- F1pF21 - 'FQp);

where E is the p x p identity matrix.
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Equating the real and imaginary parts of the vector-functions from the left— and right-hand sides
of system (1.6), system (1.6) reduces to

to ! (}%EZ;) = 6P (0)Q1(v) (2;%2;) + Qo(v)F (v, Vi1, Vi, V11, V). @

This implies that system (1.1) over the arc of the circle Oy, (tg) for an arbitrary fixed ¢y € (0,t1)
reduces to the system of real differential equations (1.7).

1.4 On some classes of systems of form (1.1)

Definition 1.4. We say that the matrix P(z) possesses property So; relative to the vector-function
©0)(2), if the following conditions are fulfilled:

(1) For each vy € (v1,v2), the functions (w](-o) (t,v)); possess property ()q relative to the functions
By O (1,0), 5 = Tp, for v = vy € (v1,02).

(2) The functions tl(w§0) (t,v))),, possess property @ relative to the functions ¢'~1|p;; (v)|¢§»0) (t,v),
j=Lp.

(3) Foreach vy € (v1,v2), the functions |p;(t) |1/),(€0) (t,v) possess property @ relative to the functions

B OV (¢, ), 4.k =T,p, j # k, for v =g € (v1,v2).

(4) The functions ¢ \ﬁjk(v)h/}]go) (t,v)) possess property Q2 relative to the functions tlil(w(o)(t v)),
g k=T1p,j#k
Let us define the sets

~ ~ ~ ~ ~ 2
Q((S, QP(O)(Z(t?’UO))) = {(t7Y117Y12) tte (07t1)7 Y121j +Y122j < 5?(’@/1§0)(t,1}0)) v J = 17;0}7

vg is fixed on (vy,vs),
(AZ(UHP(O)(Z(to,U))) = {(%?11,1712) v € (v1,02), }71213‘ ‘*‘?1221‘ < sz'(wy('O)(tO’U))Q’ J= 1,p},

to is fixed on (0,t1), where § = (81,...,8,), 0 = (01,...,0p), 6;,0; € R\ {0}, j =1,p.

Definition 1.5. We say that the vector-function F(z,Y7,Y) possesses property Moy, relative to the
vector-function ¢(®)(2), if the following conditions hold:

(1) For each vy € (vi,v2), when (tY11,Y12) € Qo,0@(2(t,10))), the functions
Fk] (t, Y11, Y12, Y]y, Y,) possess property Q; relative to the vector-functions tpj;(t )|¢](O) (t,v),
j=1,p, k=1,2 for v =19 € (v1,v2).

(2) For each (v, Y11, Y12) € Q(o, 0@ (2(ty, v))) the functions ﬁkj(v, Yi1,Yia, Y/, Y/,) possess proper-
ty Q2 relative to vector-functions tl|ﬁjj(v)\w§0)(t, v),j=1,p, k=1,2.

Let us introduce intermediary functions &, (t), @,k (v), 7,k = 1,p,

cos(p(t)) = ——20____

Vom@P+ Be? = (1.8)
sin(@u(1) = ——2220 ,

\/(pjkl( )%+ (Piw2(t))?
cos(@za(1)) = — 1210 ,

N O T R — (1.9
sin(@u(t) = ——22___

V(Djr1(t))? + (Djna(t))?
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Without loss of generality, let us suppose that t; < R; and introduce the domains Ay x(¢1),
k € {+,—} defined as follows:

Ay () = {(t, v) : cos ((I = L)v+ay;(t)) >0, sin ((I — L)v+aj;(v)) >0,
1,p, t € (0,t1), v € (’Ul,Ug)};
As_(t) = {(t,v) : cos((l — 1w+ a;(t)) > 0, sin((l — 1)v + a;(v)) <0,

,p, t € (0,t1), v e (’Ul,’Ug)}.

J

1

J
Definition 1.6. We say that system (1.1) belongs to the class C, i, k € {+,—}, if for the matrix
P(z) = P(te™) the condition (t,v) € Ay x(t1), k € {4+, —} is true.
1.5 On the existence of a solution of problem (1.1),(1.2),(1.3)
Let us introduce the domains G4 ;(t1) = {z = 2(t,v) : 0 <|z| <t1, (t,v) € Ay (1)}, ke {+ —}.
Theorem 1.1. For system (1.1), let the following conditions be fulfilled:

(1) The matriz P(z) is analytic in the domain Dy and possesses property Sa; relative to the analytic
vector-function o (z).

(2) The vector-function F(z,Y1,Y]) is analytic in the domain Dy X G11 X Ga1, F(0,0,0) = 0 and
possesses property Mo, relative to the analytic vector-function 4,0(0)(2).

(3) System (1.1) belongs to one of the classes Cy i, k € {+, —}.

Then for each k € {+,—} and for some t* € (0,t1) there exist analytic solutions Y1(z) of system
(1.1) that satisfy the initial condition Yi(z9) = Yio for zo € G i(t*), Yio € {Y1 : [Y15(20)| <
5j|g0§-0)(zo)|, §; >0, j =1,p}. These solutions are analytic in the domain Dy N G4 x(t*) and satisfy
the inequalities

V()2 < 2o ()P, 5 =T.p. (1.10)

Proof. (1) Let us consider system (1.1) over the interval L., (¢1) for an arbitrary fixed vy € (v1,v2).
We introduce the sets

G (0,60 (=t v0)) = {(t. V21, Va2) : VR, + T, < 2@ (Lw))?, te (0.01)}, j = Tp.

Thus the set Q(8, 0@ (2(t,v9))) can be considered as intersection of the sets ﬁj of the form

p
(5.9 () = () (6, ¢ (a(t,00).

Jj=1
A part of the boundary of the set ﬁj, je{1,2,...,p}, will be denoted by

00 (0,60 (2(t,v0))) = { (1. V11, Via) + V3, + Vi, = 2267 (8, v0))?,

Vi + Vi < 0 (G vo)? k=Top, k#j. t€ (0.0) ).

Assume
O, (t,Y (1)) = Y2, () + Y5, (t) — 82w\ (t,v0))%, j € {1,2,....p}.

Then the outward normal vector for the surface G(Qj)(é, P(z(t,vp))), for the fixed j € {1,...,p}, will
take the form
N; 2,,(0) (0) / > -
7 = (—5j'll)j (t7’l)()))((’(/)j (t, Uo))t,07 e ,07Y11j,0, N 70, Ylgj, 0, ey 0)
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Let T be a slope-field vector of system (1.5) at an arbitrary fixed point (£*,Yi1(t*), Yia(t*)) €
990,09 (2(t,v0))), 7 € {1,...,p}.

Consider the dot product
(AT, 52 ) = =#620” (8. v0) () (1, w0));
1! (B2 (2) cos( = 1)vo) = Bya(8) sin((L = 1)wo) )02 (4 (¢, vo))

2

P

30 (Bt cos (1= 1)vo) = Bywa(0)sin((L = 1) (Vs Vs + Vi Vo) )
k=1, k#j
30 (B (®)sin (0= Do) + Byealt) cos(1 = oo)) (Vink¥azy — Viauiny) )
k=1, k#j

+ (F1j cos((I—1)vo)+ Fay sin((I—1)vo) ) YViry+ (— Fijsin((I—1)vo ) + Fa; cos((I—1)vo) ) Vizj, j = 1,p.

Since by condition the matrix P(z) possesses property Sy and the vector-function F(z,Y:,Y{)
possesses property My relative to the vector-function ¢(©) (z), we have

(4T, @) ~ Fn ()% + (B372(0)2 (cos((L — Do +a55(1), =T,

as t — +0, where the functions &;;(t) are defined by equalities (1.8).

According to the fact that system (1.1) pertains to one of the classes Cy x(t,v), k € {+, —}, there
exists t* such that for ¢ € (0,t*) the inequality (¢'T, %) > 0, j = 1,p, holds true. Thus, for ¢ € (0,t*),
98, 0 (2(t,vg))) is the surface without contact for system (1.5). Moreover, the integral curve enters
the domain (8, p(©)(z(¢,v0))) as the variable ¢ decreases.

According to the topological principle of T. Wazewski [13], at least one smooth integral curve of
system (1.5) goes through every point of the set Q(8, (@ (2(t, v9))) U8, @ (2(t,v0))) N (¢ = t*). All
integral curves of this system going through the points Q(8, o(? (z(t, v0))) U8, o (2(t,v0))) N (t =
#*), remain in the domain (8, 0(© (2(¢, vo))) for (t,v0) € Ay 1 (%), k € {+, =1}, vo € (v1,v2). Moreover,
the inequalities

Vig; (2(t,v0))2 < 62 (0 (t,00))%, j=Top, s=1,2, (1.11)
are fulfilled for (¢,vo) € Ay x(t*), k € {+,—}.

(2) Consider system (1.1) over the arc of circle O, (o) for an arbitrary fixed tq € (0,%1).
Let us introduce the sets

ﬁj (o,go(o)(z(to,v))) = {(v,}?n,f/lg) : 57121j —l—fffzj < 0?(w§0)(to,v))2, v e (vl,vg)}7 j=1,p.

Thus the set ﬁ(m ©(©)(2(tg,v))) can be considered as the intersection of sets ﬁj of the form

p
Q(o, 0 (2(to,v) m Q; (o, 0O (2(to, v))).

j=1

A part of the boundary of the set ﬁj, j€{1,2,...,p} is denoted by

00 (0,6 (2(t0,v))) = { (v, Vi1, Tr2) = V3, + Vi, = 26" (to, v))?,

Ynk +Y12k < Uk(l/)( )(t07 )2, k=

Lp, k #]? te (07t1)}
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Let T be a slope-field vector of system (1.7) at an arbitrary fixed point (£*,Yi1 (%), Yio(t)) €
0Q; (0, ¢(2(to,v))), for the fixed j € {1,...,p},

(477 52) = 2020 10,000 0,0,
+th (ﬁm(v) cos((I = 1)v) — pjja(v) sin((l — 1)v))072(w§0)(t0’ v

+1 Z (ﬁjkl(”) cos (1 — 1)v) — Pjra(v) sin((l — 1)) (Y116 Y12j — ﬁzkﬁu))

k=1, k#j
p
b Y ( — By () sin (1= 1)) — Pira(v) cos((l — 1)v)) (Viax¥is; + melzj))
k=1, k#j

+ (ﬁlj sin((l — 1)v) + ﬁgj cos((l — 1)1)))3711]» + (ﬁlj cos((l — 1)v) + ﬁgj sin((l — 1)1}))}712]», j=1p.

Since by the condition the matrix P(z) possesses property Sy and the vector-function F(z, Y1, Y;)
possesses property Moy, relative to the vector-function go(o)(z), we have

(157752 ~ @i @) + Gra0))? (sin( — Do) +@55(0)), 5 =Tp,

as t = +0, v € (v1,v2), where the functions &;;(v) are defined by equalities (1.9). Thus

_ N,
sign (tfflﬂ 7]) = sign (sin((l — 1)v) + @j;(v)), j=1,p, v € (v1,v2).

Without loss of generality, we suppose that for each fixed to € (0,t*), 8Q(c, p(@)(2(to,v)) €
At ("), k € {4+, —} is the surface without contact for system (1.7).

According to the fact that system (1.1) belongs to one of the classes Cy x(t,v), k € {+,—},
any integral curve of system (1.7) going through the point of the set Q(U, 0O (2(tg,v))) N (v = vy),
vo € (v1,v2), remains in the domain Q(U, ©©(2(tg,v))) under the condition that variable v decreases
if (to,v0) € Ay +(t*), and v increases if (to,vo) € Ay —(t*).

Moreover, the inequalities

Vi (2(t0, )% < o2 (07 (t0,0))?, j=T,p, s=1,2, (1.12)
hold true for (tg,v) € Ay i (t*), k € {+,—}.

(3) Let us use the method of analytic continuation of solutions for the problems that are solved
relatively to the derivatives, i.e., the method suggested by R. Grabovskaya [3] and developed by
G. Samkova [7,8] for the problems that are not solved relatively to the derivatives and also used by
D. Limanska and G. Samkova [6] in the proof of the third point of Theorem 2 [6].

Let us suppose that for vectors §,0 € CP, §; # 0, 0; # 0, j = 1, p, the inequalities

(6,)% < (07)% =T, (1.13)

are true.

In the proof of item (1) of the theorem, we have got the fact that there are infinitely many
continuously differentiable solutions of system (1.5) over the interval vg € (v1,v2) for t € (0,¢*), and
these solutions satisfy inequality (1.11). We denote a set of such solutions by {Y1(z(¢,v0))}.

Any solution Y7 (z(¢,v9)) from the set {Y7(z(¢,v0))} is analytically continuable from the interval
L, (t1), where (t,v) € Ay (t*), for fixed vy € (v1,v2), to the domain containing this interval, with
preservation of inequalities (1.12).

From the proof of item 2 of the theorem it follows that if inequalities (1.13) are fulfilled, then the
solution Y7 (z(t,v)) for fixed v = vy can be continued from the interval L,, (1) over the curves O, (to)
to the set Q(c, 0@ (2(t*,v))) for ¢ € (0, |2(ty,v)|]. We denote the obtained analytic continuation by
Y1(z). The set of solutions of system (1.4) is {Y1(2)}.

As aresult, the solutions Y7 (z) of system (1.1) are analytically continuable to the domain G j(t*)x

{Y : |1y, < 5j|g0§0)(z(t07v))\, j = 1,p}, and, moreover, in this domain solutions Y;(z) satisfy

inequality (1.10). O
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2 The main results for system (0.1)

Let us consider the system of ordinary differential equations (0.1) under the conditions that p < n,
A(z) is an analytic matrix in the domain D;, and rank A(z) = p for z € Dy. Let us introduce the
function Y = col (Y1 Yg), Y1 = col(Y11(2), ..., Y1,(2)), Y2 = col(Y21(2),...,Yan—p(2)), Y1 : D1 —
CP, Yy : D; — C"P. Without loss of generality, we assume that the matrices A(z), B(z) and the
vector-function f(z,Y,Y”) take the forms

A(Z) = (Al(z) AQ(Z))a B(Z) = (Bl(z) BZ(Z))v f(Z,KY/) :f*(’z?YlaYanY{?Yé)a

A1 : D1 — (Cpo, A2 : D1 — Cpx(nfp% Bl : D1 — CPXP, BQ : D1 — Cpx(nip), detAl(z) 7é 0 for
2 € Dy, f*: D1 X Gi1 X Gi2 X Ga1 X Gag = CP, Gj1 X Gja = G, Gj1 CCP, Gje CC"7P, j=1,2.
Due to the above-said, system (0.1) can be written as

Y] = ATN(2)Bi(2)Y1 + A7 (2) Ba(2)Ya — AT (2)Ae(2)Y3 + AT (2) ¥ (2,11, Y2, Y1, YS)  (21)

Suppose that the matrices A7 *(2)Bi(2), A7 (2)A2(2), A7*(2)Ba(z) are analytic in the domain Dy
and have removable singularity at the point z = 0.
Let us introduce

P(z) = A7 (2) Bu(2),
F*(Z, Y1, Ya, Yll7 Y2l) = AII(Z)BQ(Z)YQ - A;1(2>A2(Z)Y2/ + Aflf*(zv Y1, Yo, Yllﬂ Y2I)7 (2'2>

then system (1.1) can be written as
Yll = P(Z)Yl + F*(Z,Y17Y27Y1/a }/é/)a (23)

where P(z) is the matrix, analytic in the domain D¢ having removable singularity at the point z = 0,
and P : Djg x CP*P, F*(z,Y1,Ys,Y{,Yy) is the vector-function, analytic in the domain D19 X G119 X
G120 X Ga19 X GQQQ, ijo = ij \ {O}, 7 k= 1,2. Therefore, the vector-function F* (Z7Y1,§/2’ Y{,YQ/)
has isolated singularity at the point (0,0,0,0,0). This means that according to the theorem on the
isolated singularity of the function of several complex variables, the point (0,0,0,0,0) is a removable
singular point of that function.

Let us define the vector-function F*(z,Yy,Ys,Y{,Yy) at the point (0,0,0,0,0) in such a way that
it becomes analytic in the domain D; X G117 X G132 X Ga1 X Gaoo. Without loss of generality, assume
that £*(0,0,0,0,0) = 0.

By H~P we basically mean a class of (n — p)-dimensional analytic in the domain Djo functions
that have pole of r-order at the point z = 0.

Let us consider system (2.3) for an arbitrary fixed vector-function Yo € H>~P. Then the function
Ys = Y5(z) can be written as

Ya(z) = 27"Y5 (2), (2.4)

where r € N, Y;*(z) is an analytic vector-function in the domain D; such that Y5*(0) # 0. Moreover,
the function Y5*(2) is represented as a convergent power series for z € Dj. Therefore, (2.4) in the
domain Dy, takes the form

Ya(z) = Z Crpztr,
k=0

where C, € C" P, k=0,1,2,...,9 #0.

Since Cy # 0, the vector-function Y;(z) has a pole of r + 1-order at the point z = 0.

Since the vector-function F*(z, Y1, Ya, Y{,Y) is analytic in the domain D1 X G11 X G12 X Ga1 X G2
and F*(0,0,0,0,0) = 0, we get that F*(z,Y7,Y>,Y/,Yy) can be represented as a convergent power

series
o0

F*(2,Y1,Y,Y{,Y3) = > Cajkbdz"Y{ Y (Y)"(V3)
a+|j|+|k|+]|b|+|d|=1
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near the point (0,0,0,0,0), where Cujkpa € CP, j = (j1,---,Jp), (Y1)7 = (Yir)?t - (Y1), || =
Gt gy k= (ke knep), (Yo)P = (Yar )% - (Yoo r, [k = kit A hp_p, b= (b, ..., by),
(Y))? = (V)" - (Y1,)P, (o] = b+ 4 by, d = (dus oy dny), (Y3)T = (Y1) P o (Y, )P,
|d| =di+ -+ dn_p.

Assume that there exist ¢ € N and s € N such that

(1) for some ag € N, jo = (Jor,---Jop)s Jin € NU{0}, bo = (bo1,---,bop), bon € NU{0}, h = 1,p,
we have Coqjokbed 7 0 for k| =g, |d] =s;

(2) forany hym e Nand u=1,2,...,n —p,c=1,2,...,n — p, we have Cuj(ithe,)b(d+me.) = 0;

where e, is the (n — p)-dimensional uth orthogonal unit vector, and e is the (n — p)-dimensional cth
orthogonal unit vector.

Consequently, the summands in the power series expansion of function F'* in the neighbourhood of
the point (0,0,0,0,0), containing the maximum powers of vector-functions Y5 and Y, with non-zero
coefficients, take the form

Cajivaz Y7 YVF (V] (Y3)? = Cajroaz™Y7 (277 Y5 ) F (V) (z77Ys = vz 1Y5)
—rg—(r svJ * * N
= Cojipaz® 17DV (V) () (Y5 — Y5,

fora=0,1,2..., |7 =0,1,2,..., [b| =0,1,2,..., |k| = ¢, |d| = s and, at least, if a = ag, j = jo,
b=bp.
Two logical cases are possible:

(1) a—rq—(r+1)s>0. Then for an arbitrary fixed function Yz € H P, we have F*(z,Y1,Y2,Y{,Yy) =
F(z,Y1,Y]), where F(z,Y1,Y]) is analytic at the point (0,0,0), and system (2.1) is reduced to
the system

Y] = P(2)Y1 + F(z2,Y1,Y]). (2.5)

According to Theorem 1.1 of [6, p. 22], the sufficient conditions for the existence of analytic
solutions of the Cauchy problem (2.5), (1.2) with the additional condition (1.3) are found.

(2) a —rq — (r+1)s < 0. Let us introduce | = rq + (r + 1)s — a, then the vector-function
F*(z,Y1,Y3,Y],Y]) may take the form
F*(2,Y1,Y2, Y/, Y;) = 27" > Cajrvaz"Y{ (Y3)*(])" (Y5 —rY5)
a+|j|+1k|+[b]+]d|=0
=27 (2, Y1, Y YY),

where F(z7Y1,Y2*7Y1’,Y2*') is the analytic vector-function in the domain D; x G x G2 X
G21 x Gag. Without loss of generality, we assume that F(z,Y7,Ys,Y!,Ys") = F(2,Y1,Y!), and
F(0,0,0) = 0.

According to (2.2), system (0.1) takes form (1.1). Let us consider the problem on the existence
and asymptotic behavior of the solutions of system (0.1) that satisfy the initial condition (1.2) and
the additional condition (1.3).

Theorem 2.1. Let p < n, A(z) be an analytic matriz in the domain Dy, rank A(z) = p for z € D;.
Moreover, let system (0.1) take form (2.3), and for Yo € H* P, conditions (1)—(3) of Theorem 1.1 be
true for the associate system (1.1).

Then for each k € {+,—}, some t* € (0,t1) and for each Yo € H P there exist analytic solu-
tions Y (z) = (Y11(2),...,Y1p(2),Y21(2), ..., Yan_p(2)) of system (1.1). The first p-elements of these
solutions are analytic in the domain Dy N G4 (t*) and satisfy inequality (1.10).

Proof. According to Theorem 1.1, the solution Yj(2) of system (1.1) is analytically continuable on
Giu(t*) x {Y @ |Yi4] < &lp,(2)], 7 = 1,p}. Moreover, the solution satisfies inequality (1.10)
in this domain. Therefore, system (0.1), for an arbitrary fixed function Y2 € H?~P, has solutions
Y = (Y1(z),Y2(2)), the first p-elements of which are analytic in the domain G ;(t*) x {Y : |Y1;| <
d;ilei(2)], 7 =1,p} and satisfy inequality (1.10) for z € Dy N G4 ,(t*). O
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1 Introduction and formulation of main results

The term “variation formula of a solution” has been introduced by R. V. Gamkrelidze and proved
in [2] for the ordinary differential equation. The effects of perturbation of the initial moment and the
discontinuous initial condition in the variation formulas of solutions (shortly, variation formulas) were
revealed by T. A. Tadumadze in [4] for the delay differential equation.

In the present paper, for the controlled functional differential equation

z(t) = f(t, x(t),x(t —711), ..., x(t — Ts), u(t))
with the continuous initial condition
z(t) = ¢(t), t<to,

the variation formulas are proved in the framework of new wide classes of variations of the initial data.
The continuity of the initial condition means that the values of the initial function and the trajectory
always coincide at the initial moment, i.e., x(to) = @(to). In [5,9], the variation formulas were proved
for the equations

i(t) = f(t,z(t),z(t — 7)), tE€ [to,t1],
i(t) = f(t,z(t),z(t —7),u(t)), te [to,t],

respectively, in the case where the initial moment and delay variations had the same signs. In this
paper, the essential novelty is that here we consider the equation with several delays, the variation
formulas are proved for the controlled functional differential equations with several delays and the
variations of the initial moment and delays are, in general, of different signs.

The variation formula plays the basic role in proving of the necessary conditions of optimality
[2,3]. The variation formulas for various classes of controlled functional differential equations without
perturbation of delays are derived in [1,3,7,8].

Let I = [a, b] be a finite interval and 0 < 0;; < 0;2,7 =1,..., s, be the given numbers; suppose that
O C R™ and Uy C R" are the open sets. Let the n-dimensional function f(¢,z,x1,...,xs,u) satisfy the
following conditions: for almost all fixed t € I, the function f(¢t, -) : O'** x Uy — R™ is continuously
differentiable; for each fixed (z,x1,...,zs,u) € O x Uy, the functions f(t,z,x1,..., 24, u), f2(t, -),
fao, (&), 0 =1,...,s, and f,(¢, -) are measurable on I; for arbitrary compact sets K C O, U C Uy,
there exists a function mg 7 (t) € L1(I,Ry), Ry = [0, 00) such that

[tz wr, g w)| [ folt )+ D et )+ fult )] < mio(?)
i=1

for all (x,21,...,7s,u) € K x U and for almost all t € I.

Let @ be a set of continuous functions ¢ : I} = [7,b] — O, where T = a —max{f12,...,052} and let
Q be a set of measurable functions u(t), t € I, satisfying the condition clu(I) C Uy and be compact
in R".

To each element pu = (to, 71,...,7s, 0, u) € A =[a,b) X [011,012] X -+ X [0s1,052] X ® X Q we assign
the delay controlled functional differential equation
x(t) = f(t, z(t),x(t —711),...,2(t — 7s), u(t)) (1.1)

with the continuous initial condition
x(t) = p(t), t e [T, to]. (1.2)

Definition 1.1. Let u = (to, 71,...,7s, p,u) € A. A function z(t) = z(¢t; 1) € O, t € [T, t1], t1 € (to,b],
is called a solution of equation (1.1) with the initial condition (1.2) or a solution corresponding to the
element p and defined on the interval [T, ;] if it satisfies condition (1.2) and is absolutely continuous
on the interval [tg,t1], and satisfies equation (1.1) almost everywhere (a.e.) on [to,t1].
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Let us introduce a set of variations:

V= {(M = (0to,071,...,07s, 00, 0u) = |0t < o, |073| <, i=1,...,s,

k
S =3 Ndpi, Nl <a, [6ull < a, z:lk} (1.3)
i=1

where dp; € ® — g, i = 1,...,k, and ¢y € ¢ are fixed functions; a > 0 is a fixed number and
[|0u]] = sup{|du(t)| : t € I}.

Let x0(t) be a solution corresponding to the element pg = (¢o0, 710, - - -, 750, P0, o) € A and defined
on the interval [7/:, tlo], where too, t10 € (a, b), too < t1g and 70 € (9i1, 91‘2), 1=1,...,s.

There exist the numbers 6; > 0 and €1 > 0 such that for arbitrary (¢,0u) € (0,e1) x V' we have
to + e € A and a solution z(t; o + €dpt) defined on the interval [7,t19 + d1] C I3 corresponds to it
(see Lemma 2.2).

Due to the uniqueness, the solution x(¢; po) is a continuation of the solution z((¢) on the interval
[T,t10 + d1]. Therefore, in the sequel, the solution xo(t) is assumed to be defined on the interval
[?, tio + 51}

Let us define the increment of the solution x(t) = x(t; uo):

Ax(t) = Ax(t;edp) = x(t; po + edp) — xo(t), (t,e,0u) € [T,t10 + 01] X (0,61) X V. (1.4)

Theorem 1.1. Let the function po(t), t € I, be absolutely continuous. Let the functions ¢o(t) and
flw,u), (w,u) € I x O x Uy, be bounded, where w = (t,z,z1,...,25). Moreover, there exist the
finite limits

lim SbO(t) = 90(;7 lim f(wu uO(t)) = f_v w e (avtOO] X Ol+sa

t—too— w—wo

where wo = (too, Yo(too)s o(too — T10)s - - -, wo(too — Ts0)). Then there exist the numbers eo € (0,e1)
and d € (0,01) such that for arbitrary (t,e,0pu) € [too,t10 + d2] X (0,e2) X V—, we have

Az (t;edu) = edx(t; Sp) + o(t; edp), t (1.5)
where V= = {dpu € V : dtg < 0} and
ox(t;6p) =Y (too;t)(bg — f7)dto + B(t;0p), (1.6)

too

B(t;0p) =Y (too; t)dp(too) + Z / Y (&4 Tios t) fa, [€ + o]0 (€) d€
izltoo—ﬂ,o

- [¥(E0[ X faldinte — mojin] ae+ [Yonigae e o)

too tOO

where Y (&;t) is the n X n-matriz function satisfying the equation

Ye(§5t) = =Y (&) falS] — Zy(f + 7Tios t) fa: [€ + Tio], € € [too, 1], (1.8)
i=1
and the condition
T for £=1t,
V(&) = {@ P (1.9)
Here, 5
f:Ei = 87 fa f:DL [5] = wa (57 x0<§)7xo(€ - 7-10)7 D) $0(€ - 7—80>7u0(€))a

T is the identity matriz and © is the zero matriz.

!Here and throughout the paper, the symbols O(t;edp), o(t; edp) stand for quantities (scalar or vector) having the
corresponding order of smallness with respect to € uniformly with respect to (¢, du).
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Some comments. The function dx(¢; §p) is called the first variation of the solution z((t), t € [too, t10 +
2], and expression (1.6) is called the variation formula. On the basis of the Cauchy formula for
solutions of the linear delay functional differential equation, we conclude that the function

su(ty = 4 0°) t€[Ttoo),
dx(t;0p), t € [too,t10 + 2],

is a solution of the equation

Sa(t) = foltlox(t) + D fo,[l162(t — 7i0) — Y _ fa,[tlEo(t — 7i0)07i + fultlou(t)

i=1 i=1

with the initial condition

dx(t) = dp(t), t€[T,ton), dx(too) = (Yo — f )dto + dp(too)-

t s
The addend — [ Y(&8)[ X fo,[€]d0(€ — Ti0)07;] d€ in formula (1.7) is the effect of perturbations of
t00 i=1
the delays 1,0, 2 =1,...,5.

The expression Y (too;t)(¢g — f~)dto is the effect of the continuous initial condition (1.2) and of
the perturbation of the initial moment tgq.

s too
The expression Y (too; t)d¢(too) + 3. [ Y (& + Tioit) fa, [§ + Ti0]0p(€) d€ in formula (1.6) is the

=100 —Tio
effect of perturbation of the initial function ¢(t).

¢
The expression [ Y (&;¢)du[¢] d€ in formula (1.7) is the effect of perturbation of the control fun-
too
ction ug(t).

Theorem 1.2. Let the function po(t), t € I, be absolutely continuous. Let the functions ¢o(t) and
fw,u), (w,u) € I x OYF* x Uy, be bounded. Moreover, there exist the finite limits

lim ¢p(t) = gbar, lim f(w) = f", w € [too,b) x ots.

t—too+ w—wo

Then for each ty € (too,t10), there exist the numbers eo € (0,e1) and d3 € (0,01) such that for arbitrary
(t,e,01) € [to,t10 + da] x (0,69) x VT, where Vt = {du € V : 6ty > 0}, formula (1.5) holds, where

8 (t;0p) =Y (too; t) (g — fT)dto + B(t; o). (1.10)

The following assertion is a corollary to Theorems 1.1 and 1.2.

Theorem 1.3. Let the assumptions of Theorems 1.1 and 1.2 be fulfilled. Moreover, 5 — f~
oF — fT == f. Then for each to G/\(tomtlo), there exist the numbers eo € (0,e1) and 2 € (0,01
such that for arbitrary (t,e,0p) € [to,t10 + d2] X (0,e2) x V' formula (1.5) holds, where éx(t; )
Y (too;t) foto + B(t; dp).

All assumptions of Theorem 1.3 are satisfied if the function f(¢,z,x1,...,xs,u) is continuous and

bounded, the function ¢g(t) is continuously differentiable and the function ug(t) is continuous at the
point tgg. Clearly, in this case,

~

f= ¢o(too) — f (too, ©o(too), ¢o(too — T10), - - -, o(too — Ts0), uo(too))-

2 Auxiliary assertions
To each element p = (g, 71,...,7s, , u) € A we assign the controlled functional differential equation

§(t) = flto, 1, -, 7s, 0,5 u)(t) (2.1)
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with the initial condition
y(to) = ¢(to), (2.2)

where

f(t0a7—17 s ,Ts,go,y,u)(t) = f(tay(t)vh@Ov@ay)(t - Tl)v Tt h(th@ay)(t - Ts)au(t))

and h(to, ¢, y)(t) is the operator given by the formula

p(t), te[rto),

y(t), tE€ [to,b]. (2.3)

h(to,p,y)(t) = {

Definition 2.1. Let u = (to,71,...,7s, p,u) € A. An absolutely continuous function y(t) = y(t; u) €
O, t € [r1,r2] C I, is called a solution of equation (2.1) with the initial condition (2.2) or a solution
corresponding to the element p and defined on the interval [rq, 7o) if to € [r1,72],y(to) = ¢(to) and
the function y(¢) satisfies equation (2.1) (a.e.) on [ry,rs].

Remark 2.1. Let y(¢; ), t € [r1,r2], be a solution corresponding to the element u=(tg,71, ... ,7s, P, u) €
A. Then the function

a(t; 1) = h(to, o, y(-5m))(1), T € [T,72], (2.4)
is the solution of equation (1.1) with the initial condition (1.2) (see Definition 1.1 and (2.3)).

Lemma 2.1. Let yo(t) be a solution corresponding to the element po = (too, T10, - - - s Ts0, P0, Uo) € A
and defined on [r1,r3] C (a,b); let too € [r1,72), Tio € (0i1,0:2), i = 1,...,s, and let K1 C O be a
compact set containing a neighborhood of the set wo(I1) Uyo([r1,72]). Then there exist the numbers
g1 > 0 and 61 > 0 such that, for any (g,0u) € (0,e1) X V, we have po + edp € A. In addition, to
this element there corresponds a solution y(t; po + o) defined on the interval [ry — 61,72 + 61]) C I.
Moreover,

P(t) = o(t) +edp(t) € K1, tel, (2.5)
y(t;u0+55u)€K1, te [7”1751,7’24’51],
lim y(t; pio + 0p) = y(t; ko) uniformly for (t,0u) € [ry — 01,72 + 0] x V.
E—
This lemma is a result of Theorem 3.1 in [6].
Lemma 2.2. Let 2¢(t) be a solution corresponding to the element g = (too, T10, - - - Ts0, Po, Uo) € A

and defined on [T,t10] (see Definition 1.1), let tog,t10 € (a,b), Tio € (0i1,0i2), t = 1,...,s, and let
K, C O be a compact set containing a neighborhood of the set po(I1)Uxo([too, t10]). Then there exist the
numbers e1 > 0 and 51 > 0 such that, for any (e,0u) € (0,e1) XV, we have po+edp € A. In addition,
to this element there corresponds a solution x(t; o + edp) defined on the interval [T,t19 + 61] C I1.
Moreover,

CE(t; Mo + 55/1,) e Ky, te [’?,tlo + 51] (26)

It is easy to see that if in Lemma 2.1 one put 1 = tqg, r2 = t19, then xq(t) = yo(t), t € [too, t10],
and x(t; po +edp) = h(to, o, y(-; o +e0p))(t), (t,e,0u) € [T, t10 + 01] X (0,e1) X V (see (2.4)). Thus,
Lemma 2.2 is a simple corollary of Lemma 2.1 (see (2.5)).

Remark 2.2. Due to the uniqueness, the solution y(t; o) on the interval [rqy — §1,72 + &1] is a
continuation of the solution yo(t). Therefore, we can assume that the solution yo(t) is defined on the
interval [rq — 01,72 + d1].

Lemma 2.1 allows one to define the increment of the solution yo(t) = y(¢; po):
Ay(t) = Ay(t;edp) = y(t; po +6p) — yo(t), (t,e,0p) € [r1 — 01,72+ 1] x (0,1) x V. (2.7)

Obviously,
liH(l) Ay(t;edp) =0 (2.8)
E—r

uniformly with respect to (¢,0u) € [r1 — 1,72 + 1] x V (see Lemma 2.1).
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Lemma 2.3. Let the conditions of Theorem 1.1 hold. Then there exist the numbers eo € (0,e1) and
d2 € (0,01) such that
max  |Ay(t)] < O(edp) (2.9)

tE[too,r2+02]

for arbitrary (¢,0p) € (0,e2) x V=. Moreover,
Ay(too) = e[dp(too) + (Do — f7)dto] + o(edp). (2.10)
Proof. Let €}, € (0,e1) be so small that for arbitrary (e, dp) € (0,¢5) x V'~ the inequalities
to+7i >too, i=1,....s, (2.11)

hold, where tg = too+edty, 7 = Ti0+ed7;. On the interval [too, 72+01], the function Ay(t) = y(t)—yo(t)
satisfies the equation .
Ay(t) = alt;edp), (2.12)

where

a(t;edp) = f(t,yo(t) + Ay(t), h(to, v, yo + Ay)(t — 1), ..., h(to, o, yo + Ay)(t — 75), u(t))
— f(t,yo(t), h(too, €0, y0)(t — T10), - - -, hltoo, o, Yo) (t — Ts0), uo(t)).  (2.13)

We rewrite equation (2.12) in the integral form

t

Ay(t) = Ay(ton) + / a(€: £0p1) .

too

Hence it follows that
|Ay(t)] < [Ay(too)| + a1 (t; too, edp), (2.14)

where
t

ax (¢ too, £61) — / la(&:0)| dE, ¢ € [top, 2 + 81].

too
Let us prove formula (2.10). We have
Ay(too) = y(too; ko + €01) — yo(too)
too
= o(to) + edp(to) + /f(l% Yo(t) + Ay(), ¢t — 71),..., ot — 75),ult)) dt — @o(too) (2.15)
to
(see (2.11) and (2.3)). Since
to
[ ott)dt = =gista + ofcn).
too

liH(l) dp(to) = dp(top) uniformly with respect to dpu € V'~
E—

(see (1.3)), we get

to

@o(to) +€dp(to) — wo(ton) = /st(t) dt + 6¢(too) + € [0 (to) — 6 (too)]

= e[p 7 6to + dp(too)| + o(edp). (2.16)
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It is clear that if t € [tg, too], then

;i_r% (t,yo(t) + Ay(t), o(t —71),...,0(t = 7)) = lim (t,yo(t), po(t — T10), .-, ot — Ts0)) = wo

t—too—

(see (2.8)). Consequently,
lim sup |f(t,y0(t) + Ay(t), ot —11),..., 0t — 75),u(t)) — f_’ =0.

=0 tE(to,too]

This relation implies that

/ Ft o) + Ay(t) ot — 1), ..y ot — 1), u(t)) d

too
= Efi(st() + / [f(tayO(t) + Ay(t)a QD(t - 7_1)’ AR Qﬁ(t - Ts)vu(t)) - fi] dt
to
= —ef 70ty + o(gdp). (2.17)
From (2.15), by virtue of (2.16) and (2.17), we obtain (2.10).

Now, let us prove inequality (2.9). First, we note that for any compact set K1 C O and U; C Uy,
there exists a function Lk, v, (t) € L1(I, R4+) such that

S
‘f(t,l‘,a?l,. ..,xs,U1) - f(t7yay17' "72/87“’2)‘ S LK17U1(t)(‘x _yl +Z ‘xi _yl‘ + |U1 —U2|>
=1

for almost all t € I and for any (z,y) € K2, (z;,y;) € K2, i=1,...,s, ui,us € Uj.
Now, we estimate aj (¢; too,edp), t € [too, 72 + d1]. Obviously,

t s t
st =60 < [ L, (OBO1 e + Y anltiton,26) + & [ Lie, oy (OISu(©]de, (2.1
00 =1 too

t

where

t
azi(t; too, €0p) = /LKl,Ul (&)|n(to, s 9o + Ay)(€ = 7:) = h(teos o, yo) (€ — Ti0)| dE

too

(see (2.13)).

Evidently,
t

[ Lin ©18u©)]dé < ea [ Licuw 0 de = OG),

too I
Let top + T0 < 72 and let €} be so small that tog + 7; < ro + ;. Furthermore, let p;; = min{ty +
Tis t00+7'i0}7 Pig = max{t00+7'i,t00+7i0}. It is easy to see that p;o > pi1 > too and pj2 —pi1 = O(Eéu)
Let t € [too,pﬂ). Then for f S [too,t], we have f —1; < tg and f — Tio < too- Therefore,

t
az;(t; too, €0p) = /LKl,Ul (©)]e(€ = 7i) = @o(§ — 7o) | d&.
too
From the boundedness of the function ¢g(t), t € I, it follows that
lp(€ — 75) — o€ — Tio)| = |@o(€& — 7) + €6 (€ — 7i) — pol(€ — Tio)|
e
= O(edu) + ‘ / o(t) dt‘ < O(gdp). (2.19)

§—Tio
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Thus, for ¢ € [too, pi1], we have
a2 (t; too, edp) < O(edp), i=1,...,s. (2.20)
Let t € [p;1, pia), then
a2, (t;t00,€01) < a2i(pi1;too, €0pt) + azi(pio; pin,€6p) < O(edp) + agi(piz; pi1, €O1L).

Let pPi1 = t() + 7 and pPi2 = t()o + 7, i.e. to + 7 < too + 70 < too + 7. We have

too+Tio
azi(piz; pi1, €6p) < / L, v, ()|y(& — 75 1o + €0p) — po(€ — Tio) | d€
to+Ti
too+Ti
+ LKl,Ul(f)|y(§—Ti;Mo+86M) —yo(f—Tio)‘df
too+Tio
too+Tio
< [ L@l — o+ o) - ole - )| de
to+7i
too+Tio too+Ti
+ [ Lo ©leem—w-roldet [ Lioun @lu€—rino+etn—p(e—r)| de
to+Ti too+Tio
too+Ti too+Ti
+ / L, v, (§)]p(€ — 1) — ol — 7o) dE + / Li,,v, (§)lpo(§ = Tio) — yo(§ — 7o) | d€
too+Tio too+Tio
too+Ti
<oledm)+ [ Lo (©y(€ — 7o+ <) — (6 — )] dg
to+T7i
too+Ti
+ / Lk, v, (§)]po(& — Tio) — yo(§ — Tio)| d§
too+Tio
too too+7i—Tio
— o)+ [ Licuu (€4l motedn) —p©ldst [ Ly (6+7io)lol€) ~o©)] de
to too

(see (2.19)) with tog + 7; — Tio > too + Tio — Tio = too. The functions f(w,u), (w,u) € I x O**s x Uy,
and ¢o(t), t € I1, are bounded; therefore, we have

ly(&; 1o + e0p) — @(€)]

£
= ‘lp(to) + /f(thTla s Tsy 05 Yo + Ay, u)(t) dt — 80(5)’ < O(edp), €€ [to,too), (2.21)
to

£
©o(§) — ¢oltoo) — /f(tooﬂ'm, -5 Ts05 %05 Y0, Uo) (T) dt‘ < O(edp),

too

|900(€) - yo(f)| =

€ € [too, too + T — Tio).
Thus, ag;(pi2; pi1,edp) = o(edp). Let pj = to + 7 and pia = too + Tio, then

too+Tio

azi(piz; pir, €6p) = Lic, v, (§)|y(& — 75 po + €6) — po(§ — Tio) | d€ = o(edp).
to+Ti



134 Tea Shavadze

Let pi1 = too + Tio and pio = too + 73, i-€., too + Tio < to + 7 < too + 7;- We have

to+T7;

az;i(pi2; pi1,e0p) < / Li, v, (&)]p(§ —7i) — yo(§ — Ti0)| d€
too+Tio
too+Ti
+ / L, v, (O)|y(& — 73 1o + €0p) — yo(€ — Tio)| d€ = o(edp).
to+T;

Consequently, for ¢ € [too, pi2], inequality (2.20) holds.
Let t € [piQ,TQ + 51], then t — 7, > tg and t — 759 > tog. Therefore,

t

azi(t; too, €dp) = azi(piz; too, €0pt) + / Lk, v, (§)|Z/0(§ — 7))+ Ay(§ — 1) —yo(€ — Tz'o)| d¢

t—1; " t
< O(edp) + / Ly, v, (& +7:)|Ay(§)] d€ + /LKl,Ul Olyo(€ = 75) — yo(€ — Ti0)| d€
) Pi2—Ti Pi2 s
<Ot + [ X€+ )Ly (€ + mIAYEIdE + [ Licon @lo(€ — 1) — vo(€ — 7o)
too pi2

where x (&) is the characteristic function of the interval I.
Further, for & € [p;2,72 + 01],

§—Ti

1Yo (€ — 7i) — Yo (€ — Tio)| < / |f (t00, T10, - - -, Ts0, Y0, o) (t) | dt < O(ebp).
€-Ti0
Thus, for t € [tgg, T2 + 1], we get
t
aai(tito0,200) < O(8) + [ X(€-+ 70 L a1 (€ + 7| By(€)] de. (222)
too

We now consider the case where tog + 70 > r2. Let 62 € (0,61) and € € (0,21) be so small numbers
that too + Tio > 72 + 02 and to + 7; > 19 + o for arbitrary (g,du) € (0,e5) x V.
It is easy to see that

t
az;(t; too, e6p) < /LKl,Ul ()& = 7i) = @ol(§ — Tio)| dt < O(edp).

t

Thus, for arbitrary (t,&,0u) € [too, 72 + d2] X (0,e2) X V™ and i = 1,...,s, where o = min(eh,e}),
inequality (2.22) holds.
Consequently, we have

a1 (t; oo, edp) < O(edp)
t

[ L@+ x4 w6+ 7] 180(@1dE, ¢ € ftonr2 #8229

too i=1

(see (2.18)).
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According to (2.10) and (2.23), inequality (2.14) directly implies

t

|NﬁﬂSW¢M+/P¢¢MO+Z}K+Eﬂmu@+n)MMOM&tEWmm+M

o i=1

from which, by the Gronwall lemma, we get (2.9). O
The following lemma, with a minor modification can be proved analogously to Lemma 2.3.

Lemma 2.4. Let the conditions of Theorem 1.2 hold. Then there exist the numbers e € (0,€1) and

d2 € (0,61) such that [max . |Ay(t)| < O(edu) for arbitrary (e,6u) € (0,e2) x V. Moreover,
t€(to,r2+02

Ay(to) = €[dp(too) + (¢f — f1)dto] + o(edp).

3 Proof of Theorem 1.1

Let ry = tgp and ro = t1g in Lemma 2.1, then

m@:{%m,tﬂﬁm%

yo(t), t € [too,t0],

and for arbitrary (g,0u) € (0,e1) x V7,

xw%+dm:{wm%m+wmmteﬁm»

y(t; po + edp), t € [to, t10 + 1]
(see (2.4)).
We note that o € V7, i.e., to < tgo, therefore, we have
edp(t) for t € [T, 1),
Az(t) = < y(t; po +edp) — po(t) for ¢ € [to, too),
Ay(t) for t e [too, tio + 51]

(see (1.4) and (2.7)). By Lemma 2.3 and the relation |y(t; po + du) — @o(t)| < O(edp), t € [to, too],
we have

|Az(t)| < O(edp) Y (t,e,0p) € [T,t10 + d2] X (0,62) x V7, (3.1)
Ax(too) = [dp(too) + (¢ — f7)bto] + o(edp).

The function Ax(t) satisfies the equation
Ax(t) = f(t,a0(t) + Aa(t),@olt = 71) + Aa(t = 7)., w0t = 72) + Aa(t = 72),u(t) ) - f[1]

= L[tA2() + > fo, [(1AD(t — Ti0) + efult]du(t) + r(t;edp)  (3.3)

=1

on the interval [tgg,t10 + d2], where

r(t; e6p1) = f(t,xo(t) Ax(t),zo(t — )+ Azt — 1), ... xo(t —75) + Ax(t — TS),u(t)>

— 1] = falt]Ax(t) = Y fo,[1Ax(t = 7o) — efult]u(t), (3.4)

f[t] = f(t,l‘o(t),aio(t — 7'10), .i.,a?o(t — 7'50),U()(t))7
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By using the Cauchy formula, one can represent the solution of equation (3.3) in the form

ASC(t) = Y(too; t)AIE(too) +e€ / Y(g, t)fu[t](Su(t) dt + Z Rp(t; 100, 55#), t e [too, t10 + 52], (35)

too p=0

where

Ry (t; too, E§M) = Z RiO(t§ too, E5M),
i=1

Rio(t; too, 65/14) = / Y(ﬁ + Tio; t).fxl [5 + Tio]A.T(f) df, (36)

too—Tio
t

R (£ too, 261) — / Y (€ (& o) de

too

and Y'(&;¢) is the matrix function satisfying equation (1.8) and condition (1.9). The function Y (§;t)
is continuous on the set I = {(&,t) : too — 02 < & < 't, t € [too,t10 + d2]} by Lemma 2.1.7 in [3, p. 22].
Therefore,

Y (too; t) Az (too) = €Y (too; t) [d(too) + (pg — f7)dto] + o(t; edp) (3.7)

(see (3.2)), where o(t;edp) = Y (too; t)o(edp). One can readily see that

to too
Rio(t;too, edp) = € / Y (& + 7o t) fo. [§ + Tio)dp(§) dE + /Y(f + Tioi t) fa, [€ + Tio) Az (&) d€
too—Tio to
too
= [ V(e moit) ol + raldo(€) de + oftion) (3.8)
too—Tio
(see (3.1)). Thus,
too

Ro(t;too, e0p) = EZ / Y (& + Tios t) fu, [€ + Tio]0p(&) dE + o(t; €0 ).

=1, 7
We introduce the notations:
F1t:6,280) = £ (t,0(t) + OA(8), wo(t — 10) + 6 (o (t — 71) = wo(t — 10) + Aa(t = 71)), .,
zo(t — 7s0) + 0 (2o (t — 75) — @o(t — 7s0) + Ax(t — 75)), uo(t) + Oaéu(t>),

o(t;0,e0p) = fo[t;0,e0u] — fot], 0i(t; 0,€0p) = fo, [t;0,€0u] — fa,[t],
V(t;0,e0p) = fult; 0,e0p] — fult].

It is easy to see that

f(t,:vo(t) FAZ(t), mo(t — 1) + Azt —71), .. a0t — 75) + Azt — 74),uo(t) + Eéu(t)) — 1

1
d
—/@f[tﬁ,séu] dé
0

i=1

1
:/{fx [t; 0, 55u]Ax(t)+mei [t; 0, 6] (w0 (t—7:) — 2o (t—Ti0) + Az (t—T7;)) +e fult; 6, séu]éu(t)} de
0
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1
[/U:ﬁ@&éu dH]A:U
0

1 S
[/19 (t;0,e0m) d@] Su(t)+ fu[t| Ax(t +Z fo [t (zo(t—7) =m0 (t—Ti0) + Az (t —73)) +e fu[t]Ou(t).
0 =1

=1

1 0i(t;0,e0u) do (wo(t — 1) — xo(t — Tio) + Ax(t — TZ‘))
[/ |

Taking into account the last relation for ¢ € [tog, t19 + d2], we have
6
R t too,E(SM ZRP t t00,€(5/J, 5
p=2
where

t 1
Ratitoo,20m) = [ V(&0 (Geon)An(e) s, o1(6etm) = [ o(€i6,00) db
0

too

R3(t; oo, p) = Z/Y(E;t)gﬂ(ﬁ;&@) [20(§ — 7i) — 0(§ — Ti0) + Az(§ — 7)] dE,

z:ltoo

1
0i1(&edp) = /9¢(€;9,€5u) do
0

s t

Ry(t;to0,e0p) = Z/Y(fﬁ)fxi [€][z0(& — i) — wo(€ — T0)] dE,

s t

Rs(t;too, e0p) = Z/Y(ﬁ;t)fm [E][Az(E — 7)) — Ax(€ — 7i0)] dE,

i:ltoo
1
R (t; ton, €61) = / V(016 ubu©) de. Dn(&ieom) = [ 0(€:0.0m)d
too 0

(see (3.4)). The function zo(t), t € [T, t10 + d2], is absolutely continuous, then for each fixed Lebesgue
point &; € (too, t10 + d2) of function (€ — 750), we get

§i—edT;

xo(& — 1) — x0(& — Tio) = / &0(s — Ti0) ds = —edo(& — Ti0)0Ti + vi(&is e0pt) (3.9)
&
where
lin% M = 0 uniformly for dp e V™. (3.10)
e—

Thus, (3.9) is valid for almost all points of the interval (oo, 10 + d2). From (3.9), taking into account
the boudedness of the function

Io(t) _ SbO(t)v te [?7 tOO]v
f(f,l‘o(t),xo(f — 7—10)7- . .,l‘o(t — 7'5())7’110(t))7 te (to(),tlo + (52],

it follows that

‘.’E()(&; - Ti) - (E()(& - Ti())| S 0(65/1,) and M’ S const. (311)

€
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Clearly,
o(&;e6 for € € [too, pi1),
|Az(§ = 7)) — Ax(§ — Tio)| = (& €u) ¢ € ltoo, pul (3.12)
O(&edpn)  for & € [pir, pio
(see (3.1)).
Let € € [pig,tl() + (51], then & — 7; > too, £ — Tip > tog- Therefore,
e
|Az(& —7;) — Aw(€ - T0) / A (s)| ds < / Lic, 0,(<) 182 (3)]
E—Tio §—Tio
s E—Ti
+ 3 |wo(s — ) — zols — 7io)| + |Az(s — Ti)l} ds +ea / Li, v, (s)ds = o(&edp)  (3.13)
=1 §—Tio
(see (2.6), (3.1), (3.3) and (3.11)). According to (3.1), (3.9) and (3.11)—(3.13) for the expressions
R, (t;too,e0p), p=2,...,6, we have
ti0+51
| Ra(t; too, €0p)| < [Y[O(edp)oa(edp), oa(edp) = / |o1(&5e6p)] dE,
too
s t10+01
[Ratsto 00| < [Y[OE0) S pialein), paledi) = [ Ipaleeom] de
i=1 o

Ry (t;too, edp) = —62 [/Y &) fo,[€]20(€ — Ti0) d€:|57'z+z%1 (t;edp),

=1 00
|R5(t; too, €6p)| = o(t; edp),
ti0+01
|Re(t; too, edp)| < el|Y|[J2(e0p), Da(edp) = / [01(&; €0p)| dE,
too
where
t
Y l=sup IV (601 () €T} ua(tedn) = [ V(Est) o lehules o) de.
too
Obviously,
( (5 t10+61 g 5
Yi1 (¢ €01 7i(&edp)
WG <y [ |kl de.
too

By the Lebesgue theorem on the passage to the limit under the integral sign, we have

lim og(edp) =0, lim pa(edp) =0, lim Jo(edp) =0, lim M‘ =0
e—0 e—0 e—0 e—0 £
uniformly for (¢,du) € [too, t10 + 02] x V'~ (see (3.10)). Thus,
Ry (t;too, e0p) = o(t;edp), p=2,3,5,6, (3.14)
¢
Ralt: ton, o) = < 3 | [ it lelinte - ro)ae o (3.15)

i=1 t00
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On the basis of (3.14), (3.15), we obtain

Ry (t;too,e0p) = —EZ [/ (&) fu; [€]T0(€ — Ti0) dE| 075 + o(t;€d). (3.16)

thoo

From (3.5), by virtue of (3.7), (3.8) and (3.16), we obtain (1.5), where dx(¢; i) has the form (1.6).

4 Proof of Theorem 1.2

First of all, we note that du € V7T, i.e., tog < to, therefore, we have

edp(t) for t € [T,t00),
A:Z?(t) e (p(t) — yo(t) for t € [t()o,to),
Ay(t) for t € [to,t10 + 01]-

In a similar way (see (2.21)), one can prove |¢o(t) — yo(t)| = O(t;edp), t € [too,to]. According to the
last relation and Lemma 2.4, we have

[Az(t)] < O(edp) Y (t,e,0u) € [T, tio + d2] x [0,2] x VT,
Ax(to) = e[dp(too) + (g — fF)dto] + o(dp).

Let t € (too,t10) be a fixed point, and let e5 € (0,&;) be so small that to < t for arbitrary (,du) €
(0,e2) x V. The function Axz(t) satisfies equation (3.3) on the interval [, ¢19 + da); therefore, by
using the Cauchy formula, we can represent it in the form

t

Ax(t) =Y (to; )A»T(to)+€/Y(€;t)fu[ﬂ5U(£) s+ Ri(t;to,ebp) (4.1)

0 i=0
(see (3.6)). The matrix function Y (£;t) is continuous on [too, ] X [t, t10 + d2]; therefore,
Y (to; t) Ax(to) = €Y (too; t)[0¢(too) + (95 — fT)dto] + o(t; edp), (4.2)

where o(t;edu) = Y (to, t)o(edp). Let us now transform

t to
Rio(t;to,e0p) = ¢ / Y (& + Tios t) fa, [€ + Tio]0p(&) d€ + /Y(E + Tios ) fu, [€ + Tio] Axw(§) dE

to—Tio too
too
= / Y (€ + 7105 t) fa, [€ + Tios t]0p(§) d€ + o(t; € ).
too—To
Thus,
too
Ro(t;tg,e0p) =€ / Y (€ + 70;t) f, [€ + Ti0; t]0p(€) dE + o(t; € ). (4.3)
too—To

In a similar way, with nonessential changes, for t € E, t10 + d2] one can prove

Ry (t;tg,edu) = —62/ (&) [fa: [€]20(€ — Tio)O7:] dE + o(t;€0p1). (4.4)

1= 1t00
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Fin

ally, note that

e / Y (€18 fulelou(€) de = ¢ / Y (€08 fu[€10u(€) dE + oft: 25) (4.5)

for t € [t,t10 + 02). Taking into account (4.2)—(4.5), from (4.1), we obtain (1.5), where dz(t;eu) has
the form (1.10).
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Abstract. We prove the uniqueness theorem for the Neumann boundary value problem of statics of
the thermo-electro-magneto-elasticity theory in the case of a half-space. The corresponding unique
solution is represented explicitly by means of the inverse Fourier transform under some natural res-
trictions imposed on the boundary vector function.
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1 Introduction

In the study of active material systems, there is significant interest in the coupling effects between
elastic, electric, magnetic and thermal fields.

Although natural materials rarely show full coupling between elastic, electric, magnetic and ther-
mal fields, some artificial materials do. In [16] it is reported that the fabrication of BaTiO3-CoFezOy
composite had the magnetoelectric effect not existing in either constituent. Other examples of similar
complex coupling can be found in the references [1-7,9-11,14,17].

The mathematical model of the thermo-electro-magneto-elasticity theory is described by the non-
self-adjoint 6 x 6 system of second order partial differential equations with the appropriate boundary
and initial conditions. The problem is to determine three components of the elastic displacement
vector, the electric and magnetic scalar potential functions and the temperature distribution. Other
field characteristics (e.g., mechanical stresses, electric and magnetic fields, electric displacement vector,
magnetic induction vector, heat flux vector and entropy density) can be then determined by the
gradient equations and the constitutive equations.

In the paper we prove the uniqueness theorem of solutions for Neumann boundary value problems
of statics for half-space.

Under some natural restriction on the boundary vector functions the corresponding unique solution
is represented by the inverse Fourier transform.

2 Basic equations and formulation of boundary value
problems

2.1 Field equations

Throughout the paper u = (uy,us,u3)’ denotes the displacement vector, 0;; is the mechanical
stress tensor, e; = 27'(dpu; + Ojui) is the strain tensor, F = (E1,Ey,E3)T = —grady and
H = (Hy, Hs, H3) = —grad are electric and magnetic fields, respectively, D = (D1, Do, D3)" is

the electric displacement vector and B = (By, B, B3) ' is the magnetic induction vector, ¢ and
stand for the electric and magnetic potentials, ¥ is the temperature increment, ¢ = (g1, ¢2,q3) ' is the
heat flux vector, and S is the entropy density. We employ the notation 0 = (01, 0,03), 0; = 0/0;,
0y = 0/0y; the superscript ()T denotes transposition operation; the summation over the repeated
indices is meant from 1 to 3, unless stated otherwise.

In this subsection we collect the field equations of the linear theory of thermo-electro-magneto-
elasticity for a general anisotropic case and introduce the corresponding matrix partial differential
operators [12].

Constitutive relations:

Orj = Ojr = Crjki€hl — €lrj B — qurjHy — Apj¥, 7,j =1,2,3,
Dj = ejpicm + by +aHy +piv, j=1,2,3,
Bj = Qjki€kl T alel + ,Ulel + mjﬁ, 7=1,2,3,
S = Mgkt + pe By + myHy, + 0.

Fourier Law: ¢; = —n; 09, j =1,2,3.

Equations of motion: 0;0,; + X, = 00%u,, r=1,2,3.

Quasi-static equations for electro-magnetic fields where the rate of magnetic field is small (electric
field is curl free) and there is no electric current (magnetic field is curl free): 0;D; = 9., 0;B; = 0.
Linearised equation of the entropy balance: To0,S — Q = —0;q;,

Here g is the mass density, o, is the electric density, c,jx; are the elastic constants, e;x; are the piezo-
electric constants, g;x; are the piezomagnetic constants, s are the dielectric (permittivity) constants,

;% are the magnetic permeability constants, a;i are the coupling coefficients connecting electric and
magnetic fields, p; and m; are constants characterizing the relation between thermodynamic processes
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and electro-magnetic effects, Aj; are the thermal strain constants, 7;; are the heat conductivity co-
efficients, v = Q(:TO_1 is the thermal constant, T} is the initial reference temperature, c is the specific
heat per unit mass, X = (X1, Xo, X3)" is a mass force density, @ is a heat source intensity. The
constants involved in these equations satisfy the symmetry conditions

Crjkl = Cjrkl = Cklrj, €klj = Ckjl, Qklj = qkjl, Xkj = Xjk, 2.1)
Akj = Njky Pk = Hjk,  Mkj = Njk, Okj = Gk, 7,75,k 1 =1,2,3.

From physical considerations it follows (see, e.g., [8,13])

Crint&riénl > colmbit, il > el & > calé? mki€rés > csléf?, (2.2)

for all §; = &1 € R and for all £ = (&1,82,8&3) € R3, where cg, ¢1, ¢c2 and cg are positive constants.
More careful analysis related to the positive definiteness of the potential energy and thermodynamical
laws insure positive definiteness of the matrix

[s1jlaxs  lakjlaxs  [pilax1
= |larjlaxs [prjlaxs  [mjlaxa . (2.3)

[pilixs  [mjlixs Y X7

(1]

Further we introduce the following generalised stress operator

[CrjuiniOlaxs  [erjiniO)sxs  [qrjn;03x1  [=Arjnjlaxt
—€iniO]1x3 im0 a;n;oy —pin;
T(a’n)::[JJ]x LT 31T 37
[—@jrin;Ol]1x3 a;;n;0; Hj1m50p —1mn;
[0]1x3 0 0 N0 | ge
Evidently, for a six vector U := (u, ,,9) " we have
’7'(8, n)U = (Uljnj, O'anj, Ugjnj, —DjTLj, —Bjnj, —anj)T. (24)

The components of the vector TU given by (2.4) have the physical sense: the first three components
correspond to the mechanical stress vector in the theory of thermo-electro-magneto-elasticity, the
forth, fifth and sixth ones are respectively the normal components of the electric displacement vector,
magnetic induction vector and heat flux vector with opposite sign.

From the above equations of dynamics, in the case of statics, we get the following equations

A(Q)U (z) = @(),

where U = (uy,...,ug) " := (u,p,,9)" is the sought for vector function and ® = (®y,...,Pg) " :=
(—X1,—X2,— X3, —0¢,0,—Q) T is a given vector function; A(9) = [A,,(0)]exs is the matrix differential
operator

[crjk10501]3x3  [e1rj0;0]3x3  [@rjO0i03x1  [—ArjOjlax1
A0) = [—€jk10;01]1x3 2,050, a;,0;0 —p;0;
[~jk10;O1]1x3 a;j10;0 10501 —m;0;
[0]1x3 0 0 n1950 | g6

From the symmetry conditions (2.1), inequalities (2.2) and positive definiteness of the matrix (2.3) it
follows that A(9) is a formally non-self adjoint strongly elliptic operator.

2.2 Formulation of boundary value problems

Let R? be divided by some plane into two half-spaces. Without loss of generality we can assume that
these half-spaces are

R3 = {z | © = (x1,20,23) € R® and 23 > 0},
RS := {a? | o= (x1,22,73) €R® and a3 < 0};
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n = (n1,n2,n3) = (0,0, —1) is the outward unit normal vector with respect to R$; S := aR‘;”z.

Now we formulate the Neumann type boundary-value problems (N)* of the thermo-electro-mag-
netoelasticity theory for a half-space:

Find a solution vector U = (u,¢,v,9)" € [C’l(@g)]6 N[C?(R? ,)]° to the system of equations
AO)U =0 in R}, (2.5)
satisfying the Neumann type boundary condition
{T(3,n) U} =F on 8. (2.6)

The symbols { - }* denote the one-sided limits on S from R} (sign “+”) and R3 (sign “—7).

We require that the boundary data involved in the above setting possess the following smoothness

property: F € C*(R?), where C*(R?) is the space of infinitely differentiable functions with compact
support.
Let F; L and ]:5:_1,5 denote the direct and inverse generalized Fourier transforms in the space of

tempered distributions (the Schwartz space S’(R?)) which for regular summable functions f and g
read as follows

T

Fodf)= [ 1@,

R2

(2.7)
1 ~ o ~
5:—1>5[9] =12 /9(5) e e de,
]R2
where T = (21,22), £ = (&1,&), dF = dzy dza, T € = 211 + 2260
Note that if f(x) = f(z1,22,23) = f(Z,x3), then
and hence
—1&3 _ .
FaelVaf(@)] = | =ik | 5 flf(@)] = P(—i€, 0x3) f(§, x3) (2.8)
with f(€,75) = F;_,¢[f] and
P = P(—=i§, 0yy) = (—i1, =i, 0yy) - (2.9)

Applying Fourier transform (2.7) in (2.5)—(2.6) and taking into account (2.9) we arrive at the
problems:

A(P)U(E,23) =0, x5 € (0;+00) or x5 € (—00;0), (2.10)
{TO.mMUE )}, sy = F(O)- (2.11)

We see that (2.10) is the system of ordinary differential equations of second order for each £ e R,
We denote these problems by N*.

3 Uniqueness theorems

We start with constructing a system of linear independent solutions to system (2.10).
Let us denote by k; = k; (&), j = 1,12, the roots of the equation

det A(—i&) =0 (3.1)
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with respect to &, where A(—i¢) is the symbol matrix of the operator A(9).
Note that det A(—i&) is a homogeneous polynomial of order 12 and the equation (3.1) has no real
roots, Imk; # 0, j = 1,12. These roots are continuously dependent on the coefficients of (3.1) and

the number of roots with positive and negative imaginary parts are equal. Denote by ki, ko, ..., kg
roots with positive imaginary parts and by k7,..., k12 with negative ones.
Let us construct the following matrices:
) (g, 23) = / ATH(—i€) e 573 dgg, (3.2)
i+
NG a) = [ A7 (i) i dgs (33)
o~

where £1 (respectively, £7) is a closed simple curve of positive counterclockwise orientation (respec-
tively, negative clockwise orientation) in the upper (respectively, lower) complex half-plane Re&s > 0
(respectively, Re &3 < 0) enclosing all the roots with respect to &3 of the equation det A(—if) = 0 with
positive (respectively, negative) imaginary parts (see Fig. 1). Clearly, (3.2) and (3.3) do not depend
on the shape of T (respectively, £7).

&

Figure 1.

With the help of the Cauchy integral theorem for analytic functions, we conclude that the entries of
the matrix @ (€, z3) = [CI),(J) (€, 23)]6x6 are increasing exponentially as x5 — +oo and are decreasing
exponentially as x3 — —oo (since —i€zx3 = —i(& + i&y)ws = —ilhxs + & x3).

Analogously, the entries of the matrix é(_)(g, x3) = [@,ﬁ;)(g, x3)]exe are increasing exponentially
as r3 — —oo and vanish exponentially as x3 — +00. _

Due to Lemma 3.1 in [15] the columns of &) (¢, x3) are linearly independent solutions to sys-
tem (2.10).

Theorem 3.1. The boundary value problems N= (2.10)—(2.11) have only one solution in the space
of functions vanishing at infinity.

Proof. If z3 € (0; +00), then we look for a solution of the Neumann problem in the following form
U(& 3) = (€, 23)C, x5 >0,

where C' = (C1,...,Cg) is unknown vector depending only on E
From (2.11) we have

T(~ig,n)2 7 (,0)C = F(¢)
and since det[T(—i&, n)®()(€,0)] # 0, |€] # 0, due to Lemma 3.1 in [15], we obtain

C = [T(~i&,n)®)(€,0)] T F(€).
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Therefore the unique solution of N7 has the following form

U(€ ws) = @&, 25)[T(~i€, )@ (€,0)] ' F(€), a3 >0. (3.4)

Similarly, if 23 € (—00;0), then the unique solution of N~ has the form
U(€,x3) = 3 (€, 23) [T(—i&n)q’(ﬂ(g’ 0)] _113(5), x3 < 0. (3.5)
The theorem is proved. O

Lemma 3.2. There hold the following relations

it a0t = |[OWsxs [0 s
[T (—ig,n) @) (€,0)] O ony ] (3.6)

Proof. Note that

[erjrin; (—i&)]3xs  lewming(—i&)|axs  [@rjni (—i&)]sx1  [—Arjnjlsxa

T(citm) = [—ejuni(—i&)]lixs  sim;(—i&) ajin;(—i&) —DPjn;
g (<i€)hixs aung(—i&) pjin (—i&r) —m;n;
[0]1x3 0 0 N (—i&1) | gyq

It is clear (see Theorem 3.1) that

det T(—i¢, n) # 0, [¢] #0,

and
. [O(|§m5><5 [0(1)}5><1
T(—i&,n) = .
CEIE s 0 |,

It can easily be checked that det 7 (—i&,n) = O(|¢|%) and there exist constants ¢} > 0 and ¢} > 0 such
that

(3.7)

cilél® < [det T(—i€, n)| < c3¢[°. (3.8)
If 7.(—i&,n) is the corresponding matrix of cofactors, then

1

[T(—i&n)] " = det T(—ig.m)

7-5(_i§7 n)

Taking into account (3.7) and (3.8) we can write

[O(I€%)]5x5 [O(|€|4)]5x1]
[0]1x5 OUEP) | s

1

[T(—i&,n)] " = Aot T(—ig.n)

For arbitrary |£] # 0 we obtain

oo [TOUEsxs [0<|E|2>15x1]
[T(=ig,n)]"" = - : (3.9)
[0]1><5 O(|£|_1) 6X6
Note that (see Lemma 3.3 in [15])
oot [[00€Dlsxs  [OW)]sxa
(0] = = ] . (3.10
[ ( )] [0]1><5 O(‘&D 6%6 )
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Taking into account (3.9) and (3.10) we derive the following relations

[T(=ig, m)@(E,0)] " = [0 0)] [T (~ig,n)] "

[O(1€D)]5x5 [0(1)]5“]
0]1x5 OUED g

1

[O(1]"))sx5 [0(5_2)]&1]
[0]1x5 O™ Ly

_ [0 [0<|§|-1>]5x1] | _
[O]l><5 O(l) 6%x6
Remark 3.3. For arbitrary x3 > 0 (see [15])
B (&, 24) = (O(E)lsxs [0(5:2)15“]
[0]1><5 O(|£‘ 1) 6x6
and due to (3.6)
P o =t [[OUE ks [O(E])]sx1]
o | O O o,
Similarly, for arbitrary x3 < 0
~ . = o1 (O30 sk [0 )]sx1]
) (&, 23) [T (—ig,n)@H)(€,0 = N ) 3.12
Ge)[TCEma™ 0] 013 O(E™) Jgua .

Theorem 3.4. The Neumann boundary value problems (2.5)—(2.6) have at most one solution U =
(u, p,,9) T in the space [CH(RF ,)]° N [C?(R? 5)]° provided

I(w) = O(jz| ™), (3.13)

U (x) = O(|z|7 "1l nz]) as |2| — oo (3.14)

for arbitrary multi-index o = (g, g, ov3). Here U = (u, 0, 9) 7.

Proof. Let UM = (u™M) oM M) 9ONT and UR) = (u®), 2 2 92)) be two solutions of the
problem under consideration with properties indicated in the theorem for R$. It is evident that the
difference

V= ¢y =0"-U®

solves the corresponding homogeneous problem.
Therefore for the temperature function we get the separated homogeneous Neumann problem

[A(O)V]e = njlaj(?n?’ =0 in R?, (3.15)
{njm;0"} T =0 on S. (3.16)
By Green’s formula (see (2.83) in [12]) for BT(0; R) := {(z1,22,73) | 2% + 23 + 23 < R? and
x3 > 0} and (3.15)—(3.16) we have

77]'58119/8]'19, dr = / {njlnjalﬂ'}+{19’}+ dS = / {njlnjalﬂ’}+{0’}+ dx. (317)
B+{0:R) OB+ (0:R) =+ (05R)
Here X7 (0; R) is the upper half sphere.
Taking the limit as R — oo in (3.17) according to (3.13)—(3.14) we get

/T}jlalﬂlajﬁ/ dr =0.

R
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Due to (2.2) ¥ = const and from (3.13) we conclude that ¢ = 0.
Therefore the five dimensional vector V = (v, ',%’) T constructed by the first five components of
the solution vector V', solves the following homogeneous boundary value problem

AV =0 in R,

{T(O,n)V}T =0 on S, (3.18)

where g(@) is the 5 x 5 differential operator of statics of the electro-magneto-elasticity theory without
taking into account thermal effects (see [12]):

[crjki0i01)3x3  [€1rj0iD]ax1  [qirj0501]3x1
A0) = [Apg(0)sxs == |[—€jm0i0]1x3 3050, a;j19;0)
[~ 110 01]1x3 a;10;0, w950 | s
and 7~'(87 n) is the corresponding 5 x 5 generalized stress operator
[CriimiOiaxs  lewiniOlax1  [qrin;Olsx1
T(9:n) = [Tpq(9,n)]sx5 = |[—€jmn;Oilixs  2um;0 ajin;oy
[=gqjkim;Oixs ajimn;o, pimior | .

Using the limiting procedure as above in the corresponding Green’s identity for vectors satisfying
decay conditions (3.14) we obtain

/ [A(@)V -V + (V. V)] dx = Jim / TV - [V ds, (3.19)
—00
R3 2+ (0;R)
where £(V, V) has the following form:
g‘(f/ ‘7) = erklaluka'ul + %jlal<p’8jga' + aﬂ(am’aj@b’ + @w’&lcp’) + ,Ll,jlﬁll/},ajl/)/. (3.20)

If V is a solution of (3.18) satisfying (3.14), then from (3.19) we have

/5 V,V)d (3.21)

From (3.18), (3.20) and (3.21) along with (2.2) we get
Ul(l‘) =axz+ b, @/(x) = b4a w/ = b5a

where a = (ag,as,a3) and b = (b1, by, bs) are arbitrary constant vectors and by, bs are arbitrary
constants. Now, in view of (3.14) we arrive at the equalities v/(z) = 0, ¢/(z) = 0, ¢'(z) = 0 for all
z € R, consequently, UY) = U?) in R3,

The proof is similar for the domain R3. O

Theorem 3.5. Let F' € Co° (R?) and for arbitrary multi-index 8 = (B1, B=2)

/F(E)?E’B dz =0, |8 =0,1,2.

R2

Then the Neumann boundary value problems (2.5)—(2.6) possess unique solutions which can be repre-
sented in the following form

U) = F7 [0 ) [T(=i, m)@ € 0)) " FE)], w3 >0, (3.22)
Ul) = F5 [0 ) [T(=ig, m)@(E 0)] )], w5 <o0. (3.23)
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Proof. It suffices to show that the vector functions (3.22) and (3.23) satisfy the conditions (3.13)—
(3.14). This will be done if we prove that the following relations hold for all x € R3:

wjfgjg[ff@» z3)] = O(1), j=1,2,3, (3.24)
and
F UEws)] = 0(1), j=1,23, (3.25)

where U(€, z3) is defined by (3.4) or (3.5).
Under the restriction on F we conclude that F' € S(R?) and F(£) = O(|£]?) as [£] — 0, where S
is the space of rapidly decreasing functions. Therefore in view of (3.11)—(3.12) we have

e — o), @0,
B (3.26)
QUC.2s) _ 0§+, [ o0, k=2,
9¢;
uniformly for all z € R3.
For j =1 or j = 2, we find
. [ §emi€T o Qe—iET
oy [ DG e €7 =i [ 0@ 2 =i i [ 0w 2 a8
R2 R2 ! K(0:R) !
SN R
—00 i
K(0;R) ! 9K (0:R)
T 8(7(5,,%3) —i&F g7 _ / 8U(§7$3) —i&T g7
= z}%gnoo 2t e d¢ = —i 7t e dg,  (3.27)
K(O;R) R2

where K (0, R) is the circle of radius R centered at the origin.
It is clear that the relations (3.26) and (3.27) imply (3.24). The condition (3.25) can be proved
similarly if we note that

&0 (€, -1y 17

Z%f”:o«%lﬂ%@

PUC ) _ o(g41), | = o0, k22
€3

uniformly for all z € R3.
For arbitrary x5 > 0 we can write

333]-"%.__1)5[[7(57 3)] = w3 / (/Al(—zf) e et d§3> [T (—i€,n) @) (€, 0)]LF(€) e~ET GE. (3.28)
R2 -

Due to Lemma 3.3 in [15] the entries of the matrix A~!(—i¢) are homogeneous functions in ¢ and

[O(I€]72)]sx5 [O(|£3)]5><1] ' (3.29)

AN (—ig) =
=) [ Ous O

Using the Cauchy integral theorem for analytic functions and the relations (3.6), (3.29), from
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(3.28) we get

$3f§i5[ﬁ(~,x5)}
(Eles |TOUE5xs [O(@?)kxll OW)sxs  [O0E Vsnr] ~ ~ ~
=7 e lElzs _ BE d
/ [ 013 o(g ) | [ Wl ow |
o [0 sxs (O™ Dsx1] =~ ~
=X e“ﬁ\zs N F(f)dg:[1+f2,
/ Os  O(E)
where
L=y [ el [[Oﬂgl)kxs [0<|E~2‘_>15xl P
l€|<M [0]1x5 o(lgl™)
i [TOUE sxs [OUE 551 ] o~ o~
I =x e [€]zs _ Fé- dé-
Y Ooe  o(dH |

|&|>M

for some positive number M.
Since F(£) € S(R?), it is easy to check that I} = O(1) and Iy = O(1) and hence (3.24) holds.
We can prove the boundedness of the vector function x%fgj -[U(&, 3)] quite similarly taking into

account that F(€) = O(€]3) as |¢] — 0. O
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SYSTEMS OF NONLINEAR IMPULSIVE EQUATIONS
WITH FIXED IMPULSES POINTS

Abstract. The antiperiodic problem for systems of nonlinear impulsive equations with fixed points
of impulses actions is considered. The sufficient (among them effective) conditions for the well-
posedness of this problem are given.
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Let mg be a fixed natural number, w be a fixed positive real one, and 0 < 7 < -+ < Ty, < w be

fixed points (we assume 79 = 0 and Typ01+1 = w, if necessary). Let T = {r+mw: I =1,...,mp; m =
0,+1,£2,...}.
Consider the system of nonlinear impulsive equations with fixed impulses points
dx

i f(t,x) almost everywhere on R\ T,
x(t+) —x(r—) = I(1,z(7)) for T€T
with the w-antiperiodic condition
z(t+w)=—xa(t) for t €R,

where f = (f;)", is a vector-function belonging to the Carathéodory class Car(R x R™,R™), and
I=(L)~,:TxR"— R" is a vector-function such that I(7, -) is continuous for every 7 € T
We assume that

f+w,x)=—f(t,—x) and I(t +w,z) = —I(1,—x) for teR, 7€T, zR"

Due to the above condition, if x : R — R™ is a solution of the given system, then the vector-function
y(t) = —z(t + w) (t € R) will likewise be a solution of that system. Moreover, it is evident that if
x : R — R™ is a solution of the given w-antiperiodic problem, then its restriction on the closed interval
[0, w] will be a solution of the problem

d
e (t,z) almost everywhere on [0,w]\ {71,..., Tme} (1)

dt
x(n+) —x(n—) =I(m,z(n)) (I=1,...,mp); (2)
z(0) = —z(w). (3)
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Let now z : [0,w] — R™ be a solution of system (1), (2) on [0, w]. By = we designate the continuation
of this function on the whole R just as a solution of system (1), (2), as well. As above, the vector-
function y(t) = —x(t + w) (t € R) will be a solution of system (1), (2). On the other hand, according
to equality (3), we have y(0) = —z(w) = x(0). So, if we assume that system (1), (2) under the Cauchy
condition z(0) = ¢ is uniquely solvable for every ¢ € R”, then z(t + w) = —x(t) for t € R, ie., x
is w-antiperiodic. This means that the set of restrictions of the w-antiperiodic solutions of system
(1), (2) on [0,w] coincides with the set of solutions of problem (1), (2); (3).

In this connection, we consider the boundary value problem (1), (2); (3) on the closed interval [0, w].
Below, we will give the sufficient conditions guaranteeing the well-posedness of this problem.

Consider a sequence of vector-functions fr € Car([0,w] x R*,R") (k = 1,2,...), sequences of
points 7, (kK = 1,2,...; 0 = 1,...,mp), 0 < 713 < -+ < Tmer < w, and sequences of operators
I ks ooy Tk} X R — R™ (k = 1,2,...) such that Ip(mg, -) (k=1,2,...; 1 =1,...,mp) are
continuous.

In this paper, we establish the sufficient conditions guaranteeing both the solvability of the im-
pulsive systems

d
d—j = fr(t,z) almost everywhere on [0,w] \ {71k, -, Tmgk }+ (1x)

x(mp+) — x(m—) = Ik(le,x(le)) (I=1,...,mp) (Qk)

(k=1,2,...) under condition (3) for any sufficiently large k& and the convergence of their solutions
to a solution of problem (1), (2);(3), as k — +o0.

We assume that the above-described concept is fulfilled for problems (1), (2x); (3) (k=1,2,...),
as well.

The well-posed problem for the linear boundary value problem for impulsive systems with a finite
number of impulses points has been investigated in [5], where the necessary and sufficient conditions
were given for the case. Analogous problems are investigated in [1,11-13] (see also the references
therein) for the linear and nonlinear boundary value problems for ordinary differential systems.

A good many issues on the theory of systems of differential equations with impulsive effect (both
linear and nonlinear) have been studied sufficiently well (for a survey of the results on impulsive
systems see, e.g., [2-4,6-9,14-16] and the references therein). But the above-mentioned works do not,
as we know, contain the results obtained in the present paper.

Throughout the paper, the following notation and definitions will be used.

R =] — oo, +o0o[, Ry = [0,400[; [a,b] (a,b € R) is a closed interval.
R™"™ is the space of all real n x m-matrices X = (x;);7Z; with the norm || X|| = Jax Z; |-

1X| = (g )72y, [X] = B
RY™ = {(wig)i )2y s 2y 20(i=1,...,m; j=1,...,m)}.
R(nxn)xm — RPXT 5 ... % RPXT (m _ times).
R™ = R™*! is the space of all real column n-vectors = = (z;)7; R? = R’
If X € R™™" then X ! det X and r(X) are, respectively, the matrix, inverse to X, the determinant
of X and the spectral radius of X; I,,«,, is the identity n x n-matrix.
\b/(X) is the total variation of the matrix-function X : [a,b] — R"™*™, i.e., the sum of total

a
t

variations of components of X; V(X)(t) = (v(w;)(t)); 2, where v(zi;)(a) = 0, v(zi;)(t) = V(zij)

for a <t <b.
X (t—) and X (t+) are the left and the right limits of the matrix-function X : [a,b] — R™*™ at the
point ¢ (we will assume X (¢) = X (a) for t < a and X (t) = X (b) for t > b, if necessary).

BV([a, b], R"*™) is the set of all matrix-functions of bounded variation X : [a,b] — R™*™ (i.e.,
b
such that \/(X) < +00).
C([a,b], D), where D C R™*™, is the set of all continuous matrix-functions X : [a,b] — D.
Let Trmg = {71, Tmg }-
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C([a,b], D; Ty, ) is the set of all matrix-functions X : [a,b] — D, having the one-sided limits
X(n—)(A=1,...,mg) and X(r;+) (I =1,...,mgp), whose restrictions to an arbitrary closed interval
[e,d] from [a,b] \ T, } belong to C([c,d], D).

Cs([a,b],R™*™; T, ) is the Banach space of all X € C([a,b],R™"*™;T,,,) with the norm ||X||; =
sup{[| X (#)[| : t € [a, b]}.

If y € Cs([a,b], R; Ty, ) and r €]0, 400, then U(y;r) = {z € Cs([a,b], R™; Try) : |l —ylls <7}

D(y,r) is the set of all z € R™ such that inf{||x — y(¥)| : ¢ € [a,b]} <.

C ([a, ], D), where D C R"*™, is the set of all absolutely continuous matrix-functions X : [a, b] — D.
C(Ja,b], D;T,,,) is the set of all matrix-functions X : [a,b] — D, having the one-sided limits
X(n=)(U=1,...,mp) and X(r+) (Il =1,...,mg), whose restrictions to an arbitrary closed interval
¢, d] from [a,b] \ Tpn, belong to C([c,d], D).

If By and By are normed spaces, then an operator g : B — By (nonlinear, in general) is positive
homogeneous if g(Ax) = Ag(z) for every A € Ry and x € By.

An operator ¢ : C([a,b],R"*™;T,,,) — R™ is called nondecreasing if the inequality ¢(z)(t) <
o(y)(t) for t € [a,b] holds for every z,y € C([a,b], R"*™; T},,,) such that z(t) < y(t) for ¢ € [a,b].

A matrix-function is said to be continuous, nondecreasing, integrable, etc., if each of its components
is such.

L([a,b], D), where D C R™ ™, is the set of all measurable and integrable matrix-functions X :
[a,b] = D.

If D; € R™ and Dy C R™*™, then Car([a,b] x D1, Ds) is the Carathéodory class, i.e., the set of
all mappings F = (fk])ZJm:l : [a,b] x D1 — Dy such that for each i € {1,...,1}, j € {1,...,m} and
ke{l,...,n}

(a) the function fg;(-,) : [a,b] — Dy is measurable for every x € Dy;

( .
(b) the function f;(¢, -) : D1 — Dy is continuous for almost every t € [a,b], and sup{|fx;(-,z)| :
x € Do} € L([a, b], R; gix,) for every compact Dy C D;.

Car®([a,b] x D1, D2) is the set of all mappings F' = (fi;)i =, © [a,b] x D1 — Do such that
the functions fr;(-,z(-)) (k = 1,...,n;5 = 1,...,m;) are measurable for every vector-function
x : [a,b] = R™ with a bounded total variation.

We say that the pair {X;{Y;}]",}, consisting of a matrix-function X € L([a,b],R"*") and of a
sequence of constant n x n matrices {Y;}7,}, satisfies the Lappo—Danilevskil condition if the matrices
Yi,...,Y,, are pairwise permutable and there exists ty € [a,b] such that

/X(T)dX(T) :/dX(T).X(T) for ¢ € [a, 1],

XY, =YXt for t €la,b] (I=1,...,m).

M (Ja,b] x R4, R, ) is the set of all functions w € Car([a, b] x Ry, R ) such that the function w(t, -)
is nondecreasing and w(t,0) = 0 for every t € [a, b].

By a solution of the impulsive system (1), (2) we understand a continuous from the left vector-
function z € C([0,w], R™; T}, ) satisfying both system (1) for a.e. on [0,w] \ Tpn, and relation (2) for
every [ € {1,...,mq}.

Definition 1. Let ¢ : C,([0,w],R™;T;,,,) — R™ and £y : Cs([0,w],R™; T,) — R be, respectively,
a linear continuous and a positive homogeneous operators. We say that a pair (P, J), consisting of
a matrix-function P € Car([0,w] x R™,R™*™) and a continuous with respect to the last n-variables
operator J : Ty, X R™ — R™, satisfies the Opial condition with respect to the pair (¢, £y) if:

(a) there exist a matrix-function ® € L([0,w], R} ") and constant matrices ¥; € R™*™ (I =
1,...,mp) such that

|P(t,z)| < ®(t) a.e. on [0,w], =€ R,
|J(,2)] < U for z € R™ (I=1,...,mp);
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det(Inxn +G)) £0 (I=1,...,mp) (4)
and the problem
Z—j = A(t)x a.e. on [0,w]\ Ty, (5)
z(n+) —xz(n—)=Gz(n) (=1,...,mgp), (6)
[0(z)| < Lo(x) (7)

has only the trivial solution for every matrix-function A € L([0,w],R™*™) and constant matrices
Gy, ...,Gun, for which there exists a sequence y, € C([0,w], R"; T),,) (K =1,2,...) such that

t t
lim [ P(r,yx(7))dr = /A(T) dr uniformly on [0,w],
0

k—4o00
0

lim J(m,ye(m)) =G, (I=1,...,mp).
k——+oo

Remark 1. In particular, condition (4) holds if ||¥;|| <1 (I =1,...,my).

As above, we assume that f = (f;)"; € Car([0,w] x R?,R™*™) and, in addition, f(m,z) is
arbitrary for z € R™ (I =1,...,my).

Let 2° be a solution of problem (1),(2);(3), and r be a positive number. Let us introduce the
following definition.
Definition 2. The solution 2 is said to be strongly isolated in the radius  if there exist matrix- and
vector-functions P € Car([0,w] x R*,R™*™) and ¢ € Car([0,w] x R™,R™), continuous with respect
to the last n-variables operators J, H : T,,, x R — R", linear continuous ¢ and ¢ and a positive
homogeneous ¢y operators acting from C,([0,w], R™; T}, ) into R™ such that

(a) the equalities
f(t,x) = P(t,x)z +q(t,z) for ¢ € [0,0]\ Ty, [lz —2(t)] <,
I(m,z) = J(m,z)x + H(r,z) for ||z —2°(n)|| <r (I=1,...,m),
2(0) + 2(w) = () + {(z) for = € U"r)

are valid;

(b) the functions a(t, p) = max{llq(t, )| : llzl| < p}, B(m,p) = max{||H(r,2)| : 2| < p} (I =
1,...,mp) and y(p) = sup{[|i(z)| — lo(x)]+ : ||z||s < p} satisfy the condition

i~ (+(0) + / alt.p) i+ 3 i) =0 0
0 =1

p—+oo p

(c¢) the problem

Cﬁ% = P(t,z)r +q(t,x) ae. on [0,w]\ Ty,

z(n+) —z(n—) = J(n,z(n))z(n) + Hin,z(n)) (=1,...,mp);

lx)+4(x) =0

has no solution different from z°;

(d) the pair (P, J) satisfies he Opial condition with respect to the pair (¢, ¢p).
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Remark 2. If {(z) = 2(0) + z(w) and ¢p(z) = 0, then we say that the pair (P, J) satisfies the Opial

w-antiperiodic condition. In this case, condition (7) coincides with condition (3), and ¢(z) = 0 and
~v(p) = 0 in Definitions 1 and 2.

Definition 3. We say that a sequence (fx, Ix) (k =1,2,...) belongs to the set W,.(f, I;2°) if:

(a) the equalities

k——+oo

t t
lim /fk(T,IIT) dT:/f(T,ZL') dr uniformly on [0, w],
0 0

lim Ik(nk,x):[(n,x) (l:].,...,mo)

k——+oo
are valid for every x € D(2%;7);

(b) there exist a sequence of functions wy € M ([a,b] x R4, Ry) (k=1,2,...) such that

sup{/wk(t,r)dt: k1,2,...}<+oo, (9)
0
mo
sup{ wi (g, 7) s k=1,2,... } < +o0; (10)
=1
Sl;r&sup{/wk(t,s)dtz kzl,Q,...}:O, (11)
0
mo
81_1>151+sup{2wk(71k,3): k:1,2,...}:0; (12)

|
—

I fe(t,2) = fr(t, )l < wilt, ||z = yll) for t € [0,w]\ Ty, x,y € D(ar) (k=1,2,...),
2 (71> ) — T (i, y) || < wi(7ms |lz — yl|) for z,y € D(a%r) (I=1,...,mp;k=1,2,...).

Remark 3. If for every natural m there exists a positive number v,,, such that wy(t, md) < vpwi(t,9)
for § >0,t € [0,w]\ Trmy (k=1,2,...), then estimate (9) follows from condition (11); analogously,
if wi (1, md) < vpwi (g, 0) for 6 >0 (I =1,...,mg; k =1,2,...), then estimate (10) follows from
condition (12). In particular, the sequences of functions

wk(t’(s) = Inax {ka(t,l‘) - fk(tvy)| :

z,y € U0, [2°] +7), [lz —y]| < o}
for t € [0,w]\ T, (k=1,2,...),
wi (71K, 0) = max {|| Ly (e, @) — T (m, )| = 2,y € U0, [|2°]] +7), [lz — yl| < 0}
(Il=1,...,mp; k=1,2,...)

have the latters properties, respectively.

Definition 4. Problem (1), (2);(3) is said to be (2°;r)-correct if for every e €10, r[ and (fx, Ix);{25 €
W,.(f, I;x°) there exists a natural number kg such that problem (1), (2) has at last one w-antiperiodic
solution contained in U(2°;7), and any such solution belongs to the ball U(2°;¢) for every k > k.

Definition 5. Problem (1), (2);(3) is said to be correct if it has a unique solution z° and is (2°

correct for every r > 0.

;7)-

Theorem 1. If problem (1),(2);(3) has a solution 2° strongly isolated in the radius r, then it is

(205 7)-correct.
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Theorem 2. Let the conditions

[f(t,z) — P(t,z) z|| < a(t, |lz[]) a.e on [0,w]\Tn,, z€R", (13)
(7, 2) — J(m,2)x|| < B(m, ||z]|) for z € R™ (I=1,...,mp), (14)
2(0) + z(w) — £(z)| < bo(z) + tu([|z]ls) for = € BV([0,w], R) (15)

hold, where £ : Cs([0,w],R™;T)) — R™ and £y : Cs([0,w], R™;T)p) — R} are, respectively, a linear
continuous and a positive homogeneous operators, the pair (P,J) satisfies the Opial condition with
respect to the pair (£,4y); o € Car([0,w] x Ry,Ry) and S € C(Tym, X [0,w],Ry) are the functions,
nondecreasing in the second variable, and £, € C(R,R") is a vector-function such that

1 7 mo
lim = (o)l + [ alt,p)dt+> B(m,p) ) =0. (16)
( p / p ; z p)

p——+o0 p
0

Then problem (1),(2);(3) is solvable. If, moreover, the problem has a unique solution, then it is
correct.

Theorem 3. Let conditions (13)—(15),

Pi(t) < P(t,x) < Py(t) ae. on [0,w]\ {71, ..., Tmo}, = €R", (17)

Ju < J(m,z) < Jy for zeR™ (I=1,...,mp) (18)

hold, where P € Car®([0,w] x R", R™*") P, € L([0,w],R™*"), J; € R™" (i =1,2; 1 =1,...,mq);
0 Cs([0,w],R™; Tyyy) — R™ and £y = C([0,w],R™; Ty, ) — R are, respectively, a linear continuous
and a positive homogeneous operators; o € Car([0,w] X Ry, Ry) and f € C(Tp, % [0,w],Ry) are
the functions, nondecreasing in the second variable, and ¢; € C(R,R") is a vector-function such
that condition (16) holds. Let, moreover, condition (4) hold and problem (5),(6);(7) have only the

trivial solution for every matriz-function A € L([0,w],R"*™) and constant matrices G; € R™"*™
(I=1,...,mg) such that

Pi(t) < A(t) < Pa(t) a.e. on [0,w]\ Ty, = € R, (19)
Ju<G < Jy for xeR” (I=1,...,mp). (20)

Then problem (1), (2);(3) is solvable. If, moreover, the problem has a unique solution, then it is correct.

Remark 4. Theorem 3 is interesting only in the case where P ¢ Car([0,w] x R™ R™*™), because the
theorem follows immediately from Theorem 2 in the case where P € Car([0,w] x R™ R"*™),

Theorem 4. Let conditions (15),

|f(t,2) = P(t) x| < Q(t) [z + q(t, [|z]]) a.e. on [0,w]\ T, z€R™, (21)
|I;(z) — Jyz| < Hy|z| + h(m, ||z||) for z € R™ (I=1,...,mp) (22)

hold, where P € L([0,w],R"*"), @ € L([0,w],R}*™), J; € R™™™ and H; € R}*™ (I = 1,...,mp)
are the constant matrices, £ : Cs([0,w],R™; T),)) — R™ and £y : Cs([0,w],R™;T,y,) — R are,
respectively, a linear continuous and a positive homogeneous operators; q € Car([0,w] x Ry, R")
and h € C(Tm, x Ry;RY ™) are the vector-functions, nondecreasing in the second variable, and
(1 € C(R,RY) is a vector-function such that the condition

1 « mo
lim — ([[ti(p)|| + [ llg(t, p)lldt+ > (7, p)] ) =0 (23)
( 1(p 0/ q(t,p ; 1,p )

p—+oo p

holds. Let, moreover, the conditions

det(Insn +J1) 0 (I=1,...,mp) (24)
[H | | (Inxn +J) M <1 (G=1,2; 1=1,...,my) (25)
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hold and the system of impulsive inequalities

‘7—P ’<Q t)z a.e. on [0,w]\ Ting, (26)
|x(7’l+) —z(n—) — Jll‘(’fl)| < Hlz(n)| (=1,...,mo) (27)

have only the trivial solution satisfying condition (7). Then problem (1),(2);(3) is solvable. If,
moreover, the problem has a unique solution, then it is correct.

Corollary 1. Let the conditions

|f(t,2) = P(t)z| < q(t,||z]]) a.e. on [0,w]\Tp,, = €R", (28)
|I(7,z) — Jiz| < h(m, ||z]]) for x € R™ (I=1,...,mg), (29)
2(0) + z(w) — £(2)] < li(||lzlls) for z € BV([0,w],R") (30)

hold, where P € L([0,w],R™"*™), J; € R™™™ (I = 1,...,mq) are the constant matrices satisfying
condition (24), £ : Cs([0,w], R™; T)) — R™ is the linear continuous operator; q € Car([0,w] xRy, R"})
and h € C(Tm, x R;RY ™) are the vector-functions, nondecreasing in the second variable, and
(1 € C(R,RY) is a vector-function such that condition (23) holds. Let, moreover, the problem

% =Pt)x a.e. on [0,w]\ T, (31)
z(n+) —x(n—)=Jz(n) (I=1,...,mp); (32)
(x) = 0. (33)

have only the trivial solution. Then problem (1), (2);(3) is solvable. If, moreover, the problem has a
unique solution, then it is correct.

Remark 5. Let Y = (y1,...,y,) be a fundamental matrix, with columns yi,...,y,, of system
(31), (32). Then the homogeneous boundary value problem (31), (32); (33) has only the trivial solution
if and only if

det(¢(Y)) # 0, (34)
where £(Y) = (U(y1), ..., 4(yn))-

If the pair {P; {J;};"% } satisfies the Lappo-Danilevskii condition, then the fundamental matrix Y’
(Y(0) = L,xn) of the homogeneous system (31), (32) has the form

Y (t) = exp (]P(T) dT) - T Gnsen +20)-
0

o< <t

Theorem 5. Let the conditions

’f(t,x)—f(t y) — y)’ﬁ )z —y|l ae on [0,w]\ Th,, z,y€R" (35)
|I(Tl, —I(m, ) y)| < l|x—y| for x,y e R™ (k=1,...,myp), (36)
|2(0) = y(0) + 2(w) — —y) <t ) for z,y € BV([0,w],R")

hold, where P € L([O,w],R"X”), Q < L([O,w],RiX”), Jy € R™*™ and Hy € RY™ (1 = 1,...,my)
are the constant matrices satisfying conditions (24) and (25), ¢ : Cy([0,w],R™;T},,) — R™ and
by : Cs([0,w], R™ T)y) — R are, respectively, linear continuous and positive homogeneous contin-
uous operators. Let, moreover, problem (26),(27);(7) have only the trivial solution. Then problem
(1),(2);(3) is correct.

Corollary 2. Let there exist a solution x° of problem (1),(2);(3) and a positive number r > 0 such
that the conditions

|f(t,2) = f(t.2°(1)) - P(t)( —2°(t)| < QW)w —2°(M)| a.a. [0,w]\ Ty, [z —2"(B)] <1,
(i, @) = I(m, 2" () = Ji - (@ — 2" (n))| < Hiw — 2(n)| for |lz —a®(n)| <r (I=1,...,mo),
0 0

|z(0) (0)+ z(w) — 2’ (w) — Lz — 2°)| < 0 (|x — 2°]) for z € U(2"r)
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hold, where P € L([0,w],R"*"), Q € L([0,w],R}*™), J; and H; € R™™ (I = 1,...,mq) are
the constant matrices satisfying conditions (24) and (25), £ : Cs([0,w],R™;T),) — R™ and ¢* :
Cs([0,w], R™; Tp) — R are, respectively, linear continuous and positive homogeneous continuous
operators. Let moreover, the system of impulsive inequalities

’Eip ‘<Q iz a.e. on [0,w]\ Ty,

}x(Tl-i-)—l‘(Tl_)_Jl' (l)’SHl' z(n) (I=1,...,mo)

have only the trivial solution under the condition |¢(x)| < £*(|z|). Then problem (1), (2);(3) is (z%;7)-
correct.

Corollary 3. Let the components of the vector-functions f and I (I = 1,...,n) have partial derivatives
by the last n variables belonging to the Carathéodory class Car([0,w] x R™ R™). Let, moreover, z° be
a solution of problem (1), (2);(3) such that the condition

det(nxn"'Gl( (l)))?éo (l:1,...,m0)
hold and the system

d
dfatc = F(t,z°(t))x almost everywhere on [0,w]\ Trn,,
x(n+) —x(n—) = G (2°(n)) - 2(n) (I=1,...,mp);
l(x) =0,
where F(t,z) = % and Gi(z) = 81[ , have only the trivial solution under condition (3). Then

problem (1), (2); (3) is (z%;r)-correct for any sufficiently small r.

In general, it is rather difficult to verify condition (34) directly even in the case if one is able to
write out the fundamental matrix of system (31), (32);(33). Therefore, it is important to seek for
effective conditions which would guarantee the absence of nontrivial w-antiperiodic solutions of the
homogeneous system (31), (32); (33). Below, we will give the results concerning the question. Anal-
ogous results have been obtained in [2] for the general linear boundary value problems for impulsive
systems, and in [12] by T. Kiguradze for the case of ordinary differential equations.

In this connection, we introduce the operators. For every matrix-function X € L([0,w], R™*™) and
a sequence of constant matrices Y, € R™*" (k=1,...,mp) we put

[(X,Yl,...,YmO)(t)]O:In for 0 <t<w,
(X, Y1, Vi) (0)], = Onxen (i =1,2,...),
t

(X Y1, Vo) (D] /X (X, Y1,..., Y, )(7)], dr
0
+ > Y [(X Y, Yo ) ()], for 0<t<w (i=1,2,...). (37)

o< <t

Corollary 4. Let conditions (28)—(30) hold, where

0= [aci
0

P e L([0,w],R™*™) J, € R™*" (I = 1,...,mq) are the constant matrices satisfying condition (24),
L e L([0,w],R"*™); g € Car([0,w] x Ry,R%) and h € C(Tp, x Ry ;RE™) are the vector-functions

nondecreasing in the second variable, and ¢; € C(R,R%) is a vector-function such that condition (23)
holds. Let, moreover, there exist natural numbers k and m such that the matriz

k-1 ¢

My = —Z/dﬁ(t) P T T ()],

=07
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is monsingular and
r(Mym) <1, (38)

where the operators [(P, Ji, ..., Jme)()]i (¢ =0,1,...) are defined by (37), and

Mk,m = [(|P|7 |J1|a IR |Jm0|)(w)}m

—

m—

3 T0PL AL s g D], [ VLT L0 TIPLIAL - [ D,

1=

Then problem (1), (2); (3) is solvable. If, moreover, the problem has a unique solution, then it is correct.

Corollary 5. Let conditions (28)—(30) hold, where
no

(x) = Zﬁjx(tj), (39)
j=1

P e L([0,w],R™™), J; € R™™™ (I = 1,...,mq) are the constant matrices satisfying condition (24),
tj € [0,w] and L; € R™™ (j =1,...,n9), L € L([0,w],R"*™), £ : Cs([0,w],R"; T}p,) — R™ is the
linear continuous operator; q € Car([0,w] x Ry, R?) and h € C(Tm, x Ry;RE*™) are the vector-
functions nondecreasing in the second variable, and ¢ € C(R,R") is a vector-function such that
condition (23) holds. Let, moreover, there exist natural numbers k and m such that the matriz

no k—1

My, = ZZ@ (P, 1oy T ) ()]

j=114=0

is nonsingular and inequality (38) holds, where

My = [(IP1 115 o) (@)
m—1 70
(0 TUPL L - W ma )@, ) S 1M 5l [P - 1 ) (8]
i=0 j=1

Then problem (1), (2); (3) is solvable. If, moreover, the problem has a unique solution, then it is correct.
Corollary 5 for £k =1 and m = 1 has the following form.

Corollary 6. Let conditions (28)—(30) hold, where the operator £ is defined by (39), P € L([0, w], R"*™),
Jp€ R™™ (I = 1,...,mq) are the constant matrices satisfying condition (24), t; € [0,w] and
L; e R (j=1,...,n0); ¢ € Car([0,w] x Ry, R%) and h € C(Trn, x Ry;RY*™) are the vector-
functions, nondecreasing in the second variable, and £, € C(R,R"}) is the vector-function such that
condition (23) holds. Let, moreover,

)

det (Zﬁj) #0 and r(LoAp) < 1,

j=1

where

mo

no _ no “
Lo= T +|(2£5) " | 21651 and Ao = [1P@]dt+ Y 1.
j=1 j=1 5 =1

Then problem (1), (2); (3) is solvable. If, moreover, the problem has a unique solution, then it is correct.
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Remark 6. If the pair {P;{J;};"%} satisfies the Lappo-Danilevskii condition, then condition (34)
has the forms

w t

det (O/dﬁ(t) - exp <O/P(T) d7> ] Tnxn +Jl)> 0,

o< <t

det (iLj exp <7P(7‘) dT) - I osn + Jl)> 40

0§T1<tj
for the operators ¢ defined, respectively, in Corollary 4 and Corollary 5.

By Remark 2, in the case if £(x) = z(0) + x(w) and £y(z) = 0, the results given above have,
respectively, the following forms.

Theorem 2'. Let conditions (13) and (14) hold, where the pair (P,J) satisfies the Opial w-antipe-
riodic condition; a € Car([0,w] x Ry, Ry) is a function, nondecreasing in the second variable, and
B € C(Th, % [0,w],Ry) is nondecreasing in the second variable function such that

i % ( O/ a(t, p) dt + ; B(mi, p)) =0. (40)

Then problem (1), (2);(3) is solvable. If, moreover, the problem has a unique solution, then it is cor-
rect.

Theorem 3'. Let conditions (13), (14), (17), (18) and (40) hold, where P € Car®([0,w] x R™ R"*"),
P e L([0,w],R™™), Jy € R™™ (i =1,2; 1 =1,...,mgp); o € Car([0,w] x Ry,Ry) is a function,
nondecreasing in the second variable, and B € C(Tp,, X [0,w],R4) is nondecreasing in the second
variable function. Let, moreover, condition (4) hold and problem (5), (6);(3) have only the trivial so-
lution for every matriz-function A € L([0,w], R"*™) and constant matrices G; € R™*" (I =1,...,mg)
satisfying conditions (19) and (20). Then problem (1), (2);(3) is solvable. If, moreover, the problem
has a unique solution, then it is correct.

Theorem 4'. Let conditions (21) and (22) hold, where P € L([0,w],R™"™), Q € L([0,w], R}*"),
Ji € R™ and H; € RY™ (I = 1,...,mq) are the constant matrices satisfying conditions (24) and
(25), ¢ € Car([0,w] x Ry, R%), and h € C(Tm, x Ry;RY*™) are the vector-functions, nondecreasing
in the second variable, such that

1 w mo

lim — to)ldt+ 3 |h(m, —0. 41

Jim 2 ([ lateol > i 2 (a)
o =

Let, moreover, the system of impulsive inequalities (26), (27) have only the trivial solution satisfying

condition (3). Then problem (1), (2);(3) is solvable. If, moreover, the problem has a unique solution,

then it is correct.

Corollary 1'. Let conditions (28),(29) and (40) hold, where P € L([0,w],R™*™), J, € R™*"
(I =1,...,mg) are the constant matrices satisfying condition (24), ¢ € Car([0,w] x Ry, R%}) and
h € C(Tp, x Ry;RY*™) are the vector-functions, nondecreasing in the second variable. Let, more-
over, problem (31),(32), (3) have only the trivial solution. Then problem (1), (2);(3) is solvable. If,
moreover, the problem has a unique solution, then it is correct.

Theorem 5'. Let conditions (35) and (36) hold, where P € L([0,w],R"*™), @ € L([0,w],R}*™),
Jy € R™™ and Hy € RI™ (I =1,...,mq) are the constant matrices satisfying conditions (24) and
(25). Let, moreover, problem (26), (27);(7) have only the trivial solution. Then problem (1), (2);(3)
18 correct.

Corollary 5. Let conditions (28),(29) and (41) hold, where P € L([0,w],R™*™), J, € R"*" (] =
1,...,mg) are the constant matrices satisfying condition (24); q € Car([0,w] x R, R%}) and h €
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C(Timy x Ry RY*™) are the vector-functions, nondecreasing in the second variable. Let, moreover,
there exist natural numbers k and m such that the matriz

k-1

M= [(P.Jr. o Jmy)(w)],

i=0
is nonsingular and inequality (38) holds, where
Mk,m = [(|P|7 |Jl|1 ceey |Jmo|)(w):|7n

m—1

+ (2 LOPL - g D @] M - [P - oo ) ()]

i=0
Then problem (1), (2); (3) is solvable. If, moreover, the problem has a unique solution, then it is correct.
Corollary 5’ for k = 1 and m = 1 has the following form.

Corollary 6'. Let conditions (28),(29) and (41) hold, where P € L([0,w],R™*™), J, € R"*" (] =
1,...,mg) are the constant matrices satisfying condition (24); q € Car([0,w] x R, R%}) and h €
C(Tim, x Ry RY™) are the vector-functions, nondecreasing in the second variable. Let, moreover,

where
Ay :/|P(t)|dt+Z|Jl|.
0 =1

Then problem (1), (2);(3) is solvable. If, moreover, the problem has a unique solution, then it is
correct.

Remark 7. In the conditions of Corollary ', if the pair {P; {.J;}," } satisfies the Lappo-Danilevskii
condition, then condition (34) has the form

det (Inxn + exp (/P(T) dT) . ﬁ(Ian + Jl)) # 0.
5 =1

The analogous questions are investigated in [7] for system (1), (2) under the general nonlinear
boundary condition h(z) = 0, where h : C([0,w],R™; T,,,) — R™ is a continuous vector-functional,
nonlinear, in general. The results given in the paper are the particular cases of the results obtained

in [7] for h(z) = 2(0) + z(w).
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