


gela yifiani, nodar mardaleiSvili, 
mayvala beqiriSvili, zaza jangiZe 

Teoriuli

meqanika 

analizuri meqanika 

tomi 5 

gamomcemloba `universali~ 
Tbilisi 2023 



1 
 

Uuak 531 (076.5)(075.8)  

 
 saxelmZRvanelo Seicavs analizuri meqnikis tipiur amoca-

nebs amoxsnebiT, romlebic aRebulia i. v. meSCerskis sakmaod 
gavrcelebuli amocanaTa krebulidan. yoveli paragrafis dasa-
wyisSi moyvanilia ZiriTadi debulebebi da meToduri miTiTe-
bebi, romlebic gamoiyeneba amocanebis amoxsnisas. amoxsnebi 
mocemulia dawvrilebiTi axsna-ganmartebebiT.  

aqve unda aRiniSnos, rom winamdebare krebulSi analizuri 
meqanikis amocanebis amoxsnebis procesSi intensiuradaa ga-
moyenebuli umaRlesi maTematikis iseTi fundamenturi saki-
Txebi, rogoricaa diferencialuri da integraluri aRricxva, 
wrfivi diferencialuri gantolebebi da sxv. umaRlesi maTe-
matikidan am sakiTxebis codnis gareSe SeuZlebelia amoca-
nebis amoxsnebis procesis srulyofilad gacnobiereba.  

saxelmZRvanelo gaTvaliswinebulia umaRlesi teqnikuri 
saswavleblebisa da universitetebis sabunebismetyvelo fa-
kultetebis studentebisa da maswavleblebisaTvis, agreTve, 
Teoriuli meqanikis damoukideblad SemswavlelTaTvis.  

wigni ibeWdeba (aaip) “ganaTlebisa da mecnierebis progresi~-s 
xelSewyobiT.  
 

profesor gela yifianis saerTo redaqciiT. 
 

recenzentebi:  profesori Ggiorgi jaiani 
 profesori tariel kviciani 
 profesori omar kikviZe 
 profesori Tamaz obgaZe 
 

yvela ufleba daculia. Aam wignis arc erTi nawili (iqneba 
es testi, foto, ilustracia, Tu sxva). Aranairi formiT da sa-
SualebiT (iqneba eleqtronuli Tu meqanikuri) arSeiZleba gamo-
yenebuli iqnas gamomcemlis werilobiTi nebarTvis gareSe. 

saavtoro uflebis darRveva isjeba kanoniT. 
 

© g. yifaini, n. mardaleiSvili, m. beqiriSvili, z. jangiZe 
 

gamomcemloba `universali~, 2023 

Tbilisi, 0186, a. politkovskaias #4, : 5(99) 17 22 30; 5(99) 33 52 02 
E-mail: universal505@ymail.com; gamomcemlobauniversali@gmail.com 
 

ISBN 978-9941-33-543-3 (yvela tomisTvis) 
ISBN 978-9941-33-592-1 (V tomisTvis) 

 



2 
 

winasityvaoba 

Teoriuli meqanika aris mecnierebis dargi, romelic 

swavlobs nivTieri sxeulebis meqanikur moZraobas da ad-

gens am moZraobis zogad kanonebs. 

Teoriuli meqanika Tavisi safuZvlebidanve mWidrod 

aris dakavSirebuli teqnikasTan. igi iqmneboda da viTar-
deboda teqnikis ganviTarebasTan erTad. teqnikis ganviTa-

reba sul axal-axal amocanebs ayenebda meqanikis winaSe, 

rac xels uwyobda TviT meqanikis ganviTarebas. Tavis 

mxriv, meqanikac did zegavlenas axdenda da xels uwyobda 

teqnikur progress.  

Teoriuli meqanika aris erT-erTi is fundamenturi sa-

gani, romelzec dafuZnebulia Tanamedrove teqnikis yvela 

dargi. 

Teoriul meqanikas erT-erTi wamyvani adgili ukavia da 

warmoadgens Teoriul bazas iseTi teqnikuri sagnebisa-

Tvis, roforicaa masalaTa gamZleoba, meqanizmebisa da man-

qanebis Teoria, drekadobisa da plastikurobis Teoria, 

samSeneblo meqanika, hidroaeromeqanika da mravali sxv. 

rogorc yovel mecnerebas, Teoriul meqanikasac kvle-

vis safuZvlad udevs dakvirveba, cda, praqtika. Teoriul 

meqanikaSi farTod gamoiyeneba maTematikuri meTodebi, ab-

straqtuli (ganyenebuli) cnebebi, movlenaTa modelebi, 

logikis kanonebi. 

Teoriul meqanikaSi SemoRebuli TiTqmis yvela sawyisi 

cneba arsebiTad warmoadgens garkveul abstraqcias an mo-

dels. maTi SemoRebisas gaTvaliswinebulia is ZiriTadi, 

ganmsazRvreli, rac arsebiTia gansaxilvel meqanikur mo-

ZraobaSi. Aase, magaliTad, realuri nivTieri sxeulis ma-

givrad meqanikaSi ganixilaven mis iseT abstraqtul mo-

dels, rogoricaa nivTieri wertili, absoluturad myari 

sxeuli da sxv. Mmxolod aseT modelebze agebuli meqani-

kisaTvis SeiZleba SemuSavdes is meTodebi, romlebic sa-
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Sualebas iZlevian SeviswavloT realuri obieqtebis mo-

Zraoba. Semdeg miRebuli Teoriuli Sedegebi mowmdeba 

cdiT, praqtikiT.  

Teoriuli meqanikis sakiTxebi cnobilia uZvelesi dro-

idan. 

jer kidev aristotele (ΙV s. Cv. er-de) icnobda Teori-

uli meqanikis zogierT kanons. masve ekuTvnis sagnis sa-

xelwodebis – ,,meqanikis~ – SemoRebac. Mmeqanikis kanonebis 

dasadgenad maTematikuri kanonebis gamoyenebas yvelaze ad-

re berZenma arqimedem (287-212 Cv. er-de) mimarTa. Mmeqanikis 

swrafi ganviTareba iwyeba aRorZinebis xanaSi. igi dakavSi-

rebulia italiel leonardo da vinCis (1452-1519), polone-

li nikoloz kopernikis (1473-1543), germaneli iohan keple-

ris (1571-1630) da sxvaTa saxelebTan. am mecnierebis mier 

miRebulma Sedegebma moamzades safuZveli meqanikis, ro-

gorc mecnierebis, Semdgomi winsvlisaTvis. dinamikis, ro-

gorc mecnierebis, SeqmnaSi didi wvlili miuZRvis itali-

el mecniers Ggalileo galileis (1564-1642). klasikuri me-

qanikis safuZvlebi Camoayaliba da sistematurad daamuSava 

ingliselma mecnierma isaak niutonma (1643-1727), romelmac 

Tavis wignSi ,,naturaluri filosofiis maTematikuri saw-

yisebi~ mogvca klasikuri meqanikis ZiriTadi kanonebi. 

XVΙΙΙ s-is Teoriuli meqanikis ganviTareba xasiaTdeba 

ori ZiriTadi TvisebiT: pirvelia misi maTematizacia: meqa-

nikis yvela kanoni da ZiriTadi debuleba gamohyavdaT ma-

Tematikuri analizis meTodiT. Jozef-lui lagranJi (1736-
1813) imasac ki amTkicebda, rom misi meqanika warmoadgens 

maTematikuri analizis axal Tavs. Mmeorec, ZiriTadi de-

bulebebi fizikurad ar zustdeboda: ra aris Zala – ganu-

sazRvreli rCeboda, gars uvlidnen am cnebas;Bbmebi CaT-

vlili iyo idealurad; sayrdeni zedapirebi – xaxunis ga-

reSe; Rero da Toki – uwonadi. 

meqanikis sakiTxebis Seswavla analizuri meTodebis 

gamoyenebiT daiwyo Sveicarielma Lleonard eilerma (1707-
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1783). meqanikis Semdgom ganviTarebaSi didi mniSvneloba 

hqonda frangi mecnierebis Jan leon dalamberis (1717-1783) 
naSroms ,,traqtati dinamikaSi~ da lui lagranJis naSroms 
,,analizuri meqnika~. 

gansakuTrebiT aRsaniSnavia lagranJis naSromi gadmo-

cemis originalobiTa da meTodebis erTianobiT. am naSro-

mis SesavalSi lagranJi wers: ,,ukve arsebobs mravali traq-
tati meqanikaSi, magram Cemi traqtati sruliad axalia. me 
miznad davisaxe meqanikis Teoria da masTan dkavSirebuli 
amocanebis amoxsnis meTodebi miviyvano saerTo formuleb-
ze, romlis martivi gafarToeba iZleva yvela im formulas, 
romelic saWiroa TiToeuli amocanis amosaxsnelad~. lag-

ranJma Seqmna analizuri meqanikis mwyobri sistema. 

umaRles teqnikur saswavleblebSi Teoriuli meqanika 

teqnikuri sagnebis uSualo dasayrdenia. Aamave dros cno-

bilia, rom Tavisi specifikurobis da sirTuleebis gamo 

zogadad Teoriuli meqanikis, gansakuTrebiT ki misi praq-

tikuli nawilis Seswavla sakmaod rTulia; ramdenadac am 

sagnis Teoremebis dazepireba SesaZlebelia, imdenad Zne-

lia maTi gamoyeneba praqtikuli amocanebis gadasawyvetad. 

amas emateba umaRles saswavleblebSi saswavlo kursi-

saTvis gamoyofili saaTebis raodenobis simcire. Aam si-

ZneleTa gadalaxva Sesalebelia, Tu Seiqmneba meqanikaSi 

amoxsnili amocanebiT iseTi tipis saxelmZRvanelo, rome-

lic Sualeduri da damakavSirebeli iqneba sagnis Teori-

ul kurssa da amocanaTa krebuls Soris da romelic da-

exmareba dainteresebul pirebs Teoriuli meqanikis amoca-

nebis amoxsnis meTodebis gamomuSavebaSi. 

aqve unda aRiniSnos, rom winamdebare krebulSi dina-

mikis amocanebis amoxsnebis procesSi intensiuradaa gamo-

yenebuli umaRlesi maTematikis iseTi fundamenturi sakiT-

xebi, rogoricaa diferencialuri da integraluri aRric-

xva, erTgvarovani da araerTgvarovani wrfivi diferen- ci-
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aluri gantolebebi da sxv. umaRlesi maTematikidan am sa-

kiTxebis codnis gareSe SeuZlebelia amocanebis amoxsne-

bis procesis srulyofilad gacnobiereba. 

Teoriuli meqanikis Sesaswavlad didi mniSvneloba 

aqvs studentebis mier Teoriis sakiTxebTan erTad praqti-

kuli amocanebis damoukideblad amoxsnis dauflebas. swo-

red am amocanas emsaxureba am krebulSi Setanili meTodu-

ri miTiTebebi. 

winamdebare krebulSi warmodgenilia amocanebi, rom-

lebic sakmaod asaxaven umaRles teqnikur saswavleblebSi 

Tanamedrove saswavlo programebiT gaTvaliswinebuil Te-

matikas. Yyovel Temaze krebulSi moyvanilia amocanis daw-

vrilebiTi amoxsna saWiro meToduri miTiTebebiT. 

yoveli Temis dasawyisSi mokled Camoyalibebulia Te-

oriis ZiriTadi sakiTxebi da mocemulia Sesabamisi formu-

lebi. Amocanis garCevamde da amoxsnis dawyebamde saWiroa 

studentma aucileblad Seiswavlos Teoriuli kursis Se-

sabamisi sakiTxebi, vinaidan am krebulSi moyvanili mokle 

Teoriuli cnobebi ver Secvlian Teoriul saxelmZRvane-

los. sasurvelia amocanebis amoxsna warmoebdes rekomen-

debuli mimdevrobiT da gaTvaliwinebuli iqnes Sesabamisi 

meToduri miTiTebebi. 

ukanasknel aTwleulebSi mniSvnelovnad gaizarda 

amoxsnili amocanebis krebulebis gamocemaTa raodenoba 

fizikaSi, maTematikaSi da meqanikaSi umaRlesi teqnikuri 

saswavleblebis studentebisaTvis. es ganpirobebulia ba-

zis Seqmnis aucileblobaze damoukidebeli muSaobisas 

grafikuli gaangariSebisa da sakontrolo samuSaoebi-

saTvis drois Semcirebis gamo. meqanikis mravali dargis 

amocana, romelTa amoxsna moiTxovs didi drois daxar-

jvas, ar SeiZleba detaluri ganxilvis gareSe saWiro 

xarisxiT damuSavdes praqtikul mecadineobaze, ris Sede-

gadac SeuZlebeli xdeba Teoriuli meqanikisa da mTlia-

nad misi calkeuli ganyofilebebis rTuli masalis aTvi-

seba  
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dinamika warmoadgens Teoriuli meqanikis yvelaze uf-

ro rTul nawils. nivTieri wertilis dinamikas aqvs pir-

velsawyisi mniSvneloba niutonis veqtoruli dinamikis ga-

sagebad, vinaidan masSi TvalsaCinod ganixileba meqanikis 

ZiriTadi Teoremebis gamoyeneba. Mmyari sxeulis meqanika, 

misi modelebi, principebi, kanonebi warmoadgenen yvela mi-

marTulebis inJinrebis momzadebis fundaments, gansakuT-

rebiT manqanaTmSeneblobis, xelsawyoTmSe-neblobis, samSe-

neblo da energetikis specialistebisaTvis. Mmocemuli gan-

yofilebis amocanebi umeteswilad Seesabamebian im amoca-

nebs, romlebis amoxsnac uxdebaT inJinrebs maTi praqtiku-

li moRvaweobisas. saswavlo masalis aTvisebis xarisxi 

uSualod damokidebulia amoxsnili amocanebis raodeno-

baze da mravalsaxeobaze. 

i.v. meSCerskis amocanaTa krebuli warmoadgens sakmaod 

cnobil damxmare saswavlo saxelmZRvnelos Teoriul me-

qanikaSi, romelmac gauZlo aTeulobiT gamocemas msofli-

os mraval qveyanaSi, romlebic dResac farTod gamoiyeneba 

teqnikuri ganxris umaRles saswavlo dawesebulebebSi. Aam 

krebulisPpirveli damxmare saxelmZRvanelo amoxsnili 

amocanebiT gamocemuli iqna 1963 wels germaniaSi (H. Neuber, 
Losungen zur Aufgabensammlung Mestscherski, 1963, DVW, 465 S.). Tum-
ca Semdgom krebuli mravaljer xelaxla gamoica, amasTa-

nave is swordeboda da ivseboda. 

SemoTavazebul damxmare saxelmZRvaneloSi mocemulia 

yvela amocanis amoxsna i. v. meSCerskis krebulis ,,dinami-

kis~ ganyofilebidan (Мещерский И. В. Сборник задач по 
теоретической механике/ И. В. Мещерский, 36-е изд., испр. М.: Наука, 
1986). agreTve qarTul enaze Targmnili: i.v. meSCerski, ,,Te-

oriuli meqanikis amocanaTa krebuli”, Tbilisi, 1963.  

winamdebare damxmare saxelmZRvanelo Seicavs ,,anali-

zuri meqanikis~ XI Tavis amocanebs. amocanebis amoxsna moy-

vanilia dawvrilebiTi axsna-ganmartebiT, rac gansakuTre-

biT mniSvnelovania damoukidebeli muSaobisaTvis. Yyoveli 
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paragrafis dasawyisSi mocemulia ZiriTadi Teoriuli de-

bulebebi da meToduri miTiTebebi dawvrilebiTi axsna-gan-

martebiT. Orogorc wesi, amoxsnas Tan sdevs naxazi, ro-

melzec miTiTebulia moqmedi Zala, siCqare, aCqareba. 
aRsaniSnavia, avtorTa jgufis sxvadasxva universite-

tebSi `Teoriuli meqanikis~ kursis swavlebis didi gamoc-

dileba. iv. javaxiSvilis saxelobis Tbilisis saxelmwifo 

universitetSi, saqarTvelos teqnikur universitetSi, n. 

musxeliSvilis saxelobis quTaisis politeqnikur insti-

tutSi, a. wereTlis saxelobis quTaisis saxelmwifo uni-

versitetSi, i. gogebaSvili saxelobis Telavis saxelmwi-

fo universitetSi, saqarTvelos saaviacio universitetSi, 

daviT aRmaSeneblis saxelobis saqarTvelos erovnuli 

Tavdacvis akademiaSi, saqarTvelos agrarul univesritet-

Si, baTumis saxelmwifo sazRvao akademiaSi, m. Llomonoso-

vis saxelobis moskovis saxelmwifo universitetSi, lenin-

gradis samSeneblo sainJinro institutSi, n. baumanis saxe-

lobis moskovis saxelmwifo teqnikur universitetSi, 

sankt-peterburgis saxelmwifo arqiteqturul-samSeneblo 

universitetSi, vladimiris saxlmwifo universitetSi.  
avtorebi madlierebis grZnobiT arian gamsWvalulni 

recenzentebis: iv. javaxiSvilis saxelobis Tbilisis sa-

xelmwifo universitetis meqanikis kaTedris gamges, i. veku-

as saxelobis gamoyenebiTi maTematikis direqtors, fizika-

maTematikis mecnierebaTa doqtors, profesor giorgi ja-

ins, saqarTvelos teqnikuri universitetis sainJinro meqa-

nikisa da mSeneblobis teqnikuri eqspertizis departamen-

tis ufross, pedagogikis mecnierebaTa doqtors, teqnikis 

mecnierebaTa doqtors profesor tariel kvicians, a. we-

reTlis saxelobis quTaisis saxelmwifo universitetis ga-

moyenebiTi meqanikis departamentis ufross, teqnikis mecni-

erebaTa doqtors, profrsor omar kikviZes, saqarTvelos 

erovnuli universitetis profesors teqnikis mecnierebaTa 

doqtors, Tamaz obgaZes. romelTa saqmianma SeniSvnebma da 

miTiTebebma srulyo wigni.  
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avtorebi agreTve madlierni arian qalbaton TinaTin 

maRraZis, gamomcemloba `universali~-s direqtoris baton 
goCa xarebavas xelmZRvanelobiT, romelTa Tavdauzogavi 

Sromis Sedegad srulyofil iqna saxelmZRvanelo. SemoTa-

vazebuli damxmare saxelmZRvanelo dagexmarebaT praqti-

kuli mecadineobis Catarebis meTodikis srulyofaSi. pro-

fesors SeuZlia SesTavazos studentebs garkveul Temaze 

praqtikuli mecadineobisaTvis mzadebisas damoukideblad 

gaecnos zogierTi amocanis amoxsnas, xolo Semdeg mecadi-

neobis procesSi amoxsnas analogiuri amocanebi. 

winamdebare saxelmZRvanelo krebuli avtorTa pirve-

li mokrZalebuli cdaa. Aamitom, mkiTxvelis yoveli safuZ-

vliani SeniSvna da winadadeba madlierebiT iqneba gaTva-

liswinebuli avtorebisagan. 

 
 
redaqtori profesori gela yifiani  
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XI. analizuri meqanika 

 

  analizuri meqanika- meqanikis nawilia, romelSic Seiswavleba 
meqanikuri sistemebis moZraoba an wonasworoba nebismieri meqanikuri 
sistemebisaTvis gamoyenebadi zogadi analizuri meTodebis 
saSualebiT. amasTan, miiReba  erTi da igive struqturis moZraobis 
an wonasworobis gantolebebi meqanikuri sistemis saxisagan  
damoukideblad. analizuri meTodebis upiratesoba  mdgomareobs 
imaSi, rom maT axasiaTebT gamokveTili zogadoba, e. i.  gamoiyeneba 
sxvadasxva saxis meqanikuri sistemebis moZraobis an wonasworobis 
gamosakvlevad Zalebis moqmedebiT.   Ees miiRweva iseTi 
ganzogadebuli cnebebis SemoRebiT, rogorebicaa ganzogadebuli 
koordinatebi, ganzogadebuli siCqareebi da ganzogadebuli Zalebi, 
agreTve, SesaZlo (virtualuri) da namdvili gadaadgilebis, Zalis 
SesaZlo muSaobis, bmebis, maT Soris idealuris,  cnebebis SemoRebiT. 
  analizuri meqanikis   meTodebi efuZneba dinamikis da kinematikis 
mTeli rigis aqsiomebis da Teoriuli debulebebis gamoyenebas. esenia: 
kinetikuri da potenciuri energia, Zalis muSaoba, inerciis Zala, 
myari sxeulis da misi wertilebis kinematikuri maxasiaTebelebi da 
sxva. 
    analizuri meqanikis   meTodebiT amoxsnisas SesaZlebelia 
wonasworobis gantolebebis an moZraobis diferencialuri 
gantolebebis Sedgena ise, rom ar SemoviRoT bmis reaqciebi. 
   analizur meqanikas   safuZvlad udevs meqanikis zogadi principebi, 
romelTagan analizuri meTodebiT miiReba moZraobis an 
wonasworobis gantolebebi. 
   Mmeqanikis principebi warmoadgenen debulebebs, romlebidanac 
rogorc Sedegi gamomdinareobs sxva kerZo debulebebi. rogorc 
aqsiomebi, isinic is sawyisebia, romlebic safuZvlad udevs Semdgom 
Teoriul agebebs, damtkicebebs da Sedegebs.  Mmagram aqsiomebisagan 
gansxvavebiT isini ar arian cxadi debulebebi da rig SemTxvevebSi 
saWiroeben mkacr maTematikur damtkicebebs. 
   GganvixiloT debulebebi, romlebic xSirad gvxvdebian amocanebis 
analizuri meqanikis   meTodebiT amoxsnisas. 
      B   analizuri meqanikaSi bmebi ewodeba nebisnier SezRudvebs, 
romlebsac adeben meqanikuri sistemis wertilebis moZraobebs. 
AasveTi SezRedvebi SeiZleba iyos ara marto sxeulebi, aramed raime 
kinematikuri pirobebic. Aamitom es SezRudvebi (zedapirebi, wirebi, 
kinemtikuri pirobebi) SeiZleba Caiweros gantolebebis an 
utolobebis saxiT. 
   Bbmebs, romelTa gantolebebi Seicaven mxolod wertilis 
koordinatebs, e.i. SezRudvebi edeba mxolod wertilis koordinatebs, 
ewodebaT geometriuli bmebi. 
    Bbmebs, romlebic SezRudvebs adeben ara mxolod wertilebis 
koordinatebs, aramed maT siCqareeebsac, diferencialuri bmebi 
ewodebaT. 
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    Yyvela geometriul bmas da im diferencialur bmebs, romelTa 
gantolebebis integrireba SesaZlebelia, ewodebaT holonomiuri 
bmebi.  
   Gdiferencialur bmebs, romelTa gantolebebis integrireba 
SeuZlebelia, araholonomiuri bmebi ewodeba. 
    geometriul da diferencialur bmebs, romelTa gantolebebSi 
dros cxadad ar Sedis, stacionaluri ewodeba. Bbmebs, romelTa 
gantolebebSi dro cxadad Sedix, e.i. isini icvlebian droSi, 
arastacionaluri ewodeba. 
  Bbmebs, romlebic zRudaven wertilis moZraobas ori 
urTierTsawinaaRmdego mimarTulebiT, ewodebaT ormxrivi an damWeri 
bmebi. aseTi bmebi aRiwerebian gantolebebiT. Bbmebs, romlebic 
zRudaven wertilis moZraobas erTi mimarTulebiT, ewodebaT 
calmxrivi an aradamWeri bmebi da yovelTvis aRiwerebian 
utolobebiT.  
  wertilis SesaZlo an virtualuri gadaadgileba ewodeba iseT 
usasrulo mcire (elementarul) gadaadgilebas, romelic SeiZleba 
miiRos wertilma drois mocemul momentSi dakavebuli mdebareobidan 
da, amasTan erTad, ar arRvevs wertilze dadebul bmebs.  Mmeqanikuri 
sistemis SesaZlo an virtualuri gadaadgileba ewodeba iseTi 
elementaruli gadaadgilebebis erTobliobas, romlebic SeiZleba 
miiRos wertilebma drois mocemul momentSi dakavebuli 
mdebareobidan da, amasTan erTad, sistemaze dadebul bmebs ar 
arRvevs. 
  Nnamdvili gadaadgileba-es aris Mmeqanikuri sistemis wertilebis 
iseTi elementaruli gadaadgilebebi, romlebic ar arRvevn bmebs 
(uSveben bmebi), magram xorcieldeba moZraobis sawyisi pirobebiT da 
masze moqmedi ZalTa sistemis gaTvaliwinebiT. 

    Tu wertilis mdebareoba ganisazRvreba  r⃗  radius-veqtoriT, 

maSin SesaZlo gadaadgileba aRiniSneba 𝛿𝑟 −iT, xolo namdvili –

𝑑𝑟 −iT. 
   zemoT naTqvamidan gamomdinareobs, rom stacionaluri bmebis 
SemTxvevaSi sistemis wertilebis namdvili gadaadgileba emTxveva 
erT-erT SesaZlo gadaadgilebas. Tu bma  arastacionaluria, maSin 
namdvili gadaadgileba mocemuli bmis gaTvaliswinebiT iqneba sxva, 
e.i. am SemTxvevaSi namdvili gadaadgileba ar emTxveva arcerT 
SesaZlo gadaadgilebas, romlebic daSvebuli iqneba bmebiT. 

    𝐹⃗ SesaZlo muSaoba ewodeba  𝛿𝐴 elementarul muSaobas am Zalis 

modebis wertilis 𝛿𝑟 SesaZlo gadaadgilebaze, e.i. 

𝛿𝐴 = 𝐹⃗ ∙  𝛿𝑟 = 𝐹𝛿𝑟𝑐𝑜𝑠 (𝐹⃗, 𝛿𝑟̂). 

  Tu 𝐹⃗ Zalis moqmedebiT sxeuli asrulebs brunviT moZraobas, aSin 
am Zalis SesaZlo muSaoba 

𝛿𝐴 = ±𝑀𝑧(𝐹⃗)𝛿𝜑, 
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sadac  𝑀𝑧(𝐹⃗)  Zalis Mmomentia brunvis RerZis mimarT; δφ −  
sxeulis SesaZlo kuTxuri gadaadgilebaa. 
  Mmeqanikuri sistemis wertilebze modebuli Zalebis SesaZlo 
muSaoba 

δA = ∑ δAk = ∑ F⃗⃗k ∙ δr⃗k.

n

k=1

n

k=1

 

 Bbmisagan ganTavisflebis  principis Tanaxmad araTavisufali 
meqanikuri sistema SeiZleba gavxadoT Tavisufali, Tu azrobriv 
ukuvagdebT bmebs da maT moqmedebas SevcvliT bmebis reaqciebiT. 
visargebloT SesaZlo muSaobis ganmartebiT da SemoviRoT idealuri 
bmebis Semdegi ganmarteba: 
     Bbmebs ewodeba idealuri, Tu maTi reaqciis Zalebis 
elementarul muSaobaTa jami yovel SesaZlo gadaadgilebaze udris 
nuls, e.i.  

𝛿𝐴𝑅 = ∑ 𝑅⃗⃗𝑘 ∙ 𝛿𝑟𝑘 = ∑|𝑅⃗⃗𝑘| ∙ |𝛿𝑟𝑘|𝑐𝑜𝑠 (𝑅⃗⃗𝑘 , 𝛿𝑟𝑘
̂ ) = 0.

𝑛

𝑘=1

𝑛

𝑘=1

 

   idealuri, rogorc wesi, aris bmebi xaxunis gareSe. Aam SemTxvevaSi 
bmis reaqciis Zalebi da  am Zalebis modebis wertilebis SesaZlo 
gadaadgilebebi urTierTmarTobulia. Tu bmebi aris xaxuniT, maSin 
xaoiani zedapiris  srul  reaqcias Slian  or mdgenelad: zedapiris 
marTob normalur mdgenelad da  mxeb mdgenelad-xaxunis Zalad., 
romlis muSaoba  SesaZlo gadaadgilebaze ar udris nuls.  Mmagram 
analizur meqanikaSi aseT bmas pirobiTad Tvlian idealurad, magram 
xaxunis Zalas miakuTneben mocemul Zalebs. 
     Mmeqanikuri sistemis nebismieri wertilis mdebareoba arCeul 

koordinatTa sistemaSi ganisazRvreba an 𝑟 radius-veqtoriT, an    

(𝑥, 𝑦, 𝑧) dekartis koordinatebiT.  𝑛    wertilisagan \Semdgari 

meqanikuri sistemisaTvis aucilebelia  3𝑛   koordinati, romelTa 
Soris SeiZleba iyos damokidebuli koordinatebic. Aamitom 
meqanikuri sistemis  wertilebis mdebareobis gansazRvrisaTvis ufro 
mosaxerxebelia ganzogadebuli koordinatebis gamoyeneba. 
  ganzogadebuli koordinatebi- erTmaneTisgan damoukidebeli 
sidideebia,  romlebic calsaxad gansazRvraven meqanikuri sistemis 
mdebareobas. 
  ganzogadebul koordinatebad SeiZleba aivirCioT sistemaSi 
Semavali sxeulebis kuTxuri an wrfivi gadaadgilebebi. 

ganzogadebuli koordinatebi zogadad ariniSneba  𝑞 −Ti.. 
   ganzogadebuli koordinatis  droiT warmoebuls ganzogadebuli 
siCqare ewodeba., e.i. 

𝑞̇ =
𝑑𝑞

𝑑𝑡
. 

   meqanikuri sistemis Tavisuflebis xarisxis ricxvi, romelic 
emorCileba holonomiur  bmebs, udris ganzogadebuli koordinatebis 
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ricxvs. zogjer meqanikuri sistemis Tavisuflebis xarisxis ricxvs 
uwodeben damoukidebeli SesaZlo gadaadgilebebis ricxvs, romlebic 
SeiZleba mieniWos mis wertilebs drois fiqsirebul momentSi. 

Aamitom, Tu 𝑛 wertilisagan \Semdgar meqanikur sistemas aqvs erTi 
Tavisufalebis xarisxi, maSin yvela wertilis  SesaZlo 
gadaadgilebebi iqneba erTmaneTze damokidebulebi.  Aanalizuri 
meqanikis meTodebiT amocanebis amoxsnisas yvela es gadaadgileba 
unda gamoisaxos romelime erTi gadaadgilebiT. 
   dekartis koordinatebi SeiZleba gamovsaxos ganzogadebuli 
koordinatebiT, e.i. dekartis koordinatebi warmoadgenen 
ganzogadebuli kordinatebis funqciebs. 

   Tu meqanikur sistemas aqvs S  Tavisuflebis xarisxi, maSin k − 
uri wertilis radius-veqtori aris S  ganzogadebuli koordinatis  

da 𝑡 drois funqcia, e.i.  
𝑟𝑘 = 𝑟𝑘(𝑞1, 𝑞2,,⋯ , 𝑞𝑆, 𝑡) 

 
  aseTi wertilis namdvili gadaadgileba xasiaTdeba radius-
veqtoris nazrdiT, romelic meore rigis usasrulod mcire sididis 
sizustiT ganisazRvreba rogorc sruli diferenciali da 
maTematikurad ase Caiwereba: 

𝑑𝑟𝑘 =
𝜕𝑟𝑘
𝜕𝑞1

𝑑𝑞1 +
𝜕𝑟𝑘
𝜕𝑞2

𝑑𝑞2 + ⋯+
𝜕𝑟𝑘
𝜕𝑞𝑆

𝑑𝑞𝑆 +
𝜕𝑟𝑘
𝜕𝑡

𝑑𝑡. 

 
   namdvilisagan gansxvavebiT, SesaZlo gadaadgileba warmoadgens 
wertilis radius-veqtoris usasrulod  mcire nazrds, romelic 

gamowveulia fiqsirebuli 𝑡 droisagan damoukideblad. 

  aseTi saxis k − uri wertilis radius-veqtoris usasrulod  mcire 
nazrds ewodeba variacia. igi ase aRiniSneba: 

𝛿𝑟𝑘 =
𝜕𝑟𝑘
𝜕𝑞1

𝛿𝑞1 +
𝜕𝑟𝑘
𝜕𝑞2

𝛿𝑞2 + ⋯+
𝜕𝑟𝑘
𝜕𝑞𝑆

𝛿𝑞𝑆. 

es gamosaxuleba SeiZleba asec Caiweros: 
 

𝛿𝑟𝑘 = ∑
𝜕𝑟𝑘
𝜕𝑞𝑗

𝛿𝑞𝑗.

𝑆

𝑗=1

 

 
   ganzogadebuli koordinatebis cnebis SemoReba saSualebas gvaZlevs 
meqanikur sistemaze modebuli Zalebis SesaZlo muSaoba gamovsaxoT am 
koordinatebSi. amisaTvis  SesaZlo muSaoba CavweroT Semdegi saxiT: 

δA = ∑ F⃗⃗k ∙ δr⃗k. = ∑ F⃗⃗k ∙ ∑
𝜕𝑟𝑘
𝜕𝑞𝑗

𝛿𝑞𝑗 = ∑(∑ F⃗⃗k ∙

n

k=1

𝜕𝑟𝑘
𝜕𝑞𝑗

)𝛿𝑞𝑗 =

𝑆

𝑗=1

𝑆

𝑗=1

n

k=1

n

k=1
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= ∑ 𝑄𝑗𝛿𝑞
𝑗
,

𝑆

𝑗=1

 

sadac  

𝑄𝑗 = ∑ F⃗⃗k ∙

n

k=1

𝜕𝑟𝑘
𝜕𝑞𝑗

 

ganzogadebuli Zalaa; 𝛿𝑞𝑗 j − uri   ganzogadebuli koordinatis  

variacia. 
  miRebuli gamosaxuleba warmovadginoT Semdegi formiT: 

δA = ∑𝑄𝑗𝛿𝑞𝑗 =

𝑆

𝑗=1

𝑄1𝛿𝑞1 + 𝑄2,𝛿𝑞2 + ⋯ +𝑄𝑆𝛿𝑞𝑆, 

sadac 𝑄1, 𝑄2,,⋯ , 𝑄𝑆  aris 𝑞1, 𝑞2,, ⋯ , 𝑞𝑆  ganzogadebuli 
koordinatebis Sesabamisi   ganzogadebuli Zalebi; 
    amgvarad,  ganzogadebuli Zala ewodeba meqanikur sistemaze 
modebuli Zalebis SesaZlo muSaobis gamosaxulebaSi FSesabamis 
ganzogadebuli koordinatis variaciis koeficients. 
    romelime  ganzogadebuli koordinatis Sesabamisi   
ganzogadebuli Zalis gamosaTvlelad aucilebelia danarCeni 
ganzogadebuli koordinatebi CavTvaloT mudmivad. maSin maTi 
variacia iqneba nuli, garda im ganzogadebuli koordinatisa, romlis 
Sesabamisi   ganzogadebuli Zalac gamoiTvleba. 
    ganvsazRvroT meqanikur sistemaze modebuli Zalebis SesaZlo 
muSaoba da  gavyoT es  gamosaxuleba erT-erTi  ganzogadebuli 
koordinatis variaciaze, miviRebT  am  ganzogadebuli koordinatis 
Sesabamis    ganzogadebul Zalas: 

𝑄𝑗 =
(∑ 𝛿𝐴𝑘

𝑛
𝑘=1 )𝑗

𝛿𝑞𝑘
,      𝑗 = 1,⋯ , 𝑆. 

 
    konservatuli Zalebis ganzogadebuli  Zala 

𝑄𝑗 =
𝜕Π

𝜕𝑞𝑘
,      𝑗 = 1,⋯ , 𝑆. 

 sadac Π  sistemis potenciuri energiaa. 
    Uunda aRiniSnos, rom ganzogadebuli Zalis ganzomileba 
damokidebulia imaze, Tu romeli gadaadgileba-kuTxuri Tu wrfivi, 
iqneba aRebuli ganzogadebul koordinatad.  ganzogadebuli Zalis 
ganzomileba Seesabameba: a) Zalis momentis ganzomilebas, Tu 
ganzogadebul koordinatad aRebulia kuTxuri gadaadgileba, b) 
Zalis ganzomilebas, Tu ganzogadebul koordinatad aRebulia 
wrfivi gadaadgileba. 
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$46.  SesaZlo gadaadgilebis principi 

 

meToduri miTiTebebi amocanebis amosaxsnelad. 
 

   SesaZlo gadaadgilebis principi (lagranJis principi) gamosaxavs  
araTavisufali  meqanikuri sistemis wonasworobis pirobebs:   Tu 
meqanikuri sistema emorCileba stacionalur, damWer da idealur 
bmebs, maSin sistemis wonasworobisaTvis aucilebeli da sakmarisia 
sistemaze uSualod modebuli Zalebis elementarul muSaobaTa jami 
yovel SesaZlo gadaadgilebaze nulis toli iyos, im pirobiT, rom 
sawyis momentSi sistema iyo wonasworobaSi. 
  Pprincipis zogad analizur gamosaxulebas aqvs saxe: 

∑ 𝛿𝐴𝑘
𝑎 = 0.

𝑛

𝑘=1

 

Ees gamosaxuleba SegviZlia CavweroT rogorc veqtoruli 

                                              ∑ 𝛿𝐴𝑘 = ∑ 𝐹⃗𝑘 ∙ 𝛿𝑟𝑘 .

𝑛

𝑘=1

𝑛

𝑘=1

                              (46.1)   

ise skalaruli  formiT: 
 

∑(𝐹𝑘𝑥𝛿𝑥𝑘 + 𝐹𝑘𝑦𝛿𝑦𝑘 + 𝐹𝑘𝑧𝛿𝑧𝑘).

𝑛

𝑘=1

 

   SesaZlo gadaadgilebis principis gamoyenebiT amocanebis 
amoxsnisas (46.1) gantolebas weren saxiT: 
 

                   ∑ 𝐹⃗𝑘 ∙ 𝛿𝑟𝑘 = ∑|𝐹⃗𝑘| ∙ |𝛿𝑟𝑘|𝑐𝑜𝑠 (𝐹⃗𝑘 , 𝛿𝑟𝑘
̂ ) = 0.

𝑛

𝑘=1

𝑛

𝑘=1

             (46.2) 

    Tu (46.2) gamosaxulebas gavawarmoebT  droiT, miviRebT: 
 

                  ∑ 𝐹⃗𝑘 ∙ 𝑣⃗𝑘 = ∑|𝐹⃗𝑘| ∙ |𝑣⃗𝑘|𝑐𝑜𝑠 (𝐹⃗𝑘 , 𝑣⃗𝑘
̂ ) = 0.

𝑛

𝑘=1

𝑛

𝑘=1

                (46.3) 

   Ees toloba warmoadgens SesaZlo siCqareTa princips, ufro 
zustad, SesaZlo simZlavreebis princips 
    zogadi saxiT (46.3)  gamosaxuleba SeiZleba asec Caiweros: 

∑ 𝑁𝑘
𝑎 = 0,

𝑛

𝑘=1

 

e.i. sistemaze modebuli Zalebis SesaZlo simZlavreTa jami udris 
nuls. 
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    Tu SesaZlo gadaadgilebad aRebulia kuTxuri gadaadgileba, 
maSin (46.2) da (46.3) gamosaxulebebSi Zalebis nacvlad Sedis am 
Zalebis momentebi brunvis RerZis mimarT, xolo (46.3) gamosaxulebaSi 

wrfivi   𝑣 siCqaris nacvlad- sxeulis brunvis ω kuTxuri siCqare. 
   SesaZlo gadaadgilebis principi adgens meqanikuri sistemis 
wonasworobis zogad pirobas, amasTan, ar aris saWiro sistemis 
calkeuli nawilebis  wonasworobis ganxilva, xolo idealuri bmebis 
SemTxvevaSi saSualebas gvaZlevs  ar ganvixiloT ucnobi reaqciis 
Zalebi. 
    Tu moiTxoveba romelime bmis Sesabamisi reaqciis Zalis 
gansazRvra, maSin unda visargebloT bmisagan ganTavisuflebis 
principiT, ukuvagdoT bma da misi moqmedeba SevcvaloT Sesabamisi 
reaqciis ZaliT. wonasworobis gantolebis Sedgenisas mocemul 
Zalebs daemateba reaqciis Zalebic..  myar sxeulTa sistemis 
wonasworobis Sesaxeb amocanebis amoxsnis aseTi meTodi aris metad 
efeqturi, radgan  saZiebeli reaqciis Zala ganisazRvreba uSualod  
Sedgenili wonasworobis gantolebidan. AamasTan erTad, statikis 
Cveulebrivi meTodebiT unda Sedges wonasworobis gantolebaTa 
sistema, romlis amoxsnis Sedegad ganisazRvreba saZiebeli Zalebi. 
  SesaZlo gadaadgilebis principi ganzogadebul ZalebSi Caiwereba 
saxiT: 

∑𝑄𝑗𝛿𝑞𝑗 = 0,

𝑠

𝑗=1

 

maSin meqanikuri sistemis wonasworobisas ganzogadebuli Zala 
 

𝑄𝑗 = 0, 𝑗 = 1,⋯ , 𝑠. 
      wonasworobis gantolebebis ricxvi Seesabameba meqanikuri 
sistemis Tavisuflebis xarisxs da maTi Sedgenis principi  
ganzogadebuli Zalebis gansazRvris analogiuria. 
    M am paragrafis paragrafis amocanebis amoxsnis Tanmimdevroba: 
  1. avirCioT wonasworobis obieqti; 
  2. araidealuri bmebis arsebobis SemTxvevaSi Sesabamisi xaxunis  
Zalebi mivakuTvnoT mocemul aqtiur Zalebs, romlis Semdeg bmebi 
ganvixiloT rogorc idealuri; 
  3. vaCvenoT naxazze aqtiuri Zalebi, maT Soris araidealuri bmebis 
xaxunis Zalebi;. 
4. ganvsazRvroT  meqanikuri sistemis Tavisuflebis xarisxi.  
amocanis amoxsnis Semdegi gza damokidebulia imaze, Tu ramdeni 
Tavisuflebis xarisxi aqvs sistemas. 
a)erTi Tavisuflebis xarisxis mqone sistemisaTvis: 
5. mivaniWoT wertilTa sistemis erT-erT wertils an sxeulTa 
sistemis erT-erT sxeuls  SesaZlo gadaadgileba da gamovsaxoT 
Zalebis modebis wertilebis SesaZlo gadaadgilebebi misi 
saSualebiT. vaCvenoT naxazze yvela SesaZlo gadaadgileba;  
6. CavweroT sistemaze modebuli yvela Zalis muSaobaTa jami 
Sesabamis SesaZlo gadaadgilebaze da es jami gavutoloT nuls; 
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  Tu wonasworobis gantolebebi Sedgenilia SesaZlo siCqareebis an 
SesaZlo simZlavreebis saxiT, maSin unda damyardes kavSiri Zalebis 
modebis wertilebis wiriT siCqareebsa da sxeulebis kuTxur 
siCqareebs Soris da gamovsaxoT isini erTi romelime siCqariT. 
amasTan Zalebis modebis wertilebis wiriTi siCqareebi da sxeulebis 
kuTxuri siCqareebi unda gamovsaxoT naxazze; 
7. amovxsnaT wonasworobis gantolebebi da ganvsazRvroT saZiebeli 
sidide; 
  b) ramdenime Tavisuflebis xarisxis mqone sistemis SemTxvevaSi: 
5. avirCioT sistemis wertilebis damoukidebeli SesaZlo 
gadaadgilebebi, romelTa raodenoba Seesabameba sistemis 
Tavisuflebis xarisxs; 
6. mivaniWoT SesaZlo gadaadgileba, romelic Seesabameba sistemis 
Tavisuflebis xarisxs, amasTan CavTvaloT, rom SesaZlo 
gadaadgilebebi, romlebic Seesabameba sistemis danarCen 
Tavisuflebis xarisxs, udris nuls.  Zalebis modebis wertilebis 
SesaZlo gadaadgilebebi gamovsaxoT sistemis  erTi SesaZlo 
gadaadgilebiT; 
 7. CavweroT meqanikuri sistemis wonasworobis gantolebebi  
SesaZlo muSaobaTa jamis saxiT da gavutoloT es jami nuls; 
8. Tanmimdevrulad SevasruloT me-6 da me-7 punqtebSi miTiTebuli 
moqmedebebi TiToeuli damoukidebli SesaZlo gadaadgilebisaTvis, 
SevadginoT wonasworobis gantolebaTa sistema damoukidebeli 
SesaZlo gadaadgilebaTa ricxvis mixedviT. 
9. amovxsnaT miRebuli gantolebaTa sistema da ganvsazRvroT 
saZiebeli sidideebi. 
 
 
 

amocanebi da amoxsnebi 
 

amocana  46.1  

   𝑄 tvirTi aiweva domkratis 
saSualebiT, romelic moZraobaSi modis  

𝑂𝐴 = 0,6 m  saxeluriT. saxeluris boloze 

mis marTobulad modebuli 𝑃 = 160n   Zala.  

𝑄 gansazRvreT tvirTis sidide, Tu 

domkratis xraxnis biji  ℎ = 12mm.           
 a m o x s n a.    gamoviyenoT SesaZlo 
gadaadgilebis principi: 

                                                           ∑ 𝛿𝐴𝑘 = 0.                                     (1)

𝑛

𝑘=1

 

;:  

:: 

::  

 

P⃗⃗⃗ 

𝐴 𝑂 
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 sistemas mivaniWoT  SesaZlo gadaadgileba 𝛿ℎ  da  𝛿𝜑 (ix. Nnaxazi). 
maSin (1) gantoleba miiRebs saxes: 

   −𝑄𝛿ℎ + 𝑃𝑙𝛿𝜑 = 0.                          (2) 
  gamovsaxoT  𝛿ℎ sidide 𝛿𝜑 −iT. domkratis  saxeluris mobruneba 

2𝜋 kuTxiT Seesabameba domkratis 
xraxnis gadaadgilebas xraxnis 

bijiT −h, e.i.  
ℎ

2𝜋
=

𝛿ℎ

𝛿𝜑
 

Aan 

𝛿ℎ =
ℎ

2𝜋
𝛿𝜑. 

 
    CavsvaT es gamosaxuleba (2) 
gantolebaSi: 

−𝑄
ℎ

2𝜋
𝛿𝜑 + 𝑃𝑙𝛿𝜑 = 0 

Aan 

(−𝑄
ℎ

2𝜋
+ 𝑃𝑙) 𝛿𝜑 = 0. 

radgan  δφ ≠ 0,  amitom 

 −𝑄
ℎ

2𝜋
+ 𝑃𝑙 = 0. 

aqedan 
 

𝑄 =
𝑃𝑙 ∙ 2𝜋

ℎ
=

160 ∙ 0,6 ∙ 2 ∙ 3,14

0,012
= 52200(ნ) = 52,2(კნ). 

    

p a s u x i:     𝑄 = 52,2კნ. 
 
 
 
 
 
 
 

amocana  46.2  

;:  :: 

::  :: 

::  :: 

Q⃗⃗⃗ 

P⃗⃗⃗ 

𝐴 𝑂 

𝛿𝜑 

𝛿ℎ 
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   muxla wnexis mqnevaraze 
moqmedebs 𝑀 momentis    wyvilZala; 

mqnevaras RerZs boloebze aqvs ℎ 
bijis sawinaaRmdego mimarTulebis 
xraxnebi da gadis or qanCze, 
romlebic saxsrovnad mimagrebulia 

𝑎 gverdis Rerovani rombis or 
wverosTan; rombis zeda wvero 
Camagrebulia uZravad, qveda 
mimagrebulia wnexis horizontalur 
filaze. gansazRvreT saganze wnexis  

wnevis 𝑃 Zala im momentSi, roca 
rombis wverosTan mdebare kuTxe 

udris 2α −s. 
 a m o x s n a.   mqnevaras mivaniWoT  

SesaZlo gadaadgileba δφ.  mqnevaras 
mobrunebas 2𝜋 kuTxiT Seesabameba  
qanCis gadaadgileba xraxnis bijiT. 

Aamitom mqnevaras mobrunebas δφ 
kuTxiT Seesabameba  qanCis 

gadaadgileba δs −iT (ix. Nnax. 1), e.i. 
 

ℎ

2𝜋
=

𝛿𝑠

𝛿𝜑
 

Aan 

             𝛿𝑠 =
ℎ

2𝜋
𝛿𝜑.                           

                                        nax.1 
   𝐴𝐶𝐵  Dda 𝐴𝐾𝐿 samkuTxedebis (nax.2)  
  msgavsebidan   gamomdinareobs,  rom  

𝑡𝑔𝛼 =
𝐴𝐶

𝐵𝐶
=

𝛿𝑙𝐴
𝛿𝑠

. 

aqedan 

𝛿𝑙𝐴 = 𝛿𝑠𝑡𝑔𝛼 

 𝐷  wertilis gadaadgileba 

𝛿𝑙𝐷 = 2𝛿𝑙𝐴 = 𝛿𝑠𝑡𝑔𝛼, 
saidanac 

𝛿𝑙𝐷 =
ℎ𝛿𝜑

𝜋
𝑡𝑔𝛼. 

SesaZlo gadaadgilebis principis Tanaxmad: 

               𝑀𝛿𝜑 − 𝑃𝛿𝑙𝐷 = 0.                 nax.2 
an 

• 
𝛼 

𝑀 𝐵 

𝐷 

𝐶 

𝑎 

𝐴 

• 
𝛼 

𝑀 𝑂 

𝐵 

𝐷 

𝑎 

𝐴 

𝐶 

𝛿𝜑 

𝛿ℓ𝐷 

𝑎 

𝑃⃗⃗⃗ 

𝛼 

𝐾 • 𝐶 

𝛿ℓ𝐴 

𝛿𝑠 

𝐵 

𝐴 

• 
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𝑀𝛿𝜑 − 𝑃
ℎ𝛿𝜑

𝜋
𝑡𝑔𝛼 = 0. 

aqedan 

𝛿𝜑 (𝑀 −
𝑃ℎ

𝜋
𝑡𝑔𝛼) = 0. 

radgan  𝛿𝜑 ≠ 0, amitom 

 𝑃 =
𝑀𝜋

ℎ𝑡𝑔𝛼
= 𝜋

𝑀

ℎ
𝑐𝑡𝑔𝛼. 

p a s u x i:     𝑃 =
𝑀𝜋

ℎ𝑡𝑔𝛼
= 𝜋

𝑀

ℎ
𝑐𝑡𝑔𝛼. 

 
 
 
 

amocana  46.3  

  ipoveT damokidebuleba 𝑃 

da  𝑄 Zalebs Soris  solian 
wnexSi, Tu  Zala modebulia 

𝑎 sigrZis saxeluris boloze, 
saxelurisa da xraxnis 
RerZis marTobulad. xrax\nis 

biji aris ℎ. solis 
wverosTan mdebare kuTxe aris 

α. 
a m o x s n a.   sistemas     

mivaniWoT  SesaZlo gadaadgilebebi δh  da  δs (nax.1). maSin: 
𝛿𝑠 = 𝛿ℎ𝑡𝑔𝛼. 
 
 
 
 
 

             Nnax.1                                   
nax.2. 
 

xraxnis mobrunebas 2𝜋 
kuTxiT Seesabameba  solis 
gadaadgileba  bijiT: 
  

ℎ

2𝜋
=

𝛿ℎ

𝛿𝜑
 

Aan 

𝛿𝜑 =
2𝜋

ℎ
𝛿ℎ. 

𝛼 

𝑃⃗⃗⃗ 

𝑄⃗⃗⃗ 

𝑎 

𝛼 

𝑃⃗⃗⃗ 

𝑄⃗⃗⃗ 

𝑎 

𝛿ℎ 

𝛿𝜑 

𝛿𝑠 
𝛼 

𝛿ℎ 

𝛿𝑠 
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SesaZlo gadaadgilebis principis Tanaxmad: 
 

𝑃𝑎𝛿𝜑 − 𝑄𝛿𝑠 = 0 
an 

𝑃𝑎
2𝜋

ℎ
𝛿ℎ − 𝑄𝛿ℎ𝑡𝑔𝛼,= 0, 

 

𝛿ℎ (𝑃𝑎
2𝜋

ℎ
− 𝑄𝑡𝑔𝛼) = 0. 

radgan  𝛿𝜑 ≠ 0, amitom 

𝑃𝑎
2𝜋

ℎ
− 𝑄𝑡𝑔𝛼 = 0 

aqedan 

𝑄 = 𝑃
2𝜋𝑎

ℎ𝑡𝑔𝛼
. 

p a s u x i:     𝑄 = 𝑃
2𝜋𝑎

ℎ𝑡𝑔𝛼
. 

 
 
 
 

amocana  46.4  

   naxazi warmoadgens 
gaWimvaze nimuSis 
gamosacdeli manqanis 
sqemas. gansazRvreT 

damokidebuleba 𝐾 nimuSis  

𝑋  Zalvasa da nulovani 𝑂 

wertilidan 𝑃 tvirTamde  

manZils Soris, Tu 𝑄 
tvirTis saSualebiT 
manqana gawonasworebulia 

ise, rom 𝑃 tvirTis 
nulovani  mdebareobidan 

da 𝐾 nimuSis  dauZabavi 

mdgomareobis dros yvela berketi horizontaluria. Mmocemulia 𝑙1,  𝑙2  
da 𝑒  manZilebi.. 

ℓ1 

ℓ2 

• 
𝐾 

𝑥 

𝑒 

𝑂 

𝑃⃗⃗⃗ 

𝑄⃗⃗⃗ 

• 
• 
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a m o x s n a.    ganvsazRvroT 𝑄⃗⃗ Zalis sidide, romelic wonasworebs 

𝑃 tvirTis wonas, rodesac 
yvela berketi 
horizontaluria (ix. 
Nnaxazi). 

  aRvniSnoT:  𝐷𝑒 =
𝑠,   𝑂𝐵 = 𝑎.  maSin 
𝑃(𝑎 + 𝑙2) − 𝑇𝐵𝑙2 = 0, 
𝑇𝐴𝑙1 − 𝑄𝑠 = 0. 
Mmagram 

𝑇𝐴 = 𝑇𝐵 = 𝑇, 
BmaSasadame,  

𝑇 =
𝑃(𝑎 + 𝑙2)

𝑙2
=

𝑄𝑠

𝑙1
. 

aqedan 

    𝑄 =
𝑃𝑙1(𝑎+ 𝑙2)

𝑠𝑙2
.      (1) 

(1)   mivaniWoT sistemas       
SesaZlo gadaadgilebebi da CavweroT SesaZlo gadaadgilebis principi:  

                            𝑃𝛿𝑠𝑃 − 𝑋𝛿𝑠𝑥 − 𝑄𝛿𝑠𝑄 = 0.                                       (2) 
 Yyvela gadaadgileba gamovsaxoT δφ kuTxuri gadaadgilebiT: 

𝛿𝑠𝑥 = 𝐶𝐶1 = 𝑒𝛿𝜑, 
𝛿𝑠𝑄 = 𝑠𝛿𝜑, 

𝐵𝐵1 = 𝐴𝐴1 = 𝑙1𝛿𝜑 = 𝑙2𝛿𝜑1 
an 

𝛿𝜑1 =
𝑙1
𝑙2

𝛿𝜑. 

maSin 

𝛿𝑠𝑃 = (𝑥 + 𝑎 + 𝑙2)𝛿𝜑1 = (𝑥 + 𝑎 + 𝑙2)
𝑙1
𝑙2

𝛿𝜑. 

CavsvaT 𝛿𝑠𝑥, 𝛿𝑠𝑃 , 𝛿𝑠𝑄  mniSvnelobebi (2) gantolebaSi: 

(𝑥 + 𝑎 + 𝑙2)
𝑙1
𝑙2

𝛿𝜑 − 𝑋𝑒𝛿𝜑 − 𝑄𝑠𝛿𝜑 = 0 

an 

𝛿𝜑 [(𝑥 + 𝑎 + 𝑙2)
𝑙1

𝑙2
− 𝑋𝑒 − 𝑄𝑠] = 0. 

radgan  𝛿𝜑 ≠ 0, amitom 

(𝑥 + 𝑎 + 𝑙2)
𝑙1
𝑙2

− 𝑋𝑒 − 𝑄𝑠 = 0. 

CavsvaT  (1) gamosaxuleb miRebul gantolebaSi:  

ℓ1 

𝐴2 
• 

𝑂 

𝑒 

𝑎 

𝑃⃗⃗ 

𝑄⃗⃗ 

𝐴 𝐷 

𝐶 
𝐸 

𝑠 

𝛿𝜑 

𝑥 

𝑥 
𝐵 

ℓ2 

𝐵1 

𝐶1 

𝑇⃗⃗𝐴 

𝑇⃗⃗𝐵 

𝛿𝑠𝑥 

𝛿𝑠𝑃 𝛿𝜑1 

𝛿𝑠𝑄 
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(𝑥 + 𝑎 + 𝑙2)
𝑙1
𝑙2

− 𝑋𝑒 −
𝑃𝑙1(𝑎 + 𝑙2)

𝑙2
= 0. 

aqedan 

𝑃𝑥𝑙1 − 𝑋𝑒𝑙2 = 0, 
sadac  P𝑃 = 𝑀𝑔. 
   maSin 

𝑋 =
𝑃𝑥𝑙1
𝑒𝑙2

= 𝑀𝑔
𝑥𝑙1
𝑒𝑙2

. 

p a s u x i:    𝑋 = 𝑀𝑔 𝑥𝑙1
𝑒𝑙2

. 

    
 

amocana  46.5  

𝐾 da  𝐿  tvirTebi,  
SeerTebuli berketebis 
sistemiT, romelic naxazzea 
naCvenebi, wonasworobaSia. 
GgansazRvreT damokidebuleba 
tvirTebis wonebs Soris, Tu 
mocemulia: 
𝐵𝐶

𝐴𝐶
=

1

10
,   

𝑂𝑁

𝑂𝑀
=

1

3
,   

𝐷𝐸

𝐷𝐹
=

1

10
   

a m o x s n a.       sistemas     
mivaniWoT  SesaZlo 
gadaadgilebebi (ix. Nnaxazi). da CavweroT SesaZlo gadaadgilebis 
principi: 

   𝑃𝐿𝛿ℎ1 − 𝑃𝐾𝛿ℎ2 = 0.        

vipovoT gadaddgilebebs  Soris damokidebulebebi: 

𝛿𝜑1 =
𝛿ℎ1

𝐷𝐹
, 

𝛿𝑠𝐸 = 𝛿𝜑1 ∙ 𝐷𝐸, 

𝛿𝜑2 =
𝛿𝑠𝐸

𝑂𝑀
, 

𝛿𝑠𝑁 = 𝑂𝑁 ∙ 𝛿𝜑2, 
𝛿𝑠𝐴 = 𝑂𝑁 ∙ 𝛿𝜑2 

= 𝐴𝐶 ∙ 𝛿𝜑3, 

𝛿𝜑3 =
𝑂𝑁

𝐴𝐶
∙ 𝛿𝜑2, 

𝛿ℎ2 = 𝐵𝐶 ∙ 𝛿𝜑3 =
𝐵𝐶 ∙ 𝑂𝑁

𝐴𝐶
∙ 𝛿𝜑2 = 

=
𝐵𝐶 ∙ 𝑂𝑁 ∙ 𝐷𝐸 ∙ 𝛿ℎ1

𝐴𝐶 ∙ 𝑂𝑀 ∙ 𝐷𝐹
=

1

10
∙
1

3
∙

1

10
𝛿ℎ1 =

𝛿ℎ1

300
. 

𝑀 

𝐿 

𝑁 𝑂 

𝐷 𝐸 𝐹 

𝐶 𝐴 

𝐵 

𝐾 

𝑀 

𝐿 

𝑁 𝑂 

𝐷 𝐸 𝐹 

𝐶 𝐴 

𝐵 

𝐾 

𝛿𝜑1 

𝛿𝜑2 

• 

• 

• 

• 
𝑃⃗⃗𝐿 

𝑃⃗⃗𝐾 

𝛿ℎ2 

𝛿ℎ1 

𝛿𝜑3 
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  miRebuli gamosaxuleba CavsvaT (1) formulaSi 

𝑃𝐿𝛿ℎ1 − 𝑃𝐾

𝛿ℎ1

300
= 0 

an 

𝛿ℎ1 (𝑃𝐿 −
𝑃𝐾

300
) = 0. 

radgan  𝛿ℎ1 ≠ 0, amitom 

𝑃𝐿 −
𝑃𝐾

300
= 0. 

aqedan 

𝑃𝐿 =
𝑃𝐾

300
 

Aan, rac igivea 
 

𝑚𝐿 =
𝑚𝐾

300
. 

 

p a s u x i:    𝑚𝐿 =
𝐵𝐶∙𝑂𝑁∙𝐷𝐸

𝐴𝐶∙𝑂𝑀∙𝐷𝐹
𝑚𝐾 =

𝑚𝐾

300
. 
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  ganvsazRvroT   im  𝑄⃗⃗ Zalis 

sidide, romelic  kumSavs 𝐴 nimuSs 
berketian wnexSi, romelic 
gamosaxulia naxazze.  Mmocemulia: 

𝐹 = 100n; 𝑎 = 60sm;  𝑏 = 10sm; 
𝑐 = 60sm;  𝑑 = 20sm.  
a m o x s n a.    berketiani wnexis 
meqanizmi idealuri bmebiT 

imyofeba wonasworobaSi  𝐹⃗  da  𝑄⃗⃗ 
aqtiuri Zalebis moqmedebiT (ix. 
Nnaxazi). amocanis amosaxsnelad 
gamoviyenoT SesaZlo 
gadaadgilebis principi: 

𝐴 

𝑑 

𝑎 

𝑏 

𝑐 

𝐹⃗⃗⃗ 
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∑ 𝛿𝐴𝑘 = 0.

𝑛

𝑘=1

 

mivaniWoT sistemas  𝛿𝜑1 
kuTxuri SesaZlo 
gadaadgileba. maSin bolo 
gantoleba  miiRebs saxes: 

𝐹𝑎 ∙ 𝛿𝜑 − 𝑄𝑑𝛿𝜑1 = 0.            (1) 
    gamovsaxoT  𝛿𝜑1 kuTxuri 

SesaZlo gadaadgileba 𝛿𝜑 −iT.  

𝐸𝐿 asrulebs myis gadataniT 

moZraobas da 𝛿𝑠𝐸 = 𝛿𝑠𝐿, magram  
𝛿𝑠𝐸 = 𝑏 ∙ 𝛿𝜑, 𝛿𝑠𝐿 = 𝑐 ∙ 𝛿𝜑1. 
   maSin 

𝛿𝜑1. =
𝑏

𝑐
 𝛿𝜑, 

xolo (1)  gantoleba miiRebs saxes: 

𝐹𝑎 ∙ 𝛿𝜑 − 𝑄𝑑
𝑏

𝑐
 𝛿𝜑 = 0, 

𝛿𝜑 (𝐹𝑎 − 𝑄𝑑
𝑏

𝑐
)  = 0. 

radgan  𝛿𝜑 ≠ 0, amitom 

𝐹𝑎 − 𝑄𝑑
𝑏

𝑐
= 0, 

aqedan 
       

𝑄 = 𝐹
𝑎𝑐

𝑏𝑑
= 100 ∙

60 ∙ 60

10 ∙ 20
= 1800(ნ) 

 

p a s u x i:  𝑄 = 1800n.   
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𝐷 

𝐿 

𝑄⃗⃗⃗ 

𝐴 

𝑑 

𝑎 

𝑏 

𝑐 

𝐹⃗⃗⃗ 

𝐾 

𝑂 𝐸 

𝛿𝑠𝐿 

𝛿𝑠𝐸 
𝛿𝑠𝐷 

𝛿𝜑1 

𝛿𝜑 
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    baqnis  𝐹 wertilSi  
moTavsebulia  𝑀 masis 

tvirTi. sigrZe 𝐴𝐵 = 𝑎,
𝐵𝐶 = 𝑏,   𝐶𝐷 = 𝑐, 𝐼𝐾 =
𝑑;   baqnis sigrZe  𝐸𝐺 =
𝐿.  gansazRvreT 

Tanafrdoba 𝑏, 𝑐, 𝑑 da 𝑙  
sidideebs Soris im 

SemTxvevaSi, roca  𝑀 
masis tvirTis 

gamawonaswor ebeli 𝑚 
masis  sawoni ar aris 

damokidebuli  baqanze misi mdebareobisagan da ipoveT sawonis 𝑚 masa 
am SemTxvevaSi.   

a m o x s n a.   ganvixiloT baqnis wonasworoba.  vaCvenoT naxazze 
aqtiuri 
Zalebi.Mmeqanizmi, 
romelic emorCileba 
idealur bmebs, imyofeba 
wonasworobaSi  tvirTis  

𝑀𝑔⃗    da sawonis 𝑚𝑔⃗  
simZimis Zalebis 
moqmedebiT. 
  gamoviyenoT SesaZlo 
gadaadgilebis principi: 

          ∑ 𝛿𝐴𝑘 = 0.

𝑛

𝑘=1

              

 mivaniWoT 𝐴𝐷   riCags  

𝛿𝜑 kuTxuri SesaZlo 

gadaadgileba  𝐵 wertilis garSemo  saaTis brunvis mimarTulebiT.  
baqanze tvirTis mdebareoba gavlenas ver moaxdens wonasworobaze, Tu 

baqani Sesarulebs gadataniT moZraobas, e.i. 𝛿𝑠𝐸 = 𝛿𝑠𝐺 . 
   gamovsaxoT meqanizmis nawilebis SesaZlo gadaadgilebebi 𝛿𝜑 −iT:   

𝛿𝑠𝐷 = (𝑏 + 𝑐)𝛿𝜑,   𝛿𝑠𝐶 = 𝑏𝛿𝜑, 𝛿𝑠𝐶 = 𝛿𝑠𝐸; 

𝛿𝑠𝐻 = 𝑙𝛿𝜑1, 𝛿𝑠𝐻 = 𝛿𝑠𝐷; 

𝛿𝑠𝐼 = 𝑑𝛿𝜑1;    𝛿𝑠𝐼 = 𝛿𝑠𝐺 =
𝑑

𝑙
𝛿𝑠𝐻 =

(𝑏 + 𝑐)𝑑

𝑙
𝛿𝜑. 

vipovoT saZiebeli Tanafardoba: 

𝛿𝑠𝐺 = 𝛿𝑠𝐸 

𝐷 

𝑑 

𝑎 𝑏 𝑐 

𝐶 𝑙 

𝐿 

𝐵 𝐴 

E 

𝑚 

𝐻 
𝐹 

𝑀 𝐺 

𝐼 
𝐾 

ℎ 

𝛿𝑠𝐼 

𝛿𝑠𝐸 

𝛿𝑠𝐻 

𝐷 

𝑑 

𝑎 𝑏 𝑐 

𝐶 

𝑙 

𝐿 

𝐵 

𝐴 

E 

𝑚 

𝐻 

𝐹 

𝑀 𝐺 

𝐼 𝐾 

𝑀𝑔⃗ 

𝑚𝑔⃗ 𝛿𝑠𝐺 

𝛿𝜑1 

𝛿𝑠𝐴 

𝛿𝑠𝐷 
𝛿𝑠𝐶 
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an 

𝑏𝛿𝜑 =
(𝑏 + 𝑐)𝑑

𝑙
𝛿𝜑. 

maSin 

𝑙

𝑑
=

𝑏 + 𝑐

𝑏
. 

(1) formulis Tanaxmad SevadginoT gantoleba: 

−𝑚𝑔 ∙ 𝛿𝑠𝐶 + 𝑀𝑔 ∙ 𝛿𝑠𝐸 = 0 

an 

−𝑚𝑔𝑎 ∙ 𝛿𝜑 + 𝑀𝑔𝑏 ∙ 𝛿𝜑 = 0, 

(𝑀𝑏 − 𝑚𝑎) ∙ 𝛿𝜑 = 0 
radgan  𝛿𝜑 ≠ 0, amitom 

𝑀𝑏 − 𝑚𝑎 = 0. 

aqedan 

𝑚 =
𝑏

𝑎
𝑀. 

p a s u x i:     
𝑙

𝑑
=

𝑏+𝑐

𝑏
;   𝑚 =

𝑏

𝑎
𝑀. 
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  elifsografis meqanizmis 𝐴  

cociaze modebulia  𝑃 Zala,  
romelic  mimarTulia 
cocias mimmarTvelis 

gaswvriv 𝑂𝐶 mrudmxaras 

brunvis 𝑂 RerZisaken.  
rogori mbrunavi momenti 

unda movdoT 𝑂𝐶 
mrudmxaraze imisaTvis, rom 
meqanizmi iyos 
wonasworobaSi, maSin, 

rodesac 𝑂𝐶 mrudmxara  𝐵  
cocias mimmarTvelTan 

𝜑 

𝑀 

𝐴 

𝑂 
𝐵 

𝑥 

𝑦 

𝑃⃗⃗⃗ 

• 
𝐶 
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adgens   kuTxes?  meqanizmi mdebareobs horizontalur sibrtyeSi, 

amasTan 𝑂𝐶 = 𝐴𝐶 = 𝐶𝐵 = 𝑙. 
a m o x s n a.   ganvixiloT elifsografis wonasworoba.  vaCvenoT 
naxazze aqtiuri Zalebi. 
  Mmeqanizmi, romelic emorCileba idealur bmebs, imyofeba 

wonasworobaSi    𝑃⃗⃗    Zalis da 𝑀  mbrunavi momentis moqmedebiT. 
  gamoviyenoT SesaZlo gadaadgilebis principi: 

                                                          ∑ 𝛿𝐴𝑘 = 0.

𝑛

𝑘=1

                                              (1) 

  mivaniWoT elifsografis 𝛿𝜑 
kuTxuri SesaZlo gadaadgileba  

𝑂 saxsris garSemo  saaTis 
brunvis sawinaaRmdego 
mimarTulebiT.  maSin   𝐶 saxsari  
miiRebs SesaZlo gadaadgilebebs 

𝛿𝑠𝐸  da 𝛿𝑠𝐴.  meqanizms aqvs erTi 
Tavisuflebis xarisxi. 
   gamovsaxoT meqanizmis 
nawilebis SesaZlo 

gadaadgilebebi 𝛿𝜑 −iT:   

𝛿𝑠𝐶 = 𝑂𝐶 ∙ 𝛿𝜑 = 𝑙 ∙ 𝛿𝜑.   

    ganvsazRvroT 𝐴𝐵  saxazavis 
siCqareTa myisi centri, romelic 

mdebareobs  𝐾 wertilSi: 

𝛿𝑠𝐴
𝐴𝐾

=
𝛿𝑠𝐶

𝐶𝐾
=

𝛿𝑠𝐵

𝐵𝐾
= 𝛿𝜑1. 

    maSin  𝛿𝑠𝐴 = 2𝑙𝑐𝑜𝑠𝜑 ∙ 𝛿𝜑1 = 2𝑙𝑐𝑜𝑠𝜑 ∙ 𝛿𝜑, radgan   

𝛿𝜑1 =
𝛿𝑠𝐴
𝑙

=
𝑙 ∙ 𝛿𝜑

𝑙
= 𝛿𝜑. 

CavwerroT (1) gantoleba saxiT: 

A 𝑀 ∙ 𝛿𝜑 − 𝑃 ∙ 𝛿𝑠𝐴 = 0 

an 

𝑀 ∙ 𝛿𝜑 − 2𝑃𝑙𝑐𝑜𝑠𝜑 ∙ 𝛿𝑠𝐴 = 0,   

(𝑀 − 2𝑃𝑙𝑐𝑜𝑠𝜑) ∙ 𝛿𝜑 = 0 . 

radgan  𝛿𝜑 ≠ 0, amitom 
𝑀 − 2𝑃𝑙𝑐𝑜𝑠𝜑 = 0 

𝛿𝜑 

𝜑 

𝑀 

𝐴 

𝑂 
𝐵 

𝑥 

𝑦 

𝑃⃗⃗ 

• 
𝐶 

𝛿𝑠𝐵 

𝐾 

𝛿𝑠𝐶 

𝛿𝑠𝐴 

𝛿𝜑1 

𝛿𝜑1 
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Aaqedan vipoviT mabrunebel moments 

𝑀 = 2𝑃𝑙𝑐𝑜𝑠𝜑. 

p a s u x i:    𝑀 = 2𝑃𝑙𝑐𝑜𝑠𝜑.  

 

 

 

amocana  46.9  

   polipasti Sedgeba 𝐴 uZravi  da 𝑛 moZravi 
blokisagan. gansazRvreT wonasworobis 

SemTxvevaSi asawevi 𝑄  tvirTis  fardoba im 𝑃    

ZalasTan, romelic modebulia uZravi 𝐴 
blokidan gamosuli Tokis boloze. 

a m o x s n a.     ganvixiloT polipastis 

wonasworoba, romelic Sedgeba 𝐴 uZravi  da 𝑛 
moZravi blokebisagan  vaCvenoT naxazze aqtiuri 
Zalebi. 
  Mmeqanizmi, romelic emorCileba idealur 

bmebs, imyofeba wonasworobaSi    𝑃⃗⃗    Zalis da 

𝑀𝑔⃗    simZimis Zalis  moqmedebiT. 
  gamoviyenoT SesaZlo gadaadgilebis principi: 

                          ∑ 𝛿𝐴𝑘 = 0.

𝑛

𝑘=1

                                    (1) 

𝑀 

𝐴 

𝑃⃗⃗ 
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    mivaniWoT 𝑃⃗⃗    Zalis modebis wertils 
SesaZlo gadaadgileba  vertikalurad 
zeviT.  maSin   pirveli moZravi blokis 

centri daeSveba manZiliT, romelic 𝑃⃗⃗    
Zalis modebis wertilis  gadaadgilebis 
naxevris tolia: 

𝛿𝑠𝐼 =
1

2
𝛿𝑠. 

Y   yoveli  Semdegi moZravi blokis 
centri daeSveba manZiliT, romelic  wina 
blokis SesaZlo  gadaadgilebis  tolia:, 
e.i. 

𝛿𝑠𝑘 =
1

2
𝛿𝑠𝑘−1. 

maSin 

𝛿𝑠𝑛 = (
1

2
)
𝑛

𝛿𝑠. 

CavwerroT (1) gantoleba saxiT: 

A −𝑃 ∙ 𝛿𝑠 + 𝑀𝑔 ∙ 𝛿𝑠𝑛 = 0, 

−𝑃 ∙ 𝛿𝑠 + 𝑀𝑔 ∙ (
1

2
)
𝑛
𝛿𝑠 = 0. 

[𝑀𝑔 ∙ (
1

2
)
𝑛

− 𝑃] ∙ 𝛿𝑠 = 0. 

radgan  𝛿𝜑 ≠ 0, amitom 

𝑀𝑔 ∙ (
1

2
)
𝑛

− 𝑃 = 0 

maSasadame, 

𝑀𝑔

𝑃
= 2𝑛. 

p a s u x i:    
𝑀𝑔

𝑃
= 2𝑛. 
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𝐴 

𝑛 

1 

2 𝑃⃗⃗ 

M𝑔⃗ 

• 

• 
𝛿𝑠 

𝛿𝑠1 

𝛿𝑠𝑛 

𝛿𝑠 

𝛿𝑠1 𝛿𝑠2 

𝛿𝑠𝑛−1 

𝛿𝑠𝑛 
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   kulisur meqanizmSi 𝑂𝐶 

berketis  horizontaluri 𝑂 

RerZis   garSemo qanaobisas 𝐴  

cocia gadaadgildeba 𝑂𝐶 
mrudmxaras gaswvriv da 
moZraobaSi mohyavs   𝐴𝐵  Rero, 
romelic moZraobs vertikalur 

𝐾 mimmarTvelebSi. Mmocemulia 

zomebi:  𝑂𝐶 = 𝑅;   𝑂𝐾 = ℓ.  
rogori 𝑄  Zala unda movdoT 𝑂𝐶 

mrudmxaras 𝐶 wertilze  mis 
marTobulad, rom man 
gaawonasworos   𝐴𝐵  Reros 

gaswvriv zeviT mimarTuli  𝑃 Zala? 

a m o x s n a.     ganvixiloT kulisuri meqanizmis wonasworoba, 

romelic Sedgeba  𝑂𝐶 berketis, 𝐴  cocias  da 𝐴𝐵  Rerosagan.  
vaCvenoT naxazze aqtiuri Zalebi. 
  Mmeqanizmi, romelic emorCileba idealur bmebs, imyofeba 

wonasworobaSi    𝑃⃗⃗  da 𝑄⃗⃗    Zalebis  moqmedebiT. 
  gamoviyenoT SesaZlo siCqareebis principi: 

   ∑ 𝐹𝑘 ∙ 𝑣𝑘𝑐𝑜𝑠 (𝐹⃗𝑘 , 𝑣⃗𝑘
̂ ) = 0.𝑛

𝑘=1   (1) 

  vipovoT  Zalebis modebis 
wertilis  siCqareebi da 

gamovsaxoT isini 𝑂𝐶  
berketis brunvis kuTxuri 
siCqariT: 

     𝑣𝐶 = 𝜔 ∙ 𝑂𝐶 = 𝜔𝑅.    

 𝐴 cocias absoluturi 
siCqare, romelic asrulebs 
rTul moZraobas, udris 

                𝑣⃗⃗⃗ ⃗𝐴 = 𝑣⃗𝐴
𝑒 + 𝑣⃗𝐴

𝑟. 

 avagoT siCqareTa 
paralelogrami, romlidanac 
(ix. Nnaxazi) vipovoT cocias 
siCqare gadataniT brunvaSi: 

𝑣𝐴
𝑒 = 𝜔 ∙ 𝑂𝐴 =

ℓ𝜔

𝑐𝑜𝑠𝜑
 

Dda cocias absoluturi siCqare 

𝑃⃗⃗𝑃⃗⃗Q⃗⃗⃗Φ⃗⃗⃗⃗𝜏

𝑂 

𝐶 

𝐾 

𝑄⃗⃗ 

• B 

900 

 

ℓ 

 

𝑣⃗𝐴 

𝑣⃗𝐴
𝑟 𝐴 

𝑣⃗𝐴
𝑒 

𝑥 

𝑦 

𝑣⃗𝐶 

𝑣⃗𝐵 

𝜔 

 

𝑂 

𝐶 

𝐾 

𝑄⃗⃗ 

• B 

𝑅 

900 

 

ℓ 

𝐴 
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𝑣𝐴 =
𝑣𝐴

𝑒

𝑐𝑜𝑠𝜑
=

ℓ𝜔

𝑐𝑜𝑠2𝜑
. 

𝐴𝐵  Rero  asrulebs gadataniT moZraobas: 

𝑣𝐵 = 𝑣𝐴 =
ℓ𝜔

𝑐𝑜𝑠2𝜑
. 

CavweroT (1) gantoleba Semdegi saxiT: 

𝑃𝑣𝐵 − 𝑄𝑣𝐶 = 0. 

 CavsvaT miRebul formulaSi 𝑣𝐶  da 𝑣𝐵 siCqareebis gamosaxulebebi: 

𝑃
ℓ𝜔

𝑐𝑜𝑠2𝜑
− 𝑄𝜔𝑅 = 0. 

aqedan 

𝑄 =
𝑃ℓ

𝑅𝑐𝑜𝑠2𝜑
. 

   SeniSvna.  𝑣𝐴 siCqaris kinematikuri gziT gansazRvris nacvlad 

SeiZleboda dagvewera 𝐴  wertilis moZraobis gantoleba vertikalis 
gaswvriv da Semdeg mogvexdina miRebuli gamosaxulebis varireba: 

𝑦𝐴 = ℓ 𝑡𝑔𝜑 ⟹ 𝛿𝑠𝐴 = 𝛿𝑦𝐴 =
ℓ𝛿𝜑

𝑐𝑜𝑠2𝜑
⟹ 

⟹ 𝑣𝐴 =
𝛿𝑠𝐴
𝑑𝑡

=
ℓ𝜔

𝑐𝑜𝑠2𝜑
. 

p a s u x i:   𝑄 =
𝑃ℓ

𝑅𝑐𝑜𝑠2𝜑
. 
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  𝑀1  masis 𝐾 muSta imyofeba 
wonasworobaSi gluv  horizontalur 
sibrtyeze da akavebs vertikalur 

mimmarTvelebSi mdebare  𝑀2  masis  𝐴𝐵  

Reros. sistema  wonasworobaSia  𝐾 

muStaze  modebuli   𝐹⃗ Zalis 
moqmedebiT, romelic mimarTulia 
horizontalurad marjvniv.  

gansazRvreT 𝐹⃗ Zalis sidide, Tu 

𝐴 
𝐾 

𝐵 

𝛼 

𝐹⃗ 
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muStas   gverdiTi zedapiri  horizontTan adgens    kuTxes. ipoveT, 

agreTve,  𝐹⃗ Zalis sididis cvlilebis are aragluvi horizontaluri 

sibrtyis SemTxvevaSi, Tu srialis xaxunis koeficienti 𝐾 muStasa da 

horizontalur sibrtyes  Soris aris 𝑓. 
a m o x s n a.      ganvixiloT sistemis wonasworoba, romelic Sedgeba 

 𝐾 muStasa   da 𝐴𝐵  Rerosagan, rodesac muSta imyofeba wonasworobaSi 
gluv horizontalur sibrtyeze.   
    vaCvenoT saangariSo sqemaze aqtiuri Zalebi (nax.1). 
  Msistema, romelic emorCileba idealur bmebs, imyofeba 

wonasworobaSi  𝑀1𝑔⃗⃗  ,  𝑀2𝑔⃗⃗      da 𝐹⃗    Zalebis  moqmedebiT. 
  gamoviyenoT SesaZlo siCqareebis principi: 

   ∑ 𝐹𝑘 ∙ 𝑣𝑘𝑐𝑜𝑠 (𝐹⃗𝑘 , 𝑣⃗𝑘
̂ ) = 0.

𝑛

𝑘=1

(1) 

    vipovoT  𝐴𝐵  Reros siCqare, 

gamovsaxoT ra is 𝐾 muStas 

siCqariT. 𝐴𝐵  Reros bolo 𝐴 
wertilis siCqare davSaloT 
mdgenelebad: 
 

                𝑣⃗⃗⃗ ⃗𝐴 = 𝑣⃗𝐴
𝑒 + 𝑣⃗𝐴

𝑟.                           
  𝐴𝐵  Reros bolo 𝐴 wertilis 
siCqare gadataniT moZraobaSi 

udris 𝐾 muStas siCqares, e.i. 

                       𝑣𝐴
𝑒 = 𝑣𝐾 . 

   avagoT siCqareTa 
paralelogrami (ix. Nnax. 1) da 

vipovoT 𝐴𝐵  Reros bolo 𝐴                  
wertilis absoluturi siCqare: 

𝑣𝐴 = 𝑣𝐴
𝑒𝑡𝑔𝛼 = 𝑣𝐾𝑡𝑔𝛼. 

𝐴𝐵  Rero  asrulebs  
gadataniT moZraobas zeviT, 
maSasadame, misi yvela 
wertilis siCqare erTi da 
igivea. 
  CavweroT (1) gantoleba 
Semdegi saxiT: 

               𝐹𝑣𝐾 − 𝑀2𝑔𝑣𝐴 = 0 
an 

              𝐹𝑣𝐾 − 𝑀2𝑔𝑣𝐾𝑡𝑔𝛼 = 0, 
saidanac  vipoviT saZiebel Zalas: 

𝐴 

𝐾 

𝐵 

𝛼 

𝐹⃗ • 

• 

𝑀1g⃗   

𝑀2g⃗   

𝑣⃗𝐴
𝑒 

𝑣⃗𝑘 

𝑣⃗𝐴
𝑟 

𝑣𝐴 

𝐹⃗•
ხახ 

𝑁⃗⃗⃗ 
𝐹⃗ხახ 

𝐴 

𝐾 

𝐵 

𝛼 

𝐹⃗ • 

• 

𝑀1g⃗   

𝑀2g⃗   

𝑣⃗𝐴
𝑒 

𝑣⃗𝑘 

𝑣⃗𝐴
𝑟 

𝑣⃗𝐴 

nax.1 

 

nax.2 
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                    𝐹 = 𝑀2𝑔𝑡𝑔𝛼. 
  ganvixiloT igive sistemis wonasworoba muStasa da sibrtyes Soris 
xaxunis Zalis  gaTvaliswinebiT (nax.2) 
  ganvsazRvroT xaxunis Zalis  
sidide: 
              𝐹ხახ = 𝑓𝑁 = (𝑀1 + 𝑀2)𝑔𝑓. 
    xaxunis Zalis mimarTulebas ganvsazRvravT, Tu CavTvliT, rom igi 
mimarTulia SesaZlo moZraobis sawinaaRmdegod. 
    CavweroT (1) gantoleba Semdegi saxiT: 

𝐹𝑣𝐾 ± 𝐹ხახ𝑣𝐾 − 𝑀2𝑔𝑣𝐴 = 0 
an 

𝐹𝑣𝐾 ± (𝑀1 + 𝑀2)𝑔𝑓𝑣𝐾𝑡𝑔𝛼 − 𝑀2𝑔𝑣𝐾𝑡𝑔𝛼 = 0. 
    vipovoT 𝐹⃗ Zalis sididis cvlilebis are: 

𝑀2𝑔𝑡𝑔𝛼 + 𝑓(𝑀1 + 𝑀2)𝑔 ≥ 𝐹 ≥ 𝑀2𝑔𝑡𝑔𝛼 − 𝑓(𝑀1 + 𝑀2)𝑔. 
p a s u x i:   𝐹 = 𝑀2𝑔𝑡𝑔𝛼; 

𝑀2𝑔𝑡𝑔𝛼 + 𝑓(𝑀1 + 𝑀2)𝑔 ≥ 𝐹 ≥ 𝑀2𝑔𝑡𝑔𝛼 − 𝑓(𝑀1 + 𝑀2)𝑔. 
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  𝑀1  masis da 𝑅 radiusis wriuli 𝐾 muSta dgas aragluv 

horizontalur sibrtyeze. igi 𝐴 boloTi exeba  vertikalur 

mimmarTvelebSi  mdebare  𝑀2  masis 𝐴𝐵  Reros sistema 

wonasworobaSia 𝐾 muStaze modebuli 𝐹⃗ Zalis moqmedebiT, romelic 

mimarTulia horizontalurad marjvniv.  amasTan  𝐴𝑀 = ℎ.    
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝐴 
𝐾 

𝐵 

𝐹⃗ 

𝑅 

𝑀 

ℎ 

𝑂 
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gansazRvreT  𝐹⃗ Zalis sididis cvlilebis are, Tu srialis xaxunis 

koeficienti 𝐾 muStasa da horizontalur sibrtyes  Soris aris 𝑓. 
a m o x s n a.     ganvixiloT sistemis wonasworoba, romelic Sedgeba 

 𝐾 muStasa   da 𝐴𝐵  Rerosagan, rodesac muSta imyofeba wonasworobaSi 
aragluv horizontalur sibrtyeze.   
    vaCvenoT saangariSo sqemaze aqtiuri Zalebi da xaxunis Zala. 
    gamoviyenoT SesaZlo siCqareebis principi: 

                                    ∑ 𝐹𝑘 ∙ 𝑣𝑘𝑐𝑜𝑠 (𝐹⃗𝑘 , 𝑣⃗𝑘
̂ ) = 0.

𝑛

𝑘=1

                                     (1) 

   mivaniWoT 𝐾 muStas   𝑣⃗𝐾 siCqare 𝐹⃗ Zalis moqmedebis mimarTulebiT.  

vipovoT  𝐴𝐵  Reros siCqare,  gamovsaxoT ra is 𝐾 muStas siCqariT. 

    𝐴𝐵  Reros bolo 𝐴 wertilis  siCqare davSaloT mdgenelebad: 

𝑣⃗𝐴 = 𝑣⃗𝐴
𝑒 + 𝑣⃗𝐴

𝑟. 
𝐴𝐵  Reros bolo 𝐴 wertilis siCqare gadataniT moZraobaSi udris 𝐾 
muStas siCqares, e.i. 

                       𝑣𝐴
𝑒 = 𝑣𝐾 . 

  avagoT siCqareTa paralelogrami  (ix. Nnaxazi) da vipovoT 𝐴𝐵  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Reros  bolo 𝐴 wertilis absoluturi siCqare: 

  𝑣𝐴 = 𝑣𝐴
𝑒𝑡𝑔𝛼 = 𝑣𝐾

√𝑅2 − ℎ2

ℎ
. 

𝐴 

𝐾 

𝐵 

𝐹⃗ 

𝑅 

𝑀 

ℎ 

𝑂 

• 

• 

𝑣⃗𝐴
𝑟 

 

𝑣⃗𝑘 

• 

𝑀2g⃗   

 

𝑀1g⃗   

 

𝑣⃗𝐴
𝑒 

 

𝑣⃗𝐴 

𝐹⃗ხახ 

 
𝐹⃗•

ხახ 

 

𝑁⃗⃗⃗ 

 

𝛼 

 
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    𝐴𝐵  Rero  asrulebs  gadataniT moZraobas zeviT, maSasadame, misi 
yvela wertilis siCqare erTi da igivea. 
   ganvsazRvroT xaxunis Zalis  sidide: 

              𝐹ხახ = 𝑓𝑁 = (𝑀1 + 𝑀2)𝑔𝑓. 
    xaxunis Zalis mimarTulebas ganvsazRvravT, Tu CavTvliT, rom igi 
mimarTulia SesaZlo moZraobis sawinaaRmdegod. 
CavweroT (1) gantoleba Semdegi saxiT: 

𝐹𝑣𝐾 ± 𝐹ხახ𝑣𝐾 − 𝑀2𝑔𝑣𝐴 = 0 
an 

𝐹𝑣𝐾 ± (𝑀1 + 𝑀2)𝑔𝑓𝑣𝐾 − 𝑀2𝑔𝑣𝐾

√𝑅2 − ℎ2

ℎ
= 0. 

vipovoT 𝐹⃗ Zalis sididis cvlilebis are: 

√𝑅2 − ℎ2

ℎ
𝑀2𝑔 − 𝑓(𝑀1 + 𝑀2)𝑔 ≤ 𝐹 ≤

√𝑅2 − ℎ2

ℎ
𝑀2𝑔 + 𝑓(𝑀1 + 𝑀2)𝑔. 

p a s u x i: 

√𝑅2 − ℎ2

ℎ
𝑀2𝑔 − 𝑓(𝑀1 + 𝑀2)𝑔 ≤ 𝐹 ≤

√𝑅2 − ℎ2

ℎ
𝑀2𝑔 + 𝑓(𝑀1 + 𝑀2)𝑔. 
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  𝑀1  masis wriuli 𝐴 eqscentriki Camocmulia horizontalur  𝑂 
RerZze, romelic naxazis sibrtyis marTobulia. . eqscentriki akavebs  

𝑀2  masis CarCos, romelsac gaaCnia vertikaluri mimmarTvelebi. xaxuni 

ugulebelyofilia. eqscentrisiteti  𝑂𝐶 = 𝑎.  ipoveT eqscentrikze 

modebuli  m0 momentis sidide, Tu  sistemis wonasworobisas  𝑂𝐶  
horizontTan adgens  kuTxes. 
 
 
 
 
 
 
 
 
 
 
 

𝐶 
𝐴 

𝐵 

𝑂 

𝑚0 

 
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a m o x s n a.  ganvixiloT sistemis wonasworoba, romelic Sedgeba 

 𝐴 eqscentrikisa da 𝐵 CarCosagan.   
    vaCvenoT saangariSo sqemaze aqtiuri Zalebi 
. Msistema, romelic emorCileba idealur bmebs, imyofeba 

wonasworobaSi  𝑀1𝑔⃗⃗  ,  𝑀2𝑔⃗⃗    simZimis Zalebis   da 𝑚0 momentis       
moqmedebiT. 
  gamoviyenoT SesaZlo sgadaadgilebis principi: dekartis 
sakoordinato RerZebze gegmilebSi 

                           ∑(𝐹𝑘𝑥𝛿𝑋𝑘 + 𝐹𝑘𝑦𝛿𝑌𝑘 + 𝐹𝑘𝑧𝛿𝑍𝑘) = 0.

𝑛

𝑘=1

                          (1) 

   mivaniWoT 𝐴 eqscentriks 𝛿𝛼 SesaZlo kuTxuri gadaadgileba    
kuTxis zrdis  mimarTulebiT.  CavTvaloT, rom eqscentrikis radiusia 

𝑅. 
 
 
 
 
 
 
 
 
 
 
 

  𝐴 eqscentrikis da 𝐵 CarCos masaTa centris SesaZlo vertikaluri 
gadaadgilebis gansasazRvravad vipovoT vipovoT maTi koordinatebi, 

rogorc 𝛼   kuTxis  funqcia: 

𝑌𝐶 = 𝑎𝑠𝑖𝑛𝛼,   

 𝑌𝐵 = 𝑎𝑠𝑖𝑛𝛼 + 𝑅. 

   Tu gaviTvaliswinebT, rom wertilis SesaZlo gadaadgileba aris 
Sesabamisi koordinatis variacia, gveqneba: 

𝛿𝑌𝐶 = 𝑎𝑐𝑜𝑠𝛼 ∙ 𝛿𝛼,   

 𝛿𝑌𝐵 = 𝑎𝑐𝑜𝑠𝛼 ∙ 𝛿𝛼. 

CavweroT (1) gantoleba Semdegi saxiT: 

𝑚0𝛿𝛼 − 𝑀1𝑔𝑎𝑐𝑜𝑠𝛼 ∙ 𝛿𝛼 − 𝑀2𝑔𝑎𝑐𝑜𝑠 ∙ 𝛿𝛼 = 0 
Aan 

[𝑚0 − (𝑀1 + 𝑀2)𝑔𝑎𝑐𝑜𝑠𝛼] ∙ 𝛿𝛼 = 0. 

𝐶(𝑥, 𝑦) 𝐴 

𝐵 

𝑂 

𝑚0 

 

• 

𝑦 

𝑥 

𝑀2g⃗   

 

𝑀1g⃗   

 

𝑅 
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radgan  𝛿𝛼 ≠ 0, amitom 
𝑚0 − (𝑀1 + 𝑀2)𝑔𝑎𝑐𝑜𝑠𝛼 = 0. 

aqedan 

𝑚0 = (𝑀1 + 𝑀2)𝑔𝑎𝑐𝑜𝑠𝛼. 

p a s u x i:   𝑚0 = (𝑀1 + 𝑀2)𝑔𝑎𝑐𝑜𝑠𝛼. 
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    domkratis  meqanizmSi 𝑅 

sigrZis 𝐴  saxeluris  brunvisas 
moZraobaSi modis 1,2,3,4 da 5 
kbila Tvlebi, romlebsac 
moZraobaSi mohyavs domkratis 

kbilana B  lartya. rogori Zala 
unda movdoT saxeluris boloze 
mis marTobulad, rom domkratis 

wonasworobisas 𝐶 TefSma 
ganaxorcielos 4,8kn wneva/ 
kbila Tvlebis radiusebi 

saTanadod tolia: 𝑟1 = 3 sm, 

𝑟2 = 12 sm,  𝑟3 = 4 sm,  𝑟4 =
16sm, 𝑟1 = 3 sm, saxeluris 
radiusi  −𝑅 = 18 sm. 
a m o x s n a.    ganvixiloT    
domkratis   wonasworoba.  vaCvenoT saangariSo sqemaze aqtiuri Zalebi. 
Msistema, romelic emorCileba idealur bmebs, imyofeba wonasworobaSi  

𝑃⃗⃗   da 𝑄⃗⃗    Zalebis   moqmedebiT. 
    gamoviyenoT SesaZlo siCqareebis principi: 

                                            ∑ 𝐹𝑘 ∙ 𝑣𝑘𝑐𝑜𝑠 (𝐹⃗𝑘 , 𝑣⃗𝑘
̂ ) = 0.

𝑛

𝑘=1

                               (1)  

𝐴 

5 

1 

4 

2 

3 

𝑅 

𝑃⃗⃗ 

𝐶 
𝑄⃗⃗ 

𝐵 
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   mivaniWoT  𝐴  saxelurs  ω kuTxuri siCqare saaTis isris 
sawinaaRmdego mimarTulebiT.  

vipovoT  𝐵  lartyas 𝑣𝐵 
siCqare,  gamovsaxoT ra is 𝐴  

saxeluris  ω kuTxuri siCqariT: 

𝜔2 =
𝑟1
𝑟2

𝜔,   𝜔3 = 𝜔2; 

𝜔4 =
𝑟3
𝑟4

𝜔 =
𝑟1
𝑟2

𝑟3
𝑟4

𝜔,   𝜔5 = 𝜔4; 

𝑣𝐵 = 𝜔5𝑟5 =
𝑟1𝑟3𝑟5
𝑟2𝑟4

𝜔. 

CavweroT (1) gantoleba Semdegi 
saxiT: 

𝑃𝑅𝜔 − 𝑄𝑣𝐵 = 0 

an 

𝑃𝑅𝜔 − 𝑄
𝑟1𝑟3𝑟5
𝑟2𝑟4

𝜔 = 0. 

Aam tolobidan vipoviT: 

𝑃 = 𝑄
𝑟1𝑟3𝑟5
𝑟2𝑟4𝑅

= 4800 ∙
3 ∙ 4 ∙ 3

12 ∙ 16 ∙ 18
= 50(ნ). 

p a s u x i:        𝑃 = 𝑄
𝑟1𝑟3𝑟5

𝑟2𝑟4𝑅
= 50ნ. 
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     diferencialuri jalambari Sedgeba ori erTmaneTze xistad 

mimagrebuli  𝐴 da 𝐵 lilvisagan, romlebic moZraobaSi modis  𝑅 

sigrZis  𝐶 saxeluris saSualebiT. Aasawevi 𝑀 masis 𝐷   tvirTi 

mimagrebulia moZrav  𝐸 blokze, romelzec Semovlebulia bagiri.  𝐶 

saxeluris  brunvisas bagiris marcxena Sto  gadmoexveva  𝑟1  radiusis    
𝐴 lilvidan 𝑟2  radiusis 𝐵 lilvze (𝑟2 > 𝑟1). rogori 𝑃 Zala   unda 
movdoT saxeluris boloze mis marTobulad, rom gawonaswordes 

𝑀 =720kg  masis 𝐷   tvirTi?  𝑟1 = 10sm, 𝑟2 = 12sm,   
𝑅 = 60sm. 

𝐴 

5 

1 

4 

2 

3 

𝑅 

𝑃⃗⃗ 

𝐶 
𝑄⃗⃗ 

𝐵 

𝜔 

𝜔2 
𝜔5 

𝜔4 𝜔3 
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a m o x s n a.   ganvixiloT  diferencialuri jalambari.  vaCvenoT 
naxazze aqtiuri Zalebi.Msistema, romelic emorCileba idealur bmebs, 

imyofeba wonasworobaSi 𝑀𝑔⃗ da     𝑃⃗⃗   Zalebis   moqmedebiT. 
 
   gamoviyenoT SesaZlo siCqareebis principi: 

                

                     ∑ 𝐹𝑘 ∙ 𝑣𝑘𝑐𝑜𝑠 (𝐹⃗𝑘 , 𝑣⃗𝑘
̂ ) = 0.

𝑛

𝑘=1

                                     (1) 

   mivaniWoT  𝐶  saxelurs da masze xistad mimagrebul  𝐴 da 𝐵 

lilvebs  ω kuTxuri siCqare.  vipovoT  moZravi  𝐸 blokis centris 𝑣𝐸 
siCqare,  romelic asrulebs brtyel moZraobas: 

𝐷 

𝐸 

𝐵 𝐴 

• • • 

• 

𝑟2 
𝑃⃗⃗ 

𝐶 
• 

𝑀𝑔⃗ 

• 

𝑣⃗⃗⃗𝐷 

𝑣⃗⃗⃗𝐸 
𝑣⃗⃗⃗2 

𝑣⃗⃗⃗1 

𝑥 

𝑅 

𝜔 

𝐷 

𝐸 

𝐵 𝐴 

• • • 

• 

𝑟2 𝑟1 
𝑃⃗⃗ 

𝐶 

𝑅 
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𝑣1

𝑟 − 𝑥
=

𝑣𝐸

𝑥
=

𝑣2

𝑟 + 𝑥
, 

𝑣𝐸 =
𝑣2 − 𝑣1

2
=

𝑟2 − 𝑟1
2

𝜔. 

𝐷   tvirTis siCqare 

𝑣𝐷 =  𝑣𝐸 =
𝑟2 − 𝑟1

2
𝜔. 

CavweroT (1) gantoleba Semdegi saxiT: 

𝑃𝑅𝜔 − 𝑀𝑔𝑣𝐷 = 0 

an 

𝑃𝑅𝜔 − 𝑀𝑔
𝑟2 − 𝑟1

2
𝜔 = 0. 

aqedan 

𝑃 = 𝑀𝑔
𝑟2 − 𝑟1

2𝑅
= 720 ∙ 9,81 ∙

12 − 10

2 ∙ 60
= 118(ნ). 

p a s u x i:       𝑃 = 𝑀𝑔
𝑟2−𝑟1

2𝑅
= 118(ნ). 
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 𝐴𝐵𝐶𝐷 antiparalelogramSi 

𝐴𝐵 da 𝐶𝐷 Reroebi 

SeerTebulia 𝐵 da  𝐶 
cilindruli saxsrebiT, xolo 

𝐴 da  𝐷 cilindruli 

saxsrebiT  mimagrebulia 𝐴𝐷  
dgarze. 𝐶𝐷 Reros 𝐶 saxsarze  

modebulia horizontaluri 𝐹⃗𝐶   
Zala.  

  gansazRvreT  im 𝐹⃗𝐵  Zalis  
sidide,  romelic modebulia 

𝐵 saxsarze 𝐴𝐵 −s marTobulad, Tu meqanizmi wonasworobaSia. 

mocemulia: 𝐴𝐷 = 𝐵𝐶, 𝐴𝐵 = 𝐶𝐷, ∠𝐴𝐵𝐶 = ∠𝐴𝐷𝐶 = 900, = ∠𝐷𝐶𝐵 =
300. 

𝐴 

𝐵 

𝐶 

𝐷 

𝐹⃗𝐵       

𝐹⃗𝐶       

900 

300 

900 

900 
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  a m o x s n a.        

ganvixiloT  𝐴𝐵𝐶𝐷 
antiparalelogrami.  
vaCvenoT naxazze aqtiuri 
Zalebi.    Msistema, 
romelic emorCileba 
 idealur bmebs, 

wonasworobaSia  𝐹⃗𝐶 da  

𝐹⃗𝐵     Zalebis moqmedebiT. 
  gamoviyenoT SesaZlo 
siCqareebis  principi: 

                                          ∑ 𝐹𝑘 ∙ 𝑣𝑘𝑐𝑜𝑠 (𝐹⃗𝑘 , 𝑣⃗𝑘
̂ ) = 0.

𝑛

𝑘=1

                                 (1) 

  mivaniWoT  𝐶 saxsars 𝑣⃗𝐶  
siCqare, maSinN𝐵 saxsari  miiRebs 𝑣⃗𝐵 siCqares. 
   𝑣⃗𝐶 siCqare  mimarTulia 𝐶𝐷 Reros marTobulad, 𝑣⃗𝐵 − 𝐴𝐵 Reros 

marTobuli. 𝐶𝐵 Rero asrulebs brtyel moZraobas: 

 გეგ
𝐶𝐵
𝑣⃗⃗𝐶 = გეგ

𝐶𝐵
𝑣⃗⃗𝐵 , 

𝑣𝐶𝑐𝑜𝑠600 = 𝑣𝐵. 
CavweroT (1) gantoleba Semdegi saxiT: 

𝐹𝐶  𝑣𝐶 − 𝐹𝐵𝑣𝐵 = 0, 

𝐹𝐶  𝑣𝐶 − 𝐹𝐵𝑣𝐶𝑐𝑜𝑠600 = 0. 

Aaqedan 

𝐹𝐵 =
𝐹𝐶

𝑐𝑜𝑠600
= 2𝐹𝐶 

p a s u x i:       𝐹𝐵 = 2𝐹𝐶 . 
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𝐴 

𝐵 

𝐶 

𝐷 

𝐹⃗𝐵       

𝐹⃗𝐶       

900 

300 

900 

900 

𝑣⃗𝐶 

𝑣⃗𝐵 
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    𝑂𝐴𝐵 mrudmxara-barbaca meqanizmi  𝐴𝐵 barbacas Sua  𝐶 wertilSi 

𝐶𝐷 RerosTan  SeerTebulia 

cilindruli saxsriT. 𝐶𝐷  

da 𝐷𝐸 Reroebi 

SeerTebulia  𝐷 
cilindruli saxsriT. 

gansazRvreT 𝐹⃗𝐴 da  𝐹⃗𝐷     
Zalis  sidideebs Soris 
damokidebuleba naxazze 
naCvenebi meqanizmis 
wonasworobisas, Tu isini 

saTanadod 𝑂𝐴  da 𝐶𝐷 
Reroebis marTobebia. 

Mmocemulia:  ∠𝐷𝐵𝐶 = 1500,   ∠𝐷𝐶𝐸 = 900. 
 a m o x s n a.   gamoviyenoT SesaZlo siCqareebis principi: 

            ∑ 𝐹𝑘 ∙ 𝑣𝑘𝑐𝑜𝑠 (𝐹⃗𝑘 , 𝑣⃗𝑘
̂ ) = 0.

𝑛

𝑘=1

 

CavweroT gantoleba am SemTxvevisaTvis 

                      𝐹𝐴 𝑣𝐴 − 𝐹𝐷𝑣𝐷 = 0.               (1) 

Bbrtyelo moZraobis kinematikidan gamomdinareobs, rom  meqanizmis 

mocemul mdebareobaSi 𝐵 wertili  warmoadgens 𝐴𝐵 barbacas siCqareTa 
myis centrs. 
   maSin, rogorc naxazidan Cans: 

𝑣𝐶

𝑣𝐴
=

𝐵𝐶

𝐵𝐴
⟹

𝑣𝐶

𝑣𝐴
=

1

2

𝐵𝐴

𝐵𝐴
⟹ 𝑣𝐶 =

1

2
𝑣𝐴. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
visargebloT TeoremiT: 

𝐴 

𝐹⃗𝐷 

𝐶 
𝐵 

𝐷 

𝐸 

600 

𝐹⃗𝐴 
𝑂 

𝑣⃗𝐴 
𝑣⃗𝐶 

𝑣⃗𝐷 

𝜔𝐸 

𝜔𝑂 

1500 

𝐴 

𝐹⃗𝐷 

𝐶 

𝐵 

𝐷 

𝐸 

900 

𝐹⃗𝐴 

𝑂 
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გეგ
𝐶𝐷
𝑣⃗⃗𝐶 = გეგ

𝐶𝐷
𝑣⃗⃗𝐷 , 

saidanac 

𝑣𝐶𝑐𝑜𝑠600 = 𝑣𝐷 ⟹ 𝑣𝐷 =
1

4
𝑣𝐴. 

  CavsvaT miRebuli mniSvnelobe (1) gantolebaSi:, miviRebT 
 

( 𝐹𝐴  −
1

4
𝐹𝐷 ) 𝑣𝐴 = 0. 

  radgan SesaZlo siCqare 𝑣𝐴 ≠ 0, amitom nuli xdeba frCxilebSi 
moTavsebuli gamosaxeleba, e.i 

𝐹𝐷 = 4 𝐹𝐴. 
p a s u x i:    𝐹𝐷 = 4 𝐹𝐴. 
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    tramvais vagonis xundartaxiani muxruWi Sedgeba sami 𝐴𝐵, 𝐵𝐶  da 
𝐶𝐷  sawevisagan, romlebic erTmaneTTan SeerTebulia 𝐵 da  𝐶 

saxsrebiT. 𝐹⃗  Hhorizontaluri Zalis moqmedebisas muxruWis 𝐾 da  𝐿 
xundebi, romlebic saTanadod mimagrebulia 𝐴𝐵 da 𝐶𝐷  sawevarze, 

awvebian Tvals. gansazRvreT Tvalze 𝑁⃗⃗⃗𝐾      da 𝑁⃗⃗⃗𝐿 xundebis wnevebi. 
zomebi naxazzea mocemuli. vagoni uZrav mdgomareobaSia. 
 

 

 

 

 

 

 

 

 

 
 

a m o x s n a.   Tavdapirvelad gavaTavisufloT azrobriv 𝐿 xundi 

bmisagan da SevcvaloT is  𝑁⃗⃗⃗𝐿  reaqciis ZaliT (ix. Nnaxazi). amasTan 

𝐹⃗ 𝐴 

𝐵 𝐶 

𝐷 

𝐿 𝐾 

𝑏 

𝑎 

𝑏 

𝑑 



 
36 

meqanizmis marcxena nawils (𝐴B Reros) Seeqneba 𝐾 wertilis   
irgvliv  brunvis SesaZlebloba. 
  SesaZlo gadaadgilebaTa principis Tanaxmad gvaqvs: 

                    𝐹 ∙ 𝛿𝑠𝐴 − 𝑁𝐿 ∙ 𝛿𝑠𝐿 = 0,                        (1) 
𝛿𝑠𝐴
𝛿𝑠𝐵

=
𝑎

𝑏
⟹ 𝛿𝑠𝐴 =

𝑎

𝑏
𝛿𝑠𝐵. 

  gaviTvaliswinoT, rom   

𝛿𝑠𝐵 = 𝛿𝑠𝐶 ,   
𝛿𝑠𝐶

𝛿𝑠𝐿
=

𝑏 + 𝑑

𝑑
, 

maSin 

𝛿𝑠𝐴 =
𝑎

𝑏

𝑏 + 𝑑

𝑑
𝛿𝑠𝐿. 

 CavsvaT  miRebuli mniSvnelobebi (1) gantolebaSi: 

(𝐹
𝑎

𝑏

𝑏 + 𝑑

𝑑
− 𝑁𝐿) 𝛿𝑠𝐿 = 0. 

 radgan 𝛿𝑠𝐿 ≠ 0, amitom nuli xdeba frCxilebSi moTavsebuli 
gamosaxeleba, e.i 

𝑁𝐿 = 𝐹
𝑎

𝑏

𝑏 + 𝑑

𝑑
. 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝐹⃗ 𝐴 

𝐵 𝐶 

𝐷 

𝐿 𝐾 

𝑏 

𝑎 

𝑏 

𝑑 

𝑁⃗⃗⃗𝐾       𝑁⃗⃗⃗𝐸       

𝐵1 

𝛿𝑠𝐴 𝛿𝑠𝐷 

𝛿𝑠𝐵 𝛿𝑠𝐶 

𝐴1 

𝐶1 
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   gavaTavisufloT azrobriv 𝐾 xundi bmisagan da SevcvaloT is  𝑁⃗⃗⃗𝐾  
reaqciis ZaliT. Sedegad 𝐵𝐶  da 𝐶𝐷 Reroebi iqnebian uZravi, xolo 
𝐴𝐵 Rero ibrunebs  𝐵 wertilis   irgvliv.   
  SesaZlo gadaadgilebis principi  am SemTxvevaSi ase Caiwereba: 

               𝐹 ∙ 𝛿𝑠𝐴 − 𝑁𝐾 ∙ 𝛿𝑠𝐾 = 0,                        (2) 
Kkinematikidan cnobilia, rom 

𝛿𝑠𝐴
𝛿𝑠𝐾

=
𝑎 + 𝑏

𝑏
⟹ 𝛿𝑠𝐴 =

𝑎 + 𝑏

𝑏
𝛿𝑠𝐾 . 

CavsvaT  miRebuli mniSvnelobebi (2) gantolebaSi, maSin igi miiRebs 
saxes: 

(𝐹
𝑎 + 𝑏

𝑏
− 𝑁𝐾) 𝛿𝑠𝐾 = 0. 

 radgan 𝛿𝑠𝐾 ≠ 0, amitom nuli xdeba frCxilebSi moTavsebuli 
gamosaxeleba, e.i 

𝑁𝐾 = 𝐹
𝑎 + 𝑏

𝑏
. 

p a s u x i:   

𝑁𝐿 = 𝐹
𝑎

𝑏

𝑏 + 𝑑

𝑑
;   𝑁𝐾 = 𝐹

𝑎 + 𝑏

𝑏
. 

 

amocana  46.19  

    naxazze  gamosaxulia tramvais vagonis  xundartaxiani muxruWis  
sqema. ipoveT damokidebuleba  𝑎, 𝑏 da 𝑐 sidideebs Soris, romlis 

drosac 𝐹 Zalis moqmedebisas  𝐴 da  𝐵 xundebi Tanabari sididis 

ZaliT awveba   𝐶 da  𝐷 Tvlebis artaxebs. ipoveT agreTve am Zalis 
sidide. Tvlebi CaTvlilia uZravad. 
 
 
 
 
 
 
 
 
 
 
 

𝐹⃗ 

𝐶 𝐴 𝐵 𝐷 

𝑏 + 𝑐 

𝑎 𝑎 

𝑏 

𝑐 
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a m o x s n a.   gavaTavisufloT azrobriv 𝐴 da  𝐵 xundebi  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

bmebisagan da SevcvaloT isini  Sesabamisi reaqciis ZalebiT.  mivaniWoT 
Zalebis modebis wertilebs SesaZlo gadaadgilebebi (ix. Nnaxazi) da 
CavweroT SesaZlo gadaadgilebis principis Sesabamisi  
gantoleba: 
         𝐹 ∙ 𝛿𝑠𝐹 − 𝑁𝐴 ∙ 𝛿𝑠𝐴 − 𝑁𝐵 ∙ 𝛿𝑠𝐵 = 0,                        (1) 
sadac 

𝛿𝑠𝐹 = (𝑎 + 𝑏)𝛿;   𝛿𝑠𝐴 = 𝑏 ∙ 𝛿.   

Nnaxazidan Cans, rom 

𝛿𝑠𝐵 = 𝑏 ∙ 𝛿
1
, 

𝑐 ∙ 𝛿 = (𝑎 + 𝑏 + 𝑐) ∙ 𝛿
1
, 

𝛿
1

=
𝑐

𝑎 + 𝑏 + 𝑐
𝛿, 

sadac  𝛿, 𝛿
1
−  SesaZlo mobrunebis kuTxeebia Sesabamisad O  da  

𝑂1 saxsrebis irgvliv.. 

maSin 

𝑁⃗⃗⃗⃗𝑂1
 

𝐸 

𝛿𝜑1 

𝑂1 
𝐹⃗ 

𝐶 𝐴 𝐵 𝐷 

𝑏 + 𝑐 

𝑎 𝑎 

𝑏 

𝑐 

𝛿𝑠𝐵 

𝐻 𝛿𝑠𝐻 

𝛿𝑠𝐴 

𝛿𝑠𝐹 

𝑁⃗⃗⃗⃗𝐴 𝑁⃗⃗⃗⃗𝐵 

𝑂 𝑁⃗⃗⃗⃗𝑂 

𝛿𝜑2 
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𝛿𝑠𝐵 =
𝑐𝑎

𝑎 + 𝑏 + 𝑐
𝛿 

Dda (1) gantoleba miiRebs saxes: 

𝐹 ∙ (𝑎 + 𝑏)(𝑎 + 𝑏 + 𝑐) − 𝑁𝐴 ∙ 𝑏(𝑎 + 𝑏 + 𝑐) − 𝑁𝐵 ∙ 𝑎𝑐 = 0.  (2)         

    gavaTavisufloT azrobriv 𝐴 xundi bmisagan da SevcvaloT is  𝑁⃗⃗⃗𝐴  
reaqciis ZaliT. da CavweroT  SesaZlo gadaadgilebaTa principi  am 
SemTxvevisaTvis: 

             𝐹 ∙ 𝛿𝑠𝐹 − 𝑁𝐴 ∙ 𝛿𝑠𝐴 = 0,                        (3) 
radgan 

𝛿𝑠𝐹

𝛿𝑠𝐴
=

𝑎 + 𝑏

𝑏
, 

maSin 

𝛿𝑠𝐹 =
𝑎 + 𝑏

𝑏
𝛿𝑠𝐴. 

 CavsvaT  miRebuli gamosaxuleba (3) gantolebaSi da gaviTvaliwinoT, 

rom  𝛿𝑠𝐴 ≠ 0  , maSin 

𝑁𝐴 =
𝑎 + 𝑏

𝑏
𝐹. 

Aanalogiuri  gamoTvlebi CavataroT  𝐵 xundisaTvis: 

               𝐹 ∙ 𝛿𝑠𝐹 − 𝑁𝐵 ∙ 𝛿𝑠𝐵 = 0,                        (4) 
radgan 

𝛿𝑠𝐹

𝛿𝑠𝐵
=

𝑎 + 𝑏

𝑎𝑐/(𝑎 + 𝑏 + 𝑐)
, 

amitom 

𝛿𝑠𝐹 =
(𝑎 + 𝑏)(𝑎 + 𝑏 + 𝑐)

𝑎𝑐
𝛿𝑠𝐵. 

CavsvaT  miRebuli gamosaxuleba (4) gantolebaSi da gaviTvaliwinoT, 

rom  𝛿𝑠𝐵 ≠ 0  , maSin 

𝑁𝐵 =
(𝑎 + 𝑏)(𝑎 + 𝑏 + 𝑐)

𝑐
𝐹 

Aamocanis pirobis Tanaxmad  𝑁𝐴 = 𝑁𝐵 ,  maSasadame, 

𝑎 + 𝑏

𝑏
=

(𝑎 + 𝑏)(𝑎 + 𝑏 + 𝑐)

𝑎𝑐
 



 
40 

Aan, rac igivea 

𝑎

𝑏
=

𝑎 + 𝑏 + 𝑐

𝑐
. 

Aam gamosaxulebidan vRebulobT: 

𝑎𝑐 = 𝑏(𝑎 + 𝑏 + 𝑐). 

   CavsvaT  miRebuli gamosaxulebebi (2) gantolebaSi da 

gaviTvaliwinoT, rom  𝑁𝐴 = 𝑁𝐵 = 𝑄  , maSin  miviRebT: 

𝑄 = 𝐹
𝑎 + 𝑏

2𝑏
 

p a s u x i:    
𝑎

𝑏
=

𝑎+𝑏+𝑐

𝑐
;    𝑄 = 𝐹

𝑎+𝑏

2𝑏
 

 

 

 

 

 

amocana  46.20  

  ipoveT horizontTan 𝛼  da  𝛽 kuTxeebiT  daxril sibrtyeebze  𝑀 
masis tvirTis saSualebiT wonasworobis mdebareobaSi Sekavebuli ori 

tvirTis 𝑀1  da 𝑀2  masebi , Tu  𝑀1  da 𝑀2   tvirTebi mimagrebulia 

gvarlis boloebze, romelic gamodis 𝑀1   tvirTidan da gadadebulia 

horizontalur RerZze Camocmul 𝑂1 blokze, ris Semdeg  igi 

Semoxveulia 𝑂 moZrav blokze, romelzec dakidebulia 𝑀 tvirTi da, 

bolos, imave horizontalur RerZze Camocmul 𝑂2 blokidan midis 𝑀2   
tvirTisaken. xaxuni, blokebis  da gvarlis masebi ugulebelyofilia.  

 

 

 

 

 

 

 

𝑀2 
𝑀1 

𝑂2 

𝑀 𝛽 
𝛼 

• 

𝑂 • 

• 

• 

𝑂1 
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a m o x s n a.   vaCvenoT naxazze mocemul sistemaze moqmedi aqtiuri 

Zalebi: 𝑀1𝑔⃗,  𝑀2𝑔⃗, 𝑀𝑔⃗.  sistemis mdebareoba ganisazRvreba  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ori ganzogadebuli koordinatiT: 𝑞1 = 𝑥1, 𝑞2 = 𝑥2.  maSasadame, 
sistemis Tavisuflebis xarisxia ori.  mivaniWoT sistemas  SesaZlo 

gadaadgileba: 𝛿𝑥1 ≠ 0 da  𝛿𝑥2 = 0. maSin 𝑀 tvirTis gadaadgileba 
iqneba: 

𝛿𝑥 =
𝛿𝑥1

2
. 

gamoviyenoT SesaZlo gadaadgilebaTa principi 

∑ 𝛿𝐴𝑘 = 0.

𝑛

𝑘=1

 

tvirTis gadaadgilebis gaTvaliswinebiT es gantoleba miiRebs saxes: 

𝛿𝐴1 = 𝑀1𝑔𝑠𝑖𝑛𝛼 ∙ 𝛿𝑥1 − 𝑀𝑔
𝛿𝑥1

2
= (𝑀1𝑔𝑠𝑖𝑛𝛼 −

𝑀𝑔

2
) 𝛿𝑥1. 

   maSin 𝑞1 = 𝑥1  ganzogadebuli koordinatis  Sesabamisi 
ganzogadebuli  Zala 

                      𝑄1 = 𝑀1𝑔𝑠𝑖𝑛𝛼 −
𝑀𝑔

2
.                                       (1) 

Aanalogiurad, 𝛿𝑥2 ≠ 0 da  𝛿𝑥1 = 0 SemTxvevisaTvis miviRebT: 

𝑥2 

𝑀2 
𝑀1 

𝑂2 

𝑀 𝛽 
𝛼 

• 

• 

𝑂 • 

• 

• 

𝑂1 

𝑀𝑔⃗ 

• 

• 

𝑀1𝑔⃗⃗⃗ 

𝑀2𝑔⃗⃗⃗ 

𝛿𝑥 

𝛿𝑥1 

𝛿𝑥2 
𝑥1 
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𝛿𝑥 =
𝛿𝑥2

2
; 

𝛿𝐴2 = (𝑀2𝑔𝑠𝑖𝑛𝛽 −
𝑀𝑔

2
) 𝛿𝑥2. 

𝑞2 = 𝑥2  ganzogadebuli koordinatis  Sesabamisi ganzogadebuli  
Zala 

                      𝑄2 = 𝑀2𝑔𝑠𝑖𝑛𝛽 −
𝑀𝑔

2
.                                       (2) 

  visargebloT   sistemis wonasworobis pirobebiT ganzogadebul  

koordinatebSi:  𝑄1 = 0, 𝑄2 = 0,  maSin  (1)  da (2) gantolebebidan 
miviRebT: 

𝑀1 =
𝑀

2𝑠𝑖𝑛𝛼
, 

𝑀2 =
𝑀

2𝑠𝑖𝑛𝛽
. 

p a s u x i:  𝑀1 =
𝑀

2𝑠𝑖𝑛𝛼
;  𝑀2 =

𝑀

2𝑠𝑖𝑛𝛽
. 

amocana  46.21 

   uWimari da uwoni Zafis boloebze 

mibmulia ori, erTnairi masis 𝐴 da  𝐵 

tvirTi.  𝐴 tvirTisagan Zafi gadis 
horizontaluri sibrtyis 

paralelurad, Semoevleba uZrav 𝐶 

bloks, Semowvdeba moZrav 𝐷 bloks da 

Semdeg Semoevleba  uZrav 𝐸 bloks, 

sadac mis meore boloze mibmulia 𝐵 

tvirTi. moZravi 𝐷 blokis  RerZze 

Camokidebulia 𝑀 masis 𝐾 tvirTi.  

gansazRvreT 𝐴 da  𝐵 tvirTebis  𝑀1  
masebi  da horizontaluri sibrtyze 

𝐴 tvirTis  srialis xaxunis 𝑓 
koeficienti. 
a m o x s n a.  vaCvenoT naxazze mocemul sistemaze moqmedi aqtiuri 

Zalebi: 𝑀1𝑔⃗,  𝑀2𝑔⃗, 𝑀𝑔⃗  da  𝐹⃗ხახ.  sistemis Tavisuflebis xarisxi  

უდრის orს.  maSasadame, sistemis mdebareoba ganisazRvreba ori 

ganzogadebuli koordinatiT: 𝑞1 = 𝑥1, 𝑞2 = 𝑥2.   

𝐾 

𝐴 
𝐶 

𝐵 

𝐷 

𝐸 
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    gamoviyenoT SesaZlo gadaadgilebaTa principi 

∑ 𝛿𝐴𝑘 = 0.

𝑛

𝑘=1

 

    vipovoT  𝑞1   და   𝑞2 
ganzogadebuli 

koordinatების   𝑄1   და   𝑄2  
ganzogadebuli Zalebi. 

𝑄1 −is sapovnelad 
davuSvaT, rom  𝛿𝑥1 ≠ 0 da  
𝛿𝑥2 = 0. 
  maSin 𝐾 tvirTis sesaZlo 
gadaadgileba 
 

𝛿𝑥 =
𝛿𝑥1

2
, 

xolo SesaZlo gadaadgilebaTa principi am SemTxvevisaTvis miiRebs 
saxes: 

𝛿𝐴1 = 𝐹ხახ .  ∙ 𝛿𝑥1 − 𝑀𝑔 ∙ 𝛿𝑥 = (𝑓𝑀1𝑔 −
1

2
𝑀𝑔) 𝛿𝑥1. 

Aaqedan 

                      𝑄1 =
𝛿𝐴1

𝛿𝑥1
= 𝑓𝑀1𝑔 −

𝑀𝑔

2
.               (1)            

𝑄2 −is sapovnelad davuSvaT, rom  𝛿𝑥2 ≠ 0 da  𝛿𝑥1 = 0. 
   maSin  

𝛿𝑥 =
𝛿𝑥2

2
, 

𝛿𝐴2 = 𝑀1𝑔  ∙ 𝛿𝑥2 − 𝑀𝑔 ∙ 𝛿𝑥 = (𝑀1𝑔 −
1

2
𝑀𝑔) 𝛿𝑥2. 

Aaqedan 

                     𝑄2 =
𝛿𝐴1

𝛿𝑥2
= 𝑀1𝑔 −

1

2
𝑀𝑔.               (2)            

    visargebloT   sistemis wonasworobis pirobebiT ganzogadebul  

koordinatebSi:  𝑄1 = 0, 𝑄2 = 0,  maSin  (1)  da (2) gantolebebidan 
miviRebT: 

𝑀1 =
𝑀

2
. 

srialis xaxunis fkoeficients vipoviT (1) gantolebidan: 

𝐾 

𝐴 𝐶 

𝐵 

𝐷 

𝐸 

𝑥2 
𝑀𝑔⃗ 

𝛿𝑥2 

𝑥1 𝛿𝑥1 

𝑀2𝑔⃗ 

𝑀1𝑔⃗ 

𝛿𝑥 

• 

• 

• 

𝐹⃗ხახ 
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𝑓 =
𝑀

2𝑀1
. 

p a s u x i:   𝑀1 =
𝑀

2
; 𝑓 =

𝑀

2𝑀1
. 

 

 

amocana  46.22  

  AA𝐴𝐷  Sedgenili  koWi, moTavsebulia sam sayrdenze, Sedgeba ori 

koWisagan, romlebic saxsrovnad SeerTebulia 𝐶 wertilSi. koWze 
moqmedebs sami vertikaluri Zala, romlebic udris 20kn, 60kn, 30kn.. 

zomebi mocemulia naxazze. ipoveT 𝐴, 𝐵 da 𝐷 sayrdenTa reaqciebi. 
 
 
 
 
 
 
 
 
 
  
 
 a m 
o x s n a.     gvaqvs paralelur ZalTa  sistema, amitom 𝐷 sayrdenze 
gveqneba mxolod vertikaluri mdgeneli.  𝑅𝐷 reaqciis Zalis  
gansasazRvravad moZravi cilindruli saxsari SevcvaloT cociaTi 

(nax.1). mivaniWoT sistemas SesaZlo gadaadgileba. cocias 𝐷 wertilSi 

SeuZlia gadaadgileba vertikalze, xolo sayrdens 𝐵 wertilSi-

horizontalurad. AA𝐶𝐵𝐷    koWis brunvis myis centrs vipoviT, Tu  

gavavlebT  𝐷 da  𝐵 wertilebis gadaadgilebebis marTobebs. maTi 

gadakveTis wertilia 𝐵 wertili. Aamitom AA𝐶𝐵𝐷    koWi myisierad 

ibrunebs  𝐵 wertilis garSemo. 

20კნ 

60კნ 

30კნ 

𝐷 𝐴 𝐵 𝐶 

𝑎 𝑎 𝑎 𝑎 2𝑎 2𝑎 
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Nnax.1 

 Aanalogiurad vipovoT AA𝐴𝐶    koWis brunvis myis centrs, romelic 

mdebareobs  𝐴 wertilSi.  Aamitom  𝐴𝐶 koWi myisierad ibrunebs  𝐴 

wertilis garSemo. vipovoT 𝐴𝐶 da 𝐶𝐵𝐷 koWebis  mobrunebis kuTxeebs 
Soris Tanafardoba: 

𝛿𝑠𝐶 = 𝛿𝜑𝐴𝐶 ∙ 2𝑎 = 𝛿𝜑𝐷𝐶 ∙ 2𝑎 ⟹ 𝛿𝜑𝐴𝐶 = 𝛿𝜑𝐷𝐶 = 𝛿𝜑. 
CavweroT SesaZlo gadaadgilebaTa principi: 

−𝑅𝐷4𝑎 ∙ 𝛿𝜑 + 30 ∙ 2𝑎 ∙ 𝛿𝜑 − 60 ∙ 𝑎 ∙ 𝛿𝜑 − 20 ∙ 𝑎 ∙ 𝛿𝜑 = 0 
an 

(60𝑎 − 60𝑎 − 20𝑎 − 4𝑎𝑅𝐷) ∙ 𝛿𝜑 = 0. 
radgan 𝛿𝜑 ≠ 0,  amitom 

𝑅𝐷 =
1

4
(60 − 60 − 20) = −5(კნ). 

   𝑅⃗⃗𝐵 reaqciis Zalis  gansasazRvravad azrobriv movaciloT 𝐵 

moZravi cilindruli saxsari da misi moqmedeba SevcvaloT 𝑅⃗⃗𝐵 
reaqciis ZaliT (nax.2).   

     mivaniWoT sistemas SesaZlo gadaadgileba, romlis drosac 𝐶𝐵𝐷 
koWi  myisierad ibrunebs 𝐷 sayrdenis garSemo, xolo 𝐴𝐶 koWi−𝐴 
sayrdenis garSemo, romelic warmoadgens brunvis myis centrs. 

  vipovoT 𝐴𝐶 da 𝐶𝐵𝐷 koWebis  mobrunebis kuTxeebs Soris 
Tanafardoba: 

𝛿𝑠𝐶 = 𝛿𝜑𝐴𝐶 ∙ 2𝑎 = 𝛿𝜑𝐷𝐶 ∙ 6𝑎 ⟹ 𝛿𝜑𝐴𝐶 = 3𝛿𝜑𝐷𝐶 . 
CavweroT SesaZlo gadaadgilebaTa principi: 
 

20კნ 
60კნ 30კნ 

𝐷 𝐴 
𝐵 𝐶 

𝑅⃗⃗𝐷 
𝛿𝜑𝐴𝐶  

𝛿𝜑𝐷𝐶 
𝛿𝑠𝐶 

𝛿𝑠𝐷 
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nax.2 

20 ∙ 𝑎 ∙ 𝛿𝜑𝐴𝐶 + 60 ∙ 5𝑎 ∙ 𝛿𝜑𝐷𝐶 − 𝑅𝐵4𝑎 ∙ 𝛿𝜑𝐷𝐶 + 30 ∙ 2𝑎 ∙ 𝛿𝜑𝐷𝐶 = 0 
an 

(60𝑎 + 300𝑎 + 60𝑎 − 4𝑎𝑅𝐵) ∙ 𝛿𝜑𝐷𝐶 = 0. 
radgan 𝛿𝜑𝐷𝐶 ≠ 0,  amitom 

𝑅𝐷 =
1

4
(60 + 60 + 300) = 105(კნ). 

   𝑅⃗⃗𝐴 reaqciis Zalis  gansasazRvravad azrobriv movaciloT  𝐴 

moZravi cilindruli saxsari da misi moqmedeba SevcvaloT 𝑅⃗⃗𝐴 reaqciis 
ZaliT (nax.3). 
 

 
 
 
 
 
 
 
 
 
 
 
 

nax.3 
    

  mivaniWoT sistemas SesaZlo gadaadgileba, romlis drosac 𝐶𝐵𝐷 
koWi iqneba uZravi, xolo 𝐴𝐶 koWi myisierad ibrunebs 𝐶 wertilis 
garSemo. 
     CavweroT SesaZlo gadaadgilebaTa principi: 

𝑅𝐵 ∙ 2𝑎 ∙ 𝛿𝜑 − 20 ∙ 𝑎 ∙ 𝛿𝜑 = 0. 
radgan 𝛿𝜑 ≠ 0,  amitom 

𝑅𝐴 =
20

2
= 10(კნ). 

p a s u x i:   𝑅𝐴=10kn;  𝑅𝐵=105kn;  𝑅𝐷 = −5kn.   

20კნ 

60კნ 

30კნ 

𝐷 𝐴 𝐵 𝐶 

𝑅⃗⃗𝐵 
 

𝛿𝜑𝐷𝐶 
 

𝛿𝜑𝐴𝐶 
 𝛿𝑠𝐶 

 

20კნ 

60კნ 

30კნ 

𝐷 
𝐴 

𝐵 𝐶 

𝑅⃗⃗𝐴 
 

𝛿𝑠𝐶 

 

𝛿𝜑 
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amocana  46.23  

   gansazRvreT im wvilZalis momenti, romelic unda movdoT AA𝐴𝐷  

koWis 𝐵𝐷  ubanze wina amocanaSi, raTa 𝐷 sayrdenis reaqciis Zala 
nulis toli unda iyos. 

a m o x s n a.   movdoT AA𝐴𝐷  koWis 𝐵𝐷  ubanze mabruni 𝑀 momenti 

saaTis isris mimarTulebiTY(ix. Nnaxazi). 𝐷 sayrdeni  SevcvaloT 

vertikaluri cociaTi.    𝛿𝜑𝐴𝐶   da  𝛿𝜑𝐷𝐶     mobrunebis      kuTxeebs    

Soris  Tanafardoba aviroT 46.22 amocanis amoxsnidan: 
𝛿𝜑𝐴𝐶 = 𝛿𝜑𝐷𝐶 = 𝛿𝜑. 

 
 
 
 
 
 
 
 
 
 
  CavweroT SesaZlo gadaadgilebaTa principi  imis gaTvaliswinebiT, 

rom 𝐷 sayrdenis reaqciis Zala nulis tolia: 

−20𝑎 ∙ 𝛿𝜑 − 60𝑎 ∙ 𝛿𝜑 + 30 ∙ 2𝑎 ∙ 𝛿𝜑 + 𝑀 ∙ 𝛿𝜑 = 0. 
radgan 𝛿𝜑 ≠ 0,  amitom 
 

𝑀 = 20𝑎 + 60𝑎 − 60𝑎 = 20𝑎. 
p a s u x i:   𝑀 = 20𝑎 kn∙m. 
 
 
 
 
 
 
 

amocana  46.24  

   or A  da  C sayrdenze mdebare Sedgenili  koWi Sedegeba AB, BD 
da DE koWisagan, romlebic saxsriT SeerTebulia B da  D 
wertilebSi. E kveTSi  DE koWi CaWedilia kedelSi. 

20კნ 
60კნ 30კნ 

𝑀 

𝐴 
𝐵 𝐶 

𝛿𝜑𝐴𝐶  
𝛿𝜑𝐷𝐶 

𝛿𝑠𝐶 

𝛿𝑠𝐷 

𝐷 
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    gansazRvreT E kveTSi  reaqciis Zalis mdgeneli. koWebze 

modebulia oTxi erTmaneTis toli vertikaluri P Zala. zomebi 
naxazzea naCvenebi. 

 
 
 
 
 
 
 
 
 
 
 

a m o x s n a.   𝑅⃗⃗𝐸 reaqciis Zalis  gansasazRvravad azrobriv 

SevcviloT E xisti Camagreba vertikaluri cociaTi (ix. Nnaxazi). 

mivaniWoT sistemas SesaZlo gadaadgileba. maSin DE koWi Sesrulebs 

gadataniT gadaadgildebas, BDC  koWi ibrunebs brunvis myis centris 
irgvliv (C wertili), xolo AB  koWi –A wertilis irgvliv. 

 

 vipovoT AB   da  BCD    koWebis  mobrunebis     kuTxeebs    Soris 

Tanafardobebi: 
𝛿𝑠 = 𝛿𝜑𝐴𝐵 ∙ 2𝑎 = 𝛿𝜑𝐵𝐶𝐷 ∙ 2𝑎 ⟹ 𝛿𝜑𝐴𝐵 = 𝛿𝜑𝐵𝐶𝐷 = 𝛿𝜑. 

maSin 

𝛿𝑠 = 𝛿𝑠𝐷 = 2𝑎 ∙ 𝛿𝜑. 
CavweroT SesaZlo gadaadgilebaTa principi: 

−𝑃 ∙ 𝑎 ∙ 𝛿𝜑 − 𝑃 ∙ 𝑎 ∙ 𝛿𝜑 + 𝑃 ∙ 𝑎 ∙ 𝛿𝜑 + 𝑃 ∙ 𝛿𝑠 − 𝑅𝐸 ∙ 𝛿𝑠 = 0 
Aan 

𝛿𝜑(−𝑃𝑎 − 𝑃𝑎 + 𝑃𝑎 + 2𝑃𝑎 − 2𝑎𝑅𝐸) = 0 
 

radgan 𝛿𝜑 ≠ 0,  amitom 

𝑅𝐸 =
𝑃

2
. 

p a s u x i:   𝑅𝐸 = 0,5𝑃. 

𝑃 

𝐸 𝐴 𝐵 𝐶 

𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 

𝐷 
𝑃 𝑃 𝑃 

𝑃 

𝐸 𝐴 
𝐶 

𝐵 

𝑅⃗⃗𝐸 
𝛿𝜑𝐴𝐵 

𝛿𝜑𝐵𝐶𝐷 
𝛿𝑠𝐵 

𝛿𝑠 

𝐷 

𝛿𝑠𝐷 

𝑃 𝑃 𝑃 
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amocana  46.25  

   gansazRvreT im wyvilZalis   𝑚𝐸 momenti, romelic warmoiSoba wina 

amocanaSi AganxiluliA𝐷𝐸  koWis Camagrebis adgilSi. 

a m o x s n a.  𝑚𝐸 momentis  gansasazRvravad azrobriv SevcviloT 

𝐸 xisti Camagreba moZravi cilindruli saxsriT. mivaniWoT sistemas 

SesaZlo gadaadgileba. maSin 𝐷𝐸 koWs SeeZleba brunva 𝐸 wertilis 

irgvliv da mobrundeba 𝛿𝜑𝐷𝐸  kuTxiT (ix. Nnaxazi).  

  vipovoT 𝐵𝐶𝐷 koWis brunvis myis centri, romelic mdebareobs  𝐶 
da 𝐷 wertilebis gadaadgilebebis marTobebis gadakveTis wertilSi, 

Tu gaviTvaliswinebT, rom   𝐶 wertils SeuZlia gadaadgileba 

horizontalurad, xolo 𝐷 wertils-vertikalurad. maSin  𝐵𝐶𝐷 koWi 
mobrundeba 𝛿𝜑𝐵𝐷  kuTxiT 𝐶 wertilis irgvliv. 

  Aanalogiurad vipoviT, rom 𝐴𝐵  koWi mobrundeba 𝛿𝜑𝐴𝐵  kuTxiT 𝐴  
wertilis irgvliv, romelic aris brunvis myisi centri. 

   ganvsazRvroT Tanafardobebi 𝛿𝜑𝐷𝐸,  𝛿𝜑𝐵𝐷  da  𝛿𝜑𝐴𝐵  sidideebs 
Soris:    

     𝛿𝑠𝐷 =  𝛿𝜑𝐷𝐸 ∙ 2𝑎 = 𝛿𝜑𝐵𝐷 ∙ 2𝑎 ⟹ 𝛿𝜑𝐷𝐸 = 𝛿𝜑𝐵𝐷 = 𝛿𝜑; 
𝛿𝑠𝐵 =  𝛿𝜑𝐵𝐷 ∙ 2𝑎 = 𝛿𝜑𝐴𝐵 ∙ 2𝑎 ⟹ 𝛿𝜑𝐴𝐵 = 𝛿𝜑𝐵𝐷 = 𝛿𝜑𝐷𝐸 = 𝛿𝜑. 

  CavweroT SesaZlo gadaadgilebaTa principi: 

𝑚𝐸 ∙ 𝛿𝜑 + 𝑃 ∙ 𝑎 ∙ 𝛿𝜑 + 𝑃 ∙ 𝑎 ∙ 𝛿𝜑 − 𝑃 ∙ 𝑎 ∙ 𝛿𝜑 − 𝑃 ∙ 𝑎 ∙ 𝛿𝜑 = 0 
Aan 

(𝑚𝐸 + 𝑃𝑎 + 𝑃𝑎 + 𝑃𝑎 − 𝑃𝑎 − 𝑃𝑎)𝛿𝜑 = 0. 
radgan 𝛿𝜑 ≠ 0,  amitom 

𝑚𝐸 + 𝑃𝑎 + 𝑃𝑎 + 𝑃𝑎 − 𝑃𝑎 − 𝑃𝑎 = 0. 

𝑃 

𝐴 
𝐶 

𝐵 

𝛿𝜑𝐴𝐵 𝛿𝜑𝐵𝐷 
𝛿𝑠𝐵 

𝐷 

𝛿𝑠𝐷 

𝑃 𝑃 
𝑃 

𝐸 

𝛿𝜑𝐷𝐸 

𝑚𝐸 
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p a s u x i:   𝑚𝐸 = 0. 
 
 
 
 
 
 
 
 

amocana  46.26  

  AB  da  BD  koWi erTmaneTTan 

SeerTebulia  cilindruli B  

saxsriT. Hhorizontaluri  AB koWi 

CaWedilia A kveTSi vertikalur 

kedelSi. BD  koWi, romelic eyrdnoba 

E Sverils, vertikalTan adgens   

kuTxes.  . BD  koWis gaswvriv 

moqmedebs  F⃗⃗ Zala. gansazRvreT 𝐴 
kveTSi reaqciis Zalis  
horizontaluri mdgeneli. koWebis masebi ugulebelyofilia. 

a m o x s n a.    reaqciis Zalis R⃗⃗⃗Ax horizontaluri mdgenelis 

gansasazRvravad azrobriv SevcvaloT A xisti Camagreba 
horizontaluri cociaTi (ix. Nnaxazi). mivaniWoT sistemas SesaZlo 

gadaadgileba. maSin AB koWi Sesrulebs gadataniT gadaadgildebas, 

BED  koWi ibrunebs brunvis myis centris irgvliv (C wertili), 

romelSic gadaikveTeba  B da E  wertilebis SesaZlo gadaadgilebebis 

marTobebi. maSin δsD ⊥ DC , xolo kuTxe δsD − sa  da F⃗⃗ Zalas Soris 

udris -s.  davagegmiloT B da D wertilebis SesaZlo gadaadgilebebi  

BED wrfeze, 
miviRebT: 

𝛿𝑠𝐷𝑐𝑜𝑠𝛼 = 𝛿𝑠𝐵𝑠𝑖𝑛𝛼 
an 

𝛿𝑠𝐷 = 𝛿𝑠𝐵𝑡𝑔𝛼. 
 
CavweroT SesaZlo gadaadgilebaTa principi: 

                     𝑅𝐴𝑥 ∙  𝛿𝑠𝐴 − 𝐹 ∙ 𝛿𝑠𝐷𝑐𝑜𝑠𝛼 = 0,                        (1) 

𝐵 𝐴 

𝐹⃗  𝐷 

𝐸 

 
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radgan 

𝛿𝑠𝐴 = 𝛿𝑠𝐵. 

CavsvaT  𝛿𝑠𝐷 −s  mniSvneloba  (1) gantolebaSi, miviRebT: 
 

𝑅𝐴𝑥 ∙  𝛿𝑠𝐵 − 𝐹 ∙ 𝛿𝑠𝐵𝑡𝑔𝛼𝑐𝑜𝑠𝛼 = 0 
an 

                         𝛿𝑠𝐵(𝑅𝐴𝑥 − 𝐹 ∙ 𝑠𝑖𝑛𝛼) = 0 
 

radgan 𝛿𝑠𝐵 ≠ 0,  amitom 
𝑅𝐴𝑥 − 𝐹 ∙ 𝑠𝑖𝑛𝛼 = 0. 

 

p a s u x i:   𝑅𝐴𝑥 = 𝐹 ∙ 𝑠𝑖𝑛𝛼 
 
 
 
 
 

amocana  46.27  

 ori   Hhorizontaluri  𝐴𝐵  da  BD  koWi erTmaneTTan SeerTebulia  

cilindruli 𝐵  saxsriT.  𝐷 sayrdeni dgas moZrav sagoravebze, xolo 

𝐴 kveTi CaWedilia vertikalur 

kedelSi. 𝐵𝐷  koWze K ertilSi 

modebulia Seyursuli  F⃗⃗⃗ Zala, 
romelic  horizontTan adgens 

  kuTxes.  zomebi naxazzea  

naCvenebi.  gansazRvreT  A 
kveTSi reaqciis Zalis  

mdgenelebi da wyvilZalis 𝑚𝑝  

𝐵 𝐴 

𝐹⃗  

𝐷 𝐾  

2𝑎 𝑎 𝑎 

𝐵 

𝐴 

𝐹⃗  𝐷 

𝐸 

 

 

• 𝐶 

𝛿𝑠𝐴 
 

𝛿𝑠𝐵 
 

𝑅𝐴𝑥 
 

𝛿𝑠𝐷 
 



 
52 

reaqtiuli  momenti, romelic warmoiqmneba am kveTSi. koWebis masebi 
ugulebelyofilia. 
a m o x s n a.    
ganvsazRvroT wyvilZalis 
 𝑚𝑝  momenti. amisaTvis  

azrobriv   SevcviloT A 
xisti Camagreba  
cilindruli saxsriT (ix. 
nax.1).  mivaniWoT sistemas 
SesaZlo gadaadgileba da 
CavweroT  SesaZlo 
gadaadgilebaTa  principi: 

     𝑚𝑝 ∙ 𝛿𝜑1 − 𝐹𝑠𝑖𝑛 ∙ 𝛿𝑠𝐾 = 0.  (1)       nax.1 
  gamovsxoT  δsK SesaZlo gadaadgileba mobrunebis kuTxiT: 

𝛿𝑠𝐾 = 𝑎 ∙ 𝛿𝜑2 =
𝛿𝑠𝐵.

2𝑎
𝑎 =

1

2
𝛿𝑠𝐵 =

1

2
∙ 2𝑎 ∙ 𝛿𝜑1 = 𝑎 ∙ 𝛿𝜑1 

da CavsvaT (1) gantolebaSi: 

           𝑚𝑝 ∙ 𝛿𝜑1 − 𝐹𝑠𝑖𝑛 ∙ 𝑎 ∙ 𝛿𝜑1 = 0 ⟹ 𝑚𝑝 = 𝑎𝐹𝑠𝑖𝑛. 

   xisti Camagrebis reaqciis Zalis 𝑅⃗⃗𝐴𝑦 vertikaluri mdgenelis 

gansasazRvravad azrobriv SevcvaloT A xisti Camagreba vertikaluri 

cociaTi  da movdoT reaqciis Zalis  𝑅⃗⃗𝐴𝑦 vertikaluri mdgeneli (ix. 

Nnax. 2). 
mivaniWoT sistemas SesaZlo gadaadgileba da CavweroT SesaZlo 
gadaadgilebaTa  principi: 

𝑅𝐴𝑦 ∙ 𝛿𝑠𝐴 − 𝐹𝑠𝑖𝑛 ∙ 𝛿𝑠𝐾 = 0, 
 
sadac  

𝛿𝑠𝐾 =  𝑎 ∙ 𝛿𝜑 =
𝛿𝑠𝐵.

2𝑎
𝑎 =

1

2
𝛿𝑠𝐵 =

1

2
𝛿𝑠𝐴. 

 
 
 
 
 
 
 
 
 
 
 
 

                 Nnax. 2 
maSin 

𝐵 

𝐴 

𝐹⃗  

𝐷 

𝐾 

 

2𝑎 𝑎 𝑎 

𝑚𝑝 
𝛿𝜑2 𝛿𝜑1 

𝛿𝑠𝐵 

𝛿𝑠𝐾 

𝐵 𝐴 

𝐹⃗  

𝐷 

𝐾 

 

2𝑎 𝑎 𝑎 

𝑅⃗⃗𝐴𝑦 

𝛿𝑠𝐾 
𝛿𝑠𝐴 𝛿𝑠𝐵 

𝛿𝜑 
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𝑅𝐴𝑦 ∙ 𝛿𝑠𝐴 − 𝐹𝑠𝑖𝑛 ∙
1

2
𝛿𝑠𝐴 = 0, 

aqedan 

𝑅𝐴𝑦 =
𝐹𝑠𝑖𝑛

2
. 

   reaqciis Zalis 𝑅⃗⃗𝐴𝑥 horizontaluri mdgenelis gansasazRvravad 

azrobriv SevcvaloT A xisti Camagreba horizontaluri cociaTi  da 

movdoT reaqciis Zalis  R⃗⃗⃗Ax  horizontaluri mdgeneli (ix. Nnax..3). 
mivaniWoT sistemas SesaZlo gadaadgileba  da CavweroT SesaZlo 
gadaadgilebaTa  principi: 

                   𝑅𝐴𝑥 ∙ 𝛿𝑠𝐴 − 𝐹𝑐𝑜𝑠 ∙ 𝛿𝑠𝐾 = 0 
sadac 𝛿𝑠𝐴 = 𝛿𝑠𝐾 . 
   maSin 

   𝑅𝐴𝑥 = 𝐹𝑐𝑜𝑠 ∙ 
 
 
 
 
 
 
 
 
 
 

Nnax..3 
 

p a s u x i:      𝑅𝐴𝑥 = 𝐹𝑐𝑜𝑠;   𝑅𝐴𝑦 =
𝐹𝑠𝑖𝑛

2
;  𝑚𝑝 = 𝑎𝐹𝑠𝑖𝑛. 

 
 
 
 
 

amocana  46.28  

    rkinigzis amwe eyrdnoba relsebs, romlebic  damagrebulia or 
ormalian  horizontalur  koWze Sualeduri saxsrebiT. Aamwe eweva 

P=30kn tvirTs, amwes simZimis Zala Q=160kn gansazRvreT Camagrebis 
reaqtiuli momenti amwis naxazze  naCveneb mdebareobaSi. 

𝐵 𝐴 

𝐹⃗  

𝐷 
𝐾  

𝑅⃗⃗𝐴𝑥 

𝛿𝑠𝐾 𝛿𝑠𝐴 
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a m o x s n a. ganvixiloT amwis wonasworoba da ganvsazRvroT  amwic 
wneva relsebze (nax.1): 

∑𝑀𝐿 = 0, −𝑄 ∙ 0,6 + 𝑅𝑁 ∙ 2,4 − 𝑃 ∙ 7,2 = 0. 

aqedan 

𝑅𝑁 =
0,6𝑄 + 7,2𝑃

2,4
= 0,25𝑄 + 3𝑝. 

radgan  

∑𝑀𝐿 = 0, 

amitom 

−𝑅𝐿 ∙ 2,4 + 𝑄 ∙ 1,8 − 𝑃 ∙ 4,8 = 0. 

𝐴 
𝑄⃗⃗ 

• 
𝑃⃗⃗ 

𝐵 𝐶 

2 მ 4 მ 3 მ 6 მ 

1,2მ 1,2მ 

0,6 მ 
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Nnax.1. 
Aamwis wnevis Zala 

𝑅′⃗⃗⃗⃗
𝑁 = −𝑅⃗⃗𝑁,    𝑅′⃗⃗⃗⃗

𝐿 = −𝑅⃗⃗𝐿 . 
    xist CamagrebaSi  reaqtiuli wyvilZalis momentis gansasazRvravad 
xisti Camagreba SevcvaloT uZravi cilindruli saxsriT da movdoT 

   𝑀𝐴  reaqtiuli momenti  saaTis isris brunvis sawinaaRmdego 
mimarTulebiT (nax.2).  

 
nax.2 

   mivaniWoT sistemas SesaZlo gadaadgileba da CavweroT SesaZlo 
gadaadgilebaTa  principi: 

𝑀𝐴 ∙ 𝛿𝜑1 + 𝑅′𝐿 ∙ 𝛿𝑠𝐿 + 𝑅′𝑁 ∙ 𝛿𝑠𝑁 = 0. 
 gamovsaxoT SesaZlo gadaadgilebebi 𝛿𝜑1 −iT, Tu gaviTvaliswinebT, 

rom 𝐴𝐷 koWi brunavs 𝐴 wertilis irgvliv, xolo 𝐷𝐵𝐾 da 𝐾𝐶 koWebi- 

𝐴 
𝑄⃗⃗ 

• 
𝑃⃗⃗ 

𝐵 𝐶 

2 მ 4 მ 3 მ 6 მ 

1,2მ 1,2მ 

0,6 მ 

𝐷 
𝐿 

𝑥 

𝑁 

𝑅⃗⃗⃗𝑁 

𝐾 

𝑅⃗⃗⃗𝐿 

𝛿𝜑3 

𝐴 

𝐵 𝐶 

2 მ 4 მ 3 მ 6 მ 

1,2მ 1,2მ 

𝐷 

𝐾 𝑁 𝐿 

𝛿𝑠𝑁 

𝛿𝑠𝐷 

𝛿𝑠𝐾 𝛿𝑠𝐿 

𝛿𝜑1 
𝛿𝜑2 

𝑀𝐴 

𝛿𝜑2 
𝑅⃗⃗⃗𝑁

′
 𝑅⃗⃗⃗𝐿

′
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Sesabamisad 𝐵  da 𝐶 wertilebis irgvliv, romlebic am koWebisaTvis 
warmoadgenen brunvis myis centrebs.  

𝛿𝑠𝐷 = 2𝛿𝜑1, 

𝛿𝜑2 =
𝛿𝑠𝐷

4
=

𝛿𝜑1

2
, 

𝛿𝑠𝐿 = 1,8𝛿𝜑2 = 0.9𝛿𝜑1, 
𝛿𝑠𝐾 = 3𝛿𝜑2 = 1,5𝛿𝜑1, 

𝛿𝜑2 =
𝛿𝑠𝐾

6
=

1,5𝛿𝜑1

6
=

𝛿𝜑1

4
, 

𝛿𝑠𝑁 = 4,5𝛿𝜑3 =
𝛿𝜑1

4
∙ 4,8 = 1,2𝛿𝜑1. 

maSin 

−𝑀𝐴 ∙ 𝛿𝜑1 + 0,9𝑅′𝐿 ∙ 𝛿𝜑1 + 1,2𝑅′𝑁 ∙ 𝛿𝜑1 = 0. 
radgan 𝛿𝜑 ≠ 0,  amitom 

𝑀𝐴 = −0,9𝑅′𝐿 − 1,2𝑅′𝑁 = −0.9(0,75𝑄 − 2𝑃) − 1,2(0,25𝑄 + 3𝑃) = 
 

−(0.975𝑄 + 1,8𝑃) = −0,975 ∙ 160 − 1,8 ∙ 30 = −210kn 
p a s u x i:   𝑀𝐴 =210kn. 
 
 
 

amocana  46.29  

   baqanis karkasi Sedgeba Γ − sebri 

 CarCoebisagan, romelTac aqvT 
Sualeduri saxsari. CarCoebis. zeda 
nawili xistadaa Camagrebuli  
betonis kedelSi, xolo qveda 
eyrdnoba  moZrav cilindrul 
sayrdens. gansazrvreT Camagrebis 

vertikaluri reaqcia  𝑃⃗⃗1 da   𝑃⃗⃗2 
Zalebis moqmedebisas. 
a m o x s n a.    xisti Camagrebis 

reaqciis Zalis 𝑌⃗⃗𝐴 vertikaluri 

mdgenelis gansasazRvravad azrobriv SevcvaloT A xisti Camagreba 

vertikaluri cociaTi  da movdoT reaqciis Zalis  𝑅⃗⃗𝐴𝑦 vertikaluri 

mdgeneli (ix. Nnaxazi). 

𝐶 

𝐴 

𝑃⃗⃗1  

ℓ 

𝑃⃗⃗2  

𝐵 

ℎ 
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  mivaniWoT sistemas SesaZlo gadaadgileba da CavweroT SesaZlo 
gadaadgilebaTa  principi: 

                      𝑌𝐴 ∙ 𝛿𝑠𝐴 − 𝑃1 ∙ 𝛿𝑠1 + 𝑃2 ∙ 𝛿𝑠2 = 0.             (1) 
radgan 𝐴𝐶 Rero moZraobs gadataniT, amitom 𝛿𝑠𝐴 = 𝛿𝑠𝐶 = 𝛿𝑠1. 
  𝐵𝐾𝐶 koWi brunavs 𝐾 wertilis irgvliv, romelic am koWebisaTvis 
warmoadgenen brunvis myis centrs.  maSin  

𝛿𝜑 =
𝛿𝑠𝐶

ℓ
=

𝛿𝑠𝐴
ℓ

, 

𝛿𝑠2 = ℎ ∙ 𝛿𝜑 =
ℎ

ℓ
𝛿𝑠𝐴. 

CavsvaT   𝛿𝑠1 da 𝛿𝑠2 −is mniSvnelobebi  (1) gantolebaSi, miviRebT: 
 

𝑌𝐴 ∙ 𝛿𝑠𝐴 − 𝑃1 ∙ 𝛿𝑠𝐴 + 𝑃2 ∙
ℎ

ℓ
𝛿𝑠𝐴 = 0. 

aqedan 

𝑌𝐴 = 𝑃1 − 𝑃2 ∙
ℎ

ℓ
. 

p a s u x i:   𝑌𝐴 = 𝑃1 − 𝑃2 ∙
ℎ

ℓ
. 

 
 
 
 
 
 
 
 
 
 

𝐶 𝐴 

𝑃⃗⃗1  

ℓ 

𝑃⃗⃗2  

𝐵 

ℎ 

𝐾 

𝛿𝑠2 

𝛿𝑠𝐴 𝛿𝑠𝐶 𝛿𝜑 

𝛿𝜑 
𝑌⃗⃗𝐴  
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amocana  46.30  

H  𝐵𝐶 da  CD  ori  koWi 

erTmaneTTan C saxsriTaa 
SeerTebuli, xolo  cilindruli 

𝐵 saxsriT Camagrebulia 

vertikalur 𝐴𝐵 dgarze, romelic 
Camagrebulia 𝐴 kveTSi,  

cilindruli 𝐷 saxsriT ki 
SeerTebulia iatakTan. koWebze 

moqmedebs 𝑃⃗⃗1 da   𝑃⃗⃗2 Zalebi. 

gansazRvreT  A kveTSi reaqciis 
Zalis cilindruli mdgeneli 
zomebi naxazzea  naCvenebi.   
a m o x s n a.  reaqciis Zalis 
horizontaluri mdgenelis 
gansasazRvravad azrobriv 

SevcvaloT A xisti Camagreba 
horizontaluri cociaTi da 

movdoT  reaqciis Zalis  R 
horizontaluri  mdgeneli 
(ix.Nnaxazi). mivaniWoT sistemas 
SesaZlo gadaadgileba  da 
CavweroT SesaZlo 
gadaadgilebaTa principi: 

𝑅 ∙ 𝛿𝑠𝐴 + 𝑃1 ∙ 𝛿𝑠1 + 𝑃2 ∙ 𝛿𝑠2 = 0 
(1) 

radgan  𝐴𝐵 Rero gadataniT 
moZraobas, amitom 

𝛿𝑠𝐴 = 𝛿𝑠𝐵.. 
𝐵𝐶 Rero asrulebs myis gadataniT moZraobas,  maSin 

𝛿𝑠𝐵 = 𝛿𝑠1. = 𝛿𝑠𝐶. 

𝐶𝐷 Rero  mobrundeba 𝐷   wertilis irgvliv, e.i.: 

𝛿𝜑 =
𝛿𝑠𝐶

2ℎ
=

𝛿𝑠𝐴
2ℎ

, 

𝛿𝑠2 = ℎ ∙ 𝛿𝜑 =
1

2
𝛿𝑠𝐴. 

CavsvaT   𝛿𝑠1 da 𝛿𝑠2 −is mniSvnelobebi  (1) gantolebaSi, miviRebT: 
 

−𝑅 ∙ 𝛿𝑠𝐴 + 𝑃1 ∙ 𝛿𝑠𝐴 + 𝑃2 ∙
1

2
𝛿𝑠𝐴 = 0. 

aqedan 

𝐴 𝐷 

𝐶 

𝐵 
𝑃⃗⃗2 

𝑃⃗⃗1 

ℎ 

ℎ ℎ 

𝐴 

𝐷 

𝐶 

𝐵 
𝑃⃗⃗2 

𝑃⃗⃗1 

𝛿𝑠𝐴 

𝛿𝑠2 

𝛿𝜑 

𝛿𝑠𝐵 

𝛿𝑠𝐶 
𝛿𝑠1 

𝑅⃗⃗ 
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𝑅 = 𝑃1 +
1

2
𝑃2. 

p a s u x i:   𝑅 = 𝑃1 +
1

2
𝑃2. 

 
 
 

amocana  46.31  

   gansazRvreT im reaqtiuli wyvilZalis   𝑚𝐴 momenti, romelic 

warmoiSoba 𝐴𝐵 dgaris A𝐴  Camagrebis adgilas winamdebare amocanaSi.  

a m o x s n a.    𝑚𝐴 
reaqtiuli momentis 
gansasazRvravad azrobriv 

SevcvaloT 𝐴 xisti Camagreba 
uZravi cilindruli saxsriT   
da movdoT reaqtiuli 

wyvilZalis    𝑚𝐴 momenti 
(ix. Nnaxazi). .mivaniWoT 
sistemas SesaZlo  
gadaadgileba da CavweroT 
SesaZlo gadaadgilebaTa 
principi: 

               −𝑚𝐴 ∙
𝛿𝜑1 + 𝑃1 ∙ 𝛿𝑠1 + 𝑃2 ∙ 𝛿𝑠2 = 0.                  (1) 
  radgan  𝐴𝐵 Rero    mobrundeba 𝐴   wertilis irgvliv, amitom 

𝛿𝑠𝐴 = ℎ𝛿𝜑1. 
𝐵𝐶 Rero asrulebs myis gadataniT moZraobas,  e.i. 

𝛿𝑠𝐵. = 𝛿𝑠1. = 𝛿𝑠𝐶 = ℎ𝛿𝜑1. 
𝐶𝐷 Rero  mobrundeba 𝐷   wertilis irgvliv, e.i.: 

𝛿𝑠2 = ℎ ∙ 𝛿𝜑2 =
ℎ ∙ 𝛿𝜑1

2
, 

Dda radgan   

𝛿𝜑2 =
𝛿𝑠𝐶

2ℎ
=

ℎ ∙ 𝛿𝜑1

2ℎ
=

𝛿𝜑1

ℎ
. 

maSin (1) gantoleba miiRebs saxes: 
 

−𝑚𝐴 ∙ 𝛿𝜑1 + 𝑃1ℎ ∙ 𝛿𝜑1 + 𝑃2 ∙
ℎ ∙ 𝛿𝜑1

2
= 0. 

aqedan 

𝑚𝐴 = (𝑃1 +
1

2
𝑃2) ℎ. 

p a s u x i:   𝑚𝐴 = (𝑃1 +
1

2
𝑃2) ℎ. 

𝐷 

𝐶 

𝐵 
𝑃⃗⃗2 

𝑃⃗⃗1 

𝛿𝑠2 
𝛿𝑠𝐵 

𝛿𝑠𝐶 
𝛿𝑠1 

𝛿𝜑2 

𝐴 

ℎ 

ℎ 

ℎ 

𝑚𝐴 
m

𝛿𝜑1 
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amocana  46.32  

  𝐷 saxsriT  SeerTebuli  ori  I da II wamwe  III da IV Reroebis 
saSualebiT mimagrebulia 

miwaze   𝐶 saxsriT;   𝐴  
da 𝐵  wertilebSi  maT 
aqvT sayrdenebi 

sagoravebze. I  wamwe 
datvirTulia ertikaluri 

𝑃 ZaliT 𝐴 sayrdenidan 𝑎 
manZilze.  ipoveT 𝐵  
sagoravis reaqcia. 

 mM i T i T e b a.   winaswar unda ganisazRvros  I da II wamweebis  
siCqareTa  myisi 𝐶1  da 𝐶2 centrebi.   

a m o x s n a.    𝐵  sayrdenis reaqciis Zalis gansasazRvravad 
movaciloT uZravi cilindruli saxsari da igi SevcvaloT reaqciis 

ZaliT  𝑅⃗⃗𝐵 (ix. Nnaxazi). mivaniWoT sistemas SesaZlo gadaadgileba. 

ganvsazRvroT I da II wamweebis  brunvis  myisi centrebi: 𝐶1 wertili   

I wamwisaTvis  da 𝐶2 wertili   II wamwisaTvis. CavweroT SesaZlo 
gadaadgilebaTa principi: 

               −𝑀𝐶1
(𝑃⃗⃗) ∙ 𝛿𝜑1 + 𝑀𝐶1

(𝑅⃗⃗𝐵) ∙ 𝛿𝜑2 = 0. 

radgan 𝐷 wertili 
saerToa orive  
wamwisaTvis, amitom  

𝛿𝑠𝐷 = 𝐷𝐶1 ∙ 𝛿𝜑1 = 
     = 𝐷𝐶2 ∙ 𝛿𝜑2 
saidanac 

𝛿𝜑2 = 𝛿𝜑1

𝐷𝐶1

𝐷𝐶2
. 

  SemoviRoT aRniSvna: 

𝐶2𝐾 = 𝑏, 

sadac 𝐶2𝐾 aris 𝑅⃗⃗𝐵 
reaqciis Zalis  mxari 

𝐶2  brunvis  myisi 
centris mimarT. 
  mocemuli Zalebis momentebi brunvis  myisi centris mimarT.: 

𝑀𝐶1
(𝑃⃗⃗) = 𝑃𝑎, 

 𝐼𝐼𝐼 

 𝑎  𝑃⃗⃗ 

 𝐷 
 𝐴 

 𝐵 

 𝐼  𝐼𝐼  𝐼𝑉 
 𝐶 

 𝐼𝐼𝐼 

 𝑎  𝑃⃗⃗ 

 𝐷 
 𝐴 

 𝐶 

 𝐼  𝐼𝐼  𝐼𝑉 

 𝐶1 

 𝐶2 

 • 

 • 

 𝑏 

 𝐾 

 𝑅⃗⃗𝐵 

 𝐵 

 • 

𝛿𝜑2 

𝛿𝜑1 
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𝑀𝐶2
(𝑅⃗⃗𝐵) = 𝑅𝐵𝑏. 

MmaSasadame, 

               −𝑃𝑎 ∙ 𝛿𝜑1 + 𝑅𝐵𝑏 ∙ 𝛿𝜑1
𝐷𝐶1

𝐷𝐶2
= 0. 

radgan 𝛿𝜑1 ≠ 0,  amitom 

𝑅𝐵 = 𝑃
𝑎

𝑏

𝐶2𝐷

𝐶1𝐷
. 

 

p a s u x i:  𝑅𝐵 = 𝑃
𝑎

𝑏

𝐶2𝐷

𝐶1𝐷
, sadac 𝑏 aris 𝑅⃗⃗𝐵 reaqciis Zalis  mxari 𝐶2  

myisi centris mimarT.   𝑅⃗⃗𝐵 reaqciis Zala mimarTulia  𝐵  sagoravis 
srialis sibrtyis marTobulad marcxnidan marjvniv  qveviT. 
 

 
 

 
 

$47.  Ddinamikis zogadi gantoleba 

 

meToduri miTiTebebi amocanebis amosaxsnelad. 
 

   Ddinamikis zogadi gantoleba an lagranJ-dalamberis 
principi) gamoiyeneba  araTavisufali  meqanikuri sistemis moZraobis 
gamosakvlevad, romlis Semadgeneli sxeulebi  an wertilebi 
moZraoben garkveuli aCqarebiT. 
    Ddalamberis principis Tanaxmad,   Tu araTavisufali meqanikuri 
sistemis wertilebze movdebT aqtiur Zalebs, reaqciis Zalebs da am 
wertilebis inerciis Zalebs, maSin miRebuli ZalTa sistema iqneba 
nulis eqvivalenturi, e.i.   aseTi ZalTa sistemis moqmedebiT 
meqanikuri sistema azrobriv iqneba wonasworobaSi. Tu aseTi ZalTa 
sistemisaTvis gamoviyenebT SesaZlo gadaadgilebaTa principiT 
(lagranJis principiT) gamosaxul wonasworobis pirobebs, maSin 
miviRebT gaerTialebul lagranJ-dalamberis princips: meqanikuri  
sistemis moZraobisas, romelic emorCileba stacionalur, damWer da 
idealur bmebs, sistemaze uSualod moqmedi Zalebisa da inerciis 
Zalebis elementarul muSaobaTa jami yovel SesaZlo 
gadaadgilebaze drois yovel momentSi udris nuls.  
  Pam principis zogad analizur gamosaxulebas aqvs saxe: 

                        ∑ 𝛿𝐴𝑘
𝑎 + ∑ 𝛿𝐴𝑘

Φ

𝑛

𝑘=1

= 0,                                         (47.1)

𝑛

𝑘=1
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Esadac   ∑ 𝛿𝐴𝑘
𝑎𝑛

𝑘=1 , ∑ 𝛿𝐴𝑘
Φ𝑛

𝑘=1 - aqtiuri da inerciis Zalebis SesaZlo 
muSaobaTa jamebia. 
radgan 

                                              ∑ 𝛿𝐴𝑘
𝑎 = ∑ 𝐹⃗𝑘 ∙ 𝛿𝑟𝑘 ,

𝑛

𝑘=1

𝑛

𝑘=1

                                 

xolo 

∑ 𝛿𝐴𝑘
ინ = ∑ Φ⃗⃗⃗⃗𝑘 ∙ 𝛿𝑟𝑘 ,

𝑛

𝑘=1

𝑛

𝑘=1

 

 
maSin   (47.1) gantoleba SeiZleba Caiweros veqtoruli  saxiT: 
 

                                  ∑(𝐹⃗𝑘 + Φ⃗⃗⃗⃗𝑘) ∙ 𝛿𝑟𝑘 = 0

𝑛

𝑘=1

                                (47.2) 

  Aan skalaruli saxiT  

  ∑[(𝐹𝑘𝑥 + Φ𝑘𝑥) ∙ 𝛿𝑥𝑘 + (𝐹𝑘𝑦 + Φ𝑘𝑦) ∙ 𝛿𝑦𝑘 + (𝐹𝑘𝑧 + Φ𝑘𝑧) ∙ 𝛿𝑧𝑘] =

𝑛

𝑘=1

0( 47.3) 

  Tu gaviTvaliswinebT, rom materialuri wertilis inerciis Zala  

Φ⃗⃗⃗⃗𝑘 = −𝑚𝑘𝑎⃗𝑘, xolo misi gegmilebi sakoordinato RerZebze: 

{

Φ𝑘𝑥 = −𝑚𝑘𝑥̈𝑘,
Φ𝑘𝑦 = −𝑚𝑘𝑦̈𝑘 ,

Φ𝑘𝑧 = −𝑚𝑘𝑧̈𝑘,
 

MmaSin  (47.2) da (47.3) gantolebebi Caiwereba  Semdegi saxiT: 

                                  ∑(𝐹⃗𝑘 − 𝑚𝑘𝑎⃗𝑘) ∙ 𝛿𝑟𝑘 = 0

𝑛

𝑘=1

                                    (47.2′) 

∑[(𝐹𝑘𝑥 − 𝑚𝑘𝑥̈𝑘) ∙ 𝛿𝑥𝑘 + (𝐹𝑘𝑦−𝑚𝑘𝑦̈𝑘) ∙ 𝛿𝑦𝑘 +

𝑛

𝑘=1

 

                     +(𝐹𝑘𝑧 − 𝑚𝑘𝑧̈𝑘) ∙ 𝛿𝑧𝑘] = 0.           ( 47.3′) 
    
Tu SesaZlo gadaadgilebad aRebulia kuTxuri gadaadgileba myari 
sxeulis uZravi ARerZis garSemo brunvisas, maSin gantolebis 
Sedgenisas  Zalebis SesaZlo muSaobebi  ganisazRvreba rogorc  am 
Zalebis momentebis muSaobebi brunvis RerZis mimarT. 
Ddalamberis proncipiT amocanebis amoxsnis meTodur miTiTebebSi (ix. 
paragrafi 41) moyvanilia inerciis Zalebis nakrebi veqtoris da 
nakrebi momentis gamosaTvleli formulebi myari sxeulis sxvadasxva 
moZraobisas. 

  • gataniTi moZraobisas 
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                  Φ⃗⃗⃗⃗∗ = −𝑀𝑎⃗𝐶 ,    𝑀⃗⃗⃗𝐶
Φ = 0,             (47.4) 

 

sadac 𝑎⃗𝐶 −      masaTa centris aCqarebaa, 𝑀 − sxeulis masa. 

  •  myari sxeulis masaTa centrze gamavali RerZis garSemo brunviTi 

moZraobisas: 

                   Φ⃗⃗⃗⃗∗ = 0, 𝑀⃗⃗⃗𝐶𝑧
Φ = −𝐽𝐶𝑧𝜀,⃗⃗⃗              (47.5) 

sadac 𝜀 − kuTxuri aCqarebaa, xolo 𝐽𝐶 − myari sxeulis inerciis 
momentia masaTa centrze gamavali RerZis mimarT; 

  •  myari sxeulis brtyeli moZraobisas: 

                   Φ⃗⃗⃗⃗∗ = −𝑀𝑎⃗𝐶 , 𝑀⃗⃗⃗𝐶𝑧
Φ = −𝐽𝐶𝑧𝜀,⃗⃗⃗          (47.6) 

  Ddinamikis zogadi gantoleba  ASeiZleba CavweroT ganzogadebul 
ZalebSi an ganzogadebul koordinatebSi: 

                                ∑(𝑄𝑗
𝑎 + 𝑄𝑗

Φ)𝛿𝑞𝑗 = 0,

𝑠

𝑗=1

= 1,⋯ , 𝑠,                  (47.7)   

sadac . 𝑠 − ganzogadebul koordinatebis ricsvia, romelic udris 

sistemis Tavisuflebis ricxvs; 𝑄𝑗
𝑎 −aqtiuri Zalebis ganzogadebuli 

Zalaa, 𝑄𝑗
Φ −inerciis Zalebis ganzogadebuli Zala. 

   am Zalebis gamoTvlisaTvis saWiro formulebi moyvanilia 
“anlizuri meqanikis” nawilis SesavalSi. 
    M am paragrafis amocanebis amoxsnis Tanmimdevroba: 
  1. gansaxilvel meqanikur sistemaze movdoT aqtiuri Zalebi, maT 
Soris xaxunis Zalebic, Tu bmebi araideluria da sistemaSi Semavali 
sxeulebis inerciis Zalebi; 
  2. ganvsazRvroT meqanikuri sistemis Tavisuflebis xarisxis ricxvi; 
    a)erTi Tavisuflebis xarisxis mqone sistemisaTvis: 

  3. mivaniWoT SesaZlo gadaadgileba erT-erT wertils (an sxeuls)   
 da naxazze vaCvenoT  Zalebis modebis wertilebis (an  sxeulebis) 
SesaZlo gadaadgilebebi;. 
4. CavweroT aqtiuri Zalebis da inerciis Zalebis elementarul 
muSaobaTa jami yvela SesaZlo gadaadgilebaze da gavutoloT is 
nuls;E 
5.gamovsaxoT Zalebis modebis yvela wertilis SesaZlo 
gadaadgileba erT-erTi wertilis SesaZlo gadaadgilebiT;  
6. ganvsazRvroT sistemaSi Semavali sxeulebis inerciis Zalebi da 
maTi momentebi da gamovsaxoT   isini saZiebeli aCqarebiT; 
  7. CasvaT miRebuli Tanafardobebi SesaZlo muSaobis gantolebaSi, 
romlis amoxsnis Sedegad  ganvsazRvroT saZiebeli sidide. 
  b) ramdenime Tavisuflebis xarisxis mqone sistemis SemTxvevaSi 
3. avirCioT sistemis wertilebis damoukidebeli SesaZlo 
gadaadgilebebi, romelTa raodenoba Seesabameba sistemis 
Tavisuflebis xarisxs; 
4. mivaniWoT SesaZlo gadaadgileba, romelic Seesabameba sistemis 
erT-erT Tavisuflebis xarisxs, amasTan CavTvaloT, rom SesaZlo 
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gadaadgilebebi, romlebic Seesabameba sistemis danarCen 
Tavisuflebis xarisxs, udris nuls.  Zalebis modebis wertilebis 
SesaZlo gadaadgilebebi gamovsaxoT sistemis  erTi SesaZlo 
gadaadgilebiT; 
 5. CavweroT meqanikuri sistemaze modebuli aqtiuri  da inerciis 
Zalebis  SesaZlo muSaobaTa jami da gavutoloT es jami nuls; 
6. Tanmimdevrulad SevasruloT me-4 da me-5 punqtebSi miTiTebuli 
moqmedebebi TiToeuli damoukidebli SesaZlo gadaadgilebisaTvis, 
SevadginoT gantolebebi, romelTa raodenoba damoukidebeli 
SesaZlo gadaadgilebaTa ricxvis tolia; 
7. amovxsnaT miRebuli gantolebaTa sistema da ganvsazRvroT 
saZiebeli sidideebi. 
 
 

amocanebi da amoxsnebi 
 

amocana  47.1  

  sami erTnairi  𝑀 masis  tvirTi 
SeerTebulia uWimari uwoni ZafiT, 

romelic gadakidebulia uZrav uwon 𝐴 
blokze. Oori tvirTi Zevs gluv 
horizontalur sibrtyeze, xolo mesame 
Camokidebulia vertikalurad. 
ganszRvreT sistemis aCqareba da Zafis 

daWimuloba  𝑎𝑏 kveTSi.           
 a m o x s n a.    ganvixiloT erTi 
Tavisuflebis xarisxis mqone 
meqanikuri sistemis moZraoba, 
romelic Sedgeba erTmaneTTan 
uWimari uwoni ZafiT 
SeerTebuli  sami 
tvirTisagan. 
    saangariSo sqemaze (nax.1)  
vaCvenoT aqtiuri Zalebi: 
tvirTebis simZimis 
AZalebi−𝑀𝑔⃗,bmis reaqciebi 

−𝑁⃗⃗⃗ da inerciis Zalebi −Φ.⃗⃗⃗⃗⃗⃗  I 
tvirTs mivaniWoT SesaZlo 

gadaadgileba 𝛿𝑠,igive 
gadaadgilebas miiRebs2 da 3 

tvirTebi. 1 tvirTis 𝑎 
aCqareba mimarTulia qveviT, 2 
da 3 tvirTebic   imoZraveben                  
igive aCqarebiT. tvirTebis inerciis Zalebia 

𝑏 

𝑎 

𝐴 

𝛿𝑠 
1 

𝐴 

𝑀𝑔⃗ 

• • 

• 

2 3 𝑎⃗ 

N⃗⃗⃗2 N⃗⃗⃗3 

N⃗⃗⃗𝐴 Φ⃗⃗⃗⃗3 Φ⃗⃗⃗⃗2 

Φ⃗⃗⃗⃗1 

𝑎⃗ 

𝑀𝑔⃗ 𝑀𝑔⃗ 

𝛿𝑠 𝛿𝑠 
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     Φ1 = Φ2 = Φ3 = 𝑀𝑎.      (1)           nax.1 
          
   SevadginoT  dinamikis zogadi gantoleba tvirTebis sistemisaTvis:            

∑ 𝛿𝐴𝑘
𝑎 + ∑ 𝛿𝐴𝑘

Φ

𝑛

𝑘=1

= 0,

𝑛

𝑘=1

 

𝑀𝑔 𝛿𝑠 −     Φ1 𝛿𝑠 −     Φ2 𝛿𝑠 −     Φ2 𝛿𝑠 = 0 
an 

(𝑀𝑔 − 3𝑀𝑎)𝛿𝑠 = 0. 
radgan  δs ≠ 0,  amitom 
 𝑀𝑔 − 3𝑀𝑎 = 0 
Aaqedan  tvirTebis aCqareba 

                          𝑎 =
1

3
𝑔.                     (2) 

 

  imisaTvis, rom ganvsazRvroT Zafis daWimuloba 𝑎𝑏 kveTSi, 
CavweroT dalamberis principi 3 tvirTisaTvis 
  SevadginoT  3 tvirTisaTvis saangariSo sqema (nax.2). vaCvenoT aqtiuri 
Zalebi: tvirTebis simZimis AZalebi−𝑀𝑔⃗, 

sibrtyis reaqciis Zala−𝑁⃗⃗⃗3, Zafis 

daWimuloba −𝑇⃗⃗ da inerciis Zalebi 

−Φ⃗⃗⃗⃗⃗3. 
   CavweroT wonasworobis gantoleba  

horizontalur    𝑂𝑥 RerZze 
gegmilebSi: 

               ∑𝐹𝑘𝑥 = 0,        𝑇 − Φ3 = 0. 

maSin (1) da (2) gamosaxulebebis gaTvaliswinebiT          nax.2 

 𝑇 = Φ3 = 𝑀𝑎 = 𝑀
1

3
𝑔 =

1

3
𝑀𝑔. 

 

p a s u x i:   𝑎 =
1

3
𝑔;    𝑇 =

1

3
𝑀𝑔. 
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𝑏 

𝑎 
𝑇⃗⃗ 

𝑥 

𝑎⃗ 

𝑀𝑔⃗ 

Φ⃗⃗⃗⃗3 
 

N⃗⃗⃗3 
 

• 
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    amoxseniT wina amocana blokis masis gaTvaliswinebiT, Tu 

tvirTebis moZraobisas  𝐴 bloki brunavs uZravi RerZis garSemo. 

blokis-mTliani erTgvarovani diskos masa udris 2𝑀. 
 a m o x s n a.  ganvixiloT mocemuli meqanikuri sistemis moZraoba,  
saangariSo sqemaze (nax.1)  
  vaCvenoT aqtiuri Zalebi: 
tvirTebis da blokis 
simZimis AZalebi,, bmis 
reaqciebi,  tvirTebis 

inerciis Zalebi  da 𝐴 
blokis inerciis Zalis 
momenti. sistemis 
Tavisuflebis xarisxi  
udris erTs.  CavTvaloT, 

rom 1 tvirTi moZraobs 𝑎 
aCqarebiT, maSin 𝐴 blokis 
kuTxuri aCqareba 

𝜺 =
𝒂

𝒓
, 

(2) da (3) tvirTebis 
aCqarebebi sididiT                                nax.1 

erTmaneTis tolia, e.i.     𝑎1 = 𝑎2 = 𝑎3 = 𝑎. 

  vipovoT sistemaSi Semavali sxeulebis inerciis Zalebis da blokis 
inerciis Zalis momentis sidideebi:  

                 Φ1 = Φ2 = Φ3 = 𝑀𝑎.                     (1) 

𝑀Φ = 𝐽𝜀 =
2𝑀𝑟2

2

𝑎

𝑟
= 𝑀𝑟𝑎. 

I tvirTs mivaniWoT SesaZlo gadaadgileba 𝛿𝑠, igive gadaadgilebas 

miiRebs danarCeni ori tvirTi.  amasTan 𝐴 blokis Sesazlo kuTxuri 
gadaadgileba iqneba: 

𝛿𝜑 =
𝛿𝑠

𝑟
. 

  SevadginoT  dinamikis zogadi  gantoleba gansaxilveli  
sistemisaTvis  e.i. gavutoloT nuls aqtiuri Zalebis da inerciis 
Zalebis elementarul muSaobaTa jami sistemis SesaZlo 
gadaadgilebaze:            

𝑀𝑔  𝛿𝑠 − 𝑀Φ𝛿𝜑 −     Φ1 𝛿𝑠 −     Φ2 𝛿𝑠 −     Φ2 𝛿𝑠 = 0. 
Aan 

(𝑀𝑔 − 𝑀Φ
1

𝑟
−  Φ1  −  Φ2 −  Φ2)  𝛿𝑠 = 0 

radgan  δs ≠ 0,  amitom 

𝛿𝑠 
1 

𝐴 

𝑀𝑔⃗ 

• • 

• 

2 3 𝑎⃗ 

N⃗⃗⃗2 N⃗⃗⃗3 

N⃗⃗⃗𝐴 Φ⃗⃗⃗⃗3 Φ⃗⃗⃗⃗2 

Φ⃗⃗⃗⃗1 

𝑎⃗ 

𝑀𝑔⃗ 𝑀𝑔⃗ 

𝛿𝑠 𝛿𝑠 

2𝑀𝑔⃗ 
 

𝛿𝜑 

𝑀⃗⃗⃗Φ 
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 𝑀𝑔 − 𝑀Φ 1

𝑟
− 3Φ = 0 

Aan 

𝑀𝑔 − 𝑀𝑎 − 3𝑀𝑎 = 0 
Aaqedan  tvirTebis aCqareba 

                          𝑎 =
1

4
𝑔.                     (2) 

  imisaTvis, rom ganvsazRvroT Zafis daWimuloba 𝑎𝑏 kveTSi, CavweroT 
dalamberis principi 3 tvirTisaTvis  
davxazoT  3 tvirTisaTvis saangariSo 
sqema (nax.2). vaCvenoT aqtiuri Zalebi: 
tvirTebis simZimis AZalebi−𝑀𝑔⃗, sibrtyis 

reaqciis Zala−𝑁⃗⃗⃗3,  Zafis daWimuloba −𝑇⃗⃗ 

da inerciis Zalebi −Φ⃗⃗⃗⃗⃗3. 
   CavweroT wonasworobis gantoleba  

horizontalur    𝑂𝑥 RerZze egmilebSi:   
                                                       nax.2 

               ∑𝐹𝑘𝑥 = 0,        𝑇 − Φ3 = 0. 

maSin (1) da (2) gamosaxulebebis gaTvaliswinebiT           

 𝑇 = Φ3 = 𝑀𝑎 = 𝑀
1

4
𝑔 =

1

4
𝑀𝑔. 

 

p a s u x i:   𝑎 =
1

4
𝑔;    𝑇 =

1

4
𝑀𝑔. 
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  𝑀1 da 𝑀2 masis  ori tvirTi  
Camokidebulia or Runvad da uWimar 
Zafze, romlebic rogorc naxazzea 
naCvenebi, daxveulia saerTo RerZze  

Camocmul 𝑟1 da 𝑟2 radiusis 
dolebze. tvirTebi moZraobs simZimis 
Zalis moqmedebiT. gansazRvreT 

dolebis kuTxuri 𝜺 aCqareba, Tu maTi 
masa da Zafismasa ugulebelyofilia. 
a m o x s n a.    ganvixiloT 
mocemuli meqanikuri sistemis 
moZraoba,  romlis  Tavisuflebis xarisxi  udris erTs. 

𝑏 

𝑎 
𝑇⃗⃗ 

𝑥 

𝑎⃗ 

𝑀𝑔⃗ 

Φ⃗⃗⃗⃗3 
 

N⃗⃗⃗3 
 

• 

• 

  𝑟2 

  𝑀1 

  𝑟1 

  𝑀2 

  𝑂 
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  vaCvenoT aqtiuri Zalebi: 
tvirTebis 
simZimis AZalebi,, agreTve, 
tvirTebis 
inerciis Zalebi  CavTvaloT, rom 

𝑀2 masis  tvirTi  moZraobs qveviT.  
gamovsazoT tvirTebis aCqarebebi 
dolis kuTxuri aCqarebiT: 

          𝑎1 = 𝜀𝑟1,   𝑎2 = 𝜀𝑟2.  

vipovoT tvirTebis inerciis 

Zalebis sidiდeebi: 

        Φ1 =  𝑀1 𝑎1 = 𝑀1 𝑟1𝜀, 

        Φ2 =  𝑀2 𝑎2 = 𝑀2 𝑟2𝜀 

 Ddols mivaniWoT SesaZlo 

kuTxuri gadaadgilebaN𝛿𝜑,  maSin  

𝑀1   tvirTis SesaZlo 
gadaadgileba  

 𝛿𝑠1 =  𝑟1𝛿𝜑,                               
(1) xolo  𝑀2   tvirTis SesaZlo gadaadgileba 

                                        𝛿𝑠2 =  𝑟2𝛿𝜑,                                    (2)                

         SevadginoT  dinamikis zogadi  gantoleba gansaxilveli  
sistemisaTvis  e.i. gavutoloT nuls aqtiuri Zalebis da inerciis 
Zalebis elementarul muSaobaTa jami sistemis SesaZlo 
gadaadgilebaze:            

𝑀2𝑔  𝛿𝑠2 −  Φ2  𝛿𝑠2 −    Φ1  𝛿𝑠1 − 𝑀1𝑔  𝛿𝑠1 = 0 
Aan (1) da (2) tolobebis gaTvaliswinebiT 

𝑀2𝑔  𝑟2𝛿𝜑 − 𝑀2 𝑟2𝜀  2 𝛿𝜑 − 𝑀1𝑔  𝑟1𝛿𝜑 − 𝑀1 𝑟1𝜀  𝑟1 𝛿𝜑 = 0, 

[(𝑀2  𝑟2 − 𝑀1  𝑟1)𝑔 − (𝑀2 𝑟2
2  + 𝑀1 𝑟1 

2)𝜀] 𝛿𝜑 = 0. 

radgan  δ𝜑 ≠ 0,  amitom 
(𝑀2  𝑟2 − 𝑀1  𝑟1)𝑔 − (𝑀2 𝑟2

2  + 𝑀1 𝑟1 
2)𝜀 = 0. 

Aaqedan dolis kuTxuri aCqareba 

𝜀 = 𝑔
𝑀2  𝑟2 − 𝑀1  𝑟1

𝑀2𝑟2
2  + 𝑀1𝑟1

2 . 

p a s u x i:   𝜀 = 𝑔
𝑀2  𝑟2−𝑀1  𝑟1

𝑀2 𝑟2
2 +𝑀1 𝑟1 2

. 

 

 

• 

  𝑟2 

  𝑀1 

  𝑟1 

  𝑀2 

  𝑂 

  
• 

  
• 

𝛿𝜑 𝑁⃗⃗⃗ 

 𝛿𝑠2 

𝑀1𝑔⃗⃗⃗ 

 
𝑀2𝑔⃗⃗⃗ 

 𝑎⃗2 

 𝑎⃗1  𝛿𝑠1 
Φ⃗⃗⃗⃗2 

Φ⃗⃗⃗⃗1 
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amocana 47.4  

    wina amocanis pirobebSi 

gansazRvreT kuTxuri 𝜺 aCqareba, Tu 
mxedvelobaSi miviRebT  dolebis 
masebs Semdegi monacemebis 

SemTxvevaSi:    𝑀1 =20kg,  𝑀2 =34kg, 

 𝑟1 =5sm,  𝑟2 = 10sm; dolebis masebia: 
mciresi-4kg, didis-8kg. dolebis masa 
igulisxmeT Tanabrad ganawilebulad 

maTi gare zedapirებis gaswvriv. 

a m o x s n a.  ganvixiloT mocemuli 
meqanikuri sistemis moZraoba, romlis   
Tavisuflebis xarisxi  udris erTs. 
   saangariSo sqemaze (nax.1) vaCvenoT 
aqtiuri Zalebi: tvirTebis da 

დოლებis simZimis AZalebi,, bmis 
reaqciebi, tvirTebis inerciis Zalebi  

da დოლებis inerciis Zalებis 

მomentებi, ჩავთვალოთ რა, რომ ისინი 

მობრუნდებიან აჩქარებით საათის ისრის ბრუნვის მიმართულებით. 
     vipovoT tvirTebis inerciis Zalebis  

და მცირე და დიდი დოლების ინერციის ძალების  მომენტების სიდიდეები:                       
nax.1 

        Φ1 =  𝑀1 𝑎1 = 𝑀1 𝑟1𝜀, 

        Φ2 =  𝑀2 𝑎2 = 𝑀2 𝑟2𝜀 

𝑀მ
Φ = 𝐽მ 𝜀 = 𝑀მ𝑟1

2𝜀, 

𝑀დ
Φ = 𝐽დ 𝜀 = 𝑀დ𝑟2

2𝜀. 

   Aazrobriv gavaCeroT sistema, mivaniWoT dolebs SesaZlo kuTxuri 

gadaadgileba 𝛿𝜑 saaTis isris brunvis mimarTulebiT, maSin 𝑀1   
tvirTis  SesaZlo gadaadgileba  

                  𝛿𝑠1 =  𝑟1𝛿𝜑,                              (1) 
xolo  𝑀2   tvirTis SesaZlo gadaadgileba  

                  𝛿𝑠2 =  𝑟2𝛿𝜑,                              (2) 

                  𝛿𝑠2 =  𝑟2𝛿𝜑,                              (2) 

         SevadginoT  dinamikis zogadi  gantoleba gansaxilveli  
sistemisaTvis  e.i. gavutoloT nuls aqtiuri Zalebis da inerciis 
Zalebis elementarul muSaobaTa jami sistemis SesaZlo 
gadaadgilebaze:            

• 

  𝑟2 

  𝑀1 

  𝑟1 

  𝑀2 

  𝑂 

  
• 

  
• 

𝛿𝜑 𝑁⃗⃗⃗ 

 𝛿𝑠2 

 
𝑀1𝑔⃗⃗⃗  

𝑀2𝑔⃗⃗⃗ 

 𝑎⃗2 

 𝑎⃗1 

 𝛿𝑠1 Φ⃗⃗⃗⃗2 

Φ⃗⃗⃗⃗1 

  𝜺 

 
𝑀დ𝑔⃗⃗⃗ 

 
𝑀მ𝑔⃗⃗⃗ 

 𝑀მ
Φ 

 𝑀დ
Φ 
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𝑀2𝑔  𝛿𝑠2 −  Φ2  𝛿𝑠2 − 𝑀მ
Φ𝛿𝜑 − 𝑀დ

Φ𝛿𝜑 −  Φ1  𝛿𝑠1 − 𝑀1𝑔  𝛿𝑠1 = 0 
Aan (1) da (2) tolobebis gaTvaliswinebiT 

[(𝑀2𝑔  𝑟2 − 𝑀1 𝑔𝑟1) − ( Φ1 𝑟1 +  Φ2  𝑟2 + 𝑀მ
Φ + 𝑀დ

Φ)] 𝛿𝜑 = 0. 

radgan  δ𝜑 ≠ 0,  amitom 
(𝑀2  𝑟2 − 𝑀1 𝑟1)𝑔 − ( M1𝑟1

2 +  M2 𝑟2
2 + 𝑀მ𝑟1

2 + 𝑀დ𝑟2
2)𝜀. = 0. 

Aaqedan dolis kuTxuri aCqareba 

𝜀 =
(𝑀2  𝑟2 − 𝑀1  𝑟1)𝑔

 M1𝑟1
2 +  M2 𝑟2

2 + 𝑀მ𝑟1
2 + 𝑀დ𝑟2

2 = 

=
(34 ∙ 0,1 − 20 ∙ 0,05) ∙ 9,81

20 ∙ 0,052 + 34 ∙ 0,12 + 4 ∙ 0,052 + 8 ∙ 0,12
= 49რად/წმ2). 

        imisaTvis, rom ganvsazRvroT Zafis daWimuloba, CavweroT 

dalamberis principi 1 tvirTisaTvis    𝑀1 tvirTზე 

მოქმედებს  simZimis AZalა−𝑀1𝑔⃗, Zafis daWimuloba −𝑇⃗⃗1 

da inerciis Zalა −Φ⃗⃗⃗⃗⃗1  (nax.2).   
   CavweroT wonasworobis gantoleba vertikalur   

𝑂𝑥 RerZze gegmilebSi: 

               ∑𝐹𝑘𝑥 = 0,        𝑇1 − 𝑀1𝑔 − Φ1 = 0. 

maSin 

𝑇1 = 𝑀1𝑔 + 𝑀1 𝑎1 = 𝑀1(𝑔 +  𝑎1) = 

= 𝑀1(𝑔 +  𝑟1𝜀) = 20(9,81 + 0,05 ∙ 49) = 246(ნ).             nax.2 

   𝑀2 tvirTზე მოქმედებს  simZimis AZalა−𝑀2𝑔⃗, Zafis  daWimuloba −𝑇⃗⃗2 

da inerciis Zalა −Φ⃗⃗⃗⃗⃗2  (nax.3).  

   CavweroT wonasworobis gantoleba vertikalur  𝑂𝑦 RerZze 
gegmilebSi: 

               ∑𝐹𝑘𝑦 = 0,        𝑇2 − 𝑀2𝑔 + Φ2 = 0. 

maSin 

     𝑇2 = 𝑀2𝑔 − Φ2 = 𝑀2𝑔 − 𝑀2 𝑎2 = 𝑀2(𝑔 −  𝑟2𝜀) = 

       = 34(9,81 + 0,1 ∙ 49) = 167(ნ).                                           

                                                  nax.3 

p a s u x i:   𝜀 = 49რად/წმ2;  𝑇1 = 246ნ;         𝑇2 = 167ნ.        

 

𝑀1𝑔⃗ 

Φ⃗⃗⃗⃗1 
 

• 

𝑥 

𝑎⃗1 
𝑇⃗⃗1 
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   naxazze naCvenebi blokebis sistemaze Camokidebulia tvirTebi: 

𝑀1 =10kg masis  da  𝑀2 =8kg masis. gansazRvreT 𝑀2 tvirTis  𝑎2 

aCqareba  da Zafis  𝑇 daWimuloba, Tu blokebis masebi 
ugulebelyofilia. 

a m o x s n a. radgan 𝑀1 da 𝑀2 tvirTebi 
moZraoben gadataniT, amitom Tu maTze 

movdebaT 𝑀1𝑔⃗ da   𝑀2𝑔⃗ simZimis AZalebs 

da  Φ⃗⃗⃗⃗1 Dda   Φ⃗⃗⃗⃗2 inerciis Zalebs (nax.1), 
maSin dalamberis principis Tanaxmad 
miRebuli ZalTa sistema pirobiTad 
SegviZlia CavTvaloT gawonasworebulad. 
   vipovoT tvirTebis inerciis Zalebis 

sidiდeebi: 

        Φ1 =  𝑀1 𝑎1 = 𝑀1 𝑟1𝜀, 

        Φ2 =  𝑀2 𝑎2 = 𝑀2 𝑟2𝜀 

   maT aqvT a⃗⃗1 Dda   a⃗⃗2 aCqarebebis 
sapirispiro mimarTulebebi. 

      mivaniWoT sistemas SesaZlo 
gadaadgileba da SevadginoT  dinamikis 
zogadi  gantoleba 

    ∑ 𝛿𝐴𝑘
𝑎 + ∑ 𝛿𝐴𝑘

Φ

𝑛

𝑘=1

= 0,                

𝑛

𝑘=1

 

(𝑀2𝑔 − Φ2) 𝛿𝑠2 + (𝑀1𝑔 + Φ1) 𝛿𝑠1

= 0. 

CavsvaT  miRebul gantolebaSi Semdegi 
Tanafardobebi 

:     
  
Φ2

=  𝑀2 𝑎2, 

  Φ1 =  𝑀1 𝑎1 = 𝑀1

 𝑎2

2
,  𝛿𝑠2 = 2 𝛿𝑠1, 

miviRebT: 

(2𝑀2𝑔 − 𝑀2 𝑎2 − 𝑀1𝑔 −
1

2
𝑀1 𝑎2)  𝛿𝑠1 = 0. 

• 

• 

  𝑀1 
   𝑀2 

 
𝑀1𝑔⃗⃗⃗  

𝑀2𝑔⃗⃗⃗ 

 𝑎⃗2 

Φ⃗⃗⃗⃗2 

Φ⃗⃗⃗⃗1 

• 

• 

  
𝑀1 

 𝑎⃗1 
 
𝛿𝑠1 

 
𝛿𝑠2 

  
𝑀  
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radgan   𝛿𝑠1 ≠ 0,  amitom 

2𝑀2𝑔 − 𝑀2 𝑎2 − 𝑀1𝑔 −
1

2
𝑀1 𝑎2 = 0. 

Aaqedan 𝑀2 tvirTis  aCqareba 

          𝑎2 =
4𝑀2 − 2𝑀1

4𝑀2 + 𝑀1
𝑔 = 

 =
4 ∙ 8 − 2 ∙ 10

4 ∙ 8 + 10
∙ 9,8 = 2,8(

მ

წმ2) 

     ganvsazRvroT Zafis daWimuloba.   amisaTvis         

azrobriv gavWraT Zafi mis marjvena kidura  nawilSi da ganvixiloT  

𝑀2 tvirTis  მოძრაობა. dalamberis principis Tanaxmad ZalTa sistema, 

romelis Sedgeba  𝑀2𝑔⃗ simZimis AZalis, Zafis  𝑇 daWimulobis da     

Φ⃗⃗⃗⃗2 inerciis Zalisagan, eqvivalenturia nulis (nax.2), CavweroT 

wonasworobis gantoleba vertikalur 𝑂𝑦 RerZze 
gegmilebSi:                     

               ∑𝐹𝑘𝑦 = 0,        𝑇2 + 𝑀2 𝑎2 − 𝑀2𝑔 = 0. 

Aaqedan                                                    

𝑇 = 𝑀2(𝑔 − 𝑎2) = 8(9,8 − 2,8) = 56(ნ). 

p a s u x i:    𝑎2 = 2,8მ/წმ2;  𝑇 = 246ნ.           

                                                                                                   

                                                                 nax.2 
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𝑀2𝑔⃗ 

Φ⃗⃗⃗⃗2 
 • 

𝑦 

𝑎⃗2 

𝑇⃗⃗2 

nax.1 
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   amwe manqanis 𝐶 borbalze modebulia 𝑀 
mabruni momenti. gansazRvreT zeviT asawevi  

𝑀1 masis  𝐴 tvirTis  aCqareba, Tu 𝐵  

sapirwones masa aris 𝑀2, xolo 𝑟 radiusisa 
da 𝑀2 masis  𝐶 da  𝐷 borblebi warmoadgens 
erTgvarovan cilindrebs. Rvedis  masa 
ugulebelyofilia. 

a m o x s n a.    qveda  𝐶 borbalze modebuli 

𝑀 mabruni momentis, 𝑀1𝑔⃗ da 𝑀2𝑔⃗ simZimis 

AZalebis moqmedebiT 𝐴 da 𝐵 tvirTebi 
moZraoben  gadataniTad.  vigulisxmoT, rom 

𝐶 da  𝐷  borblebi  brunaven aCqarebiT 

saaTis  isris moZraobis mimarTulebiT. tvirTebze movdoT Φ⃗⃗⃗⃗𝐴 da  Φ⃗⃗⃗⃗𝐵 

inerciis Zalebi,  xolo  𝐶 da  𝐷 borblebze- 𝑀𝐶
Φ  da  𝑀𝐷

Φ   inerciis   
momentebi, mivmarToT ra isini Sesabamisi aCqarebebis sapiripirod (ix. 
Nnaxazi). 
    mivaniWoT sistemas SesaZlo gadaadgileba da SevadginoT  dinamikis 
zogadi  gantoleba 

        ∑ 𝛿𝐴𝑘
𝑎 + ∑ 𝛿𝐴𝑘

Φ

𝑛

𝑘=1

= 0,                

𝑛

𝑘=1

 

(𝑀2𝑔 − Φ𝐵)𝑟𝛿𝜑 − (𝑀1𝑔 + Φ𝐴)𝑟𝛿𝜑 + 

+(𝑀 − 𝑀𝐶
Φ −  𝑀𝐷

Φ
)𝛿𝜑 = 0. 

 CavsvaT  miRebul gantolebaSi Semdegi 
Tanafardobebi: 
  
Φ𝐴

=  𝑀1𝑎,   Φ𝐵 =   𝑀2𝑎, 

𝑀𝐶
Φ = 𝐽

𝐶
 𝜀𝐶 =

1

2
𝑀3𝑟

2
𝑎

𝑟
=

1

2
𝑀3𝑟𝑎, 

𝑀𝐷
Φ = 𝐽

𝐷
 𝜀𝐷 =

1

2
𝑀3𝑟

2
𝑎

𝑟
=

1

2
𝑀3𝑟𝑎, 

miviRebT: 

[𝑀 + (𝑀2 − 𝑀1)𝑔𝑟 − 

−(𝑀1 + 𝑀2 + 𝑀3)𝑎𝑟]𝛿𝜑 = 0.  

   radgan  δ𝜑 ≠ 0,  amitom nulis toli iqneba kvadratul frCxilebSi 
moTavsebuli gamosaxuleba. aqedan 

𝐴 

𝐵 

𝐷 

𝐶 𝑀 
𝑟 

𝐴 

𝐵 

𝐷 

𝐶 𝑀 

 𝑎⃗𝐴 

𝑀1𝑔⃗ 

𝑟 

𝑟 

𝑀2𝑔⃗ 

 

Φ⃗⃗⃗⃗𝐵 

 

Φ⃗⃗⃗⃗𝐴 

 

𝑎⃗𝐵 

 𝜀𝐷 

 𝜀𝐶 

 

𝛿𝜑 

𝑀𝐶
Φ 

𝑀𝐷
Φ 

 

𝑎⃗𝐵 
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𝒂 =
𝑀 + (𝑀2 − 𝑀1)𝑔𝑟

(𝑀1 + 𝑀2 + 𝑀3)𝑎𝑟
. 

p a s u x i:     𝒂 =
𝑀+(𝑀2−𝑀1)𝑔𝑟

(𝑀1+𝑀2+𝑀3)𝑎𝑟
. 
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   𝑟 radiusis kabestanis lilvi moZraobaSi modis mudmivi mabruni 𝑀 

momentiT, romelic modebulia 𝐴𝐵  saxelurze.  gansazRvreT  𝑚 masis  
𝐶 tvirTis  aCqareba, Tu or horizontalur sibrtyeze tvirTis srialis 

xaxunis koeficienti aris  𝑓. 
Bbagiris da kabestanis masebi 
ugulebelyofilia. 

a m o x s n a.   tvirTze moqmed 

Zalebs: 𝑚𝑔⃗, 𝑁,⃗⃗⃗⃗⃗   𝐹⃗ხახ   da mabrun 

𝑀 moments unda daematos Φ⃗⃗⃗⃗  
inerciis Zala  (ix. Nnaxazi). 
  maSin ZalTa sistema, romelic 
modebulia kabestanis lilvze da 
tvirTze, iqneba gawonasworebuli. 
kabestanis lilvs mivaniWoT 
SesaZlo kuTxuri gadaadgileba 

𝛿𝜑 da SevadginoT  dinamikis zogadi  gantoleba 

  ∑ 𝛿𝐴𝑘
𝑎 + ∑ 𝛿𝐴𝑘

Φ

𝑛

𝑘=1

= 0,                

𝑛

𝑘=1

 

                𝑀𝛿𝜑 − (𝐹ხახ + Φ)𝑟𝛿𝜑 = 0,                   (1) 

sadac 

 𝛷 = 𝑚𝑎;   𝐹ხახ = 𝑓𝑚𝑔; 
maSin (1) gantoleba miiRebs 
saxes:   

(𝑀 − 𝑓𝑚𝑔𝑟 − 𝑚𝑟𝑎)𝛿𝜑 = 0. 
radgan  δ𝜑 ≠ 0,  amitom 

𝑀 − 𝑓𝑚𝑔𝑟 − 𝑚𝑟𝑎 = 0. 
   Aaqedan 𝐶 tvirTis  
aCqareba 

𝑎 =
𝑀 − 𝑓𝑚𝑔𝑟

𝑚𝑟
. 

 

𝑟 

𝐴 

𝐵 

𝐶 

𝑀 

𝛿𝜑 

𝑟 

𝐴 

𝐵 

𝐶 

𝑀 

𝑚𝑔⃗ 

𝑁⃗⃗⃗ 

𝑎⃗ 

F⃗⃗⃗ხახ 

Φ⃗⃗⃗⃗ 
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p a s u x i:     𝑎 =
𝑀−𝑓𝑚𝑔𝑟

𝑚𝑟
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 amoxseniT   wina amocana kabestanis  masis gaTvaliswinebiT, romlis 

inerciis momenti brunvis RerZis mimarT udris 𝐽. 
a m o x s n a.  
  meqanikuri sistema pirobiT 
iqneba wonasworobaSi, Tu  

moqmed Zalebs: 𝑚𝑔⃗, 𝑁,⃗⃗⃗⃗⃗    𝐹⃗ხახ   

da mabrun 𝑀 moments  

daemateba tvirTis Φ⃗⃗⃗⃗  
inerciis Zala  da   
kabestanis inerciis Zalis 
momenti, romelTa 
mimarTulebebi Sesabamisi 
aCqarebebis sapirispiroa.  
   kabestanis lilvs 

mivaniWoT SesaZlo kuTxuri gadaadgileba 𝛿𝜑 da SevadginoT  dinamikis 
zogadi  gantoleba: 

  ∑ 𝛿𝐴𝑘
𝑎 + ∑ 𝛿𝐴𝑘

Φ

𝑛

𝑘=1

= 0,                

𝑛

𝑘=1

 

             (𝑀 − 𝑀Φ)𝛿𝜑 − (𝐹ხახ + Φ)𝑟𝛿𝜑 = 0,              (1) 

sadac 𝛷 = 𝑚𝑎;   𝐹ხახ = 𝑓𝑚𝑔;  𝑀Φ = 𝐽𝜀 = 𝐽
𝑎

𝑟
;     𝑟𝛿𝜑 = 𝛿𝜑𝐶 − 𝐶      

tvirTis  SesaZlo gadaadgilebaa 

  maSin (1) gantoleba miiRebs saxes: 

[𝑀 − 𝑓𝑚𝑔𝑟 − (
𝐽

𝑟
+ 𝑚𝑟)𝑎] 𝛿𝜑 = 0. 

radgan  δ𝜑 ≠ 0,  amitom nulis toli iqneba kvadratul frCxilebSi 
moTavsebuli gamosaxuleba.  

𝑀 − 𝑓𝑚𝑔𝑟 − (
𝐽

+ 𝑚𝑟)𝑎 = 0. 

aqedan 𝐶 tvirTis  aCqareba 

𝑎 =
𝑟(𝑀 − 𝑓𝑚𝑔𝑟)

𝐽 + 𝑚𝑟2
. 

𝛿𝜑 

𝑟 

𝐴 

𝐵 

𝐶 

𝑀 

𝑚𝑔⃗ 

𝑁⃗⃗⃗ 

𝑎⃗ 

F⃗⃗⃗ხახ 

Φ⃗⃗⃗⃗ 

𝜀 

𝛿𝑠𝐶  

𝑀Φ 
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p a s u x i:     𝑎 =
𝑟(𝑀−𝑓𝑚𝑔𝑟)

𝐽+𝑚𝑟2  
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   𝑀1 masis  𝐴 tvirTs, 

romelic  eSveba horizontTan 𝛼 
kuTxiT daxril gluv sibrtyeze, 
uwoni da uwimari Zafis 

saSualebiT brunvaSi mohyavs   𝑟 
radiusisa da 𝑀2 masis  𝐵 doli. 
gansazRvreT dolis kuTxuri 
aCqareba, Tu doli warmoadgens 
erTgvarovan wriul cilindrs.  

uZravi 𝐶 blokis  masa 
ugulebelyofilia. 

a m o x s n a. movdoT 𝐴 

tvirTze da 𝐵 dolze 𝑀1𝑔⃗ da 𝑀2𝑔⃗ simZimis AZalebi, 𝐴 tvirTis 

inerciis Zala  
  
Φ𝐴

 da  dolis inerciis Zalis momenti: 

𝑀Φ = 𝐽𝑧𝜀, 

sadac  𝐽𝑧 =
𝑀2𝑟2

2
− dolis inerciis momentia brunvis RerZis mimarT. 

 

 

 

 

 

 

 

𝐴 tvirTis aCqareba 

 𝑎𝐴 = 𝑟𝜀. 

𝑟 

𝑂2 

𝐶 

𝑂1 

𝐴 

𝛼 

𝑟 

𝑂1 

𝐶 

𝑂2 

𝐴 

𝛼 

• 
𝛿𝑠 

𝑎⃗𝐴 

Φ⃗⃗⃗⃗𝐴 
𝐵 

𝜀 𝑀Φ
 

𝑀1𝑔⃗ 
𝑀2𝑔⃗ 
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 tvirTs mivaniWoT SesaZlo gadaadgileba 𝛿𝑠,  maSin doli 
Semobrundeba kuTxiT 

𝛿𝜑 =
𝛿𝑠

𝑟
. 

CavweroT  dinamikis zogadi  gantoleba; 

∑ 𝛿𝐴𝑘
𝑎 + ∑ 𝛿𝐴𝑘

Φ

𝑛

𝑘=1

= 0,                

𝑛

𝑘=1

 

            𝑀1𝑔𝛿𝑠 ∙ 𝑠𝑖𝑛𝛼 − Φ𝐴𝛿𝑠 − 𝑀Φ𝛿𝑠 = 0, 

sadac Φ𝐴 = 𝑀1𝑎𝐴 = 𝑀1r𝜀;     𝑀
Φ = 𝐽𝑧𝜀 =

𝑀2𝑟2

2
𝜀. 

maSin 

            𝑀1𝑔𝑠𝑖𝑛𝛼 ∙ 𝑟𝛿𝜑 − 𝑀1r𝜀 ∙ 𝑟𝛿𝜑 −
𝑀2𝑟2

2
𝜀𝛿𝜑 = 0. 

radgan  δ𝜑 ≠ 0,  amitom 

𝑀1𝑔𝑠𝑖𝑛𝛼 − 𝑀1r𝜀 −
𝑀2

2
𝑟𝜀 = 0. 

aqedan 

𝜀 =
2𝑀1𝑔𝑠𝑖𝑛𝛼

𝑟(2𝑀1 + 𝑀2)
. 

p a s u x i:   𝜀 =
2𝑀1𝑔𝑠𝑖𝑛𝛼

𝑟(2𝑀1+𝑀2)
. 
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  kaci awveba urikas  𝐹⃗ horizontaluri Zalis modebiT. gansazRvreT 

urikis Zaras aCqareba, Tu Zaras masaa  𝑀1,  𝑀2 −oTxi Tvlidan 

TiToeulis masa, 𝑟 −Tvlis radiusi; 𝑓გ −  gorvis xaxunis koeficienti. 
Tvlebi CaTvaleT relsebze usrialod mgorav erTgvarovan wriul 
diskoebad. 

a m o x s n a.   vaCvenoT naxazze Zaraze modebuli Zalebi: Zaras 

simZimis Zala −𝑀1𝑔⃗, TiToeuli Tvlis  simZimis AZala  −𝑀2𝑔⃗⃗⃗, Zaras 

inerciis Zala −Φ⃗⃗⃗⃗1, inerciis Zalebis nakrebi veqtori −Φ⃗⃗⃗⃗2   da  𝑀2
Φ 

nakrebi momenti  da TiToeuli Tvlis 𝑀გ gorvis winaaRmdegobis 

momenti −𝑀გ. 
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   urikas mivaniWoT SesaZlo gadaadgileba  𝛿𝑠. igive gadaadgilebas 
miiRebs TiToeuli Tvlis RerZi, Sedegad Tvali Semobrundeba kuTxiT 

𝛿𝜑 =
𝛿𝑠

𝑟
. 

Tu urikas aCqarebaa 𝑎, maSin Tvlis kuTxuri aCqareba 

𝜀 =
𝑎

𝑟
. 

 

 

 

 

 

 

 

 

CavweroT  dinamikis zogadi  gantoleba; 

∑ 𝛿𝐴𝑘
𝑎 + ∑ 𝛿𝐴𝑘

Φ

𝑛

𝑘=1

= 0,                

𝑛

𝑘=1

 

           𝐹𝛿𝑠−4𝑀გ𝛿𝜑 − Φ1𝛿𝑠 − 4(Φ2𝛿𝑠 + 𝑀Φ𝛿𝜑) = 0,        (1) 
sadac 

𝑀გ = (
𝑀1

4
+ 𝑀2)𝑔𝑓გ;  Φ1 = 𝑀1𝑎;  Φ2 = 𝑀2𝑎;   

𝑀Φ = 𝐽𝜀 =
𝑀2𝑟2

2
𝜀 =

𝑀2𝑟𝑎

2
 .     

     maSin (1) gantoleba miiRebs saxes 

𝐹𝛿𝑠 − 4(
𝑀1

4
+ 𝑀2)𝑔𝑓გ

𝛿𝑠

𝑟
− 1𝑎𝛿𝑠 − 4 (𝑀2𝑎 +

𝑀2𝑟𝑎

2

1

𝑟
) 𝛿𝑠 = 0. 

  SevkvecoT 𝛿𝑠 ≠ 0- ze  da amovxsnaT  miRebuli  gantoleba 𝑎 − s 
mimarT: 

𝐹 −
𝑓გ

𝑟
(𝑀1 + 4𝑀2)𝑔 = 𝑎(𝑀1 + 6𝑀2), 

𝑀2𝑔⃗ 
 

Φ⃗⃗⃗⃗1 
 

Φ⃗⃗⃗⃗2 
 

Φ⃗⃗⃗⃗2 
 𝑀2

Φ 
 

𝑀2
Φ 

 

𝐹⃗ 

𝑀1𝑔⃗ 

𝑀2𝑔⃗ 

𝜀 𝑎⃗ 𝑎⃗ 

𝑎⃗ 
𝜀 

𝑀გ 
𝑀გ 

𝛿𝑠 
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𝑎 =
𝐹 −

𝑓გ

𝑟
(𝑀1 + 4𝑀2)𝑔

𝑀1 + 6𝑀2
. 

p a s u x i:   𝑎 =
𝐹−

𝑓გ

𝑟
(𝑀1+4𝑀2)𝑔

𝑀1+6𝑀2
. 
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   𝑀1 masis  𝐴 sagoravs  daxril  

sibrtyeze qveviT usrialod gorvisas  

𝐵  blokze gadadebuli uwoni da 
uwimari Zafis saSualebiT zeviT  

miaqvs  𝑀2 masis  𝐶 tvirTi. 

 𝐵  bloki brunavs  misi sibrtyis 

perpendikularuli   𝑂 RerZis 

garSemo. 𝐴 sagoravi  da 𝐵  bloki 
erTgvarovani, erTnairi radiusisa da 

masis wriuli diskoebia. sibrtye horizontTan daxrilia 𝛼 kuTxiT. 
gansazRvreT sagoravis RerZis aCqareba. 
 a m o x s n a.   vaCvenoT naxazze sistemaze  modebuli  aqtiuri 

Zalebi: simZimis Zalebi  𝑀1𝑔⃗ da 𝑀2𝑔⃗, agreTve, 𝐴 sagoravis inerciis  

Zala −Φ⃗⃗⃗⃗𝐴,  𝐶 tvirTis inerciis Zala −Φ⃗⃗⃗⃗𝐶  da 𝐴 sagoravis da  𝐵  

blokis inerciis Zalebis Mmomentebi  𝑀𝐴
Φ da  𝑀𝐵

Φ  da gamovsaxoT  
isini sagoravis RerZis saZiebeli aCqarebiT: 

𝛼 

 

𝑂 

 

𝐵 

 

𝐴 

 𝐶 
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           Φ𝐴 = 𝑀1𝑎,   

           Φ𝐶 = 𝑀2𝑎, 

        𝑀𝐴
Φ = 𝑀𝐵

Φ =
𝑀1𝑟2

2

𝑎

𝑟
=

𝑀1𝑟𝑎

2
. 

sadac  𝐽 =
𝑀1𝑟2

2
−    sagoravis 

(blokis) inerciis momentia 
misi RerZis mimarT;  sagoravis 
(blokis) kuTxuri aCqareba 

𝜀 =
𝑎

𝑟
. 

  sagoravis  RerZs  mivaniWoT 

SesaZlo gadaadgileba  𝛿𝑠, 𝐶 tvirTi miiRebs  igive gadaadgilebas, 
Sedegad sagoravi  da bloki Semobrundeba kuTxiT 

𝛿𝜑 =
𝛿𝑠

𝑟
. 

CavweroT  dinamikis zogadi  gantoleba; 

∑ 𝛿𝐴𝑘
𝑎 + ∑ 𝛿𝐴𝑘

Φ

𝑛

𝑘=1

= 0,                

𝑛

𝑘=1

 

Aan gaSlili saxiT 

  𝑀1𝑔𝑠𝑖𝑛𝛼 ∙ 𝛿𝑠 − 𝑀2𝑔 ∙ 𝛿𝑠−Φ𝐴𝛿𝑠 −  𝑀𝐴
Φ𝛿𝜑 −  𝑀𝐵

Φ𝛿𝜑−Φ𝐴𝛿𝑠 = 0,   (1) 

   CavsvaT (1) gantolebaSi inerciis Zalebis da sxeulebis inerciis 
Zalebis momentebi, masin is miirebs saxes: 

𝑀1𝑔𝑠𝑖𝑛𝛼 ∙ 𝛿𝑠 − 𝑀2𝑔 ∙ 𝛿𝑠 − 𝑀1𝑎𝛿𝑠 −  𝑀𝐴
Φ𝛿𝜑 −

𝑀1𝑟𝑎

2

𝛿𝑠

𝑟
− 

−
𝑀1𝑟𝑎

2

𝛿𝑠

𝑟
−𝑀2𝑎𝛿𝑠 = 0 

 SevkvecoT 𝛿𝑠 ≠ 0- ze  da amovxsnaT  miRebuli  gantoleba 𝑎 − s 
mimarT: 

(𝑀1𝑠𝑖𝑛𝛼−𝑀2)𝑔 = 𝑎(2𝑀1 + 𝑀2), 

𝑎 = 𝑔
𝑀1𝑠𝑖𝑛𝛼−𝑀2

2𝑀1 + 𝑀2
. 

𝛼 

 

𝑂 

 

𝐵 

 

𝐶 

𝛿𝜑 

𝛿𝜑 

𝛿𝑠 
𝛿𝑠 

• 
𝜀 𝑎⃗ 

 

𝑀𝐴
Φ 

 

𝑀𝐵
Φ 

 Φ⃗⃗⃗⃗𝐴 

Φ⃗⃗⃗⃗𝐶 

𝑀1𝑔⃗ 

𝑀1𝑔⃗ 

𝑀2𝑔⃗ 
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p a s u x i:   𝑎 = 𝑔
𝑀1𝑠𝑖𝑛𝛼−𝑀2

2𝑀1+𝑀2
. 

 

 

 

 

 

 

 

 

amocana  47.12 

  𝑀1 masis  𝐵 tvirTs moZraobaSi 

mohyavs  𝑀2 masis da 𝑟 radiusis 𝐴 
cilindruli sagoravi  masze 
daxveuli Tasmis saSualebiT. 
gansazRvreT tvirTis aCqareba, Tu  
gorva xdeba usrialod da gorvis  

xaxunis koeficienti udris 𝑓გ.  𝐷 

blokis masa ugulebelyofilia. 

a m o x s n a.   vaCvenoT naxazze sistemaze modebuli  Zalebi: 𝐵 

tvirTis da 𝐴 sagoravis  simZimis Zalebi-  𝑀1𝑔⃗ da 𝑀2𝑔⃗, sagoravis 

gorvis winaRobis momenti −𝑀გ, 𝐴 sagoravis inerciis Zala −Φ⃗⃗⃗⃗𝐴,  𝐵 

tvirTis inerciis Zala −Φ⃗⃗⃗⃗𝐶  da 𝐴 sagoravis inerciis Zalis Mmomenti  

𝑀𝐴
Φ .  am Zalebis moqmedebiT sistema wonasworobaSia. 

mivaniWoT 𝐵 tvirTis SesaZlo gadaadgileba  𝛿𝑠𝐵 = 𝛿𝑠. 𝐴 sagoravis  
RerZi gadaadgildeba manZiliT: 

𝛿𝑠0 =
𝛿𝑠

2
, 

Sedegad sagoravi Semobrundeba kuTxiT 

𝛿𝜑 =
𝛿𝑠0

𝑟
=

𝛿𝑠

2𝑟
. 

𝐵 

 

𝐴 

 

𝐷 
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CavweroT  dinamikis zogadi  gantoleba; 

∑ 𝛿𝐴𝑘
𝑎 + ∑ 𝛿𝐴𝑘

Φ

𝑛

𝑘=1

= 0,                

𝑛

𝑘=1

 

Aan gaSlili saxiT 

                        𝑀1𝑔 ∙ 𝛿𝑠 − 𝑀გ ∙ 𝛿𝜑−Φ𝐵𝛿𝑠−Φ𝐴
𝛿𝑠

2
−  𝑀𝐴

Φ𝛿𝜑 = 0,     (1) 

     ganvsazRvroT sagoravis da tvirTis inerciis Zalebi: 

Φ𝐵 = 𝑀1𝑎𝐵 = 𝑀1𝑎, 

Φ𝐴 = 𝑀2𝑎𝑂 = 𝑀2

𝑎

2
, 

sagoravis inerciis Zalebis momenti 

 𝑀𝐴
Φ = 𝐽0𝜀 = |

𝐽0 =
𝑀2𝑟

2

2

𝜀 =
𝑎𝑂

2
=

𝑎

2𝑟

| =
𝑀2𝑟𝑎

4
 

Dda  gorvis winaRobis momenti 

𝑀გ = 𝑀2𝑔𝑓გ. 

miRebuli  Sedegebi: CavsvaT (1) gantolebaSi  

𝑀1𝑔 ∙ 𝛿𝑠 − 𝑀2𝑔𝑓გ
𝛿𝑠

2𝑟
− 𝑀1𝑎𝛿𝑠 − 𝑀2

𝑎

2

𝛿𝑠

2
−

𝑀2𝑎𝑟

4

𝛿𝑠

2𝑟
= 0.   

𝐵 

 

𝐷 

 

• 

𝐴 

 

𝑂 

 

𝑎⃗ 
 

 𝑀𝐴
Φ 

𝛿𝑠 
𝐴 

𝛿𝜑 

𝑀გ 

Φ⃗⃗⃗⃗𝐴 

Φ⃗⃗⃗⃗𝐵 

𝑎⃗0 

𝜀 

𝑀1𝑔⃗ 

𝑀2𝑔⃗ 

𝛿𝑠𝐵 
 



 
83 

SevkvecoT 𝛿𝑠 ≠ 0- ze  da amovxsnaT  miRebuli  gantoleba 𝑎 − s 
mimarT: 

(𝑀1−𝑀2

𝑓გ

2𝑟
)𝑔 = 𝑎 (𝑀1 +

3

8
𝑀2), 

𝑎 = 8𝑔
𝑀1−𝑀2

𝑓გ

2𝑟
8𝑀1 + 3𝑀2

. 

p a s u x i:   𝑎 = 8𝑔
𝑀1−𝑀2

𝑓გ

2𝑟

8𝑀1+3𝑀2
. 

 

 

 

amocana  47.13 

  𝑀1 masis  𝐷𝐸 Rero Zevs 𝑀2 masis sam erTnair 𝐴, 𝐵 da 𝐶 sagoravze. 

Reroze horizontalurad marjvniv modebulia 𝐹⃗  Zala,  romelsac 
moZraobaSi mohyavs Zeli sagoravebTan erTad. srials Rerosa da 
sagoravebs Soris da sagoravebs da horizontalur  sibrtyes Soris 

adgili ara aqvs. ipoveT    𝐷𝐸 Reros aCqareba, Tu sagoravebi 
erTgvarovani wriuli cilindrebia. 

 

 

 

 

 

a m o x s n a.   ganvixiloT mocemuli sistemis moZraoba. vaCvenoT 
naxazze sistemaze modebuli aqtiuri Zalebi: sagoravebis  simZimis 

Zalebi-  𝐺⃗2,  Reros simZimis Zala 𝐺⃗1.   
 

 

 

 

 

 

• 

𝐹⃗ 𝐸 𝐷 

𝐴 𝐵 𝐶 • • 

• 

𝐹⃗ 𝐸 𝐷 

𝐴 𝐵 𝐶 • • 

• 

 𝑀2
Φ 

G⃗⃗⃗2 
G⃗⃗⃗1 

G⃗⃗⃗2 

Φ⃗⃗⃗⃗2 

Φ⃗⃗⃗⃗1 

G⃗⃗⃗2 

Φ⃗⃗⃗⃗2 Φ⃗⃗⃗⃗2 

𝜀2 

𝑎⃗1 

𝑎⃗2 𝛿𝑠2 

𝛿𝑠1 

𝛿𝜑2 

 𝑀2
Φ  𝑀2

Φ 
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movdoT inerciis Zalebi: 𝐷𝐸 Rero  asrulebs gadataniT moZraobas 
da misi inerciis Zala 

           Φ1 = 𝑀1𝑎1,   

sagoravebi asruleben brtyel moZraobas, maTi inerciis Zala 

           Φ2 = 𝑀2𝑎2, 
xolo inerciis Zalebis momenti 

 𝑀2
Φ = 𝐽2𝜀2. 

  mivaniWoT sistemas SesaZlo gadaadgileba  𝛿𝑠1  da SevadginoT 
dinamikis zogadi  gantoleba: 

             𝐹𝛿𝑠1 −   Φ1 ∙ 𝛿𝑠1 −  3Φ2 ∙ 𝛿𝑠2 −  3𝑀2
Φ𝛿𝜑2 = 0,       (1) 

Yyvela SesaZlo gadaadgileba gamovsaxoT 𝛿𝑠1−iT: 

𝛿𝑠2 =
𝛿𝑠1

2
,     𝛿𝜑 =

𝛿𝑠1

2𝑟
, 

sadac 𝑟 −sagoravebis radiusia. 

  ganvsazRvroT inerciis Zalebi: 

 Φ1 = 𝑀1𝑎1, 

 Φ2 = 𝑀2𝑎2 = 𝑀2

𝑎1

2
, 

radgan   𝑎2 =
𝑎1

2
. 

    sagoravebis  inerciis Zalebis momenti 

 𝑀2
Φ = 𝐽2𝜀2, 

sadac    𝐽2 =
𝑀2𝑟2

2
, 𝜀2 =

𝑎1

2𝑟
.    

   maSin 

 𝑀2
Φ =

𝑀2𝑟
2

2

𝑎1

2𝑟
=

𝑀2𝑟𝑎1

4
. 

miRebuli  Sedegebi CavsvaT (1) gantolebaSi  

𝐹𝛿𝑠1 − 𝑀1𝑎1 ∙ 𝛿𝑠1 − 3𝑀2

𝑎1

2

𝛿𝑠1

2
− 3

𝑀2𝑟𝑎1

4

𝛿𝑠1

2𝑟
= 0, 

   Aaqedan 
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𝐹 = 𝑎1 (𝑀1 +
3

4
𝑀2 +

3

8
𝑀2) =

𝑎1

8
(8𝑀1 + 3𝑀2), 

𝑎1 =
8𝐹

8𝑀1 + 3𝑀2
. 

p a s u x i:   𝑎1 =
8𝐹

8𝑀1+3𝑀2
. 

 
 

amocana  47.14 

  gansazRvreT 47.5 amocanaSi 𝑀2 tvirTis aCqareba  blokebis-
erTgvarovani mTliani diskoebis masebis mxedvelobaSi, Tu TiToeuli 
maTganis masaa  4kg. 
a m o x s n a.    ganvixiloT mocemuli sistemis  moZraoba. vaCvenoT 
naxazze sistemaze modebuli aqtiuri Zalebi: tvirTebis  simZimis 

Zalebi- 𝐺⃗1 da 𝐺⃗2, blokebis simZimis Zalebi 𝐺⃗3 da   𝐺⃗4. movdoT, 
agreTve, inerciis 
 Zalebi. tvirTebi moZraoben  gadataniT. maTi inerciis Zalebi: 

  Φ1 = 𝑀1𝑎1, 
    Φ2 = 𝑀2𝑎2. 

 Bbloki 3 brunavs uZravi 
RerZis  garSemo da misi 
inerciis Zalebis  momenti 

          𝑀3
Φ = 𝐽3𝜀3. 

Bbloki 4 asrulebs brtyel 
moZraobas, misi inerciis 
Zala 

                  Φ4 = 𝑀4𝑎4, 
xolo inerciis Zalebis 
momenti 

                 𝑀4
Φ = 𝐽4𝜀4. 

  mivaniWoT sistemas 

SesaZlo gadaadgileba  𝛿𝑠1  
da SevadginoT dinamikis 
zogadi  gantoleba: 

    G2𝛿𝑠2 −   Φ2 ∙ 𝛿𝑠2 −
−𝑀3

Φ𝛿𝜑3 −  Φ4 ∙ 𝛿𝑠4 −
−𝑀4

Φ𝛿𝜑4 − −Φ1 ∙ 𝛿𝑠1 −     

 −G1 ∙ 𝛿𝑠1 −  G4 ∙ 𝛿𝑠4 = 0.(1)                        

 𝑎⃗2 

Φ⃗⃗⃗⃗2 

Φ⃗⃗⃗⃗1 

• 

• 

𝑟  

 𝛿𝑠2 

  
𝑀  

• 

• 

 𝐺⃗1  𝐺⃗2 

1  

2
2 

3
2 

 𝐺⃗3 

 𝐺⃗4 
 Φ⃗⃗⃗⃗4 

 𝑎⃗1 

 𝛿𝑠1 

4
2 

 𝑎⃗4 

 𝛿𝑠4 
𝑟  

 𝜀4 
 𝛿𝜑3 

 𝜀3 

  𝑀4
Φ  𝛿𝜑4 

  𝑀3
Φ 
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Yyvela SesaZlo gadaadgileba gamovsaxoT meore tvirTis  𝛿𝑠2  SesaZlo 
gadaadgilebiT: 

𝛿𝜑3 =
𝛿𝑠2

𝑟
, 

𝛿𝑠4 =
𝛿𝑠2

2
= 𝛿𝑠1,      

𝛿𝜑4 =
𝛿𝑠2

2𝑟
, 

sadac 𝑟 −3 da 4 blokebis radiusia. 

  gamovsaxoT yvela inerciis Zala da inerciis Zalebis momentebi 𝑎2 
aCqarebiT.  radgan 

𝐽3 =
𝑚3𝑟

2

2
,   𝜀3 =

𝑎2

𝑟
 ,   𝑎4 =

𝑎2

2
 ,  𝐽4 =

𝑚4𝑟
2

2
, 𝜀4 =

𝑎2

2𝑟
,  𝑎1 =

𝑎2

2
, 

Aamitom 

 𝑀3
Φ =

𝑚3𝑟
2

2

𝑎2

𝑟
=

𝑚3𝑟𝑎2

2
; 

 Φ4 = 𝑚4

𝑎2

2
; 

 𝑀4
Φ =

𝑚4𝑟
2

2

𝑎2

2𝑟
=

𝑚4𝑟𝑎2

4
; 

 Φ1 = 𝑚1

𝑎2

2
. 

miRebuli  Sedegebi CavsvaT (1) gantolebaSi: 

𝑚2𝑔𝛿𝑠2 − 𝑚2𝑎2𝛿𝑠2 − 𝑚3

𝑟𝑎2

2

𝛿𝑠2

𝑟
− 𝑚4

𝑎2

2

𝛿𝑠2

2
− 

−𝑚4𝑔
𝛿𝑠2

2
−𝑚1𝑔

𝛿𝑠2

2
− 𝑚1

𝑎2

2

𝛿𝑠2

2
= 0. 

miRebuli gantoleba SevkvecoT 𝛿𝑠 ≠ 0- ze  da  CavweroT igi Semdegi 
saxiT: 
 

𝑚2𝑔 − 𝑚4

𝑔

2
− 𝑚1

𝑔

2
= 𝑎2 (𝑚2 +

𝑚3

2
+

𝑚4

4
+

𝑚4

8
+

𝑚1

4
) 

an 
𝑔

2
(2𝑚2 − 𝑚4 − 𝑚1) =

𝑎2

8
(8𝑚2 + 3𝑚3 + 3𝑚4 + 2𝑚1). 

aqedan 
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𝑎2 =
4𝑔(2𝑚2 − 𝑚4 − 𝑚1)

8𝑚2 + 3𝑚3 + 3𝑚4 + 2𝑚1
=

4 ∙ 9,8(2 ∙ 8 − 10 − 4)

8 ∙ 8 + 4 ∙ 4 + 3 ∙ 4 + 2 ∙ 10

= 0,7(
მ

წმ2) 

p a s u x i:        𝑎2=0,7 m/wm2 

აmocana  47.15 

  𝑀1 masis  𝐴 tvirTi  qveviT 

daSvebisas 𝐵  borbalze daxveuli da 

UuZrav 𝐵  blokze gadagdebuli uwoni 
dauwimari Zafis saSualebiT aiZulebs 

 𝐶 lilvs igoros usrialod 

horizontalur relsze.  𝑅 radiusis 

𝐵  borbali xistad Camocmulia 𝑟 
radiusis 𝐶 lilvze; maTi saerTo masa 

aris 𝑀2, xolo inerciis radiusi 

naxazis sibrtyis marTobuli 𝑂 

RerZis mimarT −𝜌. ipoveT 𝐴 tvirTis 
aCqareba. 
a m o x s n a.  ganvixiloT mocemuli 
sistemis moZraoba. vaCvenoT naxazze sistemaze modebuli aqtiuri 

Zalebi: tvirTebis  simZimis Zalebi- 𝐺⃗1 da 𝐺⃗2. movdoT, agreTve, 

inerciis Zalebi. 𝐴  tvirTi moZraobs  gadataniT. masi inerciis Zala: 

           Φ1 = 𝑀1𝑎1. 
        

𝐵 

𝐴 

𝐷 

𝑂 

𝐶 

𝑟 𝑅 
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 Bbloki 4 asrulebs brtyel 

 moZraobas, misi inerciis Zala 

                         Φ2 = 𝑀2𝑎2, 
xolo inerciis Zalebis momenti 

                 𝑀2
Φ = 𝐽2𝜀2. 

   mivaniWoT sistemas SesaZlo 
gadaadgileba  da SevadginoT 
dinamikis zogadi  gantoleba: 

G1 ∙ 𝛿𝑠1−Φ1 ∙ 𝛿𝑠1−Φ2 ∙ 𝛿𝑠2 −
         − 𝑀2

Φ𝛿𝜑2 = 0.        (1) 

Yyvela SesaZlo gadaadgileba 

gamovsaxoT 𝐴 tvirTis  

𝛿𝑠1  SesaZlo gadaadgilebiT: 

𝛿𝜑2 =
𝛿𝑠1

𝑅 − 𝑟
, 

𝛿 2 = 𝛿𝑠1

𝑟

𝑅 − 𝑟
.      

radgan 

   𝑎2 = 𝑎1

𝑟

𝑅 − 𝑟
 ,  𝐽2 = 𝑀2𝜌

2, 𝜀2 =
𝑎1

𝑅 − 𝑟
,  

Aamitom 

 Φ2 =
𝑀2𝑟

𝑅 − 𝑟
𝑎1; 

 𝑀2
Φ = 𝑀2

𝜌2𝑎1

𝑅 − 𝑟
. 

miRebuli  Sedegebi CavsvaT (1) gantolebaSi: 

𝑀1𝑔𝛿𝑠1 − 𝑀1𝑎1𝛿𝑠1 − 𝑀2

𝑎1𝑟

𝑅 − 𝑟

𝑟

𝑅 − 𝑟
𝛿𝑠1 − 𝑀2

𝜌2𝑎1

𝑅 − 𝑟

𝛿𝑠1

𝑅 − 𝑟
= 0 

miRebuli gantoleba SevkvecoT 𝛿𝑠1 ≠ 0- ze  da  CavweroT igi 
Semdegi saxiT: 

𝑀1𝑔 = 𝑎1 [𝑀1 +
𝑀2

(𝑅 − 𝑟)2
(𝜌2 + 𝑟2)], 

Aaqedan 

𝑎1 =
𝑀1𝑔

𝑀1 +
𝑀2

(𝑅 − 𝑟)2 (𝜌2 + 𝑟2)
= 𝑔

𝑀1(𝑅 − 𝑟)2

𝑀1(𝑅 − 𝑟)2 + 𝑀2(𝜌
2 + 𝑟2)

. 

 

p a s u x i:      𝑎1 = 𝑔
𝑀1(𝑅−𝑟)2

𝑀1(𝑅−𝑟)2+𝑀2(𝜌2+𝑟2)
. 

 

𝐵 

𝐴 

𝐷 

𝑂 

𝐶 

𝑟 𝑅 

• 

G⃗⃗⃗2 

G⃗⃗⃗1 𝑎⃗1 

Φ⃗⃗⃗⃗2 𝑎⃗2 

𝛿𝑠1 

 𝑀2
Φ 

𝛿𝑠2 

𝛿𝜑2 𝜀2 

Φ⃗⃗⃗⃗1 
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amocana  47.16 

   centridanuli regulatori vertikaluri 

RerZis garSemo brunavs mudmivi  𝜔  kuTxuri 

siCqariT.  gansazRvreT OA𝑂𝐴  da 𝑂𝐵  
saxelurebis  vertikalidan gadaxris kuTxe, 
Tu mxedvelobaSi miviRebT TiToeuli 

birTvis masas 𝑀 da 𝐶 quros 𝑀1 masa; yvela  

Reros erTnairi  ℓ sigrZe aqvs. 
a m o x s n a.   ganvixiloT mocemuli 
sistemis moZraoba. vaCvenoT naxazze 
sistemaze modebuli aqtiuri  Zalebi: 

birTvebis  simZimis Zalebi  G⃗⃗⃗ da quros 

simZimis Zala 𝐺⃗1. movdoT birTvebze inerciis Zalebi: 
 

 

 

 

 
 
 
 
 
 
 
 
 

 

Φ⃗⃗⃗⃗ = −𝑀𝑎⃗, 
sadac 

𝑎 = 𝑎ცენ = 𝜔2ℓ𝑠𝑖𝑛𝜑. 

    𝐶 quros aCqareba  udris nuls, radgan is ar gadaadgildeba, amitom 
misi inerciis Zala udris nuls. .  

• • 

𝑂 

𝐴 

𝐵 

C 

 

𝜔 

• • 

𝑂 

𝐴 
𝐵 

C 𝑃 • 
𝐺⃗1  

𝛿𝜑 

𝜑 

𝛿𝑠𝐵 

𝜔 
Φ⃗⃗⃗⃗ Φ⃗⃗⃗⃗ 

𝑎⃗ 

G⃗⃗⃗ G⃗⃗⃗ 

𝑎⃗ 

𝛿𝑠𝐶 

900 − 𝜑 



 
90 

    mivaniWoT sistemas SesaZlo gadaadgileba  da SevadginoT 
dinamikis zogadi  gantoleba. 

   G⃗⃗⃗ da Φ⃗⃗⃗⃗   Zalebis SesaZlo muSaobebi ganvsazRvroT rogorc am 

Zalebis momentebis namravli   𝛿𝜑  mobrunebis kuTxeze: 

               2𝐺ℓ𝑠𝑖𝑛𝜑 ∙ 𝛿𝜑 − 2Φℓ𝑐𝑜𝑠𝜑 ∙ 𝛿𝜑 + 𝐺1𝛿𝑠𝐶 = 0.      (1)   
  gamovsaxoT    𝐶 quros  𝛿𝑠𝐶 SesaZlo gadaadgileba 𝛿𝜑 −iT:  

𝛿𝑠𝐵 = ℓ𝛿𝜑, 

                          𝛿𝑠𝐶 = 𝛿𝑠𝐵 ∙
𝐶𝑃

𝐵𝑃
,                   (2) 

sadac   

𝐶𝑃 = 𝑂𝑃 ∙ 𝑠𝑖𝑛𝜑 = 2ℓ𝑠𝑖𝑛𝜑, 
𝐵𝑃 = ℓ, 

maSin 

𝛿𝑠𝐶 = ℓ𝛿𝜑 ∙
2ℓ𝑠𝑖𝑛𝜑

ℓ
= 2ℓ𝑠𝑖𝑛𝜑 ∙ 𝛿𝜑. 

inerciis Zala 

Φ = 𝑀𝑎, 
sadac 

𝑎 = 𝜔2ℓ𝑠𝑖𝑛𝜑 = 2ℓ𝑠𝑖𝑛𝜑. 
  maSin 

                       𝛷 = 𝑀𝜔2ℓ𝑠𝑖𝑛𝜑.                    (3) 
   CavsvaT (2) da (3) gamosaxulebebi (1) gantolebaSi: 

2𝑀𝑔ℓ𝑠𝑖𝑛𝜑 ∙ 𝛿𝜑 − 2𝑀𝜔2ℓ𝑠𝑖𝑛𝜑 ∙ ℓ𝑐𝑜𝑠𝜑 ∙ 𝛿𝜑 + 2𝑀1𝑔ℓ𝑠𝑖𝑛𝜑 ∙ 𝛿𝜑 = 0. 

Ggamartivebis Semdeg miviRebT: 

𝑀𝑔 − 𝑀𝜔2ℓ𝑐𝑜𝑠𝜑 + 𝑀1𝑔 = 0, 
Aaqedan 

𝑐𝑜𝑠𝜑 =
(𝑀 + 𝑀1)𝑔

𝑀ℓ𝜔2
. 

p a s u x i:      𝑐𝑜𝑠𝜑 =
(𝑀+𝑀1)𝑔

𝑀ℓ𝜔2 . 
 
 
 
 
 
 
 

amocana  47.17 
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 centridanuli regulatori 

brunavs mudmivi  𝜔  kuTxuri 
siCqariT.  ipoveT damokidebuleba  

regulatoris 𝜔 kuTxur  
siCqaresada misi RerZebis 

vertikalidan gadaxris  kuTxes 

Soris, Tu masis quros awveba 𝑐 
sixistiszambara da, roca  =0, 
zambara aradeformirebuli  
mdgomareobaSia da mimagrebulia 
zeda boloTi regulatoris 

RerZze; birTvebis masa aris 𝑀2, 
Reros sigrZe −ℓ.  Reroebis 
Camokidebis RerZebi  

regulatoris RerZidan daSorebulia 𝑎 sm manZiliT; Reroebisa da 
zambarebis masebi ugulebelyofilia. 
a m o x s n a.   meqanikur sistemas aqvs erTi Tavisuflebis xarisxi. 
gamoviyenoT dinamikis zogadi gantoleba Semdegi saxiT: 
 

               ∑[(𝐹𝑘𝑥 + Φ𝑘𝑥) ∙ 𝛿𝑥𝑘 + (𝐹𝑘𝑦 + Φ𝑘𝑦) ∙ 𝛿𝑦𝑘] =

𝑛

𝑘=1

0                         (1) 

sadac  𝐹𝑘𝑥, 𝐹𝑘𝑦 − aqtiuri Zalebis gegmilebia sakoordinato RerZebze;  

Φ𝑘𝑥, Φ𝑘𝑦 − inerciis  Zalebis gegmilebia sakoordinato RerZebze;  

𝛿𝑥𝑘 , 𝛿𝑦𝑘 −koordinatebis variaciebia. 

  vaCvenoT naxazze aqtiuri Zalebi: tvirTebis  simZimis Zalebi- 𝐺⃗1, 

𝐺⃗2, 𝐹⃗დრ  da birTvebis centridanuli inerciis Zalebi Φ⃗⃗⃗⃗2
ც
. . 

  quros inerciis Zala udris nuls,  radgan  regulatori brunavs 
mudmivi  kuTxuri siCqariT da quro ar gadaadgildeba.  

:: 

:: 

:: 
𝜔 

𝑎 

ℓ ℓ 

ℓ 
ℓ 

𝛼 
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  birTvebis centridanuli inerciis Zalebi 

Φ2
ც

= 𝑀2(𝑎 + ℓ𝑠𝑖𝑛𝛼)𝜔2. 
  zambaris drekadobis Zala 

𝐹დრ = cλ,  
sadac     λ = 2ℓ(1− 𝑐𝑜𝑠). 
maSin 

𝐹დრ = 2cℓ(1 − 𝑐𝑜𝑠). 
 

koordinatTa sistemis saTave avirCioT 𝑂  wertilSi da Zalebis 

modebis wertilebis koordinatebi gamovsaxoT   kuTxis saSualebiT: 
 

{
𝑥2

მარჯ
= 𝑎 + ℓ𝑠𝑖𝑛𝛼,     𝑦1 = 2ℓ𝑐𝑜𝑠𝛼,

𝑥2
მარც

= −(𝑎 + ℓ𝑠𝑖𝑛𝛼),   𝑦2 = ℓ𝑐𝑜𝑠𝛼.
 

 movaxdinoT am tolobebis  varireba: 

                {
𝛿𝑥2

მარჯ
= ℓ𝑐𝑜𝑠𝛼 ∙ 𝛿𝛼,     𝛿𝑦1 = −2ℓ𝑠𝑖𝑛𝛼 ∙ 𝛿𝛼,

𝛿𝑥2
მარც

= −ℓ𝑐𝑜𝑠𝛼 ∙ 𝛿𝛼, 𝛿 𝑦2 = −ℓ𝑠𝑖𝑛𝛼 ∙ 𝛿𝛼.
                     (2)       

 
(1) Ggantoleba CavweroT gaSlili saxiT: 

𝐺1𝛿𝑦1 + 2𝐺2𝛿𝑦2 + Φ2
ც
𝑥2

მარჯ
− Φ2

ც
𝛿𝑥2

მარც
+ 𝐹დრ𝛿𝑦1 = 0 

Aan (2)-is gaTvaliswinebiT 
 

−2𝐺1ℓ𝑠𝑖𝑛𝛼 ∙ 𝛿𝛼 − 2𝐺2ℓ𝑠𝑖𝑛𝛼 ∙ 𝛿𝛼 + 𝑀2(𝑎 + ℓ𝑠𝑖𝑛𝛼)𝜔2ℓ𝑐𝑜𝑠𝛼 ∙ 𝛿𝛼 − 

𝑥 

:: 

:: 

:: 
𝜔 

𝑎 

ℓ ℓ 

ℓ 
ℓ 

𝛼 

     Φ⃗⃗⃗2

ც
    

𝑥2
მარც

 

𝑂 

𝐺⃗2 

     Φ⃗⃗⃗2

ც
    

𝐺⃗2 

𝐺⃗1 

𝑥2
მარჯ

 

𝐹⃗დრ 

𝑦 

𝑦1 

𝑦2 
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−2𝑐ℓ(1 − 𝑐𝑜𝑠𝛼) ∙ 2ℓ𝑠𝑖𝑛𝛼 ∙ 𝛿𝛼 = 0. 
    es toloba SevkvecoT 𝛿𝑠1 ≠ 0- ze  da 2ℓ − ze, miviRebT: 

−𝐺1𝑠𝑖𝑛𝛼 − 𝐺2𝑠𝑖𝑛𝛼 + 𝑀2(𝑎 + ℓ𝑠𝑖𝑛𝛼)𝜔2𝑐𝑜𝑠𝛼 − 

−2𝑐ℓ(1 − 𝑐𝑜𝑠𝛼)𝑠𝑖𝑛𝛼 = 0, 
sadac 

𝐺1 = 𝑀1𝑔,    𝐺2 = 𝑀2𝑔. 
aqedan 

𝜔2 =
(𝑀1 + 𝑀2)𝑔 + 2𝑐ℓ(1 − 𝑐𝑜𝑠𝛼)

𝑀2(𝑎 + ℓ𝑠𝑖𝑛𝛼)
𝑡𝑔𝛼. 

 

p a s u x i:      𝜔2 =
(𝑀1+𝑀2)𝑔+2𝑐ℓ(1−𝑐𝑜𝑠𝛼)

𝑀2(𝑎+ℓ𝑠𝑖𝑛𝛼)
𝑡𝑔𝛼. 
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 centridanuli  ambaruli 
regulatori  Sedgeba 

MA = 𝑀𝐵 = 𝑀masis ori 𝐴  

da 𝐵 tvirTisagan, 
romlebic Camocmulia 
regulatoris SpindelTan 
mimagrebul gluv 
horizontalur Reroze,  

𝑀1 masis 𝐶 qurosagan,  ℓ 
sigrZis sawevebisa da 
zambarebisagan, romlebic 
tvirTebs awvebian brunvis 
RerZisken;  sawevebis 
saxsrebis daSoreba 

SpindelTan  udris 𝑒 −s;  

zambaris sixistis koeficientia  𝑐.   gansazRvreT regulatoris 

kuTxuri siCqare   gaSlis kuTxisaTvis, Tu 𝛼0 kuTxisaTvis, sadac 

𝛼0 < 𝛼, zambarebi dauZabav mdgomareobaSia; xaxuni da sawevebis masebi 
ugulebelyofilia. 
a m o x s n a.     meqanikur sistemas aqvs erTi Tavisuflebis xarisxi. 
gamoviyenoT dinamikis zogadi gantoleba Semdegi saxiT: 
 

               ∑[(𝐹𝑘𝑥 + Φ𝑘𝑥) ∙ 𝛿𝑥𝑘 + (𝐹𝑘𝑦 + Φ𝑘𝑦) ∙ 𝛿𝑦𝑘] =

𝑛

𝑘=1

0                         (1) 

ℓ 

𝑒 
𝜔 

𝐴 
𝑂 𝐵 

𝛼 

𝐶 
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sadac  𝐹𝑘𝑥, 𝐹𝑘𝑦 − aqtiuri Zalebis gegmilebia sakoordinato RerZebze;  

Φ𝑘𝑥, Φ𝑘𝑦 − inerciis  Zalebis gegmilebia sakoordinato RerZebze;  

𝛿𝑥𝑘 , 𝛿𝑦𝑘 −koordinatebis variaciebia. 

  vaCvenoT naxazze aqtiuri Zalebi: tvirTebis  simZimis Zalebi-𝐺⃗, 

𝐺⃗1, 𝐹⃗დრ  da birTvebis centridanuli inerciis Zalebi Φ⃗⃗⃗⃗𝐴 da  Φ⃗⃗⃗⃗𝐵. 
   mocemul SemTxvevaSi 

Φ𝐴 = Φ𝐵 = 𝑀(𝑎 + ℓ𝑠𝑖𝑛𝛼)𝜔2. 
   𝐶 quros inerciis Zala udris nuls,  radgan  meqanizmis mocemul 
mdebareobaSi quro ar gadaadgildeba da, maSasadame, misi aCqareba 
udris nuls. 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
zambaris drekadobis Zala 

𝐹დრ = cλ,  
sadac     λ = ℓ(𝑠𝑖𝑛𝛼− 𝑠𝑖𝑛𝛼0). 
maSin 

𝐹დრ = cℓ(𝑠𝑖𝑛𝛼 − 𝑠𝑖𝑛𝛼0). 

  koordinatTa sistemis saTave avirCioT 𝑂  wertilSi da Zalebis 

modebis wertilebis koordinatebi gamovsaxoT   kuTxis saSualebiT 

𝑥𝐵 = 𝑒 + ℓ𝑠𝑖𝑛𝛼, 
𝑦𝐶 = ℓ𝑐𝑜𝑠𝛼, 

 𝑥𝐴 = −(𝑒 + ℓ𝑠𝑖𝑛𝛼). 
  am damokidebulebebis varirebiT, miviRebT: 

𝛿𝑥𝐵 = ℓ𝑐𝑜𝑠𝛼 ∙ 𝛿𝛼, 
𝛿𝑦𝐶 = −ℓ𝑠𝑖𝑛𝛼 ∙ 𝛿𝛼, 

 𝛿𝑥𝐴 = −ℓ𝑐𝑜𝑠𝛼 ∙ 𝛿𝛼. 
(1) Ggantoleba CavweroT gaSlili saxiT: 

ℓ 

𝑒 

𝜔 

𝐴 
𝑂 𝐵 

𝛼 

𝐶 

• • 

𝐺⃗1 

𝐺⃗ 𝐺⃗ 

Φ⃗⃗⃗⃗𝐵 𝐹⃗დრ 𝐹⃗დრ 

𝑦 

𝑥 

Φ⃗⃗⃗⃗𝐴 
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𝐺1𝛿𝑦𝐶 + Φ𝐵𝛿𝑥𝐵 − Φ𝐴𝛿𝑥𝐴 − 𝐹დრ𝛿𝑥𝐵 + 𝐹დრ𝛿𝑥𝐴 = 0 
an 

−𝐺1ℓ𝑠𝑖𝑛𝛼 ∙ 𝛿𝛼 + 2𝑀(𝑒 + ℓ𝑠𝑖𝑛𝛼)𝜔2ℓ𝑐𝑜𝑠𝛼 ∙ 𝛿𝛼 − 

−2cℓ(𝑠𝑖𝑛𝛼 − 𝑠𝑖𝑛𝛼0)ℓ𝑐𝑜𝑠𝛼 ∙ 𝛿𝛼 = 0. 
es toloba SevkvecoT 𝛿𝛼 ≠ 0 − ze  da ℓ − ze, miviRebT: 

−𝐺1𝑠𝑖𝑛𝛼 + 2𝑀(𝑒 + ℓ𝑠𝑖𝑛𝛼)𝜔2𝑐𝑜𝑠𝛼 − 

−2cℓ(𝑠𝑖𝑛𝛼 − 𝑠𝑖𝑛𝛼0)𝑐𝑜𝑠𝛼 = 0. 
aqedan 

𝜔2 =
𝐺1𝑠𝑖𝑛𝛼 + 2cℓ(𝑠𝑖𝑛𝛼 − 𝑠𝑖𝑛𝛼0)𝑐𝑜𝑠𝛼

2𝑀(𝑒 + ℓ𝑠𝑖𝑛𝛼)𝑐𝑜𝑠𝛼
. 

  gavyoT es gamosaxuleba   𝑐𝑜𝑠𝛼 − ze  da gaviTvaliswinoT, rom  𝐺1 =
𝑀1𝑔, maSin 

𝜔 = √
𝑀1𝑔𝑡𝑔𝛼 + 2cℓ(𝑠𝑖𝑛𝛼 − 𝑠𝑖𝑛𝛼0)

2𝑀(𝑒 + ℓ𝑠𝑖𝑛𝛼)
. 

 

p a s u x i:      𝜔 = √
𝑀1𝑔𝑡𝑔𝛼+2cℓ(𝑠𝑖𝑛𝛼−𝑠𝑖𝑛𝛼0)

2𝑀(𝑒+ℓ𝑠𝑖𝑛𝛼)
 

 
 
 
 
 
 

amocana  47.19 
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   regulatorSi  oTxi  erTnairi 𝑀1 
masis tvirTi mimagrebulia ori 

erTnairi  2ℓ sigrZis  berketze, 
romlebsac SeuZlia brunva 

regulatoris sibrtyeSi Spindelis 𝑂 
bolos garSemo da Spindelis RerZTan 

qmnis cvlad 𝜑 kuTxes. 𝐴 wertilSi, 

romelSic 𝑂 bolodan  daSorebulia  

𝑂𝐴 = 𝑎A manZiliT, SpindelTan  

saxsrovnad SeerTebulia 𝑎A sigrZis 
𝐴𝐵 da  𝐴𝐶  berketebi;  es ukanaskneli 

Tavis mxriv SeerTebulia 𝑎A sigrZis 
𝐵𝐷 da  𝐶𝐷  ReroebTan, romlebsac 

gadaaqvT 𝐷 quro. 𝐵 da  𝐶  
wertilebSi moTavsebulia cociebi, 
romlebic srialeben berketebis 

gaswvriv. wuros masa udris 𝑀2 −s, 

regulatori brunavs mudmivi  𝜔  
kuTxuri siCqariT.  ipoveT damokidebuleba 𝜑 kuTxesa da 𝜔  kuTxur 
siCqares Soris regulatoris wonasworobisas. 
a m o x s n a.   meqanikur sistemas aqvs erTi Tavisuflebis xarisxi. 
gamoviyenoT dinamikis zogadi gantoleba Semdegi saxiT: 

               ∑[(𝐹𝑘𝑥 + Φ𝑘𝑥) ∙ 𝛿𝑥𝑘 + (𝐹𝑘𝑦 + Φ𝑘𝑦) ∙ 𝛿𝑦𝑘] =

𝑛

𝑘=1

0                         (1) 

sadac  𝐹𝑘𝑥, 𝐹𝑘𝑦 − aqtiuri Zalebis gegmilebia sakoordinato RerZebze;  

Φ𝑘𝑥, Φ𝑘𝑦 − inerciis  Zalebis gegmilebia sakoordinato RerZebze;  

𝛿𝑥𝑘 , 𝛿𝑦𝑘 −koordinatebis variaciebia. 

  vaCvenoT naxazze aqtiuri Zalebi: tvirTebis  simZimis Zalebi- 𝐺⃗1, 

𝐺⃗2    da birTvebis centridanuli inerciis Zalebi Φ⃗⃗⃗⃗ი. 
   mocemul SemTxvevaSi 

    Φინ = 𝑀1ℓ𝜔
2.    (2) 

   koordinatTa sistemis saTave avirCioT 𝑂  wertilSi da 𝐸,𝐾 da  

𝐸′, 𝐾′  tvirTebis koordinatebi gamovsaxoT  𝜑 kuTxis saSualebiT: 
  

𝜔 

ℓ 

ℓ 

𝑎 

𝑎 𝑎 
𝑎 

𝐷 

𝐵 
𝐴 

𝑂 

𝐶 

𝜑 𝜑 

𝑎 
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{

𝑥მარჯ = ℓ𝑠𝑖𝑛𝜑,   𝑥მარცხ = −ℓ𝑠𝑖𝑛𝜑,
𝑦𝐸 = 𝑦𝐸′ = ℓ𝑐𝑜𝑠𝜑,     𝑦𝐾 = 𝑦𝐾′ = −ℓ𝑐𝑜𝑠𝜑,

𝑦𝐷 = 𝑎 + 2𝑎𝑠𝑖𝑛(900 − 2𝜑) = 𝑎 + 2𝑎𝑐𝑜𝑠2𝜑.

 

 
Aam damokidebulebebis varirebiT,  miviRebT: 

           {
𝛿𝑥მარჯ = ℓ𝑐𝑜𝑠𝜑 ∙ 𝛿𝜑,   𝛿𝑥მარცხ = −ℓ𝑐𝑜𝑠𝜑 ∙ 𝛿𝜑,

𝛿𝑦𝐸 = 𝛿𝑦𝐸′ = −ℓ𝑠𝑖𝑛𝜑 ∙ 𝛿𝜑,   𝛿𝑦𝐾 = 𝛿𝑦𝐾′ = ℓ𝑠𝑖𝑛𝜑 ∙ 𝛿𝜑,

𝛿𝑦𝐷 = −4𝑎𝑠𝑖𝑛2𝜑 ∙ 𝛿𝜑.

    (3) 

(1) Ggantoleba CavweroT gaSlili saxiT: 

2𝐺1𝛿𝑦𝐾 + 2𝐺1𝛿𝑦𝐸 − 𝐺2𝛿𝑦𝐷 + Φინ𝛿𝑥მარჯ − Φინ𝛿𝑥მარცხ = 0 
Aan (2) da (3) gamosaxulebebis gaTvaliswinebiT 

2𝐺1ℓ𝑠𝑖𝑛𝜑 ∙ 𝛿𝜑 − 2𝐺1ℓ𝑠𝑖𝑛𝜑 ∙ 𝛿𝜑 + 𝐺2(−4𝑎𝑠𝑖𝑛2𝜑 ∙ 𝛿𝜑) + 

+4𝑀1ℓ𝜔
2ℓ𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜑 ∙ 𝛿𝜑 = 0. 

Ggardaqmnis Semdeg miviRebT: 

−4𝐺2𝑎𝑠𝑖𝑛2𝜑 + 2𝑀1ℓ
2𝜔2𝑠𝑖𝑛2𝜑 = 0, 

radgan 𝛿𝜑 ≠ 0. 
    maSin 

𝜔2 =
2𝐺2𝑎

𝑀1ℓ
2

=
2𝑀2𝑔𝑎

𝑀1ℓ
2

, 

𝜔 

ℓ 

ℓ 

𝐷 

𝐵 
𝐴 

𝑂 

𝐶 

𝜑 𝜑 

𝑥 

𝑦 

𝐺⃗1 

𝐺⃗1 𝐺⃗1 

𝐺⃗1 

𝐺⃗2 

𝐾′ 

𝐾 

𝐸′ 
𝐸 

Φ⃗⃗⃗⃗ინ 

Φ⃗⃗⃗⃗ინ Φ⃗⃗⃗⃗ინ 

Φ⃗⃗⃗⃗ინ 

𝜑 

2𝜑 
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aqedan 
 

𝜔 = √
2𝑀2𝑔𝑎

𝑀1ℓ
2

. 

 
p a s u x i:     regulatoris wonasworoba SesaZlebelia mxolod maSin, 

roca  𝜔 = √
2𝑀2𝑔𝑎

𝑀1ℓ2  da ar aris damokidebuli  𝜑 kuTxeze. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

48.  DlagranJis II gvaris gantolebebi 

 

meToduri miTiTebebi amocanebis amosaxsnelad. 
 

   DlagranJis meore gvaris gantolebebi Dgamoiyvaneba  
dinamikis zogadi gantolebidan  misi gardaqmniT  gantolebebSi 
ganzogadebul koordinatebSi da meqanikuri sistemisaTvis, romelic 
emorCileba holonomiur, idealur da damWer bmebs, aqvs saxe:. 

                
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝑞̇𝑗
) −

𝜕𝑇

𝜕𝑞𝑗
= 𝑄𝑗

𝑎 ,     𝑗 = 1,2,⋯ , 𝑠,             (48.1) 

sadac   𝑞1,⋯  , 𝑞𝑗, ⋯  𝑞𝑠 −ganzogadebuli  koordinatebia; 𝑞̇1 =
𝑑𝑞1

𝑑𝑡
, ⋯  , 𝑞̇𝑗 =

𝑑𝑞𝑗

𝑑𝑡
, ⋯  𝑞̇𝑠 =

𝑑𝑞𝑠

𝑑𝑡
−ganzogadebuli siCqareebi; 𝑠 − 

meqanikuri sistemis Tavisuflebis xarisxis ricxvi; 𝑇 − meqanikuri 

sistemis  kinetikuri energia; 𝑄1
𝑎 , ⋯ , 𝑄𝑗

𝑎,⋯ , 𝑄𝑠
𝑎 −aqtiuri Zalebis  

ganzogadebuli Zalebi. 
  Kkonservatuli (potenciuri) meqanikuri sistemisaTvis (48.1) 
gantolebas aqvs saxe 

                    
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝑞̇𝑗
) −

𝜕𝑇

𝜕𝑞𝑗
=

𝜕Π

𝜕𝑞𝑗
,     𝑗 = 1,2,⋯ , 𝑠.          (48.2) 
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   SemoviRoT lagranJis  funqcia (kinetikuri potenciali), romelic 

udris meqanikuri sistemis kinetikuri 𝑇 da potenciuri Π energiebis 
sxvaobas: 

                          𝐿 = 𝑇 − Π.                   (48.3) 
   radgan  meqanikuri sistemis  potenciuri Π energia ar aris 
damokidebuli ganzogadebul koordinatebze, amitom (48.2) gantoleba 
SeiZleba asec CavweroT: 

                      
𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝑞̇𝑗
) −

𝜕𝐿

𝜕𝑞𝑗
= 0,     𝑗 = 1,2,⋯ , 𝑠,              (48.4) 

M  
D lagranJis meore gvaris gantolebebi mizanSewonilia gamoviyenoT 
meqanikuri sistemis moZraobis gamosakvlevad. rogorc dinamikis 
meore kanoni materialuri wertilisaTvis gamoiyeneba materialuri 
wertilis  moZraobis diferencialuri gantolebebis Sedgenisas, 
aseve DlagranJis meore gvaris gantolebebi warmoadgens im 
maTematikur aparats, romlis gamoyenebiT SesaZlebelia meqanikuri 
sistemis moZraobis diferencialuri gantolebebis Sedgena. 
am paragrafis amocanebis amoxsnis Tanmimdevroba: 
1. ganvsazRvroT meqanikuri sistemis Tavisuflebis xarisxis    

    ricxvi; 
2.  avirCioT ganzogadebuli koordinatebi, romelTa ricxvi udris  
  meqanikuri sistemis Tavisuflebis xarisxis ricxvs; 
3.  CavweroT (48.1) formulis  gamoyenebiT lagranJis meore gvaris  
  Ggantolebebi yvela ganzogadebuli koordinatisaTvis; 
 4. ganvsazRvroT meqanikuri sistemis  kinetikuri energia,      
   gamovsaxoT is ganzogadebuli siCqareebiT da  ganzogadebuli 
   koordinatebiT;E 
5.  ganvsazRvroT meqanikuri sistemis  kinetikuri energiis  kerZo   

   warmoebulebi 𝑞𝑗 ganzogadebuli koordinatebiT da 𝑞̇𝑗 

   ganzogadebuli siCqareebiT, e.i. 
𝜕𝑇

𝜕𝑞𝑗
  da  

𝜕𝑇

𝜕𝑞̇𝑗
 , agreTve, droiT             

  warmoebulebi 
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝑞̇𝑗
) ; 

6. ganvsazRvroT  aqtiuri Zalebis ganzogadebuli Zalebi [ix. (XI.10)  
da (XI.11) formulebi]; 
 7. CasvaT warmoebulebis da  ganzogadebuli Zalebis napovni 
gamosaxulebebi  lagranJis meore gvaris gantolebebSi;  
8. Tu meqanikur sistemas aqvs ramdenime Tavisuflebis xarisxi, maSin 
miiReba Cveulebriv diferencialur gantolebaTa sistema, xolo 
erTi Tavisuflebis xarisxis mqone meqanikuri sistemisaTvis miiReba 
erTi diferencialuri gantoleba. TiToeul SemTxvevaSi maTgan 
ganisazRvreba sxeulebis  saZiebeli wrfivi an kuTxuri siCqareebi, 
an Tu SesaZlebelia  gantolebaTa sistemis (gantolebis) 
integrireba, maSin ganisazRvreba sxeulis moZraobis kanoni; 
9. Tu meqanikur sistemaze moqmedebs konservatuli Zalebi, maSin   
lagranJis meore gvaris gantolebebi  Caiwereba (48.2) an (48.4) saxiT. 
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meqanikur sistemis moZraobis diferencialuri gantolebebis 
Sesadgenad aucilebelia sistemis lagranJis  funqciis gansazRvra 

da Sesabamisi warmoebulebis povna: 
𝜕𝐿

𝜕𝑞𝑗
,  

𝜕𝐿

𝜕𝑞̇𝑗
  da  

𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝑞̇𝑗
) ; 

an (48.2) gavawarmooT saxiT Cawerili  lagranJis meore gvaris 
gantolebebSi   Semavali kinetikuri da potenciuri energiebis 
gamosaxulebebi. 
  
 

amocanebi da amoxsnebi 
 

amocana  48.1  

  or urTierTmarTobul da gadamkveT lilvs Soris brunvaTa 
gadacema xorcieldeba  𝑧1 da 𝑧2  kbilebis mqone ori kbila Tvlis  
saSualebiT. Llilvebis inerciis momentebi maTze Camocmuli TvlebiT 

saTanadoda  𝐽1 da 𝐽2.  gansazRvreT pirveli   lilvis moZraobis 

kanoni, Tu masze moqmedebs  𝑀1 mabruni momenti, xolo meore Tvalze-

winaRobis 𝑀2 momenti. sayrdenSi xaxuni ugulebelyofilia. 
.  a m o x s n a.    gansaxilvel  meqanikuri sistemas aqvs erTi 
Tavisuflebis xarisxi. Mmisi moZraobis gantolebis Sesadgenad 
visargebloT lagranJis meore gvaris gantolebiT. Gganzogadebul 
koordinatad miviRoT pirveli lilvis mobrunebis kuTxe (ix. Nnaxazi): 

𝑞1 = 𝜑1 = 𝜑. 
maSin 

                      
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜑̇
) −

𝜕𝑇

𝜕𝜑
= 𝑄𝜑.                   (1) 

 
 
 

  
 
 
 
 
 
 

   ganvsazRvroT meqanikuri sistemis kinetikuri energia: 

𝑇 = 𝑇1 + 𝑇2 =
1

2
𝐽1𝜔1

2 +
1

2
𝐽2𝜔2

2. 

Mmocemuli meqanikuri sistemisaTvis 

𝜔1 = 𝜑̇1 = 𝜑̇, 

𝑀1 𝑀2 

𝛿𝜑1 = 𝛿𝜑 

𝑂2 

𝑧1 

𝜔1 
𝜔2 

𝛿𝜑2 

𝑧2 

𝑂1 
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𝜔2 =
𝑧1

𝑧2
𝜑̇, = 𝑖𝜑̇, 

sadac 𝑖 =
𝑧1

𝑧2
. 

maSin  meqanikuri sistemis kinetikuri energiis gamosaxuleba aseT saxes 
miiRebs: 

𝑇 =
1

2
(𝐽1 + 𝑖2𝐽2)𝜑̇

2. 

  gamovTvaloT  kinetikuri energiis kerZo warmoebulebi 
ganzogadebuli koordinatiT da ganzogadebuli siCqariT, agreTve, 
droiT warmoebuli: 

                {

𝜕𝑇

𝜕𝜑̇
= (𝐽1 + 𝑖2𝐽2)𝜑̇,

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜑̇
) = (𝐽1 + 𝑖2𝐽2)𝜑,̈      

𝜕𝑇

𝜕𝜑
= 0             

       (2) 

  gamovTvaloT 𝑄𝜑   ganzogadebuli Zala. mivaniWoT sistemas SesaZlo 

gadaadgileba, gaviTvaliswinoT, rom 𝛿𝜑2 = 𝑖 𝛿𝜑  da gamovTvaloT 
elementaruli muSaoba: 

𝛿𝐴 = 𝑀1𝛿𝜑1 − 𝑀2𝛿𝜑2 = (𝑀1 − 𝑖𝑀2)𝛿𝜑. 
maSin 

                         𝑄𝜑 = 𝑀1 − 𝑖𝑀2                  (3) 
 

 CavsvaT (2) da (3) gamosaxulebebi (1) gantolebaSi da miviRoT pirveli 
lilvis moZraobis gantoleba: 

(𝐽1 + 𝑖2𝐽2)𝜑̈ = 𝑀1 − 𝑖𝑀2. 
 

p a s u x i:   (𝐽1 + 𝑖2𝐽2)𝜑̈ = 𝑀1 − 𝑖𝑀2. 
 

amocana  48.2  

    centrofugis 𝐵 doli 
brunvaSi modis eleqtruli 
ZraviT orsafexuriani 
reduqtoris saSualebiT.  
mocemulia: eleqtruli 
Zravis (eZ) inerciis momenti 

𝐽0, dolis inerciis momenti 

𝐽2, reduqtoris Sualeduri 

lilvis inerciis momenti 𝐽1, 
reduqtoris safexurebis 

gadacemaTa ricxvebi  𝑖01 da 

𝑖12.  eleqtruli Zravis 

rotorze modebulia 𝑀0 

𝐽1 

𝐽0 

𝐽2 

ეძ 

𝑖01 

𝑖12 

𝐵 

• 

• 

• 
• 

• 

• 
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mabruni momenti da 𝑀0′ winaRobis Zalebis momenti, reduqtoris 

lilvze da dolze Sesabamisad−𝑀1′ da 𝑀2′   winaRobis Zalebis 
momentebi. SeadgineT centrofugis brunvis diferencialuri 
gantoleba. 
  a m o x s n a.      gansaxilvel  meqanikuri sistemas aqvs erTi 
Tavisuflebis xarisxi. ganzogadebul koordinatad miviRoT  

centrofugis 𝐵 dolis mobrunebis kuTxe 𝑞1 = 𝜑2 = 𝜑.  CavweroT  
lagranJis meore gvaris gantoleba 

                       
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜑̇
) −

𝜕𝑇

𝜕𝜑
= 𝑄𝜑.                   (1) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
ganvsazRvroT meqanikuri sistemis kinetikuri energia: 

𝑇 = 𝑇0 + 𝑇1 + 𝑇2 =
1

2
𝐽1𝜔1

2 +
1

2
𝐽2𝜔2

2. 

sadac 

𝑇0 =
1

2
𝐽0𝜔0

2;  𝑇1 = 
1

2
𝐽1𝜔1

2; 𝑇2 =
1

2
𝐽2𝜔2

2.  

radgan  𝜔2 = 𝜑̇,   𝜔1 = 𝑖12𝜑̇,    𝜔0 = 𝑖01𝜔1, maSin miviRebT: 
 

𝑇 =
1

2
(𝐽0𝑖01

2 𝑖12
2 + 𝐽1𝑖12

2 + 𝐽2)𝜑̇
2. 

gamovTvaloT (1) gantolebaSi Semavali warmoebulebi: 

       
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜑̇
) = (𝐽0𝑖01

2 𝑖12
2 + 𝐽1𝑖12

2 + 𝐽2)𝜑,̈      
𝜕𝑇

𝜕𝜑
= 0.                     (2) 

    gamovTvaloT 𝑄𝜑   ganzogadebuli Zala. amisaTvis gamovTvaloT 

elementaruli muSaoba 

𝛿𝐴 = (𝑀0 − 𝑀0′)𝛿𝜑0 − 𝑀1
′𝛿𝜑1 − 𝑀2

′𝛿𝜑 = 
= [(𝑀0 − 𝑀0′)𝑖01𝑖12 − 𝑀1

′ 𝑖12 − 𝑀2
′ ]𝛿𝜑, 

sadac  𝛿𝜑0 = 𝑖01𝑖12𝛿𝜑;   𝛿𝜑1 = 𝑖12𝛿𝜑    (kuTxuri siCqareebis 
Tanafardobebis analogiuri) 
  maSin 

𝐽1 

𝐽0 

𝐽2 

ეძ 

𝑖01 

𝑖12 

𝐵 

• 

• 
• 

• 
• 

• 
𝛿𝜑0 

𝑀0 
𝑀′0 

𝑀′1 𝑀′2 

𝜔2 

𝜔0 

𝜔1 

𝛿𝜑1 

𝛿𝜑2 = 𝛿𝜑 
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            𝑄𝜑 = (𝑀0 − 𝑀0′)𝑖01𝑖12 − 𝑀1
′ 𝑖12 − 𝑀2

′ .              (3) 
 

 CavsvaT (2) da (3) gamosaxulebebi (1) gantolebaSi da miviRoT 
centrofugis brunvis diferencialuri gantoleba: 

(𝐽0𝑖01
2 𝑖12

2 + 𝐽1𝑖12
2 + 𝐽2)𝜑 ̈ = (𝑀0 − 𝑀0′)𝑖01𝑖12 − 𝑀1

′ 𝑖12 − 𝑀2
′ 

p a s u x i: 

(𝐽0𝑖01
2 𝑖12

2 + 𝐽1𝑖12
2 + 𝐽2)𝜑 ̈ = (𝑀0 − 𝑀0′)𝑖01𝑖12 − 𝑀1

′ 𝑖12 − 𝑀2
′ 

 
 
 
 
 

amocana  48.3  

    eleqtomobilis amZaravi  Sedgeba eleqtruli Zravis (eZ)  da 

erTsafexuriani reduqtorisagan 𝑖  gadacemis ricxviT. SeadgineT 
eleqtomobilis  moZraobis diferencialuri gantoleba, Tu 

Mmocemulia: eleqtruli Zravis rotoris inerciis momenti 𝐽0, erTnairi 
𝑟 radiusis oTxi Tvlidan TiToeulis inerciis momenti 𝐽1, 
eleqtomobilis mTliani masa  𝑚,  eleqtruli Zravis  𝑀 mabruni 

momenti, winaRobis Zalebis momenti eleqtruli Zravis  lilvze 𝑀′ da 

winaRobis jamuri Zala  𝐹⃗. 
  

 
 a m o x s n a.     mocemul SemTxvevaSi  lagranJis meore gvaris 
gantolebas aqvs saxe 

                       
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇
) −

𝜕𝑇

𝜕𝑥
= 𝑄𝑥 .                   (1) 

    ganzogadebul koordinatad miRebulia  eleqtomobilis 

gadataniTi gadaadgileba 𝑞 = 𝑥(ix. Nnaxazi) 
    ganvsazRvroT meqanikuri sistemis kinetikuri energia: 

𝑇 = 𝑇0 + 𝑇1 + 𝑇2. 
    eleqtruli Zravis kinetikuri energia: 

ეძ 
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𝑇0 =
1

2
𝐽0𝜔0

2 =
1

2
𝐽0 (

𝜔1

𝑖
)
2

=
1

2
𝐽0

𝑥̇2

𝑖2𝑟2
. 

sadac    𝜔0 =
𝜔1

𝑖
;     𝑥 = 𝜔1𝑟 ⟹ 𝜔1 =

𝑥̇

𝑟
. 

 

 
 
     oTxi Tvlis kinetikuri energia  brunviT moZraobaSi  

𝑇1 =
1

2
𝐽1𝜔1

2 =
1

2
4𝐽1

𝑥̇2

𝑟2
. 

    eleqtomobilis kinetikuri energia  gadataniT moZraobaSi oTxi 
Tvlis kinetikuri energiis  gaTvaliswinebiT 

𝑇2 =
1

2
𝑚𝑥̇2. 

    sabolood  meqanikuri sistemis kinetikuri energia 

𝑇 = (𝑚 +
4𝐽1
𝑟2

+
𝐽0

𝑖2𝑟2
)
𝑥̇2

2
. 

   gamovTvaloT (1) gantolebaSi Semavali kinetikuri energiis 
 warmoebulebi: 

 

                    
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇
) = (𝑚 +

4𝐽1
𝑟2

+
𝐽0

𝑖2𝑟2
) 𝑥;̈             

𝜕𝑇

𝜕𝑥
= 0.               (2)           

    gamovTvaloT 𝑄𝑥   ganzogadebuli Zala. amisaTvis sistemas 

mivaniWoT SesaZlo gadaadgileba 𝛿𝑥 da  gamovTvaloT elementaruli 
muSaoba 

𝛿𝐴 = (𝑀 − 𝑀′)𝛿𝜑 − 𝐹𝛿𝑥 = (
𝑀 − 𝑀′

𝑖𝑟
− 𝐹)𝛿𝑥, 

ეძ 
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sadac  𝛿 =
𝛿𝜑1

𝑖
,   𝛿𝜑1 =

𝛿𝑥

𝑟
 ⟹  𝛿𝜑 =

𝛿𝑥

𝑖𝑟
. 

    maSin    

                        𝑄𝑥 =
𝛿𝐴

𝛿𝑥
=

𝑀−𝑀′

𝑖𝑟
− 𝐹.                         (3) 

CavsvaT (2) da (3) gamosaxulebebi (1) gantolebaSi da miviRoT 
eleqtomobilis  moZraobis diferencialuri gantoleba: 
 

(𝑚 +
4𝐽1
𝑟2

+
𝐽0

𝑖2𝑟2
) 𝑥̈ =

𝑀 − 𝑀′
𝑖𝑟

− 𝐹. 

p a s u x i:     (𝑚 +
4𝐽1
𝑟2 +

𝐽0
𝑖2𝑟2

) 𝑥̈ = 𝑀−𝑀′
𝑖𝑟

− 𝐹. 

 
 
 
 

amocana  48.4  

   mastabilizirebeli amZravis 
eleqtruli Zrava  dayenebulia 
mbrunav CarCoze, romlis mdebareoba 

moicema 𝜑 kuTxiT. eleqtruli Zravis 
I kbilana goravs uZrav fuZesTan 
dakavSirebul 2 kbilana garSemo. 
SeadgineT CarCos  moZraobis 
diferencialuri gantoleba, Tu 
Mmocemulia: eleqtruli Zravis 

rotoris inerciis momenti 𝐽0, CarCos 
inerciis momenti  eleqtruli ZravasTan erTad 𝐽1, wyvili kbilanas 

gadacemaTa ricxvi 𝑖12,.  eleqtruli Zravis 𝑀0 mabruni momenti,  

eleqtruli Zravis   lilvze modebuli winaRobis Zalebis momenti 𝑀0′, 
CarCoze modebuli Zalebis momenti misi RerZis mimarT−𝑀1′. 
a m o x s n a.    ganzogadebul 
koordinatad miviRoT  CarCos 

mobrunebis kuTxe  𝑞 = 𝜑 (ix. 
Nnaxazi) da CavweroT lagranJis 
meore gvaris gantoleba:  

            
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) −

𝜕𝑇

𝜕𝜑
= 𝑄𝜑.      (1) 

  ganvsazRvroT meqanikuri 
sistemis kinetikuri energia: 

       𝑇 = 𝑇0 + 𝑇1. 
    eleqtruli Zravis kinetikuri 
energia: 

1 

2 

eZ 

𝑀0 

𝜑 

𝛿𝜑 

𝛿𝜑0 

𝜔0 𝑀0′
, 

1 

2 eZ 
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𝑇0 =
1

2
𝐽0𝜔0

2. 

      CarCos kinetikuri energia: 

𝑇1 =
1

2
𝐽1𝜔1

2. 

  Mmocemul SemTxvevaSi  𝜔1 = 𝜑̇ −saZiebeli ganzogadbuli kuTxuri 

siCqarea.  imisaTvis, rom 𝜔0 gamovsaxoT 𝜔1 −iT, visargebloT vilisis 
meTodiT. maSin 
 

𝜔2 − 𝜔1

𝜔0 − 𝜔1
= −𝑖12, 

sadac  𝑖12 =
𝑧1

𝑧2
 , 𝜔2 = 0,   radgan 2 kbilana aris uZravi; marjvena 

nawilSi minus niSani miuTiTebs gare SeWidebaze. 
   maSin 

𝜔1(1 + 𝑖12) = 𝜔0𝑖12 
an 

𝜔0 =
1 + 𝑖12

𝑖12
𝜔1 = (1 +

1

𝑖12
) 𝜑̇. 

 Sedegad miviRebT 
 

𝑇 = [𝐽0 (1 +
1
𝑖12

)

2

+ 𝐽1]
𝜑̇2

2
. 

  gamovTvaloT (1) gantolebaSi Semavali kinetikuri energiis 
 warmoebulebi: 

                    
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) = [𝐽0 (1 +

1

𝑖12
)
2

+ 𝐽1] 𝜑;̈             
𝜕𝑇

𝜕𝜑
= 0.               (2)      

    gamovTvaloT 𝑄𝜑   ganzogadebuli Zala. amisaTvis sistemas 

mivaniWoT SesaZlo gadaadgileba 𝛿𝜑 da  gamovTvaloT elementaruli 
muSaoba 

𝛿𝐴 = (𝑀0 − 𝑀′)𝛿𝜑0 − 𝑀1
′𝛿𝜑. 

  radgan 

𝛿𝜑0

𝛿𝜑
=

𝜔0

𝜔1
, 

amitom 

𝛿𝜑0 = (1 +
1

𝑖12
) 𝛿𝜑 

maSin 

𝛿𝐴 = [(𝑀0 − 𝑀′) (1 +
1

𝑖12
) − 𝑀1

′] 𝛿𝜑, 

xolo  ganzogadebuli Zala 
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                  𝑄𝜑 =
𝛿𝐴

𝛿𝜑
= (𝑀0 − 𝑀′) (1 +

1

𝑖12
) − 𝑀1

′ .        (3) 

    CavsvaT (2) da (3) gamosaxulebebi (1) gantolebaSi da miviRoT CarCos  
moZraobis diferencialuri gantoleba: 

[𝐽0 (1+
1
𝑖12

)

2

+ 𝐽1] 𝜑̈ = (𝑀0 − 𝑀′) (1 +
1
𝑖12

) − 𝑀1
′ . 

p a s u x i:  [𝐽0 (1 + 1
𝑖12

)
2
+ 𝐽1] 𝜑̈ = (𝑀0 − 𝑀′) (1 + 1

𝑖12
) − 𝑀1

′ . 

   

 

amocana  48.5  

   gansazRvreT 𝑚1  masis  da ℓ sigrZis 
gvarlze Camokidebuli 𝑚  masis 𝑃 tvirTis 

moZraoba; gvarli daxveulia 𝑎  radiusisa da 
𝑚2  masis  dolze; brunvis RerZi 
horizontaluria; xaxuni ugulebelyofilia, 
dolis masa igulisxmeT Tanabrad  
ganawilebulad mis fersoze. sawyis momentSi 

𝑡 = 0 sistema wonasworobaSia; dolze 

gadmokidebulia gvarlis sigrZea ℓ0. 
Mm i T i T e b a.  amocanis amoxsnis dros 
 dolis zomebi gadmokidebuli gvarlis sigrZesTan SedarebiT, 
ugulebelyofilia. 
a m o x s n a.     ganzogadebul koordinatad 

miviRoT  𝑃 tvirTis gadaadgileba  𝑞 = 𝑥 (ix. 
naxazi) 
    ganvsazRvroT meqanikuri sistemis 
kinetikuri energia: 

             𝑇 = 𝑇გვ + 𝑇დ + 𝑇ტვ. 

   გვარლის კინეტიკური ენერგია 𝑇გვ  იმის 

გათვალისწინებით, რომ  𝑚1 masis გვარლის ყველა 

წერტილის (მათ შორის დოლზე მდებარე)  სიჩქარეა 

𝑥̇,   udris 

      𝑇გვ = ∑∆𝑚𝑖

𝑥̇2

2
=

𝑥̇2

2
∑∆𝑚𝑖 =

𝑚1𝑥̇
2

2
 

  radgan dolis masa Tanabradaa 
ganawilebuli mis fersoze, amitom 

𝐽 = 𝑚2𝑎
2. 

𝐴 
𝑎 

ℓ0 

𝑥 

𝑃 

𝐴 
𝑎 

ℓ0 

𝑥 

𝑃 

𝑂 

𝛿𝜑 
𝜑 

𝑚𝑔⃗ 

𝛿𝑥 
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  Tu gaviTvaliswinebT, agreTve, Tanafardobas  𝜑̇ =
𝑥̇

𝑎
 , miviRebT, 

rom  dolis კინეტიკური ენერგია 

𝑇დ =
1

2
𝑚2𝑎

2 (
𝑥̇

𝑎
)
2

=
1

2
𝑚2𝑥̇

2. 

𝑃 tvirTis კინეტიკური ენერგია 

𝑇ტვ. =
1

2
𝑚𝑥̇2. 

  maSasadame, 

                      𝑇 = (𝑚 + 𝑚1 + 𝑚2)
𝑥̇2

2
.                 (1) 

 

   Nnulovan potencialur doned miviRoT dolis 𝑂 centrSi gamavali 
horizontaluri   wrfe,  dolis  zomebi   gadmokidebuli   gvarlis  
sigrZesTan SedarebiT ugulebelvyoT  da  ganvsazRvroT gvarlis 

dakidebuli nawilis da 𝑃 tvirTis potenciuri energia: 

                    𝛱 = −𝑚𝑔𝑥 −
𝑚1𝑥

ℓ
𝑔

𝑥

2
= −𝑚𝑔𝑥 −

𝑚1𝑔𝑥2

2ℓ
,     (2)     

sadac  
𝑚1𝑥

ℓ
g − gvarlis dakidebuli nawilis simZimis Zalaa; 

𝑥

2
− 

gvarlis simZimis centris koordinatia; ℓ − gvarlis sigrZea. 

 SemoviRoT lagranJis funqcia 𝐿 = 𝑇 − 𝛱 da CavweroT lagranJis 
meore gvaris gantoleba:  

            
𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑥̇
) −

𝜕𝐿

𝜕𝑥
= 0. 

   integrebis Semdeg miviRebT diferenciallur gantolebas: 

                   (𝑚 + 𝑚1 + 𝑚2)𝑥̈ −
𝑚1

ℓ
𝑔𝑥 = 𝑚𝑔.            (3)  

  (3) gantolebis amonaxsni veZeboT saxiT: 

                           𝑥 = 𝑥 + 𝑥∗,                      (4)    
sadac  𝑥 − Sesabamisi  erTgvarovani diferencialuri gantolebis 

zogadi amonaxsenia, xolo  𝑥∗ −araerTgvarovanis kerZo amonaxseni. 
   umaRlesi maTematikis kursidan cnobilia, rom  

𝑥 = 𝐶1𝑐ℎ𝑘𝑡 + 𝐶2𝑠ℎ𝑘𝑡, 

sadac  𝑘 = √
𝑚1𝑔

 (𝑚+𝑚1+𝑚2)ℓ
 ;  𝑐ℎ𝑘𝑡, 𝑠ℎ𝑘𝑡 − Sesabamisad hiperboluri 

kosinusi da sinusia. 
    KkerZo amonaxsens aqvs saxe 

𝑥∗ = 𝐴. 
  CavsvaT 𝑥∗ (3) gantolebaSi da vipovoT 

𝑥∗ = −
𝑚ℓ

𝑚1
. 

(4) formulis Tanaxmad 
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𝑥 = 𝐶1𝑐ℎ𝑘𝑡 + 𝐶2𝑠ℎ𝑘𝑡 −
𝑚ℓ

𝑚1
. 

gavawarmooT es gamosaxuleba droiT: 

 𝑥̇ = 𝐶1𝑘𝑠ℎ𝑘𝑡 + 𝐶2𝑘𝑐ℎ𝑘𝑡. 
  𝐶1 da 𝐶2  mudmivebis sapovnelad visargebloT sawyisi pirobebiT: 

𝑡 = 0, 𝑥(0) = ℓ0, miviRebT: 

{
ℓ0 = 𝐶1 −

𝑚ℓ

𝑚1
,

0 = 𝐶2𝑘.

⟹ {
𝐶1 = ℓ0 +

𝑚ℓ

𝑚1
,

𝐶2 = 0.

 

maSasadame, 𝑃 tvirTis moZraobis gantolebas aqvs saxe: 

𝑥 = −
𝑚ℓ

𝑚1
+ (ℓ0 +

𝑚ℓ

𝑚1
) 𝑐ℎ√

𝑚1𝑔

 (𝑚 + 𝑚1 + 𝑚2)ℓ
𝑡. 

p a s u x i:   

𝑥 = −
𝑚ℓ

𝑚1
+ (ℓ0 +

𝑚ℓ

𝑚1
) 𝑐ℎ√

𝑚1𝑔

 (𝑚 + 𝑚1 + 𝑚2)ℓ
𝑡. 

 

 

amocana  48.6  

   epiciklur meqanizmSi 𝑟1 radiusis 
moZravi kbilana Camocmulia sapirwones 
mqone mrudmxaraze da masze modebuli 

𝑀 momentis moqmedebiT  uZravi kbilanas 
RerZis garSemo brunavs.  gansazRvreT 
mrudmxaras brunvis kuTxuri aCqareba da 

kbilanebis Sexebis wertilSi wriuli 𝑆 
Zalva, Tu kbilanebis RerZebs Soris 

manZili aris ℓ, mrudmxaras inerciis 
momenti sapirwoneTi brunvis RerZis 

mimarT aris 𝐽0, moZravi kbilanas masa 

−𝑚1, kbilanas inerciis momenti misi RerZis mimarT−𝐽1. xaxuni 
ugulebelyofilia; kbilanasa da mrudmxaras (sapirwoneTi) masaTa 
centrebi mdebareobs mrudmxaras brunvis RerZze. 

𝑀 𝑂1 

𝑂 

𝑟1 

𝜑 

ℓ 
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a m o x s n a.     ganzogadebul 
koordinatad miviRoT  
mrudmxaras mobrunebis kuTxe  

𝑞 = 𝜑 da CavweroT lagranJis 
meore gvaris gantoleba 
mocemuli meqanikuri 
sistemisaTvis, romlis 
Tavisuflebis xarisxi udris 
erTs:  

            
𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜑̇
) −

𝜕𝐿

𝜕𝜑
= 𝑄𝑀,       

sadac  𝐿 = 𝑇 − Π −kinetikuri 
potencialia. 

 

ganvsazRvroT meqanikuri sistemis kinetikuri energia: 

𝑇 = 𝑇მრ + 𝑇კბ. 
Mmrudmxaras  kinetikuri energia 

                                   𝑇მრ =
𝐽0𝜑̇

2

2
. 

Kkbilanas kinetikuri energia 

𝑇კბ =
𝑚1𝑣01

2

2
+

𝐽1𝜑̇1
2

2
=

𝑚1ℓ
2𝜑̇2

2
+

𝐽1𝜑̇1
2

2
. 

maSin 

             𝑇 =
𝐽0𝜑̇

2

2
+

𝑚1ℓ
2𝜑̇2

2
+

𝐽1𝜑̇1
2

2
. 

davamyaroT kavSiri  𝜑̇ da  𝜑̇1 sidideebs   Soris vilisis meTodiT: 

𝜑̇2 − 𝜑̇

𝜑̇1 − 𝜑̇
= −

𝑟1
ℓ − 𝑟1

, 

Aaqedan, Tu gaviTvaliswinebT, rom 𝜑̇2 = 0,  miviRebT 

𝜑̇1 =
ℓ

𝑟1
𝜑̇ 

   SevniSnoT, rom es Tanafardoba SeiZleba miviRoT 1 kbilanas 
brtyeli moZraobis pirobidan, romelsac siCqareTa myisi centri aqvs 

borblebis Sexebis 𝐾 wertilSi (nax.1). CavsvaT 𝜑̇1 −s gamosaxuleba 
kinetikuri energiis gamosaxulebaSi, maSin miviRebT: 

𝑀 𝑂1 

𝑂 

𝑟1 

𝜑 

ℓ 

• 

𝐾 

(𝑚1 + 𝑚2)𝑔⃗⃗⃗⃗⃗ 
𝑂2 

• 

• 

𝑚2𝑔⃗ 

𝜑̇ 𝑚1𝑔⃗ 

𝜀1 
𝛿𝜑1 

𝜑̇ 

2 
1 

𝛿𝜑 

nax.1 
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𝑇 = (𝐽0 + 𝑚1ℓ
2 +

𝐽1ℓ
2

𝑟1
2 )

𝜑̇2

2
. 

Nnulovan potencialur doned miviRoT 𝑂 centrSi gamavali 
horizontaluri   wrfe, mxedvelobaSi miviRoT, rom kbilanasa da 
mrudmxaras masaTa    centrebi   mdebareobs  imave  wertilSi, maSin  
potenciuri energia: 

                    𝛱 = 0. 
maSasadame, 

𝐿 = 𝑇. 
maSin  

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜑̇
) −

𝜕𝐿

𝜕𝜑
= (𝐽0 + 𝑚1ℓ

2 +
𝐽1ℓ

2

𝑟1
2 ) 𝜑̈. 

    gamovTvaloT 𝑄𝑀   arapotenciuri ganzogadebuli Zala, romelic 

Seesabameba modebul gare moments. amisaTvis meqanizmis fiqsirebuli 

mdgomareobidan mivaniWoT SesaZlo gadaadgileba 𝛿𝜑 ≠ 0 da  
gamovTvaloT elementaruli muSaoba 

𝛿𝐴 = 𝑀𝛿𝜑. 
maSin  

                𝑄𝑀 =
𝛿𝐴

𝛿𝜑
= 𝑀. 

   miRebuli gamosaxulebebi CavsvaT lagranJis meore gvaris 

gantolebaSi, SemoviRoT aRniSvna 𝜑̈ = 𝜀 da miviRebT: 

𝜀 =
𝑀

𝐽0 + 𝑚1ℓ
2 +

𝐽1ℓ
2

𝑟1
2

. 

  CavweroT brunvis diferencialuri gantoleba calke 1 kbilanasaTvis 
(nax.2): 

𝑆𝑟1 = 𝐽1𝜑̈. 
maSin 

𝑆 =
𝐽1ℓ

𝑟1
2 𝜀, 

radgan  

          𝜑̈1 =
ℓ

𝑟1
𝜑̈ =

ℓ

𝑟1
𝜀 

p a s u x i:   

𝑆 

𝑂1 

𝑟1 

𝜀1 

𝑂 

𝐾 
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𝜀 =
𝑀

𝐽0 + 𝑚1ℓ
2 +

𝐽1ℓ
2

𝑟1
2

,       𝑆 =
𝐽1ℓ

𝑟1
2 𝜀. 

 

 

 

amocana  48.7 

  planetarul   meqanizmSi 𝑂1 RerZis Tvali uZravia; 𝑂1𝑂2 saxelurze 

moqmedebs 𝑀 mabruni momenti; meqanizmi moTavsebulia horizontalur 
sibrtyeSi. gansazRvreT saxeluris kuTxuri aCqareba, Tu Tvlebi 

CaTvlilia erTgvarovan, erTnairi 𝑚 masis da 𝑟 radiusis diskoebad 
da saxeluris masa ugulebelyofilia. 
 
 
 
 
 
 
 
 
 
 
a m o x s n a.   ganzogadebul koordinatad miviRoT  planetaruli   

meqanizmis 𝑂1𝑂2 saxeluris mobrunebis kuTxe  𝑞 = 𝜑 (ix. naxazi) da 
CavweroT lagranJis meore gvaris gantoleba mocemuli meqanikuri 
sistemisaTvis, romlis Tavisuflebis xarisxi udris erTs:  

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) −

𝜕𝑇

𝜕𝜑
= 𝑄𝜑. 

 

 

 

 

 

 

 

 

𝑂2 𝑀 

𝑂1 𝑂3 

𝑂2 𝑀 

𝑂1 𝑂3 

1 

𝑟 

𝑟 𝐾2 

2 

3 

• • 
𝐾1 

𝛿𝜑 

𝜑 
𝜑̇2 

𝜑̇3 

𝑣⃗𝑜2
 

𝑣⃗𝑜3
 𝑣⃗𝐾2
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     radgan 1  Tvali uZ\ravia, amitom meqanikuri sistemis kinetikuri 
energia 

𝑇 = 𝑇2 + 𝑇3. 
    2 Tvlis kinetikuri energia: 

𝑇2 =
1

2
𝑚2𝑣02

2 +
1

2
𝐽2𝜑̇2

2 =
1

2
𝑚2𝑣02

2 +
1

2

1

2
𝑚2𝑟

2 (
𝑣02

𝑟
)
2

= 

       

=
3
4
𝑚2𝑣02

2 =
3
4
𝑚(2𝑟𝜑̇)2 = 3𝑚𝑟2𝜑̇2, 

sadac  𝑚2 = 𝑚;  𝐽2 =
1

2
𝑚2𝑟

2., radgan 2 Tvali erTgvarovani diskoa. 

𝜑̇2 = 𝜔2 =
𝑣02

𝑟
,  radgan 𝐾1 wertili aris 2 Tvlis siCqareTa myisi 

centri;  𝑣02 = 𝑂1𝑂2 ∙ 𝜔 = 2𝑟𝜑̇. 
   3 Tvlis kinetikuri energia: 

𝑇3 =
1

2
𝑚3𝑣03

2 +
1

2
𝐽3𝜔3

2 =
1

2
𝑚3𝑣03

2 =
1

2
𝑚(4𝑟𝜑̇)2 = 8𝑚𝑟2𝜑̇2, 

sadac  𝑚2 = 𝑚;  𝑣03 = 𝑂1𝑂3 ∙ 𝜔 = 4𝑟𝜑̇. 
  Mradgan  

𝑣𝐾2
= 2𝑟𝜑̇2 = 2𝑟 ∙ 2𝜑̇ = 4𝑟𝜑̇, 

sadac 

𝜑̇2 =
𝑣02

𝑟
=

2𝑟𝜑̇

𝑟
= 2𝜑; ̇ 𝑣𝐾2

= 𝑣03 = 4𝑟𝜑̇. 

  maSasadame, 3 Tvali asrulebs wriul gadataniT moZraobas da 𝜔3 =
0. 
  Sedegad miviRebT 

𝑇 = 3𝑚𝑟2𝜑̇2 + 8𝑚𝑟2𝜑̇2 = 11𝑚𝑟2𝜑̇2 
  gamovTvaloT kinetikuri energiis  warmoebulebi, romlebic Sedian 
lagranJis meore gvaris gantolebaSi:  
: 

                                           
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) = 22𝑚𝑟2𝜑;̈             

𝜕𝑇

𝜕𝜑
= 0.                

    gamovTvaloT 𝑄𝜑   ganzogadebuli Zala. amisaTvis sistemas 

mivaniWoT SesaZlo gadaadgileba 𝛿𝜑, gaviTvaliswinoT, rom meqanizmi 
mdebareobs horizontalur sibrtyeSi, amitom simZimis Zalebi muSaobas 
ar asruleben. gamovTvaloT elementaruli muSaoba 

𝛿𝐴 = 𝑀𝛿𝜑. 
 maSin ganzogadebuli Zala 

𝑄𝜑 =
𝛿𝐴

𝛿𝜑
= 𝑀. 

   miRebuli gamosaxulebebi CavsvaT lagranJis meore gvaris 

gantolebaSi   da miviRebT: 
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𝜑̈ = 𝜀1 =
𝑀

22𝑚𝑟2
. 

p a s u x i:  𝜀1 =
𝑀

22𝑚𝑟2. 

 

 

amocana  48.8 

 𝐾,𝐾 rbiebi moZraobaSi modis Zravas lilvis gadacemis 
saSualebiT, romlis sqema 
naCvenebia nazazze. erTi rbiis 
masa aris 3t, saSualo radiusi 

𝑅 =1m, brunvis radiusi 𝑟 = 
0,5m. igulisxmeba, rom rbias 
brunvis myisi RerZi gadis  

fersos Sua 𝐶  wertilze.  

Zravadan vertikalur 𝑂1𝑂  
lilvze konusuri gadacemis 
Tvlebis radiusebis fardoba 

aris 2/3. rbias vTvliT 𝑅 
radiusis erTgvarovan diskod 
da yvela moZravi nawilis masa, 
rbias masasTan SedarebiT, 
ugulebelyofilia. 
gamoTvaleT, rogori mudmivi mbrunavi momenti unda movdoT Zravas 

lilvze, rom  vertikalur 𝑂1𝑂  lilvs mivaniWoT kuTxuri siCqare 
120br/wT Zravas gaSvebis momentidan 10 wamis Semdeg.  winaRobis Zalebi 
ugulebelyofilia. 

a m o x s n a.   ganvsazRvroT 𝑀∗ mbrunavi momenti vertikalur 
lilvze gadacemaTa Tanafardobis saSualebiT (ix. Nnaxazi): 

𝑀∗

𝑀
=

𝑟3
𝑟2

⟹ 𝑀∗ =
𝑟3
𝑟2

𝑀, 

sadac 𝑀,𝑀∗ − mRunavi momentebia Sesabamisad  horizontalur da 

vertikalur lilvze; 𝑟2 da 𝑟3 − 2 da 3 Tvlebis radiusebia. 
   ganzogadebul koordinatad miviRoT  vertikaluri lilvis 

mobrunebis kuTxe  𝑞 = 𝜑 (ix. naxazi) da CavweroT lagranJis meore 
gvaris gantoleba mocemuli meqanikuri sistemisaTvis, romlis 
Tavisuflebis xarisxi udris erTs:  

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) −

𝜕𝑇

𝜕𝜑
= 𝑄𝜑. 
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  rbias kinetikuri 
energia, romelic 
asrulebs sferul 
moZraobas, 

𝑇1 = 𝑇𝑒 + 𝑇𝑟 , 
sadac  𝑇𝑒 , 𝑇𝑟 − rbias 
kinetikuri energiebia 
Sesabamisad vertikaluri 
RerZis garSemo warmtan 
brunvaSi da 
horizontaluri RerZis 
garSemo fardobiT 
brunvaSi: 

𝑇𝑒 = (
𝑚𝑅2

4
+ 𝑚𝑟2)

𝜑̇𝑒
2

2
; 

𝑇𝑟 =
𝑚𝑅2

2

𝜑̇𝑟
2

2
. 

radgan 

𝜑̇𝑒 = 𝜑̇, 

𝜑̇𝑟 =
𝑣01

𝑅
=

𝜑̇𝑒𝑟

𝑅
=

𝑟𝜑̇

𝑅
, 

amitom 

𝑇1 = (
𝑚𝑅2

4
+ 𝑚𝑟2)

𝜑̇2

2
+

𝑚𝑅2

2

𝜑̇2𝑟2

2𝑅2
=

𝑚𝜑̇2

4
(3𝑟2 +

𝑅2

2
). 

Oori rbias kinetikuri energia 

𝑇 = 2𝑇1 =
1

2
𝑚 (3𝑟2 +

𝑅2

2
) 𝜑̇2. 

gamovTvaloT lagranJis meore gvaris gantolebaSi Semavali 
kinetikuri energiis  warmoebulebi: 

                             
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) = 𝑚 (3𝑟2 +

𝑅2

2
)𝜑;̈             

𝜕𝑇

𝜕𝜑
= 0.                

    gamovTvaloT 𝑄𝜑   ganzogadebuli Zala. amisaTvis sistemas 

mivaniWoT SesaZlo gadaadgileba 𝛿𝜑, gaviTvaliswinoT, rom  simZimis 
Zalebi muSaobas ar asruleben, xolo winaRobis Zalebi pirobis 
Tanaxmad ugulebelyofilia. gamovTvaloT elementaruli muSaoba 

𝛿𝐴 = 𝑀𝛿𝜑. 
 maSin ganzogadebuli Zala 

𝑄𝜑 =
𝛿𝐴

𝛿𝜑
= 𝑀∗ =

3

2
𝑀. 
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   miRebuli gamosaxulebebi CavsvaT lagranJis meore gvaris 

gantolebaSi   da miviRebT: 

2

3
𝑚(3𝑟2 +

𝑅2

2
) 𝜑̈ = 𝑀 

    radgan Zrava brunavs mudmivi kuTxuri aCqarebiT 𝜀 = 𝜑̈, amitom 
kinematikur Tanafardobas aqvs saxe: 

𝜔 = 𝜀𝑡 ⟹ 𝜀 = 𝜑̈ =
𝜔

𝑡
=

𝜋𝑛

30𝑡
=

120𝜋

30∙10
= 0,4𝜋., 

    miRebuli gamosaxulebebi CavsvaT lagranJis meore gvaris 

gantolebaSi   da gamovTvaloT mudmivi mbrunavi momenti: 

𝑀 =
0,8𝜋𝑚

3
(3𝑟2 +

𝑅2

2
) =

0,8 ∙ 3,14 ∙ 3 ∙ 103

3
(3 ∙ 0,52 +

12

2
) = 3140 

      
p a s u x i:  3140n∙m. 
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   101kg masis 𝑀 tvirTi polispastis saSualebiT 

ezideba zeviT 𝑀1 tvirTs, romlis   masa moZrav 
saltesTan erTad aris 320kg. didi blokebis masaa 16kg, 

xolo mcire-8kg. . didi blokebis radiusebia 𝑟, xolo 

mcireebisa -𝑟1.  gansazRvreT 𝑀 tvirTis aCqareba. 
Bblokebis energiis gansazRvrisas igulisxmeT, rom 
maTi masebi Tanabrad ganawilebulia wrewiris 
gaswvriv. 
a m o x s n a.    ganzogadebul koordinatad miviRoT  

 𝑀 tvirTis gadaaadgileba  𝑞 = 𝑥2 (ix. naxazi) da 
CavweroT lagranJis meore gvaris gantoleba 
mocemuli meqanikuri sistemisaTvis, romlis 
Tavisuflebis xarisxi udris erTs:  

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥2̇
) −

𝜕𝑇

𝜕𝑥2
= 𝑄. 

 

    𝑐 da 𝑑 blokebi brunaven uZravi RerZebis  irgvliv, 

𝑀 da 𝑀1 tvirTebi moZraoben gadataniTad, xolo 𝑎 
da 𝑏 blokebi asruleben brtyel moZraobas, amitom meqanikuri sistemis 
kinetikuri energia 

𝑇 =
𝑀𝑥̇2

2

2
+

𝑀1𝑥̇1
2

2
+ (𝑚𝑑 + 𝑚𝑏)

𝑥̇1
2

2
+

𝐽𝑎𝜑̇𝑎
2

2
+

𝐽𝑏𝜑̇𝑏
2

2
+

𝐽𝑐𝜑̇𝑐
2

2
+

𝐽𝑑𝜑̇𝑑
2

2
. 

  Aaq gaTvaliswinebulia, rom xolo 𝑎 da 𝑏 
blokebis centrebis siCqareebi tolia, e.i. 

𝑣𝑎 = 𝑣𝑏 = 𝑥̇1. 
  Mmeores mxriv, 

𝜑̇𝑏 =
𝑥̇1

𝑟1
, 𝑣𝐾1

= 𝜑̇𝑏 ∙ 2𝑟1 = 2𝑥̇1; 

𝑣𝑎 =
𝑣𝐾2

− 𝑣𝐾1

𝑟
⟹ 𝑥̇1 =

𝑥̇2 − 2𝑥̇1

2
⟹ 

⟹ 𝑥̇1 =
𝑥̇2

4
⟹ 𝜑̇𝑏 =

𝑥̇2

𝑟
; 

𝜑̇𝑎 =
𝑣𝐾2

− 𝑣𝑎

2
=

3𝑥̇2

4𝑟
,    𝜑̇𝑐 =

2𝑥̇1

𝑟1
=

2𝑥̇2

2𝑟1
,     

𝜑̇𝑑 =
𝑥̇2

𝑟
.G 

garda amisa, 

𝐽𝑎 = 𝐽𝑑 = 𝑚𝑎𝑟2; 

𝐽𝑏 = 𝐽𝑐 = 𝑚𝑏𝑟1
2,    𝑚𝑏 =

𝑚𝑎

2
 . 

maSin 

• 

• 

° 

° 
• 

𝑀1𝑔⃗ 

𝑀𝑔⃗ 
 

• • 

𝑟 

𝐴 

𝐵 

𝑑 

𝑟 

𝑟1 

𝑟1 
𝑏 

𝜑𝑏 

𝑎 

𝑐 

𝑥2 

𝑣⃗𝐾2
 𝛿𝑥2 

𝛿𝑥1 

𝑥1 

𝐾1 𝐾2 

𝑣⃗𝐾1
 

• 

° 

° 

𝑀 
 

𝑀1 
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𝑇 =
𝑥̇2

2

2
(𝑀 +

1

16
𝑀1 +

3

2
𝑚𝑎 ∙

1

16
𝑚𝑎𝑟2 ∙

9

16𝑟2
+ 

 

+
𝑚𝑎

2
𝑟1

2 ∙
1

16𝑟1
2 +

𝑚𝑎

2
𝑟1

2 ∙
1

4𝑟1
2 + 𝑚𝑎𝑟2 ∙

1

𝑟2) = 

=
𝑥̇2

2

2
[𝑀 +

1

16
𝑀1 + 𝑚𝑎 (

3

32
+

9

16
+

1

32
+

1

8
+ 1)] = 

=
𝑥̇2

2

2
(𝑀 +

1

16
𝑀1 +

58

32
𝑚𝑎). 

  gamovTvaloT kinetikuri energiis  warmoebulebi, romlebic Sedian 
lagranJis meore gvaris gantolebaSi da CavsvaT isini am gantolebis 
marjvena nawilSi:  

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥2̇
) −

𝜕𝑇

𝜕𝑥2
= (𝑀 +

1

16
𝑀1 +

58

32
𝑚𝑎) 𝑥̈2 

 

  gamovTvaloT 𝑄 ganzogadebuli Zala. amisaTvis sistemas mivaniWoT 

SesaZlo gadaadgileba 𝛿𝑥2, da gamovTvaloT elementaruli muSaoba 

𝛿𝐴 = 𝑀𝑔𝛿𝑥2 − (𝑀1 + 𝑚𝑎 + 𝑚𝑏)𝑔𝛿𝑥1 = 

= (−
𝑀1 +

3
2𝑚𝑎

4
+ 𝑀)𝑔𝛿𝑥2. 

 maSin ganzogadebuli Zala 

𝑄 =
𝛿𝐴

𝛿𝜑
= (−

𝑀1

4
−

3

8
𝑚𝑎 + 𝑀)𝑔. 

   miRebuli gamosaxulebebi CavsvaT lagranJis meore gvaris 

gantolebaSi   da ganvsazRvroT 𝑀 tvirTis aCqareba: 

𝑥̈2 =
𝑀 −

𝑀1
4

−
3
8

𝑚𝑎

𝑀 +
1
16𝑀1 +

58
32𝑚𝑎

𝑔 =
101 −

320
4

−
3
8

∙ 16

101 +
320
16 −

58
32 ∙ 16

𝑔 = 0,1𝑔. 

 

p a s u x i:  0,1𝑔. 
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  manqanaSi statikuri gawonasworebis 
mizniT sakisrebi daxrilia 

vertikalTan 𝛼 kuTxiT. am sakisrebSi 
moTavsebul rotors Tavisi RerZis 

mimarT aqvs  𝐽 −s toil inerciis 
momenti, amasTan igi atarebs RerZidan 

𝑟 manZilze gauwonasworebel 𝑚 masas. 
dawereT rotoris moZraobis 
diferencialuri gantoleba da 
gansazRvreT wonasworobis 
maxloblobaSi mcire rxevebis 
sixSire. 
a m o x s n a.    ganzogadebul koordinatad miviRoT  rotoris  

mobrunebis kuTxe  𝑞 = 𝜑 (ix, naxazi) da CavweroT lagranJis meore 
gvaris gantoleba potencialur Zalta velSi:  

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜑̇
) −

𝜕𝐿

𝜕𝜑
= 0, 

sadac  𝐿 = 𝑇 − Π -lagranJis funqciaa. 
 
   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
meqanikuri sistemis kinetikuri energia 

𝑇 =
𝐽𝜑̇2

2
+ 𝑚𝑟2𝜑̇2, 

𝑟 

𝛼 

• 

• 𝜑 

𝑟 

𝛼 

• 

• 
𝜑 

𝐴𝐵 

𝑂 𝑂 

𝛿𝜑 

𝑟 

𝑚𝑔⃗𝑠𝑖𝑛𝛼 
 

𝑚𝑔⃗𝑠𝑖𝑛𝛼 
 

𝐴 

𝐵 

𝑚𝑔⃗ 
 
• 
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meqanikuri sistemis potenciuri energia 

𝛱 = 𝑚𝑔𝑟𝑠𝑖𝑛𝛼(1 − 𝑐𝑜𝑠𝜑). 
maSin lagranJis funqcia 

𝐿 =
𝐽𝜑̇2

2
+ 𝑚𝑟2𝜑̇2 − 𝑚𝑔𝑟𝑠𝑖𝑛𝛼(1 − 𝑐𝑜𝑠𝜑). 

  gamovTvaloT lagranJis funqciis warmoebulebi, romlebic Sedian 
lagranJis meore gvaris gantolebaSi da CavsvaT isini am gantolebis 
marjvena nawilSi, miviRebT: 

(𝐽 + 𝑚𝑟2)𝜑 ̈ + 𝑚𝑔𝑟𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝜑 = 0. 
  Mmcire rxevebis dros 𝑠𝑖𝑛𝜑 ≈ 𝜑. am pirobis gaTvaliswinebiT bolo 
gantoleba Caiwereba Semdegi saxiT: 

𝜑̈ + 𝑘2𝜑 = 0, 

sadac  𝑘 = √
𝑚𝑔𝑟𝑠𝑖𝑛𝛼

𝐽+𝑚𝑟2
− Tavisufali rxevebis wriuli sixSirea. 

p a s u x i:  (𝐽 + 𝑚𝑟2)𝜑 ̈ + 𝑚𝑔𝑟𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝜑 = 0 −sadac 𝜑 − rotoris  

mobrunebis kuTxea;   𝑘 = √
𝑚𝑔𝑟𝑠𝑖𝑛𝛼

𝐽+𝑚𝑟2
.  
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  erTgvarovani konusi goravs horizontisadmi 𝛼kuTxiT daxril 

xaoian sibrtyeze. konusis msaxvelis sigrZe udris ℓ-s, gaSlis kuTxe 

−2𝛽. SeadgineT konusis 
moZraobis gantoleba. 
   m i T i T e b a. 
ganzogadebul koordinatad 
miiReT 𝜃  kuTxe, romelsac 
Semxebi msaxveli adgens 
udidesi daxris sibrtyis 
wrfesTan. 
a m o x s n a.  ganvsazRvroT 

konusis  𝐶 simZimis centris 

mdebareoba, e.i. 𝐴𝐶, da 
SemoviRoT aRniSvna  (nax.1): 
 

     𝑉𝑆 = ∫ 𝜋𝑟2𝑧𝑑𝑧
ℎ

0
 

radgan 

                 
𝑟

𝑎
=

𝑧

ℎ
, 

𝐴 

𝐶 

𝑏 

𝑂 

𝑧 

𝑟 

𝑧 

𝑑𝑧 ℎ 

ℓ 

• 

𝛽 

𝑎 

nax.1 
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amitom 

                                      𝑟 =
𝑎𝑧

ℎ
.                                                     (1) 

integrirebis Semdeg miviRebT: 

        
1

3
𝜋𝑎2ℎ𝑆 = 𝜋

𝑎2

ℎ2

ℎ4

4
, 

𝑆 =
3

4
ℎ. 

maSin                                              

𝑏 = 𝑆𝑐𝑜𝑠𝛽 =
3

4
ℎ𝑐𝑜𝑠𝛽 =

3

4
ℓ𝑐𝑜𝑠2𝛽. 

  ganvsazRvroT konusis  inerciis 
momenti 𝐽

𝐴
 misi msaxvelis mimarT (nax.2).   

konusidan gamovyoT elementaruli 𝑑𝑚 
masis disko. misi inerciis momenti im 

wrfis mimarT, romelic RerZebTan adgens 𝛽 (
𝜋

2
− 𝛽) kuTxes udris: 

          𝑑𝐽𝐴 = 𝑑𝐽𝑥𝑐𝑜𝑠2𝛽 + 𝑑𝐽𝑦𝑠𝑖𝑛
2𝛽 

Aan 

𝑑𝐽𝐴 = (
𝑟2𝑑𝑚

2
+ 𝑟2𝑑𝑚)𝑐𝑜𝑠2𝛽 +

𝑟2

4
𝑑𝑚 ∙ 𝑠𝑖𝑛2𝛽 = 

                =
𝑟2

4
𝑑𝑚(6𝑐𝑜𝑠2𝛽 + 𝑠𝑖𝑛2𝛽) =

𝑟2

4
𝑑𝑚(1 + 5𝑐𝑜𝑠2𝛽).              (2) 

gaviTvaliwinoT, rom 
 

𝑑𝑚

𝑀
=

𝜌𝜋𝑟2𝑑𝑧

1
3𝜌𝜋𝑎2ℎ

=
3(

𝑞𝑧
ℎ

)
2
𝑑𝑧

𝑎2ℎ
=

3𝑧2𝑑𝑧

ℎ3
, 

saidanac 

𝑑𝑚 =
3𝑀

ℎ3
𝑧2𝑑𝑧, 

sadac 𝑀 − konusis masaa. 
    Tu miRebul Sedegebs gaviTvaliswinebT (2) formulaSi, miviRebT: 

𝐽𝐴 =
3𝑀𝑎2

ℎ5
(1 + 5𝑐𝑜𝑠2𝛽)∫ 𝑧4𝑑𝑧 =

3

4
𝑀𝑎2 (𝑐𝑜𝑠2𝛽 +

1

5
) =

ℎ

0

 

=
3

4
𝑀ℓ2𝑠𝑖𝑛2𝛽 (𝑐𝑜𝑠2𝛽 +

1

5
). 

simZimis centris koordinati (nax.3) 

𝑦𝐶 = 𝑏𝑐𝑜𝑠𝜃𝑎𝑖𝑛𝛼 =
3

4
 ℓ𝑐𝑜𝑠2𝛽𝑐𝑜𝑠𝜃𝑎𝑖𝑛𝛼. 

 

𝑥 

𝐴 

𝑟 𝑟 𝑦 𝑦 

𝛽 
𝑑𝑧 

nax.2 
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  𝐴𝐴  
myisi 

RerZis 
irgvliv brunvis kuTxuri siCqare: 
 

𝜔⃗⃗⃗𝑟 + 𝜃
̇
= 𝜔⃗⃗⃗𝑎 , 

𝜔⃗⃗⃗𝑎 = 𝜃̇𝑐𝑡𝑔𝛽 = 𝜃̇
𝑐𝑜𝑠𝛽

𝑠𝑖𝑛𝛽
. 

ganvsazRvroT lagranJis funqcia: 

𝐿 = 𝑇 − Π =
𝐽𝐴𝜔𝑎

2

2
− 𝑀𝑔𝑦𝐶 =

3

4
𝑀ℓ2𝑠𝑖𝑛2𝛽 (𝑐𝑜𝑠2𝛽 +

1

5
) × 

×
𝜃̇2𝑐𝑜𝑠2𝛽

2𝑠𝑖𝑛2𝛽
−

3

4
𝑀𝑔 ℓ𝑐𝑜𝑠2𝛽𝑐𝑜𝑠𝜃𝑎𝑖𝑛𝛼 =

3

8
𝑀 ℓ𝑐𝑜𝑠2𝛽 (𝑐𝑜𝑠2𝛽 +

1

5
) 𝜃̇2 − 

−
3
4
𝑀𝑔 ℓ𝑐𝑜𝑠2𝛽𝑐𝑜𝑠𝜃𝑎𝑖𝑛𝛼. 

  vipovoT 𝐿 lagranJis funqciis warmoebuli 𝜃 ganzogadebuli  
koordinatiT da droiT warmoebuli da CavsvaT isini lagranJis 
gantolebaSi: 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜃̇
) −

𝜕𝐿

𝜕𝜃
= 0 

Dda miviRoT konusis moZraobis gantoleba 

 ℓ2 (𝑐𝑜𝑠2𝛽 +
1

5
) 𝜃̈ + 𝑔 ℓ𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝛼 = 0 

an 

𝐴 

𝑏 

• 
𝐶 

𝑦 
𝛽 

𝛽 

𝜃̇ 

𝜃⃗
̇
 

𝛼 

𝑚𝑔⃗ 

𝜔⃗⃗⃗𝑎 

𝜔⃗⃗⃗𝑟 

𝐴 

𝑦𝐶 

• 
• 
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𝜃̈ +
𝑔𝑠𝑖𝑛𝛼

ℓ (𝑐𝑜𝑠2𝛽 +
1
5
)
𝑠𝑖𝑛𝜃 = 0. 

p a s u x i:   𝜃̈ +
𝑔𝑠𝑖𝑛𝛼

ℓ(𝑐𝑜𝑠2𝛽+
1

5
)
𝑠𝑖𝑛𝜃 = 0. 

 
 
 

 

amocana  48.12 

    𝑚 masis nivTieri wertili moZraobs  
simZimis Zalis moqmedebiT cikloidur 
mimmarTvelze, mocemuli gantolebiT:   

𝑠 = 4𝑎𝑠𝑖𝑛𝜑, sadac  𝑠 Aaris  𝑂  
wertilidan aTvlili rkali,  𝜑− xolo 
cikloidis mxebis mier horizontTan 
Sedgenili kuTxe. gansazRvreT wertilis 
moZraoba. 
a m o x s n a.   amocana SeiZleba amoixsnas ori xerxiT. 

pirveli xerxi. Gganzogadebul koordinatad aviRoT 𝑠 mrudwiruli 
koordinati.  
   CavweroT lagranJis meore gvaris gantoleba: 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑠̇
) −

𝜕𝑇

𝜕𝑠
= 𝑄𝑠. 

   wertilis kinetikuri energia  

𝑇 =
𝑚𝑠̇2

2
; 

   Gganzogadebuli Zala 

𝑄𝑠 =
∑(𝛿𝐴)𝑠

𝛿𝑠
= −

𝑚𝑔𝑠𝑖𝑛𝜑 ∙ 𝛿𝑠

𝛿𝑠
= −𝑚𝑔𝑠𝑖𝑛𝜑 

  Kkinetikuri energiisG Sesabamisi argumentebiT gawarmoebis Sedegad 
da miRebuli Sedegebis lagranJis meore gvaris gantolebaSi Casmis 
Semdeg miviRebT wertilis moZraobis diferencialur gantolebas: 

                       𝑚𝑠̈ = −𝑚𝑔𝑠𝑖𝑛𝜑,                     (1) 
 
    gamoviyenoT Tanafardoba 

𝑠 = 4𝑎𝑠𝑖𝑛𝜑, 
vipoviT 

                             𝑠𝑖𝑛𝜑 =
𝑠

4𝑎
.                         (2) 

  CavsvaT  (2)  gamosaxuleba (1) gantolebaSi da martivi gardaqmnis 
Semdeg miviRebT harmoniuli rxevebis diferencialur gantolebas: 

𝑠̈ +
𝑔

4𝑎
𝑠 = 0, 

𝑚 
𝑠 

𝜑 

𝑚𝑔⃗ 
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romlis amonaxsens aqvs saxe 

𝑠 = 𝐴𝑠𝑖𝑛 (
1

2
√

𝑔

𝑎
𝑡 + 𝜑0), 

sadac 𝐴 − rxevebis amplitudaa;  𝜑0 −sawyisi faza. 
 
Mmeore xerxi. amocana SeiZleba amoixsnas laranJis meore gvaris 
gantolebebis gamoyenebis gareSec. Sakamrisia CavweroT wertilis 
moZraobis gantoleba ciklodis mxebze gegmilebSi, e.i. 

𝑚𝑠̈ = −𝑚𝑔𝑠𝑖𝑛𝜑. 

p a s u x i:   𝑠 = 𝐴𝑠𝑖𝑛 (
1

2
√

𝑔

𝑎
𝑡 + 𝜑0), 𝐴 da 𝜑0 integrebis mudmivebia. 

 
 
 

amocana  48.13 

  SeadgineT qanqaras moZraobis gantoleba,  

Tu igi Sedgeba 𝑚 masis nivTieri  
wertilisagan, romelic Camokidebulia 

uZrav 𝑟 radiusis cilindrze Semoxveuli 
Zafis saSualebiT. wonasworobis 
mdebareobaSi gadmokidebuli Zafis sigrZe 

aris ℓ. Zafis masa  ugulebelyofilia. 
a m o x s n a.    Gganzogadebul 
koordinatad aviRoT qanqaras vertikalidan 

gadaxris  𝜃 kuTxe.  
   CavweroT lagranJis meore 
gvaris gantoleba: 

       
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜃̇
) −

𝜕𝑇

𝜕𝜃
=

𝜕𝐴

𝜕𝜃
.               (1) 

   qanqaras kinetikuri 

energia  

                           𝑇 =
𝑚𝑣2

2
, 

  sadac 𝑣 = (𝑎 + 𝑎𝜃)𝜃̇. 
 maSin 

𝑎 

• 

• 

𝑀 

𝜃 

• 
• 

𝑦 

𝑎 
𝑥 

𝑥 

𝑦 

ℎ 

ℓ 

m
𝑔⃗

𝐾 

𝜃 

𝜃 

• 
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             𝑇 =
𝑚(ℓ + 𝑎𝜃)2𝜃̇2

2
 

 

muSaoba 𝐴, romelic ixarjeba qanqaras gadaxraze 

𝐴 = −𝑚𝑔ℎ, 
radgan   

ℎ = ℓ − 𝑦 = ℓ + 𝑎𝑠𝑖𝑛𝜃 − (ℓ + 𝑎𝜃)𝑐𝑜𝑠𝜃, 
amitom 

𝐴 = [(ℓ + 𝑎𝜃)𝑐𝑜𝑠𝜃 − (ℓ + 𝑎𝑠𝑖𝑛𝜃)]𝑚𝑔. 
 
vipovoT (1)  gantolebaSi Semavali warmoebulebi: 
 

𝜕𝑇

𝜕𝜃̇
= 𝑚(ℓ + 𝑎𝜃)2𝜃̇ ,     

𝜕𝑇

𝜕𝜃
=  𝑚𝑎(ℓ + 𝑎𝜃)𝜃̇2; 

 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜃̇
) = [(ℓ + 𝑎𝜃)2𝜃̈ +  2𝑎(ℓ + 𝑎𝜃)𝜃̇2]𝑚, 

𝜕𝐴

𝜕𝜃
= [−(ℓ + 𝑎𝜃)𝑠𝑖𝑛𝜃 + 𝑎𝑐𝑜𝑠𝜃 − 𝑐𝑜𝑠𝜃]𝑚𝑔 = −𝑚𝑔(ℓ + 𝑎𝜃)𝑠𝑖𝑛𝜃. 

   warmoebulebis miRebuli mniSvnelobebi CavsvaT (1) gantolebaSi da 
miviRebT 

(ℓ + 𝑎𝜃)2𝜃̈ + 2𝑎(ℓ + 𝑎𝜃)𝜃̇2 − 𝑎(ℓ + 𝑎𝜃)𝜃̇2 = −𝑔(ℓ + 𝑎𝜃)𝑠𝑖𝑛𝜃 
an ℓ + 𝑎𝜃 -ze Sekvecis Semdeg 

(ℓ + 𝑎𝜃)𝜃̈ + 𝑎𝜃̇2 + 𝑔𝑠𝑖𝑛𝜃 = 0. 
 

p a s u x i:   (ℓ + 𝑎𝜃)𝜃̈ + 𝑎𝜃̇2 + 𝑔𝑠𝑖𝑛𝜃 = 0, sadac 𝜃 − qanqaras 

vertikalidan gadaxris  kuTxea.  
 

amocana  48.14 

  SeadgineT  im qanqaras moZraobis gantoleba, romelic Sedgeba 𝑚 
masis nivTieri  wertilisagan; igi Camokidebulia Zafze, romlis sigrZe 

icvleba nebismieri ℓ = ℓ(𝑡) kanoniT. 
 a m o x s n a.   ganzogadebul  koordinatad 
miviRoT   Zafis  vertikalidan gadaxris  

kuTxe 𝑞 = 𝜑 (ix. naxazi) da CavweroT 
lagranJis  meore gvaris gantoleba : 

                  
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) −

𝜕𝑇

𝜕𝜑
=

𝜕𝐴

𝜕𝜑
.              (1) • 

𝑚𝑔⃗ 

ℎ 

ℓ 𝜑 
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qanqaras kinetikuri energia  

                           𝑇 =
𝑚ℓ2𝜑̇2

2
. 

 

   muSaoba 𝐴, romelic ixarjeba qanqaras gadaxraze 

𝐴 = −𝑚𝑔ℎ = −𝑚𝑔ℓ(1 − 𝑐𝑜𝑠𝜑). 
  gamovTvaloT (1) GgantolebaSi Semavali kerZo warmoebulebi: 

𝜕𝑇

𝜕𝜑̇
= 𝑚ℓ2𝜑̇ ,    

𝜕𝑇

𝜕𝜑
= 0; 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) = 𝑚ℓ2𝜑̈ + 2𝑚ℓℓ̇𝜑̇; 

𝜕𝐴

𝜕𝜑
= −𝑚𝑔ℓ𝑠𝑖𝑛𝜑. 

  CavsvaT miRebuli  gamosaxulebebi (1) gantolebaSi: 

𝑚ℓ2𝜑̈ + 2𝑚ℓℓ̇𝜑 = −𝑚𝑔ℓ𝑠𝑖𝑛𝜑. 
   𝑚ℓ2 −ze  Sekvecis Semdeg miviRebT: 

𝜑̈ + 2
ℓ̇

ℓ
𝜑̇ +

𝑔

ℓ
𝑠𝑖𝑛𝜑 = 0. 

p a s u x i:   𝜑̈ + 2
ℓ̇

ℓ
𝜑̇ +

𝑔

ℓ
𝑠𝑖𝑛𝜑 = 0,  sadac 𝜑 aris Zafis 

vertikalidan gadaxris kuTxe. 
  
 
 
 

amocana  48.15 

   𝑚 masis nivTieri  wertilisagan Semdgari  qanqara Camokidebulia 

uWimari  ℓ sigrZis Zafze, romlis dakidebis wertili moZraobs 

horizontTan   𝛼  kuTxiT daxril wrfeze 𝜉 = 𝜉0(𝑡) kanoniT. SeadgineT  

qanqaras moZraobis gantoleba. 
a m o x s n a.      ganzogadebul koordinatad miviRoT  Zafis  

vertikalidan gadaxris  kuTxe 𝑞 = 𝜑 (ix. naxazi) da CavweroT 
lagranJis  meore gvaris gantoleba : 

                                             
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) −

𝜕𝑇

𝜕𝜑
=

𝜕𝐴

𝜕𝜑
.                                           (1) 

 



 
127 

  
 
 
 
 
 
 
 
 
 
 
 

 
Qqanqaras 

absoluturi siCqare aris dakidebis wertilis warmtani siCqarisa da 
qanqaras fardobiTi siCqareebis jami: 

𝑣𝑎
2 = 𝑣𝑥

2 + 𝑣𝑦
2 = (ℓ𝜑̇𝑐𝑜𝑠𝜑 + 𝜉̇𝑐𝑜𝑠𝛼)

2
+ (ℓ𝜑̇𝑠𝑖𝑛𝜑 + 𝜉̇𝑠𝑖𝑛𝛼)

2
= 

= ℓ
2
𝜑̇2 + 𝜉̇

2
+ 2ℓ𝜑̇𝜉̇ cos(𝜑 − 𝛼). 

 
qanqaras kinetikuri energia  

                           𝑇 =
𝑚𝑣𝑎

2

2
=

𝑚

2
[ℓ2𝜑̇2 + 𝜉̇2 + 2ℓ𝜑̇𝜉̇ cos(𝜑 − 𝛼)]. 

simZimis Zalis muSaoba:  

𝐴 = −[𝑚𝑔ℓ(1 − 𝑐𝑜𝑠𝜑) + 𝜉𝑠𝑖𝑛𝛼]. 
  gamovTvaloT (1) GgantolebaSi Semavali kerZo warmoebulebi: 

𝜕𝑇

𝜕𝜑̇
= 𝑚ℓ2𝜑̇ + 𝑚ℓ𝜉̇ cos(𝜑 − 𝛼) ; 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) = 𝑚ℓ2𝜑̈ + 𝑚ℓ𝜉̈ cos(𝜑 − 𝛼) −𝑚ℓ𝜑̇𝜉̇ sin(𝜑 − 𝛼) ; 

𝜕𝑇

𝜕𝜑
= −𝑚ℓ𝜑̇𝜉̇ sin(𝜑 − 𝛼); 

𝜕𝐴

𝜕𝜑
= −𝑚𝑔ℓ𝑠𝑖𝑛𝜑. 

    CavsvaT miRebuli  gamosaxulebebi (1) gantolebaSi: da miviRoT 
qanqaras moZraobis gantoleba 

𝑚[ℓ2𝜑̈ + ℓ𝜉̈ cos(𝜑 − 𝛼) − ℓ𝜑̇𝜉̇ sin(𝜑 − 𝛼) + ℓ𝜑̇𝜉̇ sin(𝜑 − 𝛼)] = 

= −𝑚𝑔ℓ𝑠𝑖𝑛𝜑 
 an 

𝜑̈ +
𝑔

ℓ
𝑠𝑖𝑛𝜑 +

𝜉̈

ℓ
cos(𝜑 − 𝛼) = 0. 

ℓ𝜑̇ 𝑣⃗𝑎 

𝜑 

𝜑 

𝛼 

𝛼 

𝜉 

𝜉̇ 

𝑥 

𝑦 

𝑚𝑔⃗ 

ℓ 
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p a s u x i:    𝜑̈ +
𝑔

ℓ
𝑠𝑖𝑛𝜑 +

𝜉̈

ℓ
cos(𝜑 − 𝛼) = 0. 

 
 
 

amocana  48.16 

    erT sibrtyeSi mdebare ori lilvi, romlebic erTmaneTTan qmnian 

𝛼kuTxes, SeerTebulia kardanis saxsriT. Lilvebis inerciiis 

momentebia 𝐽1 da 𝐽2. SeadgineT pirveli lilvis  moZraobis gantoleba, 

Tu masze moqmedebs mabruni  𝑀1 momenti, xolo meore lilvze-

winaRobis 𝑀2 momenti. sakisrebSi xaxuni ugulebelyofilia. 
a m o x s n a.   ganzogadebul koordinatad miviRoT  pirveli lilvis 

mobrunebis  kuTxe 𝑞 = 𝜑 (ix. naxazi) da CavweroT lagranJis   
 

 
meore gvaris gantoleba : 

                                             
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) −

𝜕𝑇

𝜕𝜑
= 𝑄𝜑.                                           (1) 

   sistemis kinetikuri energia 
 

𝑇 =
𝐽1𝜑̇

2

2
+

𝐽2𝑖12
2 𝜑̇2

2
, 

sadac  𝑖12
2 =

𝑐𝑜𝑠𝛼

1−𝑠𝑖𝑛2𝛼𝑐𝑜𝑠2𝜑
− hukis saxsaris gadacemaTa Tanafardobaa. 

     
       vipovoT kinetikuri energies gamosaxulebis warmoebulebi: 
 

𝜕𝑇

𝜕𝜑̇
= (𝐽1 + 𝐽2𝑖12)𝜑̇; 

𝜕𝑇

𝜕𝜑
= −

𝐽2𝑖12
2 𝜑̇2𝑠𝑖𝑛2𝛼𝑠𝑖𝑛2𝜑

1 − 𝑠𝑖𝑛2𝛼𝑐𝑜𝑠2𝜑
; 
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𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) = (𝐽1 + 𝐽2𝑖12)𝜑̈ −

2𝐽2𝑖12
2 𝜑̇2𝑠𝑖𝑛2𝛼𝑠𝑖𝑛2𝜑

1 − 𝑠𝑖𝑛2𝛼𝑐𝑜𝑠2𝜑
. 

 

   gamovTvaloT 𝑄𝜑   ganzogadebuli Zala. amisaTvis sistemas 

mivaniWoT SesaZlo gadaadgileba 𝛿𝜑 da. gamovTvaloT elementaruli 
muSaoba 

𝛿𝐴 = 𝑀1𝛿𝜑 − 𝑀2𝑖12𝛿𝜑. 
 maSin ganzogadebuli Zala 

𝑄𝜑 =
𝛿𝐴

𝛿𝜑
= 𝑀1 − 𝑀2𝑖12. 

  EmiRebuli gamosaxulebebi SevitanoT lagranJis meore gvaris 
gantolebebSi da miviRebT diferencialur gantolebas 

(𝐽1 + 𝐽2𝑖12)𝜑̈ −
2𝐽2𝑖12

2 𝜑̇2𝑠𝑖𝑛2𝛼𝑠𝑖𝑛2𝜑

1 − 𝑠𝑖𝑛2𝛼𝑐𝑜𝑠2𝜑
+

𝐽2𝑖12
2 𝜑̇2𝑠𝑖𝑛2𝛼𝑠𝑖𝑛2𝜑

1 − 𝑠𝑖𝑛2𝛼𝑐𝑜𝑠2𝜑
= 

 

= 𝑀1 − 𝑀2𝑖12 
Aan Gmsgavsi wevrebis SeerTebis Semdeg  

(𝐽1 + 𝐽2𝑖12)𝜑̈ +
𝐽2𝑖12

2 𝜑̇2𝑠𝑖𝑛2𝛼𝑠𝑖𝑛2𝜑

1 − 𝑠𝑖𝑛2𝛼𝑐𝑜𝑠2𝜑
= 𝑀1 − 𝑀2𝑖12 

Dda  𝑖12 gamosaxulebis Casmis Semdeg miviRebT: 

 

[𝐽1 + 𝐽2 (
𝑐𝑜𝑠𝛼

1 − 𝑠𝑖𝑛2𝛼𝑐𝑜𝑠2𝜑
)
2

] 𝜑̈ −
𝐽2𝑠𝑖𝑛

2𝛼𝑐𝑜𝑠2𝛼𝑠𝑖𝑛2𝜑

(1 − 𝑠𝑖𝑛2𝛼𝑐𝑜𝑠2𝜑)3
𝜑̇2 = 

= 𝑀1 − 𝑀2

𝑐𝑜𝑠𝛼

1 − 𝑠𝑖𝑛2𝛼𝑐𝑜𝑠2𝜑
. 

p a s u x i:    

[𝐽1 + 𝐽2 (
𝑐𝑜𝑠𝛼

1 − 𝑠𝑖𝑛2𝛼𝑐𝑜𝑠2𝜑
)
2

] 𝜑̈ −
𝐽2𝑠𝑖𝑛

2𝛼𝑐𝑜𝑠2𝛼𝑠𝑖𝑛2𝜑

(1 − 𝑠𝑖𝑛2𝛼𝑐𝑜𝑠2𝜑)3
𝜑̇2 = 

= 𝑀1 − 𝑀2

𝑐𝑜𝑠𝛼

1 − 𝑠𝑖𝑛2𝛼𝑐𝑜𝑠2𝜑
. 

 
 
 

amocana  48.17 
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  mrudmxara meqanizmi Sedgeba   𝑚1  masis dguSis, 𝑚2  masis barbacas, 

 𝑂𝐵 mrudmxaras, 
lilvisa da mqnevara 
Tvlisagan; barbacas 
inerciis momenti misi 

masaTa  𝐶  centris 

mimarT aris  𝐽2;  𝑂𝐵 
mrudmxaras  mqnevara 
Tvlisa da lilvis 
inerciis momenti 

RerZis mimarT −𝐽3;  
Ω −dguSis 

farTobi; 𝑝 − dguSze moqmedi wneva ℓ − barbacas sigrZe; 𝑠 − manZili 

barbacas masaTa centrsa da 𝐶 wertils Soris; 𝑟 −  𝑂𝐵 mrudmxaras 

sigrZe; 𝑀 − lilvze moqmedi winaRobaTa momenti. SeadgineT meqanizmis 

moZraobis gantoleba, Tu barbacas mobrunebis 𝜓 kuTxe imdenad mcirea, 

rom 𝑠𝑖𝑛𝜓 = 𝜓   da 𝑐𝑜𝑠𝜓 = 1.  ganzogadebul koordinatad miiReT  

mrudmxaras  mobrunebis 𝜑 kuTxe. 
  a m o x s n a.     ganzogadebul koordinatad miviRoT  pirveli 

lilvis mobrunebis  kuTxe 𝑞 = 𝜑 (ix. naxazi) da CavweroT lagranJis  
meore gvaris gantoleba : 

                                             
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) −

𝜕𝑇

𝜕𝜑
= 𝑄𝜑.                                           (1) 

 meqanizmis kinetikuri energia 
𝑇 = 𝑇მრ + 𝑇ბარ + 𝑇ცოც, 

sadac 

𝑇მრ = 𝐽3
𝜑̇2

2
, 

𝑇ბარ =
𝑚2𝑣𝐴

2

2
+

𝑚2𝑣𝐶𝐴
2

2
+ 𝐽2

𝜓̇2

2
, 

𝑇ცოც =
𝑚1𝑣𝐴

2

2
; 

𝑣𝐴 = 𝑣𝐵𝑠𝑖𝑛𝜑 = 𝑟𝜑̇𝑠𝑖𝑛𝜑,    
𝑟

𝑠𝑖𝑛𝜓
=

ℓ

𝑠𝑖𝑛𝜑
; 

𝑠𝑖𝑛𝜓 =
𝑟

ℓ
𝑠𝑖𝑛𝜑, 𝜓̇𝑐𝑜𝑠𝜓 =

𝑟

ℓ
𝜑̇𝑐𝑜𝑠𝜑; 

  Aamocanis pirobis Tanaxmad gvaqvs  𝑐𝑜𝑠𝜓 = 1,  maSin 

𝜓̇ =
𝑟

ℓ
𝜑̇𝑐𝑜𝑠𝜑,   𝑣𝐶𝐴 = 𝑠𝜓̇ =

𝑠𝑟

ℓ
𝜑̇𝑐𝑜𝑠𝜑. 

   maSin 

𝜓 𝜑 • 
𝐵 

𝑂 𝐴 

C 

ℓ 

𝑠 

𝑝Ω 
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𝑇 = 𝐽3
𝜑̇2

2
+ (𝑚1 + 𝑚2)

𝑟2𝜑̇2

2
𝑠𝑖𝑛2𝜑 + (𝐽2 + 𝑚2𝑠

2)
𝑟2

ℓ2

𝜑̇2

2
𝑐𝑜𝑠2𝜑. 

radgan 

𝛿𝑠𝐴 = 𝑟𝑠𝑖𝑛𝜑 ∙ 𝛿𝜑, 
amitom 

𝑄𝜑 =
(∑𝛿𝐴𝑘)𝜑

𝛿𝜑
=

𝑝Ω𝛿𝑠𝐴 − 𝑀𝛿𝜑

𝛿𝜑
= −𝑀 + 𝑝Ω𝑟𝑠𝑖𝑛𝜑. 

  vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝜑̇
= [𝐽3 + (𝑚1 + 𝑚2)𝑟

2𝑠𝑖𝑛2𝜑 + (𝐽2 + 𝑚2𝑠
2)

𝑟2𝑐𝑜𝑠2𝜑

ℓ2
] 𝜑̇2; 

𝜕𝑇

𝜕𝜑
=

(𝑚1 + 𝑚2)𝑟
2𝜑̇2𝑠𝑖𝑛2𝜑

2
−

(𝐽2 + 𝑚2𝑠
2)𝑟2𝜑̇2𝑠𝑖𝑛2𝜑

2ℓ2
; 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) = [𝐽3 + (𝑚1 + 𝑚2)𝑟

2𝑠𝑖𝑛2𝜑 + (𝐽2 + 𝑚2𝑠
2)

𝑟2𝑐𝑜𝑠2𝜑

ℓ2
] 𝜑̈ + 

+[(𝑚1 + 𝑚2)𝑟
2𝑠𝑖𝑛2𝜑 −

(𝐽2 + 𝑚2𝑠
2)𝑟2𝑠𝑖𝑛2𝜑

2ℓ2
] 𝜑̇2. 

 
    CavsvaT miRebuli  gantolebebi lagranJis meore gvaris 
gantolebaSi da miviRebT meqanizmis moZraobis gantolebas: 

[(𝑚1 + 𝑚2)𝑟
2𝑠𝑖𝑛2𝜑 + (𝐽2 + 𝑚2𝑠

2)
𝑟2𝑐𝑜𝑠2𝜑

ℓ2
+ 𝐽3] 𝜑̈ + 

+[(𝑚1 + 𝑚2)𝑟
2 − (𝐽2 + 𝑚2𝑠

2) (
𝑟

ℓ
)
2

] 𝜑̇2𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜑 = 

= −𝑀 + 𝑝Ω𝑟𝑠𝑖𝑛𝜑. 
p a s u x i:    

[(𝑚1 + 𝑚2)𝑟
2𝑠𝑖𝑛2𝜑 + (𝐽2 + 𝑚2𝑠

2)
𝑟2𝑐𝑜𝑠2𝜑

ℓ2
+ 𝐽3] 𝜑̈ + 

+[(𝑚1 + 𝑚2)𝑟
2 − (𝐽2 + 𝑚2𝑠

2) (
𝑟

ℓ
)
2

] 𝜑̇2𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜑 = 

= −𝑀 + 𝑝Ω𝑟𝑠𝑖𝑛𝜑. 
 
 
 
 
 

amocana  48.18 



 
132 

  𝑀 masis da 2𝑎 sigrZis erTgvarovan 
Reroze, romlis boloebi srialebs  

𝑅    radiusis gluv horizontalur 

wrexazze, moZraobs 𝑚  masis nivTieri 

wertili 𝑣  fardobiTi  siCqariT. 
gansazRvreT moZraobis gantoleba. sawyis 
momentSi nivTieri wertili mdebareobs 
Reros simZimis centrSi. 
a m o x s n a.    ganzogadebul 
koordinatad miviRoT  Reros mobrunebis 

kuTxe   𝑞 = 𝜃  (ix. Nnaxazi)   da   
CavweroT   lagranJis  meore  gvaris 
gantoleba:  

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜃 ̇
) −

𝜕𝑇

𝜕𝜃 
= 𝑄𝜃 .          (1)  

ganvsazRvroT meqanikuri sistemis 
kinetikuri energia: 

𝑇 =
𝑚𝑣𝑎

2

2
+

𝐽0𝜃̇
2

2
, 

sadac 

             𝐽0 =
𝑀𝑎2

3
+ 𝑀(𝑅2 − 𝑎2). 

 Aabsoluturi siCqare ipovoT kosinusebis Teoremis gamoyenebiT: 

          𝑣𝑎
2 = 𝑣𝑟

2 + 𝑣𝑎
2 + 2𝑣𝑒𝑣𝑟𝑐𝑜𝑠𝛼, 

sadac 

𝑣𝑟 = 𝑣𝑎,       𝑣𝑒 = 𝜃̇√𝑅2 − 𝑎2 + 𝑣𝑟
2𝑡2 = 𝜃̇√𝑅2 − 𝑎2 + 𝑣2𝑡2; 

𝑐𝑜𝑠𝛼 =
√𝑅2 − 𝑎2

√𝑅2 − 𝑎2 + 𝑣2𝑡2
. 

maSin 

𝑣𝑎
2 = 𝑣2 + 𝜃̇2(𝑅2 − 𝑎2 + 𝑣2𝑡2) + 2𝑣𝜃̇√𝑅2 − 𝑎2 + 𝑣2𝑡2 × 

×
√𝑅2 − 𝑎2

√𝑅2 − 𝑎2 + 𝑣2𝑡2
. 

maSasadame, meqanikuri sistemis kinetikuri energia 
 

𝑇 =
𝜃̇2

2
𝑀 (𝑅2 −

2

3
𝑎2) +

𝑀𝑣2

2
+ 𝑚𝑣𝜃̇√𝑅2 − 𝑎2 + 

+
𝑚𝜃̇

2

2
(𝑅2 − 𝑎2 + 𝑣2𝑡2). 

vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 

𝑚 𝐴 
𝑅 

𝑂 

𝜃 
𝐵 

𝑚 
𝐴 

𝑅 

𝑂 

𝜃 

𝐵 

𝛼 

𝑣⃗𝑒 

𝑣⃗𝑎 

𝑣⃗𝑟 

• 𝐶 
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𝜕𝑇

𝜕𝜃 ̇
=

𝜃̇2

2
𝑀 (𝑅2 −

2

3
𝑎2)𝜃 ̇ + 𝑚(𝑅2 − 𝑎2 + 𝑣2𝑡2)𝜃 ̇ + 𝑚𝑣√𝑅2 − 𝑎2̇

; 

𝜕𝑇

𝜕𝜃 
= 0 

Gganzogadebuli Zala 𝑄𝜃 = 0,  radgan meqanikuri sistema mdebareobs 
horizontalur sibrtyeSi da simZimis AZala muSaobas ar asrulebs. 
Aamgvarad. 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜃 ̇
) = 0 

Dda (1) gantoleba miiRebs saxes: 

𝜕𝑇

𝜕𝜃 ̇
= 𝐶1 = 𝑐𝑜𝑛𝑠𝑡. 

     Sedegad miviReT diferencialuri gantoleba gantoleba 
gancalebadi cvladebiT da radgan 

𝜃 ̇ =
𝑑𝜃

𝑑𝑡 
, 

Aamitom 

𝑑𝜃 =
(𝐶1 − 𝑚𝑣√𝑅2 − 𝑎2)𝑑𝑡

𝑀 (𝑅2 −
2
3𝑎2) + 𝑚(𝑅2 − 𝑎2 + 𝑣2𝑡2)

= 

 

=

(𝐶1 − 𝑚𝑣√𝑅2 − 𝑎2)𝑑𝑡

𝑚𝑣2

[
 
 
 
 
 𝑀
𝑚 (𝑅2 − 2

3
𝑎

2

) + 𝑅2 − 𝑎2

𝑣2 + 𝑡2

]
 
 
 
 
 

. 

vaintegroT es gantoleba, miviRebT: 
 

𝜃 − 𝜃0 =
𝐶1 − 𝑚𝑣√𝑅2 − 𝑎2

𝑚𝑣2
× 

 

× √
𝑣2

𝑀
𝑚 (𝑅2 −

2
3𝑎2) + 𝑅2 − 𝑎2

𝑎𝑟𝑐𝑡𝑔√
𝑣2

𝑀
𝑚(𝑅2 −

2
3𝑎2) + 𝑅2 − 𝑎2

𝑡 = 

 

= 𝐶 ∙ 𝑎𝑟𝑐𝑡𝑔
𝑣𝑡

√𝑀
𝑚 (𝑅2 −

2
3𝑎2) + 𝑅2 − 𝑎2

, 
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sadac 

                 𝐶 =
𝐶1 − 𝑚𝑣√𝑅2 − 𝑎2

𝑚𝑣2 √
𝑣2

𝑀
𝑚 (𝑅2 −

2
3𝑎2) + 𝑅2 − 𝑎2

.            (2) 

  integrebis 𝐶1 mudmivi vipovoT sawyisi pirobebedan: 𝑡 = 0, 𝜃 − 𝜃0: 
 

                𝐶1 = 𝑚 [𝑅2 − 𝑎2 +
𝑀

𝑚
(𝑅2 −

2

3
𝑎2)] 𝜃0̇ + 𝑚𝑣√𝑅2 − 𝑎2.      (3) 

 
CavsvaT (3) gamosaxuleba (2)-Si da miviRebT: 
 

𝐶 =
𝑚 [𝑅2 − 𝑎2 +

𝑀
𝑚 (𝑅2 −

2
3𝑎2)] 𝜃0̇

𝑚𝑣2 √
𝑣2

𝑅2 − 𝑎2 +
𝑀
𝑚 (𝑅2 −

2
3𝑎2)

= 

 

= 𝜃0̇
√𝑅2 − 𝑎2 +

𝑀
𝑚

(𝑅2 −
2
3

𝑎2)

𝑣2
. 

 
p a s u x i:    

𝜃 − 𝜃0 = 𝐶 ∙ 𝑎𝑟𝑐𝑡𝑔
𝑣𝑡

√𝑀
𝑚

(𝑅2 −
2
3

𝑎2) + 𝑅2 − 𝑎2

, 

sadac 𝜃0 da  𝐶 nebismieri mudmivebia. 
 
 
 
 
 
 
 
 

amocana  48.19 
  𝑀 masis da 2𝑎 sigrZis  mZime  erTgvarovani Reros boloebi uxaxunod 
srialebs im CarCos  horizontalur da vertikalur Reroebze, 

romlebic vertikaluri gverdis garSemo mudmivi ω kuTxuri siCqariT 
brunavs. SeadgineT Reros moZraobis gantoleba da gansazRvreT  
fardobiTi wonasworobis mdebareoba. 
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a m o x s n a.      ganzogadebul koordinatad miviRoT  Reros 

mobrunebis kuTxe  𝑞 = 𝜃  (nax.1) da CavweroT lagranJis meore gvaris 
gantoleba:  

                                          
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜃 ̇
) −

𝜕𝑇

𝜕𝜃 
=

𝜕𝐴

𝜕𝜃 
.       

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
              Nnax.1                                  Nnax.2 
   ganvsazRvroT meqanikuri sistemis kinetikuri energia: 
   

𝑇 =
𝑀

2
(𝑎2𝜔2𝑠𝑖𝑛2𝜃 + 𝑎2𝜃̇2) +

(𝐽𝐶 ∙ 𝜔⃗⃗⃗𝑎) ∙ 𝜔⃗⃗⃗𝑎

2
, 

sadac 

𝐽𝐶 =

(

 
 

𝑀𝑎2

3
0 0

0
𝑀𝑎2

3
0

0 0 0)

 
 
 

 

Reros inerciis tenzoria 𝑂𝑥𝑦𝑧 sakoordinato RerZebSi (nax.2); 

𝜔⃗⃗⃗𝑎 = (
𝜃̇

𝜔𝑠𝑖𝑛𝜃
𝜔𝑐𝑜𝑠𝜃

) 

 Aabsoluturi kuTxuri siCqaris veqtoria 𝑂𝑥𝑦𝑧 sakoordinato 
RerZebSi; 

𝐽𝐶 ∙ 𝜔⃗⃗⃗𝑎 =

(

 

𝑀𝑎2

3
𝜃̇

𝑀𝑎2

3
𝜔𝑠𝑖𝑛𝜃)

 , 

𝐵 

𝐴 

𝜃 

𝜔 

𝐵 

𝐴 

𝜃 

𝑧 

𝜔⃗⃗⃗ 

𝑦 

𝑥 𝜃⃗̇ 

• 𝐶 
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(𝐽𝐶 ∙ 𝜔⃗⃗⃗𝑎) ∙ 𝜔⃗⃗⃗𝑎 =
𝑀𝑎2

3
𝜃̇2 +

𝑀𝑎2

3
𝜔2𝑠𝑖𝑛2𝜃. 

maSin 

𝑇 =
𝑀

2
(𝑎2𝜔2𝑠𝑖𝑛2𝜃 + 𝑎2)𝜃̇2 +

𝑀𝑎2

6
𝜃̇2 +

𝑀𝑎2

6
𝜔2𝑠𝑖𝑛2𝜃 = 

=
2𝑀

3
(𝑎2𝜔2𝑠𝑖𝑛2𝜃 + 𝑎2𝜃̇2).       

Reros simZimis Zalis muSaoba 

𝐴 = 𝑀𝑔𝑎(𝑎 − 𝑐𝑜𝑠𝜃). 
  vipovoT Reros kinetikuri energiis da simZimis Zalis muSaobis 
Sesabamisi warmoebulebi: 

𝜕𝑇

𝜕𝜃 ̇
=

4

3
𝑀𝑎2𝜃̇ ,     

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜃 ̇
) =

4

3
𝑀𝑎2𝜃̈; 

𝜕𝑇

𝜕𝜃 
=

4

3
𝑀𝑎2𝜔2𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃; 

𝜕𝐴

𝜕𝜃 
= 𝑀𝑔𝑎 𝑠𝑖𝑛𝜃. 

    CavsvaT Ees Sedegebi lagranJis meore gvaris gantolebaSi da 
miviRebT: 

4

3
𝑀𝑎2𝜃̈ −

4

3
𝑀𝑎2𝜔2𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 = 𝑀𝑔𝑎 𝑠𝑖𝑛𝜃 

an 
4

3
𝑀𝑎2𝜃̈ −

4

3
𝑀𝑎2𝜔2𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 − 𝑀𝑔𝑎 𝑠𝑖𝑛𝜃 = 0. 

   S e n i S v n a. Reros kinetikuri 
energia SeiZleba ganisazRvros sxva 
gziTac. kerZod, ganvixiloT Reros 
moZraoba rogorc rTuli: warmtani- 

CarCosaTan erTad vertikaluri 𝑧1 

RerZis irgvliv ω kuTxuri siCqariT  

da fardobiTi- myisi brunva 𝑃 

siCqareTa myisi centris irgvliv 𝜃̇ 
kuTxuri siCqariT (nax.3),  e.i. 

                𝑇 =
𝐽𝑧ω

2

2
+

𝐽𝑝𝜃̇2

2
, 

sadac 

    𝐽𝑧 = ∫
𝑀

2𝑎

2𝑎

0

𝑑𝜉 ∙ 𝜉2𝑠𝑖𝑛2𝜃

=
4

3
𝑀𝑎2𝑠𝑖𝑛2𝜃, 

                                                         

𝑚𝑔⃗ 

𝐴 
𝜃 

𝑧1 
𝜔 

𝐵 

• 

• 
𝑃 

𝐶 

𝑑𝜉 
𝜃̇ 

𝜉 
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𝐽𝑝 = 𝐽𝐶 + 𝑀(𝑃𝐶)2 =
𝑀𝑎2

3
+ 𝑀𝑎2 =

4

3
𝑀𝑎2. 

maSin 

𝑇 =
4

3
𝑀𝑎2𝑠𝑖𝑛2𝜃 ∙

ω2

2
+

4

3
𝑀𝑎2 ∙

𝜃̇2

2
=

2

3
𝑀(𝑎2𝜔2𝑠𝑖𝑛2𝜃 + 𝑎2𝜃̇2). 

 Gganzogadebuli  𝑄 Zalas gamovTvliT formuliT:  

𝑄 = −
𝜕Π

𝜕𝜃 
, 

sadac 𝛱 = 𝑚𝑔𝑎𝑐𝑜𝑠𝜃 −Reros potencialuri energia nebismier 
mdebareobaSi. 

p a s u x i:  
4

3
𝑀𝑎2𝜃̈ −

4

3
𝑀𝑎2𝜔2𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 − 𝑀𝑔𝑎 𝑠𝑖𝑛𝜃 = 0, sadac  

𝜃 −kuTxea, romlesac Rero adgens vertikalTan. wonasworobis 

mdebareobaSi 𝜃 = 0  (aramdgradi wonasworoba) 
 
 
 
 
 
 
 
 

amocana  48.20 

   𝑅 radiusis erTgvarovani diskoswrewirze saxsriT mimagrebulia 
berketi, romelic Tavis boloebiT 

atarebs Seyursul 𝑚1  da 𝑚2 masebs. 
Mmasebis centridan daSoreba 

saTanadod aris ℓ1 da ℓ2. Ddisko 

brunavs ω kuTxuri siCqariT misi 
sibrtyis marTobuli  RerZis garsemo. 
SeadgineT berketis moZraobis 
gantoleba da gansazRvreT misi 
fardobiTi wonasworobis  

Nnax.3       

𝑂 

𝑅 

𝑦 

𝑥 

ω 
𝜓 𝜑 

𝑚1 

𝑚2 

ℓ1 
ℓ2 

• 
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mdebareoba. Bberketis brunvis RerZi diskod brunvis RerZis 
paraleluria. Bberketis masa ugulebelyofilia.  amoxseniT amocana  
im DdaSvebiT, rom disko brunavs vertikalur sibrtyeSi (miiReT 
mxedvelobaSi simZimis Zalis moqmedeba)). 
a m o x s n a.     ganzogadebul 
koordinatad miviRoT  berketis 

mobrunebis kuTxe  𝑞 = 𝜓   da 
CavweroT lagranJis meore gvaris 
gantoleba:  

      
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜓 ̇
) −

𝜕𝑇

𝜕𝜓 
=

𝜕𝐴

𝜕𝜓 
            (1) 

ganvsazRvroT meqanikuri sistemis 
kinetikuri energia (ix. Nnaxazi): 
  

𝑇 =
𝑚1

2
(𝑣1𝑥

2 + 𝑣1𝑦
2 ) +

𝑚2

2
(𝑣2𝑥

2 + 𝑣2𝑦
2 )

= 

=
𝑚1

2
[(−𝑅𝜔𝑠𝑖𝑛𝜑 + ℓ1𝜓̇𝑐𝑜𝑠𝜓)

2
+ (𝑅𝜔𝑐𝑜𝑠𝜑 + ℓ1𝜓̇𝑠𝑖𝑛𝜓)

2
] + 

+
𝑚2

2
[(−𝑅𝜔𝑠𝑖𝑛𝜑 − ℓ2𝜓̇𝑐𝑜𝑠𝜓)

2
+ (𝑅𝜔𝑐𝑜𝑠𝜑 − ℓ2𝜓̇𝑠𝑖𝑛𝜓)

2
] = 

=
(𝑚1 + 𝑚2)𝑅

2𝜔2

2
+

𝑚1ℓ1
2

2
𝜓̇2 +

𝑚2ℓ2
2

2
𝜓̇2 + 

+𝑚1𝑅𝜔ℓ1𝜓̇ sin(𝜓 − 𝜑) − 𝑚2𝑅𝜔ℓ2𝜓̇ sin(𝜓 − 𝜑). 
     simZimis Zalebis muSaoba im SemTxvevaSi, roca disko mdebareobs 
horizontalur sibrtyeSi (brunvis RerZi vertikaluria) udris nuls. 
amitom 

𝜕𝐴

𝜕𝜓 
= 0. 

   vipovoT (1) gantolebaSi Semavali warmoebulebi: 

𝜕𝑇

𝜕𝜓 ̇
= (𝑚1ℓ1

2 + 𝑚2ℓ2
2)𝜓̇ + 𝑅𝜔(𝑚1ℓ1 − 𝑚2ℓ2) sin(𝜓 − 𝜑), 

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜓 ̇
) = (𝑚1ℓ1

2 + 𝑚2ℓ2
2)𝜓̈ + 𝑅𝜔(𝑚1ℓ1 − 𝑚2ℓ2) cos(𝜓 − 𝜑) (𝜓̇ − 𝜑̇) 

𝜕𝑇

𝜕𝜓 
= 𝑅𝜔(𝑚1ℓ1 − 𝑚2ℓ2)𝜓̇ cos(𝜓 − 𝜑). 

    CavsvaT es gamosaxulebebi (1) gantolebaSi da miviRebT berketis 
vertikaluri RerZis irgvliv brunvis gantolebas: 

(𝑚1ℓ1
2 + 𝑚2ℓ2

2)𝜓̈ − 𝑅𝜔2(𝑚1ℓ1 − 𝑚2ℓ2) cos(𝜓 − 𝜔𝑡) = 0. 
   roca 𝑚1ℓ1 = 𝑚2ℓ2 Rero moZraobs inerciiT, e.i. imyofeba 

ganurCvel fardobiT wonasworobaSi. 

𝑂 
𝑅 

𝑦 

𝑥 

ω 
𝜓 𝜑 

𝑚1 

𝑚2 

ℓ1 
ℓ2 

• 𝑚2𝑔⃗ 
 

𝑚1𝑔⃗ 
 



 
139 

  roca 𝜓 = 𝜔𝑡 ±
𝜋

2
 gvaqvs mdebareoba, romlis drosac siCqare aRwevs 

eqstremums. Aam SemTxvevaSi berketi mimarTulia radiusis gaswvriv.  
   im SemTxvevaSi, roca disko mdebareobs horizontalur sibrtyeSi 
(brunvis RerZi vertikaluria) gaTvaliswinebulia tvirTebis masebi. 
maSin simZimis Zalebis muSaoba 

𝐴 = 𝑚2𝑔ℓ2(1 − 𝑐𝑜𝑠𝜓) − 𝑚1𝑔ℓ1(1 − 𝑐𝑜𝑠𝜓). 
Gganzogadebuli Zala 

𝑄 =
𝜕𝐴

𝜕𝜓 
= 𝑚2𝑔ℓ2𝑠𝑖𝑛𝜓 − 𝑚1𝑔ℓ1𝑠𝑖𝑛𝜓. 

  Hhorizontaluri RerZis garSemo brunvis diferencialuri 
gantolebas aqvs saxe: 

(𝑚1ℓ1
2 + 𝑚2ℓ2

2)𝜓̈ − (𝑚1ℓ1 − 𝑚2ℓ2) 𝑅𝜔2cos(𝜓 − 𝜔𝑡) = 
= (𝑚2ℓ2 − 𝑚1ℓ1)𝑔𝑠𝑖𝑛𝜓 

an 

(𝑚1ℓ1
2 + 𝑚2ℓ2

2)𝜓̈ − (𝑚1ℓ1 − 𝑚2ℓ2)𝑅𝜔2cos(𝜓 − 𝜔𝑡) + 
+(𝑚1ℓ1 − 𝑚2ℓ2)𝑔𝑠𝑖𝑛𝜓 = 0. 

radgan, roca 𝑚1ℓ1 ≠ 𝑚2ℓ2  ar arsebobs 𝜓̇ funqciis  eqstremumi, 
amitom am SemTxvevaSi berketis fardobiTi wonasworoba ar arsebobs. 
p a s u x i: vertikaluri RerZis garSemo brunvis dros: 

(𝑚1ℓ1
2 + 𝑚2ℓ2

2)𝜓̈ − 𝑅𝜔2(𝑚1ℓ1 − 𝑚2ℓ2) cos(𝜓 − 𝜔𝑡) = 0; 
roca 𝑚1ℓ1 = 𝑚2,. berketi ganurCvel fardobiT wonasworobaSia. 
roca 𝑚1ℓ1 ≠ 𝑚2,. arsebobs fardobiT wonasworobis ori mdebareoaba, 

rodesac 𝜓 = 𝜔𝑡 ±
𝜋

2
;  e.i.  berketi mimarTulia radiusis gaswvriv.  

   horizontaluri RerZis garSemo brunvis dros 
(𝑚1ℓ1

2 + 𝑚2ℓ2
2)𝜓̈ − (𝑚1ℓ1 − 𝑚2ℓ2)𝑅𝜔2cos(𝜓 − 𝜔𝑡) + 
+(𝑚1ℓ1 − 𝑚2ℓ2)𝑔𝑠𝑖𝑛𝜓 = 0. 

roca 𝑚1ℓ1 ≠ 𝑚2,. fardobiTi wonasworoba SeuZlebelia. 
amocana  48.21 

       𝑀   masis Txel diskos Tavisi sibrtyiT SeuZlia sriali 
uxaxunod horizontalur sibrtyeze. 
diskoze, romlis zedapiri mqisea, 

moZraobs 𝑚   masis nivTieri wertili. 

wertilis moZraobis gantolebebs 𝑥 
da 𝑦 dekartis koordinatebSi im 
fardobiTi sistemis mimarT, romlis 
saTave diskos centrSia, aqvs aseTi 

saxe:   𝑥 = 𝑥(𝑡), 𝑦 = 𝑦(𝑡).  diskos 
inerciis momenti misi centris mimarT 

aris 𝐽. gansazRvreT diskos kuTxuri 
siCqaris cvlilebis kanoni. sawyis 
momentSi disko uZravia. 

𝑂 

𝜑̇ ∙ 𝐴𝐶 

𝑦 

𝑥̇ 
y 𝜑 

𝑚 • • 

𝑦̇ 

𝑥 

𝑀 

𝐶 
𝐴 
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  a m o x s n a.     ganzogadebul koordinatad miviRoT  berketis 

mobrunebis kuTxe  𝑞 = 𝜑   da CavweroT  lagranJis meore gvaris 
gantoleba:  

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) −

𝜕𝑇

𝜕𝜑 
= 𝑄𝜑.            (1) 

  meqanikuri sistemis kinetikuri energia, romelic Sedgeba diskosa da 

𝑚 masis nivTieri wertilisagan (ix. Nnaxazi), udris sistemis masaTa 
centrTan erTad moZraobis kinetikuri energiis da diskos da wertilis 
masaTa centris mimarT moZraobis kinetikuri energiebis jams. 
   masaTa centris mdebareoba 

𝑂𝐶 =
𝑚√𝑥2 + 𝑦2

𝑀 + 𝑚
, 

𝐴𝐶 = 𝑂𝐴 − 𝑂𝐶 = √𝑥2 + 𝑦2 −
𝑚√𝑥2 + 𝑦2

𝑀 + 𝑚
=

𝑀√𝑥2 + 𝑦2

𝑀 + 𝑚
; 

   𝑥,̇ 𝑦̇ −wertilis siCqaris gegmilebiasakoordinato RerZebze;  

𝜑̇ ∙ 𝐴𝐶 − wertilis warmtani siCqarea diskos brunvisas masaTa  
centris mimarT. 
  maSin meqanikuri sistemis kinetikuri energia 

𝑇 = (𝑀 + 𝑚)
𝑣𝐶

2

2
+

𝐽𝐶𝜑̇2

2
+

𝑚𝑣𝑎
2

2
, 

sadac 𝑣𝐶−masaTa centris siCqarea, 𝑣𝐶 = √𝑥̇𝐶
2 + 𝑦̇𝐶

2;  𝐽𝐶 −diskos 

inerciis momentia masaTa centris mimarT; 𝑣𝑎−wertilis siCqarea  

masaTa centris mimarT, 𝑣𝑎 = √𝑣𝑎𝑥
2 + 𝑣𝑎𝑦

2 . 

  CavsvaT  𝑣𝐶  Dda  𝑣𝑎 siCqareebis gamosaxulebebi kinetikuri energiis 
gamosaxulebaSi da miviRebT: 

𝑇 = (𝑀 + 𝑚)
1

2
(𝑥̇𝐶

2 + 𝑦̇𝐶
2) + [𝐽 + 𝑀(𝑂𝐶)2] ∙

𝜑̇2

2
+ 

 

+
𝑚
2

[(𝑥̇ − 𝜑̇ ∙ 𝐴𝐶 ∙ 𝑠𝑖𝑛𝜑)2 + (𝑦̇ + 𝜑̇ ∙ 𝐴𝐶 ∙ 𝑐𝑜𝑠𝜑)2], 

sadac  𝑠𝑖𝑛𝜑 =
𝑦

𝑂𝐴
=

𝑦

√𝑥2+𝑦2
;  𝑐𝑜𝑠𝜑 =

𝑥

𝑂𝐴
=

𝑥

√𝑥2+𝑦2
 . 

maSin 

𝑇 = (𝑀 + 𝑚)
1

2
(𝑥̇𝐶

2 + 𝑦̇𝐶
2) + [𝐽 +

𝑀𝑚2(𝑥2 + 𝑦2)

𝑀 + 𝑚
] ∙

𝜑̇2

2
+ 

+
𝑚
2

[
 
 
 
 

(

 𝑥̇ − 𝜑̇ ∙
𝑀(𝑥2 + 𝑦2)

𝑀 + 𝑚
𝑦

√𝑥2 + 𝑦2
)

 

2

+

(

 𝑦̇ + 𝜑̇ ∙
𝑀(𝑥2 + 𝑦2)

𝑀 + 𝑚
𝑥

√𝑥2 + 𝑦2
)

 

2

]
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=
1

2
(𝑀 + 𝑚)(𝑥̇𝐶

2 + 𝑦̇𝐶
2) +

𝐽𝜑̇2

2
+

𝑀𝑚2(𝑥2 + 𝑦2)

(𝑀 + 𝑚)2

𝜑̇2

2
+ 

 

+
𝑚
2

[𝑥̇2 − 2𝑥̇𝜑̇𝑦̇ ∙
𝑀

𝑀 + 𝑚
+

𝜑̇2𝑀
2
𝑦2

(𝑀 + 𝑚)2
+ 𝑦̇2 + 2𝑥̇𝜑̇̇ 𝑥 ∙

𝑀
𝑀 + 𝑚

+
𝑥2𝜑̇2𝑀

2

(𝑀 + 𝑚)2
] = 

=
1

2
(𝑀 + 𝑚)(𝑥̇𝐶

2 + 𝑦̇𝐶
2) +

𝐽𝜑̇2

2
+

𝑀𝑚2(𝑥2 + 𝑦2)

(𝑀 + 𝑚)2

𝜑̇2

2
+ 

+
1

2

𝑚𝑀2𝜑̇2(𝑥2 + 𝑦2)

(𝑀 + 𝑚)2
+

1

2
𝑚(𝑥̇2 + 𝑦̇2) +

𝑚𝑀

𝑀 + 𝑚
(𝑦̇𝑥 − 𝑥̇𝑦)𝜑̇ = 

=
1

2
(𝑀 + 𝑚)(𝑥̇𝐶

2 + 𝑦̇𝐶
2) + [𝐽 +

𝑀𝑚(𝑥2 + 𝑦2)

(𝑀 + 𝑚)2
]
𝜑̇2

2
+

1

2
𝑚(𝑥̇2 + 𝑦̇2) + 

+
𝑚𝑀

𝑀 + 𝑚
(𝑦̇𝑥 − 𝑥̇𝑦)𝜑̇. 

   Gganzogadebuli Zala 𝑄𝜑 = 0,  radgan disko gadaadgildeba gluv 

horizontalur zedapirze da simZimis Zalis muSaoba udris nuls. 
   radgan kinetikuri energia ar aris damokidebuli ganzogadebul 
koordinatze, amitom 

𝜕𝑇

𝜕𝜑 
= 0. 

     maSin (1) gantoleba miiRebs saxes 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) = 0 

an 

𝜕𝑇

𝜕𝜑 ̇
= 𝑐𝑜𝑛𝑠𝑡. 

   vipovoT kinetikuri energiis warmoebuli, maSin es toloba ase 
Caiwereba: 

𝜕𝑇

𝜕𝜑 ̇
= [𝐽 +

𝑀𝑚2(𝑥2 + 𝑦2)

(𝑀 + 𝑚)2
] 𝜑̇ +

𝑚𝑀

𝑀 + 𝑚
(𝑦̇𝑥 − 𝑥̇𝑦) = 𝐶. 

 

  miRebuli formulidan ganvsazRvravT 𝐶 mudmivis mniSvnelobas 
sawyisi pirobebis gaTvaliswinebiT: 

𝑡 = 0,  𝜑0 = 0, 𝜑̇0 = 0, 𝑥 = 𝑥0, 𝑦 = 𝑦0, 𝑥̇ = 𝑥̇0, 𝑦̇ = 𝑦̇0. 
    maSin 

𝐶 =
𝑚𝑀

𝑀 + 𝑚
(𝑦̇0𝑥0 − 𝑥̇0𝑦0). 

  Aamis gaTvaliswinebiT diskos kuTxuri siCqaris cvlilebis kanoni 

[𝐽 +
𝑀𝑚(𝑥2 + 𝑦2)

(𝑀 + 𝑚)2
] 𝜑̇ +

𝑚𝑀

𝑀 + 𝑚
(𝑦̇𝑥 − 𝑥̇𝑦) =

𝑚𝑀

𝑀 + 𝑚
(𝑦̇0𝑥0 − 𝑥̇0𝑦0). 
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p a s u x i: 

[𝐽 +
𝑀𝑚(𝑥2 + 𝑦2)

(𝑀 + 𝑚)2
] 𝜑̇ +

𝑚𝑀

𝑀 + 𝑚
(𝑦̇𝑥 − 𝑥̇𝑦) =

𝑚𝑀

𝑀 + 𝑚
(𝑦̇0𝑥0 − 𝑥̇0𝑦0). 

sadac  𝑥0, 𝑦0, 𝑥̇0, 𝑦̇0 − wertilis koordinatebi da siCqaris gegmilebia 
sawyis momentSi. 
 
 
 
 

amocana  48.22 

   wina amocanaSi aRwerili diskos 𝑅  radiusiani wrewiris gaswvriv 

moZraobs nivTieri wertili  fardobiTi 𝑣 = 𝛼𝑡 siCqariT. ipoveT 
diskos moZraobis kanoni. 
 a m o x s n a.   CavweroT wertilis moZraobis gantoleba wrewirze 
da misi siCqare dekartis koordinatebSi: 
 

𝑥 = 𝑅𝑐𝑜𝑠
𝛼𝑡2

2𝑅
,   𝑦 = 𝑅𝑠𝑖𝑛

𝛼𝑡2

2𝑅
; 

 

𝑥̇ = −𝛼𝑡𝑅𝑠𝑖𝑛
𝛼𝑡2

2𝑅
,   𝑦̇ = −𝛼𝑡𝑅𝑐𝑜𝑠

𝛼𝑡2

2𝑅
, 

 

sadac   
𝛼𝑡2

2𝑅
− wrewiris rkalis sigrZea;   𝑣 = √𝑥̇2 + 𝑦̇2 = 𝛼𝑡. 

  Aam gamosaxulebis gaTvaliswinebiT 48.21 amocanis pasuxi ase 
CavweroT: 

[𝐽 +
𝑀𝑚(𝑥2 + 𝑦2)

(𝑀 + 𝑚)2
] 𝜑̇ +

𝑚𝑀

𝑀 + 𝑚
(𝑅𝛼𝑡𝑐𝑜𝑠2

𝛼𝑡2

2𝑅
+ 𝑅𝛼𝑡𝑠𝑖𝑛2

𝛼𝑡2

2𝑅
) = 0, 

sadac, roca 𝑡 = 0,   𝑥0 = 𝑅, 𝑦0 = 0, 𝑥̇0 = 0, 𝑦̇0 = 0. 

   radgan  𝜑̇ =
𝑑𝜑

𝑑𝑡
, amitom ganvacaloT cvladebi da vaintegroT 

[𝐽 +
𝑀𝑚(𝑥2 + 𝑦2)

(𝑀 + 𝑚)2
] 𝑑𝜑 = −

𝑚𝑀

𝑀 + 𝑚
𝑅𝛼𝑡𝑑𝑡, 

Aaqedan,  Tu gaviTvaliswinebT, rom  𝑥2 + 𝑦2 = 𝑅2, miviRebT:   

𝜑 = −
𝑚𝑀𝑅𝛼𝑡2

2[(𝑀 + 𝑚)𝐽 + 𝑀𝑚𝑅2]
=

𝛽

2𝑅
𝑡2, 

sadac 

𝛽 = −
𝑚𝑀𝑅2𝛼

(𝑀 + 𝑚)𝐽 + 𝑀𝑚𝑅2
. 
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  diskosTan xistad damagrebul moZrav sistemaSi, romlis saTave 
diskos centriSia, masaTa centris koordinatebi 

𝑥𝐶 =
𝑚𝑥

𝑀 + 𝑚
=

𝑚𝑅

𝑀 + 𝑚
 𝑐𝑜𝑠

𝛼𝑡2

2𝑅
; 

𝑦𝐶 =
𝑚𝑦

𝑀 + 𝑚
=

𝑚𝑅

𝑀 + 𝑚
 𝑠𝑖𝑛

𝛼𝑡2

2𝑅
. 

  Tu SemoviRebT  uZrav koordinatTa sistemas aTvlis saTaviT masaTa 
centrSi, maSin sinusis da kosinusis arguments daemateba mobrunebis 
kuTxe da icvleba niSani, e.i. 

𝜉 = −
𝑚𝑅

𝑀 + 𝑚
 𝑐𝑜𝑠 (

𝛼𝑡2

2𝑅
+ 𝜑), 

𝜂 = −
𝑚𝑅

𝑀 + 𝑚
 𝑠𝑖𝑛 (

𝛼𝑡2

2𝑅
+ 𝜑), 

sadac 𝜑 =
𝛽

2𝑅
𝑡2. 

p a s u x i:  𝜑 = −
𝑚𝑀

2(𝑀+𝑚)

𝑅𝛼

𝐽+
𝑀𝑚

(𝑀+𝑚)2
𝑅2

𝑡2 =
𝛽

2𝑅
𝑡2; 

𝜉 = −
𝑚𝑅

𝑀 + 𝑚
 𝑐𝑜𝑠 (

𝛼 + 𝛽

2𝑅
𝑡2) , 𝜂 = −

𝑚𝑅

𝑀 + 𝑚
 𝑠𝑖𝑛 (

𝛼 + 𝛽

2𝑅
𝑡2), 

sadac 𝜑 aris diskos mobrunebis kuTxe, xolo 𝜉 da 𝜂 diskos masaTa 
centris koordinatebi im uZravi sistemis mimarT, romlis saTave 
sistemis inerciis centrSia. 
 
 
 
 
 
 
 
 

amocana  48.23 

     𝑀 masis nivTieri wertili moZraobs 

simZimis Zalis moqmedebiT im 𝐴𝐵 wrfeze, 

romelic brunavs  mudmivi 𝜔 kuTxuri siCqariT  
uZravi  vertikaluri  RerZis RerZis garSemo. 

𝐴𝐵 wrfe  horizontTan qmnis  𝛼 kuTxes. ipoveT 
wertilis moZraobis kanoni. 

a m o x s n a.   gansaxilvel sistemas aqvs ori 
Tavisuflebis xarisxi. ganzogadebul 
koordinatebad miviRoT 

𝐵 
𝑧 

𝐴 

• 

𝜔 

𝑂 

𝑟 

𝛼 

𝑀 
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Reros mobrunebis 𝜑  kuTxe da  𝑀 wertilis 𝑟 gadaagileba Reros 
gaswvriv (ix. Nnaxazi). radgan pirobis 
Tanaxmad aucilebelia vipovoT Reros 
gaswvriv wertilis moZraobis kanoni, amitom 
sakmarisi visargebloT erTi lagranJis 
meore gvaris gantolebiT    konservatuli 
sistemisaTvis: 

                       
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑟 ̇
) −

𝜕𝑇

𝜕𝑟 
= −

𝜕Π

𝜕𝑟 
.             

    𝑀 wertilis  kinetikuri energia, 
romelic 
Asrulebs rTul moZraobas 

         𝑇 =
𝑚𝑣𝑟

2

2
+

𝑚𝑣𝑒
2

2

=
𝑚𝑟 ̇ 2

2
+

𝑚𝑟2𝜑̇2𝑐𝑜𝑠2𝛼

2
, 

     radgan  𝜑̇ = 𝜔, maSin 

         𝑇 =
𝑚

2
(𝑟 ̇ 2 + 𝑟2𝜔2𝑐𝑜𝑠2𝛼). 

vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 
 

𝜕𝑇

𝜕𝑟 ̇
=

𝑚

2
2𝑟 ̇ = 𝑚𝑟 ̇ , 

𝜕𝑇

𝜕𝑟 
=

𝑚

2
2𝑟𝜔2𝑐𝑜𝑠2𝛼 = 𝑚𝜔2𝑟𝑐𝑜𝑠2𝛼, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑟 ̇
) = 𝑚𝑟.̈  

   𝑀 wertilis  potenciuri energia 

𝛱 = 𝑚𝑔𝑟𝑠𝑖𝑛𝛼. 
  Aam gamosaxulebis gawarmoeba gvaZlevs 

𝜕Π

𝜕𝑟 
= 𝑚𝑔𝑠𝑖𝑛𝛼. 

     miRebuli gamosaxulebebi CavsvaT  lagranJis meore gvaris 
gantolebaSi: 

𝑚𝑟̈ − 𝑚𝜔2𝑟𝑐𝑜𝑠2𝛼 = −𝑚𝑔𝑠𝑖𝑛𝛼 
Aan 

    
𝑟̈ − 𝑟𝜔2𝑐𝑜𝑠2𝛼 = −𝑔𝑠𝑖𝑛𝛼. 

 
     amovxsnaT es meore rigis araerTgvarovani diferencialuri 
gantoleba da miviRebT 

𝐵 
𝑧 

𝐴 

• 

𝜔 

𝑂 

𝑟 
𝛼 

𝑀 

𝜑 

𝑚𝑔⃗ 
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𝑟 = 𝐶1𝑒
𝜔𝑡𝑐𝑜𝑠𝛼 + 𝐶2𝑒

−𝜔𝑡𝑐𝑜𝑠𝛼 +
𝑔

𝜔2

𝑠𝑖𝑛𝛼

𝑐𝑜𝑠2𝛼
. 

p a s u x i:  𝑟 = 𝐶1𝑒
𝜔𝑡𝑐𝑜𝑠𝛼 + 𝐶2𝑒

−𝜔𝑡𝑐𝑜𝑠𝛼 +
𝑔

𝜔2

𝑠𝑖𝑛𝛼

𝑐𝑜𝑠2𝛼
. 

 
 
 
 

amocana  48.24 

   𝑚 masis nivTieri wertili moZraobs 𝑎 radiusis wriul CarCoze, 

romelic  vertikaluri 𝐴𝐵 diametris  garSemo brunavs M mudmivi 𝜔 
kuTxuri siCqariT.   SeadgineT wertilis moZraobis gantoleba 

gansazRvreT 𝑀 momenti, romelis saWiroa mudmivi kuTxuri siCqaris 
SesanarCuneblad..  
  a m o x s n a.   gansaxilvel sistemas aqvs ori 
Tavisuflebis xarisxi. ganzogadebul 

koordinatebad miviRoT  CarCos mobrunebis 𝜑  

kuTxe da  𝑎 radiusis vertikalidan gadaxris 𝜃  
kuTxe (ix. Nnaxazi). CavweroT lagranJis meore 
gvaris gantolebebi:  

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) −

𝜕𝑇

𝜕𝜑 
= 𝑄𝜑, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜃 ̇
) −

𝜕𝑇

𝜕𝜃 
= 𝑄𝜃  . 

    radgan 𝑀 wertili  Aasrulebs  rTul  
moZraobas, amitom misi kinetikuri energia 
  

             𝑇 =
𝑚𝑎2𝜃 ̇ 2

2
+

𝑚𝑎2𝜑̇2𝑠𝑖𝑛2𝜃

2
 

  vipovoT kinetikuri energies gamosaxulebis warmoebulebi: 

𝐴 𝜔 
𝑚 

𝐵 

𝑎 
𝑂 

𝜃 

• 
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𝜕𝑇

𝜕𝜑 ̇
= 𝑚𝑎2𝜑̇𝑠𝑖𝑛2𝜃, 

     
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) = 𝑚𝑎2𝜑̈𝑠𝑖𝑛2𝜃 + 2𝑚𝑎2𝜑̇𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃, 

𝜕𝑇

𝜕𝜑 
= 0, 

𝜕𝑇

𝜕𝜃 ̇
= 𝑚𝑎2𝜃̇ 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜃 ̇
) = 𝑚𝑎2𝜃̈, 

𝜕𝑇

𝜕𝜃 
= 𝑚𝑎2𝜑̇2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃. 

   mivaniWoT sistemas SesaZlo gadaadgileba da 
ganvsazRvroT ganzogadebuli Zalebi: 

a)   davuSvaT, rom 𝛿𝜑 = 0, 𝛿𝜃 ≠ 0,  maSin 
𝛿𝐴 = −𝑚𝑔𝑎𝑠𝑖𝑛𝜃 ∙ 𝛿𝜃 ⟹ 𝑄𝜃 = −𝑚𝑔𝑎𝑠𝑖𝑛𝜃; 

b) davuSvaT, rom 𝛿𝜑 ≠ 0, 𝛿𝜃 = 0,  maSin  𝛿𝐴 = 𝑀 ∙ 𝛿𝜑 ⟹ 𝑄𝜃 = 𝑀. 
   warmoebulebis da ganzogadebuli Zalebis   miRebuli 
gamosaxulebebi CavsvaT  lagranJis meore gvaris gantolebaSi: 

               𝑚𝑎2𝜑̈𝑠𝑖𝑛2𝜃 + 2𝑚𝑎2𝜑̇𝜃̇𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 = 𝑀,          (1) 

               𝑎2𝜃̈ − 𝑚𝑎2𝜑̇2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 == −𝑚𝑔𝑎𝑠𝑖𝑛𝜃.       (2) 
  radgan pirobis Tanaxmad 𝜑̇ = 𝜔 = 𝑐𝑜𝑛𝑠𝑡, maSin 𝜑̈ = 0, maSasadame,  
(1) da (2) gantolebebi miRebs saxes 

2𝑚𝑎2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 ∙ 𝜔𝜃̇ = 𝑀, 

𝜃̈ = (
𝑔

𝑎
− 𝜔2𝑐𝑜𝑠𝜃) 𝑠𝑖𝑛𝜃 = 0. 

p a s u x i:  𝜃̈ = (
𝑔

𝑎
− 𝜔2𝑐𝑜𝑠𝜃) 𝑠𝑖𝑛𝜃 = 0,𝑀 = 2𝑚𝑎2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 ∙ 𝜔𝜃̇. 

 
 
 
 

𝐴 𝜔 

𝑚𝑔⃗ 

𝐵 

𝑎 
𝑂 

𝜃 

• 
𝜑 
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amocana  48.25 

      𝑚 masis sxeuls SeuZlia 

brunva horizontaluri 𝑂1𝑂2 
RerZis garSemo, romelic, Tavis 

mxriv, brunavs M mudmivi 𝜔 
kuTxuri siCqariT vertikaluri 

𝑂𝐶 RerZis garSemo. sxeulis 

masaTa 𝐺  centri mdebareobs 

𝑂1𝑂2 RerZis  

perpendikularul wrfeze ℓ 
manZilze 𝑂3 wertilidan. im daSvebiT, rom  𝑂1𝑂2 da 𝑂3𝐺  RerZebi 

warmoadgenen sxeulis inerciis mTavar RerZebs  𝑂3 wertilSi, 
SeadgineT moZraobis gantoleba. sxeulis inerciis momentebi mTavari 

RerZebis mimarT aris 𝐴, 𝐵, 𝐶. 
    a m o x s n a.      gansaxilvel sistemas aqvs ori Tavisuflebis 

xarisxi. avirCioT ganzogadebuli koordinatebi: 𝜑 − CarCos 

mobrunebis  kuTxe 𝑂𝐶 RerZis 

garSemo, 𝜃 − 𝑂1𝑂2 RerZis garSemo  

mobrunebis kuTxe (ix. Nnaxazi). 
CavweroT lagranJis meore gvaris 

gantoleba 𝜃 koordinatisaTvis:  

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜃 ̇
) −

𝜕𝑇

𝜕𝜃 
= 𝑄𝜃 . 

  sxeulis kinetikuri energia, 
romelic brunavs gadamkveTi 
RerZebis irgvliv  

𝑇 =
𝐴𝜃 ̇ 2

2
+

𝐵 ̇ 2𝑐𝑜𝑠2𝜃

2
+

𝐶𝜑̇2𝑠𝑖𝑛2𝜃

2
. 

    SemoviRoT aRniSvna 𝜑̇ = 𝜔  da 
vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝜃 ̇
= 𝐴𝜃 ̇ , 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜃 ̇
) = 𝐴𝜃̈, 

𝜕𝑇

𝜕𝜃 
= −𝐵𝜔2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 

 
 

+𝐶𝜔2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 = 𝜔2(𝐶 − 𝐵)𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃. 

𝜃 

× 
× 

𝑂2 

𝑂1 
𝑂3 
𝐺 

𝑂 

𝜑̇𝑠𝑖𝑛𝜃 

𝜃 

× 

× 

𝑂2 

𝑂1 𝑂3 

𝑚𝑔⃗ 

𝑂 

𝐺 

𝜑 

𝜑̇ 
𝜑̇𝑐𝑜𝑠𝜃 
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sxeulis  potenciuri energia 

𝛱 = −𝑚𝑔ℓ𝑐𝑜𝑠𝜃, 
maSin 

𝜕Π

𝜕𝜃 
= 𝑚𝑔ℓ𝑠𝑖𝑛𝜃. 

  SevadginoT  sxeulis moZraobis diferencialuri gantoleba: 

𝐴𝜃̈ + 𝜔2(𝐶 − 𝐵)𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 = −𝑚𝑔ℓ𝑠𝑖𝑛𝜃. 

p a s u x i:  𝐴𝜃̈ + 𝜔2(𝐶 − 𝐵)𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 = −𝑚𝑔ℓ𝑠𝑖𝑛𝜃, sadac  𝜃 aris 
𝑂1𝑂2 RerZis garSemo  mobrunebis kuTxe. 
 
 

amocana  48.26 

 erTgvarovani Zafi, romlis boloze 

mibmulia  𝑚 masis 𝐴 tvirTi, 

gadakidebulia  uZrav 𝐵 blokze da 

gars uvlis moZrav 𝐶 bloks, adis 

zeviT uZrav 𝐷 blokze da gadis 
horizontaluri sibrtyis 
paralelurad, sadac mis boloze 

mibmulia 𝑚 masis 𝐸  tvirTi. 𝐶  
blokis RerZze mimagrebulia 𝑚1 
masis 𝐾 tvirTi. 𝐸 tvirTis  
horizontalur sibrtyze srialis 

xaxunis  koeficientia 𝑓. ra 

pirobebSi daeSveba 𝐾 tvirTi  Zirs, Tu yvela tvirTis  sawyisi 

siCqareebi nulis tolia?  ipoveT 𝐾 tvirTis aCqareba. Bblokebis da 
Zafis masebi ugulebelyofilia. 
    a m o x s n a.      gansaxilvel sistemas aqvs ori Tavisuflebis  

xarisxi. avirCioT ganzogadebuli koordinatebi: 𝑥1 − 𝐸  tvirTis 

gadaadgileba, 𝑥2 − 𝐴  tvirTis gadaadgileba (ix. Nnaxazi). CavweroT 
lagranJis meore gvaris gantolebebi: 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) −

𝜕𝑇

𝜕𝑥1 
= 𝑄1, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) −

𝜕𝑇

𝜕𝑥2 
= 𝑄2. 

𝐾 

𝐸 
𝐷 

𝐴 

𝐶 

𝐵 
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sistemis  
kinetikuri energia 

𝑇 = 𝑇𝐸 + 𝑇𝐴 + 𝑇𝐾 =
𝑚𝐸𝑣𝐸

2

2
+

𝑚𝐴𝑣𝐴
2

2
+

𝑚𝐾𝑣𝐾
2

2
= 

=
𝑚𝑥̇1

2

2
+

𝑚𝑥̇2
2

2
+

𝑚1

2
(
𝑥̇1 + 𝑥̇2

2
)
2

=
1

8
[4𝑚(𝑥̇1

2 + 𝑥̇2
2) + 𝑚1(𝑥̇1 + 𝑥̇2)

2]. 

vipovoT kinetikuri energies gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝑥̇1
=

1

8
[8𝑚𝑥̇1 + 2𝑚1(𝑥̇1 + 𝑥̇2)] =

1

4
[4𝑚𝑥̇1 + 𝑚1(𝑥̇1 + 𝑥̇2)], 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) =

1

4
[4𝑚𝑥̈1 + 𝑚1(𝑥̈1 + 𝑥̈2)], 

𝜕𝑇

𝜕𝑥̇2
=

1

8
[8𝑚𝑥̇2 + 2𝑚1(𝑥̇1 + 𝑥̇2)] =

1

4
[4𝑚𝑥̇2 + 𝑚1(𝑥̇1 + 𝑥̇2)], 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) =

1

4
[4𝑚𝑥̈2 + 𝑚1(𝑥̈1 + 𝑥̈2)], 

𝜕𝑇

𝜕𝑥1 
=

𝜕𝑇

𝜕𝑥2 
= 0. 

    vipovoT 𝑄1  da   𝑄2  ganzogadebuli Zalebi. 

a)   davuSvaT, rom 𝛿𝑥1 ≠ 0, 𝛿𝑥2 = 0,  maSin 

𝛿𝐴1 = −𝐹ხახ ∙ 𝛿𝑥1 + 𝐺𝐾

𝛿𝑥1

2
= (

𝑚1𝑔

2
− 𝑓𝑚𝑔) 𝛿𝑥1, 

𝑄1 =
𝛿𝐴1

𝛿𝑥1
=

𝑚1𝑔

2
− 𝑓𝑚𝑔 =

𝑔

2
(𝑚1 − 2𝑓𝑚); 

𝐾 

𝐸 
𝐷 

𝐴 

𝐶 

𝐵 • 

• 

• 

𝐺⃗ 

𝑁⃗⃗⃗ 

𝑥2 

𝐺⃗𝐴 

𝐺⃗𝐾 

𝑥1 

𝐹⃗ხახ 
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b)   davuSvaT, rom 𝛿𝑥2 ≠ 0, 𝛿𝑥1 = 0,  maSin 

𝛿𝐴2 = 𝐺𝐾

𝛿𝑥2

2
− 𝐺𝐴 ∙ 𝛿𝑥2 = (

𝑚1𝑔

2
− 𝑚𝑔) 𝛿𝑥2, 

𝑄2 =
𝛿𝐴2

𝛿𝑥2
=

𝑚1𝑔

2
− 𝑚𝑔 =

𝑔

2
(𝑚1 − 2𝑚). 

   warmoebulebis da ganzogadebuli Zalebis   miRebuli 
gamosaxulebebi CavsvaT  lagranJis meore gvaris gantolebaSi: 

1

4
[4𝑚𝑥̈1 + 𝑚1(𝑥̈1 + 𝑥̈2)] =

𝑔

2
(𝑚1 − 2𝑓𝑚), 

1

4
[4𝑚𝑥̈2 + 𝑚1(𝑥̈1 + 𝑥̈2)] =

𝑔

2
(𝑚1 − 2𝑚). 

  miRebuli gantolebaTa sistemidan gamovricxoT 𝑥̈1 da vipovoT 𝐴  
tvirTis  aCqareba: 

𝑚1

4𝑚 + 𝑚1
𝑥̈2 −

4𝑚 + 𝑚1

𝑚1
𝑥̈2 = 2𝑔 (

𝑚1 − 2𝑓𝑚

4𝑚 + 𝑚1
−

𝑚1 − 2𝑚

𝑚1
) ⟹ 

⟹ 𝑥̈2 = 𝑔 [
𝑚1(1 + 𝑓) − 4𝑚

2(𝑚1 + 2𝑚)
] ; 

𝐸  tvirTis  aCqareba 

𝑥̈1 = 𝑔 [
𝑚1(3 − 𝑓) − 4𝑚𝑓

2(𝑚1 + 2𝑚)
]. 

  maSin 𝐾  tvirTis  aCqareba 

𝑤 =
𝑥̈1 + 𝑥̈2

2
= 𝑔 [

𝑚1(3 − 𝑓) − 4𝑚𝑓 + 𝑚1(1 + 𝑓) − 4𝑚

2 ∙ 2(𝑚1 + 2𝑚)
] = 

 

= 𝑔
𝑚1 − 𝑚(1 + 𝑓)

𝑚1 + 2𝑚
. 

𝐾  tvirTi daeSveba qveviT nulovani sawyisi siCqariT, Tu 𝑤 > 0, e.i 

𝑔
𝑚1 − 𝑚(1 + 𝑓)

𝑚1 + 2𝑚
> 0 

an 

𝑚1 > 𝑚(1 + 𝑓). 
 

p a s u x i:  𝑚1 > 𝑚(1 + 𝑓);     𝑤 = 𝑔
𝑚1−𝑚(1+𝑓)

𝑚1+2𝑚
. 
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amocana  48.27 

  erTnairi  𝑚 masis  ori 𝐷 da  𝐸 
tvirTi mibmulia uWimari da  uwoni 

Zafis boloebze. 𝐸 tvirTidan 
gamosuli es Zafi gadakidebulia 

uZrav 𝐴 blokze, Semdeg Semouvlis 

moZrav 𝐵 bloks, brundeba zeviT 

uZravi 𝐶 blokisaken, romelsac 

saerTo RerZi aqvs 𝐴 blokTan, da 
gadis gluvi daxrili sibrtyis 
paralelurad, romlis boloze 

mibmulia  𝐷 tvirTi. sibrtye 

horizontTan  𝛼 kuTxiTaa daxrili. 

moZrav 𝐵 blokze  Camokidebulia  𝑚1 
masis 𝐾 tvirTi. tvirTis horizontalur  sibrtyze srialis xaxunis  

koeficientia 𝑓. Bblokebis masa ugulebelyofilia.   gansazRvreT, ra 

pirobebSi daeSveba 𝐾 tvirTi. ipoveT am tvirTis aCqareba. sawyis  
momentSi yvela tvirTis  siCqare nulis toli iyo.   
    a m o x s n a.     
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
gansaxilvel sistemas aqvs ori Tavisuflebis xarisxi. avirCioT 

ganzogadebuli koordinatebi: 𝑥1 − 𝐸  tvirTis gadaadgileba, 𝑥2 − 𝐷  
tvirTis gadaadgileba (ix. Nnaxazi). CavweroT lagranJis meore gvaris 
gantolebebi: 

𝐸 
• 

𝑁⃗⃗⃗𝐸 
 

𝑥1 

𝐹⃗ხახ 

𝐵 

𝑥2 

• 

𝐺⃗𝐾 

𝐾 

𝐷 

𝐴 

𝐶 

𝛼 

• 

𝐺⃗𝐸 

𝐺⃗𝐷 

𝑁⃗⃗⃗𝐷 

𝐵 

𝐾 

𝐷 

𝐴 

𝐶 

𝛼 

𝐸 
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𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) −

𝜕𝑇

𝜕𝑥1 
= 𝑄1, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) −

𝜕𝑇

𝜕𝑥2 
= 𝑄2. 

    sistemis  kinetikuri energia 

𝑇 = 𝑇𝐸 + 𝑇𝐴 + 𝑇𝐾 =
𝑚𝐸𝑣𝐸

2

2
+

𝑚𝐴𝑣𝐴
2

2
+

𝑚𝐾𝑣𝐾
2

2
= 

𝑚𝑥̇1
2

2
+

𝑚𝑥̇2
2

2
+

𝑚1

2
(
𝑥̇1 + 𝑥̇2

2
)
2

=
1

8
[4𝑚(𝑥̇1

2 + 𝑥̇2
2) + 𝑚1(𝑥̇1 + 𝑥̇2)

2]. 

vipovoT kinetikuri energies gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝑥̇1
=

1

8
[8𝑚𝑥̇1 + 2𝑚1(𝑥̇1 + 𝑥̇2)] =

1

4
[4𝑚𝑥̇1 + 𝑚1(𝑥̇1 + 𝑥̇2)], 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) =

1

4
[4𝑚𝑥̈1 + 𝑚1(𝑥̈1 + 𝑥̈2)], 

𝜕𝑇

𝜕𝑥̇2
=

1

8
[8𝑚𝑥̇2 + 2𝑚1(𝑥̇1 + 𝑥̇2)] =

1

4
[4𝑚𝑥̇2 + 𝑚1(𝑥̇1 + 𝑥̇2)], 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) =

1

4
[4𝑚𝑥̈2 + 𝑚1(𝑥̈1 + 𝑥̈2)], 

 

𝜕𝑇

𝜕𝑥1 
=

𝜕𝑇

𝜕𝑥2 
= 0. 

    vipovoT 𝑄1  da   𝑄2  ganzogadebuli Zalebi. 

a)   davuSvaT, rom 𝛿𝑥1 ≠ 0, 𝛿𝑥2 = 0,  maSin 

𝛿𝐴1 = −𝐹ხახ ∙ 𝛿𝑥1 + 𝐺𝐾

𝛿𝑥1

2
= (

𝑚1𝑔

2
− 𝑓𝑚𝑔) 𝛿𝑥1, 

𝑄1 =
𝛿𝐴1

𝛿𝑥1
=

𝑚1𝑔

2
− 𝑓𝑚𝑔 =

𝑔

2
(𝑚1 − 2𝑓𝑚); 

b)   davuSvaT, rom 𝛿𝑥2 ≠ 0, 𝛿𝑥1 = 0,  maSin 

𝛿𝐴2 = 𝐺𝐾

𝛿𝑥2

2
− 𝐺𝐴𝑠𝑖𝑛𝛼 ∙ 𝛿𝑥2 = (

𝑚1𝑔

2
− 𝑚𝑔𝑠𝑖𝑛𝛼) 𝛿𝑥2, 

𝑄2 =
𝛿𝐴2

𝛿𝑥2
=

𝑚1𝑔

2
− 𝑚𝑔 =

𝑔

2
(𝑚1 − 2𝑚𝑠𝑖𝑛𝛼). 

   warmoebulebis da ganzogadebuli Zalebis   miRebuli 
gamosaxulebebi CavsvaT  lagranJis meore gvaris gantolebaSi: 

1

4
[4𝑚𝑥̈1 + 𝑚1(𝑥̈1 + 𝑥̈2)] =

𝑔

2
(𝑚1 − 2𝑓𝑚), 

1

4
[4𝑚𝑥̈2 + 𝑚1(𝑥̈1 + 𝑥̈2)] =

𝑔

2
(𝑚1 − 2𝑚𝑠𝑖𝑛𝛼). 
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   amovxsnaT gantolebaTa es sistema da vipovoT 𝐸  da  𝐴  
tvirTebis  aCqarebebi: 

𝑥̈1 = 𝑔
𝑚1(2 − 𝑓 + 𝑠𝑖𝑛𝛼) − 4𝑚𝑓

2(𝑚1 + 2𝑚)
, 

𝑥̈2 = 𝑔
𝑚1(2 + 𝑓) − 𝑠𝑖𝑛𝛼(4𝑚 + 𝑚1)

2(𝑚1 + 2𝑚)
; 

𝐾  tvirTis  aCqareba 

𝑤 =
𝑥̈1 + 𝑥̈2

2
= 

 

= 𝑔
𝑚1(2 + 𝑓) − 𝑠𝑖𝑛𝛼(4𝑚 + 𝑚1) + 𝑚1(2 − 𝑓 + 𝑠𝑖𝑛𝛼) − 4𝑚𝑓

4(𝑚1 + 2𝑚)
= 

 

= 𝑔
𝑚1 − 𝑚(𝑓 + 𝑠𝑖𝑛𝛼)

𝑚1 + 2𝑚
. 

Ppiroba, romlis drosac 𝐾  tvirTi daeSveba qveviT, 𝑤 > 0, e.i roca 
𝑚1 − 𝑚(𝑓 + 𝑠𝑖𝑛𝛼) > 0 

an 

𝑚1 > 𝑚(𝑓 + 𝑠𝑖𝑛𝛼) 
 

p a s u x i:   𝑚1 > 𝑚(𝑓 + 𝑠𝑖𝑛𝛼);    𝑤 = 𝑔
𝑚1−𝑚(𝑓+𝑠𝑖𝑛𝛼)

𝑚1+2𝑚
. 

 
 
 
 
 
 

amocana  48.28 

 

   𝑚 masis   𝐴 prizma srialebs 𝑚1 masis 𝐵 
prizmis gluv gverdiT waxnagze, romelic 

horizontTan qmnis 𝛼 kuTxes.  gansazRvreT 𝐵 
prizmis aCqareba. 𝐵 prizmasa da 
horizontalur sibrtyes Soris xaxuni 
ugulebelyofilia. 
    a m o x s n a.     
gansaxilvel sistemas aqvs ori Tavisuflebis xarisxi. avirCioT 

ganzogadebuli koordinatebi: 𝑥1 − 𝐴  prizmis gadaadgileba daxril 

𝐵 prizmaze, 𝑥2 −  𝐵 prizmis  gadaadgileba (ix. Nnaxazi).  
   CavweroT lagranJis meore  
gvaris gantolebebi: 

𝐴 

𝐵 𝛼 
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𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) −

𝜕𝑇

𝜕𝑥1 
= −

𝜕Π

𝜕𝑥1 
, 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) −

𝜕𝑇

𝜕𝑥2 
= −

𝜕Π

𝜕𝑥2 
. 

  sistemis  kinetikuri energia 

 

  𝑇 = 𝑇𝐴 + 𝑇𝐵 =
𝑚𝑣𝐴

2

2
+

𝑚1𝑣𝐵
2

2
= 

      =
𝑚1𝑥̇2

2

2
+

𝑚

2
(𝑥̇1

2 + 𝑥̇2
2 − 2𝑥̇1𝑥̇2𝑐𝑜𝑠𝛼). 

vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝑥̇1
= 𝑚𝑥̇1 − 𝑚𝑥̇2𝑐𝑜𝑠𝛼, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) = 𝑚𝑥̈1 − 𝑚𝑥̈2𝑐𝑜𝑠𝛼, 

𝜕𝑇

𝜕𝑥̇2
= 𝑚𝑥̇2 + 𝑚1𝑥̇2 − 𝑚𝑥̇1𝑐𝑜𝑠𝛼, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) = 𝑚𝑥̈2 + 𝑚1𝑥̈2 − 𝑚𝑥̈1𝑐𝑜𝑠𝛼, 

𝜕𝑇

𝜕𝑥1 
=

𝜕𝑇

𝜕𝑥2 
= 0. 

sistemis  potenciuri energia 

𝛱 = −𝐺𝐴𝑥1𝑠𝑖𝑛𝛼 = −𝑚𝑔𝑥1𝑠𝑖𝑛𝛼. 
vipovoT potenciuri energiis gamosaxulebis warmoebulebi: 

𝜕Π

𝜕𝑥1 
= −𝑚𝑔𝑠𝑖𝑛𝛼,   

𝜕Π

𝜕𝑥2 
= 0. 

    warmoebulebis miRebuli gamosaxulebebi CavsvaT  lagranJis meore 
gvaris gantolebaSi da miviRebT diferencialur gantolebaTa 
sistemas: 

𝑚𝑥̈1 − 𝑚𝑥̈2𝑐𝑜𝑠𝛼 = 𝑚𝑔𝑠𝑖𝑛𝛼, 

𝐴 

𝐵 𝛼 𝐺⃗𝐴 

𝐺⃗𝐵 

𝑥̇1 

𝑥2 

𝑥1 

𝑥̇2 

𝑣⃗𝐴 

• 

• 
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𝑚𝑥̈2 − 𝑚1𝑥̈2 − 𝑚𝑥̈1𝑐𝑜𝑠𝛼 = 0. 
   Aam diferencialur gantolebaTa sistemidan gamovricxoT 𝑥̈1 da 
ganvsazRvroT  𝑥̈2: 

−𝑚𝑥̈2𝑐𝑜𝑠𝛼 + 𝑥̈2

𝑚 + 𝑚1

𝑐𝑜𝑠𝛼
= 𝑚𝑔𝑠𝑖𝑛𝛼 

an 

𝑚𝑥̈2(1 − 𝑐𝑜𝑠2𝛼) + 𝑚1𝑥̈2 = 𝑚𝑔𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼. 
   Aaqedan 𝐵 prizmis aCqareba 

𝑥̈2 = 𝑤 = 𝑔
𝑚𝑠𝑖𝑛2𝛼

2(𝑚1 + 𝑚𝑠𝑖𝑛2𝛼)
. 

p a s u x i:   𝑤 = 𝑔
𝑚𝑠𝑖𝑛2𝛼

2(𝑚1+𝑚𝑠𝑖𝑛2𝛼)
. 

 
 
 
 
 

amocana  48.29 

     gluv  horizontalur sibrtyze  

 moTavsebulia 𝑚 masis  𝐴𝐵𝐶 prizma, 
romelsac SeuZlia sriali uxaxunod  

am sibrtyeze; prizmis 𝐴𝐵 waxnagze  

usrialod goravs 𝑚1 masis wriuli  
cilindri. ipoveT prizmis aCqareba. 
    a m o x s n a.     gansaxilvel 
sistemas aqvs ori Tavisuflebis 
xarisxi. avirCioT 
ganzogadebuli 

koordinatebi: 𝑥1 −  
cilindris gadaadgileba  
prizmis daxril sibrtyeze, 

𝑥2 −  𝐵 prizmis  
gadaadgileba (ix. Nnaxazi).  
   CavweroT lagranJis meore  
gvaris gantolebebi: 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) −

𝜕𝑇

𝜕𝑥1 
= −

𝜕Π

𝜕𝑥1 
, 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) −

𝜕𝑇

𝜕𝑥2 
= −

𝜕Π

𝜕𝑥2 
. 

  sistemis  kinetikuri energia 

                     𝑇 = 𝑇1 + 𝑇2 = 

𝐴 

𝐵 𝛼 𝐶 

• 𝑂 

𝐴 

𝐶 𝛼 𝐺⃗1 

𝐺⃗2 

𝑥̇1 𝑥2 

𝑥1 
𝑥̇2 

𝑣⃗𝑂 

• 

• 
𝐵 

𝑂 
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      =
𝑚1𝑥̇1

2𝑠𝑖𝑛2𝛼

2
+

𝑚1(𝑥̇1𝑐𝑜𝑠𝛼 − 𝑥̇2)
2

2
+

𝑚1𝑥̇1
2

2𝑅2

𝑅2

2
+

𝑚𝑥̇2
2

2
= 

=
1,5𝑚1𝑥̇1

2 − 2𝑚1𝑥̇1𝑥̇2𝑐𝑜𝑠𝛼 + 𝑚1𝑥̇2
2 + 𝑚𝑥̇2

2

2
= 

=
3

4
𝑚1𝑥̇1

2 +
1

2
(𝑚1 + 𝑚)𝑥̇2

2 − 𝑚1𝑥̇1𝑥̇2𝑐𝑜𝑠𝛼. 

vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝑥̇1
= 1,5𝑚1𝑥̇1 − 𝑚1𝑥̇2𝑐𝑜𝑠𝛼, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) = 1,5𝑚1𝑥̈1 − 𝑚1𝑥̈2𝑐𝑜𝑠𝛼, 

𝜕𝑇

𝜕𝑥̇2
= 𝑚1𝑥̇2 + 𝑚𝑥̇2 − 𝑚𝑥̇1𝑐𝑜𝑠𝛼, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) = 𝑚1𝑥̈2 + 𝑚𝑥̈2 − 𝑚1𝑥̈1𝑐𝑜𝑠𝛼, 

𝜕𝑇

𝜕𝑥1 
=

𝜕𝑇

𝜕𝑥2 
= 0. 

sistemis  potenciuri energia 

𝛱 = −𝐺𝐴𝑥1𝑠𝑖𝑛𝛼 = −𝑚1𝑔𝑥1𝑠𝑖𝑛𝛼. 
vipovoT potenciuri energiis gamosaxulebis warmoebulebi: 

𝜕Π

𝜕𝑥1 
= −𝑚1𝑔𝑠𝑖𝑛𝛼,   

𝜕Π

𝜕𝑥2 
= 0. 

    warmoebulebis miRebuli gamosaxulebebi CavsvaT  lagranJis meore 
gvaris gantolebaSi da miviRebT diferencialur gantolebaTa 
sistemas: 

1,5𝑚1𝑥̈1 − 𝑚1𝑥̈2𝑐𝑜𝑠𝛼 = 𝑚1𝑔𝑠𝑖𝑛𝛼, 
𝑚1𝑥̈2 + 𝑚𝑥̈2 − 𝑚𝑥̈1𝑐𝑜𝑠𝛼 = 0. 

   Aam diferencialur gantolebaTa sistemidan gamovricxoT 𝑥̈1 da 
ganvsazRvroT  𝑥̈2: 

−𝑚1𝑥̈2𝑐𝑜𝑠𝛼

1,5
+ 𝑥̈2

𝑚 + 𝑚1

𝑐𝑜𝑠𝛼
=

𝑚1𝑔𝑠𝑖𝑛𝛼

1,5
. 

   Aaqedan prizmis aCqareba 

𝑥̈2 = 𝑤 = 𝑔
𝑚1𝑠𝑖𝑛2𝛼

3(𝑚1 + 𝑚) − 2𝑚1𝑐𝑜𝑠2𝛼)
. 

p a s u x i:   prizmis aCqareba mimarTulia marcxniv da tolia 

𝑤 =
𝑚1𝑠𝑖𝑛2𝛼

3(𝑚1 + 𝑚) − 2𝑚1𝑐𝑜𝑠2𝛼)
𝑔. 
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amocana  48.30 

   uZravi RerZebis mqone 𝐴 da  𝐵 
blokebze gadadebulia zonari, 

romliTac Sekavebulia moZravi 𝐶 
bloki. zonaris nawilebi, romlebic  

ara Zevs blokebze, vertikaluria. 𝐶  

blokze Camokidebulia 𝑚 = 4 kg 
masis sawoni, zonris boloebze 

ki−𝑚1 = 2kg da 𝑚2 = 3kg  sawonebi. 
ipoveT samive tvirTis aCqarebani, Tu 
blokebisa da zonrebis masebi da 
RerZebSi xaxuni  
ugulebelyofilia. 
    a m o x s n a.    gansaxilvel sistemas aqvs ori Tavisuflebis 

xarisxi. avirCioT ganzogadebuli koordinatebi: 𝑥1 − 𝑃1  tvirTis 

gadaadgileba,  𝑥2 − 𝑃2 tvirTis gadaadgileba  (ix.Nnaxazi).  
   CavweroT lagranJis meore gvaris gantolebebi: 
 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) −

𝜕𝑇

𝜕𝑥1 
= −

𝜕Π

𝜕𝑥1 
, 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) −

𝜕𝑇

𝜕𝑥2 
= −

𝜕Π

𝜕𝑥2 
. 

  sistemis  kinetikuri energia 

𝑇 =
𝑚1𝑣1

2

2
+

𝑚2𝑣2
2

2
+

𝑚3𝑣3
2

2
= 

=
𝑚1𝑥̇1

2

2
+

𝑚2𝑥̇2
2

2
+

𝑚

2
(
𝑥̇1 + 𝑥̇2

2
)
2

= 

=
1

2
(𝑚1𝑥̇1

2 + 𝑚2𝑥̇2
2 + 

+𝑚
𝑥̇1

2 + 2𝑥̇1𝑥̇2 + 𝑥̇2
2

4
). 

   vipovoT kinetikuri energiis 
gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝑥̇1
= 𝑚1𝑥̇1 +

𝑚(𝑥̇1 + 𝑥̇2)

4
, 

𝑃 

𝐴 𝐵 

𝑃1 𝑃2 𝐶 

𝑃 

𝐴 𝐵 

𝑃1 𝑃2 𝐶 

𝑚2𝑔⃗ 

𝑥1 𝑥2 

𝑚𝑔⃗ 

• • 

• 

𝑚1𝑔⃗ 
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𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) = 𝑚1𝑥̈1 +

𝑚(𝑥̈1 + 𝑥̈2)

4
, 

𝜕𝑇

𝜕𝑥̇2
= 𝑚2𝑥̇2 +

𝑚(𝑥̇1 + 𝑥̇2)

4
, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) = 𝑚2𝑥̈2 +

𝑚(𝑥̈1 + 𝑥̈2)

4
, 

𝜕𝑇

𝜕𝑥1 
=

𝜕𝑇

𝜕𝑥2 
= 0. 

sistemis  potenciuri energia 

𝛱 = 𝑚1𝑔𝑥1 + 𝑚2𝑔𝑥2 − 𝑚𝑔
𝑥1 + 𝑥2

2
. 

vipovoT potenciuri energiis gamosaxulebis warmoebulebi: 

𝜕Π

𝜕𝑥1 
= 𝑚1𝑔 −

𝑚𝑔

2
=

𝑔

2
(2𝑚1 − 𝑚),    

𝜕Π

𝜕𝑥2 
= 𝑚2𝑔 −

𝑚𝑔

2
=

𝑔

2
(2𝑚2 − 𝑚). 

    warmoebulebis miRebuli gamosaxulebebi CavsvaT  lagranJis meore 
gvaris gantolebaSi da miviRebT diferencialur gantolebaTa 
sistemas: 

𝑚1𝑥̈1 +
𝑚

4
(𝑥̈1 + 𝑥̈2) = −

𝑔

2
(2𝑚1 − 𝑚), 

𝑚2𝑥̈2 +
𝑚

4
(𝑥̈1 + 𝑥̈2) = −

𝑔

2
(2𝑚2 − 𝑚). 

Aan 

                 𝑥̈1 (𝑚1 +
𝑚

4
) +

𝑚

4
𝑥̈2 = −

𝑔

2
(2𝑚1 − 𝑚),        (1) 

 

                 𝑥̈2 (𝑚2 +
𝑚

4
) +

𝑚

4
𝑥̈1 = −

𝑔

2
(2𝑚1 − 𝑚).        (2) 

   Aam diferencialur gantolebaTa sistemidan ganvsazRvroT 𝑥̈1 da  

𝑥̈2.   amisaTvis (1) gantoleba  gavyoT 𝑚1 +
𝑚

4
  −ze, (2) ki-   

𝑚

4
− ze 

da (1)-s  gamovakloT (2), miviRebT: 

𝑥̈2

𝑚
4

  

𝑚1 +
𝑚
4

− 𝑥̈2

𝑚2 +
𝑚
4

  

𝑚
4

=
𝑔

2
(
2𝑚1 − 𝑚

𝑚1 +
𝑚
4

−
2𝑚2 − 𝑚

𝑚
4

) 

   Aaqedan 𝑃2 tvirTis aCqareba: 
 

𝑤2 = 𝑥̈2 = −𝑔
4𝑚1𝑚2 − 3𝑚𝑚1 + 𝑚𝑚2

4𝑚1𝑚2 + 𝑚(𝑚1 + 𝑚2)
= −𝑔

4 ∙ 2 ∙ 3 − 3 ∙ 4 ∙ 2 + 4 ∙ 3

4 ∙ 2 ∙ 3 + 4 ∙ (2 + 3)

= −
3

11
𝑔. 
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   A 𝑃1  tvirTis aCqarebas vipoviT (2) gantolebidan: 
 

𝑤1 = 𝑥̈1 =
−

𝑔
2

(2𝑚2 − 𝑚) − 𝑥̈2 (𝑚2 +
𝑚
4

)

𝑚
4

=
1

11
𝑔 

maSin  𝑃  tvirTis aCqareba 

𝑤 =
𝑥̈1 + 𝑥̈2

2
=

1
11

𝑔 −
3
11

𝑔

2
= −

1

11
𝑔. 

 niSani minusi 𝑃2 tvirTis aCqarebis mniSvnelobaSi miuTiTebs, rom es 

tvirTi moZraobs qveviT. radgan misi aCqareba sididiT metia 𝑃1  
tvirTis aCqarebaze, amitom 𝑃  tvirTi imoZravebs zeviT. 

p a s u x i:   𝑤 =
1

11
𝑔(zeviT), 𝑤1 =

1

11
𝑔(zeviT),  𝑤2 = −

3

11
𝑔(qveviT) 

 

amocana  48.31 

   erTnairi 𝑚 masis 𝑀1 da 𝑀2 
tvirTebi moZraobs or daxril 

𝑂𝐴 da 𝑂𝐵 mimmarTvelze, 
romlebic vertikalur sibrtyeSi  

mdebareoben da horizontTan  𝛼 

da 𝛽 kuTxeebiT arian daxrili; am 

tvirTebis SemaerTebeli Zafi 𝑀1 
tvirTidan midis horizontaluri 

RerZis garSemo mbrunav 𝑂 blok 

zeda Semdeg  Semoevleba moZrav 𝑄 
Tvals, romelzec Camokidebulia 

𝑚1 masis 𝑀 tvirTi da, bolos, 𝑂 

blokis RerZze Camocmuli 𝑂1 
blokidan midis 𝑀2 tvirTisaken. 

gansazRvreT 𝑀 tvirTis 𝑤 
aCqareba,  Tu xaxuni, blokebis, Tvlis da Zafis masebi 
ugulebelyofilia. 
a m o x s n a.   gansaxilvel sistemas aqvs ori Tavisuflebis xarisxi. 

avirCioT ganzogadebuli koordinatebi: 𝑥1 − 𝑀1  tvirTis 

gadaadgileba da  𝑥2 − 𝑀2 tvirTis gadaadgileba Sesabamis daxril 
sibrtyeebze (ix.Nnaxazi).  
   CavweroT lagranJis meore  gvaris gantolebebi: 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) −

𝜕𝑇

𝜕𝑥1 
= −

𝜕Π

𝜕𝑥1 
, 

𝑀2 

𝑀1 

𝑂1 
𝑂 

𝐵 

𝑀 

𝑄 

𝐴 
𝛽 𝛼 

• 
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𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) −

𝜕𝑇

𝜕𝑥2 
= −

𝜕Π

𝜕𝑥2 
. 

  sistemis  kinetikuri energia 

  𝑇 = 𝑇1 + 𝑇2 + 𝑇3 =
𝑚𝑣1

2

2
+

𝑚𝑣2
2

2
+

𝑚1𝑣3
2

2
= 

      =
𝑚𝑥̇1

2

2
+

𝑚𝑥̇2
2

2
+

𝑚1

2
(
𝑥̇1 + 𝑥̇2

2
)
2

. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝑥̇1
= 𝑚𝑥̇1 + 𝑚1

𝑥̇1 + 𝑥̇2

4
, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) = 𝑚𝑥̈1 + 𝑚1

𝑥̈1 + 𝑥̈2

4
, 

𝜕𝑇

𝜕𝑥̇2
= 𝑚𝑥̇2 + 𝑚1

𝑥̇1 + 𝑥̇2

4
, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) = 𝑚𝑥̈2 + 𝑚1

𝑥̈1 + 𝑥̈2

4
, 

𝜕𝑇

𝜕𝑥1 
=

𝜕𝑇

𝜕𝑥2 
= 0. 

sistemis  potenciuri energia 

𝛱 = 𝑚𝑔𝑥1𝑠𝑖𝑛𝛼 + 𝑚𝑔𝑥2𝑠𝑖𝑛𝛽 − 𝑚1𝑔
𝑥1 + 𝑥2

2
. 

   vipovoT potenciuri energiis gamosaxulebis warmoebulebi  
ganzogadebuli koordinatebiT: 

𝑀2 𝑀1 

𝑂1 
𝑂 

𝐵 

𝑀 

𝑄 

𝐴 
𝛽 𝛼 

• 

• 
• 

• 

𝑥2 
𝑥1 

𝑚𝑔⃗ 

𝑚1𝑔⃗ 

𝑚𝑔⃗ 
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𝜕Π

𝜕𝑥1 
= 𝑚𝑔𝑠𝑖𝑛𝛼 −

𝑚1𝑔

2
,    

𝜕Π

𝜕𝑥2 
= 𝑚𝑔𝑠𝑖𝑛𝛽 −

𝑚1𝑔

2
. 

    warmoebulebis miRebuli gamosaxulebebi CavsvaT  lagranJis meore 
gvaris gantolebaSi da miviRebT sistemis moZraobis diferencialur 
gantolebaTa sistemas: 

𝑚𝑥̈1 + 𝑚1

𝑥̈1 + 𝑥̈2

4
= 𝑚𝑔𝑠𝑖𝑛𝛼 −

𝑚1𝑔

2
, 

𝑚𝑥̈2 + 𝑚1

𝑥̈1 + 𝑥̈2

4
= 𝑚𝑔𝑠𝑖𝑛𝛽 −

𝑚1𝑔

2
. 

an 
𝑚1

4
𝑥̈2 + 𝑥̈1 (𝑚 +

𝑚1

4
) = −

𝑔

2
(2𝑚𝑠𝑖𝑛𝛼 − 𝑚1), 

 
𝑚1

4
𝑥̈1 + 𝑥̈2 (𝑚 +

𝑚1

4
) = −

𝑔

2
(2𝑚𝑠𝑖𝑛𝛽 − 𝑚1). 

A amovxsnaT diferencialur gantolebaTa es   sistema 𝑥̈1 da  𝑥̈2  -is 
mimarT da ganvsazRvroT  𝑀1 da 𝑀2 tvirTebis aCqarebebi: 

𝑥̈2 = −
𝑔[4𝑚𝑠𝑖𝑛𝛽 + 𝑚1(𝑠𝑖𝑛𝛽 − 𝑠𝑖𝑛𝛼 − 2)]

2(2𝑚 + 𝑚1)
, 

 

𝑥̈1 = −
𝑔[𝑚1(𝑠𝑖𝑛𝛽 − 𝑠𝑖𝑛𝛼 − 2) − 4𝑚𝑠𝑖𝑛𝛼]

2(2𝑚 + 𝑚1)
. 

  maSin  𝑀  tvirTis aCqareba 

𝑤 =
𝑥̈1 + 𝑥̈2

2
= 

=
𝑔[𝑚1(𝑠𝑖𝑛𝛽 − 𝑠𝑖𝑛𝛼 − 2) − 4𝑚𝑠𝑖𝑛𝛼] − 𝑔[4𝑚𝑠𝑖𝑛𝛽 + 𝑚1(𝑠𝑖𝑛𝛽 − 𝑠𝑖𝑛𝛼 − 2)]

2(2𝑚 + 𝑚1)
 

 

= 𝑔
𝑚1 − 𝑚(𝑠𝑖𝑛𝛼 + 𝑠𝑖𝑛𝛽)

2𝑚 + 𝑚1
. 

p a s u x i:  

𝑤 = 𝑔
𝑚1 − 𝑚(𝑠𝑖𝑛𝛼 + 𝑠𝑖𝑛𝛽)

2𝑚 + 𝑚1
. 

 
 
 
 

amocana  48.32 
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  amoxseniT wina amocana im pirobiT, rom  𝑀1 da 𝑀2 tvirTebi 

Secvlilia erTnairi 𝑚 masis da 𝑟  radiusis mqone sagoravebiT. 
Ddaxril sibrtyeze sagoravebis gorvis xaxunis koeficientia 𝑓გ. Zafebi 
mimagrebulia sagoravebis RerZze 
  a m o x s n a.     gansaxilvel sistemas aqvs ori Tavisuflebis 

xarisxi. avirCioT ganzogadebuli koordinatebi: 𝑥1 − 𝑀1  tvirTis 

gadaadgileba da  𝑥2 − 𝑀2 tvirTis gadaadgileba Sesabamis daxril 
sibrtyeebze (ix.Nnaxazi).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   CavweroT lagranJis meore gvaris gantolebebi: 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) −

𝜕𝑇

𝜕𝑥1 
= 𝑄1, 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) −

𝜕𝑇

𝜕𝑥2 
= 𝑄2. 

  sistemis  kinetikuri energia 

  𝑇 =
𝑚𝑥̇1

2

2
+

1

2

𝑚𝑟2

2
(
𝑥̇1

𝑟
)
2

+
𝑚𝑥̇2

2

2
+

1

2

𝑚𝑟2

2
(
𝑥̇2

𝑟
)
2

+
𝑚1

2
(
𝑥̇1 + 𝑥̇2

2
)
2

= 

=
3

4
𝑚𝑥̇1

2 +
3

4
𝑚𝑥̇2

2 +
𝑚1

2
(
𝑥̇1 + 𝑥̇2

2
)
2

. 

vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 
 

𝜕𝑇

𝜕𝑥̇1
=

3

2
𝑚𝑥̇1 + 𝑚1

𝑥̇1 + 𝑥̇2

4
, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) =

3

2
𝑚𝑥̈1 + 𝑚1

𝑥̈1 + 𝑥̈2

4
, 

𝑀2 

𝑀1გ 

𝑂1 
𝑂 

𝐵 

𝑀 

𝑄 

𝐴 𝛽 𝛼 

• 

• 
• 

• 

𝑥2 
𝑥1 

𝐺⃗ 

𝐺⃗1 

𝐺⃗ 

𝑀1 

𝑀2გ 
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𝜕𝑇

𝜕𝑥̇2
=

3

2
𝑚𝑥̇2 + 𝑚1

𝑥̇1 + 𝑥̇2

4
, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) =

3

2
𝑚𝑥̈2 + 𝑚1

𝑥̈1 + 𝑥̈2

4
, 

𝜕𝑇

𝜕𝑥1 
=

𝜕𝑇

𝜕𝑥2 
= 0. 

vipovoT 𝑄1  da   𝑄2  ganzogadebuli Zalebi. 

a)   davuSvaT, rom 𝛿𝑥1 ≠ 0, 𝛿𝑥2 = 0,  maSin 

𝛿𝐴1 = −𝐺𝑠𝑖𝑛𝛼 ∙ 𝛿𝑥1 − 𝑀1გ

𝛿𝑥1

𝑟
+ 𝐺1

𝛿𝑥1

2
= 

= (−𝑚𝑔𝑠𝑖𝑛𝛼 − 𝑚𝑔
𝑓გ

𝑟
𝑐𝑜𝑠𝛼 +

1

2
𝑚1𝑔)𝛿𝑥1, 

𝑄1 =
𝛿𝐴1

𝛿𝑥1
= 𝑔 (

𝑚1

2
− 𝑚𝑠𝑖𝑛𝛼 − 𝑚

𝑓გ

𝑟
𝑐𝑜𝑠𝛼) ; 

b)   davuSvaT, rom 𝛿𝑥2 ≠ 0, 𝛿𝑥1 = 0,  maSin 

𝛿𝐴2 = 𝐺𝑠𝑖𝑛𝛽 ∙ 𝛿𝑥2 − 𝑀2გ

𝛿𝑥2

𝑟
+ 𝐺1

𝛿𝑥2

2
= 

= (−𝑚𝑔𝑠𝑖𝑛𝛽 − 𝑚𝑔
𝑓გ

𝑟
𝑐𝑜𝑠𝛽 +

1

2
𝑚1𝑔)𝛿𝑥2, 

𝑄2 =
𝛿𝐴2

𝛿𝑥2
= 𝑔 (

𝑚1

2
− 𝑚𝑠𝑖𝑛𝛽 − 𝑚

𝑓გ

𝑟
𝑐𝑜𝑠𝛽). 

   warmoebulebis da ganzogadebuli Zalebis   miRebuli 
gamosaxulebebi CavsvaT  lagranJis meore gvaris gantolebaSi da 
miviRebT sistemis moZraobis diferencialur gantolebaTa sistemas: 
 

3

2
𝑚𝑥̈1 + 𝑚1

𝑥̈1 + 𝑥̈2

4
= 𝑔(

𝑚1

2
− 𝑚𝑠𝑛𝛼 − 𝑚

𝑓გ

𝑟
𝑐𝑜𝑠𝛼), 

3

2
𝑚𝑥̈2 + 𝑚1

𝑥̈1 + 𝑥̈2

4
= 𝑔 (

𝑚1

2
− 𝑚𝑠𝑖𝑛𝛽 − 𝑚

𝑓გ

𝑟
𝑐𝑜𝑠𝛽) 

an 

𝑥̈1 (
3

2
𝑚 +

𝑚1

4
) +

𝑚1

4
𝑥̈2 = 𝑔 (

𝑚1

2
− 𝑚𝑠𝑖𝑛𝛼 − 𝑚

𝑓გ

𝑟
𝑐𝑜𝑠𝛼), 

𝑥̈2 (
3

2
𝑚 +

𝑚1

4
) +

𝑚1

4
𝑥̈1 = 𝑔 (

𝑚1

2
− 𝑚𝑠𝑖𝑛𝛽 − 𝑚

𝑓გ

𝑟
𝑐𝑜𝑠𝛽). 

   amovxsnaT diferencialur gantolebaTa es  sistema 𝑥̈1 da  𝑥̈2  -is 
mimarT da ganvsazRvroT  𝑀1 da 𝑀2 tvirTebis aCqarebebi: 

𝑥̈2 = 
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= 𝑔

3𝑚1 + 𝑚1(𝑠𝑖𝑛𝛼 − 𝑐𝑜𝑠𝛽) + 𝑚1

𝑓გ

𝑟
(𝑠𝑖𝑛𝛼 − 𝑐𝑜𝑠𝛽) − 6𝑚 (𝑠𝑖𝑛𝛽 +

𝑓გ

𝑟
𝑐𝑜𝑠𝛽)

3(3𝑚 − 𝑚1)
, 

𝑥̈1 = 

= 𝑔

3𝑚1 + 𝑚1(𝑠𝑖𝑛𝛽 − 𝑠𝑖𝑛𝛼) + 𝑚1

𝑓გ

𝑟
(𝑐𝑜𝑠𝛽 − 𝑐𝑜𝑠𝛼) − 6𝑚 (𝑠𝑖𝑛𝛼 +

𝑓გ

𝑟 𝑐𝑜𝑠𝛼)

3(3𝑚 + 𝑚1)
 

 

maSin  𝑀  tvirTis aCqareba 

𝑤 =
𝑥̈1 + 𝑥̈2

2
= 𝑔

𝑚1 − 𝑚 [𝑠𝑖𝑛𝛼 + 𝑠𝑖𝑛𝛽 +
𝑓გ

𝑟
(𝑐𝑜𝑠𝛼 + 𝑐𝑜𝑠𝛽)]

3𝑚 + 𝑚1
. 

 
p a s u x i:  

𝑤 = 𝑔
𝑚1 − 𝑚[𝑠𝑖𝑛𝛼 + 𝑠𝑖𝑛𝛽 +

𝑓გ

𝑟
(𝑐𝑜𝑠𝛼 + 𝑐𝑜𝑠𝛽)]

3𝑚 + 𝑚1
. 

 
 
 
 
 

amocana  48.33 

 mocemulia ori blokis sistema;  𝐴 moZravi da 𝐵 uZravi blokebiT da 

sami 𝑀1,𝑀2  da 𝑀3  tvirTebiT, romlebic Camokidebulia uWimari 
Zafebis saSualebiT ise, rogorc naxazzea naCvenebi. tvirTebis masebi 

Sesabamisad udris 𝑚1,𝑚2  da 𝑚3. amasTan  𝑚1 < 𝑚2 + 𝑚3 da 
𝑚2 ≷ 𝑚3.  blokebis masebi ugulebelyofilia. ipoveT  𝑚1,𝑚2  da 
𝑚3 masebis rogori Tanafardobisas eSveba 𝑀1  tvirTi, Tu tvirTebis 

sawyisi siCqareebi nulis tolia (ნახ.1) 
  a m o x s n a.     gansaxilvel sistemas aqvs  ori Tavisuflebis 
xarisxi. avirCioT ganzogadebuli koordinatebi: 

𝑥1 − 𝑀1 tvirTis gadaadgileba qveviT, 𝑥2 − 𝑀2 tvirTis gadaadgileba 
zeviT  (ix.Nnaxazi).  
   CavweroT lagranJis meore gvaris  gantolebebi: 

        
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) −

𝜕𝑇

𝜕𝑥1 
= −

𝜕Π

𝜕𝑥1 
, 

       
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) −

𝜕𝑇

𝜕𝑥2 
= −

𝜕Π

𝜕𝑥2 
. 
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sistemis  kinetikuri energia 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

                              ნახ.1                                                         ნახ.2 

      𝑇 = 𝑇1 + 𝑇2 + 𝑇3 =
𝑚1𝑣1

2

2
+

𝑚2𝑣2
2

2
+

𝑚3𝑣3
2

2
= 

                                  =
𝑚1𝑥̇1

2

2
+

𝑚2(𝑥̇1 + 𝑥̇2)
2

2
+

𝑚3(𝑥̇1 − 𝑥̇2)
2

2
. 

 
vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 

 

𝜕𝑇

𝜕𝑥̇1
= 𝑚1𝑥̇1 + 𝑚2(𝑥̇1 + 𝑥̇2) + 𝑚3(𝑥̇1 − 𝑥̇2), 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) =  𝑚1𝑥̈1 + 𝑚2(𝑥̈1 + 𝑥̈2) + 𝑚3(𝑥̈1 − 𝑥̈2), 

𝜕𝑇

𝜕𝑥̇2
= 𝑚2(𝑥̇1 + 𝑥̇2) − 𝑚3(𝑥̇1 − 𝑥̇2), 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) = 𝑚2(𝑥̈1 + 𝑥̈2) − 𝑚3(𝑥̈1 − 𝑥̈2), 

𝑀1 

𝐴 

𝐵 

𝑀2 𝑀3 

• 
𝑀1 

𝐴 

𝐵 

𝑀2 

𝑀3 

• 

• 

• 
• 

𝐺⃗3 
 

𝐺⃗1 
 

𝐺⃗2 
 

𝑥1 

𝑥2 
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𝜕𝑇

𝜕𝑥1 
=

𝜕𝑇

𝜕𝑥2 
= 0. 

sistemis  potenciuri energia 

𝛱 = −𝐺1𝑥1 + 𝐺2(𝑥1 + 𝑥2) + 𝐺3(𝑥1 − 𝑥2) = 
= 𝑔[−𝑚1𝑥1 + 𝑚2(𝑥1 + 𝑥2) + 𝑚3(𝑥1 − 𝑥2)]. 

   vipovoT potenciuri energiis gamosaxulebis warmoebulebi  
ganzogadebuli koordinatebiT: 

𝜕Π

𝜕𝑥1 
= 𝑔(𝑚2 + 𝑚3 − 𝑚1), 

𝜕Π

𝜕𝑥2 
= 𝑔(𝑚2 − 𝑚3). 

    warmoebulebis miRebuli gamosaxulebebi CavsvaT  lagranJis meore 
gvaris gantolebaSi da miviRebT sistemis moZraobis diferencialur 
gantolebaTa sistemas: 

𝑚1𝑥̈1 + 𝑚2(𝑥̈1 + 𝑥̈2) + 𝑚3(𝑥̈1 − 𝑥̈2) = 𝑔(𝑚2 + 𝑚3 − 𝑚1) 
𝑚2(𝑥̈1 + 𝑥̈2) − 𝑚3(𝑥̈1 − 𝑥̈2) =  𝑔(𝑚2 − 𝑚3). 

 amovxsnaT diferencialur gantolebaTa es  sistema da ganvsazRvroT  

𝑥̈1:  
     

𝑥̈1 (
𝑚1 + 𝑚2 + 𝑚3

𝑚2 − 𝑚3
−

𝑚2 − 𝑚3

𝑚2 + 𝑚3
) = 𝑔 (

𝑚2 + 𝑚3 − 𝑚1

𝑚2 − 𝑚3
−

𝑚2 − 𝑚3

𝑚2 + 𝑚3
), 

 

aqedan  𝑀  tvirTis aCqareba 
 

𝑥̈1 = 𝑔
𝑚1𝑚2 + 𝑚1 𝑚3 − 4𝑚2 𝑚3 

4𝑚2 𝑚3 + 𝑚1𝑚2 + 𝑚1 𝑚3
. 

 

  𝑀1  tvirTis aCqareba mimarTulia qveviT, Tu  

𝑚1𝑚2 + 𝑚1 𝑚3 − 4𝑚2 𝑚3 > 0, 
e.i roca 

𝑚1 >
4𝑚2 𝑚3

𝑚2 + 𝑚3
. 

p a s u x i:   unda iyos   𝑚1 >
4𝑚2 𝑚3

𝑚2+ 𝑚3
. 
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amocana  48.34 

      ipoveT urikas aCqareba, 
romlis baqanze usrialod 
goravs wriuli cilindri, 
Tu TviT urika usrialod 
Camogordeba horizontisadmi   

𝛼 kuTxiT daxril sibrtyeze. 
urikas baqani daxrili 
sibrtyis paraleluria. 
urikas masa Tvlebis gareSe 

aris 𝑀, yvela Tvlis 

masa−𝑚, cilindris 

masa −𝑀1. Tvlebi CaTvaleT erTgvarovan uwyvet diskoebad. 
a m o x s n a. gansaxilvel sistemas aqvs ori Tavisuflebis xarisxi. 

avirCioT ganzogadebuli koordinatebi: 𝑥1 − urikas gadaadgileba, 

𝑥2 − cilindris gadaadgileba  (ix.Nnaxazi).  
CavweroT lagranJis meore  gvaris gantolebebi: 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) −

𝜕𝑇

𝜕𝑥1 
= −

𝜕Π

𝜕𝑥1 
, 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) −

𝜕𝑇

𝜕𝑥2 
= −

𝜕Π

𝜕𝑥2 
. 

  sistemis  kinetikuri energia 

  𝑇 =
𝑀𝑥̇1

2

2
+

𝑀1(𝑥̇1 + 𝑥̇2)
2

2
+

1

2

𝑀1𝑟
2

2
(
𝑥̇2

𝑟
)
2

+
𝑚𝑥̇1

2

2
+

1

2

𝑚𝑟2

2
(
𝑥̇1

𝑟
)
2

= 

=
𝑀𝑥̇1

2

2
+

𝑀1(𝑥̇1 + 𝑥̇2)
2

2
+

𝑀1𝑥̇2
2

2
+

3

4
𝑚𝑥̇1

2. 

vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 
 

𝜕𝑇

𝜕𝑥̇1
= 𝑀𝑥̇1 + 𝑀1(𝑥̇1 + 𝑥̇2) +

3

2
𝑚𝑥̇1, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) = 𝑀𝑥̈1 + 𝑀1(𝑥̈1 + 𝑥̈2) +

3

2
𝑚𝑥̈1, 

𝜕𝑇

𝜕𝑥̇2
= 𝑀1(𝑥̇1 + 𝑥̇2) +

𝑀𝑥̇2

2
, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) = 𝑀1(𝑥̈1 + 𝑥̈2) +

𝑀𝑥̈2

2
, 

𝜕𝑇

𝜕𝑥1 
=

𝜕𝑇

𝜕𝑥2 
= 0. 

𝑚𝑔⃗ 𝛼 

𝑀𝑔⃗ 

𝑀1𝑔⃗ 

𝑥2 
𝑥1 
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sistemis  potenciuri energia 

𝛱 = −𝑀𝑔𝑥1𝑠𝑖𝑛𝛼 − 𝑚𝑔𝑥1𝑠𝑖𝑛𝛼 − 𝑀1𝑔(𝑥1 + 𝑥2)𝑠𝑖𝑛𝛼 
   vipovoT potenciuri energiis gamosaxulebis warmoebulebi  
ganzogadebuli koordinatebiT: 

𝜕Π

𝜕𝑥1 
= −𝑀𝑔𝑠𝑖𝑛𝛼 − 𝑚𝑔𝑠𝑖𝑛𝛼 − 𝑀1𝑔𝑠𝑖𝑛𝛼 = −𝑔(𝑀 + 𝑚 + 𝑀1)𝑠𝑖𝑛𝛼, 

𝜕Π

𝜕𝑥2 
= −𝑀1𝑔𝑠𝑖𝑛𝛼. 

    warmoebulebis miRebuli gamosaxulebebi CavsvaT  lagranJis meore 
gvaris gantolebaSi da miviRebT sistemis moZraobis diferencialur 
gantolebaTa sistemas: 

         𝑥̈1 (𝑀 +
3

2
𝑚 + 𝑀1) + 𝑀1𝑥̈2=𝑔(𝑀 + 𝑚 + 𝑀1)𝑠𝑖𝑛𝛼,     (1) 

                     𝑀1𝑥̈1 + 𝑥̈2
3

2
𝑀1 = 𝑀1𝑔𝑠𝑖𝑛𝛼             (2) 

(2) gantolebidan  

𝑥̈2 =
𝑀1𝑔𝑠𝑖𝑛𝛼 − 𝑀1𝑥̈1

3
2

𝑀1

=
2

3
𝑔𝑠𝑖𝑛𝛼 −

2

3
𝑥̈1. 

CavsvaT es gamosaxuleba (1)-Si 

𝑥̈1 (𝑀 +
3

2
𝑚 + 𝑀1) +

2

3
𝑀1𝑔𝑠𝑖𝑛𝛼 −

2

3
𝑀1𝑥̈1 = 𝑔(𝑀 + 𝑚 + 𝑀1)𝑠𝑖𝑛𝛼 

Aan 

𝑥̈1 (𝑀 +
3

2
𝑚 +

1

3
𝑀1) = 𝑔𝑠𝑖𝑛𝛼. (𝑀 + 𝑚 +

1

3
𝑀1). 

  Aaqedan urikas aCqareba 
 

𝑤 = 𝑥̈1 = 𝑔
6𝑀 + 2𝑀1 + 6𝑚

6𝑀 + 2𝑀1 + 9𝑚
𝑠𝑖𝑛𝛼. 

p a s u x i:  𝑤 = 𝑔
6𝑀+2𝑀1+6𝑚

6𝑀+2𝑀1+9𝑚
𝑠𝑖𝑛𝛼. 

 
 
 

amocana  48.35 

  SeadgineT elifsuri qanqaras moZraobis 
gantoleba, Tu igi Sedgeba 
horizontalur sibrtyeze uxaxunod 

mosriale  𝑚1 masis  cociasa da 𝑚2 masis 
burTulasagan, romelic SeerTebulia 

cociasTan  ℓ sigrZis  𝐴𝐵 Reros 
saSualebiT.  Reros SeuZlia brunva 
cociasTan dakavSirebuli da naxazis 

sibrtyis perpendikularuli 𝐴 RerZis  

𝜑 

𝑀2 

𝑦 • 

𝑥 

𝐴 

𝑦 

𝑂 

𝐵 

ℓ 

𝑀1 
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garSemo. Reros masa ugulebelyofilia.  gansazRvreT elifsuri 
qanqaras mcire rxevebis periodi. 
a m o x s n a.   gansaxilvel sistemas aqvs ori Tavisuflebis xarisxi. 

avirCioT ganzogadebuli koordinatebi: 𝑦 − cocias horizontaluri 

gadaadgileba,  𝜑 −Reros mobrunebis kuTxe (ix.Nnaxazi).  
CavweroT lagranJis meore gvaris gantolebebi: 

 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑦̇
) −

𝜕𝑇

𝜕𝑦 
= −

𝜕Π

𝜕𝑦 
, 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) −

𝜕𝑇

𝜕𝜑 
= −

𝜕Π

𝜕𝜑 
. 

   

 

 

 

 

 

 

 

 

 

 

sistemis  kinetikuri energia 

  𝑇 =
𝑚1𝑦̇

2

2
+

𝑚2ℓ
2𝜑̇2𝑠𝑖𝑛2𝜑

2
+

𝑚2(ℓ𝜑̇𝑐𝑜𝑠𝜑 + 𝑦̇)2

2
 

vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝑦̇
= 𝑚1𝑦̇ + 𝑚2(ℓ𝜑̇𝑐𝑜𝑠𝜑 + 𝑦̇), 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑦̇
) = 𝑚1𝑦̈ − 𝑚2ℓ𝜑̇

2𝑠𝑖𝑛𝜑 + 𝑚2ℓ𝜑̈𝑐𝑜𝑠𝜑 + 𝑚2𝑦̈, 

𝜕𝑇

𝜕𝑦 
= 0, 

𝜕𝑇

𝜕𝜑̇
= 𝑚2ℓ

2𝜑̇𝑠𝑖𝑛2𝜑 + 𝑚2(ℓ𝜑̇𝑐𝑜𝑠𝜑 + 𝑦̇)ℓ𝑐𝑜𝑠𝜑 = 𝑚2ℓ
2𝜑̇ + 𝑚2ℓ𝑦̇𝑐𝑜𝑠𝜑, 

𝜑 

𝑦 • 

𝑥 

𝐴 

𝑦 

𝑂 

𝐵 

ℓ 

𝑚2𝑔⃗ 

𝑚1𝑔⃗ 

𝑦̇  

𝜑̇ ℓ 𝑣⃗𝑀   

𝑁⃗⃗⃗ 
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𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) = 𝑚2ℓ

2𝜑̈ + 𝑚2ℓ𝑦̈𝑐𝑜𝑠𝜑 − 𝑚2ℓ𝑦̇𝜑̇𝑠𝑖𝑛𝜑, 

𝜕𝑇

𝜕𝜑 
= 𝑚2ℓ𝜑̇

2𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜑 − 𝑚2(ℓ𝜑̇𝑐𝑜𝑠𝜑 + 𝑦̇)ℓ𝜑̇𝑠𝑖𝑛𝜑 = −𝑚2ℓ𝑦̇𝜑̇𝑠𝑖𝑛𝜑. 

  sistemis  potenciuri energia 

𝛱 = −𝑚2𝑔ℓ𝑐𝑜𝑠𝜑 
   vipovoT potenciuri energiis gamosaxulebis warmoebulebi  
ganzogadebuli koordinatebiT: 

𝜕Π

𝜕𝑦 
= 0, 

𝜕Π

𝜕𝜑 
= 𝑚2𝑔ℓ𝑠𝑖𝑛𝜑. 

    warmoebulebis miRebuli gamosaxulebebi CavsvaT  lagranJis meore 
gvaris gantolebaSi da miviRebT sistemis moZraobis diferencialur 
gantolebebs: 

𝑚1𝑦̈ − 𝑚2ℓ𝜑̇
2𝑠𝑖𝑛𝜑 + 𝑚2ℓ𝜑̈𝑐𝑜𝑠𝜑 + 𝑚2𝑦̈=0,                     

𝑚2ℓ
2𝜑̈ + 𝑚2ℓ𝑦̈𝑐𝑜𝑠𝜑 − 𝑚2ℓ𝑦̇𝜑̇𝑠𝑖𝑛𝜑 + 𝑚2ℓ𝑦̇𝜑̇𝑠𝑖𝑛𝜑 = −𝑚2𝑔ℓ𝑠𝑖𝑛𝜑. 

Ggamartivebis Semdeg miviRebT: 

𝑦̈(𝑚1 + 𝑚2) + 𝑚2ℓ(𝜑̈𝑐𝑜𝑠𝜑 − 𝜑̇2𝑠𝑖𝑛𝜑) = 0 
Aan 

                
𝑑

𝑑𝑡
[(𝑚1 + 𝑚2)𝑦̇ + 𝑚2ℓ𝜑̇𝑐𝑜𝑠𝜑] = 0,             (1) 

                    ℓ𝜑̈ + 𝑦̈𝑐𝑜𝑠𝜑 + 𝑔𝑠𝑖𝑛𝜑 = 0.                (2) 
  elifsuri qanqaras mcire rxevebis periodis  gansazRvrisaTvis 

davuSvaT, rom 𝑠𝑖𝑛𝜑 ≈ 𝜑, 𝑐𝑜𝑠𝜑 ≈ 1, 𝜑̇2𝑠𝑖𝑛𝜑 = 0,  .maSin (1) da (2) 
gantolebebi miiRebs saxes: 

                      𝑦̈(𝑚1 + 𝑚2) + 𝑚2ℓ𝜑̈ = 0,              (3) 
                              ℓ𝜑̈ + 𝑦̈ + 𝑔𝜑 = 0.                  (4) 
    (3) gantolebidan ganvsazRvroT 𝑦̈  da misi mniSvneloba CavsvaT 
(4) gantolebaSi, miviRebT 

𝑦̈ = −
𝑚2ℓ

𝑚1 + 𝑚2
𝜑̈, 

 

ℓ𝜑̈ −
𝑚2ℓ

𝑚1 + 𝑚2
𝜑̈ + 𝑔𝜑 = 0 

an 

𝜑̈ −
𝑔(𝑚1 + 𝑚2)

𝑚1ℓ
𝜑 = 0. 

 Aaqedan vipoviT  elifsuri qanqaras mcire rxevebis periods   
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𝜏 = 2𝜋√
ℓ

𝑔

𝑚1

𝑚1 + 𝑚2
. 

p a s u x i:  
𝑑

𝑑𝑡
[(𝑚1 + 𝑚2)𝑦̇ + 𝑚2ℓ𝜑̇𝑐𝑜𝑠𝜑] = 0,              

ℓ𝜑̈ + 𝑦̈𝑐𝑜𝑠𝜑 + 𝑔𝑠𝑖𝑛𝜑 = 0, 𝜏 = 2𝜋√
ℓ

𝑔

𝑚1

𝑚1 + 𝑚2
. 

 
 
 
 
 

amocana  48.36 

  amwis 𝐴 urikis drekad 𝐵 sabjenze 
dawolisas iwyeba uwoni ReroTi 

dakidebuli  𝐷 tvirTis rxeva. 
SeadgineT sistemis moZraobis 
diferencialuri gantolebebi, Tu 
𝑚1 −urikis masaa, 𝑚2 −tvirTis masa, 

ℓ − Reros sigrZe, 𝑐 − sabjenis 
zambaris sixistis koeficienti. 
Tvlebis masa da  winaRobis Zalebi 

ugulebelyofilia. 𝑥 RerZis aTvlis 
wertilad miiReT dauZabavi zambaris 
marcxena  wertili.  gansazRvreT tvirTis mcire rxevaTa periodi, roca  

𝐵 sabjeni ar arsebobs. 

  Mm i T i T e b a.  ukuagdeT 𝜑̇2 − is Semcveli  wevri, CaTvaleT 

𝑠𝑖𝑛𝜑 ≈ 𝜑, 𝑐𝑜𝑠𝜑 ≈ 1. 𝑐 = 0. 
a m o x s n a.    gansaxilvel sistemas aqvs ori Tavisuflebis xarisxi. 

avirCioT ganzogadebuli koordinatebi: 𝑥 − urikis horizontaluri 

gadaadgileba,  𝜑 −Reros mobrunebis kuTxe (ix.Nnaxazi).  
   CavweroT lagranJis meore gvaris gantolebebi: 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑦̇
) −

𝜕𝑇

𝜕𝑦 
= −

𝜕Π

𝜕𝑦 
, 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) −

𝜕𝑇

𝜕𝜑 
= −

𝜕Π

𝜕𝜑 
. 

  sistemis  kinetikuri energia 

  𝑇 =
𝑚1𝑥̇

2

2
+

𝑚2ℓ
2𝜑̇2𝑠𝑖𝑛2𝜑

2
+

𝑚2

2
(ℓ𝜑̇𝑐𝑜𝑠𝜑 + 𝑥̇)2 

𝐵 

𝜑 

𝐴 

𝑥 

ℓ 

• 𝐷 
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 vipovoT 

kinetikuri energiis gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝑥̇
= (𝑚1 + 𝑚2)𝑥̇ + 𝑚2ℓ𝜑̇𝑐𝑜𝑠𝜑, 

𝑑

𝑑
(
𝜕𝑇

𝜕𝑦̇
) = (𝑚1 + 𝑚2)𝑥̈ − 𝑚2ℓ𝜑̇

2𝑠𝑖𝑛𝜑 + 𝑚2ℓ𝜑̈𝑐𝑜𝑠𝜑, 

𝜕𝑇

𝜕𝑥 
= 0, 

𝜕𝑇

𝜕𝜑̇
= 𝑚2ℓ

2𝜑̇𝑠𝑖𝑛2𝜑 + 𝑚2ℓ
2𝜑̇𝑐𝑜𝑠2𝜑 + 𝑚2𝑥̇ℓ𝑐𝑜𝑠𝜑 =

= 𝑚2ℓ
2𝜑̇ + 𝑚2ℓ𝑥̇𝑐𝑜𝑠𝜑, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑̇
) = 𝑚2ℓ

2𝜑̈ + 𝑚2ℓ𝑥̈𝑐𝑜𝑠𝜑 − 𝑚2ℓ𝑥̇𝜑̇𝑠𝑖𝑛𝜑, 

𝜕𝑇

𝜕𝜑 
= 𝑚2ℓ𝜑̇

2𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜑 − 𝑚2(ℓ𝜑̇𝑐𝑜𝑠𝜑 + 𝑥̇)ℓ𝜑̇𝑠𝑖𝑛𝜑 = −𝑚2ℓ𝑦̇𝜑̇𝑠𝑖𝑛𝜑. 

  sistemis  potenciuri energia 

𝛱 =
𝑐𝑥2

2
− 𝑚2𝑔ℓ𝑐𝑜𝑠𝜑. 

   vipovoT potenciuri energiis gamosaxulebis warmoebulebi  
ganzogadebuli koordinatebiT: 

𝜕Π

𝜕𝑥 
= 𝑐𝑥, 

𝜕Π

𝜕𝜑 
= 𝑚2𝑔ℓ𝑠𝑖𝑛𝜑. 

    warmoebulebis miRebuli gamosaxulebebi CavsvaT  lagranJis meore 
gvaris gantolebaSi da miviRebT sistemis moZraobis diferencialur 
gantolebebs: 

𝐵 

𝜑 

𝐴 

𝑥 

ℓ 

• 𝐷 

𝐶 
• 

𝑥 

𝑚1𝑔⃗ 

𝐹⃗დრ 

𝑚2𝑔⃗ 

𝜑 

𝑥̇⃗ 

𝜑̇⃗⃗ ℓ 
𝑣⃗𝑎 

900 

𝑦 
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(𝑚1 + 𝑚2)𝑥̈ − 𝑚2ℓ𝜑̇
2𝑠𝑖𝑛𝜑 + 𝑚2ℓ𝜑̈𝑐𝑜𝑠𝜑 = −𝑐𝑥,                     

𝑚2ℓ
2𝜑̈ + 𝑚2ℓ𝑥̈𝑐𝑜𝑠𝜑 − 𝑚2ℓ𝑥̇𝜑̇𝑠𝑖𝑛𝜑 + 𝑚2ℓ𝑦̇𝜑̇𝑠𝑖𝑛𝜑 = −𝑚2𝑔ℓ𝑠𝑖𝑛𝜑. 

Gan 

            (𝑚1 + 𝑚2)𝑥̈ + 𝑚2ℓ𝜑̇
2𝑠𝑖𝑛𝜑 + 𝑚2ℓ𝜑̈𝑐𝑜𝑠𝜑 = −𝑐𝑥,     (1) 

                    ℓ𝜑̈ + 𝑥̈𝑐𝑜𝑠𝜑 + 𝑔𝑠𝑖𝑛𝜑 = 0.                (2) 
  elifsuri qanqaras mcire rxevebis periodis  gansazRvrisaTvis 

davuSvaT, rom 𝑠𝑖𝑛𝜑 ≈ 𝜑, 𝑐𝑜𝑠𝜑 ≈ 1, 𝜑̇2𝑠𝑖𝑛𝜑 = 0, 𝑐 = 0. .maSin (1) da (2) 
gantolebebi miiRebs saxes: 

                      𝑥̈(𝑚1 + 𝑚2) + 𝑚2ℓ𝜑̈ = 0,              (3) 
                              ℓ𝜑̈ + 𝑥̈ = −𝑔𝜑.     .                  (4) 
    (3) gantolebidan ganvsazRvroT 𝑥̈:  

𝑥̈ = −
𝑚2ℓ

𝑚1 + 𝑚2
𝜑̈, 

CavsvaT   es gamosaxuleba  (4) gantolebaSi, miviRebT 
 

ℓ𝜑̈ −
𝑚2ℓ

𝑚1 + 𝑚2
𝜑̈ + 𝑔𝜑 = 0 

an 

𝜑̈ + 𝑘2𝜑 = 0. 
 A 

sadac  
𝑔(𝑚1+𝑚2)

𝑚1ℓ
= 𝑘2 

aqedan vipoviT  elifsuri qanqaras mcire rxevebis periods   
 

𝜏 =
2𝜋

𝑘
= 2𝜋√

𝑚1ℓ

(𝑚1 + 𝑚2)𝑔
. 

p a s u x i:  (𝑚1 + 𝑚2)𝑥̈ + 𝑚2ℓ𝜑̇
2𝑠𝑖𝑛𝜑 + 𝑚2ℓ𝜑̈𝑐𝑜𝑠𝜑 = −𝑐𝑥,              

ℓ𝜑̈ + 𝑥̈𝑐𝑜𝑠𝜑 = −𝑔𝑠𝑖𝑛𝜑, 𝜏 = 2𝜋√
𝑚1ℓ

(𝑚1 + 𝑚2)𝑔
. 

 
 
 
 

amocana  48.37 

  horizontisadmi   𝛼 kuTxiT  
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daxril  uZrav  𝐴 rizmaze 

srialebs 𝑚2 masis  𝐵 
prizma. 𝐵 prizmaze  𝑂 

cilindruli saxsrisa da 𝑐 
sixistis spiraluri 
zambaris saSualebiT 

SeerTebulia wvrili 𝑚1 

masis da  ℓ  sigrZis  

erTgvarovani  𝑂𝐷 Rero, 
romelic asrulebs rxevebs 

𝑂 RerZis garSemo naxazis 

sibrtyeSi.  𝐵 prizmisa da 𝑂𝐷 Reros mdebareoba ganisazRvreba 𝑠 da 
𝜑  kordinatebis saSualeboT. SeadgineT im sistemis moZraobis 

diferencialuri gantolebebi, romlebic Sedgeba 𝐵 prizmisa da 𝑂𝐷 

Rerosagan. winaRobis Zalebi ugulebelyofilia.  gansazRvreT 𝑂𝐷 

Reros mcire rxevaTa periodi, Tu  𝑚1𝑔ℓ𝑐𝑜𝑠2𝛼 < 2𝑐. 
Mm i T i T e b a.  miiReT 𝑠𝑖𝑛𝜑 ≈ 𝜑,  cos(+𝜑) ≈ 𝑐𝑜𝑠𝛼 − 𝜑𝑠𝑖𝑛𝛼 da 
ukuagdeT 𝜑̇2 − isa da 𝜑 ∙ 𝜑 −̈ is Semcveli  wevreebi 

a m o x s n a.     gansaxilvel sistemas aqvs ori Tavisuflebis 

xarisxi. ganzogadebul koordinatebad miviRoT Reros mobrunebis 𝜑  

kuTxe da  𝐵 prizmis   gadaadgileba daxril sibrtyeze (ix. Nnaxazi).  

 
CavweroT lagranJis meore gvaris gantolebebi:  
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𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) −

𝜕𝑇

𝜕𝜑 
= 𝑄1, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑠 ̇
) −

𝜕𝑇

𝜕𝑠 
= 𝑄2 . 

sistemis  kinetikuri energia 

𝑇 = 𝑇1 + 𝑇2, 
 

sadac 𝑇1 − 𝑂𝐷 Reros kinetikuri energia,  𝑇2 − 𝐵 prizmis kinetikuri 
energia. 
  Reros kinetikuri energia 

𝑇1 =
𝑚1𝑣𝑂

2

2
+ 𝑚1𝑣⃗𝑂 ∙ 𝑣⃗𝐶𝑟 + 𝑇𝑟, 

sadac 𝑣𝑂 = 𝑠̇;   𝑣𝐶𝑟 =
ℓ

2
𝜑̇,    𝑇𝑟 =

𝐽𝑂𝑧𝜑̇
2

2
=

𝑚1ℓ2

6
𝜑̇2, radgan  𝐽𝑂𝑧 =

𝑚1ℓ2

3
; 

 

𝑣⃗𝑂 ∙ 𝑣⃗𝐶𝑟 = 𝑣𝑂𝑣𝐶𝑟 cos(𝑣⃗𝑂 , 𝑣⃗𝐶𝑟) ; cos(𝑣⃗𝑂 , 𝑣⃗𝐶𝑟) = − cos(𝛼 + 𝜑).     
maSin 

𝑇1 =
𝑚1𝑠̇

2

2
−

𝑚1𝑠̇ℓ𝜑̇ cos(𝛼 + 𝜑)̇

2
+

𝑚1ℓ
2

6
𝜑̇2 

Aan kenigis Teoremis Tanaxmad 

𝑇1 =
𝑚1𝑣𝐶

2

2
+

𝐽𝐶𝜑̇2

2
, 

sadac  𝑣𝐶
2 = 𝑣⃗𝐶 ∙ 𝑣⃗𝐶 = (𝑣⃗𝑂 + 𝑣⃗𝐶𝑂) ∙ (𝑣⃗𝑂 + 𝑣⃗𝐶𝑂) = 𝑣𝑂

2 + 

+2𝑣𝑂𝑣𝐶𝑂 cos(1800 − (𝛼 + 𝜑)) + 𝑣𝐶𝑂
2 ;  𝑣𝑂 = 𝑠̇; 𝑣𝐶𝑂 =

ℓ

2
𝜑̇ ;  𝐽𝐶 =

𝑚1ℓ
2

12
.  

     𝐵 prizmis kinetikuri energia. 

𝑇2 =
𝑚2𝑠̇

2

2
. 

    maSin sistemis  kinetikuri energia 

𝑇 =
(𝑚1 + 𝑚2)𝑠̇

2

2
−

𝑚1𝑠̇ℓ𝜑̇ cos(𝛼 + 𝜑)̇

2
+

𝑚1ℓ
2

6
𝜑̇2. 

vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝜑 ̇
= −

𝑚1𝑠̇ℓ cos(𝛼 + 𝜑)̇

2
+

𝑚1ℓ
2

3
𝜑̇, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) = −

𝑚1𝑠̈ℓ cos(𝛼 + 𝜑)̇

2
+

𝑚1𝑠̇ℓ sin(𝛼 + 𝜑)̇

2
𝜑̇ +

𝑚1ℓ
2

3
𝜑,̈  

𝜕𝑇

𝜕𝜑 
=

1

2
𝑚1𝑠̇ℓ 𝜑̇sin(𝛼 + 𝜑)̇ , 
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𝜕𝑇

𝜕𝑠 ̇
= (𝑚1 + 𝑚2)𝑠̇ −

𝑚1ℓ𝜑̇ cos(𝛼 + 𝜑)̇

2
, 

 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑠 ̇
) = (𝑚1 + 𝑚2)𝑠̈ −

1

2
𝑚1ℓ𝜑̈ cos(𝛼 + 𝜑) +

1

2
𝑚1ℓ𝜑̇

2 𝜑̇sin(𝛼 + 𝜑)̇ ,
̇

 

 

𝜕𝑇

𝜕𝑠 
= 0. 

 

vipovoT 𝑄1  da   𝑄2  ganzogadebuli Zalebi. 

a)   mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝜑 ≠ 0,
𝛿𝑠 = 0,  maSin 

𝛿𝐴1 =
𝑚1𝑔ℓ𝑠𝑖𝑛𝜑 ∙ 𝛿𝜑

2
− 𝑐𝜑 ∙ 𝛿𝜑 = 𝑄1𝛿𝜑, 

aqedan 

𝑄1 =
𝛿𝐴1

𝛿𝜑
=

1

2
𝑚1𝑔ℓ sin𝜑̇ − 𝑐𝜑. 

b)   mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝑠 ≠ 0,
𝛿𝜑 = 0,  maSin 

𝛿𝐴2 = 𝑚1𝑔 sin 𝛼𝛿𝑠 + 𝑚2𝑔 sin 𝛼 ∙ 𝛿𝑠 = (𝑚1 + 𝑚2)𝑔 sin 𝛼𝛿𝑠 = 𝑄2𝛿𝑠, 
aqedan 

𝑄2 =
𝛿𝐴2

𝛿𝑠
= (𝑚1 + 𝑚2)𝑔 sin𝛼. 

     warmoebulebis da ganzogadebuli Zalebis   miRebuli 
gamosaxulebebi CavsvaT  lagranJis meore gvaris gantolebaSi: 

−
1

2
𝑚1𝑠̈ℓ cos(𝛼 + 𝜑)̇ +

1

2
𝑚1𝑠̇ℓ𝜑̇ sin(𝛼 + 𝜑)̇ +

𝑚1ℓ
2

3
𝜑̈ − 

−
1

2
𝑚1𝑠̇ℓ 𝜑̇sin(𝛼 + 𝜑) =̇ 1

2
𝑚1𝑔ℓ sin𝜑̇ − 𝑐𝜑, 

(𝑚1 + 𝑚2)𝑠̈ −
1

2
𝑚1ℓ𝜑̈ cos(𝛼 + 𝜑) +

1

2
𝑚1ℓ𝜑̇

2 𝜑̇sin(𝛼 + 𝜑)̇ =
̇

 

= (𝑚1 + 𝑚2)𝑔 sin 𝛼. 
an 

                   
1

3
𝑚1ℓ

2𝜑̈ −
1

2
𝑚1𝑠̈ℓ cos(𝛼 + 𝜑)̇ =

1

2
𝑚1𝑔ℓ sin𝜑̇ − 𝑐𝜑,          (1) 

(𝑚1 + 𝑚2)𝑠̈ +
1

2
𝑚1ℓ𝜑̇

2 sin(𝛼 + 𝜑) −
1

2
𝑚1𝜑̈ℓ cos(𝛼 + 𝜑)̇ =

̇
 

                    = (𝑚1 + 𝑚2)𝑔 sin 𝛼.                  (2) 
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Aamocanis pirobis Tanaxmad CavTvaloT, rom 𝑠𝑖𝑛𝜑 ≈ 𝜑,  cos(+𝜑) ≈
𝑐𝑜𝑠𝛼− 𝜑𝑠𝑖𝑛𝛼 da ukuvagdoT 𝜑̇2 − isa da 𝜑 ∙ 𝜑 −̈ is Semcveli  
wevrebi, maSin (1) da (2 ) gantolebebi miiRebs saxes: 

1

3
𝑚1ℓ

2𝜑̈ −
1

2
𝑚1𝑠̈ℓ(𝑐𝑜𝑠𝛼 − 𝜑𝑠𝑖𝑛𝛼) =

1

2
𝑚1𝑔ℓ𝜑 − 𝑐𝜑,           

(𝑚1 + 𝑚2)𝑠̈ −
1

2
𝑚1𝜑̈ℓ (cos 𝛼 − 𝜑𝑠𝑖𝑛𝛼) = (𝑚1 + 𝑚2)𝑔 sin𝛼 .̇  

an 

          
1

3
𝑚1ℓ

2𝜑̈ −
1

2
𝑚1𝑠̈ℓ𝑐𝑜𝑠𝛼 +

1

2
𝑚1𝑠̈ℓ𝜑𝑠𝑖𝑛𝛼 = (

1

2
𝑚1𝑔ℓ − 𝑐)𝜑,       (3) 

                       (𝑚1 + 𝑚2)𝑠̈ −
1

2
𝑚1𝜑̈ℓ cos𝛼 = (𝑚1 + 𝑚2)𝑔 sin 𝛼 .̇            (4) 

 (4) gantolebidan ganvsazRvroT 𝑠̈: 

𝑠̈ =
𝑚1𝜑̈ℓ𝑐𝑜𝑠𝛼

2(𝑚1 + 𝑚2)
+ 𝑔 sin𝛼, 

CavsvaT es gamosaxuleba (3) gantolebaSi da miviRebT: 
 

1

3
𝑚1ℓ

2𝜑̈ −
1

2
𝑚1ℓ𝑐𝑜𝑠𝛼 [

𝑚1𝜑̈ℓ𝑐𝑜𝑠𝛼

2(𝑚1 + 𝑚2)
+ 𝑔 sin𝛼] + 

 

+
1

2
𝑚1ℓ𝜑𝑠𝑖𝑛𝛼 [

𝑚1𝜑̈ℓ𝑐𝑜𝑠𝛼

2(𝑚1 + 𝑚2)
+ 𝑔 sin𝛼] = (

1

2
𝑚1𝑔ℓ − 𝑐)𝜑 

Aan 
 

1

3
𝑚1ℓ

2𝜑̈ −
1

4

𝑚1
2ℓ2𝜑̈

𝑚1 + 𝑚2
𝑐𝑜𝑠2𝛼 −

𝑚1𝑔ℓ𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼

2
+

𝑚1𝑔ℓ𝑠𝑖𝑛2𝛼

2
𝜑 = 

= (
1

2
𝑚1𝑔ℓ − 𝑐)𝜑. 

gardavqmnaT miRebuli gamosaxuleba: 
 

𝜑̈ [
1

3
𝑚1ℓ

2 −
𝑚1

2ℓ2𝑐𝑜𝑠2𝛼

4(𝑚1 + 𝑚2)
] + (𝑐 −

𝑚1𝑔ℓ𝑐𝑜𝑠2𝛼

2
)𝜑 =

𝑚1𝑔ℓ

2
𝑠𝑖𝑛2𝛼, 

 

𝜑̈ [
ℓ2(𝑚1

2 + 3𝑚1
2𝑠𝑖𝑛2𝛼 + 4𝑚1𝑚2)

12(𝑚1 + 𝑚2)
] +

2𝑐 − 𝑚1𝑔ℓ𝑐𝑜𝑠2𝛼

2
𝜑 =

=
𝑚1𝑔ℓ

2
𝑠𝑖𝑛2𝛼, 

𝜑̈ +
6(𝑚1 + 𝑚2)(2𝑐 − 𝑚1𝑔ℓ𝑐𝑜𝑠2𝛼)

𝑚1ℓ
2[𝑚1(1 + 𝑠𝑖𝑛2𝛼) + 4𝑚2]

𝜑 =
𝑚1𝑔ℓ

2
𝑠𝑖𝑛2𝛼. 
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SemoviRoT aRniSvna: 

𝑘2 =
6(𝑚1 + 𝑚2)(2𝑐 − 𝑚1𝑔ℓ𝑐𝑜𝑠2𝛼)

𝑚1ℓ
2[𝑚1(1 + 𝑠𝑖𝑛2𝛼) + 4𝑚2]

. 

maSin Reros rxevis periodi 

𝜏 =
2𝜋

𝑘
 

an 

𝜏 = 2𝜋ℓ√
𝑚1[𝑚1(1 + 𝑠𝑖𝑛2𝛼) + 4𝑚2]

6(𝑚1 + 𝑚2)(2𝑐 − 𝑚1𝑔ℓ𝑐𝑜𝑠2𝛼)
. 

 

p a s u x i: (𝑚1 + 𝑚2)𝑠̈ +
1

2
𝑚1ℓ𝜑̇

2 sin(𝛼 + 𝜑) −
1

2
𝑚1𝜑̈ℓ cos(𝛼 + 𝜑)̇ =

̇
  

                    = (𝑚1 + 𝑚2)𝑔 sin 𝛼,                      

                   
1

3
𝑚1ℓ

2𝜑̈ −
1

2
𝑚1𝑠̈ℓ cos(𝛼 + 𝜑)̇ =

1

2
𝑚1𝑔ℓ sin𝜑̇ − 𝑐𝜑,           

𝜏 = 2𝜋ℓ√
𝑚1[𝑚1(1 + 𝑠𝑖𝑛2𝛼) + 4𝑚2]

6(𝑚1 + 𝑚2)(2𝑐 − 𝑚1𝑔ℓ𝑐𝑜𝑠2𝛼)
. 

 
 
 
 
 
 

amocana  48.38 

48.37 amocana amoxseniT im pirobiT, rom 𝑚3 masis  𝐴 prizma 
moZraobs horizontalur gluv sibrtyeze, xolo misi mdebareoba 

ganisazRvreba 𝑥 koordinatiT. 
a m o x s n a.     gansaxilvel sistemas aqvs sami Tavisuflebis 

xarisxi. ganzogadebul koordinatebad miviRoT Reros mobrunebis 𝜑  

kuTxe da  𝐵 prizmis   gadaadgileba 𝐴 prizmaze, 𝑥 − 𝐴 prizmis 
gadaadgileba horizontalur sibrtyeze (ix. Nnaxazi). CavweroT  
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lagranJis meore gvaris sami gantoleba:  

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) −

𝜕𝑇

𝜕𝜑 
= 𝑄1, 

                                          
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑠 ̇
) –

𝜕𝑇

𝜕𝑠 
= 𝑄2 ,                                          (1) 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) −

𝜕𝑇

𝜕𝑥 
= 𝑄3. 

 
sistemis  kinetikuri energia 

                       𝑇 = 𝑇1 + 𝑇2 + 𝑇3,                  (2) 
 

sadac 𝑇1 − 𝑂𝐷 Reros kinetikuri energia,  𝑇2 − 𝐵 prizmis kinetikuri 
energia, 𝑇3 − 𝐴 prizmis kinetikuri energia. 
   ganvsazRvroT Reros kinetikuri energia 

𝑇1 =
𝑚1𝑣𝑂

2

2
+ 𝑚1𝑣⃗𝑂 ∙ 𝑣⃗𝐶𝑟 + 𝑇𝑟, 

sadac  

𝑣⃗𝑜 = 𝑣⃗𝑥 + 𝑣⃗𝑦,      𝑣𝑥 = 𝑥̇ + 𝑠̇ ∙ 𝑐𝑜𝑠𝛼,  𝑣𝑦 = 𝑠̇ ∙ 𝑠𝑖𝑛𝛼;   

𝑣𝑜
2 = (𝑥̇ + 𝑠̇ ∙ 𝑐𝑜𝑠𝛼)2 + (𝑠̇ ∙ 𝑠𝑖𝑛𝛼)2 = 𝑥̇2 + 2𝑥̇𝑠̇ ∙ 𝑐𝑜𝑠𝛼 + 𝑠̇2; 

𝑣𝐶𝑟 =
ℓ

2
𝜑̇,    𝑇𝑟 =

𝐽𝑂𝑧𝜑̇2

2
=

𝑚1ℓ2

6
𝜑̇2, 

radgan  
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𝐽𝑂𝑧 =
𝑚1ℓ

2

3
; 

𝑣⃗𝑂 ∙ 𝑣⃗𝐶𝑟 = (𝑣⃗𝑥 + 𝑣⃗𝑦) ∙ 𝑣⃗𝐶𝑟 = 𝑣⃗𝑥 ∙ 𝑣⃗𝐶𝑟 + 𝑣⃗𝑦 ∙ 𝑣⃗𝐶𝑟 , 
 

𝑣⃗𝑥 ∙ 𝑣⃗𝐶𝑟 = 𝑣𝑥𝑣𝐶𝑟 cos(1800 − 𝜑) = −𝑣𝑥𝑣𝐶𝑟 cos𝜑 = 

= −(𝑥̇ + 𝑠̇ ∙ 𝑐𝑜𝑠𝛼)
ℓ𝜑̇

2
cos𝜑 = −

ℓ𝑥̇𝜑̇

2
cos𝜑 −

ℓ𝑠̇𝜑̇

2
𝑐𝑜𝑠𝛼 cos𝜑,     

𝑣⃗𝑦 ∙ 𝑣⃗𝐶𝑟 = 𝑣𝑦𝑣𝐶𝑟 cos(900 − 𝜑) =
ℓ𝑠̇𝜑̇

2
𝑠𝑖𝑛𝛼 sin𝜑. 

maSin 

𝑇1 =
𝑚1

2
(𝑥̇2 + 2𝑥̇𝑠̇ ∙ 𝑐𝑜𝑠𝛼 + 𝑠̇2) + 𝑚1 (−

ℓ𝑥̇𝜑̇

2
cos𝜑 −

ℓ𝑠̇𝜑̇

2
𝑐𝑜𝑠𝛼 cos𝜑 + 

A+
ℓ𝑠̇𝜑̇

2
𝑠𝑖𝑛𝛼 sin𝜑) +

𝑚1ℓ2

6
𝜑̇2 =

1

2
𝑚1(𝑥̇

2 + 2𝑥̇𝑠̇ ∙ 𝑐𝑜𝑠𝛼 + 𝑠̇2) + 

+
𝑚1ℓ

2

6
𝜑̇2 − 𝑚1 [

ℓ𝑥̇𝜑̇

2
cos𝜑 +

ℓ𝑠̇𝜑̇

2
cos (𝛼 +𝜑)]. 

vipovoT prizmebis kinetikuri energia. 
 

𝑇2 =
1

2
𝑚2𝑣𝑂

2 =
1

2
𝑚2(𝑥̇

2 + 2𝑥̇𝑠̇ ∙ 𝑐𝑜𝑠𝛼 + 𝑠̇2), 

𝑇3 =
1

2
𝑚3𝑥̇

2. 
maSin sistemis  kinetikuri energia (2) formulis Tanaxmad udris: 

𝑇 =
1

2
𝑚1(𝑥̇

2 + 2𝑥̇𝑠̇ ∙ 𝑐𝑜𝑠𝛼 + 𝑠̇2) + 

+
𝑚1ℓ

2

6
𝜑̇2 − 𝑚1 [

ℓ𝑥̇𝜑̇

2
cos𝜑 +

ℓ𝑠̇𝜑̇

2
cos (𝛼 +𝜑)] + 

+
1

2
𝑚2(𝑥̇

2 + 2𝑥̇𝑠̇ ∙ 𝑐𝑜𝑠𝛼 + 𝑠̇2) +
1

2
𝑚3𝑥̇

2. 
    vipovoT  (1) gantolebaSi Semavali  kinetikuri energiis 
gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝜑 ̇
=

𝑚1ℓ
2

3
𝜑̇ − 𝑚1 [

ℓ𝑥̇

2
cos𝜑 +

ℓ𝑠̇

2
cos (𝛼 +𝜑)], 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) =

𝑚1ℓ
2

3
𝜑̈ −

𝑚1ℓ𝑥̈

2
cos𝜑 −

𝑚1ℓ𝑠̈

2
cos(𝛼 + 𝜑) + 

+
𝑚1ℓ𝑠̇𝜑̇

2
sin (𝛼 +𝜑) +

𝑚1ℓ𝑥̇𝜑̇

2
sin𝜑 , 

𝜕𝑇

𝜕𝜑 
=

𝑚1ℓ𝑠̇𝜑̇

2
sin(𝛼 + 𝜑)̇ +

𝑚1ℓ𝑥̇𝜑̇

2
; 

𝜕𝑇

𝜕𝑠 ̇
=

1

2
𝑚1(2𝑥̇𝑐𝑜𝑠𝛼 + 2𝑠̇) −

𝑚1ℓ𝜑̇

2
cos(𝛼 + 𝜑) + 𝑚2𝑥̇𝑐𝑜𝑠𝛼 + 2𝑠̇, 



 
181 

 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑠 ̇
) = 𝑚1(2𝑥̈𝑐𝑜𝑠𝛼 + 2𝑠̈) −

𝑚1ℓ

2
[𝜑̈ cos(𝛼 + 𝜑) − 𝜑̇2 sin(𝛼 + 𝜑)] + 

+𝑚2(𝑥̈𝑐𝑜𝑠𝛼 + 𝑠̈); 
𝜕𝑇

𝜕𝑠 
= 0; 

𝜕𝑇

𝜕𝑥 ̇
= 𝑚1𝑥̇ + 𝑚1𝑠̇ 𝑐𝑜𝑠𝛼 − 𝑚1

ℓ𝜑̇

2
cos𝜑 + 𝑚2𝑥̇ + 𝑚2𝑠̇ 𝑐𝑜𝑠𝛼 + 𝑚3𝑥̇, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) = (𝑚1 + 𝑚2 + 𝑚3)𝑥̈ + (𝑚1 + 𝑚2)𝑠̈𝑐𝑜𝑠𝛼 − 

−
𝑚1ℓ

2
[𝜑̈ cos𝜑 − 𝜑̇2 sin𝜑], 

𝜕𝑇

𝜕𝑥 
= 0. 

 

vipovoT 𝑄1 , 𝑄2  da   𝑄3 ganzogadebuli Zalebi. 

   mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝜑 ≠ 0,
𝛿𝑥 = 𝛿𝑠 = 0 da ganvsazRvroT SesaZlo muSaoba 

𝛿𝐴1 =
𝑚1𝑔ℓ𝑠𝑖𝑛𝜑 ∙ 𝛿𝜑

2
− 𝑐𝜑 ∙ 𝛿𝜑 = 𝑄1𝛿𝜑, 

aqedan 

𝑄1 =
𝛿𝐴1

𝛿𝜑
=

1

2
𝑚1𝑔ℓ sin𝜑̇ − 𝑐𝜑. 

   mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝑠 ≠ 0, 𝛿𝑥 =
𝛿𝜑 = 0 da ganvsazRvroT SesaZlo muSaoba 

𝛿𝐴2 = 𝑚1𝑔 sin 𝛼𝛿𝑠 + 𝑚2𝑔 sin 𝛼 ∙ 𝛿𝑠 = (𝑚1 + 𝑚2)𝑔 sin 𝛼𝛿𝑠 = 𝑄2𝛿𝑠, 
aqedan 

𝑄2 =
𝛿𝐴2

𝛿𝑠
= (𝑚1 + 𝑚2)𝑔 sin𝛼. 

mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝑥 ≠ 0, 𝛿𝑠 =
𝛿𝜑 = 0 da ganvsazRvroT SesaZlo muSaoba 

𝛿𝐴3 = 0 = 𝑄3𝛿𝑥, 
  aqedan 

𝑄3 = 0. 
  warmoebulebis da ganzogadebuli Zalebis   miRebuli 
gamosaxulebebi CavsvaT  lagranJis meore gvaris gantolebaSi  ((1)  
sistema): 

𝑚1ℓ
2

3
𝜑̈ −

𝑚1ℓ𝑥̈

2
cos𝜑 −

𝑚1ℓ𝑠̈

2
cos(𝛼 + 𝜑) +

𝑚1ℓ𝑠̇𝜑̇

2
sin (𝛼 +𝜑) + 
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+
𝑚1ℓ𝑥̇𝜑̇

2
sin𝜑 −

𝑚1ℓ𝑠̇𝜑̇

2
sin(𝛼 + 𝜑)̇ −

𝑚1ℓ𝑥̇𝜑̇

2
= 

=
1

2
𝑚1𝑔ℓ sin𝜑̇ − 𝑐𝜑. 

an 

𝑚1ℓ
2

3
𝜑̈ −

𝑚1ℓ𝑥̈

2
cos𝜑 −

𝑚1ℓ𝑠̈

2
cos(𝛼 + 𝜑) =

1

2
𝑚1𝑔ℓ sin𝜑̇ − 𝑐𝜑, 

 

(𝑚1 + 𝑚2)𝑥̈𝑐𝑜𝑠𝛼 + (𝑚1 + 𝑚2)𝑠̈ + 𝑚1

ℓ

2
𝜑̇2 sin(𝛼 + 𝜑) − 

−𝑚1

ℓ

2
𝜑̈ cos(𝛼 + 𝜑) = (𝑚1 + 𝑚2)𝑔 sin𝛼, 

(𝑚1 + 𝑚2 + 𝑚3)𝑥̈ + (𝑚1 + 𝑚2)𝑠̈𝑐𝑜𝑠𝛼 + 

+
𝑚1ℓ

2
𝜑̇2 sin𝜑 −

𝑚1ℓ

2
𝜑̈ cos𝜑 = 0. 

 

p a s u x i:   (𝑚1 + 𝑚2 + 𝑚3)𝑥̈ + (𝑚1 + 𝑚2)𝑠̈𝑐𝑜𝑠𝛼 + 

+
𝑚1ℓ

2
𝜑̇2 sin𝜑 −

𝑚1ℓ

2
𝜑̈ cos𝜑 = 0, 

(𝑚1 + 𝑚2)𝑥̈𝑐𝑜𝑠𝛼 + (𝑚1 + 𝑚2)𝑠̈ + 𝑚1

ℓ

2
𝜑̇2 sin(𝛼 + 𝜑) − 

−𝑚1

ℓ

2
𝜑̈ cos(𝛼 + 𝜑) = (𝑚1 + 𝑚2)𝑔 sin𝛼, 

𝑚1ℓ
2

3
𝜑̈ −

𝑚1ℓ𝑥̈

2
cos𝜑 −

𝑚1ℓ𝑠̈

2
cos(𝛼 + 𝜑) =

1

2
𝑚1𝑔ℓ sin𝜑̇ − 𝑐𝜑. 

 

 

 

amocana  48.39 

    𝑚1 masis  𝐴 nivTieri wertili moZraobs vertikalur sibrtyeSi  
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ℓ  radiusis cilindris Siga gluv 

zedapirze.   𝑚2 masis  𝐵 nivTieri 

wertils, SeerTebuls 𝐴 nivTier 

wertilTan  ℓ  sigrZis  𝐴𝐵 Reros  
saSualebiT, SeuZlia vertikalur 
sibrtyeSi rxeva  naxazis sibrtyis 

marTobuli 𝐴 RerZis garSemo. 𝐴  da 

𝐵 wertilebis mdebareoba 
ganisazRvreba vertikalidan 

aTvlili 𝛼 da  𝜑 kuTxeebis 
saSualebiT.  SeadgineT im sistemis 

moZraobis diferencialuri gantolebebi, romelic Sedgeba 𝐴𝐵 uwoni 

ReroTi SeerTebuli 𝐴  da 𝐵 wertilebisagan.  dawereT mcire rxevaTa 
diferencialuri gantolebebi. 

Mm i T i T e b a.  ukuagdeT 𝜑̇2 − isa da 𝛼̇2 − is Semcveli  wevreebi, 

aseve igulisxmeT, rom sin(𝜑 − 𝛼) ≈ 𝜑 − 𝛼,  cos(𝜑 − 𝛼) ≈ 1, sin𝛼 ≈ 𝛼,  
sin𝜑 ≈ 𝜑 
  a m o x s n a.      gansaxilvel sistemas aqvs ori Tavisuflebis 

xarisxi. ganzogadebul koordinatebad miviRoT 𝛼 da  𝜑 kuTxeebi.  . 
CavweroT lagranJis meore gvaris sami gantoleba:  

                                          
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝛼 ̇
) –

𝜕𝑇

𝜕𝛼 
= 𝑄𝛼  ,                                             (1) 

                                           
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) −

𝜕𝑇

𝜕𝜑 
= 𝑄𝜑.                                          (2) 

sistemis  kinetikuri energia 

                 𝑇 = 𝑇1 + 𝑇2 =
𝑚1𝑣1

2

2
+

𝑚2𝑣2
2

2
                  (3) 

    vipovoT 𝐴  da 𝐵 wertilebis siCqareebi. amisaTvis CavweroT maTi 
koordinatebi: 

         {
𝑥1 = ℓ𝑐𝑜𝑠𝛼, 𝑦1 = ℓ𝑠𝑖𝑛𝛼;  

𝑥2 = ℓ𝑐𝑜𝑠𝛼 + ℓ𝑐𝑜𝑠𝜑,   𝑦2 = ℓ𝑠𝑖𝑛𝛼 + ℓ𝑠𝑖𝑛𝜑.
           (4) 

  gavawarmooT (4) gantolebebi droiT: 

        {
𝑥̇1 = −ℓ𝛼̇𝑠𝑖𝑛𝛼, 𝑦̇1 = ℓ𝛼̇𝑐𝑜𝑠𝛼;  

𝑥2 = −ℓ𝛼̇𝑠𝑖𝑛𝛼 − ℓ𝜑̇𝑠𝑖𝑛𝜑,   𝑦2 = ℓ𝛼̇𝑐𝑜𝑠𝛼 + ℓ𝜑̇𝑐𝑜𝑠𝜑.
     (5) 

maSin 

       {
𝑣1

2 = 𝑥̇1
2 + 𝑦̇1

2 = ℓ2𝛼̇2,

𝑣2
2 = 𝑥̇2

2 + 𝑦̇2
2 = ℓ2𝛼̇2 + 2ℓ2𝛼𝜑̇̇ cos(𝜑 − 𝛼) + ℓ2𝜑̇2.

      (6) 

CavsvaT (6) gamosaxulebebi (3) formulaSi da ganvsazRvroT sistemis 
kinetikuri energia: 

𝜑 
ℓ 

ℓ 

𝐴 

𝑂 

𝛼 

𝐵 
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𝑇 =
1

2
(𝑚1 + 𝑚2)ℓ

2𝛼̇2 +
1

2
𝑚2ℓ

2𝜑̇2 + 𝑚2ℓ
2𝛼𝜑̇̇ cos(𝜑 − 𝛼). 

     vipovoT  kinetikuri energiis gamosaxulebis warmoebulebi  
ganzogadebuli koordinatebiT da droiT: 

𝜕𝑇

𝜕𝛼 ̇
= (𝑚1 + 𝑚2)ℓ

2𝛼̇ + 𝑚2ℓ
2𝜑̇ cos(𝜑 − 𝛼), 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝛼 ̇
) = (𝑚1 + 𝑚2)ℓ

2𝛼̈ + 𝑚2ℓ
2𝜑̈ cos(𝜑 − 𝛼) − 

−𝑚2ℓ
2𝜑̇ (𝜑̇ − 𝛼̇)sin(𝜑 − 𝛼), 

𝜕𝑇

𝜕𝛼 
= 𝑚2ℓ

2𝜑̇ 𝛼̇sin(𝜑 − 𝛼) ; 

𝜕𝑇

𝜕𝜑 ̇
= 𝑚2ℓ

2𝜑̇ + 𝑚2ℓ
2𝛼̇ cos(𝜑 − 𝛼), 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) = 𝑚2ℓ

2𝛼̈ cos(𝜑 − 𝛼)𝑚2ℓ
2𝛼̇ (𝜑̇ − 𝛼̇)sin(𝜑 − 𝛼) + 𝑚2ℓ

2𝜑̈, 

𝜕𝑇

𝜕𝜑 
= −𝑚2ℓ

2𝜑̇ 𝛼̇sin(𝜑 − 𝛼). 

vipovoT 𝑄𝛼    da   𝑄𝜑  ganzogadebuli Zalebi. 

   mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝛼 ≠ 0,
𝛿𝜑 = 0 (nax.1), gaviTvaliswinoT, rom 𝐴𝐵 Rero asrulebs gadataniT 

moZraobas (𝐴 da 𝐵 wertilebis gadaadgilebebi erTnairia) da 
ganvsazRvroT SesaZlo muSaoba: 

𝛿𝐴𝛼 = −𝑚1𝑔ℓ𝑠𝑖𝑛𝛼 ∙ 𝛿𝛼 − 
  −𝑚2𝑔ℓ𝑠𝑖𝑛𝛼 ∙ 𝛿𝛼 = 

−(𝑚1 + 𝑚2)𝑔ℓ𝑠𝑖𝑛𝛼 ∙ 𝛿𝛼 = 𝑄𝛼𝛿𝛼 
aqedan                                                                           

𝑄𝛼 =
𝛿𝐴𝛼

𝛿𝛼
= −(𝑚1 + 𝑚2)𝑔ℓ𝑠𝑖𝑛𝛼. 



 
185 

   mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝜑 ≠ 0,
𝛿𝛼 = 0 da ganvsazRvroT SesaZlo muSaoba (nax.2): 

 

 

 

 

 

 

 

 

 

 

 

 
𝛿𝐴𝜑 = −𝑚2𝑔ℓ𝑠𝑖𝑛𝜑 ∙ 𝛿𝜑 = 𝑄𝜑𝛿𝜑, 

aqedan 

𝑄𝜑 =
𝛿𝐴𝜑

𝛿𝜑
= −𝑚2𝑔ℓ𝑠𝑖𝑛𝜑. 

  CavsvaT warmoebulebis da ganzogadebuli Zalebis gamosaxulebebi (1) 
da (2) gantolebebSi: 

(𝑚1 + 𝑚2)ℓ
2𝛼̈ + 𝑚2ℓ

2𝜑̈ cos(𝜑 − 𝛼) − 𝑚2ℓ
2𝜑̇ (𝜑̇ − 𝛼̇)sin(𝜑 − 𝛼) = 

= −(𝑚1 + 𝑚2)𝑔ℓ𝑠𝑖𝑛𝛼, 
 

𝑚2ℓ
2𝛼̈ cos(𝜑 − 𝛼)−𝑚2ℓ

2𝛼̇ (𝜑̇ − 𝛼̇)sin(𝜑 − 𝛼) + 𝑚2ℓ
2𝜑̈ − 

−𝑚2ℓ
2𝜑̇ 𝛼̇sin(𝜑 − 𝛼) = −𝑚2𝑔ℓ𝑠𝑖𝑛𝜑 

an 

(𝑚1 + 𝑚2)ℓ𝛼̈ + 𝑚2ℓ𝜑̈ cos(𝜑 − 𝛼) − 𝑚2ℓ𝜑̇
2 sin(𝜑 − 𝛼) = 

                     = −(𝑚1 + 𝑚2)𝑔𝑠𝑖𝑛𝛼,                  (7)   

ℓ𝛼̈ cos(𝜑 − 𝛼) − ℓ𝛼̇2 sin(𝜑 − 𝛼) + ℓ𝜑̈ = −𝑔ℓ𝑠𝑖𝑛𝜑. 

  Aamocanis pirobasi miTiTebis Tanaxmad igulisxmeT, rom 

sin(𝜑 − 𝛼) ≈ 𝜑 − 𝛼,  cos(𝜑 − 𝛼) ≈ 1, sin𝛼 ≈ 𝛼,  sin𝜑 ≈ 𝜑 

Dda ukuvagdeT 𝜑̇2 − isa da 𝛼̇2 − is Semcveli  wevreebi,  maSin (7) 
gantolebebi miiRebs saxes: 

𝜑 

𝐴 

𝑂 
𝛿𝛼 

𝐵 
𝑥 

𝑦 

𝛼 

𝜑 

𝑚2𝑔⃗⃗⃗ 

𝑚1𝑔⃗⃗⃗ 

𝜑 

𝐴 

𝑂 

𝐵 

𝑥 

𝑦 

𝛼 

𝛿𝜑 

𝑚2𝑔⃗ 

𝑚1𝑔⃗ 

nax.2 
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(𝑚1 + 𝑚2)ℓ𝛼̈ + 𝑚2ℓ𝜑̈ == −(𝑚1 + 𝑚2)𝑔𝛼, 

ℓ𝛼̈ + ℓ𝜑̈ = −𝑔𝜑. 

p a s u x i:  (𝑚1 + 𝑚2)ℓ𝛼̈ + 𝑚2ℓ𝜑̈ cos(𝜑 − 𝛼) − 𝑚2ℓ𝜑̇
2 sin(𝜑 − 𝛼) = 

 = −(𝑚1 + 𝑚2)𝑔𝑠𝑖𝑛𝛼,                  

ℓ𝛼̈ cos(𝜑 − 𝛼) − ℓ𝛼̇2 sin(𝜑 − 𝛼) + ℓ𝜑̈ = −𝑔ℓ𝑠𝑖𝑛𝜑; 

(𝑚1 + 𝑚2)ℓ𝛼̈ + 𝑚2ℓ𝜑̈ == −(𝑚1 + 𝑚2)𝑔𝛼,    ℓ𝛼̈ + ℓ𝜑̈ = −𝑔𝜑. 

 

 

amocana  48.40 

  𝑚 masis  da  𝑟  radiusis  mqise 

cilindri  usrialod goravs 𝑀 masis  

da  𝑅  radiusis  Rru cilindris  
Siga zedapirze, romelsac SeuZlia 

brunva horizontaluri 𝑂 RerZis 
garSemo.   cilindrebis inerciis 
momentebi TavianTi RerZebis mimarT 

saTanadod aris 
1

2
𝑚𝑟2  da 𝑀𝑅2 . 

SeadgineT sistemis moZraobis 
gantolebebi da ipoveT maTi pirveli 
intgralebi. 
  a m o x s n a.   gansaxilvel 
sistemas aqvs ori Tavisuflebis 

xarisxi. ganzogadebul koordinatebad miviRoT 𝜃 da  𝜑 kuTxeebi.  
CavweroT lagranJis meore gvaris sami gantoleba:  

                         
𝑑

 𝑑𝑡
(
𝜕𝑇

𝜕𝜃 ̇
) –

𝜕𝑇

𝜕𝜃 
= −

𝜕Π

𝜕𝜃 
 ,                                               (1) 

                          
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) −

𝜕𝑇

𝜕𝜑 
−

𝜕Π

𝜕 
.                                             (2) 

sistemis  kinetikuri energia  

                                              𝑇 = 𝑇1 + 𝑇2                                         (3) 

𝑂1 

𝐴𝑂 

𝑥 

𝑦 

𝑂 

𝑅 

𝑟 

𝜃 

𝐴 
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sadac 𝑇1 − Rru cilindris 

kinetikuri energiaa, xolo 𝑇2 − 
mcire uwyveti cilindris  
kinetikuri energia. 
  vipovoT Rru cilindris  
kinetikuri energia: 

𝑇1 =
1

2
𝐽𝑜𝑧𝜔1

2, 

sadac   𝐽𝑜𝑧 = 𝑀𝑅2,   𝜔1 = 𝜃.̇  
maSin 

𝑇1 =
𝑀𝑅2𝜃̇2

2
. 

ganvsazRvroT mcire uwyveti 
cilindris  kinetikuri energia. 

𝑇2 =
1

2
𝑚𝑣𝑂1

2 +
1

2
𝐽𝑂1𝜔2

2, 

sadac   𝑣𝑂1 = (𝑟 − 𝑟)𝜑 ̇ ;    𝐽𝑂1 =
𝑀𝑟2

2
.   

   𝜔2 kuTxuri siCqaris gansazRvrisaTvis SemoviRoT mcire uwyveti  
cilindris  mobrunebis 𝛼 kuTxe, romelsac vipoviT Semdegi 
gamosaxulebidan: 

𝛼𝑟 = 𝜃𝑅 − (𝑅 − 𝑟)𝜑. 
   gavawamooT es gamosaxuleba droiT: 

𝛼̇𝑟 = 𝜃̇𝑅 − (𝑅 − 𝑟)𝜑̇, 
Aaqedan 

𝜔2 = 𝛼̇ =
1

𝑟
[𝜃̇𝑅 − (𝑅 − 𝑟)𝜑̇] =

𝜃̇𝑅

𝑟
− (

𝑅

𝑟
− 1) 𝜑̇. 

  S e n i S v n a.  𝜔2 SeiZleba asec ganisazRvros: 

𝜔2 =
𝑣𝐾 − 𝑣𝑂1

𝑟
=

𝜃̇𝑅 − (𝑅 − 𝑟)𝜑̇

𝑟
=

𝑣𝑂1

𝑃𝑂1
, 

sadac 𝑃  siCqareTa myisi centria. 
  maSin 

𝑇2 =
1

2
𝑚(𝑅 − 𝑟)2𝜑̇2 +

1

4
𝑚𝑟2 [

𝜃̇𝑅

𝑟
− (

𝑅

𝑟
− 1) 𝜑̇]

2

. 

  CavsvaT  𝑇1 Dda 𝑇2 −is  gamosaxulebebi (3) formulaSi da miviRebT: 

𝑇 =
𝑀𝑅2𝜃̇2

2
+

1

2
𝑚(𝑅 − 𝑟)2𝜑̇2 +

1

4
𝑚𝑟2 [

𝜃̇𝑅

𝑟
− (

𝑅

𝑟
− 1) 𝜑̇]

2

. 

      vipovoT  kinetikuri energiis gamosaxulebis warmoebulebi : 

𝑂1 

𝐴𝑂 

𝑥 

𝑦 

𝑂 

𝑅 

𝒓 

𝜃 

𝐴 

𝑃 
𝑲 

• 
𝑣⃗𝑘 

𝜑 

𝑚𝑔⃗ 

𝑀𝑔⃗ 
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𝜕𝑇

𝜕𝜃 ̇
= 𝑀𝑅2𝜃̇ +

𝑚𝑟2

2
[𝜃̇

𝑅

𝑟
− (

𝑅

𝑟
− 1) 𝜑̇]

𝑅

𝑟
, 

𝜕𝑇

𝜕𝜃 
= 0. 

sistemis potenciuri energia 
 

𝛱 = −𝑚𝑔(𝑅 − 𝑟)𝑐𝑜𝑠𝜑 

    vipovoT  potenciuri energiis gamosaxulebis warmoebuli  𝜃 
ganzogadebuli koordinatiT: 

𝜕Π

𝜕𝜃 
= 0, 

radgan  sistemis potenciuri energia  ar aris damokidebuli 𝜃 
ganzogadebuli koordinatze. 
  maSin  (1)  formulis Tanaxmad 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜃 ̇
) = 0 

an 

𝜕𝑇

𝜕𝜃 ̇
= 𝐶1. 

   CavsvaT  warmoebulis miRebuli mniSvneloba  (1)  formulaSi da 
miviRebT: 

𝑀𝑅2𝜃̇ +
𝑚𝑟2

2
[𝜃̇

𝑅

𝑟
− (

𝑅

𝑟
− 1) 𝜑̇]

𝑅

𝑟
= 𝐶1. 

   vipovoT sxva pirveli integrali. amisaTvis visargebloT 
gamosaxulebiT: 

𝑇 + 𝛱 = 𝐶2, 
    radgan yvela Zala potenciuria, xolo bmebi-holonomiuri da 
stacionaluri 

maSin miviRebT: 

𝑀𝑅2𝜃̇2

2
+

1

2
𝑚(𝑅 − 𝑟)2𝜑̇2 +

1

4
𝑚𝑟2 [

𝜃̇𝑅

𝑟
− (

𝑅

𝑟
− 1) 𝜑̇]

2

− 

−𝑚𝑔(𝑅 − 𝑟)𝑐𝑜𝑠𝜑 = 𝐶2 
an 

1

2
𝑀𝑅2𝜃̇2 +

1

2
𝑚(𝑅 − 𝑟)2𝜑̇2 +

1

4
𝑚[(𝑅 − 𝑟)𝜑̇ − 𝑅𝜃̇]

2
− 

−𝑚𝑔(𝑅 − 𝑟)𝑐𝑜𝑠𝜑 = 𝐶2. 
p a s u x i:   

𝑀𝑅2𝜃̇ +
𝑚𝑟2

2
[𝜃̇

𝑅

𝑟
− (

𝑅

𝑟
− 1) 𝜑̇]

𝑅

𝑟
= 𝐶1. 
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1

2
𝑀𝑅2𝜃̇2 +

1

2
𝑚(𝑅 − 𝑟)2𝜑̇2 +

1

4
𝑚[(𝑅 − 𝑟)𝜑̇ − 𝑅𝜃̇]

2
− 

−𝑚𝑔(𝑅 − 𝑟)𝑐𝑜𝑠𝜑 = 𝐶2,  sadac 𝜑 aris   cilindris RerZebis 

SemaerTebli monakveTis mobrunebis kuTxe, xolo 𝜃 − kuTxe  gare 
cilindris mobrunebis kuTxe. 
    

 
 
 
 

ამocana  48.41 

  𝑀 masis  da  𝑅  radiusis  erTgvarovan 
diskos SeuZlia brunva Tavisi 

horizontaluri 𝑂 RerZis garSemo. 

diskoze ℓ sigrZis 𝐴𝐵 ZafiT 

Camokidebulia  𝑚 masis  nivTieri wertili 
SeadgineT sistemis moZraobis  
gantoleba. 
  a m o x s n a.    gansaxilvel sistemas 
aqvs  ori Tavisuflebis xarisxi. 
ganzogadebul koordinatebad miviRoT: 

𝜑 − erTgvarovani diskos mobrunebis 

kuTxe, 𝜓 − 𝐴𝐵 Zafis  vertikalidan 
gadaxris kuTxe.  (ix. naxazi).  
  CavweroT lagranJis meore  gvaris 
gantolebebi:  

         
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) −

𝜕𝑇

𝜕𝜑 
= 𝑄1,              (1) 

            
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜓 ̇
) −

𝜕𝑇

𝜕𝜓 
= 𝑄2.       (2)     

sistemis  kinetikuri energia  
                𝑇 = 𝑇1 + 𝑇2,           (3) 

sadac 𝑇1 − diskos kinetikuri energiaa, 

xolo 𝑇2 − 𝐵 wertilis  kinetikuri energia. 
  vipovoT diskos kinetikuri energia: 

𝑇1 =
𝐽𝑜𝑧𝜔

2

2
, 

sadac   𝐽𝑜𝑧 =
𝑀𝑅2

2
,   𝜔 = 𝜑.̇  

maSin 

𝑥 

𝑂 

𝑅 
𝐴 𝜔 𝜑 

𝜓 
ℓ 

𝐵 
𝑚 

• 

𝑥 

𝑂 

𝑅 
𝐴 𝜔 𝜑 

𝜓 
𝐵 

𝑚 

• 

• 

𝑀𝑔⃗ 

𝑚𝑔⃗ 

𝛿𝜑 

𝛿𝜓 
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𝑇1 =
𝑀𝑅2𝜑̇2

4
. 

𝐵 wertilis kinetikuri energia: 

                   𝑇2 =
1

2
𝑚𝑣𝐵

2.                       (4) 

    vipovoT 𝑣𝐵
2.  amisaTvis CavweroT 𝐵 wertilis koordinatebi: 

𝑥𝐵 = 𝑅𝑐𝑜𝑠𝜑 + ℓ𝑐𝑜𝑠𝜓, 𝑦𝐵 = 𝑅𝑠𝑖𝑛𝜑 + ℓ𝑠𝑖𝑛𝜓. 
 gavawarmooT es gamosaxuleba droiT: 

𝑥̇𝐵 = −𝑅𝜑̇𝑠𝑖𝑛𝜑 − ℓ𝜓̇𝑠𝑖𝑛𝜓, 𝑦̇𝐵 = 𝑅𝜑̇𝑐𝑜𝑠𝜑 + ℓ𝜓̇𝑐𝑜𝑠𝜓. 
maSin 

𝑣𝐵
2 = 𝑥̇𝐵

2 + 𝑦̇𝐵
2 = (𝑅𝜑̇𝑠𝑖𝑛𝜑 + ℓ𝜓̇𝑠𝑖𝑛𝜓)

2
+ (𝑅𝜑̇𝑐𝑜𝑠𝜑 + ℓ𝜓̇𝑐𝑜𝑠𝜓)

2
. 

an 

𝑣𝐵
2 = 𝑅2𝜑̇2 + 2𝑅ℓ𝜓̇𝜑̇cos (𝜑 − 𝜓) + ℓ2𝜓̇2. 

CavsvaT es gamosaxuleba (4) formulaSi da miviRebT: 
 

𝑇2 =
𝑚[𝑅2𝜑̇2 + 2𝑅ℓ𝜓̇𝜑̇ cos(𝜑 − 𝜓) + ℓ2𝜓̇2]

2
. 

maSin (3) formulis Tanaxmad sistemis  kinetikuri energia 

𝑇 =
𝑀𝑅2𝜑̇2

4
+

𝑚[𝑅2𝜑̇2 + 2𝑅ℓ𝜓̇𝜑̇ cos(𝜑 − 𝜓) + ℓ2𝜓̇2]

2
. 

Aan 

𝑇 =
1

2
(
1

2
𝑀 + 𝑚)𝑅2𝜑̇2 + 𝑅ℓ𝜓̇𝜑̇ cos(𝜑 − 𝜓) +

1

2
𝑚ℓ2𝜓̇2. 

    vipovoT  kinetikuri energiis gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝜑 ̇
= (

1

2
𝑀 + 𝑚)𝑅2𝜑̇ + 𝑚𝑅ℓ𝜓̇ cos(𝜑 − 𝜓), 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) = (

1

2
𝑀 + 𝑚)𝑅2𝜑̈ + 𝑚𝑅ℓ𝜓̈ cos(𝜑 − 𝜓) − 

−𝑚𝑅 ℓ𝜓̇(𝜑̇ − 𝜓̇)sin(𝜑 − 𝜓), 
𝜕𝑇

𝜕𝜑 
=  −𝑚𝑅 ℓ𝜑̇𝜓̇sin(𝜑 − 𝜓); 

𝜕𝑇

𝜕𝜓 ̇
= 𝑚ℓ2 𝜓 +̇ 𝑚 𝑅ℓ𝜑̇ cos(𝜑 − 𝜓) 

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜓 ̇
) = 𝑚ℓ2𝜓̈ + 𝑚 𝑅ℓ𝜑̈ cos(𝜑 − 𝜓) − 𝑚𝑅 ℓ𝜑̇(𝜑̇ − 𝜓̇)sin(𝜑 − 𝜓), 

𝜕𝑇

𝜕𝜓 
= 𝑚𝑅 ℓ𝜑̇𝜓̇sin(𝜑 − 𝜓); 

vipovoT 𝑄1    da   𝑄2  ganzogadebuli Zalebi. 
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   mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝜑 ≠ 0,
𝛿𝜓 = 0 da ganvsazRvroT SesaZlo muSaoba: 

𝛿𝐴1 = −𝑚𝑔𝑅𝑠𝑖𝑛𝜑 ∙ 𝛿𝜑 = 𝑄1𝛿𝜑 

aqedan 

𝑄1 =
𝛿𝐴1

𝛿𝜑
= −𝑚𝑔𝑅𝑠𝑖𝑛𝜑. 

   mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝜓 ≠ 0,
𝛿𝜑 = 0 da ganvsazRvroT SesaZlo muSaoba (nax.2): 

𝛿𝐴2 = −𝑚𝑔ℓ𝑠𝑖𝑛𝜓 ∙ 𝛿𝜓 = 𝑄2𝜓, 
aqedan 

𝑄2 =
𝛿𝐴2

𝛿𝜓
= −𝑚𝑔ℓ𝑠𝑖𝑛𝜓. 

  CavsvaT kinetikuri energiis warmoebulebis da ganzogadebuli 
Zalebis gamosaxulebebi (1) da (2) gantolebebSi  da miviRebT sistemis 
moZraobis gantolebebs: 

(
1

2
𝑀 + 𝑚)𝑅2𝜑̈ + 𝑚𝑅ℓ𝜓̈ cos(𝜑 − 𝜓) − 𝑚𝑅 ℓ𝜓̇(𝜑̇ − 𝜓̇)sin(𝜑 − 𝜓) − 

−𝑚𝑅 ℓ𝜑̇𝜓̇sin(𝜑 − 𝜓) = −𝑚𝑔𝑅𝑠𝑖𝑛𝜑, 

𝑚ℓ2𝜓̈ + 𝑚 𝑅ℓ𝜑̈ cos(𝜑 − 𝜓) − 𝑚𝑅 ℓ𝜑̇(𝜑̇ − 𝜓̇)sin(𝜑 − 𝜓) − 

−𝑚𝑅 ℓ𝜑̇𝜓̇sin(𝜑 − 𝜓) = −𝑚𝑔ℓ𝑠𝑖𝑛𝜓 
an 

(
𝑀

2
+ 𝑚)𝑅𝜑̈ + 𝑚ℓ𝜓̈ cos(𝜑 − 𝜓) + 𝑚ℓsin(𝜑 − 𝜓)𝜓̇2 + 𝑚𝑔𝑠𝑖𝑛𝜑 = 0, 

ℓ𝜓̈ +  𝑅𝜑̈ cos(𝜑 − 𝜓) − 𝑅 sin(𝜑 − 𝜓)𝜑̇2 + 𝑔𝑠𝑖𝑛𝜓 = 0. 
p a s u x i:   

(
𝑀

2
+ 𝑚)𝑅𝜑̈ + 𝑚ℓ𝜓̈ cos(𝜑 − 𝜓) + 𝑚ℓsin(𝜑 − 𝜓)𝜓̇2 + 𝑚𝑔𝑠𝑖𝑛𝜑 = 0, 

ℓ𝜓̈ +  𝑅𝜑̈ cos(𝜑 − 𝜓) − 𝑅 sin(𝜑 − 𝜓)𝜑̇2 + 𝑔𝑠𝑖𝑛𝜓 = 0. 
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amocana  48.42 

wina amocanaSi aRwerili sistemis disko brunavs mudmivi  𝜔  
kuTxuri siCqariT. SeadgineT nivTieri wertilis moZraobis gantoleba. 

  a m o x s n a.     gansaxilvel 
sistemas aqvs  ori Tavisuflebis 
xarisxi. ganzogadebul 

koordinatebad miviRoT: 𝜓 − 𝐴𝐵 
Zafis vertikalidan gadaxris kuTxe. 

 𝜑 = 𝜔𝑡 − erTgvarovani diskos 
Mmobrunebis kuTxe.  
 . CavweroT lagranJis meore gvaris 
gantolebebi:  

     
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜓 ̇
) −

𝜕𝑇

𝜕𝜓 
= 𝑄𝜓 ,        (1) 

        
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) −

𝜕𝑇

𝜕𝜑 
= 𝑄𝜑 .        (2) 

sistemis  kinetikuri energia 

                    𝑇 = 1 + 𝑇2,                          (3) 
sadac 𝑇1 − diskos kinetikuri energiaa, xolo 𝑇2 − 𝐵 wertilis  
kinetikuri energia. 
  vipovoT diskos kinetikuri energia: 

𝑇1 =
𝐽𝑜𝑧𝜔

2

2
, 

sadac   𝐽𝑜𝑧 =
𝑀𝑅2

2
. 

maSin 
 

𝑇1 =
𝑀𝑅2𝜑̇2

4
. 

𝐵 wertilis kinetikuri energia: 

𝑇2 =
1

2
𝑚𝑣𝐵

2 

    vipovoT 𝑣𝐵
2.  amisaTvis CavweroT 𝐵 wertilis koordinatebi  𝜑 =

𝜔𝑡 tolobis gaTvaliswinebiT: 

𝑥𝐵 = 𝑅𝑐𝑜𝑠𝜔𝑡 + ℓ𝑐𝑜𝑠𝜓, 𝑦𝐵 = 𝑅𝑠𝑖𝑛𝜔𝑡 + ℓ𝑠𝑖𝑛𝜓. 
 gavawarmooT es gamosaxuleba droiT: 

𝑥̇𝐵 = −𝑅𝜔𝑠𝑖𝑛𝜔𝑡 − ℓ𝜓̇𝑠𝑖𝑛𝜓, 𝑦̇𝐵 = 𝑅𝜔𝑐𝑜𝑠𝜔𝑡 + ℓ𝜓̇𝑐𝑜𝑠𝜓. 
maSin 

𝑣𝐵
2 = 𝑥̇𝐵

2 + 𝑦̇𝐵
2 = (𝑅𝜔𝑠𝑖𝑛𝜔𝑡 + ℓ𝜓̇𝑠𝑖𝑛𝜓)

2
+ (𝑅𝜑̇𝑐𝑜𝑠𝜑 + ℓ𝜓̇𝑐𝑜𝑠𝜓)

2
= 

= 𝑅2𝜔2 + 2𝑅ℓ𝜓̇𝜔cos (𝜔𝑡 − 𝜓) + ℓ2𝜓̇2. 

𝑥 

𝑂 
𝑅 

𝐴 𝜔 𝜑 

𝜓 
𝐵 

𝑚 

• 

• 

𝑀𝑔⃗ 

𝑚𝑔⃗ 

𝛿𝜑 

𝛿𝜓 
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maSasadame,: 

𝑇2 =
𝑚[𝑅2𝜔2 + 2𝑅ℓ𝜓̇𝜔cos (𝜔𝑡 − 𝜓) + ℓ2𝜓̇2]

2
. 

maSin (3) formulis Tanaxmad sistemis  kinetikuri energia 

𝑇 =
𝑀𝑅2𝜔2

4
+

𝑚[𝑅2𝜔2 + 2𝑅ℓ𝜓̇𝜔 cos(𝜔𝑡 − 𝜓) + ℓ2𝜓̇2]

2
. 

Aan 

𝑇 =
1

2
(
1

2
𝑀 + 𝑚)𝑅2𝜔2 + 𝑅ℓ𝜓̇𝜔 cos(𝜔𝑡 − 𝜓) +

1

2
𝑚ℓ2𝜓̇2. 

    vipovoT  kinetikuri energiis gamosaxulebis warmoebulebi: 
 

𝜕𝑇

𝜕𝜓 ̇
= 𝑚ℓ2 𝜓 +̇ 𝑚 𝑅ℓ𝜔 cos(𝜔𝑡 − 𝜓) 

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜓 ̇
) = 𝑚ℓ2𝜓̈ − 𝑚 𝑅ℓ𝜔 (𝜔 − 𝜓) sin(𝜑 − 𝜓), 

𝜕𝑇

𝜕𝜓 
= 𝑚𝑅 ℓ𝜔𝜓̇sin(𝜔𝑡 − 𝜓). 

vipovoT 𝑄𝜓      ganzogadebuli Zala. 

      mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝜓 ≠ 0,
𝛿𝜑 = 0 da ganvsazRvroT SesaZlo muSaoba (nax.2): 

𝛿𝐴𝜓 = −𝑚𝑔ℓ𝑠𝑖𝑛𝜓 ∙ 𝛿𝜓 = 𝑄𝜓𝛿𝜓, 
aqedan 

𝑄𝜓 =
𝛿𝐴𝜓

𝛿𝜓
= −𝑚𝑔ℓ𝑠𝑖𝑛𝜓. 

  CavsvaT kinetikuri energiis warmoebulebis da ganzogadebuli 
Zalebis gamosaxulebebi (1) gantolebaSi  da miviRebT wertilis 
moZraobis gantolebas: 

𝑚ℓ2𝜓̈ − 𝑚 𝑅ℓ𝜔 (𝜔𝑡 − 𝜓) sin(𝜔𝑡 − 𝜓) − 𝑚𝑅 ℓ𝜔𝜓̇sin(𝜔𝑡 − 𝜓) = 

= −𝑚𝑔ℓ𝑠𝑖𝑛𝜓 
Aan gamartivebis Semdeg 

𝜓̈ − 𝜔2  
𝑅

ℓ
sin(𝜔𝑡 − 𝜓) −

𝑔

ℓ
𝑠𝑖𝑛𝜓 = 0. 

p a s u x i:  𝜓̈ − 𝜔2  
𝑅

ℓ
sin(𝜔𝑡 − 𝜓) −

𝑔

ℓ
𝑠𝑖𝑛𝜓 = 0. 
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  SeadgineT  𝑚 masis  maTematikuri qanqaras moZraobis gantoleba, 
Tu igi Camokidebulia drekad Zafze; Zafis  sigrZe wonasworobis 

mdebareobaSi aris ℓ, misi sixiste – 𝑐. Gganzogadebul koordinatad 
miiReT qanqaras vertikalidan 

gadaxris 𝜑 kuTxe da Zafis 

fardibiTi   𝑧 wagrZeleba. 
a m o x s n a.   gansaxilvel 
sistemas aqvs ori Tavisuflebis 
xarisxi. ganzogadebul 
koordinatebad miviRoT: 

𝜑 −qanqaras vertikalidan gadaxris 

kuTxe. 𝑥 −   drekadi Zafis 
wagrZeleba. 
 . CavweroT lagranJis meore gvaris 
gantolebebi:  

     
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) −

𝜕𝑇

𝜕𝑥 
= 𝑄𝑥  ,         (1) 

     
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) −

𝜕𝑇

𝜕𝜑 
= 𝑄𝜑 .        (2) 

Qqanqaras kinetikuri energia 

𝑇 =
1

2
𝑚𝑣𝑎

2. 

   radgan   qanqara  asrulebs rTul moZraobas, amitom                

𝑣⃗𝑎 = 𝑣⃗𝑒 + 𝑣⃗𝑟. 
  gaviTvaliswinoT, rom 𝑣⃗𝑒 ⊥ 𝑣⃗𝑟, amitom 

𝑣𝑎
2 = 𝑣𝑒

2 + 𝑣𝑟
2, 

sadac 𝑣𝑒
2 = (ℓ + 𝑥)2𝜑̇2;     𝑣𝑟

2 = 𝑥̇2. 
maSin 

𝑣𝑎
2 = (ℓ + 𝑥)2𝜑̇2 + 𝑥̇2, 

𝑇 =
1

2
𝑚[𝑥̇2 + (ℓ + 𝑥)2𝜑̇2] 

vipovoT  kinetikuri energiis gamosaxulebis warmoebulebi: 
 

𝜕𝑇

𝜕𝑥 ̇
= 𝑚𝑥̇, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) = 𝑚𝑥̈, 

𝜕𝑇

𝜕𝑥 
= 𝑚(ℓ + 𝑥)𝜑̇2; 

𝜕𝑇

𝜕𝜑 ̇
= 𝑚(ℓ + 𝑥)2𝜑̇, 

𝜑 
𝛿𝜑 

𝑂 

𝑂1 
𝑣⃗𝑒 

𝑥 

𝑣⃗𝑟 

𝑣⃗𝑎 

𝐹⃗დრ 

𝑓სტ 

ℓ 

𝑚𝑔⃗ 

𝛿𝑥 

𝑥 

• 

• 
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𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) = 𝑚(ℓ + 𝑥)2𝜑̈ + 2𝑚(ℓ + 𝑥)𝜑̇𝑥̇, 

𝜕𝑇

𝜕𝜑 
= 0. 

vipovoT   ganzogadebuli Zalebi. 

    mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝜑 ≠ 0,
𝛿𝑥 = 0 da ganvsazRvroT SesaZlo muSaoba : 

𝛿𝐴𝜑 = −𝑚𝑔(ℓ + 𝑥)𝑠𝑖𝑛𝜑 ∙ 𝛿𝜑 = 𝑄𝜑𝛿𝜑, 
aqedan 

𝑄𝜑 =
𝐴𝜑

𝛿𝜑
= −𝑚𝑔(ℓ + 𝑥)𝑠𝑖𝑛𝜑. 

  mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝑥 ≠ 0, 𝛿𝜑 =
0 da ganvsazRvroT SesaZlo muSaoba : 

𝛿𝐴𝑥 = [𝑚𝑔𝑐𝑜𝑠𝜑 − 𝑐(𝑥0 + 𝑥)]𝛿𝑥 = 𝑄𝑥𝛿𝑥, 
aqedan 

𝑄𝑥 =
𝛿𝐴𝑥

𝛿𝑥
= 𝑚𝑔𝑐𝑜𝑠𝜑 − 𝑐𝑥0 − 𝑐𝑥. 

  gaviTvaliswinoT, rom wonasworobis mdebareobaSi 

𝑐𝑥0 = 𝑚𝑔, 
  maSin miviRebT 

𝑄𝑥 = [𝑚𝑔(1 − 𝑐𝑜𝑠𝜑) + 𝑐𝑥]. 
  CavsvaT kinetikuri energiis warmoebulebis da ganzogadebuli 
Zalebis gamosaxulebebi (1) da (2) gantolebebSi  da miviRebT sistemis 
moZraobis gantolebebs: 

𝑚𝑥̈ − 𝑚(ℓ + 𝑥)𝜑̇2 = −𝑚𝑔(1 − 𝑐𝑜𝑠𝜑) − 𝑐𝑥, 
𝑚(ℓ + 𝑥)2𝜑̈ + 2𝑚(ℓ + 𝑥)𝜑̇𝑥̇ = −𝑚𝑔(ℓ + 𝑥)𝑠𝑖𝑛𝜑 

an 

                𝑥̈ − (ℓ + 𝑥)𝜑̇2 +
𝑐

𝑚
𝑥 + 𝑚𝑔(1 − 𝑐𝑜𝑠𝜑) = 0,      (3) 

              (ℓ + 𝑥)𝜑̈ + 2𝜑̇𝑥̇ + 𝑔𝑠𝑖𝑛𝜑 = 0.            (4) 
    gaviTvaliswinoT, rom fardobiTi wagrZeleba 

𝑧 =
𝑥

ℓ
, 

maSin   ℓ𝑧̇ = 𝑥̇,   ℓ𝑧̈ = 𝑥̈.  CavsvaT 𝑧  da 𝑧̈  is gamosaxulebebi (3) da (4)  
gantolebebSi:  

𝑧̈ − (1 + 𝑧)𝜑̇2 +
𝑐

𝑚
𝑧 +

𝑔

ℓ
(1 − 𝑐𝑜𝑠𝜑) = 0, 

(1 + 𝑧)𝜑̈ + 2𝜑̇𝑧̇ +
𝑔

ℓ
𝑠𝑖𝑛𝜑 = 0. 

    radgan ganixileba mcire rxevebi, amitom vTvliT, rom 

𝜑̇2 ≈ 0, 𝜑̇𝑧̇ ≈ 0, 𝑐𝑜𝑠𝜑 ≈ 1, 𝑠𝑖𝑛𝜑 ≈ 𝜑, 
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maSin miviRebT: 

𝑧̈ +
𝑐

𝑚
𝑧 = 0, 

𝜑̈ +
𝑔

ℓ
𝜑 = 0. 

amovxsnaT miRebuli diferencialuri gantolebebi: 
 

𝑧 = 𝐴𝑠𝑖𝑛 (√
𝑐

𝑚
𝑡 + 𝛼), 

 

𝜑 = 𝐵𝑠𝑖𝑛 (√
𝑔

ℓ
𝑡 + 𝛽), 

sadac  𝐴, 𝛼, 𝐵, 𝛽 − nebismieri mudmivebia. 

p a s u x i:  𝑧̈ − (1 + 𝑧)𝜑̇2 +
𝑐

𝑚
𝑧 +

𝑔

ℓ
(1 − 𝑐𝑜𝑠𝜑) = 0; 

(1 + 𝑧)𝜑̈ + 2𝜑̇𝑧̇ +
𝑔

ℓ
𝑠𝑖𝑛𝜑 = 0;  𝑧 = 𝐴𝑠𝑖𝑛 (√

𝑐

𝑚
𝑡 + 𝛼) ; 

𝜑 = 𝐵𝑠𝑖𝑛 (√
𝑔

ℓ
𝑡 + 𝛽), sadac  𝐴, 𝛼, 𝐵, 𝛽 − nebismieri mudmivebia. 

  
 
 

amocana  48.44 

  wvrili uWimari Zafis erTi bolo daxveulis 𝑅  radiusis 
erTgvarovan cilindrze, xolo meore 

bolo damagrebulia uZrav  𝑂 wertilze. 
Zafis gaSlisas cilindri moZraobs qveviT. 
erTdroulad qanaobs dakidebis wertilze  
gamavali horizontaluri RerZis garSemo. 
SeadgineT cilindris moZraobis 
diferencialuri gantolebebi, Tu Zafis 
masa ugulebelyofilia. 
 a m o x s n a. gansaxilvel sistemas aqvs 
ori Tavisuflebis xarisxi. ganzogadebul 

koordinatebad miviRoT: 𝜑 −Zafis 
vertikalidan 

gadaxris kuTxe. 𝜌 −   Zafis wagrZeleba. 
 . CavweroT lagranJis meore gvaris gantolebebi:  

𝜑 

𝑥 

𝜌 

𝑂 
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𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜑 ̇
) −

𝜕𝑇

𝜕𝜑 
= 𝑄𝜑,        (1) 

         
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜌 ̇
) −

𝜕𝑇

𝜕𝜌 
= 𝑄𝜌  .         (2) 

QvipovoT sistemis kinetikuri 
energia 

                    𝑇 =
𝑚𝑣𝑎

2

2
+

𝐽𝐶𝑧𝜔𝑎
2

2
,    (3) 

sadac   𝐽𝐶𝑧 =
𝑚𝑅2

2
, 𝜔𝑎 =

𝜌̇

𝑅
− 𝜑̇ − 

cilindris absoluturi kuTxuri 

siCqarea;  𝑣𝑎
2 = 𝑥̇𝐶

2 + 𝑦̇𝐶
2 − 

cilindris masaTa centris 
absoluturi siCqare. 

ganvsazRvroT erTgvarovan 

cilindris masaTa centris (𝐶 wertili) koordinatebi (ix. Nnaxazi): 

𝑥𝐶 = 𝑂𝐾 − 𝐵𝐷,   𝑦𝐶 = 𝐴𝐵 + 𝐵𝐶,  
   sadac 

𝑂𝐾 = 𝜌𝑐𝑜𝑠𝜑, 𝐵𝐷 = 𝑅𝑠𝑖𝑛𝜑, 𝐴𝐵 = 𝐾𝐷 = 𝜌𝑠𝑖𝑛𝜑, 𝐵𝐶 = 𝑅𝑐𝑜𝑠𝜑. 
maSin 

𝑥𝐶 = 𝜌𝑐𝑜𝑠𝜑 − 𝑅𝑠𝑖𝑛𝜑, 
𝑦𝐶 = 𝜌𝑠𝑖𝑛𝜑 + 𝑅𝑐𝑜𝑠𝜑. 

   vipovoT am gamosaxulebebis warmoebulebi droiT: 

𝑥̇𝐶 = 𝜌̇𝑐𝑜𝑠𝜑 − 𝜌𝜑̇𝑠𝑖𝑛𝜑 − 𝑅𝜑̇𝑐𝑜𝑠𝜑, 
𝑦̇𝐶 = 𝜌̇𝑠𝑖𝑛𝜑 + 𝜌̈𝑐𝑜𝑠𝜑 − 𝑅𝜑̇𝑠𝑖𝑛𝜑. 

   ganvsazRoT cilindris masaTa centris absoluturi siCqare: 

𝑣𝑎
2 = (𝜌̇𝑐𝑜𝑠𝜑 − 𝜌𝜑̇𝑠𝑖𝑛𝜑 − 𝑅𝜑̇𝑐𝑜𝑠𝜑)2 + (𝜌̇𝑠𝑖𝑛𝜑 + 𝜌̈𝑐𝑜𝑠𝜑 − 𝑅𝜑̇𝑠𝑖𝑛𝜑)2 

= 𝜌̇2𝑐𝑜𝑠2𝜑+ 𝜌2𝜑̇2𝑠𝑖𝑛2𝜑+ 𝑅2𝜑̇2𝑐𝑜𝑠2𝜑− 2𝜌𝜌̇𝜑̇𝑐𝑜𝑠𝜑𝑠𝑖𝑛𝜑− 

−2𝑅𝜌̇𝜑̇𝑐𝑜𝑠2𝜑+ 2𝑅𝜌𝜑̇2𝑐𝑜𝑠𝜑𝑠𝑖𝑛𝜑+ 𝜌2𝑠𝑖𝑛2𝜑+ 𝜌2𝜑̇2𝑐𝑜𝑠2𝜑+ 
 

+𝑅2𝜑̇2𝑠𝑖𝑛2𝜑 + 2𝜌𝜌̇𝜑̇𝑐𝑜𝑠𝜑𝑠𝑖𝑛𝜑 − 2𝑅𝜌̇𝜑̇𝑠𝑖𝑛2𝜑 − 2𝑅𝜌𝜑̇2𝑐𝑜𝑠𝜑𝑠𝑖𝑛𝜑 
Aan  gamartivebis Semdeg 

𝑣𝑎
2 = (𝜌̇ − 𝑅𝜑̇)2 + 𝜌2𝜑̇2. 

    CavsvaT miRebuli mniSvnelobebi (3) formulaSi da miviRebT: 

𝑇 =
𝑚

2
[(𝜌̇ − 𝑅𝜑̇)2 + 𝜌2𝜑̇2] +

1

4
𝑚𝑅2 (

𝜌̇

𝑅
− 𝜑̇)

2

 

an 

𝑇 =
3

4
𝑚(𝜌̇ − 𝑅𝜑̇)2 +

1

2
𝑚𝜌2𝜑̇2. 

 vipovoT  kinetikuri energiis gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝜑 ̇
= −

3

2
𝑚𝑅(𝜌̇ − 𝑅𝜑̇) + 𝑚𝜌2𝜑̇, 

𝛿𝜑 
𝑦 

𝜌 

𝑂 

𝑥 

𝑥𝐶 

𝐴 

𝑦𝐶 

𝐾 
𝐶 

𝑅 
𝐵 

𝐷 

𝛿𝜌 

 

𝜑 

𝜑 

𝑚𝑔⃗ 
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𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) = −

3

2
𝑚𝑅(𝜌̈ − 𝑅𝜑̈) +

𝑑

𝑑𝑡
(𝑚𝜌2𝜑̇), 

𝜕𝑇

𝜕𝜑 
= 0; 

𝜕𝑇

𝜕𝜌 ̇
=

3

2
𝑚(𝜌̇ − 𝑅𝜑̇) 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜌 ̇
) =

3

2
𝑚(𝜌̈ − 𝑅𝜑̈) 

𝜕𝑇

𝜕𝜌 
= 𝑚𝜌2𝜑̇2 

vipovoT  𝑄𝜑  da 𝑄𝜌  ganzogadebuli Zalebi. 

    mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝜑 ≠ 0,
𝛿𝜌 = 0 da ganvsazRvroT SesaZlo muSaoba : 

𝛿𝐴𝜑 = −(𝑚𝑔𝜌𝑠𝑖𝑛𝜑 + 𝑚𝑔𝑅𝑐𝑜𝑠𝜑) ∙ 𝛿𝜑 = 𝑄𝜑𝛿𝜑, 
aqedan 

𝑄𝜑 =
𝛿𝐴𝜑

𝛿𝜑
= −𝑚𝑔𝜌𝑠𝑖𝑛𝜑 − 𝑚𝑔𝑅𝑐𝑜𝑠𝜑. 

  mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝜌 ≠ 0, 𝛿𝜑 =
0 da ganvsazRvroT SesaZlo muSaoba : 

𝛿𝐴𝜌 = 𝑚𝑔𝑐𝑜𝑠𝜑𝛿𝜌 = 𝑄𝜌𝛿𝜌, 
aqedan 

𝑄𝜌 =
𝛿𝐴𝜌

𝛿𝜌
= 𝑚𝑔𝑐𝑜𝑠𝜑. 

  CavsvaT kinetikuri energiis warmoebulebis da ganzogadebuli 
Zalebis gamosaxulebebi (1) da (2) gantolebebSi  da miviRebT sistemis 
moZraobis gantolebebs: 

−
3

2
𝑚𝑅(𝜌̈ − 𝑅𝜑̈) +

𝑑

𝑑𝑡
(𝑚𝜌2𝜑̇) = −𝑚𝑔𝜌𝑠𝑖𝑛𝜑 − 𝑚𝑔𝑅𝑐𝑜𝑠𝜑 

an 

  −
3

2
𝑅(𝜌̈ − 𝑅𝜑̈) +

𝑑

𝑑𝑡
(𝜌2𝜑̇) = −𝑔𝑠𝑖𝑛𝜑 − 𝑔𝑅𝑐𝑜𝑠𝜑        (4) 

 
3

2
𝑚(𝜌̈ − 𝑅𝜑̈) −  𝑚𝜌2𝜑̇2 = 𝑚𝑔𝑐𝑜𝑠𝜑 

an 

            
3

2
(𝜌̈ − 𝑅𝜑̈) − 𝜌2𝜑̇2 = 𝑔𝑐𝑜𝑠𝜑               (5)    

     gavamravloT (5) gantoleba 𝑅 −ze, Semdeg SevkriboT (4) 
gantolebasTan, miviRebT diferencialur gantolebas: 

𝑑

𝑑𝑡
(𝜌2𝜑̇) − 𝑅𝜌𝜑̇2 = −𝑔𝜌𝑠𝑖𝑛𝜑. 
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p a s u x i:  𝜌̈ − 𝑅𝜑̈ −
2

3
𝜌𝜑̇2 =

2

3
𝑔𝑐𝑜𝑠𝜑;    

𝑑

𝑑𝑡
(𝜌2𝜑̇) − 𝑅𝜌𝜑̇2 = −𝑔𝜌𝑠𝑖𝑛𝜑. 

 
 

amocana  48.45 

  gamoiyeneT wina amocanis pasuxebi da SeadgineT cilindris mcire 
rxevaTa diferencialuri gantolebebi, Tu moZraoba daiwyo uZravi 

mdgomareobidan da roca 𝑡 = 0, 𝜌 = 𝜌0, 𝜑 = 𝜑0 ≠ 0. 
a m o x s n a. 48.44 amocanis amoxsnisas miviReT cilindris moZraobis 
diferencialuri gantolebebi:               

                  𝜌̈ − 𝑅𝜑̈ −
2

3
𝜌𝜑̇2 =

2

3
𝑔𝑐𝑜𝑠𝜑,           (1) 

                   
𝑑

𝑑𝑡
(𝜌2𝜑̇) − 𝑅𝜌𝜑̇2 = −𝑔𝜌𝑠𝑖𝑛𝜑.        (2) 

cilindris mcire rxevebisas  

𝜑̇2 ≈ 0, 𝑐𝑜𝑠𝜑 ≈ 1, 𝑠𝑖𝑛𝜑 ≈ 𝜑, 
   maSin (1) da (2) gantolebebi miiRebs saxes: 

                   𝜌̈ − 𝑅𝜑̈ =
2

3
𝑔,                     (3) 

                   
𝑑

𝑑𝑡
(𝜌2𝜑̇) = −𝑔𝜌𝜑.                 (4) 

  vaintegroT (3) gantoleba orjer, miviRebT: 

                  𝜌̇ − 𝑅𝜑̇ =
2

3
𝑔𝑡 + 𝐶1,                 (5) 

                 𝜌 − 𝑅𝜑 =
1

3
𝑔𝑡2 + 𝐶1𝑡 + 𝐶2.            (6) 

gaviTvaliswinoT sawyisi pirobebi: 

𝑡 = 0, 𝜌 = 𝜌0, 𝜑 = 𝜑0, 𝜌̇ = 0, 𝜑̇ = 0 
Dda vipovoT integrebis  𝐶1 da 𝐶2  mudmivebi. 

   (5) tolobidan miviRebT: 𝐶1 = 0, xolo (6) tolobidan − 𝐶2 = 𝜌0 −
𝑅𝜑0. 

CavsavaT 𝐶1 da 𝐶2  mudmivebis miRebuli mniSvnelobebi (6) 
gamosaxulebaSi: 

                        𝜌 − 𝑅𝜑 =
1

3
𝑔𝑡2 − 𝜌0 − 𝑅𝜑0.          (7) 

    SemoviRoT aRniSvna: 

𝐹(𝑡) =
1

3
𝑔𝑡2 − 𝜌0 − 𝑅𝜑0. 

maSin (7) gamosaxuleba miiRebs saxes: 

                      𝜌 = 𝑅𝜑 + 𝐹(𝑡).                      (8) 
CavsvaT (8) gmosaxuleba (4)-Si: 

𝑑

𝑑𝑡
[(𝑅𝜑 + 𝐹(𝑡))

2
𝜑̇] = −𝑔𝜑[𝑅𝜑 + 𝐹(𝑡)] 

an 
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𝑑

𝑑𝑡
[𝑅2𝜑2 + 2𝑅𝜑𝜑̇𝐹(𝑡) + 𝐹2(𝑡)𝜑̇] + 𝑔[𝑅𝜑2 + 𝐹(𝑡)𝜑] = 0. 

   am gantolebidan  𝑅𝜑2, 𝑅2𝜑2, 2𝑅𝜑𝜑̇𝐹(𝑡)  wevrebis gamoricxviT, 
miviRebT: 

𝑑

𝑑𝑡
[𝐹2(𝑡)𝜑̇] + 𝑔𝐹(𝑡)𝜑 = 0. 

p a s u x i:  
𝑑

𝑑𝑡
[𝐹2(𝑡)𝜑̇] + 𝑔𝐹(𝑡)𝜑 = 0, sadac   

𝐹(𝑡) =
1

3
𝑔𝑡2 − 𝜌0 − 𝑅𝜑0. 

 

amocana  48.46 

   gansazRvreT gluv horizontalur RerZze (𝑂𝑥 RerZi)  Camocmulia  

𝑚1 da 𝑚2 masaTa sistemis moZraoba, Tu masebi erTmaneTTan 

dakavSirebulia 𝑐 sixistis zambariT da SeuZliaT gadataniTi moZraoba 
RerZis gaswvriv; masaTa centrebs Soris manZili dauZabavi zambaris 

SemTxvevaSi aris ℓ. sistemis sawyisi mdebareoba, roca 𝑡 = 0,  
ganisazRvreba masebis siCqareebisa da masaTa centris koordinatTa 

Semdegi 

mniSvnelobebiT:   

𝑥1 = 0, 𝑥̇1 = 𝑢0, 𝑥2 = ℓ, 𝑥̇2 = 0. 
 
a m o x s n a.       gansaxilvel sistemas aqvs ori  Tavisuflebis 

xarisxi. avirCioT ganzogadebuli koordinatebi: 𝑥1 − 𝑚1 masis 

gadaadgileba, 𝑥2 − 𝑚2 masis gadaadgileba  (ix.Nnaxazi).  
CavweroT lagranJis meore  gvaris gantolebebi: 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) −

𝜕𝑇

𝜕𝑥1 
= 𝑄1, 

      
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) −

𝜕𝑇

𝜕𝑥2 
= 𝑄2. 

  sistemis  kinetikuri energia 

  𝑇 = 𝑇1 + 𝑇2 =
𝑚1𝑥̇1

2

2
+

𝑚2𝑥̇2
2

2
. 

𝑚1 
𝑚2 

𝑥1 𝑥2 

𝑥 𝑂 • • • 
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vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 
 

𝜕𝑇

𝜕𝑥̇1
= 𝑚1𝑥̇1, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇1
) = 𝑚1𝑥̈1, 

𝜕𝑇

𝜕𝑥1 
= 0; 

𝜕𝑇

𝜕𝑥̇2
= 𝑚2𝑥̇2, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥̇2
) = 𝑚2𝑥̈2, 

𝜕𝑇

𝜕𝑥2 
= 0. 

  imisaTvis rom ganvsazRvroT ganzogadebuli Zalebi, vipovoT 
sistemis  potenciuri energia 

𝛱 =
1

2
𝑐(𝑥2 − 𝑥1 − ℓ)2. 

   vipovoT potenciuri energiis gamosaxulebis warmoebulebi  
ganzogadebuli koordinatebiT: 

𝑄1 = −
𝜕Π

𝜕𝑥1 
= 𝑐(𝑥2 − 𝑥1 − ℓ), 

𝑄2 = −
𝜕Π

𝜕𝑥2 
= −𝑐(𝑥2 − 𝑥1 − ℓ). 

   Kkinetikuri energiis  warmoebulebis da ganzogadebuli Zalebis 
miRebuli mniSvnelobebi  CavsvaT  lagranJis meore gvaris gantolebaSi 
da miviRebT sistemis moZraobis diferencialur gantolebaTa sistemas: 

                                𝑚1𝑥̈1 =  𝑐(𝑥2 − 𝑥1 − ℓ),                 (1) 
                     𝑚2𝑥̈2 = −𝑐(𝑥2 − 𝑥1 − ℓ).                (2) 
SevkriboT (1) da (2) gantolebebi:  

                     𝑚1𝑥̈1 + 𝑚2𝑥̈2 = 0. 
Aaqedan 

                           𝑥̈2 = −
 𝑚1

𝑚2
𝑥̈1.                    (3) 

vaintegroT es gamosaxuleba orjer: 

                       𝑥̇2 = −
 𝑚1

𝑚2
𝑥̇1 + 𝐶1,                   (4)                

                    𝑥2 = −
 𝑚1

𝑚2
𝑥1 + 𝐶1𝑡 + 𝐶2.                 (5) 

   visargebloT sawyisi pirobebiT:  

𝑡 = 0, 𝑥10 = 0, 𝑥̇10 = 𝑢0, 𝑥20 = ℓ, 𝑥̇20 = 0 
Dda (4) gamosaxulebidan vipoviT 
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𝐶1 =
 𝑚1

𝑚2
𝑢0, 

(5) gamosaxulebidan 

𝐶2. = ℓ. 
maSin (5) formulidan gvaqvs: 

                       𝑥2 = −
 𝑚1

𝑚2
𝑥1 +

 𝑚1

𝑚2
𝑢0𝑡 + ℓ.            (6) 

CavsvaT (3) da (6) gamosaxulebebi (2) formulaSi, miviRebT: 
 

𝑚2 (= −
 𝑚1

𝑚2
𝑥̈1) = −𝑐 (−

 𝑚1

𝑚2
𝑥1 +

 𝑚1

𝑚2
𝑢0𝑡 + ℓ − 𝑥1 − ℓ) 

an 

𝑥̈1 + 𝑐 (
1

𝑚1
+

1

𝑚2
) 𝑥1 =

𝑐

𝑚2
𝑢0𝑡. 

SemoviRoT aRniSvna: 

𝑘2 = 𝑐 (
1

𝑚1
+

1

𝑚2
) =

𝑐(𝑚1 + 𝑚2)

𝑚1𝑚2
. 

maSin 

                    𝑥̈1 + 𝑘2𝑥1 =
𝑐

𝑚2
𝑢0𝑡.                    (7)     

 vipovoT (7) gantolebis amonaxsni: 

                        𝑥1 = 𝑥∗ + 𝑥∗∗,                    (8) 
sadac 𝑥∗ aris  𝑥̈1 + 𝑘2𝑥1 = 0  gantolebis zogadi amonaxsni: 

𝑥∗ = 𝐶3𝑐𝑜𝑠𝑘𝑡 + 𝐶4𝑠𝑖𝑛𝑘𝑡, 
𝑥∗∗ −(7) gantolebis kerZo amonaxsni: 

𝑥∗∗ = 𝐴𝑡. 
  CavsvaT 𝑥∗∗ −is mniSvneloba  (7) gantolebaSi: 

𝐴𝑘2𝑡 =
𝑐

𝑚2
𝑢0𝑡. 

aqedan 

𝐴 =
𝑐𝑢0

𝑚2𝑘
2
. 

maSin 

𝑥∗∗ =
𝑐𝑢0𝑡

𝑚2𝑘
2
. 

CavsvaT  𝑥∗ da 𝑥∗∗ −is mniSvnelobebi  (8) gantolebaSi, miviRebT: 

𝑥1 = 𝐶3𝑐𝑜𝑠𝑘𝑡 + 𝐶4𝑠𝑖𝑛𝑘𝑡 +
𝑐𝑢0𝑡

𝑚2𝑘
2
. 

Aaqedan 

𝑥̇1 = −𝐶3𝑘𝑠𝑖𝑛𝑘𝑡 + 𝐶4𝑘𝑐𝑜𝑠𝑘𝑡 +
𝑐𝑢0

𝑚2𝑘
2
. 

  𝐶3 Dda  𝐶4 mudmivebs vipoviT sawyisi pirobebis gaTvaliswinebiT: 
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𝑡 = 0, 𝑥10 = 0, 𝑥̇10 = 𝑢0. 
  Ggvaqvs 

𝑥10 = 𝐶3 = 0; 

𝑥̇10 = 𝑢0 = 𝐶4𝑘 +
𝑐𝑢0

𝑚2𝑘
2
, 

𝐶4 =
𝑢0𝑚2𝑘

2 − 𝑐𝑢0

𝑚2𝑘
3

. 

maSin 

𝑥1 =
𝑢0𝑚2𝑘

2 − 𝑐𝑢0

𝑚2𝑘
3

𝑠𝑖𝑛𝑘𝑡 +
𝑐𝑢0𝑡

𝑚2𝑘
2
 

an 

𝑥1 =
1

𝑚1 + 𝑚2
(𝑚1𝑢0𝑡 +

𝑚2𝑢0

𝑘
𝑠𝑖𝑛𝑘𝑡). 

   CavsvaT miRebuli gamosaxuleba (6) formulaSi da vipovoT  𝑚2 
masis moZraobis kanoni: 

𝑥2 = −
 𝑚1

𝑚2
[

1

𝑚1 + 𝑚2
(𝑚1𝑢0𝑡 +

𝑚2𝑢0

𝑘
𝑠𝑖𝑛𝑘𝑡)] +

 𝑚1

𝑚2
𝑢0𝑡 + ℓ. 

an 

𝑥2 − ℓ =
1

𝑚1 + 𝑚2
(𝑚1𝑢0𝑡 −

𝑚1𝑢0

𝑘
𝑠𝑖𝑛𝑘𝑡) 

 

p a s u x i:  𝑥1 =
1

𝑚1+𝑚2
(𝑚1𝑢0𝑡 +

𝑚2𝑢0

𝑘
𝑠𝑖𝑛𝑘𝑡) ; 

 

𝑥2 − ℓ =
1

𝑚1 + 𝑚2
(𝑚1𝑢0𝑡 −

𝑚1𝑢0

𝑘
𝑠𝑖𝑛𝑘𝑡) , 𝑘 = √𝑐 (

1

𝑚1
+

1

𝑚2
) . 

 
 
 
 

amocana  48.47 
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  ori erTnairi 𝑎 radiusis  
Tvlisagan Sedgenili sistema, 
romelTac  damoukideblad 
SeuZlia brunva maTi normaluri 

 saerTo ℓ sigrZis 𝑂1𝑂2  RerZis  
garSemo, goravs horizontalur 
sibrtyeze. Tvlebi SeerTebulia 

𝑐 sixistis zambariT, romelic 
muSaobs grexaze, TiToeuli 

Tvlis masa aris 𝑚 , inerciis 
momentebi brunvis RerZis mimarT 

𝐶 , diametris mimarT inerciis momenti ki  −𝐴. SeadgineT sistemis 
moZraobis gantoleba  da daadgineT moZraoba, romelic Seesabameba 

sawyis pirobebs:    𝜑1 = 0, 𝜑̇1 = 0 , 𝜑2 = 0, 𝜑̇2 =  𝜔 (𝜑1  da 𝜑2 
Tvlebis mobrunebis kuTxeebia). RerZis masa ugulebelyofilia. 
a m o x s n a.      gansaxilvel sistemas aqvs ori Tavisuflebis 

xarisxi. ganzogadebul  koordinatebad  miviRoT: 𝜑1 −1 Tvlis 

mobrunebis kuTxe, 𝜑2 − 2 Tvlis mobrunebis  kuTxe (nax. 1) . 
 CavweroT lagranJis meore gvarisgantolebebi:  

    
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜑1 ̇
) −

𝜕𝑇

𝜕𝜑1 
= 𝑄1,     

    
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜑2 ̇
) −

𝜕𝑇

𝜕𝜑2
= 𝑄2.   

    gaviTvaliswinoT, rom 

            𝛼̇ =
𝑎

ℓ
(𝜑̇1 − 𝜑̇2), 

 sadac  𝛼̇ − Tvlis 
mobrunebis                   
nax.1 
kuTxuri siCqarea   diametris garSemo(nax.2)                           

 
 
 
 
 
 
 
 
 
 
 
 
 
                            Nnax.2 

ℓ 

𝑂1 

1 

𝑂2 

𝜑1 
𝜑2 

2 

ℓ 

𝑂1 

𝑎 

𝑂2 

𝑂1 

𝑂2 

𝛼 
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QvipovoT sistemis kinetikuri    energia                                            

               𝑇 =
𝐶𝜑̇1

2

2
+

𝐶𝜑̇2
2

2
+ 

𝑚𝑎2𝜑̇1
2

2
+

𝑚𝑎2𝜑̇2
2

2
+ 2𝐴

𝛼̇2

2
=  

 

=
𝐶𝜑̇1

2

2
+

𝐶𝜑̇2
2

2
+ 

𝑚𝑎2𝜑̇1
2

2
+

𝑚𝑎2𝜑̇2
2

2
+ 𝐴

𝑎2

ℓ2
(𝜑̇1 − 𝜑̇2)

2. 

vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝜑1 ̇
= 𝐶𝜑̇1 +  𝑚𝑎2𝜑̇1 +

2𝐴𝑎2

ℓ2
(𝜑̇1 − 𝜑̇2), 

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜑1 ̇
) = 𝐶𝜑̈1 +  𝑚𝑎2𝜑̈1 +

2𝐴𝑎2

ℓ2
(𝜑̈1 − 𝜑̈2), 

𝜕𝑇

𝜕𝜑1 
= 0; 

𝜕𝑇

𝜕𝜑2 ̇
= 𝐶𝜑̇2 +  𝑚𝑎2𝜑̇2 +

2𝐴𝑎2

ℓ2
(𝜑̇1 − 𝜑̇2), 

          

𝑑

𝑑𝑡
(

𝜕𝑇

𝜕𝜑2 ̇
) = 𝐶𝜑̈2 +  𝑚𝑎2𝜑̈2 −

2𝐴𝑎2

ℓ2
(𝜑̈1 − 𝜑̈2), 

𝜕𝑇

𝜕𝜑2
= 0. 

 
    vipovoT ganzogadebuli Zalebi imis gaTvaliswinebiT, rom sistemis 
potenciuri energia damokidebulia mxolod zambaris drekadobis 
Zalaze: 

𝛱 =
1

2
𝑐(𝜑1 − 𝜑2)

2. 

   maSin 

𝑄1 = −
𝜕Π

𝜕𝜑1 
= −𝑐(𝜑1 − 𝜑2), 

𝑄2 = −
𝜕Π

𝜕𝜑2 
= 𝑐(𝜑1 − 𝜑2). 

Kkinetikuri energiis  warmoebulebis da ganzogadebuli 
Zalebis miRebuli mniSvnelobebi  CavsvaT  lagranJis meore gvaris 
gantolebaSi: 

                    𝐶𝜑̈1 +  𝑚𝑎2𝜑̈1 +
2𝐴𝑎2

ℓ2
(𝜑̈1 − 𝜑̈2) = −𝑐(𝜑1 − 𝜑2),           (1) 

                         𝐶𝜑̈2 +  𝑚𝑎2𝜑̈2 −
2𝐴𝑎2

ℓ2
(𝜑̈1 − 𝜑̈2) = 𝑐(𝜑1 − 𝜑2).       (2) 

    SevkriboT (1) da (2) gantolebebi, miviRebT:   



 
206 

𝐶𝜑̈1 +  𝑚𝑎2𝜑̈1 + 𝐶𝜑̈2 +  𝑚𝑎2𝜑̈2 = 0 
an 

                      𝜑̈1 = −𝜑̈2.                    (3) 
   vaintegroT (3) gantoleba orjer:  

                         𝜑̇1 = −𝜑̇2 + 𝐶1,                   (4) 
                                    𝜑1 = −𝜑2 + 𝐶1𝑡 + 𝐶2.                (5) 

   CavsvaT (4)  da (5) tolobebSi sawyisi pirobebi: 

𝑡 = 0, 𝜑1 = 0, 𝜑̇1 = 0 , 𝜑2 = 0, 𝜑̇2 =  𝜔 
Dda ganvsazRvroT integrebis mudmivebi: 

𝜑̇1 = −𝜑̇2 + 𝐶1,      𝐶1  = 𝜑̇2 = 𝜔 

; 𝜑1 = −𝜑2 + 𝐶1𝑡 + 𝐶2,      𝐶2 = 0.  
  maSin  (5) formulis Tanaxmad 

                    𝜑1 = −𝜑2 + 𝜔𝑡.                     (6) 
    CavsvaT  (3) da (6) gamosaxulebebi (1) gantolebaSi: 

  𝐶(−𝜑̈2) +  𝑚𝑎2(−𝜑̈2) +
2𝐴𝑎2

ℓ2
(−𝜑̈2 − 𝜑̈2) = −𝑐(−𝜑2 + 𝜔𝑡 − 𝜑2) 

    Aan gardaqmnis Semdeg 

         −(𝐶 + 𝑚𝑎2 +
2𝐴𝑎2

ℓ2 ) 𝜑̈2 = 2𝑐𝜑2 − 𝑐𝜔𝑡.           (7) 
SemoviRoT aRniSvna   

𝑘2 =
2𝑐

𝐶 + 𝑚𝑎2 +
2𝐴𝑎2

ℓ2

. 

maSin (7) gantoleba miirebs saxes 

                  𝜑̈2 + 𝑘2𝜑2 =
1

2
𝑘2𝜔𝑡.                (8)      

  vipovoT (8) gantolebis amonaxsni: 

                  𝜑2 = 𝜑2
∗ + 𝜑2

∗∗,                     (9) 
   sadac 𝜑2

∗ aris  𝜑̈2 + 𝑘2𝜑2 = 0  gantolebis zogadi amonaxseni, 

xolo  𝜑2
∗∗ − (9) gantolebis kerZo amonaxsni,  𝜑2

∗∗ = 𝐵𝑡 

   CavsvaT 𝜑2
∗∗  (8) gantolebaSi da miviRebT: 

𝐵 =
1

2
𝜔. 

maSin 

𝜑2
∗∗ =

1

2
𝜔𝑡. 

  CavsvaT  𝜑2
∗ da 𝜑2

∗∗ −is mniSvnelobebi  (9) gantolebaSi, miviRebT: 

                    𝜑2 = 𝐶3𝑐𝑜𝑠𝑘𝑡 + 𝐶4𝑠𝑖𝑛𝑘𝑡 +
1

2
𝜔𝑡.          (10) 

gavawrmooT (10) gantoleba droiT: 

                𝜑̇2 = −𝐶3𝑘𝑠𝑖𝑛𝑘𝑡 + 𝐶4𝑘𝑐𝑜𝑠𝑘𝑡 +
1

2
𝜔.          (11) 

   visargebloT sawyisi pirobebiT da (10) da (11) gamosaxulebebidan 
vipovoT integrebis mudmivebi: 
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𝜑2 = 𝐶3 = 0; 

𝜑̇2 = 𝐶4𝑘 +
1

2
𝜔,   𝐶4 =

𝜔

2𝑘
 . 

  CavsvaT  (10) gamosaxulebaSi  𝐶3  Dda 𝐶4 integrebis mudmivebis 
napovni mniSvnelobebi  da miviRebT  2 YTvlis moZraobis kanons: 

𝜑2 =
1

2
(𝜔𝑡 +

𝜔

𝑘
𝑠𝑖𝑛𝑘𝑡). 

   CavsvaT  miRebuli gamosaxuleba (6) tolobaSi da vipovoT 1 Tvlis 
moZarobis kanoni: 

𝜑1 = −
𝜔𝑡

2
−

𝜔

2𝑘
𝑠𝑖𝑛𝑘𝑡 + 𝜔𝑡 =

𝜔𝑡

2
−

𝜔

2𝑘
𝑠𝑖𝑛𝑘𝑡 

an 

𝜑1 =
1

2
(𝜔𝑡 −

𝜔

𝑘
𝑠𝑖𝑛𝑘𝑡). 

p a s u x i:  𝜑1 =
1

2
(𝜔𝑡 −

𝜔

𝑘
𝑠𝑖𝑛𝑘𝑡) ;  𝜑2 =

1

2
(𝜔𝑡 +

𝜔

𝑘
𝑠𝑖𝑛𝑘𝑡), 

𝑘 = √
2𝑐

𝐶 + 𝑚𝑎2 +
2𝐴𝑎2

ℓ2

. 

 
 
 
 
 
 
 

amocana  48.48 

roboti-manipuliatoris meqanizmi  Sedgeba vertikaluri 
gadaadgilebisaTvis gankuTvnili svetisa, horizontaluri 
gadaadgilebisaTvis gankuTvnili meqanizmisagan, romelic Sedgeba 1 da 
2 rgolisagan da horizontaluri saxelurisagan wamvlebiT 3. 

   Mmeqanizmis rgolebis masebia  𝑚1,𝑚2  da  𝑚3. mamoZravebeli Zalebi, 

romlebic warmoiqmneba gadataniT wyvilebSi, saTanadod udris 𝐹01, 𝐹12  

da  𝐹23   . SeadgineT meqanizmis moZraobis diferencialuri 
gantolebebi. xaxuni ugulebelyofilia. 
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. 
 

 
a m o x s n a.    ganvixiloT manipuliatoris moZraoba. meqanizms aqvs 
sami Tavisuflebis xarisxi (ix. Nnaxazi). ganzogadebul koordinatebad 

miviRoT:  𝑞1 − 1 rgolis gadaadgileba dganis mimarT,  da  𝑞2 − 2 

rgolis gadaadgileba 1 rgolis mimarT, 𝑞3 − 3 rgolis gadaadgileba 

2 rgolis mimarT (𝑞1 = 𝑥, 𝑞2 = 𝑦,  𝑞3 = 𝑧)    
   CavweroT lagranJis meore gvaris sami gantoleba:  

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑧 ̇
) −

𝜕𝑇

𝜕𝑧 
= 𝑄𝑧, 

                                                 
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑦 ̇
) –

𝜕𝑇

𝜕𝑦 
= 𝑄𝑦 ,                                          (1) 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) −

𝜕𝑇

𝜕𝑥 
= 𝑄𝑥 . 

 
sistemis  kinetikuri energia 

                        

𝑥 
3 

2 1 
𝑦 

𝑧 
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                  𝑇 = 𝑇1 + 𝑇2 + 𝑇3,                         (2) 
sadac 𝑇1 − 1 rgolis kinetikuri energia,  𝑇2 − 2 rgolis kinetikuri 

energia, 𝑇3 − 3 rgolis  kinetikuri energia. 
   ganvsazRvroT 1 rgolis kinetikuri energia: 

𝑇1 =
𝑚1𝑣1

2

2
=

𝑚1𝑧̇
2

2
, 

2 rgolis kinetikuri energia: 

𝑇2 =
𝑚2𝑣2

2

2
=

𝑚2(𝑧̇
2 + 𝑦̇2)

2
 

Dda  3 rgolis  kinetikuri energia: 

𝑇3 =
𝑚3𝑣3

2

2
=

𝑚3(𝑧̇
2 + 𝑦̇2 + 𝑥̇2)

2
. 

maSin (2) formulis Tanaxmad 

𝑇 =
𝑚1𝑧̇

2

2
+

𝑚2(𝑧̇
2 + 𝑦̇2)

2
+

𝑚3(𝑧̇
2 + 𝑦̇2 + 𝑥̇2)

2
. 

vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝑧 ̇
= (𝑚1 + 𝑚2 + 𝑚3)𝑧̇; 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑧 ̇
) = (𝑚1 + 𝑚2 + 𝑚3)𝑧̈;    

𝜕𝑇

𝜕𝑧 
= 0. 

𝜕𝑇

𝜕𝑦 ̇
= (𝑚2 + 𝑚3)𝑦̇;  

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑦 ̇
) = (𝑚2 + 𝑚3)𝑦̈;    

𝜕𝑇

𝜕𝑦 
= 0. 

𝜕𝑇

𝜕𝑥 ̇
= 𝑚3𝑥;̇   

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) = 𝑚3𝑥;̈       

𝑇

𝜕𝑥 
= 0. 

vipovoT ganzogadebuli Zalebi. 

  mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝑧 ≠ 0, 𝛿𝑦 =
0, 𝛿𝑥 = 0     da ganvsazRvroT SesaZlo muSaoba : 

𝛿𝐴𝑧 = 𝐹01𝛿𝑧 − 𝑚1𝑔𝛿𝑧 − 𝑚2𝑔𝛿𝑧 − 𝑚3𝑔𝛿𝑧 = 𝑄𝑧𝛿𝑧, 

𝑥 

2 1 
𝑦 

𝑧 

𝛿𝑧 

𝐹⃗23 
𝐹⃗01 

𝑂 

𝐹⃗12 

𝛿𝑦 

3 

𝛿𝑥 

𝑚1𝑔⃗ 
𝑚2𝑔⃗ 

𝑚3𝑔⃗ 
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aqedan 

𝑄𝑧 =
𝛿𝐴𝑧

𝛿𝑧
=

𝐹01𝛿𝑧 − 𝑚1𝑔𝛿𝑧 − 𝑚2𝑔𝛿𝑧 − 𝑚3𝑔𝛿𝑧

𝛿𝑧
= 

= 𝐹01 − (𝑚1 + 𝑚2 + 𝑚3)𝑔. 
  mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝑦 ≠ 0, 𝛿𝑧 =
0, 𝛿𝑥 = 0 ,   maSin 

𝑄𝑦 =
𝛿𝐴𝑦

𝛿𝑦
=

𝐹12𝛿𝑦

𝛿𝑦
= 𝐹12, 

  mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝑥 ≠ 0, 𝛿𝑧 =
0, 𝛿𝑦 = 0 ,   maSin 

𝑄𝑥 =
𝛿𝐴𝑥

𝛿𝑥
=

𝐹23𝛿𝑥

𝛿𝑥
= 𝐹23. 

 
  CavsvaT kinetikuri energiis warmoebulebis da ganzogadebuli 
Zalebis gamosaxulebebi (1) gantolebaTa sistemaSi  da miviRebT 
meqanizmis moZraobis   diferencialur gantolebebs: 

𝑚3𝑥̈ = 𝐹23, 
(𝑚2 + 𝑚3)𝑦̈ = 𝐹12, 

(𝑚1 + 𝑚2 + 𝑚3)𝑧̈ = 𝐹01 − (𝑚1 + 𝑚2 + 𝑚3)𝑔. 
p a s u x i:  𝑚3𝑥̈ = 𝐹23, (𝑚2 + 𝑚3)𝑦̈ = 𝐹12,    

(𝑚1 + 𝑚2 + 𝑚3)𝑧̈ = 𝐹01 − (𝑚1 + 𝑚2 + 𝑚3)𝑔. 
 
 

 

 

amocana  48.49 

   roboti-manipuliatoris meqanizmi  Sedgeba  sabruni 1 dgarisagan, 
vertikaluri gadaadgilebis 2 
mowyobilobis da  moZravi 
saxelurisgan wamvlebiT 3. 1 
rgolis inerciis momenti 
brunvis RerZis mimarT aris 

𝐽1; 2 rgolis masa −𝑚2, xolo 
inerciis momenti brunvis 

RerZis mimarT −𝐽2;  moZravi 

saxeluris  masa wamvlebiT -
𝑚3, mobrunebis RerZidan 

masaTa centramde manZili –𝜌, 
inerciis momenti centraluri RerZis mimarT −𝐽3;  mobrunebis RerZze 
modebulia mabruni 𝑀 momenti, mamoZravebeli Zalebi, romlebic 

warmoiqmneba gadataniT wyvilebSi, saTanadod udris 𝐹12  da  𝐹23.   

𝜌 
3 

2 

𝜑 𝑧 

1 
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SeadgineT meqanizmis moZraobis diferencialuri gantolebebi. xaxuni 
ugulebelyofilia. 
a m o x s n a.    ganvixiloT manipuliatoris moZraoba  masze modebuli 
Zalebis moqmedebiT. meqanizms aqvs sami Tavisuflebis xarisxi. 

ganzogadebul koordinatebad miviRoT:  𝜑 − dgaris mobrunebis kuTxe,  

𝜌 − 2-3 gadataniTi wyvilis  horizontaluri gadaadgileba, 𝑧 − 1-2 
gadataniTi wyvilis  horizontaluri gadaadgileba (ix. Nnaxazi).  
   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
CavweroT lagranJis meore gvaris sami gantoleba:  

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) −

𝜕𝑇

𝜕𝜑 
= 𝑄𝜑, 

                                                
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑧 ̇
) −

𝜕𝑇

𝜕𝑧 
= 𝑄𝑧 ,                                          (1) 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜌 ̇
) −

𝜕𝑇

𝜕𝜌 
= 𝑄𝜌. 

sistemis  kinetikuri energia 

                  𝑇 = 𝑇1 + 𝑇2 + 𝑇3,                         (2) 
sadac 𝑇1 − 1 rgolis (dgaris) kinetikuri energia,  𝑇2 − 2 rgolis 

kinetikuri energia, 𝑇3 − 3 rgolis  kinetikuri energia. 
   ganvsazRvroT 1 rgolis kinetikuri energia, romelic asrulebs 
brunviT moZraobas: 

𝑇1 =
1

2
𝐽1𝜔10

2 =
1

2
𝐽1𝜑̇

2, 

  2 rgolis kinetikuri energia, romelic asrulebs rTul moZraobas- 
1 rgolTan erTad brunva da: gadataniTi gadaadgileba 1 rgolze: 

𝜌 

2 

𝜑 

𝑧 

1 

𝑀 𝑚2𝑔⃗ 

𝜔10 

𝑚1𝑔⃗ 
𝑣⃗12 

𝐹⃗12 

𝑣⃗23 𝐹⃗23 

𝛿𝜑 

3 

𝛿𝜌 
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𝑇2 =
1

2
𝑚2𝑣21

2 +
1

2
𝐽2𝜔1

2 =
1

2
𝑚2𝑧̇

2 +
1

2
𝐽2𝜑̇

2, 

Dda  3 rgolis  kinetikuri energia, romelic asrulebs rTul 
moZraobas- 1 rgolTan erTad brunva,  vertikaluri gadataniTi 
gadaadgileba 2 rgolTan erTad da horizontaluri gadataniTi 
gadaadgileba 2 rgolze: 

𝑇3 =
1

2
𝑚3𝑣3𝑎

2 +
1

2
(𝐽3 + 𝑚3𝜌

2)𝜔1
2 =

1

2
𝑚3√𝑣21

2 + 𝑣32
2 + 

+
1
2
(𝐽3 + 𝑚3𝜌2)𝜔1

2 =
1
2
𝑚3(𝑧̇

2
+ 𝜌̇2)+

1
2
(𝐽3 + 𝑚3𝜌2)𝜑̇2. 

   maSin (2) formulis Tanaxmad 

𝑇 =
1

2
𝐽1𝜑̇

2 +
1

2
𝑚2𝑧̇

2 +
1

2
𝐽2𝜑̇

2 +
1

2
𝑚3(𝑧̇

2 + 𝜌̇2) +
1

2
(𝐽3 + 𝑚3𝜌

2)𝜑̇2 = 

 

=
1
2
(𝐽1 + 𝐽2 + 𝐽3 + 𝑚3𝜌2)𝜑̇2 +

1
2
(𝑚2 + 𝑚3)𝑧̇

2 +
1
2
𝑚3𝜌̇

2. 

vipovoT kinetikuri energiis gamosaxulebis warmoebulebi: 

𝜕𝑇

𝜕𝜑 ̇
= (𝐽1 + 𝐽2 + 𝐽3 + 𝑚3𝜌

2)𝜑̇, 

 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) =

𝑑

𝑑𝑡
[(𝐽1 + 𝐽2 + 𝐽3 + 𝑚3𝜌

2)𝜑̇], 

𝜕𝑇

𝜕𝜑 
= 0; 

𝜕𝑇

𝜕𝑧 ̇
= (𝑚2 + 𝑚3)𝑧̇ 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑧 ̇
) = (𝑚2 + 𝑚3)𝑧̈ 

𝜕𝑇

𝜕𝑧 
= 0; 

𝜕𝑇

𝜕𝜌 ̇
= 𝑚3𝜌̇, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜌 ̇
) = 𝑚3𝜌̈ 

𝜕𝑇

𝜕𝜌 
= 𝑚3𝜌𝜑̇2. 

vipovoT ganzogadebuli Zalebi. 

  mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝜑 ≠ 0, 𝛿𝑦 =
0, 𝛿𝑥 = 0     da ganvsazRvroT SesaZlo muSaoba : 

𝛿𝐴𝜑 = 𝑀𝛿𝜑 = 𝑄𝜑𝛿𝜑 
aqedan 
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𝑄𝜑 =
𝛿𝐴𝜑

𝛿𝜑
=

𝑀𝛿𝜑

𝛿𝜑
= 𝑀, 

  mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝑧 ≠ 0, 𝛿𝜑 =
0, 𝛿𝜌 = 0 ,   maSin 

𝑄𝑧 =
𝛿𝐴𝑧

𝛿𝑧
=

−𝑚2𝑔𝛿𝑧 − 𝑚3𝑔𝛿𝑧 + 𝐹12𝛿𝑧

𝛿𝑧
= 𝐹12 − (𝑚2 + 𝑚3)𝑔, 

  mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝜌 ≠ 0, 𝛿𝑧 =
0, 𝛿𝜑 = 0 ,   maSin 

𝑄𝜌 =
𝛿𝐴𝜌

𝛿𝜌
=

𝐹23𝛿𝜌

𝛿𝜌
= 𝐹23. 

 
  CavsvaT kinetikuri energiis warmoebulebis da ganzogadebuli 
Zalebis gamosaxulebebi (1) gantolebaTa sistemaSi  da miviRebT 
meqanizmis moZraobis   diferencialur gantolebebs: 

𝑑

𝑑𝑡
[(𝐽1 + 𝐽2 + 𝐽3 + 𝑚3𝜌

2)𝜑̇] = 𝑀, 

(𝑚2 + 𝑚3)𝑧̈ = 𝐹12 − (𝑚2 + 𝑚3)𝑔, 
𝑚3(𝜌̈ − 𝜌𝜑̇2) = 𝐹23. 

p a s u x i:  
𝑑

𝑑𝑡
[(𝐽1 + 𝐽2 + 𝐽3 + 𝑚3𝜌

2)𝜑̇] = 𝑀, 

(𝑚2 + 𝑚3)𝑧̈ = 𝐹12 − (𝑚2 + 𝑚3)𝑔, 𝑚3(𝜌̈ − 𝜌𝜑̇2) = 𝐹23. 
amocana  48.50 

   vertikalur dgar 1-s, romelic 

ეზიდება roboti-manipuliatoris 

saxelurs,  SeuZlia mobruneba 𝜑 
kuTxiT. saxeluri wamvlebiT 

mobrundeba 𝜃 kuTxiT da 

gadaadgildeba 𝑟 manZilze.  
vertikaluri dgar inerciis 
momenti brunvis RerZis mimarT 

aris 𝐽1;    2   da 3 CaTvaleT ℓ2 

da ℓ3 sigrZis da 𝑚2 da 𝑚3 masis 
erTgvarovan Reroebad; gadasatani 
tvirTis masa  aris 𝑚.  
vertikalur brunvis RerZze 

modebulia mabruni 𝑀𝜑 momenti, xolo meore rgolis brunvis 

RerZze 𝑀𝜃 momenti.  mamoZravebeli Zala, romlebic warmoiqmneba 

gadataniT wyvilSi, aris  𝐹23.   SeadgineT meqanizmis moZraobis 
diferencialuri gantolebebi. xaxuni ugulebelyofilia. 
a m o x s n a.    ganvixiloT manipuliatoris moZraoba  masze modebuli 

Zalebis moqmedebiT. vaCvenoT naxazze moqmedi Zalebi: 𝑚2𝑔⃗ −  2 rgolis 

3 

2 

𝜑 1 

𝜃 
𝑟 
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simZimis Zala, 𝑚3𝑔⃗ −  3 rgolis simZimis Zala, 𝐹⃗23 −  mamoZravebeli 

Zala 2-3 gadatniT wyvilSi, 𝑀𝜑 da  𝑀𝜃 momentebi./    meqanizms aqvs 

sami Tavisuflebis xarisxi. ganzogadebul koordinatebad miviRoT: 

 𝜑 − manipuliatoris saxeluris mobrunebis kuTxe;  𝜃 − saxeluri 

wamvlebiT mobrunebis kuTxe; 𝑟 − saxeluris wamvlebiT gadaadgileba 
(ix. Nnaxazi).  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

CavweroT lagranJis meore gvaris sami gantoleba:  

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) −

𝜕𝑇

𝜕𝜑 
= 𝑄𝜑, 

                                                
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜃 ̇
) −

𝜕𝑇

𝜕𝜃 
= 𝑄𝜃 ,                                          (1) 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑟 ̇
) −

𝜕𝑇

𝜕𝑟 
= 𝑄𝑟. 

roboti-manipuliatoris meqnizmis  kinetikuri energia 

                  𝑇 = 𝑇1 + 𝑇2 + 𝑇3,                         (2) 
   ganvsazRvroT 1 dgaris kinetikuri energia, romelic asrulebs 
brunviT moZraobas: 

𝑇1 =
1

2
𝐽1𝜔1

2 =
1

2
𝐽1𝜑̇

2. 

  2 rgolis kinetikuri energia, romelic asrulebs brunviT moZraobas: 

𝑇2 =
1

2
𝐽2𝜔1

2 =
1

2

𝑚2ℓ2
2

12
𝜑̇2 =

𝑚2ℓ2
2

24
𝜑̇2. 

  3 rgolis  kinetikuri energia, romelic asrulebs rTul moZraobas- 

1 dgarTan erTad brunva  vertikaluri RerZis garSemo  𝜑̇  kuTxuri 
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siCqariT, brunva  horizontaluri RerZis garSemo  𝜃 ̇   kuTxuri 
siCqariT  2 rgolTan erTade da gadataniTi moZraoba 2-3 gadataniT 

wyvilSi 𝑟 ̇  siCqariT: 

𝑇3 =
1

2
𝑚3𝑟 ̇

2 +
1

2
 𝐽𝜃 𝜃 ̇ 2   +

1

2
 𝐽𝜑 𝜑̇2. 

  sadac 

 𝐽𝜃 =  𝐽𝐶3
+ 𝑚3 (𝑟 −

ℓ3

2
)
2

= 𝑚3 (𝑟2 − 𝑟ℓ3 +
ℓ3

2

3
) ; 

 𝐽𝜑 =  𝐽𝑧𝑠𝑖𝑛
2𝜃 = [ 𝐽𝐶3

+ 𝑚3 (𝑟 −
ℓ3

2
)
2

] 𝑠𝑖𝑛2𝜃 = 

= 𝑚3 (𝑟2 − 𝑟ℓ3 +
ℓ3

2

3
) 𝑠𝑖𝑛2𝜃. 

maSasadame, 

𝑇3 =
1

2
𝑚3𝑟 ̇

2 +
1

2
𝑚3 (𝑟2 − ℓ3 +

ℓ3
2

3
)𝜃 ̇ 2 + 

+
1

2
𝑚3 (𝑟2 − 𝑟ℓ3 +

ℓ3
2

3
) 𝜑̇2 𝑠𝑖𝑛2𝜃. 

  tvirTis kinetikuri energia, romelic 1 dgarTan erTad brunavs  
vertikaluri RerZis garSemo  da horizontaluri RerZis garSemo 2 
rgolTan erTade , agreTve,  asrulebs gadataniTi moZraobas 3 
rgolTan erTad: 

𝑇ტვ =
1

2
𝑚𝑟 ̇2 +

𝑚𝑟2

2
 𝜃 ̇ 2   +

1

2
𝑚𝑟 ̇ 2 𝜑̇2𝑠𝑖𝑛2𝜃. 

 maSin  roboti-manipuliatoris neqnizmis  kinetikuri energia:   

 

𝑇 =
1

2
𝐽1𝜑̇

2 +
𝑚2ℓ2

2

24
𝜑̇2 +

1

2
𝑚3𝑟 ̇

2 +
1

2
𝑚3 (𝑟2 − 𝑟ℓ3 +

ℓ3
2

3
)𝜃 ̇ 2 + 

+
1

2
𝑚3 (𝑟2 − 𝑟ℓ3 +

ℓ3
2

3
) 𝜑̇2 𝑠𝑖𝑛2𝜃 +

1

2
𝑚𝑟 ̇ 2 +

𝑚𝑟2

2
 𝜃 ̇ 2  + 

+
1

2
𝑚𝑟 ̇ 2 𝜑̇2𝑠𝑖𝑛2𝜃 =

1

2
𝐽1𝜑̇

2 +
𝑚2ℓ2

2

24
𝜑̇2 +

1

2
𝐽(𝑟)𝜃 ̇ 2 +

1

2
𝐽(𝑟)𝜑̇2 𝑠𝑖𝑛2𝜃 + 

+
1
2

(𝑚3 + 𝑚)𝑟 ̇ 2, 

sadac   𝐽(𝑟) = 𝑚3 (𝑟2 − 𝑟ℓ3 +
ℓ3
2

3
) + 𝑚𝑟2. 

  vipovoT kinetikuri energiis gamosaxulebis kerZo warmoebulebi   
ganzogadebuli siCqareebiT da koordinatebiT: 

𝜕𝑇

𝜕𝜑 ̇
= [𝐽1 +

1

12
𝑚2ℓ2

2 +
1

2
𝐽(𝑟) 𝑠𝑖𝑛2𝜃] 𝜑̇, 
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𝜕𝑇

𝜕𝜑 
= 0; 

𝜕𝑇

𝜕𝜃 ̇
= 𝐽(𝑟)𝜃 ̇ , 

𝜕𝑇

𝜕𝜃 
= 𝐽(𝑟)𝜑̇2 sin𝜃 𝑐𝑜𝑠𝜃, 

𝜕𝑇

𝜕𝑟 ̇
= (𝑚3 + 𝑚)𝑟 ̇ , 

𝜕𝑇

𝜕𝑟 
= [𝑚3 (𝑟 −

ℓ3

2
) + 𝑚𝑟] 𝜃 ̇ 2 + [𝑚3 (𝑟 −

ℓ3

2
) + 𝑚𝑟] 𝜑̇2 𝑠𝑖𝑛2𝜃, 

 
agreTve, ganzogadebuli siCqareebiT kinetikuri energiis 

gamosaxulebis warmoebulebis droiT warmoebulebi:   

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜑 ̇
) =

𝑑

𝑑𝑡
[(𝐽1 +

1

12
𝑚2ℓ2

2 +
1

2
𝐽(𝑟) 𝑠𝑖𝑛2𝜃) 𝜑̇], 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜃 ̇
) =

𝑑

𝑑𝑡
[𝐽(𝑟)𝜃 ̇ ], 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑟 ̇
) = (𝑚3 + 𝑚)𝑟.̈  

  vipovoT ganzogadebuli Zalebi. 

  mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝜑 ≠ 0, 𝛿𝜃 =
0, 𝛿𝑟 = 0     da ganvsazRvroT SesaZlo muSaoba : 

𝛿𝐴𝜑 = 𝑀𝜑𝛿𝜑 = 𝑄𝜑𝛿𝜑 
aqedan 

𝑄𝜑 =
𝛿𝐴𝜑

𝛿𝜑
=

𝑀𝜑𝛿𝜑

𝛿𝜑
= 𝑀𝜑, 

  mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝜃 ≠ 0, 𝛿𝜑 =
0, 𝛿𝑟 = 0 ,   maSin 

𝑄𝜃 =
𝛿𝐴𝜃

𝛿𝜃
=

 𝑀𝜃𝛿𝜃 − 𝑚3𝑔 (𝑟 −
ℓ3
2 ) sin𝜃 ∙ 𝛿𝜃 − 𝑚𝑔𝑟sin𝜃 ∙ 𝛿𝜃

𝛿𝜃
= 

=  𝑀𝜃 − 𝑚3𝑔 (𝑟 −
ℓ3

2
) sin𝜃 − 𝑚𝑔𝑟sin𝜃 = 

=  𝑀𝜃 − [𝑚3 (𝑟 −
ℓ3

2
) + 𝑚𝑟]𝑔sin𝜃, 

 mivaniWoT sistemas iseTi SesaZlo gadaadgileba, rom 𝛿𝑟 ≠ 0, 𝛿𝜃 =
0, 𝛿𝜑 = 0 ,   maSin 

𝑄𝑟 =
𝛿𝐴𝑟

𝛿𝑟
=

𝐹23𝛿𝑟 − 𝑚3𝑔𝑐𝑜s𝜃 ∙ 𝛿𝑟 − 𝑚𝑔𝑟𝑐𝑜s𝜃 ∙ 𝛿𝑟

𝛿𝑟
= 

= 𝐹23 − (𝑚3 + 𝑚)𝑔𝑐𝑜s𝜃 . 
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  CavsvaT kinetikuri energiis warmoebulebis da ganzogadebuli 
Zalebis gamosaxulebebi (1) gantolebaTa sistemaSi  da miviRebT 
meqanizmis moZraobis   diferencialur gantolebebs: 

𝑑

𝑑𝑡
[(𝐽1 +

1

12
𝑚2ℓ2

2 +
1

2
𝐽(𝑟) 𝑠𝑖𝑛2𝜃) 𝜑̇] = 𝑀𝜑 , 

𝑑

𝑑𝑡
[𝐽(𝑟)𝜃 ̇ ] − 𝐽(𝑟)𝜑̇2 sin𝜃 𝑐𝑜𝑠𝜃 =  𝑀𝜃 − [𝑚3 (𝑟 −

ℓ3

2
) + 𝑚𝑟] 𝑔sin𝜃, 

(𝑚3 + 𝑚)𝑟 ̈ − [𝑚3 (𝑟 −
ℓ3

2
) + 𝑚𝑟] (𝜃 ̇ 2 + 𝜑̇2 𝑠𝑖𝑛2𝜃) = 

= 𝐹23 − (𝑚3 + 𝑚)𝑔𝑐𝑜s𝜃 . 
p a s u x i:   

𝑑

𝑑𝑡
[(𝐽1 +

1

12
𝑚2ℓ2

2 +
1

2
𝐽(𝑟) 𝑠𝑖𝑛2𝜃) 𝜑̇] = 𝑀𝜑 , 

𝑑

𝑑𝑡
[𝐽(𝑟)𝜃 ̇ ] − 𝐽(𝑟)𝜑̇2 sin𝜃 𝑐𝑜𝑠𝜃 =  𝑀𝜃 − [𝑚3 (𝑟 −

ℓ3

2
) + 𝑚𝑟] 𝑔sin𝜃, 

(𝑚3 + 𝑚)𝑟 ̈ − [𝑚3 (𝑟 −
ℓ3

2
) + 𝑚𝑟] (𝜃 ̇ 2 + 𝜑̇2 𝑠𝑖𝑛2𝜃) = 

= 𝐹23 − (𝑚3 + 𝑚)𝑔𝑐𝑜s𝜃. 
 

 

amocana  48.51 

  𝑀 masis  da  𝑎 radiusis Tvali usrialod goravs horizontalur 
sibrtyeze. Tvlis inerciis momenti misi masaTa centrze gamavali 

Tvlis sibrtyis perpendikularuli  RerZis mimarT aris 𝐶. Tvlis 

inerciis momenti misi diametris mimarT –𝐴. SeadgineT Tvlis 
moZraobis  gantoleba. 
  a m o x s n a.    ganvixiloT 
Tvlis usrialod gorva 
horizontalur sibrtyeze. da 
Tvlis absoluturi moZraoba 

𝑂𝑥𝑦𝑧 uZravi koordinatTa 
sistemis mimarT, romlis saTave  
Tvlis sibrtyesTan Sexebis 

wertilSia. aTvlis moZravi 

sistema  . 𝑝, 𝑞, 𝑟 uZravad 
davakavSiroT TvalTan. maSin 
eileris kuTxeebi daaxasiaTeben: 

𝜑 kuTxe-Tvlis mobrunebas misi 
sibrtyis marTobi RerZis 

garSemo, 𝜃 kuTxe-Tvlis 

sibrtyis daxras horizontisadmi, 𝜓 kuTxe-vertikaluri sibrtyis 
azimuti, romelic Seicavs Tvlis diametrs da gadis Sexebis wertilze. 

𝑟 

𝑦 

𝑧 

𝜑̇ 

𝑞 

𝑝 

𝑂 

𝑥 

• 

𝜃̇ 

𝜓̇ 

𝑎 
𝑆 𝜃 

𝜓 

𝑚𝑔⃗ 
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     maSin 𝑆 Sexebis wertilis koordinatebi: 
 

𝑥𝑆 = 𝑥 + 𝑎𝑐𝑜𝑠𝜃 𝑠𝑖𝑛 𝜓, 
𝑦𝑆 = 𝑦 − 𝑎𝑐𝑜𝑠𝜃 𝑐𝑜𝑠 𝜓, 

𝑦𝑆 = 𝑎𝑠𝑖𝑛𝜃. 
  vipovoT Tvlis centris siCqaris gegmilebi dekartis sakoordinato 
sistemis RerZebze: 

𝑥̇𝑆 = 𝑥̇ + 𝑎( 𝜃̇𝑠𝑖𝑛𝜃 𝑠𝑖𝑛𝜓 + 𝜓̇𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜓), 
𝑦̇𝑆 = 𝑦̇ + 𝑎(𝜃̇𝑠𝑖𝑛𝜃 𝑠𝑖𝑛 𝜓 + 𝜓̇𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜓), 

𝑦𝑆 = 𝑎𝜃̇𝑐𝑜𝑠𝜃. 
  ganvsazRvroT Tvlis centris siCqare 

 

|𝑣⃗𝑆| = 𝑥̇𝑆
2 + 𝑦̇𝑆

2 + 𝑧̇𝑆
2 

an 

𝑣𝑆
2 = 𝑥̇𝑆

2 + 𝑦̇𝑆
2 + 𝑧̇𝑆

2, 

𝑣𝑆
2 = 𝑥̇2 + 𝑦̇2 + 2𝑎(−𝑥̇ 𝜃̇𝑠𝑖𝑛𝜃 𝑠𝑖𝑛 𝜓 + 𝑥̇𝜓̇𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜓 + 

+𝑦̇ 𝜃̇𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜓 + 𝑦̇𝜓̇𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜓)+ 𝑎2 (𝜃̇
2
+ 𝜓̇

2
𝑐𝑜𝑠2𝜃). 

  Tvlis kuTxuri siCqaris gegmilebi moZrav RerZebze: 

𝑝̇ = 𝜑̇ + 𝜓̇𝑐𝑜𝑠𝜃, 
𝑞̇ = 𝜓̇𝑠𝑖𝑛𝜃, 
𝑟̇ = −𝜃.̇  

  vipovoT lagranJis funqcia: 

𝐿 = 𝑇 − Π =
𝑚

2
𝑣𝑆

2 +
𝐶

2
𝑝̇2 +

𝐴

2
(𝑞̇2 + 𝑟̇2) − 𝑚𝑔𝑧. 

 Aaraholonomiuri bmebiT dadebuli pirobebi: 

𝑥̇ − 𝑎𝜑̇𝑐𝑜𝑠𝜓 = 0, 
𝑦̇ − 𝑎𝜑̇𝑠𝑖𝑛𝜓 = 0. 

maSin 

𝐿 =
𝑚

2
{𝑥̇2 + 𝑦̇2 + 2𝑎[𝜃̇𝑠𝑖𝑛𝜃(𝑦̇𝑐𝑜𝑠𝜓 − 𝑥̇𝑠𝑖𝑛𝜓) + 

+ 𝜓̇𝑐𝑜𝑠𝜃(𝑥̇𝑐𝑜𝑠𝜓+ 𝑦̇𝑠𝑖𝑛𝜓)̇ ] + 𝑎2 (𝜃̇
2
+ 𝜓̇

2
𝑐𝑜𝑠2𝜃)} +

𝐶
2

(𝜑̇ + 𝜓̇𝑐𝑜𝑠𝜃)
2
+ 

+
𝐴
2

(𝜃̇
2
+ 𝜓̇

2
𝑠𝑖𝑛2𝜃) − 𝑚𝑔𝑎𝑠𝑖𝑛𝜃. 

lagranJis 𝜆 ganusazRvreli mamravlebi: 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑥 ̇
) = 𝜆1, 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑦 ̇
) = 𝜆2, 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑥 ̇
) = 𝜆1(−𝑎𝑐𝑜𝑠𝜓) + 𝜆2(𝑎𝑠𝑖𝑛𝜓); 
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𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝜓 ̇
) −

𝜕𝐿

𝜕𝜓
= 0, 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝜃 ̇
) −

𝜕𝐿

𝜕𝜃
= 0. 

        𝐿 −is gamosaxulebis Casmis Semdeg miviRebT: 

𝜆1 = 𝑚[𝑥̇ + 𝑎( 𝜓̇𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜓 − 𝜃̇𝑠𝑖𝑛𝜃 𝑠𝑖𝑛 𝜓)], 

𝜆2 = 𝑚[𝑦̇ + 𝑎( 𝜓̇𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜓 − 𝜃̇𝑠𝑖𝑛𝜃 𝑐𝑜𝑠 𝜓)], 
𝑑

𝑑𝑡
[𝐶(𝜑̇ + 𝜓̇𝑐𝑜𝑠𝜃)] = −𝑎(𝜆1𝑐𝑜𝑠𝜓 + 𝜆2𝑠𝑖𝑛𝜓, 

𝑚𝑎 [𝑐𝑜𝑠𝜃(𝑥̇𝑐𝑜𝑠𝜓 + 𝑦̇𝑠𝑖𝑛𝜓) + 𝑎𝜓̇𝑐𝑜𝑠2𝜃̇ ] + 𝐶𝑐𝑜𝑠𝜃(𝜑̇ + 𝜓̇𝑐𝑜𝑠𝜃) + 

+
𝑑
𝑑𝑡

(𝐴𝜓̇𝑖𝑛𝑠2𝜃) − 𝑚𝑎 [𝜓̇𝑐𝑜𝑠𝜃(𝑦̇𝑐𝑜𝑠𝜓− 𝑥̇𝑠𝑖𝑛𝜓)−̇  

− 𝜃̇𝑠𝑖𝑛𝜃(𝑥̇𝑐𝑜𝑠𝜓+ 𝑦̇𝑠𝑖𝑛𝜓)̇ ] = 0, 

𝑑

𝑑𝑡
[𝑚𝑎𝑠𝑖𝑛𝜃(𝑦̇𝑐𝑜𝑠𝜓 + 𝑥̇𝑠𝑖𝑛𝜓) + (𝐴 + 𝑚𝑎2)̇ 𝜃̇] − 

−𝑚𝑎[𝜃̇𝑐𝑜𝑠𝜃(𝑦̇𝑐𝑜𝑠𝜓 − 𝑥̇𝑠𝑖𝑛𝜓) − 𝜓̇𝑠𝑖𝑛𝜃(𝑥̇𝑐𝑜𝑠𝜓 + 𝑦̇𝑠𝑖𝑛𝜓)̇ ] + 

+𝑚𝑎2𝜓̇2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝐶𝜓̇𝑠𝑖𝑛𝜃(𝜑̇ + 𝜓̇𝑐𝑜𝑠𝜃) − 𝐴𝜓̇𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃+ 
+𝑚𝑔𝑎𝑐𝑜𝑠𝜃 = 0. 

    amovxsanT miRebuli gantolebebi im pirobiT, rom 

𝑦̇𝑐𝑜𝑠𝜓 − 𝑥̇𝑠𝑖𝑛𝜓 = 0, 
𝑥̇𝑐𝑜𝑠𝜓 + 𝑦̇𝑠𝑖𝑛𝜓)̇ = 𝑎𝜑̇, 

da miviRebT Tvlis moZraobis diferencialur gantolebebs: 

(𝑚𝑎2 + 𝐶)
𝑑

𝑑𝑡
(𝜑̇ + 𝜓̇𝑐𝑜𝑠𝜃) − 𝑚𝑎2𝜃̇𝜓̇𝑠𝑖𝑛𝜃 = 0, 

 
 

(𝐴 + 𝑚𝑎2)̇ 𝜃̈ + (𝑚𝑎2 + 𝐶)𝜓̇𝑠𝑖𝑛𝜃(𝜑̇ + 𝜓̇𝑐𝑜𝑠𝜃) − 𝐴𝜓̇2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 
+𝑚𝑔𝑎𝑐𝑜𝑠𝜃 = 0, 

𝑑

𝑑𝑡
(𝐴𝜓̇𝑖𝑛𝑠2𝜃) − 𝐶(𝜑̇ + 𝜓̇𝑐𝑜𝑠𝜃)𝜃̇𝑠𝑖𝑛𝜃 = 0. 

p a s u x i:  
𝑑

𝑑𝑡
(𝐴𝜓̇𝑖𝑛𝑠2𝜃) − 𝐶(𝜑̇ + 𝜓̇𝑐𝑜𝑠𝜃)𝜃̇𝑠𝑖𝑛𝜃 = 0, 

(𝐴 + 𝑚𝑎2)̇ 𝜃̈ + (𝑚𝑎2 + 𝐶)𝜓̇𝑠𝑖𝑛𝜃(𝜑̇ + 𝜓̇𝑐𝑜𝑠𝜃) − 𝐴𝜓̇2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 

+𝑚𝑔𝑎𝑐𝑜𝑠𝜃 = 0,  (𝑚𝑎2 + 𝐶)
𝑑

𝑑𝑡
(𝜑̇ + 𝜓̇𝑐𝑜𝑠𝜃) − 𝑚𝑎2𝜃̇𝜓̇𝑠𝑖𝑛𝜃 = 0. 
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   kondensatoruli mikrofoni 
Sedgeba mimdevrobiT 
SeerTebuli  
TviTinduqciis koWis, omuri 
winaRobisa  da 
kondensatorisagan, romlis 
firfitebi SeerTebulia saerTo 

𝑐 sixistiani ori zambariT. 
wredi  SeerTebulia mudmivi 

eleqtromamoZravebeli    𝐸 
Zalis elementTan, xolo 
kondensatoris  firfitaze 

moqmedebs cvladi 𝑃(𝑡) Zala.  

koWis TviTinduqciis  koeficienti aris   𝐿, omuri winaRoba −𝑅, 
kondensatoris tevadoba sistemis wonasworobisas −𝐶0 , firfitebs 
Soris manZili am mdebareobisas −𝑎, kondensatoris moZravi firfitis 
masa −𝑚, SemoiReT meqanikuri da eleqtruli ganzogadebuli 
koordinatebi da SeadgineT sistemis moZraobis gantoleba lagranJis 
formiT. 

 mM i T i T e b a: 1. Kkondensatoris potencialuri energia 𝑉 =
𝑞2

2𝐶
  (𝐶  

kondensatoris tevadobaa, 𝑞 −muxti mis Semonafenebze); 

eleqtrokinetikuri energia gamoiTvleba formuliT: 𝑇 =
1

2
𝐿𝑖2 (𝐿  aris 

TviTinduqciis koeficienti, 𝑖 =
𝑑𝑞

𝑑𝑡
 denis Zala wredSi). 

G2. ganzogadebul koordinatebad miiReT kondensatoris 𝑞 muxtis 
cvlileba da zambaris gadaxra wonasworobis mdebareobidan, maSin 

mTliani muxti iqneba 𝑞 + 𝑞0, xolo mTliani gadaxra 𝑥 + 𝑥0, sadac 
𝑞0  kondensatoris muxtia, 𝑥0 − zambaris gadaxra neitraluri 
mdebareobidan sistemis wonasworobis mdebareobaSi. 
  a m o x s n a.   eleqtromeqanikur sistemas, romelic Sedgeba 
kondensatoruli mikrofonis da rxeviTi konturisagan, aqvs ori 

Tavisuflebis xarisxi. ganzogadebul koordinatebad miviRoT: 𝑥 − 

kondensatoris firfitis gadaadgileba, 𝑞 − eleqtruli wredis 
muxtis sidide. 
  CavweroT lagranJis meore gvaris gantolebebi:  

                                           
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) −

𝜕𝑇

𝜕𝑥 
= 𝑄𝑥  ,                                           (1) 

                                           
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑞 ̇
) −

𝜕𝑇

𝜕𝑞 
= 𝑄𝑞 .                                            (2) 

eleqtromeqanikuri sistemis  kinetikuri energia  udris sistemis 

meqanikuri nawilis 𝑇1 kinetikuri energiis da  eleqtruli wredis 𝑇2  
eleqtrokinetikuri energiis jams: 

𝐸 

𝐿 

𝑅 𝑐 
𝑃(𝑡) 
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                    𝑇 = 𝑇1 + 𝑇2.                           
  kondensatoruli mikrofonis  moZravi firfita asrulebs gadataniT 
moZraobas da misi   kinetikuri energia: 

𝑇1 =
1

2
𝑚𝑥̇2. 

eleqtrokinetikuri energia 

𝑇2 =
1

2
𝐿𝑞̇2. 

maSin 

𝑇 =
1

2
𝑚𝑥̇2 +

1

2
𝐿𝑞̇2. 

     vipovoT kinetikuri energiis gamosaxulebis kerZo warmoebulebi:    
𝜕𝑇

𝜕𝑥 ̇
= 𝑚𝑥̇,

𝜕𝑇

𝜕𝑞 ̇
= 𝐿𝑞̇,

𝜕𝑇

𝜕𝑥 
= 0,

𝜕𝑇

𝜕𝑞 
= 0. 

vipovoT miRebuli gamosaxulebebis warmoebulebi droiT: 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) = 𝑚𝑥̈, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑞 ̇
) = 𝐿𝑞̈. 

   ganvsazRvroT ganzogadebuli Zalebi. amisaTvis, vipovoT 
potenciuri energiis gamosaxuleba, romelic Sedgeba: 

Πდრ −kondensatoruli mikrofonis  zambaris drekadi Zalebis,  

Πკონ −kondesatoris და Πემძ − eleqtromamoZravebeli Zalis 

potenciuri energiebis jamisagan: 

Π = Πდრ + Πკონ + Πემძ, 
    sadac 

Πდრ =
𝑐

2
(𝑥 + 𝑥0)

2; Πკონ = 
(𝑞 + 𝑞0)

2(𝑎 − 𝑥)

2𝐶0𝑎
 ;   

Πემძ = −𝐸∗𝑞 = −(𝐸 − 𝑅𝑞̇)𝑞. 
maSin 

Π =
𝑐

2
(𝑥 + 𝑥0)

2 +
(𝑞 + 𝑞0)

2(𝑎 − 𝑥)

2𝐶0𝑎
− (𝐸 − 𝑅𝑞̇)𝑞.  

𝑄𝑥 = 𝑄Π + 𝑃(𝑡) = −
𝜕Π

𝜕𝑥 
+ 𝑃(𝑡) = −𝑐(𝑥 + 𝑥0) +

(𝑞 + 𝑞0)
2

2𝐶0𝑎
+ 𝑃(𝑡), 

𝑄𝑞 = −
𝜕Π

𝜕𝑞 
= −

(𝑞 + 𝑞0)(𝑎 − 𝑥)

2𝐶0𝑎
+ 𝐸 − 𝑅𝑞̇. 

   sistemis statikuri  wonasworobis mdebareobaSi 

                      𝑥0 =
𝐸𝑞0

2𝐶0𝑎
, 𝑞0 = 𝐸𝐶0.                   (3) 
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CavsvaT kinetikuri energiis warmoebulebis da ganzogadebuli 
Zalebis gamosaxulebebi (1) da (2) gantolebaTa sistemaSi  da (3) 
formulebis gaTvaliswinebiT miviRebT:  

𝑚𝑥̈ + 𝑐𝑥 −
𝐸

𝑎
𝑞 −

𝑞2

2𝐶0𝑎
= 𝑃(𝑡), 

𝐿𝑞̈ + 𝑅𝑞̇ −
𝐸

𝑎
𝑥 +

𝑞

𝐶0
−

𝑞𝑥

𝐶0𝑎
= 0. 

p a s u x i:   𝑚𝑥̈ + 𝑐𝑥 −
𝐸

𝑎
𝑞 −

𝑞2

2𝐶0𝑎
= 𝑃(𝑡), 

𝐿𝑞̈ + 𝑅𝑞̇ −
𝐸

𝑎
𝑥 +

𝑞

𝐶0
−

𝑞𝑥

𝐶0𝑎
= 0. 
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 gansazRvreT wina amocanaSi aRwerili kondensatoruli mikrofonis 
mcire rxevaTa  sixSireebi, Tu eleqtrowredis winaRoba 
ugulebelyofilia. 

  a m o x s n a.   visargebloT 48.52 amocanis amoxsnis SedegebiT. 
eleqtromeqanikuri sistemis potenciuri energia: 

Π =
𝑐

2
(𝑥 + 𝑥0)

2 +
(𝑞 + 𝑞0)

2(𝑎 − 𝑥)

2𝐶0𝑎
− (𝐸 − 𝑅𝑞̇)𝑞.  

   Tu eleqtrowredis winaRoba ugulebelyofilia, maSin 

Π =
𝑐

2
(𝑥 + 𝑥0)

2 +
(𝑞 + 𝑞0)

2(𝑎 − 𝑥)

2𝐶0𝑎
− 𝐸𝑞.  

   ganvsazRvroT ganzogadebuli Zalebi, gamovricxoT  𝑃(𝑡) Zala: 

𝑄𝑥 = −
𝜕Π

𝜕𝑥 
= −𝑐(𝑥 + 𝑥0) +

(𝑞 + 𝑞0)
2

2𝐶0𝑎
, 

𝑄𝑞 = −
𝜕Π

𝜕𝑞 
= −

(𝑞 + 𝑞0)(𝑎 − 𝑥)

2𝐶0𝑎
+ 𝐸. 

   sistemis statikuri  wonasworobis mdebareobaSi 

                      𝑐𝑥0 =
𝐸𝑞0

2𝑎
, 𝑞0 = 𝐸𝐶0.                   (1) 

maSin sistemis moZraobis gantolebebi (ix. 48.52 amocanis amonaxsni):  

𝑚𝑥̈ + 𝑐𝑥 −
𝐸

𝑎
𝑞 = 0, 
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𝐿𝑞̈ + 𝑅𝑞̇ −
𝐸

𝑎
𝑥 = 0. 

   SemoviRoT aRniSvnebi: 

𝑥 = 𝐴𝑠𝑖𝑛𝑘𝑡,   𝑞 = 𝐵𝑠𝑖𝑛𝑘𝑡. 
     maSin sistemis moZraobis gantolebebi  miiRebs saxes: 

 

𝐴(𝑐 − 𝑚𝑘2) − 𝐵
𝐸

𝑎
= 0, 

−𝐴
𝐸

𝑎
+ 𝐵 (

1

𝐶0
− 𝐿𝑘2) = 0. 

   amovxsnaT miRebuli gantolebaTa sistema 𝑘- s mimarT: 

𝑘4 − 𝑘2 (
𝑐

𝑚
+

1

𝐶0𝐿
) =

𝑞0
2

𝑎2𝐶0
2𝑚𝐿

−
𝑐

𝐶0𝑚𝐿
. 

    vipovoT sistemis mcire rxevebis sixSireebi: 

𝑘1,2 =
1

√2
√(

𝑐

𝑚
+

1

𝐶0𝐿
) ± √(

𝑐

𝑚
+

1

𝐶0𝐿
)
2

+ 4
𝑞0

2

𝑎2𝐶0
2𝑚𝐿

, 

Aan (1)  gamosaxulebebis gaTvaliswinebiT: 

𝑘1,2 =
1

√2
√(

𝑐

𝑚
+

1

𝐶0𝐿
) ± √(

𝑐

𝑚
+

1

𝐶0𝐿
)
2

+ 4
𝐸2

𝑎2𝑚𝐿
. 

p a s u x i:  𝑘1,2 =
1

√2
√(

𝑐

𝑚
+

1

𝐶0𝐿
) ± √(

𝑐

𝑚
+

1

𝐶0𝐿
)
2
+ 4

𝐸2

𝑎2𝑚𝐿
. 
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   naxazze gamosxuli sistema warmoadgens eleqtrodinamikuri 
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gadamwodis principul sqemas, 
romelic gamoiyeneba 
meqanikuri rxevebis Casawerad. 

Ruzis masa aris 𝑀, sixiste−𝑐,  
koWis TviTinduqciis 
koeficienti icvleba magnitur 
gamtarSi haeris RreCos 

cvlilebis gamo 𝐿 = 𝐿(𝑥), 
( 𝑥  aris Ruzis vertikaluri 
gadaadgileba im mdebareobidan, roca zambara dauZabavia). koWze 
SeerTebulia eleqtrowredi, romelic Sedgeba mocemuli  
eleqtromamoZravebeli Zalis elementebisagan. wredis omuri winaRobaa 

𝑅.  sistemis moZraobis gantoleba da ganszRvreT misi “wonasworobis 
mdebareoba”. 

mM i T i T e b a: ganzogadebul koordinatebad miiReT Ruzis  

gadaxra  da 𝑞 muxti, romelic Seesabameba 𝑖 =
𝑑𝑞

𝑑𝑡
 dens. 

  a m o x s n a.   
eleqtromeqanikur სistemas, 
romelic Sedgeba gadataniT 
moZravi Ruzisa da 
eleqtromagnituri 
meqanizmisagan, aqvs ori 
Tavisuflebis xarisxi.  
ganzogadebul 
koordinatebad miviRoT: 

𝑥 − Ruzis gadaadgileba, 
romelic gansazRvravs 
sistemis meqanikuri nawilis 
wertilebis mdebareobas,  

𝑞 − ganzogadebuli 
koordinati, romelic  
afiqsirebs eleqtruli wredis mdgomareobas  (ix. Nnaxazi). 
  CavweroT lagranJis meore gvaris gantolebebi:  

                                           
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) −

𝜕𝑇

𝜕𝑥 
= 𝑄𝑥  ,                                           (1) 

                                           
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑞 ̇
) −

𝜕𝑇

𝜕𝑞 
= 𝑄𝑞 .                                            (2) 

    eleqtromeqanikuri sistemis  kinetikuri energia  udris sistemis 

meqanikuri nawilis 𝑇1 kinetikuri energiis da  eleqtruli wredis 𝑇2  
eleqtrokinetikuri energiis jams: 

                    𝑇 = 𝑇1 + 𝑇2 =
1

2
𝑀𝑥̇2 +

1

2
𝐿𝑞̇2.                           

  vipovoT kinetikuri energiis gamosaxulebis warmoebulebi:    

𝑐
/2

𝐿 
𝐸 

𝑅 
𝑀 

𝑐
/2

𝑐/2 

𝐿 
𝐸 

𝑅 𝑐/2 

𝑦 

𝑥 

𝑥 

𝑥0 

• 
• 

𝑀𝑔⃗ 

𝑂 
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𝜕𝑇

𝜕𝑥 ̇
= 𝑀𝑥̇,   

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) = 𝑀𝑥̈, 

𝜕𝑇

𝜕𝑞 ̇
= 𝐿(𝑥)𝑞̇,   

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑞 ̇
) = 𝐿𝑞̈ +

𝜕𝐿

𝜕𝑥 
𝑥̇𝑞̇, 

radgan 𝐿 = 𝐿(𝑥), 
𝜕𝑇

𝜕𝑥 
=

1

2

𝜕𝐿

𝜕𝑥 
𝑞̇2,   

𝜕𝑇

𝜕 
= 0. 

   Oomis kanonis safuZvelze  Zabvis danakargis gaTvaliswinebiT 
vipoviT eleqtromamoZravebel Zalas wredSi: 

𝐸∗ = 𝐸 − 𝑅𝑞̇. 
    ganvsazRvroT ganzogadebuli Zalebi: 

𝑄𝑥 =
𝛿𝐴𝑥

𝛿𝑥
=

𝑀𝑔 ∙ 𝛿𝑥 − 𝑐𝑥 ∙ 𝛿𝑥

𝛿𝑥
= 𝑀𝑔 − 𝑐𝑥, 

𝑄𝑞 =
𝛿𝐴𝑞

𝛿𝑞
=

𝐸∗ ∙ 𝛿𝑞

𝛿𝑞
= 𝐸∗ = 𝐸 − 𝑅𝑞̇. 

  CavsvaT kinetikuri energiis warmoebulebis da ganzogadebuli 
Zalebis gamosaxulebebi (1)da (2) gantolebaTa sistemaSi  da miviRebT 
diferencialur gantolebebs, romlebic aRweren  eleqtromeqanikuri 
sistemis  mdgomareobas: 

𝑀𝑥̈ −
1

2

𝜕𝐿

𝜕𝑥 
𝑞̇2 + 𝑐𝑥 = 𝑀𝑔, 

𝐿𝑞̈ + 𝑅𝑞̇ +
𝜕𝐿

𝜕𝑥 
𝑥̇𝑞̇ = 𝐸. 

  “wonasworobis  mdgomareobaSi”  𝑥̈ = 0, 𝑥̇ = 0, 𝑥 = 𝑥0, 𝑞 = 𝑖0.  
amitom 

𝑐𝑥0 = 𝑀𝑔 +
1

2
(
𝜕𝐿

𝜕𝑥 
)
0
𝑖0
2, 

sadac  𝑅𝑖0 = 𝐸. 

p a s u x i:  moZraobis gantolebebia: 𝐿𝑞̈ + 𝑅𝑞̇ +
𝜕𝐿

𝜕𝑥 
𝑥̇𝑞̇ = 𝐸; 

𝑀𝑥̈ −
1

2

𝜕𝐿

𝜕𝑥 
𝑞̇2 + 𝑐𝑥 = 𝑀𝑔. 

“wonasworobis  mdgomareobaSi”  𝑥̈ = 0, 𝑥̇ = 0, 𝑥 = 𝑥0, 𝑞̇ = 𝑖0. 

sadac  𝑖0 =
𝐸

𝑅
; 𝑐𝑥0 = 𝑀𝑔 +

1

2
(

𝜕𝐿

𝜕𝑥 
)
0
𝑖0
2. 
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amocana  48.55 

  SeadgineT wina amocanaSi aRwerili eleqtrodinamikuri gadamwodis 
mcire moZraobaTa gantolebebi wonasworobis mdebareobis 
maxloblobaSi. 

mM i T i T e b a: ganzogadebul koordinatebad miiReT  𝑒 muxtis 
cvlileba da wonasworobis mdebareobidan Ruzis  vertikaluri 

gadadgilebis 𝜉  manZili.  𝐿(𝑥) funqcia daSaleT mwkrivad 

  𝐿 = 𝐿(𝑥0 + 𝜉) = 𝐿0 + 𝐿1𝜉 + ⋯  da SeinarCuneT pirveli ori wevri. 
  a m o x s n a.   eleqtromeqanikur sistemas, romelic Sedgeba 
gadataniT moZravi Ruzisa 
da eleqtromagnituri 
meqanizmisagan, aqvs ori 
Tavisuflebis xarisxi.  
ganzogadebul 
koordinatebad miviRoT: 

𝜉 − Ruzis gadaadgileba  
wonasworobis 
mdebareobidan, romelic 
gansazRvravs sistemis 
meqanikuri nawilis 
wertilebis mdebareobas 

(ix. Nnaxazi),  𝑞 − 
ganzogadebuli 
koordinati, romelic  afiqsirebs eleqtruli wredis mdgomareobas. 
  zambaris wagrZeleba 

𝑥 = 𝑥0 + 𝜉, 
sadac  𝑥0 −zambaris wagrZelebaa wonasworobis mdebareobaSi, rodesac  

eleqtrul wredSi gadis 𝑖0  deni. 
  maSin denis mniSvneloba eleqtrul wredSi Ruzis moZraobisas 

𝑞̇ = 𝑖0 + 𝑒.̇  
Aam ganzogadebul koordinatebs Seesabameba lagranJis meore gvaris 
gantolebebi:  

                                           
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜉 ̇
) −

𝜕𝑇

𝜕𝜉 
= 𝑄𝜉  ,                                           (1) 

                                           
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑞 ̇
) −

𝜕𝑇

𝜕𝑞 
= 𝑄𝑞 .                                            (2) 

𝑐/2 

𝐿 
𝐸 

𝑅 𝑐/2 

𝑦 

𝑥 

𝜉 

𝑥0 

• 
• 

𝑀𝑔⃗ 

𝑂 
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    eleqtromeqanikuri sistemis  kinetikuri energia  udris sistemis 

meqanikuri nawilis 𝑇1 kinetikuri energiis da  eleqtruli wredis 𝑇2  
eleqtrokinetikuri energiis jams: 

                    𝑇 = 𝑇1 + 𝑇2,                           
  sadac 

𝑇1 =
1

2
𝑀𝑥̇2, 𝑇2 =

1

2
𝐿(𝑥)𝑞̇2 

 

Aamocanis miTiTebis gaTvaliswinebiT: 

𝑇1 =
1

2
𝑀𝜉̇2,   

𝑇2 =
1

2
(𝐿0 + 𝐿1𝜉)𝑞̇

2. 

maSin 

𝑇 =
1

2
𝑀𝜉̇2 +

1

2
𝐿0𝑞̇

2 +
1

2
𝐿1𝜉𝑞̇

2. 

    vipovoT kinetikuri energiis gamosaxulebis 𝑥̇ =
𝑑

𝑑𝑡
(𝑥0 + 𝜉) = 𝜉 ̇    

da 𝑞 ̇  ganzogadebuli siCqareebiT  kerZo warmoebulebis  droiT 
warmoebulebi: 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝜉 ̇
) = 𝑀𝜉̈, 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑞 ̇
) = 𝐿0𝑞̈ + 𝐿1𝜉 ̇ 𝑖0 + 𝐿1𝜉𝑞̈, 

Dda kinetikuri energiis gamosaxulebis  kerZo warmoebulebi 
ganzogadebuli koordinatebiT: 

𝜕𝑇

𝜕𝜉 
=

𝜕𝑇

𝜕𝑥 
=

1

2
𝐿1𝑞̇

2, 

𝜕𝑇

𝜕𝑞 
= 0. 

ganvsazRvroT ganzogadebuli Zalebi: 

𝑄𝜉 = 𝑄𝑥 =
𝛿𝐴𝑥

𝛿𝑥
= 𝑀𝑔 − 𝑐(𝑥0 + 𝜉), 

𝑄𝑞 =
𝛿𝐴𝑞

𝛿𝑞
=

𝐸∗ ∙ 𝛿𝑞

𝛿𝑞
= 𝐸∗ = 𝐸 − 𝑅(𝑖0 + 𝑒̇). 

  CavsvaT kinetikuri energiis warmoebulebis da ganzogadebuli 
Zalebis gamosaxulebebi (1)da (2) gantolebaTa sistemaSi  da miviRebT 
diferencialur gantolebebs, romlebic aRweren  eleqtromeqanikuri 
sistemis  mdgomareobas: 

𝑀𝜉̈ −
1

2
𝐿1𝑖0𝑒̇ = 𝑀𝑔 − 𝑐(𝑥0 + 𝜉), 
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 𝐿0𝑒̈ + 𝐿1𝜉 ̇ 𝑖0 =  𝐸 − 𝑅(𝑖0 + 𝑒̇) 
Aan 

                𝑀𝜉̈ −
1

2
𝐿1𝑖0

̇ + 𝑐𝑥0 + 𝑐𝜉 = 𝑀𝑔,                
(3) 

                𝐿0𝑒̈ + 𝐿1𝜉 ̇ 𝑖0 + 𝑅𝑖0 + 𝑅𝑒̇ =  𝐸.                 (4) 
  radgan aTvlis saTave aRebulia wonasworobis mdebareobaSi, amitom 

𝑥̈ = 0, 𝑥 = 𝑥0, 𝑖 = 𝑞̇0 = 𝑖0 = 𝐸/𝑅. 
maSin 

                 𝐸 = 𝑖0𝑅,   𝑐𝑥0 = 𝑀𝑔 +
1

2
𝐿1𝑖0

2.               (5) 
  CavsvaT (5) gamosaxuleba  moZraobis (3) da (4) diferencialur 
gantolebebSi da miviRebT: 

𝑀𝜉̈ + 𝑐𝜉 − 𝐿1𝑖0𝑒̇ = 0, 

𝐿0𝑒̈ + 𝑅𝑒̇ + 𝐿1𝑖0𝜉 ̇ =  0. 

p a s u x i:  𝐿0𝑒̈ + 𝑅𝑒̇ + 𝐿1𝑖0𝜉 ̇ =  0;    𝑀𝜉̈ + 𝑐𝜉 − 𝐿1𝑖0𝑒̇ = 0. 
amocana  48.56 

   48.54 amocanaSi aRwerili eleqtrodinamikuri gadamwodis fuZe  

asrulebs mcire  vertikalur rxevebs 𝜉 = 𝜉0𝑠𝑖𝑛𝜔𝑡  kanoniT.   
gansazRvreT Ruzis moZraobis kanoni da  denis Zala gadamwodis 
wredSi. 
  a m o x s n a.   eleqtromeqanikur sistemas, romelic Sedgeba 
gadataniT moZravi Ruzisa 
da eleqtromagnituri 
meqanizmisagan, aqvs ori 
Tavisuflebis xarisxi.  
ganzogadebul 
koordinatebad miviRoT: 

𝑥 − Ruzis gadaadgileba, 
romelic gansazRvravs mis 
gadaadgilebas gadamwodis 
korpusis mimarT (ix. 

Nnaxazi),  𝑞 − 
ganzogadebuli 
koordinati, romelic  
afiqsirebs eleqtruli 
wredis mdgomareobas. 
  Aam ganzogadebul koordinatebs Seesabameba lagranJis meore gvaris 
gantolebebi 

                                             
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑞 ̇
) −

𝜕𝑇

𝜕𝑞 
= 𝑄𝑞 ,                                           (1) 

                                             
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) −

𝜕𝑇

𝜕𝑥 
= 𝑄𝑥  .                                            (2) 

   

𝑐/2 

𝐿 
𝐸 

𝑅 𝑐/2 

𝑦 

𝑥 𝜉 

𝑥 
• 
• 

𝑀𝑔⃗ 

𝑂 
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meqanikuri sistemis  kinetikuri energia:   

𝑇 = 𝑇1 + 𝑇2, 
  sadac 

𝑇1 =
1

2
𝑀𝑥̇2, 𝑇2 =

1

2
𝐿(𝑥)𝑞̇2. 

maSin 

𝑇 =
1

2
𝑀𝑥̇2 +

1

2
𝐿(𝑥)𝑞̇2. 

ganvsazRvroT ganzogadebuli Zalebi: 
𝑄𝑥 = 𝑀𝑔 − 𝑐(𝑥0 + 𝑥) + 𝑀𝜉 = 𝑀𝑔 − 𝑐𝑥0 − 𝑐𝑥 + 𝑀𝜉0𝜔

2𝑠𝑖𝑛𝜔𝑡, 
𝑄𝑞 = 𝐸∗ = 𝐸 − 𝑅(𝑖0 + 𝑖). 

       48.55 amocanis amonaxsenis gaTvaliswinebiT  lagranJis (1) da 
(2) gantolebebis safuZvelze miviRebT: 

                      𝐿0𝑖̈ + 𝑅𝑖 + 𝐿1𝑖0𝑥̇ = 0,                  (3) 
                 𝑀𝑥̈ + 𝑐𝑥 − 𝐿1𝑖0𝑖 =- 𝑀𝜉0𝜔

2𝑠𝑖𝑛𝜔𝑡.            (4) 
SemoviRoT Casma: 

 𝑖 = 𝑎𝑠𝑖𝑛𝜔𝑡 + 𝑏𝑐𝑜𝑠𝜔𝑡,      𝑥 = 𝑔𝑠𝑖𝑛𝜔𝑡 + 𝑓𝑐𝑜𝑠𝜔𝑡. 
  gavawarmooT es gamosaxulebebi droiT da miRebuli Sedegebi CavsvaT 
(3) da (4) gantolebebSi: 

                     𝐿0𝜔𝑎 + 𝑅𝑏 + 𝐿1𝑖0𝜔𝑔 = 0,               (5)                       
                     −𝐿0𝜔𝑎 + 𝑅𝑎 − 𝐿1𝑖0𝜔𝑓 = 0,               (6) 
                    (𝑐 − 𝑀𝜔2)𝑓 − 𝐿1𝑖0𝑏 = 0,                 (7) 
 (𝑐 − 𝑀𝜔2)𝑔 − 𝐿1𝑖0𝑎 =  𝑀𝜉0𝜔

2.           (8) 
  amovxsnaT (6) da (7) gantolebebi, miviRebT 

𝜔𝑏[(𝑐 − 𝑀𝜔2)𝐿𝑜 + 𝐿1
2𝑖0

2] − 𝑅(𝑐 − 𝑀𝜔2)𝑎 = 0. 
  amovxsnaT (5) da (8) gantolebebi, miviRebT: 

𝑅𝑏(𝑐 − 𝑀𝜔2) + 𝜔 [(𝑐− 𝑀𝜔2)𝐿𝑜 + 𝐿1
2𝑖0

2
]𝑎 = 𝑀𝜉0𝜔

2𝐿1𝑖0𝜔. 
maSin 

𝑎 = 𝑀𝜉0𝜔
2𝐿1𝑖0𝜔

𝜔[𝐿1
2𝑖0

2 + 𝐿0(𝑐 − 𝑀𝜔2)]

∆
, 

𝑏 = 𝑀𝜉0𝜔
2𝐿1𝑖0𝜔

𝑅(𝑐 − 𝑀𝜔2)

∆
, 

𝑓 =
𝑀𝜉0𝜔

2𝑅𝐿1
2𝑖0

2𝜔

∆
, 

𝑔 = −𝑀𝜉0𝜔
2
𝐿1
2𝑖0

2 𝐿0 𝜔
2 + (𝑅2 + 𝐿0

2𝜔2)(𝑐 − 𝑀𝜔2)

∆
, 

sadac  

∆= 𝑅2(𝑐 − 𝑀𝜔2)2 + 𝜔2[𝐿1
2𝑖0

2 + 𝐿0(𝑐 − 𝑀𝜔2)]2. 
 
  vipovoT denis mniSvneloba wredSi da Ruzis gadaadgileba: 
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𝑖 =
𝑀𝜉0𝜔

3

∆
𝐿1𝑖0{𝑅(𝑐 − 𝑀𝜔2)𝑐𝑜𝑠𝜔𝑡 + 𝜔[𝐿1

2𝑖0
2 + 𝐿0(𝑐 − 𝑀𝜔2)]𝑠𝑖𝑛𝜔𝑡}, 

𝑥 =
𝑀𝜉0𝜔

3

∆
{𝜔𝐿1

2𝑖0
2𝑅𝑐𝑜𝑠𝜔𝑡 − [𝐿1

2𝑖0
2𝐿0𝜔 + 

+(𝑅2 + 𝐿0
2𝜔2)(𝑐 − 𝑀𝜔2)]𝑠𝑖𝑛𝜔𝑡}. 

p a s u x i:   

𝑖 =
𝑀𝜉0𝜔

3

∆
𝐿1𝑖0{𝑅(𝑐 − 𝑀𝜔2)𝑐𝑜𝑠𝜔𝑡 + 𝜔[𝐿1

2𝑖0
2 + 𝐿0(𝑐 − 𝑀𝜔2)]𝑠𝑖𝑛𝜔𝑡}, 

𝑥 =
𝑀𝜉0𝜔

3

∆
{𝜔𝐿1

2𝑖0
2𝑅𝑐𝑜𝑠𝜔𝑡 − [𝐿1

2𝑖0
2𝐿0𝜔 + 

+(𝑅2 + 𝐿0
2𝜔2)(𝑐 − 𝑀𝜔2)]𝑠𝑖𝑛𝜔𝑡}. 

 

 

 

 

amocana  48.57 

    eleqtromeqanikuri 
moZravi sistema Sedgeba 
cilindruli mudmivi 

magnitisagan 𝐴 
koncentruli polusebiT, 
romelic warmoqmnis 

radialur vels da 𝑀  
masis Ruzisagan, romelis 

eyrdnoba  𝑐  sixistis 
zambaras. Ruza 

SeerTebulia 𝑛  xviis mqone  
mavTulian koWasTan da 
meqanikur dempferTan, 
romlis  win  aRoba Ruzis 
siCqaris proporciulia 

(winaRobis koeficienti 𝛽); 
koWas xviis saSualo 

radiusi aris 𝑟; misi 
TviTinduqciis koeficienti 
– 𝐿; omuri winaRoba– 𝑅, 
xolo magnitur RreCoSi 

magnituri induqcia –𝐵; 
koWas momWerebze 
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modebulia cvladi Zabva 𝑉(𝑡). SeadgineT sistemis moZraobis 
gantoleba. 

  mMi T i T e b a: koWas da magnitis urTierTqmedebis ganzogadebuli 

Zalebia 𝑄𝑞 = −2𝜋𝑟𝑛𝐵𝑥̇, 𝑄𝑥 = 2𝜋𝑟𝑛𝐵𝑞̇  (𝑄𝑞 aris eleqtrowredSi 

inducirebuli eleqtromamoZravebeli Zala, xolo 𝑄𝑥 −  magnitTan  
koWas urTierTqmedebis Zala). 
  a m o x s n a.   eleqtromeqanikur sistemas, romelic Sedgeba 
gadataniT moZravi Ruzis, mudmivi magnitis da eleqtromagnituri 
meqanizmisagan, aqvs ori Tavisuflebis xar  isxi.  ganzogadebul 

koordinatebad miviRoT: 𝑥 − Ruzis gadaadgileba, romelic 

gansazRvravs meqanizmis moZravi nawilis mdebareobas,  𝑞 − 
ganzogadebuli koordinati, romelic  afiqsirebs eleqtruli wredis 
mdgomareobas. 
  Aam ganzogadebul koordinatebs Seesabameba lagranJis meore gvaris 
gantolebebi 

                                        
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) −

𝜕𝑇

𝜕𝑥 
= 𝑄𝑥  ,                                           (1) 

                                             
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑞 ̇
) −

𝜕𝑇

𝜕𝑞 
= 𝑄𝑞 .                                            (2) 

    eleqtromeqanikuri sistemis  kinetikuri energia  udris sistemis 

meqanikuri nawilis 𝑇1 kinetikuri energiis da  eleqtruli wredis 𝑇2  
eleqtrokinetikuri energiis jams: 

𝑇 = 𝑇1 + 𝑇2 =
1

2
𝑀𝑥̇2 +

1

2
𝐿(𝑥)𝑞̇2. 

  vipovoT kinetikuri energiis gamosaxulebis kerZo warmoebulebi  𝑥 ̇  
da  𝑞 ̇  ganzogadebuli siCqareebiT:    

𝜕𝑇

𝜕𝑥 ̇
= 𝑀𝑥̇,   

𝜕𝑇

𝜕𝑞 ̇
= 𝐿𝑞̇,   

gamovTvaloT maTi warmoebulebi droiT: 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) = 𝑀𝑥̈, 

 
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑞 ̇
) = 𝐿𝑞̈. 

  vipovoT kinetikuri energiis gamosaxulebis kerZo warmoebulebi  𝑥 
da   ganzogadebuli koordinatebiT:    

𝜕𝑇

𝜕𝑥 
= 0,   
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𝜕𝑇

𝜕𝑞 
= 0. 

   O Zabvis danakargis gaTvaliswinebiT vipoviT eleqtromamoZravebel 
Zalas wredSi: 

𝐸∗ = 𝐸 − 𝑅𝑞̇. 
    ganvsazRvroT ganzogadebuli Zalebi: 

𝑄𝑥 =
𝛿𝐴𝑥

𝛿𝑥
=

𝑀𝑔 ∙ 𝛿𝑥 − 𝐹დრ ∙ 𝛿𝑥 − 𝐹წინ ∙ 𝛿𝑥 + 𝑄𝑥
∗ ∙ 𝛿𝑥

𝛿𝑥
= 

= 𝑀𝑔 − 𝐹დრ − 𝐹წინ + 𝑄𝑥
∗ = 𝑀𝑔 − 𝑐(𝑥 + 𝜆) − 𝛽𝑥̇ + 2𝜋𝑟𝑛𝐵𝑞̇, 

𝑄𝑞 =
𝛿𝐴𝑞

𝛿𝑞
=

𝐸∗ ∙ 𝛿𝑞 − 𝑄𝑞
∗ ∙ 𝛿𝑞 + 𝑉(𝑡) ∙ 𝛿𝑞

𝛿𝑞
= 𝐸∗ + 𝑉(𝑡) − 𝑄𝑞

∗ = 

= 𝐸 − 𝑅𝑞̇ + 𝑉(𝑡) − 2𝜋𝑟𝑛𝐵𝑥̇. 
  CavsvaT kinetikuri energiis warmoebulebis da ganzogadebuli 
Zalebis gamosaxulebebi (1) da (2) gantolebaTa sistemaSi  da miviRebT 
sistemis moZraobis diferencialur gantolebebs:  

𝑀𝑥̈ = 𝑀𝑔 − 𝑐(𝑥 + 𝜆) − 𝛽𝑥̇ + 2𝜋𝑟𝑛𝐵𝑞̇, 
𝐿𝑞̈ = 𝐸 − 𝑅𝑞̇ + 𝑉(𝑡) − 2𝜋𝑟𝑛𝐵𝑥̇. 

sistemis   “wonasworobis  mdgomareobaSi”  𝑐𝜆 = 𝑀𝑔, 𝑞̇ = 𝑖0 = 𝐸/𝑅.  
maSin sistemis moZraobis diferencialur gantolebebs eqnebaT 

saxe: 

𝑀𝑥̈ + 𝑐𝑥 + 𝛽𝑥̇ − 2𝜋𝑟𝑛𝐵𝑞 = 0̇ , 
𝐿𝑞̈ + 𝑅𝑞̇ + 2𝜋𝑟𝑛𝐵𝑥̇ = 𝑉(𝑡). 

 
p a s u x i:  

𝑀𝑥̈ + 𝑐𝑥 + 𝛽𝑥̇ − 2𝜋𝑟𝑛𝐵𝑞 = 0̇ ;  𝐿𝑞̈ + 𝑅𝑞̇ + 2𝜋𝑟𝑛𝐵𝑥̇ = 𝑉(𝑡). 
 

 
   

amocana  48.58 

    seismometris fuZeze mimagrebulia mavTulis koWa, Semdgari 𝑟 
radiusis 𝑛  xviisagan, romelic 
SeerTebulia eleqtrul 
maregistrirebel sistemasTan; es 

ukanaskneli sqematizebulia 𝐿 
TviTinduqciis koeficientiani da 

𝑅 omuri winaRobis wrediT. 
magnituri  gulari warmoqmnis 
magnitur vels, romelic 

xasiaTdeba RreCoSi 𝐵 magnituri 

induqciiT, da 𝑐  sixistis 
zambarebis saSualebiT eyrdnoba 
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fuZes. Ggularze moqmedebs a  greTve winaRobis Zala, romelic misi 

siCqaris proporciulia; am siCqares iwvevs 𝛽𝑥̇  winaRobis Zalis 
warmomqmneli demferi. SeadgineT gantolebebi, romlebic 
gansazRvraven gularis gadaadgilebebs da wredSi dens, Tu 

seismometris safuZveli asrulebs vertikalur mcire rxevebs 𝜉 =
𝜉0𝑠𝑖𝑛𝜔𝑡  kanoniT. 
   mMi T i T e b a: koWas da magnitis urTierTqmedebis ganzogadebuli   

Zalebi   mocemulia  formulebiT:  𝑄𝑞 = −2𝜋𝑟𝑛𝐵𝑥̇, 

𝑄𝑥 = 2𝜋𝑟𝑛𝐵𝑞̇   
    a m o x s n a.  
    eleqtromeqanikur sistemas, romelic Sedgeba gadataniT moZravi 
Ruzis, mudmivi magnitis da eleqtromagnituri meqanizmisagan, aqvs ori 

Tavisuflebis xarisxi.  ganzogadebul koordinatebad miviRoT: 𝑥 − 
Ruzis gadaadgileba, romelic gansazRvravs meqanizmis moZravi nawilis 

mdebareobas,  𝑞 − ganzogadebuli koordinati, romelic  afiqsirebs 
eleqtruli wredis mdgomareobas. 
  Aam ganzogadebul koordinatebs Seesabameba lagranJis meore gvaris 
gantolebebi 

                                        
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) −

𝜕𝑇

𝜕𝑥 
= 𝑄𝑥  ,                                           (1) 

                                             
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑞 ̇
) −

𝜕𝑇

𝜕𝑞 
= 𝑄𝑞 .                                            (2) 

    eleqtromeqanikuri sistemis  kinetikuri energia: 

𝑇 = 𝑇1 + 𝑇2 =
1

2
𝑀𝑥̇2 +

1

2
𝐿(𝑥)𝑞̇2. 

  vipovoT kinetikuri energiis gamosaxulebis kerZo warmoebulebi  𝑥 ̇  
da  𝑞 ̇  ganzogadebuli siCqareebiT:    

𝜕𝑇

𝜕𝑥 ̇
= 𝑀𝑥̇,   

𝜕𝑇

𝜕𝑞 ̇
= 𝐿𝑞̇,   

gamovTvaloT maTi warmoebulebi droiT: 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑥 ̇
) = 𝑀𝑥̈, 

 
𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑞 ̇
) = 𝐿𝑞̈. 

  vipovoT kinetikuri energiis gamosaxulebis kerZo warmoebulebi  𝑥 
da  𝑞 ganzogadebuli koordinatebiT:    

𝜕𝑇

𝜕𝑥 
= 0,   
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𝜕𝑇

𝜕𝑞 
= 0. 

   O Zabvis danakargis gaTvaliswinebiT vipoviT eleqtromamoZravebel 
Zalas wredSi: 

𝐸∗ = 𝐸 − 𝑅𝑞̇. 
    ganvsazRvroT ganzogadebuli Zalebi: 

𝑄𝑥 =
𝛿𝐴𝑥

𝛿𝑥
=

𝑀𝑔 ∙ 𝛿𝑥 − 𝐹დრ ∙ 𝛿𝑥 − 𝐹წინ ∙ 𝛿𝑥 + 𝑄𝑥
∗ ∙ 𝛿𝑥 + Φ𝑒 ∙ 𝛿𝑥

𝛿𝑥
= 

= 𝑀𝑔 − 𝐹დრ − 𝐹წინ + 𝑄𝑥
∗ + Φ𝑒

= 𝑀𝑔 − 𝑐(𝑥 + 𝜆) − 𝛽𝑥̇ + 2𝜋𝑟𝑛𝐵𝑞̇ + 𝑀𝜉̈, 

𝑄𝑞 =
𝛿𝐴𝑞

𝛿𝑞
=

𝐸∗ ∙ 𝛿𝑞 − 𝑄𝑞
∗ ∙ 𝛿𝑞

𝛿𝑞
= 𝐸 − 𝑅𝑞̇ − 2𝜋𝑟𝑛𝐵𝑥̇. 

  CavsvaT kinetikuri energiis warmoebulebis da ganzogadebuli 
Zalebis gamosaxulebebi (1) da (2) gantolebaTa sistemaSi  da miviRebT 
gantolebebs, romlebic gansazRvraven gularis gadaadgilebas da 
wredSi dens:  

   𝑀𝑥̈ = 𝑀𝑔 − 𝑐𝑥 − 𝑐𝜆 − 𝑀𝜉0𝜔
2𝑠𝑖𝑛𝜔𝑡 − 𝛽𝑥̇ − 2𝜋𝑟𝑛𝐵𝑞̇,    (3) 

                        𝐿𝑞̈ = 𝐸 − 𝑅𝑞̇ − 2𝜋𝑟𝑛𝐵𝑥̇.              (4) 
sistemis   “wonasworobis  mdgomareobaSi”  𝑐𝜆 = 𝑀𝑔, 𝑞̇ = 𝑖0 = 𝐸/𝑅.  

maSin (3) da (4) gantolebebs eqnebaT saxe: 

𝑀𝑥̈ + 𝑐𝑥 + 𝛽𝑥̇ − 2𝜋𝑟𝑛𝐵𝑞̇ = 𝑀𝜉0𝜔
2𝑠𝑖𝑛𝜔𝑡, 

𝐿𝑞̈ + 𝑅𝑞̇ + 2𝜋𝑟𝑛𝐵𝑥̇ = 0. 
p a s u x i:    𝑀𝑥̈ + 𝑐𝑥 + 𝛽𝑥̇ − 2𝜋𝑟𝑛𝐵𝑞̇ = 𝑀𝜉0𝜔

2𝑠𝑖𝑛𝜔𝑡; 
𝐿𝑞̈ + 𝑅𝑞̇ + 2𝜋𝑟𝑛𝐵𝑥̇ = 0. 
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