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Let [a,b] C R be a finite and closed interval non-degenerated in the point.
Consider the modified initial problem for a linear system of generalized ordinary differential
equations with singularities

dr = dA(t) -z + df(t) for t € [a,b], (1)
Jim (@7H(t) 2(1)) =0, (2)

where A = (a;1)_, is an n x n-matrix valued function and f = (f;)?_, is an n-vector valued

function, both of them have a locally bounded variation on [a, b[; ® = diag(p1, ..., ¢,) is a diagonal

n X n-matrix valued function, defined on [a, b[ and having an inverse ®~1(¢) for each t € [a, b[.
Along with system (1) consider the perturbed singular systems

dx = dAp(t) - x + df () for t € [a,b] (3)

(m = 1,2,...) under conditions (2), where A,, is an n X n-matrix valued function and f,, is an
n-vector valued function, both of them have a locally bounded variation on [a, b .

We are interested to established the necessary and sufficient conditions whether the unique
solvability of problem (1), (2) guarantees the unique solvability of problem (3), (2) and nearness of
its solution in the definite sense if matrix-functions A,, and A and vector-functions f,,, and f are
nearly among themselves.

We assume A(a) = An(a) = Opxn and f(a) = fi(a) = 0, (m = 1,2,...) without loss of
generality.

The same and related problems for ordinary differential systems with singularities Z—f = P(t)xz+
q(t), where P € Liye([a,b[, R™*™), q¢ € Lioc([a, b, R™), have been investigated in [7,9] (see, also, the
references therein).

The singularity of system (1) consists in the fact that both A and f need not to have bounded
variations on any interval containing the point %.

The solvability question of the generalized differential problem (1), (2) has been investigated
in [6]. The well-posedness of problem (1), (2) with singularity has been considered in [4]. To
our knowledge, the necessary and sufficient conditions for well-posedness of problem (1), (2) with
singularity has not been investigated up to now.

Some singular boundary problems for the generalized differential system (1) are investigated
in [1,2] (see, also, the references therein).
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To a considerable extent, the interest to the theory of generalized ordinary differential equations
has also been stimulated by the fact that this theory enables one to investigate ordinary differential,
impulsive and difference equations from a unified point of view (see [1-6,8,10,11] and the references
therein).

In the paper, we give necessary and sufficient conditions for the so called strongly ®-well-
posedness of problem (1), (2).

Throughout the paper we use the following notation and definitions.

R =]—o00,+00[. Ry =]0, +00[. R™ "™ is the space of all real n x m matrices with the standard
norm.

R™ = R"*! is the space of all column n-vectors = = (z;)";.

If X = (zi)jjey, € R™™, then |X| = (lzal)j52, [X]5 = 5 (1X| F X).

Opnxm (or O) is the zero n x m-matrix, 0,, (or 0) is the zero n-vector.

I, is identity n X n-matrix.

If X € R™", then X!, det X and r(X) are, respectively, the matrix inverse to X, the deter-
minant of X and the spectral radius of X.

The inequalities between the matrices are understood componentwisely.

A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each of its com-
ponent is such.

b
If X :R — R™™ is a matrix-function, then \/(X) is the sum of total variations on [a, b] of its

a
b—

t
components; \/(X) = tlirl? V(X).
—b= @

X (t—) and X(t+) are, respectively, the left and the right limits of the matrix-function X :
[a,b] — R™ ™ at the point t.

BV ([¢,d],R™™) is the set of bounded variation matrix-functions on [c, d].

BVioe([a, b[; R™ ™) is the set of all locally bounded matrix-functions.

If X € BVoe([a, b[; R**™), then

(X ()2 (VX)) + X(2))-

1
2

(VX)) = X(@), [X®

81,82, S¢ : BVioe([a, b[; R) = BVe([a, b[; R) are the operators defined, respectively, by

s1(x)(a) = sa(x)(a) =0,  sc(z)(a) = z(a),
si(@)(t) = si(x)(a) + Y diz(r),  s2(x)(t) = sa(2)(a) + Y doa(7),

a<t<t a<t<t

2
Se(x)(t) = se(z)(a) + z(t) — x(a) — Zsj(x)(t) for a <t <b.

If g : [a,b] — R is a nondecreasing function and z : [a,b] — R, then

t
/x(T)dg(T)Z /w(T)dSc(g)(T)Jr Y a(m)dig(r) + Y x(7) dag(r)
s ]S,t[ s<T<t s<t<t

for s <t;s,t € |a,bl,
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where [ x(7)dsc(g)(7) is the Lebesgue—Stieltjes integral over the open interval |s, ¢[ with respect to
Js;t]

¢
the measure corresponding to the function s.(g). So [ z(7)dg(7) is the Kurzweil integral ( [10,11]).
S

t— t—5
We put [ z(7)dg(r) = lims_o4 [ z(7)dg(T).

S

IfG= (Qlk)iZﬂ :[a,b] = R>X™ and X = (Thj) g jeg * @, 0] — R™X™ then

I,m

j dG(r)- X(1) = <an j l”kj(T)dgik(T))
p k=17

,j=1

We introduce the operators A(X,Y), B(X,Y) and Z(X,Y) in the following way:

(a) if X € BVipe(L;R™ ™), det(I, + (—1)7d;j X (t))£0 for t € I (j = 1,2), and Y € BV o (I; R™*™),
then A(X,Y)(a) = Opxm,

AX YY) =Y (M) -Y(a) + Y diX(7)- (I, —diX(r) ' diY(r)

a<t<t
= Y X (1) (In + d2 X (7)) doY (7);
a<t<t
(b) if X € BVjpe(I;R™™) and Y : I — R™ ™ then B(X,Y)(a) = Onxm,

BX,Y)(t)=Xt)Y(t) — X(a)Y(a) — /dX(T) Y (7);

a

(c) if X € BVjpe(I;R™™), det(X (¢)) # 0, and Y : T — R"™ " then

Z(X,Y)(a) = Opsm, Z(X,Y)(t) = /d(X(T) + B(X,Y)(7)) X7 (7).

In addition, let V;(®, A, ) : BV (I;R™) — R (j = 1,2) be operators defined, respec-
tively, by

T

V1(<I>,A*,F)(t,r)—/<1>1(s)dV(A(A*,F))(s)~<I>(s) and

t
pu

Vo (P, Ay, F)(t,T) = /@1(3) dV(A(A., A)(s) - |F(s)] for a <t <7 <b.

t

A vector-function z : I — R" is said to be a solution of system (1) if x € BV,.(I,R™) and

z(t) = z(a) + /dA(T) cx(1)+ f(t) — f(a) for tel.
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We assume that det(I, + (—1)7d;jA(t)) #0fort €I (j = 1,2).

The above inequalities guarantee the unique solvability of the Cauchy problem for the corre-
sponding nonsingular systems, i.e., for the case when A € BV ([a,c];R"*") and f € BV(][a, c|;R")
for every c € I.

Let a matrix-function Ay = (awi)?—; € BViee(I; R™*™) be such that det(I,,+(—1)d;A.(t)) # 0
fortel (j=1,2). ’

Then a matrix-function Cy : I x I — R™ ™ is said to be the Cauchy matrix of the homogeneous
system dz = dA,(t) - z, if, for each interval J C I and 7 € J, the restriction of the matrix-function
Cu(-,7) : I — R™™ on J is the fundamental matrix of the system, satisfying the condition
Cy(t,7) = I,. Therefore, C, is the Cauchy matrix of the system if and only if the restriction of C,
on J x J is the Cauchy matrix of the system in the regular case. Let X, (1) = Ci(-, 7).

Definition 1. Problem (1),(2) is said to be weakly ®-well-posed with respect to the matrix-
function A, if it has the unique solution zy and for every sequences of A,, and f,, (m =1,2,...)
such that

det (I, + (—=1)7djAp(t)) #0 for t €I (j=1,2), (4)

for each sufficiently large m, and the conditions

Jim [Vi(@, Ae, Ay — A)(8,0-)| =0, (5)
mgquoo“]b(q)aA*,fm_f)(t7b_)H =Y (6)
lim (@75 (E) (fm () = F(5) = @71 (0=) (fm(b=) = F(0=))[| =0 (7)

m—-+00

hold uniformly on I, problem (3), (2) has the unique solution z,, for each sufficiently large m and

lim H<I>_1(t) (Zm(t) — zo(t))|| = 0 uniformly on I. (8)

m——+00

Definition 2. Problem (1),(2) is said to be strongly ®-well-posed with respect to the matrix-
function A, if it has the unique solution zy and for every sequences of matrix-and vector-functions
Ay, and f,, (m = 1,2,...) such that condition (4) holds for every sufficiently large m and the
conditions (6) and

im Vi@, A fon = £)(800)] = 0

hold uniformly on I, problem (3), (2) has the unique solution z,, for each sufficiently large m and
condition (8) holds.

Remark 1. If problem (1), (2) is strongly well-posed, then it is weakly well-posed, as well, because

Vi@, v fro = DED| < (87O nt) = (1) = 8T (fl7) — 1))
+ Ve (@, A frn — )t 7T)|] for a<t<T <D

Definition 3. We say that the sequence (A, fm) (m =1,2,...) belongs to the set Sa, (A, f; P, b),
i.e.,

(A, fin)) ) € Sa (A, f1 @), 9)

if problem (3), (2) has the unique solution z,, for each sufficiently large m and condition (8) holds.

Let I1(6) = [b— 9, b[ for every 6 > 0.
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Theorem 1. Let there exist nonnegative constant n X n matrices By and B such that
r(B) <1, (10)

the estimates |Cy(t,7)| < ®(t)Be® (1) forb— 6 <t <7 < b and

< H(t)B for t € I1(9)

h—
[ 1csaviai - 4 - o

fulfilled for some § > 0. Let, moreover,

lim H / OL(t) Cu(t, 7) dA(A., £)(7)

t—b—

=0.

t

Then problem (1), (2) is weakly ®-well-posed with respect to A.

Theorem 2. Let there exist a constant matriz B = (bj)},_; € R™ such that conditions (10)
and

(=1 djaiu(t)], > =1 for tel (j=1,25i=1,...,n)
hold, and the estimates

hi(t)
i(T)

ci(t,7) < by

for b—o0<t<7<b (i=1,...,n);

>

b—
‘/Ci(t,T)hi(T) d[aii(T)]”‘ S bn‘ hl(t) f07’ t e I((S) (Z = 1,.. .,n),

t
b—

‘ / ci(t, )i (1) AV (A(asis, air,) ) (1)

t

szkhz(t) fOT teI(d) (Z;ﬁk, i,k:l,...,n)

fulfilled for some by > 0 and 6 > 0. Let, moreover,

b—
. C’i(th) .
1 d wiis Ji = =1,...,n),
dim [ AV A )0 =0 (=1, )
t
where a.;i(t) = [ay(t)]% (0 = 1,...,n), and ¢; is the Cauchy function of the equation dr =

x dayii(t). Then problem (1), (2) is weakly ®-well-posed with respect to the matriz-function A.(t) =
diag(as11(t), ..., Genn(t)).

Theorem 3. Let conditions of Theorem 1 be fulfilled and let there exist a sequence of mon-
degenerated matriz-functions Hy, € BViee([a, b[; R™*™) (m =1,2,...) such that

Jim @~ (t)H,, () ®(t) — L || = 0, (11)

mlirﬂm [Vi(®, Ay, A, — A)(t,0—)|| = 0, (12)

oim Vo (@, A, fr, = F)(8,0-)[| =0, (13)

lim ([~ ()(fm(t) = f(1)) = @7 (b=)(fr,(b=) — F (b)) =0 (14)

m—r+00

hold uniformly on I, where A, (t) = Z(Hp,, Ap)(t) and [} (t) = B(Hp, fm)(t). Then inclusion
(A%, FEN2 € Sa. (A, f;®) holds.
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Theorem 3 has the following form for H,,(t) = I, (m =1,2,...).

Corollary 1. Let conditions of Theorem 1 be fulfilled and conditions (5)—(7) hold uniformly on I.
Then inclusion (9) holds.

Theorem 4. Let conditions of Theorem 1 be fulfilled and let, moreover,
IBoll l|(In — B)~'|| < 1 (15)

and
b_

70 [avias) o

t

lim sup < +o00.

t—b—

Then inclusion (9) holds if and only if there exist the sequence of matrix functions H,, €
BVioe([; R™*™) (m =1,2,...) such that

lim sup H [ 6 aviaa, 406 - o

< 400 for a <t <T<Db,

D =0 (16)

and conditions (11)—(14) hold uniformly on I, where the matriz- and vector functions A%, and f},
(m=1,2,...) are defined as in Theorem 3.

t—b—

b
lim sup (H(Ifl(t)(f;(t) RO+ ch—l(t) [avias) 156 - 56

Theorem 4'. Let conditions of Theorem 4 be fulfilled. Then inclusion (9) holds if and only if
conditions (13), (14) and
lim || (£)(Xm(t) — Xo(1)]| = 0

m——+00

hold uniformly on I, where Xy, X,, are the fundamental matrices of systems (1), (3), respectively,
and £2,(t) = B(Xo X!, fu)(t) (m=1,2,...).

Remark 2. In Theorem 4, condition (15) is essential and it cannot be neglected, i.e., if the
condition is violated, then the conclusion of the theorem is not true, in general. Below we present
an example.

Let I =1[0,1],n=1,b=1,B=0,By=1,®(t) = 1—t; A(t) = Apn(t) = Ac(t) =In(1—t) (m =
1,2,...);

t
ft) =0, fn(t)=— ;/ (=1 (m=1,2,...).
0

Then Cyi(t,7) = 1—t(1 — 7)Y 2(t) = 0, 2p(t) = (1 — t)smM (m = 1,2,...). So, all
conditions of Theorem 4 are fulfilled, except of (15), but condition (8) is not fulfilled uniformly
on I.
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1 Introduction

We investigate properties of a solution to the ordinary differential equation arises in mathematical
models describing the physico-chemical processes occurring during a cryochemical modification of
drug substances (see [6,7]).

Under these assumptions, the thermal conductivity equation with mass transfer for the one—
dimensional case can be used to calculate the temperature field created by the carrier gas stream:

BT_VaT I 0 ()\BT). (1.1)

ot 9r pCy 9z \" dx

Here p, pu, A are the density (kg/m®), molecular weight (kg/mol), thermal conductivity

(W/(m-K)) of the carrier gas, respectively, Cy is the molar heat capacity of the carrier gas
at constant volume (J/(mol - K)), V is the linear velocity of the carrier-gas flow front (m/s).

In stationary mode we have 9T /0t = 0 and equation (1.1) reduces to the ordinary differential

equation
dr 7 d dTl’
—_— - — (A—) =0. 1.2

de pVCy dx ( da?) (1.2)

The flow rate of the carrier gas is controlled during the experiment with the help of an external
device (an industrial gas pipeline with accuracy, according to its passport data, not worse than
5%). The regulated gas stream of the carrier, passing through a heated copper screen (a mixed
molecular flow shaper) of cylindrical shape, heats up to a certain temperature, captures the vapors
of the initial substance and takes them out into the vacuum space. Let the nozzle area of the mixed
molecular flow shaper be S(m?). Then the molar flow rate of the carrier gas is dN/dt(mol/s) and
can be written as

A
dt W
In this case, the ratio of the molar flow rate of the carrier gas d/N/dt (mol/s) to the nozzle area of
the mixed molecular flow shaper, that is, the density of the carrier gas flow dn/dt (mol/(m? - s))
can be represented as

. _dn N pV
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Therefore, equation (1.2) can be written as

dr d( A dT):

dr  dx \Cyn dx

It can be solved analytically, taking into account the dependence of the thermal conductivity
of the carrier gas on the temperature. An interesting fact is that the heat capacity of gases in a
wide range of pressures practically does not depend on the pressure. This circumstance received its
explanation from the molecular kinetic theory. A large number of gases, such as nitrogen, helium,
argon, carbon dioxide, etc., have the square-root dependence of the thermal conductivity on the
temperature expressed by the approximate formula

ik [RT
A= sene\ -

where

i is the sum of translational and rotational degrees of freedom of molecules (5 for diatomic
gases, 3 for monatomic ones),

k is the Boltzmann constant,

1 is the molar mass,

T is the absolute temperature,

d is the effective diameter of molecules,
R is the universal gas constant.

Representing A in (1.3) as av/T with the appropriate coefficient «, we obtain

A avT a
AT — b/T with b= —>
Cvn  Cyn VT wi Cvin

Now the thermal conductivity equation with mass transfer of these process for the one-dimensional
case can be transformed to the ordinary differential equation [5]:

d dT
%(T—bﬁ%)_o, b> 0. (1.4)

We study the dependence of the temperature on the distance under three types of boundary
conditions, namely the Dirichlet, Neumann, and Robin ones.

The Dirichlet condition specifies the temperature value at the boundary.

The Neumann condition specifies the boundary value for the derivative of the temperature.

In the Robin condition, we specify a linear combination of the temperature value and the
derivative of the temperature at the boundary.

The coefficient of the temperature value in the Robin condition is the Biot number (the ratio
of the conductive thermal resistance inside the object to the convective resistance at the surface of
the object).

The mathematical model was discussed with colleagues from the Department of Chemistry of
M. V. Lomonosov Moscow State University T. A. Shabatina, and Yu. Morozov.
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2 General decreasing solutions

Theorem 2.1. FEach positive solution T to equation (1.4) is either constant or strictly monotonic.
Each strictly decreasing solution has the form

—o*\2
T(x)=co(*2), 2.1
() =co(" (21)
where x* and ¢ > 0 are arbitrary constants, while © is a decreasing function (—o0;0) — (0;1)
implicitly defined by
N 1—-0(x)
14+0(x)’
The left-hand side of (1.4) contains an expression in parentheses which must be constant and,
for the solution defined by (2.1), equals c?.
If mazximally extended, such T is defined on the interval (—oo; x*) and satisfies

z =20(z) +1 (2.2)

T(z) = c* and T'(z) =0 as x — —oo0, (2.3)

T(z) =0 and T'(x) = —00 as = — z™.
Proof. First, by the substitution 7' = Z2? with Z > 0 we convert equation (1.4) into the form
(7% —2v727') =0,

which immediately yields
Z? —202% 7' = C = const

with further transformations depending on sgn C'.
If C =0, then either Z =0 or 1 = 2b Z’, which entails that Z’ > 0 and Z is strictly increasing.
If C = —c? <0, then we obtain Z2 + ¢? = 2bZ2Z’. This shows again that Z’' > 0.
Finally, if C = ¢ > 0 with ¢ > 0, then we obtain

Z? - =227%7. (2.5)

Now, if Z(x) = ¢ at some point x, then, by the uniqueness theorem, Z must coincide with the
constant solution Z = c. If not, then either Z > ¢ on the whole domain or Z < c¢. We reject the
first case (with Z/ > 0 due to (2.5)) as well as the previous constant one.

In the second case we put

Z(x) :cz(%) 0<z<1,

which converts (2.5) into
22 —1=22%. (2.6)

This can be written as

whence, for 0 < z < 1,

with some a. We have a general family of implicitly defined strictly decreasing solutions to (2.6)
satisfying 0 < z < 1. One of them, with a = 0, is just © defined by (2.2). All others can be
obtained from © by a horizontal shift. Thus, we have (2.1).
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It follows from (2.2) that

O(zr) -0 as z — 0,
O(zr) -1 as x — —oo.

Then, using (2.6), we obtain

O'(z) = —o0 as x — 0,
O (z) -0 as © — —oo.

These limits, together with (2.1), produce the first three limits in (2.3) and (2.4). For the fourth
one, we use (2.5) to obtain

722 T -2

T =277 = = — T .
507 Qbﬁ% o0 as — 0. O

3 On existence and uniqueness of solutions

Theorem 3.1. For any constants xo < x1 and Ty > Ty > 0, equation (1.4) has a unique solution
T defined on [xo;z1] and satisfying the conditions

T(zo) =Ty, T(x1)=Ti. (3.1)

Proof. The boundary conditions show that, according to Theorem 2.1, the solution 7" must strictly
decrease and therefore have the form given by (2.1) and (2.2). So, the boundary conditions become

VI _ ezt je o,

c be

or, by using (2.2),

bow UG 1-Y5

1 ¢ je{0,1}). 3.2
o=V eI e (o) (32
1+ =
Thus, we have to prove the existence and uniqueness of a pair (z*, ¢) satisfying (3.2). Putting
T VAl k
q:= ,/?1 €(0;1) and k:= Y2 € (0;1), (3.3)
0 c

we write the difference of the two equations (3.2) as

k(z1 — o) _ (1—qk)(1+k)
BN (o T
Tr1 — X
20v/To = Fq(k) (3.4)
with
Fy(k) == f(k) — af(qk), (3.5)
F) = = m iRy (3.6)

21—k
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Lemma 3.1. For each A > 0 and q € (0;1), there exists a unique k € (0;1) such that Fy(k) = A
with F, defined by (3.5) and (3.6). The mapping (A, q) — k is a C* function (0;4+00)x (0;1) — (0;1)
strictly increasing with respect to both A and q.

Proof. Note that

Flk) = ln(lm;i— k) B 1n(12]; k) 1

whence f(k) — 0 as k — 0 (by L’Hépital’s rule) and f(k) — +o0 as k — 1.
Now we study the derivative of f by using its Taylor series uniformly converging on any sub-
segment of the interval (0, 1).

1 In(1+ k) 1 In(1 — k) 1 In(1+%) In(l—k)
/k = — = —
7 () 2k(1+k) k2 T 2k(1 - k:) LT G —k2) 2 T2
) ) > k2m+1
Zk 2k2 Z Zk R = 2m 1

[e.9]

N 2n 2non_
k?z< 2n—|-1> k22n+1 —2:12n+1k2 1>O,

whence f(k) > 0 as well.
Further,

Z 2n+1 k72 >0,

whence f’ is strictly increasing and

CLk) = FR) ¢ (ak) > 0

So, Fy is strictly increasing in k, Fy(k) — 0 as k — 0, and

Fy(k) = (L= q)f(k) + q(f(k) — f(gk)) > (1 = q)f (k) = +00 as k — L.

Therefore, Fy; must attain, exactly once, each A > 0, which proves the first part of Lemma 3.1.
The second part follows immediately from the implicit function theorem and the evident in-
equalities

O(Fy(k) = A) _
‘Ia—A =-1<0,
0(Fq(§; —A) _ — f(qk) — qkf'(qk) < 0. M

We return to proving Theorem 3.1. Having the unique value of k satisfying (3.4), we obtain,
from (3.2) and (3.3), the unique values

Vi) c— 11
= — > 1 d 2" =21 —2byT1 — bcl
C L 0 and T I 1 Cc In o \/Tl
to satisfy (3.2). This completes the proof of Theorem 3.1. O

Now we will to prove two theorems concerning other boundary conditions for equation (1.4).
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Theorem 3.2. For any real constants xo < z1, Ty > 0, and Uy < 0, equation (1.4) has a unique
solution T defined on [xo;x1] and satisfying the conditions

T(xo) =Ty, T'(z1)="Un.

Theorem 3.3. For any real constants xog < x1, Ty > 0, and Uy < 0, equation (1.4) has a unique
solution T defined on [xo;x1] and satisfying the conditions

T(I‘()) = To, T/(Iljl) = UlT(.%'l).

Proof. We try to prove the existence and uniqueness of a constant 77 € (0;7p) such that the
unique solution 7" existing according to Theorem 3.1 satisfies the boundary conditions of the related
theorem.

According to Theorem 2.1, T — b/T T' = ¢?, whence, using notation (3.3),

T,(J?l) _ T(.%'1> — 2 _ q2T0 _T()/k2 _ k2q2 1 ' \/IT)
b+/T(x1) bgv/Ty k2q b’

T'(z1)  Kk*—-1 1

T(x) k¢ bJ/To’

where k € (0;1) is chosen, depending on ¢ € (0;1), to provide the boundary conditions (3.1) for
the solution T defined by (2.1).

It follows from Lemma 3.1 that k& € (0;1) strictly increases with respect to ¢ € (0;1). So, in
both right-hand sides of the last equations, the numerator k2¢? — 1 is negative and strictly increases
in ¢, while its absolute value decreases. The denominators are positive and also strictly increase.
Thus, the fractions are negative with strictly decreasing absolute values.

Now consider their limits at 0 and 1.

Both fractions tend to —ooc as ¢ — 0. As for ¢ — 1, there must exist k1 = ;1_% ke (0;1].

If k1 < 1, then it follows from (3.4)—(3.6) that

1 — Xo

20\/To

This contradiction shows that k; = 1. (For this k1, no contradiction arises because f(k) — +o0o as
k — 1.) Hence

0<

=Fi(k1) = f(k1) = 1- f(1- k1) =0.

T/
T'(z1) — 0 and T((jll)) —0 as ¢ — 1.

So, both expressions strictly increase from —oco to 0 as ¢ increases from 0 to 1 (i.e. as T}
increases from 0 to Tj). Therefore, they both must attain, exactly once, each negative value, and
this proves Theorems 3.2 and 3.3. O

Remark 3.1. The authors’ results connected with mathematical modeling in other physical pro-
cesses can be found in [1-4].
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For a given n € N let M,, denote the class of linear differential systems
t=A(t)r, x€R", teRy =[0,+00), (1)

with continuous bounded coefficients defined on the half-axis Ry. In what follows, we identify
system (1) with its defining function A(-): Ry — R™ "™ and therefore write A € M,, and the like.
The vector space of solutions to system (1) will be denoted by S(A). Recall that the characteristic
exponent (or the Lyapunov exponent) of a non-zero solution z(-) to system (1) is the quantity [7,
p. 552], [1, p. 25]
1
Na) = T+ In ()]
for the zero solution let it equal —oo. As is well-known [7, p. 561], [1, p. 38|, system (1) has exactly
n Lyapunov exponents, counting multiplicity, which we denote by A1(A) < A2(A) < --- < A\, (A).
For each a € R, let

Lo(A) = {2 €S(A): Mz] <a} and No(A) ={z € S(A): Az] <a}.

Clearly [6, p. 2], for every o € R, the sets L, (A) and N, (A) are vector subspaces of the space
S(A). Let us denote by d(A) and D, (A) respectively their dimensions. In particular, the number
do(A) is called the exponential stability index and, as follows from its definition, coincides with the
dimension of the subspace of solutions to system (1) that decay exponentially at infinity.

O. Perron constructed [8], see also [6, p. 13], an example of a two-dimensional diagonal system
A € My and its perturbation @Q € M decaying exponentially at infinity such that the following
relations hold:

do(A) =1, Da(A)=2, do(A+Q)=0, Du(A+Q)=1, (2)

where a is a positive number. Moreover, it is fairly easy to see that in equalities (2) the number
a can be taken arbitrary. This assertion follows from an obvious fact that by adding the matrix
I, (I, being the n x n identity matrix and v € R) to the coefficient matrix A of system (1), we
change the Lyapunov exponents of all its solutions by .
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Thus, by virtue of the Perron example, the quantities d, and D, are not invariant under
vanishing at infinity perturbations of system coefficients and hence [9, Lemma 7.3|, they are not
semicontinuous in the topology of uniform convergence over the half-axis Ry on the space M,,.

System (1) is said [7, p. 563], [1, p. 61] to be regular, if the following two conditions are met:

1) the limit

t——+00

t
T(A) = lim t_l/tl"A(T) dr
0

exists, where tr (-) stands for the trace of a matrix;

2) the equality
)\1(14) + )\Q(A) + -4+ )\n(A) = T(A)

holds.

The class of regular n-dimensional systems will be denoted by R,,.

A. M. Lyapunov demonstrated [7, pp. 576-578] that if a nonlinear system (under natrural as-
sumptions on the right-hand side) has a regular first approximation system with the exponential
stability index equal to k € {1,...,n}, then the nonlinear system possesses exactly k-dimensional
exponentially stable manifold passing through the origin (i.e. any solution to the nonlinear sys-
tem starting on this manifold decays exponentially; furthermore, such a solution z(-) admits the
estimate

z(t)|| < Czexp {(Ak(A) +€)t}]|z(0)] for every e >0,

where A\ (A) is the k-th Lyapunov exponent of the first approximation system). Taking into account
this fundamental result, one may conjecture that the exponential stability index of a regular system
(and along with it the quantities d, and D, for all a € R) is invariant under vanishing at infinity
perturbations of its coefficients. Let us note that for exponentially decaying perturbations of a
regular system the mentioned invariance does indeed take place [3,4].

The conjecture stated above had been around for quite some time, until R. E. Vinograd in the
paper [10] gave an example of systems A, B € Ry for which the relations

do(A) =0, Dy(A)=2, Do(B)=do(B)=1, lim [|A(t) ~ B()]| =0
t——+00

are valid.

Let M be a metric space. Consider a family of systems

t=A(t,u)z, v e€R" teRy, (3)

such that for each fixed p € M the matrix-valued function A(-, ) has continuous and bounded
coefficients, i.e. A(-,u) € M.

Here and subsequently, Z,, stands for the set {0,1,...,n}. For each a € R, define the functions
do(-;A),Do(-;A): M — Z, by

da(/ﬁ A) = da(-A( ) 7M)> and Doz(,UJ; A) = Doz(A(' HUJ))? pe M.

Let R™(M) denote the class of families of systems (1) with coefficient matrices of the form
A(t, ) = B(t) + Q(t,p), where a matrix-valued function B : Ry — R™™ is continuous and
bounded, the system & = B(t)z is regular, and @ : Ry x M — R™ " is continuous and satisfies the
condition

sup [|Q(t, n)|| — 0 as t — +oo.
neM
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Given o, 5 € R, let
Ry 3(M) = {(da( - A),Dg(-,A)): Ae ’R”(M)}

The problem is to obtain a complete function-theoretic description of the classes RZ’ 3 (M) for any
metric space M and numbers n > 2 and «, 8 € R. This problem can be viewed as a generalization
of Vinograd’s example [10] of instability of the Lyapunov exponents of a regular system under
vanishing at infinity perturbations of its coefficient matrix.

Following [5, p. 264], for a number r € R and function f : M — R, we write [f > 7] for the
Lebesgue set {p € M : f(p) > r}.

Before stating the main result of the report, let us recall [5, p. 156] that a subset of a metric
space is said to be an F,-set, if it can be represented as a countable union of closed subsets, and
an Fs-set, if it can be represented as a countable intersection of Fj-sets.

The following statement solves the problem posed above.

Theorem. For any metric space M, real numbers «, B and integer n > 2, a wvector function
(g,h) : M — Z, x Z,, belongs to the class RZ,B(M)’ if and only if for every r € R, the set [g > 7] is
an Fy-set and [h > r] is an F,s-set, and for all i € M, we have either h(p) > g(u) or h(p) < g(u),
depending on whether > a or f < a.

Remark 1. A complete description of an analogous class of vector functions corresponding to fam-
ilies (3) with coefficients of the form A(t, ) = B(t) + Q(t, 1), where B : Ry — R™*™ is continuous
and bounded, and @ : Ry x M — R™™ is continuous and decays exponentially (uniformly in )
as t — +00, is obtained in the paper [2] and coincides with the one stated above.

Remark 2. The class R}l’ 5(M) consists of pairs of constant functions M — {0, 1}, namely:

RL (M) = {{(o,m, (L), (0.1}, if B>a,
- {(O’O)a (171)7(170)}7 if 8<a.
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Consider the Cauchy problem for the most general case of linear second order non-Volterra
functional differential equations, which can be written in the operator form:

B(t) = (TT2)(t) — (T"=z)(t) + f(t), t€[0,1], 1)
z(0) =co, 2(0) = cy,
where T and T~ are linear positive operators acting from the space of real continuous functions
C[0,1] into the space of real integrable functions L[0, 1] (positive operators map non-negative
functions into non-negative ones), c¢g, ¢1 € R, f € L[0, 1] is integrable.
Let p* and p~ be two given non-negative integrable functions. Suppose that positive operators
T+ and T~ satisfy the equalities

(TT1)() =p™(t), (T"1)(t)=p (1), t€[0,1], (2)

where 1 is the unit function, 1(¢) = 1 for all ¢ € [0,1]. By imposing various restrictions on the
functions p* and p~, we can obtain various conditions for the solvability of problem (1) for all
operators T, T~ satisfying equalities (2) and additional restrictions.

All known solvability conditions of this kind for many boundary value problems were obtained
under the same types of restrictions on the operators T, T, that is only under pointwise re-
strictions or only under integral ones [2,4-11]. We can obtain solvability conditions under mixed
restrictions, when pointwise restrictions are imposed on the action of one of the operators T+, T,
and integral restrictions are imposed on the other operator.

Let us present several obtained statements.

First of all, using ideas of [1,3,5,6], we formulate necessary and sufficient solvability conditions
for pointwise restrictions.

Put

)=1 /tt—s —p(s)) ds.
0

Theorem 1. Let non-negative functions p*, p~ € L[0,1] be given.
The Cauchy problem (1) is uniquely solvable for all linear positive operators T+, T~ : C[0,1] —
L[0, 1] such that TT1 = p*, T~1 = p~ if and only if

1
/1—5 s)ds < 1
0
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and
Q—!m—$ uw+!m—$ “(5)ds k(1)
t3 1
—|—</(1—5) ()ds—/(l—s) ()ds)k( >0
0 t3

forall0 <t3 <t; <1.

Corollary 1. Let a non-negative function p~ € L[0, 1] be given.
The Cauchy problem

B(t) = —(T"2)(t) + f(t), t€0,1],
z(0) =co, (0) =cq,

is uniquely solvable for all linear positive operators T~ : C[0,1] — L[0, 1] such that T~1 = p~ if
and only if the inequality

t1

a2+ Jos) o+ fo-or o)

t3
t1

/1(1—5) ()d8< /(tl—S)p_(S))d8>>0

0
holds for all 0 <tz <t; <1.
Corollary 2. If
p(t) <16, p (1) £16 or
p(t) <4873 (1 — 1) or p(t) < 39t or p~(t) < 24.7e7 ",

10.4
p(t) <9.8¢" or p(t) < 0

S Tt or p~ (t) < 32sin(107t),

then the Cauchy problem

{ﬂwz—@www+ﬂmtemJL
z(0) =cp, #(0)=c1

is uniquely solvable for all linear positive operators T~ : C[0,1] — L0, 1] such that T™1 =p~.

With the help of Theorem 1 we can obtain necessary and sufficient solvability conditions for
mixed restrictions.

Theorem 2. Let a non-negative function p~ € L[0,1] and a number Pt >0 be given.
The Cauchy problem (1) is uniquely solvable for all linear positive operators T+, T~ : C[0,1] —
L[0, 1] such that

1
T71=p, /1—5 WTH1)(s)ds =P
0
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if and only if

Pt <1,
t1

A_(ts, t1,p”) > Pt <1 + /(tl —s)p~(s) d8>, 0<t3<t <1,
t3
t3

A_(t3, t1,p7) > PF <t1 +(1-— tl)/sp_(s) ds), 0<ts<t; <1

Corollary 3. Let two non-negative numbers P+, P~ be given.
The Cauchy problem (1) is uniquely solvable for all linear positive operators T+, T~ : C[0,1] —
L[0, 1] such that

1
/ (1= s)(TH1)(s)ds < P+ and (T-1)(t) <P, t€0,1],
0
if and only if
P* <1 and P~ <8(1+V1-PF).
Theorem 3. Let constants P+ >0, P~ > 0 be given.
The Cauchy problem (1) is uniquely solvable for all linear positive operators T+, T~ : C[0,1] —

L[0, 1] such that

1
(T-1)(t) <P, te /1—5 )(TT1)(s)ds < PT,
0

if and only if

Pt<l, P < 8<1+\/1—P+).

Theorem 4. Let o > —1. Let a non-negative function pTL[0,1] and a number P~ > 0 be given.
The Cauchy problem (1) is uniquely solvable for all linear positive operators T+, T~ : C[0,1] —
L[0, 1] such that

1
TH1 =p™, / (I+as)(T"1)(s)ds=P~
0

if and only if

1
Pt = /(1 —s)pt(s)ds < 1,
0

+ _ 7+

P < B0+ 0Ty — T+ T
1
+
+2\/5(t1)(1 ~ T (T +1- T+ TtiT?) 0<ty<t <1,
1
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where
1 t
t1 t3 t3
7'1+ = [ (t1 — 8)pT(s)ds, ’7;+ = [(t1 —s)pT(s)ds, T3 = [ (1 —s)pT(s)ds.
/ / /

Corollary 4. Let o > —1. Let a non-negative function p* € L[0,1] and a number P~ > 0 be
given, and pT(t) =0 for t € [0, 1+\/11+7a].

The Cauchy problem (1) is uniquely solvable for all linear positive operators T+, T~ : C[0,1] —
L[0, 1] such that

1
TF1 =pt, / (I+as)(T"1)(s)ds =P~
0

if and only if

2
Pt <1, 73—+1—7D+§(1+\/1+;a+\/1—737) .

Corollary 5. The Cauchy problem (1) is uniquely solvable for all linear positive operators T+, T~ :
C[0,1] — L[0, 1] such that

(TT1)(t) <2, (TT1)(t)#£2, telo,1],

1
/ s)ds < mn<(11_t)+t+\/ﬁ)
0

te(0,1)

Corollary 6. The Cauchy problem (1) is uniquely solvable for all linear positive operators T+, T~ :
C[0,1] — L[0, 1] such that

(TT1)(t) <1, te]o,1],

1
1 t 2-2)(1+1)\ _
/ tg(IOI}) <t(1 —1) o t(1—t) ) > T4
0

The constants of the solvability conditions from Corollaries 5 and 6 are exact and cannot be
increased.
Finally we obtain solvability conditions under integral restrictions on both operators T+, 7.

Theorem 5. Let o > —1. Let constants PT >0, P~ > 0 be given.
The Cauchy Problem (1) is uniquely solvable for all linear positive operators T+, T~ : C[0,1] —
L[0,1] such that

1 1
/ (I1+as)(T"1)(s)ds <P, /(1—3)(T+1)(S)d3§73+,
0 0

if and only if
2
Pt<1, P —-Ptil< (1+\/1—|—a—|—\/1—73+) .
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Many areas of modern physics and technology are substantially based on various oscillatory
processes or use them. Oscillatory processes also play an important, and sometimes determining
role in a significant part of natural phenomena. These circumstances determine the relevance of
research in the oscillation theory and the necessity for its development. Although an effective
apparatus for studying oscillations in nonlinear systems is developed in modern oscillation theory,
the “linear” part of the theory remains an important and demanded part of it both in theoretical
and practical aspects. At the same time, the center of gravity of practical research methods has
been largely shifted to systems of linear differential equations with periodic coefficients (see, for
example, [1,3,12] and many other works).

Let us dwell in more detail on some of the studies of the Uruguayan mathematician J. L. Massera
on the problem of the existence of periodic solutions of ordinary differential periodic systems, which
are directly related to this paper. For quite a long time, up to the middle of the 20th century, it was
believed in the theory of oscillations that the period of a periodic differential system and the period
of its periodic solution are commensurable. And only in 1950 J. L. Massera showed the fallacy of
this assumption. Moreover, he obtained (also for linear systems) the conditions for the existence of
solutions whose period is incommensurable with the period of the system itself [7]. Subsequently,
such solutions, because of their unusual nature, were called strongly irregular [2, p. 17].

In the same 1950, J. L. Massera published another paper [8] on the existence of a periodic
solution of a periodic differential system of the same period as the system. In particular, he
established the following remarkable result: in the linear case the existence of a bounded solution
of a periodic system entails the existence of a periodic solution of the same period as the system. In
other words, the necessary and sufficient condition for a periodic linear system to have a periodic
solution of the same period as the system is the existence of a bounded solution of the system.
Consequently, this Massera’s theorem reduces the problem of the existence of periodic solution
of a periodic linear differential system with the same period as the system to the problem of the
existence of a bounded solution. The latter problem is simplier than the original one, since the class
of bounded continuously differentiable vector functions is much broader than its subclass consisiting
of periodic vector functions.

Thus we have the following rather unexpected property: if a linear periodic system has a solution
from a wide class (bounded solutions), it also has a solution from narrow class (periodic solutions
of the same period as the system), — a rather rare situation in mathematics in general, if we take
into account the fact that only the existence of some object would imply the existence of an object
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with additional properties. This result of J. L. Massera was transferred or generalized to other
types of systems and their solutions in [4-6,9-11,13,14] and others.

As a cosequence of Massera’s theorem a natural question arises: is it possible to replace in its
formulation the class of bounded solutions by some broader class so that modified theorem remains
true. The present paper is devoted to the solution of this problem.

Recall that a set in a topological space is called nowhere dense if the interior of its closure is
empty, and a set of the first category according to Baer, if it can be represented as a countable
union of nowhere dense in this space sets. A set that is not a set of the first category is called a
set of the second category according to Baer.

If M is a topological space and My C M, then we will say that the space M is an essential
extension of a subspace My if My has the first category in the space M.

Let M be some set of vector functions defined on the entire numerical axis R. A metric in M
given by the equality

dista(f,9) = min {1,sup [ £() = g(t)]| } for all f.g € M.
teR
is called the metric of uniform convergence on the axis, and a metric given by the equality

diste(f, 9) = supmin {[|f(t) — g(®)], [t~} for all f,g€ M,
teR

— the metric of uniform convergence on segments. It is easy to see that convergence of the sequence
(fn)neny C M in the metric dist, is equivalent to uniform convergence on the axis, and convergence
in the metric dist. is equivalent to uniform convergence on each segment.

Next we denote by B the set of bounded continuously differentiable vector functions R — R™,
and by P, its subset consisting of w-periodic vector functions. Let us introduce the metric dist, of
uniform convergence on the axis on the set B and denote the obtained metric space by B,.

Consider a linear differential system

i=At)z+ f(t), z€R", teR, (1)

where n € N is fixed, with continuous w-periodic n x n coefficient matrix A(t) and free term f(¢).
Its solutions are continuously differentiable vector functions z(-) : R — R™. As stated above,
according to Massera’s theorem, if the system (1) has a bounded solution, then it also has an
w-periodic solution. Let us emphasize that we do not assert the w-periodicity of this bounded
solution, but only the fact that the system (1) has an w-periodic solution. In general, a bounded
solution of the w-periodic system (1) may be neither w-periodic nor periodic.

The problem stated above has the following formal formulation.

Problem. Is it possible to extend the class B of bounded vector-functions to some class so that
the fact that the w-periodic system (1) has a solution in this wider class implies that it also has an
w-periodic solution?

Further, while comparing a class of functions and some subclass of it, we will use the language
of Baire’s categories to understand the relation between them. Thus, Massera’s theorem, which
reduces the question of the existence of a solution from the set P, to the question of the existence
of a solution from the set B, means that the latter question is much simplier, since, as the following
statement shows, the space B, is an essential extension of its subspace P,,.

Indeed,there is

Proposition. The set P, is closed and nowhere dense in the space By; in particular, it has the
first Baire category in By.
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Thus, almost all in the sense of Baire’s categories functions of the space B, are not w-periodic.
Nevertheless, according to Massera’s theorem, only the fact of existing of a solution belonging to the
“wide” class (class B) implies the existing of a solution belonging to the “narrow” class (class P,).

Let us give the following

Definition. We will say that a vector function z(-) : R — R™ grows slower than a linear function,
if at least one of the following relations holds
t t
im 1O g o 1201 2)
t——00 t t——+00 t
We denote by L the class of continuously differentiable vector functions R — R™, which grow
slower than a linear function. Clearly, B C £ and this is a proper inclusion. Indeed, for example,
unbounded on R vector function (In(t? +1),1,...,1)T satisfies the condition (2), i.e. grows slower
than a linear function. Therefore, the following statement strengthens Massera’s theorem.

Theorem. An w-periodic system (1) has an w-periodic solution if and only if it has a solution that
grows slower than a linear function.

The proof of necessity follows obviously from the chain of inclusions P,, C B C L. The proof of
sufficiency of the statement of the theorem is equivalent to proving that if the system (1) has no
w-periodic solutions, then it also has no solutions that grow slower than a linear function.

The question naturally arises how significant is extension £ of the set B. If we consider in £
the metric dist, of uniform convergence on the axis, then from the point of view of categories there
is no difference between £ and B, since, as it is easy to see, in this metric £ is the union of two
open sets: the set B of interest and its complement £\ B.

Consider in £ the metric dist; of uniform convergence on segments. We denote the obtained
metric space by L.

The set B has the first Baire’s category in the space L.. Thus almost all functions in the metric
space L. are not bounded on the axis in the sense of categories, i.e. do not belong to the set B.
Consequently, the space L. is an essential extension of the subspace B.
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1 Introduction

Consider the nonlinear equations
(a(t)®p(2)) +b(t)F(x) =0, tel=][1,00), (1.1)

and
(a(t)®r(z")) +b(t)F(z) =0, t € =][1,00), (1.2)

where the functions a and b are continuous and positive on [1,00), the function F' is continuous
on R with F(u)u > 0 for u # 0, and the functions & : R — (—1,1) and ®r : (—1,1) — R are
defined as

Y dpu) =
Vitar T VIoa

The operator ®p is called the Fuclidean mean curvature operator. It arises in the search for
radial solutions to partial differential equations which model fluid mechanics problems, in particular
capillarity-type phenomena for compressible and incompressible fluids. The operator ® is called
the Minkowski mean curvature operator or, sometimes, the relativity operator. It originates from
studying certain extrinsic properties of the mean curvature of hypersurfaces in the relativity theory,
see e.g., [1,2] and the references therein.

The operators & and ®p are strictly related: the inverse of @ is ®r and vice-versa. This
fact plays an important role in the study of equations (1.1), (1.2), as we show below.

Here we consider the problem associated with (1.1) and (1.2) to find necessary and sufficient
conditions for the existence of solutions such that

@E(u) =

. _ . 1y
tlggloﬂt) = 00, tlggo a(t)z'(t) = 0. (1.3)
Observe that sometimes such solutions are called intermediate solutions, see, e.g., [3]. Other boun-
dary value problems concerning Kneser-type boundary value problems for (1.1), or (1.2), are in [7].
More details on Kneser boundary value problems can be found in [11, Sections 13.1, 13.2 and 16.1].
Denote by Jg, Jp, J1 the following integrals

1/a(1t Jbzl/b(t)dt, Jabzl/b <1/a(1$ )
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If the nonlinearity F' is odd and satisfies the conditions

F F
lim inf (w) >0, limsup (w) < 00, (1.4)

U—00 u U—00 u

that, is, roughly speaking, F' has a linear growth near infinity, we show that equations (1.1) and
(1.2) are closely related with the linear equation

(a(t)x')/ +b(t)x = 0. (1.5)

Indeed, the well-known Leighton criterion states that (1.5) is oscillatory if J, = J, = oo, see,
e.g., [6] or [12, Theorem 2.24]. This oscillation result is valid also for equations with the curvature
operator, see below. Further, the qualitative similarity between equations with the curvature opera-
tor and the linear case continues to hold also when (1.5) is nonoscillatory. More precisely, concerning
the intermediate solutions in the linear case, the following holds, see, e.g., [5, Theorems 1 and 2].

Theorem 1.1. Assume that J, = oo, J, < co. If the linear equation (1.5) is nonoscillatory, then
(1.5) has eventually positive solutions x satisfying (1.3) if and only if Jup = 00.

In the following we illustrate how Theorem 1.1 continues to hold for equations (1.1) and (1.2).

2 Main results

We start by considering equation (1.1). The following oscillation result can be viewed as an exten-
sion of the quoted Leighton criterion.

Theorem 2.1. Let J, = oo, J, = o0 and lirgian(u) > 0. Then any continuable solution at
u oo

infinity of equation (1.1) is oscillatory.

Theorem 2.1 is proved in [3, Theorem 2.1 (ii)], see also [8, Theorem 4.1], by using a different
argument to the one in [6] or [12, Theorem 2.24] for linear equation.

The next result concerns the asymptotic proximity between the intermediate solutions to equa-
tions (1.1) and (1.5). The following holds.

Theorem 2.2. Let J, = oo, litrginfa(t) > 0, conditions (1.4) hold and Fy; = sup F(u)/u.
o) u>1
If the linear equation
/
(éﬁ a(t)w/) + Fyb(t)w =0 (2.1)

is nonoscillatory, then equation (1.1) has infinitely many solutions x satisfying (1.3) if and only if
Jy < 00, Jgp = 0. (2.2)

Theorem 2.2 follows from [8, Theorem 3.1, Theorem 4.2]. Observe that Theorem 2.2 requires the
existence of a suitable nonoscillatory linear equation (2.1) which, roughly speaking, can be viewed
with respect to (1.1), as a dominant equation. This assumption can be verified by comparing (2.1)
with known linear auxiliary equations such as, for instance, the Euler equation or the Riemann—
Weber equation. More precisely, consider the Euler equation w” + 47 '¢72w = 0. Using the
substitution z(t) = t~*w we get that the linear equation

(c(t)2') +d(t)z = 0, (2.3)

where c(t) = 2, d(t) = (A — 271)?#2O=1 is nonoscillatory. If A < 271, then J, = 0o, Jy < oo and
Jeq = 00. Hence, from Theorem 2.2 we have the following, see [8, Corollary 5.1].
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Corollary 2.1. Let (1.4) be verified. Assume that there exists A € (0,271) such that for large t

(A=2717 £20-1)
Fy ’

where Fy is given in Theorem 2.2. Then equation (1.1) has a solution x satisfying (1.3).

Clearly, any other nonoscillatory linear equation of type (2.3) satisfying J. = oo, Jg < oo and
Jeq = 00 can be used as majorant equation.

Now, we study the qualitative similarity between (1.2) and (1.5). The oscillation for (1.2) is a
more subtle problem, see, e.g., [3]. The following holds.

Theorem 2.3. Let J, = oo, liminf, ,~ F(u) > 0 and for any A > 0

oo

/@E<a(At)> dt = oo.

1

Then any continuable solution at infinity of equation (1.2) is oscillatory.

Theorem 2.3 follows, with minor changes, from a more general result stated in [3, Theorem 2.1].
Concerning the existence of intermediate solutions to (1.2), the following holds.

Theorem 2.4. Let J, = oo, J, < 00, Jup = 00, ligninfa(t) > 0, conditions (1.4) hold and
—00

Fyr = sup F(u)/u. If (2.2) holds and the linear equation
u>1

(a(t)w") + Farb(tyw =0 (2.4)
is nonoscillatory, then equation (1.2) has infinitely many solutions x satisfying (1.3).
Theorem 2.4 is proved in [8, Theorem 5.1]. Moreover, in [8, Section 5] some necessary conditions
for existence of intermediate solutions to (1.2) are given too.
3 Concluding remarks

We start by presenting the idea of the proof of Theorem 2.2. It is based on an important feature
on the operator @ and its inverse ®r. Setting

w=uwxz z=a(t)Pp),

an easy calculation shows that the problem (1.1),(1.3) is equivalent to the problem

W' = <1>R( - ) - : Y= —b(t)F(w), tel,

a(t) Va2 (t) — 22’

lim w(t) =00, lim <I>R<@> =0.

t—o00 t—o00

(3.1)

For solving (3.1), we use a fixed point result, which originates from [4, Theorem 1.4], jointly with
some asymptotic properties of the principal solution of a linear equation, see, e.g., [10, Chapter 11,
Section 6]. We briefly describe our approach.
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Let  be a nonempty, closed, convex and bounded subset of C([1, 00), R?) and for any (u,v) €
consider the linear boundary value problem

Pl e yer,

’ Ui I
= b(t) () 52

a2(t) —o2(t)’

tlgéloﬁ(t) - tlggon(t) =0
For any (u,v) € 2 denote by (£, Nuy) the principal solution of the linear system in (3.2) such that
Nuv(1) = kg, where k, is a suitable positive fixed constant. Let T be the operator which maps (u, v)
into (&uu, Muw). Defining in an appropriate way the set {2 and using some comparison results on the
behavior of the principal solution, it is easy to show that 7" has a fixed point (&,7), which clearly
is a solution of (3.1).

Observe that the linear system in (3.2) is equivalent to the second order linear equation

Fu)
MoK

and so the principal solution of the linear system in (3.2) coincides with the principal solution yg
of (3.3). Thus, roughly speaking, this approach reduces the solvability of (3.1) to the solvability of
a boundary value problem for a suitable associated second order linear equation. Clearly, a similar
approach, with minor changes, is valid for proving the existence of intermediate solutions to (1.2).

Using the disconjugacy theory and some comparison results for principal solutions of linear
equations, we can extend Theorems 2.2 and 2.4 by obtaining the so-called global positiveness of
intermediate solutions, that is their positiveness on the whole interval I. Observe that, in general,
this fact does not occur, because nonoscillatory solutions can have an arbitrary finite number of
zeros, also in the linear case. This result is a consequence of a more general criterion in the
forthcoming paper [9] and reads as follows.

(Va2(e) —o2() y) () (3.3)

Theorem 3.1. Let the assumptions of Theorem 2.2 [Theorem 2.4] be valid. In addition, if the
linear equation (2.1) [(2.4)] has the principal solution which is positive on I, then (1.1) [(1.2)] has
infinitely many solutions x which are positive nondecreasing on I and satisfy (1.3).

References

[1] C. Bereanu, P. Jebelean and J. Mawhin, Radial solutions for some nonlinear problems involving
mean curvature operators in Euclidean and Minkowski spaces. Proc. Amer. Math. Soc. 137
(2009), no. 1, 161-169.

[2] A. Boscaggin and G. Feltrin, Positive periodic solutions to an indefinite Minkowski-curvature
equation. J. Differential Equations 269 (2020), no. 7, 5595-5645.

[3] M. Cecchi, Z. Dosla and M. Marini, Oscillation of a class of differential equations with gene-
ralized phi-Laplacian. Proc. Roy. Soc. Edinburgh Sect. A 143 (2013), no. 3, 493-506.

[4] M. Cecchi, M. Furi and M. Marini, On continuity and compactness of some nonlinear operators
associated with differential equations in noncompact intervals. Nonlinear Anal. 9 (1985), no. 2,
171-180.

[5] M. Cecchi, M. Marini and G. Villari, Integral criteria for a classification of solutions of linear
differential equations. J. Differential Equations 99 (1992), no. 2, 381-397.

[6] W. J. Coles, A simple proof of a well-known oscillation theorem. Proc. Amer. Math. Soc. 19
(1968), 507.



34

Z. Doslda, M. Marini, S. Matucci

[7]

Z. Dosla, M. Marini and S. Matucci, Positive decaying solutions to BVPs with mean curvature
operator. Rend. Istit. Mat. Univ. Trieste 49 (2017), 147-164.

Z. Dosla, M. Marini and S. Matucci, On unbounded solutions for differential equations with
mean curvature operator. Czech. Math. J., 2023, 20 pp.; DOI: 10.21136/CMJ.2023.0111-23.

Z. Dosla, M. Marini and S. Matucci, On some properties of the mean curvature equations. (in
preparation).

Ph. Hartman, Ordinary Differential Equations. Reprint of the second edition. Birkh&user,
Boston, MA, 1982.

I. T. Kiguradze and T. A. Chanturia, Asymptotic Properties of Solutions of Nonautonomous
Ordinary Differential Equations. Mathematics and its Applications (Soviet Series), 89. Kluwer
Academic Publishers Group, Dordrecht, 1993.

C. A. Swanson, Comparison and Oscillation Theory of Linear Differential Fquations. Mathe-
matics in Science and Engineering, Vol. 48. Academic Press, New York-London, 1968.



REPORTS OF QUALITDE, Volume 2, 2023 35

On the Optimization Problem of One Market Relation Containing
the Delay Functional Differential Equation

Phridon Dvalishvili

Department of Computer Sciences, Ivane Javakhishvili Tbilisi State University
Thilisi, Georgia
E-mail: pridon.dvalishvili@tsu.ge

Adeljalil Nachaoui

Laboratoire de Mathématiques Jean Leray, Nantes Université, Nantes, France
E-mail: abdeljalil.nachaoui@univ-nantes.fr

Mourad Nachaoui

Université Sultan Moulay Slimane, Béni-Mellal, Morocco
E-mail: m.nachaoui@usms.ma

Tamaz Tadumadze!*?

L Department of Mathematics, Ivane Javakhishvili Thilisi State University
Thilisi, Georgia
2 [lia Vekua Institute of Applied Mathematics of Ivane Javakhishvili Tbilisi State University
Thilisi, Georgia
FE-mail: tamaz.tadumadze®tsu.ge

In the paper, for a market relation theoretical model is constructed in the form of the controlled
delay functional differential equation. Moreover, for the corresponding optimization problem the
necessary conditions of optimality are formulated.

1 Mathematical model

Let us for the production of goods 7; and i3 require substitutable raw materials with concentration
x1(t) and x2(t), respectively, at the moment ¢. Let the dynamic of these concentrations is described
by the system of differential equations

%1(t) = az1(t) + bxa(t),
j?g(t) = cml(t) + d(L‘Q (t),

where a, b, ¢, d are given numbers.

Let market relation demand and supply for the good i; are described by functions D (¢, w)
and S1(t,x1,x2,u) and for the good is are described by functions Do(t,1) and Sa(t, x1, xe,v). Let
cost of the goods i1 and iy at the moment ¢ be u(t) and v(t), respectively. Suppose that at time
t consumer demand will be satisfied on the good i; which has been ordered at time t — p, where
p > 01is a fixed delay parameter and on the good is which has been ordered at time t — 6, where
0 > 0, in general, is non fixed delay. The function

Eq(t) = Di(t — p,u(t — p)) — Sl(t,xl(t —7),x2(t — T),u(t)), tel
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we call the disbalance index for the good i;. We assume that for the production of the good #;
requires the amount of raw materials x1(t — 7) and z2(t — 7) allocated at moments ¢t — 7, where
7 > 0, in general, is non fixed delay. Here, it is taken into account that the production of i; good
is carried out after some time from the allocation of raw materials.

Similarly, the function

Es(t) = Do(t — 0,v(t — 0)) — Sa(t,z1(t — 7), ot — 7),0(t)), t €I

is called the disbalance index for the good is.

If E1(t) = 0, then at the moment ¢ we do not have disbalance between demand and supply with
respect to good i1, and the customer will buy exactly the quantity of good i1 he needs. At time
t, if F1(t) > 0, then demand exaggerates supply, if E;(t) < 0, then supply exaggerates demand.
Analogously we can consider above described cases for Ea(t).

In order to characterize the dynamics of the disbalance in time, we introduce the integral indices
of the disbalance for the moment ¢

t

2a(t) = 20+ [ [Da(e = prul€ = p)) = $1(€,m1(6 = 7).l = ), u(e)) d

74(t) = 240 +/ [Dz(ﬁ —0,v(6—0)) — Sz (&, 21(E—7),2° (€ — 7)70(5))} dé,

to

where x;0, i = 3,4 are given numbers. Thus, in the framework of the above mentioned conditions, we
can describe the market relationship with the following system of controlled functional differential
equation containing delays in phase coordinates and controls

T1(t) = axq (t) + bIEQ(t),
= cx1(t) + dxa(t),

(1.1)

Finally, we note that one dimensional models for the market relation and corresponding opti-
mization problems when right-hand side of the differential equation depends only on control both
without delay and with delay were discussed in [1-4].

2 Statement of the problem and necessary conditions
of optimality

Let I = [to,t1] be a given interval and 79 > 71 > 0, p > 0 and 62 > #; > 0 be given numbers with
t1 — to > max{o, p,02}. Suppose that the functions ¢;(t) € Ry = (0,00), ¢ = 1,2 are continuously
differentiable on the interval [7,to], where T = ¢y — 7o. Further, denote by Q and V the set of
piecewise continuous control functions u(t) € [0,u], t € [to — p,t1] and continuously differentiable
control functions v(t) € [0,v], t € [to — 02, t1], respectively, where u > 0, ¥ > 0 are given numbers.

To each element w = (7,0,u(t),v(t)) € W = (11,72) X (01,02) x Q x V we assign the delay
functional differential equation (1.1) with the initial condition

xi(t) = @i(t),t € [T, to), xi(to) = xi0, 1 = 1,2;24(to) = 0,1 = 3,4, (2.1)
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where x;0 € Ry, i = 1,2 and, in general, ¢;(to) # xio, i = 1,2 (so called discontinuous part of the
condition (2.1)). In the equation (1.1) it is assumed that the function D (¢, w), (t,w) € [to — p, t1] X
[0,u] is continuous and continuously differentiable with respect to w; the function Si(t, z1,x2,u),
(t,z1,22,u) € I X Ri x [0,@] is continuous and continuously differentiable with respect to x1, xa,
u; the function Dy(t,4), (t,9) € [to — b2,t1] x [0,7] is continuous and continuously differentiable
with respect to ¥; the function Sa(t,z1,22,v), (t,21,22,v) € I x R% x [0,7] is continuous and
continuously differentiable with respect to x1, 2, v.

Definition 1. Let w = (7,0, u(t),v(t)) € W. The collection of functions
{:El-(t) —ziw) € R, te[Ft], i=1,2 xi(t) = zi(t;w), t e, i= 3,4}

is called a solution of the equation (1.1) with the initial condition (2.1) or a solution corresponding
to the element w, if it satisfies the condition (2.1) and the functions x;(t), i = 1,2, 3, 4 are absolutely
continuous on the interval I and satisfy the equation (1.1) almost everywhere on I.

Denote by Wy the set of w € W for which there exists a solution. We assume that Wy # &.

Definition 2. An element wg = (70, 6o, uo(t), vo(t)) € Wy is said to be optimal if for an arbitrary
element w € Wy the inequality
J(wy) < J(w)

holds, where

and x;(t) = z;(t; w), i = 3,4.
Theorem 1. Let wqg be an optimal element and
{-rz(](t) = xl(tv wO) € R+7 te [?7t1]7 = 17 27 sz(t) = xi(t;w())v te Ia = 374}

be the corresponding solution. Let the function ug(t) be continuous at the point to+ 19. Then there
exists a solution {¢;(t), t € [to,t1 + 10], i = 1,2,3,4} of the equation

\

with the initial condition
¢z(t) = 07 te [tl,tl =+ 7—0]’ 1= 1)2’374—7

where

0
Sta: [t] = o S1(t, z10(t — 10), 220(t — 70), uo(t)),

0
Sou, [t] = A Sa(t, z10(t — 10), 220(t — 70), vo(t))

such that the following conditions hold:
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1) the condition for the delay T

S1a(to + 7o) + Satpa(to + o)

t1

= / { [Stay [t]103(t) + Soa [tJ00a(t) | Z10(t — T0) + [S1as [t]103(E) + Soay [t]ha(t) | E20(t — 7'0)} dt,

to

where

S1 = S1(to + 70, 91(t0), p2(to), uo(to + 70)) — S1(to + 70, 10, 220, w0 (to + 70)),
Sa = Sa(to + 70, 91(t0), p2(to), vo(to + 70)) — Sa(to + 70, T10, 220, vo(to + 70));

2) the condition for the delay 6
t1
/Dw(t — 6o, vo(t — 00))1a(t)Do(t — bo) dt = 0;
to

3) the condition for the control ug(t)

[ {1 = Sulthuo(t) + Dratt = gt = p))unlt - )] e
= urg)anQ/ {w3<t> [ = Stu[tlu(t) + Diw(t — p,uo(t — p))ul(t — p)] } dt;

4) the condition for the control vo(t)

51

/ {¢4(t) [ — Sau[t]vo(t) + Dauw(t — B0, v0(t — 00))vo(t — 6o)] } dt
= vr(rtl)aé)%// {1/}4(t) [ — ng[t]v(t) + Dgw(t — 6O, ’U()(t — 90))1)(75 — 90)] } dt.

It is clear that if p;(tg) = x40, i = 1,2, then §1 = 0,4 =1,2. Theorem 1 is proved by the scheme
given in [5].

References

[1] Ph. Dvalishvili and T. Tadumadze, Optimization of one marketing relation model with delay.
Journal of Modern Technology & Engineering 4 (2019), no. 1, 5-10.

[2] M. Iordanishvili, T. Shavadze and T. Tadumadze, Delay optimization problem for one class
of functional differential equation. Functional differential equations and applications, 177-186,
Springer Proc. Math. Stat., 379, Springer, Singapore, 2021.

[3] M. Iordanishvili, T. Shavadze and T. Tadumadze, Delay optimization problem for one class of
controlled functional differential equation. Funct. Differ. Equ. 26 (2019), no. 3-4, 185-191.



REPORTS OF QUALITDE, Volume 2, 2023 39

[4] G. Kharatishvili, N. Nanetashvili, T. Nizharadze, Dynamic control mathematical model of
demand and satisfactions and problem of optimal satisfaction of demand. Proceedings of the
International Scientific Conference “Problems of Control and Power Engineering”, 8, 2004,
44-48.

[6] T. Tadumadze, Variation formulas of solutions for functional differential equations with several
constant delays and their applications in optimal control problems. Mem. Differ. Equ. Math.
Phys. 70 (2017), 7-97.



40 V. M. Evtukhov, S. V. Golubev

Asymptotic Behaviour of Solutions
of One Class of Nonlinear Differential Equations of Fourth Order

V. M. Evtukhov, S. V. Golubev

Odessa 1. I. Mechnikov National University, Odessa, Ukraine
E-mails: evmod@i.ua; sergii.golubev@stud.onu.edu.ua

We consider a two-membered non-autonomous fourth-order differential equation of the form
y W = aopo(®)[1 + r(®)]e™ (o #0), (1)

where a9 € {—1,1}, po : [a,w][—]0,+00[ is a continuous or continuously differentiable function,
—00 < a<w< 400, r: [a,w][—] —1,400[ is a continuous function such that

li t) =0.

o
It is easy to see that in this equation the function e (o # 0) is a fast-variable function when
y — Yp = £oo (by Karamata). We can choose the intervals Ay, of the points Yy = foo as the
neighbourhood of Ay,
10, +o00[, if Yy = +o0,

A =
Yo | —00,0[, if Yy =—oc.

Definition 1. A solution y of the differential equation (1) is called a P, (Yp, \g)-solution where
—00 < Ao < 400, if it is defined on the interval [ty, w[C [a,w[ and satisfies the following conditions

y(t) € Ay, or t € [to,w], liTmy(t) =Yy = o0,
tTw

0, (3)(#)12
o k=123, lim— 2 0

limy™® (¢) = — _ W
my () or = oo, tw y(2)(t)y(4)(t)

= Xo.
ttw 0

From this definition, in particular, it follows that the number of

1, or Yy = +oo,
vy =
—1, or Yy =—00
determines the signs of any P, (Yp, Ag)-solution and its first derivative in any left neighbourhood
of w. In [1] for P,(Yp, Ao)-solutions at Ag € R\ {0, 3, 2,1} (non special case) the following two
theorems were obtained, but to formulate them we need to introduce additional auxiliary notations
(Ao —1)3 t, if w= 400,
KMN) =——"—, m(t)=
( 0) )\0(2)\0—1) w( ) t—w, if w< 4o,
¢

Jo(t) = / w3 (Fpo(r)dr,  Ji(t) = / Po(7) dr, Ji(t) = / Jia(r)dr (i = 2,3),
Ag A;

P Jo(7) 1
V() =~ tn (a0 = 2)KOo)Jo(0)), a(t) = afjit&) ,
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where the integration boundary A; is chosen to be equal to either w or constant a and is defined
in such a way that at this value of A; the integral tends either to 0 or to +o00. The following two
theorems were established for equation (1) in [1].

Theorem 1. Let \g € R\ {0, %, %, 1}. For the differential equation (1) to have P, (Y, \o)-solutions,
the following inequalities

aprpro(2A0 —1)(BXo —2) > 0, apr1K(Ao)m,(t) >0 at t €la,w], (2)
and the following conditions

apo K (o) Jo(t) <0 at t €]a,wl,

BEAOIAD () 1 _
lim T - lim g(t) = 1
e Jo(t) R AT o1 ) 3)

must be satisfied and each such solution admits at t T w the following asymptotic mappings

y(t) =~ (a0~ 2 VKO0 +0(1), 9 (0) = aoJu (B +o(1)] (k=1,23).

Theorem 2. Let Ao € R\ {0, 3, 2,1}, the function py be continuous and conditions (2), (3) be
satisfied. Let, in addition

lim(1 — ¢(t)|[Y (£)|1 =0 and ago > 0. (4)

tTw

Then the differential equation (1) has a two-parameter family P, (Yy, Xo) of solutions which satisfy
at t T w the asymptotic mappings

_ o ") = a o(1) " = o o(1)
YO =Y +o(l). ¥0)=ah(O]1+ o] v = a0kn)[L+ 2.
o(1) }

vty

" (t) = agJi(t) [1 +

In Theorem 2, the first of conditions (4) is rather rigid. In the present paper an attempt is
made to eliminate it.

Theorem 3. Let \p € R\ {0, %, %, 1}, the function po be continuously differentiable and conditions
(2), (3) be satisfied. Suppose, in addition, that the second condition in (4) is satisfied and there

exists a finite or equal to oo limit

lim 7, (t)q’ ().
tlTISTF()Q()

Then the differential equation (1) has a two-parameter family P, (Yy, No) of solutions which satisfy
at t T w the asymptotic mappings

W0 = Y1)+ o). (1) = a0ds(®]a) + ~20] v (1) = a0+ 2D ),
vor’
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Sketch of the proof

First, it is easy to prove that

lim 7, ()¢’ (t) = 0.
tlTrgﬂ()q() 0

In the same way as in the proof of Theorem 2 of [1], equation (1) by the transformation
y(t) =Y(1) + (), yM () = aoJai k()1 +yea(t)] (k=1,2,3) (6)
is reduced to a system of differential equations of the form

Y1 = aoJ3(t)[1 — q(t) + y2],

v jégg (Y3 — v2),
v = 0 = ).
oh = T [0+ (14 7O = s + R

We will consider this system on the set

1 .
0= [tl,W[XD, where D = {(ylay27y3>y4) ER% : ‘yl‘ < 57 (Z = 13"'74)}>

1
where |R(t,y1| <y} at |yi| <J for some 0 < § < 3
Further we will use the obtained system on the set €y = [t1, w[ xR}
In contrast to Theorem 2, let us make an additional transformation
yi(t) = 21(1), wa2(t) = 22(t) +q(t) — 1, ys(t) = 23(t), wa(t) = 24(t), (7)

the sense of which is to exclude the summand (1 — ¢(t)) from the first equation of the system and
as a result we obtain a system of differential equations of the form

Zi = ;;((?) {gl(t)'zQ}’
= {6 (t)( — ) — ma(d (D)},
et Q
4 = Wl(t) [3() (2 — 7)),
o= ml(t) {&a®[r(t) + (4 r()z1 — 2+ Bl 20)] ),
where
. 3N — 2 . 220 — 1 . A . 1
%Igfl(t) = /\00_ T ltlTrgéz(t) = /\00_ T ltlTrorJlés(t) w1 i 1 1151%154(75) “ 1

To asymptotically equalise the multipliers at ¢ T w in the right-hand side of the equations of the
system (8), we apply the following transformation to it:

A(t) =vi(t), =) = YO Toa(t), 2(t) = [Y(O) 2os(t),  za(t) = [Y ()] “Foa(t).  (9)
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As a result, we obtain a system of quasilinear differential equations for which all the conditions of
Theorem 2.2 of [2] are fulfilled. The limit matrix of coefficients at vq, va, v3, v4 of the obtained
quasilinear system has the form

0 3)\0—2<.u0 ) 0 0
A —1 \signo
200 — 1
0 0
C = A —1
= o ,
0 0 0
) Ao —1
o1 0 0 0

and has, taking into account the sign conditions (2), (3), a characteristic equation of the form

4 o 320 —2[|200 — 1| [Ao]

A =0.
+ Do — 1) 0

The characteristic equation has two pairs of complex-conjugate roots with real parts different
from zero. Then the system of differential equations has a two-parameter family of solutions
V1, V2, V3,04 : [to,w[— R (t2 € [to,w]), which tend to 0 at ¢ T w. To each such solution, taking into
account substitutions (6), (7), (9), corresponds a solution y : [t2,w] — R of the differential equation
(1) for which the asymptotic representations (5) take place at ¢ T w. It is also easy to check, taking
into account these asymptotic representations and the form of equation (1), that the solutions we
have constructed are P, (Yp, Ag)-solutions.
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1 Introduction

The study is devoted to an important class of evolutionary systems characterized by the presence of
impulsive disturbances when the system trajectory reaches a fixed subset in the phase space. The
systematic study of such systems began relatively recently and was mostly focused on the finite-
dimensional case [1,2,4,10-12]. The results regarding the limit behavior of infinite-dimensional
impulsive dynamic systems are contained in works [3, 6, 8], however, in both the parabolic and
hyperbolic cases, the impulsive parameters are “finite-dimensional” in nature, i.e., the situation
was considered when only a finite number of coordinates of the phase vector were subjected to
an impulsive disturbance. The novelty of this study is that we consider the case when the entire
infinite-dimensional phase vector undergoes an impulsive disturbance when the energy functional
reaches a certain threshold value.

2 Setting of the problem and the main results

Let a triple of Hilbert spaces V' C H C V* with compact dense embeddings be given, || - || be
the norm and (-, -) be the scalar product in H, A: V — V* be a linear, continuous, self-adjoint,
coercive operator, ||ully := <A%u, u) be the norm in V, (-, -) be the scalar product in V.

Let us consider an evolution problem

d*y dy

Y oYY L ay=0

g2 T TAv=0,

y’t:o = yO 6 V) (21>

Yil,g =11 €V.

Problem (2.1) in phase space X = V' x H generates a continuous semigroup G : Ry xX — X [13],

where for zg = <yo> e X
Y1

G(t, z0) = 2(t) = (y(t)) _
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1 .
s [ (o, ¢5) coswit + (B(yo, v5) + (y1,9;)) -, Sinwjt
= eiﬂt Z ! ) (22)

1 .
=1\ (y1, ;) cosw;t — (A?(yo, ;) + By, %’)) o sinwjt
j

where w; = | //\? = B2, {\j}321, {p;}52, are solutions of the spectral problem
Apj = Ajpj, 721,
{goj-};-";l is the orthonormal basis in H, 0 < Ay < A2 < ---, A\j — +o00, j — 00, and without

limitation of generality we will assume that A; > .

Consider the functional ¥ : X — R, that for z = <Z> € X is determined by the rule

U(z) = [l2l% = lulld + o). (2.3)

The impulsive problem is formulated as follows: if at some point in time ¢ > 0 at the solution

z = <5 the functional (2.3) reaches the value ¥y, then the system instantly moves to a new
t
position

2T =9(2) + «a, (2.4)

where v € X, ¢ : X — X are given.

In [9] we prove that, under certain conditions on the parameters, the problem (2.1), (2.3), (2.4)
generates in X an impulsive dynamical system G : Ry x X — X (see Definition 3.1 below), for
which, for each zg € X, the w-boundary set is nonempty, compact, and the limit relation is true

distx (G(t, 20),@(z0)) = 0, t — .

3 w-Boundary set for impulsive dynamical systems

Following the work [7], we will describe the general construction of the impulsive dynamical system.
Suppose that a continuous semigroup G : Ry x X — X is given on the phase space X, the
trajectories of semigroup, when they reach a fixed subset M C X (impulsive set), are moved by
the mapping I (impulsive mapping) to a new position

zt =1z
For the correctness of such construction, the following conditions must be met

G : Ry x X — X is continuous semigroup,

ie. forall z € X and t,s > 0: G(0,2) =z, G(t + s,2) = G(t,G(s, 2)), (3.1)
map (t,2) — G(t,z) is continuous on Ry x X;

M is closed set, M NIM = @, (3.2)

VzeM 37=7(2) >0 Vte (0,7): G(t z) & M. (3.3)

Under the conditions (3.1)—(3.3) it is known [6] that if for z € X

M*(z) = ( e, z)) NM #2,

t>0



46 P. Feketa, J. Fedorenko, D. Bezushchak, A. Sukretna

then there exists s := 5(z) > 0 such that
Vte (0,5): G(t,z) & M, G(s,z) € M.

Using the introduced notations 2, M*(z), s, the impulsive trajectory é( -, zp) starting from
zg € X is constructed as follows:

- if Mt () = @, then G(t, 20) = G(t, ), t > 0;

- if M (2) # @, then for sg := 5(z9) let’s mark z; := G(so, 20), S0

G(t,ZO) =
zf, t = sg;

~ {G(t, 20), t€0,s0), .

- if M*(2]) = @, then G(t,z) = G(t — 0,27 ), t > so;

- if M*(2]) # @, then for s; := 3(2;) let’s mark 21 := G(s1,2]"), so
~ G(t —s0,2]), tE€ [so, ,
Zy , t =350+ S1;

and so on. Continuing this process, we will obtain a finite or infinite number of impulsive points

+ + + .
Zpi1 =1G(sp, 2, ), 29 =20, n >0,

and corresponding sequence of time moments

n
Tt := Zsk, Ty:=0, n>0.
k=0

At the same time, G is given by the formula

G(t, ZO) =

N {G(tTn,z,J{), t € [Ty, Toin), 5.4)

It should be noted that in such a system there may be “beating effects” or “Zeno”-modes, when
moments of impulsive occur so often that the trajectory (3.4) is destroyed in a finite time [5].

Since we are interested in the behavior of (3.4) when ¢ — oo, then we will make the following
assumption:

(3.5)

for each zg € X there are either no impulsive points,
or their number is finite, or T, — oo, n — oo.

The condition (3.5) guarantees that for an arbitrary zyp € X the function t — G(t, zg) is defined
on [0, 400).

Definition 3.1. The mapping G : R4 x X — X constructed above is called an impulsive dy-
namic system. We will say that {V, M, I'} generate an impulsive dynamic system, if the conditions
(3.1)—(3.3), (3.5) are met.
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It is known that under the conditions (3.1) — (3.3), (3.5) the mapping G : Ry x X — X is a
semigroup whose trajectories are continuous from the right.
In addition, by construction for arbitrary zg € X and t > 0:

G(t,zo)N M = 2.
The main object of study in this paper is the w-boundary set:
Bz0) = {€€ X+ F{ta}3y it So0, €= Tim Glta,20) .
n—oo
Lemma 3.1. Let {V, M, I} generate an impulsive dynamic system G and for zg € X the following
conditions be fulfilled:

(1) setd := |J G(t,2) is bounded;
>0

(2) for each z € ¥ : G(t,z) = Gi(t,z) + Gal(t, z), where {G1(t,2),t > 0,z € 7} is precompact,
sup Ga(t,z) — 0, t — oo.
z€y
(3) if ¥ has an infinite number of impulsive points {2, }n>0}, then {z }n,>0 is precompact.
Then, the set &(z0) # @ is compact and distx (G(t, z0),@(z0)) — 0, t — 0.
Remark 3.1. Fulfillment of the condition (1) can be guaranteed under the following conditions
301,0220 36 >0 VZEA’)/J Vt>0
IG(t,2)llx < llzlxe™® + C1,
1z]le < fl2llx + Ca,

and if C{sy}r>0 are the distances between impulses along 7, then

5 :=inf s > 0.
k>0

Remark 3.2. The condition (3) can be replaced by the following:
if {z,} is bounded, then {Iz,} is precompact.

We cannot expect that w(zg) to be stable in any sense, since this is not true even in the
non-impulsive case. The stability property can be guaranteed for more massive objects — uniform
attractors [6]. However, we can ensure the invariance of the non-impulsive part of w(zg). For this,
it is necessary to impose conditions on trajectories starting from initial data close to w(zp).

Lemma 3.2. Let {V, M, I} generate impulsive dynamical system é, the conditions of Lemma 3.1
be fulfilled for zg € X, and, in addition

I: M — X be continuous;
if € € wW(z0) \ M, then for &, — &

5(&) = o0, if $(&,) = oo for infinitely many n,
s(&n) — s(§), otherwise.
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Then for each t > 0

G(t,a}(zO) \ M) C (,NL)(Z()) \ M.
If in addition for £ € w(zo) N M and for &, — &, &Em & M,
5(&n) = oo for infinitely many n or 5(&,) — 0,

then for arbitrary t > 0 N
G(t,a)(Z())) D (:5(2:0) \ M.

Remark 3.3. If we add the following condition to the conditions of Lemma 3.2:
for t,, /oo by subsequence G(ty, z9) =y & M, (3.6)

then for an arbitrary ¢ > O:

G(t,D(20) \ M) = B(z0) \ M.

The condition (3.6) means that the w-boundary set of the non-impulsive half-flow G does not
intersect with M.

4 Limit modes of the impulsive problem (2.1),(2.3), (2.4)

For the problem (2.1),(2.3),(2.4), the phase space is the Hilbert space X =V x H, on which the
solutions of the evolutionary problem (2.1) generate a continuous semigroup G : Ry x X — X
according to the formula (2.2).

The set M is given by (2.3) according to the formula

M:{z:(:j)eX: \p(z):%}, Ty > 0.

We will consider that the following conditions are fulfilled

1
le(2)llx < ll2llx, o < o lalik- (4.1)

In [9] we have checked the fulfillment of the conditions (3.1)—(3.3) and (3.5). Thus, it is proved
that the problem (2.1),(2.3),(2.4) generates an impulsive dynamic system, and each impulsive
trajectory has an infinite number of impulsive points.

Theorem. Suppose that for the problem (2.1),(2.3),(2.4) the conditions (4.1) and the following
are fulfilled

1 1 eIk
—_— — 1 -1 4.2
8B n 20, ). (4.2)

p: M — X is a compact mapping.

Then, for the corresponding impulsive dynamical system é, we have that for an arbitrary zp € X
w-limit set w(zy) # @, it is compact and

distx (G(t, 20),@(z0)) = 0, t — .

Remark 4.1. The condition (4.2) can be removed by requiring the limit klim sk to exist instead.
— 00
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The neutral functional-differential equation is a mathematical model of such a system whose
behavior at a given moment depends on the velocity of the system in the past. In the paper an
analytic relation between solutions of the original Cauchy problem and a corresponding perturbed
problem is established for the controlled neutral functional-differential equation with the discon-
tinuous initial condition, whose right-hand side is linear with respect to the prehistory of the phase
velocity. In the representation formula of a solution the effects of perturbations of the delay pa-
rameter containing in the phase coordinates, of the initial and control functions are revealed. Such
analytic relation plays an important role in proving the necessary conditions of optimality [1, 6].
Besides, such relation allows one to get an approximate solution of the perturbed equation and to
carry out a sensitive analysis of mathematical models.

Let I = [tg,t1] be a given interval. Let R™ be the n-dimensional vector space of points = =
(z',...,2")T and let O C R", U C R" be convex open sets; let ¢ > 0 and 75 > 7, > 0 be given
numbers, with ¢g + max{c, 72} < t1. Suppose that the n x n -dimensional matrix function A(t, z,y)
is continuous on the set I x O? and continuously differentiable with respect to z%, i = 1,2,...,n
and v/, j = 1,2,...,n; moreover, there exists M; > 0 such that

A2, 9)| + Y 1A (] + D A (D < My Y (tz,y) € Ix O %O,
i=1 j=1

Let the n-dimensional function f(t,z,y,u) be continuous on the set I x O? x U and continuously
differentiable with respect to x, y, u; moreover, there exists My > 0 such that

|f(t7x’yau)|+‘f$()‘+|fy()|+’fu()| < M V(t,.’E,y,U) €l x 02 x U.

Further, denote by ® and € the sets of continuous differentiable functions p(t) € O, t € [T, o],
where T = tg — max{o, 72} and measurable functions u(t) € U, t € I, respectively, with the set
clu(I) is compact and clu(l) C U.
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To each element
= (1,20, 0(t),u(t)) € A= (11,72) Xx O x & x Q

we assign the quasi-linear neutral functional-differential equation
i(t) = A(t,a(t), 2t — 7))t — o) + F(t,a(t) alt — 1), u(t), tel (1)
with the initial condition
z(t) = o(t), t€[T,to), =x(to) = wo. (2)

Condition (2) is called the discontinuous initial condition because in general x(ty) # ¢(tg). Dis-
continuity at the initial moment ¢y may be related to the instant change in a dynamical process
(for example, change of an investment, environment and so on).

Definition. Let p € A. A function z(t) = z(t;u) € O, t € I} = [7,t1] is called a solution of
equation (1) with condition (2) or a solution corresponding to the element p and defined on the
interval I if it satisfies condition (2) and is absolutely continuous on the interval I and satisfies
equation (1) almost everywhere on I.

Let us introduce the notations:
|l = 7]+ [zo| + Il + llull,  Ac(po) = {p € A: | —po| < e},
where
el = sup {|p(t)| + @) : t € i}, [lul| = sup {|u(t)| : t €I},
e > 0 is a fixed number and py = (79, Zoo, po(t), uo(t)) € A is a fixed element; furthermore,
0T =T —10, O0x0=2x0— Too, OP(t)=(t)—o(t), du(t)=u(t)—uo(t),
op = p— po = (07, dz0, dp(t), du(t)).
Let z(t; uo) be a solution corresponding to the element pg € A and defined on the interval I;.
Then there exists a number €1 > 0 such that to each element p = po + dp € A, (po) corresponds

a solution z(t;pu), t € I, [2,6], i.e. Cauchy’s perturbed problem has a solution, defined on the
interval I.

Theorem 1. Let xo(t) := x(t; uo) be a solution corresponding to the element py = (70, oo, Po, to) €
A and defined on the interval Iy, with to + 10 & {t1 — 0,t1 — 20,...}. Moreover, let the function
ug(t) be continuous at the point tg + 9. Then there exist numbers eo € (0,¢1) and 6 > 0 such that
for arbitrary p € A.,(po) on the interval [ty — 0,t1] C [to + 70, t1] the following representations hold:

z(t; p) = wo(t) + 0z (t; 6p) + oft; o), (3)

5t 6y1) = W (tos t)do + / Y (€ + o3 1) A[E + o)di(€) de

to—o

/ V(g 55 [AlE+nlio(€+m—0)] + £yl }oo(€) de + / Y (€51) fulE)oue) de

t

_{Y(to—l—To, )(A:C()(t()-i-T() o +]/c>+/ ft)( 8y[ [{].7'30({—0)]—i—fy[f])l"o(ﬁ—ﬁ)) df}(ST (4)

to
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Here,
Ale] = A(&,20(€), x0(€ = 70)),  fylé] = fy (& 20(€), m0(€ — 70), uo(€)),

0 ) 0 .
dy [A[§]$0(§ - U)] - dy [A(t7 %, 9)90(& = U)LC:IO(&% y=w0(§—70)’
//l\ = A(to + 70, zo(to + 7'0),3:00) — A(to + 70, o (to + T()), Lp()(to)),
f= [ (to + 10, zo(to + 10), oo, uo(to + 70)) — f(to + 70, 20 (to + 70), wo(to), uo(to + 70));

U(&;t) and Y (&;t) are n X n matriz functions satisfying the system
( 0
e(&5) = =Y (&) { 5 [Alelio(§ — o)] + £ul¢]}

Y (£ + 10;t) (aay [A[f + 710]d0(§ + 10 — U)] + fy[§ + To]), (5)

Y(§t) =Wt +Y(E+o3t)A[L + 0],
£ e (to,t), t e (to,tl]

and the condition
B, &=t
U(t) =Y (&t =
(€1 =Y (&0) {@’ oy

where E is the identity matriz and © is the zero matriz.

Some Comments

The function dz(t;dp) in (3) is called the first variation of the solution xo(¢). The expression (4)

is called the local variation formula of the solution. The term “variation formula of the solution”

has been introduced by R. V. Gamkrelidze and proved for ordinary differential equation in [6].
The addend W (tg;t)dzg in formula (4) is the effect of perturbation of the initial vector xgg.
The expression

/ Y (€ + 03 ) AJE + oldp(€) de

+ / Y(§+ To;t){(;; [A[E + mo)do(§+ 70 — 0)] + fyl€ + To]}590(§) dg§

in formula (4) is the effect of perturbation of the initial function yg(t).
The addend

[ vi&onigsue e

in formula (4) is the effect of perturbation of the control function ug(t).
The expression

{¥ (ot mit) Aanttot -1+ 1)+ [ Y605 [Alehinle-))+ £1€]) ol ~ro) de for
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in formula (4) is the effect of perturbation of the delay 79, where Y (g + 70; t)(A\i‘()(tQ +710—0)+ f)
is the effect of the discontinuous initial condition (2). If zo(to) = @o(t), then A =0 and f = 0.

Formula (3) allows us to obtain an approximate solution of the perturbed equation in the
analytical form on the interval [t; — 6,¢;]. In fact, for a small |du| from (3) it follows

z(t; p) ~ wo(t) + 0x(t; 6p),

where 0x(t; 0p) has the form (4). We note that to construct dz(t; du) it is sufficient to find a solution
to the linear problem (5), (6).

Theorem 1 is proved by the scheme given in [2,6]. The case when A(t, z,y) = A(t) is considered
in [2,3,6] and the case when A(t,z,y) = 0 is considered in [4,5].
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Consider a functional differential equation
u'(t) = L(u)(t) + AF(u)(t) fora.e. t €R, (1)

where ¢ : C,(R) — L,(R) is a linear bounded operator, F' : C,(R) — L,(R) is a continuous
operator satisfying the Carathéodory conditions, and A € R is a parameter. By an w-periodic
solution to the equation (1) we understand a locally absolutely continuous w-periodic function
u : R — R that satisfies the equation (1) almost everywhere in R. We say that an w-periodic
solution u to (1) is positive if u(t) > 0 for t € R.

Notation 1.
Z is the set of integers, R is the set of all real numbers, R = [0, +o00].

Cy(R) is the Banach space of w-periodic continuous functions v : R — R with the norm
lvlle, = max{\v(t)] T te [070.)]}.

Co(Ry) ={v e Cy(R): v(t) € Ry fort € R}.
L, (R) is the Banach space of w-periodic locally Lebesgue integrable functions p : R — R with
the norm

Ipllz. = / ip(s)] ds.
0

Lo,(Ry) ={p € Lu(R) : p(t) € Ry for a.e. t € R}.
If A: Cy(R) = C,(R) is a linear bounded operator, by ||A|| we denote the norm of A.

Notation 2. Let ¢ € (0,1). Then K, C C,(Ry) is a set of functions such that cu(s) < u(t) for
s,t € R.

Definition 1. We say that an operator ¢ belongs to the set U if every function u € C,(R) that
is locally absolutely continuous and satisfies

u'(t) > L(u)(t) fora.e teR,

belongs to ..
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It can be easily seen that if ¢ € U, then the only w-periodic solution to the homogeneous
equation
u'(t) =L(u)(t) fora.e. teR (2)

is the trivial solution.
Now we formulate the assumptions laid on the nonlinear operator F.

(H.1) F transforms C,(R;) into L,(R4) and it is not the zero operator, i.e., there exists xy €
C,(R4) such that

w

/F(:CQ)(S) ds > 0.

0

(H.2) F issuper-linear with respect to K., i.e., there exists a Carathéodory function n : RxR; — R4
such that
F)(t) = n(t, |jv|c,) fora.e. teR, veK,

and
w

1
lim /77(573:) ds = +o0.

r——+00 I
0

(H.3) For every 0 # x € K. there exists ¢, > 0 such that for every ¢ € (0, 6,] we have
0F(x)(t) > F(v)(t) fora.e. t € R whenever v € K., ov(t)<dxz(t) for teR

and

(500/F(x)(8) ds > O/F(éox)(s) ds for some dg € (0, ).

Note that the assumptions (H.1) and (H.3) imply F(0)(¢t) =0 for a. e. t € R.

Notation 3. Let A € R. Then by S(\) we denote the set of all positive w-periodic solutions to (1)
for corresponding .

Theorem 1. Let ¢ € (0,1) be such that £ € US and F satisfies (H.1)-(H.3). Then there exists a
critical value A € (0,400] such that

(i) Eq. (1) has at least one positive w-periodic solution provided A € (0, \;),
(ii) Eq. (1) has no positive w-periodic solution provided X\ ¢ (0, ;).
Moreover,

lim sup {|ullc, : we S} =0,
A=A

c

lim inf tue SN\ = .
i inf {Jullc, : u € SO} = +oo

Because the w-periodic solutions to (1) belong to IC., the latter means that the solutions uni-
formly tends to +o0o as A tends to zero.
Suppose that the operator F' includes a linear part, i.e.,

F(v)(t) = F(v,v)(t) fora.e. teR, veCyR), (3)
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where F : C,y(R) x Cy(R) — Ly, (R) is a continuous operator satisfying the Carathéodory conditions
and it is linear and nondecreasing in the first variable. Therefore, instead of (1) we consider the
equation

W' (t) = 0(u)(t) + \F(u,u)(t) for a.e. t€R,

where ¢ and A are the same as in (1) and F is described above.

Theorem 2. Let ¢ € (0,1) be such that £ € U and F given by (3) satisfies (H.1)-(H.3). Let,
moreover, F(-,0) : Cy(R) — Ly(R) be a non-zero operator. Then, A\, < +o0o and the equation

W' (t) = 0(u)(t) + AeF(u,0)(t) fora. e. teR (4)
has a positive solution u., the set of solutions to (4) is one-dimensional (generated by u.), and
Ty €US  for A €]0, ],

where

Ty(v)(t) E £(v)(t) + AF(v,0)(t) for a. e. t€R, v e Cyu(R).
If F(-,0) : Cy(R) — Ly (R) is a zero operator, then A, = +0c.

Theorem 2 gives us a method how to calculate the precise value of A, in the cases where F'
includes a linear part. Indeed, define an operator A : C,(R) — C,(R) by

A(z)(t) = /G(t,s)f(m,O)(s) ds for teR, x € Cy,(R),

where G is Green’s function to the w-periodic problem for (2). Then
uc(t) = AeA(uc)(t) for t € R,

i.e.,, 1/A. is the first eigenvalue to A corresponding to the positive eigenfunction wu.. Therefore,
according to Krasnoselski’s theory and Gelfand’s formula,

Ae = lim ——.
nee /A

Corollaries

Consider a differential equation with deviating arguments

u(7(t))lao + aru(pa(t)) + agu(pa(t))u(ps(t))]
bo + blu(l/(t))

u'(t) = —g(t)u(o(t)) + Ap(t) fora.e. teR, (5)

where

-pg€Lu(Ry),p#0,9#0,

- 0,T, l;, vV are measurable w-periodic functions,

- a; >0, b; > 0 are constants.
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Corollary 1. Let
t

/ g(s)ds <

5(t)

where a(t) =o(t) —zw if o(t) € [t + (z — V)w, t + 2w) (2 € Z), and let

Ziexp<—eo/wg(s)ds>>zg. (7)

Then there exists a critical value Ao € (0,400) such that (5) has a positive w-periodic solution iff
A € (0,\.). Moreover,

Q|

for a. e. t €[0,w], (6)

li cueSAN)F =0, lim inf rueSA)f = .
i sup {Julle e SO} =0, T i {ulle, s we SO} = +oc

c

The condition (6) guarantees that the operator

Lv)(t) = —g(t)v(o(t)) fora.e. teR, veC,yR)

c:exp<_eo/g<s>ds),

and the condition (7) guarantees that the assumption (H.3) is fulfilled with F' defined by

belongs to the set U with

v(7())[ao + arv(pa (t)) + agv(pa(t))v(ps(t))]
bo + biv(v(t))

fora.e. t e R, v e C,(R).

Now consider a differential equation with deviating arguments

ul (7 (1) (a + u(u(t)™
(b+uk(v(1))) ’

u'(t) = —g(t)u(o(t)) + Ap(t)
where

- P9 € Lu(Ry), p#0,9#0,
- 0, T, i, v are measurable w-periodic functions,
-a>0,6>0,n>0,m>0,k>0.

Corollary 2. Let n+m > k, and let

t
/ g(s)ds <
®)

c

for a. e. t €[0,w],

where a(t) = o(t) — zw if o(t) € [t + (2 — Vw, t + 2w) (2 € Z). Then (8) has a positive w-periodic
solution for every A > 0. Moreover,

li : A= lim inf : A= .
A:}rfoosup{HuHc ue SN} =0, Jim, in {lullc: ve S} =+oo
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Time-fractional stochastic differential models became popular in applications, and its analysis
is presented in multiple highly cited monographs and articles, for example, [1-3,5, 6].

The target of this report is a stochastic fractional-in-time Volterra equation defined with mul-
tiple deterministic and stochastic time scales:

)= 3 it (Hg) (1)) (@) + g5 (2, (Hoy) (1) dB, ()] (2 0), ()

Jj=1

Here fj(w,t,v) and gj(w,t,v) are random functions, Hi; and Ha; are linear delay operators, 0 <
a; <1, dBj(t) are Ito differentials generated by the standard scalar Wiener processes (Brownian
motions) Bj, m is the number of the deterministic/stochastic time-scales and z(t) is an unknown
stochastic process on R satisfying, in addition to (1), the initial condition

z(s) = ¢(s) (s <0), (2)

where ¢p(w, s) is some random function (not necessarily continuous). Throughout the paper we
tacitly assume that

fi(-,+,0)=0 and g;(-,-,0) =0 (P ® p)-almost everywhere

(1 is the Lebesgue measure on R), which simply means that x = 0 satisfies Eq. (1) and the
initial condition (2) with ¢ = 0. A solution of the initial value problem (1), (2) is a progressively
measurable stochastic process x almost surely satisfying (2) for p-almost all s € ®_ and the integral
equation

t

z(t) — ¢(0) = i [/taj(t— 5)% 7 fi(s, (Hyjx) ds+/gg (Hajz)(s)) dBj(s)
=LY

0

for all t € R;. It is assumed that the initial value problem (1), (2) has a unique solution (¢, ¢) for
all admissible ¢ (see Definition 1).
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Below we keep fixed the stochastic basis (2, F, (F)ien, P) satisfying the standard conditions [1]
assuming, in addition, that 7, = Fy for all ¢ < 0. All stochastic processes in this paper are supposed
to be progressively measurable w.r.t. this stochastic basis or parts of it.

Basic notation used below:

- R =(—00,00), Ry =[0,00), R = (—00,0).

- u is the Lebesgue measure defined on R or its subintervals.

- FE is the expectation.

- | - | is the fixed norm in R and || - || is the associated matrix norm || - ||.

- Bj(t) (t € R4, j =1,...,m) are the standard scalar Brownian motions (Wiener processes).
The constants used below:

- n € N is the dimension of the phase space, i.e. the size of the solution vector.

- m € N is the number of the deterministic/stochastic time-scales.

- The indices 4, j satisfy 1 <¢<2,1 <35 <m.

- 0 < oj <1 define the time scales.

- pis a fixed real constant appearing in the p-stability we assume that p > 2 and p > a;l.

Let J C R4. The following spaces of random variables and stochastic processes are used below
as well:

- The space k;, consists of all n-dimensional, Fop-measurable random variables {§ : E[|P < co}.

- L,(J,R) contains all progressively measurable [-dimensional stochastic processes z(t) (t € J)
such that

/E]a:(t)|pdt < 0.
J

- For a given positive continuous function (¢), ¢t € J, the space Mp(J,R') consists of all
progressively measurable [-dimensional stochastic processes z(t) (¢ € J) such that

sup E|y(t)z(t)|P < oco.
teJ

- For I =n and J = R4 we define M) = M} (R4, R"), and if, in addition, y = 1, then we put
M, = /\/lll)(%+, R™).

- The Banach space U is the direct product of 2m copies of the space M, (R, ') equipped
with the natural norms.

In the well-known definition of the stochastic Lyapunov stability below we assume that ¢ €

My(R U {0}, R7).
Definition 1. Eq. (1) is called globally

- p-stable if there exists ¢ > 0 such that

El|x(t,p)|P < csup Elp(s)|P for all t € Ry;
s<0
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- asymptotically p-stable if it is p-stable and, in addition,

lim Elx(t, )|’ = 0;

t—o00

- exponentially p-stable if there exist ¢ > 0 and S > 0 such that the inequality

E|x(t, )P < cexp{—pFt}sup E|p(s)|P for all t € R
s<0

holds.

To study Lyapunov stability of the solutions of Eq. (1), it is convenient to rewrite it as a
multi-time scale stochastic Volterra equation with predefined controls:

0 = | (Fy(uny))(E) (@)% + (Gy(y.u2))(0) dB;(0)] (¢ 2 0), 3)

J=1

where u;; = u;j(t,w) (t € Ry) belong to the space M,(Ry,R!), F; and G; are some nonlinear
Volterra mappings. The way to construct u;;, Fj and G; is described in the paper [7]. Note that
Eq. (3) only requires the initial condition for ¢ = 0

y(0) = yo € ky,. (4)

Given u;; € My(R4, RY), by a solution of the control problem (3), (4) we understand a progressively
measurable stochastic process y(t) almost surely satisfying the initial condition (4) and the integral
equation

t t
y(t) - [/a (0= 91 Fy(yny) ) s + [ G uay) (5) dBy (9
J=1"% 0

for all t € R;. Two integrals here are understood in the sense of Lebesgue and It6, respectively.
In the sequel, we will assume that the restrictions on the operators F; and G; ensure the existence
of these integrals and existence and uniqueness of the solution y(t,yg,u) of the control problem
(3), (4) for all u;; € My(R4, R!) and yo € k7.

The Lyapunov stability of the solutions of Eq. (1) will be, then, replaced by a particular version
of the input-to-state stability, which is well-known in the control theory. Below, we call this version
M_)-stability.

Definition 2. We say that Eq. (3) is My-stable if for all yo € ky and ui; € Mp(Ry, R
- y('ayOau) € M;,

- there exists K > 0 such that

(- o, Wl < K (llyolleg + ).

Under some very natural conditions on v (see [7] for the details) the M,-stability of solutions
of Eq. (3) implies p-stability, asymptotic p-stability and exponential p-stability of solutions of Eq.
(1). This result is exploited in this report.
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To study the property of Mj-stability for Eq. (3) it is convenient to start with choosing some
simpler linear equation, which already has this property:

u(t) =3 [(@u)(0) + 21,(0) (@)% + 2,0 dB(0)] (¢ € R, 9

Here Q; : My, — L, (R4, R") (p; > chj) are kl-linear operators, zi; € Ly, (R, R") and zp; €
Lo(R4,N™). Assuming the existence and uniqueness property for Eq. (5) for any initial condition
(4) and using the linearity of @);, we obtain the following representation of its solutions:

y(t) = U(t)x(0) + (Wz)(1),

where U(t) is the fundamental matrix of the associated homogeneous equation, which is an n x n-
matrix whose columns satisfy this homogeneous equation and U(0) = I,, and

H o (R, R?) X Lo(Ri, RY)) — M,

is Green’s operator for (5), (Wz)(0) = 0 and Wz is a solution of Eq. (5) for any z from the domain
of W. Using the solutions representation of the auxiliary equation we can regularize Eq. (3) by
rewriting it as

y(t) =U(t)yo + Z [(le(—ij + Fj(y,u15)))(t) + Z Wa;G;(y, U2J))(t)] (t>0).
Jj=1 =1

Given a continuous function v : R, — (0,00), an initial value yo = [yo1, —, Yon]’ € k), a control
u=(uy:1=1,27=1,...,m), uj; € Mp(R4, R'), which produce the solution of Eq. (3)

T
y(tvy()a U) = [yl(t7y07u)7 s 7yn(t7y07u)]

and a nonnegative stopping time 7, we define

- Yo = [Tots- -+ Yon) ' » Where 1
Tow = (Elyos )" = llyou iy
-y =[y/,...,yn]", where

B 1
) = sup (E|y(t)y(t,yo, u)l?) r,
0<t<n

so that 7)) =5, (v,p), ¥"7 = y"(v,p) and 5] = 5,/ (v,p) for v = 1,...,n. These notations allow us
to formulate and prove the main result of this report.

Theorem 1. Suppose there exist a real n X n-matrizx C' and two constants K1 > 0 and Ky > 0
such that I, — C is inverse-positive and for any stopping time 0 < n < oo the vector y" =g5"(~,p)
satisfies the matrix inequality

7" < Oy + K1y + Kollulluen (en=11,...,1]" € R™).

Then Eq. (3) is M, -stable.
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The proof of the theorem can be found in [7].

Using this theorem, one can conveniently study different kinds of Lyapunov stability of the
solutions of Eq. (1), choosing an appropriate weight v and an auxiliary equation (5).

The illustrative example below demonstrates applications of Theorem 1. The universal constant
¢p used in the example comes from the following estimate:

E’ ] £(s)dB(s) v
0

where B(t) (t € Ry) is the standard scalar Brownian motion and f(s) ia an arbitrary scalar,
progressive measurable stochastic process on R ; some explicit formulae for ¢, can be found in the
literature, for instance, in [4], where ¢, = 2v/12p, which, however, is not best possible, as evidently,

< E( / If(8)|2d8>p (teR p=1), (6)
0

cl1 = 1,
Example. Let 1 < p < 0o. Consider the following system of linear equations

m

[ AW dta1+ZA]’ )dB()} (t > 0), (7)
7j=1
G) — (,G\n G7) — (,GT\n o _ ,
where A —(sl)sll,j—l .,m, A = (ag” )sl LJi=1...,m, 7=1,...,m; are real
nxn-matrices and hj, hjr, j =1,...,m, 7 =1,...,m; are continuous functions such that h;(t) <'t,
hjr <t,t>0,7=1,...,m, 7= 1,...,mj, 0<ao; <1,j=1,...,m, AW is a diagonal matrix
with the positive diagonal entries a(yl) and a; = 1.
Let C' be the n X n-matrix with the entries

m : T a; + 1\ A |a,(,],';7)|
cwzg[\a&zr(exp{ ob(5) " r (M) )}@z{ o] k=1 )

Then the system (7) will be globally 2p-stable if the matrix I,, — C' defined by (8) is inverse-positive.
Here ¢, is the universal constant from the estimate (6).

In this case one uses the constant weigth function v(¢) = 1 and an ordinary scalar equation (5).
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We consider the linear differential systems
z=A(t)x, v € R", t>to, (1)

with bounded infinitely differentiable coefficients and characteristic exponents A\j(A4) < --- < A, (A).
Along with them, we consider the nonlinear systems

y=At)y+ f(t,y), y € R", t>to, (2)

with m-perturbations f(¢,y) also with infinitely differentiable coefficients of order m > 1 smallness
in the neighbourhood of the origin ¥ = 0 and admissible growth outside it:

If &Il < Crlgl™, m>1, Cp=const, y€R", t=>to. (3)

Perron’s effect [6], [5, pp. 50-51] in a two-dimensional case establishes the existence of system (1)
with negative exponents and 2 — perturbation (3) such that all nontrivial solutions of the two-
dimensional system (2) are infinitely extendable to the right, and a part of them have coinciding
positive exponents, and the remaining, nonempty part, has a negative exponent. This effect of
changing negative exponents of system (1) to positive for solutions of system (2) is investigated by
us (including the joint work with S. K. Korovin) in a cycle of works [1,2] which are completed by a
full description of the sets of positive and negative (and in their absence) exponents of all nontrivial
solutions of system (2).

Of greater interest for its possible applications is the anti-Perron effect [3,4], i.e., the effect of
changing all positive exponents of linear approximation (1) to negative ones for the solutions of
perturbed systems with small perturbations (with linear exponentially decreasing and tending to
zero at infinity; nonlinear of higher order of smallness). Moreover, in [3], the change of exponents

M(A) >0 X 1(A+Q) <0< \(A+Q)

is realized by exponentially decreasing linear perturbations f(¢,y) = Q(t)y (the case A,(A+Q) <0
remains open), while in [4] — a complete change of exponents Aj(A) > 0 — A\ (A+ Q) < 0 is
realized by perturbations Q(¢) — 0 for ¢t — +oo.

In this report, we have realized the following version of the anti-Perron effect of changing the
positive exponents of the two-dimensional linear approximation (1) to a negative one for a nontrivial
solution of the nonlinear system (2) with m-perturbation (3).

The following theorem is valid.
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Theorem. For any parameters m > 1, 8 > 1 and A\ > 0 there exist:

1) two-dimensional linear system (1) with a bounded infinitely differentiable matriz of coefficients

A(t) and characteristic exponents A\ (A) = Aa(A) = A > 0;

2) also infinitely differentiable with respect to its arguments m-perturbation

f(t.y) : [to, +00) x R* = R?,

such that the perturbed nonlinear system (2) has a solution y(t) with the Lyapunov exponent

0+1
Ayl ==X <0.
[4] 1
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The present note is devoted to the Bitsadze—Samarskii nonlocal boundary value problem for
nonlinear two-dimensional second-order elliptic equations. The sequential and parallel domain
decomposition algorithms are considered.

The different kinds of problems with nonlocal boundary conditions arise very often. Nonlocal
boundary value problems are quite an interesting generalization of classical problems and at the
same time, they are naturally obtained when constructing mathematical models of real processes
and phenomena in physics, engineering, sociology, ecology, etc. (see, for example, [1,3,5,10] and
the references therein).

The nonlocal problems for ordinary differential equations, elliptic and other models are studied
in many works (see, for example, [1-3,5-7, 18] and the references therein). One of the main
publications in this direction is work [3] by A. Bitsadze and A. Samarskii, in which by means of the
method of integral equations the theorems of existence and uniqueness of a solution for the second-
order multi-dimensional elliptic equations are proved. There are given some classes of problems for
which the proposed method also works.

Numerous scientific papers deal with the investigation and numerical solution of problems con-
sidered in [3] and their modifications and generalizations. Many scientific papers are devoted to
the construction and investigation of discrete analogs of the above-mentioned models. One of the
first among them was the work [6] where the iterative method of proving the existence of a solution
for the Laplace equation was proposed. By the approach proposed in the work [6], the nonlocal
problem reduced to the classical Dirichlet problems, which yields the possibility to apply the elab-
orated effective methods for the numerical resolution of these problems. After this work, many
scientists have been investigating nonlocal problems by using the same or different methods for
elliptic equations and, among them, nonlinear models as well (see, for example, [1,2,5,7-14,16] and
the references therein). Nevertheless, there are still many open questions in this direction.

It is well known that, in order to find the approximate solutions, it is important to construct
useful cost-effective algorithms. For constructing such algorithms, the method of domain decom-
position has great importance (see, for example, [19] and the references therein). There are several
reasons why the domain decomposition techniques might be attractive. Applying this method, the
whole problem can be reduced to relative subproblems on the domains which are comparatively
less in size than the one considered at the beginning. At the same time, it’s worth noting that, in
addition to the sequential count algorithm on each of these domains, it is often possible to apply a
parallel count algorithm as well. In the works [10-14,16] domain decomposition method based on
the Schwarz alternative method [4] is given for the study of nonlocal problems for Laplace [11-14,16]
and nonlinear elliptic equations [10].
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It is well known how a great role takes place variational formulation of boundary problems in
modern mathematics. This question for nonlocal elliptic problems is at the beginning of study so
far (see, for example, [13,14] and the references therein).

The results of this paper are partially published in the work [10].

The outline of this note is as follows. The Bitsadze—Samarskii nonlocal boundary value problem
for the nonlinear-second order two-dimensional elliptic equation in a rectangle is considered. The
convergence of the Schwarz-type iterative sequential algorithm as well as the same question for the
parallel algorithm is studied.

In the plane Ozy, let us consider the rectangle G = {(z,y)] —a <z <0, 0 <y < b}, where a
and b are the given positive constants. We denote the boundary of the rectangle G by 0G and the
intersection of the line = ¢ with the set G = G U G by I'y correspondingly.

Consider the following nonlocal Bitsadze-Samarskii boundary value problem:

ou Ou u O*u 0%*u
F 2z 2
<"3 Y% oe ay 8a:2 919y’ Oy ) 0,

U(x,y)\p_g = u(@, )|,

where I' = 0G \ Ty, € € (0,a); u(z,y) € C(G) N C%(G) is an unknown function, F is the analytic
function of its arguments: u, u, = p, Uy = q, Ugz =T, Ugzy = S, Uyy = T and

AF.F, — F2? > const >0, F, <0.

For the problem (1) let’s consider the following sequential iterative procedure:

8u1 ouy 0?ul 0%ub 82u1>
oxr’ Oy’ 8.%'2 8x8y Oy?
B

u]f(x)y)lpl :0’ U’f LIT y ‘I‘ € _U2 $ay)|r‘7£17

F(fc y,ul,

p Oul oubk 0%uk 9%k 0%ub
F 2 Ty uy 07U 2\ _
(x v ug, Ox’ Oy’ 0x%’ 0xdy’ Oy? ) (@) € Go, (3)
2,9)|pe =0, us(@, )| =ub(@y)|p, =ui(z )]
k=1,2,.

Here we utilize the following notations:
Gi={(z,y)| —a<z< =&, 0<y<b}, Ga={(z,y) —E{<x<0, 0<y<b},

where —&; is a fixed point of the interval (—¢,0), Tt = 0G; \ T'—¢,, T? = 0G2 \ (I'_¢ UTy) and
uy(—£€1,y) = 0.

The iterative procedure (2), (3) reduces the nonlocal nonclassical problem (1) to the sequence
of classical Dirichlet boundary value problems on every step of the iteration.

As we have already noted, algorithm (2), (3) for the solution of the problem (1) has a sequential
form. Now, let us consider one more approach to the solution of the problem (1). In this case,
the search for approximate solutions on domains G1 and G2 will be carried out not by means of a
sequential algorithm, but in a parallel way.
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Consider the following parallel iterative process:

ouk ouk 02ukF 92uk 92uk
F( k dul 1 1 1 1) -0 cG

Z,Y,uy, O ) 8y ) 8%2 ’axay’ ayg 3 (.’E,y) 1
k—1

u]f(x7y)‘1"1 =0, ullg('%ay)‘[‘7§1 = Uy (xvy)ll"7€1>
oul oul 0%k 0%k 0%uk
F( ) ) k? 27 27 27 2 ) 2) = O? b E G )
©Y Uy Oy’ 0x2’ 0xdy’ Oy? (z,y) 2
us(2,y)] e =0, wS(@y)| = uS@y)|, =ui @)

k=1,2,...,

where u{(—¢,0) = uy(—£1,0) = 0.
The following statements are true.

Theorem 1. The sequential iterative process (2),(3) converges to a solution of the problem (1)
uniformly in the domain G.

Theorem 2. The parallel iterative process (4),(5) converges to a solution of the problem (1)
uniformly in the domain G.

Remark 1. In the case of the Poisson equation, in Theorem 1 the following estimations are valid
too for the sequential iterative process (2), (3):

and
u(z,y) — uk(z,y)] < Cq> ', (z,y) € Gy,
u(z,y) — ub(z,y)] < Cq> Y, (2,y) € Go,

for the parallel iterative process (4), (5).
Here ¢ € (0,1) and C are constants independent of functions: u(z,y), uf(z,y), u5(z, y).

Remark 2. The Bitsadze-Samarskii nonlocal boundary value problem for the above-mentioned
nonlinear equation by using iterative process analogical to (2), (3) at first was studied in [14].

Remark 3. Theorems analogous to the above Theorems 1 and 2 are valid for the sequential as
well as parallel algorithms for multi-grid domain decomposition case too.
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1 Introduction

Since the publication of the pioneering papers by Koplatadze [2, 3], Koplatadze and Kvinikadze
[4] and Yoshida [5,6] there has been an increasing interest in the qualitative study of nonlinear
differential equations with variable exponents. See also Dosla and Fujimoto [1].

In this lecture we take up second order Emden—Fowler type differential equations of the form

(P(Dpam (@) + a(t) s (@) = 0, (A)
for which it is assumed that
(a) the coefficients p(t) and ¢(t) are positive continuous functions on I = [a, 00), a > 0;

(b) the exponents a(t) and 3(t) are positive continuous functions on I which tend to the non-zero
limits a(oco) and B(c0), respectively, as t — oo in the extended real number system;

(c) the symbol ¢ (t) with a positive continuous function y(t) on I denotes the operator on C([)
defined by

oy (u(t)) = |u(t)" sgn u(t), ue OI).

We are concerned exclusively with nonoscillatory solutions of equation (A), that is, those solu-
tions z(t) of (A) which are defined on an interval of the form J = [T, o0), T' > a, and eventually
positive or negative there. For any solution z(t) of (A) we define

Dax(t) = p(t)(pa(t) (IL’/ (t))7

and call it the quasi-derivative of x(t). It is easy to see that if x(¢) is a nonoscillatory solution of
(A) on J, then (A) implies that its quasi-derivative D,z (t) is eventually monotone on J so that
2'(t) is eventually of constant sign, and this means that z(t) is eventually monotone on .J. Thus it
turns out that both D,z(t) and z(¢) have the limits as ¢ — oo in the extended real number system.
The pair of these limits (x(c0), Dyx(00)) is referred to as the terminal state of the solution x(t).
The terminal state of z(¢) can be a crucial indicator of the asymptotic behavior of z(t) as t — oc.
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Given an equation of the form (A), consider the set of all terminal states of its nonoscillatory
solutions. This set is divided into a finite number of subsets, each of which claims its own pattern
(or type) of asymptotic behavior shared by all members of that subset. It is expected that all
these patterns specific to (A), once precisely analyzed, will provide us with a deeper insight into
the overall asymptotic behavior at infinity of solutions of (A). As the object of our investigation
we choose two classes of equations of the form (A), equations of category I and category II, which
are defined in terms of the integrals

[e.o] o0

I, = /p(t)a?o dt and I, = /q(t) dt,

a a

as follows. Equation (A) is said to be of category I or of category II according to whether I, = co
and I, < oo or I, < oo and I; = oo, respectively. In this work we focus our attention on equations
of these two categories, leaving equations of the remaining categories for later studies. Equation
(A) of category I is studied in Section 2, where it turns out that there are three different patterns of
terminal states of solutions of (A). This means that the entirety of solutions of (A) can be divided
into three groups whose members exhibit different astmptotic behaviors as ¢t — co. Our most
important task is to answer the question about the existence of solutions of (A) having these three
patterns of asymptotic behavior. As it turns out, the question is too difficult to gain a complete
answer. Section 3 is devoted to the study of equation (A) of category II. This equation of new
category can also be handled by way of the standard analysis as developed in Section 1. However,
we present here a surprisingly convenient means named Duality Principle which makes it possible to
derive the desired results for equations of category II almost automatically from the results already
known for equations of category I.

2 Nonoscillatory solutions of equation (A) of category 1

We start with equation (A) of category I. Use is made of the following functions:

t

P,(t) = /p(s)_a(l@ ds, p(t) = /q(s) ds, t>a.

a

It is clear that P,(t) — oo and p(t) — 0 as t — occ.

Let z(t) be any nonoscillatory solution of (A) on J = [T,00), T' > a. We may assume without
loss of generality that 2(¢) > 0 on J. Then, it can be shown that D,z(¢t) > 0 on J, so that the
terminal states of x(t) is divided into the following three patterns:

I-(i) {z(00) =00, < Dax(o0) < 00},
I-(ii) {x(o0) = 00, Dyx(00) = 0},
I-(iii) {0 < x(00) < 00, Dyx(00) = 0}.

A solution of (A) having the asymptotic pattern I-(i), I-(ii) or I-(iii) is named a mazimal solution,
an intermediate solution or a minimal solution of (A). Note that maximal and intermediate solutions
are unbounded on J. It is important to recognize that the order of growth of a maximal solution
x(t) of (A) as t — oo is precisely determined by the value D,x(00) as follows:

Dyx(o0) =d € (0,00) = lim
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On the other hand, as for an intermediate solution x(¢) of (A) nothing precise can be said about
its growth at infinity except that it satisfies tll)rgo x(t)/Py(t) = 0 because of Dyx(o0) = 0.

Our primary goal in this section is to characterize the existence of solutions with three different
asymptotic patterns. More specifically, we want to find necessary and sufficient conditions for (A)
to have maximal, intermediate and minimal solutions. This, however, is a difficult task in general.
The first result concerns necessary conditions for the existence of maximal solutions of (A).

Theorem 2.1. Let (A) be of category 1. Suppose that (A) has a mazximal solution xz(t) such that

. . . x(t) 1
— = a(co)
tlgglo Dyx(t) =d or equivalently th_glo X0 d for some constant d > 0. (2.1)
(i) If d > 1, then it holds that
/q(t)Pa(t)B(t) dt < co. (2.2)

a
(ii) Let the condition B(c0) < oo be added to (A). If 0 < d < 1, then (2.2) is satisfied.
The second result gives sufficient conditions for (A) to have maximal solutions.
Theorem 2.2. Let (A) be of category 1. Suppose that (2.2) is satisfied.
(i) Equation (A) has a mazximal solution z(t) satisfying (2.1) for any given d < 1.

(ii) Equation (A) with B(c0) < oo has a mazimal solution x(t) satisfying (2.1) for any given
d>1.

From the above two theorems combined we have the following result characterizing the existence
of maximal solutions for (A).

Theorem 2.3. Let (A) be of category 1. Assume that B(c0) < oo. Then, (A) has a maximal
solution z(t) satisfying (2.1) for any positive constant d if and only if (2.2) is satisfied.

Let us turn our attention to minimal solutions z(t) of equation (A) having the asymptotic
pattern

tl_i)m Dyz(t) =0, tl_i)m x(t) = w for some constants w # 0. (2.3)

Such solutions can also be handled in essentially the same way as maximal solutions, and we are
led to the following results.

Theorem 2.4. Let (A) be of category 1. Suppose that (A) has a minimal solution xz(t) satisfying
(2.3) for some non-zero constant w.

(i) If |w| > 1, then it holds that

[e.9]

[ (610 10(0) 9 e < . (2.4)

a

(ii) Let the condition B(00) < oo be added to (A). If 0 < |w| < 1, then (2.4) is satisfied.
Theorem 2.5. Let (A) be category 1. Suppose that (2.4) is satisfied.

(i) Equation (A) has a minimal solution x(t) satisfying (2.3) for any given w with 0 < |w| < 1.
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(ii) Equation (A) with B(c0) < oo has a minimal solution z(t) satisfying (2.3) for any given w
with |w| > 1.

Theorem 2.6. Let (A) be of category 1. Assume that f(oc0) < oo. Then, (A) has a minimal solution
x(t) satisfying (2.3) for any positive constant w if and only if (2.4) is satisfied.

The analysis of intermediate solutions seems to be extremely difficult. What we have been able
to achieve so far is to prove the existence of such a solution z(t) satisfying

: _ a2t
tlggox(t) =co and lim P, (1)

:0’

only for the sublinear case of equation (A). We call equation (A) sublinear if «(t) decreases to
a(oco) > 0, B(t) increases to S(co) > 0 and a(oo) > B(oc0). Our result reads:

Theorem 2.7. Let (A) be of category 1 and sublinear. There exists an intermediate solution of

(A) if N N
/ (p(t)*lp(t))ﬁ dt = oo and / q(t) P (t)°® dt < 0.

3 Nonoscillatory solutions of equation (A) of category II

This section is concerned with equation (A) of category II. Naturally this equation of new category
can also be analyzed by the method similar to that employed in Section 2 for equations of category
I. Here we avoid the routine approach, but instead we introduce a surprisingly convenient means
called Duality Principle that makes it possible to derive all the desired asymptotic results for
category Il equations almost automatically from the known results for category I equations.

Let there be given equation (A). Putting y(t) = —p(t)@aw) (2'(t)) split (A) into the cyclic
differential system

1

2'(t) = —p(t) @ o_1_(y(t), ¥'(t)=a(t)psu (=), (3.1)

a(t)

and eliminate z(¢) and 2/(¢t) from (3.1). We then obtain the following differential equation for y(t):

1 1
() P 1 () +p(t) "0 1 (y) = 0. (B),
Equation (B) is called the reciprocal equation of (A). Equation (B) is of the same type as (A)
with different exponents o*(t) = 1/5(t) and 5*(t) = 1/«(t). It is clear that the assumption (b)
required for equation (A) is also satisfied for equation (B). As is easily seen, (A) is the reciprocal
equation of (B).
A simple but noteworthy relationship between (A) and (B) called the duality principle will play
a vital role in the whole development of this section.

Duality Principle

If equation (A) is of category I (resp. category II), then equation (B) is of category II (resp.
category I), and vice versa.

We start with equation (A) for z(t) of category II. To gain information about the asymptotic
properties of its solutions, proceed as follows. First, form the reciprocal equation (B) for y(t). Since
(B) is of category I, all the results obtained in Section 1 can be applied to (B) so that we have
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a list of the main theorems describing the asymptotic properties of solutions y(t) of (B). All the
theorems in the list need to be rewritten as the statements regarding solutions z(¢) of equation (A).
The new theorems thus obtained provide the asymptotic results we want to establish for equations
of category II.

In the process of rewriting it is imperative to make correct use of the precise relationship between
the data on (A) and those on (B) which are generated by (3.1) or equivalently by y(t) = —Dyx(t)
and z(t) = D 1 y(t). Some of the main results obtained for (A) of category II via the duality

principle are mentioned below.

Classification of solutions

Let (A) be of category II. If x(¢) is a positive solution on J of (A), then D,z(t) < 0 on J and its
terminal state is one of the three patterns:

II-(i): 0 < z(00) < 00, Dyz(00) = —00;
II-(ii): z(oc0) =0, Dyx(00) = —o0;
II-(iii): x(c0) =0, —00 < Dyx(00) < 0.

A solution satisfying II-(i), II-(ii) or II-(iii) are called, respectively, a maximal solution, an
intermediate solution, or a minimal solution of equation (A) of category II.
Using the functions

Talt) = /Oop<s>‘a<ls> ds. Q)= [ ats)ds

which satisfy 74 (t) — 0 and Q(t) — oo as t — o0, it is easy to show that the asymptotic behavior
of a maximal solution or a minimal solution can be expressed as

D,x(t _1
lim z(t) =¢, lim ot (t) = —ce() for some constant ¢ > 0, (3.2)
t—00 t—00 Q(t)
or
_ . x(t) 1
lim Dyxz(t) = —d, lim = d>(>) for some constant d > 0. (3.3)
t—00 t—00 Ty (t)

Existence of maximal and minimal solutions

Only the rewritten versions of Theorems 2.3 and 2.6 applied to (B) are presented here. The
condition 3(00) < oo needed in Theorems 2.3 and 2.6 is dispensed with for an obvious reason.

Theorem 3.1. Equation (A) of category I has a maximal solution satisfying (3.2) for any ¢ > 0
if and only if

o0

/(p(t)_lQ(t))a(lt) dt < o,

a

Theorem 3.2. Equation (A) of category 11 has a minimal solution satisfying (3.3) for any d > 0
if and only if

o0

/ q(t)ma ()P0 dt < .

a
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Existence of an intermediate solution

Let (A) be of category II. If in addition (A) is sublinear, then so is its reciprocal equation (B)
of category I. First, apply Theorem 2.5 on equation (A) of category I to (B) and formulate a
proposition on the existence of intermediate solutions y(¢) of (B). Then, using Duality Principle,
translate the result into a theorem on intermediate solutions x(¢) of (A). It should read as follows:

Theorem 3.3. Sublinear equation (A) of category II has an intermediate solution if

oo o0

/ 4(O)ma()PO dt = 0o and / (p(t)lQ(t)y’(lt) dt < oo.

a a
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In the infinite stripe Dy = {(z,t) € R?, * € R, 0 < t < T} of the plane of independent
variables z, ¢t we consider the problem of finding a regular solution u = wu(z,t) of the hyperbolic
equation

auy + 2bugy + cug, = f(x,t), (x,t) € Dp, a,b,c:=const, a #0, (1)

satisfying the periodic boundary conditions with respect to the variable ¢
u(z,0) =u(x,T), w(x,0)=wu(x,T), z€R:=(—00,+00). (2)

For hyperbolic equations and systems time periodic problems have been the subject of research
by many authors (see, for example, works [2-6] and the references therein), in which questions of
existence, absence, uniqueness and representation of solutions are studied.

Assuming that

v* —ac >0, feCYDr), (3)

the regular solution u € C?(D7) of the equation (1) can be represented in the form

/\2(,0(.% — )\115) — )\1(,0(.% — )\Qt)
Ao — A

u(zx,t) =
r—A1t

1
/ w(”d”aw—ml/ fler)dedr, ()

T— Aot

Lo
X2 — Al

where );, i = 1,2 by virtue (3) are the different real roots of the quadratic equation a\? —2bA+c = 0
and D, ; is the triangular domain bounded by an axis Oz and characteristic lines of the equation
(1) coming from the point (x,t) € Dy and

o(x) = u(x,0), P(z):=ulr,0), ze€R.

By applying the representation (4), the problem (1),(2) is equivalently reduced to a system of
functional equations

v+ A - = @ = MT) = dat(e = daT) + Ak (@ = MT) = Mdoy (@ — AoT)|
2 1
T
1
_ a(>\2_)\1>0/{ A M (T =) 7] + dof [ = Mo(T — 7). 7] ), )
! 5)

o' (z) + PPy [ —X¢' (x — MT) + Mg (2 — XoT) —h(x — \MT) + Yz — )\QT):|
2 — A1

T
/\2—)\1 0/ fle=M(T T)’T}_f[x_)\Q(T—T%T]}dT.
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In the notation v := (¢, ¢’) we write the system of equations (5) in the form

2
)+ Aiw(x = NT) = Flz), z€R, (6)
i=1
where
L 1 Al AtAe L 1 A2 —A1Ae
A= TN ‘—1 SV R vy v (RN VN I v
and T
/ —Aif x—)\l( ),T]+)\2f[$—/\2(T—T)7T]}dT
1
F = ||0
(x) a()\g — )\1) 7
/ flz = M(T T),T]—f[$—)\2(T—T)7T]}dT
0

If we introduce the notations
W; = AZ'U, 1= 1, 2, (8)

by virtue of (7) and taking into account the facts that: Aj Ay = AsA; = O and A7 := —A;,
i = 1,2, from the equation (6) with respect to the unknown functions w;, ¢ = 1,2, we get the
following independent from each other equations

wi(x) — Ajwi(z — \T) = AiF(z), z€R, i=1,2. 9)
For arbitrary «, 8 € R let’s introduce the following spaces:

Cap(R) = {v €CR): sup e *(x)|+ sup e ()| < —i—oo},

x€(—00,0) 2€(0,400)
Ci,,g(ﬁT) = {u € C*(Dr) : sup e*ax(|u(a:,t)] + ]ut(a:,t)|)
(z,t)€(—00,0)%[0,T]
+ sup e P (lu(z, t)| + [ug(z, t)]) < —l—oo},
(z,t)€(0,400)x[0,T]
CLyDp)={feC'Dr). s @+ s e Pfab)] < oo,
z€(—00,0)x[0,T7] 2€(0,400) % [0,T]

and the notation
I,p:= [min(a,ﬁ),max(a,ﬁ)}.

Remark 1. It is easy to check that from the equalities (8) the vector function v is uniquely
determined if and only if

A = S £ 0. (10)

Throughout Theorems 1-4 formulated below we will assume that the condition (10) is satisfied.
Based on Bochner’s results [1] regarding to the functional equation (9) in the space Cy g(R) there
are proved the following;:

Theorem 1. If af > 0, then for any right-hand side f € C ,B(DT) the problem (1),(2) has a
unique solution in the space C’g (Dr).

Theorem 2. Ifa < 0 and 3 > 0, then for any right-hand side f € C* ﬂ(DT) there exists a solution

of the problem (1), (2) in the space CC%HB( 1), besides the corresponding homogeneous problem has
an infinite number of linearly independent solutions in the same space.
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Theorem 3. Ifa > 0 and B < 0, then the problem (1), (2) in the space Cg,B(ET) cannot have more

than one solution and for its solvability it is necessary and sufficient that the function f € C;,B(ﬁT)
satisfy the following condition

A“{(f):()v v €R,
where Ay - is a well-defined linear functional on the space Cé ﬁ(ﬁT), depending on a real parameter
.

Theorem 4. If a8 =0, then the problem (1), (2) is not solvable even in the Hausdorff’s sense in
the space Cg}B(DT), when f € C’Clyﬁ(DT), i.e. the set of functions f from the space Céﬁ(DT) for

which the problem (1), (2) is solvable in the space Cg,g(ﬁT) is not closed in the space C’Cly’ﬁ(ﬁT).

Remark 2. Note also that in the case, when the condition (10) is violated, i.e.iwhen c =0, to
the necessary conditions for the solvability of the problem (1), (2) in space C’i 5(Dr) there will be
added the following condition

T
/f(.’IJ,T)dT =0 VzeR,
0

imposed on the function f € C’;’ 5 (Dr).
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We consider the following initial boundary-value problem:

dult, O*ult,
ugtx) - gff)+f<u<t,:c>>, t>0, z€(0.D),

ul,_o=di(t), ul,_, = ds(0), (1)

u}tzo = up(x).

Here u = u(t, ) is an unknown function, f € C'(R) is a given nonlinear function satisfying
conditions

3C >0 VseR |f(s)] <Ci(1+|s]?),
3Cy >0, a>0 VseR f(s)-s>—as*—Cy, (2)
3C3>0 VseR |f/(s) < Cs(1+|s]?).
We consider bounded d = d1,ds as a boundary disturbances.
It is well-known [6] that the corresponding undisturbed problem (d = 0)
u(t,z)  O*u(t,z)
ot 022

+ f(u(t, z)),

for every ug € X = L?(0,1) has a unique weak solution defined on [0, 4+00).
Such solutions generate semigroup {S(t) : X — X };>0 which has a global attractor © C X [6].

Definition. A compact set © C X is called a global attractor of a semigroup {S(t) : X +— X }4>¢ if
-Vt>0 O =5(t)O (invariance);

-Vr>0 sup dist(S(t)up,®) — 0 as t — oo (attraction).

lluoll<r

The structure of the global attractor of problem (2) can be rather complicated, but it is well
understood and can be investigated by analytical and numerical methods [3,5,6].
In particular, the set © is bounded in L*°(0,1) and in H?(0,1), and

O = W'(NV),

where N is a set of stationary solutions of (3), and W*(N) is an unstable set emanating from N,
i.e., © consist of points lying on complete trajectories u(-) of (3) such that

dist(u(t), N) = 0 as t — oo.
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Moreover, the global attractor is stable in the Lyapunov sense, i.e.,
Ve>0 36>0 V& suchthat ||€o :=dist(£,0) <4

we have that
VE>0 |[|S(t)élle <e.

So, for the undisturbed problem (3), we have that all trajectories eventually get to any neigh-
borhood of the stable invariant set ©.

The natural question arises: does this limit behaviour remain true under the presence of distur-
bances? The problem is that the disturbed problem is non-autonomous, and we have no guarantee
in general, that it’s solutions converge to © as t — co. But we can expect that such attractivity
property are affected only slightly by disturbances of small magnitude [2]. In [1] it was given a
positive answer for this question in the case of external disturbances, i.e. when bounded functions
d = d(t,z) appears in the right-hand part of equation (3).

This property, named robust stability with respect to (w.r.t.) disturbances, can be effectively
described in the Input-to-State Stability (ISS) framework [4]. In this work we apply this approach
to the case of boundary disturbances.

Let us introduce the following classes of functions:

K = {y:[0,+00) — [0,400) | ~ is continuous strictly increasing, v(0) = 0};
KL ={B:[0,+00) x [0,+00) > [0, +00) | S is continuous},
Vi>0 p(-,t)e K, Vs>0 p(s,-) is strictly decreasing to zero.
We prove that for every d = {dy,ds} € L>®[0,+00) and for every ug € X = L?(0,1) problem (1)
has a unique weak solution wu(t) = Sg(t, ug) defined on [0, +00).

We also prove that for a shift-invariant subset U C L*>°[0,400) the family {S;}ac generates
the semiprocess family, i.e.,

Sa(t + h,uo) = Sa(. +1)(t, Sa(h, uo)).
Our main results are the following:

Theorem 1. The semiprocess family {Sq}acv, generated by (1), is locally ISS w.r.t. ©, i.e., there
exists T >0, f € KL, and v € K such that for any ||uglle < and ||d||cc < 7 it holds that

Vt>0 |Sa(t,uo)lle < B(lluolle,t) +7(lldllso). (4)

Theorem 2. The semiprocess family {Sq}acv, generated by (1), satisfies the asymptotic gain (AG)
property w.r.t. O, i.e. there exists v € K such that Vuyg € X Vd € U it holds that

lim sup [ S.(t, wo) & < ¥([[d]oc) (5)
— 00

It should be noted that the methods of proving (4) and (5) are different. To prove (4), we
use Lyapunov’s function technique. To prove (5), we use results on upper semicontinuity of global
attractors with respect to parameters.
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1 Statement of the problem

We consider the following nth-order differential equation
(r(&)u™) " = 3" g, > 2, (1.1)
k=0
where pi € Cioe([a; +00]) (K =0,...,m),

lim —= =0, o =sign(po(a)), (1.2)

po(t) _
t——+o00 q(t)

r(t) and ¢(t) are positive twice differentiable on the set [a; +oo[ functions, Cjee([a; +00) is the space
of locally continuous functions on the interval [a; +o00[, L([a; +00[) is the Banach space of Lebesgue
integrable functions.

In case m = 0 we have the equation

(r(t)u(m))(n_m) +qy=0, n>2

that was considered, and for which the asymptotic images of the solutions were obtained, in Hinton’s
work [2].
In case s =1 and m = n — 1 the equation

n—1
u™ = Zpk(t)u(k)
k=0

was considered in the work by I. T. Kiguradze [3], the corresponding asymptotic images of the
solutions were obtained when various conditions were imposed on the coefficients.

The purpose of this work is to establish the asymptotic images of the solutions of equation (1.1)
as t — +o00.

2 Main results

The following theorem has been obtained.

Theorem. Let for equation (1.1) condition (1.2) and the following conditions be satisfied

1

(%)E ¢ L([a; +o0]), (2.1)
(7: - (z)_i), € L([a; +o0]), (Z/ : (g)_i)' € L([a; +o0l), (2.2)
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V(e i a; 00 7y (4 o a: 400
() (5) 7 e LlaswooD, (q) (%) " e £a+ocD. (2.3)
Pea(®) (DN i ool (k= ) aNE
Then equation (1.1) has a fundamental system of solutions w; (j = 1,...,n), which admit the

asymptotic images
£ 1
W1 = gf) = (1) - exp [Aj . / (z)} o) (hi=1,...m)  (24)
a
in which )\2 are the roots of the equation
A" =o. (2.5)
To prove this theorem, the following transformations were applied to equation (1.1):
u(i)(t) =2zi11(t), 0<i<m-—1,
u(m) (t) _ Zm+1(t)

r(t)

(r)um)=m) = 2 (), m+1<i<n—1, m#n—1.

The following system of quasi-linear equations equivalent to equation (1.1) is obtained

in)(t):ziH(t), 1<i<n-—1, i#m,
/ _ Zm41(t)
2 = =gy (2.6)
= Pm(t)
2z = po(t)z1 + ; pi(t) - zit1 + Tt) “ZmA41-

Let’s write system (2.6) in matrix form:

Z'=P-Z, (2.7)
where )
1, 1<i<n-—-1, i#m, j=i+1,
! + 1
— =m, j=i+1,
’]"(t)’ ) .]
P =(pij)1; Pij = \pi_1, i=n, 1<j<m,
p—m, t=n,j =m+1,
r
0, otherwise.

Further, the following transformation can be applied to system (2.7):
Z(t) = Q(t) - W(t), (2.8)

in which
Q(t) = diag [qalrﬁl . ~qa"r5”].
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As a result of transformation (2.8), we have a system

W/ _ [Q_po _ Q_lQ,] W,

Also we note that the following statements are true

1

(2.9)

1

Q_l = diag [

gt . rPit1 ’

qam+1 . Tﬁm+1_1’

pr: co.

|

1<i<n-1, i#m, j=i+1,
i=m, j=i+1,

qan rﬁn

P-Q=(aj)1, aij =1 pi-1-q* -1, i=n, 1<j<m,
P - @Ot Pl = = m 41,
L0, otherwise.
gt L pBir1—hi 1<i<n-—1, i#m, j=1i+1,
qemT1—am -rﬁm“_ﬁm_l, t=m, j=1+1,
Q7'PQ = (bij)t, bij = pi—1- g PP, i=n, 1<j<m,

1 _q/
Q Q—E'D1+

Pm
0,

/

« —a —Bn—1
. q m+1 n ., r6m+1 Bn ,

it=mn, j=m-+1,

otherwise,

r . .
?'DZ, Dlzdlag[al""van]v D2:d1ag[/817"'aﬁn]'

We choose «; and §; in such a way that

Qo — (1 :a3_042:"':am-l—l_am:an_an—l:1+al_an:7—o¢7
Bo—P1=P3—PB2=""=PBms1— PBm —1=Bn— Bn-1=P1— Pn =15
It follows from the last equalities that 7, = % , T3 = —% .
Then we have the following equalities:
( 1
al—ap=——1,
n
1 n-1
Qg — Op = — — )
n n
1 n—-m
@ — g, = — — .
m—+1 n n

Ei ) t=n, ]:15
. . . i—1
<:1<n-— = i— e .
1, 1<i<n—-1, j=1+1, pz1.<g Ci=n, 2<j<m,
ki]: o, 1=mn, j=1, Vij = q Tm
0, otherwise, %n <g>", i=n, j=m+1,
0, otherwise.

\

Therefore, system (2.9) turns into the following system

ol

/ /
9 D1+T?'D2:|'W

q

q

r

)’IL-[KJFV]— (2.10)
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We apply the following transformation to system (2.10) once again:

h(t):/(q(g))idq. (2.11)

Let, moreover, g be a function inverse of the function h and for all ¢ > a, g(h(t)) = t.
Since conditions (2.1)—(2.3) of the theorem are fulfilled, then h(t) — oo as t — oo. We also
have that W (s) = Z(g(s)). As a result of transformation (2.11), we obtain a system

W'=[K+V —a(s)- D1+ 8(s) - Dg] - W,

in which 0 L 0 L
_ (a0 d _ (a0
afs) = (r(t)) q’ Bls) = (r(t)) r

It also follows from conditions (2.1)—(2.3) that

0/]a’(s)|ds:/‘((zgg)ng)/ ds < +o0
and - -
—1 N2
0/042(3)(18 = / ((ggg) <%) )ds < +00.

Similar results are valid for 5(s).

From all that has been shown and taking into account the conditions of the theorem, we proved
that the conditions of the well-known Levinson result are satisfied [1, Theorem 8.1}, the equation
(1.1) is in some sense asymptotically equivalent to the corresponding binomial differential equation
of the nth order. Therefore, equation (1.1) has a fundamental system of solutions u; (j = 1,...,n),
which admit the asymptotic images (2.4).
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In the plane of variables  and ¢ consider a nonlinear partial differential equation of the form
0?u 0 0%u
- — + A —
otz ozt Ox?
where f, I’ are given, while v unknown function, A = const.

For the equation (1) we consider the following antiperiodic problem: find in the domain D, :
0<z<I,0<t<Tasolution u = u(z,t) of the equation (1) according to the boundary conditions

qu = + f(u) = F, (1)

u(z,0) = —u(x,T), w(x,0)=—u(z,T), 0<zx<I, (2)
o'u ou
o (0= =55 (L1), 0<t<T, i=0,1,23 (3)

Note that to the study of antiperiodic problems for nonlinear partial differential equations,
having a structure different from (1), is devoted numerous literature (see, for example, [1-7] and
the references therein).

Denote by C1?(D,.) the space of functions continuous in D.., having in D,. continuous partial
derivatives 2% j=1,2, 24 5—=12 3 4. Let

ott » &y i
]_72 —_— L 1’2 = . 8Zu _ 81’& .
c-(D,) = {uec (Dr): S (@.0) = =25 @ 1), 0<a <l i=0,1,
Y Y
%?(O,t) - —gl;(l,t), 0<t<T, j 2071,2,3}.

Consider the Hilbert space W ?(D,) as a completion of the classical space C**(D,.) with
respect to the norm

Wl = [ [0+ () + (52)"+ () ] ot @

Dp

Remark 1. It follows from (4) that if u € W'?(D,.) then u € W} (D,.) and % € Ly(D,). Here
W4(D,.) is the well-known Sobolev space consisting of the elements Lo(D..), having up to the first
order generalized derivatives from Lo(D,.).

Below, for function f in the equation (1) we require that
FeCM), |f(u)] <M+ Maul®, a=const>1, ueR, (5)

where M; = const > 0,1 =1,2.
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Remark 2. As it is known, since the dimension of the domain D, C R? equals two, then the

embedding operator
I:W5(Dy) = Lo(Dy)

is linear and compact operator for any fixed ¢ = const > 1. At the same time the Nemitskii
operator K : Ly(D,) — L2(D,.), acting by formula Ku = f(u). where u € Ly(D,.), and function f
satisfies the condition (5) is bounded and continuous, when ¢ > 2a. Therefore, if we take ¢ = 2«

then the operator
Ko=KI:Wy(D,) — La(D,)

will be continuous and compact. Whence, in particular, we have that if u € W} (D,.), then f(u) €
Ly(D,) and from u,, — u in the space W4 (D,.) it follows f(u,) — f(u) in the space Lo(D.,.).

Remark 3. Let u € Ci’Q(ET) be a classical solution of the problem (1)—(3). Multiplying the both
sides of the equation (1) by an arbitrary function ¢ € Ci’Q(ET) and integrating obtained equality
over the domain D, with taking into account that the functions from the space Ci’Q(ﬁT) satisfy
the boundary conditions (2) and (3), we get

ou 0p  0*u % ou &p 12—
/[815815+81‘28:L‘2+ 8:r8 dx dt/f godmdt /ngdl’dt VQDEC_ (DT) (6)

Drp Drp

We take the equality (6) as a basis of definition of a weak generalized solution of the problem
(1)-(3).

Definition 1. Let a function f satisfy the condition (5). A function u € W'?(D,) is named a
weak generalized solution of the problem (1)-(3), if the integral equality (6) holds for any function
0 e W(D,), ie.

ou 0p  0%u 9%p ou 8@ 1,2
/[atat—i-ww-l- - a dz dt—/f Vo da dt = /Fapdxdt Vo e WH(D,). (7)

Dy Dy

Note that due to Remark 2 the integral | f(u)p dz dt in the left-hand side of the equality (7)
DT

is defined correctly since from u € W?(D,.) it follows that f(u) € La(D,.), and since ¢ € Lo(D,.),
then f(u)p € Li(D,).

It is easy to see that if a weak generalized solution w of the problem (1)—(3) in the sense of
Definition 1 belongs to the class Ci’2(ﬁT), then it is a classical solution to this problem.

Under fulfillment of the condition

A>0 (8)

in the space C_*(D.,) together wi e scalar produc
in th C1*(D,.) together with the scal duct

uv + — = } dz dt (9)

( )/[ Ou Qv @@Jr@@
0o = ot ot " ox 0x | 022 02

Dy

with norm || - [lo = || - |12 (D)’ defined by the right-hand side of the equality (4), let us consider
- T

the following scalar product

ou dv  0*u 0%v ou Ov
(U,U)l—/[atat‘i'axzw—i-)\a 8 dx dt (10)

Dp
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with the norm

it = [ (5" + (5) 2 () ] et )

Drp

where u,v € C’i’Q(ET).
The following inequalities

1,2
cllullg < flully < eflully Yue CZ7(D,)

with positive constants ¢; and cg, independent of u, are valid. Whence due to (8)—(11) it follows
that if we complete the space Ci’z(ﬁT) with respect to the norm (11), then we obtain the same
Hilbert space Wi’2(DT) with the equivalent scalar products (9) and (10). Using this circumstance,
one can prove the unique solvability of the linear problem corresponding to (1)—(3), when f = 0,
i.e. for any F' € Ly(D,) there exists a unique solution u = LalF € Wi’Q(DT) to this problem,
where the linear operator

Ly': Ly(D,) — W'(D,)

is continuous.

Remark 4. From the above reasoning, it follows that the nonlinear problem (1)—(3) is reduced
equivalently to the functional equation

w= I3 (f(u) — F] (12)
in the Hilbert space W ?(D,).
Supposing that
|ul|iin00 sup fELu) <0, (13)

it can be proved a priori estimate for the solution of the functional equation (12) in the space
Wl’z(DT), whence, due to Remarks 2 and 4, it follows the existence of the solution of the equation

(12), and, therefore, of the problem (1)—(3) in the specified space. Thus, the following theorem is
valid.

Theorem 1. Let the conditions (5), (8) and (13) be fulfilled. Then for any F' € Lo(D,.) the problem
(1)=(3) has at least one weak generalized solution u in the space Wi’2(DT).

Note that the monotonicity of the function f can provide the uniqueness of the solution of the
problem (1)—(3).

Theorem 2. If the conditions (5), (8) are fulfilled and f is a non-strictly decreasing function, i.e.
(f(s2) = f(s1))(s2 —51) <0 Vsy1,82 €R, (14)

then for any F' € Lo(D,.) the problem (1)—(3) can not have more than one weak generalized solution
in the space W*(D,.).

These theorems imply the following theorem.

Theorem 3. Let the conditions (5), (8) and (13), (14) be fulfilled. Then for any F € La(D,.) the
problem (1)—(3) has a unique weak generalized solution u in the space Wi’2(DT).

Note that if the condition (13) is violated, then the problem (1)—(3) may be unsolvable. Indeed,
there is valid the following theorem.
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Theorem 4. Let the function f satisfy the conditions (5), (8) and
flu) < —Jul* VueR, a=-const>1, (15)

and the function F' = pFy, where Fy € Lo(D,.), Fy > 0 in the domain D, = const > 0. Then
there exists a number o = po(Fo, ) > 0 such that for p > po the problem (1)—(3) can not have a
weak generalized solution in the space W (D).

It is easy to see that when the condition (15) is fulfilled, then the condition (13) is violated.

Acknowledgements

The work was supported by the Shota Rustavely National Science Foundation, Grant # FR-21-
7307.

References

[1] S. Boussandel, Existence of solutions for nonlinear nonmonotone evolution equations in Banach
spaces with anti-periodic boundary conditions. Appl. Math. 63 (2018), no. 5, 523-539.

[2] Y. Chen, Anti-periodic solutions for semilinear evolution equations. J. Math. Anal. Appl. 315
(2006), no. 1, 337-348.

[3] Y. Chen, J. J. Nieto and D. O’'Regan, Anti-periodic solutions for evolution equations associated
with maximal monotone mappings. Appl. Math. Lett. 24 (2011), no. 3, 302-307.

[4] W. Dimbour and V. Valmorin, Asymptotically antiperiodic solutions for a nonlinear differential
equation with piecewise constant argument in a Banach space. Applied Mathematics 7 (2016),
1726-1733.

[5] Q. Liu, Existence of anti-periodic mild solutions for semilinear evolution equations. J. Math.
Anal. Appl. 377 (2011), no. 1, 110-120.

[6] J. Liu, X. Song and L. Zhang, Existence of anti-periodic mild solutions to semilinear nonau-
tonomous evolution equations. J. Math. Anal. Appl. 425 (2015), no. 1, 295-306.

[7] L. Zhenhai, Anti-periodic solutions to nonlinear evolution equations. J. Funct. Anal. 258
(2010), no. 6, 2026-2033.



REPORTS OF QUALITDE, Volume 2, 2023 91

Blow-Up Solutions of the Cauchy Problem
for Nonlinear Delay Ordinary Differential Equations

lvan Kiguradze

Andrea Razmadze Mathematical Institute of Ivane Javakhishvili Thilisi State University
Thilisi, Georgia
E-mail: ivane.kiguradze®tsu.ge

Problems on the existence and asymptotic estimates of blow-up solutions occupy an important
place in the qualitative theory of ordinary differential equations and have been studied in sufficient
detail for a wide class of nonlinear nonautonomous ordinary differential equations (see [1-9] and
the references therein). However, for delay differential equations this problem remained practically
unstudied. Most probably, [10] is the first work done in this direction. Here theorems on the existen-
ce of blow-up solutions are proved for the equation that does not contain intermediate derivatives.
In the present paper, similar results are given for the equation of general type.

On a finite interval [0, b] we investigate the delay differential equation

ut(t) = £t u(r(1), ..., u" (7 (1)) (1)
with the initial conditions
wV(t) = ¢i(t) for a <t <0 (i=1,...,n). (2)

Here n is an arbitrary natural number, f : [0,b] xR — R is a continuous function, R = [0, +o0],
7:[0,b] — R is a continuous function, satisfying the conditions

T(t) <t for 0<t<b, 7(b)=0, (3)
a=min {r(t): 0<t<b},

and ¢; : [a,0] = R4 (i =1,...,n) are also continuous functions.
Definition 1. Let ¢y € [0,b] and
te =min{7(t) : to <t <b}.

An n-times continuously differentiable function u : [tg, b — R is said to be a solution of equation
(1) in the interval [to, b[ if

wV(#) >0 for tg<t<b (i=1,...,n),

and there exist continuous functions ug; : [t«,to] — Ry (i = 1,...,n) such that in that interval
equality (1) is satisfied, where

u(l_l)(t) = uOl(t) for t* S t S t(] (Z = 17 e ’n).

A solution u of equation (1), defined in the interval [0,b] and satisfying the initial conditions
(2), is said to be a solution of problem (1), (2).
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Definition 2. A solution u of equation (1) defined in some interval [¢o, b[ is said to be blow-up if

lim u" " (t) = +oc0.
t—b

A blow-up solution u : [tg,b] — R4 is said to be strongly blow-up (weakly blow-up) if
limu(t) = 400 (limu(t) < 400).
t—b

t—b

Definition 3. A solution w : [ty,b[— Ry of equation (1), having the finite limits linz ul=1(t)
t—
(i =1,...,n), is said to be regular.

According to condition (3), there exists an increasing sequence of numbers t; €10,b[ (i =
1,2,...) such that

T(t) <0 for 0<t<ty, 7(t1)=0,
T(t) <t for t; <t< tit1, (tz—i-l) t; (’L = 1,2,...),

) lim tz‘ =b.
1—>+00
From this fact it immediately follows
Lemma 1. For arbitrarily fized continuous functions ¢; : [a,0] — Ry (i = 1,2,...,n), problem

(1), (2) in the interval [0,b] has a unique solution u and for any natural number k the equality
u(t) = ug(t) for 0 <t <t

1s valid, where

ugi—n(t) =c¢(t) for a<t<0 (i=1,...,n), w(t)= Z (iCi_(Ol))! i1
=1

1 | e
+ (1)1 O/(t s) 1f(s,cl(7(s)),...,cn(T(s))) ds for 0 <t<ty,

n

u](€l+11)(t) =c¢i(t) for a<t<0 (i=1,...,n), upp1(t)= Z (ici_(Ol))' -1
i=1 ’

t
'/ VL (5,0 (78 u D (e ())) ds for 0< ¢ <ty (k=1,2,...).
0

Theorem 1. Let along with (3) the condition
ft,zr, ... xn) > folt,za, ... xn) for to <t <0b, (21,...,2,) €RY

be satisfied, where ty €]0,b[, and fo : [0,0] x R} — R is a nondecreasing in the phase variables
continuous function such that the differential equation

oM (t) = fo(t,o(r(t)), ..., 0" D(r(t)))

in the interval [to,b] has a blow-up solution v. Then there exist numbers r > 0 and t* € |tg, b] such
that if
cn(0) > 1, (4)

then the solution u of problem (1), (2) is blow-up as well and admits the estimates

w06 >0 V@) for 1<t <b (i=1,...,n).
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Based on this comparison theorem, effective criteria for the existence of blow-up solutions of
problem (1), (2) are obtained. In particular, the following statement is true.

Corollary 1. Let the functions f and T satisfy the inequalities

ftyzy,. .. xn) > 0b—t) x) for tg <t <b, (®1,...,2,) € RY,
alt—b)+b<7(t)<t for 0<t<b,

where k € {1,...,n}, to €]0,0[, £ >0, u >0, A > 1, a« > 1. Then for an arbitrary v > 0 there
exists a positive number r = r(y) such that if inequality (4) holds, then the solution u of problem
(1), (2) is strongly blow-up and admits the estimate

inf {(b—t)"u(t): to <t <b} >0. (5)

An important particular case of (1) is the differential equation

n—1
u® () =" pi(t) (ul D (at — b) + b)), (6)
=1

where p; : Ry — Ry (i =1,...,n) are continuous functions, A > 1, a > 1.
For this equation we consider the Cauchy problem with the initial conditions (2), where a =
—(av—1)b, and ¢; : [a,0] = Ry (i =1,...,n) are continuous functions.

Corollary 2. There exists € > 0 such that if

n

Zci(t) <e for a <t <0,
i=1

then the solution of problem (6), (2) is reqular. And if
prlt) = (b~ )" for 0<t<b,

where k € {1,...,n}, £ > 0, p > 0, then for an arbitrary v > 0 there exists a positive number
r = r(y) such that in the case where inequality (4) holds, the solution w of problem (6),(2) is
strongly blow-up and admits estimate (5).

The first part of the corollary can be easily obtained from Lemma 1, while the second part
follows from Corollary 1.

Example 1. Let n > 2, a > 1, A > 2, {p = (A — 1)aﬁ)ﬁ, b>0,a=—(a—1)b. We choose
positive numbers p; (i = 1,...,n) so that the function, defined by the equality

n—1 —a i—1 n—1 _ )
u(t) = Z <t(z_)1>| pi + (=) H (n —i— L) 1(b — )" T for a <t <b,

i=1 i=1
satisfies the conditions
w D) >0 for a<t<0 (i=1,...,n—1).

Then the restriction of the function u to [0,b[ is a solution of the differential equation

u™(t) = (u D (a(t — b) + b)) (7)
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with the initial functions
¢i(t) =ul=D(@) for a <t <0 (i=1,...,n).
Moreover, it is clear that v~ (i =1,...,n — 1) have finite limits
wDb—0) (i=1,...,n—1),

and
lim u™ Y (t) = +oc0.

t—b

Consequently, u is a weakly blow-up solution of equation (6).

On the other hand, by virtue of Corollary 2 equation (7) has infinite sets of strongly blow-up
and regular solutions.

The example constructed above shows that if the functions f and 7 satisfy the conditions of
either Theorem 1 or one of its corollaries, then equation (7) can simultaneously have strongly
blow-up, weakly blow-up and regular solutions.

Example 2. Theorem 1 and its corollaries are specific for delay equations and they have no analogs
for equations without delay. To make sure of this, in the interval [0, b] we consider the differential
equation

u™(t) = ("D (1), (8)

where n > 2, X\ > 2. We choose positive numbers p; (i = 1,...,n) so that the function, defined by
the equality

Lt

satisfies the conditions

n—1

i— 1 n—1 AT . 1 -1 n—1—-—1_
— — <
t + (=D (A=1)T=> Z||1 (n—z—i)\ 1) (b—1) =X for 0<t<b,

W) >0 (i=1,...,n—1).

Then every solution of equation (8), defined in the interval [0,b] and blowing up at the point b,
has the form u(t) = uo(t), and, consequently, it is weakly blow-up. On the other hand, no matter
how the number
r> uén 1)(0)

is, equation (8) does not have a solution w : [0, b] — R, satisfying the inequalities

uwV0)>0 (i=1,....,n—1), u"V0)>r
Theorem 2. Letn > 2,
b(t — to)
t) =
T(t) === o

and let the function f satisfy the inequality

for 0 <t <b,

ftxy, .. mpn) 240 —t)w(ay) for to <t <b, (x1,...,2,) €RY,

where ty €]0,b], k€ {1,...,n}, £ >0, p >0, and w : Ry — Ry is a continuous function. Let,
moreover, there exist a number X > 1 such that
xr
/w(y)dy>x)‘—1 for x > 0. (9)
0

Then for an arbitrary v > 0 there exists a positive number r = r(y) such that if inequality (4)
holds, then the solution u of problem (1), (2) is strongly blow-up and admits estimate (5).
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Example 3. Consider the differential equation

W (0) = (- e (u(B0)), (10)

where u > 0, t9 €]a,b[, and w : Ry — Ry is a continuous function which along with (9) satisfies
the condition
w(Tm) =0 (m=1,2,...). (11)

Here A > 1, and x,,, € Ry (m = 1,2,...) is an increasing sequence of numbers converging to 4o0o.
The example of such a function is constructed in [10, p. 44].

In view of (11), Theorem 1 and their corollaries leave open the question on the existence of
blow-up solutions of equation (10). On the other hand, by Theorem 2 this equation has an infinite
set of blow-up solutions.
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In the rectangle © = [0,w;] x [0, w2] consider the problem

Uy = Po(@,y)u+ Pz, y)us + Po(, y)uy + (2, y), (1)

Cu(-,y) =¢y), hlu(z, ) =¢(2), (2)

where P; € C(€;R™") (j =0,1,2), ¢ € C(;R™), ¢ € CH([0,ws]; R™), 1 € C([0,w1];R™), and £ :

C([0,w1];R™) — R™and h : C([0, ws]; R™) — R™ are bounded linear operators that are commutative,
i.e., the operators ¢ and h satisfy the equality

Loh(z)=hol(z) for zeC(R"™). (3)
One may think that the boundary conditions
Ou(-,y) =e(y), hu(z,-))="V(z) (2)

are more natural than conditions (2). All the more so, conditions (2) obviously imply conditions
(2). The main reason for studying problem (1), (2) instead of problem (1),(2) is that problem
(1), (2) is ill-posed, since functions ¢ and 1) should satisfy certain compatibility conditions. Indeed,

if u € C(Q) is an arbitrary function satisfying conditions (2), then, in view of (3), we have
() = Lo h(u) = hol(u) = h(p).

By a solution of problem (1), (2) we understand a classical solution, i.e., a function u € C1(€)
satisfying equation (1) and boundary conditions (2) everywhere in (2.
Along with problem (1), (2) consider its corresponding homogeneous problem

Ugy :Po(a:,y)u—FPl(ﬂ:,y)ux+P2(ﬂs7y)uy, (10)
E(u( : vy)) =0, h(uﬂc(mv : )) =0, (20)

as well as the problems
v = Py(x,y")v, (11)
L(v) =0 (21)

and

v' = Py(z*,y)v, (12)
h('l)) =0. (22)

Problems (11), (21) are (12),(22) called associated problems of problem (1), (2). Notice that
problem (1;), (21) (problem (12), (22)) is a boundary value problem for a linear ordinary differential
equation depending on a parameter y* (a parameter x*).

The concept of o-associated problems for n-dimensional periodic problems was introduced in [4],
and for two-dimensional Dirichlet type problems in [3].
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Definition 1. Problem (1),(2) is called well-posed, if it is uniquely solvable for arbitrary ¢ €
CH([0,wa]; R™), 4 € C([0,w1]; R™) and g € C(f2), and its solution u admits the estimate

lellensi@y < M (llellerqouy + ¥ lcon + lalew)-
where M is a positive constant independent of ¢, ¥ and gq.

Theorem 1. Let problem (1), (2) be solvable for arbitrary ¢ € C([0,ws]; R™) andp € C([0,w:]; R™).
Then the problem

2 =0, £z2)=0 (4)
has only the trivial solution.

Remark 1. If problem (4) has only the trivial solution, then problem (1¢), (20) is equivalent to
the homogeneous problem

Ugy = Po(z,y) u+ Pi(x,y) uz + Po(z,y) uy, (1o)
L(u(-,y) =0, h(u(z,-))=0. (20)

Theorem 2. Let P; (j = 1,2) be constant matrices, let problem (11), (21) have a nontrivial solution,
and let the followmg conditions hold:

h(Po(z, -)z(+)) = M(Po(z, -)) h(2(+)) for every z € C([0,w2]; R™),
h(Piz(-)) = Pyh(z2(-)) for every z € C(]0,ws]; R™),
h(Pyz(+)) = Pyh(z(-)) for every z € C([0,ws]; R™).

Then for solvability of problem (1), (2) it is necessary that the problem

v = Pyw+ (Py+ PP)¥(x) + h(q(z, +)),
U(v) = h(¢') — (P D)

1s solvable, where ¥ is a solution of the problem

Theorem 3. Let Pj (j = 1,2) be constant matrices, let problem (12), (22) have a nontrivial solution,
and let along with ( ) the following conditions hold:

E(Po(-,y)z(+)) = L(Bo(-, ) £(2(+)) for every z € C([0,w1];R"),
UPiz(-))=Pil(z()) for every z € C([0,w:];R™),
UPoz(-)) = Pyl(2()) for every z € C([0,w1];R™).
Then for solvability of problem (1), (2) it is necessary that the problem
v'= P+ (Py+ PiP)o(y) + h(a(-.y)), ()
h(v) = €v) — h(Pyp) (6)

1s solvable.
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Remark 2. Solvability of the ill-posed nonhomogenous problem (5), (6) means additional compa-
tibility conditions between the boundary values ¢ and 1, matrices Py, P; and P», and the vector
function ¢. Indeed, consider the problem

Ugy = Pg(x,y)u—i-q(x,y), (7)
u(0,y) = ¢(y), ua(w,0) = s (w,wa). (8)

Let u be a solution of problem (7), (8 ) Set v(y) = ux(0,y). Then v is a solution of the problem
Po0,) 9(0) + a(0.3). )

v(0) = v(w). (10)
In other words the solvability of (9), (10) is necessary for the solvability of problem (7), (8). Problem
(9), (10) itself is ill-posed. It is solvable if and only if the following equality holds
w2
/ (Po(0,t) (t) + q(0,t)) dt = 0.
0
Remark 3. Solvability of the ill-posed nonhomogenous problem (5), (6) is necessary for solvability
of problem (1), (2), but by no means sufficient. Indeed, consider the two-dimensional problem
Vigy = W — q1(z),
Wazy = —v + q2(z),
v(0,y) =0, wv(wi,y) =0,

(12)
Ve (2,0) = vg(x,wa), wi(z,0) = wy(z,ws).
Let us show that the corresponding homogeneous problem has only the trivial solution. Let
<v(x, y)>
w(z,y)
be an arbitrary solution of the homogeneous system
Vigy = W, (13)
W2y = —V, (14)

satisfying conditions (12). Multiply (13) by w, integrate over €. After integrating by parts and
taking into account conditions (12), we arrive at the equality

772% (z, y)wy(z,y) dydx = // w?(x,y) dy de. (15)

Similarly, after multiplying (14) by v and integrating over 2, we get

w1 w2 w1 w2

—//wy(x,y)vx(ac,y) dydr = —//’L)Q(-T,y) dy dzx. (16)

0 0 0 0

After subtracting (16) from (15) we arrive at the equality

w1 w2

//(UQ(%y) + w?(z,y)) dydz = 0.

0 0
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Consequently the homogeneous problem (13), (14), (12) has only the trivial solution. Therefore,
problem (11),(12) has at most one solution. Hence, the only possible (wa-periodic with respec to
the second variable) solution of problem (11),(12) should be independent of y. Consequently,

(v(fcvy)> _ <CJ1($)>

w(z,y) q2(x)

is the only possible solution of problem (11),(12). It is clear that u is a weak solution but not a
classical one, if qg; and ¢o are nowhere differentiable continuous functions.

Theorem 4. Let the following conditions hold:

(Ao) problem (3) has only the trivial solution;

(A1) problem (11),(21) has only the trivial solution for every y* € [0,ws];

(A2) problem (13),(22) have only the trivial solution for every x* € [0,w1].

Then problem (1), (2) has the Fredholm property, i.e. the following assertions hold:
(

(i) problem (1p), (20) has a finite dimensional space of solutions;

(ii) if problem (1), (20) has only the trivial solution, then problem (1), (2) is uniquely solvable,
and its solution w admits estimate

lulloray < M (lallo@ + Ieler o + I¥llogoe) ) (17)
where M is a positive constant independent of @, ¥ and q.

Definition 2. Problem (1), (2) is called well-posed, if it is uniquely solvable for arbitrary ¢ €
CH[0,wa]; R™), 9 € C([0,w1];R™) and ¢ € C(£;R™), and its solution v admits the estimate (17),
where M is a positive constant independent of ¢, 1 and gq.

Theorem 5. Let problem (1), (2) be well-posed. Then conditions (A1) and (Az2) of Theorem 4 hold.
Remark 4. Consider the problem
Uzy = p(2) Uz + p(a) uy — p*(x) u +q(z,y), (18)
u(0,2) = 2u(w1,y), ugx(z,0) = uy(x,0), (19)
where p € C°([0,w1]) is a nonnegative function and ¢ € C*°(Q). Let
q(z,y) = p(z) q(z, y).
Set: I = {z € [0,wi] : p(x) = 0}. Then:

i) problem (18),(19) is well-posed if and only if I, = &. Moreover, if I, = &, then a unique
(i) p , D y if I, , if T, , q
solution of problem (18), (19) belongs to C*(2);

(ii) if ¢ € L*°([0,w1]), then problem (18), (19) has a unique weak solution if and only if mes I, = 0,
and has infinite dimensional set of nonclassical weak solutions otherwise. If ¢ € C([0,w2]
and mes I, = 0, then that unique weak solution is a classical solution;

(iii) If ¢ € C([0,ws]), then problem (18),(19) has a unique classical solution if and only if I, is
nowhere dense in [0,w;], and has infinite dimensional set of classical solutions otherwise;
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(iv) problem (18), (19) has a unique classical solution and infinite dimensional set of weak solutions
if I, is a nowhere dense set of a positive measure;

(v) if ¢(x,y) = 1 and I, # @, then problem (18), (19) has no classical solution despite the fact
that the coefficients of equation (18) belong to C*° ().

Theorem 6. Let conditions (Ag), (A1), (A2) of Theorem 4 hold, and let P, € C%(Q) be such that
h(v) =0 = h(Pa(-,y)v(-)) =0 for y € [0,ws]
for every function v € C([0,ws]). Then there exists € > 0 such that if
1P(2.y) + Pi(.y) Po(,y) = Paylw,y)|| <& for (2,) €2,
then problem (1), (2) is well-posed. In particular, if
P(a,y) + Pi(z,y) Po(z,y) — Pay(z,y) = O,

then the solution of problem (1), (29) admits the representation

w1 w2
U(I'l,IEQ) ://Gl(x,s,y) Gg(y,t,S) Q(S,t) dtd37
0 0

where G is Green’s matriz of problem (1;),(2;) (j = 1,2).

Let n =2m, u = (v,w), and v,w € R™. For the system

Vgy = Al (y)wx + Bl(%)'ll)y + Ql(xa y)w +q1 (IIZ‘, y)7

(20)
wa:y = AZ(y)Uac + BZ(m)vy + QQ(‘Ta y)’U + Q2($7 Y, )
consider the following boundary conditions of Nicoletti type
w(07y) =0, U(wlay) =0, wx(x70) =0, Uz(£7w2) =0, (21)
and the periodic boundary conditions
v(0,y) = v(wi,y), w(0,y)=w(w,y), (22)

vz(2,0) = vg(z,wa), wy(z,0) = wy(x,ws).

Corollary 1. Let A1 € C([0,wo]; R™*™), Ay € C([0,w2];R™*™), By € C([0,w1]; R™*™) and
By € C([0,w1]; R™*™) be positive semi-definite symmetric matriz functions, and let there exist
0 > 0 such that the following conditions hold:

Qi(x,y)w-w > 8|w|?® for (z,y,w) € Q x R™, (23)
Qa(x,y)v-v < —6|jv]|? for (z,y,w) € Q2 x R™. (24)

Then problem (20), (21) is well-posed.

Corollary 2. Let A; € C([0,ws]; R™*™), Ay € C([0,ws];R™*™), By € C([0,w1]; R™*™) and
By € C([0,w1]; R™*™) be positive definite symmetric matriz functions, and let there exist 6 > 0
such that conditions (23) and (24) hold. Then problem (20), (22) is well-posed.
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In the rectangle €2 consider the boundary value problem

Ugy = f(xvy>umauy7u)> (1)
Z(u( : >y)) = (10(3/)7 h(ux(x, : )) = ¢($), (2)

where ¢ € CL([0,w2]; R™), ¥ € C([0,w1];R™), £: C([0,w1];R") — R™ and h : C([0,ws]; R?) — R"
are bounded linear operators that are commutative, i.e., the operators £ and h satisfy the equality

Loh(z)=hol(z) for zeC(R™).
By B!(z;7) denote the closed ball of radius r centered at z in space C*(£2;R"), i.e.,
Bl(z;r) = {C ceClQ): ||¢ - zllerq) < r}.

If f(z,y,v,w,z) is differentiable with respect to the phase variables, set:

of (x,y,v,w, z of(x,y,v,w, z

Fi(z,y,v,w,2) = il yav ), Fy(2,y,v,w,2) = i gw ),
of (x,y,v,w, z
FO(x7y7vvwvz) = f( %Z ) )

PJ[U](‘T?y) = F}'($7yvuﬂﬁ(may)?uy(xay)vu(may)) (] =0, 172)’

A vector function (]7 0, N) s called an admissible perturbation if f € (xR, R™) is locally Lip-
schitz continuous with respect to the first 2n phase variables, ¢ € C*([0,ws]; R™), ¢ € C([0,w1];R™).
Set: Fl(x Y, 0w, z2) = fv(x Y, v, w, z) and Fg(x Y, 0, W, z) = fw(ac Y, 0, W, 2).

Definition 1. Let ug be a solution of problem (1), (2), and » > 0. Problem (1), (2) is said to be
(ug, r)-well-posed if:

(i) wo(w,y) is the unique solution of the problem in the ball B! (ug;r);

(ii) There exist a positive constant dp and an increasing continuous function ¢ : [0, dg] — [0, 4+-00)
such that £(0) = 0 and for any § € (0, dp] and an arbitrary admissible perturbation (f,,)
satisfying the following conditions

| Fy(z,y, v,w, 2)|| + | Fa(z, y, v, w, 2)|| < 8 for (z,y,v,w,2) € Qx R™, (3)
I (@, y,v,w,2)| <8 for (z,y,v,w,2) € Qx R,
H&HC’l([O,wz]) + Hw“C([O,wl]) <9,
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the problem

uwy:f(ﬂﬁ,y,um,uy,U)+f(x,y,ug;,uy,U), (1)
((ul-9) = ¢) +3w),  hlua(z, ) = () + () (2)

has at least one solution in the ball B!(ug;r), and each such solution belongs to the ball
B (ug; £(9)).

Definition 2. Let ugp be a solution of problem (1),(2), and r > 0. Problem (1), (2) is said to be
strongly (ug, r)-well-posed if:

(i) Problem (1), (2) is (ug,r)-well-posed;

(ii) There exist positive numbers Mo and do such that for arbitrary § € (0,d9) an arbitrary
admissible perturbation (f, @, ) satisfying inequalities (3), (4), problem (1), (2) has at least
one solution in the ball B!(ug;r), and each such solution belongs to the ball B! (ug; Mg ).

Definition 3. Problem (1), (2) is called well-posed if it is (ug, r)-well-posed for every r > 0.

Definition 4. A solution ug of problem (1), (2) is called strongly isolated, if problem (1), (2) is
strongly (ug,r)-well-posed for some r > 0.

The concepts of strong well-posedness and a strongly isolated solution of a boundary value
problem for a nonlinear ordinary differential system were introduced in [1]. Definitions 2 and 4 are
adaptations of the idea of Definitions 3.1 and 3.2 from [1] to problem (1), (2).

The linear case of system (1), i.e. the system

Ugy = Pi(2,y)us + Pa(z,y)uy + Po(z, y)u + q(z,y) (5)

was studied in [2].
Along with problem (5),(2) consider its corresponding homogeneous problem

Uzy = Pr(z,y)us + Po(z, y)uy + Po(z, y)u, (50)
E(u( : 7y)) =0, h(u$<$, ) )) =0. (20>

Definition 5. Problem (5),(2) is called well-posed, if it is uniquely solvable for arbitrary ¢ €
CH([0,wa]; R™), ¢ € C([0,w1]; R™) and g € C(f2), and its solution u admits the estimate

ullcriq) < M(H@H(Jl([o,wz]) + [[¥lleow)) + H(JHC(Q)),
where M is a positive constant independent of ¢, ¥ and gq.

(ug, r)-well-posedness is equivalent to the

Remark 1. Notice that for the linear problem (5),(2)
(2), Definitions 1, 2 and 3 are equivalent to

strong well-posedness. Furthermore, for problem (5),
Definition 5.

Theorem 1. Let f be a continuously differentiable function with respect to the phase variables
v, w and z, and let problem (1), (2) be strongly (ug,r)-well-posed for some r > 0. Then problem
(50), (20) is well-posed, where Pj(z,y) = Pjluo)(z,y) (j =0,1,2).

Theorem 2. Let f be a continuously differentiable function with respect to the phase variables v,
w and z, and let there exist matriz functions Pj; € C(;R™™) (i =1,2; j =0,1,2) such that
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(Ao)
Pl](xvy) S F‘j(l’,y,v,w,Z) S P2_7($7y) fO?” (x,y,v,w,z) € Q x R3n (] = 071727);

(A1) for every x* € [0,w1] and arbitrary measurable matriz function Py : [0,ws] — R™*™ satisfying
the inequalities
Pll(x*ay) S Pl(y) S P21(‘T*ay) fOT’ ) € [07(")2]7

the homogeneous problem

has only the trivial solution;

(A2) for every y* € [0,wa] and arbitrary measurable matriz function Py : [0,wi] — R™™" satisfying
the inequalities
Pia(z,y") < Py(z) < Py(z,y") for x € [0,w1],

the homogeneous problem

has only the trivial solution;
(As) for arbitrary measurable matriz function P; : Q@ — R™ ™ (j = 0,1, 2) satisfying the inequalities
Pyj(z,y) < Pj(x,y) < Poj(w,y) for (z,y) €Q (j=0,1,2),
problem (59), (20) has only the trivial solution.

Then problem (1), (2) is strongly well-posed.

Remark 2. Conditions (A1) and (Az) of Theorem 2 are key and cannot be weakened. Violation
of either of conditions (A;) and (A2) may lead to additional compatibility conditions between the
boundary values (2) and the right-hand side of system (1).

Indeed, consider the problem

ny:P2uy+Q($ayvu)v (6)
u(O,y) = So(y)a ul“(l‘a 0) - Um(l',(JJQ) =0, (7)
where P, € R™ ™ is an arbitrary matrix, and ¢ € C1([0,ws]; R™) and ¢ € C(2 x R;R") satisfy the

equalities
80(0) = QD(WQ)a Q($,0,Z) :(J(LU,LUQ,Z)-
Let u be a solution of problem (6), (7). Set v(y) = u;(0,y) — P> u(0,y). Then v is a solution of
the problem

v =q(0,y,¢()), (8)
v(0) — v(w2) = 0. (9)

In other words the solvability of (8), (9) is necessary for the solvability of problem (6), (7). Problem
(8), (9) itself is ill-posed. It is solvable if and only if the following equality holds

w2

/q(O,t,cp(t)) dt = 0.

0
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Remark 3. The fulfillment of additional compatibility conditions is necessary for solvability of
problem (1), (2), but by no means sufficient. Indeed, consider the two-dimensional problem

Ulgy = u% —cosw,

10
Ugy = —ui’ + sin x, (10)
U1(07y) = 07 Ul(wl,y) = 07 (11)
u1z(7,0) = iz (2, w2),  u2:(x,0) = e (2, w2).
Let us show that problem (10), (11) has at most one solution. Indeed, let
’U,l(fE, y) ~ 171((1/‘, y))
) = d s =\~
ule) <uz(w,y)> and - u(z,9) <uz(w,y)
be arbitrary solutions of problem (10), (11). Then, in view of (10), we have
(ul(x)y)_ﬂl(xay))zy :U%(ﬂf,y>—7j§($’,y), (12)
(ua(e,y) — Ta(a,y) , = —(ul(a,y) — T )- (13)

Multiply (12) by us — ug, integrate over 2. After integrating by parts and taking into account
conditions (11), we arrive at the equality

—//(Ul(l‘,y)—ﬂl(m,y))x(w(m,y)—ﬂg(x,y))y dy dx
0 0
://(ug(%y)—ﬂg(x,y))(uz(:c,y)—az(x,y)) dy dz. (14)
0 0

Similarly, after multiplying (13) by u; — u; and integrating over €2, we get

w1 W2

_//(“2(1‘,9)—ﬂ2($,y))y(u1($,y)—ﬁl(ﬂc,y))m dy dz
0 0
:—//(“5’(%1/)—ﬁi’(%y))(m(:v,y)—ﬂl(x,y)) dydz. (15)
00

After subtracting (15) from (14) we arrive at the equality

w1 w2

[ [ 0) - ) () Tl dyds
0 0
+ [ [ )~ @) () — Ta(02) dyds =0,
0 0

The latter equality implies ug(x,y) = uk(x,y) (k = 1,2), i.e., u = u. In other words, problem
(10), (11) has at most one solution. Therefore, due to uniqueness, the only possible solution of
problem (10), (11) should be independent of y. Consequently,

1
CcOS2 T
u(zr) = ( L1 )
sins x
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is the only possible solution of problem (10),(11). It is clear that u is a weak solution but not
a classical one since u is not differentiable at points z = §m (m = 0,1,2,3,4). Thus problem
(10), (11) has no (classical) solution despite the fact that the right-hand side of system (10) and
the boundary values are analytic functions.

Consider the system
Ugy = f(a:,y,ux,uy,u) +Q(xay7u)‘ (16)

Theorem 3. Let [ satisfy all of the conditions of Theorem 2, and q(x,y,z) be an arbitrary
continuous function such that
la(z,y,2)|
lzll=toe  [I2]]

=0 (17)

uniformly on Q. Then problem (16), (2) has at least one solution.
For the quasi-linear system
Uzy = P1(z,y)uz + Po(@, y)uy + Polz, y)u + q(z,y,u) (18)
Theorem 2 immediately implies

Corollary 1. Let problem (5¢), (20) be well-posed, and let q(x,y,z) be an arbitrary continuous
function satisfying condition (17) uniformly on Q2. Then problem (18), (2) has at least one solution.

Let n =2m, u = (v,w), and v,w € R™. For the system

Vgy = Al(y)wx + Bl(x)wy + fl(xuya ’UJ) + a1 (.CU, Y,v, ’UJ),

(19)
Wyy = A2(y)va: + B2($)Uy + fQ(xu Y, U) +q2 (x, Y, v, ’LU)
consider the boundary conditions of Nicoletti type
w(0,y) =0, v(wi,y) =0, wy(xz,0)=0, v(x,ws)=0, (20)

and the periodic boundary conditions
v(0,y) =v(wi,y), w(0,y)=w(wi,y), vx(x,0)=0vz(z,w2), wg(x,0)=wy(z,ws). (21)

Here fi = (fir),—; € COAXR™R™) (i = 1,2), ¢; € C(Q x R R™) (i = 1,2), and 4; €
C([0,wa]; R™*™) and B; € C([0,w1]; R™*™) are symmetric matrix functions.
Corollary 2. Let A; € C([0,wq]; R™*™) Ay € C([0,ws];R™*™), By € C([0,w1];R™*™) and

By € C([0,w1]; R™*™) be positive semi-definite symmetric matriz functions, and let there exist
0 > 0 such that the following conditions hold:

flk(x7y7w17 B ,'Ll)m) Wi Z 5w1%f1($’3/7w) - w Z (5“’[1)”2 fOT' (xavalw . '7wm> S Q X Rmv (22)
for(zyy,v1,. oy om) v < —51),%f2(;v,y, v) v < —5||v||2 for (x,y,v1,...,0m) € A X R™, (23)

lim HC_h(.’L‘,y,’U,’U))H + H(D(JU,y,an)H

=0 wuniformly on S. 24
]l [fw]|—+o0 [[v]] + ]| @

Then problem (19), (20) has at least one solution.

Corollary 3. Let A; € C([0,ws]; R™*™), Ay € C([0,ws];R™*™), By € C([0,w1]; R™*™) and
By € C([0,w1]; R™*™) be positive definite symmetric matriz functions, and let there exist 6 > 0
such that conditions (22)—(24) hold. Then problem (19), (21) has at least one solution.
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Remark 4. In Theorem 2 it is assumed that the function f(z,y,v,w, z) has at most linear growth
with respect to the phase variables v, w and z. Corollaries 2 and 3 cover the case where the right-
hand side of system (19) has an arbitrary growth order in some phase variables. As an example,
consider the systems

Vay = Y2ws + (1 + 2*)w, + w + sinh(w) + sin(z? y?) ws,

(25)
2z vy — 2v — sinh(v?) + In(1 + 2%y* + 0% + w®)

Wyy = SIn

and
Uy = (1 4+ yHw, + (14 2*) 2w + sinh(w) + sin(z? y?) w%,

(26)
Wy = € vy + (1 + sin? z) v, — 20 — sinh(v®) + In(1 + 2%y* + 0% + w®).

System (25) satisfies all of the conditions of Corollary 2, and system (26) satisfies all of the
conditions of Corollary 3. Therefore, by Corollaries 2 and 3, problems (25), (20) and (26), (21) are
solvable.
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Studying the propagation of an electromagnetic field into a substance, along with its math-
ematical modeling, investigation, and numerical solution, stands as one of the important tasks
in applied mathematics. Typically, this phenomenon is associated with the generation of ther-
mal energy, leading to alterations in the permeability of the medium and influencing the diffusion
process. The mathematical representation of this process, like numerous other applied problems,
results in the nonlinear partial differential and integro-differential equations and systems thereof. In
a quasistationary scenario, the corresponding system of Maxwell equations takes the form outlined
in [9]:

OH
W——VX(VmVXH), (].)
00 )

CVE—Vm(VXH), (2)

where H = (Hy, H, H3) is a vector of the magnetic field, 6 is temperature, ¢, and v, characterize
the heat capacity and electrical conductivity of the medium which are functions of #. As demon-
strated in [3], the system represented by equations (1) and (2) can be rewritten into the following
nonlinear parabolic-type integro-differential equation

aaijx[a(O/tVXH2dT>VXH:|, (3)

where the function a = a(S) is defined for S € [0, 00).
Assuming that the magnetic field has the form H = (0,0,U), and U = U(z,t), we get the
following nonlinear integro-differential equation:

i b Gy ] 0

The aim of the current note is to extend the investigation initiated in [8] and employ a Deep
Neural Network (DNN) for the nonlinear equation (4) featuring the diffusion coefficient a(S) =
(I1+SP,0<p<Ll

Thus, our goal is to apply DNN for the approximate solution of the following nonlinear initial-
boundary value problem

t

0

U0,4) = U(1,¢) =0, €0, T,
U(z,0) = Up(z), = €0, 1],
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where Q = (0, 1) x (0, T), T'= const > 0, f and Uy are the given functions.

Qualitative and quantitative properties, as well as the numerical solution for the problem (5)
and its even more intricate nonlinear counterparts, have been extensively explored in the literature
(refer to, for instance, [1,3-12,14] and the references therein). As previously stated, our objective
is to investigate an alternative approach to solving partial differential equations (PDEs) through
Machine Learning methods. Specifically, we aim to train the DNN to serve as a surrogate model
capable of predicting the solution of the PDE at any given point (z, t) € 2. DNNs can consist
of multiple layers, including input and output layers, and may feature any number of inner layers

referred to as hidden layers (see, for example, Fig. 1). The deep of the network is determined by
the number of hidden layers (columns of yellow circles — neurons).

Simple Neural Network Deep Learning Neural Network

@ nput Layer () Hidden Layer @ Output Layer

Figure 1. Example of the Neural Network architectures.

The DNN constructs approximation for the solution of problem (5) u(z,t,p) = U(x,t), where
u(x,t, p) represents the function obtained from the DNN, and p is the variable encompassing all
DNN parameters that need for optimization during the training process. As highlighted in [8],the
training of the DNN necessitates a substantial amount of training data, serving as the DNN’s
input. Nevertheless, utilizing the DNN for approximating solutions to PDEs offers an advantage by
incorporating physics, thus reducing the size of the required training data (see, for example, [2,13]).

Exact Solution Approximate Solution

0.16
0.14
0.12

. 010

¥ 0.08

0.06
0.04
0.02
0.00

0.14
0.12
0.10
r 0.08
L 0.06

0.00

Figure 2. Exact and numerical solutions (p = 0).

Following the methodology outlined in [2,8,13], we can construct the residual of the nonlinear
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Exact Solution Approximate Solution

0.16
0.14
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Figure 3. Exact and numerical solutions (p = 0.5).

problem (5) to be assessed at a designated set of training points

ou(x,t, 0

o

<W)Q dT)p W] — f(z,1). (6)

Difference Between Exact and Approximate Solutions DNN learning rate

1071 §

T T T T T
0 200 400 600 800
Pepoch

10'00 1260 1460
Figure 4. Difference between exact and numerical solutions and learning rate (p = 0.5).

Additionally, a cost function F(z,t,p) encompassing the residual (6), along with initial and
boundary conditions can be built and minimized by a Deep Neural Network during the training.

In the test experiments, we adopted the same example and parameters as provided in [8]. The
right-hand side f(x,t) of the problem (5) was selected to yield an exact solution as follows U(x,t) =
(1 —z)exp(—x —t), accompanied by the corresponding initial solution Uy(x) = z(1 — x) exp(—=x).
The training of the neural network was conducted using the NumPy library for scientific computing
and the TensorFlow library for machine learning.

In Fig. 2 we replicated results of the numerical experiment given in [8] that is for the case p = 0
in the problem (5).

The results of the numerical experiment for p = 0.5 is given on Fig. 3. The difference between
exact and numerical solutions is given in Fig. 4 (left). In the same figure, the DNN learning rate
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for 1500 epochs is given on the right.
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Consider a one-parameter family of two-dimensional linear differential systems
i=A,t)r, z€R? t>0 (1)

with the matrices

Aut) =

dp(p) diag[l, —1], 2k —2<t<2k—1,
(+y(p) +bg)d, 2k—1<t<2k,

where kK € N and J = (_01 é
and the functions di(-),v(-) : R — R will be indicated below.

It was proved in [2] that the upper Lyapunov exponent of system (1,) considered as a function
of the parameter u is positive on a set of positive Lebesgue measure for the case in which the
functions dj( - ) are independent of p, positive, and separated from zero uniformly in £ € N (i.e.,
di(p) = dr, = d > 0, k € N). Complex matrices of a special kind are substantially used in the
proof of this result. Another method for proving the theorem in [1] based on an application of the
Parseval equality for trigonometric sums can be found in [3].

Let o, € R, n € N be arbitrary numbers. Set

, and a real parameter u; the conditions on the numbers b, € R

dp(p) =d(p) >0, bogn-1 =ap, k€N, peR. (2)

Denote the Cauchy matrix of system (1,) by Xa,(t,s), t,s > 0. For each ¢ € R, the matrix of
clockwise rotation by the angle ¢ will be denoted by

Ulp) = ( cos ¢ sin<,0>'

—singp cosp
One can readily verify that if the matrix A,(-) is determined by conditions (2), then
X, (2571,0) = U(apsr — ax) X3, (2%,0) for any k € N.

Systems with coefficients chosen according to (2) have a number of properties that permit one
to construct one-parameter families with various asymptotic characteristics. In particular, if the
sequence {ay, }7° | converges, then the matrix A, () is the limit of a sequence of periodic matrices
uniformly with respect to ¢ > 0. V. M. Millionshchikov used such systems in [5-7] (see also [1])
to prove the existence of Lyapunov improper linear differential systems with limit-periodic and
quasiperiodic coefficients.

In the paper [4], it was proved under conditions (2) in which v(-) = 0 and in the case of
a continuous function d(-) that there exists a parameter value p € R such that system (1) is
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unstable. In the present talk we show that the upper Lyapunov exponent of system (1,) considered
as a function of the parameter p is positive on a set of positive Lebesgue measure for the case in
which the functions di(-) and 7(-) are differentiable and under the conditions

C:= inf (149/(n) > 20d ()", p e R, (3)
/d(u) dp > 219(1 + G, (@)
0

For any k£ € N and p € R we recursively define real numbers 7 = ni(u) > 1 and ¥, = ¢¥p(p) as
follows. Set

mp) = e y(n) =0,
& = &(p) =20 (p) + o + p+ (1), qe(p) =27 27 7 ()]

(here [-] denotes the integer part of number). Since n; > 1 and hence sh(2lnn) > 0, it follows
that there exist unique 1 < ng11 € R and ¢ = k(1) € [gr(1) — 2717, qp(p) + 27 17) such that

shin g1 = (sh(2Inny))| cos &,
ctg o = (ch(2lnmng)) ctg &y if sinéy #,
pr =& if sin&, = 0.

Finally, we set
T
Y1 (1) = () + 27 on () + 5 Bw),

where

Blp) =0 if &(u) € U [27n — 27 7, 2m + 27 17),
neZ

B(w) =1 for all others u € R.
In what follows, we will assume that conditions (2) and (3) hold.

Lemma 1. For anyn € N and p € R the functions n, and ¥y are differentiable on p and one has
the representation

XAH (2n -1, 0) = U(wn) <7]n 0

b ) Ut

Lemma 2. For any k € N an equality holds

Pr(m) — p(0) = (2" =27 ).

Besides of that for all p € R we have the estimation

P () > 0.

Lemma 3. For any k € N the inequality is true
™
/m |cos & (p)] dp > —2°k — 2 In(1 + C1).
0
Theorem. If conditions (2)—(4) are satisfied, then there exists a set J C R of positive Lebesgque

measure such that the upper Lyapunov exponent Aa2(A,) of system (1,) considered as a function of
the parameter p is positive for all p € J.
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We consider the periodic problem
W = fltuv), o =p(H)sinu+gt); u(0) = u(w), v(0) = v(w). 1)
Here we assume that p,q € L([0,w]), p #Z 0, and f € Car([0,w] x R?) satisfies the conditions
ft,z,y)sgny >0, [f(t,z,9) < h(t,ly[) for t€[0,0], =,y €R,

where h € Car([0,w] x Ry) is non-decreasing in the second argument.
The theory of BVPs for non-autonomous and non-resonant systems is quite well developed
(see, [3]). However, (1) is a resonant type problem. Some particular cases of (1) are studied in the
w

literature, but usually under the assumption that [ ¢(s)ds = 0 (see, e.g., [2,4]). As for the case
0

[ q(s)ds # 0, there are only a few results available in the existing literature (see, [1,5]). Below we
0

present new results concerning the existence, multiplicity, and localization of solutions of (1).
We use the following notation:

(el = 5 (ol £ 2),
anlt) = masx (gl Nl b H@) = [ syl ds
0
al) =3+ L HO, W) =5 LH),
Lk (0) =] — a(l) 4+ 2km,a(f) 4+ 2kn[, Ipy(f) =] —b(L) + 2k, b(L) + 2kn |,
Jur(0) =] = a(f) + 2k + V), a(f) + (2k + Dl, Ip(€) =] — b(6) + (2k + 1), b(€) + (2k + 1),

B() = {v e 0([0,w]) = vlle <2 w(te) =0 for some to € [O,w]}.

Theorem 1. Let 0 € {—1,1}, ¢ e |lepl=|l, + qo, and the conditions

H(f) < 2m, 2)
llop]-I, + ‘/q ) ds Hf)
0

hold. Then, for any k € Z, problem (1) possesses a solution (ug,vy) such that vy, € B(¢), and
Rangeuy C Ix(0), Ipp(f) NRangeuy # @ if o =1,

3)

< [lfopl+ |l cos

and

Rangeuy C Jok(€), Ju(£) NRangeuy, # @ if o = —1.
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Remark 1. Inequality (3) is optimal for the solvablity of (1) and cannot be replaced by

w
llopl_1l, + \/q
0

no matter how small € > 0 is.

(1+9lforl, cos 1.

Theorem 1 guarantees that problem (1) possesses infinitely many solutions (ug,vy). However,
it may happen that upi1 = ur + 27 (for example, if f(¢t,z + 2m,y) = f(¢,z,y)). Introduce the
following definition.

Definition 1. Solutions (u1,v1) and (ug2,v2) of (1) are said to be geometrically distinct (g.d.) if
u1 — ug # 2mn for n € Z.

Theorem 2. Let o € {—1,1}, A 5 (P, + lglll,), inequality (2) hold, and

o), + 1 / o(s) ds
0

Then, for any k € Z, problem (1) possesses a pair of g.d. solutions (u1x,v1x) and (ugk,ve) such
that vy, € B(0) fori=1,2, and

H(0)

< lllov4 ], cos =

Rangeuyy C Lo (€), Ip(¢) NRangeuyr # &, and Rangeusy C Jai(€), Jop(€) N Range ugy # .

Definition 2. Solutions (u1,v;) and (u2,v2) of (1) are said to be consecutive if uy(t) < ua(t) for
t € [0,w], u1 # ug, and problem (1) has no solution (u,v) satisfying ui(t) < u(t) < we(t) for
t €[0,w], u# uy, and u Z us.

It is worth mentioning that a pair of consecutive solutions may not be geometrically distinct
and vice versa.
In order to formulate the next theorem, we need to introduce the following hypothesis:

the function f(¢,z,-): R — R is non-decreasing for a.e. t € [0,w] and all z € R,
mes {t € [0,w] : f(t,z,y) #0} >0 for z,y € R, y #0,
for every € >0 and r > 0 there exists f., € L([0,w]) such that
[f(t, 22, y) = f(t,21,y)| < for(t) for t€[0,0], |z —m[<e, [y[<r

(A)

Theorem 3. Leto € {—1,1}, ¢ def Ilopl=Il, +qo, * f S (IP)l. +11lll,), and hypothesis (A) hold.

Let, moreover, H({*) < 7 and
)
< q(s)ds
0

Then, for any k € Z, problem (1) possesses a pair of consecutive solutions (uig,vix) and (ugk, vor)
such that either (uyk,vig) or (usk,vor) is Lyapunov unstable, vy, € B({) fori=1,2, and

lfop]-[l, = llopl+], cos < [llopl+ll, cos = lllop)-1l,.-

Range(uyy — 2km) C {— a(?), g {, Range(ugy, — 2km) C ]ﬂ- 57T if J/q )ds >0,
0
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and

Range(uqx — 2km) C ] - — —g[, Range(ugy, — 2km) C } - g ,a(ﬁ)] if U/q(s) ds <0.
0

Moreover, if, fori € {1,2}, the inequality (—1)‘c [ q(s)ds > 0 holds, then, for every solution (u,v)
0
of problem (1), the condition

{(—l)i g +27n: n€ Z} N Range u # @

1s satisfied.

Now, we consider a particular case of (1), namely, the problem
u' = h(t)p(v), v =p(t)sinu+q(t); u(0)=u(w), v(0)=1(w), (4)

where ¢ : R — R is an increasing continuous function satisfying the conditions p(—y) = —¢(y) and
o(y) > 0 for y > 0, and h € L([0,w]) is a non-trivial non-negative function. Moreover, we assume
that

SO*(% y) def M is continuous

r—y
and we put
s def *
Pr = maX{SO (':Evy) XL,y € [_T7T]}‘
Definition 3. A pair of solutions (uj,v1) and (ug2,v2) of (4) is called a fundamental system of
solutions if, for any solution (u,v) of (4), there exists k& € Z such that either v = u; + 2k7 or
u = ug + 2km.

« def
Theorem 4. Let o € {~1,1}, ¢* = 5 (llp]ll, + lld]ll,,), and
op(t) >0 for t e [0,w]. (5)

Let, moreover,

Il ()

< [lpl, cos 1

Il < gillnl, Ipl, <16, and ] [ats)as
0

Then, problem (4) possesses a fundamental system of solutions (uj,v1) and (ug,ve) such that
vy,v3 € B(£*), and

T T 37
Range u; C} — 5,5[ and Range us C}§,7[
Moreover, for o =1, (u1,v1) is unstable, while for o = —1, (ua,v2) is unstable.
As an example, we consider the so-called relativistic problem
u' = h(t) Y "=pt)sinu+q(t); u(0) =u(w), v(0)=rvw). (6)

7
V1+ 02

: — lyl
It is clear that H(y) = ||h||, T
and the monotonicity of the cosine function, we get from Theorem 3 the following corollary.

in this case. Therefore, taking into account that H(y) < ||h,
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Corollary 1. Let 0 € {—1,1}, [|h||, <27, and

Then, problem (6) possesses a pair of g.d. solutions (ui,v1) and (ug,v2). If, moreover, |||, <
and

17 IIL

< |llop]+l, cos ==

= lllopl-1l-

w

' /Q(S) ds

0

15 HL

> |lopl-lI, = lllopl+ll, cos ==,

then (u1,v1) and (ug,v2) are consecutive solutions and at least one of them is unstable.
Theorem 4 implies the following corollary.

Corollary 2. Let o € {—1,1} and (5) be fulfilled. Let, moreover,

w

1Pl <m0 ARl pl, <16, and ’/ (s)ds
0

17 HL

< llplly cos ==

Then, the conclusions of Theorem 4 hold for problem (6).

At last we mention that the above theorems also guarantee a localization of the second compo-
nent of solutions (see, the conditions like v € B({)). Therefore, our results can be applied to some
singular problems as well. For example, let us consider the so-called mean curvature problem

v /

e Y = p(Bsinu gt u(0) = ufw), v(0) = vfw),

where f € Car([0,w] x R) and 0 < f(t,z) < h(t) for t € [0,w], z € R. Theorem 1 yields the
following corollary.

u' = f(t,u)

Corollary 3. Let o € {—1,1}, ¢ o llopl=|l, + o, £ < 1, and inequalities (2) and (3) be satisfied
with H (L) def ”TE;@? . Then, problem (6) possesses infinitely many solutions.
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1 The result

This contribution is based on our recent paper [4] where we analyzed the set of positive regular
solutions of the quasilinear Neumann problem

_<1j/(u')2>/ — a(2)f(u), 0<xz<1,

W(0) = /(1) = 0.

(1.1)

Here, A € R is a parameter and the functions a and f satisfy:

1
(a1) a € L*(0,1), [a(z)dz <0, and there is z € (0,1) such that a(z) > 0 almost everywhere in
0

(0,2) and a(z) < 0 almost everywhere in (z,1);

(f1) f€C®0,+c0), f(s) >0 if s >0, and, for some constant p > 1, l_iggr fij) =1.
S

As a is sign indefinite and f is superlinear at zero, (1.1) is a superlinear indefinite elliptic problem.
These problems have attracted a huge amount of attention during the last few decades.

The problem (1.1) can be regarded as a simple prototype of its more sophisticated multidi-
mensional counterpart, which plays a central role in the mathematical analysis of a number of
important geometrical and physical issues, ranging from prescribed mean curvature problems for
cartesian surfaces in the Euclidean space, to the study of capillarity phenomena for compressible
or incompressible fluids, as well as to the analysis of reaction-diffusion processes where the flux
features saturation at high regimes.

Although the study of (1.1) is often settled in the space of bounded variation functions (see,
e.g., [5-8]), here we will be instead concerned with the regular solutions of (1.1), that is, functions
u € W2L(0,1) which fulfill the differential equation almost everywhere in (0,1), as well as the
boundary conditions.

A function u € C°[0, 1] is said to be positive if 1[1111}1 u > 0 and r[nai( u > 0, whereas it is said strictly
0,1 0,1

positive if minu > 0. Here, the positive solutions of (1.1) are regarded as couples (A, u). Naturally,

)
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for any given A > 0, a couple (A, u) is said to be a positive, or strictly positive, solution of (1.1) if
u is a positive, or strictly positive, solution of (1.1), respectively. Note that, under conditions (a;)
and (f1), the strong maximum principle (see, e.g., [5, Theorem 2.1]) yields the strict positivity of
any positive regular solution of (1.1).

Subsequently, we denote by .#* the set of all couples (A, u) € [0,00) x C[0,1] such that (\,u)
is a positive, and hence strictly positive, regular solution of (1.1).

The following result establishes the existence of an unbounded closed connected subset €+ of
T, bifurcating from u = 0 as A\ — +oo, and provides simultaneously some sharp information on
its localization. The existence of unstable solutions, however not necessarily belonging to €, is
also detected.

Theorem 1.1. Assume (a1) and (f1). Then, there exists an unbounded closed connected subset
¢t of ST for which the following properties hold:

(i) there is \* > 0 such that [\*,00) C projr(€™);

(ii) there are functions o and B, explicitly defined by (2.6) and (2.7) respectively, such that, for
every (A\,uy) € €T, one has

up(zy) < )\ﬁa(:m\), for some x) €0, 2),

and .
ux(yn) > A2 B(yx), for some yy € [0,1];

(iii) there is C > 0 such that, for every (\,u)\) € €7,
1
[l [ oo (0,1) < OAT=P.

Moreover, for every A € [\, 00), there exists at least one Lyapunov unstable solution v € /T of
(1.1) satisfying the conditions expressed by properties (ii) and (iii).

Theorem 1.1 is a substantial sharpening of some previous results obtained in [6-8]. Unlike in
these papers, here the proof exploits an alternative method based on viewing (1.1) as a perturbation
of a semilinear problem, on constructing some non-ordered lower and upper solutions, and on using
the Leray—Schauder degree. This approach, which appears of interest in its own, yields, in addition,
the localization and the instability information established by Theorem 1.1, which is a novel result
in the context of the problem (1.1).

2 The proof

2.1 Reformulation of (1.1) as a perturbation of a semilinear problem

Since f(0) = 0 and we are focusing attention on the positive solutions of (1.1), without loss of
generality we can extend f to the whole of R as an even function. By performing the change of
variable

u=-¢ev, €=A->r, (2.1)
and setting
(s)
== if 0,
W)= sp 0O (2.2)
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the problem (1.1) can be equivalently written in the form

" = a(z)|v]P h(ev) (1 + (e0)?)2, 0< <1, 23)
v'(0) ='(1) = 0. '
Throughout the rest of this proof, for every r > 0, we consider the auxiliary function
|s|P if s <0,
0(z.5) = a(x) sP %f 0<s<r,
a(x)sP(r+1—s) if r<s<r+1,
—s+r+1 if s>r+1,
as well as the associated problem
—v" =L (z,v) h(ev) (1 + (6’[)’)2)%, 0<z<l, (2.4)
v'(0) = /(1) = 0. '

It is obvious that any solution v of (2.4), with 0 < v < r in [0, 1], solves (2.3). Moreover, due to
(2.2), the problem (2.4) perturbs, as € > 0 separates away from 0, from the semilinear x problem

"_
{;Q(]O)—:i:/((l;)vl ) O<zx<l, (2.5)
2.2 Existence of non-ordered strict lower and upper solutions of (2.5)
Construction of a lower solution «
Let pu1 > 0 be the principal eigenvalue of the linear weighted eigenvalue problem
I—¢" =pa(z) e, 0<x<g,
¢'(0) =0, ‘P(g) ~0.
Denote by 1 any positive eigenfunction associated to y; and let T € (0, 5) be such that
p1(T) + ¢1(T)(z —T) = 0.
Then, we define, for ¢ > 0,
co1(x) if 0<z<T7,
a(x) = ep1(T) + e (@) (z—7) if T<z <z, (2.6)
0 if z<2<1.

Construction of an upper solution

For every k > 0, let us denote by z, the unique solution of the linear problem

-2 = (a(m) — /1a(t) dt) kP, 0<z<1,

0

1
2'(0) =2/'(1) =0, /z(t) dt = 0.
0
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Then, we define
B = zx + k. (2.7)

By making a suitable choice of ¢ and the following conclusions about o and 8 can be inferred.

Proposition 2.1. There ezists a constant rg > 0 such that, for all T > rg, the problem (2.5) admits
a lower solution o and an upper solution B, respectively defined by (2.6) and (2.7), such that:

(i) B — a changes sign in [0,1];
(ii) any solution v of (2.5) such that a« < wv in [0,1], satisfies a(z) < v(x) for all x € [0,1];

(iii) any solution v of (2.5) such that v < B in [0, 1], satisfies v(z) < S(x) for all x € [0,1].

2.3 Positivity and a priori bounds for the solutions of (2.5)
Proposition 2.2. Fiz any r > 0. Then, the following assertions hold:
(i) every solution of (2.5) is non-negative;
(ii) every positive solution of (2.5) is strictly positive.
Proposition 2.3. The following assertions hold:
(i) for every r > 0, any solution v of (2.5) satisfies
0<wv(z)<r+1, forall x€]|0,1],

and
[0'[| L 0,1 < C = llall 10,1y (r + 1P (2.8)

(ii) for every r > ro, any solution v of (2.5), with v(xo) < a(xg) for some o € [0, 1], satisfies

r[%aﬁw < R = |al|ge(o,1) + HO/HLOO(O,l)- (2.9)

)

2.4 Existence of ordered strict lower and upper solutions of (2.5)

Proposition 2.4. Fiz any r > rg. The constants a; = —1 and B1 = r + 2 are, respectively, a
lower solution and an upper solution of (2.5) satisfying

a1 <0 <a(x), flx) <rog<pi, forall zecl0,1]. (2.10)

Moreover, every solution v of (2.5) is such that oy < v(z) < B1, for all z € [0,1].

2.5 Degree computations

Fix any r > max{ro, R}, where R is the constant defined in (2.9). Then, C being the constant
introduced in (2.8), define the following open bounded subsets of C*[0, 1]:

I
=

0 veCl0,1]: oy <w(z) < By forall z€[0,1], ||v/]le < C’},

Qo v eCU0,1]: a1 <w(z) < B(x) forall € [0,1], [|v']eo < C’},

Q3

veCH0,1]: alz) <v(z)<py forall z€[0,1], [|v]o < C},

Q=0 \ QU3 = {U €M v(xo) < alxo) and S(yo) < v(yo) for some zo,yo € [0, 1]}
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From (2.10), it follows that Q9 U3 C Q. Moreover, we have that Q9 N3 = & by Proposition 2.1.
Let us denote by T : [0, 00)xC![0, 1] — C*[0, 1] the operator sending each (e, v) € [0, c0)xC1[0, 1]
to the unique solution w € W?2°°(0, 1) of the linear problem

—w" +w = £, (z,v) h(ev) (1 + (sv/)Q)% +ov, O0<z<l,
w'(0) = w'(1) = 0.

It is clear that 7 is completely continuous and that its fixed points are the solutions of the problem
(2.4). Moreover, by Propositions 2.1 and 2.3 and our choice of C, the operator T'(0, - ) cannot have
fixed points on 021 U 905 U 9Q3. Thus, by the additivity property of the degree, we infer that

degrs(Z —T(0,-),0)
= degLS(I — 70, -),Ql) — degLS(I — 70, -),Qg) — degLS(I— T(0, -),Qg).

As, from, e.g., [1, Chapter III], we know that deg;q(Z —7(0, -),Q;) = 1, for ¢ = 1,2,3, we can
conclude that deg;¢(Z — 7(0, -),Q) = —1. Therefore, by the existence property of the degree, the
problem (2.5) possesses a solution v € €2, where necessarily xy € [0, z), because a(xg) > v(zg) > 0
and @ = 0 on [z,1]. In addition, having chosen r > R, Proposition 2.3 guarantees that v(z) < r
for all z € [0, 1] and therefore v is a solution of the problem (2.3) for € = 0. Hence, if we define

(’):{UEQ: minv > 0, maxv<r},
[0,1] [0,1]

then every solution v € 2 must belong to O. Thus, the excision property of the degree yields

degLS(I— T(O, ),O) =—1.

2.6 Existence of a continuum and conclusion of the proof

The boundedness of JO in C![0, 1] and the complete continuity of the operator 7 guarantee the
existence of some £* > 0 such that 7 (e, - ) has no fixed points on 9O for all € € [0, *]. Consequently,
the homotopy property of the degree implies that deg;q(Z — 7(0,¢),0) = —1 for all € € [0,e*],
and hence the existence of at least one solution v = v, € O of the problem (2.3) for all € € [0,£*].
Actually, the Leray—Schauder continuation theorem [3, p. 63] provides us with a continuum #+ of
solutions (g, v:) of (2.3) with € € [0,¢*] and v, € O.

The change of variables (2.1) then implies the existence of a closed connected set €’ of solutions
(A, uy) of (1.1), where A = e!7P € [\, 00), with A\, = (¢*)!7P, and

1
Uy = EVe = A1-Pu,.

It is apparent that every (\,uy) € € is strictly positive and satisfies conditions (ii) and (iii).

Finally, adapting the results in [2], we can prove the existence, for each e € [0,£*], of a Lyapunov
unstable solution v € O of (2.4). Consequently, for every \ € [\, 00) there is at least one unstable
solution wy of (1.1) which is strictly positive and satisfies (ii) and (iii). This concludes the proof of
Theorem 1.1.
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Consider a linear differential system
i=A(t)z, r€R? teR, (1)

with piecewise continuous and bounded coefficient matrix A of the form

+oo
A(t) =) Ap(t), (2)
k=0

where Ag, k = 0,...,400, are periodic matrices with the periods Tj. If each matrix Ay is every-
where continuous and series (2) converges uniformly on the entire time axis R, then the matrix A
is limit-periodic [1, p. 32] and, therefore, almost periodic. The problem on Lyapunov regularity
of linear systems with almost periodic coefficients was posed by N. P. Erugin at a mathematical
seminar at the Institute of Physics and Mathematics of Byelorussian Academy of Sciences in 1956.
The formulation of this problem was published in [3, pp. 121, 137], see also [4].

In [6], using some results of [5] V. M. Millionshchikov has proved the existence of some Lyapunov-
irregular linear system with limit periodic coefficients. To this end V. M. Millionshchikov has intro-
duced some special class of linear systems. A comprehensive study of systems from Millionshchikov
class was made by A. V. Lipntskii in [7—14]. In particular, an explicit example of Lyapunov-irregular
system from the Millionshchikov class is given in [7], see also [17].

On the other hand, it is well known [5,15,16], that the set of Lyapunov-regular (and even almost
reducible, for the definition of almost reducibility see [2]) systems with almost periodic coefficients
is large in some natural sense. However no effective tools to recognize these properties are known.

Our aim here is to give some sufficient conditions for linear systems from Millionshchikov class
to be Lyapunov regular or almost reducible. The conditions of regularity and almost reducibility
provided by Theorem 1 below are not coefficient, but may be useful in constructing systems from
Millionshchikov class with prescribed asymptotic properties.

In what follows we suppose that Ty = 2, T, € N, and Tj41/1 = m; € Nforall k =0,...,4o0.
We also suppose that mi > 1, k =0,...,4+00. Let

0 -1 -1 0
=0 o) =)
1
Take some continuous function w : [0,1] — R such that w(0) = w(1) = 0 and [w(t)dt = 1. Take

0
also a sequence ¢ : N — [0,7/2[. As usually, the values of the sequence ¢ we denote by ¢y, k € N.
Now let us define the matrices A by the following equalities:

- {w(t)D, for t €0,1],

Aot
of 0, for t € [1,2[,

3)
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for £k =0 and

Ai(t) =

{_¢kw(t)J, for t € [0, 1], (4)

0, for t € [1,T;[,
forallk=1,...,4o00.

Lemma 1. If Y ¢ < 400, then system (1) with the coefficient matriz A defined by (3) and (4)
k=1

is limit periodic.

Let Sp(t) = > Ag(t), m =1,...,+00, where Ay are defined by (3) and (4). It can be easily
k=0

seen that each matrix Sy, is T;,-periodic. Now for arbitrary m € N consider a periodic linear system
5=S,()z, ze€R? teR. (5)

Denote the Cauchy matrix of system (5) by Z,,,. Then the monodromy matrix of system (5) can be
written as Z, (T, 0). Hence the eigenvalues of Z,,(T;,,0) are the Floquet multipliers of system (5).

Definition. We say that system (1) with the coefficient matrix A defined by (3) and (4) is a
real-type system if all Floquet multipliers of each corresponding system (5) with m € N are real.

Remark. Note that the condition ¢ € [0, 7/2[ guarantees that the Floquet multipliers of system
(5) are positive.

Lemma 2. If system (1) with the coefficient matriz A defined by (3) and (4) is a real-type system,
then all eigenvectors of matrices Zy,(T,,0), m € N lie in the first quadrant, i.e. have positive
coordinates.

Suppose that system (1) with the coefficient matrix A defined by (3) and (4) is a real-type
system. Let (7" and (5" be some eigenvectors of Z,,(Ty,,0), where each vector (5" corresponds to
greater eigenvalue of Z,,(T},,0). Denote the angle between (" and (3" by Sp,.

Theorem 1. The following statements are valid:
(i) If the angle By is separated from zero, then system (1) is almost reducible.

(i) If lim Tk_1 In B = 0, then system (1) is Lyapunov regular.

k—o00
To prove the first statement we use the fact that system (1) lies in the closure of the set of

reducible systems. The second statement is based on the following lemma.

Lemma 3. Let x,,; be the solution of system (1) satisfying the condition y,;(jTm) = (3" for some
J € N. Then the vectors x,;(t) lie between (1" and (3" for allt = (j +1)T5,, | € N.

References

[1] A.S. Besicovitch, Almost Periodic Functions. Dover Publications, Inc., New York, 1955.

[2] B. F. Bylov, Almost reducible systems of differential equations. (Russian) Sibirsk. Mat. Zh. 3
(1962), 333-3509.

[3] N. P. Erugin, Linear Systems of Ordinary Differential Equations with Periodic and Quasi-
Periodic Coefficients. (Russian) Izdat. Akad. Nauk BSSR, Minsk, 1963.



128

E. K. Makarov

[4]

[14]

[15]

[16]

N. P. Erugin, Linear Systems of Ordinary Differential Equations with Periodic and Quasi-
Periodic Coefficients. With revisions by the author for the English edition. Translated from
the Russian by Scripta Technica, Inc. Translation editor, Richard Bellman. Mathematics in
Science and Engineering, Vol. 28. Academic Press, New York—London, 1966.

V. M. Millionshchikov, The connection between the stability of characteristic exponents and
almost reducibility of systems with almost periodic coefficients. (Russian) Differencial’nye
Uravnenija 3 (1967), 2127-2134; translation in Differ. Equ. 3 (1972), 1106-1109.

V. M. Millionshchikov, Proof of the existence of irregular systems of linear differential equations
with almost periodic coefficients. (Russian) Differencial’nye Uravnenija 4 (1968), 391-396;
translation in Differ. Fqu. 4 (1972), 203-205.

A. V. Lipnitskii, On V. M. Millionshchikov’s solution of the Erugin problem. (Russian) Differ.
Uravn. 36 (2000), no. 12, 1615-1620; translation in Differ. Equ. 36 (2000), no. 12, 1770-1776.

A. V. Lipnitskii, On the singular and higher characteristic exponents of an almost periodic
linear differential system that depends affinely on a parameter. (Russian) Differ. Uravn. 42
(2006), no. 3, 347-355; translation in Differ. Equ. 42 (2006), no. 3, 369-379.

A. V. Lipnitskii, On the discontinuity of Lyapunov exponents of an almost periodic linear
differential system affinely dependent on a parameter. (Russian) Differ. Uravn. 44 (2008), no.
8, 1041-1049; translation in Differ. Equ. 44 (2008), no. 8, 1072-1081.

A. V. Lipnitskii, On the non-almost-reducibility set of an almost periodic linear differential
system that depends affinely on a parameter. (Russian) Differ. Uravn. 44 (2008), no. 10,
1336-1346; translation in Differ. Equ. 44 (2008), no. 10, 1393-1405.

A. V. Lipnitskii, On the positivity of the upper Lyapunov exponent in one-parameter families
of linear differential systems. (Russian) Differ. Uravn. 45 (2009), no. 8, 1095-1101; translation
in Differ. Equ. 45 (2009), no. 8, 1116-1123.

A. V. Lipnitskii, Lower bounds for the norm of solutions of linear differential systems with
a linear parameter. (Russian) Differ. Uravn. 50 (2014), no. 3, 412-416; translation in Differ.
Equ. 50 (2014), no. 3, 410-414.

A. V. Lipnitskii, Upper semicontinuity of the upper Lyapunov exponent of Millionshchikov
linear differential systems with an affine parameter. (Russian) Differ. Uravn. 56 (2020), no. 1,
62-69; translation in Differ. Equ. 56 (2020), no. 1, 60-67.

A. V. Lipnitskii, On the instability of Millionshchikov linear differential systems with con-
tinuous dependence on a real parameter. (Russian) Differ. Uravn. 58 (2022), no. 4, 470-476;
translation in 58 (2022), no. 4, 468-474.

V. M. Millionshchikov, Metric theory of linear systems of differential equations. (Russian) Mat.
Sb. (N.S.) 77(119) (1968), 163-173; translation in Math. USSR-Sb. 6 (1968), no. 2, 149-158.

V. M. Millionshchikov, A stability criterion for the probability spectrum of linear systems
of differential equations with recurrent coefficients and a criterion for almost reducibility of
systems with almost periodic coefficients. (Russian) Mat. Sb. (N.S.) 78(120) (1969), no. 2,
179-201; translation in Math. USSR-Sb. 7 (1969), no. 2, 171-193.

T. V. Seriogina, Construction of the irregular limit periodic system of linear differential equa-
tions. (Russian) Vestn. Udmurt. Univ., Mat. Mekh. Komp yut. Nauki, 2008, no. 2, 129-131.



REPORTS OF QUALITDE, Volume 2, 2023 129

Uncertainty Estimates for Target Functionals Values
to a Class of Continuous-Discrete Systems
with Incomplete Information

V. P. Maksimov

Perm State University, Perm, Russia
E-mail: maksimov@econ.psu.ru

1 Introduction

A linear control system with continuous and discrete times and discrete memory is considered.
The model includes an uncertainty in the description of operators implementing control actions.
This uncertainty is a consequence of random disturbances under the assumption of their uniform
distribution over known intervals.

With each implementation a corresponding trajectory arises from random perturbations, and in
the aggregate — an ensemble of trajectories. Thus, there arises a set of values of target functionals
in the control problem. For each functional, the probabilistic description is given in the form of
corresponding probability density functions. To construct these functions, the previously obtained
representation of the Cauchy operator of the system under consideration is used. The proposed
probabilistic description allows one to find their standard characteristics, including expectation and
variance, as well as the entire possible range of values. The results are constructive in nature and
allow for effective computer implementation.

2 Description of the problem

Fix a finite segment [0,7] C R. Denote by L™ = L"[0,T] the space of summable functions v :
T

[0, 7] — R™ with the norm ||v|| ,n = [ |v(8)|n ds, where | - |, stands for a norm in R™; L} = L5[0,T]
0

T
is the space of square summable functions v : [0, 7] — R” with the inner product (u,v) = [u/(s) -
0

v(s)ds ((-)" stands for transposition); AC™ = AC™[0,T] is the space of absolutely continuous
functions z : [0,7] — R™ with the norm ||z|| 4cn = |x(0)|n + [|#]z». Next we fix the set J =
{to,t1,...,tu}, 0=ty < t1 <--- <t, =T and denote by FD"(u) = FD"{to,t1,...,t,} the space
of functions of discrete argument z : J — RY with the norm

I
12l Fpry = 12(E:)]w-
i=0
We consider the continuous-discrete system with discrete memory

i)=Y At + Y Bilh)z(ty) + (Pu)(t), t[0,7], (2.1)

Jit;<t Jiti<t

2(t) = Dya(ty) + Y Hijz(t;) + (Gu)(ts), i=1,...,p. (2.2)

J<i J<i
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Here the columns of (n x n)-matrix A; and (n x v)-matrix B; belong to L"; D;; and H;; are
constant matrices of dimension (v x n) and (v x v), respectively; F': Ly, — L™, G : L — FD"(u)
are linear bounded Volterra [1] operators. Discreteness of the memory to all operators acting onto
the state variable in (2.1),(2.2) is defined by their construction.

For the system under control (2.1), (2.2) with a given initial state

z(0)=a, 2z(0)=9¢ (2.3)
we consider the control problem with the aim of control given by the equality
Uz,2) =B RV, (2.4)

where £ : AC™ x FD"(u) — RY is a linear bounded vector-functional.

Conditions of the solvability to the problem (2.1), (2.2) within the class of programmed control
are obtained for the case of unconstrained control and for the case of point-wise polyhedral con-
straints [2,4,7,8]. Here we study the question on the impact of random disturbances of operators F’
and G onto the values of the target vector-functional ¢(x, z) when the control is known. Without
loss of generality we suppose the initial position of the system (2.1), (2.2) to be zero: a =0, § = 0.

Define the form of disturbances in the action of the operators I’ and G:

(Fu)(t) = (Fou)(t )+AF'U( ), t€10,T],
(Gu)(t;) = (Gou)(tj) + AG; - / s)ds, j=1,.

Here AF and AG; are matrices of dimension n x r and v x r, respectively, with the elements
AF* and AG;’“ being random values distributed uniformly on the segments [a’*, b*] and [a zk , b;k]
respectively (we write for short AF* ~ U®* and AG;’C ~ U;k) The operators Fy and Gg are
assumed to be acting with no disturbances.

In [9], a component-by-component probabilistic description is obtained for the components of
x(t) and z(t;). This description is given in the form of a set of probability density functions
parametrized by the current time. To construct these functions, the previously obtained represen-
tation of the Cauchy operator of the system under consideration is used.

The system (2.1), (2.2) is a particular case of the general continuous-discrete system considered
in [5]. Theorem 1 [5] gives the presentation to solution of (2.1),(2.2) with zero initial values:

(D ¢ @Z) N (21 g;i) @Z) : (2.5)

where z = col (2(t1), ..., 2(t,), C is the Cauchy operator with block components C;;, i,j = 1,2.
As applied to the case under consideration, the explicit representation of C;; in the terms of
matrix parameters of (2.1),(2.2) is obtained in [6]. In the sequel, we use the components

t

Cllf /011 t S ds, 6129 / Z 012 t],s ])dS, t e [O,T],

o0 Jiti<t
Cinf = / > Cii(tj,s)f(s)ds, Chag=> Chy(i)g(ty), i=1,...,p.
0 J<i J<i

Here the upper index in notations Ci, and Ci, stands for the number of a v-column in a column
from RY*.
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Each component of the solution (x, z) includes the determined term z?(¢), 29(¢;) correspondingly

to operators Fy and Go and the random term &;(t), 7;(t;) that corresponds to matrices AF and
AG;:

zi(t) = 2l (8) + &(t),  z(t;) = 2 (t;) + mi(t;)-
Thus for fx = col (¢1(x, 2),...,¢n(x, 2)) we have

&(m, Z) = Ei(xo, ZO) + &(f, 77),

and we are aimed at the description of the distribution to random values A\; = ¢;(§, 7).
Let us recall the general form of £: AC™ x FD"(u) — RV:

T
Uz, 2 +/<I> ds—i—ZFz
0

covering various special cases of target vector-functionals such as multipoint, integral and many
others.
Due to (2.5), we have

n T

fz(t) _ 1191 Fék + Z ZZ 1292 Gék (26)
(=1 k=1 jitj<t =1 k=1
and n T v or i
=Y > POLAFTEL Y NN B0 AGH, (2.7)
m=1 k=1 m=1 k=1 ¢=1

where matrices 1109, 12017 2194 220i) are defined in [9)].

In the way described in [9] we rewrite (2.6), (2.7) in the form

Z‘Pq aq) - cq + oyl Z‘Pq

and v
ZW t;) - (by — ag) - cq +wilty), wity) =D wi(t;) - aq,
q=1

WhereN:n-r+u-u-r.
In the sequel, we will use the component-wise representation of the target vector-functional ¢:

n A VoW A
i, 2) = i) + 2(2) =) () + )Y P (z(t))
=1 j=1 k=0

Hence it follows that
Ai = Li(&sm) :Z%f' (bg — aq) - ¢q + Vs (2.8)

where

n v v

A =D M)+ 2D M), i Z o)+ 33 P wn). (29

j=1 j=1 k=0 j=1 k=0

=



132 V. P. Maksimov

3 Main result
For any 3 € R, we define in RN~! the polyhedral set M;(y;):

Mi(y1)={(yz,---,yzv)’eRN_l: 0<y, <1, ¢g=2,...,N;

N
1 sl (b — ag) 1
1< B Bt VA VSR S }
(o —a) _;%il'(bl_al) =S o —a)

Theorem. Let ], i=1,...,n,¢=1,...,N, and v;, i = 1,...,n, be defined by equalities (2.9),
and st # 0. Then the probability density function fy,(y1) of the random variable (2.8) is defined
by the equality

VY M (y1 — )]

f)\i(yl) - |%11| . (bl - al)

where VN=YM)] is the Lebesgue measure of a set M C RN~

Emphasize in conclusion that this result allows to find a segment I; of all possible values for
each component of the target vector-functional and calculate the probability P(\; € J;) for any
subset J; C I;. This can be useful when studying control problems with a given target set (see, for
instance, [3] and the references therein).
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We study the stability of the invariant toroidal manifold of one class, the linear extension of
a dynamical system on a torus. The result is used to study the question of the existence of an
invariant manifold of a nonlinear system of differential equations.

In the direct product of an m-dimensional torus 7, and Euclidean space R™ we consider a
system of differential equations

dy dx

L — 1

P —ale), =P, (1)
where ¢ = col(p1,...,m), * = col(x1,...,zy), a(e), P(p) are, respectively, vector and matrix
functions continuous and 27-periodic in each component ¢; (j = 1,...,m) and defined on the m-

dimensional torus T,,,. Assume that the function a(p) satisfies the Lipschitz condition with respect
to ¢, a constant L, i.e. for any two points ¢', ¢” € T}, we have

la(¢’) = a(@")Il < Lllg" = "I (2)

We establish sufficient conditions for the asymptotic stability of the trivial torus of system
(1) and use these results for the investigation of nonlinear system of differential equations more
complicated than system (1) and defined in the direct product T,, x R".

In what follows, we need a generalization of the Wazewski inequality [2]. By ¢:(¢) we denote
the solution of the first equation in system (1) and consider a system of equation

dx

= _p 2
2 = Ploe))e )
for x. According to the Wazewski theorem [2], any solution x¢(to, ¢, o), Zt,(to, ¢, To) = o of this

system admits
t t

I Meps(v)) ds [ Aps(e)) ds
[|zolle® < lze(to, o, zo)|| < ||lzof|e : (3)

where A\(p) and A(p) are, respectively, the maximum and minimum eigenvalues of the symmetric
matrix

P(p) = % (P(p) + P"(p)),

PT(¢p) is the matrix transposed with respect to the matrix P(¢).
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Inequality (3) yields the estimate
2ol X" < || (to, @, o) | < llolle1), ¢ > o,

where
A= min A(¢), A= max A(p).
Jain Ale) max Ap)
On the basic of this estimate, we can make the following conclusion: If the matrix P(y) in
system (1) is such that A < 0, than the nontrivial torus of this system is exponentially stable
because the matricant Q (¢) of system (2) admits the estimate

198 (9)]] < Ke 07100 ¢ > ¢, (4)

p€ely,, K>1,~v>0.
We now show that a similar conclusion concerning the exponential stability of the trivial torus
of the system of equations (1) can be made under weaker conditions imposed on the matrix P(y).
Recall [5] that a point ¢ € T, of the dynamical system on a torus

2 a(e) 5)

is called wandering if there exist its neighborhood U(y) and a positive number 7" such that

Ul)Ne(U(p) =2 for t >T.

By W we denote the set of wandering points and by = T, \ W we denote the set of nonwan-
dering points. The set W of wandering points is invariant and open because, together with ¢, all
points of the neighborhood U(y) are wandering.

In view of the compactness of the torus 7},, the set of nonwandering point 2 is a nonempty
closed invariant set.

It is clear that € is also a compact set as a closed set on the torus.

As shown in [5], any solution of system (5) eventually approaches the set of nonwandering
points. More precisely, for any € > 0, every phase point ¢;(¢) lies outside the e-neihghborhood
U:(€2) of the set €2 only for a finite time interval not larger than T'(¢).

To prove the theorem presented below, we use the property of nonwandering points.

Theorem 1. If the matriz P(p) in the system of equations (1) such that the mazimum eigenvalue
A(p) of the symetric matriz P(p) is negative on the set Q of nonwandering points of the dynamical
system (5), then the trivial torus of system (1) is exponentially stable.

Proof. We fix sufficiently small e-neighborhood U, (2) of the set Q. Since A(¢) < 0 for all p € Q and
(2 is closed compact set, one can find a sufficiently small positive number £¢ such that A(¢) < —v(¢)
for any 0 < ¢ < ¢g, A(p) < —v(e) and all ¢ € U (), where () is a positive monotonically
nonincreasing function of the parameter ¢ such that vy(¢) — v(0) as ¢ — 0, where

—(0) = max Alp).

If v1(p) is nonwandering trajectory, then, for any solution from inequality (3), we get the
following estimate:
(0, 0, 20) | < [|zolle O ¢ >4, o€ Q.
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If vi(¢) is a wandering trajectory, then one can find a positive number 7'(¢) such that the time
of stay of this trajectory outside the set U.(2) is not greater than T'(¢). By using inequality (3),
we obtain

lze(to, @, o) | < llaol| AT - )t > 80, o e W

Hence, under the conditions of the theorem, any solution x;(tg, ¢, zo) of system (2) exponentially
approaches zero as t — oo for any ¢ € T,,,. Therefore, the matricant Qio (@) of the system admits
an estimate of the form (4), which completes the proof of the theorem. O

We now present one more class of system (1) for which the trivial torus is asymptotically stable.

Theorem 2. If the matriz function P(p) in the system of equations (1) satisfies the condition

(P(p), x) < (@) (2, z)

forall p € T), and x € R™, where v(p) is a function continuous and 2w-periodic in each component
w; (j =1,...,n) and negative on the set 0 of nonwandering points of the dynamical system (5),
then the trivial torus of the original system (1) is asymptotically stable.

Proof. For any solution z(to, ¢, o) of system (2), we obtain:

d d
dat ||xt(t0790’x0)”2 = dt <xt(t07907$0)7$t(t07907x0)>
= 2(P(01(p))m1(to, 0, x0), T (to, 0, w0) ) < 2v(e(0)) w4 (to, 0, x0) |-

Integrating the last inequality, we find

t
[ (es(e)ds
l|z¢(to, @, zo)| < €'© lzoll, t>to, ¥ € T

Reasoning as in the proof of the previous theorem, we conclude that the exponential stability
of the trivial torus of the original system follows from the last inequality. O

To prove that the invariant torus is stable (unstable), we can use the direct Lyapunov method.
We now present a theorem that partially supplements the result of classical investigations in this
field presented in the monographs [3,7].

Theorem 3. Suppose that, for the system of equations (1), there exists a positive-definite quadratic
form

Vip,z) = (S(p)z,z)

with symmetric matriz S(¢) such that its total derivative composed with the use of the original
system (1), i.e., the quadratic form

where

S(p) = rra a(p) + S(@)P(p) + PT(¢)S(¢),

is negative-definite of the set Q of nonwandering points of system (5). Then the trivial torus of the
system of equations (1) is exponentially stable.
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It is natural to study the problem of existence of the quadratic form V(p,z), atisfying the
conditions of Theorem 3.

We now present an example in which this form exists and makes it possible to state that the
trivial torus of system (1) is exponentially stable.

Theorem 4. Suppose that P(p) in system (1) is a constant matriz P(p) = Py on the set Q. If the
real parts of the eigenvalues Re \j(Py) of the matriz Py are negative, then there exists a positive-
definite quadratic form v(p,x) = (S(@)x,x) with symmetric matriz S(p) such that its derivative,
according to system (1), is a negative-definite quadratic form on the set Q, and, hence, the trivial
torus of system (1) is asymptotically stable.
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1 Introduction

The contribution is a continuation of the research started in [7] and [2]. We deal with periodic prob-
lems for nonlinear distributional (measure) differential equations with a parameter. In particular,
we are interested in the existence of the bifurcation points for such problems.

The concept of distributional differential equations arose more or less together with the concept
of systems with impulses. In general, they can describe some physical or biological problems, such
as heartbeat, blood flow, pulse/frequency modulated systems, biological neural networks and/or
models arising in control theory in which measures can be suitable controls, cf. e.g. [10]. Of
course, differential equations with measures appear also in non-smooth mechanics. In these models,
derivatives are understood in the sense of distributions and the solutions are generally discontinuous,
but not too bad from another point of view, i.e. they are usually regulated or have bounded
variation. For some early results, see e.g. [1] and references therein.

In this article we consider distributional differential systems of the form

Dx = f(\ x,t) + g(x,t) - Dh, (1.1)

where D stands for the distributional derivatives and A is a parameter. To this end, a handful tool
are generalized ordinary differential equations (we write simply GODEs) introduced by Kurzweil
in [3,4] in the middle of 1950’s. Since then, many authors have dealt with the potentialities of this
theory (see e.g. [5,9,11] and references therein). In particular, measure differential equations of the
form (1.1) as well as equations with impulses acting in fixed times are their special cases.

Throughout G[0, 7] is the Banach space of regulated functions (functions having all onesided
limits) with values in R” and equipped with the supremal norm and BV [0,7T] C G[0,T] is the space
of functions with bounded variation on [0,7]. As usual, we denote A*x(s) = z(s+) — z(s) and
A~ x(t) = z(t) — z(t—) for x € G[0,T]. Our basic assumptions are the following:

Assumptions 1.1. 7' € (0,00), Q@ C R™ and A C R are open sets, f : A x Q x [0,T] — R",
g:Qx[0,T] - R" h:R — R has a bounded variation on [0,7] and is left-continuous on [0, T,
while h(0—) = h(0) and h(T+) = h(T).



138 C. Mesquita, M. Tvrdy

2 Distributional differential equations

By distributions we understand linear continuous n-vector functionals on the topological vector
space D" of functions ¢ : R — R” possessing for any j € N U {0} a derivative ©) of the order j
which is continuous on R and such that o) (t) = 0 if ¢ ¢ (0,T). The space D" is endowed by the
topology in which the sequence pr € D tends to ¢g € D in D if and only if lilgn ||g0,(€]) — go(()J)Hoo =0

for all non negative integers j.

The space of n-vector distributions on [0,7] (dual of D") is denoted by D™*. Instead of D*
we write D*. Given a distribution f € D™ and a test function ¢ € D", (f, ) is the value of
the functional f on ¢. Of course, reasonable real valued point functions are naturally included
into distributions. The zero distribution 0 € D™ on [0,7] can be identified with an arbitrary
measurable function vanishing a.e. on [0,7]. Obviously, if f € G[0,T] is left-continuous on (0,77,
then f =0 € D*" if and only if f(t) = 0.

For h € D*, the symbol Dh stands for its distributional derivative, i.e.

Dh:¢ €D — (Dh,p) = —(h,¢) forall p €D.

If f € AC[0,T], then Df = f’, of course.

The term g(t,x) - Dh on the right hand side of (1.1) is a symbol for the distributional product
of the function g, : t € [0,T] — g(x(t),t) and the derivative Dh of h. As in the Schwartz setting no
general rule how to define a product of an arbitrary couple of distributions is available, some more
explanation is desirable. In text-books one can find the trivial examples. However, the product
occurring in (1.1) is not covered by these cases. Fortunately, it turned out that, for this aim, a good
tool is provided by the Kurzweil-Stieltjes integral. The following definition has been introduced
in [12] and was used in [9, Section 8.4], as well.

Definition 2.1. If g : [0,7] — R™ and h : [0,7] — R are such that the Kurzweil-Stieltjes integral
T
[ gdh exists, then the product g - Dh is the distributional derivative of the indefinite integral
0

t
H(t)= [gdh,ie g - Dh=DH.
0

The multiplication operation given by Definition 2.1 has all the usual properties excepting that
(cf. [12, Remark 4.1] and [9, Theorem 6.4.2]) the expected formula D(f - g) = Df - g+ f - Dg
does not hold, in general. More precisely, if f and g are regulated and at least one of them has a
bounded variation, then

D(f -g9)=Df -g+f-Dg+Df - A*g—A~f - Dy,

where
0 if t=0,

and - ATS(1) = {A—f(t) it ¢> 0.

Now, we can define solutions of (1.1) as follows:

Definition 2.2. A couple (z,A) € G[0,T] x A is a solution of (1.1) if x is left-continuous on (0, 77,
x(t) € Q for all t € [0,7T], the distributional product g, - Dh of the function g, : t € [0,T] —
g(x(t),t) € R™ with Dh has a sense and the equality (1.1) is satisfied in the distributional sense,
ie. (Dz,¢) = (faz ) + (G - Dh,o) for all ¢ € D", where fy,:t € [0,T] — f(\ z(t),t) € R™
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Together with (1.1) let us consider two related equations

t t
z(t) = x(0) + /f()\,x(s),s) ds—i—/g(w(s),s) dh(s) for t e [0,T] (2.1)
0 0
and (GODE)
/ dx
(1) = 2(0) +/DF(95(T),75) (1 . == DF(x,t)) (2.2)
We have

Theorem 2.1. Let Assumptions 1.1 and

f(A, -, +) is Carathéodory on Q x[0,T] for any A € A,
g(-,t) is continuous on Q for t€[0,T] and there is my, such that:

T
/mh(s) d[vargh] < oo and ||g(z,t)]| <mp(t) for (A x,t) € AxQx[0,T].
\ 0

hold and let
¢ t
F(\ z,t) = /f()\,ac,s) ds + /g(a:,s) dh(s) for (\,z,t) € A x Qx[0,T].
0 0
Then the equations (1.1), (2.1) and (2.2) are equivalent.

3 Bifurcations

In the rest we assume that the assumptions of Theorem 2.1 are satisfied. Let us consider the
equivalent periodic problems

Dz = f(\ z,t) + g(x,t) - Dh, xz(0)==z(T) (3.1)
and . .
x(t) = x(T) + /f()\,x(s), s)ds + /g(a:(s), s) dh(s).
0 0
Put

D\, x)(t) =x(T) +

o .

F\ z(s),s) ds+/g(az(s),s) dh(s) for e X\, z € B(xo,p), t€[0,T].
0

Then ®(A, -) maps B(xo, p) into G[0,T] for any A€ A and (3.1) is equivalent to finding couples
(z,A) such that z = ®(A, x).

Definition 3.1. Let xg be a solution of (3.1) for all A € A and let p > 0 be such that z(¢) € Q
for all ¢t € [0,7] whenever ||z — zg|| < p. Then (Ao, zp) a bifurcation point of (3.1) if every its
neighborhood in A x G[0, 7T contains a solution (A, x) such that z # xo.
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Next result is taken from [2].

Theorem 3.1. In addition to the assumptions of Theorem 2.1, let xg and p be as in Defini-
tion 3.1 and

there is a v : [0,T] — R nondecreasing and such that for any € > 0 there is a § > 0

such that H [ 0wz = f0u 0] dr| < eha(t) = ()

for x € Q, t,s€[0,T] and A1, A2 € A such that [N\ — X2 < ¢

\

and let [\}, N3] C A be such that xo is an isolated fized point of both ®(A], -) and (N5, -) and

degLS (Id - (I)(Ai : )? B(‘T07 p)7 0) 7é degLS (Id - (I)(A; : )7 B(m(b p)7 0)
Then there is g € [A], N3] such that (xo, Xo) s a bifurcation point of (3.1).

The conditions necessary for the pair (Mg, z9) € A x Q to be a bifurcation point of (3.1) are
presented in our upcoming paper [8]. One of the equivalent formulations of the main result reads
as follows:

Theorem 3.2. Besides the assumptions of Theorem 3.1, let us assume also

e f has a total differential f.(\, x,t) for (\,z,t) € AxQx|0,T] fulfilling Carathéodory conditions
withe respect to (z,t);

e g has a total differential g.,(z,t) for (z,t) € Q x [0,T] which is bounded on Q x [0,T] and
continuous with respect to x € Q0 for each t € [0,T] and there is Oy, : [0,T] — R such that

T
/ On(s)d vary h] < oo and |lgl(x, ]| < On ()
0

o there is a nondecreasing function v : [0,T] — R such that for any e > 0 there is a § > 0 such
that

H [ i) = fe0epn] e + [ [ghte.0) = ghto)] dn) | < el =2 (6)L

whenever |A\1—Xa| + ||z — y|| <.

Then the couple (g, x9) € A X Q is not a bifurcation point for (3.1) whenever the homogeneous
system

z(r)_z(T)—/f;(xo,xo,T)z(T)dT—/g;(xo,T)z(T) dh(r), 7€ [0,T]
0 0

have only trivial solutions.

Remark. It is worth noting that in the proofs of theorems 3.1 and 3.2, reformulating the given
problem to GODEs proved useful.
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Example 3.1. Consider the periodic impulse problem z’ = Ab(t)z + c(t)a?, Ata() = 2%(3),

1
z(0) = x(1) with b,c € L'[0,1] and [bds # 0. One can verify that, by Theorem 3.1, the couple
0

(0,0) is its bifurcation point, while by Theorem 3.2 the couple (), 0) can not be a bifurcation point
whenever A # 0.

Example 3.2. One can verify that ug(t) = (2 + cost)? solves for all A € R the impulsive problem
related to the Liebau valveless pumping phenomena

u// = )\((2 -+ cos t)u, + S(Sin t)u) + (66 —5.7cost — 9C082 t)ul/S _ 0-3?,(,2/3,
+. (TN _ 2T _ , _
Alu (2> (64 v (2))’ u(0) = u(2m), v (0)=u'(27).

By Theorem 3.2 and using the result by A. Lomtatidze (cf. [6, Theorem 11.1 and Remark 0.5]) and
with some help of the software system Mathematica we can conclude that the couple (zg,0) can
not be its bifurcation point.
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The problem of symmetric operators being self-adjoint is one of the main problems in theory
of differential operators and serves as the basis for the analysis of their spectral properties and
scattering problems. Investigation of this problem for Sturm—Liouville and Schrédinger operators in
the space L?(R) is inspired by the problems of mathematical physics and has numerous applications.
The results of that obtained for this problem in the case of regular coefficients are rather complete.

We introduce and investigate symmetric operators Lg associated in the complex Hilbert space
L?(R) with a formal differential expression

l[u] == —(p) + qu +i((rv) + ru) (1)

under minimal conditions on the regularity of the coefficients. They are assumed to satisfy condi-
tions

q= Q/ + 5 i (R)’ s € Llloc(R)7 (2)

1

’ Q ’ . € Lloc
VIpl Vel Vvl
where the derivative of the function () is understood in the sense of distributions, and all functions
p, Q, r, s are real-valued. In particular, the coefficients ¢ and r’ may be Radon measures on R,
while function p may be discontinuous. Our main results are two sufficient conditions on coefficients
p which provide that the operator Lg being semi-bounded implies it being self-adjoint.

If these coefficients of (1) are regular enough, then the mapping

Loo : w > lu], ue C°(R)

defines a densely defined in the complex Hilbert space L?(R) preminimal symmetric operator Log.
Here naturally arises question whether the closure of this operator Ly := (Lgo)"™ is self-adjoint. A
large number of papers are devoted to this problem (see, e.g. the references in [12]). For instance,
Hartman [5] and Rellich [10] established that if operator Lgg is bounded from below and

r=0, 0<pe CQ(R), q is piecewise continuous on R,

and function p satisfies the condition

') 0
p Pydt= [ p7V3(t)dt = oo, (3)
[ron=]

then the minimal operator Ly corresponding to [ is self-adjoint. In the paper [11], the conditions
on the regularity of the coefficients of | were weakened:

r=0, 0<p is locally Lipschitz, ¢ € L} .(R).
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Another sufficient condition for the operator Lj to be self-adjoint was obtained in [1]. It may be
written in the form

1Pl 220 (—pr—py2ys 1P,y = O(p%), p — o0. (4)

Here the coefficients of (1) satisfy the conditions
r=0, 0<pe WQ’ZOC(R), q € L,.(R).

Examples show that conditions (3) and (4) are independent (see [1]).

We propose to consider the operators generated by the formal differential expression (1) as
quasi-differential operators, which are defined applying compositions of differential operators with
locally summable coefficients. These operators are defined using the Shin—Zettl matrix function
specifically chosen to correspond to the coefficients of [ (see [2-4,13]).

In our case it has the form

Q +ir 1
p p
A =
(z) Q> +r? Q —ir

and, due to our assumptions, belongs to the class L} (R, C?).

It can be used to define corresponding quasi-derivatives as follows:

ull = pu/ = (Q +ir)u,
. 2., .2

ul? = (um), + Q-ir ultl 4+ (Q o s)u.
p p

A formal differential expression (1) may now be defined as quasi-differential:
l[u] := —uP, Dom(l) := {u:R—C| u,ultl e ACic(R)}.
This definition is motivated by the fact that
(—ul, @) = (= (') + qu+i((ru) + 1), 0) Vo € CF(R)

in the sense of distributions.
We define for the quasi-differential expression [ the operators L and Lgg as:

Lu:=l[u], Dom(L):={uec L*R) | u,ull € AC),.(R), I[u] € L*(R)},
Loou := Lu, Dom(Lg) := {u € Dom(L) | suppu € R}.

The operators L and Loy are maximal and preminimal operators for expression [, respectively.
Their definitions coincide with the classical ones if the coefficients [ are sufficiently smooth. It can
be shown that the operator Lgg is densely defined in L?(R) and is symmetric.

Let us formulate the main results of the paper in the form of two theorems. The first of them
is a natural generalization of the above-mentioned result of Hartman and Rellich.

Theorem 1. Let the coefficients of the formal differential expression (1) satisfy the assumptions
(2) and also

(1) pe W21,loc(R)7 p>0,
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0 00
(ii) / p V2t dt = /p_l/z(t) dt = 0.
—00 0
Then, if operator Log is bounded from below, then it is essentially self-adjoint and L, = L = L*.
For the case p = 1, r = 0, Theorem 1 was previously established in [6].
In the second theorem, additional conditions on the coefficient p are imposed not on the entire

axis, but only on a sequence of finite intervals. However, outside of these intervals the function p
may vanish and be discontinuous.

Theorem 2. Suppose the assumptions (2) are satisfied and the operator Log is bounded from below.
Suppose the sequence of intervals A, := [an, by| exists such that

—oo < ap <b, <00, b, — —00, n—>—00, a,— 00, N— 00,
where the coefficients p satisfy the additional conditions:
(i) pn:=pla, € W3(An), pn > 0;
(ii) 3C > 0: pu(x) < C|AL|?, n € Z, where |A,| is the length of interval A,,.
Then operator Log is essentially self-adjoint and Ly, = L = L*.

For the case p =1, r = 0, necessary and sufficient conditions for semi-boundedness of operator
Lgop were obtained in [8].
The proofs of Theorem 1 and Theorem 2 can be found in [9].
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Abstract

On the interval I := [a, b], we study the higher order linear functional-differential equation

ut™(t) = Lw)(t) + q(t), (1)

where ¢ € L(I; R), ¢ : C(I; R) — L*°(I; R) is a linear bounded operator, under the periodic type boundary
conditions

uD (W) —uD0)=¢ (i=0,...,n—1). (2)

The obtained pointwise efficient sufficient conditions of unique solvability of our problem are non-impro-
vable and moreover, for such important classes of functional-differential equations as differential or integro-
differential equations with deviated argument are these conditions take into account the effect of argument
deviation and generalize some previously known results (see, for example, [1-3]). Also on the basis of the
mentioned results for the linear problem, there are proved non-improvable efficient sufficient conditions of
solvability of the periodic type problem for the nonlinear functional differential equation

ut™ () = F(u)(t) + fo(t) for t € [0,0], (3)

where F' : C(I; R) — L(I; R) is a Carathéodory’s local class operator and fy € L(I, R).

Main results

Let m € N, 0 € {—1, 1}, and consider the numbers defined by the following equations

1 for n=2m, o=(-1)",
Tn,o = 0 for n:2m’ U:(_l)m—i—l’
0 for n=2m+1, oc{-11}

Let also for an arbitrary « € I = [0, w] and a monotone linear operator ¢, the nonnegative functions
A, € C(I; RY), and py € L*°(I; R}) be defined by the equalities

1/2

Buft)=lt=al, pu(t) = (0)(t) [ A ds)
0

Then the following theorem is true.
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Theorem 1. Let 0 € {—1, 1}, and the monotone linear operator { : C(I; R) — L>®(I; R) satisfy
the conditions

a/ﬁ(l)(s) ds > 0,
0

and
2T\ "
O]+ pet) < () for tel.
Then problem (1), (2) is uniquely solvable.
Due to the definition of the constant v, , from our theorem it immediately follows

Corollary 1. Let m € N, ¢ : C(I; R) — L*®(I; R) be the monotone linear operator, and

w

n=2m+1 and /K(l)(s)ds;é(),
0

or

n=2m and (—1)""! /6(1)(5) ds > 0.
0

Then the condition

27\ 2(n—1)
77) fortel

(i) [ < (2
0

guarantees the unique solvability of problem (1), (2).

Now assume that ¢(u)(t) = p(t)u(t), where p € L*°(I; R), i.e. we assume that (1) is the ordinary
differential equation
u™(t) = p(t)u(t) + q(t) for t e I. (4)

Then it is clear that £(Ay)(t) = p(t)|t — t| = 0, and therefore from our theorem it follows:

Corollary 2. Let o € {—1,1}, and a constant sign function p € L>(I; R) satisfy the conditions

w

2 n
J/p(s) ds >0 and v,0|p(t)| < (g) for tel.
0

Then problem (4), (2) is uniquely solvable.

But this proposition is I. Kiguradze and T. Kusano’s theorem from [1], and there was shown
that (27)" is optimal.

Now we consider the nonlinear problem (3),(2). To formulate the main theorem we need the
following definition.

Definition. Let o € {—1,1}. We will say that the operator h : C(I; R) — L*°(I; R) belongs to
the class K" if h is a nonnegative linear operator,

h(1)(t) # 0,
and for an arbitrary o € L*°(I; R) such that

a0, 0<a(t)<1 for tel,
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the homogeneous problem

v (t) = oa(t)h(v)(t) for t eI,
v (W) —v@0)=0 (i=0,...,n—1)

has no nontrivial solution.

Note that in the given theorem the function 7 : I x Rar — Rar is summable in the first argument,
nondecreasing in the second one, and satisfies the condition

w

1
lim /n(s,p) ds = 0.

p—+o0 p
0

Theorem 2. Let the linear nonnegative operator h : C(I;R) — L*(I;R), the function gy €
L(I; R), and numbers o € {—1,1}, ro > 0 be such that the condition

g0(t) < o F(x)(t) sign h(x)(t) < [h(z)(8)] + n(t, ||zl|cnr) i ||z]|cnr = 70,

on I, and the inclusion

h e ™

hold. Moreover, let g € L(I; R) be such that on I the condition

9(t) < oF(2)(t) sign h(z)(t) if min|z(t)] = ro

1s fulfilled, and

> ‘Cn—l‘-

]mwuﬂ]h@@
0 0

Then problem (3), (2) has at least one solution.

Now we give a corollary of our theorem for the following ordinary differential equation
u’(t) = f(t,z(7(t) + fo(t) for tel. (5)

Corollary 3. Let numbers o € {—1,1}, ro > 0, functions h € L*(I;R), go € L(I;R), and a
measurable function 7 : I — I be such that conditions

2w\ "
Yonh(t) + pr(t) < (;) for tel,
go(t) < of(t,x)signx < h(t)|x| + n(t, |x|) for |x| >ro, t €I,

fmg%{jﬁ@m
0 0

hold. Then problem (5), (2) has at least one solution.

and

> |Cn71|
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1 Introduction

In paper [3] V. I. Mironenko introduced the concept of a reflecting function to study the qualitative
behavior of solutions of ODE systems. This function is now known as the Mironenko reflecting
function (MRF) and has been successfully used to solve many problems in qualitative theory of
ODE [1,4-7,13,14].

ODE systems with the same MRF have the same translation operator (see [2]) on any interval
(=B, B), and 2w-periodic ODE systems with the same MRF have the same mapping on the pe-
riod [—w,w] (Poincare mapping). Therefore, some qualitative properties (such as the existence of
periodic solutions and their stability) of solutions of ODE systems that have the same MRF are
common. Thus, the study of the qualitative properties of solutions of a whole class of systems with
the same MRF can be reduced to the corresponding study of a simple (well-studied) system. In such
cases, non-autonomous systems can be studied on the basis of corresponding autonomous systems.
In other words, some (well-studied) autonomous system can be transformed into a non-autonomous
one with the help of special perturbations that preserve the MRF, which are called admissible per-
turbations. This provides new chances for researchers when modeling real-world processes and
exploring novel (unstudied) ODE systems.

To search for admissible perturbations, we can use Theorem 1 from [5], which we formulate
here in the form of the following lemma.

Lemma 1.1. If the vector functions A;(t,z) (i = 1, m, where m € N or m = o) satisfy the identity

aAi(t, 1‘) + 8Ai(t, ac)
ot Ox

9X(t,x)

o Ai(t,z) =0, (1.1)

X(t,x)

m
then the systems & = X (t,x) and & = X (t,z) + > a;(t)Ai(t,z) have identical MRF, where t € R,
=1

1=
x = (z1,22,...,2,) € D CR", a;(t) — arbitrary continuous scalar odd functions.

As initial systems, we consider well-known autonomous polynomial ODE systems (i.e. systems
whose right-hand side X (¢,2) = X (x), as well as the components of X (x) are polynomials). The
search for admissible perturbations is carried out by the method of undetermined coefficients, using
identity (1.1) for vector functions A;(¢,z) = A;(x) whose components are polynomials. That is, in
this case, identity (1.1) is transformed to the form

0A;(z) 00X (z)
o X(z) =
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2 Examples of admissibly perturbed systems and their studies

Using Lemma 1.1 and the approach outlined above, for the Hindmarsh—Rose neuron model

b=y —ar®+br? —z+1,
g =c—dz®—vy, x, Y, 2,a,b,c,d, I,r;s,a0 € R
Z=r(s(z —a)—2),
admissible perturbations are obtained in [11]. Numerical examples show that admissibly perturbed
systems have similar bifurcation diagrams, periodic attractors and strange attractor as the original
Hindmarsh—Rose system.
In [10] admissible perturbations are obtained for the Lorentz-84 system, which models the
general circulation of the atmosphere in mid-latitudes:
i =—ax —y* — 22+ aF,
y=—-y+axy—brz+ G, a,b, F,G,x,y,z € R. (2.1)
z=—z+bry+xz,

In particular, it has been proven that the MRF of system (2.1) and the system

(—azx —y? — 22 + aF)(1 + a1(t)),
(—y+ 2y —bzz)(1 4+ a1(t)) — zaa(t), (2.2)
(—z+bzy + z2)(1 + a1(t)) + yaa(t)

i
Y
2

coincide if G = 0 and «;(t) are arbitrary continuous scalar odd functions (i = 1,2). The results of
the analysis of the qualitative behavior of solutions of the original system (2.1) are extended to the
perturbed system (2.2) and the following theorem is proved.

Theorem 2.1. Suppose that a; = a;(t) (i = 1,2) are continuous functions (not necessarily odd).
Then the following statements hold:

(1) ifa>0, F<1and a1(t) =2 c> -1Vt >0 (cis a constant), then the equilibrium solution
x=F,y=2z=0 of system (2.2) is globally exponentially stable (exponentially stable in the

large);
(2) ifa>0, F<1and ay(t) = =1Vt > 0, then the equilibrium solution v = F, y = z = 0 of
system (2.2) is globally uniformly Lipschitz stable;

(3) ifa>0, F>1and ai(t) > c> -1Vt >0 (cis a constant), then the equilibrium solution
x=F,y=z=0 of system (2.2) is Lyapunov unstable.
For the Langford system, which models turbulence in a liquid, presented in the form (more
often found in Russian-language literature):
t=2a—- 1)z —y+zz,
y=2z+(2a—1)y+yz, a,r,y,z €R,
b= —az — (22 +9y° + 2?),
admissible perturbations are obtained in [8]. And for the Langford system, presented in the form:

t=(a— Dz —y+uxz
y=x+(a—1)y+yz, a,z,y,2 € R,
i=az— (* +y* +27),
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admissible perturbations are obtained in [9].
In [12], admissible perturbations are obtained for the generalized Langford system

T =ar+by+xz,
Y =cr+dy+yz, a,b,c,d,e,x,y,z € R. (2.3)
t=ez— (22 +y* +2?),

In particular, it has been proven that the MRF of system (2.3) and the system

= (ax+by+zz)(1+ ai1(t)) + z(a+ 2)as(t) + yas(t)
—y(z® + y?) (daz + 2% + y* + 22 au(t),
=(=bx+ay+yz)(1+ ai(t)) + yla+ 2)az(t) — zas(t) (2.4)
+x(a? + y?) (daz + 2 4+ + 22%)au(t),
—(2az 4 22 + 2 + 2 (1 4 a1 (t) + as(t))

coincide if ¢ = —b, d = a, e = —2a and «;(t) are arbitrary continuous scalar odd functions (i = 1,4).
The obtained result allows us to extend the results of the analysis of the qualitative behavior of
solutions of the original system (2.3) to solutions of the perturbed system (2.4). In particular, the
following statements are proven in [12].

Theorem 2.2. Let a;(t) (i = 1,4) be scalar continuous functions (not necessarily odd).

(1) If a=0 and a1(t) + ao(t) =1 > —1 ¥Vt > 0 (I = const), then the solution v =y =2z =0 of
system (2.4) is Lyapunov unstable.
w
(2) If b = 0 and the function az(t) + aau(t) is w-periodic and Ik € Z such that [(as(s) +
0
atay(s))ds = 27k, then the solution

t

x(t) = asin (bt + /(boq(s) + az(s) + atay(s)) ds),

0
t
y(t) = acos < +O/ (bari (s) + az(s) + atay(s)) ds),
() = —a

of system (2.4) is w-periodic (the period is not necessarily minimal).

2w /b
(3) If b+ 0 and the function bay (t) + as(t) +a*au(t) is 2/ |b|-periodic and [ (bay(s)+ as(s) +
0

atay(s))ds = 0, then solution (2.5) of system (2.4) is 2m/|b|-periodic (the period is not
necessarily minimal).

Theorem 2.3. Let a;(t) (1 = 1,4) be scalar twice continuously differentiable odd functions, b # 0
—2m /[b]
and the right side of system (2.4) be 2w /|b|-periodic in t. If 3k € Z such that [ (bai(s) +
0
as(s) + atay(s)) ds = 2mk, then solution (2.5) of system (2.4) is 27 /|b|-periodic.
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Let a > 0, and let f; : [a, +-00[ x |0, +-00[ =0, 4+00[ (i = 1,2) be continuous functions satisfying
the local Lipschitz condition in the second argument.
We consider the differential system

uy = fi(t,uz), uy = folt,uy). (1)

A solution to that system in an arbitrary interval I C [a,+oo[ is sought on the set of two-
dimensional continuously differentiable vector functions with positive components.

A solution (uj,u2) to system (1) defined on some infinite interval [tg, +00[ C [a, +0o0o[ is said to
be proper. Obviously, the components of an arbitrary proper solution (u1,u2) to system (1) are
increasing functions and satisfy one of the following two conditions:

Jm ui(t) = +oo (1=1,2);

li f 1,2}.
t_grnoouk(t) < +oo for some k€ {1,2}
In the first case the above mentioned solution is said to be rapidly growing, while in the
second case it is said to be slowly growing.
A solution (u1,u2) to system (1) defined on some finite interval [to, 1] C [a, +o0[ is said to be
blow-up if
}5?1 (ur(t) + ua(t)) = +oo.

By a solution to the system under consideration we mean a solution that is maximally extended
to the right. Thus every solution to that system is either proper or blow-up.
A particular case of system (1) is the second order differential equation

u' = f(t,u) (2)

with a continuous right-hand side f : [a, +00[ X 0, +00[ — ]0, +00[.
A solution to that equation in an arbitrary interval I C [a,+o0o[ is sought on the set of twice
continuously differentiable functions, satisfying the inequalities

u(t) >0, u'(t) >0,

and by a solution it is meant a maximally extended to the right solution.

According to the above definitions, a solution to equation (2) defined on some infinite interval
[to, +00] C [a,+00[ is said to be proper. A proper solution u to equation (2) is said to be rapidly
growing if

lim u'(t) = 400,

t—+o00
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and it is said to be slowly growing otherwise. As for the solution to equation (2) defined on some
finite interval [to, t1[C [a, +00], it is said to be blow-up if

lim u(t) = +o0.

t—t1

R. Emden and R. H. Fowler have investigated in detail asymptotic properties of proper monotone
solutions to the frequently occurring in applications differential equation

u’ =t

The results obtained by them are reflected in the monograph by R. Bellman ([2], Ch. VII). The
theory of monotone solutions to the Emden—Fowler type differential equation with general coefficient

was constructed by I. T. Kiguradze [8] (see, also [13], Ch. V). The asymptotic theory of nonoscilla-
tory and oscillatory solutions to two-dimensional differential systems was constructed by J. D. Mir-
zov [15].

The foundations of the asymptotic theory of monotone solutions to an arbitrary order differential
equations were laid back in the late sixties of the last century and it still remains relevant (see
[1,3-7,9-14] and the references therein).

The results on the existence of rapidly growing solutions and on their asymptotic estimates
given in the present work are obtained based on the method proposed by I. T. Kiguradze and
G. G. Kvinikadze [14].

We investigate the case, where

filt,z) > fi(s,y) for t > s, x>y, falt,z)> fa(s,y) for t <s, x>y. (3)

Consequently, the function f; is assumed to be nondecreasing in both arguments, while the function
fo is assumed to be nonincreasing in first argument and nondecreasing in the second argument.
Everywhere below we use the following notation.

for(t, 2) =/fz-(t,y)dy for t>a, x>y
0

o is a function defined from the equality

for(t,o(t,x)) = x for t >a, = > 0;
o(t,x) = fi(t,po(t, for(t,2))) t>a, x>0,

Theorem 1. Let conditions (3) be fulfilled and let the differential equation
v = p(t,v) (4)
have no proper solution. Then any solution to the differential system (1) is blow-up.

Theorem 2. Let conditions (3) be fulfilled and let the differential equation (4) have a unique
solution, satisfying the limit condition

lim v(t) = +o0. (5)

t—+o00
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Then for any ty € [a,+o00| there exists a positive number vy such that if
c1 20, 227, (6)
then the solution (uy,usz) to the differential system (1), satisfying the initial conditions
u(to) = c1, wua(to) = c2, (7)
is blow-up.
Theorem 3. Let along with (3) the condition

—+00

t
/f2<t,$+/f1(s,:n)ds> dt < +oo for x>0

a

hold. If, moreover, problem (4),(5) has a unique solution v, then the differential system (1) along
with two-parametric set of slowly growing solutions has a one-parametric set of rapidly growing
solutions whose first component for large ty admits the estimate

ui(t) <wv(t) for t >tp.
As an example, we consider the Emden—Fowler type differential system
wh = (0!, b = pa(thi?, (8)
where A1 and Ay are positive numbers such that
At > 1,
p1 : |a,+00[—]0,4+00[ is a nondecreasing continuous function, and py : [a, +oo[—]0,+o0| is a

nonincreasing continuous function.
System (8) can be obtained from system (1) in the case, where

filt,z) = pi(t)z™, fo(t,z) = pa(t)2™2.

In that case the above defined functions fo; (i = 1,2), o, ¢ have the form

foilt2) = gopB)at (1= 1,2),
L4+ A\ L
t,x) = TitA
#olf) (pl(t)>

1 A HA1 A0

14+ XM % A
p(t.) = (1) ™ (a0 () e

Thus Theorems 1-3 yield the following statements.

Corollary 1. If
+oo
1
/ (pl(t)pé‘l (t)) 21 dt = 400,

a

then any solution to system (8) is blow-up.
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Corollary 2. If
+oo

/ (2 ()3 (1) TN dt < o0, (9)

then for any to € [a, +00][ there exists a positive number ~y such that if inequalities (6) are satisfied,
then the solution to problem (8), (7) is blow-up.

Corollary 3. Let along with (9) the condition

+o0o t

/p2(t)</p1(s) ds) Az dt < +00

a a

hold. Then the differential system (8) along with two-parametric set of slowly growing solutions
has a one-parametric set of rapidly growing solutions whose first component for large ty admits the

estimate
—+o00o

u1<t>se< [ itk o) ds)_ for t > to,

t

=

where
A

Ao — 1 S =n
= )‘127, (= (1+X\) 2o (14 A2)” T (A do — 1)1

1+>\1
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1 Introduction

In this paper, we investigate the conditions of the existence and the general appearance of locally
invariant curves of a perturbed differential equation by a random Wiener process of the ”white
noise” type in the form of Ito. Random perturbations occur along the phase velocity vector of the
corresponding undisturbed differential (deterministic) equation. In [3], the conditions for the exis-
tence and uniqueness of solutions of stochastic differential equations are presented. Construction
and study of the phase portrait of stochastic Ito differential equations with a degenerate diffu-
sion matrix was carried out in [4]. For nonlinear stochastic Ito differential equations with Markov
switching, some sufficient conditions for invariance, stochastic stability, stochastic asymptotic sta-
bility, and instability of invariant sets of equations are obtained in [5]. There is the significant
literature devoted to the invariant sets of ordinary differential equations, functional differential
equations, and stochastic differential equations, and we here mention [2,5,7]. The conditions for
the existence of bounded solutions of linear and nonlinear pulsed systems were obtained in [1,6].

In this paper, the conditions under which the locally phase trajectories of the corresponding
deterministic differential equation can be locally invariant curves of the perturbed equation are
established. A model example describing a certain class of problems related to the study of random
harmonic oscillators is given. The conducted researches in an example illustrate application of
the received results for construction and the analysis of stochastic differential equations of Ito.The
obtained conditions make it possible to build classes of stochastic differential equations for which
the given set is invariant.

2 Setting of the problem and the main results

Consider a system of stochastic differential equations

de(t) = a(&(t) dt + b(E(t) dw(t), €(0) =2, (2.1)

where a(x) = (a1(x),a2(x)), b(x) = (b1(x),b2(x)) — continuous-differential functions in a certain
open domain D C Ry. Denote by w(t) the one-dimensional Wiener process defined in probabilistic
space (Q, F, P), x = (z1,22) — point in D, 2 € D. It is known [3] that under the given conditions
for coefficients of the equation, there is a continuous with probability 1 unique strong solution £(t)
for all ¢ > 0 of this equation.

Denote by I'p(G) the set of the form I' = {z : G(z) = C} C D, where C is a definite constant,
G(z) — a twice continuous-differential function in D and has no special points for all € T.

If for all 2° € T'p(G)

P{ sw  [GEW) - GE"| =0} =1,

OStSTD(IO)
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where 7p(,0) is the moment of the first exit of the solution from the domain D, then the curve
I'p(q) is a locally invariant curve of the corresponding equation (2.1).

Consider the problem of investigating the conditions under which the locally phase trajectories of
a deterministic differential equation can be locally invariant curves of the corresponding perturbed
equation by a random Wiener process of the “white noise” type in the Ito form.

According to [4], the locally invariant curve 'y of equation (2.1) coincides with the locally

phase trajectory of equation
dx(t
gt( = b(z(t)), 2(0)=2". (2.2)
That is G(z(t)) = G(z°), for all for ¢ > 0 whom z(t) € D. Since, (VG(x),b(x)) = 0, then the
phase velocity vector b(z) of equation (2.2) is directed along the tangent to the phase trajectory

G(z) = G(2°) at point x. Thus we obtained the following theorem.

Theorem 2.1. Locally phase trajectory I'pq) of equation (2.2), in which |b(z)| > 0 for all x €
I'p(g), there can be a local phase curve of equation (2.1), only when the random perturbation
of equation (2.2) by Ito-shaped “white noise” processes occurs along the phase velocity vector of
equation (2.2).

We obtain the following result for the case (VG(x),a(z)) = 0 for all € I'p(q.
Since we have a given function G(z), it follows from the necessary condition [4] that

b(x) = (= Goy(2)g(x), Gy, (2)g(x))

for each x € I'p(G), where g(z) is an arbitrary continuous-differential function.
Therefore, from the necessary condition of local invariance [4], we have equality Q(z)g?(z) = 0
for all x € I'p (), where

Q(2) = Gy, (2)(G) 2 (@) + oy, (2)(Go, )P (w) = 2G4, (2) Gy, (2) Gy ().
Theorem 2.2. The locally phase trajectory I'p(G) of equation (2.2) can be a locally invariant
curve of equation (2.1) in which (VG(z),a(x)) =0 for all z € I'p(G), only when the curve consists
only of equilibrium points of equation (2.2) (|b(x)| = 0), and points where the curvature of the curve
I'p(G) is zero.

Theorem 2.3. Let the curves I'p(G) be the set of locally phase trajectories of equation (2.2) for
all C. If the curvature of the curve I'p(G) is not equal to zero at the point x° € D, |b(z%)| > 0 and
(VG(z),a(x)) =0 for all x € D, then the solution of equation (2.2) instantly deviates from I'p(G)
the direction of convexity of the curve at the point x°.

In order for the solution of equation (2.2) to remain on the phase trajectory I'p(G) in case of
random perturbations along the phase velocity vector b(z) by the Ito-shaped “white noise” process,
it is necessary to additionally introduce the corresponding control vector a(z) in equation (2.2).

3 Application to the perturbed limit cycle

For qualitative analysis of stochastic differential equations, it is convenient to use the polar coor-
dinate system x; = r cos ¢, xo = r cos ¢.

Therefore, we present an auxiliary statement about the connection of the stochastic differential
equation (2.1) with the corresponding stochastic differential equation in polar coordinates. We
consider a system of stochastic differential equations in the domain D = {r > 0, —0co < ¢ < +o0}:

{dr(t) = ay(r, ) dt + by (r, ) dw(t)

(3.1)
do(t) = az(r,d) dt + ba(r, ¢) dw(t),
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where the flow o-algebra F} and the one-dimensional process w(t) are the same as in equation (2.1).
The coefficients of system are such that there is one strong solution of the system until the moment
of the first exit 7p from the domain D.

Process £(t) = (r(t) cos ¢(t),r(t) sing(t)) for ¢t < 7p is the solution of the stochastic equation
(2.1).

If for t < 7p there is a unique solution of equation (2.1), then for ¢ < 7p, r(t) is the radial
characteristic of the process &(t) and ¢(t) is the angular characteristic of the process £(t).

Consider equation (2.1) with the corresponding coefficients:

a1(x) = zoq(x) + axy (1 — |z]?), as(z) = —z19(x) + azs(1 — |z]?),

b1 = x2g, b2 = —219,

where a, g are constants, q(z) is arbitrary continuous-differential function in R? and |z| = /2% + 3.

The given system describes a certain class of harmonic oscillators that depend on the parameters
a, g.

In this case, the phase trajectories of the corresponding deterministic equation (2.2) are circles
2?2 + 22 = O, where C > 0 and equilibrium point (0;0).

To study the phase “picture” of this equation (2.1), consider the processn(t) = G(£(t)), where
G(z) = 22 + 23

According to the formula Ito we obtain the equation:

dn(t) = n(t)[2a(1 = n(t)) + g°] dt,  1(0) = |°]*. (3.2)

The invariant set of equation (2.1) is the circle |z|> = 1 + ¢?(2a)™! at a > 0 and at 2a < —g?.
If 2a = —g? or a = 0, then the invariant set will be a point (0;0).

If —g? < 2a < 0, then there are no invariant curves for this equation (2.1).

Suppose a = 0, then from equation (3.2) we have

n(t) = |29

for all t > 0 and therefore n(t) — oo for t — oc.
If a # 0 and |2°| > 0, then with probability 1 for all £ > 0 it holds

B 1 +g2(2a)71
1+ Chexp{—(2a+ g?)t}’

n(t) (3.3)

where
Co = 2% 72[1 + ¢*(20) " — |2°].

From the analysis of solution (3.3), we have the following:

(a) If 1+¢%(2) " > 0, then |2°]2 = 1+ ¢%(2a) " is an invariant circle and |£(¢)[2 = 1+ ¢%(2a) ™
with a probability of 1 for all ¢ > 0.

If in this case a > 0 and |2°2 # 1 + ¢2(2a) 7", then [€(8)|2 — 1 + ¢%(2a) ! with a probability
of 1 at t — oo (stability with probability 1).

If o < 0 and [2°]2 < 14 ¢%(2a) 7", then |£(¢)]? — 0 with a probability of 1 at t — oo.

If a < 0 and [2°2 > 14 ¢%(2a) ", then |¢(£)]2 — oo with a probability of 1 at ¢ — to, where

—In(—1/Cp) .

0= o1

(b) If 1+ g>(2a) ! < 0 and « < 0, then there are no invariant curves.
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The equation for the process argument &(t) = (r(t) cos ¢(t), r(t) sin ¢(t)) in this case takes the
form

dp(t) = —qi(n(t), o(t)) dt — g dw(?), (3.4)

where

a1 (1(), 6(8)) = a(V/n(t) cos 6(0), /() sin 6(1) ).

The systems of equations (3.2), (3.4) provide opportunities for a more detailed study of the
behavior of the solution £(t).

In particular, if ¢(z) = qo, where gp - constant, then
and @ — —qo with probability of 1 at ¢ — oo.

In the case of ¢(z) = 0, process ¢(t) has a normal distributionN(¢(0), g?t) for all ¢ > 0.

Note that when |2°| = 1 4+ ¢?(2a) ™" we obtain n(t) = (2a) '¢* with probability of 1 for all
t>0.

Equation (3.4) will turn into an equation with one variable ¢(t), which greatly simplifies its
study.

By changing the values of the parameters of this example, we can obtain various models of
stochastic oscillators.

w(t)

+~ — 0 with probability of 1 at ¢ — oo
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Abstract

For nonlinear differential equations with impulsive perturbations, a general assertion about the existence
of bounded solutions is given. With the help of this assertion necessary and sufficient conditions for the
existence and uniqueness of bounded solutions of analogous linear equations are obtained. The equations
are studied using the method of local linear approximation of nonlinear equations.

1 Problem statement

A method of studying nonlinear differential equations with impulse disturbances is proposed, which
uses the approximation of these equations by linear systems on spheres with radii dependent on
these systems. In the case of linear momentum equations, this method provides not only sufficient,
but also necessary conditions for the existence and unity of bounded solutions of the corresponding
equations.

2 Basic notation, spaces and problem

Let R and Z — the set of all real and integer numbers, respectively, T = {t,, : n € Z} — the set

of real numbers for which ¢, < t,1q for alln € Z, lim t, = —oo and lim ¢, = +o00, £ — a
n——oo n—-+o0o
finite-dimensional Banach space over the field of real or complex numbers with norm || - ||g and

L(X,Y) — Banach space of linear continuous operators A : X — Y with the norm

”AHL(X,Y) = sup [|Az|y,
llzllx=1
where X and Y — Banach spaces with norms || - ||x and || - ||y in accordance.

Denote through C°(R, T, E) the Banach space of defined, continuous and bounded on R\ T
functions * = x(t) with values in E, for each of which there are finite boundaries . htm Ox(t) =
—tpn—

z(t, —0) and lim x(t) = x(t, + 0) to all n € Z, with the norm
t—tn+0

zllcowr,m) = sup [[2(t)[|E,
teR\T
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through C'(R, T, E) denote the Banach space of continuously differentiable by R \ T functions
r € CO°(R, T, E), for each of which dz/dt € C°(R, T, E), with the norm
E}’

and through 9M(Z, E) — Banach space of two-way sequences g = g, elements g,, n € Z, space E
with the norm

lellerem,m) = max{ sup_|l2(t)]15,
tER\T tER\T

l8llanz,z) = sup llgnlle-
nel

Let us also consider the Banach space C*(R, T, E) x M(Z, E), where i € {0,1}, pairs (z,g) of
elements z = z(t) € C*(R, T, E) and g = g, € M(Z, E) with the norm

1(z, 9)llcir,, Byxom(z,p) = max {||z]|lciwT,£), 16llmEz,E) }-

For function jumps € C°(R, T, E) in the points of the set T similarly, as in [2,3], we will use
the notation
Az)i=y, = x(tp, +0) — z(t, — 0), n € Z.

Consider a continuous display F': (R\ T) x E — E, for which for every bounded set M C E
a function F(t,z) is bounded on the set (R\ T) x M and this function is uniformly continuous
on every bounded subset N plural (R\ T) x E. Also consider continuous mappings G, : E — E,

n € Z, for which  sup [|Gp(2)||g < +o0 for every bounded set M C E.
neZ, xe

From the conditions that satisfy F, it follows that for each z € C%(R,T,E) the function
y = F(t,z(t)) is an element of the space C°(R, T, E).

We will be interested in the conditions under which the system of differential equations with
an impulse disturbance is fulfilled

W P(t@) = 1), teR\T,

Az|i=, + Gp(z(t, —0)) =gn, N€Z

(2.1)

for each function f = f(¢t) € CO(R, T, E) and sequences g = g, € 9M(Z, E) will have at least one
solution = = z(t) € C*(R, T, E).

The left part of the system of equations (2.1) operator is generated .#, that works with
CYR,T,E) in COR, T, E) x M(Z,E). If you use operators £ : C1(R, T, E) — C°(R, T, E) and
D:COR,T,E) — M(Z, E), which are defined by equalities

(e = W 4 P2, teR\T,

and
(Dx),, = Ax‘t:tn + Gp(z(t, — 0)), neZ,

then according to (2.1) operator .# : C}(R, T, E) — CO(R, T, E) x M(Z, E) is given by the ratio
I = (Lx,Dx), =€ C'R,T,E).

Let R(.#) — set of operator values .7, i.e. {fx:2 € CYR,T,E)}.

System of equations (2.1) and the corresponding operator .# in the general case are nonlinear
and clarification for system (2.1) conditions for the existence of bounded solutions for each function
f=f@k) € C'(R,T, E) and sequencesg = g,, € M(Z, E) or similarly, finding out the conditions of
execution for the operator.? equality

R(S)=C°R,T,E) x M(Z, E)

are not trivial tasks.
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3 The main result

When finding out the conditions for the existence of limited solutions of system (2.1) we will use
the auxiliary linear systems with impulse disturbance of appearance

dz(:) b AWM = f(H),  tER\T,

Am‘t:tn + Bpz(tn —0) = gn, n€Z,

(3.1)

coefficients A(t) and B,, of which in a certain sense (see the formulation of Theorem 3.1 and the
relation (3.5)) differ little on closed spheres of space E from F(t, -) and G,(-) in accordance.
Let’s use a set of pairs (A4, B) defined and continuous on R\ T functions A = A(t) with values
in L(E,F) and bilateral sequences 8 = B,, € L(E,E), n € Z, which are elements of spaces
C'R,T,L(E,E)) and M(Z, L(E, E)) in accordance.
For a pair of (A, *B) let’s match the linear continuous operator

Lam)  C'(R,T,E) = C°(R, T, E) x M(Z, E),

which is given by the ratio

Loamz = (L2, 97), v € C'R,T, E), (3.2)
where

(L)) = dflit) +A(B)z(t), tER\T, (3.3)
and

(Px)n = Ax|i=, + Bpz(t, —0), n € Z. (3.4)

Set of linear operators £4 ¢ : C!(R,T,E) — C°(R, T, E) x M(Z, E), dependent on (A,B),
each of which is determined by the left part of system (3.1), i.e. ratios (3.2)—(3.4), and has an
inverse continuous operator 2(_141%) :CO'R,T,E) x M(Z,E) — CYR, T, E), denote by O.

Theorem 3.1 ([1]). Suppose for each number H > 0 there are such number r > 0 and £(45) € O
that

sup mac { sup [[F(t,2(t)) — A@(0)] .50 | Gulatn — 0) — Bur(ts — )]}
z€BO[0,r] teR\T nez

<7l

-1
A,%)HL(CO(R,’H‘,E)X‘.)JI(Z,E),Cl(R,T,E)) - H. (3'5)

Then for each f € CO(R,T,E) and g € M(Z, E) the system of equations (2.1) has at least one
solution x € CY(R, T, E).

Remark 3.1. In system (2.1) the reflection F(¢, -), t € R\ T, and G,(-), n € Z, may be non-
Lipschitz.

4 The case of linear impulse systems

Let’s fix an arbitrary function Q = Q(t) € C°(R, T, L(E, E)) and a sequence

N =R, € M(Z, L(E, E)).
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Consider the corresponding system of linear differential equations with an impulse disturbance

PO Qe =10, ter\T,

Ax\t:tn + Rpa(tn —0) = gn, neZ,

where f = f(t) € C°(R, T, E) and g = g, € M(Z, E), and the linear differential operator Lom :
CYR,T,E) = C°R, T, E) x M(Z, E), which is given by the ratio

Lomr = (A, Z1z), z € CY(R,T,E),

where
dz(t)

(HAa)t) = =

+Q)x(t), teR\T,

and
(D12)n = Aa:‘t:tn + Ryz(t, —0), neZ.

Let’s use Theorem 3.1 and operators £ 4 55) € O, which are determined by ratios (3.2)—(3.4).
The following two statements are true.

Theorem 4.1 ([1]). For each number H > 0 there are such number r > 0 and the operator
Lam) € O, for which

sup max{ sup_[Q(D)z(1) — AWz, 5up | Rn(tn — 0) = Bu(tn — 0)]1 1}
z€B9[0,r] teR\T nez

< 7"||£ H7

-1 -1
(A,B) ||L(CO(R,T,E)xzm(Z,E),cl(R,T,E)) -

if and only if the linear operator £ n) : C*'(R,T,E) — C°(R,T,E) x M(Z, E) has an inverse
continuous operator.

Theorem 4.2 ([1]). Operator £qx) : C'(R,T,E) — C°(R,T,E) x M(Z, E) has an inverse
continuous operator if and only if the operator exists £ 4 p) € O, for which

sup max{ sup [|Q(t)z(t)) — A(t)x(t)| g, sup || Rnz(tn — 0) — Bnx(tn — O)HE}
z€B9[0,1] teER\T nez

1 -1
<€ m Lo By xm@z,m).c1 & 1,85))

5 Perturbations of linear impulse systems are small at infinity

Consider a system of differential equations with an impulse disturbance

dx(t

“Z(t) + A(t)z(t) = F(t,x(t)) + f(1), teR\T, 5.1)
Aw|t:tn + Bu(x(t, —0)) = Gp(x(ty, — 0)) + gn, n € Z,

in which function A = A(t), f = f(t) and sequences B = B,,, g = gn, n € Z are such as in system

(3.1), and non-linear mappings F(¢,-): E — E, t e R\ T, and G,,(-) : E — E, n € Z are such as

in system (2.1).
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We assume that the operator £4 ) : CI(R,T,E) — C°R, T, E) x M(Z, E), which is known
as the left part of system (3.1), has an inverse continuous operator £(j41 %) and

lim ' sup max{ sup |[F(t2(t)]|,sup | Gula(ty — 0)s |
r—-+00 z€BO[0,r] teR\T nez

< ||£(*A1 5.2)

-1
Lo @rm)xomz.m) 01T (
A special case of Theorem 4.2 is

Theorem 5.1 ([1]). System of equations (5.1) for each (f,g) € CO(R, T, E) x M(Z, E) has at least
one solution v € CY(R, T, E).

Remark 5.1. Ratio (5.2) is performed if

sup  [|[F(t,2)[[z+  sup  [|Gu(z)|E < +o0.
(t,x)ERXE (n,z)€EZXE

Remark 5.2. Reflection F(t,-): F — E, t e R\ T, and G,,(-) : E — E, n € Z, in system (5.1)
can be such that the relation (5.2) holds and

Iim ! sup max{ sup ||F(t,z(t))||g,sup ||Gn(x(t, — 0))||E} = +o0.
TS 4eB0[0,r] tER\T nez

Remark 5.3. The method of local linear approximation in the theory of nonlinear differential,

difference, and differential functional equations is considered in [4].

Theorems 3.1, 4.1, 4.2, 5.1 are substantiated using the theory of c-continuous operators, the
elements of which are laid out in [1,4].
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We consider the following stochastic functional-differential neutral equation on Hilbert space:

d(u(t) — g(u)) = (f(ug) + Au) dt + o(ug) dW (t), t >0, (0.1)
u(t) = ¢(t)a le [_ha 0]7 (02)
where
-u=u(t+80),0c[—h,0[;
- A — linear operator on separable Hilbert space H;

W (t) — Q-Wiener process on separable Hilbert space K;

- u(t) — state process;
- f — functional from C([—h,0], H) into H;
- 0 — mapping from same space to special space of Hilbert—Smidt operators;
- ¢ :[—h,0] — H — initial condition,
while existence and uniqueness of a mild solution of the given equation (0.1), (0.2) is known, weak

solutions is relatively undiscovered field.
Thus, we consider existence of weak solutions of equation (0.1), (0.2).

1 Preliminaries

Let’s assume that K and H are Hilbert spaces, and V', V' is such Banach spaces that
VCH=H cV

is a Gelfand triple.

Let (2, F, P) be a complete probability space equipped with a normal filtration {F;;t > 0}
generated by the Q-Wiener process W on (Q, F, P) with the linear bounded covariance operator
such that tr @ < oo.

We assume that there exist a complete ortonormal system e in K and a sequence of nonnegative
real numbers A such that Qe = A\per, £k =1,2,..., and

oo
Z A < 00.
k=1
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o0
The Wiener process admits the expansion W (t) = > \iSk(t)ex, where Sk (t) are real valued Brow-
k=1

nian motions mutually independent on (2, F, P).

Let Uy = Q%(U ) and L = Lo(Uy, H) be the space of all Hilbert—Schmidt operators from Uy to
H with the inner product (®,¥)L3 = tr[®QW¥*] and the norm |9, respectively.

C := C([—h,0]; H) is the space of continuous mappings from [—h,0] to H equipped with the

norm |ull. = sup |u(#)||, and LY := La((—h,0); V) is the space of V-valued mappings with the
0e[—h,0]
norm

0
Jul2 = / lu(®)2 dt.
—h

2 Conditions on functions

To ensure existence and uniqueness of a solution, we have to impose additional conditions on
functions A, f, o, g.

Conditions on A:
(A1) Domain of A - D(A) is dense in H such that A: V — V/;
(A2) For any u,v € V there exist a > 0:
[(Au, v)| < allully [lv]ly;
(A3) A satisfies the coercitivity condition: 35 > 0, :
{(Av,0) < =Bloll? +Alvll}, YveV.
Conditions on g:

(G1) g are mapping from C'N L?/ to H;
(G2) (Growth condition) 3K > 0:

lg(@)II} < K(1+l9l7y), Vo e Ly
(G3) (Lipshitz condition) 31/2 > L > 0:

l9(8) = g(W)lly < Lllo(t) = @)y, VeV

Composite conditions:
(C1) f is a mapping from C' N L?/ to H, o is a mapping from C' N L‘Z/ to LY;
(C2) (Growth condition) There 3K >0, 6 > 1:

1£@)], < K<1 + ( /0 l6@Il, dt>9 + r¢u€)
—h

and
lo(@)llzg < K(1+lI9])

Ve N2,
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(C3) (Coercitivity condition) There 35 >0, X, C1: Vg € CNLE:
(A6(0),6(0)) + ((9),6(0)) + o (@)IIFy < =Bl + Allg]I% + Cr.
(C4) (Monotonicity condition) There 3§ > 0: V¢,¢1 € CNL2:

2(A(6(0) — 61(0)), $(0) — 61(0))
+2(f(®) = £(91),6(0) = $1(0)) + llo(¢) — o(¢nll7g < dll6 — n? -

3 Main results

Definition. We call an F; adapted random process (u(t)) € V weak solution for equation (0.1),
(0.2) if:

(1) u(t) = ¢(t), t € [~h,0;
(2) u € La(Q x [0,T],V);
(3) VoeV,telo,T]:

(u(t) — g(u),v) = (¢ — —i—/ (us) + Au,v) ds + /(a(us),v) dW (s).
0 0

Theorem (Existence and uniqueness). Suppose that conditions (A1)—(A3), (G1)—(G3) and (C1)-
(C4) hold, then Yo € C N L% equation (0.1), (0.2) has a unique weak solution on [0,T] such
that

ue C([0,T] x Q; H) N La2([0,T] x Q; V).

Moreover, the energy equation holds:
lu— g(u)|* = ll¢ — 9(¢) H2
¢
/<Au + flus), u(s)) ds + / l|lo(us HLO d8+/<0(us),u(s))dW(s).
0

Sketch of the proof:

Step 1: We consider projections of equation (0.1), (0.2) into sequence of finite-dimensional sub-
spaces which looks as follows:

d(u™(t) — g"(uy)) = (f"(uf) + Au™(t)) dt + o™ (uy) dW™(2), (3.1)
u” t) = ¢n(t)7 [_h’ 0]7
assuming that P, is generated by {eg;k = 1,...,n} of H and P}, its restriction on V — projectors

of H and V correspondingly:
(1) A" = P/ A;
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(4) f"=Pu.f;
(5) g" = Pug;
(6) o™ = Pyo.

Then prove that each of (3.1),(3.2) has exactly one solution.

Step 2: Then we create a priory estimate on solutions of projected equations, which looks as
follows:

t1
B sw (O +lg"l2) + B( [ e a) < 4
te[0,t1] J

for some A > 0.

Those estimates are uniform (not dependant on dimension) and ¢; depends only on prede-
fined coercitivity constants from (A3) and (C3), which implies that sequence of solutions are weak
compact, hence holds weakly converging subsequence and can be iteratively continued on further
intervals.

Step 3: After that we prove that we can make n — oo in projected equations.
There we use the monotonicity condition and the growth conditions (G2) and (C2).
Additionally we prove that the energy equation holds, which implies existence and continuous
dependence on initial data.

Corollary (Continuous dependence on the initial data). Let the conditions of the theorem above
hold. Let ¢ and ¢1 be initial data for the solutions u(t,d) and u(t,$1) of equation (0.1), (0.2).
Then there exist a constant C(T') such that

E sup ([[ue(8) —we(dn)|) < CT)d — ¢1l?.
te[0,7)
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Abstract

We consider the problem of optimal control for a system of integro-differential equations on the half-axis.
Sufficient optimality conditions are derived in terms of the right-hand side of the system and the functions
involved in the cost function. This task is distinctive in that it is analyzed up to the moment when the
solution reaches the boundary of the region, which depends on the control. The proof of existence is based
on the compactness approach with the identification of a minimizing sequence, followed by a limit transition
in the equation and the cost function.

1 Problem statement

We consider the optimal control problem for a system of integro-differential equations:

t

&= fi(t,x) + fat, x)u(t) + /fg(t, s, x)u(s) ds, (L1)

0
x(0) = mo,
with a cost function on the infinite interval:
() = / Lt 2(t), u(t)) dt — in, (1.2)

0

where xg € D is a fixed vector, ¢t € [0,00), € D is the phase vector, D is a bounded region in R,
0D is the boundary of D, 7 is the first moment when the solution z(t) reaches to 0D, uw € U C R™
is the control vector, U is a convex, closed set in R™, and 0 € U.

Let the following conditions be satisfied:

(A) Vector function fi(t,z) : [0,00) x D — RY, matrix fo(t,z) : [0,00) x D — R? x R™, and
matrix f3(t,s,z) : [0,00) x [0,00) x D — R? x R™ are continuous with respect to all variables.
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(B) Functions fi(t,x), fa(t,z), f3(t,s,z) satisfy the Lipschitz condition, i.e. there exists a con-
stant H > 0 such that for any z1,20 € D, t > 0, and u € U, the following inequalities

hold:
|f1(t,21) = fi(t,z2)| < Hlzy — 22,
1f2(t, 21) — fa(t, z2)|| < H|zy — 22,
||f3(t,8,.’1}1) - f3(t787'r2)H S H|x1 - xQ‘?
here we have | - | — vector norm, || - || — matrix norm.

The functions L(t,x,u), Ly(t,x,u), and L, (t,z,u) are continuous with respect to all variables
and the following conditions hold:

(1) L(t,z,u) >0 for t € [0,00), z € D and u € U;

(2) there exist constants C' > 0 and p > 2 such that for any ¢ € [0,00), z € D, u € U, the
following inequality holds:

L(t,z,u) < C(1+ [ul?);

(3) there exists a constant K > 0 such that for any ¢t € [0,00), x € D, u € U, the next inequality
holds:

Lo (t, 2, u)| + |Lu(t, 2, u)| < K(1+ [ulP™);
(4) L(t,z,u) is convex with respect to u for any fixed t € [0,00), x € D.
Control u(t) is considered admissible if:
(al) wu(t) € Ly([0, o0]);
(a2) u(t) € U, for t € [0, o0];

(a3) there exists a constant C7 > 0 that is independent of u(t) and the next condition holds:
[e.9]
[t a < cu
0

(ad) |J(u)| < oc.

The set of admissible controls is marked as “V” for problem (1.1),(1.2).
For systems of ordinary differential equations, similar problems were studied in works [3], for
stochastic in [4], for functional-differential systems in [1], and for impulsive systems in [2].

2 Main result

The main result of this paper concerns the existence of a solution of problem (1.1),(1.2). We
obtained the following theorem.

Theorem 2.1. Let system (1.1) with the quality criterion (1.2) satisfy conditions (A), (B), and
(1)=(3). Then problem (1.1),(1.2) has a solution in the class of admissible controls V, i.e. there
exists an optimal control u*(t) which minimizes the cost function (1.2).
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Proof. Because the cost function is a non-negative quantity, there exists a non-negative lower bound
m for the values of J(u). Therefore, there exists a sequence of admissible controls {u,(t),n > 1}
such that J(u,) — m monotonically as n — oo.

Since U is a convex and closed set, then using Mazur’s lemma we obtain u*(¢) almost everywhere

for t.
For the solutions x,(t), we have the integral representation:

xn(t) = X0 +/ |:f1(t,l‘n(t)) + f2(ta :En(t))un(t) + /f3(5a g, xn(s))u(o-) do | dt.
0 0

Using the functions z,,, we build functions y,(¢) defined on [0, c0) as follows:

s®) = {xn(t), t € [0,7),

Zn (1), t>0.

It is easy to see the set of function v, is compact in the space of continuous functions defined on
[0, T for arbitrary ¢t > 0. So, there exist a subsequence {yp, (t),n > 1} of a sequence {y,(t),n > 1}
such that {y,, (t),n > 1} uniformly on the interval [0, 7.

Using the diagonal method, we can show that some subsequence of the sequence {y,,, (t),n > 1}
converges pointwise to a continuous function y*(¢) for any ¢ € [0, c0).

For convenience, we denote this subsequence again as {y,(t),n > 1} and the corresponding
control sequence as {u,(t),n > 1}.

Let 7* denote the moment of the first exit of y*(¢) to the boundary 9D, so

. Jinf{t>0: y*(t) € 0D},
o0, if y*(t) € D, Vit >0,

inf {t > 0: yn(t) € 0D},
Tp =
00, if yn(t) € D, Vit > 0.

We will show that 7* < lim inf 7,.
n—oo

Really assume that this is not true. Then 7* > lim inf 7, = 7. Let’s consider two cases:
n—oo

(1) Suppose 7 < oo. Choose any 71 € [0,00) such that 77 > 7*. On the interval [0,7}],
yn(t) = y*(t), n — oo.

By the characterization theorem of the lower limit, for any § > 0 the set {n e N: 7, <7+ 4}
is infinite. Choose ¢ such that 7+ ¢ < 7*. Then, there exists a subsequence {7,,,n; > 1}
of {m,,n > 1} such that 7,,, < 7+ d. Choose a moment to such that ¢y € (7 + 9,7*). Then

Yny, (to) = Ty, (Tnk) € dD.
From the uniform convergence of y,(t) to y*(t) on [0,71], we have for any € > 0 that there
exists IV € N such that for any ni > N, the following inequality holds:

Y () — yn, (D)] < e

However, by choosing ¢ such that 0 < & < i%fD ly*(to) — v|, then for a fixed tg € (7 +,7%), we
ve

obtain
Y (to) = Yn, ()] = |y*(t0) — Ty (T0,)| > €.

So, we get a contradiction.
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(2) Suppose 7 = oo and lim inf 7, < co. Similarly to the previous case, we have
n—oo

7 < lim inf 7,.
n—oo

Set z*(t) = y*(¢t) for t € [0,77], in the case of finite 7% and z*(t) = y*(¢) for ¢t € [0, 00) in the
case of 7% = oo0.

Now, let’s show that x*(t) is a solution to system (1.1), for all ¢ until it reaches the boundary,
corresponding to the control u*(t).

Take any t € [0, 7*], for 7 < 00, and t € [0, 00) for 7% = co. Choose a sufficiently large T' > 0 so
that for any such ¢, y,(t) = z,(t) for sufficiently large n. Since y,(t) — y*t) as n — oo uniformly
on [0,T], z(t) — x*(t) uniformly on [0, 7{], where

. inf {¢t € [0,T] : if 2*(t) € 0D},
T1 =

YT, if 2*(t) e D\ OD, Vt>0.
Since x,(t) is a solution to system (1.1), we have

s

m+/<ﬁsal +b@%@mﬁ$+/ﬁ@m%@mm@w>@
0

0

T / fo(5,2n(5)) — Fo(5,27(5))) (un(5) — u*(s)) ds
0

(f3(s,0,2n(s)) — f3(s,0,2%(5))) (un(c) — u*(0)) do ds

t
o/
0

o\m

t t

+/ﬁ@ﬂ@m%@—um»m+//ﬁ@mﬁ@mM@—mw»@@.

0 0 0

The convergence of each integral can be easily proven by Lebesgue’s dominated convergence
theorem, and the definition of weak convergence.
Then, by taking the limit as n — oo, we obtain

/t(fl (s,2*(s)) + fa(s,z* )>u*(3)+/Sf3(8,0',33*(8))u*(0')d0'> ds
for any t € [0, 77]. 0 ’

So, we conclude that z*(t) is a solution to system (1.1), corresponding to the control w*(t) for
t €0, 77].

Since the time moment 7" is chosen arbitrarily, we have that x*(¢) is a solution to system (1.1)
corresponding to the control uw*(¢) for ¢ > 0 until the solution reaches the boundary of the region.

As x,(t) coincides with y,, () up to this moment, the sequences {x,,(t),n > 1} converge pointwise
to z*(t) for any ¢ € [0, 7]

Now, we prove that the control u*(¢) is optimal. Consider two cases:

(1) Suppose z*(7*) € OD. Since L(t,z, -) is convex, the following inequality holds:
e (Lt z*(t),v(t))) > e " (L(t, z*(t),u* (1)) + (v(t) — u*(t)e " (Ly(t, z*(t), u* (1)),
veU,tel0,r].
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Set v = u,(t). Then we easily get the following inequality

T* T*

lim [ e V'L(t, 2*(t), un(t)) dt > /e‘”tL(t,x*(t),u*(t))dt.

n—00
0 0

Also, we have:

n—oo n—oo

J(u) < lim inf / Lt (), un(t)) dt < lim J(un(t)).
0

Since
inf < *) < lim inf n) = m,
égUJ(u) < J(u*) < lim in J(up) =m
we conclude that
J(u*) =m.

Therefore, u*(t) is the optimal control.
(2) Now let 7* = 0o and z*(t) € D\ 0D, t > 0.

It is easy to show that the function L(t,x*(t), u,(t)) is integrable on [0, 00). Since L(t,z, -) is
convex, the following inequality holds:

e Lt x*(t),v(t)) > e L(t, x*(t), u*(t)) + (v(t) — u*(t))e "Ly (¢, z*(t), u* (1)),

v(t) eV, t€0,00).
Furthermore, due to weak convergence, we obtain the satisfaction of the following inequality:

lim eV L(t, 2% (1), up, (1)) dt > /e_"’tL(t,x*(t),u*(t))dt.
0 0

Let’s also define J(uy,) as follows:

o0 o0

J(uyp) = /e’VtL(t, T (t), up(t)) dt = /eW [L(t, 2n(t), un(t)) — L(t, z*(t), un(t))] dt
0 0
- /th [L(t, 2" (t), un(t)) — L(t, *(t), u*(t))] dt+/eVtL(t,x*(t),u*(t))dt.
0 0
We obtain
nh_)rglo inf J(up(t)) > J(u¥).
Since
111615 J(u) < J(u*) < 71113010 inf J(un(t)) = m,
then

J(u*) =m.

Thus, u*(t) is the optimal control. O
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We study the differential-algebraic two-point non-linear boundary value problem on a compact

interval
.%'/(t) - f(t,a:(t),y(t)), te [a7 b]? (1)
y<t) = g(tvx(t>v y(t))7 te [av b]; (2)
B(z(a), y(b)) = d, (3)

where f : [a,b] x Qyy xQp, = RP, g : [a,b] X Qy, xQy, — R and B : Q,, xQ,, — RP are continuous
functions defined on certain bounded sets ,, C RP, Q, C RY specified below (see (7) and (9)),
d € RP. We assume that the functions f, g, B satisfy the Lipschitz conditions

| f(t,ur,01) — f(t, ug,v2)| < Kilug — ug| + Kalvy — val, (4)
‘g(tvulavl) - g(t,UQ,U2)| < Kg‘Ul - U2| + K4‘U1 - U2|? (5)

for t € [a,b], {u1,u2} C Qp,, {v1,v2} C Qp,, where Ky, Ky, K3, K, are non-negative matrices of
dimensions p X p, p X q, ¢ X p, g X q such that the spectral radii of () and K} satisfy the inequalities

r(Q) <1, r(Ky) <1, (6)

where
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Ky K
K; Ky
understand a pair of a continuously differentiable z : [a,b] — €,, and continuous y : [a,b] — Q,,
functions, satisfying (1)—(3).

We show that techniques similar to those of [1,2] can be effectively applied to the study of
problem (1), (2). Note that, although condition (6) ensures that equation (2) can theoretically be
solved with respect to y, it may be difficult or impossible to do this explicitly, and this is not

and K is the (p+ q) x (p + q) block matrix K = ( > By a solution of problem (1)-(3) we

required in our approach.

In the sequel, 1; is the unit matrix of dimension [. For any = = col(x1,...,2;), y = col(y1,..., 1),
we write |x| = col(|x1],...,|x;|) and understand x < y as x; < y; for all i = 1,2,...,l. The
operations max and min for vector functions are also understood componentwise. Given any non-
negative vector p € Rl, we put

Og(z):{EG]Rl: |§—z|§g}

for 2 € R! and

0,(U) = |J Oul2)

zeU

for a set U C R!. The set O,(U) may be called the componentwise g-neighbourhood of U.
Fix certain compact convex sets Dy C RP, D C R? and put

Qoy = Oy (Da,b)v (7)
where gg is a non-negative vector and
Dop={(1—-0)z+6n: z€ Dy, ne Dy, 6€[0,1]}.

Choose some y € R? and put

Y = ma t,xo(t,z,m),y) — 9|,
el Dy 19 20627 ) = ]
where ; ;
—a —a
t 2, :(1— ) telab), 8
zo(t, 2,m) o) T g [a, b] (8)
for any z € Dy, n € Dy. Take a non-negative vector g; and put
Qo = Oy, (Y1), 9)
where
gl = max ’g(t7x0(t)zvn)7@|‘

(t,z,m)€la,b] x Dox D1

We assume in what follows that the non-negative vectors gg, 01 can be chosen so that

1
00 2 5 (b= a)dg,0: (), (10)
1
01 2 (1g = Ka) 7 (5 (b= @) Kdpo 00 (f) + KaY ) + Y. (1)
where
) (f) = 1 ( max flt,x,y) — min f(t,z:,y)).
e0.e1 2\ (t,2,y)€[a,b] X Qg X 2y (t,2,y)€lasb] x gy X Qg
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Together with inequalities (6), conditions (10), (11) may be regarded as smallness conditions on
the functions f and g in a neighbourhood of sets Dy and D;. When some of these conditions are
violated, one can apply a technique from [3] in order to construct convergent iterations.

Instead of the original boundary value problem (1)—(3), consider the family of auxiliary two-
point boundary value problems

2 (t) = ft,z(t),y(t), tE€ la,b],
y(t) = g(t,z(t),y(t)), tE a,bl; (12)
z(a) =z, x(b)=n, (13)

where z € Dy and n € D; are free parameters. We focus on continuously differentiable z : [a, b] —
,, and continuous y : [a,b] — §,, solutions of problem (12),(13) with values z(a) € Dy and
x(b) € Dy. As it will be indicated below, one can then go back to the original problem by choosing
the values of z and 7 appropriately.

In relation to the two-point boundary value problem (12),(13), introduce the sequences of
functions

t
wm—l-l(tazan) =z + /f(Saxm(SaZ,ﬁ%ym(SaZﬂ?)) ds

a

b
t—a t—a
- b—a /f(s,xm(s, 2 77)7 ym(sv 2 77)) ds + m (77 - Z), (14)
Ym+1(t, 2,m) = g(t, xm(t, 2,n), ym(t, 2,m)), t € [a,b], m=1,2,..., (15)

where
y(](tvzvn) = 377 te [avb]7

with a fixed value of y and the function zg given by (8).
For 1 < iy < iy < m, let J;, 4, be the (i — i1 + 1) x n block matrix with the unit matrix of
dimension 79 — 71 + 1 placed starting from the i;th column, that is

Jil,ig == (0 1i2—i1+1 0) ) (16)
where the symbols 0 stand for the zero blocks of appropriate dimensions.

Theorem 1. Let conditions (4)—(6) and (10), (11) be fulfilled. Then, for all fired z € Do and
neD:

1) The functions of sequence (14) have range in Q,,, satisfy the two-point conditions (13), and
the limit

Toolt, ) = Tim i (t,2,7)

exists uniformly on [a,b] X Dy x Dy. The function xo(-,z,m) satisfies conditions (13) and is
continuously differentiable.

2) The functions of sequence (15) have range in Q,, and converge to a continuous limit function
Yoo (t, 2,m) = lim_ym(t, 2,1)
m—0o0

uniformly on [a,b] x Dy x Dj.
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3) The functions x = xoo(+,2,M), Y = Yoo -, 2,m) satisfy equation (2) and the Cauchy problem
with a constant forcing term:

1
.'E/(t) = f(tax(t)ay(t)) + m A(Z,T]), le [a7 b]7 ]I(CL) =z, (17)
where A : Dy x Di — RP is the mapping given by the formula

b
Alz,m)=n—2z— /f(s,xoo(s, 2,M), Yoo (S, z,n)) ds. (18)

Other couples of functions (x,y) having range in the set Q,, x Q,, and satisfying (2), (17) do not
exist.

4) The estimates

10

)
m@muan>—xm@¢am\sgcn@»thﬂ@m‘whﬁq—cm1<@mm“”>,

Y

10 o m—o— -
[Yoo (t:2:m) = Y (b, 2.0)| < < @1 (D) Tp1p+a K77 Q 1mw—®1(

600,01 (f)
Y

hold for all t € [a,b] and m sufficiently large, where

10
0 ifb—a>§,

10
1 fb—a<—.
if a< 3

By (16), the left multiplication of a vector column by J; , (resp., Jpt1,p+q) means the selection
of the components 1,2,...,p (resp.,, p+1,...,p+q).
For z € Qgy, n € §,,, let us put

A(z,n) = B(:Eoo(a, 2,M), Yoo (b, z,n)) —d.

The functions A and A determine the relation of the functions zo(-,2,1) and yoo(-,2,m) to
solutions of the original problem (1)—(3).

Theorem 2. Under the assumptions of Theorem 1, the couple of functions (xoo(,2,1),Yoo(+,2,M))
is a solution of the boundary value problem (1)—(3) if and only if the parameters z, n satisfy the
system of 2p algebraic or transcendental equations

A(z,m) =0, A(z,nm)=0. (19)

The next statement proves that the system of determining equations (19) determines all possible
solutions of the original non-linear boundary value problem (1)—(3) in the regions €,,, €2,,.

Theorem 3. Under the assumptions of Theorem 1, the following assertions hold:

1) If there exist a pair of vectors (zs,n.) € Dox Dy satisfying the system of determining equations
(19), then the boundary value problem (1)—(3) has a solution (z.,ys) such that z.([a,b]) C Qp,,
y«([a,b]) C Qp, and

zi(a) = ze, 4(b) = ns.

Moreover, this solution has the form

($*,y*) = (wOO( T Z*vn*)vyoo( "y Bk 77*))
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2) If problem (1)—(3) has a solution (x, y«) with (x«(a),z«(b)) € Dox D1 and range in Qyy % Qyp,
then the system of determining equations (19) is satisfied with z = x.(a), n = x.(b).

The practical investigation of problem (1)—(3) is carried out by studying the approximate de-
termining equations

Am(zvn) =0, Am(zvn) =0, (20)

where
Am(z,m) = B(zm(a,z,m), ym(b, 2,7)) — d

and
b

Am(z777) =n—z- /f(saxTn(sazvn)vym(sazvn)) d87

for some fixed m. Assuming that the Lipschitz condition holds for B,
\B(ul,vl) — B(UQ,U2)| < K5|u1 - UQ‘ + K6|U1 — U2|,

under additional assumptions, we prove the existence of a solution of the original problem (1)—(3)
by showing that the solvability of the approximate determining equations (20) in the respective
region implies that of (19). A practical computation using Maple confirms the constructiveness of
the proposed approach.
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For a given n € N and zero neighborhood G C R", we consider the differential system
&= f(t,z), f(t,0 =0, teRyL=][0,+0), z€ G, (1)
where f, fI € C(R4,G). Let’s put
Bs={z0 €R"| 0<|zg| <6}, A=sup{d| BsC G},

and denote by z( -, o) a non-extendable solution of system (1) with the initial value (0, zo) = xo.

The differential system (1) is completely deterministic, however, it is possible to give a natural
stochastic meaning to its measures of stability u,.(f) or instability v,.(f) [1,2]. They allow us to
estimate from below the possibility or impossibility of randomly selecting the initial value xgy of
perturbed solution z( -, xg), arbitrarily close to zero, so that its graph falls into a given tube of the
zero solution in any of the following senses [3,4]:

(a) immediately on the entire time semi-axis (the Lyapunov stability for s = \);
(b) at least episodically, but at arbitrarily late points in time (the Perron stability for » = 7);
(c) at least from some moment, but then forever (the upper-limit stability for s = o).

The forerunners of the described measures were the recent concepts of almost stability and
almost complete instability [5], which provide the corresponding properties of solutions with a full
measure.

Definition 1. We will say that system (1) has the following property of the Lyapunov, Perron or
upper-limit type:

(a) stability (almost stability) if for any € > 0 there exists § € (0,A) such that any (respec-
tively, almost any in the sense of the Lebesgue measure) initial value xo € Bs satisfies the
corresponding requirement

sSup |LL‘(t, $0)| <g, lim ‘l’(t,{l)oﬂ <g, lim |l‘(t,l’0)‘ <& (2)
teR4 t—+00 t—+00

(b) complete instability (almost complete instability) if there exist ¢ > 0 and 6 € (0,A) such
that any (respectively, almost any) initial value ¢y € By does not satisfy the corresponding
requirement (2) (which is considered to be unfulfilled by definition, in particular, when the
solution x( -, z¢) is not defined on the entire ray R).

Definition 2. For system (1), the number
p.(f) €0,1], »x=A\m,o0,

is called, respectively, the Lyapunov, Perron and upper-limit measure of stability, if system (1):
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(a) for each p < p,(f) is p-stable, ie. for any € > 0 there exists o, € (0, A) such that for every
0 € (0,0.) all values zy € Bs, satisfying the corresponding requirement (2), form a subset,
whose relative measure (in the Lebesgue sense) in By is

M..(f,€,0) > p;

(b) for each p > p,.(f) is not p-stable.

Definition 3. For system (1), the number
v.(f)€0,1], x=\m,o0,
is called, respectively, the Lyapunov, Perron and upper-limit measure of instability, if system (1):

(a) for each v < v, (f) is v-unstable, i.e. for any € > 0 there exists J. € (0, A) such that for every
0 € (0,6) all values zp € Bs, unsatisfying the corresponding requirement (2), form a subset,
whose relative measure (in the Lebesgue sense) in By is

N%(f7€75) Z v

(b) for each v > v,,(f) is not v-unstable.
The correctness of Definitions 2 and 3 is justified by the following theorems.

Theorem 1. For any system (1), any e > 0 and each of the requirements (2), the sets of all points
xo € G, both satisfying this requirement and not satisfying it, are measurable.

Theorem 2. For any system (1) the set of all values p € [0,1] for which it is Lyapunov, Perron
or upper-limit u-stable, as well as all values v € [0, 1], for which it is v-unstable, obviously contains
the point 0 and represents an interval, possibly degenerate to this point.

The following two theorems offer specific formulas for measures of stability and instability and
define a set of basic relations linking various measures.

Theorem 3. For each system (1), the entire six of its Lyapunov, Perron and upper-limit measures
of stability or instability are uniquely defined, which are respectively given by the formulas

,U%(f) = 61_1:110 5%0 M%(f7 &, 5)7 V%(f) = el_lg_lo 5%0 N%(fv &€, 5)7 (3)

where the limits at € — 40 can be replaced by the lower or, respectively, upper exact bound on
e>0.

Theorem 4. For any system (1) the inequalities are satisfied

0 < a(f) Suo(f) Spx(f) <1, 0<ve(f) <vel(f) Sualf) <1, (4)
0 < el f) +w(f) < L. (5)

Almost stability and almost complete instability are naturally associated with single values of
the corresponding measures, but this logical connection turns out to be only one-way.

Theorem 5. System (1) has almost stability or almost complete instability (of some type) if and
only if it is 1-stable or, accordingly, 1-unstable (of that type), and then its measures of stability and
instability (of the same type) are equal to 1 and 0 or, respectively, vice versa.
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Theorem 6. For n = 2, there are two autonomous systems of the form (1), which have neither
almost stability nor almost complete instability of any of the three types: one of them has measures
of stability and instability of all three types equal to 1 and 0, respectively, and the other is the
opposite.

In the case of a linear system, the Lyapunov and upper-limit measures can only take their
extreme values, which are obviously also realized on the Perron measures — this is what the following
two theorems establish.

Theorem 7. For any linear system (1), only the following two situations are possible, and in
formulas (3) for all measures of stability and instability mentioned in them, the lower limits for
6 — +0 are exact:

(a) either the relations are satisfied

mA(f) = po(f) = pa(f) = 1> 0 =vx(f) = vo(f) = va(f)
and system (1) has stability of all three types;

(b) either the relations are satisfied

pA(f) = po(f) =0 <1 =v,(f) =valf)

and system (1) has the Lyapunov and upper-limit almost complete (possibly even complete)
instability.

In addition, in the linear case, the upper-limit complete instability follows from the Lyapunov
one, but the Perron instability does not follow, and not to any extent.

Theorem 8. For any n € N, each of the situations listed in Theorem 7 is realized on some limited
scalar linear system of the form (1), and the second situation is realized on at least two systems:
one of them is autonomous and has the Perron complete instability, i.e.

,u,ﬂ.(f):()<1:yﬂ.(f)7

and the other — the Perron stability, i.e.

pr(f) =1>0=v(f)

The set of all possible sets of different measures of stability and instability of one-dimensional
systems is finite.

Theorem 9. For n = 1, the measures of stability and instability of any system (1) satisfy the
relations

u(f) = po(f) < px(f),  ve(f) <ve(f) =ua(f), (6)
M%(f)ﬂl/%(f) € {07 1/27 1}a ,u,%(f) + V%(f) =1, »x=A\mo (7>

Theorem 10. For n = 1, both inequalities in chains (6) for some limited linear system (1) are
strict, and the cases of all equalities in these chains for each pair of measures of stability and
instability specified by conditions (7) are implemented on some autonomous systems (1).

Theorem 6 simultaneously confirms the realizability of both zero and one values by all measures
of stability or instability for two-dimensional autonomous systems. Moreover, for such systems the
set of implementable sets of all measures turns out to be quite rich.
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Theorem 11. For n = 2, for each individual non-strict inequality in chains (4) and (5) there are
two autonomous systems of the form (1): for one of them it turns into an equality, and for the
other into a strict inequality.

Theorem 12. For n = 2, for any r > 0 there exists an autonomous system (1), in which the
measures of stability of all three types take the same positive value, as well as all measures of
instability, and the ratio of these two values equals T, and the right inequality in chain (5) turns
into equality.

The following two theorems implement the most contrasting situations in the autonomous ar-
bitrarily non-one-dimensional case.

Theorem 13. For every integer n > 1, some autonomous system (1) satisfies the relations

pA(f) = po(f) =0 <1 =px(f), va(f) =vo(f) =1>0=wvx(f)

Theorem 14. For every integer n > 1, some autonomous system (1) satisfies the relations

pA(f) =0 <1 =po(f) = px(f), va(f) =1>0=wvo(f) = val(f).

In the one-dimensional autonomous case, two contrasting situations described in Theorems 13
and 14 are impossible.

Theorem 15. Forn =1, for any autonomous system (1) the equalities are satisfied

() = 1o (f) = px(f), - ve(f) = vo(f) = va(f)-
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Let us consider the system of differential equations with turning point:
eY'(z,e) — A(x,e)Y (z,e) = H(x), (0.1)

where

A(z,e) = Ap(x) + €A1 ()

is a known matrix, where

0 0 0 010
Ao(z)=[ 0 0 1), Ai;=[00 0],
—b(x) —a(z) O 0 00

when ¢ — 0, z € [-1,0], Y(x,e) = Yi(z,e) = colomn(yi(z,€),y2(x,€),y3(z,€)) is an unknown
vector function, H(x) = colomn(0,0, h(x)) is a given vector function.

Needs of modern physics, mathematics, biology and their applied fields require us solving prob-
lems of a more complex nature, i.e. research behavior of the function in asymptotic models, which
are reduced to problems (0.1).

Let us investigate the problem of constructing uniform asymptotics of solutions of a singularly
perturbed system (0.1) for which the conditions are fulfilled:

S1. Ap(x), H(x) € C*[-1,0].
S2. a(z) = za(z), a(z) <0, b(x) # 0.

This case has the following feature: the turning point is unstable [1] and the construction of
asymptotics requires a separate technique, since the results of previous studies cannot be simply
extended to this case.

Conducted research in [1] showed that for construction of uniform asymptotic under conditions
S2,i.e. when a(x) < 0, b(x) > 0 when z € [—[, 0], the second form must be used the Airy equation,
the solutions of which are the so-called Airy—Langer functions: Ai(t) and Bi(t).

U"(t) —tU(t) = 0.

That is, in this case, the model operator for a homogeneous system is the Airy model operator. And
to construct the asymptotics of the solution of a heterogeneous system, we will use an essentially
special function v(t)

U'(t) —tU(t) == 1.

Some aspects of problem (0.1) we studied in [3]. In [4], a developed algorithm for construct-
ing uniform asymptotics of solutions to systems of singularly perturbed differential equations is
proposed. In [2] constructive conditions for the existence of the asymptotics of the solution of the
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system of singularly perturbed differential equations of the fourth order with a differential turning
point are established, and the algorithm for constructing the corresponding solution is proposed.
The characteristic equation that corresponds to the SP system (0.1) is as follows:

-2 0 0
|Ag(z) = AE|=| 0 A 1| ==X —za(x)A=0.
—b(x) —a(z) —X

The roots of this equation are
)\1 = 0, )\2,3 =4+ l’ﬁ(l’) .

The purpose of this work is to construct a uniform asymptotic solution with an unstable turning
point of the first kind.

1 Regularization of singularly perturbed systems
of differential equations

In order to save all essential singular functions, that appear in the solution of system (0.1) due to
the special point € = 0, a regularizing variable is introduced ¢ = 7P - p(z), where exponent p and
regularizing function ¢(x) are to be determined.

Instead of Yy(x,¢) function, Yi(x,t,¢) transformation function will be studied, also the trans-
formation will be performed in such a way that the following identity is true

Y(z,t,e 0 = Y(z,e),

”t:a*ﬂp(

which is the necessary condition for suggested method.
The vector equation (0.1) can be written as

a§($7ta5) 3 8:17(1‘,t, 6)
/
ot M s

Asymptotic forms of solutions for equation (1.1) are constructed in the form of the series

LYj(x,t,¢) = pp — A(z,€)Yy(x, t, ) = H(x). (1.1)

2
Vilw,t,e) = 3 Dila,t,2) + flw, e)v(t) + 7 g(w, )/ (1) + wla, 2),
=1

2 5810%1(1'? 5) 5k16k1(£7 6)
Z Di(z,t,e) = | e2apa(x,e) | Ui(t) + &7 | ¥ Bra(x,e) | Ui (1),
=1 8530%3(1:) 5) 5k35k3(:p’ 5)

where Uj(t), Uz(t) are the Airy-Langer functions [1] and ax(x,¢), Bix(x,e), fu(z,e), gr(z,e),
wi(z,e), k = 1,2,3 are analytic functions with reference to a small parameter and are infinitely
differentiable functions of variable x € [—[; 0] which are still to be determined.

For convenience, we introduce the notation Uy (t) = Ai(t), Ua(t) = Bi(t).

First of all, the analysis how transformation operator Ea operates on vector function Dg(z,t,¢)
will be performed, and then the obtained result will be utilized in the homogeneous transformation
equation (0.1). Then, after equating corresponding coefficients of essential singular functions Uy (t),

k = 1,2 and their derivatives two following vector equations are obtained:

ULt) : e Payp(z, )¢ (x) — 7 [Ao(x) + €A1 Bir(,€) = =B, (, €), (1.2)
Ui(t) : =728 (x,e)p(z)¢ (x) — [Ag(z) + eAr]ag(x, ) = —ealy(z,¢). (1.3)
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2 Construction of formal solutions of a homogeneous
transformation system

The unknown coefficients of the vector equations (1.2) and (1.3) are sought as following vector
function series (i = 1, 2):

+oo +oo
ai(w,e) =Y prag(z), Bulw.e) =Y 1 Birr(x).
r=0 r=0

To determine vector function components
ity = colomn (i1, (2), oy (), e ()

and
/Bik:r (37) = colomn (/Bilr (CC) , /BiQT (.%‘) , /Bi?)r (-73)) s

the following recurrent systems of equations are obtained:

O(x)Zyo(x) =0, r=0,1,2,
@(m)Zkr(x) = FZk:(r—3) (l‘), r>3.

At the moment, the regularizing function has not yet been defined; therefore, it will be defined
as a solution of the problem

p(x)g?(x) = —a(z) = —aa, ¢(0) =0,

which is the following function
z 2
3 _ 3
o(z) = <2/\/—xa(m) daz) .
0

The regularizing function of such kind has been considered in [1,5].
Due to such a choice of the regularizing variable ¢(x) there is a nontrivial solution of the
homogeneous system ®(z)Zg,.(x) =0, r =0, 1,2, that is

1
Zio(z) = colomn (0, 5 Biao(z), ~ ()i (2) Biao (), 0, B2o(2). Ban())
where i (z) (i = 1,2; k = 2,3) are arbitrary up to some point and sufficiently smooth function

at x € [—1;0].

Solving systems of recurrent equations at the third step, i.e., when » = 3, and taking into
account that the functions are arbitrary, Biso(z) = B - Bis()(x) (i =1,2; s = 2,3), where B, (z)
are arbitrary constants, Bis0(z) is a partial and sufficiently smooth for all € [—I;0] solutions of
homogeneous equations. This definition of vector functions Z;;o(x) implies that there are following
solutions of inhomogeneous systems of the algebraic equations (1.2) and (1.3):

Zis(x) = colomn(zi13, Zi23, 2i33, %ia3, %i53, %i63 )+

Zil3 = S0,190)51'20(95% Zig3 = _&{20(2&)&33(@ ’
~Biao() — alw)Bizalx) — b(a) (o)~ (@' (@)) Bz

2i33 = )

¢'(z)
ziaz = (p(2)) @' (%)) 2 Bi2o(x), zis3 = Biz1 (x), 2i63 = Bis1 (),
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where (;01(x) and Bj31(z) are arbitrary up to some point and sufficiently smooth functions for all
€ [-1;0].
Thus, gradual solving of systems of equations (1.2) and (1.3) gives two formal solutions of the
transformation vector equation (0.1)

oo

Di(w,e 8 p(x),2) = 3¢ o ()Ui(e ™ Fip(@)) + €8 Bin (2, U/ (e R ipla)) . (21)

r=0

The third formal solution of the homogeneous vector equation (0.1) is then constructed as a

series
[o.¢] o0
= E e'wyp(x) = colomn( E e"wir(x E e"wor(x), g €TW3T($)>.
r=0 r=0

r=0

3 Construction of formal partial solutions

Similarly to the previous steps, in order to construct asymptotic forms of partial solutions of the
inhomogeneous transformation vector equation (0.1), let us analyze how transformation operator
operates on an element from the space of non-resonant solutions:

Le (fu(a, e)v(t) + pgr(a, e)v/ () + wi(z,€))
= pfi(z, ) (@)v(t) + gz, €)@ (x)o(x)v () Az, e) fe(w,e)v(t) — pA(x, e)gr(z,e)v/(t)
+ 18 () (t) + plgp () (t) + 12 (@) g ()7~ + 1P () — Az, e)wi(z) = H ().

In order to have smooth solutions of the systems, the asymptotic forms of the solutions are
constructed as series

“+o00 —+o00
= > wh(@), glx.e) Z Wgn(x), wx,e)=> po ().
r=—2 r=—2 r=0

Therefore, the partial solution of the transformation vector equation (0.1) is then defined as

the series
o0

Yt e) = Y i [fer(@)v(t) + pgne(x +Zu Wi (2 (3.1)

r=—2

4 Conclusions

Therefore, we constructed a uniform asymptotic solution for a system of singularly perturbed
differential equations with an unstable turning point (0.1) in the form (2.1) and (3.1).
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The extended abstract concerns the parameter-dependent periodic problem
u" = p(t)yu+ h(t)u* sgnu+ pf(t);  w(0) = u(w), u'(0)=1u(w), (1)

where p, h, f € L([0,w]), h > 0 a.e. on [0,w], A > 1, and u € R is a parameter. By a solution
to problem (1), as usual, we understand a function u : [0,w] — R which is absolutely continuous
together with its first derivative, satisfies the given equation almost everywhere, and meets the
periodic conditions. The text is based on the paper [4].

We first show where problem (1) may appear from. Consider a forced oscillator consisting of
two fixed charged bodies of charges ¢ > 0 and a charged mass body of weight m and charge @ > 0
(see Fig. 1).

EES

Figure 1. Nonlinear undamped forced oscillator.

Assume that the mass body moves horizontally without any friction and the charges ¢ of the
fixed bodies change w-periodically, i.e., ¢ : R —]0, +00[ is an w-periodic function. This is a system
with one degree of freedom described by the coordinate x, whose equation of motion is of the form

ma — Qq(t) T+ Zo + T = o
drereg \ (x4 20)2 + y212/2 (& — 20)? + y3]3/2

) =rFo. @)

where ¢, is the relative permittivity and ¢¢ is the vacuum permittivity.

Numeric simulations show that if y3 < 222, then equation (2) with ¢(t) = Const. and F(t) = 0
has exactly three equilibria z; := 0, zo > 0, and x3 = —x2. Approximating the non-linearity in (2)
by the third degree Taylor polynomial centred at 0, we obtain the equation

oo Qa)2ag—yd) . 3Qa(t)(24adys — 3ys — 8x() 5 F(t)
2mereom(ad + y3)5/2 mereom (g + yg)0/? m

)
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which is a particular case of the differential equation in (1) with p = 1, where

Qq(t) (223 — y3)
2mereom(xd + y3)5/2’

_ 3Qq(t)(24x5yp — 3yp — 8ap)
mereom(zd + y3)9/2

p(t) == — h(t) :

)

ft) = %, and X := 3. Assuming that (4 — 2,/10/3 )23 < y3 < 223 and F(t) # 0, it is easy to
show that the functions p and h are negative and positive, respectively.
To formulate our results, we need the following definition.

Definition ([2]). We say that a function p belongs to the set V™ (w) (resp. V' (w)) if, for any
function u € AC(]0,w]) satisfying

u’(t) > p(t)u(t) fora.e. t€[0,w], u(0)=u(w), u(0)>u(w),

the inequality u(t) < 0 (resp. wu(t) > 0) holds for ¢ € [0,w]. By U(w), we denote the set of pairs
(p, f) such that the problem

u =p(t)u+ f(t); w(0) =uw), v'(0)=1u(w) (3)

has a unique solution which is positive. The set Vy(w) consists of all the functions p such that
problem (3) with f(¢) = 0 possesses a positive solution.

Remark 1. The effective conditions guaranteeing the inclusions p € V™ (w), p € VT (w), p € Vo(w),
as well as (p, f) € U(w) are provided in [2] (see also [1,5]).

Below we discuss the existence/non-existence as well as the exact multiplicity of positive solu-
tions to problem (1) depending on the choice of the parameter p provided that p € V= (w) U Vp(w).
Let us show, as a motivation, what happens in the autonomous case of (1). Hence, we consider the
equation

2" = —ax + bz sgnx + . (4)
In view of our hypotheses h > 0 a.e. on [0,w], h(t) # 0 and since —a ¢ V™ (w) U Vp(w) if only if
a > 0, we assume that a,b > 0. By direct calculation, the phase portraits of equation (4) can be
elaborated depending on the choice of the parameter y € R (see, Fig. 2) and, thus, one can prove
the following proposition concerning the periodic solutions to equation (4).

Proposition 1. Let A > 1 and a,b > 0. Then, the following conclusions hold:

1
(i) If u > @ (35)>1, then equation (4) has a unique negative equilibrium (saddle) and no
other periodic solutions occur.

1
(i) If p = (’\;\1)& (x5)>1, then equation (4) has a unique positive equilibrium (cusp), a unique
negative equilibrium (saddle), and no other periodic solutions occur.

(iii) If0<p < (A_)\l)a (%)ﬁ, then equation (4) possesses exactly two positive equilibria x1 > x2
(z1 is a saddle and x4 is a center), a unique negative equilibrium xs (saddle), and non-constant
(positive and possibly sign-changing) periodic solutions with different periods. Moreover, all
the non-constant periodic solutions oscillate around xo between x3 and x1.

(iv) If w = 0, then equation (4) possesses a unique positive equilibrium xo (saddle), a trivial
equilibrium (center), a unique negative equilibrium —xo, and non-constant sign-changing
periodic solutions with different periods. Moreover, all the non-constant periodic solutions
oscillate around 0 between —zg and xg.

(v) For pn <0, the conclusions are “symmetric” as compared with the items (i)—(iii), see Fig. 2.
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1

N i

Figure 2. Phase portraits of equation (4) with a =9, b =4, and A = 3.

We start with the most general statement of the text, which provides the existence/non-existence

results in the case of p & V™ (w) U Vy(w). This condition is satisfied, e.g., if [ p(s)ds <0, p(t) # 0.
0

Theorem 1. Let A > 1, p & V™ (w) UVy(w), f(t) £0, and
h(t) >0 fora.e. te[0,w]. (5)
Then, there exist —0o < py < 0 and 0 < p* < 400 such that the following conclusions hold:

(1) For any g € |pw, [, problem (1) has a positive solution u* such that every solution u to
problem (1) satisfies

either u(t) <u*(t) for t € [0,w], or u(t) =u"(t). (6)
Moreover, any couple of distinct positive solutions uy, ug to (1) different from u* satisfies

min {uy(t) — ug(t) : t € [0,w]} <0, max{u(t) —ua(t): t€[0,w]} >0.

(2) If p* < +00 (e.g. provided that [ f(s)ds > 0), then
0
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(a) for p > p*, problem (1) has no positive solution,

(b) for uw = p*, problem (1) has a unique non-negative solution u* and every solution u to
(1) satisfies (6).

(3) If ps > —00 (e.g. provided that [ f(s)ds <0), then
0

(a) for p < ., problem (1) has no positive solution,

(b) for u = p, problem (1) has a unique non-negative solution u* and every solution u to

(1) satisfies (6).
It is clear that w is a solution to problem (1) if and only if —u is a solution to the problem
2 =p(t)z +h(t)]z sgnz — pf(t); 2(0) = 2(w), #(0) =2'(w).
Therefore, we get the following corollary from Theorem 1.

Corollary. Let A > 1, p ¢ V™ (w) U Vp(w), f(t) Z 0, and condition (5) hold. Then, there ezists
0 < po < 400 such that, for any p € |— o, ol , problem (1) has a negative solution u, and a positive
solution u* such that every solution u to problem (1) different from wuy, u* satisfies

us(t) < u(t) <u*(t) for te|0,w].

We showed in [3, Example 2.8] that assuming p & V™ (w) U Vp(w), hypothesis (5) in Theorem 1
(i.e. the positivity of h a.e. on [0,w]) is essential for the existence of a positive solution to problem
(1) with 4 = 0 and cannot be weakened to the non-negativity of h. However, under a stronger
assumption on the coefficient p (namely, p € VT (w)), hypothesis (5) of Theorem 1 can be relaxed to

h(t) >0 fora.e. t€[0,w], h(t)#D0. (7)

Theorem 2. Let A > 1, p € VT (w), h satisfy (7), and

(p, f) €eU(w), [ f(s)ds > 0. (8)

St~

Then, there exist —0o < py <0 and 0 < p* < 400 such that the following conclusions hold:

(1) For any p > u*, problem (1) has no positive solution.

(2) For p= p*, problem (1) has a unique positive solution u* and, moreover, every solution u to
problem (1) satisfies (6).

(3) For p €]0,u*[, problem (1) has exactly two positive solutions ui, ug and these solutions
satisfy

ui(t) > ug(t) >0 for t € [0,w].

Moreover, every solution u to problem (1) different from wy is such that
u(t) <wui(t) for te[0,w].

(4) For p =0, problem (1) has exactly three solutions: a positive solution g, the trivial solution,
a negative solution —uy.

(5) For p €|)ps, 0], problem (1) has either one or two positive solutions. Moreover, (1) has
a positive solution u* such that every solution u to problem (1) satisfies (6).
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(6) If pue > —o0, then, for any p < s, problem (1) has no positive solution.
Open questions. The following two questions remain open in Theorem 2:

(a) Does the inequality p. > —oo hold without any additional assumption?
(b) What happens in the case of p = p, if g > —oo and h(t) = 0 on a set of positive measure?

Remark 2. Assuming f(t) > 0 for a.e. ¢t € [0,w], f(t) # 0, the conclusions of Theorems 1 and 2
can be substantially refined (see [4, Theorems 3.6 and 3.14]).

Theorem 2 guarantees the existence of certain “critical” values s, u* of the parameter u such
that crossing these values, a bifurcation of positive solutions to problem (1) occurs. From an
application point of view, the estimates of these numbers are also needed.

Proposition 2. Let A > 1, p € Int VT (w), h satisfy (7), and

w

Lﬂﬂm4w>mm/v@1w>a
0

0

where the number I'(p), depending only on p, is defined in [2, Section 6]. Then, the numbers p.,
w* appearing in the conclusion of Theorem 2 satisfy

PN S
)\[/\th(s)ds]ﬁ [f(s)]-ds

O—c¢

where A(p) denotes a norm of Green’s operator of problem (8) (see [4, Remark 2.5]), and

w

(A — D[A(p)] *1 (A =1)[T(p) bf[P(S)]—dS — [Ip(s)]+ds] >1

w w S M* < w 1 w - w :
Al J h(s)ds] > g“[f(S)]erS Al g h(s)ds] > [g[f(S)]ers —T(p) Of[f(S)]—d8]
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1 Introduction

Let T' > 0 be given, J = [0,7T] and ||z|| = max{|z(¢)| : t € J} be the norm in C(J).
We discuss the fractional boundary value problem

Da(t) - plt, x(t) D (t) = f(t,(2)). (L1)

where a € (1,2], p, f € C(J x R) and “D denotes the Caputo fractional derivative.

Definition 1.1. We say that x : J — R is a solution of equation (1.1) if 2/,°D%x € C(J) and (1.1)
holds for t € J. A solution z of (1.1) satisfying the boundary condition (1.2) is called a solution of
problem (1.1),(1.2).

The special case of (1.1) is the differential equation 2" —p(¢, z)z’ = f(¢,z). Problem (1.1), (1.2) is
at resonance, because each constant function z on .J is a solution of problem ‘D%z —p(t, z)D* 1z =0,
(1.2).

The aim of this paper is to give conditions guaranteeing the existence and uniqueness of solutions
to problem (1.1),(1.2). It is shown that this problem is reduced to the existence of a fixed point
of an integral operator S in the set C'(J) x R. The Schaefer fixed point theorem [1] is applied for
solving S(z,¢) = (z, ¢).

2 Preliminaries
We recall the definitions of the Riemann—Liouville fractional integral and the Caputo fractional

derivative [2,3].
The Riemann—Liouville fractional integral I"x of order v > 0 of a function x : J — R is

defined as .
(t—s)771
IMx(t / ds,
T O

where T is the Euler gamma function. I° is the identical operator.
The Caputo fractional derivative °DVx of order v > 0, v € N, of a function z : J — R is given as

t
dr [ (t—s)vt ) (0)
cryY “ _ k
DVa( =3 / T (w(s) Z T )ds,
0




198 S. Stanék

where n = [y]+1, [y] means the integral part of the fractional number ~. If v € N, then D7z = (7).
In particular,

t

Drz(t) = (io/m (x(s) —x(0))ds = %11_7(:1:(15) —z(0)) if v € (0,1).

Let P, F : C(J) — C(J) be the Nemytskii operators associated to p, f,
Pua(t) = p(t,x(t)), Fu(t) = ft,x(t)).
Equation (1.1) can be written as
Dx(t) — Pa(t)D* tu(t) = Fa(t).
Let an operator Q acting on C(J) be defined by the formula

Qx(t) = /t]-':v(s) exp (/tpaz(f) d§> ds, teJ.
0 s

Then Qx(t)|4—o =0, Q: C(J) — C'(J) and for x € C(J), t € J,
(Qx(t)) = Px(t)Qux(t) + Fu(t),

I°71Qu(t) = 1*(Qux(t)) = I*(Px(t) Qu(t) + Fx(t)). (2.1)
The following result deals with solutions x of equation (1.1) satisfying the initial condition
z(0) =¢, 2'(0)=0, (2.2)

where ¢ € R.
Lemma 2.1. If z is a solution of the initial value problem (1.1),(2.2), then
z(t) =c4+I1°71Qu(t), teJ (2.3)
Also vice versa if x € C(J) satisfies (2.3), then x is a solution of problem (1.1),(2.2).
Let S: C(J) x R — C(J) x R be an operator defined by
Sz, c) = (c+ 14710z (t), c — Ia—lgx(t)\t:T).
The relation between fixed points of S and solutions of problem (1.1),(1.2) is given in the

following result.

Lemma 2.2. If (z,c) € C(J) xR is a fized point of S, then x is a solution of problem (1.1), (1.2)
and ¢ = x(0). If x is a solution of problem (1.1),(1.2), then (z,z(0)) € C(J) x R is a fized point
of S.

Proof. Let (x,c) € C(J) x R be a fixed point of S. Then
z(t) =c+I1°71Qu(t), teJ, (2.4)
1°7'Qu(t)|,_, = 0. (2.5)

Now we conclude from Lemma 2.1 and equality (2.4) that x is a solution of (1.1) and z(0) = ¢,
2’(0) = 0. The equality z(T') = ¢ follows from (2.4) and (2.5). Hence z is a solution of problem
(1.1), (1.2).

Let = be a solution of problem (1.1),(1.2) and let x(0) = ¢. Then (see (1.2)) z(T) = ¢. By
Lemma 2.1, x satisfies equality (2.3) which together with x(T) = ¢ gives I*"1Qx(t)|;=r = 0.
Consequently, (z,c) is a fixed point of S. O

Lemma 2.3. Operator S is completely continuous.
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3 Existence results

Theorem 3.1. Let

(H1) p(t,x) be bounded and nonnegative on J x R,
(H2) there exist D > 0 such that
xf(t,x) >0 for teJ, |x|> D,

(Hs) there exist A, B € [0,00) such that
|f(t,z)| < A+ Blz| for teJ, zeR.

Then problem (1.1),(1.2) has at least one solution. In addition, |x(0)| < D for each solution x of
this problem.

Proof. Keeping in mind Lemma 2.2, we need to prove that the operator S admits a fixed point in
C(J) x R. Since S is a completely continuous operator by Lemma 2.3, the Schaefer fixed point
theorem guarantees the existence of a fixed point of § if the set

M= {(x,c) e C(J)xR: (z,¢) = AS(z,c) for some \ € (0,1)}

is bounded in C'(J) x R.
In order to prove the boundedness of M, let (x,c) = AS(z, ¢) for some (z,c) € C(J) x R and
A € (0,1). Then

z(t) = Mc+ Ia_lQaz(t)), tedJ, (3.1)
c(A—1) = A1 Qux(t)|,_p

It follows from (2.1) and (3.1) that

(1) = )\% 11 Qu(t) = AI* M (Pa(t)Qu(t) + Fa(t), t € J, (3.3)

and 2/(0) = 0. We claim that

|z(0)| < D, (3.4)
where D is from (Hz). Suppose x(0) > D. Then Fz(t)|=0 = f(0,2(0)) > 0 by (H2), and therefore
Fz >0 on [0, p| for some p € (0,7]. Since Pz(t) = p(t,z(t)) > 0 on J by the assumption, we have
Qx > 0 on (0,p] and then (see (3.3)) 2/ > 0 on this interval. Thus z is increasing on [0, p] and
so x > D on (0, p]. Analysis similar to the above interval [0, p] shows that z > D on J. Hence
Fx > 0 on J and therefore \I*1Qux(t)|;=r > 0 contrary to (3.2) since c¢(A — 1) < 0. We have

proved z(0) < D. Similarly we can prove z(0) > —D. Consequently, estimate (3.4) is valid.
Since (see (3.1)) x(0) = Ac¢, we have

z(t) = z(0) + A\*71Qu(t), teJ

Now by applying (3.4), (H;) and (H3), some calculations give
t
|z(t)| < L1 + Lo / |z(s)|ds, te€J,
0

where L, Ly are positive constants independent of A\. By the Gronwall-Bellman lemma, [|z| <
LleLQT.
In order to give the bound for ¢, two cases if A € (0,1/2] or A € (1/2,1) are discussed. O
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Example 3.1. Let £ > 0, p € (0,1), ¢ € C(J) and w,r € C(J x R) be bounded, |r(t,z)| < P for
(t,z) € J x R. Then the function

f(t,x) =r(t,z)+ q(t)|z]’ + kx
satisfies condition (H3) for A = P+ ||q||, B =k + ||q||. Since

P p
i Pt lallal? _ o
r—+o00 x
there exists D > 0 such that

P P P P
lallel o pe Pt lale
T x

<k for x > D.

Hence f satisfies condition (Hz). By Theorem 3.1, there exists a solution of problem

D% — |w(t,z)|D¥ Lo = r(t,x) + q(t)|z|” + k,
2(0) = x(T), 2'(0)=0.

4 Uniqueness results

In this section we assume that the function p(t,x) in equation (1.1) is independent of the variable
x, that is, p(t,x) = p(t). Hence we discuss the fractional differential equation

Da(t) — p(t) D a(t) = f(t,z(t)), (4.1)

where p € C(J). According to Lemma 2.2, z is a solution of problem (4.1), (1.2) if and only if
x e C(J),
z(t) = x(0) + I*"'Qux(t) for t € J and x(0) = z(T),

Qx(t) = /tfw(S) exp (/tp(f) d&) ds.
0 s

Let A be the set of all solutions to problem (4.1), (1.2). Under conditions (Hs), (Hs3) and p > 0
on J, A# @ and |z(0)] < D for x € A by Theorem 3.1. We are interested in the structure of the
set A, especially when A is a singleton set, that is, when problem (4.1), (1.2) has a unique solution.

where

Lemma 4.1. Let p >0 on J and let (Hs), (Hs),
(Hy) for eacht € J, f(t,x) is increasing in the variable x on R
hold. Then u(0) = v(0) for u,v € A.

The following theorem says that if u,v € A and uw # v, then the function v — v vanishes at
points ¢, of a sequence {t,,} C (0,7).

Theorem 4.1. Let (Hy)—(H4) hold and let p > 0 on J. Let u,v € A and uw # v. Then there ezists
a decreasing sequence {t,} C (0,T), lim t, =0, such that
n—o0

u(tn) —v(ty) =0 for neN.

We are now in the position to give the conditions for the existence of a unique solution to
problem (4.1), (1.2).
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Theorem 4.2. Let p > 0 on J and let (Ha)—(Ha),

(Hs) f satisfies the local Lipschitz condition on J xR, that is, for each S > 0 there is L = L(S) > 0
such that
|f(t,z1) — f(t,22)| < Llzy — 29| for t € J, z1,29 € [, 5]

hold. Then problem (4.1), (1.2) has a unique solution.

Example 4.1. Let k£ > 0, p € (0,1), ¢,r € C(J) and f(t,z) = r(t) + |z|’ arctanx + kx. Then
f satisfies conditions (H3) and (Hs) for D = ||r||/k and A = ||r|| + 7/2, B = k + 7/2. Since the
function ¢(z) = |z|” arctan x + kx has continuous derivative on R, % € C(J x R), and therefore f
satisfies condition (Hj). Clearly, f satisfies condition (H4). Consequently, by Theorem 4.2, there
exists a unique solution of problem

D — |q(t)|D*a = r(t) + |z|” arctan z + kuz,
2(0) = 2(T), 2/(0)=0.
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1 Basic concepts of the theory of time scales

A time scale, denoted by T, is defined as an arbitrary nonempty closed subset of the real axis. To
refer to a subset of the time scale, we use the notation A, where At represents the intersection of
set A of the real axis with the time scale T.

For every time scale there are defined two operators, the forward jump operator o and the
backward jump operator p, which are integral to this theory. The forward jump operator is defined
as o(t) = inf{s € T : s > t}, while the backward jump operator is defined as p(t) = sup{s €
T : s < t}. It’s important to note that in this context, we assume that inf @ := supT and
sup @ := inf T.

A key component of time scale theory is the graininess function, denoted as p, which maps
elements of the time scale to the interval [0, 0c]. It is defined as pu(t) = o(t) — t.

Additionally, a point ¢t € T is characterized as left-dense (LD), left-scattered (LS), right-dense
(RD), or right-scattered (RS) based on conditions involving the operators p and o. If T contains a
left-scattered maximum M, we define T# = T \ M; otherwise, Tk =T.

Moreover, a function f : T — R™ is considered A-differentiable at ¢ € T* if the limit

£3(0) — tim 100 = £

s—t  o(t)—t

exists in R™.
Let us recall the following classical results (see [1,2]):

(a) If t € T* is a right-dense point of T, then f is A-differentiable at ¢ if and only if the limit

fA(t) — lim f(t) — f(3>

s—t t—s
exists in R"™.

(b) If t € T* is a right-scattered point of T, and if f is continuous at ¢, then f is A-differentiable
at t, and
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To delve into the properties of periodicity in dynamic equations on time scales, it is essential
to establish a clear understanding of periodicity on these time scales.
We say that a time scale T is called a periodic time scale if

M:={reR: t+7€T, VteT}+#{0}.
The smallest positive 7 € I is called the period of the time scale.

Definition 1.1 ([5]). Let T # R be a periodic time scale with period 7. We say that the function
f: T — R is periodic if there exists a natural number n such that P = nr, f(t + P) = f(t) for all
t € T. The smallest positive number P is called the period of function f if f(t + P) = f(¢) for all
teT.

If T =R, we say that f is periodic with period P > 0, if P is the smallest positive number such
that f(t+ P) = f(t) for all t € T.

It’s worth noting that if T is a periodic time scale with period 7, then the forward jump operator
o exhibits periodic behavior, where o(t+n7) = o(t)+n7. This periodicity extends to the graininess
function, as
pt+nt)=oc(t+nt)—(t+n1)=0(t) —t = put).

In our subsequent study, we consider a set of periodic time scales denoted as T, where A € A C
R and A = 0 serves as a limit point of the set A. It is assumed that for any A € A, inf T\, = —o0,
sup T\ = oo, and the point ¢t = 0 is a part of Ty for all A € A.
w

Let Ty be a periodic time scale with period 7, = L where n()) is a natural number. We set

wy = sup px(t), where uy(t) : Ty — [0, 00) is the graininess function. If gy — 0 as A — 0, then T)
teTy
converges to the continuous time scale Ty = R, and the dynamic equation system on the time scale

transforms into the corresponding system of differential equations. Due to the periodicity of the
graininess function pA(t), on each subset of the time scale [¢;t + 7]y C T}, the following equality
holds:

sup  pa(t) = wa.
te[t;t+7]A
Hence, it is naturaly to expect that, under certain conditions, the existence of a periodic solution
in a differential equation implies the existence of a corresponding solution in the dynamic equation
on the periodic time scale T, and vice versa.

2 Problem statement and auxiliary results

We consider the system of differential equations

dx
— = X(t 2.1
= X(t), (21)
where € D, D C R" is a domain in the space R, and the corresponding system of equations
defined on T),

x)\A - X(tvx/\)a (22)

where t € Ty, A € A C R, A = 0 is a limit point of the set A, z) : Ty, — R", and x/\A(t) is the
A-derivative of x(t) in Tj.

Assume that X (¢, x) is continuously differentiable and bounded with its partial derivatives, i.e.
there exists C' > 0 such that

<C

8X(1;,a:)’+ Hé)X(t, ac)H

X(t,2)] + |7 E
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fort € R and x € D. Here %—)x( is the corresponding Jacobian matrix, | - | is the Euclidian norm of
a vector, and || - || is the norm of a matrix.
In addition, we also assume that the function X (¢, z) is periodic in ¢ with a period w, i.e.

Xt+w,x)=X(tz), teR, ze€D.

We need a lemma to address the evaluation of the discrepancy between the solutions of a Cauchy
problem for a system of differential equations and the corresponding solutions of dynamic equations
on time scales, given that they share the same initial conditions.

Lemma 2.1 ([4]). Let tg € Ty, to + T € Ty, zx and z(t) are the solutions of (2.2) and (2.1) on
[to,to+T] and [to,to+T]r,, respectively. Then if the initial conditions x(ty) = xx(to) = xo, To € D
are satisfied, the following inequality holds

() — 2A(t)] < p(A)K(T),
where

p(N) = sup  ua(t) for t € [to,to+ Tr,,
tE[to,to+T}H‘>\

2
T
K(T) = “TH+D (C + CT) +3C s constant.

Let us define the notion of asymptotic stability for solutions of dynamic equations on time
scales, drawing parallels with the definition of asymptotic stability in the context of differential
equations as outlined in [3].

Definition 2.1. A solution z)(t) of system (2.2), defined on a family of time scales T}, is called
uniformly in t5 and A asymptotically stable if for any € > 0 there exist > 0 and T" > 0, which do
not depend on tp and A, such that if y,(¢) is a solution of system (2.2) and

[zx(to) — yalto)] < 6,
then

|$)\(t) - y)\(t)| <g, if ¢ > to,

o
lza(t) —ya(t)] < 2 if tefto+T,00)T,.

3 Main results

We were considering the sequence of periodic time scales T with the smallest period 7(\) such

that 7(\) approaches 0 as A — 0, and % is rational. And we delineated prerequisites for the
existence of a periodic solution to the system described by equation (2.1), provided that the system

(2.2) already possesses a periodic solution.

Theorem 3.1. Suppose there exists a positive value \g such that for all X\ less than Ao, the system
of differential equations (2.2) has a uniformly along tyg € Ty and X\ asymptotically stable periodic
solution x(t), which belongs to the domain D along with p-neighborhood. Then the dynamic system
(2.1) also has a periodic solution with period p = rw, where r is an integer.
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Proof. Since x)(t) is asymptotically stable, then for any ¢ > 0 (¢ < &) there exist § > 0 (§ < ¢)
and T > 0, which are independent of ¢35 and A, such that if

|z (to) — ya(to)| < 0,
then
ea(t) — pa(t)] < &, if £ >0, (3.1)

ea(t) ~ (0] < 3, if t € [T 00 (3.2)

Without loss of generality, it can be assumed that ¢o(A) = 0. Let 7" be the smallest point right
from T such that T = row, T is an integer.

Let us choose A\g such that for any A < Ag and for the defined § > 0 and T the following
conditions hold:

(1) the corresponding time scale T with the graininess function py has the period 7 = mio , Mo
is an integer;

(2) if yx(¢) is a solution of the dynamic system (2.2) on time scale Ty and ¢(t) is a solution of
the differential system (2.1) such that ¢(tx) = yx(tx), tx € T, then the following inequality
holds:

1)
57 te [tkytk+1])\7 (33>

where tj41 is the smallest point in the interval [ty + T, t; + 1 + 1], such that tx11 = ig+17),
with ix11 € N. As A — 0 both p) and 7y tend to zero, which ensures the existence of such a
point for sufficiently small graininess function.

o(t) —ua(t)] <

Since we can choose \g such that for any A < Ao it holds u)K(T'+1) < 6/2, then, by Lemma 2.1,
the inequality (3.3) holds.

For the corresponding py, according to the conditions of Theorem 3.1 and Definition 1.1, the
system (2.2) has a periodic asymptotically stable solution x(t) with a period Py = no7y.

We consider the d-neighborhood of the point z(0). Let yo be any point in this neighborhood.
Then

|22 (0) — ol < 4.

Let ©(t,yo) be a solution of the system (2.1), and let y»(t) be a solution of the system (2.2),
both satisfying the initial condition ¢(0,y9) = y(0) = yo at the point to(A) = 0.

Let’s consider the interval [0, 7). Since T = row, w = mo7y and i1 := romg, then T' = romo7y =
0+ i17a =t1 € Ty. So, from the inequalities (3.1) and (3.2) it follows that

5
9A(T) —an(T)] < 5
Consequently, considering (3.2), (3.3), we obtain

lzA(T) — o(T,y0)| < [2A(T) — ya(T)| + [yx(T) — o(T, y0)| < 0.

Thus, the solution ¢(t) of the system (2.1), which starts in the d-neighborhood of z(0), does
not leave the 2e-neighborhood of the solution x)(t) of the system (2.2) on the interval [0,7]y of
time scale T}, returns to the d-neighborhood of x)(t) at time T, provided that the solution ¢(t) is
defined on the interval [0, 7).
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Let yx(t) be a solution of the system (2.2) such that its initial conditions coincide with the
initial conditions of the solution ¢(t) at time T":

Let’s consider the interval [T, 2T t,. If ip := 2romy, then we get
2T = 2rgmomy = 0+ 197\ =t € T).

So,
A (2T) — 2 (27)| <

| s

and we have
[zA(2T) — (2T)] < 4.

Continuing this process, we obtain on each interval [(k — 1)T', kT
(A (KT) — o(bT)]| < 6.

Recall that the time scale T has a period 7 = mio, and, according to the definition 1.1, the
solution z) has a period Py = ngTy.
Then, at the point t,, = M7y := rw from the set of points {t;, = KT}, r is divisible by ng, we

have:

|ZA(tky ) — (rw)| <6,

where M is a common multiple of mg, rg and ng.
Because x(tg,,) = xA(0), 7 : yo — ¢(rw, yo) maps the ball of radius § onto itself. Thus, there
exists a fixed point y; of the mapping 7 such that

o(rw,y1) = yi.

This implies that the solution of the system (2.1) with the initial condition ¢(0) = y; is periodic
with a period rw, which completes the proof. ]

The next theorem establishes the existence of a periodic solution of the system (2.2) on T}, if
the system (2.1) has the corresponding periodic solution.

Theorem 3.2. Suppose the system of dynamic equations (2.1) has an asymptotically stable periodic
solution x(t) with a period w, which belongs to the domain D with p-neighborhood. Then there exist
Ao > 0 such that for all X < Ao the differential system (2.2) has at least one periodic solution with
a period rw on Ty, where r is an integer.
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1 Introduction

Recently, there has been an increasing interest in studying differential equation with variable ex-
ponents, that is, differential equations with «(t¢)-Laplacian (Generally referred to as p(t)-Laplacian
and see below for the details) of the form

(p(D)pam (@) +a(t) s (@) =0, t 2 a, (A)

where «(t), S(t), p(t) and ¢(t) are positive continuous functions on [a,o0), a = 1 and use is made
of the notation

oy0)(€) = 16T =1V sgne, €€R, v € ClL,00).
By a solution of (A) we mean a function x € C![T,,00), T, = a, which has the property

p(t)pa(r)(2') € CT,, 00) and satisfies the equation at all points ¢ = T}. A nontrivial solution x(t)
of (A) is said to be nonoscillatory if xz(t) # 0 for all large ¢ and oscillatory otherwise. In this talk
we restrict our attention to its eventually positive solutions.

The first interest in «( - )-type Laplacian (i.e., p( - )-type Laplacian) was in function spaces called
variable exponent spaces. Variable exponent spaces appeared in the literature for the first time in
a 1931 paper by Orlicz ([9]). In 2000 and 2011, Ruzicka and Diening et al. studied equation with
non-standard p(x)-growth in the modeling of the so-called electrorheological fluids ([10]) and the
Lebesgue and Sobolev spaces with variable exponetns([2]), respectively. The mathematically and
physically importance of p(-)-type Laplacian was recognized by the above-mentioned Ruzicka’s
monograph (see [8]).

In recent years, there has been well analyzed the oscillatory and nonoscillatory behavior of the
equation with p(t)-Laplacian

(at)ppe-1(a) £ b pgn-1(x) =0, t Za, (p(t) = q(t) or p(t) #q(t)),
which is of the same type as (A) but written in a different representation of p(t) = a(t), q(t) = b(¢),
a(t) =p(t) —1 (p(t) > 1) and B(t) = q(t) — 1 (q(t) > 1) in equation (A) (see [1,3-7]).
To the best of the author’s knowledge, detail is unknown about nonoscillatory behavior of

(A), and so in this talk we make an attempt to investigate in detail the existence and asymptotic
behavior of eventually positive solutions of (A).

2 Existence of positive solutions

In this talk we make the following assumptions without further mentioning;:

oo

/[pf;)]a%”dt:oo (2.1)

a
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for every constant k > 0, and employ the notation

t
k (115
Poc(t),k(t) - / [@} (e) dS, t z T 2 a. (22)
T

From (2.1) and (2.2) it is obvious that
Py p(T) =0, tlgglo Py k(t) = oo for every k>0,
Po) e (t) > Py (t), t>T for k>1>0 and lim P, (t) =0 for each t = T.
’ ’ k—0 ’

First of all, we begin by classifying all possible positive solutions of equation (A) according to
their asymptotic behavior as t — oo.

Lemma 2.1. One and only one of the following cases occurs for each positive solution x(t) of (A):

: Ly : o
L. tlggop(t)goa(t) (2'(t)) = const. > 0, tlgrolo x(t) = 00;

| o
I Jim p(t)ga((a(1) =0, lim (t) = oo,

—00

I1I. ltlim p(t)pa (2’ (t)) =0, lim x(t) = const > 0.
—00

t—o00

We want to obtain criteria for the existence of positive solutions of (A) of type I, IT and III.

Theorem 2.1. Suppose that for each fized k > 0 and T 2 a,

Pyt
-~ ()

=0 2.3
=0 Pa(t),k(t) ( )

uniformly on any interval of the form [Th,00), Tv > T. Then equation (A) possesses a positive
solution of type 1 if and only if

o0

/q(t)(Pa(t%k(t))ﬁ(t) dt < oo for some constant k > 0. (2.4)

a

Theorem 2.2. Equation (A) possesses a positive solution of type 111 if and only if

oo o0 1

1 a(t)

/ [p(t)/q(s)cﬁ(s) ds] " at < oo for some constant ¢ > 0. (2.5)
t

a

Unlike the solution of the types I and III it is difficult to characterize the type II solution of (A),
and so we content ourselves with sufficient conditions for the existence of such solutions of (A).

Theorem 2.3. Suppose that (2.3) holds. Equation (A) possesses a positive solution of type 11 if
(2.4) holds for some constant k > 0 and

o0 1

/ [p(lt) 7q(s)dﬁ<8> ds} "t = oo (2.6)

a

for every constant d > 0.
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3 Examples

We now present some examples illustrating Theorem 2.1 obtained in Section 2.

Example 3.1. Consider the equations with variable exponents of nonlinearity

(=@ (@) + au(pela) =0, t e, ()

(7@ Dpu(a) + gt (2) =0, t 2 e, (E2)
and 1

(7" @1 (@) + as(t)pr () =0, tZ e, (Es)

where the functions ¢;(t), i = 1,2, 3, are

o0 =00 1) (2 (14 1))
2

ot =8 (1 1) (i s (141}

and

1
L SRR LD 1
Blt)=e t2(1+t2> {t2+1+10g(1+t2)}’
respectively. They are special cases of (A) with a(t) =t in (E;), ¢ = 1,2, a(t) = 1/t in (E3
1
B(t) =t in (Ey), B(t) = 1/t in (By), i = 2,3, p(t) = e @D in (By), i = 1,2, p(t) = e w
1

(E3) and q(t) = ¢i(t), i = 1,2,3 in the above. The functions p(t) = e~ #*~1 and p(t) = P
satisfy (2.1) with & = 1 and, in addition, the function P, () associated with (E;), i = 1,2,3 is

)
in
)

t t

1 Va9
Pa(t),l(t):/[} “ds:/es_i ds ~ et_% as t — o0

€ €

by (2.2), where the symbol ~ is used to denote the asymptotic equivalence

f(t) ~g(t) as t = 00 < tl_iglogégzl.
Since
Faotmern = Joe-n(os 1) {2 w4} -
= [ () (e (14 ) par <
/qg(t)(Pt,l(t))idt:/(H;)t{tz - log (14 ) bt < oo,
and
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we can apply Theorem 2.1 to conclude that there exists a positive solution of type I such that
1
x(t) = '~ 1, which satisfies

. . 1y\? :
tlinolop(t)cpt(x'(t)) = lim (1 + t—z) =1, lim z(t) =0

t—o00

for (E;), i = 1,2 and that for (Ej)

t—o00

lim p(t)cp%(x'(t)) = lim <1 + t%) =1, lim z(t) = 0.
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Following [1], we give the definition of topological entropy that will be necessary hereafter. Let
X be a compact metric space with a metric d and f : X — X a continuous mapping. Along with
the original metric d, we define an additional system of metrics on X:

dfl(x?y): max d(fz(‘r)afz(y))v x,yGX, TLGN,

0<i<n—1

where f? i € N, is the i-th iteration of f, f® =idx. For any n € N and ¢ > 0, denote by Ny(f,e,n)
the maximum number of points in X, pairwise dﬁ-distances between which are greater than . Then
the topological entropy of the mapping f is defined by the formula

— 1
ha(f,z) = lim lim — In Ny(f,e,n).

e—=0n—oon

Let C(X, X) denote the set of continuous mappings from X to X with the metric

p(f,g) = maxd(f(x),g(x)).

zeX

Consider the function

f — htop(f)- (1)

It was proved in [2] that function (1) belongs to the second Baire class on the space C'(X, X), and
the set of points in the space C'(X, X) at which function (1) is lower semicontinuous contains an
everywhere dense G set. It was established in [3] that the set of points of lower semicontinuity
itself is an everywhere dense G set in C'(X, X).

If X coincides with the Cantor set K on the interval [0, 1] with the metric induced by the natural
metric of the real line, then function (1) is everywhere discontinuous and is lower semicontinuous
only at the points where the topological entropy is equal to zero [3]. It was demonstrated in [4]
that function (1) does not belong to the first Baire class even on the subspace of homeomorphisms
satisfying the Lipschitz condition.

Let us denote by Ej(f) the set of limiting realizable values of topological entropy, i.e. those
that are obtained for arbitrarily small uniform perturbations of the mapping f:

Ey(f) = ﬂ {htop(g) :p(f,9) < n_l}.

neN

Theorem 1 ([5]). For each continuous mapping f : I — K, the equality Ey(f) = [0;+00] holds.
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Given a metric space M and a continuous mapping f : M — C(X,X) let us construct a
function

p—> Peop(f(pts -)- (2)

From [2] and [3] it follows that the set of points in the space M at which function (2) is lower
semicontinuous is an everywhere dense Gy set. In the case M = X = K for any everywhere dense
Gs set A C M, there is a continuous mapping f : M — C(X, X) such that hyp(f(A4, -) =0 and
hiop(f(M\ A, -) = +oo [5]. In particular, the set of points of lower semicontinuity of function (2)
coincides with the set A. It turns out that using the method of [5] one can prove the following

Theorem 2. If M = X = K, then for any number h > 0 and an everywhere dense Gs set A C M,
there is a continuous mapping f : M — C(X,X) such that the equalities hiop(f(A, <)) = 0 and
hiop(f(M\ A, -)) = h are satisfied.
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Abstract

The general theory of quaternion ¢-difference equations is essentially different from the traditional
g-difference equations in the complex space for the non-commutative algebraic structure of the
quaternionic algebra. In this talk, we will present some basic results such as the Wronskian,
Liouville formula and the general solution structure theorems of the higher-order linear quaternion
g-difference equations (short for QQDCESs) with constant and variable coefficients by applying the
quaternion characteristic polynomial and the quaternion determinant algorithm.

1 Introduction

In 1843, Hamilton initiated the quaternion space H to extend and develop the complex field C and
applied it to mechanics in three-dimensional space. With the large development of the quaternion
algebra, it demonstrates a great superiority over the real-valued vectors and has been widely applied
to depicting some complex phenomena in physics, space geometric analysis, especially in the aspects
of flight dynamics, molecular dynamics and three-dimensional rotations, etc. (see [1,2]).

The unified form called dynamic equations on time scales were introduced to combine these
both continuous and discrete forms and the common features of the continuous and discrete dy-
namic equations have been extensively studied (see [5]). Recently, the quaternion differential and
difference equations have been widely studied in both theoretical aspects and application area, the
quaternionic dynamics described by these equations perfectly present the dynamical behavior of
the status of the objects comparing with the complex equations since the various shift transforms
such as the rotations in the quaternion space can be easily expressed and accurately calculated.
In 2020-2021, the authors established some basic results of quaternion dynamic equations on time
scales, and some real applications were provided (see [3,4]).

In [6], Wang, Chen and Li established the general theory of the higher-order quaternion linear
difference equations via the complex adjoint matrix and the quaternion characteristic polynomial
and it is largely different from the general theory of the traditional difference equations since the
non-commutativity under the quaternion multiplication (i.e., ab # ba for a,b € H). In [7], the
general theory of the higher-order linear quaternion g-difference equations was established.
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2 Preliminaries

We assume that 0 < ¢ < 1, ¢V := {¢" : n € N} U{0}. For convenience, we introduce some
notations. The symbol N denotes the set of non-negative integers, C the complex numbers, M,, (H)
the m x m-order quaternionic matrices and M,,(C) the m x m-order complex matrices.

Next, some basic knowledge of the quaternion algebra is necessary. Let ¢, ¢’ € H, if there exists
w € H\ {0} such that ¢’ = wgw™!, then we say that ¢ is equivalent to ¢’, for convenience, we
denote it by ¢/ ~ q. Let also §=qo+ 11+ ¢2j + ¢z k € H, we define x : H — R by x(q) = qo and
define the set [q] = {¢’ € H|q" ~ ¢}, then the following results hold:

(i) 13" = lwqw™?| = q);
(ii) if ¢’ ~ ¢, then x(¢") = x(q);
(iii) gl € {7’ € H: x(3") = x(@),13"| = |al};
(iv) if 7~ @ +iv/3F + ¢F + 3 , then
@)= {Go+oi+wsj+osk: o +od+ad =G+ +3F )

For any a € C, we introduce the g-shifted factorial by

((avt.Z)n:la n:07
n—1
(@)= [[(1—ad), neN;
1=0
oo
(a.q)oc = ] 1 = ad).
\ 1=0
Moreover, we obtain
> n(n-1) aq"
(aa Q) = (_1)nq 2
> ;_:0 (4:0)n

if lim (a;q)y exists.
n—oo

Now, we will introduce the definition of the ¢-difference operator.

Definition 2.1 (see [7]). Let f : ¢N — H, the g-difference operator is defined by

flgt) — f(t)

qgt—t t#0,
qu(t): n
TL]LH;OW’ t=0.

The concept of integrable quaternion-valued functions on qu can be introduced naturally as
follows.

Definition 2.2 (see [7]). Let f: ¢V = H, t,s € ¢Y, f(t) = fOB) + fO@)i+ OB j+ fO@1) k.
It f® (t) is integrable for [ = 0,1, 2,3, then we say that f(¢) is integrable, i.e.,

t t

/f(t) dqtz/f(o)(t) dqt+]f(1>(t) dgti+

S S

t

FO() dgtj + / FO 1) dgt k.

S

e
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Now, let b € H, we define the quaternion g-exponential by

eb = ——, leN.

Consider the following initial value problem of the quaternion ¢-difference equation:
Dqx(t) = bx(t), x(to) = zo, (2.1)
where b, x¢ € H.
Lemma 2.1 (see [7]). The solution of (2.1) with the q-exponential form can be given as
o0 l
2(t) = egt(l_q)ﬂﬁo _ lz; (th;;)lQ)) 0.
Based on Lemma 2.1, one can obtain the following functions immediately.

Definition 2.3 (see [7]). Let b € H, t € ¢V, we define the sine and cosine functions by

L b= o ibt(1- 1 o= (ibt(1 — g)) %+
sing(bt) := 2i ( () — €q ( q)) - ;Z T (@ Dun
1=0
1 bt 1-—
cosy(bt) := 3 (eq ibt(1-a) 4 e_‘bt (1- q Z g q )
1=0

3 Existence and uniqueness of the solution for the higher-order
linear quaternion ¢-difference equations

Consider the higher-order linear quaternion ¢-difference equations as follows

{am(t)DZ]”x(t) + am—1 () DI (t) + - - 4 a1 (t) Dz (t) + ao(t)x(t) = B(t), te qv,

Déw(to) = vy, (3.1)

where @, ..., a1,a0,B : ¢N = H, vy € H, 0 <1 < m —1. Let b(t) = a;;'(t)ay(t), then (3.1) is
equivalent to the following ¢-difference equation

{D?m@y+mlﬁﬂD?”m@)+~-+bﬂﬂDﬁﬁj+bdwx@%:§@L teqy,

Déx(to) = vy, (3:2)

where N
B(t) = a,}(t)B(t).
Below, though applying the transforms zo(t) = z(t), z1(t) = Dgz(t), ..., zm-1(t) = D lz(t),

q
one has that (3.2) is equivalent to

Dq:cl(t) = fl (t, .I()(t), xl(t), ey l‘m_1(t))

_ {mm(t), 1=0,1,...,m—2, 53)
flt,xo(t), z1(t), ..., xm-1(t)), l=m—1,
where
m—1
Fltozo(t),z1(t), .. zme1 () = Y (= bi(t)Dha(t)) + B(t), xi(to) =v, 0<1<m—1.
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Definition 3.1 (see [7]). Let t € ¢V, we define the set D;(H) as

H) :={z(-) e H: |z(t) —v| < a},

where {xl(t)}?:ol is continuous at ¢ = ¢y and bounded at t # ¢, i.e., tlir? zi(t) = zi(ty) = v € H
—to

and there exists M > 0 such that |z(t)] < M for all t € &N,oa>01=01,..m-1, Ip| =
VD3 + P+ P53 for p=po+prit+pjt+pske

Next, we will establish the solutions of (3.3) with the initial value z;(to) = v;.

Theorem 3.1 (see [7]). Lett € ¢N, f; : ¢N x Do(H) x Dy(H) X - - - X Dy (H) = H, 0 <1 < m —1.
If fi(t,zo(t), z1(¢),. .., xm—1(t)) satisfies the following conditions:

(i) filt,xo(t),z1(t),. .., xm-1(t)) is continuous at t =ty and boundedat t # t.

(i) fi(t,zo(t),z1(t), ..., xm—1(t)) satisfies the Lipschitz condition, i.e., there exists a constant
K > 0 such that

,_.

m—

]fl(t,xo(t),ml(t),...,xm,l(t))—fl(t,zo(t),zl(t),...,:zm1 ‘ K'Y (jault) - @(t)),

1=0
where x;(- ), z;(-) € Dy(H).

Then (3.3) with the initial value x;(ty) = v; has an unique solution on [to — h,to + h] N gN, where
h = min{ z—t——, %}
Km(l—q)’ B>

B:= max sup filt,xo(t), z1(t), ..., zm—1(t))|, a>0.
0<Ii<m-1 |z () —v;|<a ‘ ( )
Theorem 3.2 (sce [7]). Let tg € ¢N, h > 1—gq, where h = min{ —— Km 5} 1If (3.3) has an initial

value x;(to) = vy, then (3.3) has an unique solution on g

4 Solving higher-order linear quaternion ¢-difference equations
In this section, we shall consider the following initial value problem:
DW(t) = A()W(t), W(0) = W, (4.1)

where W : ¢N — HY, W, € H% d € N, H* is the d-dimensional quaternion space, A(t) =
(aw(t))fiw:1 € H?, ay,(t) is continuous at t = 0 and bounded at ¢ # 0.

Theorem 4.1 (see [7]). If I — (1 — q)q'tA(q't) is invertible for | € N. Then the solution of (4.1)

can be represented by
o0

=T] 7 - (1 - 9)d'tA(d'D)] " W,
=0

where t € qu, A(t) is a d x d quaternion matriz and I is an identity matriz.
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1 Introduction
For a given integer n > 2 let M,, denote the class of linear differential systems
t=Alt)z, x €eR", teR; =]0,+0), (1.1)

with continuous bounded coefficients defined on R;..
Let us identify the system (1.1) with the matrix-valued function A : Ry — R™ ™ and use the
following notation: A € M,,.
Recall that the characteristic exponent (or the Lyapunov exponent) of a function z(-) is [6,
p. 552], [1, p. 25]
T 1/t
X(@) = T (1)

We denote by s(A) the stability index of a system A € M, i.e. the dimension of the linear
subspace of bounded solutions to this system, and by es(A) its exponential stability index, that
is the dimension of the linear subspace of solutions to this system having negative characteristic
exponents. One can see that the following inequality holds:

s(A) > es(A).

O. Perron in his paper [7] constructed an example of a system A € My and its continuous
exponentially decaying (2 x 2)-dimensioned perturbation @Q(-) such that the initial system has its
exponential stability index equal to 2, and the perturbed system

b= (At) +Q(t))x, r€R? tcRy,

has both its stability indices equal to 1.

There is another interesting example presented by O. Perron [8]. He describes a diagonal system
A € My with the exponential stability index equal to 2 (and with the same stability index) and its
continuous higher-order perturbation f(-, -) such that the stability index of the perturbed system
&= A(t)x + f(t,z) equals 0 (and so does its exponential stability index).

Thus, both examples demonstrate the effect of loss of stability. These examples had initiated a
lot of research aimed to learn how perturbations of different types can affect stability of systems in
M,,. The results obtained in this direction form a considerable part of the contemporary Lyapunov
exponent theory. When a perturbation is in a certain sense “small”, the effect of loss of stability
is called the Perron effect [5, Chapter 4]. Starting with the paper [4], this term is used only when
perturbations do not decrease the Lyapunov exponents of the initial system, and we adhere to this
terminology.
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2 Statement of the problem and the main result

In this paper we present a kind of generalization of the Perron effect. To this end, for a system
A € M,, and a metric space M we consider the class &€,[A](M) consisting of jointly continuous
matrix-valued functions @ : Ry x M — R™*™ satisfying the following two conditions.

The first one is the estimate

1Q(E, w)|| < Cqexp(—oqt) for all (¢,u) € Ry x M,

where Cg and o are positive constants (generally, different for each function @).

The second condition is that the stability and exponential stability indices of the perturbed
system A + @, being functions of p € M and denoted by s(-;A + @) and es(-; A + @), do not
exceed the corresponding stability indices of the system A, i.e.

s(u; A+ Q) <s(A) and es(u; A+ Q) <es(A) for all pe M.

We state the problem in the following way. Our task is for any integer n > 2 and metric space M
to give a complete functional description of the class of pairs ((s(A),es(A4)), (s(-; A+ Q),es(-; A+
@))) composed of the stability indices of the initial system A and those of the perturbed system
A+ Q. The system A here ranges over M,,, and for every A the matrix-valued function @) ranges
over the set &,[A](M). Thus, our problem is to present a complete functional description of the
following class:

$E (M) = {((s(A),es(A)), (s(;A+Q)es(; A+ Q) | AeM,, Q¢ Sn[A](M)}.

Before we could formulate the main result, let us remind the reader that a function f: M — R
is called [3, pp. 266—267] a function of the class (Fy, *) if for any r € R the preimage of the half-line
(r,4+o0) is an F,-set in the space M, i.e. it can be represented as a countable union of closed
subsets of M. In particular, the class (Fy, *) is a subclass of Baire class 2 [3, p. 294]. Let us also
denote the set {0,1,...,n} by Z,.

The solution to the problem is stated by the following

Theorem 1. Let M be a metric space and n > 2 an integer. A pair ((«o, Po), (a(-),B(+)) with
g, Bo € Z, and o), B(+) : M — Z,, belongs to the class X E,(M) if and only if the following
conditions are met:

1) ag > fPo;

2) a(w) > B(p) for all p € M;

3) ap) < ap.B(n) < Bo for all p e M;
)

4) the functions o) and B(-) are of the class (Fy, *).

3 Corollaries and remarks

Let M be a metric space. For an integer n > 2 we consider a family of linear systems depending
on a parameter € M of the form

=A(t,u)x, z€R" teRy, (3.1)

such that for each fixed u € M the matrix-valued function A( -, u) : Ry — R™™™ is continuous and
bounded (generally, the bounding constant is different for each p).
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Usually, a family of mappings A(-,u), u € M, is considered under one of the two following
natural assumptions: the family is continuous in a) the compact-open topology or b) the uniform
topology. The case a) is equivalent to the condition that if a sequence (ug)ren of points from M
converges to a point pg € M, then the sequence (A(t, ik ))ken of matrices converges uniformly over
each interval [0, 7] C Ry to the matrix A(¢, uo) as k — +o00. The case b) differs from a) in that the
convergence is uniform over the whole half-line Ry. We denote the class of families (3.1) that are
continuous in the compact-open topology by C™(M) and those that are continuous in the uniform
topology by U"(M). Clearly, U™ (M) C C"(M).

Further, we identify the family (3.1) with the matrix-valued function A( -, -) specifying it and
use the following notation: A € C"(M) or A € U"(M).

Corollary. Let M be a metric space. For any integer n > 2, the classes of pairs of functions
SCa(M) = {(s(-3 A)es(-:4)) | A€ C(M))

and

DU (M) = {(s(-3 A),es( 5. A)) | A€ U(M)}

coincide with one another and consist of the pairs (a(-),B(+)) of functions M — Z,, of the class
(Fy, *) that satisfy the inequality a(pn) > B(w) for all p € M.

Remark. The description of the classes composed of the second elements of the pairs from X C,, (M)
and XU, (M) was obtained in the paper [2]. Those classes coincide with one another and consist
of functions M — Z,, from the class (F,, *).
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