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TIOKOMIIOHEHTHOE CMEINAHHOE PACHIMPEHHUE
JEKCUKOTPAOUYECKHAX MATPAYHBIX HUI'P

I. Benmadse*), Ji. TuopzoGuanu**)
) Kagpeo

mexuonozui
%) Hucmumym asvvucrumension wamesamuust AH Ipysiu

Aberpaxt. [l Ackourpaduucokoli NaTPHAOH WIpH T'=
CMCIIGHISIC CTPATETHH HrPOKOB, B KOTOPLIX KukIOH KosmoneHTe Hrp TX, (k=1,...

) TAYOIH m PACCNGTPHBAIOTCR Takie

nopRiok. ﬂ:rly-(wo  AocTaTOMmOE
YCAIOBHE TOFO, HTOGB CHTYALIHS. B TAIHX CTPATCTHSX GHL1a PBHOBECHOR.
pxq wrpy T=(T"
© MaTpHuelt perpsmed (1,2
H={(ay,...a7 )}i VA )
(OGBIMHEIMH CMCIIAHHBIMA CTPATErHAMK MTpokoB | w 2 B mrpe I sB/smoTCA BEKTOPHI
X =(%,0s%,) BY =(V10e01Y,) KOTOPHIX
yeroBmsn:
%20, $x,=1: 3,20, 3y =1
“ b=

Bauitepbim Hrpoka | B cutyawmK (X,Y) GYAET MaTEMATHUECKOE OKHMIAHHE

HXY)=XHY =(5, J)E_‘a.‘,x,y,,-‘-t Sarxy, ).

i
Cuyaus (X, Y") mB1seToR cHTYAIMGH pABHORCOWE (WIH CEATOBOR TOMKOR) B Mrpe T .

KorzA

L L
STV S ST ST NPT

BOEX CHTYALMH uepes S(T).
Kax ormeuaeTcs B yNOMAHYTHIX paboTax, CHTyaUksl PABHOBECHS B HCKOTOPHIX HIPaX MOXCT
H HE CymecTeoBaTs, B 3THX paboTaX HCCHCAYIOTCA YCNIOBHA CYLIECTBOBAHMS CHTYAUMH
PaBHOBeCHS.

[ —
L3NH0BAT ML
603600

100

BOITR(LON:




B aaikoi paGoTE Ml BECICM TIOHATHC HOBBIX CMEIIAHHBIX CTPATErHit HTPOKOB. ABIOUINNCA
i Ha IEEoTy
CKOHCTYHDOBAHBI ~ Tak, ~“TO  FOKOMMOHCHTHBIC ~ CYMMl  0Gpawyior  yGhisaiowyio

Tns OKa3aNOCh YOGHBIM HMCMONBIOBAHHE
MCTOZO0TIOrHH HECTAKIAPTHOrO AHATIA.
Jii Mamux  UGTCH HAM  HCOGNOMMMO BBCOTH OMCDALMIO  NCKCHKOTPA(HYCOKOrO
MPOWIBEACHT BEKTOPOB, KOTOPYH0 0GO3HAMM Hepes @.

Tiyers samamet m—episie sextops a=(a’,a',....a™) wu b=(b°.b'

),

Tlonoxime

a®b=(a’’,a%' +a'b°,a’* +a'b' +a%’,....a°™" +-+a"'b°)=

=(aobo'éakb|-kléontb1-& ga'b""‘" ) @

SIcHO, MTO  KOMIOHCHTANH M —MCpHOTO Bektopa b mmmioron  KoaipiauicrTsi

OTHOH i cTernenu m
a(t)=a’ +a't+-+a™™ wb(t)=b" +b't+---+b™",

© TOif JNHMIUb PAa3HAUEH, YTO MPH HX YMHOXCHUM COXPAHACTCS MHOTOWNCH CTENCHH M. T.C.

BOKTOPOB MOXHO KAK yoeHeHHOC
‘TAIGIX MHOFOMAICHOB.
B neanic P! s i
cBoficTsa
JIEMMA 1. Onepayus ’ 8ekmopos obaadaem ceoiicmearu:

Koswymamusnoomy ~  @b=b @,

accoyuamusnocmu ~ (@ @b) Oc=a (b Oc),

Oucmpu6ymusnocmit no croocenuo ~ (a+b) @c=a @c+b O,
60eyx

a. Hecmpozas asmomoKomokHocme. Eciu

o )e R u (@,




X . 7

3 Cmpozan  monomonnocms.  Iyems 0= (0’...., 0™ )& RT u

cx"“);(o 0).

. ,
Eenu a<b ua®#0, mo a @a<b @a.
TMpeacrasis urpy T ¢ MaTpuucit Beimrpeeii (1) B CreAyiomeM BHAC:
T=(I% Do) = Yo% ot sl
wonoman H = ({E°(i, j)}...J5™ (i, 1))

B Kaucctse eposTHOCTCil B6OpA MHCTBIX CTPATErMil MIpOKOB | H 2 COOTHETCTBCHHO

BBECM

x(1)= (i)

i ))eRei=Tpi¥(j)=0()) Y ()))e R j=1q.

npries $X(1)=(1e,... €™ ), $¥(j)=(1€....€™"), The € Gooxomenmo matoe
&

=g

uncno 3] u wacte Cymmsl 1+&+:-+€

paska exmILLe.
(CMEIAHHBIC CTPATETHH HTPOKOB HA MHOXKECTBE X “MCTEIX CTpaternit i =1,p, 1g Moxem

TPCACTABHTS B BHAE:

r={r' ..y )y 3rec)=1 Srtcp=t k=im-t

X 1Y Gyaew HATHBATE /7 — MEPHSIMH BEKTOHO-CMEIAHBINA CTPATETHSMH HIPOKOB B
JeKcHKOTpaHaeckoi MaTpuroi urpe I

B cnyawn (X, Y) BHMIDHIN MepBOrO HTPOKA C TIOMOWIO OMpezencHis (2) ¢ yuerom (3)
pascx;

H(X,Y)=XO0HOY=(X°H’Y°, FX%H®Y*.. ZX%H%Y*)
= tem-

I O 0, + 0y




ONPEMENEHHE. Bynew  rosopims, wro cirryauax (X, Y) asmserca cutyammcit pasHonecis
(cennoBo¥ TouKoi) B Mrpe I ¢ Matpuucit H, comu npu mobsix X 1 Y

XSHSY & XHY & XsHSY @
B oxyaae mmomerms (4) st Sygem mscars (X, Y )& G(T }.
Hmeer MecTo creayiomas
TEGPEMA. /15 mozo, 4mobt Guto (X,Y)e G(T), Heobxodumo u docmamauno, wmolsl npu

6cex i=l,....,p U j=1....q esnomAICY Hepasencmea

H,0Y £ XOHOY & XOH; ©)

P! HIp
"HATIATHO BWTHO W3 anamna wrpst T'=(I,T") ¢ MaTpuuel BEMrphIA
S ((0,1 ) (10) )
(20) (01)
B x0TOpOH ST)=2.
Beczen pa

_[@B) - B
X_((l—a o m] Y=(0).0-r6-8)

o0
Tax xax 5 urpe I OnTemMamsHsMH CTpaTernamm sBmoTcs X =(@1-a) =G4 n

¥ -gra- r') @g-), TI03TOMY 376cH YonOBHs (5) MMEIOT BHI:
@3+26°-2f"
@i+e -0 ’}E(Hus)é

: (§v§+25 ) Gaep)
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S2IFB03MBHIBNTLN ISGHOBTIRD 0153530306 3(133MEIESMBH30
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Sarsdy?, . gomiymdasto”?

&

JgBgpdel oo gobs o obgoddxgoy ) 930l g
6 8ybbyarot Wb Sorggogob ol
smgdbogrpBogogsme oGy Bolsongals  T=(T",....T")  goboboggbs

BmonBsBgon  olgon  Yhggmo  LdGaGgaege,  GnBmgdTog o8Bl yomggm
T* (k=1m) goB3mbgbel Bggbododgps ongobo sgdsomGo obsFommgds BmmdsTgms
B> bdGodgagal  Loddsguugby otims sBals, M —gs6bmBogmgdash  smdsorg
396fogmgdons Lodhagegby 3ebLobryhymmes mmgfogmptogrgmze @one. Bumgdy
SEomEBgme @5 bgBabo Sotmds odabaogal, @8 Loggages sbgn biGaggaogd o
FotBosgop bogh Fobsbfmbmb.

COMPONENT WISE MIXED EXTENSION OF THE LEXICOGRAPHIC
MATRIX GAMES
G. Beltadze*), J. Giorgobiani**)

%) Computer Software and Informational Technologies chair
*%) Institute of Computational Mathematics

For a lexicographic matrix game I'=(T",..,T"™) of depth m, there are considered mixed
strategies of players such that to each component I'*, k =1,...,m of the game there correspond
their own probability distributions on the set of pure strategies of the payers. Besides, on the set

of m - ional probability di the order is given. It is given also a
necessary and sufficient condition for the situation in such strategies to be equilibrium.

A Tuoppeodigini
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STATISTICAL - POSSIBILISTIC MODEL OF WORD FORMATION
PROCESS IN SPANISH LANGUAGE

D. Giorgadze, N. Jorjiashvili
Chair of the Random Processes Theory

Abstract. Language structures are not given in direct observations. Structural elements and their connections may be
established only analyzing the nature of uncertainty that is characteristic for them

Linguistical- statistical distributions of language structures contain data about important regularities controlling
informational and psycho — physiological processes, which accompany the generation of verbal language or printed
text. The quantitative models of these processes are based one the the i
uncertainty: probabilstic and possibilistic.

In the presented paper one of the possible variant of the statistical —possibilistic model of word formation process
in Spanish language is considered.

Language structures are not done in direct observations. Structural elements and their
connections may be established only analyzing the nature of uncertainty that is characteristic for
them,

Linguistica I statistical distributions of language structures contains data about important
regularities controlling informational and psycho — physiological processes, which accompany
the generation of verbal language or printed text. The quantitative models of these processes are
based one the assumption about the ition of two kind of i ilistic and

possibilistic.

In the presented paper one of the possible variant of the statistical — possibilistic model of
word formation process in the Spanish language is considered. Model is based on the so-called
Fuck’s generalized distribution heaving the following form:

F (.‘):é]m(av (:‘_‘Vv},i-v( =

where F, (i) s the probability that object (word) contains i elements (syllables), p is the

(V)

clementary events probability. B, is the focal event (rising of |V -element structur), m(B, ) is

the corresponding focal probability, which is in the difect connection with the possibility.
distribution (linguistic spectrum):

0<¢ <g,<..SE =€ =
1 n

<. ,
2 ‘max

@)
m(B,)=¢, ~¢, .1

In practical calculations instead of (1) one uses the Poisson approximation:



12 D. Giorgadze, N. Jorjias

F(i)=e% Em(nv)

v=1

®)
@=i-,i is empirical average, v= Svm(B,, )] The word formation process is discribed by
v=1

the linguistic spectrum. For the calculation of this spectrum following data is used:
M
s

i—1).(i-1+s, (4)

there (.)is the operation of averaging.
For spectral parameters calculation one has the following equations system:

k (k k=101
s el G
m=0\"" v=k-mi=0'

where [l’z""’(k_l)J is the product of all possible 1 natural number from the set. {1,....(k-1)},

K=2,..,n. Resulting equations system is sufficiently complicated. It is solved by the revers —
pli on method [2]. C g operation process has the following form:

: By 3(®1,..®,)
& +/1jk21"21 (Sf'--»fﬁ )i—() ©
= &

e Sy uEied i ey

no k=112, (k-1)
},m LS (L (=D 141
V—k—ml 5
' These formulas used for the analyzing the word formation process in: Servantes' “Don -

 Kichot”. Data are giveniin tables I and IT.

where.




Smam

Table [
Optimal number _ A=0.00002
i 1 2 3 4 5 6 7
experiment. | 0451179 0.249559 | 0.19341 | 0.081441| 0.020443
theoretic. 045 | 02497 | 01933 207
€l €3 |[number of iter.
L Spectrum [ 0.9053 | 0 201

Table IT

Optimal number _ A=0.00003
i 1 2 J 4 5] 6 7

experiment. | 0.451179] 0.249559| 0.19341 0.()81441' 0.020443 | 0.003692 | 0.000276

theoretic. 0.45 02497 | 0.1933 | 0.0819 0.0207 0.0031 0.0003

el €2 €3 [number ofiter. i v
Sgemfum .9059 0.057 0 945 0.5292 | 1.0199
On the basis of these data following models are constructed:
Two- component spectrum:
i1 e
F)=e 15159 01381V g 54 151N ®
(i-1) (=]
Three - component spectrum:
i-1 i-2
)= 15993 gagal:5093 T 0057050931 2 ©
(i) -2y

Results of calculation are given in tables (see row ‘‘theoretic”).
Notice that because calculations of three component spectrum gives the result €; =0 one
can conclude that the process of word formation in “Don Kichot” is characterized by two —

component spectrum.
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OB HCCJIEJJOBAHUH JIMHEAHOM CBEPTKH KPMTEPUEB B
MHOTOKPHTEPHAJBHOM BYJEBOM IIPOTPAMMEPOBAHUY

B. Teabepudse
Kadpedpa meopus ynpasentn

Adcrpusr. Bonpoc Nesay
X 30704 ONTMNH3AIIAH W PEUICHASNH OMIOKPHTCPHATLIOR 3a7ath C THHCHNOH CBCPTKOM KPHTEPHED,

Tonyucna dopmyaa, pewcnufi,

Mycrs B"-umowectso soex  (01) -sextopor  X=(%,,X,.....%,). Tocramosa p-
kpurcpuamshoit sazmaun (P 22)(X,F), NpeAONAracT,uTo 3a8aHO HEMYCTOE MHOKECTBO
X < B" ZONyCTHAMMIX PETICHbIT, Ha KOTOPOM ONPCAEIIEHA BEKTOPHAR UENesas ByHIus

F@)=(fi(x). fo( %) (X)), x€ X,
© HACTHBIM H KPHTCPHSMIE

fi(x)—min  VieN,={2...p}
e f(x)eR" VieN, xeX.

it i Touex [1]

[
P(X)={re X;Bx'e X,F(x)2 F(x),F(x)#F(x)}

CocTORINEE 3 NAETOBCKIX OnTinyMoB. [Tox pemervien p— kptepamsHoi samaun (X.F)

omoro, W Beex  oneveHToB
Muoxectsa P(X).

Omm 3 BOKKCAIIX MOMXOIOB K HAXOWICHWO TADTORCKMX ODTHMYMOB B
MHOTOKDHTCPHATSHNIX 3a1aNaX OGHOBAH HA THHGHHOW cacprke KkpuTepres (JICK). Xopomo

w3mecTHO [1-2], *To 7% M0GOro BekTopa

leA={A:(}»,,l]..‘.,l'):'); A, =1, A, >0Vie N,}

aneeHT X, voua X HiEy) PTIY

®(.x)=5 M1i(x)




veesnx  dymmti  fi(X).i€ N, mnsercs opexnmmsnt, B [34] momasawo, o

3aM@NH B KOTOPBIX HEKOTOphHi MAPCTOBCKHi

orTHMgM

Mioxeorso ¥ =F(X)={F(x)=R}:xe X}  6ymm masmmare mmoxeomon
HOMYCTHMBIX 3HAMCHMI KDHTEpMATHHON (yHpm. B KpHTepMATsHOM TpoCTpancTse R,
PACCMOTDHM CIICAYIOIHE 3a7a4H
3AIAYAL:

=(fiofare ) 2 min. (fi.1>
e coY -ssmywnan oSonowka MeoxecTsa ¥ .
BAIIAYAZ:

., )ecoY.

A f)=3 Af, - min
=

tie  (fifoSy)EY, AEA Uepes Y' ofosmawmy pememc samaun 2 mpn
(brxcupoBaHHOM
Onpesemn: MEOXKECTBO
YA=U r*
A
Ecimu Ha MHoxecTse R} 3a18T HACTHHSIA IOPAIOK
Y <y @y <y VieN,,
mmmmsmmmmmmomn (Y,<)
Symmwnm,mmnmwummmmxmpmomm F(P(X))
oGwmmeeqepesP(Y)
Hmwmny-wmmpemmw-m(XF):mummpemmoummmeﬁ

min._\,'(firfr fp)e %
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o5 JIHHERHOA CBEPTIH KPHTEPHED, i

[cox]" = P(co¥).

Y3 xocutocr ¥ cenyer, uto coY it Mororpasiac. peve
Crezyer #3 WBecTHOrO (JAKTA O PAIPEUIMOCTH 3AIAY IMHCHHOTO NDOTPAMMMPOBAHMA C
romonsio anropumuos JICK [1]

JIEMMA 2. Crpaceduuso exedyioujee :
P(coY) = P(coP(Y)).
LOKASATEIRCTBO,  Tyors  y'€ P(coY)  w  y'e P(co(P(Y)).  Eom

3/ coP(Y )\ P(coP(Y ), rorma waiizercs ¥"€ P(coP(Y ) mowwrwpyiomes ¥ Torsa
Y'€coP() iy '€ COY qrener y'=3 0,y',y' € V. Tipn srom uaitnercn xors Gut omiH

sexrop € {y'} raxoli, uro y& P(Y), wiase 6m y’€ coP(Y ). Tocrpor HaGop nextopos

{y} Y =y, ccmt Y eP(Y) w y =¥, tre ¥ <y, ccmn y'eP(Y). Bextop

V=30, sowmupyer sextop ¥ wro mporvmopewmm somymernao. Ilyors Teneps
V0 e P(coP(Y)), wo y° & P(coY ). Torna waiizercn y'€ P(coY), maroit , o ¥ < 1°.
Ho rorsa '€ P(cOY) n y'€ P(COP(Y)), W BoBpAmACNCR K YKe PACCHOTPEHHONY
ey,

JIEMMA 3. Crpasednuso coomnouienie

YA =[Pl
JIOKASATEJILCTBO. OteBHamHO, 41O
YA clper)lt. @)
Tyers y'e [P(Y)]*, wo 3@ Y*, torma maitmeron y° € ¥ ® P(Y) Taxoi, uto
O(NY°)<@(\Y) SO\ y)
s scex y€ P(Y) mrexotoporo A€ A, o mpotusopesw (1).
JIEMMA 4. Cnipaeediitia0 coomuoulente.
Y =[cor]* AY.

JeMMBt 3.




'[mpsm‘ 1. Cnpasednuse: creoyioujue L'aammzm!m;ﬂ
Y~ =P(coY)nP(Y).
Y™ =P(coP(Y))nP(Y) o
Y* =Pco(Y)NY.
JIOKa3aTENBCTBO CreAyeT u3 seant 1-4.
Gopayna (2) NOIBOAICT NOCTPONTL MPHMCPs! PAIPELIMEIX ¢ MONOWBIO anropwryia JICK
Gynessix samy. Ouesmmiomto sazam wm kotopx  P(Y)\(P(coP(Y))NY)# Q.

TIOMOIIBIO JICK. TlpuMepoM CTyKHT P -KPHTEPHATbHAL
sanaua [5], xoropas B CXeMy GY/ICBBIX 3422 ONTHMHIAUVH
TlyoTs 7 SHONO MYHKTOB B 3ANAYC KOMMMWBOWKCPA M KDHTEDHH FBITIOTCH MHHHCYMHBIMH.
TOTAR CrIpaBC/HBA.

TEOPEMA 2. Ecm p22,p sadava o

‘nomowsio anzopumma JICK npu mioGox n 2 4.
Tommng [3] nassmazor X' cP(X)

MmO MowHoGTH 1 Taxoe, w10 F(X°)= F(P(X ). Teopoua 2. cnpascanmsa. ecin

/2 ToHMaTs X
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ON THE RESEARCH LINEAR COVOLUTION OF CRITERIA IN
MULTI-CRITERIAL BOOLEAN PROGRAMMING
B. Gvaberidze
Chair of Control Theory

The question of correlation between effective solutions of multicriterial Boolean
optimization problems and monocriterial problem with linear convolutions of criteria is
considered. The formula is obtained for i luti i by linear i
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0 CXOJMMOCTH PA3HOCTHBIX CXEM C HEIMHEHHBEIM
PET'YJISPA3ATOPOM JIJIS1 YPABHEHH! CEH-BEHAHA MEJIKOM
BOJBI

I. Menadze, H. Cxupmnaoe, A. Yanmypus

mexuonoeul
AGcrpaicr. B Ao paGoT HCGTORYETCA CXOHNOCTS PASHOCTHLX CXOM G HEAKHCHIHBIN POryTAPIATOPON AT

ypanweniihi Cen-Boana (Memcoii nonw). JIOKIIATNLCTBO CXOTMNOGTH PENIOCTHON GXCMbI TpOBEICIO
SlicpreTiccking NeTonow. B Kiacce F0CTATONHO TG peleithi JHQACPEHIHAILHOR AR JOKEIEHO, HTO

petmcme pasooTioR sazsx cxomTea s corowiof opyie L co cxopoersio O
B obmact Q= {(x,0): xe (~o;+), 1 [0,T]} pacemorpinu sazay Komm mun meomsopomHok
CHCTEMBI OZHOMEDHEIX YPABHHMI{ MCTKOW BOZSI, 3ATTWCAHHOW B [MBEDreMTHOA opue ns
KOHCCPBATHBHBIX EDEMCHHAIX-KOMIOHCHT WMIYIcA TOTOKA-J/ M riyGwiat roroka-H .
BexTopHoit lopue:
0 9.
99,9 pio)=w(o), (12)
SFiaE (2)=w(Q).
J=Hu, Q=(J,H), F(Q)=[Ju+05gHJ]",
1
w(Q)=f,(xtH.J) fxtHIN . ag
u(x0)=ux), H(x0)=Hy(x)
Iie tBpCMs, u(ni)-CKOPOTS, - YOKOPCHME CHIS TAKECTH, a Uo(X) # Ho(x)-zocrarowmio
MAJKHE NCPHOMMUECKHE (YHKUMH C MCHOROM L, BHIPAXAIOWHC PACTPEACICHHE CKOPOCTH H
CYGHHBL TIOTOKA B HAYATHHEIH MOMEHT BPCMCHH COOTBETCTBEHKO.
TIpeanonoxim , 410
(A1) Qymanm  H(x,0),J(x,0),u(xt)  NPHHAIIEKAT KIACCY. C**(Q), a TaKKe CymEeCTBYeT
~aKas mocTOAKKAg P >0, ¥To H(xf)2W, MpH (x,0)€ Q.. IIycTh TAKKe BHTIONHEHEL YCTIOBHA.

KOTOpEIC H (c meproniom L mo

niepemMeHHOH x ) pentenrist 3amayu (1).

(A2) Qymamm fi, fy, YAOBICTBOAIOT YCnoi0 JIIINIA OTHOCHTENBHO CBOKN
aprymentos H  J CIOCTOAHHOH k >0.

B ofnacTi Q paccMOTPHM Pa3HOCTHYIO CETKY

D, =, x0, o,={hi=0#122..} o ={jnj=0L..N}



e

Ni=L. Nyx=T, N, u N -narypamsusic sncna

Jina pemcruet sazaum (1), HOTOMGIYS TAIONHAMMYECKYIO AWATOTHIO YPABHEHM METKOi
BOZBI, iHOl

cxemoit w3 [2). ¢ HeaMmHCHHBIM
P R©@) 3p€ch HB. i B3aTst 13 (3] ):
0, +(F(Q.0) =[R(Q)]s +7(Q). @)
H,(1h0) = Hy(ih), J,(ih,0)=J,(ih). 26)

3meCh BEKTOp YHIQTHH, KOMMOHCHTHL KOTOBIX YAKC SBASIOTCA CCTOVHBIMM (yHKUIIMH.
oGo3HaeHs! BHOBS epe3 0, F(Q), W(Q) w ueioT B

0=(J,.H,)". F(Q.0)=uf” +0.58(H} ), J,)
R(0)= o] {m + gy Juf” + 0.5, (M~ )}\
4 |(hy+0s)
re Ay =fi, +e} A =lt—c,} 7 m h-marn i i
cetoK, C, =+[gH, - DAIHOCTHBIA aMANOr CKOPOCTH DACMDOCTPAHCHYL BOIMYICHHH;
A1/2 Al/z S
o=Hp Hp —H’-I,l i ©(Th)-mocrarouso  mamkasx  (yHKuMA  CBOMX

aprymextos;: @(T,h) >0 mpu -0, h>0 a cerounse dymamn H), = H,(ih. jt).
Jy=Jdy(ih, 5), uy, =uy(ih,jt) onpercncs B obmactn D), M AINPOKCRMHPYIOT
cootsercrackHo yrxm H(X,t), J(x,t), u(xt).

T oxema or H H CXCMBI 1A

YpaBREHM}M MENKOH BOTSl *UICHOM R(Q), KOTODHIH HMECT CMEICHK MOJE/BHON  BA3KOCTH.

VICrom:30BaHME DASHOCTHBIX CXEM TAKOTO THNA ABNACTCA MONESHOH AU TPOBCLCHHA
MHCIICHHBIX PaCHeTOB,

HeTpyRHO NpoBepHTS, HTO ecH pemenne 3azay (1) MpHHAamIERHT KIACCy Cc2@), T
TIOTPENIHOCTS ANIPOKCHMALHH CXeMBI (2) B KAXKIOM Y31IE CETKH COCTaBIACT O(t+h?).

Be/ieM B (), CKATAPHOE NPOH3BEACHAC (TIPH (DUKCHDOBAHHOM j )




Ocxon

Gy )= éu,(:h,_ﬂ)vh(:h. Joh,

W coomeromyiouyio Hopsy [ty =(14,., )8 Taioke  oBosmaemms mun  pyriamii
norpemHocTet
H=H,~H, u=u,-u, J=J,~J=(H+H)u+Hu,
J, = foih, jo H + H,J+J )= [, (ih, ju. H,J) -
OnpeAeniM 13 TIOCTCAHHX PaBeHCTB Hy,Jj, iy, ¥ BHCCCM B PASHOCTHOC YPaBHCHHC (2), At

cnysas «,/c,21 (sce HecTemoBamws wmA Clyuacs u,/c, S—1; —1Su,/c, 1 mpoBoasTCH

anasoriHO, pesymsTar ToT Ac). Tora, Y HTHBaA, UTO
UaB)™ = UL H,)™ +(o, 05K, [Hy )i (), =y v vy,
(V)2 =yevtyve +1(yv) tre 10W)=03Hyw, —yv); *
W/ HY T, =[5 + 2 +[o/ma] + 0y, =
e+ )], + B2 ), + OB (¥, + T +0S0(e )T )i
ronysios

7, +[(+ )l + 0720k =0 50w mlle + AL +0 s/ ¥+ 7,

e+ ), + 2020 1), o1 T 20,0 ) G0 ) 4 T2 70
Ga)
100709 )+ (R, )p + (R, ) +0.58 (E) )2 + lE)e =0 590w ) +
70) + (0] T)s # 0RO, )+ 8 )+ 8l ) =
)+ Ty 4050 T )it T
raenea ¥, =H,+J, ~050(5 1))z fo»

=, + 7Y™ ) + 0.5g(E) ) ~0sere W EY | ~05g(H):)- 1
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= (ol# + B)-0.5h((/E)+7), - (o(H)- 0.5}/ H),.
Hns sazauw (2) cupae miBa creayionias
JIEMMA 1. [yome ons sadauu (1) ewnomenss ycroous (A1), (A2). Ilycmb maxoce
T=h**(e>0), o(1,h)=0(4>), uorn pewenus sadauu (2) na j-» croe O<j<N; =)

wweem wecmo credyioujan onenxa:

@
mozoa, cyujecmeyem b, >0, makoe, umo npu h<ky, Cnpaseomgs! CRedyIONujue ymepoicIenus:

Ha (j+1 (2) uneem pewene.
Peuwenue na (j
A <iiss+¥ |hlss+ WL e 5=max supf] supls| +1)
2

Peueie pasnocmioil 3a0a4u (2) eduncmeeHHo & moM cMwCie, Wm0 nioGue J6a pewents,
yerosuam (5) Jha Ha (j+1)-M croe umeem

el L)

20e nocmosinas M He 3asucum om h.

Mecmo ovjenxa

Paccmotpun 3azady (3). [IpEABAPHTENLHO 3aMETHM, TO CCIH YPABHCHHE ), +Ay+By=¢
cxantpHo ymomaTs F 0% BOCIOTS30BATECA TOXECTBOM Y%7 = y + 0.5y, , MoV

055?10 =@, )~ (4, 2 - By, ™) +

(U}
+0.57(, (¢ — Ay)*) ~0.52(aBy, (9 — Ay))

Vaonen spasseraie (36) cxanspno ra A9, ypasmerme (o) (eH) e + il
paberoTs (4) romym:

[(J/H)’( Fotva)t Fim m.(xH)* <H+mul ®

R L NOU+ U=

5| ‘ iGl *‘Gz‘%.




G, =05(pte, WiH + Ml A)+0slpe /A, )
6, =osqosorils + Al +[EV/E)L)-v, + 7=l + Byak [ ek
G, =05(orr m)uae), + (Tae?), + O0/mY).) (r) [ H+H)z)

G, =05lon R, (e8)' (8 +E )+ osloce TR, ), (grr) oo+ H)a])
G, =05l m)0.5(g ) +(ghT) s + U/HYT.) (gh) [(H+H) )

Gi= —(ﬁ”"" /B, + TG + 1(7,0/m)), (er) [+ H)ii])
@ =r[(.717'°”) IO +1(1,7°) (gH)’ [(H+ﬁ)17])
G, :—[/n;’"”. (er) [+ mal™ ]:(ay‘”’, By)

Go=~(R): + (TR ). +0.5g(@): +2()), (er) [t + BD]
Gy =-05(H)", lp=ml)  Gu=-0sel(em) 'z, -],

0=y =05t U, + (7 + (01H)” T)s +0R )2+ (TR ) +8F7) +
+glHA) =G/ T e OB s~ Fo ) + o= B ), =) T~

~1{/m). 5)-(Faeo) - 1,8 —1(0,@°2)-(R,): ~(7R, } ~0.58 (2} + gl AT} -
Tins ot wiewos B pasercTse (8) Bocromsayeyca neamany 2-4 i [1] i METOMAKOR 13
{11, [2], (4], a Tawxe yirew, mo@(z, k) = O(h%), Toraa monysne ocHoBHOE SHepreTHIEoKoE
HepaneroTE0

Q;Qw{m@w’[g’+[é)z]+h”g4}+M\MI5 =0

e 0=(er)t, [+ DR AT, M =madivil’. [yl =00t

=)



Bol o 12 Menadse, H. Cy e, o, Yanmypus.
B0=001945

Pewrs 310 HesBHOE nosoiseT  MeANA

Mesame-Towxvmmun (rewma 5 w3 [1]). Tipw mowomw sewmut 1 1 newmst Menase-
Teopenta

TEOPEMA. Ilyems Ona pewenus sadawu (1) awnomenss ycrosus (A1) (42) u

7=h** (g=const >0) @(z,h)=0(h"). Tozda cyujecmeyem ho >0 maxas, umo npu
1S hy Cnpasednusy ciedyiouue ymsepaicdents:
Pewenue. sadauu (2) na [o.7] u

Petuenie sadauu (2) cxooumes x peutenio sadauu (1) 6 cemounoit uopye Ly co ckopocmio

o(k*)

o

SHBAEAE 20
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ON CONVERGENCE OF DIFFERENCE SCHEME WITH NONLINEAR
REGULARIZATOR FOR SAINT-VENNANT SHALLOW WATER
EQUATION

Meladze H.M*z), Skhirtladze N.M.**), Chanturia A.Z.**)
*)Computer Software and Informational Technologies Chair
*%) Chair of Mathematical Modelling

In the presented work the convergence of the difference scheme with nonlinear regularizator
for Saint-Vennant equation (shallow water case) is researched. The proof of convergence of
difference scheme is considered using an energy method. In the class of smooth solutions of the
differential problem is proved, that solution of the difference scheme converges in mesh norm

Ly vith speed 0[i?).




Toilisi State University 94,
formatics

Proccedings of Javakhish
Applied Mathemati

Val. 343 (21), (2001)
pp. 29-34

OBPATHBIE 3AJJAYM KOIIH U1 HEKOTOPBIX
KBA3WJIAHENHBIX YPABHEHHH BTOPOI'O IIOPSIKA

M. Menmewaweunu

PacCMOTPHM HEKOTOPHIC BAPHANTS! OGPATHEIX 3418y KON /T4 Kea3HIMHCHHEIX YPaBHCHHi
BTOPOTO MOPAIKA, 11O KOTOPSIM TPEGYCTCH TOCTPOGHAE PEMIeHH 3AJAHHOTO YPABHCHHA, COTH
3aPAHCC HIBCCTHS XapAKTCPHCTNCOKHE JHEMH OGOMX CeMCHCTB. OCOGEHHO WHTGPOHSIMK

ABNAOTCH CIyua, KOrAa cemeictsa myeior obmme M Ipyrue

0COGBIE TOUKH.

Ha nnockocTs xy 1 YPaBHEHHC BTOPOrO

nopszKa
A, YUy i +B(X, YUy U+ (X, YU, Jy, = [(X Yy UU,) (1)
B onyuac rumepGonHOCTH ypapierme () OMPEZETHT GHCTOMS! XapaKTCPHCTHMECKIX

wmapmarros (. [1,2))

Qu(x,y.u,u,,u)=const,
@a(%,y,,,u,,1) = const, 2
(%, y.u,,u,,u)=const,

(€))
0,(X,y,u,,u,,u)=const,

M3 5THx COOTHOWICHIGH 3AKTOYEEM, HTO B OTTHYHC OT JMHCHHBIX YPABHCHWH, CemelicTea
XOPAKTEPHCTHECKHX KpHBLIX ypasteins (1) 3apaHee HE OMPEIENCHBI, NOCKOMGKY OHH JABHCAT
O IHAYCHIS HEHIBECTHOTO PRILICKNA H OT €0 MPOMIBOIHHIX TIEPBOFO TIOPAIKA 11O TIEPEMEHHBIN
X u Y. CrefoBaTe/bHO, BO3MOKHO 33/1aBaTh 3PaHEE XAPAKTCPHCTHHECKHE CeMEHCTBA KPHBBIX.
ToTbKO HYHO MOTPEBOBATS, YTOG! BIOM: HIX He GhiA HapymieHs! cooTHomerH (2) 1 (3).
COOTBCTCTBEHHO.

JionyCTHM, B3 ONHOMAPAMCTPHHEOKWX CEMEHCTEA IIOCKIX | JMHMH  ONpeIeNeHs!
COOTHOIICHHAMH:
y=g(xc), (@
y=gi(xe), e )

THC §,8; - 33NAHHBIE, ABIIBL yHKumH N0 x

A MmO6Oro 3HAueHHs ACHCTBMTENBHOrO mapaMetpa c. Mui GymeM CYMTATh, MTO Kias
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M. Menméidaisiii)

puBan cevericsa (4) mepeceracr mpmyyo y=0 u moBYI0 KpusyIo ceveiictsa (5) ToBKO
OZMH pA3, 32 HCKIHOUCHHCM GITH MOYKET MHOKECTBA TCX TOMCK, KOTOPHIC BOTOA Y3IOM Wl
orHGaIomEli MMHHEH, AHATOTHUHBIC YCTOBIA TIOTPCGYCM M AA KDHBHIX Comediorsa (5). Ilpu
JTOM NOZPEIYMEBAEM, TO KAK OHO, TAK H BTOPOE CEMEIICTBO HC HMEIOT APYTHX 0COBHIX TONCK.
Uepes D, OGOIMAMM Ty HACTE IUIOCKOCTH NEPEMCHHMX X,) . KOTOPYIO NONHOCTHIO
noxpsBaoT samaHise ypaskcswow  (4) coclioTsd XAPAKTCPOTINECKIX KpHBWIX, KOTIA
napaMerp C HEMpEPHIBHO MPOGCTacT BCE ACHCTBHTCINBHBIC 3HAMCHHA. AHANOTHWHO, ucpes Dy
0GO3HAYACM Ty WACTb TUIOCKOCTH, KOTOPYIO TMOMHOCTIO NOKPHIBAIOT XAPAKTCPUCTHIECKIE

KpHBBie, anaKEC (5), 2 uepes D - rx epy D=D, AD,.

PaccMOTPHM e TyIOTpit BAPHAHT OGPATHOR 3a/a4H:
HaliTH HauambHble 3HAYCHMA peryiapHoro pemcuma u(X,y) ypaswerna (1) -

u(x:£0)

(x) u ero TIPOM3BOHOM no 'HAIpABCHHIO HOpMaTH

u,(x#0)=v(x), xel, I=Dn{y=0} ccm comeiiceo miociumx Kkpwmsix, 3amaroe

(4) snsercs @), a
CeMEHCTBO (5) sBaseTcE (©F

XapaxreprcTiicckue kopHK ypastes (1) Ay 1 A, B KaIOk TOYKE OMpeACATIOT Ba

XAPAKTCPHOTHHECKYX HANIPABIICHHS:

dy _b+b’ —dac

(6)
dx 2a
dy _b=+b*—4ac
T (o)

3aveTvoy, HTO TAPAMCTPBY, BXORAIIC B CoMCHoTsa (4) H (5), MOGHO OMPEARTHTS C NOMOIIO

abCIMOCH TOMKH NIEPECCHEHNA X, KOHKDETHOH KHBOH ¢ 0cBi0 Y = 0.

i cemeiicTso (4 xopo (6), Torza

do(x%0) _ Axeu(xX)Alx)%(x)
2a(x,¢( %% ), B( %), Qi(% )

J”Z(‘v‘h("v’%)nﬁf’ﬁ)]:gl(xq))'404Xx‘vn(*-’o)rﬁ(‘o).Q](’q))‘(LW.(X-’«)‘RUQ)‘Q(%))v
2a(x,91(%,% ), R((% ). Qi( %))

e R(%)=u,(x¢i(x.% ) Q%) =u,(% 0% %))

B0 BTOPOrO CoMeHoTsa pasexcTEO




OBrATHAIE IR

forns 3t

x.0. o
2a( %, 92 550 ) Po( % ), @a( %o ))

X920, % ). P( %0, % ))=4al %, @al %50 ). Po %o ) @al o e %, @l % ). Po 3o ) Os( %o ))
2a( %,9( %% ), Po( %0 ), Qo %)) :

12 Py(%0) =t %02 5,30 ). Oal %)= t( X, 92 %.30 ),
DTH COOTHOIICHIH B TOHKAX MHTEDBATA. MMEIOT CTIGAYIOLUH BHA:

dy(nn) M x Q%% ).V % )V(%0)) |
R 2a( x,¢(x, %),V % ) V(%)) (8)

520015120 ) ¥ 30 )iV 3 )) =4 5,943, )T o D V(%0 Vel 3 @1( %130 ). ¥ 30 ) V(30 )
2a(x, 0 %% ) (%) V(%)) ¢

4%(”-:)‘ _ b ey(x %) Y% ) W(X)) |
" 2a(x,92(x,%0), (X0 ) V(%))

©

P 00053070 W )= a0 330 ¥ 30 ) ¥ el 5 ) Ux)¥(%)
2a( x,95( %.% ). V(X ) V(%))

al
B ity MPOMIBOMsHOCTH TO4KH (X,0)) i3 Herepsana I MowHO SameruTs ee epes (X,0) .

(8) u (9) mBumoOTCH T HOVE dymammo  T(x),

OKOHHATE/TBHO TIONYHACM PEIICHHE JANATH.

Vi3 3Tux OB PACCYKACHILH MOKHO 3aKIIOYHTS, 4TO KOrza cemciicTea (4) H (5) e micior
oflme HANDABIEHHA HU B OMHOH TOUKe, gi(x.c)#gs(x.c) Vc.c,€R re xorma
ypascie (1) CTPOrO THIGPEOMAIECKOrO THNA, TOTAA pemicHC OGPATHOH 3aiaH
npeactasnser Gombmiod Tpymmoors. ECTH ypaBHEHME HA HEKOTOPOM MHOXECTBE TOMEK

napAGOTITICKH BEPORIACTCH, TODAA KADTHNA MeHiercd, [Iii WMOCTDAIDE PacoMOTPHM

pf YpaBHeHuI C napal

2 B
(uy =V Zu‘uyu,f—fuu 0, (10

(U2 =X Ju =2ty =) Yy (2 = Y2 an
Uy (14U Ay Jug (U, Juy, =0, 12)

H CeMeHCTBA XAPAKTEPHCTHUECKHX KPHBBIX:
x=g,(x,c)=c-0fa/(y+B)-1, ~B<y<oa-p )

x=g,(xc)=c+ayfo/(y+B)-1, -Bsyso-P (14)



O6a cenciicTsa WMEIOT acHMITOTY Y=—B , @ /1A JHAMEHAI X=C KACAIOTCA TDAMOA
y=0—P. B xaxaoii Touxe mpamoi  y=0—P, npoxomnT oma kpisas ceveiicrsa (13) u
IO TpOROMmKACTCA C TOH Ke TOMKH BUOTHE ONpECTHHOI KPHBON cevelicrsa (14)
@ o6a B TOKAX STON MPAMOI COBNAMAIOT .
TosTouy mpsMas y = O(— AseTcs Tvsueli MAPAGOTITECKOrO BHPOKICHHS.

O6patisie sazawm (10), (13-14) u (11), (13-14) KOPPEKTHB K PEUICHHAMH TBITOTCH
(oM. [B):

Tx)=
v(x)=0,

J@—B)/Bx+c, c=const,

,
) =L [GoB)/ B +e, c=const,
o
v(x)=0.
C Zpyrms OBCTORTETECTBOM CTATGTBACMGA BO BPCMA H3yden OBPATHOR 3amai

amarorHHOro Conepaus A ypaswexus (12). ITO ypABHEHHE HE CTPOTO THIIEPGOMITICCKOrO

Tama, (em.[1]). Omo cemeiorso sromie

cooTHomennen dy=dX W 3amaerca NPAMBMK JMHWDMK y—X=c. Bropoe cemeiicTso
onpezenseTcs  cooTHomeRWAMH Ay =(u, +u, )dx, du, +du,=0 wu TOXEe mBLTOTCL

i, Tlo STOR TPIHKE, TPH NOCTAHOBKE OGPATHOM 3ATATH, YKC HE TPCACTaBILCTCA

sananme cemeliorsa. TlepBoe OMPEACICHO
COOTHOmCHHEM Y =X+C, C=COnsl, a BTOPOE MOKET GhiTh MPEICTABNICHO, AOMYCTHM, C
TOMOILEEFO CeMeHiCTBA NBPAIIEHHEX TPAMBIX
y=ax+c, a,c=const,a>l. 15)
Jlerko MOXHO JOKasaTs, o 3anaua (14), (4-5) He oppexTHa.
KoppexTsa creayiomax samua: Haifn mauamshoe u(x0), xe smadcivie PeryIipHoro
pemerus u(x,y) ypasheius (12), ecmd mpsMBie, 3ameHHBIC CemelicteoM (15) mpeAcTapisior

'XBDAKTCPHCTHHCOKHE JIHHHK, KOTOPHIC

dy=(u, +u,)dx, u msmomReTcA yorosHe uy(x0)=V(x), rre veCl(R) - sanaisax

dyris.
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INVERSE PROBLEMS OF CAUCHY FOR SECOND ORDER
QUAZILINEAR EQUATIONS

‘M. Menteshashvili
mpi Chair

Tnverse Problem of Cauchy for second order quazilinear equations is considered. Issues
of uniqueness and existence of solutions are investigated.
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DISCRETIZATION OF A NONLINEAR WAVE SYSTEM

J. Peradze
Chair of Computer Software and Informational Technologies

Abstract, Timoshenko's model is used (o study the position of a dynamic beam. The correspording nonlincar sysiem
of second order partial differcntial equations is written with respect to normal displacement of poits of the beam
middle line and the rotation angle of the normal. Using additional functions this system is reduced (0 a system of first
order cquations. For the latter system the conditions are given on the boundary and at the initial moment. After that a

p ation is carried out. The. method with linear basc functions is used to approximate the
Solution with respect t0 a spatial variable.

Thus the oblained Cauchy problem for a system of ordinary differential equations is soled by means of Crank-
Nicholson type scheme, To estimate the exactness of the scheme, an operator equation, corresponding errors on (o
neighboring time layers is writtcn. After that the required estimates are derived for operators and a prior estimates for
elements which form non-lincarity in the above-mentioned equations. This allows us (o oblain the inegualitis the first
of which imposes a restriction on the grid pitch, while the second gives an stimate of the norm of the differential
scheme error. The formulas are given for calculating the parameters participating in these inequalitics.

1. FORMULATION OF THE PROBLEM

We consider the problem of geometrically nonlinear vibration of a beam. To this end, we use
the well-known model of Timoshenko (1-3), which is the second generation theory. As
compared with the classical Kirchhoff-Love model, in the Timoshenko model, deformation due
Lo cross force and rotary inertia is taken into account, which is rather important for many
problems.

Let us consider the system of equations

\
w, =| cd —a+b[wids e —cdy,, i
®

Vo =cy, —cldy-w),
0<x<l, 0<¢<T.
The functions w and  are respectively the transverse deflection of the beam centerline and
the rotary displacement of the cross-section.
In (1.1) the constants a,b,¢,d >0 and
cd—a>0, (1.2)
where
a=AIA/T,, b=AI*QL,), c=Al*[1,, d=GL, (EL), 13)
E is Young’s modulus, G is the shear modulus, A is the cross-section area, Lis the length, [; is
the moment of inertia of the cross-section about the axis perpendicular to the beam centetline,
I, is the polar moment of inertia of the cross-section, and A is the end shortening of the beam.
By virtue of (1.3) we come to a concision that (1.2) is a natural request for slender beams
ly d, as it is equivalent to the condition A<IG/E .
In this paper we present a discrete scheme for (1.1) rewritten as the first-order system.
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f
u, =(cd—n+ij’dx}, —cdp,
o
v =uy f,=cp, —cldy-v), @y
o =fov.=f
0<x<l, 0<z<T,
‘which arises by the substitutions
u=w, v=w, f=y, 0=y,
Thus we obtain the set of unknown functions
wv, f, @ ¥
Along with (1.4) we consider the boundary conditions
u(©0,)=u(,n=0, fO.N=F1N=0, (@)
0<t<T,
corresponding to the beam fixed at both ends , and the initial conditions
u(x0)=w (), vx0)=w? @), £(x0) =y ().
(1.6)

Px0) =y (), Y0 =y (),
5 0<x<l,
where w® (x), ¥ (x) are the given sufficiently smooth functions, [=1,2.

2. APPLICATION OF THE FINITE ELEMENT METHOD
Applying the arguments from [4], where the Kirchhoff string equation
2
w, =1+ [wids o,
o

is studied, we discrete problem (1.4)-(1.6) with respect to the spatial variable by means of the
FEM

‘Assume that the segment [0,1] is covered by a uniform grid of pitch h=1/N, where N is a
positive integer number. To each node, = h, i =0l,..., N, we assign the base function from
the set
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Denote by (++) and Il Il the scalar product and the norm in L*(0,1) -
An approimate solution of problen (1.4)-(1.6) il be sough in the form

(%, t)—Zu 0wy, V(0= Zv 0o,
@1

et
FRCHED WO N ACHES an,(r)w,,, ACHE Ew, ®w, .
o = =

The functions u,(6),v; (t), £,(),9; (), () are defined by the system of ordinary diffe-

rential equations

\
(411 =[[cd fa+ijidx},, -cdg,,@,, ]
3

@2)
Vs @3) = W @y), (Frr04) = (€@ =C* AW, =V):0)
(@@ )= F1@ ) Wi @)= (£, 24
0<t<T, provided that the values
4,(0), v,(0), £,0), ¢;(0), ¥;(0) aregiven @3)
and
w®(x) =1, 0), w2 (x,)-v,©0), ¥ x)=£0) @4
v (x)=9,0), ¥ (x))=y,0) >0 as h=0.
In(2.2)-(24) i N-1, j=0}...N
3. MATRIX NOTATION OF THE SYSTEM
Let us introduce some notations. To functions A, and 4, of the form
s 5
I = DA O, =D 100, @
= =

we assign the vectors
2,0 = QXD R O B3O = Go@ @by @) 3
Now system (2.2) can be rewritten as

M£—>(cd a+bhv,Kv,)0v, —cdLo,,
k& gy u L _cog, Ly, —v.)
dt Ao “ b (3.32)-3:3¢)

K2 g7, k-1,

0<<T . Conditions (2:3) nwan(hzllhevecwrs
u,(0), v,0), £,(0), @0, ¥,(0) aregiven. (34)
In(3.3)




1 1
K = (@@ oz j<n =]

1
L= L@ Daasonen =2
“ 0

1 : 1
M =4 (@, @ Doy =g

=1 (@0 @ issrsosen =

Lmnmamﬂon SR RN

141

4
2
0

(3.52-3.5d)
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2K -y i) =50 @it u i), @lar(le
:
d
MG =1 =20 i o= TS L @iy v v
Kpi-p i) ==7,Q S+ S ),
KW G-y =T LS i,

n=12,...,P, with the initial conditions
up =u,(0)+ Au, (0), v} =,(0)+4v,(0),
17 = 5,0+ 86,0, 9} =0,00+49,0), (4.2a)-(4.2¢)
¥i =y + Ay, 0).
Here
Au,(0), Av,(0), Af,(0), Ap,(0),
are the error vectars of the initial conditions (3.4).

We introduce into consideration the vectors g, (t,)=(®,(t,), v4@): £,t), @,(,),
v, yi=@,vi. fi. ¢p. w;) and the emor vector of method (4.1), (4.2)
z =i —8i(,), n=0L...,P.

System (4.1) can be rewritten as

@.3)

s
Aya;r-vn_:%(5+c(v;)+6(v:"))(y:+y;'.'"

4.4
and (4.2) as
T AORACR @3)
where Ag,, (0) is the vector with components (4.3).
In (4.4), A, B and C are the block square matrices of order five defined by the formulas
M
2K
A= M i (4.63)
0 2K
2K
0 (cd-a)Q 0 —cdl O
-20° 0 0.0 O
B=| 0 c%dL 0 cQ —c*dL| (4.6b)

0 0 -20" 0 0
0 0 2480 0
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0Q---0
h |00
cm:"?m L ve RM, @60
00---0
where 0 is the rectangular zero matrix whose dimensions are defined as follows: the number of
rows (columns) in the matrix is equal to N-1 if the matrix is in the first or the third row (column)
of the block matrix, and to N+1 in all other cases.

5. EQUATION FOR AN ERROR
‘We are to obtain an equation, which is satisfied by the error of method (4.1), (4.2). Replacing
Y5 in (4.4) and (4.5) by 2], +8,(t,), we have

R Al +2p, 5.1

7,

n=12,..,P, and
7 =08,0).
In (5.1), denote by ;™" the approximation error

R A S XN o) AL X

andby B ;" the vector

255 = (CER)+ CO N + Y )= (COL N+ COL N 1) + 810D, O
n=12,...,P.

Let us introduce a scalar product and vector noms in R¥**, k==11. If Aand/t arc the
same dimension vectors whose I-th components are equal to 4, and 4, then the scalar product

Ay =HY bty
T
‘where all components of the vectors Aand /2 participate in the summation, and the norm
1
W, =2

If W is a symmetrical positive-definite matrix whose order coincides with the dimension of
the vector A, then the energetic norm

i

W, =w2.2);.

Now transform (5.1). Let 0, denote the zero vector from the space R"**, k =—L1. By
(5.3) and (4.60) the vector

7= (B Ons Ons Ovaa Onar)s

(5.4)
and its first component is defined by the formula
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w28 3 (Mhot-hak, o)

Using the symmesy o the mati K o (e i
23 =V Vi (@),

l=n-1,n,

we obtain
(278 XS AR XL S

+ 2@}, 20 = a @}, 0zh +1EvLC)2h)

+ (Kely v, @) He ]l 1000 @)+ ) =, 0z

(5.6)

(5.

12089, ),z +fel 100 =@l 0k + (KO +v,@ 280,001

The substitution of (5.4), (5.5) a‘nd (5.7) into (5.1) gives
.
2[[(—1>'Af~"e}:-‘ gt e,
= 2

where the vector

—Ln, n=12,..

=

6. AUXILIARY PROPOSALS

)

(58)

[ 3 i G )li:,Qz;.+<K<v;+v,<r.>,z;h>~gvi].0~..,oN. O ] 69

Our aim is to estimate the error Z; using equation (5.8). For this we need first to prove some

inequalities.
LEMMA L. The relations
1
lel.s "
“A"" <3, (6.12)-(6.1¢)
18].<7
are fulfilled. In the last of these inequalities
i
¥ =max2 (1, 72,75), (62)
where
¥, =2c*d* + (Cd;la) sﬁd (c +cd-a), 7= A(HF),

7y =cld* +

(25’ +cd—a).



PROOE, One can casily verify inequality (6.1a). It suffices, using (3.5d), to write the marix

Q'Q and then o apply Gerschgorin's theorem [5) to estimate its highest cigenvalue. By the
same theorem and (3.53), (3.5¢) we conclude that

éw; <KD, SPE, AeR™, (630)

L < oua, <l aer™, ©30)
which imply the existence of the matrices K™, M~ and the inequalities |K~'], <6,

ﬂM“‘“A <3. Now by virtue of (4.6a) the existence of the matrix A™ and the validity of esti-
‘mate (6.1b) are obvious.

To obtain (6.1¢) we need to write the block matrix BB = (B;),qjcs- Using (4.6b), we give
the following non-zero block types

B, =400, By =(cd-a)’Q'Q+c'd’LL, By =40Q'+LL),
By =c*d’L'L+c’Q'Q, By =c*d’L'L,
B,, = Bl, =c*dL'Q~cd(cd-a)Q'L, By =B}, =—c'd’L'L,
By =By, =—c’dQ'L.

As one can see, each of the matrices on the right-hand side of equalities (6.4) is square. Next,
we introduce some definitions. Let some squarc matrix be given. To each element of this matrix
we assign the number of the row i and the number of the column j, in which this element is
contained. The set of elements, for which li-jl k>0, will be called the k-th diagonal. The
diagonal is said to be lower if i>j, and upper if i<j. By the main diagonal is understood the st of
elements for which i=j. It is assumed that on the diagonal the elements are arranged in the
succession corresponding to the monotone growth of the indices i and j. The diagonal will be
called the zero diagonal if it consists only of zeros, and the nonzero diagonal otherwise.

(6.4)

—4=4.. .40 —1,-1,...-1

Table 1
Diagonal
{ Matrix Order Main 1-st
| 36LL N-1 18,18,...,18 8
36LL N+111,17,1818,...18,17,1 | 4,88,....8,4
| a0 N-1 R 2er0
L 4100 N+1 I AL zero
| 12hL'Q =12R@'L) | N+1 | —1,-10,0,....0,1,1 upper
i 0,44,....4
l lower
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Using (3.5b), (3.5d) in Table 1, we write the orders and nonzero diagonals of the desired
matrix. For convenience, the matrices are provided with multipliers.

Since
I8l =7 ©3)
where 7. is the highest singular number of the matrix B, the problem now consists in estimating

7. By cqualitics (6.4), Table 1 and Gerschgorin's theorem, each of the block rows of the matrix
B’B leads to the definite inequality for 7. (see Table 2).

Table 2
Block |
row. Inequality
No.
! 2
"o
2 _led=a) c'd’|_(ed-a) 3c‘d’ Scd(cd—a) 5c’d
20 2 2n* 6h 6h
3 2
7l —h—142I<h—2+2
4 cld? 5c’d Scd(cd-a) c’d*
2 zh*\ 6h nAF
s o cidz <3c‘dZ L5od
a2 @

Table 2 and equality (6.5) imply (6.1¢). The lemma is proved.
We will need the value s, defined by of the vectors from the initial conditions (3.4)

o= A OL + s @-v,OF + 5O

©9)
1 2[5
om0l +loOF, }} & J;chIILw. ©-0¥,0),-
The next lemma gives an estimate for the vector v, (¢) from problem (3.3), (3.4).
LEMMA 2. The inequality
[m @, <50 ©7)

O0<¢<T, is fulfilled:
PROOE. We perform a scalar multiplication of equations (3.3) by

il
Uy, Cdv,, :fm P cdy,

respectively and sum the resulting relations. Some transformations lead to.



d 1
L R O P A A T

+edlyly,)=bar ol v m, + ©8)
+cd[(L2,£,), = L@y,),)-
Let us transform the scalar products in (6.8). By virtue of (3.3b), (3.3¢)

. dv, 1d
(@v1 1) = 04, Q0,4 L(""KT]A =—;EHV.U'“.

4 ©6.9)
(U ANEION /0% =[v..K%] ;
A
To transform the product (L@, u, ), we need the formula
LK'Q'=-0K'L’ (6.10)

whose validity is to be proved.

Further, as follows from (3.5a), (3.5b), the matrix L is obtained from the matrix K by
eliminating the first and the last row. From this and the equality KK~ =1, where I is the unit
‘matrix, we conclude that LK~ is a (N —1)X (N +1) matrix of the form

010

(6.11)

010

If now we multiply the matrix LK~ from the right by ', and the matrix K'L’= = (LK™")’
from the left by @, then (3.5d) and (6.11) give (6.10).
Appbing (6.10) to thepairof equaities which follows from (3.34), (3.3¢)

190 ¢,. —_LK70F,, dw. =QK"Lf

6 0=Lo-20y(D. ©12)

50=6,0),
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dej®__ 2
i 5 64 (0),1,),
where
1 1
e, ()= T [“"nU:, +cd|v, fu/,.ﬂ:ﬁ o "‘bl\vhui_h)’ 3

| (6.15)
1 2
HaL, ok, ]

‘This and the estimate [z, < V3, |, derived by means of Gershgorin's theorem give

et M<e; (0)+2]5, ), je‘ @dr. (6.16)
3

We need to use the Bihari and Langenhopf generalization of Gronwall’s inequality [6]. Let
pi[0,02) >[0,) be a continuous function and @: (0,=)—>(0;e) a non-decreasing
continuous function. Then the inequality

P() S+ [o(p@)dr,
o

0<1<oo, where C, is a positive constant, implies p(f) SQ™(Q,) <, 0<1<Q,, for a
positive number Q, smaller than ©(es) . Here
Q)= |——, t2¢,.
I GO
Let us apply this result to (6.16). On assuming that p(t)=e;(®), co =€;(0).
@(®)=2 |6, s 7 . @ =T , we obtain
&)< e,(0)+T| 5, @], 6.17)
0<t<
Ey(6 17) and (6.15)
6 6
1ol s%+J;cdeh<:)s§+\Ecd(a,(o)nngh(o)n A ©.18)
The substitution of (6.15), (6.12) and (6.6) into (6.18), yields estimate (6.7).
Let us derive an estimate for the vector ¥ from problem (4.1), (4.2).
LEMMA 3. If the vectors. yy andiiywhere S yima v s @i MRS
Vi@ Wy € R™, =12, satisfy the equation

A(y,—y,)=-§(B+C(v2)+c(v,))(yl+y,). (6.19)

>0, then
Ss()=6n), (6:20)
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e (y,)~e’(y.)=——3:—d(§(y.)-u;+u.), 6.21)
where
s =Le -0y, (6.22a)
1
<o) =l +edl -yl '
1 . )
bl + Al 5
> il d A

o]
PROOF. System (6.19) contains five vector equations. Let us scalarly multiply them by the
vectors

1
i, cd®+v), —(hitf) @it cAWitv)
respectively, and sum the obtained equalities. Taking (4.6) into account, we get
2

1
g(-»'qlu,u:..wu vt Al atlod it el il =

- {[__+ 2z ,+||v,||},.)](g(v1+vl),u2+"|) )

(6.23)
W AT R S 1}
Let us consider the scalar products in (6.23). By (6.19) and (4.6)
QO )= (), O ),
2
=20, 4w, KOy = =2 (bl bl ) ©29

o )
(L@, +v ), fo+ £i) =02+, L(f+ ) ,=;(vg +v, KWa =yi))
Next, system (6.19) and (4.6) imply the equalities

Lga=9)=—ZLKQ 45D,
00, -y= QK"L’(fz*'f!).
along with (6.10), give (6.

irtue of (6.19), (4.6) and (6.20), (6.222) we obtain
L@, + @), 4, +14) ,=( W, +¥,)
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o= Sl et -wtli g o-ebilia) +

(6:26)

T DRI | 8 07 TP

LEMMA 4. The priori estimate

Jv il ks ©27)
n=12,...,P, holds.

. For every n system (4.1) or (4.4) is inscribed into scheme (6.19). Using (6.20) several
, we write the result as.

SOR=6UM)- (6.28)
Appling (6.21) and (6.28), for fixed n we have
egn-e ()= ), up +uy),. (6.29)

Taking into account (6.29), (6:22b) and (6.3b), we conclude that

:
F(entet -z GD]evin)0

By solving this inequality with respect to e (y;) we have e(y;) < e(y;” Json]
which implics
e e+ Tls o]0 630)
n=1,2,..., P. Combining (6.30) and (6.22b) gives us
ﬂ“-;ﬁ}:cde(yhﬁ +J:cd(e<.v,)+T|ig<y. [ e
Using (6.31) and notations (6.26), (6.22), we obtain inequality (6.27).
7. ERROR OF THE CRANK-NICHOLSON SCHEME
THEOREM. If
7 SA=E) an
o

then for an error of method (4.1), (4.2) the estimate
n](uz:uﬁg;zlf, i) 2

125 0K}, a=3[7+b~/3(:m,/~/5+,/s”so+xo)/h].

1,2,...,n, while the error of the approximation ;™" and the

holds, where

p, =max7, /min?; ,
parameters ¥, 5oy, So are defined by equalities (52) and (6.2), (66), (6:26).

PROOE. Let us multiply both sides of (5.8) by A™' and use the resulting relation together With
(5.9) and (6.1). Then



Z,{[(-l)'—%7]|zl*llr3%|ﬂh"]]h }ssr -, aw
and, moreover,
124, [|w,)|= (il I I 1l o
i=n—Ln, n= 12 ..... PA
By virtue of (6.3a) 5
. .
Imufﬂxiv;“ saxiv;" Il am
and, similarly, £ ;
&, <lva@l .- (7.4b)
Next, by (6.3a), (5.6) and the definition of 2z} it can be asserted that
Pils@il,,. s dslal,- ()

‘The substitution of (7.4) and (7.5) into (7.3b) gives
il el bt il drtea) o4 -
Using this estimate and (6.7), (6.27) in (7.32), we obtain
XA [1 50 e
» 2

(1_ E
£ bt :
Since (7.1) implies 122 £, >0, it follows fiom (7.6) that

|z;|ns(1+_)|,~| PERY ST
r lz;l- sﬁ(ﬂm](k +—21,|a”'| ) a1

Talnngmmmntanmld'muthds

L3, (1.6)

=1
101945



. ﬂx\;ﬁ,

19
UAlM35!
SNL=2 001
REFERENCES B
1. MHirschhom, EReiss. Dynamic buckling of a nonlinear Timoshenko bear. SIAM J.

Appl. Math. 34(1979), ‘pp. 290-301. Y
2. A.Volmir. Nonlinear dynamics of plates and shells (Russian). Nauka, Moscow, 1972.

3. M.Tucsnak. On an initial boundary value problem for the nonlinear Trm.vhanha @enm
An. Acad.Bras. Cienc. 63, N2, 1991, pp. 115-125.

I.Christie, J.M.Sanz-Sem. A Galerkin ‘method for a nonlinear mlegm-dxﬂ'ermial»wm
system. Comput. Meth. Appl. Mech. Engin 44(1984), pp. 229-237.

. V.Voyevodin, YuKuznetsov. Matrices and Computations (Russian). Nauka, Mosmw.
1984

E.Beckenbach, R.Bellman. Inequalities. Springer, Berlin, 1971.

£

@

o




50 . 31 J Peradze [/

IB00 S&ITAB030 GITRIA0 LILGIANL ROLIAKIGOBISY
X ggrody
rm*mr" 0l Bgoogy o 3 bTghgaTygob googed
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NON-LOCAL PROBLEM IN TIME FOR ONE NON-LINEAR
EQUATION

A. Shapatava, N. Kasradze,
Computer Software and Informational Technologies Chair

cquation, originated from the mathematical modeling of Here are proved o
existence and uniqueness of solution; under the certain circumstances, is shown that solution is non-micgative.
“Theoretical researches are improved by numerical experiments on computer.

Abstract. In the present work there is considered one non-local in time initial-boundary value problem for nonlincat
he

INTRODUCTION

Rescarched problem is of big importance, because until recent time reaction of ferments was
considered in homogeneous environment, without taking into account diffusion, but in reality
ferments are in dissolvent state in alive cells and it is necessary to bear in mind diffusion
process. Tnvestigation of kinetic reaction of ferments is important from mathematical as well as
from practical point of View.

These types of problems with classical initial boundary value conditions were studied by
nany avthors, e.g. T Lions[1], J.Kemevez(2], A Shapatava(3] etc. The same problems with non-
Jocal initial conditions were investigated by D.Gordeziani[4] in case of linear equation,
A.Shapatavaf5]- nonlinear equation with one point non-locality. We have multi-point non-
Jocality i.c. we have dependence between interal of considered domain and boundary points.

1. STATEMENT OF THE PROBLEM
PROBLEM 1. We have to find function u(x,t),xe Q.1 (0,T)solution of the following equation:

u_ ' u
et B R ) Q, te(0,T,
o o lru 3 S 2

satisfying boundary conditions:

u(0,t)=u(1,t)=0 (2)
and non-local initial one:
3)

where 0<&, <...<&, <T,a, =const (i=12,..m)

In case of non-local initial restriction we obtain classical problem, existence and uniqueness of
its solution is already investigated.

VARIATIONAL STATEMENT OF THE PROBLEM. 1. Let V.= Hy(Q). Let us consider
bilinear form a(,v)= [ %%dx Forany #,ve ¥ . Then we obtain the following variational
a

formulation:
We search:

u(t)eV &
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satisfying:
du(t)
|+ a(u(t)v)+fo vdx=0 )
[dl ) gl 1+um 3
and initial conditions:
u(0)=$ o u(e,) ©
&

‘We make the following notation: “x — u(x,¢)" denoted by u(z).

ITERATION METHOD AND THEOREM OF EXISTANCE
Let us consider the following iteration procedure:

Wt uk

i
ot u? 1+u* {e
U(0,1) =1t (11) =0, (8)
u(50) = St (<8, ©

Initial approximation is solution of the classical problem corresponding to (1)-(2) and

u2(x,0) = (x).

THEOREM 1. If 020 and initial solution uy 20, then solution of the problem (7)-(9) is

nonnegative.
PROOF. Let us make variation statement of the problem (7;-(9).
(1) w0
v [Fa(ut (1), +<sl vdx=0, (10)
[ & (u*(t),v) )
u(t)ev, an
a
u(0)=F (L) - a2

Lk _kt
Let us make the following notations: u  =sup(u**,0), u  =sup(-u*"0). It is

Bk

. ki
ey than u ,u V. Letusplace v=u (t) in (10). Because of

evident that if ¥
a(v,v)20 we obtain:

NP
1d
S [u (I)J dx+j m)[u (I)) dx<0, . 13)
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when k =0 (13) can be written as follows:

——flu (1) | dx+ <0, 14)
zdlj[ ()] I qU[um]dxo «
because of 2 0,u%(r)> 0 then we obtain:

do P
Z flu )| axs<o. as)
du{( {)]
Taking into account initial condition we shall obtain:
B 5
i (0):Sup(—u'(0),0>=sup[—(2a,u°(§‘))0):0. a6
&
o
Then from (15) we shall receive: % (1)=0=> u'()>0. Now if we assume, that u* 20 for
each k we shall in the same way prove that u**! > 0 for each k.

Thus, by applying method of mathematical induction, we prove, that the solution of the problem
(10)-(12) «**' 20.

THEOREM 2. [f  YJou|<1 and there exist the unique solution of the problem (1)-(3) , the
=

iteration process (7)-(9) converges to the exact solution of the problem (1)(3).

PROOF. Let us z*" be eror 2" =u** —u. Where #**! is solution of (7)-(9) problem on
K +1-th step of iteration, and u is the solution of (1)-(3) problem. It is evident that z*"!
satisfics the next problem:

M2 ka K
il 215 o i
o o’ 1+u
29(0,6) =2 (1,1)=0, 8
24(x,0)=325(%,E,)- 19)
Now, multiply (17) on z**', we shall obtain:
(20)

1d ( in kel kel 1 k2
== dx + 5 G e dx=0.
s Sl 2 e G

Let us consider the following norms:

A :
[I(g)dx in v, ad |d=[uds in L(Q):
a a
then we can write (20) as follows:

1d | su
Zdr‘“

s

k2 L k2o
| el it
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Itis lear [0 ( £ x> 0, and so we shall have:

_ka

nv‘ +|

<0 = |

2d:} *”

than using mathematical induction we can prove, that for any &

(o ffdos[Sasce.)

4 >
|e* (1) < e=const, £“z‘(1}“ du<c=const, te[0.7]

Thus we have :

|2

Teeref = [lsful e dsgRlb e

So we have :
24| s cEfo ", where c=max(z°(E,)) andif ke, [#4]50, ie. ut —u.
=
‘The theorem is proved.
REMARK: It is evident that estimations (22) are also true for function «*(f), we can prove that

WO2u' 2. >uk >ut* >..20, from the latter estimations follow, that there existence solution
of the problem stated above and u(x, )= inf «* (x.t)).

3.UNIQUNES OF SOLUTION
THEOREM 4. If )ﬂa,l <1, and there exists solution of the problem (1)-(3), it is unique.
=
PROOE. Let wand u, be solution of the problem (1)3). It is evadent that function

w=u, —u, will be solution of the next problem:
w w

————+c—w——= 0
A ox?  (L+u)(+u,) (23)
w(0,t)=w(1t)=0, 24
w(z0)=FawzE) . )
After multiplication of (23)on W we obtain:
26)

M +a(w,w)+0]

a(l+y
According to the already proved fact that solution of problem (1)-(3) is non-negative, we have
that %, >0, u,>0, i.e. third member of (26) is nonnegative. So we can write:
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Pl <o = ) spuxo)® an
Then we have:

maxpu(x, 0} < w(x0) =|§ aw(xE, )[ <, | smaxSla o)

[1 = g|a,|)m94w(x,z <0 28

In conclusion, becausc of 3:[ot| <1, we have:
=

<o = wx)=0 = u

‘The theorem is proved.

Il
<
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EXPERT DATA*)

G. Sirbiladze, N. Jorjiashvili
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Abstract. In this paper we build Choquet’s second order capacities on the field of expert insufficient data. This,
construction is based on the principle of maximum informational entropy. With the aid of this principle unknown
asocited probabiliies and momens can be cvaluated. I he pproach of A Kaufman'sthory of expetors Bl we
construct unique fuzzy subset from the associated probabilites

INTRODUCTION

There are two classical approach to data analysis. If experimental data are “sufficiently” exact
then for their processing and estimation of general characteristics probabilistic-statistical
methods can be used.

If data are presented with “inaccuracy”, by intervals then for their study the methods of
theory of errors will be used.

But there are cases when both methods of statistics and the theory of errors do. mot give
satisfactory results. The reason consists in the nature of data and means of measurement,
description, scaling eic.

When data are presented by intervals and their description is “vague” and characterized by
overlappings and in the receipt of data the expert is intervened, it is clear that the natare of data
is combined: parallel to the probabilistic-statistical uncertainty there exists the possibilistic
uncertaiaty which received by activity of subject, This fact gives rise o the necessity of the
using of fuzzy methods. Only the probabilistic-possibilistic analysis guarantees more or less
adequate results.

1. FuzzY MEASURE CONSTRUCTION ON THE GROUND OF EXPERT INSUFFICIENT DATA
Let the finite set. X ={x,, X%, } represents results of some quantity & measurement in
the certain scale. Numerical characteristics of the quantity & are identical with data given by.
experimenters or experts and can be easily evaluated by statistical methods. It is known that
fuzzy measure on a finite set X can be represented by the class of associated probabilities
P,,0€ S, [2).1f S, is the permutation group then for Voe S, theprobability distribution
={Pc("u[!)’xa(z)v"vXclnl)} m
is connected with the fuzzy measure in the following form:

*) Research funded by INTAS 10 2126 (A )
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P, (xo0)= 8oy I}
P, (xon) = &lfeopy v,(l.})— (oo Foun ) @
P, (t00)= 1= 8oy oy
In general [2] for VAC X subset 37€ S, such that if A={x,.x, x| then

7(1) =iy, 7(r) =i, and
2(A)=glfxyxio)) = 2", ) gf’r(&,)- 3)

It is evident that to any P, on X corresponds the statistical moment of order ! of the

random quantity 5@ =01,..,n—LE = 1]:

D ACEN LI 2
o

On the each permutation the probability distribution is defined by corresponding combined
moments (based on experimenters and experts evidence), that is, the possibility of n!
representations. From (4) one can find probabilities

i
By few)= 3,07 %. . 2

) are received in appendix 1.

i=1,...,n and coefficients a;

DEFINITION 1 The set of moments {Ey bug »1= L2 —1,s called the class of associated
moment.

In the class of associated moments there are (n—1)n! elements. With the aid of (5) they
uniquely define the class of associated probabilities and consequently one receive the possibility
of the fuzzy measure construction on the set X :

g Bl oS ©
Parameters £, will be defined from objective statistical measurements or expert evaluations

of quantity & . Denote

=8 o

Often in (7) the experimental data are limited. In this case we denote:




p = BB T ®

s pe<p if k<lir<n—l.

Py # Poi# jii =1,

DEFINITION 2; (8) s called insufficient objective (experimental) data (evidences).

Remainder (n—r—1) data represent unknown moments or subjective ones,. which are

e = LS . ©

Itis evident that £ ~ EE* =, EEv" ¢ E_ \ E£%"™" .

received from expert evaluations:

DEFINITION 3: Representation (9) is called expert data given by expert I,

With any o€ S,, data (7) are connected, where experimental data are the same for all &
and only subjective data may be different for different 0. If EE”"" = E, \ E;7""™ # then
the corresponding fuzzy measure (3) differs from probability measure. The course of this
difference lies in different expert decisions.

In E, there are unknown and known data, corresponding sets denote as follows:

S

v m s e S Ve

5«»-} E, \ (B § EEwen),
(10)

For the complete description of E, we can use the principle of maximum cntropy (6]. With

the aid of the principle unknown associated probabilities and moments can be evaluated.

Evidently 3z,€S,,  suwch  that 7,(i)=gpi =1k and

7, (k+1)= g4y T, (n—1)=g, ;. Thus the problem of evaluation reduces to the following

problem of finding an extremu:
Max{_ip,(x,(,,)logp,(xm,)},
=
ZP = an

E"a(o' P, (r0)=

The corresponding Lagrangian have the following form:
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= g P (i o8P, (ko) 12:/1. (E"”’" = ’Z i, (X,(,))]+
+%[l‘i‘,1’u(&w)] o

Consider the equations system:
OLMELY
m—(},t—l,L..,n a3
5
~ 108, (x, ()~ A0~ ):z,x:(.‘;"— a

t=12,.,n; A, =1+7,.Then

P x0)= F{‘n 2" =

], (15)
t=1,2,...,n. Consider the generalized statistical sum

Ly Ao i)= 30 -iz,x;;f,'ﬁ} a6
22

It is known that

_f;"’), InZ(A Ay Ay ) = Ao an

9 e
a_lh,mz(l"‘”""‘)_

are identities, Quantities E""”(j =k+'1,k+’z....,k, 1), are known and with respect t0

. (17) gives the folloy
xkg,) —«,(',)]q’{ B '-()u] 0,




{f’a} can be evaluated. Thus now we can construct the lower and upper Choquet’s second
.
order capacities [2]: VA < X'

S)=pinhela) & (a)=marbed). )
DEFINITION 4: [g g] Choquet’s second order capacities are called fuzzy measures induced.

by combined (experimental and expert) data on the sct X .

2. CONSTRUCTION OF FUZZY SUBSET (IMAGE)

For VoeS, the I, expert possesses insufficient data and, as it is shown in [7)
corresponding {Pa} ,G€ S, probability distributions induce fuzzy measures. Fuzzy measure

contains information about a body of evidence on X [1]. This body of evidence is consonant:
K ={ra e KS = oy Fo - S KE =eaty ot}

On this body of evidence one can define possibility distribution {7} which is connected
with focal subsets and corresponding probability weights m:
o
n@)=0, Sm°(Ks)=1. 0)
=i

1f for any focal subset we introduce the uniform probability distribution 2, (K. then the

possibility distribution will be approximated by associated ilities Po() [1]. For Yxg(

Befey) i‘—lﬁ—

(‘om)- @1)

where [K?| = CardK s the cardinliy of the subset. K31, i the indicator of K. Itis

evident that associated probability ;’q for VAC X will be within the limits of necessity and
possibility:
No(4) < Po(4) < TI°(4). @2
It is easy to connect associated probabilities on the o permutation with the possibility
distribution:
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2l
v("uu)) = ,2-‘47 ( (Xou))-"u (xul/ox)))v 23)
where
1277 (x509)2 7% (52 2 7 (¥ ()= 0- 28)
From (23) one can obtain:
LACOE J);'"""{IA’ oy b Po ety )} 23)

Possibility distribution give rise to fuzzy subset €% with following membership function (1]:
Zo (o) =7, (o pi=1m. 6)
DEFINITION 5: £ i called the fuzzy subset induced by the activity of the /,, expert.

(21)is the equations system for focal probabilities m (K ). We have:

e (d)= faax s o(xa0)= WZ"‘"{PG( u(l])'P°( a(,)))

Zoufedisl

N7(A)=1-11° (4), where A= X \A.

@n
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Connection between 17 and dual fuzzy measures g and g can be casily oblained. It is
known that for YAc X Ft=1,e 8, such tha g(d)=Ps,(4). Then, taking into account
(28) we can be write:

& O e
g)= 3 S-mu(k;) @9
o

and

g (4)=1-g(d) d=x14.
DEFINITION 7: The set of fuzzy subsets {E° bes, is called the class of fuzzy subsets induced

by {17 }ous, expents insufficient data

Consider {I7}e5, experts in the Kaufman's theory of expertons [3]. In the discrete case
experts’ table of membership functions values is represented by following quantities
et =Xl )i=

compatibility) of E°. If @y =0Sa; Sa, S..Sa; =1 is an increasing sequence of membership

n;eS,}xlis the value of membership function (measure of
Ko

levels, the corresponding experton is presented as following:
30)

where j=1...

3D
which is the experton mean of the membership of X; € X .

DEFINITION 8: Fuzzy subset

SR e Ty

X Xz o Xio Xn X
is called fuzzy subset (image) induced by expert’s insufficient data with respect to fuzzy
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Analogously, we'll receive fuzzy subset & induced by expert's insufficient data with

respect to dual fuzzy measure § 5

DEFINITION 9: Fuzzy subsets & and &' are called dual fuzzy subsets (images) induced by
expert insufficient data.

PROPOSITION 1: & and & dual fuzzy subsets are equal subses.

PROOF: It is known [2] VoeS, permutation 3c’eS, dual permutation
(Kot =Xy oy =) that

(32)

Pa0=Pu ),

where Pa,Pot are respectively associated probabilities of gand g . From (26), (28) we

have Yoe S, :
m()=m.() m()=m() & =E7, / (33
Then
n°()=n(, N°O=N(),
and
El'

where Ej, arc expertons of & . Therefore

% =i G4

3. Fuzzy 'VALUE (FEV) ON DATA POPUL
In [7] it was shown that nature of expert insufficient data is the source of fuzziness ‘which is.

represented byClnqmschulpurupmnes g.g ] In section 3 we demonstrated that

mupﬂims p

it
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where FEV/(x) is the fuzzy expected value [4]-[5)-[8). Indeed, consider the ordered sequence of

%’ values:

Xett) SXata) S 0 S Xato)* (36)
Introduce notations:

K =fo-2m} g=8&) gi=g k) i
It is known that on the finite set X the FEV can be calculated by the formula:
FEV ()= [15(0)e )= maxli ) A g} e
In our case one reccive lower and upper FEV's

F'QFEV(Xz) F = FEVly, =m{1¥{x:r,; agi} (38)

It is evident that F<F° (f g<g ) and on [0;1] the pair F,F" determines the interval

[,

|, Natrally (35) must be changed by

LR
MIV =fxe X/F <y <F°}. e
4. APPENDIX (CONSTRUCTION OF TRANSFORMATION P, = A,M ;)
Consider the system of equations:
nd =
P (ka0 =Eas (40)

where S?=1,¢=0],..,n—1. The mean determinant of system with respect to unknowns
P, (w0 is:
T A
b ) e S
A= o) Yol2) o(n)| =H[Xc(/] _xdm]‘ @

e 5
xs ey - Yoo
and ith subsidiary determinant;
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sl

359220
Nr0935

)
1 e i B G |
T
B e
¥z (42)
AOE RS el

S
[¥at)  ¥a(a)

o
o(n)|
Decompose AY) by i-th column:
49 =31 ETA) (o). @)

A?(5) minors can be calculated as

¥aw) -+ Fo() Yol - ¥ol)
S0y e N e | [

Ae)=[¥ Sl °"’=}:‘Ixnu)ﬂ[xnu)-xa<~>]~ 44
R o o Xe - o) e

Quantities A () again can be calculated easily:
T i o TR ) R T

B oo Sg) = ) E
APO)=|xdy - X - Fown x:(,)=£[,[x¢u)—xu(.)]- o)
il
SN s S e o

ES o o o R e
The sets A%(0) (j=2.3,...,n—1) are calculated in the following way:
D O I R |
o) Xo@) v Ko(t1) o) - Xoln)

e

B e B (T YA )
o Xy Xaa) e Tt A2

29(0)=|xiy
b ¢

oy

) o
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denotes (11— /)-times sum. If we sum received expressions, then
(s
p : i
Pyfxay)=

where quantities are calculated by the formulas (44)-(47). Comparison of (48) with (44). gives
for af*!

(48)

the following expression:

o) iriat A
ll,“:(—[)l' 1=0 (49)
Note that VG € S, we have:
agm, a:(l)l a:(ﬂ)
aitNaie sl (50)

@), af), af)

Matrix of transformation:
Py = 4.M,,

where P, is the probability distribution on the G'€ S, permutation, M, is the data vector.
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TO VON KARMAN-REISSNER TYPE EQUATIONS AND
MATHEMATICAL MODELING OF PORO-ELASTO-PLASTIC MEDIA

T. Vashakmadze
Computer Software and Informational Technologies Chair

Abstract. In the Introduction there are described the main purposes of this work and there are formulated some
unolved problemsofsolid mechanis. The investigation of these problems is connccted with technology of chapter |
of (2] and some results of this

e st poin is considercd theproblen of explaining “Phsical Sourdness” or the von Karman-Rassner e
equations for clastic plates. For thesc models the new summand characterizing planar wave procedure is also
introduced.

In the sccond point there w poro-clastic three-di models. This model in isotropic
T e et -spread theory as well as B theory of
elasticity (1]

In the third point there were introduced incremental unknown functions 8u/*’ and u{”. Using these functions

and applying methodology of (2], there arc constructed two-dimensional systems of Partial Differential Equation
(PDE) corresponding to refining model for clasto-plastic shels.

INTRODUCTION

The main purposes of our work are creating and justifying new mathematical models for
anisotropic poro-clastic-plastio media, its application to a variety of dynamical and steady-state
nonlinear problems for plates, beams and shallow shells with variable thickness. Some practical
initial-boundary value problems will be solved by numerical processes.

More well-known and wide-spread model is Biot’s theory for poroelastic media. If this theory
considers admi

sible in isotropic case, this theory contains some contradictions even for the
weak anisotropy. From Biot's theory also doesnt follow. the modem theory for electrostatic
media considered by C. Truesdell, W. Noll, J. Ball, P. Ciarlet, S. Antman, etc. We propose to
develop a variance for anisotropic poroelastic media [1]. As special cases of this theory we can
derive the particular Biot's theory as well as the modem nonlinear theory of elasticity. These
theoretical investigations further we use for construction of von Karman-Reissner—

jan type evolutionary models for ic beams, plates and shallow shells with
variable cross section and thickness correspondingly.

We are studying problems of constructing mathematical models for continuum media without
simplifying assumptions of geometric or mechanical characters in use peculiar particularly for
the theories of elastic beams, plates, and shallow shells basing on asymptotic methods of
K. Friedrichs-A.Goldenveiser-P.Ciarlet reduction and to refined plate theories of E.Reissner-T.
von Karman-S.Ambartsumian sense. Below, in the part I, we investigate the problem of
explaining "Physical Soundness” in the C.Truesdell-P.Ciarlet sense for some dynamic non-linear
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models of ‘anisotropic clastic plates. This problem cven in the case when clastic plates are

isotropic with constant thickness represented an open problem, as there arose different points of
view between C.Truesdell-S.Antman on one side and P. Ciarlet on the other. See c.g. details in
.

Now we formulatc some unsolved problems comesponding of solid mechanics. These
problems may be investigated using the technology of [2], chapter I, and some results of the
present work.

Unsolved problems

A. Mathematical problems of thin walled structures of poro-elasto-plasticity (MPTS).
modelling analysis

1.1. The creation and justification of spatial non-linear mathematical model for dynamic
electro-magneto-thermo-poroelastic media and analysis and comparisons with known theories.

1.2. The creation and justification of mathematical models for poroelastic plates and shallow
shells having physical soundness. New physical layered effects explaining paradoxes peculiar to
refined theories of plates in isotropic elastic case (for comparison see [2), ch.1, p. 1.3) will be
investigated.

1.3. The creation and justification non-linear mathematical models for poroelastic beams with
variable cross section. Construct and investigation of refined (in von Karman-Reissner sensc)
theories for elastic beams.

1.4. The creation and justification non-linear mathematical models for anisotropic composite
and mixture elastic plates and shallow shells.

B. MPTS: Investigations of some systems of non-linear DE-s with averaged initial and
boundary conditions corresponding to one and two dimensional (with respect to spatial
coordinates) mathematical models for beams and plates

2.1. The applications of generalized analytical functions non-linear theory to two-dimensional
‘mathematical models for poroelastic plates and shallow shells.

2.2. The development of non-linear Volterra kind sccond type system and its application to
some mathematical models for poroelastic beams.

C. MPTS: Elaboration of numerical algorithms, creation of software and design of some
practical objects.

In this part we consider only two-dimensi ical models of icity. Let D
(%, y) denote the connected domain. Depending on geometrical structures of D We consider two
following different cases:
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3.1, I D represents a classical domain as circle, semicircle, ellipse, whole plane, at first we
prefer to use results of analytical and generalized analytical functions theory and potential
methods, constructing the non-linear systems of integro - differential equations. Then by using
technologies of FEM and [2] we develop new numerical schemes.

3.2, If D represents a technical domain as curvilinear triangle, rectangle, trapezium, quarter of

plane then we prefer to usc the schemes  representing some modifications of work [2], ch.3.

1. TO THE PROBLEM OF JUSTIFICATION VON KARMAN EQUATIONS
The problems of constructing two-dimensional models without using hypotheses of

geometrical and physical characters and investigati ing problems of

physics, arising by transition from spatial problems theory of elasticity o less-dimensional ones,
there are actual and increasing (0 them at latter three decade an interests are connected at first

with works of Iosif I. Vorovich.

Between publications dedicating to ion and justification of plate and shell theory we
separate [1]. In this monograph the problem of physical soundness of the von Karman system is
sudied . P. Ciarlet in particular wrote here: “The two-dimensional von Karman equations for
nonlincarly clastic plates, originally proposed by T. von Karman in 1910 (see p. Ixiii), play an
almost mythical role in applied mathematics. While they have been abundantly, and satisfactory,
studied from the mathematical standpoint, as regards notably various questions of existence,
regularity, and bifurcation of their solutions, their physical soundness has often been seciously
questioned.

Using the same method as in Chap. 4 we show in this chapter that the von Karman equations
may be given a full justification by means of the leading term of a formal assymptotic expansion
(in terms of the thickness of the plate as the “small “parameter) of the exact three-dimensional
equations of nonlinear elasticity associated with a specific class of boundary conditions that
characterizes the von Karman plates” (in full see [1], ch.5, pp. 367-406).

We remind, that for the justification of von Karman theory the basic bounds (which used in
Ch. 5 [1] or [3)) are following relations, artificial in the whole and typical for asymptotic
methods:

up ()= etug(e)x), w5 ()= EXe)
o (k%)= €% (E)(x), ok, (x

08 (xt)= et (E)o). £ ()= 2 ()
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85()=e'g,(0). /& =85 =0.
ule)e V(Q)={v=(v,)e WH*(@): , independentof x,,v,=0onyx[-11]}
These relations are also used in [4] expanding the methodology of [2] for orthotropic-clastic
plates.
In this part, by the notations and some ions of (2], Ch.1, we suggest the

direct method constructing the von Karman equations in physical soundness: presented in these
equations values have concrete physical sense inasmuch s they are: averaged components of the
displacement vector, bending and twisting moments, shearing forces, surface efforts and
rotations of normals, Further, the von Karman equations follow as result of an equality (o zero of
the main vector and moment for the equilibriuming elastic body.

Let the initial spatial problem of the theory of elasticity for an anisotropic homogencous
elastic plate has a form (see e.g. [2]):

3;(0; + oy, )=£, a.n

~equilibrium equation,
Plu)=0,+0,u, =gf, xeS*=Dx{th}, (1.2)
1[u]=1(3,,0,,0;)u=g, xe&S=0Dx]—h,h[, 13)

“boundary conditions,
& (u,J+u“+A,,), dy=u,u,, xeQ, ay
o=Be, £=A0, x€Q, a.5)

are the Cauchy equations and generalized Hooke’s law. Reminder that matrices of compliability
- A and' rigidity - B in the formulac (1.5) contain no more.than,thirteen independent elastic
constants, i.e., at any point of body €2, even if one plane of elastic symmetry spreads, which is
parallel to the coordinative plane 0X) -
Using of formulae (2.25) [2); which follow from the. relations (1.5), we have:
Goa = Cap€pp + Cactin by3b3303s.
s = Crrazrabian + Dasfurar (te)

-
O1a = Caglaa +Casfin +0se53 0
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where

Can = bag = bigb3, € = ¢y = by —bisbyb3i,

Cas = Dag ~ Dasbsgbi, G = bgg — bigbs3 -
Then, obviously, from equations (1.1) and (1.6) it follows:

Zh[cm(&«.w+%}4mu)+cu,,u(t]x-mw%;ls—a:q,. ) Ryl tiaent A ;]

i Zh[csu(&mn %Atm‘?—u) + %C“([‘us—n}-ué- U3t Zu,sfu)]

5 P
+05 (bosda + 03D ) [ Oz = [ fuddz = 3p(Opgitas )~ (82~ 8a).
L ks
Thus, from these equations, using the method ch. T [2], we have:
3 i = 1 il
I:(Fm o + 5 a1z 2 a0 ot (5 Cagdun * (€1 + 2 o6 01z
+c,,msaaw,.mﬁ:-u]

(¢8))

+h{(cm3n +Cae03-a3-) (U30)° + (Cueq + Cogda_e) U31 W32

y
(1204 + c,,,‘eam(ﬁs,;‘a)’} +b33(0g,9 + buedi-a) [ Oz = Fa.
S

Here

Ua

B8
=ﬁ u,(x .2z, urﬁ_{(h“zz)u;(x,y,%m,

.
fu = [(fa ~9(0ypUan))dz— (g ~£2) ~ RS,
4

A 5
REY = R [, =431 = [[(Can + CasPa-a )ik = (22)7)
+(Caqdq +Coeds-a) (U Uy » — 031 132) + (€195 + 30603 ) (U g — (U33-0))]d2.
The system of equations (1.7), if we neglect. the remainder temms R, for a linear case
corresponds to the problem of defining generalized plane stress-stain state. For a nonlinear case
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from (1.7) it follows immediately onc of the basic equations of the von-Karman sys
corresponding to the Airy function if cach equation is differentiated and summed (for details see
below).

1.1. An isotropic case. Example 1.
For an isotropic case, obviously, for coefficients we have Cq =A"+2JL, Cgq=2H.

cu =N, Cge=0, A" =2Au(A+2u)", A and R -are the Lame coefficients. Then the

system (1.7) is presented in a form:

o 1 - = s A
(b + 2Py 2,0 = Forudy (i =316 ) =5y o,
(1.8)
. 1 "
2,0+ (N + 2Pt = Tk WDa( ) =, (1 )= kamdz

where the functions

T=g,,0=
correspond to plane expansion and rotation.

The second equation with respect to the Airy function the von Karman system, following
from (1.8) has a form:

1 - - =
& +2ﬂ)A[2# ﬂ(3l+2ﬂ)}0“+aﬂ)=/‘a||(“:.1)1
o = MY +2p
22 )+ 30 o T ?(#mg_) mp] aouta.
o
= E--. v} 1+
Al + 0:;)=—E[u,,u,]+EJnAc,,dz+_h- (1.9)
It inttoches thelAlry functioa by aiwell knownway:

\

4B .

g, =(ElEte. oliie = = ja,_‘,,_u¢dz= AD',
%

then from (1.9) it follows the second equation of the von Karman system
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2 0t B == AV el \ Lt
AP =_?[u”u'l+5A(g’+g‘)+T (1.10)

where[u, V]  is Monge-Ampere form.
1.2. An ortotropic case. Example 2.

For this case Cog = 0. Then from (1.7), obviously, it follows

h L A S
Zh[cmaa S (012 s aEaarea (1) Coedre (W= m..)}

(1.11)
+ hc«,[a;,,.(um u,.;)fa,.(us,lf] = T a b [Ossade~ RE,
where

- i1
m;:';h_

(vaa+ ul,)dz.
»

I coefficients b and c satisfy the condition of generalized transversality ({21, p- 27), ic. there:
are true the relations:

€l =Cp =CiptCegr by =byy s

then from (1.11) immediately it follows:

1 1 e s 5
e Lo i = 405200, RE

; ; o (1.11a)
c,,azu;c“a.m=Efz—bub;;momdma{a.(uuun)fa,(u,,zf]—k;".

The systems of differential equations (1.7), (1.8), (1.11) and (1.12), obviously, are a splitting

of one, corresponds o the function ®° from the von Karman equations and equivalent to it in

case differentialibility of the functions ia, which are averaged on a thickness of the plate of
horizontal components of displacement vector.
Thus, obtained by us the system of differential equations (1.7), (1.8), (1.11) and (1.12) is
d from the initial three-dimensional problem of the theory of elasticity (1.1) - (1.5)
with respect to the averaged on a thickness of the components of displacement vector .
The other basic equation of the von Karman system corresponds for a linear case to  bending
problem. For clearity and completeness we now give a presentation of the second basic relation

in case, when Q, is an isotropic elastic plate of constaat thickness (more general case, When an
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elastic plate of a variable thickness with finite displacement is anisotropic and non-homogeneous
see [2], Ch.1).
1-v)D, . @+v)D, . _ 30-v)D
Au + ollpp — =
7 SRt R (155277

(uy +iba) = fi + Raalie).
31-v)D (L1
2h*(1+2y,)

where E, v are module of elasticity and the Poisson coefficients,

(sbrui =5 or i,

ug 2h’ Im dz,

R,,, are remainder terms, D=§Eh’(1—v’)" is a cylindrical rigidity of bending, Yqare
arbitrary parameters.

Obviously, the equations (1.7) (or (1.8)-(1.11)) and type of (1.12) without remainder terms
prosent. full system of von Karman-Reissner-Ambartsumian type differential cquations with
respect to functions #i(X, ) and ug(%, ).

We remark that the pon-linear two-dimensional models for Reissner type DEs with layered
effects for pil ic plates first din [5).

Then, the system (1.12) will have an another equivalent form, if unknown values are chosen

with Reissner averaged ifs and shearing forces Q, instead of u; (for details see Ch. 1, [2]).
Then we will have:

widag 2010 i 2| sy 36 7
D_A’u,=[1-" (‘;(ZZ 2) al A}g;fgg)+2h[l——2—3(£ll__i:jﬂA}u;,?']

) _{zf.,. ﬂ-—A('l’—Z’)fs)]ﬂ{+R,[_Es:YJ.'
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714

From these equations, if we neglect the remainder terms R, for y=-0.5 from the first

equation the second basic cquation of von Karman system follows:

w = (1+ 8)(g} - 8) + 2hlw, @1+ h(ge . ~ Baa) = J'Z( fi)dz, 113

where W and @ are approximate values, correspond to functions U3 and ®" . Remember, that

@' is introduced for readablity. Indeed, from the relation (1.9) it follows, that the function ®" is
expressed by €, immediately.

For dynamical case for clearity we consider a lincar case, when the right hand side of the
system (1.1) has a form:  P3, Wy, +£,(x,y,%,t) (p=const). Here f; is known functions, p

is a material density. Then, using of corresponding formulae of this item, the following equations
follow immediately:

2093,V = 2h(Condee + %c“a,, +%c“a,,m on zh/%c,eaw +(cs +%c“ o

,
0y aDraa) Vra | Tadz (g8 —82)+ 2033 (0o +0se. (B3 3)s (g 14

2 2P e dt B + oD SO ool (6 ¥ R
00100 = | (Cundln i 5 e SO HCusdon (G 4 50 s

+05 095010 )Psa ] m(ﬂws. (@0 )= a(@  +0;5))= IZf,dz

g+ 2)+ 2 44 00,0, +0u0ee i ~85).

an’
B p0,0= gl (O 0 ) =001 0 20, )+ 0y (0 +0:2))

31+ 2 Y)
&
i (b=auan-ats)
B
For an isotropic case, ohviously, we have:

Av,

B
S i
2wy 20 )a gy =t
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LD SR (LWDGg = = USVIDR ()=
2 7 ? T 2n(1+2y,) 3
3(1-v)D Ahyieas

—_[A —_— f

T2y Ot Qual =Pt oy

where the functions fo and f; are defined according to (1.14).

In non-linear case instead (1.10), obviously, we have:

2 1=y? = (i) L D
(A 083, :~7['1yu,]+5[A—Z‘?B.,}g,+g,)+7hﬁ/a~ L)

Obviously the new —underline member A9, describes the transversal wave processes.

We also remark that cquations (1.14) and (1.15) are direct product of equilibrium equations
(1.8), while all corresponding expressions (see [6], [7], [1], ...) represent geometrical and only
‘geometrical identity:

(SURCIRRCIE SR AR

In the lincar case the models type (1.8), (1.10), (1,11), (1.12) present convenient unified form
for applying directly methods developed in [8-12,...] for all classical (in Muskhelishvili sense )
BVP.

Further the models of type (1.8), (1.11a) presenting, Cauchy-Riemann first order system  of
DE-s, are natural and convenience expressions for developing two-stage least-squares FEM
while the (2:21) and (2:22) models of [13] are artificial and they contain eight scalar equations.

2. THE MATHEMATICAL MODELLING OF PORO-ELASTIC MEDIUM

In this part it’s suggested three-dimensional nonlinear model for poro-elastic medium'slightly
differ from the classical M. Biot theory [14].

As it's known, in Biot theory together with usual tensors of elasticity Gand € introduced

also stress and strain tensors Gij and' &;arisen from the permanent pressure in the porous
‘medium, which satisfies the following (for example, an isotropic case) nonlinear law:

01y =48;, Iz‘n+2ﬂzq+£_ : @.1)
deEiy

where H -is the nonlinear (of third degree) homogeneous form from; ;:
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H=H(3,8:.35) @2)

Here 3 -are the principal invariants of the spatial theory of elasticity [6].

Using some relation and notations of the works [14-16], below propose the new nonlincar
model for spatial poro-elastic medium.
For the equilibrium equations:

=0, (py, +p W) +1;, @2

P, )=, Pyt + ) 131 0 (4
It's easy to see, that equations (2.3) are refining the equations type (2.2) from [17] as well as
(2.4) are the generalization of system type (2.3) from [17] again.
Further, the summand —3, (pW; ;) is quite to the termd; (G;u, ;) and its presence is proved

by the correspondetly reasoning in [18].
Based on the experimental works (see for example [15]) we propose the following relation

between strain, stress tensors and pressure named as generalized Hooke-Biot law:

o =Be+bl,
p=bTe+MC.
Here B={b, Jos coincide with the matrix from (1.5) b= (by,by,...bs)" is the known 6-

(2.52)

component vector, M - is the Biot number. From (2.5a) immediately follows :
&= (A+Tdbb’ 4)5—bp, 2.5
G=—th"4c+1p,

where the number T =M —b7 Ab.

etween tf ind vect

relati wchy formulae:




£ =B, +abw, 1), Iwis I = (Wi + Was +W55)"

In these B is the well-k Biot coefficient, —1< @, <1are arbitrary numberse

Both of Formulac (2.52) and (2.5b) are important but not only for construction the new models
for spatial poro-clastic media. As follows from previous point, for creation and justification for
von Karman’s models it is necessary the explicit form of matrixes 4 and B. Thus expressions
(2.5) corresponding to (1.5) would be basing for investigation of Problems 1.2, 1.3

3. SOME REFINING MODELS OF ELASTO-PLASTIC SHELLS
Let us consider the spatial problems of the theory of elasto-plastisity (see e.g. [19], Ch. 11-
12). Then the equilibrium differential system of equations respect to incremental terms have the

following form:
—‘/'(Sc'uaa‘l Vyut 408 vkau & ™ 1 56K1 . Viu™ +04 v, 5u™ }r,,u
=ﬁﬂ;«a“5u‘—5/‘).
)
If we applied the methodology of [2], Ch.I, and introduce unknown functions & ui,

©)
- 5 uthen by these equations we have the following two-dimensional (with respect to spatial
coordinates) system of six differential equations corresponding to refining models for clasto-

plastic shells:

(%) Q) @) (SIE) © G ®_ ®
Liy®U1+Lipu; +Liz8uy+LigBug+LisBus+LigBuz+2g mm Vpuy: vpan,

(€B))

(%) () (&) T () () @ _ 0
+mygg| Vpuz-Vaduz+Vpduz:Vaus fkmjg| Vyus: V28u3+V15u3 Vaus | |=
NES) QO
Lsm5“1*1'»\15“1*Lxm5“1*’-:“45“1“‘3«55“3+L3+x65“3*2f mig| VpusVpduy
S) O 00 _0lO[_6_ 6 _ 0 O ¥
ey v,,u3 V3 0Us+ Vpduy:Vauy [myg| Vit VpBus+Viduy Vaus | |=F*.
Here some operators are determined so:

) (+) € r@ ©) @ &)
Lip=210;+ n ’u +P2l h[ My e ]-F‘ g -g'l-ol,
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(&) @ [E®O D @@ <4>(+) (ORI OAG)
m.{v. g +Ve ]c“+ & Ty e +2'g T 42y Ty &
©, m(*) ()
2 @ O \®» MR 6D @ (+>(*,> ()
by :[a, e +Ve i ]Pn+ i Pra+2\ g T Pre+2{ g Tis P1s
Pis
o) ® [P0 \@ BO6  HO) @ @
b (TR )P el Tr el

@ [H® @,
(AT

(+) () @ OO 6 @ 6)
6.2, ( )

o (n“) (G)
.(,—,, 5 ]

@ ¢ .
Pu=c <a,+% 6.0, -[ Py P T+ O on,

© @ &2 @ ® O o @, )

M'N‘:aﬁ\f[ sck” g Vg upt ofP. g . vks u, ]+ g[ 58 g™P .V up
@ @ @GS A 5 @

+68 g™V 8 up ]r"”fzv,,[ .gP. kan +§c 3. gV ]

ORI ERON O RGO C) ©@_ @
R =g Agp +msp Asp +mae A =287 | map| Vpu3:Vpdus

o) ®_ ®]® ) ®_ @
+m36-p [v” Uy V38u3+Vp5u3 Vaus |+msg| Vius: V15u3+V|8u3 Vaus
@ e () @) € @
Ay =se “‘[v, U VB up +Vi 8 u Vi um |,
@ ,)w @) v ®, <+)<+) @ @O [
sz:(zr‘&’:*«( )[(ﬁl )b"*r 8 T 62 +2('g By 6%
@) &) @ [B® )
PRl ) )
) ~(1 - @) (+) (+)
3= 3 5gd+ 288~ f2 =M - Riw,

where. for example:



2h)+2y )
Vi
S 3

9-h

o
gl :
ORe 3h

The other operators L, P, m, 1, (with different indexes) from (3.1) have the analogous forms,

the values g, T are the same that in Ch. 11 [19], %, Ve are usual and covariant derivatives of
first order, the expressions

(4B _ pab _ a3 4h3 ,(bzxr g

where 6P are known values, characterizing material’s elasto-plastic propertics.

The complete detail form of (3.1) with i and for

boundary and initial conditions are representing in [20].

Remark: The author is grateful to Nana Dikhaminjia.
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POSSIBILISTIC DISCRIMINATION ANALYSIS: MEDICAL
DIAGNOSIS FROM PATIENT RECORDS

A. Sikharulidze
Computer Software and Informational Technologies Chair

Abstract. In the present work a method of decision classification is described which constructs a numerical tabular
knowledge base from historical cases and is the variation of discrimination analysis. The method processes the data
described by the doctor and enables 1o effectively employ full information available.
INTRODUCTION

Among many expert medical diagnostic systems which use numerical-tabular base the most
popular method is probably the method based on the Bayesian inference technique. But in many.
cases it turned out that Bayesian analysis demonstrates some difficulties. First of all this is the
difficulty to calculate so called “prior” probabilities, and the second: Bayesian analyses can be
useful only in such situations when the data is objective by its nature (for example we don’t need
an expert to determine the sex of patient: male or female), but in medicine very often there arises
such situations that we need an expert (doctor) to determine some other characteristics of patient
(symptoms) are present or not and how strongly they are exhibited. In such cases Baycsian
method is helpless and its certainty is very low. This means that other ways must be searched
for.

One of the known alternative methods s called the discrimination analysis [1] and uses the
theory of fuzzy sets. The method is briefly described in the following section.

1. DISCRIMINATION ANALYSIS

The knowledge base represents the list of historical patient records, where the symptoms,
exhibited by these patients along with their proven diagnosis are recorded. From this information
a new frequency distribution table is established, where. i ‘denotes the i-th symptom and
Jj denotes the j-th decease, and - fj; proportion of those recorded as suffering from disease
jwho exhibited symptom i In the following table D); denotes j-th decease and S; - i-th

symptom.
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Based on this table two other tables are constructed: positive discrimination table { , ) and

negative (1 ) discrimination table, which are calculated as follows:

. (O]
Py = 5, Higemas By )1 (Cp =),

Koy

5 Olinerael T/ FIH(Co =), @

Kej

b
where p;,n; €[0,1], md. C,; denotes the cardinality of the disease set. Large-ratio is defined as
a fussy set with membership characterizing function:

' Kionersa =R* > [01].

An explanation of the positive and negative discrimination measures is that p; represents
the accumulated belief lha: sympmm i is more indicative of disease j than any of the
remaining diseases, whllst n,, represents the belief that symplom i is more indicative of not
disease j than any of the other diseases.

.;rmwr.en the records ients arrive, set of

s cxhbued hy him is entered
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and C denotes the cardinality of S.

7, and v, represent the average of the positive and negative discrimination measures
respectively, for disease . The fuzzy sets Large and Small have characteristic membership
functions:

z:[011-[01],
sich thal. 7.y, is monotonic increasing and X, is monotonic decreasing in its argument.

The disease j with maximum magnitude in { &} can be interpreted as the most believable
diagnosis.

This method was successfully used in Psychiatry (2], however there were several problems
that arose. First of all that was the difficulty to calculate f;;. In the patient records there wasn't
directly stated weather the patient exhibited the symptom or not. Instead there was indicated the.
doctor's estimation of how strongly he believed that patient exhibited the symptom. This belief
was ranked from O to 5, 0 meaning that the patient didn’t exhibit the symptom at all, 5 meaning
that the exhibition of symptom was very strong, 1 meaning that patient exhibited symptom very
weakly, ctc. First we assumed that if the exhibition estimation was not zero, it should be
believed that the person exhibited the symptom, and the discrimination analysis was processed
this way. But on one hand very week exhibition of some symptom can be viwed as not
exhibiting that symptom at all rather then exhibiting it and on the other hand some diseases are
characterized by only strong exhibition of some symptoms or vice versa, and for such diseases
the accuracy of our expert systems was not satisfactory. Because the calculation of frequencies
became impossible in such situations, some other characterizing factors should have been
searched for.

2. POSSIBILISTIC DISCRIMINATION ANALYSIS

In the situations when the information is obscure and obtained or described by some expert
(the doctor in our case), such notion as Fuzzy Expected Value (FEV)[3] is believed by many
authors to be one of the best characterizing value for the population set. According to [3] FEV.
is defined as follows:
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DEFINITION 1{3]: FEV of a compatibility function % of the fuzzy subset A with respect to
the fuzzy measure g is Sugeno's integral over X :

FEV(14)= [z °80) = ’5,"5]{7Ag(Hr)]- @
where A indicates a minimum of two arguments.

Consider the situation where X = {X,,X,.....X,} is a finite set arranged in the following
way: Z;(%)S 2;(%) S-S 23(x,). Denote: X, ={x,
FEV can be calculated so [4]:

FEV=mfx(x;(X.)Ag(Xf)}=m’in(x;(n)vg(X‘)}. ®)

x,},i=1.2..n. As known, the

where v - is a maximum of two arguments.

According to this procedure for the finite set for every discase and symptom FEV can be
easily calculated, where X will be the set of patients that suffered from given disease, the
uniform distribution can be used in the case of fuzzy measure g, and z;(x,) shall be the
compatibility values estimated by the expert.

Following this technique the new table will be obtained, which we call the FEV Distribution

Table.
B B
5 FEV, - FEV,,
S, FEV, - FEY,

‘aco.

. Different from the discrimination analyses the new. patient that arrives along with his
sympwmpmmvdlldmhveﬁncmplﬂbilityvdmofﬂlewmmmu that this
values must somehow participate in final dumls as well as in calculation of positive and
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FEV, —1,
= i = @
() kZD{x,..,.,..,.,.,(FEV,k_p' A(Cp=1).
ke
The final diagnosis can be calculated as it is done in discrimination analysis:
i1 % 8]
8, =5 (Xane(%)+ w1 JE D, )
‘where
L ={;pp,,(u‘)} Cs, v {Enp.,(u.)}/cs-
3. EXAMPLE

Suppose we have only (wo diseases D; and D;, both are characterized by only two symptoms
S, and Sy Also the following information is available: five patients who suffered from D;
exhibited S; with compatibility value 0.8, three with 0.6 and two with 0.9. Six of these patients
exhibited S; with compatibility value 0.1, two with 0.3 and other two 0.4. Six patients who
suffered from D, exhibited S; with compatibility value 0.1, three with 0.2 and one with 0.4.
Five of these patients exhibited S; with compatibility value 0.2, four with 0.1 and one with 0.3.

Suppose the new patient arrives exhibition of ; for him is evaluated as 0.9, and Sz a5 0.1. Tt
on of S then D, that means that

is obvious that first disease is characterized by higher exhi
this patient must have suffered from first disease. But if we try to use here discrimination
analysis, we can't get any result. Both symptoms were actually exhibited during both diseases
and frequencies for each equal to 1. That means that with discrimination analysis we will obtain
results 8, = 0.5 and 8, = 0.5 meaning none of the diseases can be preferable.

Now lets apply the possibilistic discrimination analysis and calculate FEVS.

As described in [5] for calculation of FEV;; we can build the following table:

# of group n, o 1 g=nPln x.ng&
1 5 TG e 1 06
2 s ogi 07 07
3 2 gl ooty 02 02
where n; is the number of peaple in i-th group: 1 = 31, , 1=12,..,n , n=S5. Thus the
J=l

‘most typical is the second group and FEV;1=0.8.




For calculation of FEVz we have the following table:

#of group . % n g=n'fn xag
1 6 0.1 10 1 0.1
2} 2} 03 7 0.4 0.3
3 2 04 2 02 0.2

‘Thus the most typical is the second group and FEVz=0.3.
For calculation of FEViz we have the following table:

#of group ' % n"” g=n'fn Xnrg
1 6 0.1 10 1 0.1
2 3 0.2 4 0.5 0.2
3 1 04 1 0.1 0.1

Thus the most typical is the second group and FEV;»=0.2.
For calculation of FEVz we have the following table:

flotzoup . w1 g=n'ln xing
1 4 0.1 10 1 0.1
2} 5] 0.2 6 0.6 0.2
3 1 03 1 0.1 0.1

~ Thus the most typical again is the second group and FEVz,=0.2.
So FEV Distribution Table will look this way:

A 2 Dy Dy
Hin R 3@ S 08 02
e S 03 02

For our patient with p; = 0.9.and jt, =0.1, we ily calculate the positive
i eS (SUPPOSE 1 -rato %) = %/10.):
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)

0.3-0.1|
npy (1) = ppalba) = u.,,,.,...,{ﬁ

Xiorgerrion(2)=02.

Afterwards,

and

0.0142-0.2
=y =—=

=0.1071.

Now, using (8) we can do the following calculations (et X, o, (X) = X and
Asmanl %) =1=X),

5 =%(o.375+o 9029) = 0.63895,

:%(o 1071+0.625) = 0.36605.

These results give us the possiblity to judge that it's more believable that given patient

suffered from first disease.

4. CONCLUSION

It should be underlined that this method uses full information that is available. But for
further analyss it should be also mentioned that here FEV distinguishes the only group with the
chosen compatibility value. This way FEV. avoids the other groups that also may not be very
convenient, For this case such notion as Weighted Fuzzy Expected Value (WFEV) [4] or
Generalized Weighted Fuzzy Expected Value (GWFEV) [S] can be used.
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HEKOTOPBIE ACIIEKTHI 3®®EKTUBHOM PEAJIM3ALIAA
TAPAJUIEJBHBIX DIPOrPAMM

#)Bn.B.Boesooun, **) IT.A.epement
yenmp MLV, **) daxys Y u

~Koxmeiomepnes nays TV

Aberpaxr. a ceromuALM KcH ABIAETCA
ook
PeAILIILIX MPOTPANMAX, JOCTATONIO CHIsHO OTTHUAIOTCA APYT OT Zpyra. [TPHYIMK STOMY MOET GHITh HECKOTKO.
VIHOT@ 97O NOACT GhiTh (IO BHIEY ANTOPHTMA W HET NHKAKOR BOIOAHONTH YAYNUIHT PEIYIIBTAT, @ HHOTAA ¢
[IOMOILIIO HEKOTOPbIX 11PCOGPAIOBANITE B MPOrPANE NOXHO YIYUIKTS MPOHIBORHTENLHOCTS. JLIK IOCTWACHHS
GO AGEICTHNIOCTI CTPYKTYPa GIFOpHTYA Z0TKIA G COTISGORITA c0 CTPYITYPOli 1 ooBEmooTA
cTextst, Bomsiioe oy pXHTEKTYD.
COBpENCHITLIX. CYIICPKONIIBIOTCPOR e 103B01ACT aspaboTaT OGUIKIE OZXOR A4 COMAMILA )(h(pcmumlu\
nporpant paspacoTKa NCTOIOB H KoTopbic
IONOTYT TIOAVIOBATCAIO HCCIICIORATL GTPYKTYPY H CBOHCTBG MPOTpa.. B paGoTe oBeyRaloTcs BOSNOXHOCTH
- V-Ray.

oo Takoli cHTeN:

BBE/IEHHE

Ha COBDEMEHHOM 3TANC PaSBHTHA HaySHO-TEXHIYECKOTO POTPEcCa PEMICHHE NpOGTEMSL

ABIACTCA OANON 3 CTPATTAMECKX SATAY.

I cynep-9BM ma nocemx 2-3 5

cpemes HA TOPHIOK B Kaxmie 5 mer. CONMACHO moonemHelf pejaK Cmacka top300,
concpaniero 500 HaHGOTEE MOWHAIX CYTCPKOMITSIOTEOB MKP3, Ha #oKb 2000 roza B Mupe
6hui0 yorasoBMeO Gonce 10 KOMIBIOTCpOB G IMKOBOH  NpOMIBOZHTEMGHOCTEHO Gomee 1
TFLOPS (rpm. om/cex). B i i P

Crpatermicoas  KoMmbioTepHas  uarisay  ASCI  HAMGHCH BHXOX HA YpOBeHD

npowssomTesHooTH cynep-3BM 100 Tpme. on/cex. B 2004 . [1] Ho s Ton xc top500 muecte

¢ maxosoit H peamsas ot xe

CHOTEM, Ha TECTOBOH LINPACK, K JIeTKO 3aMeTHTB
pasHMLy Mexay OTHMH jgyms momwsTwivu. Hampuwep, omax  m3 MONHEHIIHX
cyneprommsiorepos. mpa ASCI Bluc Mountain (SGI, Inc), yoramomnemisiit s Jloc-

CIUA, rreer 6144 mpoueccopos M IIKOBYO
nposomTemssocTs Gonee 3 TFLOPS, Ho Jysmmsi pesyisTar, rokasamisiii Ha Tecte
LINPACK, pasex s 1,6 TFLOPS.

Tprens, 10 KoTOpAM  Teoper B peamsran cTom RO

PACXORATCSH, MOCTATOYHO MHOro, MHOrZia 310 MOXET ObITh (IO BHMHE) ANTOPHTMA H HET

YIIYMIICHHS. a MHODZIA TyTeM Heb M3MEHEHHA B

MOKHO BpeMA H, TeM CaMeM, YBEIMUHTL
CHOTEMBI HA JAHHO#

Uro Taxoe maKosas MPOMIBOXMTENHHOCTE? JIOMYCTHM, Y HEKOTOPOH 'BBIMHCIHTENBHOI
GHOTEMEI €T YCTPOHCTEO CUOXEHWI H yMHOkKeHws. Ee mikosai NPOHIBORHTSIBHOGTR




9% Br.Boesooun, 1T Liepoment .

CNTACTCR WCXOLA W3 TOTO, WTO 063 YOTpOWCTEA  PAGOTAIOT OHOBPEMCHHO G MOMHON
HarpysKoi, OMMaKo, cCTH B HAUICH JAIAIC HET OMEPALTH YMHOKEHH (AOMYCTHM, BETHCIICM
CyMMY 27EMCHTOB Maccia), TO GOIBLIC TIOTIOBHHA! MKOBOH OFIBOTHTCTSHOCTH MbI YK

moax e nomyuor Ilostowy

PACCTHTETSRBIX  CHOTEM  MPOGICN  COOTBCTCTBNS GTPYKTYPsI QIOPHTMA CTpYKTYpe M

BHIXOZMT Ha nepsbii uan. ECiu
POrPAMMYCT Xoder pabOTaT Ha TpEAENe NPOMIBOMMTENHOCTH KOMIBIOTCDA, OH JOMKEH
YHTLBATS €10 0COBEHHOCTH.
Paccorpmu  Taxodt  mpimep.  TIDGOTOMMM, 4TO HA  BEKTOPHO-KOHBCHEPHOM
cyneprosmsioTepe CRAY Y-MP C90 HAZIO DEaTH30BATS ONCPALIAO BHIA
AG§K=AGGK-1)+G,)+bG), i=1,.,1000, jk=1,....40

BOJBINHCTE0 MPOTPAMMHUCTOS, HC HMEIOUX OFGTA NPOIPAMMPOBAIA HA MIOAOGHEIX

'BEMHCIHTE/HHEIX CHCTEMAX, HAIMIIET MPOTPAMMY B TAKOM BHAC:

i<=1000; i++)
j<=40; j++)
for (k=1; k<=A40; k+-+)
Al KI=AlLj k- 114B, B
Peammys oot pparment #a CRAY Y-MP C90, Mbl NOMYHIM MPOHIBOMHTCIEHOCTS OKOTO
20 MFLOPS (»ms. or./cex.) MpH MHKOBO¥ MpOrsommTexsHocTH 960 MFLOPS.
Ecma yueors ocobemmoctn apxumektypht CRAY Y-MP C90, o1y samuy MOxHO
3ATDOTpAMMHDOBATS TaKiM 06Pa3oM:
for (k=1; k<=40;

-Alijk-11+2*B[j,iJ;
Alj k+1]=Ali, k1+2*B[j;il;
)

Peammaps 3TOr0 (parserTa Aaet NpoussoAuTemsHoCTs 700 MFLOPS. TipH 370M oTH 152

(parmenta TaK KaK AT Pe3yBTAT C TOYKC o

OUHBOK OKPYTICHAR, BOSHHKIIVX TIDH 3aMCHe CIOKEHI HA YMHORCHHC, HO BTOPOH GparMeHT

HAMHOrO JIysIme LIENEBOTO Orciona 1
PA3HHIA B IPOK3BOMTEEROCTH. [1]

Taxim 06pa3oM, C OMHOH CTOPOHH, NApaIeNH3M TO3BONAET 06eCrieYHTs  GonbIIIyO
CKOPOCTH 0OPaGOTKH JAHHHIX, HO, C ADYrOH CTOPOHSI, IpOLECC pa3paboTit 3D PEKTUBHBIX
TPOrpaMM CTAHOBHTCA BCE Goree H Goree CIIONHBIM. l'lpoﬁmuyycyryﬁumemnmdmxr,
HTO CYIIECTBYET OrPOMHOE KOMHYCCTBO npnrpmu wmpue pasplﬁ!mlmh 1A (OGBIHBINY
OZHONPOLECCOPHBIX BENHOTHTETBHRIX wans, O penwer uxmemmlmﬂe 6asopie azaum B
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PASTHUKEIX MPEAMCTHBIX OBMECTIX M aKTHBHO

pasp:
mporpass.  ECTECTBOHHO, OMM  HATHCAHM 6C3  yWCTA  OCOBGHHOCTCH  MAPATCTHHAIX

X CHCTEM. ans BBICOKOH
NDHXOMTCH He TOMGKO OCMBICTHTS CTPYKTYPY CBOGH NDOTpAMMBI, HO Taloke WIyMHTS H
TEPEOCMBICITHTE CTPYKTYPY TeX GHOMHOTCUHBIX MOAyNCH, KOTOPHIC OH PaHBIE HCMOTE30BAT

0c060 HE 3aIyMbIBAACH.

1. COBPEMEHHBIE ITAPAJUIEJIbHBIE BBIMHCJIUTEJBHBIE CACTEMBL
[TorpoGyen  BHUIGTHTS  HEKOTOPHIC OCHOBHBIE KIACCH COBPEMEHHBIX MapaiicTsHBIX

BEMHCTMTCTBHBIX CHCTEM. Hx MOKHO o

OcroBHsIM spnseTCH
HampiHe oBEH WIH PACTPCACICHHOR nasaTH. MeAIy ZBYMST ITHMK CrIOCOGAMH OpramM3aLH

v axomires NUMA-apXuTexTypa, T4 MaMsTh (M3HECKH PACTIDCACHCHa, HO NOTHYECKH

Ecm y ecms 06pabOTKH BEKTOPOB B KOHBEHEDHOM

PCATME, M5 HMCEM [T C BEKTOP ¥i. Taxte MoryT

OGBCMNUATECH B CHCTCMBI C OGIMCH WIM PACTIpEACTEHHOH maMATSIO. ViTak,  BRiemnM
CCAYIOUHE KTACTHI:

1. MacossHo-naparie;sHsie cHoTeMs: (MPP) COCTOST M3 ONHOPOIHEIX BEMHCTHTCMLEBIX
yanos, Kasiit y3en COZepIT OTMH Wil HEKOTHKO TIPOLECCOPHBIX YCTPOHCTS,  IOKATBHYIO
GMATS, KOMMYHMKALMORHBIH MPOLECCOp HUTH CeTeBOH azmarep. UHOTAA Y3hl CONCPRAT emte
JKecTKHe mHCKkM WA ApYTHe YOTOHCTBA BBOKA-BHBOTA. TIDAMOH JOCTYN K MaMSTH ADYruX
Y3708 ABHGIM OGPAIOM. HeBoIMONCR. K CHOTEME MOTYT GuiTs AOGEBICHS CRCIMATBHLE Y3
BBONA-BHBOZA 1 YTDABISIOIIAE YT YOl CBAJAHBL 4CDE3 HCKOTODYIO KOMMYHIOGALMOHHYIO
Cpey (BHCOKOCKOOCTHAR eTs, KOMMYTaTop 1 T.N.). Taxnaut crotemayu ssnmores: IBM
RS/6000 SP2, Intel PARAGON/ASCI Red, SGUCRAY T3E, Hitachi SR8000.

2 CrnveTpinHAs  MyTHTATPOUCCOPHAS CHOTeMa (SMP) COCTOMT 3 HCGKONBKHX
OZHOPORHEIX TPOLECCOPOB W MACCHBA OOIEH NAMATH. TlaMATs, KAK NPABAJIO, Pa3feneHa Ha

Heckomsxo Grokos, Boe TDOLEGCOPS MOTYT OOATHTSCE K 7HOGOMY MECTY MaMATH C

180, T K NAMSATH JHG0 C OMONIBHO OOMICH MIHHEL..
W60 ¢ Mmoo KoMMyTatopa. HP 9000 V-class, N-class; SMP-cepaepa  paGosme Crarin
Ha Gase mpoucccopos pasmrumeix Qupy (Intel, TBM, Compaq ¥ Zp.) SBITOTCH
TPOICTABHTeTAMH ARHHOTO KIACEA.

3. Crcrema ¢ HeomHopomeiM foctymom K namsm (NUMA) cocToMT 3 ORHOPOZHBIN
6asombix MopyseH (1aT). MORyTM WMEOT HEGONBIIOS YHCIO TPOLECCOPOB K GOK MAMATH.

Onu C NOMONIEI0 yratopa. T CIHHOC 2

AIDECHOE TOCTP: annapaTHo ROCTY K Y, TAMATH, T.€. K
TAMATH Apyrax MOAyICH. [IpH STOM, JOCTYI K JOKAMBHOM MAMATH B HECKOMBKO pa3 GhicTpee.



ew K yaanexnoii, Ha npnaune NUMA-apxurexrypst nocrpocist SGI Origin2000, Sun HPC
10000, IBM/Sequent NUMA-Q 2000,
4. OcHOBHSINM NMIOHAKOM NIpAIICTbMX BOKTOPHsX ciicon (PVP) GHoTeM  smaseros

HamHe 3 P HMCIOT

o oTACTBHEIX  onepawi
PCIYCMOTPCHE! KOMANZH 0GpaGoTKit BokTopos. Kak MPABIIIO, HECKOTHKO TAKHX MPOLECCOPOB
(1-32) MOryT paboTaTh OMHOBPCMEHKO Hax OOWEH MaMATHO (amanoriiHo SMP) B pamkax
MHOTOMPOLECCOPHAIX  KOHQHTYPALGAI], WIH OHH MOTYT GbITh OGLCAMHCHEL C MOMOMSIO
KoMMMyTaTopa (aanorixo MPP). Ipintepsi: NEC SX-4/SX-5, MMtz BEKTOPHO-KOHBEHEPHAIX
xommsiorepos CRAY: CRAY-1, CRAY J90/T90,CRAY Y-MP C90, CRAY SV1, cepun Fujitsu
VPP.

5. KiacTepHEle CHOTOMb! NPEACTABISOT cOGOM HaGop paGowWx CraHmumi (i Aaxc

obmero . O 3 B KA4ECTBE ACLICBOrO

BADHAHTA MACCHBHO-TAAIICTSHOFO KOMIHIoTepa. LA GBA3H YMI0B NDHMEHACTCH OMHA 3

ceTeBnix # (Fast/Gigabit Ethernet, Myrinet, SCI) a Gase unnmioii
apimciTypst wm xowyyTatopa.  Eomr iiacTep OGBEMMHACT KOMTLIOTCPH  pasHOi
APXHTCKTYPS, B ITOM  GIyWaC TOBOPAT O HCOMHOPOWHBIX KIAGTEPAX. YIS KIACTCPA MOFYT

» Katcorse pabounx cramusii

Taxoe owern 3a1py, eamoro
NOAXOM X codmammo sddeKTVBRBX mporpawyy. Boice TOrO, K&K NPCACTABHTCT:
BUMICTPBEICHHHIX KIACCOB, MMEST CBOW OCOGRHHOGTH, KOTODHE TOXe CIGAYCT YHHTHIBAT.

TooTOMy  O%CHB  CAOKHO  TOBOPHTS 00

obccencras, TIDOTpAMMHECT JOTKCH XOOWIO JHATH He TOTHKO CTYKTYPY PCAINIYENOTO
amropumia, HO 1e7eBOro. OBk cTpykTypY

AITOPHTMA C 0COGEHHOCTAMM HCIIOMB3YEMOH MAIIHHEI.

B cBoc mpeast A5 or

SHAMHA CTDYKTYPSL B OCOBEHHOCTEH KOHKpeTHEIX OBM. OHH CTaild NOCPENHMKAMH MK
TNIOMB30BATENEM ¥ BEMHCTHTEBHOR TEXHWKOH M B3UIM Ha CeOX (YHKUMH ajanTauyy Nporpam

x korperasiM OBM. Opaxo eomt n cHCTEMBL

omEonponeccopHsx IBM 10 GOMBIEl HACTH CTABILAIHCE C JTOH 3ajayeH, TO C MOABICHHEM

TADA/IETEHBIX BHMHCIHTENBHEIX CHCTEM CHTyalA CTana HaMHOTO XYXe. CymIECTBYIOT A3BIKH

H orep CHOTEME,
HO TpaKTHMeCKH BCe OHM TpeOyioT, 9TOOMI NONB3OBATENH CaM YKashBan Te CBOHCTBA.
AITOHTMOB K NOTPaMM, KOTODHIE BIMAIOT HA P O

TAKHE CBOWCTEA Kpaiife CNOXHO (HANDHMCD, BBUACTHTb LMKIH, HTCPAMH KOTOPEIX MOXHO
nmmmmwumw)ﬂowmwmmymmwp«ﬁwmumnmn

MHCTDYMEHTATBHRX GDGACTS, . KOTOpHE TIOMOTYT WCCICAOBATS CBOHCTBA QMIODHIMOB H
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nporpaty, OGHAPYAHTH MOTCHLMAT MAPANMGTHIMA W YOKME MCOTA, KOTOPSIC MEWAIOT

Ha ji cucteme. a. motom

PHCTIOCOGHTS MPOTPANIMY K CTYKTYPE LC/ICBOrO KOMMTBHOTEpa.

2.DAKTOPbI, E HA PEAJIBHYIO T HOCTb

BepHeMeA ceifHac K HAIEMY MPIDEPY M NOMPOGYEM MPOAHATH3MDOBATS, H3-3a HCTO BTOPOH
(parmenT padoTact B 35 pas Gucrpee nepsoro. ECTM BHMMATENHHO moGMOTDIM Ha. L-biii
(bparvenT, To OBHAPYKHM, HTO CabIii BRYTPEHHHI LAKA 10 K He SBACTCA MAPATTETLHBIM, Tak
Kak amw sercacua A[ijK] TpeGyerc 3HaueHie, BBIMHOTEHHOE HA NpONSUIVILCH WTCpaim
Alijk-1]. Tak xax CRAY-MP C90 SBISeTcS BEKTOPHO-KOHBCHCDHON BBIMHCTHTETLHOR
GHCTEMOi, B 3TO CHTYALM Hem31 GYACT JALEHCTBOBATS BOSMOKHOCTS BEKTOPHO 0GpadoTiat
H, CGAOBATCILHO, BECh MACCHB A GYZET BEIMHOTATECA  TIODTICMEHTHO.

Bo BTOPOM (JPATMEHTE MCPCCTABNCHL LIS, TIOCTIE HErO WTCPAILH BHYTPEHHETO LKA 110

i cramu T mm j u k MoxHO BCe
onexexTs MaccHBa ¢ mopssne ckcos or 1 10 1000, @ SHATHT W GYAeT BOSMOXHOCTS
HOTIOTS30aTS MOTCHIHAT BEKTOPHOH 06paboTiai. Bonce Toro, Branoreryx 1o K pas6urat Ha k K
k+l, WTO TOIBOWIET (HEKTHBHO HCMIOMSI0RATH BEKTOPHSIE PETHCTPH  BEMHCIATCHSHON
cuoTems

Kaiste e daxropst Bmusmor 1a sdextvmuooTs mporpam? Bot Hexotopsic w3 mix. B

TICPBYIO OYEEAS CTEAYET MMETh B BUNY SaKOH AMANAl CCIHM JONA TIOCHENOBATCTBHEIX

oncpawit mporpast pasra g (0 <1), TO MAKCHMATSHOE YOKODEHHE S, KOTOPOE MOAHO

1

TIOMY4HTS Ha P TIPOLCCCOPAX, HE MPEBOCXO/HT BETHIHHBI

g+—1
P
Kpose saxona Anjana ra BT pK
K mamaTH, KAHATOB TIEPEJAYH  AAHHBIX,
(re. rarpy3ia) yorpofcTs 1

nponeccopos. BekropHas 06paGoTKA BHOCHT JOTIONHHTEIGHSIC (haKTOPET; 9TO ~ HEOGXOAUMOCTS.
CEKUMOHHPOBAHHA [UMHHBIX BEKTOPOB, OTPAHWMCHHEIH HAGOP BEKTODHBIX PETHCTPOB H MHOTOE

apyroe. Cornaceo 3aKOHa AMjana, eClH B BCEro s 2%

onepauwit, To a yokopeHe Gomsme uem B S0 pacc He or
TOFO, CKOJBKO TP M ota OLEHKA HE YUHTHIBACT MACCy
IPYTHX HIORHCOB, KOTOPHIE TAKOKE CHIDKAIOT Ecma Met
MHOTOMDOIECCOHYIO CHCTEMY, KOTOPasi COAGPXHT HECKOIBKO COT NPOLIECCOpos, Ani BHICOKOH.
b ioTH BOA OKHA B PERHMC, UTO

MOKHO oecmeTs TOTSKO MOCHE JETATBHOTO aHansa Boed  mporpasaal.  Ilpe
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NPOrpAMMHPOBAHKH 1% "OGHIHBIX" B

TAKOM AHANIM3C NPAKTHYECKH HHKOI/A He Ghio.

3.CHCTEMA AHAJIM3A H BU3YAJTH3AIUU CTPYKTYPBI IPOTPAMM

Hconenopanye mporpaMMsl H CTPYKTYPHI AArOPHTMA MOXCT GBITh MPOHIBEACHO HA OCHOBE

n anama. C: i avamo oGpaorky
TONLKO MCXOZHOIO KOAA, T.C. i Ha 16¢ A3BIKE
TOrZa Kak it aHamM3 CBA3AH C Ha

LETEBOM HTH KAKOM-HHGY S ADYTOM KOMITBHOTEpE.

Kaxtie ¢ CPOICTBA MOryT an awamsa i

CTpYKTYPs TpOrpaMyi. PaccMOTpIO HEKOTOpHE TAKHE CDEACTEA HA TPHMEPE CHCTGMH!

w crpysypt V-Ray. [3.4]
TIp Gommn: naxetos He Bcerza
wmseer nomioe Toro, Kak YoTpoers, T.e. Kake IPOLEAYPH
M KaK OHK Tommasse POrpAMMEI  MOKET
TIOMOS €y ocHOBHEIE. xa KOTOPEIX  HYSGHO OGDATHTS

sivanne, Hesmarsie MAKDOCTYKIYPH MOXET GiTh CBA3AHO C TeM, WTO DASHHIC HaCTH
POTPAMMEL MOTYT GHITh HATTHCAHA PaSHBIMH JLOMEMH HIH TPOCTO TPOTPAMMA MOXET COCTORTS
¥3 HECKONMIGEX COTEH MPOLEIYP. B STHX CHYSasx OMeHb TPYIHO Ge3 CIIEIMATHHBIX CPCACTB
0CO3HATE MAKPOCTPYKTYpy mporpammet. Ha pre.l mpuseneHo wsobpaicrue rpada BH30808
NpOrpaMMEI, TOTYHeRHOS G moMOmBIo. cHoTeMst V-Ray. Kaxo nepumume: 3T0ro. rpaja
COOTBETCTBYET HEKOTOPAX TIDOLGAYPA TPOTPaMME! (TOATPOTPAMMA KK (PYFILTWA B TEPMHHAX
@oprpaa). s pepumas V, B sepumary V, WICT Zyra B TOM Cyac, €ct i3V, BBIIBIBACTOR
mponenypa V;

‘'Ha Taxoif rpad BbI30B0B MOKHO HANOKHTS H HEKOTOPYIO APYTYIO H(opmaipno. Hamprep.
PACKDACHTh BCDIIMHE! Ipa()a PasHbIMH LBETAMH, COOTBETCTBYIOMIMM MaKCHMAaTBbHOH ITyGHHe
BIOKEHHBIX IMKIOB B JaHHOH mpouexype. Takas MHOOPMALWS MOXeT OBITh MONE3HA ML
MoME30BaTeNA, TAK KAK, KAK NDABHIO, B IMKIAX M KPOETCA BECh NOTCHIMAIL NApallIeTHIMA.
MoxHo Tpad BEBOBOB NIOKA3aTh M C M3OODAKEHHOM IWAKIHYECKOrO npomns. KaXHOH

npouexypsl. Ha pHC.2 NDHBECHO WMEHHO TaKoe H30OPWKEHHE rpaa. 3meCe B KaxIoH

/4

BEPIIMHE H300pAKEHA CTPYKTYPa LMIJIOB H, B OTJIHYHE OT Tpaga, MpHBECHHOTO Ha pue. 1. eotH .

MPONC/YPA BHI3HIBACTCA M3 N PA3HEIX MECT, COOTBETCTBYIOMAA BEPIIMHA AybmMpyeTca N pas.
Taxas diopMa NPCACTABNCHHS B HEKOTOPHIX GIIyHasX MOXeT GHIT: Gonee ynoOHa.
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Puc. 1

T'pal) BHIOBOB CTPOWTCA © MOMONBIO GTATHHCOKOTO aNATASA. JIMHAMAWECIMti amamn
nossomcT  coGpath roneryio KoTOpYI0 MOHO GyzeT
wanowums W ey, Korza X azanTai
HCCICAOBANHE YMILC HAHATS C TeX “aCTEi KOTOPBIE BHOCAT it BiTa B

obitee Bpens peamsaupis. T[0STOMY NOTHIOBATETIO HEMUIOXO GELTO Gl 3HATS KAKHE QparverTL!
POTPAMMBI 32 KAKOC BpEMS BANOTWACTCA, DTO MOJBONHT CMY BEUIEWT: Te (parveHTs!
(NpOEAYPH, IMKTH WM APYTHC WACTH NPOrPAMMBI), KOTODHIM CIEAYET YACTHTh 00oGoe
BHHMaHve MpH ONTWMMIaWH, HO M4 TOrO MTOGH NONYHHTS INHAMMHECKHE NAPAKTEPHCTHI

ce HyxHO obpasox — BCTABHTE B HYAGBIX MECTAX
BLISOBBI CHYKEOHBIX (DYHKIGHA KOTOPHIe GYIYT 3aMEDATh BPEMA B KOHTPOMNBHBIX TOHKAX.
Crorema V-Ray TO3BOICT B GBTOMATHYECKOM DEKHME BCTABHTS TAKHE BHIZOBEL B TPOTPAMMY.
B Hauane M B KOWUE (DPATMEITA CTABATCA BHI3OBHI (YHKUIM BPCMCHH W BEIMHCISIOTCH TAKHC
HOKA%ATOH, KK OBWICE BPCMA BHTOTHEHHA (DATMEHTA, HCIO €2 BH30BOB. MHMHHMATLHOS

MaKCHMaIbHOE BpeMA PaboTsr, TakoH CrIoco cB0pa THHAMIECKOH MH(OPMAIWH H3HEACTOR

Tocne Ha

COBpaRHYI0 B HyXHOM dopMaTe MA(OPMALYIO MOXHO HATOXITS Ha rpaj) BI30B0B. Ha puc3
pHBeneH MMeHHO Takoif rpad. M3 HETo BWIHO, WTO BRTONHEHHe mOmMpOrpams STEP.
KOTOpas BHI3HIBAETCA B WUIIe 3 noAmporpammel MHD?2 sarinvact Gonee 70% obiuero BpeMeHi

M, ECTECTBEHHO. 0COG0C BHHMAHHMC HYXHO YICTHTD. n

JMMEHHO 3TOH YacTH MPOrPaMMBl.
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Puc. 2

3nare HO3BOMACT TaloKE HIYMMTS. MOBEICHHE

napamieTHREX mporpaMM. B STOM CnyMac MOMOMMYeToR JDYTOH  MeXaHWSM  cGopa
EHAMIICoKOH  WHQOpMAIH, KOTOpS COCTOMT B TOM, WTO (MKGHDYIOTCH MOMGHTS
NDOXOKICHNA KORTPOTHHBIX TOHCK (GOBHITIH) ¥ HAJBIBACTCA TPACCHPOBKOH. 7O mozBoseT

sa xaxom xaxoe feHoTaHE B ZAHHLH MOMCHT BPCMCHN K

GHICTPO. BEABNIATE OCHOBHBIE HCTOYHMKHM HAKTANHBIX DACXOJOB, TAKAC, KAK OMMIAHWT Ha
Gapsepax, OAMIAHHA NIPH TIPHCME COOGMIEHH, MHobananc BIMHCIHTCIEHOK HATDY3KM MEKIY
TIpONECCaMH K T.A.
OcobbiM CNyuaeM HA MPAKTHKE ABJAETO TIPOLEAYP,
i MR ‘HANpHMED, ymiait MPL
HapucAus Tpace.
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Puc. 5

Vi3 51X W30Gp@KeHHit OMSI0BATEO CTAHOBHTCS ACHO, 10 0-0ff 1 3-1ii mpowtecc (pic.S)
JOCTATOMHO ZOMTO NPOCTAMBATH HA G3PHEPE. 3 HA PHC.4 MOKHO YBHICTS CTPYKTYPY Tepeaatn
coobmeri Meway Mpouecca. PasBHTHE CPECTBA TPACCHPOBKH H BHIYATH3ALMH MO3BOTAIOT
ONYMHTE JOCTTONHO' TIOAPOGHYI0 HHQOPMALIO O COGBITHAX - BCGTIA MOKHO OMPEICTHT:
KAKOS COBBITHE KAKOMY OTICPATOPY COOTBETCTEYET, TI0 KAKOMY MYTH 3TOT OMEPATOp BI3HIBAICA.
KAKOB 0GeM TICPENABACMOH MH(OPMAIDIH 1 T. 1L

Vives Taic cpencrea, nonysaer ot
caoficrs mporpaum. Hanprep, Tpacc, B0 mpes
3anyCKoB OHOH M TOM K€ 5 omy MOXHO W3YHHTE

TIOBCICHUA TIAPAIIE/bHOK MPOTPAMMBL OT PA3MHYHBX HAGOPOB BXOMHBIX IAHHBIX. B wacTrocTH.
CHOKHAL CTPYKTypa TPOTPAMM, 3AYACTYI0 ¥ HCACTCPMMHWDOBEHHOCTH  NIOBENCHMA
TNapaJIeBHLIX NPOTPAMM MOTYT NDHBECTH K MHTPALTAH «y3KHX» MecT.[2]

TMomuMarye CTDYKTYpH NDOrpaMMBbi, OGHAPYHEHHME '(Y3KHX) MECT MWIH ONpEACncHHE
HAMDONEE (BECOMBIXY, C TOYKH 3PEHHMA BPEMCHH BHIONHEHW, NOANPOrpaMM (TIPOUCAYp) ¥
PATMEHTOB — 370 Boero M nepBsi WAr X PAIpAGOTKE BHCOKOS(HEKTHBHBIX MPOrpaNM.

Jamme cneayer CTPYKTYPY H X K
1eNEBOr0 Crucrema V-Ray H TaKyI0 -

CTPYKTYPHL npouenyp. C NOMONBIO CTATHICECKOrO

anamu3a MBl MOXEM TaKHE. KaK CTpyKTYPa

MPOLEAYPH, HE3ABHCHMOCTL HTEpAIiA LMIUIOB, MH(OPMALMOHHAA 3aBMCHMOCTB OTICTHHBIN
OMICPATOPOB ¥ JHHCHHEIX YHACTKOB H MHOIOC JIpYroc.
Ha pnc.6 W 7 npuBcHeHB rpage ynpaBnienus (parscnta WHIIHECKHH  podinh

npoucayps. Bepummui ¢ MCTKaMH )
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WICI), MCTKA  O3HAMACT MAKCHMATHHG YDOBCHD BIIOWCHHOCTH LWKITOB. OCTATHHBIM
BCPIIHAN COOTBETCTBYIOT OTICTSHHIC OMEPATOPH H MmCiiMbie ywacTiH. Brnsy roobpaxena

cTpyKTypa Wiicioe. Ha pre.7 BEpIHA GONCE TEMHOTO LBETA © MCTKOM 2 COOTBETCTRYET LBIKTY.

HTEpALIMH KOTOPOTO H, €ro MoHO 5
pexinve. Tt crpyKTypH xa Te. Ha yposHe
rpadu i [5]

Puc. 6

7 Hier [-[Oof ]

Scale Mark Point

File Environment Edit

Puc. 7 il

B nammoii CTATHE MBI HE MOXCM i HC HMC/H LEMBIO OMHCATH BCH) ()VHKUMOHATBHOCT:
oncTems V-Ray 11 KOCHYIHCh b Manoil HACTH CC BOIMOXHOCTCH. OCHOBHAA MBIGTE.
XOTODYIO HaM XOTCJOCh. OBCCTH [0 YHTATCNA 3AKMIOMACTCH B TOM, MTO HCCMOTDA Ha BCKC
CHOKHOCTS 1 );uomn!amlm 4734 COPRICOBAHI CTPYKTYPAY MPOTPAMM G OCOBRHHROSTAN:




106 BuBocaooun, I1.Liepe

X CHCTEM, OHa Mower GmTb pewieHa u. Gonce

px P
TOFO, OHA YCTIEWHO POWACTOA Ha MPAKTHK. PemICHIE ZATCKO HC BCOTAR TOHBHATLHO M MOXCT

He JeXATH “HA , WO yousms "

MPHKTATHBIX CTICLMAHCTOB BCCTZI MPHBCAYT K KENACMOMY PE3yTTaTy.
Botee mompobmyio wpopmaimuo o cicremc V-Ray, a TAKKC MHOFOMMCACHHYIO

o < 31 MOHO HaifTh B MinTepHeTe Ha caitte

FHQODMAIHORHO-QHATHTIIEOKOTO.  LeNTP MO NEDATITHHMM  BHNHCACHIUAM

hitpi//www.parallel.r
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33HITITVGN 36MBHNNb IBIIG TN HISTNBIGI0s BMB0IHON
6333&0

Yo gergameobo, *%) Ifatgogzo

Bolrgols bobgedfiege gbogybedadeb L bio-gga gageore GIE™
ol godirggfdoono BsnBiazelis @ grBkg byl Bsbpom §2ITOX°

UBygfoirrtifogathn Hoatins gbgastydos esbidaehng oty Ligbydeatytided
okt aogfob Hodmds foblmuafls ghorgn Lpfhagaram k. esbeboy
o Borybgfigbol So63 BalBrardod gsigs boins g3g) aoeedids 1 TFLOPS (1 goczarbo
oo §38%) g, 8096 o BBt g gt grdemgetnan bt
Blosorghoss Gppero sciogbrmdon, Gy oo e gobitata Homa®ipty @
335705 o8 o gl ol s oo oo
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Batyba, Grdgmms g3m myengen (agghe) @ Gy Hokdngdeamds Wy gBliggeyde,
Bgtios. Bogeats g Fgedags s omgthodnl "Baan” @ ugegn Fpegant dagobob Fhdagdeands
ot slgpodes. Sopxi g MeghediBe ey Gamorghodas Aol Fpegpe Fpdegts
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ON SOME ASPECTS OF EFFICIENT EXECUTION OF PARALLEL
PROGRAMS
" %)VL.Voevodin, *¥) P.Tsereteli
ific rch ing center of University
Applied ics and Comput ie of Thilisi State University

Efficient using of parallel supercomputers is very important problem. Difference between
peak performance of parallel computers and real performance achieving on real programs is
large. The difference may be caused by many reasons. Sometimes the algorithm may be "bad”
and we have no possibility to improve the result. Sometimes specific transformation of program
will increase To achieve high algorithm structure must correspond

with structure and features of using supercomputer.

The large variety of parallel computer structures and architectures doesn't allow us to
develop common approach for efficient parallel program creation. So, it's very important to
develop methods and systems, which will help user to understand and investigate the program
structure and features. The abilities of one of such systems V-Ray are discussed in the article.
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SOME FEATURES OF POSTPOSITIONS EXPRESSING SPATIAL
RELATIONS
L Shaduri
General and applied linguistic chair

Being bound morphemes, some postpositions have the meaning corresponding to the
meaning of free linguistic units. The author tried to define the invariant spatial meanings of
Georgian bound-form postpositions. The definitions were supposed to be compact, simply
represented and (o meet two more requirements: to avoid full coincidence and reference to other
postpositions. The offered description will probably be useful for the Georgian practical
lexicography.
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